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Preface 

The  present  volume  is  an  outgrowth  of  a Conference  on  Mathematical 
Tables  held  at  Cambridge,  Mass.,  on  September  15-16,  1954,  under  the 
auspices  of  the  National  Science  Foundation  and  the  Massachusetts  Insti- 
tute of  Technology.  The  purpose  of  the  meeting  was  to  evaluate  the  need 
for  mathematical  tables  in  the  light  of  the  availability  of  large  scale  com- 
puting machines.  It  was  the  consensus  of  opinion  that  in  spite  of  the 
increasing  use  of  the  new  machines  the  basic  need  for  tables  would  continue 
to  exist. 

Numerical  tables  of  mathematical  functions  are  in  continual  demand 
by  scientists  and  engineers.  A greater  variety  of  functions  and  higher 
accuracy  of  tabulation  are  now  required  as  a result  of  scientific  advances 
and,  especially,  of  the  increasing  use  of  automatic  computers.  In  the  latter 
connection,  the  tables  serve  mainly  for  preliminary  surveys  of  problems 
before  programming  for  machine  operation.  For  those  without  easy  access 
to  machines,  such  tables  are,  of  course,  indispensable. 

Consequently,  the  Conference  recognized  that  there  was  a pressing 
need  for  a modernized  version  of  the  classical  tables  of  functions  of 
Jahnke-Emde.  To  implement  the  project,  the  National  Science  Foundation 
requested  the  National  Bureau  of  Standards  to  prepare  such  a volume  and 
established  an  Ad  Hoc  Advisory  Committee,  with  Professor  Philip  M. 
Morse  of  the  Massachusetts  Institute  of  Technology  as  chairman,  to  advise 
the  staff  of  the  National  Bureau  of  Standards  during  the  course  of  its 
preparation.  In  addition  to  the  Chairman,  the  Committee  consisted  of  A. 
Erdelyi,  M.  C.  Gray,  N.  Metropolis,  J.  B.  Rosser,  H.  C.  Thacher,  Jr.,  John 
Todd,  C.  B.  Tompkins,  and  J.  W.  Tukey. 

The  primary  aim  has  been  to  include  a maximum  of  useful  informa- 
tion within  the  limits  of  a moderately  large  volume,  with  particular  atten- 
tion to  the  needs  of  scientists  in  all  fields.  An  attempt  has  been  made  to 
cover  the  entire  field  of  special  functions.  To  carry  out  the  goal  set  forth 
by  the  Ad  Hoc  Committee,  it  has  been  necessary  to  supplement  the  tables 

by  including  the  mathematical  properties  that  are  important  in  compu- 

# 

tation  work,  as  well  as  by  providing  numerical  methods  which  demonstrate 
the  use  and  extension  of  the  tables. 

The  Handbook  was  prepared  under  the  direction  of  the  late  Milton 
Abramowitz,  and  Irene  A.  Stegun.  Its  success  has  depended  greatly  upon 
the  cooperation  of  many  mathematicians.  Their  efforts  together  with  the 
cooperation  of  the  Ad  Hoc  Committee  are  greatly  appreciated.  The  par- 
ticular contributions  of  these  and  other  individuals  are  acknowledged  at 
appropriate  places  in  the  text.  The  sponsorship  of  the  National  Science 
Foundation  for  the  preparation  of  the  material  is  gratefully  recognized. 

It  is  hoped  that  this  volume  will  not  only  meet  the  needs  of  all  table 
users  but  will  in  many  cases  acquaint  its  users  with  new  functions. 

Allen  V.  Astin,  Director 

June  1964 
Washington,  D.C. 
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Preface  to  the  Ninth  Printing 

The  enthusiastic  reception  accorded  the  “Handbook  of  Mathematical 
Functions”  is  little  short  of  unprecedented  in  the  long  history  of  mathe- 
matical tables  that  began  when  John  Napier  published  his  tables  of  loga- 
rithms in  1614.  Only  four  and  one-half  years  after  the  first  copy  came 
from  the  press  in  1964,  Myron  Tribus,  the  Assistant  Secretary  of  Com- 
merce for  Science  and  Technology,  presented  the  100,000th  copy  of  the 
Handbook  to  Lee  A.  DuBridge,  then  Science  Advisor  to  the  President. 
Today,  total  distribution  is  approaching  the  150,000  mark  at  a scarcely 
diminished  rate. 

The  success  of  the  Handbook  has  not  ended  our  interest  in  the  subject. 
On  the  contrary,  we  continue  our  close  watch  over  the  growing  and  chang- 
ing world  of  computation  and  to  discuss  with  outside  experts  and  among 
ourselves  the  various  proposals  for  possible  extension  or  supplementation 
of  the  formulas,  methods  and  tables  that  make  up  the  Handbook. 

In  keeping  with  previous  policy,  a number  of  errors  discovered  since 
the  last  printing  have  been  corrected.  Aside  from  this,  the  mathematical 
tables  and  accompanying  text  are  unaltered.  However,  some  noteworthy 
changes  have  been  made  in  Chapter  2:  Physical  Constants  and  Conversion 
Factors,  pp.  6-8.  The  table  on  page  7 has  been  revised  to  give  the  values 
of  physical  constants  obtained  in  a recent  reevaluation;  and  pages  6 and  8 
have  been  modified  to  reflect  changes  in  definition  and  nomenclature  of 
physical  units  and  in  the  values  adopted  for  the  acceleration  due  to  gravity 
in  the  revised  Potsdam  system. 

The  record  of  continuing  acceptance  of  the  Handbook,  the  praise  that 
has  come  from  all  quarters,  and  the  fact  that  it  is  one  of  the  most-quoted 
scientific  publications  in  recent  years  are  evidence  that  the  hope  expressed 
by  Dr.  Astin  in  his  Preface  is  being  amply  fulfilled. 

Lewis  M.  Branscomb,  Director 
National  Bureau  of  Standards 


November  1970 
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Foreword 


This  volume  is  the  result  of  the  cooperative  effort  of  many  persons  and  a number 
of  organizations.  The  National  Bureau  of  Standards  has  long  been  turning  out 
mathematical  tables  and  has  had  under  consideration,  for  at  least  10  years,  the 
production  of  a compendium  like  the  present  one.  During  a Conference  on  Tables, 
called  by  the  NBS  Applied  Mathematics  Division  on  May  15,  1952,  Dr.  Abramo- 
witz  of  that  Division  mentioned  preliminary  plans  for  such  an  undertaking,  but 
indicated  the  need  for  technical  advice  and  financial  support. 

The  Mathematics  Division  of  the  National  Research  Council  has  also  had  an 
active  interest  in  tables;  since  1943  it  has  published  the  quarterly  journal,  “Mathe- 
matical Tables  and  Aids  to  Computation”  (MTAC),  'editorial  supervision  being 
exercised  by  a Committee  of  the  Division. 

Subsequent  to  the  NBS  Conference  on  Tables  in  1952  the  attention  of  the 
National  Science  Foundation  was  drawn  to  the  desirability  of  financing  activity  in 
table  production.  With  its  support  a 2-day  Conference  on  Tables  was  called  at  the 
Massachusetts  Institute  of  Technology  on  September  15-16,  1954,  to  discuss  the 
needs  for  tables  of  various  kinds.  Twenty-eight  persons  attended,  representing 
scientists  and  engineers]  using  tables  as  well  as  table  producers.  This  conference 
reached  consensus  on  several  conclusions  and  recommendations,  which  were  set 
forth  in  the  published  Report  of  the  Conference.  There  was  general  agreement, 
for  example,  “that  the  advent  of  high-speed  computing  equipment  changed  the 
task  of  table  making  but  definitely  did  not  remove  the  need  for  tables”.  It  was 
also  agreed  that  “an  outstanding  need  is  for  a Handbook  of  Tables  for  the  Occasional 
Computer,  with  tables  of  usually  encountered  functions  and  a set  of  formulas  and 
tables  for  interpolation  and  other  techniques  useful  to  the  occasional  computer”. 
The  Report  suggested  that  the  NBS  undertake  the  production  of  such  a Handbook 
and  that  the  NSF  contribute  financial  assistance.  The  Conference  elected,  from  its 
participants,  the  following  Committee:  P.  M.  Morse  (Chairman),  M.  Abramowitz, 
J.  H.  Curtiss,  R.  W.  Hamming,  D.  H.  Lehmer,  C.  B.  Tompkins,  J.  W.  Tukey,  to 
help  implement  these  and  other  recommendations. 

The  Bureau  of  Standards  undertook  to  produce  the  recommended  tables  and  the 
National  Science  Foundation  made  funds  available.  To  provide  technical  guidance 
to  the  Mathematics  Division  of  the  Bureau,  which  carried  out  the  work,  and  to  pro- 
vide the  NSF  with  independent  judgments  on  grants  for  the  work,  the  Conference 
Committee  was  reconstituted  as  the  Committee  on  Revision  of  Mathematical 
Tables  of  the  Mathematics  Division  of  the  National  Research  Council.  This,  after 
some  changes  of  membership,  became  the  Committee  which  is  signing  this  Foreword. 
The  present  volume  is  evidence  that  Conferences  can  sometimes  reach  conclusions 
and  that  their  recommendations  sometimes  get  acted  on. 
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Active  work  was  started  at  the  Bureau  in  1956.  The  overall  plan,  the  selection 
of  authors  for  the  various  chapters,  and  the  enthusiasm  required  to  begin  the  task 
were  contributions  of  Dr.  Abramowitz.  Since  his  untimely  death,  the  effort  has 
continued  under  the  general  direction  of  Irene  A.  Stegun.  The  workers  at  the 
Bureau  and  the  members  of  the  Committee  have  had  many  discussions  about 
content,  style  and  layout.  Though  many  details  have  had  to  be  argued  out  as  they 
came  up,  the  basic  specifications  of  the  volume  have  remained  the  same  as  were 
outlined  by  the  Massachusetts  Institute  of  Technology  Conference  of  1954. 

The  Committee  wishes  here  to  register  its  commendation  of  the  magnitude  and 
quality  of  the  task  carried  out  by  the  staff  of  the  NBS  Computing  Section  and  their 
expert  collaborators  in  planning,  collecting  and  editing  these  Tables,  and  its  appre- 
ciation of  the  willingness  with  which  its  various  suggestions  were  incorporated  into 
the  plans.  We  hope  this  resulting  volume  will  be  judged  by  its  users  to  be  a worthy 
memorial  to  the  vision  and  industry  of  its  chief  architect,  Milton  Abramowitz. 
We  regret  he  did  not  live  to  see  its  publication. 

P.  M.  Morse,  Chairman . 

A.  Erd^lyi 

M.  C.  Gray 

N.  C.  Metropolis 

J.  B.  Rosser 

H.  C.  Thacher,  Jr. 

John  Todd 

C.  B.  Tompkins 

J.  W.  Tukey. 
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1 • Introduction 


The  present  Handbook  has  been  designed  to 
provide  scientific  investigators  with  a compre- 
hensive and  self-contained  summary  of  the  mathe- 
matical functions  that  arise  in  physical  and  engi- 
neering problems.  The  well-known  Tables  of 
Functions  by  E.  Jahnke  and  F.  Emde  has  been 
invaluable  to  workers  in  these  fields  in  its  many 
editions1  during  the  past  half-century.  The 
present  volume  extends  the  work  of  these  authors 
by  giving  more  extensive  and  more  accurate 
numerical  tables,  and  by  giving  larger  collections 
of  mathematical  properties  of  the  tabulated 
functions.  The  number  of  functions  covered  has 
also  been  increased. 

The  classification  of  functions  and  organization 
of  the  chapters  in  this  Handbook  is  similar  to 
that  of  An  Index  of  Mathematical  Tables  by 
A.  Fletcher,  J.  C.  P.  Miller,  and  L.  Rosenhead.2 
In  general,  the  chapters  contain  numerical  tables, 
graphs,  polynomial  or  rational  approximations 
for  automatic  computers,  and  statements  of  the 
principal  mathematical  properties  of  the  tabu- 
lated functions,  particularly  those  of  computa- 

2.  Accuracy 

The  number  of  significant  figures  given  in  each 
table  has  depended  to  some  extent  on  the  number 
available  in  existing  tabulations.  There  has  been 
no  attempt  to  make  it  uniform  throughout  the 
Handbook,  which  would  have  been  a costly  and 
laborious  undertaking.  In  most  tables  at  least 
five  significant  figures  have  been  provided,  and 
the  tabular  intervals  have  generally  been  chosen 
to  ensure  that  linear  interpolation  will  yield*  four- 
or  five-figure  accuracy,  which  suffices  in  most 
physical  applications.  Users  requiring  higher 

1 The  most  recent,  the  sixth,  with  F.  Loesch  added  as  co-author,  was 
published  in  1960  by  McGraw-Hill,  U.S.A.,  and  Teubner,  Germany. 

* The  second  edition,  with  L.  J.  Comrie  added  as  co-author,  was  published 
in  two  volumes  in  1962  by  Addison-Wesley,  U.S.A.,  and  Scientific  Com- 
puting Service  Ltd.,  Great  Britain. 


tional  importance.  Many  numerical  examples 
are  given  to  illustrate  the  use  of  the  tables  and 
also  the  computation  of  function  values  which  lie 
outside  their  range.  At  the  end  of  the  text  in 
each  chapter  there  is  a short  bibliography  giving 
books  and  papers  in  which  proofs  of  the  mathe- 
matical properties  stated  in  the  chapter  may  be 
found.  Also  listed  in  the  bibliographies  are  the 
more  important  numerical  tables.  Comprehen- 
sive lists  of  tables  are  given  in  the  Index  men- 
tioned above,  and  current  information  on  new 
tables  is  to  be  found  in  the  National  Research 
Council  quarterly  Mathematics  of  Computation 
(formerly  Mathematical  Tables  and  Other  Aids 
to  Computation). 

The  mathematical  notations  used  in  this  Hand- 
book are  those  commonly  adopted  in  standard 
texts,  particularly  Higher  Transcendental  Func- 
tions, Volumes  1-3,  by  A.  Erd&yi,  W.  Magnus, 
F.  Oberhettinger  and  F.  G.  Tricomi  (McGraw- 
Hill,  1953-55).  Some  alternative  notations  have 
also  been  listed.  The  introduction  of  new  symbols 
has  been  kept  to  a minimum,  and  an  effort  has 
been  made  to  avoid  the  use  of  conflicting  notation. 

of  the  Tables 

precision  in  their  interpolates  may  obtain  them 
by  use  of  higher-order  interpolation  procedures, 
described  below. 

In  certain  tables  many-figured  function  values 
are  given  at  irregular  intervals  in  the  argument. 
An  example  is  provided  by  Table  9.4.  The  pur- 
pose of  these  tables  is  to  furnish  “key  values”  for 
the  checking  of  programs  for  automatic  computers; 
no  question  of  interpolation  arises. 

The  maximum  end-figure  error,  or  “tolerance” 
in  the  tables  in  this  Handbook  is  %o  of  1 unit 
everywhere  in  the  case  of  the  elementary  func- 
tions, and  1 unit  in  the  case  of  the  higher  functions 
except  in  a few  cases  where  it  has  been  permitted 
to  rise  to  2 units. 
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INTRODUCTION 


3.  Auxiliary  Functions  and  Arguments 


One  of  the  objects  of  this  Handbook  is  to  pro- 
vide tables  or  computing  methods  which  enable 
the  user  to  evaluate  the  tabulated  functions  over 
complete  ranges  of  real  values  of  their  parameters. 
In  order  to  achieve  this  object,  frequent  use  has 
been  made  of  auxiliary  functions  to  remove  the 
infinite  part  of  the  original  functions  at  their 
singularities,  and  auxiliary  arguments  to  cope  with 
infinite  ranges.  An  example  will  make  the  pro- 
cedure clear. 

The  exponential  integral  of  positive  argument 
is  given  by 
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The  logarithmic  singularity  precludes  direct  inter- 
polation near  $=0.  The  functions  Ei($)  — In  $ 
and  a;“1[Ei(aj)  — In.  x—y],  however,  are  welL 
behaved  and  readily  interpolable  in  this  region. 
Either  Will  do  as  an  auxiliary  function;  the  latter 
was  in  fact  selected  as  it  yields  slightly  higher 
accuracy  when  Ei($)  is  recovered.  The  function 
$“1|Ei($)— In  x—y]  has  been  tabulated  to  nine 
decimals  for  the  range  0<$<+  For  |<$<2, 
Ei($)  is  sufficiently  well-behaved  to  admit  direct 
tabulation,  but  for  larger  values  of  x , its  expo- 
nential character  predominates.  A smoother  and 
more  readily  interpolable  function  for  large  x is 
$0“xEi($);  this  has  been  tabulated  for  2 <$<10. 
Finally,  the  range  10  <$<«>  is  covered  by  use  of 
the  inverse  argument  $“1.  Twenty-one  entries  of 
$e~zEi($),  corresponding  to  $_1  = .1(-— .005)0,  suf- 
fice to  produce  an  interpolable  table. 


4.  Interpolation 


The  tables  in  this  Handbook  are  not  provided 
with  differences  or  other  aids  to  interpolation,  be- 
cause it  was  felt  that  the  space  they  require  could 
be  better  employed  by  the  tabulation  of  additional 
functions.  Admittedly  aids  could  have  been  given 
without  consuming  extra  space  by  increasing  the 
intervals  of  tabulation,  but  this  would  have  con- 
flicted with  the  requirement  that  linear  interpola- 
tion is  accurate  to  four  or  five  figures. 

For  applications  in  which  linear  interpolation 
is  insufficiently  accurate  it  is  intended  that 
Lagrange’s  formula  or  Aitken’s  method  of  itera- 
tive linear  interpolation3  be  used.  To  help  the 
user,  there  is  a statement  at  the  foot  of  most  tables 
of  the  maximum  error  in  a linear  interpolate, 
and  the  number  of  function  values  needed  in 
Lagrange’s  formula  or  Aitken’s  method  to  inter- 
polate to  full  tabular  accuracy. 

As  an  example,  consider  the  following  extract 
from  Table  5.1. 


X 

xexEi(x) 

X 

xexEi(x) 

7.  5 

. 89268  7854 

8.0 

. 89823  7113 

7.6 

. 89384  6312 

8.  1 

. 89927  7888 

7.  7 

. 89497  9666 

8.2 

. 90029  7306 

7.8 

. 89608  8737 

8.  3 

. 90129  60°3 

7.9 

. 89717  4302 

8.4 

. 90227  4695 

R-6)3l 


The  numbers  in  the  square  brackets  mean  that 
the  maximum  error  in  a linear  interpolate  is 
3X10“6,  and  that  to  interpolate  to  the  full  tabular 
accuracy  five  points  must  be  used  in  Lagrange’s 
and  Aitken’s  methods. 

8 A.  C.  Aitken,  On  interpolation  by  iteration  of  proportional  parts,  with- 
out the  use  of  differences,  Proc.  Edinburgh  Math.  Soc.  3,  66-76  (1932). 


Let  us  suppose  that  we  wish  to  compute  the 
value  of  xexEi(x)  for  $=7.9527  from  this  table. 
We  describe  in  turn  the  application  of  the  methods 
of  linear  interpolation,  Lagrange  and  Aitken,  and 
of  alternative  methods  based  on  differences  and 
Taylor’s  series. 

(1)  Linear  interpolation.  The  formula  for  this 
process  is  given  by 

/*=(!—  P)fo+$fi 

where  /0,  ji  are  consecutive  tabular  values  of  the 
function,  corresponding  to  arguments  $0,  $1,  re- 
spectively; p is  the  given  fraction  of  the  argument 
interval 

p=  ($ — $0)/ ($1 — $o) 

and  jv  the  required  interpolate.  In  the  present 
instance,  we  have 

yo=. 89717  4302  j^.89823  7113  p=.527 

The  most  convenient  way  to  evaluate  the  formula 
on  a desk  calculating  machine  is  to  set  /0  and  jx 
in  turn  on  the  keyboard,  and  carry  out  the  multi- 
plications by  1 —p  and  p cumulatively  ; a partial 
check  is  then  provided  by  the  multiplier  dial 
reading  unity.  We  obtain 

/627=(1-. 527) (.89717  4302) + .527 (.89823  7113) 
= .89773  4403. 

Since  it  is  known  that  there  is  a possible  error 
of  3X10~6in  the  linear  formula,  we  round  off  this 
result  to  .89773.  The  maximum  possible  error  in 
this  answer  is  composed  of  the  error  committed 
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by  the  last  rounding,  that  is,  .4403  X10“6,  plus 
3X10“6,  and  so  certainly  cannot  exceed  .8X10"6. 

(2)  Lagrange’s  formula.  In  this  example,  the 
relevant  formula  is  the  5-point  one,  given  by 

f=A^2(p)f-2+A^)f^1+Ao(p)fo+A1(p)f1 

-i-A2(p)f2 

Tables  of  the  coefficients  Ak(p)  are  given  in  chapter 
25  for  the  range  p=0(.01)l.  We  evaluate  the 
formula  for  p=.5 2,  .53  and  .54  in  turn.  Again, 
in  each  evaluation  we  accumulate  the  Ak(p)  in  the 
multiplier  register  since  their  sum  is  unity.  We 
now  have  the  following  subtable. 

x xe?Ei(x) 

7.952  .89772  9757 

10622 

7.953  .89774  0379  -2 

10620 

7.954  .89775  0999 


The  numbers  in  the  third  and  fourth  columns  are 
the  first  and  second  differences  of  the  values  of 
xexEi(x)  (see  below);  the  smallness  of  the  second 
difference  provides  a check  on  the  three  interpola- 
tions. The  required  value  is  now  obtained  by 
linear  interpolation : 

/p=.3(.89772  9757)  + .7(.89774  0379) 

= .89773  7192. 

In  cases  where  the  correct  order  of  the  Lagrange 
polynomial  is  not  known,  one  of  the  preliminary 
interpolations  may  have  to  be  performed  with 
polynomials  of  two  or  more  different  orders  as  a 
check  on  their  adequacy. 

(3)  Aitken’s  method  of  iterative  linear  interpola- 
tion. The  scheme  for  carrying  out  this  process 
in  the  present  example  is  as  follows : 


n 

Xn 

yn=xe*El(x) 

2/o, » 

2/0, 1,  n 

2/0, 1, 2,  n 

2/0. 1,2, 3,  n 

Xn  — X 

0 

8.  0 

. 89823  7113 

. 0473 

1 

7.  9 

. 89717  4302 

. 89773  44034 

0527 

2 

8.  1 

. 89927  7888 

. 89774  48264 

. 89773  71499 

. 1473 

3 

7.  8 

. 89608  8737 

2 90220 

2394 

. 89773  71938 

-.  1527 

4 

8.  2 

. 90029  7306 

4 98773 

1216 

16 

89773  71930 

. 2473 

5 

7.  7 

. 89497  9666 

2 35221 

2706 

43 

30 

-.  2527 

Here 


2/0,n: 


2/0.1,  n — 


xn—x0 

1 


2/o 

Vn 


Xo—X 

xn—x 


Xn—X  i 


2/0.1 

2/0,n 


X\—X 

xn—x 


2/o.  i, 


m— 1 ,m,»  — 


Xn—%m 


2/0.1. 

2/0.1, 


, m— 1 ,m  Xm  X 

, m— 1 ,n  Xn  X 


Here 


Xo 

Xi 

x% 

Xz 

Xi 


s2/i 


88/3/2 

S8/5/2 


If  the  quantities  xn— x and  xm— x are  used  as 
multipliers  when  forming  the  cross-product  on  a 
desk  machine,  their  accumulation  (xn—x)  — (xm—x) 
in  the  multiplier  register  is  the  divisor  to  be  used 
at  that  stage.  An  extra  decimal  place  is  usually 
carried  in  the  intermediate  interpolates  to  safe- 
guard against  accumulation  of  rounding  errors. 

The  order  in  which  the  tabular  values  are  used 
is  immaterial  to  some  extent,  but  to  achieve  the 
maximum  rate  of  convergence  and  at  the  same 
time  minimize  accumulation  of  rounding  errors, 
we  begin,  as  in  this  example,  with  the  tabular 
argument  nearest  to  the  given  argument,  then 
take  the  nearest  of  the  remaining  tabular  argu- 
ments, and  so  on. 

The  number  of  tabular  values  required  to 
achieve  a given  precision  emerges  naturally  in 
the  course  of  the  iterations.  Thus  in  the  present 
example  six  values  were  used,  even  though  it  was 
known  in  advance  that  five  would  suffice.  The 
extra  row  confirms  the  convergence  and  provides 
a valuable  check. 

(4)  Difference  formulas.  We  use  the  central 
difference  notation  (chapter  25), 


5/l/2=/l — /O,  5/3/2  =/2—/li  • • • t, 

52/i  = 5/ 3/2 — 5/ 1/2  ==/s  ""  2/i  +/o 
58/}/2 = — 52/i  =/s — 3/2+ 3/i  — fo 

= «S/5/2  — 5^/372  —fi  4/3  + 6/2  4/i  +/o 

and  so  on. 

In  the  present  example  the  relevant  part  of  the 
difference  table  is  as  follows,  the  differences  being 
written  in  units  of  the  last  decimal  place  of  the 
function,  as  is  customary.  The  smallness  of  the 
high  differences  provides  a check  on  the  function 
values 


X 

xe*Ei(x) 

82/ 

54/ 

7.9 

. 89717  4302 

-2  2754 

-34 

8.  0 

. 89823  7113 

-2  2036 

-39 

Applying,  for  example,  Everett’s  interpolation 
formula 

/p=(l  — p)/o+-^2(p)52/o+  Ei(p)84fo+  . . . 

+pfi+F2(p)d*fl+Fi(<p)d*fi  + . . * 

and  taking  the  numerical  values  of  the  interpola- 
tion coefficients  E2(p),  E^{v)}  F2(p)  and  F4(p) 
from  Table  25.1,  we  find  that 
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109/.527=. 473(89717  4302) + .061196(2  2754) -.012(34) 

+ .527(89823  7113) + .063439(2  2036) -.012 (39) 
= 89773  7193. 

We  may  notice  in  passing  that  Everett's 
formula  shows  that  the  error  in  a linear  interpolate 
is  approximately 

I?2(p)S2/o+  F 2(p)62/i « «A(P)  + F 2(p)][52/o+  52/i] 

Since  the  maximum  value  of  \E2(p)+F2(p)\  in  the 
range  0<j><1  is  the  maximum  error  in  a linear 
interpolate  is  approximately 


can  be  used.  We  first  compute  as  many  of  the 
derivatives  /(w)( x0)  as  are  significant,  and  then 
evaluate  the  series  for  the  given  value  of  x. 
An  advisable  check  on  the  computed  values  of  the 
derivatives  is  to  reproduce  the  adjacent  tabular 
values  by  evaluating  the  series  for  x=x-x  and  xx. 

In  the  present  example,  we  have 

/(x)  =xexEi(x) 
fix)  = (1  +x~l)f(x)  — 1 
f"(x)  = (1  +x— J)  f'(x)  —x~2f(x) 
f'"(x)  = (1 +X-1)/' ' (x)  — 2x~2ff  (x)  + 2x~3/(x) . 


|52/o+52/i|,  that  is,  \f2~-f1 — /o+/-i|- 


(5)  Taylor's  series.  In  cases  where  the  succes- 
sive derivatives  of  the  tabulated  function  can  be 
computed  fairly  easily,  Taylor's  expansion 


f(x)  =f(x0)  + (x -Xo)  + (x  — X0)2*^p 


+ (x— Xo)3 


/"'(So) 
3! 


! 


Witha:0=7.9  and  a;— £0=.0527  our  computations 
are  as  follows;  an  extra  decimal  has  been  retained 
in  the  values  of  the  terms  in  the  series  to  safeguard 
against  accumulation  of  rounding  errors. 


k fW(x0)lk\ 

0 .89717  4302 

1 .01074  0669 

2 -.00113  7621 

3 .00012  1987 


(s-x0)*/(fc)(s0)/fc! 

.89717  4302 
.00056  0033  3 
-.00000  3159  5 
.00000  0017  9 


.89773  7194 


5.  Inverse  Interpolation 


With  linear  interpolation  there  is  no  difference 
in  principle  between  direct  and  inverse  interpola- 
tion. In  cases  where  the  linear  formula  provides 
an  insufficiently  accurate  answer,  two  methods  are 
available.  We  may  interpolate  directly,  for 
example,  by  Lagrange's  formula  to  prepare  a new 
table  at  a fine  interval  in  the  neighborhood  of  the 
approximate  value,  and  then  apply  accurate 
inverse  linear  interpolation  to  the  subtabulated 
values.  Alternatively,  we  may  use  Aitken’s 
method  or  even  possibly  the  Taylor's  series 
method,  with  the  roles  of  function  and  argument 
interchanged. 

It  is  important  to  realize  that  the  accuracy  of 
an  inverse  interpolate  may  be  very  different  from 
that  of  a direct  interpolate.  This  is  particularly 
true  m regions  where  the  function  is  slowly 
varying,  for  example,  near  a maximum  or  mini- 
mum. The  maximum  precision  attainable  in  an 
inverse  interpolate  can  be  estimated  with  the  aid  of 
the  formula 


in  which  A/  is  the  maximum  possible  error  in  the 
function  values. 

Example.  Given  xexE1(x)  = .9f  find  x from  the 
table  on  page  X. 

(i)  Inverse  linear  interpolation.  The  formula 
for  p is 

P~(Jp  “~/o)  / (fi  —/o)  • 

In  the  present  example,  we  have 


.9 -.89927  7888 


72  2112 


.90029  7306- . 89927  7888  101  9418 


=.708357. 


The  desired  x is  therefore 


X =X0+  P (X!  -Xo)  = 8. 1 + .708357 (. 1)  = 8.1 7083  57 


To  estimate  the  possible  error  in  this  answer, 
we  recall  that  the  maximum  error  of  direct  linear 
interpolation  in  this  table  is  A/=3X10“6.  An 
approximate  value  for  djldx  is  the  ratio  of  the 
first  difference  to  the  argument  interval  (chapter 
25),  in  this  case  .010.  Hence  the  maximum  error 
in  a;  is  approximately  3X10“6/(*010),  that  is,  .0003. 

(ii)  Sub  tabulation  method.  To  improve  the 
approximate  value  of  x just  obtained,  we  inter- 
polate directly  for  .70,  .71  and  .72  with  the  aid 
of  Lagrange's  5-point  formula, 


X 

xe*2?i(x) 

8 

52 

8.  170 

. 89999  3683 

1 0151 

8.  171 

. 90000  3834 

1 0149 

-2 

8.  172 

. 90001  3983 

Inverse  linear  interpolation  in  the  new  table 
gives 


v= 


.9 -.89999  3683 
.00001  0151 


= .6223 


Hence  £=8.17062  23. 


An  estimate  of  the  maximum  error  in  this  result 


is 


d/  1X10~9 

dx^  .010 


=1X10 


-7 


(iii)  Aitken's  method.  This  is  carried  out  in  the 
same  manner  as  in  direct  interpolation. 
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xm 


n yn=xexEi(x)  xn  Xo,n  Xo,i  .» 

0 . 90029  7306  8.  2 

1 . 89927  7888  8.  1 8.  17083  5712 

2 . 90129  6033  8.  3 8.  17023  1505  8.  17061  9521 

3 . 89823  7113  8.  0 8.  17113  8043  2 5948 

4 . 90227  4695  8.  4 8.  16992  9437  1 7335 

5 . 89717  4302  7.  9 8.  17144  0382  2 8142 


So.l  ,2,» 

Xq,\  ,2 ,3 ,» 

Vn — y 

. 00029  7306 

00072  2112 

. 00129  6033 

8.  17062  2244 

00176  2887 

415 

8.  17062  2318 

. 00227  4695 

231 

265 

00282  5C98 

The  estimate  of  the  maximum  error  in  this 
result  is  the  same  as  in  the  subtabulation  method. 
An  indication  of  the  error  is  also  provided  by  the 


discrepancy  in  the  highest  interpolates,  in  this 
case  350,1,2,3,4,  and  350,1,2,3,5* 


6.  Bivariate  Interpolation 


Bivariate  interpolation  is  generally  most  simply 
performed  as  a sequence  of  univariate  interpola- 
tions. We  carry  out  the  interpolation  in  one 
direction,  by  one  of  the  methods  already  described, 
for  several  tabular  values  of  the  second  argument 
in  the  neighborhood  of  its  given  value.  The 
interpolates  are  differenced  as  a check,  and 


interpolation  is  then  carried  out  in  the  second 
direction. 

An  alternative  procedure  in  the  case  of  functions 
of  a complex  variable  is  to  use  the  Taylor’s  series 
expansion,  provided  that  successive  derivatives 
of  the  function  can  be  computed  without  much 
difficulty. 


7.  Generation  of  Functions  from  Recurrence  Relations 


Many  of  the  special  mathematical  functions 
which  depend  on  a parameter,  called  their  index, 
order  or  degree,  satisfy  a linear  difference  equa- 
tion  (or  recurrence  relation)  with  respect  to  this 
parameter.  Examples  are  furnished  by  the  Le- 
gendre function  Pn(x),  the  Bessel  function  Jn(x) 
and  the  exponential  integral  En(x),  for  which  we 
have  the  respective  recurrence  relations 

(n+  l)Pn+i—  (2  n+  l)zP»+ttP„_i=0 

J n+l J »+  J n— 1 = 0 

X 

nEn+i+xEn=e-». 

Particularly  for  automatic  work,  recurrence  re- 
lations provide  an  important  and  powerful  com- 
puting tool.  If  the  values  of  Pn(»)  or  Jn(x)  are 
known  for  two  consecutive  values  of  n,  or  En(x) 
is  known  for  one  value  of  n,  then  the  function  may 
be  computed  for  other  values  of  n by  successive 
applications  of  the  relation.  Since  generation  is 
carried  out  perforce  with  rounded  values,  it  is 
vital  to  know  how  errors  may  be  propagated  in 
the  recurrence  process.  If  the  errors  do  not  grow 
relative  to  the  size  of  the  wanted  function,  the 
process  is  said  to  be  stable.  If,  however,  the 
relative  errors  grow  and  will  eventually  over- 
whelm the  wanted  function,  the  process  is  unstable. 

It  is  important  to  realize  that  stability  may 
depend  on  (i)  the  particular  solution  of  the  differ- 
ence equation  being  computed;  (ii)  the  values  of 
x or  other  parameters  in  the  difference  equation; 


(iii)  the  direction  in  which  the  recurrence  is  being 
applied.  Examples  are  as  follows. 

Stability — increasing  n 
Pn(x),  P»(a;) 

Qn(x) , Q?(x)  (x<l) 

Vn(x),  Kn(x) 

J— n— hC®) 

En(x)  (n<x) 

Stability — decreasing  n 
Pn(s),  P:(x)  (x<1) 

Qn(x) , Or  (s) 

J n(x)  t 7n(x) 

J n+n(*^) » 

En(x)  (n>x) 

Pn(i?>  p)  (Coulomb  wave  function) 

Illustrations  of  the  generation  of  functions  from 
their  recurrence  relations  are  given  in  the  pertinent 
chapters.  It  is  also  shown  that  even  in  cases 
where  the  recurrence  process  is  unstable,  it  may 
still  be  used  when  the  starting  values  are  known 
to  sufficient  accuracy. 

Mention  must  also  be  made  here  of  a refinement, 
due  to  J.  C.  P.  Miller,  which  enables  a recurrence 
' process  which  is  stable  for  decreasing  n to  be 
applied  without  any  knowledge  of  starting  values 
for  large  n.  Miller’s  algorithm,  which  is  well- 
suited  to  automatic  work,  is  described  in  19.28, 
Example  1. 
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MATHEMATICAL  CONSTANTS 


TABLE  1.  1.  MATHEMATICAL  CONSTANTS 


n (prime)  Vw 


2 

1.  4142 

13562 

37309 

50488 

IO1/2 

3.  1622 

77660 

16837 

93320 

3 

1.  7320 

50807 

56887 

72935 

10i/3 

2.  1544 

34690 

03188 

37219 

5 

2.  2360 

67977 

49978 

96964 

lO"4 

1.  7782 

79410 

03892 

28012 

7 

2.  6457 

51311 

06459 

05905 

10i/5 

1.  5848 

93192 

46111 

34853 

11 

3.  3166 

24790 

35539 

98491 

IOO1/3 

4.  6415 

88833 

61277 

88924 

* 

13 

3.  6055 

51275 

46398 

92931 

IOO1/5 

2.  5118 

86431 

50958 

01112 

17 

4.  1231 

05625 

61766 

05498 

IOOO1/4 

5.  6234 

13251 

90349 

08040 

19 

4.  3588 

98943 

54067 

35522 

IOOO1/5 

3.  9810 

71705 

53497 

25077 

* 

23 

4.  7958 

31523 

31271 

95416 

21/3 

1.  2599 

21049 

89487 

31648 

29 

5.  3851 

64807 

13450 

40313 

31/3 

1.  4422 

49570 

30740 

83823 

31 

5.  5677 

64362 

83002 

19221 

2i  /< 

1.  1892 

07115 

00272 

10667 

37 

6.  0827 

62530 

29821 

96890 

31/4 

1.  3160 

74012 

95249 

24608 

* 

41 

6.  4031 

24237 

43284 

86865 

2-1/2 

(-  1) 

7.  0710 

67811 

86547 

52440 

43 

6.  5574 

38524 

30200 

06523 

3-1/2 

(-  1) 

5.  7735 

02691 

89625 

76451 

47 

6.  8556 

54600 

40104 

41249 

5-1/2  (_  i) 

4.  4721 

35954 

99957 

93928 

53 

7.  2801 

09889 

28051 

82711 

59 

7.  6811 

45747 

86860 

81758 

61 

7.  8102 

49675 

90665 

43941 

e*/2 

4.  8104 

77380 

96535 

16555 

67 

8.  1853 

52771 

87244 

99700 

er/4 

2.  1932 

80050 

73801 

54566 

71 

8.  4261 

49773 

17635 

86306 

e-*l2 

(-  i) 

2.  0787 

95763 

50761 

90855 

73 

8.  5440 

03745 

31753 

11679 

e-*n 

(-  i) 

4.  5593 

81277 

65996 

23677 

79 

8.  8881 

94417 

31558 

88501 

el/2 

1.  6487 

21270 

70012 

81468 

83 

9.  1104 

33579 

14429 

88819 

e-1/2 

(-  i) 

6.  0653 

06597 

12633 

42360 

89 

9.  4339 

81132 

05660 

38113 

el/3 

1.  3956 

12425 

08608 

95286 

97 

9.  8488 

57801 

79610 

47217 

e-1/3 

(-  i) 

7.  1653 

13105 

73789 

25043 

n 

1 

2.  7182 

81828 

en 

45904 

52353 

60287 

n 

1 

(-  i) 

3.  6787 

e' 

94411 

-n 

71442 

32159 

55238 

2 

7.  3890 

56098 

93065 

02272 

30427 

2 

(-  i) 

1.  3533 

52832 

36612 

69189 

39995 

3 

( 1)  2.0085 

53692 

31876 

67740 

92853 

3 

(-  2) 

4.  9787 

06836 

78639 

42979 

34242 

4 

( 1)  5.4598 

15003 

31442 

39078 

11026 

4 

(-  2) 

1.  8315 

63888 

87341 

80293 

71802 

5 

( 2)  1.4841 

31591 

02576 

60342 

11156 

5 

(-  3) 

6.  7379 

46999 

08546 

70966 

36048 

6 

( 2)  4.0342 

87934 

92735 

12260 

83872 

6 

(-  3) 

2.  4787 

52176 

66635 

84230 

45167 

7 

( 3)  1.0966 

33158 

42845 

85992 

63720 

7 

(-  4) 

9.  1188 

19655 

54516 

20800 

31361 

8 

( 3)  2.9809 

57987 

04172 

82747 

43592 

8 

(-  4) 

3.  3546 

26279 

02511 

83882 

13891 

9 

( 3)  8.  1030 

83927 

57538 

40077 

09997 

9 

(-  4) 

1.  2340 

98040 

86679 

54949 

76367 

10 

( 4)  2.2026 

46579 

48067 

16516 

95790 

10 

(-  5) 

4.  5399 

92976 

24848 

51535 

59152 

n 

1 

( 1)  2.3140 

69263 

enr 

27792 

69006 

n 

1 

(-  2) 

4.  3213 

e~ 

91826 

■nr 

37722 

49774 

2 

( 2)  5.3549 

16555 

24764 

73650 

2 

(-  3) 

1.  8674 

42731 

70798 

88144 

3 

( 4)  1.  2391 

64780 

79166 

97482 

3 

(-  5) 

8.  0699 

51757 

03045 

99239 

4 

( 5)  2.8675 

13131 

36653 

29975 

4 

(-  6) 

3.  4873 

42356 

20899 

54918 

5 

( 6)  6.6356 

23999 

34113 

42333 

5 

(-  7) 

1.  5070 

17275 

39006 

46107 

6 

( 8)  1.5355 

29353 

95446 

69392 

6 

(-  9) 

6.  5124 

12136 

07990 

07282 

7 

( 9)  3.  5533 

21280 

84704 

43597 

7 

(-10) 

2.  8142 

68457 

48555 

27211 

8 

(10)  8.2226 

31558 

55949 

95275 

8 

(-11) 

1.  2161 

55670 

94093 

08397 

9 

(12)  1.9027 

73895 

29216 

12917 

9 

(-13) 

5.  2554 

85176 

00644 

85552 

10 

(13)  4.4031 

50586 

06320 

29011 

10 

(-14) 

2.  2711 

01068 

32409 

38387 

ea 

( 1)  1.5154 

26224 

14792 

64190 

e~e 

(-  2) 

6.  5988 

03584 

53125 

37077 

ey 

1.  7810 

72417 

99019 

79852 

e-v 

(-  1) 

5.  6145 

94835 

66885 

16982 

n 

In  n 

n 

logio  n 

2 

0.  6931 

47180 

55994 

53094 

172321 

2 

(-1) 

3.  0102 

99956 

63981 

19521 

37389 

3 

1.  0986 

12288 

66810 

96913 

952452 

3 

(-D 

4.  7712 

12547 

19662 

43729 

50279 

4 

1.  3862 

94361 

11989 

06188 

344642 

4 

(-D 

6.  0205 

99913 

27962 

39042 

74778 

5 

1.  6094 

37912 

43410 

03746 

007593 

5 

(-D 

6.  9897 

00043 

36018 

80478 

62611 

6 

1.  7917 

59469 

22805 

50008 

124774 

6 

(-1) 

7.  7815 

12503 

83643 

63250 

87668 

7 

1.  9459 

10149 

05531 

33051 

053527 

7 

(-D 

8.  4509 

80400 

14256 

83071 

22163 

8 

2.  0794 

41541 

67983 

59282 

516964 

8 

(-D 

9.  0308 

99869 

91943 

58564 

12167 

9 

2.  1972 

24577 

33621 

93827 

904905 

9 

(-D 

9.  5424 

25094 

39324 

87459 

00558 

10 

2.  3025 

85092 

99404 

56840 

179915 

10 

1.  0000 

00000 

00000 

00000 

00000 

11 

2.  3978 

95272 

79837 

05440 

619436 

11 

1.  0413 

92685 

15822 

50407 

50200 

13 

2.  5649 

49357 

46153 

67360 

534874 

13 

1.  1139 

43352 

30683 

67692 

06505 

17 

2.  8332 

13344 

05621 

60802 

495346 

17 

1.  2304 

48921 

37827 

39285 

40170 

19 

2.  9444 

38979 

16644 

04600 

090274 

19 

1.  2787 

53600 

95282 

89615 

36333 

23 

3.  1354 

94215 

92914 

96908 

067528 

23 

1.  3617 

27836 

01759 

28788 

67777 

29 

3.  3672 

95829 

98647 

40271 

832720 

29 

1.  4623 

97997 

89895 

60873 

32847 

31 

3.  4339 

87204 

48514 

62459 

291643 

31 

1.  4913 

61693 

83427 

26796 

66704 

37 

3.  6109 

17912 

64422 

44443 

680957 

37 

1.  5682 

01724 

06699 

49968 

08451 

41 

3.  7135 

72066 

70430 

78038 

667634 

41 

1.  6127 

83856 

71973 

54945 

09412 

43 

3.  7612 

00115 

69356 

24234 

728425 

43 

1.  6334 

68455 

57958 

65264 

05088 

♦See  page  n. 
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TABLE  1.1.  MATHEMATICAL  CONSTANTS— Continued 


n 

In  n 

n 

logio  n 

47 

3.  8501 

47601 

71005 

85868 

209507 

47 

1.  6720 

97857 

93571 

74644 

14219 

53 

3.  9702 

91913 

55212 

18341 

444691 

53 

1.  7242 

75869 

60078 

90456 

32992 

59 

4.  0775 

37443 

90571 

94506 

160504 

59 

1.  7708 

52011 

64214 

41902 

60656 

61 

4.  1108 

73864 

17331 

12487 

513891 

61 

1.  7853 

29835 

01076 

70338 

85749 

67 

4.  2046 

92619 

39096 

60596 

700720 

67 

1.  8260 

74802 

70082 

64341 

49132 

71 

4.  2626 

79877 

04131 

54213 

294545 

71 

1.  8512 

58348 

71907 

52860 

92829 

73 

4.  2904 

59441 

14839 

11290 

921089 

73 

1.  8633 

22860 

12045 

59010 

74387 

79 

4.  3694 

47852 

46702 

14941 

729455 

79 

1.  8976 

27091 

29044 

14279 

94821 

83 

4.  4188 

40607 

79659 

79234 

754722 

83 

1.  9190 

78092 

37607 

39038 

32760 

89 

4.  4886 

36369 

73213 

98383 

178155 

89 

1.  9493 

90006 

64491 

27847 

23543 

97 

4.  5747 

10978 

50338 

28221 

167216 

97 

1.  9867 

71734 

26624 

48517 

84362 

ln7r 

1.  1447 

29885 

84940 

01741 

43427 

lOgloTT 

(-D 

4.  9714 

98726 

94133 

85435 

12683 

lnV27r 

(-D 

9.  1893 

85332 

04672 

74178 

03296 

logioe 

(-D 

4.  3429 

44819 

03251 

82765 

11289 

n 

n In  10 

n 

nir 

1 

2.  3025 

85092 

99404 

56840 

17991 

1 

3.  1415 

92653 

58979 

32384 

62643 

2 

4.  6051 

70185 

98809 

13680 

35983 

2 

6.  2831 

85307 

17958 

64769 

25287 

3 

6.  9077 

55278 

98213 

70520 

53974 

3 

9.  4247 

77960 

76937 

97153 

87930 

4 

9.  2103 

40371 

97618 

27360 

71966 

4 

c i) 

1.  2566 

37061 

43591 

72953 

85057 

5 

( 1) 

1.  1512 

92546 

49702 

28420 

08996 

5 

( i) 

1.  5707 

96326 

79489 

66192 

31322 

6 

( 1) 

1.  3815 

51055 

79642 

74104 

10795 

6 

( i) 

1.  8849 

55592 

15387 

59430 

77586 

7 

( 1) 

1.  6118 

09565 

09583 

19788 

12594 

7 

( i) 

2.  1991 

14857 

51285 

52669 

23850 

8 

( 1) 

1.  8420 

68074 

39523 

65472 

14393 

8 

( i) 

2.  5132 

74122 

87183 

45907 

70115 

9 

( i) 

2.  0723 

26583 

69464 

11156 

16192 

9 

( i) 

2.  8274 

33388 

23081 

39146 

16379 

n 

1 

3.  1415 

92653 

7 rn 

58979 

32384 

62643 

n 

1 

(-1)  3.  1830 

7T 

98861 

— n 

83790 

67153 

77675 

2 

9.  8696 

04401 

08935 

86188 

34491 

2 

(-1)  1.0132 

11836 

42337 

77144 

38795 

3 

( 1) 

3.  1006 

27668 

02998 

20175 

47632 

3 

(-2)  3.2251 

53443 

31994 

89184 

42205 

4 

( 1) 

9.  7409 

09103 

40024 

37236 

44033 

4 

(-2)  1.0265 

98225 

46843 

35189 

15278 

5 

( 2) 

3.  0601 

96847 

85281 

45326 

27413 

5 

(-3)  3.2677 

63643 

05338 

54726 

28250 

6 

( 2) 

9.  6138 

91935 

75304 

43703 

02194 

6 

(-3)  1.0401 

61473 

29585 

22960 

89838 

7 

( 3) 

3.  0202 

93227 

77679 

20675 

14206 

7 

(-4)  3.3109 

36801 

77566 

76432 

59528 

8 

( 3) 

9.  4885 

31016 

07057 

40071 

28576 

8 

(-4)  1.0539 

03916 

53493 

66633 

17287 

9 

( 4) 

2.  9809 

09933 

34462 

11666 

50940 

9 

(-5)  3.3546 

80357 

20886 

91287 

39854 

10 

( 4) 

9.  3648 

04747 

60830 

20973 

71669 

10 

(-5)  1.0678 

27922 

68615 

33662 

04078 

7r/ 2 

1.  5707 

96326 

79489 

66192 

31322 

3tt/2 

4.  7123 

88980 

38468 

98576 

93965 

tt/3 

1.  0471 

97551 

19659 

77461 

54214 

47t/3 

4.  1887 

90204 

78639 

09846 

16858 

7t/4 

(-D 

7.  8539 

81633 

97448 

30961 

56608 

7t(2)1/2 

4.  4428 

82938 

15836 

62470 

15881 

71-1/2 

1.  7724 

53850 

90551 

60272 

98167 

TT~1^2 

(-1)  5.6418 

95835 

47756 

28694 

80795 

TjJ/3 

1.  4645 

91887 

56152 

32630 

20143 

7T“1/3 

(-1)  6.8278 

40632 

55295 

68146 

70208 

7T1/4 

1.  3313 

35363 

80038 

97127 

97535 

TT-V* 

(-1)  7.  5112 

55444 

64942 

48285 

87030 

7T^/3 

2.  1450 

29397 

11102 

56000 

77444 

7T-2/3 

(-1)  4.6619 

40770 

35411 

61438 

19885 

TT*/* 

2.  3597 

30492 

41469 

68875 

78474 

TP"3/4 

(-1)  4.  2377 

72081 

23757 

59679 

10077 

71^/2 

5.  5683 

27996 

83170 

78452 

84818 

7T-3/2 

(-1)  1.7958 

71221 

25166 

56168 

90820 

7 r6 

( 1) 

2.  2459 

15771 

83610 

45473 

42715 

7T  e 

(-2)  4.4525 

26726 

69229 

06151 

35273 

(27T)1/2 

2.  5066 

28274 

63100 

05024 

15765 

(27T)-1/2 

(-1)  3.9894 

22804 

01432 

67793 

99461 

Or/2) 1/2 

1.  2533 

14137 

31550 

02512 

07883 

(2/7r)1/2 

(-1)  7.9788 

45608 

02865 

35587 

98921 

7r(2)-l/2 

2.  2214 

41469 

07918 

31235 

07940 

21/2/7T 

(-1)  4.  5015 

81580 

78553 

03477 

75996 

lr 

57.  2957 

79513 

08232 

08767 

98155° 

1' 

0.  0002 

90888 

20866 

57215 

96154r 

1° 

0.  0174 

53292 

51994 

32957 

69237 r 

1" 

0.  0000 

04848 

13681 

10953 

59936r 

7 

0.  5772 

15664 

90153 

28606 

06512 

In  y 

-0.  5495 

39312 

98164 

48223 

37662 

T(l/2) 

1.  7724 

53850 

905516 

i/r(i/2) 

0.  5641 

89583 

547756 

r(i/3) 

2.  6789 

38534 

707748 

i/r(i/3) 

0.  3732 

82173 

907395 

r(2/3) 

1.  3541 

17939 

426400 

i/r(2/3) 

0.  7384 

88111 

621648 

r(i/4) 

3.  6256 

09908 

221908 

i/r(i/4) 

0.  2758 

15662 

830209 

r(3/4) 

1.  2254 

16702 

465178 

i/r(3/4) 

0.  8160 

48939 

098263 

r(4/3) 

0.  8929 

79511 

569249 

i/r(4/3) 

1.  1198 

46521 

722186 

r(5/3) 

0.  9027 

45292 

950934 

i/r(5/3) 

1.  1077 

32167 

432472 

r(5/4) 

0.  9064 

02477 

055477 

i/r(5/4) 

1.  1032 

62651 

320837 

r(7/4) 

0.  9190 

62526 

848883 

i/r(7/4) 

1.  0880 

65252 

131017 

In  r(l/3) 

0.  9854 

20646 

927767 

In  T(4/3) 

-0.  1131 

91641 

740343 

In  r(2/3) 

0.  3031 

50275 

147523 

In  T(5/3) 

-0.  1023 

14832 

960640 

In  T(l/4) 

1.  2880 

22524 

698077 

In  T(5/4) 

-0.  0982 

71836 

421813 

In  T(3/4) 

0.  2032 

80951 

431296 

In  T(7/4) 

-0.  0844 

01121 

020486 
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2.  Physical  Constants  and  Conversion  Factors 


The  tables  in  this  chapter  supply  some  of  the 
more  commonly  needed  physical  constants  and 
conversion  factors.* 

The  International  System  of  Units  (SI) 
established  in  1960  by  the  General  Conference 
of  Weights  and  Measures  under  the  Treaty  of 
the  Meter  is  based  upon:  the  meter  (m)  for 
length,  defined  as  1 650  763.73  wave-lengths 
in  vacuum  corresponding  to  the  transition 
*2pio~  5ds  of  krypton  86;  the  kilogram  (kg) 
for  mass,  defined  as  the  mass  of  the  prototype 
kilogram  at  Sevres,  France;  the  second  (s)  for 
time,  defined  as  the  duration  of  9 192  631  770 
periods  of  the  radiation  corresponding  to  the 
transition  between  the  two  hyperfine  levels  of 
cesium  133;  the  kelvin  (K)  for  temperature, 
defined  as  1/273.16  of  the  thermodynamic  tem- 
perature of  the  triple  point  of  water;  the  am- 
pere (A)  for  electric  current,  defined  as  the 
current  which,  if  flowing  in  two  infinitely  long 
parallel  wires  in  vacuo  separated  by  one  meter, 
would  produce  a force  of  2 x 10‘7  newtons  per 
meter  of  length  between  the  wires;  and  the 
candela  (cd)  for  luminous  intensity,  defined  as 
the  luminous  intensity  of  1/600  000  square 
meter  of  a perfect  radiator  at  the  temperature 
of  freezing  platinum. 

All  other  units  of  SI  are  derived  from  these 
base  units  by  assigning  the  value  unity  to  the 
proportionality  constants  in  the  defining  equa- 
tions (official  symbols  for  other  SI  units  appear 
in  Tables  2.1  and  2.2).  Taking  1/100  of  the 

♦See  also  “Preface  to  Ninth  Printing,”  page  Ilia  and  page  II. 


meter  as  the  unit  for  length  and  1/1000  of  the 
kilogram  as  the  unit  for  mass  gives  rise  simi- 
larly to  the  cgs  system,  often  used  in  physics 
and  chemistry. 

SI,  as  it  is  ordinarily  used  in  electromagne- 
tism, is  a rationalized  system,  i.e.,  the  electro- 
magnetic units  of  SI  relate  to  the  quantities 
appearing  in  the  so-called  rationalized  electro- 
magnetic equations.  Thus,  the  force  per  unit 
length  between  two  current-carrying  parallel 
wires  of  infinite  length  separated  by  unit  dis- 
tance in  vacuo  is  2f  ==  where'  fi0  has 

the  value  4?r  X 10"7H/m.  The  force  between 
two  electric  charges  in  vacuo  is  corresponding- 
ly given  by  f = q1q._,/47rc«r2,  c0  having  the  value 
l//x0c2,  where  c is  the  speed  of  light  in  meters 
per  second.  (e0 — 8.854  X 10  12F/m) 

Setting  fi()  equal  to  unity  and  deleting  4?r 
from  the  denominator  in  the  first  equation 
above  defines  the  cgs-emu  system.  Setting  c0 
equal  to  unity  and  deleting  4?r  from  the  de- 
nominator in  the  second  equation  correspond- 
ingly defines  the  cgs-esu  system.  The  cgs-emu 
and  the  cgs-esu  systems  are  most  frequently 
used  in  the  unrationalized  forms. 


Table  2.1.  Common  Units  and  Conversion 
Factors,  CGS  System  and  SI 


Quantity 

SI 

Name 

CGS 

Name 

Factor 

Force 

newton  (N) 

dyne 

105 

Energy 

joule  (J) 

erg 

107 

Power 

watt  (W) 

107 

Table  2.2.  Names  and  Conversion  Factors  for  Electric  and  Magnetic  Units 


Quantity 

SI 

name 

emu 

name 

esu 

name 

emu-SI 

factors 

j 

esu-SI 

factors 

Current 

ampere  (A) 

abampere 

statampere 

10-1 

~3  X 109 

Charge 

coulomb  (C) 

abcoulomb 

statcoulomb 

10-1 

~3  X 10* 

Potential 

volt  (V) 

abvolt 

statvolt 

108 

~ (1/3)  X 10-* 

Resistance 

ohm  (O) 

abohm 

statohm 

109 

~(1/9)X  10-u 

Inductance 

henry  (H) 

centimeter 

109 

— ( 1/9)  X 10"11 

Capacitance 

farad  (F) 

centimeter 

10"9 

~9  X 1011 

Magnetizing  force 

A • rrr1 

oersted 

4tt  X lO'3 

~3  X 109 

Magnetomotive  force 

A 

gilbert 

4tt  X 10-1 

~3/106 

Magnetic  flux 

weber  (Wb) 

maxwell 

108 

~(1/3)X  10-* 

Magnetic  flux  density 

tesla  (T) 

gauss  (G) 

104 

~(1/3)X  1<H 

Electric  displacement 

10-5 

~3  X 105 

Example:  If  the  value  assigned  to  a current  is  100  amperes  its  value  in  abamperes  is  100  X 10_1  = 10. 
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The  values  of  constants  given  in  Table  2.3  are  based  on  an  adjustment  by  Taylor,  Parker,  and  Langenberg, 
Rev.  Mod.  Phys.  41,  .p.375  (1969).  They  are  being  considered  for  adoption  by  the  Task  Group  on  Fundamental  Con- 
stants of  the  Committee  on  Data  for  Science  and  Technology,  International  Council  of  Scientific  Unions.  The  uncer- 
tainties given  are  standard  errors  estimated  from  the  experimental  data  included  in  the  adjustment.  Where  appli- 
cable, values  are  based  on  the  unified  scale  of  atomic  masses  in  which  the  atomic  mass  unit  (u)  is  defined  as  1/12  of 
the  mass  of  the  atom  of  the  12C  nuclide. 


Table  2*3.  Adjusted  Values  of  Constants 


Constant 

Symbol 

Value 

Uncer- 

tainty 

t 

Unit 

Systeme  International 
(SI) 

Centimeter-gram-second 

(CGS) 

Speed  of  light  in  vacuum 

c 

2.997  925  0 

±10 

X10* 

m/s 

xio10 

cm/s 

Elementary  charge 

e 

1.602  191  7 

70 

io-19 

C 

10-20 

rfrml/2grl/2  * 

i 

4.803  250 

21 

10-io 

cm3/2g1/2s-1 1 

Avogadro  constant  

\Na 

6.022  169 

40 

1023 

mol-1 

IO23 

mol-1 

Atomic  mass  unit  

\u 

1.660  531 

11 

10-27 

kg 

10-24 

g 

Electron  rest  mass  

j We 

9.109  558 

54 

1 IO"31 

kg 

IO"28 

g 

) 

i 

5.485  930 

34 

10-4 

u 

10-4 

u 

Proton  rest  mass  

jm* 

1.672  614 

11 

10-27 

kg 

IO-2  4 

g 

1.007  276  61 

8 

10° 

u 

10° 

u 

Neutron  rest  mass  

Vfln 

1.674  920 

11 

10-27 

kg 

10-24 

g 

1.008  665  20 

10 

10» 

u 

10° 

u 

Faraday  constant  

F 

9.648  670 

54 

10* 

C/mol 

103 

cm1/2g1/2mol-1* 

2.892  599 

16 

1014 

cm3/2g1/2s-1mol-1 1 

Planck  constant  

h 

6.626  196 

50 

io-34 

J • s 

10-27 

erg*  s 

H 

1.054  591  9 

80 

10-34 

J • s 

10-27 

erg*  s 

Fine  structure  constant  

# 

a 

7.297  351 

11 

io-3 

10-3 

< 

1/a 

1.370  360  2 

21 

102 

10* 

Charge  to  mass  ratio  for  electron.. 

e/wie 

1.758  802  8 

54 

1011 

C/kg 

107 

cm1/2^1/2  * 

5.272  759 

16 

10” 

cm3/2g~i/2g-i  f 

Quantum-charge  ratio 

hie 

4.135  708 

14 

io-15 

J • s/C 

10-7 

cm3/2g1/2s-1  * 

1.379  523  4 

46 

10-17 

cm i/2gi/2  f 

Compton  wavelength  of  electron  .... 

Xc 

2.426  309  6 

74 

10-12 

m 

10-io 

cm 

Xc/2  tr 

3.861  592 

12 

10-13 

m 

10-11 

cm 

Compton  wavelength  of  proton  .... 

Xc,p 

1.321 440  9 

90 

10-15 

m 

10-13 

cm 

Xc,P/2ir 

2.103  139 

14 

10-!6 

m 

10-14 

cm 

Rydberg  constant 

Roo 

1.097  373  12 

11 

107 

m-1 

105 

cm-1 

Bohr  radius  

«0 

5.291  771  5 

81 

io-11 

m 

10-9 

cm 

Electron  radius  

re 

2.817  939 

13 

10-15 

m 

10-13 

cm 

Gyromagnetic  ratio  of  proton 

7 

2.675  196  5 

82 

108 

rad  * s^T-1 

104 

rad  • s-1G-1  * 

yl2.Tr 

4.257  707 

13 

107 

Hz/T 

103 

s-iG-1  * 

(uncorrected  for  diamagnetism,  ( 

Y 

2.675  127  0 

82 

108 

rad  • s^T-1 

104 

rad  • s-1G-1  * 

H20)  | 

7'/2tt 

4.257  597 

13 

107 

Hz/T 

103 

s-JG-1  * 

Bohr  magneton  

Mb 

9.274  096 

65 

10-24 

J/T 

io-21 

erg/G  * 

Nuclear  magneton  

Mn 

5.050  951 

50 

10-2  7 

J/T 

10-24 

erg/G  * 

Proton  moment 

Mp 

1.410  620  3 

99 

10-26 

J/T 

10-23 

erg/G  * 

Mp/ Mn 

2.792  782 

17 

10° 

10° 

(uncorrected  for  diamagnetism, 

H20)  

u'd/uw 

2.792  709 

17 

10° 

10° 

Gas  constant  

R 

8.314  34 

35 

10° 

J • K-1  mol-1 

107 

erg  • K-1  mol-1 

Normal  volume  perfect  gas 

Vo 

2.241  36 

39 

10-2 

m3/mol 

104 

cm3/mol 

Boltzmann  constant 

k 

1.380  622 

59 

10-23 

J/K 

io-16 

erg/K 

First  radiation  constant  ( 8irhc ) .... 

ct 

4.992  579 

38 

10-24 

J • m 

10-15 

erg  • cm 

Second  radiation  constant 

Ci 

1.438  833 

61 

10-2 

m • K 

10° 

cm*  K 

Stefan-Boltzmann  constant 

a 

5.669  61 

96 

io-8 

W * m-2K-4 

10-5 

erg  • cnHs^K-4 

Gravitational  constant 

G 

6.673  2 

31 

io-11 

N • m2/kg2 

10-8 

dyn  • cm2/g2 

JBased  on  1 std.  dev;  applies  to  last  digits  in  preceding  column.  * Electromagnetic  system.  tElectrostatic  system. 
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Table  2.4.  Miscellaneous  Conversion  Factors 


Standard  gravity,  g0  = 

Standard  atmospheric  pressure,  P0  — 

1 thermodynamic  calorie,1  cal0  = 

1 IT  calorie2,  cals  = 

1 liter,  1 = 

1 angstrom  unit,  A = 

1 bar  = 

1 gal  = 

1 astronomical  unit,  AU  = 

1 light  year  = 

1 parsec  = 


9.806  65  meters  per  second  per  second* 

1.013  25  X 10s  newtons  per  square  meter* 
1.013  25  X 10®  dynes  per  square  centimeter* 
4.1840  joules* 

4.1868  joules* 

10'3  cubic  meter* 

10_1°  meter* 

10®  newtons  per  square  meter* 

10®  dynes  per  square  centimeter* 

10-2  meter  per  second  per  second* 

1 centimeter  per  second  per  second* 

1.496  X 1011  meters 
9.46  X 1015  meters 
3.08  X 101®  meters 
3.26  light  years 


1 curie,  the  quantity  of  radioactive  material  undergoing  3.7  X 1010  disintegrations  per  second*. 

1 roentgen,  the  exposure  of  x-  or  gamma  radiation  which  produces  together  with  its  secondaries 
2.082  x 10®  electron-ion  pairs  in  0.001  293  gram  of  air. 


The  index  of  refraction  of  the  atmosphere  for  radio  waves  of  frequency  less  than  3 X 1010  Hz 
is  given  by  (n  — 1)10®  = (77.6/t)  (p  4810e/i),  where  n is  the  refractive  index;  t,  temperature 
in  kelvins;  p,  total  pressure  in  millibars;  e,  water  vapor  partial  pressure  in  millibars. 


Factors  for  converting  the  customary  United 
States  units  to  units  of  the  metric  system  are 
given  in  Table  2.5. 


Table  2.5.  Factors  for  Converting  Customary 
U.S.  Units  to  SI  Units 


1 yard 

0.914  4 meter* 

1 foot 

0.304  8 meter* 

1 inch 

0.025  4 meter* 

1 statute  mile 

1 609.344  meters* 

1 nautical  mile  (inter- 

1 852  meters* 

national) 

1 pound  (avdp.) 

0.453  592  37  kilogram* 

1 oz.  (avdp.) 

0.028  349  52  kilogram 

1 pound  force 

4.448  22  newtons 

1 slug 

14.593  9 kilograms 

1 poundal 

0.138  255  newtons 

1 foot  pound 

1.355  82  joules 

Temperature 

32  + (9/5)  Celsius 

(Fahrenheit) 

temperature* 

1 British  thermal  unit3 

1055  joules 

Geodetic  constants  for  the  international 
(Hayford)  spheroid  are  given  in  Table  2.6. 
The  gravity  values  are  on  the  basis  of  the  re- 
vised Potsdam  value.  They  are  about  14  parts 
per  million  smaller  than  previous  values.  They 
are  calculated  for  the  surface  of  the  geoid  by 
the  international  formula. 


Table  2.6.  Geodetic  Constants 
a = 6 378  388  m;  f = 1/297;  b = 6 356  912  m 


Latitude 

Length  of 
1'  of 
longitude 

Length  of 
1'  of 
latitude 

g 

Meters 

Meters 

m/s£ 

1 855.398 

1 842.925 

9.780  350 

15 

1 792.580 

1 844.170 

9.783  800 

1 608.174 

1 847.580 

9.793  238 

45 

1 314.175 

1 852.256 

9.806  154 

930.047 

1 856.951 

9.819  099 

75 

481.725 

1 860.401 

9.828  593 

0 

1 861.666 

9.832  072 

1 Used  principally  by  chemists. 

2 Used  principally  by  engineers. 

3 Various  definitions  are  given  for  the  British  thermal  unit.  This  represents  a rounded  mean  value  differing 

from  none  of  the  more  important  definitions  by  more  than  3 in  104 *. 

* Exact  value. 
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3.  Elementary  Analytical  Methods 


3.1.  Binomial  Theorem  and  Binomial  Coeffi- 
cients; Arithmetic  and  Geometric  Progres- 
sions; Arithmetic,  Geometric,  Harmonic  and 
Generalized  Means 

Binomial  Theorem 

3.1.1 

(a+6)n=an+^^  an-16+^2^  an~2b2 

+(“)  a»-3ft3+  ...  +6“ 

(n  a positive  integer) 


3.1.9 

Sum  of  Arithmetic  Progression  to  n Terms 

+ . . . +(a+(7i — l)d) 

1 09 

=na+^n(n—l)d=^  ( a+l ), 

last  term  in  series=Z=a+(w—  l)d 

Sum  of  Geometric  Progression  to  n Terms 

3.1.10 

s„=a+ar+ar2+  . . . -)-arn-l=^ — ^ 

1 —r 


3.1.2 


Binomial  Coefficients  (see  chapter  24) 


lim  sn=a!(l—r)  (— l<r<l) 
»-><» 


n(n— 1)  . . . (n—k+1)  n\ 

*; 


3.1.3 


k—n—l 


Arithmetic  Mean  of  n Quantities  A 

3 1 IX  • . . +fl« 

n 

Geometric  Mean  of  n Quantities  G 


3.1.12  6—  (ata 2 . . . a„)1/B  (a*>0,  Ar=l , 2,  . . .,  n) 


3.1.13 


XIarmonic  Mean  of  n Quantities  H 


h=Kk+i+  ■+£)  »> 


Generalized  Mean 


8.1.7  !_(»)+(»)_... +(-l).(»)=0 

Table  of  Binomial  Coefficients 

3.1.8 


\* 

n\ 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

1— . 

1 

1 

2 

1 

2 

1 

3 

1 

3 

3 

1 

4 

1 

4 

6 

4 

1 

5 

1 

5 

10 

10 

5 

1 

6 

1 

6 

15 

20 

15 

6 

1 

7 

1 

7 

21 

35 

35 

21 

7 

1 

8 

1 

8 

28 

56 

70 

56 

28 

8 

1 

9 

1 

9 

36 

84 

126 

126 

84 

36 

9 

1 

10 

1 

10 

45 

120 

210 

252 

210 

120 

45 

10 

1 

11 

1 

11 

55 

165 

330 

462 

462 

330 

165 

55 

11 

1 

12 

1 

12 

66 

220 

495 

792 

924 

792 

495 

220 

66 

12 

(1  n \i/t 

iSai) 

to  k=l  / 

3.1.15  M(£)==0(£<0,  some  ak  zero) 

3.1.16  lim  M(t)  =max.  (ai,  a2 , . . an)=max.  a 

t->  00 

3.1.17  lim  M(£)=min.  (a,, 02, . . .,a„)=min.  a 

£->—  « 


3.1.18  lim  M (<)=<? 

t— >0 

3.1.19  M(1)=A 

3.1.20  M(-1)=H 

3.2.  Inequalities 

Relation  Between  Arithmetic,  Geometric,  Harmonic 

and  Generalized  Means 

3.2.1 


A>  6>Hy  equality  if  and  only  if  ai=a2=  . . . =an 


For  a more  extensive  table  see  chapter  24. 


3.2.2 


min.  a<M(£)<Cmax-  a 


♦See  page  n. 
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3.2.3  min.  a<6?<max.  a 

equality  holds  if  all  ak  are  equal,  or  £<0 
and  an  ak  is  zero 

3.2.4  M(t)<^M(s)  if  t<^s  unless  all  ak  are  equal, 

or  0 and  an  ak  is  zero. 


3.2.5 


3.2.6 


Triangle  Inequalities 
| Oil  — I fl2|  < |®1+«2|  < |®l|+|®2 


n 


k=l 


n 


<SI«* 

k=l 


Chebyshev’s  Inequality 
li  al>a2>az>  . . . >an 
b\  ^ 62  ^ ^3  ^ ^ bn 


3.2.7 


n 


n / n \ / n \ 

(SM 

k=l  \k=l  / \k=l  / 


Holder’s  Inequality  for  Sums 


If  I+-=1,2»>1,  2>1 

p q 


n / n \l !v/  n \Hq 

3.2.8  sioAi<(si®*n  (si6*i,i  » 

k=l  \k= 1 / \k=l  / 

equality  holds  if  and  only  if  \bk\=c\ak\v~l  (c=con- 
stant>0).  If  p=q= 2 we  get 


3.2.9 


=cb 


Cauchy’s  Inequality 

Ts  0*6*1  <E«1S  6|  (equality  for  a* 

Lk=l  J k=l  k=l 

c constant) . 

Holder’s  Inequality  for  Integrals 

If-+-=1,2>>1,  2>1 

p q 

3.2.10 

nb  r- nb  -|i /pr  “1 

Ja  I/O)  I ^ J [_Jo  l2(*)l^»J 


1 IQ 


equality  holds  if  and  only  if  \g(.x)\=c\f(x)\v~l 
(c=constant>0). 

If  p=q=2  we  get 


3.2.11 


Schwarz’s  Inequality 


f j(x)g(x)dx  < f [J(x)]2dx  f [g(x)\2dx 

-J  a J J a Ja 


Minkowski’s  Inequality  for  Sums 

If  ^>1  and  a*,  6*>0  for  all  k, 


3.2.12 


(n  \l/p  / n \1  Ip  / n \l Ip 

equality  holds  if  and  only  if  bk=cak  (c= con- 
stant^). 

Minkowski’s  Inequality  for  Integrals 

If  2?>1, 

3.2.13 

ab  \1/p  / rb  \l/p 

\f(x)+g(x)\>dx)  <ya  \m\vdxj 

ab  \1/P 

\g(x)\*dx} 


+ 


equality  holds  if  and  only  if  g(x)=cf(x ) (c=con- 
stant>0). 

3.3.  Rules  for  Differentiation  and  Integration 

Derivatives 


3.3.1 


3.3.2 


3.3.3 


3.3.4 


3.3.5 


4~  (cu)=c  *4  c constant 
dx  dx 


d , * . du  ,dv 


d , N dv  , du 

E (“)=“  S+'S 


d , , N vduldx—udvldx 

E w'> ? 


d / \ du  dv 
dx  U^~~dv  dx 


3.3.6 


A 

dx 


<«•>=«•  (55+^4) 


Leibniz’s  Theorem  for  Differentiation  of  an  Integral 


3.3.7 


£ CHc) 

dc 


nb(c) 

j (x,  e)dx 

Ja(c) 


b(c)  A /7A 

£f(x,c)dx+f(b,c)^ 
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Leibniz’s  Theorem  for  Differentiation  of  a Product 


3.3.8 


dn  , v dnu  , /n\  dn  ludv  , /n\  dn~h 
dxn  V+\l)  dx*"1  dx  +\2j  dxn~ 


n\  dn~2u  d2v 
2 dx2 


/n\  dn  ru  tfv  d?v 

+ ’ ^\rj  dxn~T  dxT ^ dx * 


3.3.9 


3.3.10 


dx=1jAy 
dy  dx 

d2x__—d2y  /dy\ 
dy2~~  dx2  \dx) 


-3 


3.3.11 


d?x_  Vd?ydy  ( d2y \21  ( dy\ 

dy*  \jdxz  dx  \dx2)  J \dx) 


-5 


Integration  by  Parts 


3.3.12 


J*  udv=uv—j* 


vdu 


3.3.13  ^uvdx=^udx)  v~  J* ^ dx 

Integrals  of  Rational  Algebraic  Functions 

(Integration  constants  are  omitted) 


3.3.14  J(a»+6)«^(^+y 


(n5^-l) 


3.3.15 


J^s=;ln  l<w+61 


J 


The  following  formulas  are  useful  for  evaluating 
P(x)dx 

(ax2+bx+c)n  where  18  a Polynomial  and 


m>l  is  an  integer. 


3.3.16 


J 


dx 


(ax?+bx+c)  (4ac— 62)* 


arctan 


2 ax+b 
(4  ac—b2)* 

(62— 4oc<0) 


3.3.17 


(62— 4oc)* 


In 


2a,x+b— (62— -4oc)* 


2ax+b+(b2— 4ac)*| 
(b2— 4ac>0) 


3.3.18 

3.3.19 


2 ax+b 


(62— 4<zc=0) 


Saj+t+rh ,n  J 


dx 


ax2+bx+c 


3.3.20 


dx 


J*  (< %-\-bx ) (c+dx)  ad— be 

3.3.21  f- 

J a 

3.3.22  f- 

J a 


In 


c+da: 


a+6a; 

dx  1 , bx 

o i 79  9*""“  l arctan 
2+b2x2  ab  a 


(ad  5*  be) 


xdx 


i2+b2x2  2 b2 


In  |a2+62a:2 


3.3.23 


h 


dx 


=^r  In 


2-b2x2  2 ab 


a+bx 


a—bx 


3.3.24  J (x2+a2y~2a3  arctan  a 

3.3.25  J (x2—a2)2= 


x 


2a  2{x2-\-aF) 


H-?ln 


2a2(x2—a2)  4a3 


a+a: 
a— x 


3.3.26 


3.3.27 


3.3.28 


3.3.29 


3.3.30 


Integrals  of  Irrational  Algebraic  Functions 


J 


dx 


[(a+6x)  (c+dx)]1/2  (—bd)1/2 


arctan  hfS^J2  (W<0) 


—1  . /26da;+ad+6c\  ,,^n 

^FW75 arcsm  ( bc-ad  ) (6>0’ d<0) 

=j^m ln  |[M(a+  ^)l1/2+  6(c+cfc)1/2|  (H>0) 


J 


da; 


(a+M1/2(c+^)  [d(bc—ad)]1/2 


arctan 


[<2(<k2-&c)]1/2 


In 


d(a+bx)l'2-[d(ad-bc)]1'2 

d(a+bx)l'2+[d(ad-bc)}1/2 


(d(ad—bc)^>  0) 
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3.3.31 


J*  [( a+bx)(c+dx)]1/2dx 

= (ad-6c)  + 26(c+&)  [(a+ja;)(c+da.)]i/2 


(ad— be)' 


s 


da: 


86d  J [(a+bx)(c+dx)]1'2 


3.3.32 


jest* 


[(a+6x)(c+dx)]1/2 


(ad— be) 
26 


/ 


da: 


[(a+bx)(c-srdx)]m 


3.3.33 


J 


da: 


(ax2+6x+c)1/2 

=or1/2  In  !2a1/2(ax2+6x+c)1/2+2ax+6|(a>0) 


3.3.34 


3.3.35 


3.3.36 


,„-m  arcsinh  (2g*+6) 

-a  arcsinh  ^ac_b2yn 

(a>0,  4ac>62) 
=a~~1/2ln  |2ax+6|(a>0,  62=4ac) 


= — (—a)  1/2  arcsin 


(2ax+6) 


(62— 4ac)1/2 
(a<0,  62>4ac,  |2ax+6|<(62— 4ac)1/2) 


3.3.37 


J*  (ax2+6x+c)1/2dx= 


2ax+6 


4a 


(ax2+6x+c)1/2 


4ac— 62 


3.3.38 


/ 


da: 


8a  J (ax2+6x+c)1/2 


/ 


da: 


x(ax2+6x+c)1/2 


=-/ 


dt 


(a+bt+ct2)1'2 


where  t=l/x 


3.3.39 


J 


xdx 


(ax2+bx+c)1/2 


=-  (ax2+6x+c)1/2- 


f 


dx 


2a  J (ax2+bx+c)1/2 


3.3.40 


f&&Ti=ln  lx+(x2±a2M 


3.3.41 


J 


(x2±a2)*dx==§  (x2±a2)*±^-ln  |x+(x2±a2)*| 


1.3.42  J 


dx  _ 1 1 

x(x2+a2)*~~  a n 


a+(x2+a2)i 


x 


3.3.43 


/ 


dx 


1 a 

/ 2 o\  j--  arccos 

x(x2—a2)i  a x 


3.3.44 


J 


dx  . x 

7-5 — ovi=arcsin  - 
(a2— x2)*  a 


3.3.45  J (a2-x2)*dx=|  (a2-x2)»+^ 


. X 

arcsin  - 
a 


3.3.46 


C dx 

J x(a2— 


x2)*  a k 


a+(a2—x2)* 


x 


3.3.47 


3.3.48 


f dx 

J (2ax—x2)*— 


. x— a 

arcsin 

a 


s 


(2ax— x2)^dx=-^-^-^  (2ax— x2)*+^-  arcsin  - — - 

^ z a 


3.3.49 


j 


dx 


(ax2+6)(cx2+d)* 

1 


[b(fld-be)]* 


arctan 


x(ad—bc )* 
[6(cx2+d)]* 


(ad>6c) 


3.3.50 


2[6(6c-ad)]* 


In 


[6(cx2+d)]*+x(6c— ad)* 


[6(cx2+d)p— x(6c— ad)* 

(6c>ad) 


3.4.  Limits,  Maxima  and  Minima 
Indeterminate  Forms  (L’Hospital’s  Rule) 

3.4.1  Let  j(x)  and  g(x)  be  differentiable  on  an 
interval  a<x<6  for  which  g'(x)y* 0. 

If 


or  if 


and  if 


lim/(x)=0  and  lim  <Kx)=0 

z->b—  z->b— 


lim  j(x)  = 00  and  lim  g(x)  = o° 

x-*b—  x->b— 


lim  f-nrz=l  then  lim 
i->6-  g (x)  x-*b-  g(x) 


Both  b and  l may  be  finite  or  infinite. 
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Maxima  and  Minima 

3.4.2  (1)  Functions  oj  One  Variable 

The  function  y—j(x)  has  a maximum  at  x=x0 
if  f(x o)=0  and  j"(x 0)<0,  and  a minimum  at 
x=x0  if  f(xo)=0  and  /"(z0)> 0.  Points  x0  for 
which  f'(x0)=0  are  called  stationary  points. 

3.4.3  (2)  Functions  oj  Two  Variables 

The  function /(a,  y)  has  a maximum  or  minimum 
for  those  values  of  (xQ,  y0)  for  which 

^=0  ^=0 
dx  ’iyy  ’ 


and  for  which 


b2jjbxdy 

3W 


d2f/dx2 

i>2j/dxdy 


<0; 


(a)  j(x,  y)  has  a maximum 

if  a* 


da;2 


(b)  j(x,  y)  has  a minimum 


ay 

i*y 2 


<0  and  -dr2<0  at  (x0,  y0) , 


if  §^>°  and  M>°  at  (*o,  Vo)  ■ 

3.5.  Absolute  and  Relative  Errors 

(1)  If  x0  is  an  approximation  to  the  true  value 
of  x , then 

3.5.1  (a)  the  absolute  error  of  x0  is  Ax=x0—x, 
x—Xq  is  the  correction  to  x. 

3.5.2  (b)  the  relative  error  of  x0  is  8x=—  «— 

x x0 

3.5.3  (c)  the  percentage  error  is  100  times  the 
relative  error. 

3.5.4  (2)  The  absolute  error  of  the  sum  or 
difference  of  several  numbers  is  at  most  equal  to 
the  sum  of  the  absolute  errors  of  the  individual 
numbers. 

3.5.5  (3)  If  j(x i,  x2,  . . .,  xn)  is  a function  of 
Xi,  x2y  . . .,  xn  and  the  absolute  error  in  xt 
(i=l,  2,  ...  n)  is  Axif  then  the  absolute  error 
in  /is 


^i+Mr  Ax2+  • • 


da?! 


da;s 


i>Xn 


Axn 


3.5.6  (4)  The  relative  error  of  the  product  or 
quotient  of  several  factors  is  at  most  equal  to  the 
sum  of  the  relative  errors  of  the  individual  factors. 

3.5.7 

(5)  If  y=j(x)}  the  relative  error  ~^j(x) 


Approximate  Values 

If|e|«l,h|«l,K<a, 


3.5.8 

3.5.9 


3.5.10 


(a-\~b)k  ~ak-\-kak~ib 
(!+«)(! -H?/)  «l+«4"’7 


1 + 6 
1+7/ 


1 + 6 — 77 


3.6.1 


3.6.  Infinite  Series 
Taylor’s  Formula  for  a Single  Variable 


f(x+h)  =/(x)  +hf  '(x)+|y/"  (x) 


+ • • • +(S)]/(”"1)  (*)+£» 


3.6.2 


Rn=^f(n)(x+0lh)  = (1—02)“  y^ix+dzh) 

(0<M*)<1) 

3.6.3 

== — : f (l  — t)n~1f(n}(x+th)dt 

•Jo 


3.6.4 


(nr- 1) 


(x-a)  ,,,  , , (x— a)2  ,,, 


/(*)=/ (a) +^7^ /'(«M 


• • • 4 


2! 

(x— a)”-1 
(»—  1)! 


/"(«)+ 


/(-u(o)+fi. 


3.6.5 


(a<£<x) 


Lagrange’s  Expansion 

If  y=f(x),  yo=f(xo),f(xo)^0,  then 


3.6.6 


oo 


x= 


_i_  v1  (y  y^)k  r x Xp  ) t, 

Xo+ t=i  k\  W-l{f(x)-yJ  Jl=I° 


3.6.7 


fif(x)=fif(x0) 


00 

+s 

k 


x—Xq 

J(x)—y0 


}*)]-, 


where  g(x)  is  any  function  indefinitely  differenti- 
able. 

Binomial  Series 

3.6.8 


(l+x)«=±  (? 

ft=0  \K. 


X* 


(-1<X<1) 
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3.6.9 


(l+x)“=l+ax-h 


«(«—!)  „2  i «(«—!)(«— 2) 


2! 


x2-\ 


3! 


x3+  . . 


3.6.10 

(l+a:)_1=l -x-\-x2—x3+xi—  . . . (— 1<x<1) 


3.6.14 


(1+x) 


(-1<x<1) 


3.6.11 


x?  5x 4 7a:6  21x6 

16_128+256  1024 


3.6.12 

, XI  „ * . 3a:2  5a^  . 35a:4  63a:6 

(1 +*)  '*= 1 “2+T  “16  +128  “ 256 

231a:6 

+ 1024  ‘ ‘ ' 


(-1<*<1) 


( — 1<«<1) 


3.6.13 

(l+x^l+lx-lx^x2-^ 


, 22  . 154 

*"729  X 6561 


(-1<*<1) 


Asymptotic  Expansions 


3.6.15  A series  akx  k is  said  to  be  an  asymp- 

k= 0 

totic  expansion  of  a function  j(x)  if 

n— 1 

/(#)  — 2 dkx~k=0(x~n)  as  x->co 

k= 0 

for  everyr&=l,2,  ....  We  write 

akx~k- 

k= 0 

The  series  itself  may  be  either  convergent  or 
divergent. 


Operations  With  Series 

Let  Si=l+a1x+a2x?+az7?+a4xi+  . . . 
s2=l+b1x+b2xi+bz7?+bix4i+  . . . 

S3=l+CiX+C2X?+Cz7?  + CiX*+  . . . 


Operation 

Cl 

c2 

C3 

c4 

3.6.16 

s3=sr1 

a?— a2 

2aia2  — a3  — a? 

2aitt3  — 3a?a2  — a4  -f  al  4* af 

3.6.17 

sz=sT2 

— 2ai 

3a?  — 2a2 

6aia2  — 2a3  — 4a? 

6aitt3+ 3a2  — 2a4  — 12a?a2+ 5a? 

3.6.18 

s3=s,h 

1 

2a‘ 

1 1 , 

2«2— g«l 

1 1 , 1 3 

2a3  4aia24-16a? 

1 1 1 2 , 3 2 5 4 

2a4  4aia3  ^al-\r^a\a2  12ga? 

3.6.19 

s3=srH 

1 

~2a’ 

3 2 1 
8a— 2°2 

3 1 5 3 

4«i«2  2a3  lga? 

3 ,3.1  15  . , 35  . 

4«ia3 + 8ai  2°4  ig®!®2  + 128°4 

3.6.20 

s3=s? 

na\ 

i(n— l)ciai  + wa2  * 

Cia2(n—1) 

+icia?(n-l)  (n— 2)  * 

+na3 

na4+ Cia3(n  — 1) + — l)a| 

+|(w-l)  (w-2)ciaia2 

+ 24(ra  1 )(n  2)(n  S)d  a\ 

3.6.21 

ai+61 

62  4”  Qibi  4-  a2 

63 4"  &2  4"  <*2&1  "1“  ®3 

64  4“  &1&3  4”  0>2^2  "1“  03&1  4“  ®4 

3.6.22 

Sz  = Si/S2 

ai  — 61 

0>2~~  (61C1  + 62) 

«3  “ (61C2  4“  &2C1  4"  63) 

a4  — (bid + b2C2  4~  63C1 + 64) 

3.6.23 

S3— exp  (si  — 1) 

ax 

(h  + 7j$ 

as+a^+^a? 

a4 + O1O3 +2^+ 2a2a\  + 24aJ 

3.6.24 

S3 = 1 + In  Si 

ax 

1 

02“*2  °lCl 

03  ~~  3^02Cl  "b  2^102) 

a4 — 4 (0301 4* 2a2C2 + 3aiC3)  * 

♦See  page  ii. 
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Reversion  of  Series 


Polar  Form 


3.6.25  Given 


y=ax+bx2+cx3+dx*+ex5Jrfx*+gx7+  . . . 
then 

x=Ay+By2+Ctf+Dy*+Ey5+Fy*+Gy7+  . . . 

where 

aA=l 

a?B=—b 

a5C=2b2-ae 

a,7D=5abc—a2d—5bz 

a9E=  6a2bd + 3a2c2  + 1464— a3g— 21ab2c 

anF=  7 a?be+ 7 a?cd + 84a68c — a4/ 

— 28a2bc2 — 42  ft6 — 28a2&2d 

a13  <?=  8a46/  + 8a4ce +4a4d2  + 120a2bzd 

+ I80a?b2c2+ 1326® — a5g—36a?b2e 

—72  a?bcd—  12a3c3— 330a64c 

Rummer’s  Transformation  of  Series 

00 

3.6.26  Let  2}  0*= she  agiven  convergent  series  and 

k-0 

00 

Ti  c*=c  be  a given  convergent  series  with  known 

k= 0 

sum  c such  that  lim  — =X=^0. 

fc->00  Cft 

Then 

s=Xc+S  ("l— ' X a-k- 

*= o \ «*/ 

Euler’s  Transformation  of  Series 

00 

3.6.27  If  S (— l)*a*=Oo— 0i+02—  . . . isacon- 

fc«=*0 

vergent  series  with  sum  s then 


Euler-Maclaurin  Summation  Formula 


3.6.28 


3.7.2 

3.7.3 


z=reit—r{ cos  0+i  sin  6) 
Modulus:  | z\  = (3?-\-y2)*=r 


3.7.4  Argument:  arg  s=arctan  (yjx)=d  (other 
notations  for  arg  2 are  am  2 and  ph  2). 


3.7.5 


Real  Part:  x=&z=r  cos  0 


3.7.6  Imaginary  Part:  y=*fz=r  sin  8 


3.7.7 

3.7.8 

3.7.9 


Complex  Conjugate  of  z 
z=x—iy 


z = z 


arg  z=  — arg  z 

Multiplication  and  Division 


If  Zi=Xi+iyi,  Zi=Xi+iyt,  then 
3.7.10  ZiZ2=XiX2—yiy2+i(xiy2+X2yi) 


3.7.11 

3.7.12 


|2i22|  = |21||22| 

arg  (2i22)=arg  zx + arg  z2 


o 2i  _ 2, s2  _ x2 + y,y2 + i (a;#, — z,y2) 

* 22  |s2|2  aS+tf 


3.7.14 


3.7.15 


£1  _|gil 
22  |22| 


arg 


(S) 


3.7.16  zn=rnein) 


arg  21 — arg  22 


Powers 


3.7.17  =rn  cos  nO+irn  sin  nd 

(7i=0,db  1(±2, 

3.7.18  zi=xl—y2+i(2xy) 


3.7.18 

3>7.19 


s3 = x? — Sxy2 + i (3arty — y*) 


§H>^  i/(o)+y(»)]+^  [/'w-y'(o)]  3-7-20  2*=^-6xy+^+i(4^-4^) 


“7^0  L/tF,0»)-y<F,(0)] 


1209600 


[y(Fm(B)_y(wi)(0)]+  . . . 


3.7.  Complex  Numbers  and  Functions 


3.7.1 


Cartesian  Form 


z=x+iy 


3.7.21  2*=x5—  1 0x3y2  -\-5xyi+i  (5x*y  — 10  xy+y6) 

3.7.22 

zn=[xn—(£)  xn~2y2+(fy  xn~y— . . .] 

+i  [(j)  x'-'y— Q)  xn~y+  . . .], 

(«.=1 ,2,  . . .) 
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If  sB=«„+w„,  then  zn+l=un+l+ivn+l  where 


3.8.  Algebraic  Equations 


3.7.23  un+i=xun—yvn;  vn+i —xvn+yun 

01  zn  and  Jzn  are  called  harmonic  polynomials. 


1_ 

z x—iy 

3.7.24 

z 

z\2~x2+y2 

3.7.25 

1 _ 
zn 

"Zn 

Wtt=={z~1)n 

Roots 

3.7.26  g*=V z=rh*ie=r*  cos  ?6+ir*  sin  \d 

If  — 7r<0<7 r this  is  the  principal  root.  The 
other  root  has  the  opposite  sign.  The  principal 
root  is  given  by 

3.7.27  z*=[%(r-\-x)]t±i[%(r—x)]t=='ii±w  where 
2 uv—y  and  where  the  ambiguous  sign  is  taken  to 
be  the  same  as  the  sign  of  y . 

3.7.28  zlln=rl,nete,n , (principal  root  if  — 7r<0<7r). 
Other  roots  are  r1,neiid+2Tk)/n  (k=  1,2,3,  . . .,n—  1). 


Inequalities 


3.7.29 


|«i| — |s3| 


<|3l±g2|<|2l|  + |z2| 


Complex  Functions,  Cauchy-Riemann  Equations 


f(z)=ffa+iy)=u(x,y)+iv(kx,y)  where  u(x,y),v(x,y) 
are  real,  is  analytic  at  those  points  z=x-\-iy  at 
which 


3.7.30 


If  z=reid , 


3.7.31 


du_dv  du_  dv 
dx  dy  dy  dx 

du 1 dv  1 du dv 

dr  r dd’  r dd  dr 


Solution  of  Quadratic  Equations 

3.8.1  Given  az2+bz+c= 0, 

Zi2=_(^)±^2i>2=62-4ac’ 

Zi+z2=—blaf  ZiZ2=c/a 


If  g>0,  two  real  roots, 
g=0,  two  equal  roots, 
g<0,  pair  of  complex  conjugate  roots. 

Solution  of  Cubic  Equations 

3.8.2  Given  23+a222+ai2+»o=0,  let 

111  1 
2=3  fli— g’aj;  r==-  (a^— 3ao)— 27 

If  <f+r2> 0,  one  real  root  and  a pair  of  complex 
conjugate  roots, 

gf3+r2=0,  all  roots  real  and  at  least  two  are 
equal, 

g3+r2<0,  all  roots  real  (irreducible  case). 


Let 

Si=[r+(23+r2)*P,  s2=[r—  (gf+r2)*]* 

then 

2l=(Sl  + S2)™^ 

02=— 2 (Sl+S2)~^+~7jT  (®i — 

Zs=—\  («1+S2) — J— — *ss)> 

If  zu  z2)  z3  are  the  roots  of  the  cubic  equation 


Z\-\~Z2-\-Z3 — — 


Laplace’s  Equation 


z1z2+z1z3+z2z3=a1 


The  functions  u(x,  y)  and  v{x , y)  are  called 
harmonic  functions  and  satisfy  Laplace’s  equation: 


ziz2z3=—a0 


Solution  of  Quartic  Equations 


Cartesian  Coordinates 

d2u.d2u d2v  d2v 

dx2'dy2  dx2'dy2 


Polar  Coordinates 


3.8.3  Given  z*+a3#+cL2z2+aiZ+a0=0,  find  the 
real  root  Ui  of  the  cubic  equation 

v?—a2u2+  (0103—4  a0)u—  (a\ + aQa3 — 4a0a2) = 0 

and  determine  the  four  roots  of  the  quartic  as 
solutions  of  the  two  quadratic  equations 


r 


d2u 

dd2 


3.7.33 
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If  all  roots  of  the  cubic  equation  are  real,  use 
the  value  of  iq  which  gives  real  coefficients  in  the 
^quadratic  equation  and  select  signs  so  that  if 

^+az^+a2z2+aiz+a0=(z2+plz+ql)(z2+p2z+q2)9 

then 

Pi  +P2 = az,  pxp2 + qi + q2 = <k,  Pite+Piqi =«i , M2=0o. 
If  zu  z2,  zz , z4  are  the  roots, 

S2<=— Oa,  2 2<2j2*=— Oi> 


yLzizj=a2l  ZiZ2zzz^=ao. 


3.9.  Successive  Approximation  Methods 

General  Comments 

3.9.1  Let  x=xi  be  an  approximation  to  x=£ 
where  /(£)=0  and  both  xx  and  £ are  in  the  interval 
a<x<b . We  define 


Xn+l  = Xn  + Cnf(Xn)  (tt=l,2,  . . .). 

Then,  if  f'(x)> 0 and  the  constants  cn  are 
negative  and  bounded,  the  sequence  xn  converges 
monotonically  to  the  root  £. 

If  c»=c= constant  <0  and  /'(x)> 0,  then  the 
process  converges  but  not  necessarily  monotoni- 
cally. 

Degree  of  Convergence  of  an  Approximation  Process 

3.9.2  Let  Xi,  x2,  xz,  . . . be  an  infinite  sequence 
of  approximations  to  a number  £.  Then,  if 

|Zn+l  — fK-dl&n— €|*,  (21=1,  2,  . . .) 

where  A and  k are  independent  of  n , the  sequence 
is  said  to  have  convergence  of  at  most  the  Arth 
degree  (or  order  or  index)  to  £.  If  A:=  1 and 
A<^1  the  convergence  is  linear;  if  A:=2  the  con- 
vergence is  quadratic. 

Regula  Falsi  (False  Position) 

3.9.3  Given  y=/(x)  to  find  £ such  that  /(£)  = 0, 
choose  j0  and  xx  such  that  f(x0)  and  f(x i)  have 
opposite  signs  and  compute 


X2=Xi 


(Xl  — Xp)  . /i 


fl 


/l— /c 


Then  continue  with  x2  and  either  of  xo  or  X\  for 
which f(x0)  or/fo)  is  of  opposite  sign  to  f(x2). 

Regula  falsi  is  equivalent  to  inverse  linear  inter- 
polation. 


♦See  page  n. 


Method  of  Iteration  (Successive  Substitution) 

3.9.4  The  iteration  scheme  xk+i=F(xk)  will 
converge  to  a zero  of  x=F(x)  if 

(1)  |/'v(a;)|<2<l  for  a<x<6, 

(2)  a<a0±l^^~Xo|<6. 


Newton’s  Method  of  Successive  Approximations 


3.9.5 


Newton’s  Rule 


If  x=xk  is  an  approximation  to  the  solution 
x=£  of  f(x)= 0 then  the  sequence 


xk+i — xk 


j(xk) 

/'(**) 


will  converge  quadra tically  to  x=£:  (if  instead  of 
the  condition  (2)  above), 

(1)  Monotonic  convergence , f(x0)f"(x 0)>0 
and  f'(x),  f"(x)  do  not  change  sign  in  the 
interval  (x0,  £),  or 

(2)  Oscillatory  convergence , f(x0)f"(x 0)<0 
and  /'(x),  f”{x)  do  not  change  sign  in  the 
interval  (xQ,  xx),  x0<%<xi. 


Newton’s  Method  Applied  to  Real  nth  Roots 

3.9.6  Given  xn=AT,  if  xk  is  an  approximation 
x=N1/n  then  the  sequence 

will  converge  quadratically  to  x. 


If  n—2,  xk+t=^  (jT+x*)' 
If  n=3,  z*+l=|  (i|+2a:*)‘ 


Aitken’s  52-Process  for  Acceleration  of  Sequences 

3.9.7  If  xk , x*+1,  xk+2  are  three  successive  iterates 
in  a sequence  converging  with  an  error  which  is 
approximately  in  geometric  progression,  then 

— (xk  Xk+\)2 XkXk+2 

A2xk  A2xk 

A2xk=zxk  2xk+\~\~  xk+2 

is  an  improved  estimate  of  x.  In  fact,  if  x*=x+* 
0(\k)  then  3=2:+ 0(X*),  |X|<1. 
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3.10.  Theorems  on  Continued  Fractions 


Definitions 

3.10.1 

Let 

63+  * * * 


6l+  62+  63  + 

If  the  number  of  terms  is  finite,  / is  called  a 
terminating  continued  fraction.  If  the  number 
of  terms  is  infinite,/  is  called  an  infinite  continued 
fraction  and  the  terminating  fraction 


d\  <h  o» 

61+  &2+  bn 


is  called  the  nth  convergent  of/. 

A 

(2)  If  lim  exists,  the  infinite  continued  frac- 

71— >00  £>n 

tion  / is  said  to  be  convergent.  If  at= 1 and  the 
hi  are  integers  there  is  always  convergence. 

Theorems 


(1)  If  at  and  are  positive  then  /2*</2»+2, 

(2)  If/n=^> 

JJn 

An==:bnAn-.i~\-(LnAn—2  ^ 

= bnB  n _ 1 4 dnBn  _ 2 

where  A_i=l,  A0=b0,  B_i=0,  B0=l. 
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(4)  AnBn-i — An-iBn — ( — l)n  1 n dk 

k= 1 

(5)  For  every  n>  0, 

t 1 1 G\d\  C\C'2,d2  C'^C^dz 

n 0 C1&1+  C262+  C363+ 

(6)  1+62+^263+  • • • +6263 . . . bn 

1 62  63 


• • • 


« 

cnbn 


bn 


1 


1 — 62+I — &3“i”  1 
1 1 u\ 


6n+l 


<-\ 


1-—+  ...  4 

U\  U2  un  Ui — Ui+u2 — — un-i+un 


x . xl 
4 


x 


n 


...  4 ( — l)n  — 

d0  d0di  d0did2  d0did2  . . . dn 


1 


d0X 


diX 


: dn-iX 

a04  di— x4  d2-x-\-  ’ ' ' +dn—x 


Figure  3.1.  y=xn. 
±n=0, h h 1,  2,  5. 

O A 


Numerical  Methods 


3.11.  Use  and  Extension  of  the  Tables 

Example  1.  Compute  a:19  and  x47  for  x=29 
using  Table  3.1. 

xl9=x9-x10 

= (1.45071  4598- 1013)  (4.20707  2333- 1014) 
=6.10326  1248- 1037 
x47=  (x2i)2/x 

= (1.25184  9008  • 1035)3/29 
=5.40388  2547- 10“ 

Example  2.  Compute  ar3/4  for  £=9.19826. 
(9.19826)1/4=  (919.826/100)1/4=  (919.826)1/4/10l 


Linear  interpolation  in  Table  3.1  gives 
(919.826)1/4«  5.507144. 

By  Newton’s  method  for  fourth  roots  with 
iV=919.826, 

3 [(S3lui?+3(5-507144)]=5-50714  3846 

Repetition  yields  the  same  result.  Thus, 

a;1/4= 5.507 14  3845/10*=  1.74151  1796, 

x-M=xt/x==  48933  05683. 

3.12.  Computing  Techniques 

Example  3.  Solve  the  quadratic  equation 
ic2— 18.2a; 4. 056  given  the  coefficients  as  18.24.1, 
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.056 ±.001.  From  3.8.1  the  solution  is 
x=|(18.2±[(18.2)2-4(.056)P) 

= 1(18.2  ±[33LQ16]l)==i(18.2±  18.1939^) 

= 18.1969.  .003 

The  smaller  root  may  be  obtained  more  accurately 
from 

* .056/18.1969  = .0031  ± .000 1 . 


Example  4.  Compute  (— 3 + .0076i)*. 
From  3.7.26,  (— 3+.0076i)*=w+i2;  where 

u~2v  w=(+)*’  r=(a;2+2/2)i 

Thus 


r=[(— 3)2+(.0076)2]i=(9.00005776)1=3.00000  9627 
^[3.00000  96^7- (-3)  J=1  732052196 


u——— 


.0076 


2v  2(1.73205  2196) 


=.00219  392926 


We  note  that  the  principal  square  root  has  been 
computed. 

■ T 

Example  6.  Solve  the  quartic  equation 

a:4— 2.37752  4922a;3 +6.07350  5741a;2 

-11.17938  023a; +9. 05265  5259=0. 


Resolution  Into  Quadratic  Factors 
(x2  ± pix  + q i)  (x2  + p2x  + q2) 
by  Inverse  Interpolation* 

Starting  with  the  trial  value  #1  = 1 we  compute 
successively 


9i 

Oo 

92=* 

, I 

_a\—azq\ 

qi 

1 

9.  053 

- 1.  093 

2 

4.  526 

- 2.  543 

2.  2 

4.  115 

-3.  106 

i 

S 

II 

s 

1 

y(qi)=qi+q2+PiP2 

— a2 

- 1.  284 

5.  383 

. 165 

. 032 

. 729 

-2.  023 

Example  5.  Solve  the  cubic  equation  a;3—  18.1a: 
-34.8=0. 

To  use  Newton’s  method  we  first  form  the 
table  of  f(x)=  a:3— 18.1a*— 34.8 


x /(x) 

4 -43.2 

5 - .3 

6 72.6 

7 181.5 


We  obtain  by  linear  inverse  interpolation: 

I"=s+rn-\-%r5m- 

Using  Newton’s  method,  f'(x)=3x2— 18.1  we  get 

xi~x0—f(xa)/f'(xa) 

(->07215  9936) 

5,UU4  57.020048  5*UU52b* 


Repetition  yields  Xi= 5.00526  5097.  Dividing 
f(x)  by  a:— 5.00526  5097  gives  a:2+5.00526  5097a: 
+6.95267  869  the  zeros  of  which  are  —2.50263  2549 
± .83036  800i. 


We  seek  that  value  of  qx  for  which  y(qi)=0. 
Inverse  interpolation  in  y(qx)  gives  y(qi)~0  for 
gi«2.003.  Then, 


qi 

q2 

Pi 

P2 

y(qi) 

2.  003 

4.  520 

- 2.  550 

. 172 

. Oil 

Inverse  interpolation  between  qx— 2.2  and  qi  = 
2.003  gives  qi =2.0041,  and  thus, 


qi 

q2 

Pi 

P2 

2/(Si) 

2.  0041 

4.  51706  7640 

- 2.  55259  257 

. 17506  765 

. 00078  552 

2.  0042 

4.  51684  2260 

-2.  55282  851 

. 17530  358 

. 00001  655 

2.  0043 

4.  51661  6903 

- 2.  55306  447 

. 17553  955 

-.  00075  263 

Inverse  interpolation  gives  gi=2. 00420  2152,  and  we  get  finally, 


qi 

92 

Pi 

P2 

v(qi) 

2.  00420  2152 

4.  51683  7410 

-2.  55283  358 

. 17530  8659 

-.  00000  0011 

♦See  page  n. 
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Double  Precision  Multiplication  and  Division  on  a 

Desk  Calculator 

Example  7.  Multiply M=20243  97459  71664  32102 
by  m=69732  82428  43662  95023  on  a 10X10X20 
desk  calculating  machine. 

Let  M0 =20243  97459,  M!=71664  32102,  m0= 
69732  82428,  mx =43662  95023.  Then  Mm= 
M0m0 1020+  (M0mx +Mxm0)  1010+Mimi. 

(1)  Multiply  M1m1=31290  75681  96300  28346 
and  record  the  digits  96300  28346  appearing  in 
positions  1 to  10  of  the  product  dial. 

(2)  Transfer  the  digits^  31290  75681  from  posi- 
tions 1 1 to  20  of  the  product  dial  to  positions  1 to 
10  of  the  product  dial. 

(3)  Multiply  cumulatively  Mim0+M0mi +31290 
75681=58812  67160  12663  25894  and  record  the 
digits  12663  25894  in  positions  1 to  10. 

(4)  Transfer  the  digits  58812  67160  from  posi- 
tions 11  to  20  to  positions  1 to  10. 

(5)  Multiply  cumulatively  M0m0+58812  67160 
= 14116  69523  40138  17612.  The  results  as  ob- 
tained are  shown  below, 

96300  28346 

12663  25894 

14116  69523  40138  17612 

14116  69523  40138  17612  12663  25894  96300  28346 

If  the  product  Mm  is  wanted  to  20  digits,  only 
the  result  obtained  in  step  5 need  be  recorded. 
Further,  if  the  allowable  error  in  the  20th  place  is 
a unit,  the  operation  Mxmx  may  be  omitted. 
When  either  of  the  factors  M or  m contains  less 
than  20  digits  it  is  convenient  to  position  the 
numbers  as  if  they  both  had  20  digits.  This 
multiplication  process  may  be  extended  to  any 
higher  accuracy  desired. 

Example  8.  Divide  iV=  14116  69523  40138  17612 
by  <Z=20243  97459  71664  32102. 

Method  (1) — linear  interpolation . 

N/ 20243  97459-10IO=  .69732  82430(90519  39054 
iV/20243  97460-  1Q10=  .69732  82427  46057  26941 

Difference=3  44462  12113. 

Difference  X.71664  32102  =24685  644028- lO”20 
(note  this  is  an  11X10  multiplication). 

Quotient= 

(69732  82430  90519  39054—246856  44028)- 10"20 
=.69732  82428  43662  95026 

There  is  an  error  of  3 units  in  the  20th  place  due 
to  neglect  of  the  contribution  from  second  differ- 
ences. 


Method  (2) — If  N and  d are  numbers  each  not 
more  than  19  digits  let  N=Ni+N0109,  d=dlJr 
d0 10®  where  N0  and  d0  contain  10  digits  and  Ni 
and  di  not  more  than  9 digits.  Then 

N N0IQ9+Ni  1 rA7  N0di~\ 

d dol09+di  ~dol09  L do  J 

Here 


N=  14116  69523  40138  1761, 

d= 20243  97459  71664  3210 
iV0=  14116  69523,  d0= 20243  97459, 

di=71664  3210 


(1)  JVod,= 10116  63378  42188  8830  (product  dial). 

(2)  (lVodi)/do=49973  55504  (quotient  dial). 

(3)  N—  (Ntidi)/do=  14116  69522  90164  62106 
(product  dial). 

(4)  [N—  (iVodi)/do]/d0109= .69732  82428=first  10 
digits  of  quotient  in  quotient  dial.  Remainder 
=r=08839  11654,  in  positions  1 to  10  of  product 
dial. 

(5)  r/ (d0109) = .43662 9502 • 1 0 ~ 10 = next 9 digitsof 
quotient.  N/d=  .69732  82428  43662  9502.  This 
method  may  be  modified  to  give  the  quotient  of 
20  digit  numbers.  Method  (1)  may  be  extended 
to  quotients  of  numbers  containing  more  than  20 
digits  by  employing  higher  order  interpolation. 

Example  9.  Sum  the  series  S=l— §+§— 1 
+ ...  to  5D  using  the  Euler  transform. 

The  sum  of  the  first  8 terms  is  .634524  to  6D. 
If  un=ljn  we  get 


n 

Un 

Au„ 

A2u„ 

A*u„ 

A*un 

9 

. min 

—mu 

10 

. 100000 

-9091 

2020 

-505 

11 

. 090909 

-7576 

1515 

-349 

156 

12 

. 083333 

-6410 

1166 

13 

. 076923 

From  3.6.27  we  then  obtain 


S=. 634524+- 


111111 

2 


(-.011111)  .002020 
22  + 23 

(-.000505)  , .000156 
2 4 2s 


= .634524+ .055556+  .002778+ .000253 

+.000032+. 000005 


=.693148 


(S=ln  2 =.693 1472  to  7D). 
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Example  10.  Evaluate  the  integral  I dx 

Jo  % 


7T 

=2  to  4D  using  the  Euler  transform. 


f 00  sin  a; 

Jo  x 


00  /*(*4-l)ir 


fc=U  J JcT 


■±  f 

fc=o  J* 


sm  a; 
a: 


da; 


=y->  r s*n  (fer+O  / ]U  r 8*n  t fit 
hi  Jo  kr+t  at  £<P  1}Jo  kir+tdt 


oo 


10 


00 


S £-2=X!  *"2+S  (*+i0)-2 

Jfc«=l  Jfc=l  k=l 


10  (* » i 1 


J 

r72o^° 


where  / (&)  = (£+10)  ”2.  Thus, 


Evaluating  the  integrals  in  the  last  sum  by 
numerical  integration  we  get 


k 

C*  sin  t , 

; — r-  dt 
Jo  kv+t 

0 

1.  85194 

1 

. 43379 

2 

. 25661 

3 

. 18260 

A A2 

A8 

A4 

4 

. 14180 

-2587 

5 

. 11593 

799 

-1788 

-321 

6 

. 09805 

478 

153 

-1310 

-168 

7 

. 08495 

310 

-1000 

8 

. 07495 

The  sum  to  k= 3 is  1.49216.  Applying  the 
Euler  transform  to  the  remainder  we  obtain 


g (.14180) 


~ (-.02587)+^  (.00799) 

-i  (-.00321)4-^  (.00153) 

.070904- .006474- .001004-. 00020 

4- .00005 

.07862 


k~2=  1.54976  7731-hl 

—.005 4- .0001 6 6667— .00000  0333 
=1.64493  4065, 

_ _2 

as  compared  with  -j--=1.64493  4067. 

Example  12.  Compute 

x a?  4x2  9x2 


arctan  x= 


14-  34-  54-  74-  • • 


to  5D  for  x=.2.  Here  Oi—x,  a„=(n—  1)V  for 
»>1,  60=0,  6„=2n— 1,  A-i=l,  B-t=0,  Ao=0, 
B0=l. 


For  n>  1 


•^tt  — — 2 

■Oji-I-Bb-2 
0 1 

1 0 


•^0 

5, 


=0 


1 

.2 


.2 

1 


.2 

1 


0 

1 


.6  .2 
3.04  1 

13.032  .6 
15.36  3.04 


3 

.6 

.04 

3.04 

5 

3.032 

.16 

15.36 

7 

21 .440 

.36 

108.6144 

Bx  2 


42=. 197368 
£>2 


Az 

B: 


=.197396 


A4 

Bl 


.197396 


We  obtain  the  value  of  the  integral  as  1.57078  as 
compared  with  1.57080. 

GO  ^2 

Example  11.  Sum  the  series  2 k~2=-r  using 

*=1  o 

the  Euler-Maclaurin  summation  formula. 

From  3.6.28  we  have  for  n—  » , 


Note  that  in  carrying  out  the  recurrence  method 
for  computing  continued  fractions  the  numerators 
An  and  the  denominators  Bn  must  be  used  as 
originally  computed.  The  numerators  and  de- 
nominators obtained  by  reducing  AnJBn  to  lower 
terms  must  not  be  used. 
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Table  3.1  POWERS  AND  ROOTS  n * 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


See  Examples  1-5  for  use 
of  the  table. 

Floating  decimal  notation: 
9io=34867  84401 
=(9)3.4867  84401 


i.24 


»l/2= 

nV^= 

n\l^= 

wl/5= 


2 

71,2 = 

4 

8 

n p 

16 

32 

n®= 

64 

n£= 

128 

7l8= 

256 

512 

ttlO_ 

1024 

167 

77216 

1. 4142 

13562 

1. 2599 

21050 

1. 1892 

07115 

1. 1486 

98355 

5 

25 
125 
625 
3125 
15625 
78125 
3 90625 
19  53125 
97  65625 

(16)5.9604  64478 

2.2360  67977 
1.7099  75947 
1.4953  48781 
1.3797  29662 


10 
100 
1000 
10000 
1 00000 
10  00000 
100  00000 
1000  00000 
( 9)1.0000  00000 
(10)1.0000  00000 

(24)1.0000  00000 

3.1622  77660 
2.1544  34690 
1.7782  79410 
1.5848  93192 


6 

36 
216 
1296 
7776 
46656 
2 79936 
16  79616 
100  77696 
604  66176 

(18)4.7383  81338 

2.4494  89743 
1.8171  20593 
1.5650  84580 
1.4309  69081 


11 
121 
13.31 
14641 
1 61051 
17  71561 
194  87171 
2143  58881 
( 9)2.3579  47691 
(10)2.5937  42460 

(24)9.8497  32676 

3.3166  24790 
2.2239  80091 
1.8211  60287 
1.6153  94266 


7 

49 
343 
2401 
16807 
1 17649 
8 23543 
57  64801 
403  53607 
2824  75249 

(20)1.9158  12314 

2.6457  51311 
1.9129  31183 
1.6265  76562 
1. 4757  73162 


12 
144 
1728 
20736 
2 48832 
29  85984 
358  31808 
4299  81696 
( 9)5.1597  80352 
(10)6.1917  36422 

(25)7.9496  84720 

3.4641  01615 
2.2894  28485 
1.8612  09718 
1.6437  51830 


3 

9 

27 

81 

243 

729 

2187 

6561 

19683 

59049 

(11)2.8242  95365 

1.7320  50808 
1.4422  49570 
1.3160  74013 
1.2457  30940 


8 

64 
512 
4096 
32768 
2 62144 
20  97152 
167  77216 
1342  17728 
( 9)1.0737  41824 

(21)4.7223  66483 

2.8284  27125 
2.0000  00000 
1.6817  92831 
1.5157  16567 


13 
169 
2197 
28561 
3 71293 
48  26809 
627  48517 
8157  30721 

(10) 1.0604  49937 

(11) 1.3785  84918 

(26)5.4280  07704 

3.6055  51275 
2.3513  34688 
1.8988  28922 
1.6702  77652 


4 

16 
64 
256 
1024 
4096 
16384 
65536 
2 62144 
10  48576 

(14)2.8147  49767 

2.0000  00000 
1.5874  01052 
1.4142  13562 
1.3195  07911 


9 

81 
729 
6561 
59049 
5 31441 
47  82969 
430  46721 
3874  20489 
( 9)3.4867  84401 

(22)7.9766  44308 

3.0000  00000 
2.0800  83823 
1.7320  50808 
1.5518  45574 


14 
196 
2744 
38416 
5 37824 
75  29536 
1054  13504 
( 9)1.4757  89056 

(10) 2.0661  04678 

(11) 2.8925  46550 

(27)3.2141  ^9700 

3.7416  57387 
2.4101  42264 
1.9343  36420 
1.6952  18203 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


15 
225 
3375 
50625 
7 59375 
113  90625 
1708  59375 
( 9)2.5628  90625 

(10) 3.8443  35938 

(11) 5.7665  03906 

(28)1.6834  11220 


16 
256 
4096 
65536 
10  48576 
167  77216 
2684  35456 
( 9)4.2949  67296 
(10)6.8719  47674 

(12)1.0995  H628 

(28)7.9228  16251 


17 
289 
4913 
83521 
14  19857 
241  37569 
4103  38673 
( 9)6.9757  57441 

(11) 1.1858  78765 

(12) 2.0159  93900 

(29)3.3944  86713 


18 
324 
5832 
1 04976 
18  89568 
340  12224 
6122  20032 

(10) 1.1019  96058 

(11) 1.9835  92904 

(12) 3.5704  67227 

(30)1.3382  58845 


19 
361 
6859 
1 30321 
24  76099 
470  45881 
8938  71739 

(10) 1.6983  56304 

(11) 3.2268  76978 

(12) 6.1310  66258 

(30)4.8987  62931 


1/2 

1/3 

1/4 

1/5 


3.8729  83346 
2.4662  12074 
1.9679  89671 
1.7187  71928 


4.0000  00000 
2.5198  42100 

2.0000  00000 

1.7411  01127 


4.1231  05626 
2.5712  81591 
2.0305  43185 
1.7623  40348 


4.2426  40687 
2.6207  41394 
2.0597  67144 
1.7826  02458 


4.3588  98944 
2.6684  01649 
2.0877  97630 
1.8019  83127 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


20 
400 
8000 
1 60000 
32  00000 
640  00000 
( 9)1.2800  00000 

(10) 2.5600  00000 

(11) 5.1200  00000 
(13)1.0240  00000 


21 
441 
9261 
1 94481 
40  84101 
857  66121 
( 9)1.8010  88541 

(10) 3.7822  85936 

(11) 7.9428  00466 
(13)1.6679  88098 


22 
484 
10648 
2 34256 
51  53632 
1133  79904 
( 9)2.4943  57888 
(10)5.4875  87354 

(12) 1.2072  69218 

(13) 2.6559  92279 


23 
529 
12167 
2 79841 
64  36343 
1480  35889 
( 9)3.4048  25447 
(10)7.8310  98528 

(12) 1.8011  52661 

(13) 4.1426  51121 


24 
576 
13824 
3 31776 
79  62624 
1911  02976 
( 9)  4.5864  71424 

(11) 1.1007  53142 

(12) 2.6418  07540 

(13) 6.3403  38097 


24 


(31)1.6777  21600 


(31)5.4108  19838  (32)1.6525  10926 


(32)4.8025  07640 


(33)1.3337  35777 


1/2 

4.4721  35955 

4.5825  75695 

4.6904  15760 

4.7958  31523 

1/3 

2.7144  17617 

2.7589  24176 

2.8020  39331 

2.8438  66980 

1/4 

2.1147  42527 

2.1406  95143 

2.1657  36771 

2.1899  38703 

1/5. 

1.8205  64203 

1.8384  16287 

1.8556  00736 

1.8721  71231 

4.8989  79486 
2.8844  99141 
2.2133  63839 
1.8881  75023 
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POWERS  AND  ROOTS  n* 


Table  3.1 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


25 
625 
15625 
3 90625 
97  65625 
2441  40625 
( 9)6.1035  15625 

(11) 1.5258  78906 

(12) 3.8146  97266 

(13) 9.5367  43164 


26 
676 
17576 
4 56976 
118  81376 
3089  15776 
9)8.0318  10176 

11) 2.0882  70646 

12) 5.4295  03679 
14)1.4116  70957 


27 
729 
19683 
5 31441 
143  48907 
3874  20489 

(10) 1.0460  35320 

(11) 2.8242  95365 

(12) 7.6255  97485 
(14)2.0589  11321 


28 
784 
21952 
6 14656 
172  10368 
4818  90304 

(10) 1.3492  92851 

(11) 3.7780  19983 

(13) 1.0578  45595 

(14) 2.9619  67667 


7 

205 

5948 

10)  1.  7249 

11) 5.  0024 

13)  1.  4507 

14)  4.2070 


29 

841 

24389 

07281 

11149 

23321 

87631 

64130 

14598 

72333 


24 


(33)3.5527  13679  (33)9.1066  85770 


(34)2.2528  39954 


(34)5.3925  32264  (35)1.2518  49008 


1/2 

1/3 

1/4 

1/5 


5.0000  00000 
2.9240  17738 
2.2360  67977 
1.9036  53939 


5.0990  19514 
2.9624  96068 
2.2581  00864 
1.9186  45192 


5.1961  52423 
3.0000  00000 
2.2795  07057 
1.9331  82045 


5.2915  02622 
3.0365  88972 
2.  3003  26634 
1.9472  94361 


5.3851  64807 
3.0723  16826 
2.  3205  95787 
1.9610  09057 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


30 
900 
27000 
8 10000 
243  00000 
7290  00000 

(10) 2.1870  00000 

(11) 6.5610  00000 

(13) 1.9683  00000 

(14) 5.9049  00000 


31 
961 
29791 
9 23521 
286  29151 
8875  03681 

(10) 2.7512  61411 

(11) 8.5289  10374 

(13) 2.6439  62216 

(14) 8.1962  82870 


32 
1024 
32768 
10  48576 
335  54432 
9)1.0737  41824 
10)3.4359  73837 

12) 1.0995  11628 

13) 3.5184  37209 
15)1.1258  99907 


33 
1089 
35937 
11  85921 
391  35393 

1 9)1.2914  67969 
10)4.2618  44298 
12)1.4064  08618 
13)4.6411  48440 
15)1.5315  78985 


34 
1156 
39304 
13  36336 
454  35424 

1 9)1.5448  04416 
10)5.2523  35014 
12)1.7857  93905 
13)6.0716  99277 
15)2.0643  77754 


24 


(35)2.8242  95365  (35)6.2041  26610 


(36)1.3292  27996 


(36)2.7818  55434 


(36)5.6950  03680 


1/2 

1/3 

1/4 

1/5 


5.4772  25575 
3.1072  32506 
2.3403  47319 
1.9743  50486 


5.5677  64363 
3.1413  80652 
2.3596  11062 
1.9873  40755 


5.6568  54249 
3.1748  02104 
2.3784  14230 
2.0000  00000 


5.7445  62647 
3.2075  34330 
2.3967  81727 
2.0123  46617 


5.8309  51895 
3.2396  11801 
2.4147  36403 
2.0243  97459 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


35 
1225 
42875 
15  00625 
525  21875 
9)1.8382  65625 
10)6.4339  29688 

12) 2.2518  75391 

13) 7.8815  63867 
15)2.7585  47354 


36 
1296 
46656 
16  79616 
604  66176 

1 9)2.1767  82336 
10)7.8364  16410 
12)2.8211  09907 
14)1.0155  99567 
15)3.6561  58440 


37 
1369 
50653 
18  74161 
693  43957 

1 9)2.5657  26409 
10)9.4931  87713 
12)3.5124  79454 
14)1.2996  17398 
15)4.8085  84372 


38 

1444 

54872 

20 

85136 

792 

35168 

9) 

3.  0109 

36384 

11 

1. 1441 

55826 

12 

4.  3477 

92138 

14 

1.  6521 

61013 

15 

6.  2782 

11848 

39 
1521 
59319 
23  13441 
902  24199 

1 9)3.5187  43761 
11)1.3723  10067 
12)5.3520  09260 
14)2.0872  83612 
15)8.1404  06085 


24 


(37)1.1419  13124  (37)2.2452  25771 


(37)4.3335  25711  (37)8.2187  60383 


(38)1.5330  29700 


1/2 

1/3 

1/4 

1/5 


5.9160  79783 
3.2710  66310 
2.4322  99279 
2.0361  68005 


6.0000  00000 
3.3019  27249 
2.4494  89743 
2.0476  72511 


6.0827  62530 
3.3322  21852 
2.4663  25715 
2.0589  24137 


6.1644  14003 
3.3619  75407 
2.4828  23796 
2.0699  35054 


6.2449  97998 
3.3912  11443 
2.4989  99399 
2.0807  16549 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


40 

1600 
64000 
25  60000 
1024  00000 

i 9) 4. 0960  00000 
11)1.6384  00000 
12)6.5536  00000 
14)2.6214  40000 
16)1.0485  76000 


41 

1681 
68921 
28  25761 
1158  56201 

i 9)  4.  7501  04241 
11)1.9475  42739 
12)7.9849  25229 
14)3.2738  19344 
16)1.3422  65931 


42 
1764 
74088 
31  11696 
1306  91232 

1 9)5.4890  31744 
11)2.3053  93332 
12)9.6826  51996 
14)4.0667  13838 
16)1.7080  19812 


43 
1849 
79507 
34  18801 
1470  08443 

1 9)6.3213  63049 
11)2.7181  86111 
13)1.1688  20028 
14)5.0259  26119 
16)2.1611  48231 


44 
1936 
85184 
37  48096 
1649  16224 
9)7.2563  13856 
11)3.1927  78097 

13) 1.4048  22363 

14) 6.1812  18395 
16)2.7197  36094 


24  (38)2.8147  49767  (38)5.0911 

•• 


1/2 

6.  3245 

55320 

6.  4031 

1/3 

3.  4199 

51893  - 

3.  4482 

1/4 

2.  5148 

66859 

2.  5304 

1/5 

2.  0912 

79105 

2.1016 

1 

45 

2 

2025 

3 

91125 

4 

41 

00625 

44 

5 

1845 

28125 

2059 

6 

( 9)8.3037 

65625 

( 9)9.4742 

7 

(11)3.7366 

94531 

(llj  4.  3581 

8 

( 13)  1.  6815 

12539 

(13)2.0047 

9 

(14)7.5668 

06426 

( 14)  9.  2219 

10 

( 16)  3.4050 

62892 

(16)  4.2420 

24 

(39)4.7544 

50505 

(39)8.  0572 

1/2 

6.  7082 

03932 

6.  7823 

1/3 

3.  5568 

93304 

3.  5830 

1/4 

2.  5900' 

.20064 

2. 6042 

1/5 

2.1411 

27368 

2. 1505 

10945  (38)9.0778  49315  (39)1.5967  72093 


(39)2.7724  53276 


24237 

17240 

39534 

32478 


6.4807  40698 
3.4760  26645 
2.5457  29895 
2.1117  85765 


6.5574  38524 
3.5033  98060 
2.5607  49602 
2.1217  47461 


6.6332  49581 
3.5303  48335 
2.5755  09577 
2.1315  25513 


46 

2116 

97336 

77456 

62976 

96896 

76572 

61223 

01627 

74748 


47 
2209 
1 03823 
48  79681 
2293  45007 

110)1.0779  21533 
11)5.0662  31205 
13)2.3811  28666 
15)1.1191  30473 
16)5.2599  13224 


48 
2304 
1 10592 
53  08416 
2548  03968 

110)1.2230  59046 
11)5.8706  83423 
13)2.8179  28043 
15)1.3526  05461 
16)6.4925  06211 


49 
2401 
1 17649 
57  64801 
2824  75249 

(10) 1.3841  28720 

( 11) 6.7822  30728 
(13)3.3232  93057 

( 15)  1.6284  13598 

( 16)  7. 9792  26630 


70802  (40)1.3500  46075  (40)2.2376  37322 


(40)3.6703  36822 


29983 

47871 

90687 

60013 


6.8556  54600 
3.6088  26080 
2.6183  30499 
2.1598  30012 


6.9282  03230 
3.6342  41186 
2.6321  48026 
2.1689  43542 


7.0000  00000 
3.6593  05710 
2.6457  51311 
2.1779  06425 


The  numbers  in  square  brackets  at  the  bottom  of  the  page  mean  that  the  maximum 
error  in  a linear  interpolate  is  a X 10-?  (p  in  parentheses),  and  that  to  interpolate  to 
the  full  tabular  accuracy  m points  must  be  used  in  Lagrange’s  and  Altkens  methods  for 
the  respective  functions  w*/r.  * 


•See  page  n. 
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Table  3.1 


POWERS  AND  ROOTS  re* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


50 
2500 
1 25000 
62  50000 
3125  00000 

110)1.5625  00000 
11)7.8125  00000 
13)3.9062  50000 
15)1.9531  25000 
16)9.7656  25000 


51 

2601 
1 32651 
67  65201 
3450  25251 

10)  1.  7596  28780 

11) 8.9741  06779 
13)4.5767  94457 
15)2.3341  65173 
17)1.1904  24238 


1 

73 
3802 
10)  1.9770 
12)  1.  0280 
13)5.  3459 
15)2. 7799 
17)  1.  4455 


52 

2704 

40608 

11616 

04032 

60966 

71703 

72853 

05884 

51059 


53 
2809 
1 48877 
78  90481 
4181  95493 

110)2.2164  36113 
12)1.1747  11140 
13)6.2259  69041 
15)3.2997  63592 
17)1.7488  74704 


54 
2916 
1 57464 
85  03056 
4591  65024 

110)2.4794  91130 
12)1.3389  25210 
13)7.2301  96134 
15)3.9043  05912 
17)2.1083  25193 


24 


(40)5.9604  64478 


(40)9.5870  33090 


(41)1.5278  48342  (41)2.4133  53110 


(41)3.7796  38253 


1/2 

7.  0710 

67812 

7. 1414 

28429 

7.  2111 

02551 

7.  2801 

09889 

1/3 

3.  6840 

31499 

3. 7084 

29769 

3.  7325 

11157 

3.  7562 

85754 

1/4 

2.  6591 

47948 

2.  6723 

45118 

2.  6853 

49614 

2.  6981 

67876 

1/5 

2. 1867 

24148 

2.1954 

01897 

2. 2039 

44575 

2.2123 

56822 

7.3484  69228 
3.7797  63150 
2.7108  06011 
2.2206  43035 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


55 
3025 
1 66375 
91  50625 
5032  84375 

110)2.7680  64063 
12)1.5224  35234 
13)8.3733  93789 
15)4.6053  66584 
17)2.5329  51621 


1 

98 

5507 

10] 

13.0840 

12 

>1.  7270 

13 

19.  6717 

15 

>5. 4161 

17] 

1 3.  0330 

56 

3136 

75616 

34496 

31776 

97946 

94850 

31157 

69448 

54891 


57 
3249 
1 85193 
105  56001 
6016  92057 

110)3.4296  44725 
12)1.9548  97493 
14)1.1142  91571 
15)6.3514  61955 
17)3.6203  33315 


58 
3364 
1 95112 
113  16496 
6563  56768 

110)3.8068  69254 
12)2.2079  84168 
14)1.2806  30817 
15)7.4276  58740 
17)4.3080  42069 


59 
3481 
2 05379 
121  17361 
7149  24299 
(10)4.2180  53364 
(12)2.4886  51485 

(14) 1.4683  04376 

(15) 8.6629  95819 
(17)5.1111  67533 


24 


(41)5.8708  98173 


(41)9.0471  67858 


(42)1.3835  55344  (42)2.1002  54121 


(42)3.1655  43453 


1/2 

1/3 

1/4 

1/5 


7.4161  98487 
3.8029  52461 
2.7232  69815 
2.2288  07384 


7.4833  14774 
3.8258  62366 
2.7355  64800 
2.2368  53829 


7.5498  34435 
3.8485  01131 
2.7476  96205 
2.2447  86134 


7.6157  73106 
3.8708  76641 
2.7596  69021 
2.2526  07878 


7.6811  45748 
3.8929  96416 
2.7714  88002 
2.2603  22470 


1 

2 

3 


60 

3600 

16000 


4 

129 

60000 

138 

5 

7776 

00000 

8445 

6 

(10) 

>4.  6656 

00000 

(10)5. 1520 

7 

(12 

2.  7993 

60000 

( 12)  3. 1427 

8 

( 14l 

11.6796 

16000 

( 14)  1.9170 

9 

(16 

11. 0077 

69600 

(16)1. 1694 

10 

( 17) 

1 6.  0466 

17600 

( 17) 7. 1334 

24 

(42)4.7383 

81338 

(42)7.  0455 

1/2 

7. 7459 

66692 

7. 8102 

1/3 

3. 9148 

67641 

3.  9364 

1/4 

2. 7831 

57684 

2.  7946 

1/5 

2.  2679 

33155 

2. 2754 

1 

65 

2 

4225 

3 

2 

74625 

2 

4 

178 

50625 

189 

5 ( 9)1.1602  90625  ( 9)1.2523 

6 (10)7.5418  89063  ( 10)  8.  2653 

7 (12)4.9022  27891  ( 12)  5.  4551 

8 ( 14)  3. 1864  48129  ( 14)  3.  6004 

9 (16)2.0711  91284  ( 16)  2.  3762 

10  (18)  1.  3462  74334  ( 18)  1.  5683 


61 

3721 

26981 

45841 

96301 

37436 

42836 

73130 

14609 

29117 

68477 

49676 

97183 

82393 

43032 


66 

4356 

87496 

74736 

32576 

95002 

60701 

06063 

68001 

36881 


2 

147 
9161 
5.  6800 

3.  5216 

14)2.1834 

16)  1.  3537 

17)  8.  3929 


10 

12 


62 

3844 

38328 

76336 

32832 

23558 

14606 

01056 

08655 

93659 


63 
3969 
2 50047 
157  52961 
9924  36543 

110)6.2523  50221 
12)3.9389  80639 
14)2.4815  57803 
16)1.5633  81416 
17)9.8493  02919 


(43)1.0408  79722  (43)1.5281  75339 


7.8740  07874 
3.9578  91610 
2.8060  66263 
2.2828  55056 


7.9372  53933 
3.9790  57208 
2.8173  13247 
2.2901  72049 


67 
4489 
3 00763 
201  51121 

1 9)1.3501  25107 
10)9.0458  38217 
12)6.0607  11605 
14)4.0606  76776 
16)2.7206  53440 
18)1.8228  37805 


68 
4624 
3 14432 
213  81376 

1 9)1.4539  33568 
10)9.8867  48262 
12)6.7229  88818 
14)4.5716  32397 
16)3.1087  10030 
18)2.1139  22820 


64 
4096 
2 62144 
167  77216 

1 9)1.0737  41824 
10)6.8719  47674 
12)4.3980  46511 
14)2.8147  49767 
16)1.8014  39851 
18)1.1529  21505 

(43)2.2300  74520 

8.0000  00000 
4.0000  00000 
2.8284  27125 
2.2973  96710 


69 
4761 
3 28509 
226  67121 

1 9)1.5640  31349 
11)1.0791  81631 
12)7.4463  53253 
14)5.1379  83744 
16)3.5452  08784 
18)2.4461  94061 


24 


(43)3.2353  44710 


(43)4.6671  78950 


(43)6.6956  88867  (43)9.5546  30685 


(44)1.3563  70007 


1/2 

1/3 

1/4 

1/5 


8.0622  57748 
4.0207  25759 
2.8394  11514 
2.3045  31620 


8.1240  38405 
4.0412  40021 
2.8502  69883 
2.3115  79249 


8.1853  52772 
4.0615  48100 
2.8610  05553 
2.3185  41963 


8.2462  11251 
4.0816  55102 
2.8716  21711 
2.3254  22030 


8.3066  23863 
4.1015  65930 
2.8821  21417 
2.3322  21626 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


70 
4900 
3 43000 
240  10000 

1 9)1.6807  00000 
11)1.1764  90000 
12)8.2354  30000 
14)5.7648  01000 
16)4.0353  6070Q 
18)2.8247  52490 


71 
5041 
3 57911 
254  11681 

1 9)1.8042  29351 
11)1.2810  02839 
12)9.0951  20158 
14)6.4575  35312 
16)4.5848  50072 
18)3.2552  43551 


72 
5184 
3 73248 
268  73856 

1 9)1.9349  17632 
11)1.3931  40695 
13)1.0030  61300 
14)7.2220  41363 
16)5.1998  69781 
18)3.7439  06243 


73 
5329 
3 89017 
283  98241 

1 9)2.  0730  71593 
11)1.5133  42263 
13)1.1047  39852 
14)8.0646  00919 
16)5.8871  58671 
18)4.2976  25830 


74 
5476 
4 05224 
299  86576 

1 9)2.2190  06624 
11)1.6420  64902 
13)1.2151  28027 
14)8.9919  47402 
16)6.6540  41078 
18)4.9239  90397 


24 


(44)1.9158  12314 


(44)2.6927  76876 


(44)3.7668  63772  (44)5.2450  38047 


(44)  7a  2704  49690 


1/2 

1/3 

1/4 

1/5 


8.  3666 

00265 

8.  4261 

49773 

8. 4852 

81374 

8. 5440 

03745 

8.6023  25267 

4. 1212 

85300 

4. 1408 

17749 

4. 16.01 

67646 

4. 1793 

39196 

4.1983  36454 

2. 8925 

07608 

2.  9027 

83108 

2. 9129 

50630 

2.  9230 

12786 

2.9329  72088 

2.  3389 

42837 

2.  3455 

87669 

2.3521 

58045 

2.  3586 

55818 

2.3650  82769 

j[(-5>9]  ^(-5)4]  ^ 


ELEMENTARY  ANALYTICAL  METHODS 


POWERS  AND  ROOTS  n* 


Table  3.1 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


75 
5625 
4 21875 
316  40625 

1 9)2.3730  46875 
11)1.7797  85156 
13)1.3348  38867 
15)1.0011  29150 
16)7.5084  68628 
18)5.6313  51471 

(45)1.0033  91278 

8.6602  54038 
4.2171  63326 
2.9428  30956 
2.3714  40610 


76 
5776 
4 38976 
333  62176 

i 9) 2. 5355  25376 
11)1.9269  99286 
13)1.4645  19457 
15)1.1130  34787 
16)8.4590  64385 
18)6.4288  88932 

(45)1.3788  79182 

8.7177  97887 
4.2358  23584 
2.9525  91724 
2.3777  30992 


77 
5929 
4 56533 
351  53041 

1 9)2.7067  84157 
11)2.0842  23801 
13)1.6048  52327 
15)1.2357  36292 
16)9.5151  69445 
18)7.3266  80473 

(45)1.8870  23915 

8.7749  64387 
4.2543  20865 
2.9622  56638 
2.3839  55503 


78 
6084 
4 74552 
370  15056 

1 9)2.8871  74368 
11)2.2519  96007 
13)1.7565  56885 
15)1.3701  14371 
17)1.0686  89209 
18)8.3357  75831 

(45)2.5719  97041 

8.8317  60866 
4.2726  58682 
2.9718  27866 
2.3901  15677 


79 
6241 
4 93039 
389  50081 

1 9)3.0770  56399 
11)2.4308  74555 
13)1.9203  90899 
15)1.5171  08810 
17)1.1985  15960 
18)9.4682  76083 

(45)3.4918  06676 

8.8881  94417 
4.2908  40427 
2.9813  07501 
2.3962  12991 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


80 
6400 
5 12000 
409  60000 

! 9)  3.  2768  00000 
11)2.6214  40000 
13)2.0971  52000 
15)1.6777  21600 
17)1.3421  77280 
19)1.0737  41824 


81 
6561 
5 31441 
430  46721 

! 9) 3. 4867  84401 
11)2.8242  95365 
13)2.2876  79245 
15)1.8530  20189 
17)1.5009  46353 
19)1.2157  66546 


82 
6724 
5 51368 
452  12176 

1 9)3.7073  98432 
11)3.0400  66714 
13)2.4928  54706 
15)2.0441  40859 
17)1.6761  95504 
19)  1.  3744  80313 


83 
6889 
5 71787 
474  58321 

1 9)3.9390  40643 
11)3.2694  03734 
13)2.7136  05099 
15)2.2522  92232 
17)1.8694  02553 
19)1.5516  04119 


84 
7056 
5 92704 
497  87136 

1 9)4.1821  19424 
11)3.5129  80316 
13)2.9509  03466 
15)2.4787  58911 
17)2.0821  57485 
19)1.7490  12288 


24 


(45)4.7223  66483  (45)6.3626  85441 


(45)8.5414  66801  (46)1.1425  47375 


(46)1.5230  10388 


1/2 

1/3 

1/4 

1/5 


8.9442  71910 
4.3088  69380 
2.9906  97562 
2.4022  48868 


9.0000  00000 
4.3267  48711 

3.0000  00000 
2.4082  24685 


9.0553  85138 
4.3444  81486 
3.0092  16698 
2.4141  41771 


9.1104  33579 
4.3620  70671 
3.0183  49479 
2.4200  01407 


9.1651  51390 
4.3795  19140 
3.0274  00104 
2.4258  04834 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


85 
7225 
6 14125 
522  00625 

i 9)  4. 4370  53125 
11)3.7714  95156 
13)3.2057  70883 
15)2.7249  05250 
17)2.3161  69463 
19)1.9687  44043 


86 
7396 
6 36056 
547  00816 

1 9)4.7042  70176 
11)4.0456  72351 
13)3.4792  78222 
15)2.9921  79271 
17)2.5732  74173 
19)2.2130  15789 


87 
7569 
6 58503 
572  89761 

1 9)4.9842  09207 
llU.3362  62010 
13)3.7725  47949 
15)3.2821  16715 
17)2.8554  41542 
19)2.4842  34142 


88 
7744 
6 81472 
599  69536 

! 9)  5.  2773  19168 
11)4.6440  40868 
13)4.0867  55964 
15)3.5963  45248 
17)3.1647  83818 
19)2.7850  09760 


89 
7921 
7 04969 
627  42241 

1 9)5.5840  59449 
11)4.9698  12910 
13)4.4231  33490 
15)3.9365  88806 
17)3.5035  64037 
19)3.1181  71993 


24 


(46)2.0232  71747  (46)2.6789  39031 


(46)3.5355  91351  (46)4.6514  04745 


(46)6.1004  25945 


1/2 

1/3 

1/4 

1/5 


9.2195  44457 
4.3968  29672 
3.0363  70277 
2.4315  53252 


9.2736  18495 
4.4140  04962 
3.0452  61646 
2.4372  47818 


9.3273  79053 
4.4310  47622 
3.0540  75810 
2.4428  89656 


9.3808  31520 
4.4479  60181 
3.0628  14314 
2.4484  79851 


9.4339  81132 
4.4647  45096 
3.0714  78656 
2.4540  19455 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


90 

8100 
7 29000 
656  10000 

1 9)5.9049  00000 
11)5.3144  10000 
13)4.7829  69000 
15)4.3046  72100 
17)3.8742  04890 
19)3.4867  84401 

(46)7.9766  44308 


91 

8281 
7 53571 
685  74961 

1 9)6.2403  21451 
11)5.6786  92520 
13)5.1676  10194 
15)4.7025  25276 
17)4.2792  98001 
19)3.8941  61181 

(47)1.0399  04400 


92 
8464 
7 78688 
716  39296 

! 9)  6.  5908  15232 
11)6.0635  50013 
13)5.5784  66012 
15)5.1321  88731 
17)4.7216  13633 
19)4.3438  84542 

(47)1.3517  85726 


93 
8649 
8 04357 
748  05201 

1 9)6.9568  83693 
11)6.4699  01834 
13)6.0170  08706 
15)5.5958  18097 
17)5.2041  10830 
19)4.8398  23072 

(47)1.7522  28603 


94 
8836 
8 30584 
780  74896 

1 9)7.3390  40224 
11)6.8986  97811 
13)6.4847  75942 
15)6.0956  89385 
17)5.7299  48022 
19)5.3861  51141 

(47)2.2650  01461 


1/2 

1/3 

1/4 

1/5 


9.4868  32981 
4.4814  04747 
3.0800  70288 
2.4595  09486 


9.5393  92014 
4.4979  41445 
3.0885  90619 
2.4649  50932 


9.5916  63047 
4.5143  57435 
3.0970  41015 
2.4703  44749 


9.6436  50761 
4.5306  54896 
3.1054  22799 
2.4756  91866 


9.6953  59715 
4.5468  35944 
3.1137  37258 
2.4809  93182 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


95 

' 9025 

8 57375 
814  50625 
9)7.7378  09375 
i 11)7.3509  18906 
(13)6.9833  72961 
15)6.6342  04313 
17) 6.  3024  94097 
( 19) 5.  9873  69392 


96 
9216 
8 84736 
849  34656 

1 9)8.1537  26976 
11) 7. 8275  77897 
13)7.5144  74781 
15)7.2138  95790 
17)6.9253  39958 
19)  6.  6483  26360 


97 
9409 
9 12673 
885  29281 

! 9)  8.  5873  40257 
11)8.3297  20049 
13)8.0798  28448 
15)7.8374  33594 
17)7.6023  10587 
19)7.3742  41269 


98 
9604 
9 41192 
922  36816 

1 9)9.0392  07968 
11)8.8584  23809 
13) 8;  6812  55332 
15)8.5076  30226 
17)8.3374  77621 
19)8.  1707  28069 


99 
9801 
9 70299 
960  59601 

1 9)9.5099  00499 
11)9.4148  01494 
13)9.3206  53479 
15)9.2274  46944 
17)9.1351  72475 
19)9.0438  20750 


24 


(47)2.9198  90243  (47)3.7541  32467 


(47)4.8141  72219  (47)6.1578  03365 


(47)7.8567  81408 


1/2 

1/3 

1/4 

1/5 


9. 7467 
4.  5629 
3. 1219 
2.  4862 


94345  9. 7979 

02635  4. 5788 

85641  3. 1301 

49570  2. 4914 


58971  9. 8488 

56970  4. 5947 

69160  3. 1382 

61879  2. 4966 


4(i)2l 

5 


57802  9.8994  94937 
00892  4.6104  36292 
88993  3.1463  46284 
30932  2.5017  57527 


9.9498  74371 
4.6260  65009 
3.1543  42146 
2.5068  42442 


I 


ELEMENTARY  ANALYTICAL  METHODS 


Table  3.1 


POWERS  AND  ROOTS  n * 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


100 
10000 
10  00000 
1000  00000 
(10)1.0000  00000 
(12)1.0000  00000 
(14)1.0000  00000 
(16)1.  0000  00000 
18)1.0000  00000 
20)1.  0000  00000 


101 
10201 
10  30301 
1040  60401 

110)1.  0510  10050 
12)1.0615  20151 
14)1.0721  35352 
16)1.  0828  56706 
18)1.0936  85273 
20)1.1046  22125 


102 
10404 
10  61208 
1082  43216 

110)1.1040  80803 
12)1.1261  62419 
14)  1. 1486  85668 
16)1.1716  59381 
18)1.1950  92569 
20)1.2189  94420 


103 
10609 
10  92727 
1125  50881 

110)1.1592  74074 
12)1.  1940  52297 
14)1.2298  73865 
16)1.2667  70081 
18)1.3047  73184 
20)1.3439  16379 


104 
10816 
11  24864 
1169  85856 

110)1.2166  52902 
12)1.2653  19018 
14)1.3159  31779 
16)1.3685  69050 
18)1.4233  11812 
20)1.4802  44285 


24 


(48)1.0000  00000 


(48)1.2697  34649 


(48)1.6084  37249  (48)2.0327  94106 


(48)2.5633  04165 


1/2 

( 1)1.0000 

00000 

( 1)1.0049 

87562 

( 1)1.0099 

50494 

1/3 

4.  6415 

88834 

4.  6570 

09508 

4.  6723 

28728 

1/4 

3. 1622 

77660 

3. 1701 

53880 

3. 1779 

71828 

1/5 

2.5118 

86432 

2.  5168 

90229 

2. 5218 

54548 

1)1.  0148  89157 
4.6875  48148 
3.  1857  32501 
2.5267  80083 


( 1)1.0198  03903 
4.7026  69375 
3.1934  36868 
2.5316  67508 


S 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


105 
11025 
11  57625 
1215  50625 

! 10)  1.2762  81563 
12)1.3400  95641 
14)1.4071  00423 
16)1.4774  55444 
18)1.5513  28216 
20)1.6288  94627 


106 
11236 
11  91016 
1262  47696 

110)1.3382  25578 
12)1.4185  19112 
14)1.5036  30259 
16)1.5938  48075 
18)1.6894  78959 
20)1.7908  47697 


107 
11449 
12  25043 
1310  79601 

110)1.4025  51731 
12)1.5007  30352 
14)1.6057  81476 
16)1.7181  86180 
18)1.8384  59212 
20)1.9671  51357 


108 
11664 
12  59712 
1360  48896 

110)1.4693  28077 
12)1.5868  74323 
14)1.7138  24269 
16)1.8509  30210 
18)1.9990  04627 
20)2.1589  24997 


109 
11881 
12  95029 
1411  58161 

i 10)  1.5386  23955 
12)1.6771  00111 
14)1.8280  39121 
16)1.9925  62642 
18)2.1718  93279 
20)2.3673  63675 


24 


(48)3.2250  99944 


(48)4.0489  34641  (48)5.0723  66953 


(48)6.3411  80737 


(48)7.9110  83175 


1/2 

( 1)1.0246 

95077 

( 1)1.0295 

63014 

( 1)1.0344 

08043 

1/3 

4.  7176 

93980 

4.  7326 

23491 

4.  7474 

59398 

1/4 

3.2010 

85873 

3.  2086 

80436 

3.  2162 

21453 

1/5 

2.  5365 

17482 

2.5413 

30642 

2.  5461 

07613 

1)1.0392  30485 
4.7622  03156 
3.2237  09795 
2.5508  49001 


( 1)1.0440  30651 
4.7768  56181 
3.2311  46315 
2.5555  55397 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


110 
12100 
13  31000 
1464  10000 

110)1.6105  10000 
12)1.7715  61000 
14)1.9487  17100 
16)2.1435  88810 
18)2.3579  47691 
20)2.5937  42460 


111 
12321 
13  67631 
1518  07041 

110)1.6850  58155 
12)1.8704  14552 
14)2.0761  60153 
16)2.3045  37770 
18)2.5580  36924 
20)2.8394  20986 


112 
12544 
14  04928 
1573  51936 

110)1.7623  41683 
12)1.9738  22685 
14)2.2106  81407 
16)2.4759  63176 
18)2.7730  78757 
20)3.1058  48208 


113 
12769 
14  42897 
1630  47361 

110)1.8424  35179 
12)2.0819  51753 
14)2.3526  05480 
16)2.6584  44193 
18)3.0040  41938 
20)3.3945  67390 


114 
12996 
14  81544 
1688  96016 

110)1.9254  14582 
12)2.1949  72624 
14)2.5022  68791 
16)2.8525  86422 
18)3.2519  48521 
20)3.7072  21314 


24 


(48)9.8497  32676 


(49)1.2239  15658  (49)1.5178  62893 


(49)1.8788  09051 


(49)2.3212  20685 


1/2 

( 1)1.0488 

08848 

( 1)1.  0535 

65375 

( 1)1.0583 

00524 

1/3 

4. 7914 

19857 

4.  8058 

95534 

4. 8202 

84528 

1/4 

3.  2385 

31840 

3.  2458 

67180 

3.2531 

53123 

1/5 

2.  5602 

27376 

2.  5648 

65499 

2. 5694 

70314 

1)1.0630  14581 
4.8345  88127 
3.2603  90439 
2.5740  42354 


( 1)1.0677  07825 
4.8488  07586 
3.2675  79877 
2.5785  82140 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


115 
13225 
15  20875 
1749  00625 

110)2.0113  57188 
12)2.3130  60766 
14)2.6600  19880 
16)3.0590  22863 
18)3.5178  76J>92 
20)4.0455  57736 


116 
13456 
15  60896 
1810  63936 

110)2.1003  41658 
12)2.4363  96323 
14)2.8262  19734 
16)3.2784  14892 
18)3.8029  61275 
20)4.4114  35079 


117 
13689 
16  01613 
1873  88721 

110)2.1924  48036 
12)2.5651  64202 
14)3.0012  42116 
16)3.5114  53276 
18)4.1084  00333 
20)4.8068  28389 


118 
13924 
16  43032 
1938  77776 

110)2.2877  57757 
12)2.6995  54153 
14)3.1854  73901 
16)3.7588  59203 
18)4.4354  53859 
20)5.2338  35554 


119 
14161 
16  85159 
2005  33921 
10)2.3863  53660 
12)2.8397  60855 
14)3.3793  15418 
16)4.0213  85347 
18)4.7854  48563 
20)5.6946  83790 


24 


(49)2.8625  17619 


( 49) 3.  5236  41704  ( 49) 4.  3297  28675 


(49)5.3109  00627 


(49)6.5031  99444 


1/2 

( 1)1.0723 

80529 

( 1)1.0770 

32961 

( 1)1.0816 

65383 

1/3 

4.  8629 

44131 

4.  8769 

98961 

4.  8909 

73246 

1/4 

3.  2747 

22171 

3.2818 

18035 

3.  2888 

68168 

1/5 

2.  5830 

90178 

2.  5875 

66964 

2.5920 

12982 

1)1.0862  78049 
4.9048  68131 
3.2958  73252 
2.  5964  28703 


( 1)1.0908  71211 
4.9186  84734 
3.3028  33952 
2.6008  14587 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


120 
14400 
17  28000 
2073  60000 
(10)2.4883  20000 
(12)2.9859  84000 
(14)3.5831  80800 
(16)4.2998  16960 
(18)5.1597  80352 
(20)6.1917  36422 

(49)7.9496  84720 

( 1)1.0954  45115 
4.9324  24149 
3.3097  50920 
2.  6051  71085 
1 


121 
14641 
17  71561 
2143  58881 

110)2.5937  42460 
12)3.1384  28377 
14)3.7974  98336 
16)4.5949  72986 
18)5.5599  17313 
20)6.7274  99949 

(49)9.7017  23378 

( 1)1.  1000  00000 
4.9460  87443 
3.3166  24790 
2.6094  98635 
1 


122 
14884 
18  15848 
2215  33456 

110)2.7027  08163 
12)3.2973  03959 
14)4.0227  10830 
16)4.9077  07213 
18)5.9874  02800 
20)7.3046  31415 

(50)1.  1820  50242 

( 1)1.  1045  36102 
4.9596  75664 
3.3234  56186 
2.6137  97668 
1 


123 
15129 
18  60867 
2288  86641 

110)2.8153  05684 
12)3.4628  25992 
14)4.2592  75970 
16)5.2389  09443 
18)6.4438  58615 
20)7.9259  46096 

(50)1.4378  80104 

( 1)1.1090  53651 
4.9731  89833 
3.3302  45713 
2.6180  68602 


124 
15376 
19  06624 
2364  21376 

i 10)  2.  9316  25062 
12)3.6352  15077 
14)4.5076  66696 
16)5.5895  06703 
18)6.9309  88312 
20)8.5944  25506 

(50)1.7463  06393 

( 1)1.1135  52873 
4.9866  30952 
3.3369  93965 
2.6223  11847 


4(-5)31  / rtir(-5)ll  „i[(-6)81  4(-6)51 

i L 4 J i L 5 J , 5 J 4 
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29 


POWERS  AND  ROOTS  n* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


125 
15625 
19  53125 
2441  40625 

! 10)  3.  0517  57813 
12)3.8146  97266 
14)4.7683  71582 
16)5.9604  64478 
18)7.4505  80597 
20)9.3132  25746 


126 
15876 
20  00376 
2520  47376 

! 10)  3. 1757  96938 
12)4.0015  04141 
14)5.0418  95218 
16)6.3527  87975 
18)8.  0045  12848 
21)1.0085  68619 


127 
16129 
20  48383 
2601  44641 

! 10)  3.  3038  36941 
12)4.1958  72915 
14)5.  3287  58602 
16)6.7675  23424 
18)8.5947  54749 
21)1.0915  33853 


128 
16384 
20  97152 
2684  35456 

110)3.4359  73837 
12)4.3980  46511 
14)5.6294  99534 
16)7.2057  59404 
18)9.2233  72037 
21)1.1805  91621 


S3 
4 
5 
7 
9 
1 


(50)2.1175  82368  (50)2.5638  52774 


(50)3.0994  83316  (50)3.7414  44192 


(50)  4 


( 1)1.1180  33989 
5.0000  00000 
3.3437  01525 
2.6265  27804 


( 1)1.1224  97216 
5.0132  97935 
3.3503  68959 
2.6307  16865 


( 1)1.1269  42767 
5.0265  25695 
3.3569  96823 
2.6348  79413 


( 1)1.1313  70850 
5.0396  84200 
3.3635  85661 
2.6390  15822 


1)1 

5, 

3, 

2, 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/A 

1/5 


130 
16900 
21  97000 
2856  10000 

! 10)  3.  7129  30000 
12)4.8268  09000 
14)6.2748  51700 
16)8.1573  07210 
19)1.0604  49937 
21)1.3785  84918 


131 
17161 
22  48091 
2944  99921 

110)3.8579  48965 
12)5.0539  13144 
14)6.6206  26219 
16)8.6730  20347 
19)1.1361  65665 
21)1.4883  77022 


132 
17424 
22  99968 
3035  95776 

110)4.0074  64243 
12)5.2898  52801 
14)6.9826  05697 
16)9.2170  39521 
19)1.2166  49217 
21)1.6059  76966 


133 
17689 
23  52637 
3129  00721 

110)4.1615  79589 
12)5.5349  00854 
14)7.3614  18136 
16)9.7906  86120 
19)1.3021  61254 
21)1.7318  74468 


(10)4 

(12)5 

(14)7 

(17)1 

(19)1 

(21)1 


(50)5.4280  07704 


(50)6.5239  57088  (50)7.8302  26935 


(50)9.3851  10346 


(51)1 


( 1)1.1401  75425 
5.0657  97019 
3.3766  48375 
2.6472  11681 


( 1)1.1445  52314 
5.0787  53078 
3.3831  23282 
2.6512  71840 


( 1)1.1489  12529 
5.0916  43370 
3.3895  61224 
2.6553  07280 


( 1)1.1532  56259 
5.1044  68722 
3.3959  62690 
2.6593  18337 


1)1. 

5. 

3. 

2. 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


24 
3321 
10)  4.  4840 
12)6.  0534 
14)8.1721 


17 

19 


1. 1032 
1.  4893 


21)2.0106 


135 

18225 

60375 

50625 

33438 

45141 

50940 

40377 

74509 

55587 


136 
18496 
25  15456 
3421  02016 
10)4.6525  87418 
12)6.3275  18888 
14)8.6054  25688 
17)1.1703  37894 
19)1.5916  59535 
21)2.1646  56968 


137 
18769 
25  71353 
3522  75361 

110)4.8261  72446 
12)6.6118  56251 
14)9.0582  43063 
17)1.2409  79300 
19)1.7001  41641 
21)2.3291  94048 


138 
19044 
26  28072 
3626  73936 

110)5.0049  00317 
12)6.9067  62437 
14)9.5313  32163 
17)1.3153  23839 
19)1.8151  46897 
21)2.5049  02718 


(10)5, 
(12)7 
(15)  1, 
( 17)1, 
( 1.9)1. 
(21)2, 


(51)1.3427  97252 


(51)1.6030  01028  (51)1.9111  44882 


(51)2.2756  11258 


( 51)  2 


( 1)1.1618  95004 
5.1299  27840 
3.4086  58099 
2.6672  68608 


( 1)1.1661  90379 
5.1425  63181 
3.4149  52970 
2.6712  08461 


( 1)1.1704  69991 
5.1551  36735 
3.4212  13222 
2.6751  25206 


( 1)1.1747  34012 
5. 1676  49252 
3.4274  39296 
2.6790  19145 


( 1)L 

5. 

3. 

2. 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


140 
19600 
27  44000 
3841  60000 

110)5.3782  40000 
12)7.5295  36000 
15)1.0541  35040 
17)1.4757  89056 
19)2.0661  04678 
21)2.8925  46550 


141 
19881 
28  03221 
3952  54161 

i 10)  5.  5730  83670 
12)7.8580  47975 
15)1.1079  84764 
17)1.  5622  58518 
19)2.2027  84510 
21)3.1059  26159 


142 
20164 
28  63288 
4065  86896 

110)5.7735  33923 
12)8.1984  18171 
15)1.1641  75380 
17)1.6531  29040 
19)2.3474  43237 
21)3.3333  69396 


143 
20449 
29  24207 
4181  61601 

i 10) 5. 9797  10894 
12)8.5509  86579 
15)1.2227  91081 
17)1.7485  91246 
19)2.5004  85481 
21)3.5756  94238 


(10)  6. 
(12)8. 
(15)1. 
(17)  1. 
(19)  2. 
( 21)  3. 


24 

(51)3.2141 

99700 

1/2 

( 1)1.1832 

15957 

1/3 

5. 1924 

94102 

1/4 

3.  4397 

90628 

1/5 

2.  6867 

39790 

1 

145 

2 

21025 

3 

30 

48625 

4 

4420 

50625 

5 

(10)  6.4097 

34063 

6 

(12)9.  2941 

14391 

7 

(15)1.  3476 

46587 

8 

(17)  1.9540 

87551 

9 

(19)2.  8334 

26948 

10 

( 2l)  4. 1084 

69075 

24 

(51)7. 4616 

01544 

1/2 

( 1)1.2041 

59458 

1/3 

5.  2535 

87872 

1/4 

3.  4701 

00082 

1/5 

2.7056 

62363 

1 

r 

(51)3.8129  28871 

( 1)1.1874  34209 
5.2048  27863 
3.4459  16727 
2.6905  67070 


31 
4543 
10)  6.  6338 
12)9.  6853 
15)  1.  4140 
17)2.  0645 
19)  3.  0142 
21)4.  4007 

(51)8.7997  13625 

( 1)1.2083  04597 
5.2656  37428 
3.4760  67602 
2.7093  84058 
1 


146 

21316 

12136 

71856 

29098 

90482 

67010 

37835 

25239 

68850 


(51)4.5177  29930 

( 1)1.1916  37529 
5.2171  03446 
3.4520  10326 
2.6943  72696 


31 
4669 
10)  6. 8641 
13)1.  0090 
15)  1.  4832 
17)  2. 1804 
19)3.  2052 
21)4.  7116 


147 

21609 

76523 

48881 

48551 

29837 

73860 

12575 

06485 

53533 


(52)1.0366  11527 

( 1)1.2124  35565 
5.2776  32088 
3.4820  04545 
2.7130  85417 


(51)5.3464  42484 

( 1)1.1958  26074 
5.2293  21532 
3.4580  71824 
2.6981  56943 


32 
4797 
10)  7.1008 
13)1.  0509 
15)1.5553 
(17)2.  3019 
(19)3. 4068 
(21)5.  0421 

(52)1.2197 

( 1)1.2165 
5.2895 
3. 4879 
2.  7167 


148 

21904 

41792 

85216 

21197 

21537 

63875 

38535 

69032 

66167 

79049 

52506 

72473 

11275 

66686 


(51)6. 

( 1)1. 

5. 

3. 

2. 


10)  7. 
13)  1. 
15)  1. 
17)2. 
19)3. 
21)5. 

(52)1. 

( Dl. 

5. 

3. 

2. 


P]  -^f9]  »i[(l)6]  »>[<l)3] 


Table  3.1 


129 
16641 
21  46689 
2769  22881 
.5723  05165 
.6082  73663 
.9446  73025 
.6686  28202 
.8925  30381 
2761  36419 

5097  56022 

1357  81669 
0527  74347 
3701  36005 
6431  26458 


134 
17956 
24  06104 
3224  17936 
3204  00342 
7893  36459 
7577  10855 
0395  33255 
3929  74561 
8665  85912 

1233  50184 

1575  83690 
1172  29947 
4023  28159 
6633  05339 


139 
19321 
26  85619 
3733  01041 
1888  84470 
2125  49413 
0025  44368 
3935  36672 
9370  15974 
6924  52204 

7061  70815 

1789  82612 
1801  01467 
4336  31623 
6828  90577 


144 
20736 
29  85984 
4299  81696 
1917  36422 
9161  00448 
2839  18465 
8488  42589 
6623  33328 
8337  59992 

3197  48715 

2000  00000 
2414  82788 
4641  01615 
7019  20077 


149 
22201 
33  07949 
4928  84401 
3439  77575 
0942  52659 
6304  36461 
4293  50327 
6197  31988 
3934  00662 

4337  40132 

2206  55562 
3014  59192 
4937  88147 
7204  28110 
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Table  3.1 


POWERS  AND  ROOTS  n* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


150 
22500 
33  75000 
5062  50000 

110)7.5937  50000 
13)1.1390  62500 
15)1.7085  93750 
17)2.5628  90625 
19)3.8443  35938 
21)5.7665  03906 


151 
22801 
34  42951 
5198  85601 

! 10)  7.  8502  72575 
13)1.1853  91159 
15  1.7899  40650 
17)2.7028  10381 
19)4.0812  43676 
21)6.1626  77950 


152 
23104 
35  11808 
5337  94816 

i 10)  8. 1136  81203 
13)1.2332  79543 
15)1.8745  84905 
17)2.8493  69056 
19)4.3310  40965 
21)6.5831  82267 


153 
23409 
35  81577 
5479  81281 

110)8.3841  13599 
13)1.2827  69381 
15)1.9626  37152 
17)3.0028  34843 
19)4.5943  37310 
21)7.0293  36085 


154 
23716 
36  52264 
5624  48656 

110)8.6617  09302 
13)1.3339  03233 
15)2.0542  10978 
17)3.1634  84906 
19)4.8717  66756 
21)7.5025  20804 


24 


(52)1.6834  11220  (52)1.9744  52704 


(52)2.3133  75387  (52)2.7076  61312 


(52)3.1659  00782 


1/2 

1/3 

1/4 

1/5 


( 1)1,2247  44871 
5.3132  92846 
3.4996  35512 
2.7240  69927 


( 1)1.2288  20573 
5.  3250  74022 
3.5054  53712 
2.7276  92374 


( 1)1.2328  82801 
5.3368  03297 
3.5112  43086 
2.7312  95679 


( 1)1.2369  31688 
5.  3484  81241 
3.5170  03963 
2.7348  80069 


( 1)1.2409  67365 
5.3601  08411 
3.5227  36670 
2.7384  45765 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


155 
24025 
37  23875 
5772  00625 

! 10)  8. 9466  09688 
13)1.3867  24502 
15)2.1494  22977 
17)3.3316  05615 
19)5.1639  88703 
21)8.0041  82490 


156 
24336 
37  96416 
5922  40896 

110)9.2389  57978 
13)1.4412  77445 
15)2.2483  92813 
17)3.5074  92789 
19)5.4716  88751 
21)8.5358  34451 


157 
24649 
38  69893 
6075  73201 

110)9.5388  99256 
13)1.4976  07183 
15)2.3512  43278 
17)3.6914  51946 
19)5.7955  79555 
21)9.0990  59901 


39 
6232 
TO)  9. 8465 
13  1.5557 
15)2.  4581 
17)3.  8837 
19)6.1364 
2l)9.  6955 


158 

24964 

44312 

01296 

80477 

59715 

00350 

98553 

01714 

14709 


159 
25281 
40  19679 
6391  28961 

ill)  1.0162  15048 
13)1.6157  81926 
15)2.5690  93263 
17)4.0848  58288 
19)6.4949  24678 
22)1.0326  93024 


24 


( 52) 3.  6979  47627  ( 52) 4.  3150  94990 


(52)5.0302  74186  (52)5.8582  79483 


(52)6.8160  22003 


1/2 

1/3 

1/4 

1/5 


( 1)1.2449  89960 
5.3716  85355 
3.5284  41525 
2.7419  92987 


( 1)1.2489  99600 
5.3832  12612 
3.5341  18843 
2.7455  21947 


( 1)  1.  2529  96409 
5.  3946  90712 
3.5397  68931 
2.7490  32856 


( 1)1.2569  80509 
5.4061  20176 
3.5453  92093 
2.7525  25920 


( 1)1.2609  52021 
5.4175  01515 
3.5509  88625 
2.7560  01343 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


160 
25600 
40  96000 
6553  60000 

111)1.0485  76000 
13)1.6777  21600 
15)2.6843  54560 
17)4.2949  67296 
19)6.8719  47674 
22)1.0995  11628 


161 
25921 
41  73281 
6718  98241 

111)1.0817  56168 
13)  1.  7416  27430 
15)2.8040  20163 
17)4.5144  72463 
19)7.2683  00665 
22)1,1701  96407 


162 
26244 
42  51528 
6887  47536 

ill)  1.1157  71008 
13)1.8075  49033 
15)2.9282  29434 
17)4.7437  31683 
19) 7.  6848  45327 
22)1.2449  44943 


163 
26569 
43  30747 
7059  11761 

ill)  1.1506  36170 
13)1.8755  36958 
15  3.0571  25241 
17)4.9831  14143 
19)8.1224  76053 
22)1.3239  63597 


44 
7233 
11)1.1863 
' 1.  9456 
3. 1908 
5.2330 
19)8.  5821 
22)  1. 4074 


13 

15 

17 


164 

26896 

10944 

94816 

67498 

42697 

54023 

00598 

20981 

67841 


24 


(52)7.9228  16251 


(52)9.2007  03274  (53)1.0674  81480 


(53)1.2373  78329 


(53)1.4330  20335 


1/2 

1/3 

1/4 

1/5 


( 1)1.2649  11064 
5.4288  35233 
3.5565  58820 
2.7594  59323 


( 1)  1.  2688  57754 
5.4401  21825 
3.5621  02966 
2.7629  00056 


( 1)1.2727  92206 
5.4513  61778 
3.5676  21345 
2.7663  23734 


( 1)1.2767  14533 
5.4625  55571 
3.5731  14235 
2.7697  30547 


( 1)1.2806  24847 
5.4737  03675 
3.5785  81908 
2,7731  20681 


1 

2 

3 44 

4 7412 

5 (11)1.2229 

6 (13  2.0179 

7 (15)3.3295 

8 (17)5.4937 

9 (19)9.  0647 

10  (22)1.4956 


24  (53)1.  6581 

1/2  ( 1)1.2845 

1/3 

5.  4848 

1/4 

3.  5840 

1/5 

2.  7764 

1 

2 

3 

49 

4 

8352 

5 

(11)1.4198 

6 

13)2.  4137 

7 

15)  4.1033 

8 

17)  6.  9757 

9 

20)1. 1858 

10  (22)2.0159 

24  ( 53)  3.  3944 

1/2  ( 1)1.  3038 

1/3 

5.5396 

1/4 

3.  6108 

1/5 

2.7931 

165 

27225 

92125 

00625 

81031 

18702 

65858 

83665 

43047 

82603 

15050 


45 
7593 
11)1.2604 
13)2.  0924 
15)3. 4734 
17)5.  7658 
19)9. 5713 
22)1.5888 

(53)  1.9168 


166 

27556 

74296 

33136 

93006 

18390 

14527 

68114 

41070 

42618 

76411 


167 
27889 
46  57463 
7777  96321 

111)1.2989  19856 
13)2.1691  96160 
15)  3.  6225  57587 
17)6.0496  71170 
20)1.0102  95085 
22)1.6871  92792 

(53)2.2140  90189 


47 
7965 
11)  1.  3382 
13)2.2483 
15)3. 7771 
17)  6.  3456 
20)  1.0660 
22)l.  7909 

(53)  2.5551 


168 

28224 

41632 

94176 

78216 

07402 

56436 

22812 

64632 

88583 

87425 


169 
28561 
48  26809 
8157  30721 

ill)  1.  3785  84918 
13)2.3298  08512 
15)3.9373  76386 
17)6.6541  66092 
20)1.1245  54070 
22)1.9004  96377 

(53)2.9463  26763 


23258 

06552 

24634 

94317 


( 1)1.2884  09873 
5.4958  64660 
3.5894  42676 
2.7798  51635 


( 1)1.2922  84798 
5.  5068  78446 
3.5948  36294 
2.7831  92813 


( 1)1.2961  48140 
5.5178  48353 
3.6002  05744 
2.7865  18023 


( 1)1.3000  00000 
5.5287  74814 
3.  6055  51275 
2.  7898  27436 


170 

28900 

13000 

10000 

57000 

56900 

86730 

57441 

78765 

93900 


50 
8550 
11)1.  4621 
2.5002 
4.  2753 
7.3108 


13 

15 

17 

20 

22 


1.2501 
1377 


it 


171 

29241 

00211 

36081 

11699 

11004 

60818 

66998 

58257 

70619 


172 
29584 
50  88448 
8752  13056 

111)1.5053  66456 
13)2.5892  30305 
15)4.4534  76124 
17)7.6599  78934 
20)1.3175  16377 
22)2.2661  28168 


173 
29929 
51  77717 
8957  45041 

ill)  1.5496  38921 
13)2.6808  75333 
15)4.6379  14326 
17)8.0235  91785 
20)  1.  3880  81379 
22)2.4013  80785 


174 
30276 
52  68024 
9166  36176 

ill)  1.5949  46946 
13)2.7752  07686 
15)4.8288  61374 
17)8.4022  18792 
20) 1. 4619  86070 
22)2.5438  55761 


86713 


(53)3.9075  68945  (53)4.4945  13878 


(53)5.  1654  29935 


(53)5.9317  37979 


40481  ( 1)1.3076 

58257  5. 5504 

73137  3. 6161 

21220  2.7963 

1 


69683  ( 1) 1. 3114 

99103  5. 5612 

71571  3. 6214 

99540  2. 7996 

1 


87705  ( 1) 1. 3152 

97766  5. 5720 

46817  3. 6266 

62559  2. 8029 

j[<-6)4] 


94644 

54656 

99110 

10436 

1 


( 1)1.3190 
5.  5827 
3.  6319 
2. 8061 


90596 

70172 

28683 

43329 
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POWERS  AND  ROOTS  nh 

Table  3.1 

k 

1 

175 

176 

177 

178 

179 

2 

30625 

30976 

31329 

31684 

32041 

3 

53  59375 

54  51776 

55  45233 

56  39752 

57  35339 

4 9378  90625  9595  12576  9815  06241  ( 9)1.0038  75856  ( 9)1.0266  25681 

5 (11)1.6413  08594  (11)1.6887  42134  (11)1.7372  66047  (11)1.7868  99024  (11)1.8376  59969 

6 (13)2.8722  90039  (13  2.9721  86155  (13)3.0749  60902  (13)3.1806  80262  (13)3.2894  11344 

7 (15)5.0265  07568  (15)5.2310  47634  (15)5.4426  80797  (15)5.6616  10867  (15)5.8880  46307 

8 (17)8.7963  88245  (17  9.2066  43835  (17)9.6335  45011  ( 18)  1.  0077  66734  ( 18) 1. 0539  60289 

9 (20)1.5393  67943  (20)  1.6203  69315  (20)  1.7051  37467  (20)l.  7938  24787  (20)  1.8865  88917 

10  (22)2.  6938  93900  (22)2.8518  49994  (22)3.0180  93317  (22)3.1930  08121  (22)3.3769  94162 

24  (53)6.8063  32613  (53)7.8037  62212  (53)8.9404  29702  (54)1.0234  81638  (54)1.1707  73122 

1/2  ( 1)1.3228  75656  ( 1)1.3266  49916  ( 1)1.3304  13470  ( 1)1.3341  66406  ( 1)1.3379  08816 

1/3  5.  5934  44710  5.  6040  78661  5.  6146  72408  5. 6252  26328  5.  6357  40794 

1/4  3.6371  35763  3.6423  20574  3.6474  83337  3.6526  24271  3.6577  43589 

1/5  2.8093  61392  2.8125  64777  2.8157  53634  2.8189  28111  2.8220  88352 

1 180  181  182  183  184 

2 32400  32761  33124  33489  33856 

3 58  32000  59  29741  60  28568  61  28487  62  29504 

4 ( 9)1.0497  60000  ( 9)1.0732  83121  ( 9)1.0971  99376  ( 9)1.1215  13121  ( 9)1.1462  28736 

5 (ll)  1.8895  68000  ( 11 j 1. 9426  42449  (ll)  1.9969  02864  (11  2.0523  69011  ll) 2. 1090  60874 

6 13)3.4012  22400  (13)3.5161  82833  (13)3.6343  63213  (13)3.7558  35291  (13)  3. 8806  72009 

7 (15)6.1222  00320  (15)6.3642  90927  (15)6.6145  41048  (15)6.8731  78582  (15)7.1404  36496 

8 (18)1.1019  96058  (18  1.1519  36658  ( 18) 1. 2038  46471  ( 18)  1. 2577  91681  (18)1.3138  40315 

9 (20)  1.9835  92904  (20)2.0850  05351  (20)2.1910  00577  (20)2.3017  58775  < 20)  2. 4174  66180 

10  (22)3.5704  67227  (22)3.7738  59685  (22)  3. 9876  21050  (22)4.2122  18559  (22)4.4481  37771 

24  (54)1.3382  58845  (54)1.5285  71637  (54)1.7446  70074  (54)1.9898  76639  (54)2.2679  20111 

1/2  ( 1)1.3416  40786  ( 1)1.3453  62405  ( 1)1.3490  73756  ( 1)1.3527  74926  ( 1)1.3564  65997 

1/3  5. 6462  16173  5. 6566  52826  5. 6670  51108  5. 6774  11371  5. 6877  33960 

1/4  3. 6628  41501  3. 6679  18217  3. 6729  73940  3. 6780  08871  3. 6830  23210 

1/5  2. 8252  34501  2. 8283  66697  2. 8314  85080  2. 8345  89786  2. 8376  80950 

1 185  186  187  188  189 

2 34225  34596  34969  35344  35721 

3 63  31625  64  34856  65  39203  66  44672  67  51269 

4 ( 9)1.1713  50625  ( 9)1.1968  83216  ( 9)1.2228  30961  ( 9)1,2491  98336  ( 9)1.2759  89841 

5 (11)2.1669  98656  (ll) 2. 2262  02782  (11)2.2866  93897  (11)2.3484  92872  (ll) 2. 4116  20799 

6 (13)4.0089  47514  (13)4.1407  37174  (13)4.2761  17588  (13)4.4151  66599  (13)4.5579  63311 

7 (15)7.4165  52901  (15)7.7017  71144  (15)7.9963  39889  (15)8.3005  13206  (15)8.6145  50658 

8 (18)1.3720  62287  (18)1.4325  29433  (18)1.4953  15559  ( 18)  1. 5604  96483  (18)  1.6281  50074 

9 (20)2.5383  15230  (20)2.6645  04745  (20)2.7962  40096  ( 20)  2. 9337  33387  (20)  3.  0772  03640 

10  (22)4.6958  83176  (22)4.9559  78826  (22)5.2289  68979  (22)5.5154  18768  (22)5.8159  14881 

24  (54)2.5829  82606  (54)2.9397  51775  (54)3.3434  78670  (54)3.8000  41874  (54)4.3160  18526 

1/2  ( 1)1.3601  47051  ( 1)1.3638  18170  ( 1)1.3674  79433  ( 1)1.3711  30920  ( 1)1.3747  72708 

1/3  5. 6980  19215  5. 7082  67473  5. 7184  79065  5. 7286  54316  5. 7387  93548 

1/4  3.6880  17151  3.6929  90888  3.6979  44609  3.7028  78502  3.7077  92751 

1/5  2.8407  58702  2.8438  23174  2.8468  74493  2.8499  12786  2.8529  38178 

1 190  191  192  193  194 

2 36100  36481  36864  37249  37636 

3 68  59000  69  67871  70  77888  71  89057  73  01384 

4 ( 9)1.3032  10000  ( 9)1.3308  63361  ( 9)1.3589  54496  ( 9)1.3874  88001  ( 9)1.4164  68496 

5 (11)2.4760  99000  (ll) 2. 5419  49020  ( ll) 2.  6091  92632  (11)2.6778  51842  (ll) 2. 7479  48882 

6 (13)4.7045  88100  (13)4.8551  22627  (13)5.0096  49854  (13)5.1682  54055  ( 13)  5. 3310  20832 

7 (15)8.9387  17390  ( 15)  9. 2732  84218  ( 15)  9.  6185  27720  ( 15)  9. 9747  30326  ( 16)  1.0342  18041 

8 ( 18)  1.6983  56304  ( 18)  1.7711  97286  ( 18)  1.8467  57322  ( 18)  1.9251  22953  ( 18)  2.  0063  83000 

9 (20)3.2268  76978  (20)3.3829  86816  ( 20)  3. 5457  74059  (20)3.7154  87299  (20)3.8923  83020 

10  (22)6.1310  66258  (22)6.4615  04818  (22)6.8078  86193  (22)7.1708  90487  (22)7.5512  23059 

24  (54)4.8987  62931  (54)5.5564  93542  (54)6.2983  89130  (54)7.1346  95065  (54)8.0768  40718 

1/2  ( 1)1.3784  04875  ( 1)1.3820  27496  ( 1)1.3856  40646  ( 1)1.3892  44399  ( 1)1.3928  38828 

1/3  5.7488  97079  5.7589  65220  5.7689  98281  5.7789  96565  5.7889  60372 

1/4  3. 7126  87538  3. 7175  63041  3. 7224  19436  3. 7272  56899  3. 7320  75599 

1/5  2. 8559  50791  2. 8589  50746  2. 8619  38162  2. 8649  13156  2. 8678  75844 


1 195  196  197  198  199 

2 38025  38416  38809  39204  39601 

3 74  14875  75  29536  76  45373  77  62392  78  80599 

4 ( 9)1.4459  00625  ( 9)1.4757  89056  ( 9)1.5061  38481  ( 9)1.5369  53616  ( 9)1.5682  39201 

5 (ll)2.8195  06219  (ll)2. 8925  46550  (ll)2.9670  92808  (ll)3.0431  68160  (ll)3.1207  96010 

6 (13)5.4980  37127  ( 13)  5.  6693  91238  ( 13)  5.  8451  72831  1 13)  6.  0254  72956  ( 13)  6. 2103  84060 

7 ( 16)  1.0721  17240  ( 16)  1.1112  00683  1 6)  1. 1514  99048  16)  1. 193  0 43645  (165 1.2358  66428 

8 (18)2.0906  28617  (18)2.1779  53338  (18)2.2684  53124  ( 18  2. 3622  26418  (18)2.4593  74192 

9 (20)4.0767  25804  (20)4.2687  88542  (20)4.4688  52654  (20)4. 6772  08307  (20)4. 8941  54641 

10  (22)7.9496  15318  (22)8.3668  25543  (22)8.8036  39729  (22)9.2608  72448  (22)9.7393  67736 


(54)9.1375  69069 

( 1)1.3964  24004 
5.7988  89998 
3.7368  75706 
2.8708  26340 


(55)1.0331  07971 

( 1)1.4000  00000 
5.8087  85734 
3.  7416  57387 
2.8737  64756 


(55)1.1673  18660 

( 1)1.4035  66885 
5. 8186  47867 
3.7464  20805 
2. 8766  91203 


(55)1.3181  49187 

( 1)1.4071  24728 
5.8284  76683 
3.7511  66123 
2.8796  05790 


(55)1.4875  57746 

( 1)1.4106  73598 
5.8382  72461 
3.7558  93499 
2.8825  08624 
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Table  3.1 


POWERS  AND  ROOTS  n* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


200 
40000 
80  00000 

1 9)1.6000  00000 
11)3.2000  00000 
13)6.4000  00000 
16)1.2800  00000 
18)2.5600  00000 
20)5.  1200  00000 
23)1.0240  00000 

(55)1.6777  21600 

( 1)1.4142  13562 
5.8480  35476 
3.7606  03093 
2.8853  99812 


201 
40401 
81  20601 

1 9)1.6322  40801 
11)3.2808  04010 
13)6.5944  16060 
16)1.3254  77628 
18)2.6642  10032 
20)5.3550  62165 
23)1.0763  67495 

(55)1.8910  60303 

( 1)1.4177  44688 
5.8577  66003 
3.7652  95059 
2.8882  79458 


202 
40804 
82  42408 

1 9)1.6649  66416 
11)3.3632  32160 
13)6.7937  28964 
16)1.3723  33251 
18)2.7721  13166 
20)5.5996  68596 
23)1.1311  33056 

(55)2.1302  61246 

( 1)1.4212  67040 
5.8674  64308 
3.7699  69549 
2.8911  47666 


203 
41209 
83  65427 

1 9)1.6981  81681 
11)3.4473  08812 
13)6.9980  36889 
16)1.4206  01489 
18)2.8838  21022 
20)5.8541  56674 
23) L 1883  93805 

(55)2.  3983  07745 

( 1)1.4247  80685 
5.8771  30659 
3.7746  26716 
2.8940  04537 


204 
41616 
84  89664 

1 9)1.7318  91456 
11)3.5330  58570 
13)7.2074  39483 
16)1.4703  17655 
18)2.9994  48015 
20)6.1188  73951 
(23)1.2482  50286 

(55)2.6985  09916 

( 1)1.4282  85686 
5.8867  65317 
3.7792  66709 
2.8968  50171 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


205 
42025 
86  15125 

1 9)1.7661  00625 
11)3.6205  06281 
13)7.4220  37877 
16)1.5215  17765 
18)3.1191  11418 
20)6.3941  78406 
23)1.3108  06573 

(55)3.0345  38594 

( 1)1.4317  82106 
5.8963  68540 
3.7838  89674 
2.8996  84668 


206 
42436 
87  41816 

! 9)  1.8008  14096 
11)3.7096  77038 
13)7.6419  34698 
16)1.5742  38548 
18)3.2429  31408 
20)6.6804  38701 
23)1.3761  70372 

(55)3.4104  62581 

( 1)1.4352  70009 
5.9059  40584 
3.7884  95756 
2.9025  08125 


207 
42849 
88  69743 

1 9)1.8360  36801 
11)3.8005  96178 
13)7.8672  34089 
16)1.6285  17456 
18)3.3710  31135 
20)6.9780  34449 
23)1.4444  53131 

(55)3.8307  89523 

( 1)1.4387  49457 
5.9154  81700 
3.7930  85099 
2.9053  20638 


208 
43264 
89  98912 

1 9)1.8717  73696 
11)3.8932  89288 
13)8.0980  41718 
16)1.6843  92677 
18)3.5035  36769 
20)7.2873  56480 
23)1.5157  70148 

(55)4.3005  10765 

( 1)1.4422  20510 
5.9249  92137 
3.7976  57844 
2.9081  22302 


209 
43681 
91  29329 

1 9)1.9080  29761 
11)3.9877  82200 
13)8.3344  64799 
16)1.7419  03143 
18)3.6405  77569 
20)7.6088  07119 
23)1.5902  40688 

(55)4.8251  50531 

( 1)1.4456  83229 
5.9344  72140 
3.8022  14131 
2.9109  13212 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


210 
44100 
92  61000 

1 9)1.9448  10000 
11)4.0841  01000 
13)8.5766  12100 
16)1.8010  88541 
18)3.7822  85936 
20)7.9428  00466 
23)1.6679  88098 

(55)5.4108  19838 

( 1)1.4491  37675 
5.9439  21953 
3.8067  54096 
2.9136  93459 


211 
44521 
93  93931 

1 9)1.9821  19441 
11)4.1822  72021 
13)8.8245  93963 
16)1.8619  89326 
18)3.9287  97478 
20)8.2897  62679 
(23)1.7491  39925 

(55)6.0642  75557 

( 1)1.4525  83905 
5.9533  41813 
3.8112  77876 
2.9164  63134 


212 
44944 
95  28128 

1 9)2.0199  63136 
11)4.2823  21848 
13)9.0785  22318 
16)1.9246  46732 
18)4.0802  51071 
20)8.6501  32270 
23)1.8338  28041 

(55)6.7929  85105 

( 1)1.4560  21978 
5.9627  31958 
3.8157  85604 
2.9192  22328 


213 
45369 
96  63597 

1 9)2.0583  46161 
11)4.3842  77323 
13)9.3385  10698 
16)1.9891  02779 
18)4.2367  88919 
20)9.0243  60396 
23)1.9221  88764 

(55)7.6051  97251 

( 1)1.4594  51952 
5.9720  92620 
3.8202  77414 
2.9219  71130 


214 
45796 
98  00344 

i 9) 2. 0972  73616 
11)4.4881  65538 
13)9.6046  74252 
16)2.0554  00290 
18)4.3985  56620 
20)9.4129  11168 
23)2.0143  62990 

(55)8.5100  19601 

( 1)1.4628  73884 
5.9814  24030 
3.8247  53435 
2.9247  09627 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


215 
46225 
99  38375 

1 9)2.1367  50625 
11)4.5940  13844 
13)9.8771  29764 
16)2.1235  82899 
18)4.5657  03233 
20)9.8162  61952 
23)2.1104  96320 


216 
46656 
100  77696 

1 9)2.  1767  82336 
11)4.7018  49846 
14)1.  0155  99567 
16)2.1936  95064 
18)4.7383  81338 
21)  1.  0234  90369 
23)2.2107  39197 


217 
47089 
102  18313 

1 9)2.2173  73921 
11)4.8117  01409 
14)1.0441  39206 
16)2.2657  82076 
18)4.9167  47106 
2l)  1.0669  34122 
23)2.3152  47045 


218 
47524 
103  60232 

1 9)2.2585  30576 
11)4.9235  96656 
14)1.0733  44071 
16)2.3398  90075 
18)5.1009  60363 
21)1.1120  09359 
23)2.4241  80403 


219 
47961 
105  03459 

1 9)2.3002  57521 
11)5.0375  63971 
14)1.1032  26510 
16)2.4160  66056 
18)5.2911  84663 
2l)  1.1587  69441 
23) 2. 5377  05076 


24 

1/2 

1/3 

1/4 

1/5 


(55)9.5175  03342 

( 1)1.4662  87830 
5.9907  26415 
3.8292  13796 
2.9274  37906 


(56)1.0638  73589 

( 1)1.4696  93846 
6.0000  00000 
3.8336  58625 
2.9301  56052 


(56)1.1885  94216 

( 1)1.4730  91986 
6.0092  45007 
3.8380  88048 
2.9328  64149 


(56)1.3272  59512 

( 1)1.4764  82306 
6.0184  61655 
3.8425  02187 
2.9355  62280 


(56)1.4813  53665 

( 1)1.4798  64859 
6.0276  50160 
3.8469  01167 
2.9382  50529 


1 

220 

2 

48400 

3 

106 

48000 

4 

( 9)2.3425 

60000 

5 

(ll)5. 1536 

32000 

6 

(14)1.1337 

99040 

7 

(16)2.4943 

57888 

8 

( 18)  5. 4875 

87354 

9 

(2l)l.2072 

69218 

10 

(23)2.  6559 

92279 

24 

(56)1.6525 

10926 

1/2 

( 1)1.4832 

39697 

1/3 

6.0368 

10737 

1/4 

3.  8512 

85107 

1/5 

2.  9409 

28975 

1 

n2  r 

107 
9)2.  3854 
11)5.2718 
14)  1.1650 
16)  2.5748 
18)  5.  6903 
2l)l.2575 
23)2.  7792 


221 

48841 

93861 

43281 

29651 

74353 

14320 

39647 

65062 

18787 


(56)1.8425  30003 

( 1)1.4866  06875 
6.0459  43596 
3.8556  54127 
2.9435  97699 


<- 


f1} 


rr 


109 

1 9)2.4289 
ll)5. 3921 
14) L 1970 
16)2.  6574 
18)  5.  8996 
2l)  1.  3097 
23)2.9075 

(56)2.  0533 

( 1)1.4899 
6.  0550 
3.  8600 
2. 9462 


222  223 
49284  49729 

41048  110  89567 

12656  ( 9)2.4729  73441 

86096  (11)5.5147  30773 

65313  (14)1.2297  84962 

84996  (16)2.7424  20466 

16690  (18)6.1155  97640 

14905  (2l)l.  3637  78274 

67090  (23)3.0412  25550 

89736  (56)2.2872  66205 

66443  ( 1)1.4933  18452 

48947  6.0641  26994 

08345  3.8643  47878 

56780  2.9489  06295 


224 
50176 
112  39424 

i 9)2.5176  30976 
11)5.  6394  93386 
14)1.2632  46519 
16)2.8296  72201 
18)6.3384  65731 
2l)  1.4198  16324 
23)3.1803  88565 

(56)2.5465  51362 

( 1)1.4966  62955 
6.0731  77944 
3.8686  72841 
2.9515  46323 
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POWERS  AND  ROOTS  nh 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


225 
50625 
113  90625 

1 9)2.5628  90625 
11)5.7665  03906 
14)1.2974  63379 
16)2.9192  92603 
18)6.5684  08356 
21)1.4778  91880 
23)3.3252  56730 


226 
51076 
115  43176 

i 9) 2.  6087  57776 
11)5.8957  92574 
14)1.3324  49122 
16)3.0113  35015 
18)6.8056  17134 
21)1.5380  69472 
23)3.4760  37007 


227 
51529 
116  97083 

1 9)2.6552  37841 
11)6.0273  89899 
14)1.3682  17507 
16)3.1058  53741 
18)7.0502  87992 
21)1.6004  15374 
23)3.6329  42900 


228 
51984 
118  52352 

1 9)2.7023  36256 
11)6.1613  26664 
14)1.4047  82479 
16)3.2029  04053 
18)7.3026  21240 
21)1.6649  97643 
23)3.7961  94626 


24 


(56)2.8338  73334 


(56)3.1521  18526 


(56)3.5044  55686  (56)3.8943  62082 


1/2 

( 1)1.5000 

00000 

( 1)1.5033 

29638 

( 1)1.5066 

51917 

1/3 

6.  0822 

01996 

6.  0911 

99349 

6. 1001 

70200 

1/4 

3.  8729 

83346 

3.  8772 

79507 

3.  8815 

61435 

1/5 

2.9541 

76939 

2.  9567 

98218 

2. 9594 

10235 

1)1.5099  66887 
6.1091  14744 
3.8858  29238 
2.9620  13062 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


230 
52900 
121  67000 

! 9) 2. 7984  10000 
11)6.4363  43000 
14)1.4803  58890 
16)3.4048  25447 
18)7.8310  98528 
21)1.8011  52661 
23)4.1426  51121 


231 
53361 
123  26391 

1 9)2.8473  96321 
11)6.5774  85502 
14)1.5193  99151 
16)3.5098  12038 
18)8.1076  65809 
21)1.8728  70802 
23)4.3263  31552 


232 
53824 
124  87168 

! 9) 2.  8970  22976 
11)6.7210  93304 
14)1.5592  93647 
16)3.6175  61260 
18)8.3927  42123 
21)1.9471  16173 
23)4.5173  09521 


233 
54289 
126  49337 

i 9) 2. 9472  95521 
11)6.8671  98564 
14)1.6000  57265 
16)3.7281  33428 
18)8.6865  50888 
21)2.0239  66357 
23)4.7158  41612 


24 


(56)4.8025  07640 


(56)5.3295  12896 


(56)5.9116  89798  (56)6.5545  38287 


1/2 

( 1)1.5165 

75089 

( 1)1.5198 

68415 

( 1)1.5231 

54621 

1/3 

6. 1269 

25675 

6..1357 

92440 

6. 1446 

33651 

1/4 

3.  8943 

22905 

3.  8985 

48980 

3.  9027 

61357 

1/5 

2.9671 

91438 

2. 9697 

67129 

2.9723 

33915 

1)1.5264  33752 
6.1534  49494 
3.9069  60138 
2.9748  91866 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


129 
9)  3.  0498 
11)7.1670 
14)  1.  6842 
16)  3.  9579 


18 


23 


9.  3012 


21)2. 1858 


5. 1366 


235 

55225 

77875 

00625 

31469 

52395 

93129 

83852 

01705 

34007 


236 
55696 
131  44256 

1 9)3.1020  44416 
11)7.3208  24822 
14)1.7277  14658 
16)4.0774  06593 
18)9.6226  79559 
21)2.2709  52376 
23)5.3594  47607 


133 
9)  3. 1549 
"\7. 4772 
1.  7721 
1 4. 1998 
9.9537 
21)2.  3590 
23)  5.5909 


237 

56169 

12053 

56561 

47050 

07551 

94895 

50902 

38964 

22344 


238 
56644 
134  81272 

i 9)  3.  2085  42736 
11)7.6363  31712 
14)1.8174  46947 
16)4.3255  23735 
19)1.0294  74649 
21)2.  4501.49664 
23)5.8313  56201 


24 


(56)8.0469  01671 


(56)8.9102  12697 


(56)9.8618  93410  (57)1.0910  55818 


1/2 

( 1)1.  5329 

70972 

( 1)1.5362 

29150 

( 1)1.5394 

80432 

1/3 

6.1710 

05793 

6. 1797 

46606 

6. 1884 

62762 

1/4 

3.9153 

17320 

3.9194 

75921 

3.9236 

21327 

V5 

2.  9799 

81531 

2.  9825 

13380 

2.9850 

36660 

1)1.5427  24862 
6.1971  54435 
3.9277  53635 
2.9875  51438 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


240 
57600 
138  24000 

19)3.3177  60000 
11)7.9626  24000 
14)1.9110  29760 
16)4.5864  71424 
19)1.1007  53142 
21)2.6418  07540 
23)6.3403  38097 


241 
58081 
139  97521 

1 9)3.3734  02561 
11)8.1299  00172 
14)1.9593  05941 
16)4.7219  27319 
19)1.1379  84484 
21)2.7425  42606 
23)6.6095  27681 


242 
58564 
141  72488 

1 9)3.4297  42096 
11)8.2999  75872 
14)2.0085  94161 
16)4.8607  97870 
19)1.1763  13085 
21)2.8466  77665 
23)6.8889  59948 


243 
59049 
143  48907 

1 9)3.4867  84401 
11)8.4728  86094 
14)2.0589  11321 
16)5.0031  54510 
19)1.2157  66546 
21)2.9543  12707 
23)7.1789  79877 


24 


(57)1.3337  35777 


(57)1.4736  99791 


(57)1.6276  79087  (57)1.7970  10300 


1/2 

( 1)1.5491 

93338 

( 1)1.5524 

17470 

( 1)1.5556 

34919 

1/3 

6. 2144 

65012 

6.2230 

84253 

6.2316 

79684 

1/4 

3.  9359 

79343 

3.  9400 

72930 

3.  9441 

53798 

1/5 

2. 9925 

55740 

2.9950 

45390 

2. 9975 

26790 

1)1.5588  45727 
6.2402  51469 
3.9482  22039. 
3.0000  00000 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


245 
60025 
147  06125 

1 9)3.6030  00625 
11)8.8273  $1531 
14)2.1627  01125 
16)5.2986  17757 
19)1.2981  61350 
21)3.1804  95308 
23)7.7922  13506 


246 
60516 
148  86936 

1 9)3.6621  86256 
11)9.0089  78190 
14)2.2162  08635 
16)5.4518  73241 
19)1.3411  60817 
21)3.2992  55611 
23)8.1161  68802 


247 
61009 
150  69223 

1 9)3.7220  98081 
11)9.1935  82260 
14)2.2708  14818 
16)5.6089  12601 
19)1.3854  01412 
21)3.4219  41489 
23)8.4521  95477 


248 
61504 
152  52992 
( 9)3.7827  42016 
(11)9.3812  00200 

114)2.3265  37650 
16)5.7698  13371 
19)1.4309  13716 
21)3.5486  66016 
23)8.8006  91719 


24 


(57)2.1876  91225 


(57)2.4123  62509 


(57)2.6590  52293  (57)2.9298  15956 


1/2 

1/3 

1/4 

1/5 


( 1)1.5652 
6.  2573 
3. 9563 
3.  0049 


47584  ( 1)  1.  5684 

24746  6. 2658 

20998  3.9603 

22094  3. 0073 


38714 

26556 

51896 

71096 


( 1)1.5716  23365 
6.2743  05357 
3.9643  70523 
3.0098  12147 


( 1)1.5748  01575 
6.2827  61305 
3.9683  76966 
3.0122  45305 


Table  3.1 


229 
52441 
120  08989 
( 9)2.7500  58481 
11)6.2976  33921 
(14)1.4421  58168 
(16)3.3025  42205 
(18)7.5628  21649 
(2l)  1.7318  86158 
( 23)  3.  9660  19301 

(56)4.3256  51988 

( 1)1.5132  74595 
6.1180  33173 
3.8900  83026 
2.9646  06773 


234 
54756 
128  12904 

i 9) 2. 9982  19536 
11)7.0158  33714 
14)1.6417  05089 
16)3.8415  89909 
18)8.9893  20386 
21)2.1035  00970 
23)4.9221  92271 

(56)7.2640  79321 

( 1)1.5297  05854 
6.1622  40148 
3.9111  45426 
2.9774  41049 


239 
57121 
136  51919 

1 9)3.2628  08641 
11)7.7981  12652 
14)1.8637  48924 
16)4.4543  59928 
19)l.  0645  92023 
21)2.5443  74934 
23)6.0810  56093 

(57)1.2065  61943 

( 1)1.5459  62483 
6.2058  21795 
3.9318  72942 
2.9900  57776 


244 
59536 
145  26784 

1 9)3.5445  35296 
11)8.6486  66122 
14)2.1102  74534 
16)5.1490  69863 
19)1.2563  73046 
21)3.0655  50233 
23)7.4799  42569 

(57)1.9831  51223 

( 1)1.5620  49935 
6.2487  99770 
3.9522  77742 
3.0024  65081 


249 
62001 
154  38249 

1 9)3.8441  24001 
11)9.5718  68762 
14)2.3833  95322 
16)5.9346  54351 
19)1.4777  28934 
21)3.6795  45044 
(23)9.1620  67161 

(57)3.2268  91257 

( 1)1.5779  73384 
6.2911  94552 

3.9723  71312 
3.0146  70627 

T] 
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Table  3.1 


POWERS  AND  ROOTS  n* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


250 
62500 
156  25000 

! 9)  3.  9062  50000 
11)9.7656  25000 
14)2.4414  06250 
16)6.1035  15625 
19)1.5258  78906 
21)3.8146  97266 
23)9.5367  43164 

(57)3.5527  13679 

( 1)1.5811  38830 
6.2996  05249 
3.9763  53644 
3.0170  88168 


251 
63001 
158  13251 

! 9)  3.  9691  26001 
11)9.9625  06263 
14)2.5005  89072 
16)6.2764  78570 
19)1.5753  96121 
21)3.9542  44264 
23)9.9251  53103 

(57)3.9099  33001 

( 1)1.5842  97952 
6.3079  93549 
3.9803  24047 
3.0194  97986 


252 
63504 
160  03008 

i 9) 4. 0327  58016 
12)1.0162  55020 
14)2.5609  62650 
16)6.4536  25879 
19)1.6263  13722 
21)4.0983  10578 
24)1.0327  74266 

(57)4.3014  31179 

( 1)1.5874  50787 
6.3163  59598 
3.9842  82604 
3.0219  00136 


253 
64009 
161  94277 

1 9)4.0971  52081 
12)1.0365  79476 
14)2.6225  46076 
16)6.6350  41571 
19)1.6786  65517 
21)4.2470  23759 
24)1.0744  97011 

(57)4.7303  41643 

( 1)1.5905  97372 
6.3247  03543 
3.9882  29397 
3.0242  94671 


254 
64516 
163  87064 

1 9)4.1623  14256 
12)1.0572  27821 
14)2.6853  58665 
16)6.8208  11010 
19)1.7324  85997 
21)4.4005  14431 
24)1.1177  30666 

(57)5.2000  70108 

( 1)1.5937  37745 
6.3330  25531 
3.9921  64507 
3.0266  81647 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


255 
65025 
165  81375 

1 9)4.2282  50625 
12)1.0782  03909 
14)2.7494  19969 
16)7.0110  20921 
19)1.7878  10335 
21)4.5589  16354 
24)1.1625  23670 


256 
65536 
167  77216 

1 9)4.2949  67296 
12)1.0995  11628 
14)2.8147  49767 
16)7.2057  59404 
19)1.8446  74407 
21)4.7223  66483 
24)1.2089  25820 


257 
66049 
169  74593 

i 9) 4.  3624  70401 
12)1.1211  54893 
14)2.8813  68075 
16)7.4051  15953 
19)1.9031  14800 
21)4.8910  05036 
24)1.2569  88294 


258 
66564 
171  73512 

1 9)4.4307  66096 
12)1.1431  37653 
14)2.9492  95144 
16)7.6091  81472 
19)1.9631  68820 
21)5.0649  75555 
24)1.3067  63693 


259 
67081 
173  73979 

! 9) 4. 4998  60561 
12)1.1654  63886 
14)3.0185  51463 
16)7.8180  48289 
19)2.0248  74507 
21)5.2444  24973 
24)1.3583  06068 


24 


(57)5.7143  17018 


(57)6.2771  01735  (57)6.8927  88615 


(57)7.5661  15089 


(57)8.3022  21920 


1/2 

1/3 

1/4 

1/5 


( 1)1.5968  71942 
6.3413  25705 
3.9960  88015 
3.0290  61117 


( 1)1.6000  00000 
6.3496  04208 
4.0000  00000 
3.0314  33133 


( 1)1.6031  21954 
6.3578  61180 
4.0039  00541 
3.0337  97748 


( 1)1.6062  37840 
6.3660  96760 
4.0077  89716 
3.0361  55014 


( 1)1.6093  47694 
6.3743  11088 
4.0116  67601 
3.0385  04982 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


260 
67600 
175  76000 

i 9)4.5697  60000 
12)1.1881  37600 
14)3.0891  57760 
16)8.0318  10176 
19)2.0882  70646 
21)5.4295  03679 
24)1.4116  70957 


261 
68121 
177  79581 

1 9)4.6404  70641 
12)1.2111  62837 
14)3.1611  35005 
16)8.2505  62364 
19)2.1533  96777 
21)5.6203  65588 
24)1.4669  15418 


262 
68644 
179  84728 

1 9)4.7119  98736 
12)1.2345  43669 
14)3.2345  04412 
16)8.4744  01560 
19)2.2202  93209 
21)5.8171  68207 
24)1.5240  98070 


263 
69169 
181  91447 

i 9)  4.  7843  50561 
12)1.2582  84198 
14)3.3092  87440 
16)8.7034  25966 
19)2.2890  01029 
21)6.0200  72706 
24)1.5832  79122 


264 
69696 
183  99744 

1 9)4.8575  32416 
12)1.2823  88558 
14)3.3855  05793 
16)8.9377  35293 
19)2.3595  62117 
21)6.2292  43990 
24)1.6445  20413 


24 


(57)9.1066  85770 


(57)9.9855  54265 


(58)1.0945  38372  (58)1.1993  27974 


(58)1.3136  94086 


1/2 

1/3 

1/4 

1/5 


( 1)1.6124  51550 
6.3825  04299 
4.0155  34273 
3.0408  47703 


( 1)1.6155  49442 
6.3906  76528 
4. 0193  89807 
3.0431  83226 


( 1)1.6186  41406 
6.3988  27910 
4.0232  34278 
3.0455  11602 


( 1)1.6217  27474 
6.4069  58577 
4.0270  67760 
3.0478  32879 


( 1)1.6248  07681 
6.4150  68660 
4.0308  90325 
3.0501  47105 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


265 
70225 
186  09625 

1 9)4.9315  50625 
12)1.3068  60916 
14)3.4631  81426 
16)9.1774  30780 
19)2.4320  19157 
21)6.4448  50765 
24)1.7078  85453 


266 
70756 
188  21096 

1 9)5.0064  11536 
12)1.3317  05469 
14)3.5423  36546 
16)9.4226  15213 
19)2.5064  15647 
21)6.6670  65620 
24)1.7734  39455 


267 
71289 
190  34163 

1 9)5.0821  21521 
12)1.3569  26446 
14)3.6229  93611 
16)9.6733  92942 
19)2.5827  95915 
21)6.8960  65094 
24)1.8412  49380 


268 
71824 
192  48832 

1 9)5.1586  86976 
12)1.3825  28110 
14)3.7051  75334 
16)9.9298  69894 
19)2.6612  05132 
21)7.1320  29753 
24)1.9113  83974 


269 
72361 
194  65109 

! 9)  5.  2361  14321 
12)1.4085  14752 
14)3.7889  04684 
17)1.0192  15360 
19)2.7416  89318 
21)7.3751  44266 
24)1.9839  13808 


24 


(58)1.4384  70548  (58)1.5745  60235 


(58)1.7229  40472  (58)1.8846  68868 


(58)2.0608  89564 


1/2 

1/3 

1/4 

1/5 


( 1)1.6278  82060 
6.4231  58289 
4.0347  02045 
3.0524  54329 


( 1)1.6309  50643 
6.4312  27591 
4.0385  02994 
3.0547  54599 


( 1)1.6340  13464 
6.4392  76696 
4.0422  93240 
3.0570  47961 


( 1)1.6370  70554 
6.4473  05727 
4.0460  72854 
3.0593  34462 


( 1)1.6401  21947 
6.4553  14811 
4.0498  41906 
3.0616  14147 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


270 
72900 
196  83000 

1 9)5.3144  10000 
12)1.4348  90700 
14)3.8742  04890 
17)1.0460  35320 
19)2.8242  95365 
21)7.6255  97485 
24)2.0589  11321 


271 
73441 
199  02511 

i 9) 5. 3935  80481 
12)1.4616  60310 
14)3.9610  99441 
17)1.0734  57949 
19)2.9090  71041 
21)7.8835  82520 
24)2.1364  50863 


272 
73984 
201  23648 

! 9) 5. 4736  32256 
12)1.4888  27974 
14)4.0496  12088 
17)1.1014  94488 
19)2.9960  65007 
21)8.1492  96820 
24)2.2166  08735 


273 
74529 
203  46417 

1 9)5.5545  71841 
12)1.5163  98113 
14)4.1397  66847 
17)1.1301  56349 
19)3.0853  26834 
21)8.4229  42256 
24)2.2994  63236 


274 
75076 
205  70824 

1 9)5.6364  05776 
12)1.5443  75183 
14)4.2315  88000 
17)1.1594  55112 
19)3.1769  07007 
21)8.7047  25200 
24)2.3850  94705 


24 


(58)2.2528  39954  (58)2.4618  57897 


(58)2.6893  89450  (58)2.9369  97176 


(58)3.2063  69049 


1/2 

1/3 

1/4 

1/5 


( 1)1.6431 
6. 4633 
4.  0536 
3._0638 


67673  ( 1)  1.  6462 

04070  6. 4712 

00464  4. 0573 

87063  3. 0661 


07763  ( 1) 1. 6492 

73627  6.4792 

48596  4. 0610 

53254  3. 0684 

j[(-|)3] 


42250  ( 1)1.6522 

23603  6.4871 

86370  4. 0648 

12765  3. 0706 


1 


71164 

54117 

13851 

65640 

1 


( 1)1.6552  94536 
6.4950  65288 
4.0685  31106 
3.0729  11923 
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POWERS  AND  ROOTS  nM 


Table  3.1 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


275 
75625 
207  96875 

1 9)5.7191  40625 
12)1.5727  63672 
14)4.3251  00098 
17)1.1894  02527 
19)3.2708  56949 
21)8.9948  56609 
24)2.4735  85568 

(58)3.4993  28001 

( 1)1.6583  12395 
6.5029  57234 
4.0722  38199 
3.0751  51657 


276 
76176 
210  24576 

1 9)5.8027  82976 
12)1.6015  68101 
14)4.4203  27960 
17)1.2200  10517 
19)3.3672  29027 
21)9.2935  52114 
24)2.5650  20383 

(58)3.8178  42160 

( 1)1.6613  24773 
6.5108  30071 
4.0759  35196 
3.0773  84885 


277 
76729 
212  53933 

1 9)5.8873  39441 
12)1.6307  93025 
14)4.5172  96680 
17)1.2512  91180 
19)3.4660  76569 
21)9.6010  32097 
24)2.6594  85891 

(58)4.1640  35828 

( 1)1.6643  31698 
6.5186  83915 
4.0796  22161 
3.0796  11650 


278 
77284 
214  84952 

1 9)5.9728  16656 
12)1.6604  43030 
14)4.6160  31624 
17)1.2832  56792 
19)3.5674  53881 
21)9.9175  21788 
24)2.7570  71057 

(58)4.5402  01230 

( 1)1.6673  33200 
6.5265  18879 
4.0832  99156 
3.0818  31992 


279 
77841 
217  17639 

1 9)6.0592  21281 
12)1.6905  22737 
14)4.7165  58437 
17)1.3159  19804 
19)3.6714  16253 
22)1.  0243  25135 
24)2.8578  67126 

(58)4.9488  11121 

( 1)1.6703  29309 
6.5343  35077 
4.0869  66245 
3.  0840  45954 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


280 
78400 
219  52000 

1 9)6.  1465  60000 
12)1.7210  36800 
14)4.8189  03040 
17)1.3492  92851 
19)3.7780  19983 
22)1.0578  45595 
24)2.9619  67667 


281 
78961 
221  88041 

1 9)6.2348  39521 
12)1.7519  89905 
14)4.9230  91634 
17)1.3833  88749 
19)3.8873  22385 
22)1.0923  37590 
24)3.0694  68629 


282 
79524 
224  25768 

1 9)6.3240  66576 
12)1.7833  86774 
14)5.0291  50704 
17)1.4182  20498 
19)3.9993  81806 
22)1.1278  25669 
24)3.1804  68387 


283 
80089 
226  65187 

1 9)6.4142  47921 
12)1.8152  32162 
14)5.1371  07017 
17)1.4538  01286 
19)4.1142  57639 
22)1.1643  34912 
24)3.2950  67801 


284 
80656 
229  06304 

1 9)6.5053  90336 
12)1.8475  30855 
14)5.2469  87629 
17)1.4901  44487 
19)4.2320  10342 
22)1.2018  90937 
24)3.4133  70262 


24 


(58)5.3925  32264  (58)5.8742  39885 


(58)6.3970  33126 


(58)6.9642  51599 


(58)7.5794  93086 


1/2 

1/3 

i/4 

1/5 


( 1)1.6733  20053 
6.5421  32620 
4.0906  23489 
3.0862  53577 


( 1)1.6763  05461 
6.5499  11620 
4.0942  70950 
3.0884  54901 


( 1)1.6792  85562 
6.5576  72186 
4.0979  08689 
3.0906  49967 


( 1)1.6822  60384 
6.5654  14427 
4.1015  36766 
3.0928  38815 


( 1)1.6852  29955 
6.5731  38451 
4.1051  55240 
3.0950  21484 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


285 
81225 
231  49125 

9)6.5975  00625  ( 9) 

12)1.8802  87678  (12) 

14)5.3588  19883  (14) 

17)1.5272  63667  (17) 

19)4.3527  01450  (19) 

22)1.2405  19913  ( 22) 

24)3.5354  81753  (24) 


233 

286 

81796 

93656 

236 

6.  6905 

85616 

( 9] 

6.  7846 

1.9135 

07486 

(12] 

1. 9471 

5.  4726 

31410 

(14 

5. 5884 

1. 5651 

72583 

(17 

11.6038 

4.  4763 

93589 

(19 

4.  6031 

1.  2802 

48566 

(22 

11.  3211 

3.  6615 

10900 

(24] 

3.  7915 

287  288 
82369  82944 
39903  238  87872 
52161  ( 9)6.8797  07136 
95170  (12)1.9813  55655 
50138  (14)5.7063  04287 
85190  (17)1.6434  15635 
50495  (19)4.7330  37028 
04192  (22) 1.3631  14664 
69031  (24)3.9257  70232 


289 
83521 
241  37569 

1 9)6.9757  57441 
12)2.0159  93900 
14)5.8262  22372 
17)1.6837  78266 
19)4.8661  19188 
22)1.4063  08445 
24)4.0642  31407 


24 


(58)8.2466  32480  (58)8.9698  42039 


(58)9.7536  13040  (59)1.0602  77893 


(59)1.  1522  54005 


1/2 

1/3 

i/4 

1/5 


( 1)1.6881  94302 
6.5808  44365 
4.1087  64171 
3.0971  98013 


( 1)1.6911  53453 
6.5885  32275 
4.1123  63618 
3.0993  68441 


( 1)1.6941  07435 
6.5962  02284 
4.1159  53637 
3.1015  32807 


( 1)1.6970  56275 
6.6038  54498 
4.1195  34288 
3.1036  91148 


( 1)1.7000  00000 
6.6114  89018 
4.1231  05626 
3.1058  43502 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


290 
84100 
243  89000 

1 9)7.0728  10000 
12)2.0511  14900 
14)5.9482  33210 
17)1.7249  87631 
19)5.0024  64130 
22)1.4507  14598 
24)4.2070  72333 


291 
84681 
246  42171 

! 9)  7. 1708  71761 
12)2.0867  23682 
14)6.0723  65916 
17)1.7670  58482 
19)5.1421  40181 
22)1.4963  62793 
24)4.3544  15727 


292 
85264 
248  97088 

1 9)7.2699  49696 
12)2.1228  25311 
14)6.1986  49909 
17)1.8100  05773 
19)5.2852  16858 
22)1.5432  83323 
24)4.5063  87302 


293 
85849 
251  53757 

1 9)7.3700  50801 
12)2.1594  24885 
14)6.3271  14912 
17)1.8538  44669 
19)5.4317  64881 
22)1.5915  07110 
24)4.6631  15833 


294 
86436 
254  12184 

1 9)7.4711  82096 
12)2.  1965  27536 
14)6.4577  90956 
17)1.8985  90541 
19)5.5818  56191 
22)1.6410  65720 
24)4.8247  33217' 


24 


(59)1.2518  49008  (59)1.3596  64428 


(59)1.4763  46962  (59)1.6025  91698 


(59)1.7391  45550 


1/2 

1/3 

1/4 

1/5 


( 1)1.7029  38637 
6.6191  05948 
4.1266  67707 
3.1079  89906 


( 1)1.7058  72211 
6.6267  05387 
4.  1302  20588 
3.1101  30396 


( 1)1.7088  00749 
6.6342  87437 
4.1337  64325 
3.1122  65011 


( 1)1.7117  24277 
6.6418  52195 
4.1372  98970 
3.1143  93785 


( 1)1.7146  42820 
6.6493  99761 
4.1408  24580 
3.1165  16755 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


295 
87025 
256  72375 

1 9)7.5733  50625 
12)2.2341  38434 
14)6.5907  08381 
17)1.9442  58973 
19)5.7355  63969 
22)1.6919  91371 
24)4.9913  74544 


296 
87616 
259  34336 

1 9)7.6765  63456 
12)2.2722  62783 
14)6.7258  97838 
17)1.9908  65760 
19)5.8929  62649 
22)1.7443  16944 
24)5.1631  78155 


297 
88209 
261  98073 

1 9)7.7808  27681 
12)2.3109  05821 
14)6.8633  90289 
17)2.0384  26916 
19)6.0541  27940 
22)1.7980  75998 
24)5.3402  85715 


298 
88804 
264  63592 

1 9)7.8861  50416 
12)2.3500  72824 
14)7.0032  17015 
17)2.0869  58671 
19)6.2191.  36838 
22)1.8533  02778 
24)5.5228  42278 


299 
89401 
267  30899 

1 9)7.9925  38801 
12)2.3897  69101 
14)7.1454  09613 
17)2.1364  77474 
19)6.3880  67649 
22)1.9100  32227 
24)5.7109  96358 


24  (59)1.8868  10930  (59)2.0464  49657 


(59)2.2189  87131  (59)2.4054  16789 


(59)2.6068  04847 


1/2 

1/3 

1/4 

1/5 


( 1)1.7175 

56404 

( 1)1.7204 

65053 

( 1)1.7233 

68794 

( 1)1.7262 

67650 

( 1)1.7291 

6.  6569 

30232 

6.  6644 

43703 

6.  6719 

40272 

6.  6794 

20032 

6.  6868 

4. 1443 

41207 

4. 1478 

48904 

4.1513 

47726 

4.1548 

37723 

4. 1583 

3. 1186 

33956 

3.1207 

45423 

3.1228 

51191 

3,  1249 

51295 

1m  1270 

j[(-6)7]  „i[<-6)2]  J[(-pS] 


61647 

83077 

18947 

45768 
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Table  3.1 

POWERS 

AND  ROOTS  nk 

k 

1 

300 

301 

302 

303 

304 

2 

90000 

90601 

91204 

91809 

92416 

3 

270  00000 

272  70901 

275  43608 

278  18127 

280  94464 

4 ( 9)8.1000  00000  ( 9)8.2085  41201  ( 9)8.3181  69616  ( 9)8.4288  92481  ( 9)8.5407  17056 

5 (12)2.4300  00000  (12)2.  4707  70902  (12)2.5120  87224  (12)2.5539  54422  (12)2.5963  77985 

6 (14)7.2900  00000  (14)7.4370  20414  (14)7.5865  03417  (14)7.7384  81898  (14)7.8929  89074 

7 (17)2.1870  00000  (17)2.2385  43144  (17)2.2911  24032  (17)2.3447  60015  (17)2.3994  68679 

8 (19)6.5610  00000  (19)6.7380  14865  (19)6.9191  94576  (19)7.1046  22846  (19)7.2943  84783 

9 (22)1.9683  00000  (22)2.0281  42474  (22)2.0895  96762  (22)2.1527  00722  (22)2.2174  92974 

10  (24)5.9049  00000  (24)  6. 1047  08848  (24)6.3105  82221  (24)6.5226  83188  (24)6.7411  78641 

24  (59)2.8242  95365  (59)3.0591  15639  (59)3.3125  81949  (59)3.5861  05682  (59)3.8811  99856 

1/2  ( 1)1.7320  50808  ( 1)1.7349  35157  ( 1)1.7378  14720  ( 1)1.7406  89519  ( 1)1.7435  59577 

1/3  6.6943  29501  6.7017  59395  6.7091  72852  6.7165  69962  6.7239  50814 

1/4  4.1617  91450  4.1652  55283  4.1687  10496  4.1721  57138  4.  1755  95260 

1/5  3.1291  34645  3.1312  17958  3.1332  95743  3.1353  68030  3.1374  34853 


1 305  306  307  308  309 

2 93025  93636  94249  94864  95481 

3 283  72625  286  52616  289  34443  292  18112  295  03629 

4 ( 9)8.6536  50625  ( 9)8.7677  00496  ( 9)8.8828  74001  ( 9)8.9991  78496  ( 9)9.1166  21361 

5 ( 12) 2. 6393  63441  ( 12) 2. 6829  16352  { 12) 2. 7270  42318  ( 12) 2.  7717  46977  ( 12) 2. 8170  36001 

6 ( 14) 8.  0500  58494  ( 14) 8. 2097  24036  ( 14) 8. 3720  19917  ( 14) 8. 5369  80688  ( 14) 8.  7046  41242 

7 ( 17) 2. 4552  67841  ( 17) 2. 5121  75555  ( 17) 2. 5702  10115  ( 17) 2.  6293  90052  ( 17) 2.  6897  34144 

8 (19)7.4885  66914  ( 19) 7. 6872  57199  ( 19) 7. 8905  45052  ( 19) 8. 0985  21360  ( 19) 8. 3112  78504 

9 (22)2.2840  12909  ( 22)2.3523  00703  (22)2.4223  97331  (22)2.4943  44579  (22)2.5681  85058 

10  (24)6.9662  39372  (24)7.1980  40151  (24)7.4367  59806  (24)7.6825  81303  (24)7.9356  91828 

24  (59)4.1994  86063  (59)4.5427  01868  (59)4.9127  08679  (59)5.3115  00125  (59)5.7412  10972 


1/2  ( 1)1.7464  24920  ( 1)1.7492  85568  ( 1)1.7521  41547  ( 1)1.7549  92877  ( 1)1.7578  39583 

1/3  6.7313  15497  6.7386  64101  6.7459  96712  6.7533  13417  6.7606  14302 

1/4  4.1790  24910  4.1824  46136  4.1858  58988  4.1892  63512  4.1926  59756 

1/5  3.1394  96244  3.1415  52236  3.1436  02859  3.1456  48146  3.1476  88127 


1 310  311  312  313  314 

2 96100  96721  97344  97969  98596 

3 297  91000  300  80231  303  71328  306  64297  309  59144 

4 ( 9)9.2352  10000  ( 9)9.3549  51841  ( 9)9.4758  54336  ( 9)9.5979  24961  ( 9)9.7211  71216 

5 (12)2.8629  15100  ( 12)  2. 9093  90023  ( 12)  2.  9564  66553  ( 12)  3.  0041  50513  ( 12)  3.  0524  47762 

6 (14)8.8750  36810  ( 14)  9.  0482  02970  ( 14)  9.  2241  75645  ( 14)  9. 4029  91105  ( 14)  9.  5846  85972 

7 (17)2.7512  61411  ( 17) 2.  8139  91124  ( 17) 2. 8779  42801  ( 17) 2. 9431  36216  ( 17) 3.  0095  91395 

8 (19)8.5289  10374  ( 19)  8. 7515  12395  ( 19)  8. 9791  81540  ( 19)  9.  2120  16356  ( 19)  9.  4501  16981 

9 (22)2.6439  62216  (22)2.7217  20355  (22)2.8015  04640  (22)2.8833  61119  (22)2.9673  36732 

10  (24)8.1962  82870  (24)8.4645  50303  (24)8.7406  94478  ( 24)  9. 0249  20304  (24)9.3174  37339 

24  (59)6.2041  26610  (59)6.7026  93132  (59)7.2395  28072  (59)7.8174  31800  (59)8.4393  99655 


1/2  ( 1)1.7606  81686  ( 1)1.7635  19209  ( 1)1.7663  52173  ( 1)1.7691  80601  ( 1)1.7720  04515 

1/3  6.7678  99452  6.7751  68952  6.7824  22886  6.7896  61336  6.7968  84386 

1/4  4.1960  47767  4.1994  27591  4.2027  99273  4.2061  62861  4.2095  18398 

1/5  3.1497  22833  3.1517  52295  3.1537  76544  3.1557  95609  3.1578  09519 


1 315  316  317  318  319 

2 99225  99856  1 00489  1 01124  1 01761 

3 312  55875  315  54496  318  55013  321  57432  324  61759 

4 ( 9)9.8456  00625  ( 9)9.9712  20736  (10)1.0098  03912  (10)1.0226  06338  (10)1.0355  30112 

5 (12)3.1013  64197  ( 12)  3. 1509  05753  ( 12)  3. 2010  78401  ( 12)  3.  2518  88154  ( 12)  3.  3033  41058 

6 ( 14)  9.  7692  97220  ( 14)  9.  9568  62178  ( 15)  1.0147  41853  ( 15)  1.0341  00433  ( 15)  1.0537  65797 

7 (17)3.0773  28624  ( 17)  3. 1463  68448  ( 17)  3.  2167  31675  ( 17)  3.  2884  39376  ( 17)  3.  3615  12894 

8 (19)9.6935  85167  ( 19)  9.  9425  24297  (20)1.0197  03941  (20)1.0457  23722  ( 20)  1.  0723  22613 

9 (22)3.0534  79328  (22)3.1418  37678  (22)3.2324  61493  (22)3.3254  01435  (22)3.4207  09136 

10  (24)9.6184  59882  (24)9.9282  07062  (25)1.0246  90293  (25)1.0574  77656  ( 25)  1. 0912  06214 

24  (59)9.1086  34822  (59)9.8285  62028  (60)1.0602  84208  (60)1.  1435  38734  (60)1.2330  37808 


1/2  ( 1)1.7748  23935  ( 1)1.7776  38883  ( 1)1.7804  49381  ( 1)1.7832  55450  ( 1)1.7860  57110 

1/3  6.8040  92116  6.8112  84608  6.8184  61941  6.8256  24197  6.8327  71452 

1/4  4.2128  65931  4.2162  05502  4.2195  37156  4.2228  60938  4.2261  76889 

1/5  3.1598  18306  3.1618  21997  3.1638  20622  3.1658  14209  3.1678  02787 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


320 
1 02400 
327  68000 

110)1.0485  76000 
12)3.3554  43200 
15)1.0737  41824 
17)3.4359  73837 
20)1.0995  11628 
22)3.5184  37209 
25)1.1258  99907 

(60)1.3292  27996 

( 1)1.7888  54382 
6.8399  03787 
4.2294  85054 
3.1697  86385 


321 
1 03041 
330  76161 

110)1.0617  44768 
12)3.4082  00706 
15)1.0940  32426 
17)3.5118  44089 
20)1.1273  01953 
22)3.6186  39268 
25)1.1615  83205 

(60)1.4325  86248 

( 1)1.7916  47287 
6.8470  21278 
4.2327  85474 
3.  1717  65030 


322 
1 03684 
333  86248 

110)1.0750  37186 
12)3.4616  19738 
15)1.1146  41556 
17)3.5891  45809 
20)1.1557  04950 
22)3.7213  69940 
25)1.1982  81121 

(60)1.5436  21862 

( 1)1.7944  35844 
6,8541  24002 
4.2360  78192 
3.1737  38749 


323 
1 04329 
336  98267 
(10)1.0884  54024 
(12)3.5157  06498 

115)  1. 1355  73199 
17)3.6679  01432 
20)  1.1847  32163 
22)3.8266  84885 
25)1.2360  19218 

(60)1.6628  78568 

( 1)1.7972  20076 
6.8612  12036 
4.2393  63249 
3.1757  07571 


324 
1 04976 
340  12224 

i 10)  1.1019  96058 
12)3.5704  67227 
15)1.1568  31381 
17)3.7481  33676 
20)1.2143  95311 
22)3.9346  40808 
25)1.2748  23622 

(60)1.7909  36736 

( 1)1.8000  00000 
6.8682  85455 
4.2426  40687 
3.1776  71523 
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POWERS  AND  ROOTS  n * 

Table  3.1 

k 

1 

325 

326 

327 

328 

329 

2 

1 05625 

1 06276 

1 06929 

1 07584 

1 08241 

3 

343  28125 

346  45976 

349  65783 

352  87552 

356  11289 

4 (10)1.1156  64063  (10)1.1294  58818  (10)1.1433  81104  (10)1.1574  31706  (10)1.1716  11408 

5 (12)3.6259  08203  (12)3.6820  35745  (12)3.7388  56210  (12)3.7963  75994  (12)3.8546  01533 

6 (15)1.1784  20166  (15)1.2003  43653  (15)1.2226  05981  (15)1.2452  11326  (15)1.2681  63904 

7 (17)3.8298  65540  (17)3.9131  20309  (17)3.9979  21557  (17)4.0842  93150  (17)4.1722  59245 

8 (20)1.2447  06300  (20)1.2756  77221  (20)1.3073  20349  (20)1.3396  48153  (20)1.3726  73292 

9 (22)4.0452  95476  (22)4.1587  07739  (22)4.2749  37542  (22)4.3940  45942  (22)4.5160  95129 

10  (25)1.3147  21030  (25)1.3557  38723  (25)1.3979  04576  (25)1.4412  47069  (25)1.4857  95298 

24  (60)1.9284  15722  (60)2.0759  76350  (60)2.2343  23554  (60)2.4042  09169  (60)2.5864  34894 

1/2  ( 1)1.8027  75638  ( 1)1.8055  47009  ( 1)1.8083  14132  ( 1)1.8110  77028  ( 1)1.8138  35715 

1/3  6.8753  44335  6.8823  88750  6.8894  18774  6.8964  34481  6.9034  35942 

1/4  4.2459  10547  4.2491  72871  4.2524  27697  4.2556  75067  4.2589  15020 

1/5  3.1796  30632  3.1815  84924  3.1835  34426  3.1854  79164  3.1874  19165 

1 330  331  332  333  334 

2 1 08900  1 09561  1 10224  1 10889  1 11556 

3 359  37000  362  64691  365  94368  369  26037  372  59704 

4 (10)1.1859  21000  (10)1.2003  61272  (10)1.2149  33018  (10)1.2296  37032  (10)1.2444  74114 

5 (12)3.9135  39300  (12)3.9731  95811  ( 12)  4. 0335  77618  ( 12)  4.  0946  91317  ( 12)  4. 1565  43539 

6 (15)1.2914  67969  (15)1.3151  27813  ( 15)  1. 3391  47769  ( 15)  1.3635  32209  (15)1.3882  85542 

7 (17)4.2618  44298  ( 17)  4.  3530  73062  ( 17)  4.  4459  70594  ( 17)  4. 5405  62254  ( 17)  4.  6368  73711 

8 (20)1.4064  08618  (20)1.4408  67184  (20)1.4760  62237  (20)1.5120  07231  (20)1.5487  15819 

9 (22)4.6411  48440  (22)4.7692  70378  (22)4.9005  26628  (22)5.0349  84078  (22)5.1727  10837 

10  (25)1.5315  78985  (25)1.5786  28495  (25)1.6269  74840  (25)1.6766  49698  (25)1.7276  85420 

24  (60)2.7818  55434  (60)2.9913  81825  (60)3.2159  84959  (60)3.4566  99320  (60)3.7146  26935 

1/2  ( 1)1.8165  90212  ( 1)1.8193  40540  ( 1)1.8220  86716  ( 1)1.8248  28759  ( 1)1.8275  66688 

1/3  6.9104  23230  6.9173  96417  6.9243  55573  6.9313  00768  6.9382  32074 

1/4  4.2621  47595  4.2653  72832  4.2685  90770  4.2718  01446  4.2750  04899 

1/5  3.1893  54454  3.1912  85058  3.1932  11001  3.1951  32308  3.1970  49006 

1 335  336  337  338  339 

2 1 12225  1 12896  1 13569  1 14244  1 14921 

3 375  95375  379  33056  382  72753  386  14472  389  58219 

4 (10)1.2594  45063  (10)1.2745  50682  (10)1.2897  91776  (10)1.3051  69154  (10)1.3206  83624 

5 (12)4.2191  40959  ( 12)  4. 2824  90290  12)  4.  3465  98285  ( 12)  4. 4114  71739  ( 12)  4.  4771  17486 

6 (15)1.4134  12221  ( 15)  1.4389  16737  15)  1.4648  03622  ( 15)  1.4910  77448  ( 15)  1.5177  42828 

7 (17)4.7349  30942  ( 17)  4.  8347  60238  17)  4.  9363  88207  ( 17)  5. 0398  41774  ( 17)  5. 1451  48186 

8 (20)1.5862  01865  (20)  1.6244  79440  (20)1.6635  62826  (20)  1.7034  66520  (20)  1.  7442  05235 

9 (22)5.3137  76249  (22)5.4582  50918  (22)5.6062  06723  ( 22)  5. 7577  16836  (22)5.9128  55747 

10  (25)1.7801  15044  (25)  1.8339  72309  (25)  1.8892  91666  ( 25)  1.9461  08291  (25)2.0044  58098 

24  (60)3.9909  41565  (60)4.2868  93134  (60)4.6038  12427  (60)4.9431  16051  (60)5.3063  11693 

1/2  ( 1)1.8303  00522  ( 1)1.8330  30278  ( 1)1.8357  55975  ( 1)1.8384  77631  ( 1)1.8411  95264 

1/3  6.9451  49558  6.9520  53290  6.9589  43337  6.9658  19768  6.9726  82649 

1/4  4.2782  01166  4.2813  90286  4.2845  72295  4.2877  47230  4.2909  15128 

1/5  3.1989  61118  3.2008  68669  3.2027  71684  3.2046  70186  3.2065  64201 

1 340  341  342  343  344 

2 1 15600  1 16281  1 16964  1 17649  1 18336 

3 393  04000  396  51821  400  01688  403  53607  407  07584 

4 (10)1.3363  36000  (10)1.3521  27096  (10)1.3680  57730  (10)1.3841  28720  (10)1.4003  40890 

5 (12)4.5435  42400  (12)4.6107  53398  12)4. 6787  57435  ( 12)  4. 7475  61510  12)  4.  8171  72660 

6 (15)1.5448  04416  (15)1.5722  66909  15)  1.6001  35043  ( 15)  1.6284  13598  15)  1.6571  07395 

7 (17)5.2523  35014  ( 17)  5.  3614  30158  17)  5. 4724  61847  ( 17)  5.  5854  58641  17)  5.  7004  49439 

8 (20)  1.7857  93905  ( 20)  1.8282  47684  ( 20)  1.8715  81952  (20)  1.9158  12314  (20)  1.9609  54607 

9 (22)6.0716  99277  (22)6.2343  24602  (22)6.4008  10274  (22)6.5712  36236  (22)6.7456  83848 

10  (25)2.0643  77754  (25)2.1259  04689  (25)2.1890  77114  (25)2.2539  34029  (25)2.3205  15244 

24  (60)5.6950  03680  (60)6.1108  98859  (60)6.5558  12822  (60)7.0316  76479  (60)7.5405  43015 

1/2  ( 1)1.8439  08891  ( 1)1.8466  18531  ( 1)1.8493  24201  ( 1)1.8520  25918  ( 1)1.8547  23699 

1/3  6.9795  32047  6.9863  68028  6.9931  90657  7.0000  00000  7.0067  96121 

1/4  4.2940  76026  4.2972  29958  4.3003  76961  4.3035  17071  4.3066  50321 

1/5  3.2084  53751  3.2103  38860  3.2122  19552  3.2140  95850  3.2159  67776 

1 345  346  347  348  349 

2 1 19025  1 19716  1 20409  1 21104  1 21801 

3 410  63625  414  21736  417  81923  421  44192  425  08549 

4 (10)1.4166  95063  (10)1.4331  92066  (10)1.4498  32728  (10)1.4666  17882  (10)1.4835  48360 

5 (12)4.8875  97966  (12)4.9588  44547  (12)5.  0309  19567  ( 12)  5. 1038  30228  ( 12)  5. 1775  83777 

6 (15)1.6862  21298  (l5>  1.7157  60213  ( 15)  1.7457  29090  ( 15)  1.7761  32919  ( 15)  1.8069  76738 

7 (17)5.8174  63479  (17)5.9365  30338  (17)6.  0576  79941  ( 17)  6. 1809  42559  ( 17)  6.  3063  48816 

8 (20)2.0070  24900  (20)2.0540  39497  (20)2.1020  14939  (20)  2. 1509  68011  (20)2.2009  15737 

9 (22)6.9242  35905  (22)7.1069  76659  (22)7.2939  91840  (22)7.4853  68677  (22)7.6811  95921 

10  (25)2.3888  61387  (25)2.4590  13924  (25)2.5310  15168  (25)2.6049  08300  (25)2.6807  37377 

24  (60)8.0845  95243  (60)8.6661  53376  (60)9.2876  83235  (60)9.9518  04932  (61)1.0661  30203 

1/2  ( 1)1.8574  17562  ( 1)1.8601  07524  ( 1)1.8627  93601  ( 1)1.8654  75811  ( 1)1.8681  54169 

1/3  7. 0135  79083  7. 0203  48952  7. 0271  05788  7. 0338  49656  7. 0405  80617 

1/4  4. 3097  76748  4. 3128  96386  4. 3160  09269  4. 3191  15431  4. 3222  14906 

1/5  3.2178  35355  3.2196  98608  3.2215  57557  3.2234  12226  3.2252  62636 

j[<-6>5]  j[<-6>2]  jp-pS] 
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Table  3.1  POWERS  AND  ROOTS  n* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


350 
1 22500 
428  75000 

i 10)  1.5006  25000 
12)5.2521  87500 
15)1.8382  65625 
17)6.4339  29688 
20)2.2518  75391 
22)7.8815  63867 
25)2.7585  47354 

(61)1.1419  13124 

( 1)1.8708  28693 
7.0472  98732 
4.3253  07727 
3.2271  08809 


351 
1 23201 
432  43551 

i 10)1.  5178  48640 
12)5.3276  48727 
15  1.8700  04703 
17)6.5637  16508 
20)2.3038  64494 
22)8.0865  64375 
25)2.8383  84096 

(61)1.2228  43263 

( 1)1.8734  99400 
7.0540  04063 
4.3283  93928 
3.2289  50768 


352 
1 23904 
436  14208 

i 10)  1.5352  20122 
12)5.4039  74828 
15)1.9021  99139 
17  6.6957  40971 
20)2.3569  00822 
22)8.2962  90893 
25)2.9202  94394 

(61)1.3092  54042 

( 1)1.8761  66304 
7. 0606  96671 
4.3314  73541 
3.2307  88532 


353 
1 24609 
439  86977 

110)1.5527  40288 
12)5.4811  73217 
15)1.9348  54146 
17)6.8300  35134 
20)2.4110  02402 
22)8.5108  38480 
25)3.0043  25983 

(61)1.4014  99442 

( 1)1.8788  29423 
7.0673  76615 
4.3345  46600 
3.2326  22125 


354 
1 25316 
443  61864 
(10)1.5704  09986 
(12)5.5592  51349 
15)1.9679  74978 
(17)6.9666  31421 
(20)2.4661  87523 
(22)8.7303  03831 
(25)3.0905  27556 

(61)1.4999  55202 

( 1)1.8814  88772 
7.0740  43955 
4.3376  13137 
3.2344  51567 


1 355  356  357  358  359 

2 1 26025  1 26736  1 27449  1 28164  1 28881 

3 447  38875  451  18016  454  99293  458  82712  462  68279 

4 (10)1.5882  30063  (10)1.6062  01370  (10)1.6243  24760  (10)1.6426  01090  (10)1.6610  31216 

5 (12)5.6382  16722  (12)5.7180  76876  (12)5.7988  39394  (12)5.8805  11901  (12)5.9631  02066 

6 (15)2.0015  66936  (15)2.0356  35368  (15  2.0701  85663  (15)2.1052  23260  (15  2.1407  53642 

7 (17)7.1055  62624  (17)7.2468  61909  (17)7.3905  62819  (17)7.5366  99273  (17)7.6853  05573 

8 (20)2.5224  74731  <20)2. 5798  82840  (20  2.6384  30926  (20  2.6981  38340  (20  2.7590  24701 

9 (22)8.9547  85297  (22)9.1843  82909  (22)9.4191  98407  (22)9.6593  35256  (22)9.9048  98676 

10  (25)3.1789  48780  (25)3.2696  40316  (25)3.3626  53831  (25)3.4580  42022  (25)3.5558  58625 

24  (61)1.6050  20092  (61)1.7171  17251  (61)1.8366  95605  (61)1.9642  31355  (61)2.1002  29556 

1/2  ( 1)1.8841  44368  ( 1)1.8867  96226  ( 1)1.8894  44363  ( 1)1.8920  88793  ( 1)1.8947  29532 

1/3  7. 0806  98751  7. 0873  41061  7. 0939  70945  7. 1005  88459  7. 1071  93661 

1/4  4. 3406  73183  4. 3437  26771  4. 3467  73933  4. 3498  14700  4. 3528  49104 

1/5  3.2362  76880  3.2380  98084  3.2399  15199  3.2417  28247  3.2435  37249 


1 360  361  362  363  364 

2 1 29600  1 30321  1 31044  1 31769  1 32496 

3 466  56000  470  45881  474  37928  478  32147  482  28544 

4 (10)1.6796  16000  (10)1.6983  56304  (10)1.7172  52994  (10)1.7363  06936  (10)1.7555  19002 

5 (12)6.0466  17600  (12)6.1310  66258  ( 12)  6. 2164  55837  ( 12)  6. 3027  94178  ( 12)  6. 3900  89166 

6 (15)2.1767  82336  (15)2.2133  14919  ( 15)  2. 2503  57013  15)2.2879  14287  ( 15)  2. 3259  92456 

7 (l7)  7. 8364  16410  (17)7.9900  66858  ( 17)  8. 1462  92387  17)  8. 3051  28860  ( 17)  8. 4666  12541 

8 (20  2.8211  09907  (20)2.8844  14136  (20  2.9489  57844  (20)3.0147  61776  ( 20)  3. 0818  46965 

9 (23  1.0155  99567  (23)1.0412  73503  (23)1.0675  22740  (23)1.0943  58525  (23)  1.1217  92295 

10  (25)3.6561  58440  (25)3.7589  97346  (25)3.8644  32317  (25)3.9725  21445  (25)4.0833  23955 

24  (61)2.2452  25771  (61)2.3997  87825  (61)2.5645  17652  (61)2.7400  53237  (61)2.9270  70667 

1/2  ( 1)1.8973  66596  ( 1)1.9000  00000  ( 1)1.9026  29759  ( 1)1.9052  55888  ( 1)1.9078  78403 

1/3  7.1137  86609  7.1203  67359  7.1269  35967  7.1334  92490  7.1400  36982 

1/4  4.  3558  77175  4.  3588  98944  4. 3619  14441  4. 3649  23697  4. 3679  26743 

1/5  3.2453  42223  3.2471  43191  3.2489  40172  3.2507  33187  3.2525  22254 


1 365  366  367  368  369 

2 1 33225  1 33956  1 34689  1 35424  1 36161 

3 486  27125  490  27896  494  30863  498  36032  502  43409 

4 (10)1.7748  90063  (10)1.7944  20994  (10)1.8141  12672  (10)1.8339  65978  (10)1.8539  81792 

5 (12)6.4783  48728  ( 12)  6. 5675  80837  ( 12)  6. 6577  93507  12)6. 7489  94798  (12)6. 8411  92813 

6 (15)2.3645  97286  ( 15)  2. 4037  34586  ( 15)  2. 4434  10217  (l5  2.4836  30086  15)2.5244  00148 

7 (17)8.6307  80093  (17)8.7976  68585  (17)8.9673  15496  17)9.1397  58715  17)  9. 3150  36546 

8 (20)3.1502  34734  (20)3.2199  46702  (20)3.2910  04787  (20  3.3634  31207  (20)3.4372  48485 

9 (23)1.1498  35678  (23)1.1785  00493  (23)1.2077  98757  23  1.2377  42684  (23)  1.2683  44691 

10  (25)4.1969  00224  (25)4.3133  11804  (25)4.4326  21438  (25)4.5548  93078  (25)4.6801  91910 

24  (61)3.1262  86296  (61)3.3384  59019  (61)3.5643  92671  (61)3.8049  38558  (61)4.0609  98114 

1/2  ( 1)1.9104  97317  ( 1)1.9131  12647  ( 1)1.9157  24406  ( 1)1.9183  32609  ( 1)1.9209  37271 

1/3  7.1465  69499  7.1530  90095  7.1595  98825  7.1660  95742  7.1725  80900 

1/4  4.3709  23607  4.3739  14319  4.3768  98909  4.3798  77406  4.3828  49839 

1/5  3.2543  07394  3.2560  88625  3.2578  65967  3.2596  39439  3.2614  09059 


1 370  371  372  373  374 

2 1 36900  1 37641  1 38384  1 39129  1 39876 

3 506  53000  510  64811  514  78848  518  95117  523  13624 

4 (10)1.8741  61000  (10)1.8945  04488  (10)1.9150  13146  (10)1.9356  87864  (10)1.9565  29538 

5 (12)6.9343  95700  (12  7.0286  11651  (12)7.1238  48902  (12  7.2201  15733  ( 12)  7. 3174  20471 

6 (15)2.5657  26409  1 15)  2. 6076  14922  ( 15)  2. 6500  71791  (l5  2.6931  03168  (l5  2.7367  15256 

7 (17)9.4931  87713  (17  9.6742  51362  ( 17)9. 8582  67064  ( 18)  1.0045  27482  ( 18)  1. 0235  31506 

8 (20)3.5124  79454  (20)3.5891  47255  (20)3.6672  75348  (20  3.7468  87507  (20)  3. 8280  07832 

9 (23)1.2996  17398  (23  1.3315  73632  (23)1.3642  26429  (23)1.3975  89040  (23)  1.4316  74929 

10  (25)4.8085  84372  (25)4.9401  38174  (25)5.0749  22317  (25)5.2130  07120  (25)5.3544  64234 

24  (61)4.3335  25711  (61)4.6235  31606  (61)4.9320  85051  (61)5.2603  17567  (61)5.6094  26383 

1/2  ( 1)1.9235  38406  ( 1)1.9261  36028  ( 1)1.9287  30152  ( 1)1.9313  20792  ( 1)1.9339  07961 

1/3  7.1790  54352  7.1855  16151  7.1919  66348  7.1984  04996  7.2048  32147 

1/4  4. 3858  16237  4. 3887  76627  4. 3917  31039  4. 3946  79501  4. 3976  22040 

1/5  3.2631  74848  3.2649  36822  3.2666  95001  3.  2684  49404  3.2702  00047 

j[(-6)6]  jp-ps]  j[(-p5] 
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POWERS  AND  ROOTS  n*  Table  3.1 


k 

1 375  376  377  378  379 

2 1 40625  1 41376  1 42129  1 42884  1 43641 

3 527  34375  531  57376  535  82633  540  10152  544  39939 

4 (10)1.9775  39063  (10)1.9987  17338  (10)2.0200  65264  (10)2.0415  83746  (10)2.0632  73688 

5 (12)7.4157  71484  (12)7.5151  77189  (12)7.6156  46046  (12)7.7171  86558  12)7.8198  07278 

6 (15)2.7809  14307  (15)2.8257  06623  (15)2.8710  98559  (15)2.9170  96519  (15)2.9637  06958 

7 (18)1.0428  42865  ( 18)  1.  0624  65690  (18)  1.  0824  04157  (18)  1.1026  62484  (18  1.1232  44937 

8 (20)3.9106  60744  (20)3.9948  70996  (20)4.0806  63671  (20)4.1680  64190  (20)4.2570  98312 

9 (23)1.4664  97779  (23  1.5020  71494  i 23)  1. 5384  10204  (23)1.5755  28264  (23)1.6134  40260 

10  (25)  5. 4993  66671  (25)5.6477  88819  (25)5. 7998  06469  ~( 25)  5.  9554  96838  ( 25)*6. 1149  38586 

24  (61)5.9806  78067  (61)6.3754  12334  (61)6.7950  46060  (61)7.2410  77507  (61)7.7150  90756 

1/2  ( 1)1.9364  91673  ( 1)1.9390  71943  ( 1)1.9416  48784  ( 1)1.9442  22210  ( 1)1.9467  92233 

1/3  7.2112  47852  7.2176  52160  7.2240  45124  7.2304  26792  7.2367  97216 

1/4  4.4005  58684  4.4034  89461  4.4064  14397  4.4093  33520  4.4122  46858 

1/5  3.2719  46950  3.2736  90130  3.2754  29605  3.2771  65392  3.2788  97510 

1 380  381  382  383  384 

2 1 44400  1 45161  1 45924  1 46689  1 47456 

3 548  72000  553  06341  557  42968  561  81887  566  23104 

4 (10)2.0851  36000  (10)2.1071  71592  (10)2.1293  81378  (10)2.1517  66272  (10)2.1743  27194 

5 (12)7.9235  16800  (12)8.0283  23766  (12  8.1342  36862  (12)8.2412  64822  (12)8.3494  16423 

6 (15)  3. 0109  36384  (15  3.0587  91355  ( 15)  3. 1072  78481  (15  3.1564  04427  (15)3.2061  75907 

7 (18)1.1441  55826  (18)  1.1653  99506  (18)  1.1869  80380  ( 18)  1. 2089  02895  (18)  1.2311  71548 

8 (20)4.3477  92138  (20)4.4401  72119  (20  4.5342  65051  (20)  4. 6300  98090  (20)4.7276  98745 

9 (23)1.6521  61013  (23)  1.6917  05577  (23  1.7320  89250  (23)  1.7733  27568  (23)  1.8154  36318 

10  (25)6.2782  11848  (25)6.4453  98249  ( 25)  6.  6165  80933  (25)6.  7918  44587  (25)6.9712  75461 

24  (61)8.2187  60383  (61)8.7538  56362  (61)9.3222  49236  (61)9.9259  15535  (62)1.0566  94349 

1/2  ( 1)1.9493  58869  ( 1)1.9519  22130  ( 1)1.9544  82029  ( 1)1.9570  38579  ( 1)1.9595  91794 

1/3  7.2431  56443  7.2495  04524  7.2558  41507  7.2621  67440  7.2684  82371 

1/4  4.4151  54436  4.4180  56280  4.4209  52418  4.4238  42876  4.4267  27679 

1/5  3.2806  25976  3.2823  50807  3.2840  72019  3.2857  89631  3.2875  03659 

1 385  386  387  388  389 

2 1 48225  1 48996  1 49769  1 50544  1 51321 

3 570  66625  575  12456  579  60603  584  11072  588  63869 

4 (10)2.1970  65063  (10)2.2199  80802  (10)2.2430  75336  (10)2.2663  49594  (10)2.2898  04504 

5 (12)8.4587  00491  ( 12)  8. 5691  25894  (12)8.6807  01551  (12)8.7934  36423  12)8.9073  39521 

6 (15)3.2565  99689  (15)3.3076  82595  (15)3.3594  31500  (15  3.4118  53332  (15)3.4649  55074 

7 (18)1.2537  90880  (18)1.2767  65482  ( 18)  1.  3000  99991  (18)1.3237  99093  ( 18)  1.  3478  67524 

8 (20)4.8270  94889  (20)  4. 9283  14759  (20)5.0313  86963  (20)  5. 1363  40480  (20)5.2432  04667 

9 (23)1.8584  31532  (23)  1.9023  29497  (23)  1.9471  46755  (23)1.9929  00106  23)2.0396  06615 

10  (25)7.1549  61399  (25)7.3429  91859  (25)7.5354  57941  (25)7.7324  52413  (25)7.9340  69734 

24  (62)1.1247  53901  (62)1.1970  03202  (62)1.2736  88303  (62)1.3550  69013  (62)1.4414  19629 

1/2  ( 1)1.9621  41687  ( 1)1.9646  88270  ( 1)1.9672  31557  ( 1)1.9697  71560  ( 1)1.9723  08292 

1/3  7.2747  86349  7.2810  79420  7.2873  61631  7.2936  33030  7.2998  93662 

1/4  4.4296  06853  4.4324  80423  4.4353  48416  4.4382  10856  4.4410  67768 

1/5  3.2892  14120  3.2909  21030  3.2926  24406  3.2943  24265  3.2960  20622 

1 390  391  ‘ 392  393  394 

2 1 52100  1 52881  1 53664  1 54449  1 55236 

3 593  19000  597  76471  602  36288  606  98457  611  62984 

4 (10)2.3134  41000  (10)2,3372  60016  (10)2.3612  62490  (10)2.3854  49360  (10)2.4098  21570 

5 (12)9.0224  19900  (12)9.1386  86663  12)  9. 2561  48959  (12)9.3748  15985  (12)9.4946  96984 

6 (15)3.5187  43761  ( 15) 3. 5732  26485  (is) 3.  6284  10392  ( 15) 3. 6843  02682  (15)3.7409  10612 

7 (18)1.3723  10067  ( 18)1. 3971  31556  i 18)  1. 4223  36874  ( 18)  1. 4479  30954  ( 18)  1.4739  18781 

8 (20)5.3520  09260  (20)5.4627  84383  (20)5.5755  60545  20)  5. 6903  68650  (20)5.8072  39997 

9 ( 23)2.0872  83612  (23)2.1359  48694  (23)2.1856  19734  (23)2.2363  14879  (23)2.2880  52559 

10  (25)8.1404  06085  (25)8.3515  59392  (25)8.5676  29356  (25)8.7887  17476  (25)9.0149  27082 

24  (62)1.5330  29700  (62)1.6302  04837  (62)1.7332  67559  (62)1.8425  58176  (62)1.9584  35730 

1/2  ( 1)1.9748  41766  ( 1)1.9773  71993  ( 1)1.9798  98987  ( 1)1.9824  22760  ( 1)1.9849  43324 

1/3  7.3061  43574  7.3123  82812  7.3186  11420  7.3248  29445  7.3310  36930 

1/4  4.4439  19178  4.4467  65109  4.4496  05586  4.4524  40634  4.4552  70277 

1/5  3.2977  13494  3.2994  02898  3.3010  88848  3.3027  71361  3.3044  50453 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


395 
1 56025 
616  29875 

i 10) 2. 4343  80063 
12)9.6158  01247 
15)3.7982  41493 
18)1.5003  05390 
20)5.9262  06289 
23)2.3408  51484 
25)9.2463  63362 

(62)2.0812  78965 


396 
1 56816 
620  99136 

i 10) 2. 4591  25786 
12)9.7381  38111 
15)3.8563  02692 
18)1.5270  95866 
20)6.0472  99629 
23)2.3947  30653 
25)9.4831  33387 

(62)2.2114  87364 


397 
1 57609 
625  70773 

110)2.4840  59688 
12)9.8617  16962 
15)3.9151  01634 
18)1.5542  95349 
20)6.1705  52534 
23)2.4497  09356 
25)9.7253  46143 

(62)2.3494  82217 


398 
1 58404 
630  44792 

110)2.5091  82722 
12)9.9865  47232 
15)3.9746  45798 
18)1.5819  09028 
20)6.2959  97930 
23)2.5058  07176 
25)9.9731  12562 

(62)2.4957  07762 


399 
1 59201 
635  21199 

110)2.5344  95840 
13)1.0112  63840 
15)4.0349  42722 
18  1.6099  42146 
20)6.4236  69163 
23)2.5630  43996 
26)1.0226  54554 

(62)2.6506  32365 


( 1)1.9874  60691 
7.3372  33921 
4.4580  94538 
3.3061  26138 


( 1)1.9899  74874 
7.3434  20462 
4.4609  13443 
3.3077  98433 


( 1)1.9924  85885 
7.3495  96597 
4.  4637  27013 
3.3094  67354 


( 1)1.9949  93734 
7.3557  62368 
4.4665  35273 
3.3111  32914 


( 1)1.9974  98436 
7.3619  17821 
4.4693  38246 
3. 3127  95131 


[(n 


1 
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Table  3.1  POWERS  AND  ROOTS  it* 

k 

1 400  401  402  403  404 

2 1 60000  1 60801  1 61604  1 62409  1 63216 

3 640  00000  644  81201  649  64808  654  50827  659  39264 

4 (10)2.5600  00000  (10)2.5856  96160  (10)2.6115  85282  (10)2.6376  68328  (10)2.6639  46266 

5 (13)1.0240  00000  (13)1.0368  64160  (13)1.0498  57283  (13)1.0629  80336  (13)1.0762  34291 

6 (15)4.0960  00000  (15)4.1578  25282  (15)4.2204  26278  (15)4.2838  10755  (15  4.3479  86537 

7 (18)1.6384  00000  (18)1.6672  87938  (18)1.6966  11364  (18)1.7263  75734  (18)1.7565  86561 

8 (20)6.5536  00000  (20)6.6858  24632  (20)6.8203  77683  (20)6.9572  94209  (20)7.0966  09706 

9 (23)2.6214  40000  (23)2.6810  15678  (23)2.7417  91829  (23)2.8037  89566  (23)2.8670  30321 

10  (26)1.0485  76000  (26)1.0750  87287  (26)  1.1022  00315  (26)  1.1299  27195  (265 1.1582  80250 

24  (62)2.8147  49767  (62)2.9885  80393  (62)3.1726  72718  (62)3.3676  04703  (62)3.5739  85306 

1/2  ( 1)2.0000  00000  ( 1)2.0024  98439  ( 1)2.0049  93766  ( 1)2.0074  85990  ( 1)2.0099  75124 

1/3  7.3680  62997  7.3741  97940  7.3803  22692  7.3864  37295  7.3925  41792 

1/4  4.4721  35955  4.4749  28423  4.4777  15674  4.4804  97729  4.4832  74611 

1/5  3.3144  54017  3.3161  09590  3.3177  61862  3.3194  10850  3.3210  56568 

1 405  406  407  408  409 

2 1 64025  1 64836  1 65649  1 66464  1 67281 

3 664  30125  669  23416  674  19143  679  17312  684  17929 

4 (10)2.6904  20063  (10)2.7170  90690  (10)2.7439  59120  (10)2.7710  26330  (10)2.7982  93296 

5 ( 13)  1.0896  20125  ( 13)  1.1031  38820  ( 13)  1.1167  91362  ( 13)  1.1305  78742  ( 13)  1.1445  01958 

6 (15)4.4129  61508  (15)4.4787  43609  (15)4.5453  40843  ( 15)  4. 6127  61269  15)  4. 6810  13009 

7 ( 18)  1.7872  49411  ( 18)  1.8183  69905  ( 18)  1.8499  53723  ( 18)  1.8820  06598  18)  1.9145  34321 

8 (20)7.2383  60113  (20)7.3825  81816  (20)7.5293  11653  (20)7.6785  86919  (20)7.8304  45371 

9 (23)2.9315  35846  (23)2.9973  28217  (23)3.0644  29843  (23)3.1328  63463  (23)3.2026  52157 

10  (26)1.1872  72017  (26)  1.2169  15256  (26)1.2472  22946  (26)  1.2782  08293  (26)  1.3098  84732 

24  (62)3.7924  56055  (62)4.0236  92707  (62)4.2684  06980  (62)4.5273  48373  (62)4.8013  06073 

1/2  ( 1)2.0124  61180  ( 1)2.0149  44168  ( 1)2.0174  24100  ( 1)2.0199  00988  ( 1)2.0223  74842 

1/3  7.3986  36223  7.4047  20630  7.4107  95055  7.4168  59539  7.4229  14120 

1/4  4.4860  46344  4.4888  12948  4.4915  74446  4.4943  30860  4.4970  82211 

1/5  3.3226  99030  3.3243  38251  3.3259  74245  3.3276  07026  3.3292  36609 

1 410  411  412  413  414 

2 1 68100  1 68921  1 69744  1 70569  1 71396 

3 689  21000  694  26531  699  34528  704  44997  709*  57944 

4 (10)2.8257  61000  (10)2.8534  30424  (10)2.8813  02554  (10)2.9093  78376  (10)2.9376  58882 

5 (13)  1.1585  62010  ( 13)  1.1727  59904  ( 13)  1.1870  96652  (13)  1.  2015  73269  ( 13)  1.2161  90777 

6 (15)4.7501  04241  (15)4.8200  43207  ( 15)  4. 8908  38207  ( 15)  4. 9624  97602  ( 15)  5.  0350  29817 

7 (18)1.9475  42739  (18)1.9810  37758  (18)2.0150  25341  ( 18)  2. 0495  11510  ( 18)2.  0845  02344 

8 (20)7.9849  25229  (20)8.1420  65185  (20)8.3019  04405  (20)8.4644  82535  (20)8.6298  39705 

9 (23)3.2738  19344  (23)3.3463  88791  (23)3.4203  84615  (23)3.4958  31287  (23)3.5727  53638 

10  (26)1.3422  65931  (26)1.3753  65793  (26)  1.4091  98461  (26)  1.4437  78322  (26)  1.4791  20006 

24  (62)5.0911  10945  (62)5.3976  37632  (62)5.7218  06738  (62)6.0645  87127  (62)6.4269  98328 

1/2  ( 1)2.0248  45673  ( 1)2.0273  13493  ( 1)2.0297  78313  ( 1)2.0322  40143  ( 1)2.0346  98995 

1/3  7.4289  58841  7.4349  93742  7.4410  18861  7.4470  34238  7.4530  39914 

1/4  4.4998  28522  4.5025  69814  4.5053  06108  4.5080  37426  4.5107  63788 

1/5  3.3308  63008  3.3324  86236  3.3341  06308  3.3357  23237  3.3373  37037 

1 415  416  417  418  419 

2 1 72225  1 73056  1 73889  1 74724  1 75561 

3 714  73375  719  91296  725  11713  730  34632  735  60059 

4 (10)2.9661  45063  (10)2.9948  37914  (10)3.0237  38432'  (10)3.0528  47618  (10)3.0821  66472 

5 (13)1.2309  50201  (13)1.2458  52572  ( 13)  1.2608  98926  ( 13)  1.2760  90304  ( 13)  1.2914  27752 

6 (15)5.1084  43334  ( 15)  5. 1827  46700  (15)5.2579  48522  (15)5.  3340  57471  ( 15)  5. 4110  82280 

7 (18)2.1200  03984  (18)2.1560  22627  (18)2.1925  64534  ( 18)  2. 2296  36023  ( 18)  2. 2672  43475 

8 (20)8.7980  16532  (20)8.9690  54129  (20)9.1429  94106  (20)9.3198  78576  (20)9.4997  50162 

9 (23)3.6511  76861  (23)3.7311  26518  (23)3.8126  28542  (23)3.8957  09245  (23)3.9803  95318 

10  (26)1.5152  38397  (26)  1.5521  48631  (26)1.5898  66102  (26)  1.6284  06464  (26)  1.6677  85638 

24  (62)6.8101  13045  (62)7.2150  59801  (62)7.6430  25690  (62)8.0952  59269  (62)8.5730  73581 

1/2  ( 1)2.0371  54879  ( 1)2.0396  07805  ( 1)2.0420  57786  ( 1)2.0445  04830  ( 1)2.0469  48949 

1/3  7.4590  35926  7.4650  22314  7.4709  99115  7.4769  66370  7.4829  24114 

1/4  4.5134  85215  4.5162  01729  4.5189  13349  4.5216  20097  4.5243  21992 

1/5  3.3389  47722  3.3405  55305  3.3421  59799  3.3437  61218  3.3453  59575 

1 420  421  422  423  424 

2 1 76400  1 77241  1 78084  1 78929  1 79776 

3 740  88000  746  18461  751  51448  756  86967  762  25024 

4 (10)3.1116  96000  (10)3.1414  37208  (10)3.1713  91106  (10)3.2015  58704  (10)3.2319  41018 

5 (13)  1.3069  12320  ( 13)  1.3225  45065  ( 13)  1.3383  27047  ( 13)  1.3542  5*332  ( 13)  1.3703  42991 

6 (l5)  5. 4890  31744  (15)5.5679  14722  ( 15)  5.  6477  40136  >15)5.7285  16974  ( 15)  5.  8102  54284 

7 ( 18)  2.  3053  93332  (18)2.3440  92098  ( 18)  2.  3833  46338  .18)2.4231  62680  ( 18)  2. 4635  47816 

8 (20)9.6826  51996  (20)9.8686  27732  (2l)l.  0057  72154  ( 2l)  1.0249  97814  ( 2l)  1.  0445  44274 

9 (23)4.0667  13838  (23)4.1546  92275  (23)4.2443  58492  (23)4.3357  40751  (23)4.4288  67722 

10  (26)1.7080  19812  (26)1.7491  25448  (26)1.7911  19284  (26)  1.8340  18338  (26)  1.8778  39914 

24  (62)9.0778  49315  (62)9.6110  38126  (63)1.0174  16609  (63)1.0768  83734  (63)1.1396  73784 

1/2  ( 1)2.0493  90153  ( 1)2.0518  28453  ( 1)2.0542  63858  ( 1)2.0566  96380  ( 1)2.0591  26028 

1/3  7.4888  72387  7.4948  11226  7.5007  40668  7.5066  60749  7.5125  71508 

1/4  4.5270  19056  4.5297  11307  4.5323  98767  4.5350  81455  4.5377  59390 

1/5  3. 3469  54883  3. 3485  47155  3. 3501  36405  3. 3517  22644  3. 3533  05887 

j[(-6)4] 
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POWERS  AND  ROOTS  n & 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


425 
1 80625 
767  65625 

110)3.2625  39063 
13)1.3865  79102 
15)5.8929  61182 
18)2.5045  08502 
21)1.0644  16113 
23)4.5237  68482 
26)1.9226  01605 


426 
1 81476 
773  08776 

110)3.  2933  53858 
13)1.4029  68743 
15)5.9766  46847 
18)2.5460  51557 
21)1.0846  17963 
23)4.6204  72523 
26)1.9683  21295 


427 
1 82329 
778  54483 

110)3.  3243  86424 
13)1.4195  13003 
15)6.0613  20523 
18)2.5881  83863 
21)1.  1051  54510 
23)4.  7190  09756 
26)2.  0150  17166 


428 
1 83184 
784  02752 

110)3.3556  37786 
13)1.4362  12972 
15)6.  1469  91521 
18)2.6309  12371 
21)1.1260  30495 
23)4.8194  10518 
26)2.  0627  07702 


24 


(63)1.2059  63938  (63)1.2759  40370 


(63)1.3497  98685  (63)1.4277  44370 


1/2 

1/3 

1/4 

1/5 


( 1)2.  0615  52813 
7.5184  72981 
4.5404  32593 
3.3548  86145 


( 1)2.0639  76744 
7.5243  65204 
4.5431  01082 
3.3564  63431 


( 1)2.0663  97832 
7.5302  48212 
4.5457  64877 
3.3580  37758 


( 1)2.  0688  16087 
7.5361  22043 
4.5484  23998 
3.3596  09138 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


430 
1 84900 
795  07000 

110)3.4188  01000 
13)1.4700  84430 
15)6.3213  63049 
18)2.7181  86111 
21)1.1688  20028 
23)5.0259  26119 
26)2.1611  48231 


431 
1 85761 
800  62991 

110)3.4507  14912 
13)1.4872  58127 
15)6.4100  82528 
18)2.7627  45570 
21)1.1907  43340 
23)5.  1321  03797 
26)2.2119  36737 


432 
1 86624 
806  21568 

110)3.4828  51738 
13)1.5045  91951 
15)6.4998  37227 
18)2.8079  29682 
2l)  1.2130  25623 
23)5.2402  70690 
26)2.2637  96938 


433 
1 87489 
811  82737 

110)3.5152  12512 
13)1.5220  87018 
15)6.5906  36787 
18)2.8537  45729 
2l)l.2356  71901 
23)5.  3504  59329 
26)2.3167  48890 


24 


(63)1.5967  72093  (63)1.6883  18906 


(63)1.7848  83700 


(63)1.8867  28946 


1/2 

1/3 

1/4 

1/5 


( 1)2.0736  44135 
7.5478  42314 
4.5537  28292 
3.3627  43107 


( 1)2.0760  53949 
7.5536  88825 
4.5563  73502 
3.  3643  05720 


( 1)2.  0784  60969 
7.  5595  26299 
4.5590  14114 
3.3658  65436 


( 1)2.0808  65205 
7.5653  54772 
4.5616  50145 
3.3674  22267 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


435 
1 89225 
823  12875 

110)3.5806  10063 
13)1.5575  65377 
15)6.7754  09391 
18)2.9473  03085 
2l)  1.2820  76842 
23)5.5770  34263 
26) 2. 4260  09904 


436 
1 90096 
828  81856 

110)3.6136  48922 
13)1.5755  50930 
15)6.8694  02054 
18)2.9950  59296 
2l)l.  3058  45853 
23)5.6934  87918 
26)2.4823  60732 


437 
1 90969 
834  53453 

110)3.6469  15896 
13)1.5937  02247 
15)6.9644  78818 
18)3.0434  77243 
2l)l.3299  99555 
23)5.8120  98057 
26)2.5398  86851 


438 
1 91844 
840  27672 

110)3.6804  12034 
13)1.  6120  20471 
15)7.0606  49662 
18)3.0925  64552 
2l)l.3545  43274 
23)5.9328  99539 
26)2.5986  09998 


24 


(63)2.1073  76666  (63)2.2267  71952 


(63)2.  3526  34640 


(63)2.4852  99040 


1/2 

1/3 

1/4 

1/5 


( 1)2.0856  65361 
7.5769  84852 
4.5669  08540 
3.3705  27318 


( 1)2.0880  61302 
7.5827  86527 
4.5695  30941 
3.  3720  75562 


( 1)2.0904  54496 
7.  5885  79338 
4.5721  48834 
3.  3736  20969 


( 1)2.0928  44954 
7.  5943  63318 
4.5747  62238 
3.3751  63549 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


440 
1 93600 
851  84000 

i 10)  3.  7480  96000 
13)1.6491  62240 
15)7.2563  13856 
18)3.1927  78097 
2l)  1.4048  22363 
23)6.1812  18395 
26)2.7197  36094 


441 
1 94481 
857  66121 

110)3.7822  85936 
13)1.6679  88098 
15)7.3558  27511 
18)3.2439  19933 
2l)l.4305  68690 
23)6.3088  07924 
26)2.7821  84294 


442 
1 95364 
863  50888 

110)3.8167  09250 
13)1.6869  85488 
15)7.4564  75858 
18)3.2957  62329 
2l)  1.4567  26950 
23)6.4387  33117 
26)2.8459  20038 


443 
1 96249 
869  38307 

110)3.8513  67000 
13)1.  7061  55581 
15)7.5582  69224 
18)3.3483  13266 
2l)  1.4833  02777 
23)6.5710  31302 
26)2.9109  66867 


24 


(63)2.7724  53276 


(63)2.9276  97132  (63)3.0912  52385 


(63)3.2635  43677 


1/2 

( 1)2.0976 

17696 

1/3 

7.  6059 

04922 

1/4 

4. 5799 

75651 

1/5 

3.  3782 

40276 

1)2.1000  00000 
7.6116  62611 
4.5825  75695 
3.3797  74445 


( 1)2.1023  79604 
7.6174  11603 
4.5851  71321 
3.3813  05834 


( 1)2.1047  56518 
7.6231  51930 
4.5877  62546 
3.3828  34454 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


445 
1 98025 
881  21125 

110)3.9213  90063 
13)1.7450  18578 
15)7.7653  32671 
18)3.4555  73039 
2l)l.5377  30002 
23)6.8428  98510 
26)3.0450  89837 


446 
1 98916 
887  16536 

110)3.9567  57506 
13)1.7647  13847 
15)7.8706  23760 
18)3.5102  98197 
2l)  1.5655  92996 
23)6.9825  44761 
26)3.1142  14964 


447 
1 99809 
893  14623 

110)3.9923  63648 
13)1.7845  86551 
15)7.9771  01882 
18)3.5657  64541 
21)  1.  5938  96750 
23)7.1247  18472 
26)3.  1847  49157 


448 
2 00704 
899  15392 

110)4.0282  09562 
13)1.8046  37884 
15)8.0847  77719 
18) 3.  6219.80418 
2l)  1.  6226  47227 
23)7.2694  59578 
26)3.2567  17891 


24 


(63)3.6361  37215 


(63)3.  8373  95917  (63)4.  0493  05610 


(63)4.2724  04226 


1/2 

1/3 

1/4 

1/5 


( 1)2.1095  02311 
7.  6346  06721 
4.5929  31864 
3.3858  83431 


( 1)2.1118 
7.  6403 
4.  5955 
3.  3874 


(-6)41 

4 


71208 

21250 

09991 

03811 


( 1)2.1142 
7.  6460 
4.  5980 
3.  3889 


37451 

27242 

83787 

21465 

1 


( 1)2.1166 
7.  6517 
4.  6006 
3.  3904 


01049 

24731 

53268 

36406 


Table  3.1 


429 
1 84041 
789  53589 

i 10) 3.  3871  08968 
13)1.4530  69747 
15)6.2336  69216 
18)2.6742  44094 
2l)l.l472  50716 
23)4.9217  05572 
26)2.  1114  11691 

(63)1.5099  93273 

( 1)2.0712  31518 
7.5419  86732 
4.5510  78463 
3.3611  77583 


434 
1 88356 
817  46504 

110)3.5477  98274 
13)1.5397  44451 
15)6.6824  90916 
18)2.9002  01058 
2l)  1.2586  87259 
23)5.4627  02704 
26)2.3708  12974 

(63)1.9941  30189 

( 1)2.0832  66666 
7.5711  74278 
4.5642  81614 
3.  3689  76223 


439 
1 92721 
846  04519 

110)3.7141  38384 
13)1.  6305  06751 
15)7.1579  24635 
18)3.1423  28915 
2l)l.  3794  82394 
23)6.0559  27708 
26)2.  6585  52264 

(63)2.6251  15920 

( 1)2.0952  32684 
7.6001  38502 
4.5773  71171 
3.  3767  03314 


444 
1 97136 
875  28384 

110)3.8862  60250 
13)1.7254  99551 
15)7.6612  18006 
18)3.4015  80795 
2l)l.5103  01873 
23)6.7057  40315 
26)2.9773  48700 

(63)3.4450  16313 

( 1)2.1071  30751 
7.6288  83626 
4.5903  49388 
3.3843  60316 


449 

2 01601 
905  18849 

110)4.0642  96320 
13)1.8248  69048 
15)8.1936  62024 
18)  3. -6789  54249 
21  1.6518  50458 
23)7.4168  08555 
26)3.3301  47041 

(63)4.5072  55570 

( 1)2.1189  62010 
7.6574  13748 
4.6032  18450 
3.  3919  48644 

m 


ELEMENTARY  ANALYTICAL  METHODS 


Table  3.1 


POWERS  AND  ROOTS  n* 


k 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


24 

1/2 

1/3 

1/4 

1/5 


450 
2 02500 
911  25000 
10)4.1006  25000 
13)1.8452  81250 
15)8.3037  65625 
18)3.7366  94531 
21)1.6815  12539 
23)7.5668  06426 
26)3.4050  62892 


451 
2 03401 
917  33851 
(10)4.1371  96680 
(13)1.8658  75703 
(15)8.4150  99419 
(18)3.7952  09838 
(21)1.7116  39637 
(23)7.7194  94763 
(26)3.4814  92138 


2 

923 

10)  4. 1740 
13)1.  8866 
15)8.  5276 
18)  3.  8545 
21)1.  7422 
23)  7.  8749 
26)  3.  5594 


452 

04304 

45408 

12442 

53624 

74379 

08819 

37986 

15698 

61895 


453 
2 05209 
929  59677 

i 10)  4.  2110  73368 
13)1.9076  16236 
15)8.6415  01548 
18)3.9146  00201 
21)1.7733  13891 
23)8.0331  11927 
26)3.6389  99703 


454 

2 06116 
935  76664 

i 10) 4. 2483  80546 
13)1.9287  64768 
15)8.7565  92045 
18)3.9754  92789 
21)1.8048  73726 
23)8.1941  26716 
26)3.7201  33529 


(63)4.7544  50505 


(63)5.0146  08183  (63)5.2883  77338 


(63)5.5764  37619 


(63)5.8795  01000 


( 1)2.  1213  20344 
7.6630  94324 
4.6057  79352 
3.  3934  58190 


( 1)2.1236  76058 
7.6687  66491 
4.6083  35988 
3.3949  65055 


( 1)2.1260  29163 
7.6744  30279 
4.6108  88377 
3.3964  69249 


( 1)2.1283  79665 
7.6800  85719 
4.6134  36534 
3.3979  70784 


( 1)2.1307  27575 
7.6857  32843 
4.6159  80476 
3.3994  69669 


1 

2 2 


3 

941 

4 

(10) 

4.  2859 

5 

13 

1.  9501 

6 

15 

8.  8729 

7 

18 

4. 0371 

8 

21 

1.  8369 

9 

23 

8.  3580 

10 

(26) 

3.  8028 

24  (63) 

6. 1983 

1/2  ( 1) 

2. 1330 

1/3 

7.  6913 

1/4 

4.  6185 

1/5 

3.4009 

455 

07025 

96375 

35063 

00453 

57063 

95464 

23936 

03909 

91778 

13235 

72901 

71681 

20218 

65915 


456 
2 07936 
948  18816 

110)4.3237  38010 
13) L 9716  24532 
15)8.9906  07868 
18)4.0997  17188 
21)1.8694  71038 
23)8.5247  87931 
26)3.8873  03297 

(63)6.5336  55383 

( 1)2.1354  15650 
7.6970  02263 
4.6210  55778 
3.4024  59532 


457 
2 08849 
954  43993 

110)4.3617  90480 
13)1.9933  38249 
15)9.1095  55800 
18)4.1630  67001 
21)1.9025  21619 
23)8.6945  23800 
26)3.9733  97377 

(63)6.8863  45396 

( 1)2.1377  55833 
7.7026  24618 
4.6235  87171 
3.4039  50532 


458 
2 09764 
960  71912 

i 10) 4. 4000  93570 
13)2.0152  42855 
15)9.2298  12275 
18)4.2272  54022 
21)1.9360  82342 
23)8.8672  57127 
26)4.0612  03764 

(63)7.2572  39774 

( 1)2.1400  93456 
7.7082  38778 
4.6261  14413 
3.4054  38923 


459 

2 10681 
967  02579 

i 10)  4. 4386  48376 
13)2.0373  39605 
15)9.3513  88785 
18)4.2922  87452 
21)1.9701  59941 
23)9.0430  34128 
26)4.  1507  52665 

(63)7.6472  35292 

( 1)2.1424  28529 
7.7138  44772 
4.6286  37519 
3.4069  24718 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


460 

2 11600 
973  36000 

i 10)  4.  4774  56000 
13)2.0596  29760 
15)9.4742  96896 
18)4,3581  76572 
21)2.0047  61223 
23)9.2219  01627 
26)4.2420  74748 


2 

979 
10)4.5165 
13)  2.  0821 
15)9.  5985 
18)4. 4249 
21)2.  0398 
23)9.4039 
26)  4.  3352 


461 

12521 

72181 

17544 

14588 

48250 

30743 

93073 

07065 

01157 


462 
2 13444 
986  11128 

! 10) 4. 5558  34114 
13)2.1047  95360 
15)9.7241  54565 
18)4.4925  59409 
21)2.0755  62447 
23)9.5890  98505 
26)  4.4301" 63510 


463 
2 14369 
992  52847 

i 10)  4. 5954  06816 
13)2.1276  73356 
15)9.8511  27638 
18)4.5610  72096 
21)2.1117  76381 
23)9.7775  24642 
26)4.5269  93909 


464 
2 15296 
998  97344 

110)4.6352  36762 
13)2.1507  49857 
15)9.9794  79338 
18)4.6304  78413 
21)2.1485  41984 
23)9.9692  34804 
26)4.6257  24949 


24 


(63)8.0572  70802 


(63)8.4883  29103  (63)8.9414  38903 


(63)9.4176  76852 


(63)9.9181  69666 


1/2 

1/3 

1/4 

1/5 


( 1)2.1447  61059 
7.7194  42629 
4.6311  56507 
3.4084  07924 


( 1)2.1470  91055 
7.7250  32380 
4.6336  71390 
3.4098  88554 


( 1)2.1494  18526 
7.7306  14052 
4.6361  82186 
3.4113  66616 


( 1)2.1517  43479 
7.7361  87677 
4.6386  88909 
3.  4128  42121 


( 1)2.1540  65923 
7.7417  53281 
4.6411  91574 
3.4143  15079 


1 

2 2 


3 

1005 

4 

r io) 

4.  6753 

5 

13 

2. 1740 

6 

16 

1.  0109 

7 

18 

4.  7007 

8 

21 

2. 1858 

9 

24 

1. 0164 

10  (26) 

4.  7263 

24  1 

(64) 

1 1.  0444 

1/2  ( 1)2.1563 

1/3 

7.  7473 

1/4 

4.  6436 

1/5 

3. 4157 

465 

16225 

44625 

25063 

26154 

22162 

88052 

66444 

27896 

89719 

09634 

85865 

10895 

90198 

85500 


466 
2 17156 
1011  94696 

! 10)  4.  7156  72834 
13)2.1975  03540 
16)1.0240  36650 
18)4.7720  10788 
21)2.2237  57027 
24)1.0362  70775 
26)4.8290  21810 

(64)1.0996  69046 

( 1)2.1587  03314 
7.7528  60547 
4.6461  84795 
3.4172  53393 


467 
2 18089 
1018  47563 

110)4.7562  81192 
13)2.2211  83317 
16)1.0372  92609 
18)4.8441  56484 
21)2.2622  21078 
24)1.0564  57243 
26)4.9336  55326 

(64)1.1577  24259 

( 1)2.1610  18278 
7.7584  02264 
4.6486  75380 
3.4187  18768 


468 
2 19024 
1025  03232 

i 10) 4. 7971  51258 
13)2.2450  66789 
16)1.0506  91257 
18)4.9172  35083 
21)2.3012  66019 
24)1.0769  92497 
26)5.0403  24885 

(64)1.2187  10278 

( 1)2.1633  30765 
7.7639  36077 
4.6511  61968 
3.4201  81635 


469 
2 19961 
1031  61709 

110)4.8382  84152 
13)2.2691  55267 
16)1.0642  33820 
18)4.9912  56618 
21)2.3408  99354 
24)1.0978  81797 
26)5.1490  65627 

(64)1.2827  68318 

( 1)2.1656  40783 
7.7694  62012 
4.6536  44575 
3.4216  42003 


1 

470 

2 

2 

20900 

3 

1038 

23000 

4 

(10)4.  8796 

81000 

5 

(13)2.2934 

50070 

6 

(16)  1.  0779 

21533 

7 

( 18)  5.  0662 

31205 

8 

(21)2.  3811 

28666 

9 

(24)  1.1191 

30473 

10 

(26)5.2599 

13224 

24 

( 64)  1.  3500 

46075 

1/2 

( 1)2.1679 

48339 

1/3 

7.  7749 

80097 

1/4 

4.  6561 

23215 

1/5 

3.  4230 

99883 

1 


471 
2 21841 
1044  87111 

! 10)  4. 9213  42928  (10)4. 

13)2.3179  52519  (13)2. 

16)1.0917  55637  (16)1. 

18)5.1421  69048  (18)5. 

21)2.4219  61622  (21)2. 

24)1.1407  43924  (24)1. 

26)5.3729  03881  (26)5. 

(64)1.4206  98007  (64)1. 

( 1)2.1702  53441  ( 1)2. 

7.7804  90361  7. 

4.6585  97902  4. 

3. 4245  55283  3. 

6)31 


2 

472 

22784 

2 

1051 

54048 

1058 

9632 

71066 

(10)  5.0054 

3426 

63943 

(13)2.  3675 

1057 

37381 

(16)  1.1198 

2190 

80439 

(18)  5.  2969 

4634 

05967 

(21)2.5054 

1627 

27616 

(24)1.1850 

4880 

74350 

(26)  5.  6054 

4948 

85630 

( 64)  1.  5727 

1725 

56098 

( 1)2.1748 

7859 

92832 

7.  7914 

6610 

68652 

4.  6635 

4260 

08213 

3.  4274 

473  474 
23729  2 24676 
23817  1064  96424 
66544  (10)5.0479  30498 
85675  (13)2.3927  19056 
68024  (16)1.1341  48832 
75756  (18)5.3758  65466 
69532  (21)2.5481  60231 
87089  (24)1.2078  27949 
61930  (26)5.7251  04480 

77826  (64)1.6545  51159 

56317  ( 1)2.1771  54106 
87536  7.7969  74500 
35480  4.6659  98399 
58683  3.  4289  06701 


ELEMENTARY  ANALYTICAL  METHODS 


POWERS  AND  ROOTS  n * 


Table  3.1 


k 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


475 
2 25625 
1071  71875 

110)5.0906  64063 
13)2.4180  65430 
16)1.1485  81079 
18)5.4557  60126 
21)2.5914  86060 
24)  1. 23Q9  55878 
26)5.8470  40422 

(64)1.7403  90207 

( 1)2.1794  49472 
7.8024  53753 
4.6684  57424 
3.4303  52278 


476 
2 26576 
1078  50176 

i 10)  5. 1336  68378 
13)2.4436  26148 
16)1.1631  66046 
18)5.5366  70380 
21)2.6354  55101 
24)1.2544  76628 
26)5.9713  08750 

(64)1.8304  87912 

( 1)2.1817  42423 
7.8079  25322 
4.6709  12569 
3.4317  95422 


477 
2 27529 
1085  31333 

i 10)  5. 1769  44584 
13)2.4694  02567 
16)1.1779  05024 
18)5.6186  06966 
21)2.6800  75523 
24)1.2783  96024 
26)6.0979  49036 

(64)1.9250  45935 

( 1)2.1840  32967 
7.8133  89232 
4.6733  63849 
3.4332  36143 


478 
2 28484 
1092  15352 

110)5.2204  93826 
13)2.4953  96049 
16)1.1927  99311 
18)5.7015  80708 
21)2.7253  55578 
24)1.3027  19966 
26)6.2270  01440 

(64)2.0242  75033 

( 1)2.1863  21111 
7.8188  45511 
4.6758  11278 
3.4346  74449 


479 
2 29441 
1099  02239 

! 10) 5. 2643  17248 
13)2.5216  07962 
16)1.2078  50214 
18)5.7856  02524 
21)2.7713  03609 
24)1.3274  54429 
26)6.3585  06713 

(64)2.1283  95451 

( 1)2.1886  06863 
7.8242  94186 
4.6782  54870 
3.4361  10350 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


480 
2 30400 
1105  92000 

110)5.3084  16000 
13)2.5480  39680 
16)1.2230  59046 
18)5.8706  83423 
21)2.8179  28043 
24)1.3526  05461 
26)6.4925  06211 


481 
2 31361 
1112  84641 

110)5.3527  91232 
13)2.5746  92583 
16)1.2384  27132 
18)5.9568  34506 
21)2.8652  37397 
24)1.3781  79188 
26)6.6290  41895 


482 
2 32324 
1119  80168 

110)5.3974  44098 
13)2.6015  68055 
16)1.2539  55803 
18)6.0440  66968 
21)2.9132  40279 
24)1.4041  81814 
26)6.7681  56345 


483 
2 33289 
1126  78587 

110)5.4423  75752 
13)2.6286  67488 
16)1.2696  46397 
18)6.  1323  92097 
21)2.9619  45383 
24)1.4306  19620 
26)6.9098  92764 


484 
2 34256 
1133  79904 

i 10) 5. 4875  87354 
13)2.6559  92279 
16)1.2855  00263 
18)6.2218  21273 
21)3.0113  61496 
24)1.4574  98964 
26)7.0542  94987 


24 


(64)2.2376  37322 


(64)2.3522  41094  (64)2.4724  57971 


(64)2.5985  50361 


(64)2.7307  92362 


1/2 

( 1)2.1908  90230 

( 1)2.1931  71220 

( 1)2.1954  49840 

1/3 

7.8297  35282 

7.8351  68827 

7.8405  94846 

1/4 

4.6806  94639 

4.6831  30598 

4.6855  62762 

1/5 

3.4375  43855 

3.  4389  74973 

\ 

3.4404  03713 

1)2.1977  26098 
7.8460  13365 
4.6879  91145 
3.4418  30083 


( 1)2.2000  00000 
7.8514  24411 
4.6904  15760 
3.4432  54092 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


2 

1140 
10)5.5330 
13)  2.  6835 
16)  1.  3015 
18)  6.  3123 


21, 

24 

26 


3.  0614 
1.  4848 
7.2014 


485 

35225 

84125 

80063 

43830 

18758 

65975 

97498 

26286 

07489 


486 
2 36196 
1147  91256 

110)5.5788  55042 
13)2.7113  23550 
16)1.3177  03245 
18)6.4040  37773 
21)3.1123  62358 
24)1.5126  08106 
26)7.3512  75394 


487 
2 37169 
1155  01303 

i 10) 5.  6249  13456 
13)2.7393  32853 
16)1.3340  55099 
18)6.4968  48334 
21)3.1639  65139 
24)1.5408  51023 
26)7.5039  44480 


488 
2 38144 
1162  14272 

110)5.6712  56474 
13)2.7675  73159 
16)1.3505  75702 
18)6.5908  09424 
21)3.2163  14999 
24)1.5695  61719 
26)7.6594  61191 


489 
2 39121 
1169  30169 

i 10) 5.  7178  85264 
13)2.7960  45894 
16)1.3672  66442 
18)6.6859  32903 
21)3.2694  21189 
24)1.5987  46962 
26)7.8178  72642 


24 


(64)2.8694  70250 


( 64)  3.  0148  82996  ( 64)  3. 1673  42798 


(64)3.3271  75643 


(64)3.4947  21879 


1/2 

( 1)2.2022 

71555 

( 1)2.2045 

40769 

( 1)2.2068 

07649 

1/3 

7. 8568 

28008 

7.  8622 

24183 

7.  8676 

12960 

1/4 

4.  6928 

36620 

4.  6952 

53740 

4.  6976 

67133 

1/5 

3.  4446 

75750 

3.  4460 

95065 

3. 4475 

12045 

1)2.2090  72203 
7.8729  94366 
4.7000  76812 
3.4489  26700 


( 1)2.2113  34439 
7.8783  68425 
4.7024  82790 
3.4503  39037 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


490 
2 40100 
1176  49000 

! 10)  5.  7648  01000 
13)2.8247  52490 
16)1.3841  28720 
18)6.7822  30728 
21)3.3232  93057 
24)1.6284  13598 
26)7.9792  26630 


491 
2 41081 
1183  7(1771 

i 10)  5.  8120  04856 
13)2.8536  94384 
16)1.4011  63943 
18)6.8797  14959 
21)3.3779  40045 
24)1.6585  68562 
26)8.1435  71639 


492 
2 42064 
1190  95488 

! 10) 5.  8594  98010 
13)2.8828  73021 
16)1.4183  73526 
18)6.9783  97749 
21)3.4333  71692 
24)1.6892  18873 
26)8.3109  56854 


493 
2 43049 
1198  23157 

110)5.9072  81640 
13)2.9122  89849 
16)1.4357  58895 
18)7.0782  91354 
21)3.4895  97638 
24)1.7203  71635 
26)8.4814  32162 


2 

1205 
10)5.  9553 

2.  9419 
1. 4533 
1 7. 1794 

3.  5466 
1.  7520 


13 

16 

18 

21 

24 


26)8.  6550 


494 

44036 

53784 

56930 

46323 

21484 

08129 

27616 

34042 

48169 


24 


(64)3.6703  36822 


( 64)  3.  8543  91376  ( 64)  4.  0472  72689 


(64)4.2493  84825 


(64)4.4611  49467 


1/2 

( 1)2.2135 

94362 

( 1)2.2158 

51981 

( 1)2.2181 

07301 

1/3 

7.  8837 

35163 

7. 8890 

94604 

7.  8944 

46773 

1/4 

4. 7048 

85081 

4.  7072 

83697 

4.  7096 

78653 

1/5 

3.  4517 

49066 

3. 4531 

56794 

3.  4545 

62231 

1)2.2203  60331 
7.8997  91695 
4.7120  69960 
3.4559  65384 


( 1)2.2226  11077 
7.9051  29393 
4.7144  57633 
3.4573  66263 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


495 
2 45025 
1212  87375 
10)6.0037  25063 
13)2.9718  43906 
16)1.4710  62733 
18)7.2817  60531 
21)3.6044  71463 
24)1.7842  13374 
26)8.8318  56201 


496 
2 46016 
1220  23936 

! 10)6.  0523  87226 
13)3.0019  84064 
16)1.4889  84096 
18)7.3853  61115 
21)3.6631  39113 
24)1.8169  17000 
26)9.0119  08320 


497 
2 47009 
1227  63473 

! 10)  6. 1013  44608 
13)3.0323  68270 
16)1.5070  87030 
18)7.4902  22541 
21)3.7226  40603 
24)1.8501  52380 
26)9.1952  57326 


498 
2 48004 
1235  05992 

110)6.1505  98402 
13)3.0629  98004 
16)1.5253  73006 
18)7.5963  57570 
21)3.7829  86070 
24)1.8839  27063 
26)9.3819  56772 


499 
2 49001 
1242  51499 

110)6.2001  49800 
13)3.0938  74750 
16)1.5438  43500 
18)7.7037  79067 
21)3.8441  85754 
24)1.9182  48691 
26)9.5720  60970 


24 


(64)4.6830  06649 


(64)4.9154  15513  (64)5.1588  55098 


(64)5.4138  25162 


(64)5.6808  47029 


1/2 

1/3 

1/4 

1/5 


( 1)2.2248  59546 
7.9104  59893 
4.7168  41683 
3.4587  64874 


( 1)2.2271  05745 
7.9157  83219 
4.7192  22124 
3.4601  61227 


( 1)2.2293  49681 
7.9210  99395 
4.7215  98967 
3.4615  55329 


( 1)2.2315 
7. 9264 
4.  7239 
3.  4629 


■ L 3 J 


91360  ( 1)2.2338 

08444  7. 9317 

72227  4. 7263 

47190  3. 4643 


30790 

10391 

41916 

36816 


ELEMENTARY  ANALYTICAL  METHODS 


Table  3.1 


POWERS  AND  ROOTS  n * 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


500 
2 50000 
1250  00000 

110)6.2500  00000 
13)3.  1250  00000 
16)1.  5625  00000 
18)7.8125  00000 
21)3.9062  50000 
24)1.9531  25000 
26)9.7656  25000 

(64)5.9604  64478 

( 1)2.2360  67977 
7.9370  05260 
4.7287  08045 
3.4657  24216 


501 
2 51001 
1257  51501 

110)6.  3001  50200 
13)3.  1563  75250 
16)1.5813  44000 
18)7.9225  33442 
21)3.9691  89254 
24)1.9885  63816 
26)9.9627  04720 

(64)6.2532  44659 

( 1)2.2383  02929 
7.9422  93073 
4.7310  70628 
3.4671  09398 


502 
2 52004 
1265  06008 

110)6.  3506  01602, 
13)3.  1880  02004 
16)1.  6003  77006 
18)8.  0338  92570 
21)4.  0330  14070 
24)2.  0245  73063 
27)1.0163  35678 

(64)6.5597  79050 

( 1)2.2405  35650 
7.9475  73855 
4.7334  29676 
3.4684  92370 


503 
2 53009 
1272  63527 

110)6.4013  55408 
13)3.2198  81770 
16)1.6196  00530 
18)8.  1465  90668 
21)4.  0977  35106 
24)2.  0611  60758 
27)1.0367  63861 

(64)6.8806  84448 

( 1)2.2427  66149 
7.9528  47628 
4.7357  85203 
3.4698  73139 


504 
2 54016 
1280  24064 

110)6.4524  12826 
13)3.2520  16064 
16)1.6390  16096 
18)8.2606  41125 
21)4.1*33  63127 
24)2.0983  35016 
27)1.0575  60848 

(64)7.2166  ’04000 

( 1)2.2449  94432 
7.9581  14416 
4.7381  37221 
3.4712  51715 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


505 
2 55025 
1287  87625 

110)6.  5037  75063 
13)3.2844  06407 
16)1.6586  25235 
18)8.3760  57438 
21)4.2299  09006 
24)2.1361  04048 
27)1.0787  32544 


506 
2 56036 
1295  54216 
10)6.5554  43330 
13)3.3170  54325 

116)1.6784  29488 
18)8.4928  53211 
21)4.2973  83725 
24)2.1744  76165 
27)1.1002  84939 


507 
2 57049 
1303  23843 

110)6.6074  18840 
13)3.3499  61352 
16)1.6984  30405 
18)8.6110  42156 
21)4.3657  98373 
24)2.2134  59775 
(27)1.  1222  24106 


508 
2 58064 
1310  96512 
(10)6.6597  02810 

113)3.  3831  29027 
16)1.7186  29546 
18)8.7306  38093 
21)4.4351  64151 
24)2.2530  63389 
27)1.1445  56202 


509 
2 59081 
1318  72229 
(10)6.7122  96456 
(13)3.4165  58896 
(16)1.7390  28478 
(18)8.8516  54954 
(21)4.5054  92371 
(24)2.2932  95617 
(27)1.1672  87469 


24 


(64)7.5682  08268 


(64)7.9361  96349  (64)8.3212  97020 


(64)8.7242  69942 


(64)9.1459  06897 


1/2 

1/3 

1/4 

1/5 


( 1)2.2472  20505 
7.9633  74242 
4.7404  85740 
3.4726  28104 


( 1)2.2494  44376 
7.9686  27129 
4.7428  30775 
3.4740  02314 


( 1)2.2516  66050 
7.9738  73099 
4.7451  72336 
3.4753  74353 


( 1)2.2538  85534 
7.9791  12176 
4.7475  10436 
3.4767  44229 


( 1)2.2561  02835 
7.9843  44333 
4.7498  45086 
3.4781  11950 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


510 

2 60100 
1326  51000 

110)6.7652  01000 
13)3.4502  52510 
16)1.7596  28780 
18)8.9741  06779 
21)4.  5767  94457 
24)2.3341  65173 
27)1.  1904  24238 


511 

2 61121 
1334  32831 

110)6.8184  17664 
13)3.4842  11426 
16)1.7804  32039 
18)9.0980  07719 
21)4.6490  81944 
24)2.  3756  80873 
27)1.2139  72926 


512 
2 62144 
1342  17728 

110)6.8719  47674 
13)3.5184  37209 
16)1.8014  39851 
18)9.2233  72037 
21)4.7223  66483 
24)2.4178  51639 
(27)1.2379  40039 


513 
2 63169 
1350  05697 

110)6.9257  92256 
13)3.5529  31427 
16)1.8226  53822 
18)9.3502  14108 
21)4.7966  59837 
24)2.4606  86497 
27)1.2623  32173 


514 
2 64196 
1357  96744 

110)6.9799  52642 
13)3.5876  95658 
16)1.8440  75568 
18)9.4785  48420 
21)4.8719  73888 
24)2.5041  94578 
27)1.2871  56013 


24 


(64)9.5870  33090 


(65)1.0048  50848  (65)1.0531  22917 


(65)1.1036  12886 


(65)1.1564  18034 


1/2 

1/3 

1/4 

1/5 


( 1)2.2583  17958 
7.9895  69740 
4.7521  76299 
3.4794  77522 


( 1)2.2605  30911 
7.9947  88272 
4.7545  04087 
3.4808  40954 


( 1)2.2627  41700 
8.0000  00000 
4.7568  28460 
3.4822  02253 


( 1)2.2649  50331 
8.0052  04946 
4.7591  49431 
3.4835  61427 


( 1)2.2671  56810 
8.0104  03133 
4.7614  67011 
3.4849  18483 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


515 
2 65225 
1365  90875 

110)7.0344  30063 
13)3.6227  31482 
16)1.8657  06713 
18)9.6083  89574 
21)4.9483  20630 
24)2.5483  85125 
27)1.3124  18339 


516 
2 66256 
1373  88096 

110)7.0892  25754 
13)3.6580  40489 
16)1.8875  48892 
18)9.7397  52284 
21)5.  0257  12179 
24)2.5932  67484 
27)1.  3381  26022 


517 
2 67289 
1381  88413 

110)7.1443  40952 
13)3.6936  24272 
16)1.9096  03749 
18)9.8726  51381 
21)5.1041  60764 
24)2.6388  51115 
27)1.3642  86026 


518 
2 68324 
1389  91832 

110)7.  1997  76898 
13)3.7294  84433 
16)1.9318  72936 
19)1.0007  10181 
21)5.1836  78738 
24)2.6851  45586 
27)  1.3909  05414 


519 
2 69361 
1397  98359 

i 10)  7. 2555  34832 
13)3.7656  22578 
16)1.9543  58118 
19)1.0143  11863 
21)5.2642  78570 
24)2.7321  60578 
27)1.4179  91340 


24 


(65)1.2116  39706  (65)1.2693  83471 


(65)1.3297  59294 


(65)1.3928  81704 


(65)1.4588  69982 


1/2 

1/3 

1/4 

1/5 


( 1)2.2693  61144 
8.0155  94581 
4.7637  81212 
3.4862  73428 


( 1)2.2715  63338 
8.0207  79314 
4.7660  92045 
3.4876  26271 


( 1)2.2737  63400 
8.0259  57353 
4.7683  99522 
3.4889  77017 


( 1)2.2759  61335 
8.0311  28718 
4.7707  03654 
3.4903  25675 


( 1)2.2781  57150 
8.0362  93433 
4.7730  04452 
3.4916  72252 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


520 
2 70400 
1406  08000 

110)7.3116  16000 
13)3.8020  40320 
16)1.9770  60966 
19)1.0280  71703 
21)5.3459  72853 
24)2.7799  05884 
27)1.4455  51059 


521 
2 71441 
1414  20761 

110)7.  3680  21648 
13)3.8387  39279 
16)1.9999  83164 
19)1.0419  91229 
21)5.4287  74301 
24)2.  8283  91411 
27)1.4735  91925 


522 
2 72484 
1422  36648 

110)7.4247  53026 
13)3.8757  21079 
16)2.0231  26403 
19)1.0560  71983 
21  5.5126  95749 
24)2.8776  27181 
27)1.5021  21389 


523 
2 73529 
1430  55667 

! 10)  7. 4818  11384 
13)3.9129  87354 
16)2.0464  92386 
19)1.0703  15518 
21)5.5977  50159 
24)2.9276  23333 
27)1.5311  47003 


524 
2 74576 
1438  77824 

110)7.5391  97978 
13)3.9505  39740 
16)2.0700  82824 
19)1.0847  23400 
21)5.6839  50615 
24)2.9783  90122 
27)1.5606  76424 


24 


(65)1.5278  48342  (65)1.5999  46126 


(65)1.6752  98008  (65)1.7540  44200 


(65)1.8363  30669 


1/2 

1/3 

1/4 

1/5 


( 1)2.  2803  50850 
8.0414  51517 
4.7753  01928 
3.4930  16754 


1 


( 1)2.2825  42442 
8.0466  02993 
4.7775  96092 
3.4943  59190 


( 1)2.2847  31932 
8.0517  47881 
4.7798  86957 
3.4956  99566 


( 1)2.2869  19325 
8.0568  86203 
4.7821  74532 
3.4970  37889 

n »*[< 


( 1)2.2891  04628 
8.0620  17979 
4.7844  58829 
3.4983  74167 
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POWERS  AND  ROOTS  n*  Table  3.1 

k 

1 525  526  527  528  529 

2 2 75625  2 76676  2 77729  2 78784  2 79841 

3 1447  03125  1455  31576  1463  63183  1471  97952  1480  35889 

4 (10)7.5969  14063  (10)7.6549  60898  (10)7.7133  39744  (10)7.7720  51866  (10)7.8310  98528 

5 (13)3.9883  79883  (13)4.0265  09432  (13)4.0649  30045  (13)4.1036  43385  (13)4.1426  51121 

6 (16)2.0938  99438  (16)2.1179  43961  16)2.1422  18134  (16)2.1667  23707  (16)2.1914  62443 

7 (19)1.0992  97205  (19)1.1140  38524  (19)1.1289  48957  (19)1.1440  30117  (19)1.1592  83632 

8 (21)5.7713  10327  (21)5.8598  42634  (21)5.9495  61001  (21)6.0404  79020  (21)6.1326  10416 

9 (24)3.0299  37922  (24)3.0822  77226  (24)3.1354  18647  (24)3.1893  72923  (24)3.2441  50910 

10  (27)1.5907  17409  (27)1.6212  77821  (27)1.6523  65627  (27)1.6839  88903  (27)1.7161  55831 

24  (65)1.9223  09365  (65)2.0121  38448  (65)2.1059  82534  (65)2.2040  12944  (65)2.3064  07963 

1/2  ( 1)2.2912  87847  ( 1)2.2934  68988  ( 1)2.2956  48057  ( 1)2.2978  25059  ( 1)2.3000  00000 

1/3  8.0671  43230  8.0722  61977  8.0773  74241  8.0824  80041  8.0875  79399 

1/4  4.7867  39859  4.7890  17632  4.7912  92160  4.7935  63454  4.7958  31523 

1/5  3.4997  08406  3.5010  40614  3.5023  70797  3.5036  98962  3.5050  25117 


1 530  531  532  533  534 

2 2 80900  2 81961  2 83024  2 84089  2 85156 

3 1488  77000  1497  21291  1505  68768  1514  19437  1522  73304 

4 (10)7.8904  81000  (10)7.9502  00552  (10)8.0102  58458  (10)8.0706  55992  (10)8.1313  94434 

5 (13)4.1819  54930  13)  4. 2215  56493  13  4.2614  57499  ( 13)  4. 3016  59644  ( 13)  4. 3421  64628 

6 (16)2.2164  36113  i 16)2. 2416  46498  16)2.2670  95390  (16)2.2927  84590  (16)2.3187  15911 

7 (19)1.1747  11140  (19)1.1903  14290  19)  1.2060  94747  ( 19)  1.2220  54187  ( 19)  1.2381  94297 

8 (21)6.2259  69041  21)6.3205  68882  (21  6.4164  24056  (21)6.5135  48814  (21)6.6119  57543 

9 (24)3.2997  63592  (24)3.3562  22076  (24)3.4135  37598  (24)3.4717  21518  (24)3.5307  85328 

10  (27)1.7488  74704  (27)  1.7821  53922  (27)  1.8160  02002  (27)  1.8504  27569  (27)  1.8854  39365 

24  (65)2.4133  53110  (65)2.5250  41417  (65)2.6416  73716  (65)2.7634  58943  (65)2.8906  14446 


1/2  ( 1)2.3021  72887  ( 1)2.3043  43724  ( 1)2.3065  12519  ( 1)2.3086  79276  ( 1)2.3108  44002 

1/3  8.0926  72335  8.0977  58868  8.1028  39019  8.1079  12808  8.1129  80255 

1/4  4.7980  96379  4.8003  58033  4.8026  16494  4.8048  71774  4.8071  23882 

1/5  3.5063  49267  3.5076  71420  3.5089  91583  3.5103  09762  3.5116  25964 


1 535  536  537  538  539 

2 2 86225  2 87296  2 88369  2 89444  2 90521 

3 1531  30375  1539  90656  1548  54153  1557  20872  1565  90819 

4 (10)8.1924  75063  (10)8.2538  99162  (10)8.3156  68016  (10)8.3777  82914  (10)8.4402  45144 

5 (13)4.3829  74158  13)  4. 4240  89951  ( 13)  4. 4655  13725  13)  4. 5072  47208  ( 13)  4. 5492  92133 

6 (16)2.3448  91175  16)  2.  3713  12214  ( 16)  2. 3979  80870  16)  2. 4248  98998  ( 16)  2.  4520  68460 

7 ( 19)  1.2545  16778  ( 19)  1.2710  23346  ( 19)  1.2877  15727  19)  1.3045  95661  ( 19)  1.3216  64900 

8 (21)6.7116  64765  (21  6.8126  85137  (21  6.9150  33455  (2l)7.0187  24655  (2l)7.1237  73809 

9 (24)3.5907  40649  (24)3.6515  99233  (24)3.7133  72966  (24)3.7760  73864  (24)3.8397  14083 

10  ( 27)1.9210  46247  ( 27)1.9572  57189  (27)  1.9940  81282  (27)2.0315  27739  (27)2.0696  05891 

24  (65)3.0233  66304  (65)3.1619  49669  (65)3.3066  09101  (65)3.4575  98937  (65)3.6151  83652 


1/2  ( 1)2.3130  06701  ( 1)2.3151  67381  ( 1)2.3173  26045  ( 1)2.3194  82701  ( 1)2.3216  37353 
1/3  8.1180  41379  8.1230  96201  8.1281  44739  8.1331  87014  8.1382  23044 
1/4  4.8093  72829  4.8116  18626  4.8138  61283  4.8161  00810  4.8183  37217 
1/5  3.5129  40196  3.5142  52463  3.5155  62774  3.5168  71134  3.5181  77550 


1 540  541  542  543  544 

2 2 91600  2 92681  2 93764  2 94849  2 95936 

3 1574  64000  1583  40421  1592  20088  1601  03007  1609  89184 

4 (10)8.5030  56000  (10)8.5662  16776  (10)8.6297  28770  (10)8.6935  93280  (10)8.7578  11610 

5 (13)4.5916  50240  (13)4.6343  23276  (13)4.6773  12993  (13)4.7206  21151  ( 13)  4. 7642  49516 

6 1 16)2.4794  91130  16)  2. 5071  68892  16)  2. 5351  03642  ( 16)  2. 5632  97285  ( 16)  2. 5917  51736 

7 19  1.3389  25210  19)  1.3563  78371  19)  1.3740  26174  ( 19)  1.3918  70426  19)  1.4099  12945 

8 (21)7.2301  96134  (21)7.3380  06986  (2l)7.4472  21864  (2l)7.5578  56412  21  7.6699  26419 

9 (24)3.9043  05912  (24)3.9698  61779  (24)4.0363  94250  (24)4.1039  16032  (24)4.1724  39972 

10  (27)2.1083  25193  (27)2.1476  95223  (27)2.1877  25684  (27)2.2284  26405  (27)2.2698  07345 


24  (65)3.7796  38253  (65)3.9512  48669  (65)4.1303  12169  (65)4.3171  37789  (65)4.5120  46770 

1/2  ( 1)2.3237  90008  ( 1)2.3259  40670  ( 1)2.3280  89345  ( 1)2.3302  36040  ( 1)2.3323  80758 

1/3  8.1432  52850  8.1482  76449  8.1532  93862  8.1583  05107  8.1633  10204 

1/4  4.8205  70514  4.8228  00711  4.8250  27819  4.8272  51847  4.8294  72806 

1/5  3.5194  82029  3.5207  84576  3.5220  85199  3.5233  83903  3.5246  80696 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


545 
2 97025 
1618  78625 

! 10) 8. 8223  85063 
13)4.8081  99859 
16)2.6204  68923 
19)1.4281  55563 
1 2l)7. 7834  47819 
24)4.2419  79061 
27)2.3118  78588 

(65)4.7153  73024 

( 1)2.3345  23506 
8.1683  09170 
4.8316  90704 
3.5259  75582 


546 
2 98116 
1627  71336 

110)8.8873  14946 
13)4.8524  73960 
16)2.6494  50782 
19)1.4466  00127 
21)7.8984  36694 
24)4.3125  46435 
27)2.3546  50354 

(65)4.9274  63602 

( 1)2.3366  64289 
8.1733  02026 
4.8339  05553 
3.5272  68570 


547 
2 99209 
1636  67323 
(10)8.9526  02568 
(13)4.8970  73605 
1 16  2.6786  99262 
19)1.4652  48496 
21  8.0149  09274 
24  4.3841  55373 
(27)2.3981  32989 

(65)5.1486  79188 

( 1)2.3388  03113 
8.1782  88788 
4.8361  17361 
3.5285  59664 


548 
3 00304 
1645  66592 
(10)9.0182  49242 
(13)4.9420  00584 
(16)2.7082  16320 
19)1.4841  02543 
21)8.1328  81938 
24)4.4568  19302 
27)2.4423  36978 

(65)5.3793  94612 

( 1)2.3409  39982 
8.1832  69477 
4.8383  26138 
3.5298  48871 


549 
3 01401 
1654  69149 
(10)9.0842  56280 
13  4.9872  56698 
16)2.7380  03927 
19  1.5031  64156 
21  8.2523  71216 
(24)4.5305  51798 
(27)2.4872  72937 

(65)5.6199  99369 

( 1)2.3430  74903 
8.1882  44110 
4.8405  31895 
3.5311  36198 
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Table  3.1  POWERS  AND  ROOTS  n* 

k 

1 550  551  552  553  554 

2 3 02500  3 03601  3 04704  3 05809  3 06916 

3 1663  75000  1672  84151  1681  96608  1691  12377  1700  31464 

4 (10)9.1506  25000  (10)9.2173  56720  (10)9.2844  52762  (10)9.3519  14448  (10)9.4197  43106 

5 (13  5.0328  43750  (13)5.0787  63553  (13)5.1250  17924  (13)5.1716  08690  (13)5.2185  37681 

6 (16)2.7680  64063  (16)2.7983  98718  (16)2.8290  09894  (16)2.8598  99605  (16)2.8910  69875 

7 <19)1.5224  35234  (19  1.5419  17693  (19)1.5616  13462  (19)1.5815  24482  (19)1.6016  52711 

8 (21)8.3733  93789  (21)8.4959  66491  (21  8.6201  06308  (21)8.7458  30384  <21)8.8731  56018 

9 (24)4.6053  66584  (24)4.6812  77536  (24)4.7582  98682  (24)4.8364  44203  (24)4.9157  28434 

10  (27)2.5329  51621  (27)2.5793  83922  (27)2.6265  80873  (27)2.6745  53644  (27)2.7233  13552 

24  (65)5.8708  98173  (65)6.1325  11516  (65)6.4052  76258  (65)6.6896  46227  (65)6.9860  92851 

1/2  ( 1)2.3452  07880  ( 1)2.3473  38919  ( 1)2.3494  68025  ( 1)2.3515  95203  ( 1)2.3537  20459 

1/3  8.1932  12706  8.1981  75283  8.2031  31859  8.2080  82453  8.2130  27082 

1/4  4.8427  34641  4.8449  34384  4.8471  31136  4.8493  24905  4.8515  15700 

1/5  3. 5324  '21650  3. 5337  05234  3. 5349  86956  3. 5362  66821  3. 5375  44836 

1 555  556  557  558  559 

2 3 08025  3 09136  3 10249  3 11364  3 12481 

3 1709  53875  1718  79616  1728  08693  1737  41112  1746  76879 

4 (10)9.4879  40063  (10)9.5565  06650  (10)9.6254  44200  (10)9.6947  54050  (10)9.7644  37536 

5 (13)5.2658  06735  (13)5.3134  17697  ( 13)  5.  3613  72419  ( 13)  5. 4096  72760  (13)5.4583  20583 

6 (16)2.9225  22738  ( 16)  2. 9542  60240  ( 16)  2. 9862  84438  ( 16)  3.  0185  97400  (16)3.0512  01206 

7 (19)1.6220  00119  ( 19)  1.6425  68693  ( 19)  1.6633  60432  ( 19  1.6843  77349  ( 19)  1.7056  21474 

8 (21)9.0021  00663  (21)9.1326  81934  (21)9.2649  17605  (21)9.3988  25608  (21)9.5344  24040 

9 (24  4.9961  65868  (24)5.0777  71156  (24)5.1605  59106  (24)5.2445  44689  (24)5.3297  43038 

10  (27)2.7728  72057  (27)2.8232  40762  (27)2.8744  31422  (27)2.9264  55937  (27)2.9793  26358 

24  (65)7.2951  05803  (65)7.6171  93672  (65)7.9528  84664  (65)8.3027  27311  (65)8.6672  91224 

1/2  ( 1)2.3558  43798  ( 1)2.3579  65225  ( 1)2.3600  84744  ( 1)2.3622  02362  ( 1)2.3643  18084 

1/3  8.2179  65765  8.2228  98519  8.2278  25361  8.2327  46311  8.2376  61384 

1/4  4.8537  03532  4.8558  88409  4.8580  70341  4.8602  49337  4.8624  25407 

1/5  3.5388  21007  3.5400  95340  3.5413  67840  3.5426  38514  3.5439  07368 

1 560  561  562  563  564 

2 3 13600  3 14721  3 15844  3 16969  3 18096 

3 1756  16000  1765  58481  1775  04328  1784  53547  1794  06144 

4 (10)9.8344  96000  (10)9.9049  30784  (10)9.9757  43234  (11)1.0046  93470  (11)1.0118  50652 

5 (13)5.5073  17760  ( 13)  5. 5566  66170  ( 13)  5. 6063  67697  ( 13)  5. 6564  24234  ( 13)  5. 7068  37678 

6 16  3.0840  97946  ( 16)  3. 1172  89721  ( 16)  3. 1507  78646  ( 16)  3. 1845  66844  ( 16)  3. 2186  56450 

7 19)1.7270  94850  (l9  1.7487  99534  ( 19)  1.7707  37599  ( 19)  1.7929  11133  ( 19)  1.8153  22238 

8 (21)9.6717  31157  (21  9.8107  65384  (21)9.9515  45306  (22)1,0094  08968  (22)1.0238  41742 

9 (24  5.4161  69448  (24)5.5038  39380  (24)5.5927  68462  (24)5.6829  72489  (24)5.7744  67426 

10  (27)3.0330  54891  (27)3.0876  53892  (27)3.1431  35876  (27)3.1995  13511  (27)3.2567  99629 

24  (65)9.0471  67858  (65)9.4429  71309  (65)9.8553  39138  (66)1.0284  93323  (66)1.0732  44065 

1/2  ( 1)2.3664  31913  ( 1)2.3685  43856  ( 1)2.3706  53918  ( 1)2.3727  62104  ( 1)2.3748  68417 

1/3  8.2425  70600  8.2474  73974  8.2523  71525  8.2572  63270  8.2621  49226 

1/4  4.8645  98558  4.8667  68801  4.8689  36145  4.8711  00598  4.8732  62170 

1/5  3.5451  74407  3.5464  39637  3.5477  03064  3.54Q9  64695  3.5502  24533 

1 565  566  567  568  569 

2 3 19225  3 20356  3 21489  3 22624  3 23761 

3 1803  62125  1813  21496  1822  84263  1832  50432  1842  20009 

4 (11)1.0190  46006  (11)1.0262  79667  (11)1.0335  51771  (11)1.0408  62454  (11)1.0482  11851 

5 (13)5.7576  09935  ( 13)  5. 8087  42917  ( 13)  5. 8602  38543  ( 13)  5. 9120  98737  (13  5.9643  25433 

6 (16  3.2530  49613  (l6)3.2877  48491  ( 16  3.3227  55254  (l6  3.3580  72083  (l6)3.3937  01172 

7 (19)1.8379  73032  (l9  1.8608  65646  ( 19  1.8840  02229  ( 19)  1.9073  84943  ( 19)  1.9310  15967 

8 (22)1.  0384  54763  (22)1.0532  49956  (22)1.0682  29264  (22  1.0833  94648  (22)1.0987  48085 

9 (24)5.8672  69410  (24)5.9613  94749  (24)6.0568  59926  (24)6.1536  81599  (24)6.2518  76604 

10  (27)3.3150  07217  (27)3.3741  49428  (27)3.4342  39578  (27)3.4952  91148  (27)3.5573  17788 

24  (66)1.1198  57461  (66)1.1684  07534  (66)1.2189  71112  (66)1.2716  27927  (66)1.3264  60719 

1/2  ( 1)2.3769  72865  ( 1)2.3790  75451  ( 1)2.3811  76180  ( 1)2.3832  75058  ( 1)2.3853  72088 

1/3  8.2670  29409  8.2719  03838  8.2767  72529  8.2816  35499  8.2864  92764 

1/4  4.8754  20869  4.8775  76704  4.8797  29685  4.8818  79820  4.8840  27117 

1/5  3.5514  82586  3.5527  38859  3.5539  93358  3.5552  46087  3.5564  97054 


1 570  571  572  573  574 

2 3 24900  3 26041  3 27184  3 28329  3 29476 

3 1851  93000  1861  69411  1871  49248  1881  32517  1891  19224 

4 (11)1.0556  00100  (11)1.0630  27337  (11)1.0704  93699  (11)1.0779  99322  (11)1.0855  44346 

5 (13)6.0169  20570  ( 13)  6. 0698  86093  ( 13)  6. 1232  23956  (13)  6.1769  36117  ( 13)  6. 2310  24545 

6 (16)3.4296  44725  { 16)  3. 4659  04959  ( 16  3.  5024  84103  ( 16)  3. 5393  84395  (16)3.5766  08089 

7 (19)1.9548  97493  (19)1.9790  31732  ( 19)  2. 0034  20907  ( 195  2.  0280  67258  ( 19)2.  0529  73043 

8 (22)1.1142  91571  (22)1.1300  27119  (22)1.1459  56759  (22)  1.1620  82539  (22)1.1784  06527 

9 (24)6.3514  61955  (24)6.4524  54848  (24)6.5548  72660  (24  6.6587  32949  (24)6.7640  53463 

10  (27)3. 6203  33315  (27)3.6843  51718  (27)3.7493  87161  (27)3.8154  53980  (27)3.8825  66688 

24  (66)1.3835  55344  (66)1.4430  00887  (66)1.5048  89774  (66)1.5693  17896  (66)1.6363  84728 

1/2  ( 1)2.3874  67277  ( 1)2.3895  60629  ( 1)2.3916  52149  ( 1)2.3937  41841  ( 1)2.3958  29710 

1/3  8. 2913  44342  8. 2961  90248  8. 3010  30501  8. 3058  65115  8.  3106  94107 

1/4  4.8861  71586  4.8883  13236  4.8904  52074  4.8925  88109  4.8947  21351 

1/5  3. 5577  46263  3. 5589  93720  3. 5602  39430  3. 5614  83400  3. 5627  25633 

^-p8] 
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POWERS  AND  ROOTS  it* 

Table  3.1 

k 

1 

575 

576 

577 

578 

579 

2 

3 30625 

3 31776 

3 32929 

3 34084 

3 35241 

3 

1901  09375 

1911  02976 

1921  00033 

1931  00552 

1941  04539 

4 (11)1.0931  28906  (11)1.1007  53142  (11)1.1084  17190  (11)1.1161  21191  (11)1.1238  65281 

5 (13)6.2854  91211  (13)6.3403  38097  . (13  6.3955  67189  (13)6.4511  80481  (13)6.5071  79976 

6 (16)3.6141  57446  (16)3.6520  34744  (16)3.6902  42268  (16)  3.7287  82318  (16)3.7676  57206 

7 (19)2.0781  40532  (19)2.1035  72012  (19)2.1292  69789  (19)2.1552  36180  (19)2.1814  73522 

8 (22)1.1949  30806  (22)1.2116  57479  (22)1.2285  88668  ( 22)  1. 2457  26512  (22)  1.2630  73169 

9 (24  6.8708  52133  (24)6.9791  47080  (24)7.0889  56614  (24)7.2002  99239  (24)7.3131  93651 

10  (27)3.9507  39976  (27)4.0199  88718  (27)4.0903  27966  (27)4.1617  72960  (27)4.2343  39124 

24  (66)1.7061  93459  (66)1.7788  51122  (66)1.8544  68735  (66)1.9331  61432  (66)2.0150  48620 

1/2  ( 1)2.3979  15762  ( 1)2.4000  00000  ( 1)2.4020  82430  ( 1)2.4041  63056  ( 1)2.4062  41883 

1/3  8.3155  17494  8.3203  35292  8.3251  47517  8.3299  54185  8.3347  55313 

1/4  4.8968  51807  4.8989  79486  4.9011  04396  4.9032  26546  4.9053  45944 

1/5  3.5639  66137  3.5652  04916  3.5664  41976  3.5676  77321  3.5689  10958 

1 580  581  582  583  584 

2 3 36400  3 37561  3 38724  3 39889  3 41056 

3 1951  12000  1961  22941  1971  37368  1981  55287  1991  76704 

4 (11)1.1316  49600  (11)1.1394  74287  (11)1.1473  39482  (11)1.1552  45323  (11)1.1631  91951 

5 (13)6.5635  67680  (13)6.6203  45609  ( 13)  6. 6775  15784  (13)6.7350  80234  ( 13)  6. 7930  40996 

6 16)3.8068  69254  ( 16)  3. 8464  20799  (i6  3.8863  14186  ( 16)  3. 9265  51777  ( 16)  3. 9671  35942 

7 19)2.2079  84168  ( 19'  2.2347  70484  (19)2. 2618  34856  ( 19)  2. 2891  79686  ( 19)  2. 3168  07390 

8 ( 22  1. 2806  30817  j 22  1. 2984  01651  ( 22  1. 3163  87886  ( 22) 1. 3345  91757  ( 22) 1. 3530  15516 

9 ( 24  7. 4276  58740  ( 24  7. 5437  13594  ( 24  7. 6613  77499  ( 24) 7. 7806  69942  ( 24) 7. 9016  10612 

10  (27)4.3080  42069  (27)4.3828  97598  (27)4.4589  21704  (2754.5361  30576  (27)4.6145  40597 

24  (66)2.1002  54121  (66)2.1889  06331  (66)2.2811  38380  (66)2.3770  88299  (66)2.4768  99188 

1/2  ( 1)2.4083  18916  ( 1)2.4103  94159  ( 1)2.4124  67616  ( 1)2.4145  39294  ( 1)2.4166  09195 

1/3  8. 3395  50915  8. 3443  41009  8. 3491  25609  8. 3539  04732  8. 3586  78393 

1/4  4.9074  62599  4.9095  76518  4.9116  87710  4.9137  96184  4.9159  01946 

1/5  3.5701  42892  3.5713  73127  3.5726  01670  3.5738  28526  3.5750  53698 

1 585  586  587  588  589 

2 3 42225  3 43396  3 44569  3 45744  3 46921 

3 2002  01625  2012  30056  2022  62003  2032  97472  2043  36469 

4 (11)1.1711  79506  (11)1.1792  08128  (11)1.1872  77958  (11)1.1953  89135  (11)1.2035  41802 

5 (13)6.8514  00112  (13)6.9101  59631  (13  6.9693  21611  (13)7.0288  88116  ( 13)  7. 0888  61216 

6 (16)4.0080  69065  ( 16)  4.  0493  53544  ( 16  4.0909  91786  ( 16)  4. 1329  86212  ( 16)  4. 1753  39256 

7 (19)2.3447  20403  (19)2.3729  21177  ( 19)  2. 4014  12178  ( 19  2.4301  95893  (l9  2.4592  74822 

8 (22)1.3716  61436  (22)1.3905  31810  (22)1.4096  28949  (22  1.4289  55185  (22)  1.4485  12870 

9 (24)8.0242  19400  (24)8.1485  16404  (24)8.2745  21928  (24)8.4022  56487  (24)8.5317  40805 

10  (27)4.6941  68349  (27)4.7750  30613  (27)4.8571  44372  (27)4.9405  26815  (27)5.0251  95334 

24  (66)2.5807  19397  (66)2.6887  02707  (66)2.8010  08521  (66)2.9178  02055  (66)3.0392  54545 

1/2  ( 1)2.4186  77324  ( 1)2.4207  43687  ( 1)2.4228  08288  ( 1)2.4248  71131  ( 1)2.4269  32220 

1/3  8. 3634  46607  8. 3682  09391  8. 3729  66760  8. 3777  18728  8. 3824  65312 

1/4  4.9180  05007  4.9201  05372  4.9222  03051  4.9242  98052  4.9263  90382 

1/5  3. 5762  77194  3. 5774  99018  3. 5787  19175  3. 5799  37670  3. 5811  54508 

1 590  591  592  593  594 

2 3 48100  3 49281  3 50464  3 51649  3 52836 

3 2053  79000  2064  25071  2074  74688  2085  27857  2095  84584 

4 (11)1.2117  36100  (11)1.2199  72170  (11)1.2282  50153  (11)1.2365  70192  (11)1.2449  32429 

5 (13)7.1492  42990  (13)7.2100  35522  ( 13)7. 2712  40906  (13)7.3328  61239  (13)7.3948  98628 

6 (16)4.2180  53364  ( 16)  4. 2611  30994  ( 16)4. 3045  74616  ( 16)  4.  3483  86715  ( 16)  4. 3925  69785 

7 (19)2.4886  51485  (19)2.5183  28417  ( 19)  2. 5483  08173  ( 19)  2. 5785  93322  ( 19  2.6091  86452 

8 (22)1.4683  04376  (22)1.4883  32095  ( 22)  1. 5085  98438  (22)1.5291  05840  (22)1.5498  56753 

9 (24  8.6629  95819  (24)8.7960  42679  (24)8.9309  02754  (24)9.0675  97630  (24)9.2061  49111 

10  (27)5.1111  67533  (27)5.1984  61223  (27)5.2870  94431  (27)5.3770  85394  (27)5.4684  52572 

24  (66)3.1655  43453  (66)3.2968  52680  (66)3.4333  72793  (66)3.5753  01250  (66)3.7228  42640 

1/2  ( 1)2.4289  91560  ( 1)2.4310  49156  ( 1)2.4331  05012  ( 1)2.4351  59132  ( 1)2.4372  11521 

1/3  8. 3872  06527  8. 3919  42387  8. 3966  72908  8. 4013  98104  8. 4061  17992 

1/4  4.9284  80050  4.9305  67063  4.9326  51429  4.9347  33156  4.9368  12252 

1/5  3. 5823  69695  3. 5835  83235  3. 5847  95134  3. 5860  05396  3. 5872  14026 

1 595  596  597  598  599 

2 3 54025  3 55216  3 56409  3 57604  3 58801 

3 2106  44875  2117  08736  2127  76173  2138  47192  2149  21799 

4 (11)1.2533  37006  (11)1.2617  84067  (11)1.2702  73753  (11)1.2788  06208  (11)1.2873  81576 

5 (13)7.4573  55187  (13)7.5202  33037  (13)7.5835  34304  ( 13)  7. 6472  61125  13)7. 7114  15640 

6 (16)4.4371  26336  ( 16)  4. 4820  58890  ( 16)  4. 5273  69980  ( 16)  4. 5730 -62153  16)  4. 6191  37969 

7 (19)2.6400  90170  (19)2.6713  07098  (19)2.7028  39878  (19)2.7346  91167  19)  2. 7668  63643 

8 (22)1.5708  53651  (22)1.5920  99031  (22)  1.6135  95407  (22)  1.6353  45318  (22)  1.6573  51322 

9 (24)9.3465  79225  (24)9.4889  10223  (24)9.6331  64580  (24)9.7793  65002  (24)9.9275  34420 

10  (27)5.5612  14639  (27)5.6553  90493  (27)5.7509  99254  (27)5.8480  60271  (27)5.9465  93118 

24  (66)3.8762  08928  (66)4.0356  19703  (66)4.2013  02448  (66)4.3734  92798  (66)4.5524  34829 

1/2  ( 1)2.4392  62184  ( 1)2.4413  11123  ( 1)2.4433  58345  ( 1)2.4454  03852  ( 1)2.4474  47650 

1/3  8.4108  32585  8.4155  41899  8.4202  45948  8.4249  44747  8.4296  38310 

1/4  4.9388  88725  4.9409  6258L  4.9430  33830  4.9451  02478  4.9471  68534 

1/5  3.5884  21030  3.5896  26411  3.5908  30176  3.5920  32329  3.5932  32875 

j[(-|)2]  j[(-p7]  j[(-7)2J 
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POWERS  AND  ROOTS  nk 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


24 

i/2 

1/3 

i/4 

1/5 


600 
3 60000 
2160  00000 

ill)  1.2960  00000 
13)7.7760  00000 
16)4.6656  00000 
19)2.7993  60000 
22)1.6796  16000 
25)1.0077  69600 
27)6.0466  17600 

(66)4.7383  81338 

( 1)2.4494  89743 
8.4343  26653 
4.9492  32004 
3.5944  31819 


601 
3 61201 
2170  81801 

111)1.3046  61624 
13)7.8410  16360 
16)4.7124  50833 
19)2.8321  82950 
22)1.7021  41953 
25)1.0229  87314 
27)6.1481  53756 

(66)4.9315  94142 

( 1)2.4515  30134 
8.4390  09789 
4.9512  92896 
3.5956  29165 


602 
3 62404 
2181  67208 
(11)1.3133  66592 
(13)7.9064  66885 
(16)4.7596  93065 
v 19) 2. 8653  35225 
(22)1.7249  31805 
(25)1.0384  08947 
(27)6.2512  21860 

(66)5.1323  44384 

( 1)2.4535  68829 
8.4436  87734 
4.9533  51218 
3.5968  24918 


603 
3 63609 
2192  56227 

ill)  1.3221  15049 
13)7.9723  53744 
16)4.8073  29308 
19)2.8988  19573 
22)1.7479  88202 
25)1.0540  36886 
27)6.3558  42422 

(66)5.3409  12849 

( 1)2.4556  05832 
8.4483  60500 
4.9554  06978 
3.5980  19083 


604 
3 64816 
2203  48864 

111)  1.  3309  07139 
13)8.0386  79117 
16)4.8553  62187 
19)2.9326  38761 
22)1.7713  13811 
(25)1.0698  73542 
i|  27)  6.  4620  36194 

(66)5.5575  90288 

( 1)2.4576  41145 
8.4530  28104 
4.9574  60182 
3.5992  11665 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


605 
3 66025 
2214  45125 

111)1.3397  43006 
13)8.1054  45188 
16)4.9037  94339 
19)2.9667  95575 
22)1.7949  11323 
25)1.0859  21350 
27)6.5698  24169 


606 
3 67236 
2225  45016 

111)1.3486  22797 
13)8.1726  54150 
16)4.9526  28415 
19)3.0012  92819 
22)1.8187  83448 
25)1.1021  82770 
27)6.6792  27585 


607 
3 68449 
2236  48543 

i 11)1.  3575  46656 
13)8.2403  08202 
16)5.0018  67079 
19)3.0361  33317 
22)1.8429  32923 
25)1.1186  60284 
27)6.7902  67926 


608 
3 69664 
2247  55712 

ill)  1.3665  14729 
13)8.3084  09552 
16)5.0515  13008 
19)3.0713  19909 
22)1.8673  62504 
25)1.1353  56403 
27)6.9029  66929 


609 
3 70881 
2258  66529 

111)1.3755  27162 
13)8.3769  60414 
16)5.1015  68892 
19)3.1068  55455 
22)1.8920  74972 
25)1.1522  73658 
27)7.0173  46578 


24 


(66)5.7826  77757 


(66)6.0164  86963  (66)6.2593  40623 


(66)6.5115  72833  (66)6.7735  29447 


1/2 

1/3 

i/4 

1/5 


( 1)2.4596  74775 
8.4576  90558 
4.9595  10838 
3.6004  02669 


( 1)2.4617  06725 
8.4623  47878 
4.9615  58954 
3.6015  92098 


( 1)2.4637  36999 
8.4670  00076 
4.9636  04536 
3.6027  79959 


( 1)2.4657  65601 
8.4716  47168 
4.9656  47592 
3.6039  66255 


( 1)2.4677  92536 
8.4762  89168 
4.9676  88130 
3.6051  50991 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


3 

2269 
11)1.  3845 
' 8. 4459 
5. 1520 
3. 1427 
1.9170 
1. 1694 


13 

16 

19 

22 

25 


27)  7.1334 


610 

72100 

81000 

84100 

63010 

37436 

42836 

73130 

14609 

29117 


611 
3 73321 
2280  99131 

ill)  1.3936  85690 
13)8.5154  19568 
16)5.2029  21356 
19)3.1789  84949 
22)1.9423  59804 
25)1.1867  81840 
27)7.2512  37043 


612 
3 74544 
2292  20928 

111)1.4028  32079 
13)8.5853  32326 
16)5.2542  23383 
19)3.2155  84711 
22)1.9679  37843 
25)1.2043  77960 
27)7.3707  93114 


613 
3 75769 
2303  46397 

ill)  1.  4120  23414 
13)8.6557  03525 
16)5.3059  46261 
19)3.2525  45058 
22)1.9938  10121 
25)1.2222  05604 
27)7.4921  20352 


614 
3 76996 
2314  75544 

111)1.4212  59840 
13)8.7265  35419 
16)5.3580  92747 
19)3.2898  68947 
22)2.0199  79533 
25)1.2402  67433 
27)7.6152  42041 


24 


(66)7.0455  68477 


(66)7.3280  60494  (66)7.6213  89047 


(66)7.9259  51097  (66)8.2421  57465 


1/2 

1/3 

i/4 

1/5 


( 1)2.4698  17807 
8.4809  26088 
4.9697  26156 
3.6063  34171 


( 1)2.4718  41419 
8.4855  57944 
4.9717  61679 
3.6075  15802 


( 1)2.4738  63375 
8.4901  84749 
4.9737  94704 
3.6086  95885 


( 1)2.4758  83681 
8.4948  06516 
4.9758  25239 
3.6098  74428 


( 1)2.4779  02339 
8.4994  23260 
4.9778  53291 
3.6110  51433 


1 

2 

3 


615 
3 78225 
2326  08375 


3 

2337 


616 

79456 

44896 


617 
3 80689 
2348  85113 


3 

2360 


618 

81924 

29032 


619 
3 83161 
2371  76659 


4 

(11) 

1. 4305 

41506 

(11) 

1.4398 

68559 

11 

1. 4492 

41147 

(H) 

1. 4586 

59418 

(11) 

1. 4681 

23519 

5 

(13 

8. 7978 

30263 

(13 

8. 8695 

90326 

(13 

8. 9418 

17878 

13' 

9. 0145 

15202 

(13 

9.  0876 

84584 

6 

(16 

5. 4106 

65612 

(l6 

5. 4636 

67641 

(16 

5. 5171 

01631 

(16 

5. 5709 

70395 

(16 

5.  6252 

76757 

7 

(19 

3. 3275 

59351 

(19 

3. 3656 

19267 

(19 

3. 4040 

51706 

19 

3.  4428 

59704 

(19 

3. 4820 

46313 

8 

(22 

2. 0464 

49001 

(22) 

2.  0732 

21468 

(22 

2. 1002 

99903 

(22 

2.1276 

87297 

(22 

2.1553 

86668 

9 

(25 

1. 2585 

66136 

(25) 

1.2771 

04424 

(25 

1. 2958 

85040 

25 

1.  3149 

10750 

(25 

1.  3341 

84347 

10 

(27) 

7. 7401 

81734 

(27) 

7. 8669 

63254 

(27) 

7. 9956 

10697 

• 

(27) 

8. 1261 

48432 

(27) 

8. 2586 

OHIO 

24  (66)8.5704  33286  (66)8.9112  18488  (66)9.2649  68280  (66)9.6321  53659  (67)1.0013  26192 


1/2 

1/3 

!/4 

1/5 


( 1)2.4799  19354 
8.5040  34993 
4.9798  78868 
3.6122  26906 


( 1)2.4819  34729 
8.5086  41730 
4.9819  01975 
3.6134  00850 


( 1)2.4839  48470 
8.5132  43484 
4.9839  22621 
3.6145  73271 


( 1)2.4859  60579 
8.5178  40269 
4.9859  40813 
3.6157  44173 


( 1)2.4879  71061 
8.5224  32097 
4.9879  56556 
3.6169  13560 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


620 
3 84400 
2383  28000 
(11)1.4776  33600 
(13)9.1613  28320 
16)5.6800  23558 
19)3.5216  14606 
(22)2.1834  01056 
(25)1.3537  08655 
(27)8.3929  93659 


621 
3 85641 
2394  83061 

111)1.4871  89809 
13)9.2354  48713 
16)5.7352  13651 
19)3.5615  67677 
22)2.2117  33527 
25)1.3734  86521 
27)8.5293  51293 


622 
3 86884 
2406  41848 

111)1.4967  92295 
13)9.3100  48072 
16)5.7908  49901 
19)3.6019  08638 
22)2.2403  87173 
25)1.3935  20822 
27)8.6676  99511 


623 
3 88129 
2418  04367 

111)1.5064  41206 
13)9.3851  28716 
16)5.8469  35190 
19)3.6426  40623 
22)2.2693  65108 
25)1.4138  14463 
27)8.8080  64101 


624 
3 89376 
2429  70624 

ill)  1.5161  36694 
13)9.4606  92969 
16)5.9034  72413 
19)3.6837  66786 
22)2.2986  70474 
25)1.4343  70376 
27)8.9504  71145 


24 


(67)1.0408  79722 


(67)1.0819  28109  (67)1.1245  25305 


(67)1.1687  27115  (67)1.2145  91262 


1/2 

1/3 

1/4 

1/5 


( 1)2.4899 
8. 5270 
4. 9899 
3.  6180 


79920 

( 1)2.4919 

87159 

( 1)2.4939 

92783 

( 1)2.4959 

96795 

( 1)2.4979 

99199 

18983 

8. 5316 

00940 

8. 5361 

77980 

8.  5407 

50116 

8.  5453 

17363 

69859 

4. 9919 

80728 

4. 9939 

89170 

4.  9959 

95191 

4. 9979 

98799 

81437 

3.  6192 

47808 

3. 6204 

12677 

3.  6215 

76049 

3.  6227 

37928 

*[<n  -fn  i[<i>2] 
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POWERS  AND  ROOTS  n * Table  3.1 


k 

1 625  626  627  628  629 

2 3 90625  3 91876  3 93129  3 94384  3 95641 

3 2441  40625  2453  14376  2464  91883  2476  73152  2488  58189 

4 (11)1.5258  78906  (11)1.5356  67994  (11)1.5455  04106  (11)1.5553  87395  (11)1.5653  18009 

5 (13)9.5367  43164  (13)9.6132  81641  (13)9.6903  10747  (13)9.7678  32838  (13)9.8458  50275 

6 (16)5.9604  64478  (16)6.0179  14307  (16)6.0758  24838  (16)6.1341  99022  (16)6.1930  39823 

7 (19)3.7252  90298  ( 19)  3.  7672  14356  (19)3.8095  42174  ( 19)  3.  8522  76986  (19)3.8954  22049 

8 (22)2.3283  06437  (22)2.3582  76187  (22)2.3885  82943  ( 22)  2.  4192  29947  ( 22)  2.  4502  20469 

9 (25)1.4551  91523  (25)  1.4762  80893  (25)  1.4976  41505  (25  1.5192  76407  (25)  1.5411  88675 

10  (27)9.0949  47018  (27)9.2415  18391  (27)9:3902  12238  (27)9.5410  55835  (27)9.6940  76765 

24  (67)1.2621  77448  (67)1.3115  47419  (67)1.3627  65028  (67)1.4158  96309  (67)1.4710  09545 


1/2  ( 1)2.5000  00000  ( 1)2.5019  99201  ( 1)2.5039  96805  ( 1)2.5059  92817  ( 1)2.5079  87241 

1/3  8.5498  79733  8.5544  37239  8.5589  89894  8.5635  37711  8.5680  80703 

1/4  5.0000  00000  5.0019  98801  5.0039  95209  5.0059  89230  5.0079  80871 

1/5  3.6238  98318  3.6250  57224  3.6262  14650  3.6273  70600  3.6285  25079 


1 630  631  632  633  634 

2 3 96900  3 98161  3 99424  4 00689  4 01956 

3 2500  47000  2512  39591  2524  35968  2536  36137  2548  40104 

4 (11)1.5752  96100  (11)1.5853  21819  (11)1.5953  95318  (11)1.  6055  16747  (11)1.6156  86259 

5 (13)9.9243  65430  ( 14)  1.0003  38068  ( 14)  1.0082  89841  ( 14)  1.0162  92101  ( 14)  1.0243  45088 

6 (16)6.2523  50221  ( 16)  6.  3121  33209  ( 16)  6.  3723  91794  ( 16)  6.  4331  28999  ( 16)  6.  4943  47861 

7 (19)3.9389  80639  ( 19)  3.  9829  56055  ( 19)  4.  0273  51614  ( 19)  4.  0721  70657  ( 19)  4. 1174  16544 

x 8 (22)2.4815  57803  (22)2.5132  45270  (22)2.5452  86220  (22)2.  5776  84026  (22)2.6104  42089 

9 (25)1.5633  81416  (25)  1.5858  57766  (25)  1.6086  20891  (25)  1.6316  73988  (25)  1.6550  20284 

10  (27)9.8493  02919  (28)  1.0006  76250  (28)  1.0166  48403  (28)  1.0328  49635  (28)  1.0492  82860 

24  (67)1.5281  75339  (67)1.5874  66692  (67)1.6489  59081  (67)1.7127  30535  (67)1.7788  61719 


1/2  ( 1)2.5099  80080  ( 1)2.5119  71337  ( 1)2.5139  61018  ( 1)2.5159  49125  ( 1)2.5179  35662 

1/3  8.5726  18882  8.5771  52262  8.5816  80854  8.5862  04672  8.5907  23728 

1/4  5.0099  70139  5.0119  57040  5.0139  41581  5.0159  23768  5.0179  03608 

1/5  3.6296  78090  3.6308  29638  3.6319  79727  3.6331  28361  3.6342  75544 


1 635  636  637  638  639 

2 4 03225  4 04496  4 05769  4 07044  4 08321 

3 2560  47875  2572  59456  2584  74853  2596  94072  2609  17119 

4 (11)1.6259  04006  (11)1.6361  70140  (11)1.6464  84814  (11)1.6568  48179  (11)1.6672  60390 

5 ( 14)  1.0324  49044  ( 14)  1.0406  04209  ( 14)  1.0488  10826  ( 14)  1.0570  69138  ( 14)  1.0653  79389 

6 (16)6.5560  51429  ( 16)  6.  6182  42770  ( 16)  6.  6809  24963  ( 16)  6.  7441  01103  ( 16)  6.  8077  74299 

7 (19)4.1630  92658  ( 19)  4.  2092  02402  ( 19)  4.  2557  49202  ( 19)  4.  3027  36504  ( 19)  4.  3501  67777 

8 (22)2.6435  63838  (22)2.6770  52728  (22)2.7109  12241  (22)2.7451  45889  (22)2.7797  57209 

9 (25)1.6786  63037  (25)  1.7026  05535  (25)  1.7268  51098  (25)  1.7514  03077  (25)  1.7762  64857 

10  (28)1.0659  51028  ( 28S 1.  0828  57120  ( 28)  1. 1000  04149  (28)1.1173  95163  (28)1.1350  33244 

24  (67)1.8474  36020  (67)1.9185  39634  (67)1.9922  61654  (67)2.  0686  94164  (67)2.1479  32334 


1/2  ( 1)2.5199  20634  ( 1)2.5219  04043  ( 1)2.5238  85893  ( 1)2.5258  66188  ( 1)2.5278  44932 
1/3  8.5952  38034  8.5997  47604  8.6042  52449  8.6087  52582  8.6132  48015 
1/4  5.0198  81108  5.0218  56273  5.0238  29110  5.0257  99626  5.0277  67827 
1/5  3.6354  21280  3.6365  65574  3.6377  08430  3.6388  49851  3.6399  89842 


1 640  641  642  643  644 

2 4 09600  4 10881  4 12164  4 13449  4 14736 

3 2621  44000  2633  74721  2646  09288  2658  47707  2670  89984 

4 (11)1.6777  21600  (11)1.6882  31962  (11)1.6987  91629  (11)1.7094  00756  (11)1.7200  59497 

5 (14)1.0737  41824  ( 14)  1.0821  56687  ( 14)  1.  0906  24226  ( 14)  1.  0991  44686  ( 14)  1.  1077  18316 

6 (16)6.8719  47674  (16)6.9366  24366  ( 16)  7.  0018  07530  ( 16)  7.  0675  00332  (16)7.1337  05955 

7 (19)4.3980  46511  ( 19)  4. 4463  76219  ( 19)  4. 4951  60434  ( 19)  4.  5444  02713  ( 19)  4.  5941  06635 

8 (22)2.8147  49767  (22)2.8501  27156  (22)2.8858  92999  (22)2.9220  50945  (22)2.9586  04673 

9 (25)1.8014  39851  (25)  1.8269  31507  (25)  1.8527  43305  (25)  1.8788  78757  (25)  1.9053  41409 

10  (28)1.1529  21505  (28)  1.1710  63096  (28)  1.1894  61202  (28)  1.2081  19041  (28)  1.2270  39868 

24  (67)2.2300  74520  (67)2.3152  22362  (67)2.4034  80891  (67)2.4949  58638  (67)2.5897  67740 


1/2  ( 1)2.5298  22128  ( 1)2.5317  97780  ( 1)2.5337  71892  ( 1)2.5357  44467  ( 1)2.5377  15508 

1/3  8.6177  38760  8.6222  24830  8.6267  06237  8.6311  82992  8.6356  55108 

1/4  5.  0297  33719  5.  0316  97308  5.  0336  58602  5.  0356  17605  5.  0375  74325 

1/5  3.6411  28406  3.6422  65548  3.6434  01272  3.6445  35581  3.6456  68481 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


645 
4 16025 
2683  36125 

ill)  1.  7307  68006 
14)1.1163  45364 
16)7.2004  27598 
19)4.6442  75801 
22)2.9955  57891 
25)1.9321  34840 
28)1.2462  26972 


646 
4 17316 
2695  86136 
(11)1.7415  26439 

I 14)  1.1250  26079 
16)7.2676  68472 
19)4.6949  13833 
22)3.0329  14336 
25)1.9592  62661 
28)1.2656  83679 


647 
4 18609 
2708  40023 

ill)  1.7523  34949 
14)1.1337  60712 
16)7.3354  31806 
19)4.7460  24378 
22)3.0706  77773 
25)1.9867  28519 
28)1.2854  13352 


648 
4 19904 
2720  97792 

111)1.7631  93692 
14)1.1425  49513 
16)7.4037  20841 
19)4.7976  11105 
22)3.1088  51996 
25)2.0145  36093 
28)1.3054  19389 


649 
4 21201 
2733  59449 

ill)  1.7741  02824 
14)1.1513  92733 
16)7.4725  38836 
19)4.8496  77704 
22)3.1474  40830 
25)2.0426  89099 
28)  1.  3257  05225 


24  (67)2.6880  24057  (67)2.7898  47292  (67)2.8953  61105  (67)3.  0046  93247  (67)3.1179  75679 


1/2 

1/3 

1/4 

1/5 


( 1)2.5396  85020 
8.6401  22598 
5.0395  28767 
3.6467  99973 


( 1)2.  5416  53005 
8.6445  85472 
5.0414  80939 
3.6479  30063 


( 1)2.5436  1946a 

8.6490  43742 
5.0434  30845 

3.6490  58755 


( 1)2.5455  84412 
8.6534  97422 
5.  0453  78492 
3.6501  86051 


( 1)2.5475  47841 
8.6579  46522 
5.  0473  23886 
3.6513  11957 
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Table  3.1 


POWERS  AND  ROOTS  w* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


650 
4 22500 
2746  25000 

111)1.7850  62500 
14)1.1602  90625 
16)7.5418  89063 
19)4.9022  27891 
22)3.1864  48129 
(25)2.  0711  91284 
(28)1.3462  74334 

(67)3.2353  44710 

( 1)2.5495  09757 
8.6623  91053 
5.  0492  67033 
3.6524  36476 


651 
4 23801 
2758  94451 

111)1.7960  72876 
14)1.1692  43442 
16)7.6117  74809 
19)4.9552  65401 
22)3.  2258  77776 
25)2.  1000  46432 
28)1.  3671  30227 

(67)3.  3569  41134 

( 1)2.5514  70164 
8.  6668  31029 
5.  0512  07939 
3.  6535  59612 


652 
4 25104 
2771  67808 
(11)1.8071  34108 
(14)1.  1782  51439 
(16)7.  6821  99379 
(19)5.  0087  93995 
(22)3.2657  33685 
25)2.  1292  58363 
(28)1.  3882  76452 

(67)3.4829  10364 

( 1)2.5534  29067 
8.6712  66460 
5.0531  46611 
3.6546  81368 


653 
4 26409 
2784  45077 

111)1.  8182  46353 
14)1.1873  14868 
16)7.7531  66091 
19)5.  0628  17457 
22)3.  3060  19800 
25)2.  1588  30929 
(28)1.4097  16597 

(67)3.  6134  02582 

( 1)2.  5553  86468 
8.6756  97359 
5.  0550  83054 
3.6558  01749 


654 
4 27716 
2797  26264 

111)  1.  8294  09767 
14)1.1964  33987 
16)7.8246  78277 
19)5.1173  39593 
22)3.  3467  40094 
25)2.  1887  68021 
28)1.4314  54286 

(67)3.7485  72888 

( 1)2.  5573  42371 
8.6801  23736 
5.  0570  17274 
3.6569  20758 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


655 
4 29025 
2810  11375 

ill)  1.8406  24506 
14)1.2056  09052 
16)7.8967  39288 
19)5.1723  64234 
22)3.  3878  98573 
25  2.2190  73565 
28)1.  4534  93185 


656 
4 30336 
2823  00416 

111)1.  8518  90729 
14)1.2148  40318 
16)7.9693  52487 
19)5.2278  95232 
22)3.  4294  99272 
25)2.  2497  51522 
(28)1.4758  36999 


657 
4 31649 
2835  93393 

ill)  1.8632  08592 
14)1.2241  28045 
16)8.  0425  21255 
19)5.2839  36465 
22)3.4715  46257 
25)2.2808  05891 
28)1.4984  89470 


658 
4 32964 
2848  90312 
(11)1.  8745  78253 
(14)1.2334  72490 

116)8.1162  48987 
19)5.  3404  91834 
22)3.5140  43626 
25)2.  3122  40706 
28)1.5214  54385 


659 
4 34281 
2861  91179 
(11)1.8859  99870 
(14)1.2428  73914 
(16)8.  1905  39094 
(19)5.3975  65263 
(22)3.  5569  95508 
(25)2.  3440  60040 
(28)1.5447  35566 


24 


(67)3.8885  81447  (67)4.0335  93654 


(67)4.1837  80288  (67)4.3393  17689 


(67)4.5003  87920 


1/2 

1/3 

1/4 

1/5 


( 1)2.  5592  96778 
8.  6845  45603 
5.  0589  49277 
3.6580  38399 


( 1)2.  5612  49695 
8.6889  62971 
5.  0608  79069 
3.6591  54676 


( 1)2.  5632  01124 
8.6933  75853 
5.  0628  06656 
3.6602  69592 


( 1)2.5651  51068 
8.6977  84260 
5.  0647  32044 
3.6613  83152 


( 1)2.5670  99531 
8.7021  88202 
5.  0666  55239 
3.6624  95358 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


660 
4 35600 
2874  96000 

111)1.8974  73600 
14)1.2523  32576 
16)8.2653  95002 
19)5.4551  60701 
22)3.  6004  06063 
25)2.  3762  68001 
28)1.5683  36881 

(67)4.6671  78950 

( 1)2.5690  46516 
8.7065  87691 
5.0685  76246 
3.6636  06215 


661 
4 36921 
2888  04781 
(11)1.  9089  99602 
(14)1.2618  48737 
(16)8.3408  20153 
(19)5.  5132  82121 
(22)3.  6442  79482 
25)2.4088  68738 
28)1.  5922  62236 

(67)4.8398  84834 

( 1)2.5709  92026 
8.7109  82739 
5.0704  95071 
3.6647  15727 


662 
4 38244 
2901  17528 
11)1.9205  "'8035 
14)1.2714  22659 

116)8.4168  18005 
19)5.5719  33519 
22)3.6886  19990 
25)2.4418  66433 
28)1.  6165  15579 

(67)5.  0187  05901 

( 1)2.  5729  36066 
8.7153  73356 
5.0724  11720 
3.6658  23896 


663 
4 39569 
2914  34247 

111)1.9322  09058 
14)1.2810  54605 
16)8.4933  92032 
19)5.6311  18918 
22)3.7334  31842 
25)2.4752  65311 
28)1.  6411  00901 

(67)5.2038  48947 

( 1)2.5748  78638 
8.7197  59553 
5.  0743  26200 
3.  6669  30727 


664 
4 40896 
2927  54944 
(11)1.9438  92828 
(14)1.2907  44838 

116)8.5705  45724 
19)5.6908  42360 
22)3.7787  19327 
25)2.5090  69633 
28)1.6660  22237 

(67)5.3955  27431 

( 1)2.5768  19745 
8.7241  41343 
5.0762  38514 
3.6680  36224 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


665 
4 42225 
2940  79625 

111)1.9556  29506 
14)1.3004  93622 
16)8.6482  82584 
19)5.7511  07918 
22)3.8244  86766 
25)2.5432  83699 
28)1.6912  83660 

(67)5.5939  61683 

( 1)2.5787  59392 
8.7285  18735 
5.  0781  48670 
3.6691  40389 


666 
4 43556 
2954  08296 
(11)1.9674  19251 
(14)1.3103  01221 

116)8.7266  06135 
19)5.8119  19686 
22)3.8707  38511 
25)2.5779  11848 
28)1.7168  89291 

(67)5.7993  79113 

( 1)2.5806  97580 
8.7328  91741 
5.  0800  56673 
3.6702  43226 


667 
4 44889 
2967  40963 

111) 1. 9792  62223 
14)1.3201  67903 
16)8.8055  19912 
19)5.8732  81781 
22)3.9174  78948 
25)2.6129  58458 
28)1.7428  43292 

(67)6.0120  14426 

( 1)2.5826  34314 
8.7372  60372 
5.0819  62528 
3.6713  44740 


668 
4 46224 
2980  77632 
(11)1.9911  58582 
(14)1.  3300  93933 
(16)8.8850  27470 
(19)5.9351  98350 
(22)3.9647  12498 
(25)2.  6484  27948 
(28)1.7691  49870 

(67)6.2321  09844 

( 1)2.5845  69597 
8.7416  24639 
5.0838  66242 
3.6724  44934 


669 
4 47561 
2994  18309 
11)2.0031  08487 
14)1.3400  79578 

116)8.9651  32376 
19)5.9976  73560 
22)4.0124  43612 
25)2.6843  24776 
28)1.7958  13275 

(67)6.4599  15340 

( 1)2.5865  03431 
8.7459  84552 
5.0857  67819 
3.6735  43810 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


670 
4 48900 
3007  63000 

111)2.0151  12100 
14)1.  3501  25107 
16)9.  0458  38217 
19)6.0607  11605 
22)4.  0606  76776 
25)2.7206  53440 
28)1.8228  37805 

(67)6.6956  88867 

( 1)2.  5884  35821 
8.  7503  40123 
5.  0876  67266 
3.6746  41374 
1 


671 
4 50241 
3021  11711 

111)2.  0271  69581 
14)1.  3602  30789 
16)9.  1271  48592 
19)6.1243  16705 
22)4.  1094  16509 
25)2.7574  18478 
28)1.8502  27799 

(67)6.9396  96605 

( 1)2.5903  66769 
8.7546  91362 
5.  0895  64588 
3.  6757  37627 
1 


672 
4 51584 
3034  64448 
11)2.  0392  81091 
14)1.3703  96893 

116)9.2090  67120 
19)6.1884  93105 
22)4.1586  67366 
25)2.7946  24470 
28)1.8779  87644 

(67)7.  1922  13208 

( 1)2.  5922  96279 
8.7590  38280 
5.  0914  59790 
3.6768  32575 
1 


673 
4 52929 
3048  21217 
(11)2.  0514  46790 
(14)1.3806  23690 
(16)9.2915  97433 
(19)6.2532  45073 
22)4.2084  33934 
25) 2. 8322  76038 
(28)1.9061  21773 

(67)7.4535  22063 

( 1)2.5942  24354 
8.7633  80887 
5.  0933  52878 
3.6779  26219 
1 


674 
4 54276 
3061  82024 

111)2.0636  66842 
14)1.3909  11451 
16)9.  3747  43182 
19)6.3185  76905 
22)4.2587  20834 
25)2.8703  77842 
(28)1.9346  34665 

(67)7.7239  15552 

( 1)2.5961  50997 
8.7677  19196 
5.  0952  43858 
3.6790  18565 
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POWERS  AND  ROOTS  n*  Table  3.1 

k 

1 675  676  677  678  679 

2 4 55625  4 56976  4 58329  4 59684  4 61041 

3 3075  46875  3089  15776  3102  88733  3116  65752  3130  46839 

4 (11)2.0759  41406  (11)2.0882  70646  (11)2.1006  54722  (11)2.1130  93799  (11)2.1255  88037 

5 (14)1.4012  60449  (14)1.4116  70957  (14)1.4221  43247  (14)1.4326  77595  (14)1.4432  74277 

6 (16)9.4585  08032  ( 16)  9.  5428  95666  (16)9.6279  09783  ( 16)  9.  7135  54097  ( 16)  9. 7998  32341 

7 (19)6.3844  92922  ( 19)  6. 4509  97470  ( 19)  6. 5180  94923  ( 19)  6. 5857  89678  (19)6.6540  86159 

8 (22)4.3095  32722  (22)4.3608  74290  (22)4.4127  50263  (22)4.4651  65402  (22)4.5181  24502 

9 (25)2.9089  34587  (25)2.9479  51020  (25)2.9874  31928  (25)3.0273  82142  (25)3.0678  06537 

10  (28)1.9635  30847  (28)1.9928  14890  (28)2.0224  91415  (28)2.0525  65092  (28)2.0830  40639 

24  (67)8.0036  95322  (67)8.2931  72571  (67)8.5926  68325  (67)8.9025  13744  (67)9.2230  50418 

1/2  ( 1)2.5980  76211  ( 1)2.6000  00000  ( 1)2.6019  22366  i 1)2.6038  43313  ( 1)2.6057  62844 

1/3  8.7720  53215  8.7763  82955  8.7807  08428  8.7850  29644  8.7893  46612 

1/4  5. 0971  32735  5. 0990  19514  5. 1009  04200  5. 1027  86801  5. 1046  67319 

1/5  3.6801  09614  3.6811  99371  3.6822  87840  3.6833  75023  3.6844  60923 

1 680  681  682  683  684 

2 4 62400  4 63761  4 65124  4 66489  4 67856 

3 3144  32000  3158  21241  3172  14568  3186  11987  3200  13504 

4 (11)2.1381  37600  (11)2.1507  42651  (11)2.1634  03354  (11)2.1761  19871  (11)2.1888  92367 

5 (14)1.4539  33568  ( 14)  1.4646  55745  ( 14)  1.4754  41087  ( 14)  1.4862  89872  ( 14)  1.4972  02379 

6 (16)9.8867  48262  ( 16)  9.  9743  05627  ( 17)  1.0062  50822  ( 17)  1.0151  35983  ( 17)  1.0240  86427 

7 (19)6.7229  88818  ( 19)  6.  7925  02132  ( 19)  6.  8626  30603  ( 19)  6. 9333  78761  ( 19)  7.  0047  51164 

8 (22)4.5716  32397  (22)4.6256  93952  (22)4.6803  14071  (22)4.7354  97694  (22)4.7912  49796 

9 (25)3.1087  10030  (25)3.1500  97581  (25)3.1919  74196  (25)3.2343  44925  (25)3.2772  14860 

10  (28)2.1139  22820  (28)2.1452  16453  (28)2.1769  26402  (28)2.2090  57584  (28)2.2416  14965 

24  ^67)9.5546  30685  (67)9.8976  17949  (68)1.0252  38701  (68)1.0619  32441  (68)1.0998  82878 

1/2  ( 1)2.6076  80962  ( 1)2.6095  97670  ( 1)2.6115  12971  ( 1)2.6134  26869  ( 1)2.6153  39366 

1/3  8.7936  59344  8.7979  67850  8.8022  72141  8.8065  72225  8.8108  68115 

l'/4  5.1065  45762  5.1084  22134  5.1102  96441  5.1121  68688  5.1140  38880 

1/5  3.6855  45546  3.6866  28893  3.6877  10968  3.6887  91774  3.6898  71315 

1 685  686  687  688  689 

2 4 69225  4 70596  4 71969  4 73344  4 74721 

3 3214  19125  3228  28856  3242  42703  3256  60672  3270  82769 

4 (11)2.2017  21006  (11)2.2146  05952  (11)2.2275  47370  (11)2.2405  45423  (11)2.2536  00278 

5 (14)1.5081  78889  ( 14)  1.5192  19683  ( 14)  1.5303  25043  ( 14)  1.5414  95251  (14)1.5527  30592 

6 (17)1.0331  02539  ( 17)1. 0421  84703  ( 17)1. 0513  33304  (17)1.0605  48733  (17)1.0698  31378 

7 (19)7.0767  52393  ( 19)  7. 1493  87060  ( 19)  7. 2226  59802  ( 19)  7. 2965  75282  ( 19)  7.  3711  38193 

8 (22)4.8475  75389  (22)4.9044  79523  (22)4.9619  67284  (22)5.0200  43794  (22)5.0787  14215 

9 (25)3.3205  89142  (25)3.3644  72953  ? 25)  3. 4088  71524  (25)3.4537  90130  (25)3.4992  34094 

10  (28)2.2746  03562  (28)2.3080  28446  (28)2.3418  94737  (28)2.3762  07610  (28)2.4109  72291 

24  (68)1.1391  31118  (68)1.1797  19551  (68)1.2216  91886  (68)1.2650  93189  (68)1.3099  69927 

1/2  ( 1)2.6172  50466  ( 1)2.6191  60171  ( 1)2.6210  68484  ( 1)2.6229  75410  ( 1)2.6248  80950 

1/3  8.8151  59819  8.8194  47349  8.8237  30714  8.8280  09925  8.8322  84991 

1/4  5.1159  07022  5.1177  73120  5.1196  37179  5.1214  99204  5.1233  59200 

1/5  3.  69.09  49595  3. 6920  26615  3. 6931  02381  3.  6941  76894  3.  6952  50159 

1 690  691  692  693  694 

2 4 76100  4 77481  4 78864  4 80249  4 81636 

3 3285  09000  3299  39371  3313  73888  3328  12557  3342  55384 

4 (11)2.2667  12100  (11)2.2798  81054  (11)2.2931  07305  (11)2.3063  91020  (11)2.3197  32365 

5 (14)1.5640  31349  ( 14)  1.5753  97808  ( 14)  1.5868  30255  (14)1.5983  28977  ( 14  1.6098  94261 

6 (17)1.0791  81631  ( 17)  1.  0885  99885  ( 17)  1.  0980  86536  (17)1.1076  41981  (17  1.1172  66617 

7 (19)7.4463  53253  ( 19)  7. 5222  25208  ( 19)  7.  5987  58832  19)  7. 6759  58928  ( 19)  7.  7538  30324 

8 (22)5.1379  83744  (22)5.1978  57619  (22)5.2583  41112  (22)5.3194  39537  (22)5.3811  58245 

9 (25)3.5452  08784  (25)3.5917  19614  (25)3.6387  72050  (25)3.6863  71599  (25)3.7345  23822 

10  (28)2.4461  94061  (28)2.4818  78254  (28)2.5180  30258  (28)2.5546  55518  (28)2.5917  59533 

24  (68)1.3563  70007  (68)1.4043  42816  (68)1.4539  39271  (68)1.5052  11857  (68)1.5582  14678 

1/2  ( 1)2.6267  85107  ( 1)2.6286  87886  ( 1)2.6305  89288  ( 1)2.6324  89316  ( 1)2.6343  87974 

1/3  8.  8365  55922  8.  8408  22729  8.  8450  85422  8. 8493  44010  8.  8535  98503 

1/4  5. 1252  17173  5. 1270  73128  5. 1289  27069  5. 1307  79001  5. 1326  28931 

1/5  3.6963  22179  3.6973  92956  3.6984  62494  3.6995  30796  3.7005  97866 

1 695  696  697  698  699 

2 4 83025  4 84416  4 85809  4 87204  4 88601 

3 3357  02375  3371  53536  3386  08873  3400  68392  3415  32099 

4 (11)2.3331  31506  (11)2.3465  88611  (11)2.3601  03845  (11)2.3736  77376  (11)2.3873  09372 

5 (14)1.6215  26397  (14)1.6332  25673  ( 14)  1. 6449  92380  (14)1.6568  26809  (14)1.6687  29251 

6 (17)1.1269  60846  (17)1.1367  25068  ( 17  1. 1465  59689  ( 17)  1. 1564  65112  (17)1.1664  41746 

7 (19)7.8323  77878  (19)7.9116  06476  (l9  7.9915  21031  (19)8.0721  26484  (19)8.1534  27808 

8 (22)5.4435  02625  (22)5.5064  78107  (22)5.5700  90158  (22)5.6343  44286  (22)5.6992  46038 

9 (25)3.7832  34325  (25)3.8325  08763  (25)3.8823  52840  (25)3.9327  72312  (25)3.9837  72980 

10  (28)2.6293  47856  (28)2.6674  26099  (28)2.7059  99930  (28)2.7450  75074  (28)2.7846  57313 

24  (68)1.6130  03502  (68)1.6696  35809  (68)1.7281  70846  (68)1.7886  69670  (68)1.8511  95210 

1/2  ( 1)2.6362  85265  ( 1)2.6381  81192  ( 1)2.6400  75756  ( 1)2.6419  68963  ( 1)2.6438  60813 

1/3  8.8578  48911  8.8620  95243  8.8663  37511  8.8705  75722  8.8748  09888 

1/4  5.1344  76863  5.1363  22801  5.1381  66751  5.1400  08719  5.1418  48708 

1/5  3.7016  63707  3.7027  28321  3.7037  91713  3.7048  53884  3.7059  14839 

j[(-7)2] 
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Table  3.1 


POWERS  AND  ROOTS  rc* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


700 
4 90000 
3430  00000 

111) 2.  4010  00000 
14)1.  6807  00000 
17)1.  1764  90000 
19)8.2354  30000 
22)5.7648  01000 
25)4.  0353  60700 
28)2.8247  52490 

(68)1.  9158  12314 

( 1)2.  6457  51311 
8.8790  40017 
5.  1436  86724 
3.7069  74581 


701 
4 91401 
3444  72101 

ill) 2.  4147  49428 
14)1.6927  39349 
17)1.1866  10284 
19)8.3181  38089 
22)5.8310  14800 
25)4.  0875  41375 
28)2.8653  66504 

(68)1.9825  87808 

( 1)2.  6476  40459 
8.8832  66120 
5.  1455  22771 
3.7080  33112 


702 
4 92804 
3459  48408 

ill) 2. 4285  57824 
14)1.7048  47593 
17)1.1968  03010 
19)8.4015  57130 
22)5.8978  93105 
25)4.1403  20960 
28)2.9065  05314 

(68)2.  0515  90555 

( 1)2.6495  28260 
8.8874  88205 
5.1473  56856 
3.7090  90435 


703 
4 94209 
3474  28927 

ill) 2.  4424  25357 
14)1.7170  25026 
17)1.2070  68593 
19)8.4856  92210 
22)5.9654  41624 
25)4.1937  05461 
28)2.9481  74939 

(68)2.  1228  91511 

( 1)2.  6514  14717 
.B.  8917  06283 
5.1491  88981 
3.7101  46554 


704 
4 95616 
3489  13664 

ill) 2.  4563  52195 
14)1.7292  71945 
17)1.2174  07449 
19)8.5705  48443 
22)6.0336  66104 
25)4.2477  00937 
28)2.9903  81460 

(68)2.1965  63787 

( 1)2.  6532  99832 
8.8959  20362 
5.1510  19154 
3.7112  01473 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


705 
4 97025 
3504  02625 
11)2.4703  38506 
14)1.7415  88647 
17)1.2278  19996 
19)8.6561  30972 
22)6.  1025  72335 
25)4.3023  13497 
28)3.  0331  31015 


706 
4 98436 
3518  95816 

ill) 2.  4843  84461 
14)1.7539  75429 
17)1.2383  06653 
19)8.7424  44971 
22)6.1721  66150 
25)4.  3575  49302 
28)3.0764  29807 


707 
4 99849 
3533  93243 

111)2.4984  90228 
14)1.7664  32591 
17)1.2488  67842 
19)8.  8294  95643 
22)6.2424  53419 
25)4.4134  14568 
28)3.  1202  84099 


708 
5 01264 
3548  94912 

111)2.  5126  55977 
14)1.7789  60432 
17)1.2595  03986 
19)8.9172  88218 
22)6.3134  40059 
25)4.4699  15561 
28)3.1647  00218 


709 
5 02681 
3564  00829 

111)2.5268  81878 
14)1.7915  59251 
17)1.2702  15509 
19)9.0058  27960 
22)6.3851  32023 
25)4.5270  58605 
28)3.2096  84551 


24 


(68)2.2726  82709 


(68)2.3513  25887  (68)2.4325  73275 


(68)2.5165  07242 


(68)2.6032  12640 


1/2 

1/3 

1/4 

1/5 


( 1)2.6551  83609 
8.9001  30453 
5.1528  47377 
3.7122  55193 


( 1)2.6570  66051 
8.9043  36564 
5.1546  73657 
3.7133  07718 


( 1)2.6589  47160 
8.9085  38706 
5.1564  97998 
3.7143  59051 


( 1)2.6608  26939 
8.9127  36887 
5.  1583  20404 
3.7154  09195 


( 1)2.6627  05391 
8.9169  31117 
5.  1601  40881 
3.7164  58153 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


710 
5 04100 
3579  11000 

111)  2.  5411  68100 
14)1.8042  29351 
17)1.2810  02839 
19)9.  0951  20158 
22)6.4575  35312 
25)4.5848  50072 
28)3.2552  43551 


711 
5 05521 
3594  25431 

111)2.5555  14814 
14)1.8169  71033 
17)1.2918  66404 
19)9.1851  70136 
22)6.5306  55967 
25)4.6432  96392 
28)3.  3013  83735 


712 
5 06944 
3609  44128 

ill) 2.  5699  22191 
14)1.8297  84600 
17)1.3028  06635 
19)9.2759  83244 
22)6.  6045  00070 
25)4.7024  04050 
28)3.3481  11683 


713 
5 08369 
3624  67097 

ill) 2. 5843  90402 
14)1.8426  70356 
17)1.  3138  23964 
19)9.3675  64864 
22)6.6790  73748 
25)4.7621  79582 
28)3.3954  34042 


714 
5 09796 
3639  94344 

ill) 2.  5989  19616 
14)1.8556  28606 
17)1.  3249  18825 
19)9.4599  20408 
22)6.7543  83171 
25)4.8226  29584 
28)3.4433  57523 


24 


(68)2.6927  76876 


(68)2.7852  89985  (68)2.8808  44702 


(68)2.9795  36544 


(68)3.0814  63889 


1/2 

1/3 

1/4 

1/5 


( 1)2.6645  82519 
8.9211  21404 
5.1619  59433 
3.7175  05928 


( 1)2.6664  58325 
8.9253  07760 
5.  1637  76065 
3.7185  52523 


( 1)2.6683  32813 
8.9294  90191 
5.  1655  90782 
3.7195  97942 


( 1)2.  6702  05985 
8.9336  68708 
5.1674  03588 
3.  7206  42186 


( 1)2.6720  77843 
8.9378  43321 
5.  1692  14489 
3.7216  85260 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


715 
5 11225 
3655  25875 
11)2.  6135  10006 
14)1.8686  59654 
17)1.  3360  91653 
19)9.  5530  55319 
22)6.8304  34553 
25)4.8837  60705 
28)3.4918  88904 


716 
5 12656 
3670  61696 

111)2.6281  61743 
14)1.8817  63808 
17)1.3473  42887 
19)9.6469  75069 
22)6.9072  34149 
25)4.9455  79651 
28)3.5410  35030 


717 
5 14089 
3686  01813 

ill) 2.  6428  74999 
14)1.8949  41374 
17)1.3586  72965 
19)9.7416  85162 
22)6.9847  88261 
25)5.0080  93183 
28)3.5908  02813 


718 
5 15524 
3701  46232 

111)2.6576  49946 
14)1.9081  92661 
17)1.  3700  82331 
19)9.8371  91134 
22)7.0631  03234 
25)5.0713  08122 
28)3.6411  99232 


5 16961 
3716  94959 
(11)2.6724  86755 
(14)1.9215  17977 
(17)1.3815  71425 
(19)9.9334  98549 
(22)7.  1421  85457 
(25)5.1352  31343 
(28)3.6922  31336 


24 


(68)3.1867  28051 


(68)3.2954  33372 


(68)3.4076  87302  (68)3.5236  00491 


(68)3.6432  86875 


1/2 

1/3 

1/4 

1/5 


( 1)2.6739  48391 
8.9420  14037 
5.1710  23488 
3.7227  27165 


( 1)2.6758  17632 
8.9461  80866 
5.1728  30591 
3.7237  67905 


( 1)2.6776  85568 
8.9503  43817 
5.1746  35801 
3.7248  07483 


( 1)2.6795  52201 
8.9545  02899 
5.1764  39125 
3.7258  45902 


( 1)2.6814  17536 
8.9586  58122 
5.  1782  40566 
3.7268  83164 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


720 
5 18400 
3732  48000 

111) 2.  6873  85600 
14)1.9349  17632 
17)1.3931  40695 
20)1.  0030  61300 
22)7.2220  41363 
25)5.  1998  69781 
28)3.7439  06243 


721 
5 19841 
3748  05361 

111)2.7023  46653 
14)1.9483  91937 
17)1.4047  90586 
20)1.0128  54013 
22)7.3026  77432 
25)5.2652  30428 
28)3.7962  31139 


722 
5 21284 
3763  67048 

ill) 2.  7173  70087 
14)1.9619  41202 
17)1.4165  21548 
20)1.0227  28558 
22)7.3841  00187 
25)5.3313  20335 
28)3.8492  13282 


723 
5 22729 
3779  33067 

ill) 2.  7324  56074 
14)1.9755  65742 
17)1.4283  34031 
20) 1.  u326  85505 
22)7.4663  16199 
25)5.3981  46612 
28)3.9028  60000 


724 
5 24176 
3795  03424 

111)2.7476  04790 
14)1.9892  65868 
17)1.4402  28488 
20)1.0427  25426 
22)7.5493  32081 
25)5.4657  16426 
28)3.9571  78693 


24 


(68)3.7668  63772 


(68)3.8944  51981 


(68)4.0261  75870  (68)4.1621  63488 


(68)4.3025  46659 


1/2 

1/3 

1/4 

1/5 


( 1)2.6832 
8.  9628 
5. 1800 
3. 7279 


81573  ( 1)2.6851 

09493  8. 9669 

40128  5. 1818 

19273  3. 7289 

i[<1>2] 


44316 
57022 
37817 
54232 
1 


( 1)2.6870  05769 
8.9711  00718 
5.1836  33637 
3.7299  88042 


( 1)2.6888 
8.  9752 
5. 1854 
3.  7310 


4(~?51  »'4[(-P2l 

4 J 3 . 


65932  ( 1)2.6907 

40590  8. 9793 

27593  5. 1872 

20708  3. 7320 


24809 

76646 

19688 

52232 


ELEMENTARY  ANALYTICAL  METHODS 


POWERS  AND  ROOTS  n * 


Table  3.1 


k 

1 725 

2 5 25625 

3 3810  78125 

4 (11)2.7628  16406 

5 (14)2.0030  41895 

6 (17)1.4522  05374 

7 (20)1.0528  48896 

8 (22)7.6331  54495 

9 (25)5.5340  37009 

10  (28)4.0121  76831 

24  (68)4.4474  61095 

1/2  ( 1)2.6925  82404 

1/3  8. 9835  08896 

1/4  5.1890  09928 

1/5  3.7330  82616 


726 
5 27076 
3826  57176 

111)2.7780  91098 
14)2.0168  94137 
17)1.4642  65143 
20)1.0630  56494 
22)7.7177  90147 
25)5.6031  15647 
28)4.0678  61960 

(68)4.5970  46501 

( 1)2.6944  38717 
8.9876  37347 
5.1907  98317 
3.7341  11864 


727 
5 28529 
3842  40583 

ill) 2.  7934  29038 
14)2.0308  22911 
17)1.4764  08256 
20)1.0733  48802 
22)7.8032  45793 
25)5.6729  59691 
28)4.1242  41696 

(68)4.7514  46686 

( 1)2.6962  93753 
8.9917  62009 
5.1925  84860 
3.7351  39979 


728 
5 29984 
3858  28352 

111) 2.  8088  30403 
14)2.0448  28533 
17)1.4886  35172 
20)1.0837  26405 
22)7.8895  28230 
25)5.7435  76552 
28)4.1813  23730 

(68)4.9108  09683 

( 1)2.6981  47513 
8.9958  82891 
5.1943  69560 
3.7361  66963 


729 
5 31441 
3874  20489 
(11)2.8242  95365 
(14)2.0589  11321 
(17)1.5009  46353 
(20)1.0941  89891 
(22)7.9766  44308 
(25)5.8149  73700 
(28)4.2391  15828 

(68)5.0752  87861 

( 1)2.7000  00000 
9.0000  00000 
5.1961  52423 
3.7371  92819 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


730 
5 32900 
3890  17000 

111)2.8398  24100 
14)2.0730  71593 
17)1.5133  42263 
20)1.1047  39852 
22)8.0646  00919 
25)5.8871  58671 
28)4.2976  25830 


731 
5 34361 
3906  17891 

111)2.8554  16783 
14)2.0873  09669 
17)1.5258  23368 
20)1.1153  76882 
22)8.1534  05006 
25)5.9601  39059 
28)4.3568  61652 


732 
5 35824 
3922  23168 
(11)2.8710  73590 

i 14)  2. 1016  25868 
17)1.5383  90135 
20)1.1261  01579 
22)8.2430  63558 
25)6.0339  22524 
28)4.4168  31288 


733 
5 37289 
3938  32837 

111)  2.  8867  94695 
14)2.1160  20512 
17)1.5510  43035 
20)1.1369  14545 
22) 8.  3335  83612 
25)6.1085  16788 
28)4.4775  42805 


734 
5 38756 
3954  46904 

ill) 2.  9025  80275 
14)2.1304  93922 
17)1.5637  82539 
20)1.1478  16384 
22)8.4249  72255 
25)6.1839  29635 
28)4.5390  04352 


24 


(68)5.2450  38047 


(68)5.4202  21655 


(68)5.6010  04807  (68)5.7875  58467 


(68)5.9800  58576 


1/2 

1/3 

1/4 

1/5 


( 1)2.7018  51217 
9.0041  13346 
5.1979  33452 
3.7382  17550 


( 1)2.7037  01167 
9.0082  22937 
5.1997  12653 
3.7392  41158 


( 1)2.7055  49852 
9.0123  28782 
5.2014  90029 
3.7402  63647 


( 1)2.7073  97274 
9.0164  30890 
5.2032  65584 
3.7412  85019 


( 1)2.7092  43437 
9.0205  29268 
5.2050  39324 
3.7423  05277 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


735 
5 40225 
3970  65375 
(11)2.9184  30506 
(14)2.1450  46422 
(17)1.5766  09120 
(20)1.1588  07703 
(22)8.5172  36620 
(25)6.2601  68916 
(28)4.6012  24153 


736 
5 41696 
3986  88256 

ill) 2. 9343  45564 
14)2.1596  78335 
17)1.5895  23255 
20)1.1698  89115 
22)8.6103  83890 
25)6.3372  42543 
28)4.6642  10512 


5 

4003 
11)2.9503 
14)2.1743 
17) 1. 6025 
20)  1.1810 
22)8.7044 
25)6. 41$1 
28)4. 7279 


737 

43169 

15553 

25626 

89986 

25420 

61234 

21297 

58496 

71812 


738 
5 44644 
4019  47272 

ill) 2. 9663  70867 
14)2.1891  81700 
17)1.6156  16095 
20)1.1923  24678 
22)8.7993  56123 
25)6.4939  24819 
28)4.7925  16516 


739 
5 46121 
4035  83419 

111)2.9824  81466 
14)2.2040  53804 
17)1.6287  95761 
20)1.2036  80067 
22)8.8951  95697 
25)6.5735  49620 
28)4.8578  53170 


24 


(68)6.1786  86185 


(68)6.3836  27605 


(68)6.5950  74542  (68)6.8132  24254 


(68)7.0382  79698 


1/2 

1/3 

1/4 

1/5 


( 1)2.7110  88342 
9.0246  23926 
5.2068  11253 
3.7433  24423 


( 1)2.7129  31993 
9.0287  14871 
5.2085  81374 
3.7443  42461 


( 1)2.7147  74392 
9.0328  02112 
5.2103  49693 
3.7453  59393 


( 1)2.7166  15541 
9.0368  85658 
5.2121  16213 
3.7463  75222 


( 1)2.7184  55444 
9.0409  65517 
5.2138  80938 
3.7473  89950 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


740 
5 47600 
4052  24000 

ill) 2.  9986  57600 
14)2.2190  06624 
17)1.6420  64902 
20)1.2151  28027 
22)8.9919  47402 
25)6.6540  41078 
28)4.9239  90397 


741 
5 49081 
4068  69021 

!11)  3.  0148  99446 
14)2.2340  40489 
17)1.6554  24002 
20)1.2266  69186 
22)9.0896  18667 
25)6.7354  07432 
28)4.9909  36907 


742 
5 50564 
4085  18488 

111)3.0312  07181 
14)2.2491  55728 
17)1.6688  73550 
20)1.2383  04174 
22)9.1882  16974 
25)6.8176  56995 
28)5.0587  01490 


743 
5 52049 
4101  72407 

ill) 3.  0475  80984 
14)2.2643  52671 
17)1.6824  14035 
20)1.2500  33628 
22)9.2877  49854 
25)6.9007  98142 
28)5.1272  93019 


744 
5 53536 
4118  30784 

111)3.0640  21033 
14)2.27.96  31649 
17)1.6960  45947 
20)1.2618  58184 
22)9.3882  24890 
25)6.9848  39318 
28)5.1967  20453 


24 


(68)7.2704  49690  (68)7.5099  49065 


(68)7.7569  98844  (68)8.0118  26396 


(68)8.2746  65623 


1/2 

1/3 

1/4 

1/5 


( 1)2.7202  94102 
9.0450  41696 
5.2156  43874 
3.7484  03580 


( 1)2.7221  31518 
9.0491  14206 
5.2174  05023 
3.7494  16115 


( 1)2.7239  67694 
9.0531  83053 
5.2191  64391 
3.7504  27557 


( 1)2.7258  02634 
9.0572  48245 
5.2209  21982 
3.7514  37909 


( 1)2.7276  36339 
9.0613  09792 
5.2226  77799 
3.7524  47174 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


745 
5 55025 
4134  93625 

111)3.0805  27506 
14)2.2949  92992 
17)1.7097  69779 
20)1.2737  78485 
22)9.4896  49717 
25)7.0697  89039 
i 28)5.2669  92834 


746 
5 56516 
4151  60936 

ill) 3. 0971  00583 
14)2.3104  37035 
17)1.7235  86028 
20)1.2857  95177 
22)9.5920  32018 
25)7.1556  55886 
28)5.3381  19291 


747 
5 58009 
4168  32723 

ill) 3. 1137  40441 
14)2.3259  64109 
17)1.7374  95190 
20)1.2979  08907 
22)9.6953  79533 
25)7.2424  48511 
28)5.4101  09038 


748 
5 59504 
4185  08992 

ill) 3. 1304  47260 
14)2.3415  74551 
17)1.7514  97764 
20)1.3101  20327 
22)9.7997  00049 
25)7.3301  75636 
28)5.4829  71376 


749 
5 61001 
4201  89749 

111)3.1472  21220 
14)2.3572  68694 
17)1.7655  94252 
20)1.3224  30094 
22)9.9050  01408 
25)7.4188  46054 
28)5.5567  15695 


24 


(68)8.5457  57129  (68)8.8253  48404 


(68)9.1136  94019  (68)9.4110  55807 


(68)9.7177  03069 


1/2 

V3 

1/4 

1/5 


( 1)2.7294  68813 

( 1)2.7313 

00057 

( 1)2.7331 

30074 

( 1)2.7349 

58866 

( 1)2.7367 

86437 

9.0653  67701 

9.  0694 

21981 

9.  0734 

72639 

9.  0775 

19683 

9. 0815 

63122 

5.2244  31847 

5. 2261 

84131 

5.  2279 

34653 

5. 2296 

83419 

5.2314 

30432 

3.7534  55355 

3.  7544 

62453 

3. 7554 

68472 

3. 7564 

73415 

3. 7574 

77282 

j[,-|)2] 


ELEMENTARY  ANALYTICAL  METHODS 


Table  3.1 


POWERS  AND  ROOTS  n* 


k 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


750 
5 62500 
4218  75000 

ill)  3.  1640  62500 
14)2.3730  46875 
17)1.7797  85156 
20)1.3348  38867 
23)1.  0011  29150 
25)7.5084  68628 
28)5.6313  51471 


751 
5 64001 
4235  64751 

111)3.1809  71280 
14)2.  3889  09431 
17)1.7940  70983 
20)1.3473  47308 
23)1.  0118  57828 
25)7.  5990  52291 
28)5.7068  88271 


752 
5 65504 
4252  59008 

ill) 3. 1979  47740 
14)2.4048  56701 
17)1.8084  52239 
20)1.  3599  56084 
23)1.  0226  86975 
25)7.6906  06051 
28)5.  7833  35750 


753 
5 67009 
4269  57777 

111)3.2149  92061 
14)2.4208  89022 
17  1.8229  29433 
20)1.3726  65863 
23)1.0336  17395 
25)7.7831  38985 
28)5.8607  03656 


5 

4286 
11)3.2321 
2.4370 
1.  8375 
20)1.3854 
23)1.  0446 
25)7.  8766 
28)  5.  9390 


14 

17 


754 

68516 

61064 

04423 

06735 

03078 

77321 

49900 

60245 

01825 


24 

1/2 

1/3 

1/4 

1/5 


(69)1.  0033  91278 

( 1)2.  7386  12788 
9.0856  02964 
5.2331  75697 
3.7584  80079 


(69)1.0359  96977 

( 1)2.7404  37921 
9.  0896  39217 
5.2349  19217 
3.7594  81806 


(69)1.0696  16698 

( 1)2.7422  61840 
9.0936  71888 
5.2366  60997 
3.7604  82467 


(69)1.1042  80565 

( 1)2.7440  84547 
9.0977  00985 
5.2384  01041 
3.7614  82064 


(69)1.  1400  19555 

( 1)2.7459  06044 
9.1017  26517 
5.2401  39353 
3.7624  80599 


1 

2 

3 

4 
'5 
6 

7 

8 
9 

10 


24 

1/2 

1/3 

1/4 

1/5 


5 

4303 
11)  3.  2492 
" 2.  4532 
1.8521 
1.  3983 
1.  0557 
7.9711 


14 

17 

20 

23 

25 


28)  6.  0182 


755 

70025 

68875 

85006 

10180 

73686 

91133 

85305 

79054 

40186 


756 
5 71536 
4320  81216 

ill)  3.  2665  33993 
14  2.4694  99699 
17)1.8669  41772 
20) 1. 4114  07980 
23)1.0670  24433 
25)8.0667  04711 
28)6.0984  28762 


757 
5 73049 
4337  98093 

ill)  3.  2838  51564 
14)2.4858  75634 
17)1.8818  07855 
20)  1.4245  28546 
23)1.0783  68109 
25)8.1632  46588 
28)6.  1795  77667 


758 
5 74564 
4355  19512 

111) 3.  3012  37901 
14)2.5023  38329 
17)1.8967  72453 
20)1.4377  53520 
23  1.  0898  17168 
25  8.2608  14132 
28)6.2616  97112 


5 

4372 
11)3.  3186 
14)2.5188 
17)1.9118 
20)1.4510 
23)1.1013 
25)  8.  3594 
28)  6.  3447 


759 

76081 

45479 

93186 

88128 

36089 

83592 

72446 

16865 

97401 


(69)1.1768  65520 


(69)1.2148  51214  (69)1.2540  10313 


(69)1.2943  77441 


(69)1.  3359  88198 


( 1)2.  7477  26333 
9.1057  48491 
5.2418  75936 
3.7634  78075 


( 1)2.  7495  45417 
9.1097  66916 
5.2436  10795 
3.7644  74495 


( 1)2.7513  63298 
9.  1137  81798 
5.  2453  43934 
3.7654  69862 


( 1)2.7531  79980 
9. 1177  93146 
5.2470  75356 
3.7664  64176 


( 1)2.7549  95463 
9.1218  00968 
5.2488  05067 
3.7674  57442 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


760 
5 77600 
4389  76000 

111)3.  3362  17600 
14)2.5355  25376 
17)1.9269  99286 
20)  1.4645  19457 
23)1.1130  34787 
25)8.4590  64385 
28)6.4288  88932 

(69)1.  3788  79182 

( 1)2.  7568  09750 
9.  1258  05271 
5.2505  33069 
3.  7684  49662 


761 
5 79121 
4407  11081 

ill)  3.  3538  11326 
14)2.5522  50419 
17)1.9422  62569 
20)  1.4780  61815 
23)1.  1248  05041 
25)8.  5597  66364 
28)6.5139  82203 

(69)1.4230  88020 

( 1)2.7586  22845 
9.  1298  06063 
5.2522  59366 
3.  7694  40838 


762 
5 80644 
4424  50728 

ill) 3.  3714  74547 
14)2.5690  63605 
17)1.9576  26467 
20)  1.4917  11368 
23)1.  1366  84062 
25)8.  6615  32555 
28)6.  6000  87807 

(69)1.4686  53390 

( 1)2.7604  34748 
9.  1338  03351 
5.2539  83963 
3.7704  30972 


763 
5 82169 
4441  94947 

111)3.3892  07446 
14)2.5859  65281 
17)1.9730  91509 
20)1.5054  68822 
23)1.1486  72711 
25)8.7643  72784 
28)  6.  6872  16435 

(69)1.5156  15056 

( 1)2.7622  45463 
9.1377  97144 
5.2557  06863 
3.7714  20068 


764 
5 83696 
4459  43744 

111)3.4070  10204 
14)2.6029  55796 
17)1.9886  58228 
20)1.  5193  34886 
23)1.1607  71853 
25)8.8682  96958 
28)6.7753  78876 

(69)1.5640  13890 

( 1)2.7640  54992 
9.1417  87449 
5.2574  28071 
3.7724  08126 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


765 
5 85225 
4476  97125 

111) 3.  4248  83006 
14)2.  6200  35500 
17)2.  0043  27157 
20)1.  5333  10275 
23)1.  1729  82361 
25)8.9733  15059 
28)6.8645  86020 


766 
5 86756 
4494  55096 

ill)  3.  4428  26035 
14)2.6372  04743 
17)2.  0200  98833 
20)1.5473  95706 
23)1.  1853  05111 
25)9.  0794  37150 
28)6.9548  48857 


767 
5 88289 
4512  17663 

111)3.4608  39475 
14)2.6544  63877 
17)2.  0359  73794 
20)  1.5615  91900 
23)1.  1977  40987 
25)9.  1866  73373 
28)7.0461  78477 


768 
5 89824 
4529  84832 

ill) 3.  4789  23510 
14)2.6718  13255 
17)2.  0519  52580 
20)  1.5758  99582 
23)1.2102  90879 
25)9.2950  33948 
28)7.  1385  86072 


769 
5 91361 
4547  56609 

ill) 3.  4970  78323 
14)2.6892  53231 
17)2.  0680  35734 
20)1.5903  19480 
23)1.2229  55680 
25)9.4045  29178 
28)7.2320  82938 


24 

1/2 

1/3 

1/4 

1/5 


(69)1.6138  91907 

( 1)2.7658  63337 
9.  1457  74274 
5.2591  47590 
3.7733  95151 


(69)1.6652  92289 

( 1)2.  7676  70501 
9.  1497  57625 
5.2608  65424 
3.7743  81144 


(69)1.7182  59425 

( 1)2.7694  76485 
9.  1537  37512 
5.2625  81576 
3.  7753  66108 


(69)1.7728  38934 

( 1)2.7712  81292 
9.  1577  13940 
5.2642  96052 
3.7763  50045 


(69)1.8290  77701 

( 1)2.7730  84925 
9.1616  86919 
5.2660  08854 
3.  7773  32958 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


770 
5 92900 
4565  33000 

ill) 3. 5153  04100 
14)2.7067  84157 
17)2.0842  23801 
20)  1.6048  52327 
23)1.2357  36292 
25)9.5151  69445 
28)7.  3266  80473 


5 

4583 
11)3.5336 
14  2. 7244 
17)2.1005 
20)1.6194 
23)l.  2486 
25)9.  6269 
28)7.  4223 


771 

94441 

14011 

01025 

06390 

17327 

98859 

33620 

65212 

90179 


772 
5 95984 
4600  99648 

111)3.5519  69283 
14)2.7421  20286 
17)2.  1169  16861 
20)  1.6342  59817 
23)1.2616  48578 
25)9.7399  27025 
28) 7. 5192  23664 


773 
5 97529 
4618  89917 

111)  3.  5704  09058 
14)2.7599  26202 
17)2.1334  22954 
20)  1.6491  35944 
23)1.2747  82084 
25)9.8540  65513 
28)7.6171  92641 


774 
5 99076 
4636  84824 

111)3.5889  20538 
14)2.7778  24496 
17  2.  1500  36160 
20)  1.  6641  27988 
23)1.2880  35063 
25)9.9693  91385 
28)7.7163  08932 


24 

1/2 

1/3 

1/4 

1/5 


(69)1.8870  23915 


(69)1.9467  27094  (69)2.0082  38127 


(69)2.  0716  09310 


(69)2.1368  94378 


( 1)2.7748 
9.1656 
5.2677 
3.  7783 


87385  ( 1)2.7766 

56454  9.  1696 

19986  5. 2694 

14849  3. 7792 


88675  ( 1)2.7784 

22555  9.1735 

29452  5.2711 

95720  3.7802 


88798  ( 1)2.7802  87755 
85227  9.1775  44479 
37257  5.2728  43403 
75573  3.7812  54412 


( 1)2.  7820  85549 
9.  1815  00317 
5.2745  47894 
3.  7822  32239 
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POWERS  AND  ROOTS  n* 

Table  3.1 

k 

1 

775 

776 

777 

778 

779 

2 

6 00625 

6 02176 

6 03729 

6 05284 

6 06841 

3 

4654  84375 

4672  88576 

4690  97433 

4709  10952 

4727  29139 

4 (11)3.6075  03906  (11)3.6261  59350  (11)3.6448  87054  (11)3.6636  87207  (11)3.6825  59993 

5 (14)2.7958  15527  (14)2.8138  99655  (14)2.8320  77241  (14)2.8503  48647  (14)2.8687  14234 

6 (17)2.  1667  57034  (17)2.1835  86133  (17)2.2005  24016  (17)2.2175  71247  (17)2.2347  28389 

7 (20)1.6792  36701  (20)1.6944  62839  (20)1.7098  07161  (20)1.7252  70430  (20)1.7408  53415 

8 (23)1.3014  08443  (23)1.3149  03163  (23)1.3285  20164  (23)1.3422  60395  (23)1.3561  24810 

9 (26)1.0085  91544  (26)1.0203  64854  (26  1.0322  60167  (26)1.0442  78587  (26)1.0564  21227 

10  (28)7.8165  84463  (28)7.9180  31271  (28)8.0206  61501  (28)8.1244  87408  (28)8.2295  21359 

24  (69)2.2041  48547  (69)2.2734  28553  (69)2.3447  92689  (69)2.4183  00846  (69)2.4940  14558 

1/2  ( 1)2.7838  82181  ( 1)2.7856  77655  ( 1)2.7874  71973  ( 1)2.7892  65136  ( 1)2.7910  57147 

1/3  9.1854  52750  9.1894  01784  9.1933  47428  9.1972  89687  9.2012  28569 

1/4  5.2762  50735  5.2779  51928  5.2796  51478  5.2813  49388  5.2830  45663 

1/5  3. 7832  09055  3. 7841  84864  3. 7851  59667  3. 7861  33467  3. 7871  06266 

1 780  781  782  783  784 

2 6 08400  6 09961  6 11524  6 13089  6 14656 

3 4745  52000  4763  79541  4782  11768  4800  48687  4818  90304 

4 (11)3.7015  05600  (11)3.7205  24215  (11)3.7396  16026  (11)3.7587  81219  (11)3.7780  19983 

5 (14  2.8871  74368  (14)2.9057  29412  (14)2.9243  79732  (14)2.9431  25695  (14)2.9619  67667 

6 (17)2.2519  96007  (17)2.2693  74671  ( 17)  2. 2868  64951  ( 17)  2.  3044  67419  ( 17)  2,  3221  82651 

7 (20)1.7565  56885  (20)1.7723  81618  (20)1.7883  28391  (20)1.8043  97989  (20)1.8205  91198 

8 ( 23)  1. 3701  14371  (23)1.3842  30044  (23)1.3984  72802  (23)1.4128  43625  (23)1.4273  43499 

9 26)1.0686  89209  <26)1.0810  83664  (26)1.0936  05731  (26)1.1062  56559  (26)1.1190  37304 

10  (28)8.3357  75831  (28)8.4432  63416  (28)8.5519  96818  (28)8.6619  88854  (28)8.7732  52460 

24  (69)2.5719  97041  (69)2.6523  13239  (69)2.7350  29868  (69)2.8202  15463  (69)2.9079  40422 

1/2  ( 1)2.7928  48009  ( 1)2.7946  37722  ( 1)2.7964  26291  ( 1)2.7982  13716  ( 1)2.8000  00000 

1/3  9.2051  64083  9.2090  96233  9.2130  25029  9.2169  50477  9.2208  72584 

1/4  5.2847  40305  5.2864  33318  5.2881  24706  5.2898  14473  5.2915  02622 

1/5  3.  7880  78066  3. 7890  48871  3.  7900  18681  3. 7909  87500  3.  7919  55329 

1 785  786  787  788  789 

2 6 16225  6 17796  6 19369  6 20944  6 22521 

3 4837  36625  4855  87656  4874  43403  4893  03872  4911  69069 

4 (11)3.7973  32506  (11)3.8167  18976  (11)3.0361  79582  (11)3.8557  14511  (11)3.8753  23954 

5 (14)2.9809  06017  (14)2.9999  41115  ( 14)  3.  0190  73331  (14)3.0383  03035  C 14)  3.  0576  30600 

6 (17)2.3400  11224  17)2.3579  53717  (17)2.3760  10711  (17)2. 3941  82792  (17)2.4124  70543 

7 (20)1.8369  08811  (20)  1.8533  51621  (20)  1.8699  20430  (20)  1. 8866  16040  (20)  1.9034  39259 

8 (23)1.4419  73416  (23)1.4567  34374  (23)  1.4716  27378  ( 23)  1. 4866  53439  (23)1.5018  13575 

9 (26)1.1319  49132  (26)1.1449  93218  (26)1.1581  70747  (26)1.1714  82910  (26)1.1849  30911 

10  (28)8.8858  00685  (28)8.9996  46695  (28)9.1148  03776  (28)9.2312  85332  (28)9.3491  04886 

24  (69)2.9982  77060  (69)3.0912  99652  (69)3.1870  84488  (69)3.2857  09926  (69)3.  3872  56439 

1/2  ( 1)2.8017  85145  ( 1)2.8035  69154  ( 1)2.8053  52028  ( 1)2.8071  33770  ( 1)2.8089  14381 

1/3  9.2247  91357  9.2287  06804  9.2326  18931  9.2365  27746  9.2404  33255 

1/4  5.2931  89157  5.2948  74081  5.2965  57399  5.2982  39113  5.2999  19227 

1/5  3.7929  22172  3.7938  88029  3.7948  52904  3.7958  16799  3.7967  79716 


1 790  791  792  793  794 

2 6 24100  6 25681  6 27264  6 28849  6 30436 

3 4930  39000  4949  13671  4967  93088  4986  77257  5005  66184 

4 (11)3.8950  08100  (11)3.9147  67138  (11)3.9346  01257  (11)3.9545  10648  (11)3.9744  95501 

5 (14)3.0770  56399  (14)3.0965  80806  ( 14)  3. 1162  04196  ( 14)3. 1359  26944  ( 14)  3. 1557  49428 

6 (17)2.4308  74555  ( 17)  2.  4493  95417  ( 17)  2.  4680  33723  17)2.4867  90066  ( 17)2.  5056  65046 

7 (20)1.9203  90899  (20)1.9374  71775  20)1.9546  82708  (20)  1.9720  24523  20)  1.9894  98046 

8 (23)1.5171  08810  < 23)  1.  5325  4*0174  23)  1.5481  08705  (23)  1.  5638  15447  (23)  1.  5796  61449 

9 (26)1.1985  15960  (26)  1.2122  39278  (26)  1.2261  02094  (26)  1.2401  05649  (26)  1.2542  51190 

10  (28)9.4682  76083  (20)9.5888  12687  (28)9.7107  28588  (28)9.8340  37797  (28)9.9587  54451 

24  (69)3.4918  06676  (69)3.5994  45514  (69)3.7102  60118  (69)3.8243  39997  (69)3.9417  77065 

1/2  ( 1)2.8106  93865  ( 1)2.8124  72222  ( 1)2.8142  49456  ( 1)2.8160  25568  ( 1)2.8178  00561 

1/3  9.2443  35465  9.2482  34384  9.2521  30018  9.2560  22375  9.2599  11460 

1/4  5.  3015  97745  5. 3032  74670  5. 3049  50005  5.  3066  23755  5.  3082  95923 

1/5  3.7977  41656  3.7987  02623  3.7996  62619  3.8006  21646  3.8015  79705 

1 795  796  797  798  799 

2 6 32025  6 33616  6 35209  6 36804  6 38401 

3 5024  59875  5043  58336  5062  61573  5081  69592  5100  82399 

4 (11)3.9945  56006  (11)4.0146  92355  (11)4.0349  04737  (11)4.0551  93344  (11)4.0755  58368 

5 (14)3.1756  72025  (14)3.1956  95114  (14)3.2158  19075  (14)3. 2360  44289  (14)3.2563  71136 

6 (17)2.5246  59260  < 17  2. 5437  73311  (17)2.5630  07803  ( 17)  2. 5823  63342  (17)2.6018  40538 

7 (20)2.0071  04112  (20)*.  0248  43555  (20)2.0427  17219  (20)  2. 0607  25947  (20)2.0788  70590 

8 (23)1.5956  47769  (23)1.  6117  75470  (23)1.6280  45624  (23)l.  6444  59306  (23)1.6610  17601 

9 (26)1.2685  39976  (26)  1.2829  73274  < 26)  1.  2975  52362  (26)  1.3122  78526  (26)  1.3271  53063 

10  (29)1.0084  89281  (29)1.0212  46726  (29)  1.0341  49232  (29)  1.0471  98264  (29)  1.  0603  95298 

24  (69)4.  0626  65702  (69)4.1871  02820  (69)4.3151  87922  (69)4.4470  23i72  (69)4.5827  13463 

1/2  ( 1)2.8195  74436  ( 1)2.8213  47196  ( 1)2.8231  18843  ( 1)2.8248  89378  ( 1)2.8266  58805 

1/3  9.  2637  97282  9.2676  79846  9.2715  59160  9.2754  35230  9.2793  08064 

1/4  5.  3099  66512  5.  3116  35526  5.  3133  02968  5.  3149  68841  5.  3166  33150 

1/5  3.8025  36800  3.8034  92932  3.8044  48104  3.8054  02317  3.8063  55574 

j[(-|)2]  „l[(-7)4] 
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POWERS  AND  ROOTS  n* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


800 
6 40000 
5120  00000 

111)4.  0960  00000 
14)3.2768  00000 
17)2.  6214  40000 
20)2.0971  52000 
23)1.6777  21600 
26)1.3421  77280 
29)1.0737  41824 

(69)4.7223  66483 

( 1)2.8284  27125 
9.2831  77667 
5.3182  95897 
3.8073  07877 


801 
6 41601 
5139  22401 

ill)  4. 1165  18432 
14)3.2973  31264 
17)2.6411  62342 
20)2.1155  71036 
23)1.6945  72400 
26)1.  3573  52492 
29)1.0872  39346 

(69)4.8660  92789 

( 1)2.8301  94340 
9.2870  44047 
5.3199  57086 
3.  8082  59229 


802 
6 43204 
5158  49608 

111)4.1371  13856 
14)3.3179  65313 
17)2.6610  08181 
20)2.1341  28561 
23)1.7115  71106 
26)1.3726  80027 
29)1.1008  89382 

(69)5.0140  05879 

( 1)2.8319  60452 
9.2909  07211 
5.  3216  16720 
3.  8092  09631 


803 
6 44809 
5177  81627 
(11)4.1577  86465 

114)3.3387  02531 
17)2.6809  78133 
20)2.1528  25440 
23)1.7287  18829 
26)1.3881  61219 
29)1.1146  93459 

(69)5.1662  22264 

( 1)2.8337  25463 
9.2947  67164 
5.3232  74803 
3.8101  59085 


804 
6 46416 
5197  18464 

111)4.1785  36451 
14)3.3595  43306 
17)2.  7010  72818 
20)2.1716  62546 
23)1.7460  16687 
26)1.4037  97416 
29)1.1286  53123 

(69)5.3228  61548 

( 1)2.8354  89376 
9.2986  23915 
5.3249  31338 
3.8111  07593 


1 805  806  807  808  809 

2 6 48025  6 49636  6 51249  6 52864  6 54481 

3 5216  60125  5236  06616  5255  57943  5275  14112  5294  75129 

4 (11)4.1993  64006  (11)4.2202  69325  (11)4.2412  52600  (11)4.2623  14025  (11)4.2834  53794 

5 (14)3.3804  88025  (14)3.4015  37076  (14)3.4226  90848  (14)3.4439  49732  (14)3.4653  14119 

6 (17)2.7212  92860  (17)2.7416  38883  (17)2.7621  11515  (17)2.  7827  11384  (17)2.8034  39122 

7 (20)2.1906  40752  (20)2.2097  60940  (20)2.2290  23992  (20)2.2484  30798  (20)2.2679  82250 

8 (23)1.7634  65806  (23)1.7810  67318  (23)1.7988  22362  (23)1.8167  32085  (23)1.8347  97640 

9 (26)1.4195  89974  (26)1.4355  40258  (26)1.4516  49646  (26)1.4679  19524  (26)1.4843  51291 

10  (29)1.1427  69929  (29)1.1570  45448  (29)1.1714  81264  ( 29)  1. 1860  78976  (29)1.2008  40194 

24  (69)5.4840  46503  (69)5.6499  03151  (69)5.8205  60843  (69)5.9961  52346  (69)6.1768  13927 


1/2  ( 1)2.8372  52192  ( 1)2.8390  13913  ( 1)2.8407  74542  ( 1)2.8425  34081  ( 1)2.8442  92531 
1/3  9.3024  77468  9.3063  27832  9.3101  75012  9.3140  19016  9.3178  59849 
1/4  5.  3265  86329  5. 3282  39778  5.  3298  91690  5.  3315  42067  5. 3331  90912 
1/5  3.8120  55159  3.8130  01783  3.8139  47468  3.8148  92216  3.8158  36029 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


810 
6 56100 
5314  41000 

ill) 4.  3046  72100 
14)3.4867  84401 
17)2.8242  95365 
20)2.2876  79245 
23)1.8530  20189 
26)1.5009  46353 
29)1.2157  66546 

(69)6.3626  85441 

( 1)2.8460  49894 
9.3216  97518 
5.3348  38230 
3.8167  78910 


811 
6 57721 
5334  11731 

111)4.3259  69138 
14)3.5083  60971 
17)2.8452  80748 
20)2.3075  22686 
23)1.8714  00899 
26)1.5177  06129 
29)1.2308  59670 

(69)6.5539  10420 

( 1)2.8478  06173 
9.3255  32030 
5.3364  84023 
3.8177  20859 


812 
6 59344 
5353  87328 

111)4.3473  45103 
14)3.5300  44224 
17)2.8663  95910 
20)2.3275  13479 
23)1.8899  40945 
26)1.5346  32047 
(29)1.  2461  21222 

(69)6.7506  36166 

( 1)2.8495  61370 
9.3293  63391 
5. 3381  28295 
3.8186  61880 


813 
6 60969 
5373  67797 
(11)4.3688  00190 
( 14)  3.  5518  34554 

117)2.8876  41493 
20)2.3476  52533 
23)1.9086  41510 
26)1.5517  25547 
29)  1.2615  52870 

(69)6.9530  13847 

( 1)2.8513  15486 
9.3331  91608 
5.  3397  71049 
3.8196  01974 


814 
6 62596. 
5393  53144 
(11)4.3903  34592 
(14)3.5737  32358 
< 17) 2. 9090  18139 
(20)2.  3679  40765 
(23)1.9275  03783 
(26)1.5689  88079 
(29)1.2771  56297 

(69)7.1611  98588 

( 1)2.8530  68524 
9.3370  16687 
5.3414  12288 
3.8205  41144 


1 815  816  817  818  819 

2 6 64225  6 65856  6 67489  6 69124  6 70761 

3 5413  43375  5433  38496  5453  38513  5473  43432  5493  53259 

4 (11)4.4119  48506  (11)4.4336  42127  (11)4.4554  15651  (11)4.4772  69274  (11)4.4992  03191 

5 (14)3.5957  38033  (14)3.6178  51976  (14)3.6400  74587  (14)3.6624  06266  ( 14)  3. 684fr  47414 

6 (17)2.9305  26497  ( 17)  2. 9521  67212  (17)2.9739  40938  (17)2.9958  48326  (17)3.0178  90032 

7 (20)2.3883  79095  (20)2.4089  68445  (20)2.4297  09746  (20)2.4506  03930  (20)2.4716  51936 

8 (23)1.9465  28962  (23)1.9657  18251  (23)  1.9850  72863  (23)2.0045  94015  (23)2.  0242  82936 

9 (26)1.5864  21104  (26)  1.6040  26093  (26)  1.6218  04529  (26)  1.6397  57904  (26)  1.6578  87724 

10  (29)1.2929  33200  ( 29)  1.3088  85292  (29)  1.  3250  14300  (29)  1.  3413  21966  (29)  1.  3578  10046 

24  (69)7.3753  49576  (69)7.5956  30157  (69)7.8222  07941  (69)8.0552  54907  (69)8.2949  47511 


1/2  ( 1)2.8548  20485  ( 1)2.8565  71371  ( 1)2.8583  21186  ( 1)2.8600  69929  ( 1)2.8618  17604 

1/3  9.3408  38634  9.3446  57457  9.3484  73160  9.3522  85752  9.3560  95237 

1/4  5. 3430  52016  5. 3446  90236  5. 3463  26950  5. 3479  62163  5. 3495  95877 

1/5  3.8214  79391  3.8224  16717  3.8233  53125  3.8242  88616  3.8252  23193 


1 820  821  822  823  824 

2 6 72400  6 74041  6 75684  6 77329  6 78976 

3 5513  68000  5533  87661  5554  12248  5574  41767  5594  76224 

4 (11)4.5212  17600  (11)4.5433  12697  (11)4.5654  88679  (11)4.5877  45742  (11)4.6100  84086 

5 (14)3.7073  98432  (14)3.7300  59724  (14)3.7528  31694  (14)3.7757.14746  (14)3.7987  09287 

6 (17)3.  0400  66714  (17)3.0623  79033  (17)3.0848  27652  (17)3.1074  13236  (17)3.  1301  36452 

7 (20)2.4928  54706  (20)2.  5142  13186  (20)2.5357  28330  (20)2.5574  01093  ( 20)  2. 5792  32437 

8 (23)2.  0441  40859  (23)2.0641  69026  (23)2.0843  68687  ( 23)  2. 1047  41100  (23)2.1252  87528 

9 (26)  1.6761  95504  (26)1.6946  82770  ( 26)  1.  7133  51061  (26)  1.7322  01925  (26)  1.7512  36923 

10  (29)1.3744  80313  (29)1.3913  34555  (29)  1.4083  74572  (29)  1.4256  02184  (29)  1.4430  19224 

24  (69)8.5414  66801  (69)8.7949  98523  (69)9.0557  33244  (69)9.3238  66467  (69)9.5995  98755 

1/2  ( 1)2.8635  64213  ( 1)2.8653  09756  ( 1)2.8670  54237  ( 1)2.8687  97658  ( 1)2.8705  40019 

1/3  9.  3599  01623  9.3637  04916  9.3675  05121  9.  3713  02245  9.  3750  96295 

1/4  5.  3512  28095  5.  3528  58822  5.  3544  88059  5.  3561  15810  5.  3577  42079 

1/5  3.8261  56858  3.8270  89612  3.8280  21458  3.8289  52397  3.8298  82432 

^f1]  ^1)4]  •'[T] 
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POWERS  AND  ROOTS  n * 


Table  3.1 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


825 
6 80625 
5615  15625 

111)4.6325  03906 
14)3.8218  15723 
17)3.  1529  97971 
20)2.6012  23326 
23)2.1460  09244 
26)1.7704  57626 
29)1.4606  27542 

(69)9.8831  35853 

( 1)2.8722  81323 
9. 3?88  87277 
5.3593  66869 
3.8308  11564 


826 
6 82276 
5635  59976 

111)4.6550  05402 
14)3.8450  34462 
17)3.1759  98465 
20)2.  6233  74732 
23)2.1669  07529 
26)1.7898  65619 
29)1.4784  29001 

(70)1.0174  68882 

( 1)2.8740  21573 
9. 3826  75196 
5.  3609  90182 
3.8317  39795 


827 
6 83929 
5656  09283 

ill) 4.  6775  88770 
14)3.8683  65913 
17)3.1991  38610 
20)2.6456  87631 
23)2.1879  83671 
26)1.8094  62496 
29)1.4964  25484 

(70)1.0474  47415 

( 1)2.8757  60769 
9.3864  60060 
5.  3626  12021 
3.8326  67128 


828 
6 85584 
5676  63552 

111)4.7002  54211 
14)3.8918  10486 
17)3.2224  19083 
20)2.6681  63000 
23)2.2092  38964 
26)1.8292  49863 
29)1.5146  18886 

(70)1.0782  71392 

( 1)2.8774  98914 
9.3902  41873 
5.  3642  32391 
3.8335  93565 


829 
6 87241 
5697  22789 

ill) 4.  7230  01921 
14)3.9153  68592 
17)3.2458  40563 
20)2.6908  01827 
23)2.2306  74714 
26)1.8492  29338 
29)1.5330  11121 

(70)1.1099  63591 

( 1)2.8792  36010 
9.3940  20643 
5.3658  51293 
3.8345  19107 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


830 
6 88900 
5717  87000 

111)4.7458  32100 
14)3.9390  40643 
17)3.2694  03734 
20)2.7136  05099 
23)2.2522  92232 
26)1.8694  02553 
29)1.5516  04119 


831 
6 90561 
5738  56191 

111)4.7687  44947 
14)3.9628  27051 
17)3.2931  09279 
20)2.7365  73811 
23)2.2740  92837 
26)1.8897  71148 
29)1.5703  99824 


832 
6 92224 
5759  30368 

111)4.7917  40662 
14)3.9867  28231 
17)3.3169  57888 
20)2.7597  08963 
23)2.2960  77857 
26)1.9103  36777 
29)1.5894  00198 


833 
6 93889 
5780  09537 

111)4.8148  19443 
14)4.0107  44596 
17)3.3409  50249 
20)2.7830  11557 
23)2.3182  48627 
26)1.9311  01106 
29)1.6086  07222 


834 
6 95556 
5800  93704 

ill) 4.  8379  81491 
14)4.0348  76564 
17)3.3650  87054 
20)2.8064  82603 
23)2.3406  06491 
26)1.9520  65814 
29) 1. 6280  22889 


24 


(70)1.1425  47375  (70)1.1760  46709 


(70)1.2104  86167  (70)1.2458  90957 


(70)1.2822  86929 


1/2 

( 1)2.8809 

72058 

( 1)2.8827 

07061 

( 1)2.8844 

41020 

1/3 

9.  3977 

96375 

9.4015 

69076 

9.  4053 

38751 

1/4 

5.  3674 

68731 

5. 3690 

84709 

5. 3706 

99229 

1/5 

3.  8354 

43756 

3.  8363 

67514 

3.  8372 

90383 

1)2.8861  73938 
9.4091  05407 
5.  3723  12294 
3.8382  12366 


( 1)2.8879  05816 
9.4128  69049 
5.3739  23907 
3.8391  33463 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


835 
6 97225 
5821  82875 
(11)4.8612  27006 
(14)4.0591  24550 
(17)3.3893  68999 
(20)2.8301  23115 
(23)2.3631  52801 
(26)1.9732  32589 
(29)1.6476  49211 


836 
6 98896 
5842  77056 

111)4.8845  56188 
14)4.0834  88973 
17)3.4137  96782 
20)2.8539  34109 
23)2.3858  88916 
26)1.9946  03133 
29)1.6674  88220 


837 
7 00569 
5863  76253 
(11)4.9079  69238 
(14)4.1079  70252 
(17)3.4383  71101 
(20)2.8779  16611 
(23)2.4088  16204 
(26)2.  0161  79163 
(29)1.6875  41959 


838 
7 02244 
5884  80472 

ill) 4. 9314  66355 
14)4.1325  68806 
17)3.4630  92659 
20)2.9020  71648 
23)2.4319  36041 
26)2.0379  62403 
29)1.7078  12493 


839 
7 03921 
5905  89719 

111)4.9550  47742 
14)4.1572  85056 
17)3.4879  62162 
20)2.9264  00254 
23)2.4552  49813 
26)2.0599  54593 
29)1.7283  01904 


24 


(70)1.3197  00592  (70)1.3581  59133 


(70)1.3976  90431  (70)1.4383  23072 


(70)1.4800  86372 


1/2 

( 1)2.8896 

36655 

( 1)2.8913 

66459 

( 1)2.8930 

95228 

1/3 

9. 4166 

29685 

9.  4203 

87319 

9.  4241 

41957 

1/4 

5.  3755 

34071 

5.  3771 

42790 

5.  3787 

50067 

1/5 

3.  8400 

53677 

3.  8409 

73010 

3.  8418 

91464 

1)2.8948  22965 
9.4278  93606 
5.3803  55904 
3.8428  09040 


( 1)2.8965  49672 
9.4316  42272 
5.  3819  60304 
3.8437  25741 


840 
7 05600 
5927  04000 

ill)  4.  9787  13600 
14)4.1821  19424 
17)3.5129  80316 
20)2.9509  03466 
23)2.4787  58911 
26)2.0821  57485 
29)1.7490  12288 


841 
7 07281 
5948  23321 
(11)5.0024  64130 

114)4.2070  72333 
17)3.5381  47832 
20)2.9755  82327 
23)2.5024  64737 
26)2.1045  72844 
29)1.7699  45762 


842 
7 08964 
5969  47688 

ill)  5.  0262  99533 
14)4.2321  44207 
17)3.5634  65422 
20)3.  0004  37885 
23)2.5263  68700 
26)2.1272  02445 
29)1.7911  04459 


843 
7 10649 
5990  77107 
(11)5.0502  20012 
(14)4.2573  35470 
(17)3.5889  33801 
(20)3.0254  71195 
(23)2.5504  72217 
(26)2.  1500  48079 
(29)1.8124  90531 


844 
7 12336 
6012  11584 

111)5.0742  25769 
14)4.2826  46549 
17)3.6145  53687 
20)3.0506  83312 
23)2.5747  76715 
26)2.1731  11548 
29)1.8341  06146 


24 


(70)1.5230  10388  (70)1.5671  25939 


(70)1.6124  64626  (70)1.6590  58848 


(70)1.7069  41821 


1/2 

( 1)2.8982  75349 

( 1)2.9000  00000 

( 1)2.9017  23626 

1/3 

9.4353  87961 

9.4391  30677 

9.4428  70428 

1/4 

5. 3835. 63271 

5.3851  64807 

5.3867  64916 

1/5 

3.8446  41568 

3.8455  56523 

3.8464  70609 

1)2.9034  46228 
9.4466  07220 
5.3883  63600 
3.8473  83826 


( 1)2.9051  67809 
9.4503  41057 
5.3899  60862 
3.8482  96177 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


845 
7 14025 
6033  51125 

111)  5.  0983  17006 
14)4.  3080  77870 
17)3.6403  25800 
20)3.  0760  75301 
23)2.5992  83630 
26)2.1963  94667 
29S  1.8559  53494 


846 
7 15716 
6054  95736 

ill) 5. 1224  93927 
14)4.  3336  29862 
17)3.6662  50863 
20)3.1016  48230 
23)2.6239  94403 
26)2.2198  99265 
29)1.8780  34778 


847 
7 17409 
6076  45423 
(11)5.1467  56733 
(14)4.  3593  02953 
( 17)  3.  6923  29601 
(20)3.1274  03172 
(23)2.6489  10487 
(26)2.2436  27182 
(29)1.9003  52223 


848 
7 19104 
6098  00192 

111)5.1711  05628 
14)4.3850  97573 
17)3.7185  62742 
20)3.1533  41205 
23)2.  6740  33342 
26)2.2675  80274 
(29)1.9229  08072 


849 
7 20801 
6119  60049 

111)5.1955  40816 
14)4.4110  14153 
17)3.7449  51016 
20)3.1794  63412 
23)2.6993  64437 
26)2.2917  60407 
29)1.9457  04586 


24 


(70)1.7561  47601  (70)1.8067  11101 


(70)1.8586  68111  (70)1.9120  55324 


(70)1.9669  10351 


1/2 

1/3 

1/4 

1/5 


1)2.9068 

88371 

( 1)2.9086 

07914 

( 1)2.9103 

26442 

( 1)2.9120 

43956 

( 1)2.9137 

9. 4540 

71946 

9. 4577 

99893 

9.4615 

24903 

9.4652 

46982 

9.  4689 

5.  3915 

56705 

5.  3931 

51133 

5.  3947 

44148 

5.  3963 

35753 

5.  3979 

3. 8492 

07664 

3.  8501 

18288 

3.  8510 

28051 

3.  8519 

36956 

3.  8528 

ft1]  ^-P4]  -ft2]  ”i[<-37)1] 


60457 

66137 

25951 

45003 
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Table  3.1 


POWERS  AND  ROOTS  n & 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


850 
7 22500 
6141  25000 
(11)5.2200  62500 
(14)4.4370  53125 
(17)3.7714  95156 
(20)3.2057  70883 
(23)2.7249  05250 
(26)2.3161  69463 
(29)1.9687  44043 

(70)2.0232  71747 

( 1)2.9154  75947 
9.4726  82372 
5.3995  14744 
3.8537  52195 


851 
7 24201 
6162  95051 

ill)  5.  2446  70884 
14)4.4632  14922 
17)3.7981  95899 
20)3.2322  64710 
23)2.7506  57268 
26)2.3408  09335 
29)1.9920  28744 

(70)2.0811  79034 

( 1)2.9171  90429 
9.4763  95693 
5.4011  02137 
3.8546  58534 


852 
7 25904 
6184  70208 

ill) 5.  2693  66172 
14)4.4894  99979 
17)3.8250  53982 
20)3.2589  45993 
23)2.7766  21986 
26)2.3656  81932 
29)2.0155  61006 

(70)2.  1406  72719 

( 1)2.9189  03904 
9.4801  06107 
5.4026  88131 
3.8555  64021 


853 
7 27609 
6206  50477 
(11)5.2941  48569 
(14)4.5159  08729 
(17)3.8520  70146 
(20)3.2858  15835 
( 23)2.8028  00907 
(26)2.3907  89174 
(29)2.0393  43165 

(70)2.2017  94325 

( 1)2.9206  16373 
9.4838  13619 
5.4042  72729 
3.8564  68659 


854 
7 29316 
6228  35864 

ill) 5.  3190  18279 
14)4.5424  41610 
17)3.8792  45135 
20)3.3128  75345 
23)2.8291  95545 
26)2.4161  32995 
29)2.0633  77578 

(70)2.2645  86409 

( 1)2.9223  27839 
9.4875  18234 
5.4058  55935 
3.8573  72448 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


855 
7 31025 
6250  26375 
(11)5.3439  75506 

114)4.5690  99058 
17)3.9065  79694 
20)3.3401  25639 
23)2.8558  07421 
26)2.4417  15345 
29)2.  0876  66620 


856 
7 32736 
6272  22016 

111)5.3690  20457 
14)4.5958  81511 
17)3.9340  74574 
20)3.3675  67835 
23)2.  8826  38067 
26)2.4675  38185 
29)2.1122  12686 


857 
7 34449 
6294  22793 

ill) 5.  3941  53336 
14)4.6227  89409 
17)3.9617  30523 
20)3.3952  03059 
23)2.9096  89021 
26)2.4936  03491 
29)2.  1370  18192 


858 
7 36164 
6316  28712 
(11)5.4193  74349 
(14)4.6498  23191 
(17)3.9895  48298 
(20)3.4230  32440 
(23)2.9369  61833 
(26)2.5199  13253 
(29)2.1620  85571 


859 
7 37881 
6338  39779 

ill) 5. 4446  83702 
14)4.6769  83300 
17)4.0175  28654 
20)3.4510  57114 
23)2.9644  58061 
26)2.5464  69474 
29)2.1874  17279 


24 


(70)2.  3290  92589 


(70)2.  3953  57569  (70)2.4634  27165 


(70)2.5333  48329 


(70)2.6051  69182 


1/2 

1/3 

1/4 

1/5 


( 1)2.9240  38303 
9.4912  19958 
5.4074  37751 
3.8582  75391 


( 1)2.9257  47768 
9.4949  18797 
5.4090  18180 
3.8591  77490 


( 1)2.9274  56234 
9.4986  14756 
5.4105  97225 
3.8600  78746 


( 1)2.9291  63703 
9.5023  07842 
5.4121  74889 
3.8609  79161 


( 1)2.9308  70178 
9.5059  98059 
5.4137  51174 
3.8618  78737 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


860 
7 39600 
6360  56000 

111)5.4700  81600 
14)4.7042  70176 
17)4.0456  72351 
20)3.4792  78222 
23)2.9921  79271 
(26)2.  5732  74173 
(29)2.2130  15789 


861 
7 41321 
6382  77381 
(11)5.4955  68250 
(14)4.7316  84264 
(17)4.0739  80151 
(20)3.5076  96910 
(23)3.0201  27039 
(26)2.6003  29381 
(29)2.2388  83597 


862 
7 43044 
6405  03928 

ill) 5.  5211  43859 
14)4.7592  26007 
17)4.1024  52818 
20)3.5363  14329 
23)3.0483  02952 
26)2.6276  37144 
29)2.2650  23218 


863 
7 44769 
6427  35647 

111)5.5468  08634 
14)4.7868  95851 
17)4.1310  91119 
20)3.5651  31636 
23)3.0767  08602 
26)2.  6551  99523 
29)2.2914  37189 


864 
7 46496 
6449  72544 

111)5.5725  62780 
14)4.8146  94242 
17)4.1598  95825 
20)3.5941  49993 
23)3.1053  45594 
26)2.6830  18593 
29)2.3181  28064 


24 


(70)2.6789  39031 


(70)2.7547  08410  (70)2.8325  29097 


(70)2.9124  54150 


(70)2.9945  37938 


1/2 

( 1)2.9325 

75660 

( 1)2.9342 

80150 

( 1)2.9359 

83651 

( 1)2.9376 

86164 

1/3 

9.  5096 

85413 

9.5133 

69910 

9.  5170 

51555 

. 9.  5207 

30354 

1/4 

5.4153 

26084 

5.  4168 

99621 

5.4184 

71787 

5.  4200 

42587 

1/5 

3.  8627 

77475 

3.  8636 

75378 

3.  8645 

72447 

3.  8654 

68684 

1)2.9393  87691 
9.5244  06312 
5.4216  12022 
3.8663  64090 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


865 
7 48225 
6472  14625 

111)5.5984  06506 
14)4.8426  21628 
17)4.1888  67708 
20)3.6233  70568 
23)3.1342  15541 
26)2.7110  96443 
29)2.3450  98423 


866 
7 49956 
6494  61896 

111)5.6243  40019 
14)4.8706  78457 
17)4.2180  07544 
20)3.6527  94533 
23)3.1633  20065 
26)2.7394  35177 
29)2.3723  50863 


867 
7 51689 
6517  14363 

ill)  5.  6503  63527 
14)4.8988  65178 
17)4.2473  16109 
20)3.6824  23067 
23)3.1926  60799 
26)2.7680  36913 
29)2.3998  88003 


868 
7 53424 
6539  72032 

111)5.6764  77238 
14)4.9271  82242 
17)4.2767  94186 
20)3.7122  57354 
23)3.2222  39383 
26)2.7969  03785 
29)2.4277  12485 


869 
7 55161 
6562  34909 

ill) 5. 7026  81359 
14)4.9556  30101 
17)4.3064  42558 
20)3.7422  98583 
23)3.2520  57468 
26)2.8260  37940 
(29)2.4558  26970 


24 


(70)3.0788  36164 


(70)3.1654  05907  (70)3.2543  05644 


(70)3.3455  95291 


(70)3.4393  36231 


1/2 

( 1)2.9410 

88234 

( 1)2.9427 

87794 

( 1)2.9444 

86373 

( 1)2.9461 

83973 

1/3 

9.5280 

79435 

9. 5317 

49727 

9.5354 

17196 

9.5390 

81845 

1/4 

5.  4231 

80095 

5.  4247 

46809 

5. 4263 

12167 

5.  4278 

76171 

1/5 

3.  8672 

58668 

3.  8681 

52418 

3.  8690 

45344 

3.  8699 

37445 

1)2.9478  80595 
9.5427  43681 
5.4294  38824 
3.8708  28725 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


870 
7 56900 
6585  03000 

ill) 5.  7289  76100 
14)4.9842  09207 
17)4.3362  62010 
20)3.7725  47949 
23)3.2821  16715 
26)2.8554  41542 
29)2.4842  34142 

(70)3.5355  91351 

( 1)2.9495  76241 
9.5464  02709 
5.4310  00130 
3.8717  19185 
1 


871 
7 58641 
6607  76311 

111)5.7553  61669 
14) 5.  0129  20014. 
17)4.3662  53332 
20)3.8030  06652 
23)3.3124  18794 
26)2.8851  16769 
29)2.5129  36706 

(70)3.6344  25075 

( 1)2.9512  70913 
9.5500  58934 
5,4325  60090 
3.8726  08827 
1 


872 
7 60384 
6630  54848 

111)5.7818  38275 
14)5.0417  62975 
17)4.3964  17315 
20)3.8336  75898 
23)3.3429  65383 
26)2.9150  65814 
29)2.5419  37390 

(70)3.7359  03403 

( 1)2.9529  64612 
9.5537  12362 
5.4341  18707 
3.8734  97651 
1 


873 
7 62129 
6653  38617 

111)5.8084  06126 
14)5.0707  38548 
17)4.4267  54753 
20)3.8645  56899 
23)3.3737  58173 
26)2.9452  90885 
29) 2. 5712  38943 

(70)3.8400  93943 

( 1)2.9546  57341 
9.5573  62998 
5.4356  75984 
3.8743  85661 
1 


874 
7 63876 
6676  27624 

111)5.8350  65434 
14)5.0998  47189 
17)4.4572  66443 
20)3.8956  50871 
23)3.4047  98862 
26)2.9757  94205 
29)2.6008  44135 

(70)3.9470  65953 

( 1)2.9563  49100 
9.5610  10846 
5.4372  31924 
3.8752  72857 


ELEMENTARY  ANALYTICAL  METHODS 


59 


POWERS  AND  ROOTS  n * 


Table  3.1 


k 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


HI  5 


7 

6699 

8618 


14 


..,5. 1290 
17)4. 4879 
20)  3.  9269 
23)  3.  4360 
26)  3.  0065 
29)2.  6307 


875 

65625 

21875 

16406 

89355 

53186 

59038 

89158 

78013 

55762 


876 
7 67376 
6722  21376 

111)5.8886  59254 
14)5.1584  65506 
17)4.5188  15784 
20)3.9584  82626 
23)3.4676  30781 
26)3.0376  44564 
29)2.6609  76638 


877 
7 69129 
6745  26133 

111)5.9155  94186 
14)5.1879  76101 
17)4.5498  55041 
20)3.9902  22871 
23)3.4994  25458 
26)3.0689  96127 
29)2.6915  09603 


878 
7 70884 
6768  36152 

111)  5.  9426  21415 
14)5.2176  21602 
17)4.5810  71767 
20)4.0221  81011 
23)3.5314  74928 
26)3.1006  34987 
29)2.7223  57518 


879 
7 72641 
6791  51439 

111)5.9697  41149 
14)5.2474  02470 
17)4.6124  66771 
20)4.0543  58292 
23)3.5637  80938 
26)3.1325  63445 
29)2.7535  23268 


(70)4.0568  90376 


(70)4.1696  39882 


(70)4.2853  88904  (70)4.4042  13682 


(70)  4.  5261,  92303 


( 1)2.9580  39892 
9.5646  55914 
5.4387  86530 
3.8761  59242 


( 1)2.9597  29717 
9.5682  98205 
5.4403  39803 
3.8770  44816 


( 1)2.9614  18579 
9.5719  37725 
5.4418  91747 
3.8779  29583 


( 1)2.9631  06478 
9.5755  74480 
5.4434  42365 
3.8788  13542 


( 1)2.9647  93416 
9.5792  08475 
5.4449  91658 
3.8796  96696 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


880 
7 74400 
6814  72000 

ill) 5. 9969  53600 
14)5.2773  19168 
17)4.6440  40868 
20)4.0867  55964 
23)3.5963  45248 
26)3.1647  83818 
29)2.7850  09760 


881 
7 76161 
6837  97841 

ill) 6.  0242  58979 
14)5.3073  72161 
17)4.6757  94874 
20)4.1193  75284 
23)3.6291  69625 
26)3.1972  98440 
29)2.8168  19925 


882 
7 77924 
6861  28968 

ill) 6.  0516  57498 
14)5.3375  61913 
17)4.7077  29607 
20)4.1522  17514 
23)3.6622  55847 
26)3.2301  09657 
29)2.8489  56718 


883 
7 79689 
6884  65387 

111)6.0791  49367 
14)5.3678  88891 
17)4.7398  45891 
20)4.1852  83922 
23)3.6956  05703 
26)3.2632  19836 
29)2.8814  23115 


884 
7 81456 
6908  07104 

ill) 6. 1067  34799 
14)5.3983  53563 
17)4.7721  44549 
20)4.2185  75782 
23)3.7292  20991 
26)3.2966  31356 
29)2.9142  22119 


24 


(70)4.6514  04745 


(70)4.7799  32920 


(70)4.9118  60716  (70)5.0472  74047 


(70)5.1862  60897 


1/2 

1/3 

1/4 

1/5 


( 1)2.9664  79395 
9.5828  39714 
5.4465  39631 
3.8805  79047 


( 1)2.9681  64416 
9.5864  68204 
5.4480  86284 
3.8814  60596 


( 1)2.9698  48481 
9.5900  93948 
5.4496  31621 
3.8823  41346 


( 1)2.9715  31592 
9.5937  16954 
5.4511  75645 
3.8832  21296 


( 1)2.9732  13749 
9.5973  37224 
5.4527  18358 
3.8841  00450 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


885 
7 83225 
6931  54125 
11)6.1344  14006 
14)5.4289  56396 
17)4.8046  26410 
20)4.2520  94373 
23)3.7631  03520 
26)3.3303  46615 
29)2.9473  56754 


886 
7 84996 
6955  06456 

ill)  6. 1621  87200 
14)5.4596  97859 
17)4.8372  92303 
20)4.2858  40981 
23)3.7972  55109 
26)3.3643  68027 
29)2.9808  30072 


887 
7 86769 
6978  64103 

111)6.1900  54594 
14)5.4905  78425 
17)4.8701  43063 
20)4.3198  16896 
23)3.8316  77587 
26)3.3986  98020 
29)3.0146  45144 


888 
7 88544 
7002  27072 
(11)6.2180  16399 

1(14)5.5215  98563 
17)4.9031  79524 
20)4.3540  23417 
23)3.8663  72794 
26)3.4333  39041 
29)3.0488  05069 


889 
7 90321 
7025  95369 

ill) 6. 2460  72830 
14)5.5527  58746 
17)4.9364  02525 
20)4.3884  61845 
23)3.9013  42580 
26)3.4682  93554 
29)3.0833  12969 


24 


(70)5.3289  11365 


(70)5.4753  17719 


(70)5.6255  74442  (70)5.7797  78281 


(70)5.9380  28303 


1/2 

1/3 

1/4 

1/5 


1)2.9748  94956 
9.6009  54766 
5.4542  59763 
3.8849  78808 


( 1)2.9765  75213 
9.6045  69584 
5.4557  99862 
3.8858  56373 


( 1)2.9782  54522 
9.6081  81682 
5.4573  38658 
3.8867  33146 


( 1)2.9799  32885 
9.6117  91067 
5.4588  76153 
3.8876  09128 


( 1)2.9816  10303 
9.6153  97744 
5.4604  12350 
3.8884  84321 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


890 
7 92100 
7049  69000 

111)6.2742  24100 
14)5.5840  59449 
17)4.9698  12910 
20)4.4231  33490 
23)3.9365  88806 
26)3.5035  64037 
29)3.1181  71993 


891 
7 93881 
7073  47971 

ill) 6. 3024  70422 
14)5.6155  01146 
17)5.0034  11521 
20)4.4580  39665 
23)3.9721  13342 
26)3.5391  52987 
29)3.1533  85312 


892 
7 95664 
7097  32288 

ill)  6.  3308  12009 
14)5.6470  84312 
17)5.0371  99206 
20)4.4931  81692 
23)4.0079  18069 
26)3.5750  62918 
29)3.1889  56123 


893 
7 97449 
7121  21957 

111)6.3592  49076 
14)5.6788  09425 
17)5.0711  76816 
20)4.5285  60897 
23)4.0440  04881 
26)3.6112  96359 
29)3.2248  87648 


894 
7 99236 
7145  16984 

ill)  6.  3877  81837 
14)5.7106  76962 
17)5.1053  45204 
20)4.5641  78613 
23)4.0803  75680 
26)3.6478  55858 
29)3.2611  83137 


24 


(70)6.1004  25945 


(70)6.2670  75070 


(70)6.4380  82017  (70)6.6135  55666 


(70)6.7936  07487 


1/2 

1/3 

1/4 

1/5 


( 1)2.9832  86778 
9.6190  01716 
5.4619  47252 
3.8893  58728 


( 1)2.9849  62311 
9.6226  02990 
5.4634  80860 
3.8902  32348 


( 1)2.9866  36905 
9.6262  01570 
5.4650  13179 
3.8911  05185 


( 1)2.9883  10559 
9.6297  97462 
5.4665  44210 
3.8919  77239 


( 1)2.9899  83278 
9.6333  90671 
5.4680  73955 
3.8928  48512 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


895 
8 01025 
7169  17375 

ill) 6.  4164  10506 
14)5.7426  87403 
17)5.1397  05226 
20)4.6000  36177 
23)4.1170  32378 
26)3.6847  43979 
29)3.2978  45861 


896 

8 02816 
7193  23136 
(11)6.4451  35299 
(14)5.7748  41228 

117)5.1742  57740 
20)4.6361  34935 
23)4.1539  76902 
26)3.7219  63304 
29)3.3348  79120 


897 
8 04609 
7217  34273 

111)6.4739  56429 
14)5.8071  38917 
17)5.2090  03608 
20)4.6724  76237 
23)4.1912  11184 
26)3.7595  16432 
29)3.3722  86240 


898 
8 06404 
7241  50792 

111) 6. 5028  74112 
14)5.8395  80953 
17)5.2439  43696 
20)4.7090  61439 
23)4.2287  37172 
26)3.7974  05980 
29)3.4100  70570 


8 

7265 
11)  6.5318 
14) 5. 8721 
17)5. 2790 
20)  4.  7458 
23)4.  2665 
26)  3. 8356 
29)  3. 4482 


899 

08201 

72699 

88564 

67819 

78869 

91904 

56821 

34582 

35490 


24 


(70)6.9783  51604 


(70)7.1679  04854  (70)7.3623  86846 


(70)7.5619  20026 


(70)7.7666  29743 


1/2 

1/3 

1/4 

1/5 


( 1)2.9916  55060 
9.6369  81200 
5.4696  02417 
3.8937  19006 
1 


( 1)2.9933 
9. 6405 
5.  4711 
3. 8945 


25909  ( 1)2.9949  95826 

69057  9. 6441  54244 

29599  5.4726  55504 

88722  3.8954  57662 

1 1 


( 1)2.9966 
9. 6477 
5. 4741 
3. 8963 


64813  ( 1)2.9983  32870 
36769  9.6513  16634 
80133  5.  4757  03489 
25828  3.8971  93220 


ELEMENTARY  ANALYTICAL  METHODS 


Table  3.1 


POWERS  AND  ROOTS  n* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 

1/2 

1/3 

1/4 

1/5 


900 

8 10000 
7290  00000 

ill)  6.  5610  00000 
14)5.9049  00000 
17)5.  3144  10000 
20)4.7829  69000 
23)4.3046  72100 
26)3.  8742  04890 
29)3.4867  84401 

{70)7.9766  44308 

( 1)3.  0000  00000 
9.6548  93846 
5.4772  25575 
3.8980  59841 


901 

8 11801 
7314  32701 
(11)6.5902  08636 
(14)5.9377  77981 
(17)5.  3499  37961 
(20)4.8202  94103 
(23)4.  3430  84987 
26  3.9131  19573 
29)3.5257  20735 

(70)8.  1920  95066 

( 1)3.0016  66204 
9.6584  68409 
5.4787  46393 
3.8989  25692 


902 
8 13604 
7338  70808 
(11)6.  6195  14688 
(14)5.9708  02249 
(17)5.  38S6  63628 
(20)4.8578  68593 
(23)4.  3817  97471 
(26)3.9523  81319 
(29)3.  5650  47949 

(70)8.4131  16465 

( 1)3.  0033  31484 
9.6620  40328 
5.4802  65946 
3.  8997  90774 


903 
8 15409 
7363  14327 

111)6.6489  18373 
14)6.  0039  73291 
17)5.4215  87881 
20)4.8956  93857 
23)4.4208  11553 
(26)3.9919  92832 
(29)3.  6047  69527 

(70)8.6398  46120 

( 1)3.0049  95840 
9.6656  09608 
5.4817  84235 
3.9006  55089 


904 
8 17216 
7387  63264 
(11)6.6784  19907 
( 14)6.  0372  91596 
(17)5.4577  11602 
(20)4.9337  71289 
(23)4.4601  29245 
26)4.  0319  56837 
29)3.  6448  88981 

(70)8.  8724  24888 

( 1)  3.  0066  59276 
9.6691  76254 
5.4833  01264 
3.9015  18640 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


905 
8 19025 
7412  17625 

ill) 6.  7080  19506 
14)6.  0707  57653 
17)5.4940  35676 
20)4.9721  02287 
23)4.4997  52570 
26)4.  0722  76076 
29)3.6854  09848 


906 
8 20836 
7436  77416 

111)  6.  7377  17389 
14)6.1043  71954 
17)5.5305  60991 
20)5.  0106  88258 
23)4.5396  83561 
26)4.1129  53307 
29)3.7263  35696 


907 
8 22649 
7461  42643 

111)6.7675  13772 
14)6.  1381  34991 
17)5.  5672  88437 
20)5.  0495  30612 
23)4.5799  24265 
26)4.  1539  91309 
(29)3.7676  70117 


908 
8 24464 
7486  13312 
11)6.7974  08873 
14)6.  1720  47257 
(17)5.  6042  18909 
(20)5.  0886  30769 
(23)4.  6204  76739 
26)4.  1953  92879 
(29)3.  8094  16734 


909 

8 26281 
7510  89429 
11)6.  8274  02910 
14)6.2061  09245 
(17)5.  6413  53304 
(20)5.  1279  90153 
(23)4.  6613  43049 
(26)4.2371  60832 
(29)3.  8515  79196 


24 


(70)9.  1109  96943 


(70)9.3557  09844  (70)9.  6067  14616 


(70)9.8641  65825 


(71)1.  0128  22166 


1/2 

1/3 

1/4 

1/5 


( 1)3.0083  21791 
9.6727  40271 
5.4848  17035 
3.9023  81426 


( 1)3.  0099  83389 
9.6763  01663 
5.4863  31551 
3.9032  43449 


( 1)3.  0116  44069 
9.6798  60436 
5.4878  44813 
3.  9041  04712 


( 1)3.  0133  03835 
9.  6834  16593 
5.4893  56824 
3.9049  65216 


( 1)3.  0149  62686 
9.  6869  70141 
5.  4908  67587 
3.9058  24962 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


910 

8 28100 
7535  71000 

ill) 6.  8574  96100 
14)6.2403  21451 
17)5.  6786  92520 
20)5.1676  10194 
23)4.7025  25276 
26)4.2792  98001 
29)3.8941  61181 


911 
8 29921 
7560  58031 

111)6.8876  88662 
14)6.2746  84371 
17)5.7162  37462 
20)5.2074  92328 
23)4.7440  25511 
26)4.  3218  07241 
(29)3.9371  66396 


912 
8 31744 
7585  50528 
(11)6.9179  80815 
(14)6.3091  98504 
17)5.  7539  89035 
(20)5.2476  38000 
(23)4.7858  45856 
(26)4.  3646  91421 
(29)3.9805  98576 


913 
8 33569 
7610  48497 
(11)6.  9483  72778 
(14)6.  3438  64346 
(17)5.  7919  48148 
20)5.2880  48659 
(23)4.  8279  88426 
(26)4.  4079  53433 
(29)4.  0244  61484 


914 
8 35396 
7635  51944 
11)6.9788  64768 
14)6.  3786  82398 
(17)5.  8301  15712 
(20)5.  3287  25761 
(23)4.  8704  55345 
(26)4.4515  96186 
(29)4.0687  58914 


24 


(71)1.0399  04400 


(71)1.  0676  79852  (71)1.  0961  65476 


(71)1.  1253  78622 


(71)1.  1553  37042 


1/2 

1/3 

1/4 

1/5 


( 1)3.  0166  20626 
9.6905  21083 
5.4923  77104 
3.9066  83951 


( 1)3.  0182  77655 
9.6940  69425 
5.4938  85378 
3.9075  42186 


( 1)3.0199  33774 
9.  6976  15172 
5.4953  92410 
3.9083  99668 


( 1)3.  0215  88986 
9.  7011  58327 
5.4968  98203 
3.9092  56397 


( 1)  3.  0232  43292 
9.7046  98896 
5.4984  02760 
3.  9101  12376 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


915 
8 37225 
7660  60875 

ill)  7.  0094  57006 
14)6.4136  53161 
17)5.8684  92642 
20)5.  3696  70767 
23)4.9132  48752 
26)4.4956  22608 
29)4.  1134  94687 


916 
8 39056 
7685  75296 

ill) 7. 0401  49711 
14)6.4487  77136 
17)5.9070  79856 
20)5.4108  85148 
23)4.9563  70796 
26)4.5400  35649 
29)4.  1586  72654 


917 
8 40889 
7710  95213 
(11)7.  0709  43103 
(14)6.4840  54826 
17)5.  9458  78275 
(20)5.4523  70378 
(23)4.9998  23637 
(26)4.5848  38275 
(29)4.2042  96698 


918 
8 42724 
7736  20632 
(11)7.  1018  37402 
(14)6.  5194  86735 
(17)5.9848  88823 
(20)5.4941  27939 
(23)5.  0436  09448 
(26)4.  6300  33473 
(29)4.2503  70729 


919 
8 44561 
7761  51559 
(11)7.  1328.  32827 
(14)6.  5550  73368 
(17)6.0241  12425 
(20)5.  5361  59319 
(23)5.  0877  30414 
(26)4.  6756  24251 
(29)4.2968  98686 


24 


(71)1.1860  58902 


(71)1.2175  62793  (71)1.2498  67732 


(71)1.2829  93183 


(71)1.  3169  59057 


1/2 

1/3 

1/4 

1/5 


( 1)3.0248  96692 
9.  7082  36884 
5.4999  06083 
3.9109  67606 


( 1)3.  0265  49190 
9.7117  72294 
5.5014  08174 
3.9118  22089 


( 1)3.0282  00786 
9.7153  05133 
5.  5029  09036 
3.9126  75826 


( 1)3.  0298  51482 
9.7188  35404 
5.  5044  08671 
3.9135  28819 


( 1)  3.  0315  01278 
9.7223  63112 
5.  5059  07081 
3.9143  81068 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


920 
8 46400 
7786  88000 
(11)7.1639  29600 
(14)6.  5908  15232 
(17)6.0635  50013 
(20)5.5784  66012 
(23)5.  1321  88731 
(26)4.7216  13633 
(29)4.3438  84542 


921 
8 48241 
7812  29961 

ill) 7. 1951  27941 
14)6.6267  12833 
17)6.  1032  02520 
20)5.  6210  49521 
23)5.1769  86608 
26)4.7680  04666 
29)4.  3913  32298 


922 
8 50084 
7837  77448 

ill) 7.  2264  28071 
14)6.6627  66681 
17)6.  1430  70880 
20)5.6639  11351 
23  5.2221  26266 
26)4.8148  00417 
29)4.4392  45985 


923 
8 51929 
7863  30467 
(11)7.2578  30210 
(14)6.  6989  77284 
( 17)  6. 1831  56033 
(20)5.  7070  53019 
(23)5.2676  09936 
(26)4.8620  03971 
(29)4.4876  29665 


924 
8 53776 
7888  89024 

ill)  7.  2893  34582 
14)6.7353  45154 
17)6.  2234  58922 
20)5.7504  76044 
23)5.  3134  39864 
26)4.9096  18435 
29)4.5364  87434 


24 


(71)1.  3517  85726 


(71)1.3874  94035  (71)1.4241  05308 


(71)1.4616  41363 


(71)1.5001  24518 


1/2 

1/3 

1/4 

1/5 


( 1)3.  0331 
9.  7258 
5.  5074 
3.9152 


50178  ( 1)3.  0347 

88262  9.7294 

04268  5. 5089 

32576  3.9160 

-ft1] 


98181  ( 1)3.0364 

10859  9.7329 

00236  5.5103 

83344  3.9169 


45290  ( 1)3.  0380 

30906  9.7364 

94986  5. 5118 

33373  3.9177 

1 


r(-7)2i 

3 


91506  ( 1)3.  0397  36831 
48410  9.7399  63373 
88520  5,5133  80842 
82664  3.9186  31220 
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POWERS  AND  ROOTS  n* 


Table  3.1 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


925 
8 55625 
7914  53125 

111)7.3209  41406 
14)6.7718  70801 
17)6.2639  80491 
20)5.7941  81954 
23)5.3596  18307 
26)4.9576  46934 
29)4.5858  23414 

(71)1.5395  77607 

( 1)3.0413  81265 
9.7434  75802 
5.  5148  71952 
3.9194  79042 


926 
8 57476 
7940  22776 
(11)7.3526  50906 
(14)6.8085  54739 

117)6.3047  21688 
20)5.8381  72283 
23)5.4061  47534 
26)5.0060  92617 
29)4.6356  41763 

(71)1.5800  23988 

( 1)3.0430  24811 
9.7469  85700 
5.5163  61854 
3.9203  26131 


927 
8 59329 
7965  97983 

ill) 7.  3844  63302 
14)6.8453  97481 
17)6.3456  83465 
20)5.8824  48572 
23)5.4530  29826 
26)5.0549  58649 
29)4.6859  46668 

(71)1.6214  87554 

( 1)3.0446  67470 
9.7504  93072 
5.5178  50550 
3.9211  72488 


928 
8 61184 
7991  78752 

ill) 7. 4163  78819 
14)6.8823  99544 
17)6.3868  66776 
20)5.9270  12369 
23)5.5002  67478 
26)5.1042  48220 
29)4.7367  42348 

(71)1.6639  92748 

( 1)3.0463  09242 
9.7539  97922 
5.5193  38042 
3.9220  18115 


929 
8 63041 
8017  65089 
(11)7.4483  97677 
(14)6.9195  61442 
(17)6.4282  72579 
(20)5.9718  65226 
(23)5.5478  62795 
(26)5.1539  64537 
(29)4.7880  33055 

(71)1.7075  64573 

( 1)3.0479  50131 
9.7575  00256 
5.5208  24332 
3.9228  63013 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


930 
8 64900 
8043  57000 

111)7.4805  20100 
14)6.9568  83693 
17)6.4699  01834 
20)6.0170  08706 
23)5.5958  18097 
26)5.2041  10830 
29)4.8398  23072 


931 
8 66761 
8069  54491 

111)7.5127  46311 
14)6.9943  66816 
17)6.5117  55505 
20)6.0624  44376 
23)5.6441  35714 
26)5.2546  90349 
29)4.8921  16715 


932 
8 68624 
8095  57568 

111)7.5450  76534 
14)7.0320  11329 
17)6.5538  34559 
20)6.1081  73809 
23)5.6928  17990 
26)5.3057  06367 
29)4.9449  18334 


933 
8 70489 
8121  66237 

111)7.5775  10991 
14)7.0698  17755 
17)6.5961  39965 
20)6.1541  98588 
23)5.7418  67282 
26)5.3571  62174 
29)4.9982  32309 


934 
8 72356 
8147  80504 

111)7.6100  49907 
14)7.1077  86613 
17)6.6386  72697 
20)6.2005  20299 
23)5.7912  85959 
26)5.4090  61086 
29)5.0520  63054 


24 


(71)1.7522  28603  (71)1.7980  10997 


(71)1.8449  38512  (71)1.8930  38514 


(71)1.9423  38996 


1/2 

1/3 

1/4 

1/5 


( 1)3.0495  90136 
9.7610  00077 
5.5223  09423 
3.9237  07185 


( 1)3.0512  29260 
9.7644  97390 
5.5237  93317 
3.9245  50630 


( 1)3.0528  67504 
9.7679  92199 
5.5252  76015 
3.9253  93351 


( 1)3.0545  04870 
9.7714  84510 
5.5267  57521 
3.9262  35348 


( 1)3.0561  41358 
9.7749  74326 
5.5282  37837 
3.9270  76625 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


935 
8 74225 
8174  00375 

ill) 7.  6426  93506 
14)7.1459  18428 
17)6.6814  33731 
20)6.2471  40538 
23)5.8410  76403 
26)5.4614  06437 
29)5.1064  15018 


936 
8 76096 
8200  25856 

111) 7.  6754  42012 
14)7.1842  13723 
17)6.7244  24045 
20)6.2940  60906 
23)5.8912  41008 
26)5.5142  01584 
29)5.1612  92682 


937 
8 77969 
8226  56953 

!11)  7. 7082  95650 
14)7.2226  73024 
17)6.7676  44623 
20)6.3412  83012 
23)5.9417  82182 
26)5.5674  49905 
29)5.2167  00561 


938 
8 79844 
8252  93672 

ill) 7. 7412  54643 
14)7.2612  96855 
17)6.8110  96450 
20)6.3888  08471 
23)5.9927  02345 
26)5.6211  54800 
29)5.2726  43202 


939 
8 81721 
8279  36019 

111) 7. 7743  19218 
14)7.3000  85746 
17)6.8547  80516 
20)6.4366  38904 
23)6.0440  03931 
26)5.6753  19691 
29)5.3291  25190 


24 


(71)1.9928  68584 


(71)2.0446  56558 


(71)2.0977  32860  (71)2.1521  28115 


(71)2.2078  73640 


1/2 

1/3 

1/4 

1/5 


( 1)3.0577  76970 
9.7784  61652 
5.5297  16964 
3.9279  17180 


( 1)3.0594  11708 
9.7819  46493 
5.5311  94905 
3.9287  57017 


( 1)3.0610  45573 
9.7854  28852 
5.5326  71663 
3.9295  96137 


( 1)3.0626  78566 
9.7889  08735 
5.5341  47239 
3.9304  34540 


( 1)3.0643  10689 
9.7923  86145 
5.5356  21636 
3.9312  72229 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


940 
8 83600 
8305  84000 

ill) 7.  8074  89600 
14)7.3390  40224 
17)6.8986  97811 
20)6.4847  75942 
23)6.0956  89385 
26)5.7299  48022 
29)5.3861  51141 


941 
8 85481 
8332  37621 

ill)  7.  8407  66014 
14)7.3781  60819 
17)6.9428  49330 
20)6.5332  21220 
23)6.1477  61168 
26)5.7850  43259 
29)5.4437  25707 


942 
8 87364 
8358  96888 

ill) 7.  8741  48685 
14)7.4174  48061 
17)6.9872  36074 
20)6.5819  76381 
23)6.2002  21751 
26)5.8406  08890 
29)5.5018  53574 


943 
8 89249 
8385  61807 

111) 7. 9076  37840 
14)7.4569  02483 
17)7.0318  59042 
20)6.6310  43076 
23)6.2530  73621 
26)5.8966  48424 
29)5.5605  39464 


944 
8 91136 
8412  32384 

111) 7. 9412  33705 
14)7.4965  24617 
17)7.0767  19239 
20)6.6804  22962 
23)6.3063  19276 
26)5.9531  65396 
29)5.6197  88134 


24 


(71)2.2650  01461 


(71)2.3235  44328  (71)2.3835  35733 


(71)2.4450  09921 


(71)2.5080  01911 


1/2 

1/3 

1/4 

1/5 


( 1)3.0659  41943 
9.7958  61087 
5.5370  94855 
3.9321  09204 


( 1)3.0675  72330 
9.7993  33566 
5.5385  66899 
3.9329  45467 


( 1)3.0692  01851 
9.8028  03585 
5.5400  37771 
3.9337  81020 


( 1)3.0708  30507 
9.8062  71149 
5.5415  07472 
3.9346  15863 


( 1)3.0724  58299 
9.8097  36263 
5.5429  76005 
3.9354  49998 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


8 

8439 
11)7.  9749 
7.5363 
7.1218 
20)  6.7301 
23)  6.  3599 
26)  6.  0101 
29)  5.  6796 


14 

17 


945 

93025 

08625 

36506 

14998 

17673 

17701 

61228 

63360 

04376 


8 

8465 
(11)  8.  0087 
(14)7. 5762 
(17  7.1671 
20)  6.  7801 
(23)  6. 4140 
26)  6.  0676 
( 29)  5. 7399 


946 

94916 

90536 

46471 

74161 

55356 

28967 

02003 

45895 

93016 


8 

8492 
11)  8.  0426 
14)7.  6164 
17)7.2127 
20)  6.  8304 
23)  6.  4684 
26)  6.1256 
29)5.8009 


947 

96809 

78123 

63825 

02642 

33302 

58437 

44140 

16600 

58921 


948 
8 98704 
8519  71392 

ill)  8.  0766  88.796 
14)7.6567  00979 
17)7.2585  52528 
20)6.8811  07796 
23)6.5232  90191 
26)6.1840  79101 
29)5.8625  06988 


949 
9 00601 
8546  70349 

ill) 8. 1108  21612 
14)7.6971  69710 
17)7.3046  14055 
20)6.9320  78738 
23)6.5785  42722 
26)6.2430  37043 
29)5.9246  42154 


24 


(71)2.5725  47511 


(71)2.6386  83331  (71)2.7064  46809 


(71)2.7758  76218 


(71)2.8470  10693 


1/2 

1/3 

1/4 

1/5 


( 1)3.0740 
9. 8131 
5.  5444 
3.  9362 


85230  ( 1)3.0757 

98931  9. 8166 

43371  5. 5459 

83427  3. 9371 


11300 

59156 

09574 

16151 


1 


( 1)3.0773 
9.  8201 
5.  5473 
3.  9379 


36511  ( 1)  3.  0789 

16944  9.8235 

74614  5. 5488 

48170  3. 9387 


60864 

72299 

38494 

79487 

1 


( 1)3.0805 
9.8270 
5.5503 
3.9396 


84360 

25224 

01217 

10103 
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Table  3.1 


POWERS  AND  ROOTS  u* 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

24 


1/2 

1/3 

1/4 

1/5 


950 
9 02500 
8573  75000 
(11)8.1450  62500 
(14)7.7378  09375 
(17)7.3509  18906 
(20)6.9833  72961 
(23)6.6342  04313 
(26)6.3024  94097 
(29)5.9873  69392 

(71)2.9198  90243 

( 1)3.0822  07001 
9.8304  75725 
5.  5517  62784 
3.9404  40019 


951 
9 04401 
8600  85351 
(11)8.1794  11688 
(14)7.7786  20515 
(17)7.3974  68110 
(20)7.0349  92173 
(23)6.6902  77556 
(26)6.3624  53956 
(29)6.0506  93712 

(71)2.9945  55775 

( 1)3.0838  28789 
9.8339  23805 
5.5532  23198 
3.9412  69236 


952 
9 06304 
8628  01408 
(11)8.2138  69404 
(14)7.8196  03673 
(17)7.4442  62696 
(20)7.0869  38087 
(23)6.7467  65059 
(26)6.4229  20336 
(29)6.1146  20160 

(71)3.0710  49109 

( 1)3.0854  49724 
9.8373  69469 
5.5546  82461 
3.9420  97756 


953 
9 08209 
8655  23177 
(11)8.2484  35877 
(14)7.8607  59391 
< 17)  7.  4913  03699 
(20)7.  1392  12425 
(23)6.8036  69441 
26)6.4838  96978 
29)6.1791  53820 

(71)3.1494  12996 

( 1)3.0870  69808 
9.8408  12721 
5.5561  40574 
3.9429  25580 


954 
9 10116 
8682  50664 
(11)8.2831  11335 
(14)7.9020  88213 
(17)7.5385  92155 
(20)7.1918  16916 
(23)6.8609  93338 
(26)6.5453  87645 
(29)6.2442  99813 

(71)3.2296  91146 

( 1)3.0886  89042 
9.8442  53565 
5.5575  97541 
3.9437  52709 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


955 
9 12025 
8709  83875 
(11)8.3178  96006 
(14)7.9435  90686 
17)7.5861  29105 
20)7.2447  53295 
(23)6.9187  39397 
(26)6.6073  96124 
(29)6.3100  63299 


956 
9 13936 
8737  22816 
11)8.3527  90121 
14)7.9852  67356 

117)7.6339  15592 
20)7.2980  23306 
23)6.9769  10280 
26)6.6699  26228 
29)6.3764  49474 


957 
9 15849 
8764  67493 
(11)8.3877  93908 
(14)8.0271  18770 
(17)7.6819  52663 
(20)7.3516  28698 
(23)7.0355  08664 
(26)6.7329  81792 
(29)6.4434  63575 


958 
9 17764 
8792  17912 
(11)8.4229  07597 

114)8.0691  45478 
17)7.7302  41368 
20)7.4055  71230 
23)7.  0945  37239 
26)6.7965  66675 
29)6.5111  10874 


959 
9 19681 
8819  74079 

ill)  8.  4581  31418 
14)8.1113  48029 
17)7.7787  82760 
20)7.4598  52667 
23)7.1539  98708 
26)6.8606  84761 
29)6.5793  96686 


24 


(71)3.3119  28238 


(71)3.3961  69948 


(71)3.4824  62966 


(71)3.5708  55021 


(71)3.6613  94899 


1/2 

1/3 

1/4 

1/5 


( 1)3.  0903  07428 
9.8476  92005 
5.  5590  53362 
3.9445  79145 


( 1)3.0919  24967 
9.8511  28046 
5.  5605  08040 
3.9454  04889 


( 1)3.0935  41660 
9.8545  61691 
5.5619  61578 
3.9462  29943 


( 1)3.0951  57508 
9.8579  92945 
5.5634  13977 
3.9470  54307 


( 1)3.  0967  72513 
9.8614  21813 
5.5648  65240 
3.9478  77983 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


960 
9 21600 
8847  36000 
11)8.4934  65600 
14)8.1537  26976 
17)7.8275  77897 
20)7.5144  74781 
23)7.2138  95790 
26)6.9253  39958 
29)6.6483  26360 


961 
9 23521 
8875  03681 
(11)8.5289  10374 

114)8.1962  82870 
17)7.8766  27838 
20)7.5694  39352 
23)7.2742  31217 
26)6.9905  36200 
29)6.7179  05288 


962 
9 25444 
8902  77128 

111)8.5644  65971 
14)8.2390  16264 
17) 7. 9259  33646 
20)7.6247  48168 
23)7.3350  07737 
26)7.0562  77443 
29)6.7881  38901 


963 
9 27369 
8930  56347 

ill) 8.  6001  32622 
14)8.2819  27715 
17)7.9754  96389 
20)7.6804  03023 
23)7.3962  28111 
26)7.1225  67671 
29)6.8590  32667 


964 
9 29296 
8958  41344 
(11)8.  6359  10556 
(14)8.3250  17776 

117)8.0253  17136 
20)7.7364  05719 
23)7.4578  95113 
26)7.1894  10889 
29)6.9305  92097 


24 


(71)3.7541  32467  (71)3.8491  18699 


(71)3.9464  05693  (71)4.0460  46699 


(71)4.1480  96142 


1/2 

1/3 

1/4 

1/5 


( 1)3.0983  86677 
9.8648  48297 
5.5663  15367 
3.9487  00972 


( 1)3.  1000  00000 
9.8682  72403 
5.5677  64363 
3.9495  23275 


( 1)3.1016  12484 
9.8716  94135 
5.5692  12228 
3.9503  44894 


( 1)3.1032  24130 
9.8751  13495 
5.5706  58964 
3.9511  65831 


( 1)3.1048  34939 
9.8785  30490 
5.5721  04575 
3.9519  86085 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


965 
9 31225 
8986  32125 

ill) 8.  6718  00006 
14)8.3682  87006 
17)8.0753  96961 
20)7.7927  58067 
23)7.5200  11535 
26)7.2568  11131 
29)7.0028  22742 


966 
9 33156 
9014  28696 

111)8.7078  01203 
14)8.4117  35962 
17)8.1257  36940 
20)7.8494  61884 
23)7.5825  80180 
26)7.3247  72454 
29)7.0757  30190 


967 
9 35089 
9042  31063 

111)8.7439  14379 
14)8.4553  65205 
17)8.1763  38153 
20)7.9065  18994 
23)7.6456  03867 
26)7.3932  98939 
29)7.1493  20074 


9 

9070 
11)8.  7801 
14)  8.  4991 
17)8.2272 
20)7.9639 
23)7.7090 
26)  7.4623 
29)  7.  2235 


968 

37024 

39232 

39766 

75293 

01684 

31230 

85431 

94697 

98067 


969 
9 38961 
9098  53209 

111)8.8164  77595 
14)8.5431  66790 
17)8.2783  28619 
20)8.0217  00432 
23)7.7730  27719 
26)7.5320  63859 
29)7.2985  69880 


24 


(71)4.2526  09649  (71)4.3596  44069 


(71)4.4692  57504  (71)4.5815  09331 


(71)4.6964  60232 


1/2 

1/3 

1/4 

1/5 


( 1)3.1064  44913 
9.8819  45122 
5.5735  49061 
3.9528  05659 


( 1)3.1080  54054 
9.8853  57396 
5.5749  92425 
3.9536  24554 


( 1)3.1096  62361 
9.8887  67316 
5.5764  34668 
3.9544  42771 


( 1)3.1112  69837 
9.8921  74886 
5.5778  75794 
3.9552  60312 


( 1)3.  1128  76483 
9.8955  80110 
5.5793  15803 
3.9560  77177 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


970 
9 40900 
9126  73000 
(11)8.8529  28100 
(14)8.5873  40257 

117)8.3297  20049 
20)8.0798  28448 
23)7.8374  33594 
26)7.6023  10587 
29)7.3742  41269 


971 
9 42841 
9154  98611 
(11)8.8894  91513 

114)8.6316  96259 
17)8.3813  77067 
20)8.1383  17132 
23)7.9023  05936 
26)7.6731  39063 
29)7.4506  18031 


972 
9 44784 
9183  30048 

111)8.9261  68067 
14)8.6762  35361 
17)8.4333  00771 
20)8.1971  68349 
23)7.9676  47635 
26)7.7445  53501 
29)7.5277  06003 


973 
9 46729 
9211  67317 

ill) 8. 9629  57994 
14)8.7209  58129 
17)8.4854  92259 
20)8.2563  83968 
23)8.0334  61601 
26)7.8165  58138 
29)7.6055  11068 


974 
9 48676 
9240  10424 

ill) 8.  9998  61530 
14)8.7658  65130 
17)8.5379  52637 
20)8.3159  65868 
23)8.0997  50755 
26)7.8891  57236 
29)7.6840  39148 


24 


(71)4.8141  72219 


(71)4.9347  08664 


(71)5.0581  34323  (71)5.1845  15371 


(71)5.3139  19427 


1/2 

1/3 

1/4 

1/5 


( 1)3.1144 
9. 8989 
5.  5807 
3.9568 


82300  ( 1)3.1160 

82992  1 9.9023 

54698  , 5. 5821 

93368  : 3.9577 


87290  ( 1)3.1176 

83537  9.9057 

92482  5. 5836 

08886  3.9585 


91454  ( 1)3.1192 

81747  9.9091 

29155  5.5850 

23732  3.9593 

J[(-P2i 


94792  ( 1)3.  1208  97307 

77627  9.9125  71181 

64719  5.5864  99178 

37908  3.9601  51415 
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POWERS  AND  ROOTS  n* 


Table  3.1 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


975 
9 50625 
9268  59375 
(11)9.  0368  78906 
(14)8.8109  56934 
(17)8.5906  83010 
(20)8.  3759  15935 
(23)8.  1665  18037 
(26)7.9623  55086 
(29)7.7632  96209 


976 
9 52576 
9297  14176 
(11)9.  0740  10358 
(14)8.8562  34109 
(17)8.6436  84491 
(20)8.4362  36063 
(23)8.  2337  66397 
(26)8.0361  56004 
(29)7.8432  88260 


977 
9 54529 
9325  74833 
(11)9.1112  56118 
(14)8.9016  97228 
(17)8.6969  58191 
(20)8.4969  28153 
( 23)  8.  3014  98806 
26)8.1105  64333 
29)7.9240  21353 


978 
9 56484 
9354  41352 
(11)9.1486  16423 
(14)8.9473  46861 
(17)8.7505  05230 
(20)8.5579  94115 
(23)8.3697  18245 
26)8.1855  84443 
29)8.0055  01586 


979 
9 58441 
9383  13739 
(11)9.1860  91505 
14)8.9931  83583 
17)8.8043  26728 
(20)8.6194  35867 
(23)8.4384  27713 
(26)8.2612  20731 
(29)8.0877  35096 


24 


(71)5.4464  15584 


(71)5.5820  74443  (71)5.7209  68141 


(71)5.8631  70383 


(71)6.0087  56477 


1/2 

1/3 

1/4 

1/5 


( 1)3.  1224  98999 
9.  9159  62413 
5.5879  32533 
3.9609  64254 


( 1)3.1240  99870 
9.9193  51328 
5.5893  64785 
3.9617  76427 


( 1)3.1256  99922 
9.9227  37928 
5.  5907  95938 
3.9625  87934 


( 1)3.1272  99154 
9.9261  22218 
5.5922  25992 
3.9633  98776 


( 1)3.1288  97569 
9.9295  04202 
5.  5936  54950 
3.9642  08956 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


980 
9 60400 
9411  92000 
(11)9.2236  81600 
(14)9.0392  07968 
(17)8.8584  23809 
(20)8.  6812  55332 
(23)8.  5076  30226 
(26)8.3374  77621 
(29)8.1707  28069 


981 
9 62361 
9440  76141 
11)9.2613  86943 
14)9.0854  20591 
(17)8.9127  97600 
(20)8.7434  54446 
(23)8.5773  28811 
(26)8.4143  59564 
(29)8.2544  86732 


982 
9 64324 
9469  66168 
(11)9.  2992  07770 
(14)9.1318  22030 
(17)8.9674  49233 
(20)8.8060  35147 
(23)8.6475  26515 
(26)8.4918  71037 
(29)8.3390  17359 


983 
9 66289 
9498  62087 

111)9.3371  44315 
14)9.1784  12862 
17)9.0223  79843 
20)8.8689  99386 
23)8.7182  26396 
26)8.5700  16548 
29)8.4243  26266 


984 
9 68256 
9527  63904 
(11)9.3751  96815 
(14)9.2251  93666 
<17)9.0775  90568 
(20)8.9323  49119 
(23)8.7894  31533 
(26)8.6488  00628 
<29)8.5104  19818 


24 


(71)6.  1578  03365 


(71)6.  3103  89657 


(71)6.4665  95666  (71)6.6265  03443 


(71)6.7901  96812 


1/2 

1/3 

1/4 

1/5 


( 1)3.  1304  95168 
9.9328  83884 
5.  5950  82813 
3.9650  18474 


( 1)3.1320  91953 
9.9362  61267 
5.5965  09584 
3.9658  27331 


( 1)3.1336  87923 
9.9396  36356 
5.  5979  35265 
3.9666  35529 


( 1)3.1352  83081 
9.9430  09155 
5.5993  59857 
3.9674  43069 


( 1)3.1368  77428 
9.9463  79667 
5.6007  83363 
3.9682  49952 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


985 
9 70225 
9556  71625 
11)9.4133  65506 
14)9.2721  65024 
(17)9.1330  82548 
(20)8.9960  86310 
(23)8.8611  45015 
(26)8.  7282  27840 
(29)8.5973  04423 


986 
9 72196 
9585  85256 
(11)9.4516  50624 
<14)9.3193  27515 
<17)9.1888  56930 
<20)9.0602  12933 
(23)8.9333  69952 
26)8.8083  02773 
29)8.6849  86534 


987 
9 74169 
9615  04803 
(11)9.4900  52406 
(14)9.3666  81724 
(17)9.2449  14862 
(20)9.1247  30969 
(23)9.0061  09466 
<26)8.8890  30043 
(29)8.7734  72653 


988 
9 76144 
9644  30272 
11)9.5285  71087 
14)9.4142  28234 
(17)9.3012  57495 
<20)9.1896  42406 
<23)9.  0793  66697 
(26)8.9704  14296 
(29)8.8627  69325 


989 
9 78121 
9673  61669. 
(11)9.5672  06906 
(14)9.4619  67630 

117)9.3578  85987 
20)9.2549  49241 
23)9.1531  44799 
26)9.0524  60206 
29)8.9528  83144 


24 


(71)6.9577  61406 


(71)7.1292  84708 


(71)7.3048  56083  (71)7.4845  66822 


(71)7.6685  10178 


1/2 

1/3 

1/4 

1/5 


( 1)3.1384  70965 
9.9497  47896 
5.6022  05785 
3.9690  56179 


( 1)3.1400  63694 
9.9531  13846 
5.6036  27123 
3.9698  61752 


( 1)3.1416  55614 
9.9564  77521 
5.6050  47381 
3.9706  66671 


( 1)3.1432  46729 
9.9598  38925 
5.6064  66560 
3.9714  70939 


( 1)3.1448  37039 
9.9631  98061 
5.6078  84662 
3.9722  74555 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


990 
9 80100 
9702  99000 
(11)9.6059  60100 
(14)9.5099  00499 
<17)9.4148  01494 
<20)9.  3206  53479 
(23)9.2274  46944 
(26)9.1351  72475 
(29)9.0438  20750 


991 
9 82081 
9732  42271 

111)9.6448  30906 
14)9.5580  27427 
17)9.4720  05181 
20)9.  3867  57134 
23)9.3022  76320 
26)9.2185  55833 
(29)9.1355  88830 


992 
9 84064 
9761  91488 
(11)9.6838  19561 

114)9.6063  49004 
17)9.5294  98212 
20)9.4532  62227 
23)9.  3776  36129 
26)9.3026  15040 
29)9.2281  94120 


993 
9 86049 
9791  46657 

ill) 9. 7229  26304 
14)9.6548  65820 
17)9.5872  81759 
20)9.5201  70787 
23)9.4535  29591 
26)9.3873  54884 
29)9.3216  43400 


994 
9 88036 
9821  07784 

ill) 9.  7621  51373 
14)9.7035  78465 
17)9.6453  56994 
20)9.5874  84852 
23)9.5299  59943 
26)9.4727  80183 
29)9.4159  43502 


24 


(71)7.8567  81408  (71)8.  0494  77813 


(71)8.2466  98779  (71)8.4485  45822 


(71)8.6551  22630 


1/2 

1/3 

1/4 

1/5 


( 1)3.1464  26545 
9.9665  54934 
5.6093  01690 
3.9730  77521 


( 1)3.  1480  15248 
9.9699  09547 
5.6107  17644 
3.9738  79839 


( 1)3.1496  03150 
9.9732  61904 
5.6121  32527 
3.9746  81509 


( 1)3.  1511  90251 
9.9766  12009 
5.6135  46340 
3.9754  82534 


( 1)3.1527  76554 
9.9799  59866 
5.6149  59086 
3.9762  82913 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


995 
9 90025 
9850  74875 

111)9.8014  95006 
14)9.7524  87531 
17)9.7037  25094 
20)9.6552  06468 
23)9.6069  30436 
26)9.5588  95784 
29)9.  5111  01305 


996 
9 92016 
9880  47936 
(11)9.8409  57443 
(14)9.8015  93613 
(17)9.7623  87238 
(20)9.  7233  37689 
<23)9.6844  44339 
( 26) 9.  6457  06561 
(29)9.6071  23735 


997 
9 94009 
9910  26973 
(11)9.8805  38921 
(14)9.8508  97304 
(17)9.8213  44612 
(20)9.7918  80578 
<23)9.7625  04937 
<26)9.7332  17422 
<29)9.7040  17769 


998 
9 96004 
9940  11992 

111)9.9202  39680 
14)9.9003  99201 
17)9.8805  98402 
20)9.8608  37206 
23)9.8411  15531 
26)9.8214  33300 
(29)9.8017  90434 


999 
9 98001 
9970  02999 
11)9.9600  59960 
14)9.9500  99900 
(17)9.9401  49800 
<20)9.9302  09650 
(23)9.9202  79441 
26)9.9103  59161 
29)9.9004  48802 


24 


(71)8.8665  35105  (71)9.0828  91413 


(71)9.  3043  02025  (71)9.5308  79767 


(71)9.7627  39866 


1/2 

1/3 

1/4 

1/5 


( 1)3.1543  62059 
9.9833  05478 
5.6163  70767 
3.9770  82648 


( 1)3.1559  46768 
9.9866  48849 
5.6177  81384 
3.9778  81740 


( 1)3.1575  30681 
9.9899  89983 
5.6191  90939 
3.9786  80191 


( 1)3.1591  13800 
9.9933  28884 
5.  6205  99434 
3.9794  78001 


( 1)3.1606  96126 
9.9966  65555 
5.6220  06871 
3.9802  75173 
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4.  Elementary  Transcendental  Functions 
Logarithmic,  Exponential,  Circular  and  Hyperbolic  Functions 


Mathematical  Properties 


4.1.  Logarithmic  Function 
Integral  Representation 

4.1.1  In  z=j*  j 

l<y 


ir 


0 


-7T 


2 8 x + iy 


x 


Figure  4.1.  Branch  cut  for  In  z and  2®. 
(a  not  an  integer  or  zero.) 


where  the  path  of  integration  does  not  pass 
through  the  origin  or  cross  the  negative  real 
axis.  In  z is  a single-valued  function,  regular  in 
the  2-plane  cut  along  the  negative  real  axis,  real 
when  z is  positive. 


z=x+iy=rei9. 


4.1.2  In  2=ln  r+i0  (— 7r<0<7r). 

4.1.3  r=(x2+y2)*,  sc=rcos0,  y~r  sin  0, 

V 

0=arctan  -• 
x 

The  general  logarithmic  function  is  the  many- 
valued function  Ln  z defined  by 

4.1.4  Ln  z= 

where  the  path  does  not  pass  through  the  origin. 

4.1.5 

Ln  (re^)=ln  (rei6)+2kiri=ln  r+i(d+2kir), 

k being  an  arbitrary  integer,  ln  2 is  said  to  be  the 
principal  branch  of  Ln  2. 


Logarithmic  Identities 

4.1.6  Ln  (2i22)=Ln  21+Ln  z2. 

(i.e.,  every  value  of  Ln  (21  z2)  is  one  of  the  values 
of  Ln  2i+Ln  z2.) 


4.1.7 

In  (ztz2)  =ln  2!+ln  z2 

(— 7r<arg  21+arg  z2<w) 

4.1.8 

Ln  — =Ln  21— Ln  z2 

z2 

4.1.9 

ln  — =ln  21— -ln  z2 
z2 

(— 7r<a rg  2i—arg  22<7t) 

4.1.10 

Ln  zn=n  Ln  2 ( n integer) 

4.1.11 

ln  zn=n  ln  2 

(n  integer,  —w<ji  arg  z<w) 

Special  Values  (see  chapter  1) 

4.1.12 

In  1=0 

4.1.13 

ln  0= — 00 

4.1.14 

ln  (—  l)=7ri 

4.1.15 

In  (±i)  = ±fyri 

4.1.16 

ln  e=l,  e is  the  real  number  such  that 

If=' 

4.1.17 

e=lim  ( l+iV=2.71828  18284 . . . 

7i— V nj 

(see  4.2.21) 

Logarithms  to  General  Base 

4.1.18 

loga  2= In  zj ln  a 

4.1.19 

loe  2=log6  3 
go  logj,  a 

4.1.20 

loga  b — | 

6 logo  a 

4.1.21 

loge  2=ln  2 

4.1.22 

logio  2=ln  2/ln  10=logi0  e ln  2 

= (.43429  44819... )ln  2 
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4.1.23  In  z= In  10 logio  z= (2.30258  50929  . . .)  logi02 

(loge  2=1 n x,  called  natural,  Napierian,  or  hyper- 
bolic logarithms;  logio  2,  called  common  or  Briggs 
logarithms.) 

Series  Expansions 

4.1.24  In  (l-\-z)  = z— %z2-\-\zz—  . . . 

(M<1  and  Zt*  — 1) 

4.1.25 

--  eSHeSK  M+  ■ 

( 0tz  > §) 

In  z=(z— 1)— 1(2—  l)2+|(s—  l)3—  . . . 

(|s  — 1 1 < 1,  27*0) 


4.1.26 


4.1.27 


ln  2-2  [(i+0+i  (f+r)  +i  (fqpr) + ■ • •] 

(<%Z>0,  2 7* 0) 

4-L28  (S)-2  6+53+5?+  • • •) 

(I«|>1,  S9*±l) 


4.1.29 

In  ( z-\-a ) 


=ln  ”‘+2  [(sTi)+l  GSi) 


+Kst ;)  + • • •] 

(a>  0,  ^z>—a7iz') 


4.1.30 


Limiting  Values 
lim  x~a  ln  x=0 

Z->co 


(a  constant,  ^a>0) 


4.1.31 


lim  xa  ln  2=0 


z-»o 


(a  constant,  <^a>0) 


4.1.32 


/ m 1 

lim  (s  F 

771— > co  \k=l  tl 


•In  ra^= 7 (Euler’s  constant) 

= .57721  56649  . . . 

(see  chapters  1,  6 and  23) 

% 

Inequalities 


4.1.33 


2 


1+2 


<ln  (l+2)<2 


(2>— 1,  2 7*^0) 


4.1.34 


2<— In  (1— 2)< 


2 


1 — 2 


(2<1,  2 5*^0) 


4.1.35 


|ln  (1— *)|< 


3a: 


(0<a;<.5828) 


4.1.36  lnx<x— 1 (x>0) 

4.1.37  ln  x<n(x1,n—  l)for  any  positive  n 


4.1.38 


|ln  (1+2)|<—  ln  (1  — \z\) 
Continued  Fractions 


(x>0) 

(I»I<1) 


4.1.39 


ln  (l+s) 


z 4z  4 z 9 z 


1+  2+  3+  4+  5+  6+ 

( z in  the  plane  cut  from  —1  to  — oo) 


4.1.40 


. /I +g\  2 z z2  4 z2  9 z2 

ln(l=V“i=3=5=7= 


(z  in  the  cut  plane  of  Figure  4.7.) 
Polynomial  Approximations  2 


4.1.41 


1 


Vio 


<x<Vl0 


logio  x=a1t+a3t3+e(x),  £=(x— l)/(x+l) 


l«(z)|<6X10 


-4 


4.1.42 


ai=. 86304  a3=. 36415 

+<x<Vl0 

Vio 


logio  x=ait+a3t3+asti+Ojt7+a9t9-{-e(x) 

t=(x—l)/(x+l) 

\e(x)\<10~7 

ai=.86859  1718  a7=  -09437  6476 

a3=. 28933  5524  a*=.  19133  7714 

a8=.  17752  2071 


4.1.43 


0<x<l 


ln  (l+x)=aix+a2x2+a3x3+a4x4+a5x6+e(x) 


:(x)|<lX10 


-5 


ai=. 99949  556  a4=  - .13606275 

a2=  - .49190  896  a5=  .03215  845 

a3=. 28947  478 


2 The  approximations  4.1.41  to  4.1.44  are  from  C.  Hast- 
ings, Jr.,  Approximations  for  digital  computers.  Princeton 
Univ.  Press,  Princeton,  N.J.,  1955  (with  permission). 
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4.1.44 


0<x<l 


In  (l+x)=aix+a2x2+a3x3+a4x4 *+a5x6+a8x6 

+a7x7 + a8x® + « (x) 


:(x)|<3X10 


<h  = . 99999  64239  a5 

02=—.  49987  41238  o6 

03=  . 33179  90258  o7 

a4=— . 24073  38084  o8 


-8 


. 16765  40711 
09532  93897 
. 03608  84937 
00645  35442 


Approximation  in  Terms  of  Chebyshev  Polynomials  3 


4.1.45 


0<z<l 


Tn*(x)= cos  nd,  cos  d=2x—  1 (see  chapter  22) 


CO 


In  (l+x)=S  AnTn*(x) 

71=0 


7& 

0 

1 

2 

3 

4 

5 


An 

37645  2813 
34314  5750 
02943  7252 
00336  7089 
00043  3276 
00005  9471 


n 

6 

7 

8 
9 

10 

11 


An 

00000 

00000 

00000 

00000 

00000 

00000 


8503 

1250 

0188 

0029 

0004 

0001 


4.1.46 


4.1.47 


Differentiation  Formulas 

d , 1 

j-  In  z=- 
dz  z 


dn 


dz 


4.1.48 


4.1.49 


;ln  z=(—  l)n-I(»— l)!e~B 

Integration  Formulas 

dz 


X 


:=ln  z 


/ 


In  z dz—z  In  z—z 


4.1.52 

4.1.53 


X 


dz 


z\nz 


=ln  In  z 


J*ln  [z+(z2±l)*]dz=z  In  [z  + (z2±l)*]—(z2±l)* 


4.1.54 


Jzn  In  [z  + (z2±l)^dz=^-p^  In  [z  + (z2±l)*\ 


hi 


,n+l 


71+1  J (Z*±l)* 


dz  — 


4.1.55 


4.1.56 


X 

X 


Definite  Integrals 

1 In  t 
o 1 -t 


dt= — ir2/6 


In  t 

l+< 


dt=—iti/ 12 


4.1.57  -f  fiz=li(x)  (see  5.1.3) 

Jo  ln  t 


4.2.  Exponential  Function 
Series  Expansion 


4.2.1 


z . z2  . zz 


e -exp  3=1+H+2!+3!+ 


• • • 


(z=x+iy) 

where  e is  the  real  number  defined  in  4.1.16 


Fundamental  Properties 

4.2.2  Ln  (exp  z)  = z+2kiri  (k  any  integer) 

4.2.3  ln  (exp  z)=z  (— 7r<«/z<jr) 


4.2.4 


4.2.5 


exp  (ln  z)=exp  (Ln  z)  = z 
d 

-j-  exp  s= exp  2 


4.1.50 

J^n+1  2n+1 

l"ln ‘-fr+i? 

(n?*  — 1,  n integer) 

4.1.51 

J 2"  (In  z)m  Js»(in  2)»-«d2 

(n*— 1) 


3 The  approximation  4.1.45  is  from  C.  W.  Clenshaw, 

Polynomial  approximations  to  elementary  functions, 

Math.  Tables  Aids  Comp.  8,  143-147  (1954)  (with  per- 

mission) . 


Definition  of  General  Powers 

4.2.6  If  N=ax,  then  z=Log0  N 

4.2.7  a*=exp  (2  ln  a) 

4.2.8  If  a=|a|  exp  (i  arg  a)  (— 7r<arg  a<i r) 

4.2.9  \a,\  = \a\xe~vm*tt 

4.2.10  arg  ( a*)=y  ln  |a|+x  arg  a 

4.2.11 

Ln  a*—z  ln  a for  one  of  the  values  of  Ln  a* 

4.2.12  ln  ax—x  ln  a (a  real  and  positive) 

4.2.13  |e*|=e* 
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4.2.14  ar g(e*)=y 

4.2.15 

4.2.16  a*bz=(ab)z  (— 7r<arg  a+arg  b<w) 


y 


Figure  4.2.  Logarithmic  and  exponential  functions. 


Periodic  Property 

4.2.17  e**2*ki=e*  (&  any  integer) 

Exponential  Identities 

4.2.18  e*le*i=ell+t* 

4.2.19  (e*i)*»=e*i*j  (-v<./zi<x) 

The  restriction  (— -t<./zi<x)  can  be  removed 
if  s2  is  an  integer. 

Limiting  Values 

4.2.20 

Km  zae~z=0  (\&rg  z\<hir—  €<|7r,  a constant) 

|2|->co 

4.2.21  lim  ^1+-^)  =c* 

7n->oo  \ Wl/ 


Special  Values  (see  chapter  1) 


4.2.22 

€=2.71828  18284  . . 

4.2.23 

€°=1 

4.2.24 

e°°=  oo 

4.2.25 

0 

II 

8 

1 

4.2.26 

e±H=  — 1 

4.2.27 

€ 2 =±i 

4.2.28 

c2x*<_i  ^ any  integer) 

Exponential  Inequalities 

If  x is  real  and  different  from  zero 

4.2.29 

A 

e l~x<C.l —x<jrx  (&<1) 

4.2.30 

#*>1+3 

4.2.31 

4.2.32 

1+jB<(l  e~xXx  (*>— 1) 

4.2.33 

*<(«*  D<1_a.  (*<1) 

4.2.34 

X 

1+»>«1+Z  («>— 1) 

4.2.35 

€*>1+  . (ra>0,  *>0) 

n • 

4.2.36 

eI>(l  +-)  >€*+»  (*>0,  y> 0) 

4.2.37 

€~*<1— | (0<a:<  1.5936) 

4.2.38 

||z|<|e*-li<^|z|  (0<|z|<l) 

4.2.39  |ez—  l\<e[z[— 1 < | srle1*1  (aU  2) 


Continued  Fractions 


4.2.40 


1 z z z z z z 
1—  1+  2-  3+  2-  5+  2—  • • 


(MO) 


z z z z z z z 
1—  2+  3—  2+  5—  2+  7— 


(MO) 


z z2/4-3  z2/4-15  z2/4-35  z2/4(4»2-l) 

1+(l-z/2)  + 1+  1+  1+  •••  1 + 


• • • (MO) 


4 2 41  , s_  g”  n\z  z (»+l)8  2z  (n+2)z  3 z 

e“-1''Z/  %!_  (w+i)+  (n+2)-  (n+3)  + (n+4)-  (»+5)+  (n+6)-  * 


(|z|<  00  ) 


(For  en(z)  see  6.5.11) 


4.2.42 
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| Approximations  in  Terms  of  Chebyshev  Polynomials  e 


2a  arctan  - . 

e 2=1  + 


2 a a2+l  a2+ 4 a2+ 9 


z—a+  3 z+  52  + 7 2 + 

(z  in  the  cut  plane  of  Figure  4.4.) 

Polynomial  Approximations 4 

4.2.43  0<a:<ln  2=.693  . . . 

e~x=  1 +aiX+a2a:2+«  (x) 

|e(a:)|<3X10-3 
«i= — .9664  a2=.3536 

4.2.44  0<a:<ln2 

e ~z—  1 -\-aiX-\ra2xtJr<i3xiJraixiJrt{x) 
l*(z)|<3X10-5 


03= — .1595332 
a4=  .02936  41 


a, =—.9998684 
a2=  .49829  26 


4.2.45  0<a:<ln  2 

e_I=l+o1a:+a2a;2+a3a?+04a:4+as*5 

+a6a:6+a7*7+e(x) 

|«(*)|<2X10-10 


a,= — .99999  99995  o6= — .00830 13598 

o2=  .4999999206  a6=  .0013298820 

O3=-.16666l53019  o7=-. 00014 13161 

a4=  .04165  73475 

4.2.46 5 0<3<1 

10*=  (1  +a1x+a2a;2+a3Z3+a4a;4)2+«(a;) 

|«(a:)|<7X10-4 

0!=1. 14991 96  a3=. 20800  30 

o2=  .6774323  o4=.  12680  89 

4.2.47  0<a:<l 

10*=  (1 +o1a;+a2x2+o3a^+a4z4+o6x6 

+ a0x6 + g^x7)  2 + e (x) 
|e(a:)|<5X10_8 

0!=1.  15129  277603  os=.  01742  111988 
o2=  . 66273  088429  o#=.  00255  491796 

03=  . 25439  357484  o7=.  00093  264267 

o4—  . 07295  173666 


4 The  approximations  4.2.43  to  4.2.4S  are  from  B.  Carl- 
son, M.  Goldstein,  Rational  approximation  of  functions, 
Los  Alamos  Scientific  Laboratory  LA-1943,  Los  Alamos, 
N.  Mex.,  1955  (with  permission). 

6 The  approximations  4.2.46  to  4.2.47  are  from  C.  Hast- 
ings, Jr.,  Approximations  for  digital  computers.  Princeton 
Univ.  Press,  Princeton,  N.J.,  1955  (with  permission). 


4.2.48  0<x<l 

T%(x)=cos  nd,  cos  6=2x — 1 (see  chapter  22) 


co 


00 


A„T*(x) 

71=0 


e *=S  AnT%{x) 

71=0 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 


An 
1. 75338 
. 85039 
. 10520 
. 00872 
. 00054 
. 00002 
. 00000 
. 00000 
. 00000 


7654 

1654 

8694 

2105 

3437 

7115 

1128 

0040 

0001 


n 

0 

1 

2 

3 

4 

5 

6 
7 


An 

. 64503 
.31284 
. 03870 
. 00320 
. 00019 
.00000 
. 00000 
.00000 


5270 

1606 

4116 

8683 

9919 

9975 

0415 

0015 


Differentiation  Formulas 


4.2.49 

d z g 

— ez=e9 
az 

4.2.50 

dn 

eaz=aneaz 

az11 

4.2.51 

4-  az=az  In  a 
dz 

4.2.52 

j 

-j—  za=aza~l 
dz 

4.2.53 

£2-(i+in2) 

4.2.54 

4.2.55 
zneazdz 


Integration  Formulas 

J*  eazdz=eaz/a 


s 


,az 


a 


»+i 


[ (a  z) n— n (az ) 1 - \-n(n — 1 ) (az) n~2 


+ . . . +(“l)n_17fc!(a2)+(— l)n7&!]  (w>0) 


4.2.56 

,az 


j$dz— (»- ■ I)«-+;pi  iz  (n>i) 

(See  chapters  5,  7 and  29  for  other  integrals 
involving  exponential  functions.) 


4.3.  Circular  Functions 
Definitions 


4.3.1 


4.3.2 


sin  z—- 


eu — e~il 


2 i 


(z=x+iy) 


eiz’^re~‘iz 


cos  z = 


6 The  approximations  4.2.48  are  from  C.  W.  Clenshaw, 
Polynomial  approximations  to  elementary  functions, 
Math.  Tables  Aids  Comp.  8,  143-147  (1954)  (with  per- 
mission) . 
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4.3.3 


tan  2= 


sin  z 
cos  z 


4.3.4 


1 

CSC  2=— 

sin  z 


4.3.5 


4.3.6 


1 

sec  z— 

cos  z 


cot  2=7 

tan  z 


Periodic  Properties 

4.3.7  sin  (2+2&7r)=sin  z (k  any  integer) 

4.3.8  cos  (2+2&7t)=cos  z 

4.3.9  tan  (2+&7r)  = tan  z 


y 


sin  x esc  x 

cos  x sec  x 

ton  x cot  x 


Figure  4.3.  Circular  junctions. 

Relations  Between  Circular  Functions 

4.3.10  sin2  z 4“ cos2  z=l 

4.3.11  sec2  2— tan2  2=1 

4.3.12  esc2  z— cot2  2=1 

Negative  Angle  Formulas 

4.3.13  sin  (—2)  = — sin  2 

4.3.14  cos  (— 2)=cos  2 

4.3.15  tan  (—2)  =— tan  2 

Addition  Formulas 

4.3.16  sin  (2i+22)=sin  zx  cos  22+cos  zx  sin  z2 


4.3.17  cos  (2i+22)=cos  Z\  cos  22— sin  zx  sin  z2 

4.3.18  tan  (2l + z2) = i_an  gi+tan  g2 

1— tan  Zi  tan  z2 


4.3.19 


cot  (Zi  +z2) 


cot  Zi  cot  z2—  1 
cot  Z2+COt  Z\ 


Half-Angle  Formulas 


4.3.20 


4.3.21 


4.3.22 


. z . /I— cos  s\i 

““r-H— ~) 

z_  / 1— cos  2\^ 1 — cos  2 sin  2 

an2  \l+cos  2/  sin  2 ~l+cos  2 


The  ambiguity  in  sign  may  be  resolved  with  the 
aid  of  a diagram. 


Transformation  of  Trigonometric  Integrals 


If  tan  £= 


z then 


■ 2 z 1—z2  2 , 

4.3.23  sm  u—— — v cos  u=— — v au—— — ^ dz 


1 + Z‘ 


1 +z2 


l+s2 


Multiple-Angle  Formulas 

2 tan  2 


4.3.24  sin  22=2  sin  2 cos  2= 


l+tan22 


4.3.25  cos  22=2  cos2  2— 1=1— 2 sin2  2 

1— tan2  2 


=cos2  2— sin2  2; 


l+tan22 


4.3.26  tan  2 2= 


2 tan  2 2 cot  2 


1 — tan2  2 co t2  2—  1 cot  2— tan  2 


4.3.27  sin  32=3  sin  2—4  sin3  2 


4.3.28  cos  32=— 3 cos  2+4  cos3  2 

4.3.29  sin  42=8  cos3  2 sin  2—4  cos  2 sin  2 

/ 

4.3.30  cos  42=8  cos4  2—8  cos2  2+1 

Products  of  Sines  and  Cosines 

4.3.31  2 sin  21  sin  22=cos  (21— 22)— cos  (2i+22) 

4.3.32  2 COS  21  COS  22=COS  (21— 22)+COS  (2i  + 22) 

4.3.33  2 sin  zx  cos  22=sin  (21— 22)+sin  (2i+22) 


Addition  and  Subtraction  of  Two  Circular  Functions 


4.3.34 


sin  21+sin  z2= 2 sin 
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4.3.35 


O /2i  + 22\  • — 

sin  0i— sin  02=2  cos  ( — - — \ sin  ( — - — \ 

) 


4.3.36 

COS  Zi  + COS  Z2  = 2 cos 


fzi+z2\ (zx—z2 

)C0S\T2 


4.3.37 

COS  Z\  — cos  z2 

4.3.38 


= — 2 sin( 


2 ) 


sin 


tan  2j±tan  z2= 


sin  (zi±z2) 


COS  Z\  cos  z2 

4.3.39 

Quadrant 

sin 

cos 

tan 

. , . sin(z2±zi) 

cot  0i±cot  02=  : L 

sm  0i  sm  02 

CSC 

sec 

cot 

Relations  Between  Squares  of  Sines  and  Cosines 

1 

+ 

+ 

+ 

11 

+ 

— 

— 

4.3.40 

hi 

— 

+ 

sin2  0i— sin2  02=sin  (0i+02)  sin  (01— 02) 

IV 

+ 

4.3.41 

cos2  zi— cos2  z2— — sin  (zi+z2)  sin  (zi—z2) 


4.3.42 


cos2  Z\— sin2  z2=cos  (zi+ z2)  cos  (zt—z2) 


4.3.43 


Signs  of  the  Circular  Functions 
in  the  Four  Quadrants 


4.3.44 


• • • • 7T  • 

Functions  of  Angles  in  Any  Quadrant  in  Terms  of  Angles  in  the  First  Quadrant.  (0  < 0 < - , k any  integer) 


-0 

b* 

H- 

-H 

2^7Tlh  0 

sin _ 

—sin  0 

COS  0 

Tsin  0 

—cos  0 

±sin  0 

cos  _ _ _ 

cos  0 

=Fsin  0 

—cos  0 

it  sin  0 

-t  cos  0 

tan_ 

— tan  0 

-Foot  0 

±tan  0 

-Fcot  0 

it  tan  0 

CSC.  

— CSC  0 

+sec  0 

Tcsc  0 

—sec  0 

it  esc  0 

sec 

sec  0 

Tcsc  0 

—sec  0 

zh  CSC  0 

+sec  0 

cot_- 

—cot  0 

Ttan  0 

it  cot  0 

iFtan  0 

it  cot  0 

4.3.45  Relations  Between  Circular  (or  Inverse  Circular)  Functions 


sin  x—a 

cos  x—a 

tan  x—a 

esc  x=a 

sec  x=a 

cot  x—a 

sin  2; 

a 

(l-a2)* 

a(l+a2)“* 

a-1 

(l+a2)-> 

cos  x 

(1-a2)* 

a 

(l+a2)"i 

a-1(a2— 1)} 

a-1 

a(l+a2)~* 

tan  x 

a(l-a2)-* 

a-1(l— a2)1 

a 

(a2-l)-i 

(a2—  1)* 

a-1 

CSC  x 

a"1 

(l-a2)-* 

a-Hl+a2)* 

a 

a(a2— 1)“* 

(l+a2)* 

sec  x 

1 

1 

a-1 

(1+a2)* 

& 

1 

h-1 

1 

a 

or^l+a2)* 

cot  z 

a ^l— a2)* 

t— * 
1 

5 

1 

a"1 

(a2-l)* 

(a2— 1)“* 

a 

Illustration:  If  sin  x=a}  cot  x=a_1(l  — a2)* 

arcsec  a=arccot  (a2—  1)"* 
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4.3.46  Circular  Functions  for  Certain  Angles 


0 

0° 

x/12 

15° 

7r/6 

30° 

7r/4 

45° 

ir/3 

60° 

sin 

0 

^(V3-l) 

1/2  . 

V2/2 

V3/2 

cos 

1 

f (Vs+D 

V3/2 

V2/2 

1/2 

tan 

0 

2— v/3 

V3/3 

1 

V3 

CSC 

00 

V2(V3  + 1) 

2 

V2 

2-V3/3 

sec 

1 

V2(V3-1) 

2V3/3 

-v/2 

2 

cot 

00 

2+ V3 

V3 

1 

V3/3 

5ir/12 

75° 

ir/2 

90° 

1 

1 

7x/12 

105° 

2ir/3 

120° 

1 

sin 

^(73+1) 

1 

^ (V3+1) 

V3/2 

cos 

f (V3-1) 

0 

“ffVs  i) 

-1/2 

tan 

2+V3 

OO 

— (2+V3) 

-V3 

CSC 

V2(V3-1) 

1 

^(V3-l) 

2V3/3 

sec 

V2(V3+1) 

OO 

— V2(V3+1) 

—2 

cot 

2-V3 

0 

1 

— (2— V3) 

-V3/3 

3jt/4 

135° 

5tt/6 

150° 

ll-jr/12 

165° 

X 

180° 

sin 

V2/2 

1/2 

i 

f (V3-1) 

0 

cos 

— V2/2 

-V3/2 

=J^(V3+1) 

-1 

tan 

-1 

-V3/3 

— (2— V3) 

0 

CSC 

■\/2 

2 

V2(V3+1) 

OO 

sec 

-V2 

-2-V3/3 

-V2(V3-1) 

-1 

cot 

-1 

— v/3 

— (2+V3) 

OO 

Euler’s  Formula 


4.3.47 


e — e 


x+iv 0X 


ex  (cos  y-\-i  sin  y) 


De  Moivre’s  Theorem 

4.3.48  (cos  z+i  sin  z)v=eos  vz+i  sin  vz 

(—tt<^&z<t  unless  v is  an  integer) 
Relation  to  Hyperbolic  Functions  (see  4.5.7  to  4.5.12) 

4.3.49  sin  z=—i  sinh  iz 

4.3.50  cos  2= cosh  iz 

4.3.51  tan  z=—i  tanh  iz 

4.3.52  esc  z=i  csch  iz 

4.3.53  sec  2=sech  iz 

4.3.54  cot  z=i  coth  iz 

Circular  Functions  in  Terms  of  Real  and  Imaginary 

Parts 


4.3.55 

4.3.56 


sin  z- 
cos  z = 


4.3.57  tan  z— 


4.3.58  cot  2= 


sin  x cosh  y+i  cos  x sinh  y 

cos  x cosh  y—i  sin  x sinh  y 

sin  2 x+i  sinh  2 y 
cos  2z+cosh  2 y 

sin  2 x—i  sinh  2 y 


cosh  2y—  cos  2x 
Modulus  and  Phase  (Argument)  of  Circular  Functions 

4.3.59  | sin  2|  = (sin2  z+sinh2  y )* 

= [§  (cosh  2y— cos  2z)P 

4.3.60  arg  sin  2=arctan  (cot  x tanh  y) 

4.3.61  |cos  s|  = (cos2  x+sinh2  y)* 

=[§  (cosh  2j/H-cos  2x)]* 
arg  cos  z=  — arctan  (tan  x tanh  y) 


4.3.62 


4.3.63 


4.3.64 


|A  i /cosh  2y—  cos  2x\* 
I an  z\— (goajj  2y+cos  2x/ 

arg  tan  3= arctan  (^|f) 


Series  Expansions 


4.3.65 


z3  . z3  z 7 


sin  z=3-^+-rTl+  . . . 


(NO) 


4.3.66 


>2  S4  26 


cos  2=l-2i+4j-6i+ 


(NO) 
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4.3.67 

28  2 2®  1727 
tan  2=2+3 


(—  1)  n~  122B(22n—  1)  52rc 


,2n-l 


(2ft) ! 


+ • • 


(w<D 


4.3.68 


1,2.7  , , 31  B , 

ese  *—+8+380  23+m20  3 + ‘ ‘ ' 


(— l)”-12(22n~1— l).B2a  22b_1+ 


+ 


4.3.69 


(2 n)\ 


(MO) 


, , 22  , 524  , 6l26  , 

sec  2 l+2  + 24"*”720^’ ■ ' ■ 

(-DB^2a 


(2n) ! 


z2n+ . . 


(|2i<l) 


4.3.70 


cot  Z- 


1 2 23  2 25 
:2  3 45  945  • • • 

(-!  )-22»M3»  _ 

(2»)! 


(|2|<x) 


4.3.71 


ln  sin  2 .g,  (-1)"22"-1E2b 

2 


tin 


ft(2ft) ! 


(1*10) 


4.3.72 


oo 


In  cos  2=2 

71=1 

4.3.73 


(— l)n22”— 1(22n— l)52n 
n{2n) ! 


tin 


(|2|<§ir) 


In  tans  ^ (~ l)”-122n(22w-1— 1)^2»  .. 

2 n(2n) ! 3 

(|2|<§ir) 

where  Bn  and  En  are  the  Bernoulli  and  Euler 
numbers  (see  chapter  23). 


4.3.74 


4.3.75 


4.3.76 


4.3.77 


Limiting  Values 

v sin  x ^ 
lim =1 

z-»0  ^ 

v tan  x i 
lim =1 

ar-X) 


lim  ft  sin  -=x 

71— >oo  ft 

2/ 

lim  ft  tan  -=x 

71— >oo  ft 

lim  cos  -==1 

71— >oo  ft 


4.3.79 

4.3.80 

4.3.81 

4.3.82 

4.3.83 

4.3.84 

4.3.85 

4.3.86 

4.3.87 


4.3.90 


4.3.91 


4.3.92 


4.3.93 


Inequalities 

sin  x^2 
X ^7T 


sin  x<x<tan  x 


.sm  x,. 
cos  x< <1 

~ X ~ 


. sm  ttx  . . 
7T<  — r<4 


(o<*<|) 


(0<x<tt) 


x(l— x) 


(0<*<1) 


|sinh  2/|  < (sin  z\  < cosh  y 
|sinh  2/|  < |cos  z\  < cosh  y 


CSC  2|<csch|y| 
cos  g|<cosh|g 
sin  g|<sinh|2| 


6 


4.3.88  |cos  g|<  2,  |sing|<-|2 

o 


Infinite  Products 


4.3.89  sin  z=z  TL  (l~j^) 


(M<D 


COS  2 


* / 42s  \ 


Expansion  in  Partial  Fractions 


(Z7* 0,±7T,±27T,  . . .) 


00 


esc2  g=  T! 


esc  2= 


DO  (Z  — kTr)2 

(z?£0,±w,±:2'ir,  . . .) 

i+23  S 

(2F£0,±7T,±27r,  . . .) 
Continued  Fractions 


. 0 Z Z2  Z2  Z2  ( ,i r . \ 

4.3.94  tan  2=- — . . . ( 2 J 

4.3.95 

a tan  z (1 —a2)  tan2  2 (4— a2)  tan2  g 


tan  az= 


1-f*  3+  5+ 

(9— a2)  tan2  z / 71*  .7r  ,7r  \ 

' (~2<&s<2’  as*2±mr) 


4.3.78 
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Polynomial  Approximations  7 

‘ \ 

4.3.96  0<£<g 

si?.5==  l + a2x2 + a4x4 +e(x) 

|€(x)|<2X10-4 

(io=  — .16605  a4=. 00761 

4.3.97  0<x<£ 

“T = 1 +^2WWW+aIo*IO+ «(*) 

) e (cc)  | < 2 X 1 0 — 9 ..  . 

<&2=  — .16666  66664  a8=  .00000  27526 

a4=  .00833  33315  a10=  — .00000  00239 

a6=  -.00019  84090 

4.3.98  0<z<f 

cos  x = 1 + c^z2 + + « (z) 
|e(z)l<9X10-4 

02=  — .49670  a4=. 03705 

4.3.99  0<z<£ 

cos  z=l  +ffl2X2+a4x4+a6a:6+a8a:8+aioa:10+«(a:) 

|«  (ai)|  < 2X  10_® 

a2= -.49999  99963  a8=  .00002  47609 

a4=  .04166  66418  a,o=  — .00000  02605 

a6= -.00138  88397 

4.3.100  0<x<7 

~ “4 

1 +a2z2+a4z4+«  (z) 
Hx)\<lX10~3 

a2=. 31755  a4=. 20330 

* ! t 

7 The  approximations  4.3.96  to  4.3.103  are  from  B.  Carl- 

son, M.  Goldstein,  Rational  approximation  of  functions, 

Los  Alamos  Scientific  Laboratory  LA-1943,  Los  Alamos, 

N.  Mex.,  1955  (with  permission). 


4.3.101  0<x<t 

— — 4 

— =1  +<hX%+aixi+atixi-\-aii?-\-al0x™ 

+ai2zl2+«(z) 

|e(z)|<2X10-8 

a2=. 33333  14036  a8=. 02456  50893 

a,=.  13339  23995  a,0=. 00290  05250 

a8=. 05337  40603  a,2=.00951  68091 

4.3.102  0<z<  7 

— — 4 

* x cot  z=l+a2z2+a4z4+e(z) 

| c (ae)  | < 3X 10“ 5 

a2=  — .332867  a4=  — .024369 

4.3.103  0<z<  7 

— — 4 

x cot  z=l+a2z2+a4z4+aeZ6+a8z8+ciioZ10+e(z) 

|«(x)|<4X10-10 

a,=  -.33333  33410  a8= -.00020  78504 

a4=  - .02222  20287  a,o=  - .00002  62619 

a6=  — .00211  77168 

Approximations  in  Terms  of  Chebyshev  Polynomials  8 

4.3.104  — 1<z<1 

T*  (x)  = cos  nd , cos  6= 2x—  1 (see  chapter  22) 


sin  | 

« \ / 7 

wx=x  2 AnT*(x2) 

> 

COS 

— A , 

&rx=HlAnT%(, 

n 

71  = 0 

A„ 

n 

71  = 0 

A„ 

0 

1.27627  8962 

0 

.47200  1216 

1 

-.28526  1569 

1 

— .49940  3258 

2 

.00911  8016 

2 

.02799  2080 

3 

-.00013  6587 

3 

- .00059  6695 

4 

.00000  1185 

4 

.00000  6704 

5 

- .00000  0007 

5 

- .00000  0047 

8 The  approximations  4.3.104  are  from  C.  W.  Clenshaw, 
Polynomial  approximations  to  elementary  functions, 
Math.  Tables  Aids  Comp.  8,  143-147  (1954)  (with  per- 
mission) . 

*See  page  n. 
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4.3.105 

4.3.106 

4.3.107 

4.3.108 

4.3.109 

4.3.110 

4.3.111 

4.3.112 

4.3.113 

4.3.114 

4.3.115 

4.3.116 

J esc  zdz 

4.3.117 

J sec  zdz- 

gd  z- 

4.3.118 

4.3.119 

J2" 

4.3.120 


Differentiation  Formulas 

d . 

sm  3= cos  s 
dz 


d 

-j-  cos  s=— sin  z 
dz 

-y-  tan  s= sec2  z 
az 


A 

dz 

A 

dz 

4-  cot  z= — esc2  z 
az 


esc  z— — esc  z cot  z 


sec  s=sec  z tan  z 


dn  . 
sm  z 


dzn 


Al 

dz 


/ 


=sin  ^s+|n7r^ 

- COS  2= COS  ^S+^n 7T^ 
Integration  Formulas 
J*sin  z dz = — cos  z 

J*cos  zdz— sin z 


tan  sds=  — In  coss=ln  secs 


—In  tan  -=ln  (esc  z— cot  s)=i  I117-.— — 
2 2 1+coss 


In  (secs+tans)=lntan  (j+0==gd“1  (z) 
=Inverse  Gudermannian  Function 


2 arctan  ez— 


7 r 


/ 


cot  sds= In  sin  s=— In  esc  z 


sin zdz=—zn  cos  s+n  J*sn“1  cos  sds 


j,  —sins  . 1 fcoss,  , 


Ji 


sin2  s 


ds=— s cot  s+ln  sin  s 


4.3.122 

s dz 


Jzdz  _ 
sinn  s~ 


— s cos  s 


1 


sinn  s (n— 1)  sin*"1  s (71—  1)  (n— 2)  sin*-2  s 


4 


{n—2)  C z dz 

(n—  1)  J sin** 


4.3.123 


(n>2) 


j* sn  cos  sds=s*  sin  s— nj* zn~x  sin  Z(^z 


4.3.124 

‘cos  s 


Jcos  Sj  coss  .1  fsins^ 

— < l^dz  (w>1) 


4.3.125 

4.3.126 

2 dz 


COS2  s 


ds=s  tan  s+ln  cos  s 


/ 


ssins 


cosn  s (n—  1)  cos*-1  s (w—  1)  {n—2)  cos*-2  s 


*Mf=Fh <>,>2) 


4.3.127 

sm”  2 cos*  2 dz= 


I 


sinm+1  s cos*”1  s 


4 


m+n 

(n-l) 


JSi 


(m+n) 

sin”"1  s cos*+1  s 
m+n 

(m— 1)  f . 


sin*1  s cos*-2  s dz 


4- 


(m+n) 


/■ 


sin*1-2  s cos*  s ds 


(m^-w) 


4.3.128 


x 


ds 


sinm  s cos*  s (n— 1)  sin*1”1  s cos*-1  s 

m+n— 2 C dz 


4- 


i+n—2  C 

n— 1 J si 


smm  s cos*”2  s 

(»>i) 


— 1 


(m— 1)  sin**"1  s cos”-1  s 


m+n— 2 f 
m— 1 Jsin*1- 


ds 


2 s cos*  s 
(m>l) 


4.3.129  Jtan*  2 d2=^_^  - — Jtan”~2  2 dz  (n?*  1) 

4.3.130  fcot*  2 dz=—C°^_i 2— Jcotn~2  2 c?2  (n^l) 


4.3.121 
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4.3.131 

dz  2 

a+6  sin  z (a2— 62)1 


1 


JE 


arctan 


(a2>62) 


(62-a2)* 


In 


4.3.132 

4.3.133 

je  * 


/ 


a tan 
(a2-62)* 

a tan  (62— a2)J 

|j&  tan  (!)+»+(&■-«■)*  I 

(62>a2) 


d0 


l±sin  0 


= =Ftan 


(H) 


o+6  cos  z (o2— 62)* 


1 


2 (a— 6)  tan  ^ 

arctan  (tf-by  («2>62) 


(62 — o2)i 


In 


4.3.134 


4.3.135 


4.3.136 


J 


cte  A s 
1+COS  2 an  2 


(6— o)  tan  2+(62— a2)* 

(6— a)  tan  (62— a2)* 

* 

(62>a2) 


J 


d0  , 0 

= — Cot  - 

1— cos  0 2 


Jeaz 
eaz  sin  60d?0=^-^p  (a  sin  60—6  cos  60) 


4.3.137 


Jg* 

eaz  cos  60c?0=^— (®  cos  sin  bz) 


4.3.138 


Jpaz  bz 

ea‘  sin*  bzdz=  g2_.  2ft2  (a  s*n  bz—nb  cos  bz) 


+ 


n(n— 1)62 

a2+»262 


4.3.139 


J e“  sin* 


2 6s  dz 


f cos*  6s  dz—— (®  cos  sin  6s) 


/■ 


4.3.140 


1 *■ cosn_2  ** 

Definite  Integrals 

J*  sin  mi  sin  nt  dt= 0 

( m 7i,  m and  n integers) 
J*  cos  mi  cos  7&i  di= 0 


4.3.141  f sin2widi=f  cos 2ntdt=^ 
Jd  Jo  2 


4.3.142 


r*  co 

Jo 


sin  mi  7r 

— t — <tt_5 

=0 


(n  an  integer,  0) 

(m>0) 

(m=0) 


TT 


(m<  0) 


4.3.143 

4.3.144 

4.3.145 


J»  a> 

0 


cos  at— cos  6i 

i 


di=ln  ( b/a ) 


I. 


v/2  * /»t/2  t 

In  sin  i di=  I In  cos  i dt=—-  In  2 
Jo 


4.3.146 


f°cos  mt,  it 

Jo  1+t2  2 e 


(See  chapters  5 and  7 for  other  integrals  involv- 
ing circular  functions.) 

(See  [5.3]  for  Fourier  transforms.) 

4.3.147 


Formulas  for  Solution  of  Plane  Right  Triangles 


If  4,  B and  C are  the  vertices  ( C the  right 
angle),  and  a,  b and  c the  sides  opposite  respectively, 

A a 1 

sm  A=-  = -r 

c esc  A 

A b 1 

cos  A=-— j 

c sec  A 

. a 1 

tan  A=t=  . j 
b cot  A 

versine  4=vers  .4=1—-  cos  A 
coversine  4= covers  4=1— sin  4 
haversine  4=hav  4=|  vers  4 
exsecant  4= exsec  4=sec  4—1 
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4.3.148 


Formulas  for  Solution  of  Plane  Triangles 


B 


In  a triangle  with  angles  A,  B and  C and  sides 
opposite  a,  b and  c respectively, 


a 


sin  A sin  B sin  C 

A c2+b2 — a 2 

cos  A= — jTjT 

2 be 

a=b  cos  C+c  cos  B 

a-\-b tan  %(A-\-B) 

tan  %(A—B) 

area=-C  — =[s(s— a)  («— 6)  («— c)]* 

s=%(a+b+c) 

4.3.149 

Formulas  for  Solution  of  Spherical  Triangles 


B 


If  A,  B and  C are  the  three  angles  and  a,  b and 
c the  opposite  sides, 

sin  A sin  jB  sin  C 
sin  a"” sin  6 “"’sin  e 

cos  a=cos  b cos  c+sin  b sin  c cos  A 

cos  k cos  ( c±d ) 
cos  9 

where  tan  0=tan  6 cos  ^4 

cos  A=— cos  5 cos  C4-sin  B sin  C cos  a 


4.4.1 


4.4.  Inverse  Circular  Functions 
Definitions 


aresm 


(z=x+iy) 


4.4.2 


r*  dt 

ln  2“"Jo  (!—«»)* 

r1  dt  ir 

arccos  2=  I 7- — 7^1=0 —aresm 
J*  (1— *2)*  2 


4.4.3 


arctan  z 


=/: 


dt 


1+t2 


The  path  of  integration  must  not  cross  the 
real  axis  in  the  case  of  4.4.1  and  4.4.2  and  the 
imaginary  axis  in  the  case  of  4.4.3  except  possibly 
inside  the  unit  circle.  Each  function  is  single- 
valued and  regular  in  the  2-plane  cut  along  the 
real  axis  from  — 00  to  — 1 and  +1  to  + » in  the  case 
of  4.4.1  and  4.4.2  and  along  the  imaginary  axis 
from  i to  and  —i  to  —too  in  the  case  of  4.4.3. 

Inverse  circular  functions  are  also  written 
arcsin  2= sin”1  2,  arccos  2= cos”1  2,  arctan  2 
=tan_1  2,  . . . . 

When  — 1 <£<1,  arcsin  x and  arccos  x are 


real  and 

4.4.4  — 

27r< arcsin  x<?w,  0<ai 

4.4.5 

arctan  2+arccot  2=: 

4.4.6 

arccsc  2= arcsin  1/2 

4.4.7 

arcsec  2= arccos  1/2 

4.4.8 

arccot  2= arctan  1/2 

4.4.9 

arcsec  2+arccsc  2=^1 r 

7 r $z> 0 

2 ^z<(f 


(see  4.3.45) 


-1 


«y 


•y 


1+1 


0 +1 


0 

-1 


arcsin  z and 
arccos z 


arctan  z 


»y 


l*y 

i+i 


-l 


0 +1 


arccsc  z and 
arcsec  z 


0 

-I 

arccot  z 


Figure  4.4.  Branch  cuts  for  inverse  circular 

functions . 


♦See  page  n. 
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Fundamental  Property 

The  general  solutions  of  the  equations 

sin  t=z 


cos  t—z 
tan  t=z 

are  respectively 

4.4.10  £=Arcsin  2=(—l)*  arcsin  z+lcw 

4.4.11  2=Arccos  z=  ±arccos  z-\-2kir 

4.4.12 

Arctan  2=arctan  z+Jct  (z2j£  — 1) 
where  k is  an  arbitrary  integer. 

4.4.13  Interval  containing  principal  value 

y x positive  x negative 

or  zero 


arcsin  x and  arctan  x 0 < y < t/2  — t/2  < y<^0 

*arccos  x and  arcsec  x 0 <y<  ir/2  7r/2<y  < t 
*arccot  x and  arccsc  x 0 <y<  t/2  — t/2  < 0 


y 


Figure  4.5.  Inverse  circular  functions. 


Functions  of  Negative  Arguments 

4.4.14  arcsin  (—2)  =— arcsin  z 

4.4.15  arccos  (— z)  = t— arccos  z 

4.4.16  arctan  (—2)  = — arctan  z 

4.4.17  arccsc  ( — z)  = — arccsc  z 

4.4.18  arcsec  (— z)  = w— arcsec  z 

4.4.19  arccot  (— 2)=— arccot  z 

Relation  to  Inverse  Hyperbolic  Functions  (see  4.6.14  to 

4.6.19) 

4.4.20  Arcsin  z——i  Arcsinh  iz 


4.4.21  Arccos  2=  ±i  Arccosh  z 


4.4.22  Arctan  2=  — i Arctanh  iz  (2*  — 1) 


4.4.23 

Arccsc  z=i  Arccsch  iz 

4.4.24 

Arcsec  z=±i  Arcsech  2 

4.4.25 

Arccot  z—i  Arccoth  iz 

Logarithmic  Representations 

4.4.26 

Arcsin  x=— iLn [(1— x2)*+ix] 

(x2<  1) 

4.4.27 

Arccos  x=—-i  Ln  [x+i(  1— r2)*] 

(z2<l) 

4.4.28 

. , % T 1— t x % T %+x 

Arctan  x=-  Ln  --r- =-  Ln  

2 l-\-ix  2 x 

(x  real) 

4.4.29 

Arccsc  x=  i Ln 

(x2>  1) 

4.4.30 

Arcsec  *=  i Ln  P 1)i_| 

(x2>  1) 

4.4.31  Arccot 

( x real) 


Addition  and  Subtraction  of  Two  Inverse  Circular 

Functions 

4.4.32 

Arcsin  Zi± Arcsin  z2 

= Arcsin  [gi(l— g^*±gj(l— »?)*] 

4.4.33 

Arccos  2i±  Arccos 

=Arccos{2i32::F[(l— 3?)  (1— 

4.4.34 

Arctan  Zi±  Arctan  z2= Arctan 

4.4.35 

Arcsin  Zi±  Arccos  z2 

= Arcsin  {2i22±  [(1—3?)  (1 — 2*)]*} 
= Arccos  [22(1— Zi)1:Fzi(l— si)*] 

4.4.36 

Arctan  21  ± Arccot  z2 

= Arctan  (Zl  gir^--)= Arccot 

VzsTzi/  \ZiZ2±lJ 


Inverse  Circular  Functions  in  Terms  of  Real  and 

Imaginary  Parts 

4.4.37 

Arcsin  z=far+(— 1)*  arcsin  0 

+(— l)*iln  [a+Ca2— 1)*] 

4.4.38 

Arccos  z=2kir±  {arccos  fi—i  In  [a+(c?—  I)1]} 


♦See  page  n. 
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4.4.39 

Arctan  z—kir +§  arctan 


i , r a«+(y+i)n  ( 2 _ 

+4lnLxH(l/-l)2J(  * 


where  k is  an  integer  or  zero  and 

a=i[(x+l)2+i/2]i+§[(x-l)2+2/2]^ 

P= §[(*+ l)2 + y2]k—  \ [ (x—  l )2 4-  y2]1 

Series  Expansions 

4.4.40 

_ . 23  . 1 -32s  1-3-527  „ , 

arcsm  2— 2+2-3~^2?4  •5“^2-4-6-7^"  * ' ‘ 


4.4.41 


arcsin  (1  — 


4.4.42 


arctan  2— 


z)—77  (2zA  1 1 y' 1 ‘ ^ ‘ ^ * (2fc  1)  fc~1 

' 2 ( ; L1+^i  2ik(2k+l)k\  J 

(l2l<2) 


z3  . z5  z7 


z— g-+— — y+ . . . (|z|<l  and  z2^  — 1) 


A,  A,  AA, 

jC»TT«XrX 


=I-z+i-5i3+ ' ' -(N^iandz^-1) 


1 + 25 


L ^3  l+z2+3-5  Vl+zV 


:i  f _5!_Y+  1 

•5  Vl+zV  ^ • • •_ 


Continued  Fractions 


(225^  — 1) 


4.4.43  arctan  3= 


2 Z2  4 22  922  I622 


4.4.45 


1+  3+  5+  7+  9+  * * * 

(z  in  the  cut  plane  of  Figure  4.4.) 

arcsin  2 _ 2 1 -2z2  1 -2z2  3-4z2  3-4z2 
JT=T2~1-  3-  5-  7-  ~9^~‘  • ‘ 


(2  in  the  cut  plane  of  Figure  4.4.) 
Polynomial  Approximations  9 
0<z<l 


arcsin  x=~(l—x)t(a0+a1x+a2x2+ a3x3) +e(x) 


e(x)l<5X10-5 


a0=  1.57072  88 
^=-.21211  44 


a2=  .07426  10 

&z ==  .01872  93 


9 The  approximations  4.4.45  to  4.4.47  are  from  C.  Hast- 
ings, Jr.,  Approximations  for  digital  computers.  Princeton 
Univ.  Press,  Princeton,  N.J.,  1955  (with  permission). 


4.4.46  0<£<1 


arcsin  x=|—  (1  — x)$(a0+aiX+a2x2-\-a3x3 

+a±x*+asxb+a3x3+a7x1)  +e(x) 
|e(;r)|  <2X10“8 


a0=  1.57079  63050 

a4= 

.03089  18810 

«!=  —.21459  88016 

a5=- 

-.01708  81256 

a2=  .08897  89874 

.00667  00901 

a3=  -.05017  43046 

a7=- 

-.00126  24911 

4.4.47 

-1<X<1 

arctan  x =?=  axx + azxz + 1 Hx 6 + c i7x 7 + agx 9 + e (x) 

|e 

(x)  <10~5 

at=  .99986  60 

a7=- 

-.08513  30 

a3=  -.33029  95 

a9= 

.02083  51 

a6=  .18014  10 

4.4.48 10 

-1<X<1 

arctan  x=1+  28x2+e^ 

|e(x)|<5X10-3 

4.4.49 11 

0<x<l 

arctan  x . . ot  . / \ 

=l+22a2kx2k+€(x) 

X k=l 

|e(x)|  <2X10“8 

a2=  -.33333  14528 

aio= 

-.07528  96400 

a4=  .19993  55085 

a12= 

.04290  96138 

a6= -.14208  89944 

au= 

-.01616  57367 

a3=  .10656  26393 

<h*= 

.00286  62257 

10  The  approximation  4.4.48  is  from  C.  Hastings,  Jr., 
Note  143,  Math.  Tables  Aids  Comp.  6,  68  (1953)  (with 
permission) . 

11  The  approximation  4.4.49  is  from  B.  Carlson,  M.  Gold- 
stein, Rational  approximation  of  functions,  Los  Alamos 
Scientific  Laboratory  LA-1943,  Los  Alamos,  N.  Mex., 
1955  (with  permission). 
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Approximations  in  Terms  of  Chebyshev  Polynomials  12 

4.4.50  — 1<x<1 

T*(x)=cos  nd,  cos  d=2x—  1 (see  chapter  22) 

00 

arctan  x=x  S AnTt(x2) 

71=0 


n A„ 

0 .88137  3587 

1 10589  2925 

2 .01113  5843 

3 -.00138  1195 

4 .00018  5743 

5 -.  00002  6215 


n An 

6 . 00000  3821 

7 -.  00000  0570 

8 . 00000  0086 

9 -.00000  0013 

10  . 00000  0002 


|C 

For  x >1,  use  arctan  x=£?r— arctan  (1/x) 


4.4.51 


— W2<*<§V2 


co 


arcsin  x=x  2j  A„T*(2x2) 

71=0 


0<x<W2 


00 


arccos  x=fyr—x  2 AnT*(2x2) 

71=0 


n 

0 

1 

2 

3 

4 


Aa 

1.05123  1959 
.05494  6487 
. 00408  0631 
. 00040  7890 
.00004  6985 


n 

5 

6 

7 

8 
9 


An 

. 00000  5881 
. 00000  0777 
. 00000  0107 
. 00000  0015 
. 00000  0002 


For|V2<£<l,  use  arcsin  x= arccos (1— £2)*,  arc- 
cos  arcsin  (1— x2)*. 


Differentiation  Formulas 


4.4.52 


4.4.53 


4.4.54 


4.4.55 


4.4.56 


A 

dz 


arcsin  z=(l—z2)~* 


A 

dz 


arccos  z=—(l—z2)~* 


d 1 

j-  arctan  z=—. — z 
dz  1+z2 


dz  arcS“Z~2(2>-l)l 


12  The  approximations  4.4.50  to  4.4.51  are  from  C.  W. 
Clerishaw,  Polynomial  approximations  to  elementary 
functions,  Math.  Tables  Aids  Comp.  8,  143-147  (1954) 
(with  permission) . 

♦See  page  n. 


4.4.57 


d 


1 


-r- arccsc  2= , 9 

dz  z(z2—lp 

Integration  Formulas 


4.4.58  J* arcsin  z dz=z  arcsin  z+(l— z2)* 

4.4.59  J* arccos  z dz=z  arccos  z—(l—z2)* 

4.4.60  J* arctan  z dz=z  arctan  z—\ In  (1+z2) 


4.4.61 

J arccsc  z dz=z  arccsc  2±ln  [z+(z2—  1)*] 


7T 


0<arccsc 


7T 


arccsc  0 


4.4.62 

J* arcsec  z dz- 


z arcsec  z+\n  [z+(z2— 1)1] 


7 T 


0<arcsec  z< ^ 


;<arcsec  z<jr 


4.4.63 


s 


arccot  z dz=z  arccot  z+%  In  (1+z2) 


4.4.64 


jz  arcsin  z ^2=^— ^ arcsin  (1 —z2)* 


4.4.65 


fi' 


arcsin  z dz= 


.n+i 


ti+1 


arcsin  z- 


1 C zn+I 

+1  J (I-22 


»+l  J (1 — z2)l  ^ 

(»7^-l) 


4.4.66 


Jz  arccos  z dz=(~ — ^)  arccos  z— - (1— z2)* 


4.4.67 


J3' 


»n+l 


arccos  2 rfz= — r—  arccos  z-| 

71+1  1 


1 r 2b+1 

n+i  J (i-2*: 


2*)* 


(717s  — 1) 


4.4.68 


/■ 


2 arctan  2 dz 


(1+22)  arctan  2—^ 
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4.4.69 


fi" 


arctan  z dz 


rtt+l 


71+1 


arctan  2- 


h! 


>«+l 


n+l  J 1+22 


dz 


4.4.70 


js  arccot  z dz—^  (I+22)  arccot  2+| 


4.4.71 


J2" 


F»+l 


arccot  z dz= — nr  arccot  z-\ 


71+1 


irfi 


,»+ 1 


n+l  Jl+22 


G?2 


(715^  — 1) 


4.5.  Hyperbolic  Functions 
Definitions 


4.5.1 


sinh  z= 


ez—e~z 


(z=x+iy) 


4.5.2 


cosh  z • 


ez+e 


— z 


4.5.3 

4.5.4 

4.5.5 

4.5.6 


tanh  2= sinh  2/cosh  2 
csch  2=l/sinh  2 
sech  2=  1/cosh  2 
coth  2=l/tanh  2 


y 


Figure  4.6.  Hyperbolic  junctions. 


Relation  to  Circular  Functions  (see  4.3.49  to  4.3.54) 

Hyperbolic  formulas  can  be  derived  from 
trigonometric  identities  by  replacing  2 by  iz 


4.5.8 

cosh  2= cos  iz 

4.5.9 

tanh  z——i  tan  iz 

4.5.10 

csch  z=i  esc  iz 

4.5.11 

sech  2= sec  iz 

4.5.12 

coth  z=i  cot  iz 

Periodic  Properties 

4.5.13 

sinh  (2+2&7r7*)=sinh  2 

(k  any  integer) 

4.5.14 

cosh  (z+2Jcwi)= cosh  2 

4.5.15 

tanh  (2+&7ri)=tanh  z 
Relations  Between  Hyperbolic  Functions 

4.5.16 

cosh2  2— sinh2  2=1 

4.5.17 

tanh2  2+sech2  2=1 

4.5.18 

coth2  2— csch2  2=1 

4.5.19 

cosh  2+sinh  z~el 

4.5.20 

cosh  2— sinh  z=e~z 

Negative  Angle  Formulas 

4.5.21 

sinh  (—2)  = — sinh  2 

4.5.22 

cosh  (—2)= cosh  2 

4.5.23 

tanh  ( — 2)  = — tanh  2 

Addition  Formulas 

4.5.24 

sinh  (2i+22)=sinh  21  cosh  z2 

+cosh  Z\  sinh  22 

4.5.25 

cosh  (2i+22)=cosh  2i  cosh  z2 

+sinh  21  sinh  z2 

4.5.26 

tanh  (21 + z2)  = (tanh  2i+tanh  z2)l 

(1 + tanh  Z\  tanh  z2) 

4.5.27 

coth  (21 + z2)  = (coth  21  coth  22+ 1)/ 

(coth  22+coth  2i) 

Half-Angle  Formulas 

4.5.28 

. , 2 /cosh  2 — l\i 

smh  r\ — 2 — ) 


4.5.7 


sinh  z=—i  sin  iz 
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4.5.29 


, z /cosh2+l\i 

COsh  2=( 2 ) 


4.5.30 


z /cosh  2— 1\£  cosh  2—1  sinh  z 


A . 2 /cosh  2— 1\1 

tonh  rU  ,+i)  - 


sinh  2 cosh  2+1 


Multiple- Angle  Formulas 


4.5.31  sinh  22=2  sinh  2 cosh  2= 


2 tanh  z 


1— tanh2  2 


4.5.32  cosh  22=2  cosh2  2—1=2  sinh2  2+1 


4.5.33  tanh  2z 


cosh2  2+ sinh2  z 


2 tanh  z 


1+tanh2  2 


4.5.34  sinh  32=3  sinh  2+4  sinh3  z 

4.5.35  cosh  32=— 3 cosh  2+4  cosh3  z 

4.5.36  sinh  42=4  sinh3  z cosh  2+4  cosh3  z sinh  z 

4.5.37  cosh  42=cosh4  2+6  sinh2  2 cosh2  2+sinh4  2 

Products  of  Hyperbolic  Sines  and  Cosines 

4.5.38  2 sinh  zx  sinh  22=cosh  ( zx+z2 ) 

—cosh  (21— z2) 

4.5.39  2 cosh  zx  cosh  22=cosh  ( zx+z2 ) 

+cosh  (21— 22) 

4.5.40  2 sinh  zx  cosh  22=sinh  (2i  + 22) 

+sinh  (21  — 22) 

Addition  and  Subtraction  of  Two  Hyperbolic  Functions 

4.5.41 

sinh  21+sinh  22= 2 sinh  cosh  1 ^ 

4.5.42 

sinh  Z\ — sinh  22= 2 cosh  ^ sinh 

4.5.43 

cosh si+cosh 22=2  cosh cosh 


4.5.44 

cosh  Si— coshs2=2  sinh  sinh  ^gl~g2^ 

4.5.45 

tanh  2i+tanh  z2=  (gi+g2) 

cosh  zl  cosh  z-2 

4.5.46 

coth  Si+coth  g2= 

sinh  Zi  smh  z2 

Relations  Between  Squares  of  Hyperbolic  Sines  and 

Cosines 

4.5.47 

sinh2  2i— sinh2  22=sinh  {zx+z2)  sinh  (21—  z2) 

=cosh2  Z\ — cosh2  z2 

4.5.48 

sinh2  2i+cosh2  22=cosh  (2i+22)  cosh  ( zx—z2 ) 

=cosh2  2i+sinh2  z2 

Hyperbolic  Functions  in  Terms  of  Real  and  Imaginary 

Parts 

(z=x+iy) 

4.5.49  sinh  2=sinh  x cos  y+i  cosh  x sin  y 

4.5.50  cosh  2=cosh  x cos  y+i  sinh  x sin  y 

4.5.51  tanh  g-sinb,, : ^ 

cosh  2a;+cos  2 y 

. - ..  sinh  2 x—i  sin  2 y 

4.5.52  coth  2= tttj 

cosh  2a;— cos  2 y 

De  Moivre’s  Theorem 

4.5.53  (cosh  2+sinh  2)n=cosh  ^2+sinh  nz 

Modulus  and  Phase  (Argument)  of  Hyperbolic 

Functions 


4.5.54 


|sinh  2|  = (sinh2  a;+sin2  y )* 

= [J(cosh  2x— cos  2 y)]* 


4.5.55  arg  sinh  2=arctan  (coth  x tan  y) 


4.5.56 


|cosh  2)  = (sinh2  x+cos2  y )* 

= [§(cosh  2a; + cos  2y)]* 


4.5.57  arg  cosh  2=arctan  (tanh  x tan  y) 

M „ „ o u U I /cosh  2a;— cos  2yV 

4.5.5»  |taah  .1-^ 

4.5.59  arg  tanh  2=arctan 
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4.5.60  Relations  Between  Hyperbolic  (or  Inverse  Hyperbolic)  Functions 


sinh  x—a 

cosh  x=a 

tanh  x=a 

csch  x=a 

sech  x—a 

coth  x—a 

sinh  x t 

a 

(a2- 1)1 

a(l—a2)~* 

or1 

cr^l— -a2)* 

(o2-l)-l 

cosh  x 

(l+a2)l 

* 

a 

(1— a2)"* 

a-Kl+a2)! 

a-1 

a(a2-l)“l 

tanh  x 

a(l+a2)-i 

a_,(a2— 1)} 

a 

(1+a2)”* 

(1— a2)l 

a~l 

csch  x 

a~l 

(a2— l)"l 

«->(  i-a*)» 

a 

a(l  — a2)”* 

(a2- 1)1 

sech  x 

(l+a2)"» 

a"1 

(1— a2)i 

a 

a_1(a2— 1)1 

coth  x 

a-‘(a^4-l)* 

o(a2-l)-l 

a~l 

(1+a2)* 

H-* 

1 

1 

a 

Illustration:  If  sinh  x=a , coth  a?=a“1(a2+l)i 

arcsech  a=arccoth  (1— a2)”* 


4.5.61  Special  Values  of  the  Hyperbolic  Functions 


z 

0 

7T  . 

2* 

iri 

3tt  . 
~2% 

OO 

sinh  2 

0 

• 

l 

0 

• 

— t 

OO 

cosh  2 __ 

1 

0 

-1 

0 

OO 

tanh  2 

0 

co  i 

0 

— 00  i 

1 

csch  2 

00 

• 

— t 

CO 

• 

0 

sech  2 

1 

OO 

-1 

OO 

0 

coth  2 

00 

0 

00 

0 

1 

Series  Expansions 

4.5.62  sinh  3=2+|J+|!+|!+ . 

4.5.63  cosh  2=1+|t+i!+|!+  • • 


4.5.64  tanh  0=0— 


(MO) 


(MO) 


3 ' 15 


315 


+. . .4 


22n(22n—l)B2n 

(2n)\ 


,2»— 1 


+ . . . 


4.5.65 

csch  2= 


(w<*) 


1 0 


0 6 ' 360 


31 


15120 


25- f-  . . . 


2(22n~1— l)Jg2n 

(2 n)\ 


*2»-l 


+ . . . 


(MO) 


4.5.66 


Sech  0=l-^4-^24-^26+  • • • +7^Ti22n+  • • • 


E, 


2 ' 24 


720 


(2tj)! 


4.5.67 


(|s|<l) 


. 1,0  23  . 2 

coth  0= — l 


2*3  45  1 945 


o2»  7?« 

I - r5 . * 1J2n  „2n—  1 

Inje6  ...  T 


(2 n) ! 


22n~1  + . . . 

(MO) 


where  Bn  and  En  are  the  nth  Bernoulli  and  Euler 
numbers,  see  chapter  23. 


Infinite  Products 


4.5.68  sinh  2=2  n ^+^2) 


4.5.69 


cosh  2 


£ n . 422  1 

“£1  L1+(2£-1)vJ 


Continued  Fraction 


4.5.70 


tanh  z— 


0 0‘ 


1+  34-  5+  7+ 


(0^^  i±tm) 


4.5.71 


4.5.72 


4.5.73 


4.5.74 


Differentiation  Formulas 

sinh  2=cosh  2 
dz 


d_ 
dz 

d_ 
dz 

d 

j - csch  2=— csch  2 coth  2 
az 


cosh  2=sinh  2 


tanh  2=sech2  2 


♦See  page  n. 
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4.5.75 

4.5.76 

4.5.77 

4.5.78 

4.5.79 

4.5.80 

4.5.81 

4.5.82 

4.5.83 

J' 

4.5.84 

/* 

4.5.85 

J sinh’ 


4.5.86 


d 


— sech  2=— sech  z tanh  z 
dz 
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£ 

dz 


coth  2=— csch2  z 


Integration  Formulas 


Jsi 

J 


sinh  z dz— cosh  z 


! 

J 


cosh  zdz=smh  z 


tanh  zdz— In  cosh  z 


csch  zdz— In  tanh  ^ 


J*sech  2 cte= arc  tan  (sinh  2) 

j 


coth  zdz— In  sinh  2 


sinh  zdz—zn  cosh  2 


—njz*-1 


“_1  cosh  2 (£2 


1 cosh  zdz—zn  sinh  2 


—njz”-1  si 


sinh  2 (£2 


1 


2 coshn  zdz— — ; — sinhm+1  2 cosh”  1 2 


m+n 
n— 


+ 


m+n 


1 f • 

- si 


sinh1” 2 cosh”  2 zdz 


m-\-n 
m— 


sinh7”-1  2 cosh”+1  2 


1 f • 

- si 


sinh7””2  2 cosh”  2 dz 


(m+7ij^0) 


/ 


(£2 — 1 1 

sinh7”  2 cosh”  z~~m—l  sinh7”""1  2 cosh””1  2 


m+7&— 


m 


-n-  2 f 

-1  Jsi 


(£2 


sinh7””2  2 cosh”  2 
1 1 


(m^l) 


+ 


m+7&—  2 f 

n — 1 J si 


7i—l  sinh7””1  2 cosh””1  2 
dz 


sinh7”  2 cosh””2  2 


(n^l) 


J 


tanh”  2 (£2=— — g+J* tanh””2  2 (£2 


71* 


(7fc5^l) 


4.5.88 


J* coth” 2 dz—— coth””2  2 dz 

(See  chapters  5 and  7 for  other  integrals  in- 
volving hyperbolic  functions.) 

4.6.  Inverse  Hyperbolic  Functions 

Definitions 


4.6.1 


4.6.2 


4.6.3 


arcsinh  2 


arccosh  2 


arctanh  2 


-f 

_ r <£* 
“Ji  (*2- 

= r * 

Jo  1~*2 


(i +t2)* 


D* 


(z=a;+%) 


The  paths  of  integration  must  not  cross  the  fol- 
lowing cuts. 

4.6.1  imaginary  axis  from  — £00  to  —i  and  i 
to  i 00 

4.6.2  real  axis  from  — <»  to  + 1 

4.6.3  real  axis  from  — <»  to  — 1 and  + 1 to 

+ 00 

Inverse  hyperbolic  functions  are  also  written 
sinh”1  2,  arsinh  2,  stfr  sinh  2,  etc. 


4.6.4 

4.6.5 

4.6.6 


arccsch  2=arcsinh  1/2 
arcsech  2= arccosh  1/2 
arccoth  2= arctanh  1/2 


«y 

+i 


0 

-1 

arcsinh  2 


•y 

+i 


-1 

arccsch  z 


•y 

iy 

— 00 

-H  X 

X 

0" 

0 +1 

arccosh  z 

arctanh  z 

Jy 

iy 

— 00 

+1  +00  -1 

_+l  X 

0 X ™ 

arcsech  z 

arccoth  z 

Figure  4.7.  Branch  cuts  jor  inverse  hyperbolic 

junctions . 
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4.6.7  arctanh  2= arccoth  z±\i n 

(see  4.5.60)  (according  as  0) 


4.6.25 


arccoth  In 

2 x—  1 


(z2>l) 


Fundamental  Property 

The  general  solutions  of  the  equations 

2=sinh  t 
z — cosh  t 
2=tanh  t 

are  respectively 

4.6.8  £= Arcsinh  2=(—  1)*  arcsinh  z+kiri 

4.6.9  £= Arccosh  2=  ± arccosh  z+2kwi 

4.6.10  t= Arctanh  z— arctanh  z+kni 

(k,  integer) 


Functions  of  Negative  Arguments 


4.6.11 

arcsinh  ( — 2)  = — arcsinh  2 

*4.6.12 

arccosh  ( — z)= iri— arccosh 

2 

rt 

4.6.13 

arctanh  ( — 2)  = —arctanh  2 

Relation  to 

Inverse  Circular  Functions  (see  4.4.20  to 
4.4.25) 

Hyperbolic  identities  can  be  derived  from  trig- 
onometric identities  by  replacing  2 by  iz. 

4.6.14 

Arcsinh  2=—  i Arcsin  iz 

4.6.15 

Arccosh  2=  ±i  Arccos  2 

4.6.16 

Arctanh  z=—i  Arctan  iz 

4.6.17 

Arccsch  z=i  Arccsc  iz 

4.6.18 

Arcsech  z=±i  Arcsec  2 

4.6.19 

Arccoth  z—i  Arccot  iz 

Logarithmic  Representations 

4.6.20 

arcsinh  x=ln  [;r+(z2+l)*] 

4.6.21 

arccosh  x=ln  [x-\-(x2—  1)*] 

(x>l) 

4.6.22 

arctanh  x=h  In  ii? 

2 1— x 

(0<x2<l) 

4.6.23 

arccsch  x=lng+(i+l)2] 

(Xt^O) 

4.6.24 

arcsech  x=ln[i+(i-lj] 

(0<x<1) 

y 

4 


* 


X 


I 

arctanh  x | 

i 


I-  -35 
- -40 
--4  5 


Figure  4.8.  Inverse  hyperbolic  junctions. 


Addition  and  Subtraction  of  Two  Inverse  Hyperbolic 

Functions 

4.6.26 

Arcsinh  zt±  Arcsinh  z2 

= Arcsinh  [z^l+zi^iz^l+z2)4] 

4.6.27 

Arccosh  Zi±Arccosh  z2 

=Arccosh  {ziz2±[(z2— l)(z2— l)]4} 


4.6.28 


Arctanh  z,±  Arctanh  z2= Arctanh 


( 


zi±z2_\ 

l±z,z2/ 


4.6.29 


Arcsinh  Z(±  Arccosh  z2 

=Arcsinh{zlz2±[(l+z?)(z|—  1)]*} 
= Arccosh  [z2(1+Zi)4±2i(z2—  l)4] 

4.6.30 


Arctanh  zt± Arccoth  z2=Arctanh 


= Arccoth 


/Z|Z2±1 
\ Z2±Z, 

/ z2±z> 

\z,z2±l 


) 

) 


♦See  page  n. 
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4.6.31 


Series  Expansions 


arcsinh  z=z— - — 5 z3+ 

L • O 


1 • 3 
2-4-5 


=ln  2z+ 


1 1-3 

2 • 2z2  2 • 4 • 4z4 

. 1-3-5 


4.6.42 

J 

g-  arccoth  z=(l—z2)~1 

Integration  Formulas 

= z7+  . . . 

4.6.43 

J arcsinh  z dz=z  arcsinh  z—  (l+z2)* 

(N<U 

4.6.44 

J*arccosh  zdz=z  arccosh  z—(z2— 1)1 

4.6.45 

J*arctanh0c?2=0  arctanh  z+\ In  (I—22) 

5 

6z6  • ’ ' 

4.6.46 

J arccsch  z dz=z  arccsch  z ± aicsinh  z * 

(M>D 


4.6.32 

arccosh  z=ln  2z 


. 1 1-3 

2 ■ 2z2  2 • 4 • 4z4 


1-3-5 
2 • 4 • 6 • 6z® 


Z3  . 2s  . Z7 


4.6.33  arctanh  z=z+-^-+— +•=■+  • • • 

3 5 7 

4.6.34  arccoth  z+r-^+^+jg+  • • • 


Continued  Fractions 

z z 2 4z2  9s2 


(M>D 

(M<i) 


4.6.35  arctanh  2 


4.6.36 
arcsinh  z 

Vl+22 


4.6.37 


4.6.38 


4.6.39 


4.6.40 


1—  3—  5—  7—  " ‘ 

(z  in  the  cut  plane  of  Figure  4.7.) 

_ z 1 • 2z2 1 - 2z2  3 • 4z2  3 • 4z2 
1 + 3+  5+  7 + 9+ 

Differentiation  Formulas 


^arcsinh  z=(l+z2)~* 


arccosh  2=(22— 1)“* 


^ arctanh  z=(l—z2)~1 
li  arccsch 


(according  as  !%z%  0) 


4.6.41 


| arcsech  *==F 


(according  as  &z^0) 

4...4T  / arcsech  z dz=z  arcsech  z db  arcsin  z 

4.6.48  J arccoth  z dz=z  arccoth  z+\  In  (z2—  1) 

4.6.49 

j*z  arcsinh  z dz=^-^^  arcsinh  2-—^  (22+l)* 

4.6.50 


,n+ 1 


arcsinh  zdz= — — arcsinh  z 

n+1 


inh  z T*~r  f 

n+lj 


»«+i 


(l+Z2)*® 


(|z|>l)  4.6.51 


z arccosh  z dz==^—. — - arccosh  z— f(z2— 1)} 

4 4 


4.6.52 


J2' 


»n+l 


arccosh  zdz= — — r arccoshz 

n+1 


1 f 3”+I  rt 
n+lj  (z2-l)i®2 

(n^  — 1) 


4.6.53 


* z2 — 1 Z 

z arctanh  z dz= — = — arctanh  z+„ 


4.6.54 


J2* 


r«+l 


arctanh  z dz= — — arctanh  z l— r 

n+1  n+1 


1 C zn+1 

+ lj  1-22 


(n^— 1) 


4.6.55 


Jz2  1 

z arccsch  z az=2- arccsh  z±^  (l+z2)l  * 


2 ~ _i_  2 \ i **  / 

(according  as  ^z^O) 


4.6.56 


#»  + 1 


2narccsch  z dz— — — arccsch  z± — rr 

n+1  n+1 


1 C zn 

HJ  (22+: 


♦See  page  n. 
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4.6.57 


J 


2 

z arcsech  z dz= — arcsech  (1-^-z2)* 

(according  as  0tz% 0) 


4.6.58 


/*• 


,n+l 


arcsech  2 dz = — — arcsech  z ± , - 

71+1  71+1 


i c zn 

m J (1—2 


dz 


Z2)* 
(713^  — 1) 


4.6.59 


/ 


2 arccoth  2 dz=~  - - arccoth  2+| 


4.6.60 

t 

arccoth  2 dz 


,»+i 


71+1 


arccoth  2 


L.  f gn+1 

71+1  J 22 — 1 


0?2 


(n^-l) 


Numerical  Methods 


4.7.  Use  and  Extension  of  the  Tables 


Note:  In  the  examples  given  it  is  assumed  that 
the  arguments  are  exact. 


Example  I.  Computation  of  Common  Logarithms. 

To  compute  common  logarithms,  the  number 
must  be  expressed  in  the  form  2*10ff,  (l<x<10, 
— °o<g<°o).  The  common  logarithm  of  2*10ff 
consists  of  an  integral  part  which  is  called  the 
characteristic  and  a decimal  part  which  is  called 
the  mantissa.  Table  4.1  gives  the  common 
logarithm  of  2. 


X 

x- 10® 

logioZ-lO4, 

.009836 

9.836- 10“3 

3.99281  85 =(-2.007 18 15) 

.09836 

9.836- 10"2 

2.99281  85=(— 1.00718 15) 

.9836 

9.836- 10-1 

1.99281  85=(— 0.00718 15) 

9.836 

9.836-10° 

0.99281  85 

98.36 

9.836- 10! 

1.99281  85 

983.6 

9.836- 102 

2.99281  85 

Interpolation  in  Table  4.1  between  983  and  984 
gives  .99281  85  as  the  mantissa  of  9836. 

Note  that  3.99281  85= -3 + .99281  85.  When 
q is  negative  the  common  logarithm  can  be 
expressed  in  the  alternative  forms 

logic  (.009836)  = 3.99281  85=7.99281  85-10 

= —2.00718  15. 

The  last  form  is  convenient  for  conversion  from 
common  logarithms  to  natural  logarithms. 

The  inverse  of  logic  z is  called  the  antilogarithm 
of  2,  and  is  written  antilog  2 or  log""1  2.  The 
logarithm  of  the  reciprocal  of  a number  is  called 
the  cologarithm,  written  colog. 


♦See  page  n. 


Example  2. 

Compute  2~3/4  for  2=9.19826  to  10D  using  the 
Table  of  Common  Logarithms. 

From  Table  4.1,  four-point  Lagrangian  interpola- 
tion gives  logio  (9. 19826)  = .96370  56812.  Then, 

— | logio  (x)  = — .72277  92609=9.27722  07391-10. 

Linear  inverse  interpolation  in  Table  4.1  yields 

antilog  (1.27722)  = .18933.  For  10  place  accuracy 
subtabulation  with  4-point  Lagrangian  inter- 
polants  produces  the  table 


N 

logio  N 

A 

A2 

.18933 

.18934 

.18935 

.27721  94350 
.27724  23729 
.27726  53095 

2 29379 
2 29366 

-13 

By  linear  inverse  interpolation 

2-3/*=  .18933  05685. 

Example  3. 

Convert  logio  x to  In  x for  2=. 009836. 

Using  4.1.23  and  Table  4.1,  In  (.009836)  = 
In  10  logic  (.009836)  =2.30258  5093  (-2.00718  15) 
= -4.62170  62. 

Example  4. 

Compute  In  2 for  2^.00278  to  6D. 

Using  4.1.7,  4.1.11  and  Table  4.2,  In  (.00278)  = 
In  (.278- lO;2)  =ln  (.278)-2  In  10=-5.885304. 

Linear  interpolation  between  2 =.002  and 
£=.003  would  give  In  (.00278)  = —5.855.  To 
obtain  5 decimal  place  accuracy  with  linear 
interpolation  it  is  necessary  that  2>.175. 

Example  5. 

Compute  In  2 for  2=1131.718  to  8D. 

Using  4.1.7,  4.1.11  and  Table  4.2 

In  1131718=In(11^11^1-  113l) 

=ln  1131^18+ln  1.131  +ln  103 

1 lul 

=ln  (1.00063  4836) +ln  1.131+3  In  10. 
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Then  from  4.1.24 

In  1131.718= (.00063  4836) -§(.00063  4836)* 
+ln  1.131+3  In  10= . 00063  4836-. 00000  ,0202 
+.12310  2197  +6.90775  5279  =7.03149  211. 

Example  6. 

Compute  In  x working  with  16D  for 
x=  1.38967  12458  179231. 

Since  7^=1.00048  32583  282384=1 +a,  using 

I.00V7 

4.1.24  and  Table  4.2  we  compute  successively 

a=  .00048  32583  282384 

1167  693059 
^=  . 376199 


Example  9. 

Compute  e4' 99728  6®  to  7S. 

Using  4.2.18  and  Table  4.4, 

g4. 99728  69_g4.9g. 09728  69 

Linear  interpolation  gives  e 09728  "=1.10217  6 
with  an  error  of  1 X 10-7, 

g4. 99728  m=(134.28978)(1.10217  67)=148.0U1. 

Example  10. 

Compute  ez  to  18D  for 

x=  .86725  13489  24685  12693. 

Let  a=x—  .867.  Using  4.2.1,  compute  success 
sively 

1.00000  00000  00000  00000 
a=  .00025  13489  24685  12693 


136 


315  88140  97019 


In  (l+a)=  .00048  31415  965388 


In  1.389 : 
In  x - 


.32858  40637  722067 
.32906  72053  687455. 


Example  7. 


Compute  the  principal  value  of  In  (±2±3i). 
From  4.1.2,  4.1.3  and  Tables  4.2  and  4.14. 

In  (2+3i)=iln  (22+32) +i  arctan  | 
=1.282475+i(.982794) 

In  (-2+30-i  In  13+i  (,-»rct»n  |) 

=1.282475+i(2.158799) 

In  (— 2— 3i)=|  In  13+i  (— ir+arctan  |) 

=1.282475— i(2.158799) 

In  (2— 3i)=^  In  13+i  (— arctan  |) 


= 1 .282475— i(.982794) . 


Example  8. 


Compute  (.227)  " to  7D. 

Using  4.2.7  and  Tables  4.2  and  4.4, 

(.227)"=e" ln  (-227> =g-69(_1-M28°  m62) 
_e-i.023i3  5631 =.35946  60. 


2646  54842 


16630 


e°=1.00025  13805  15472  81184 
e '867=2.37976  08513  29496  863  from  Table  4. 
eVM7=e*=2.38035  90768  39006  089. 

Example  11. 

Compute  c*48  to  7S. 

X X 

Let  7i=; — — : and  d=the  decimal  part  of  ? — 777 
ln  10  ln  10 

Then 

exp  x=exp  (ra >” 10)  =exp  [{n+d)  ln  10] 

=exp  (ln  10n)  exp  (d  ln  10) 

=10n  exp  (d  ln  10) 

From  Table  4.4 

e648=exp  (j^ln  lo)=exp  (281.42282  42  ln  10) 

=10281  exp  (.42282  42  ln  10)=10281  exp  .97358  8 
= 10281(2.647428) = (281)2.647428. 

Example  12. 

Compute  e~x  for  x=.75  using  the  expansion  ii 
Chebysnev  polynomials. 
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Following  the  procedure  in  [4.3]  we  have  from 
4.2.48 

e-x=T,AkTHx) 

k-0 

where  T£(x)  are  the  Chebyshev  polynomials 
defined  in  chapter  22.  Assuming  6g=  69 =0  we 
generate  6»,  k= 7,  6,  5, ...  0 from  the  recurrence 
relation 

bk=  (4x—  2)  bk+ 1 — 6t+2 +Ak 


Example  15. 

Compute  sin  x and  cos  x for  x=2.317  to  7D. 
From  4.3.44  and  Table  4.6 

sin  (2.317)=sin  (x-2.317)=sin  (.82459  2654) 

=.73427  12 

cos  (2.317) =cos  (x— 2.3 17)  = -cos  (.82459  2654) 

= -.67885  60. 


k h 

7 -.00000  0015 

6 .00000  0400 

5 —.00000  9560 

4 .00018  9959 

3 -.00300  9164 

2 .03550  4993 

1 -.27432  7449 

0 .33520  2828 

since  f(x)=b0—  (2x—  l)6j, 

e~n=. 33520  2828- (.5) (-.27432  7449) 
=.47236  6553. 

Example  13. 

Express  38°42'32"  in  radians  to  6D. 

1°=. 01745  32925  19943  29577 r 
l'=. 00029  08882  08665  72159  62  r 
1"=. 00000  48481  36811  09535  9936  r 

Therefore 

38°=. 66322  51  r 
42'=. 01221  73  r 
32//=.00015  51  r 
38°42'32"=. 675598  r. 

Example  14. 

Express  x=  1.6789  radians  in  degrees,  minutes 
and  seconds  to  the  nearest  tenth  of  a second. 

From  Table  1.1  giving  the  mathematical  con- 
stants we  have 

1QQ0 

1 r=— — =57.29577  95130°  . . . 

x 

1.6789  r=96.19388° 

.19388°  X 60 = 1 1 .633 ' 

.633'X60=38.0" 

1.6789  r=96°ll/38.0". 


Linear  interpolation  for  x=. 82459  2654  gives  an 
error  of  9X10-8. 

Example  16. 

Compute  sin  x for  x=  12.867  to  8D. 

From  4.3.16  and  Tables  4.6  and  4.8 

sin  (12.867) =sin  12  cos  .867+cos  12  sin  .867 
=.29612  142. 

The  method  of  reduction  to  an  angle  in  the  first 
quadrant  which  was  given  in  Example  15  may 
also  be  used. 


Example  17. 

Compute  sin  x to  19D  for 

x=  .86725  13489  24685  12693. 

Let  <*=.867,  0 =x—a.  From  4.3.16  and 

Table  4.6 


sin  (a+j8)=sin  <*  cos  /3+cos  <*  sin  0 
sin  <*=.76239  10208  07866  22598 
cos  <*=.64711  66288  94312  75010 


With  the  series  expansions  for  sin  0 and  cos  0 we 
compute  successively 


1.00000 

2! 


00000  00000  00000 
315  88140  97019 


fl* 

41 

cos  0= 

0- 

3! 


16630 

99999  99684  11859  19611 
.00025  13489  24685  12693 

2646  54842 


sin  0 = .00025  13489  22038  57852 

sin  <*  cos  0=  .76239  09967  25351  31308 
cos  <*  sin  <3=  .00016  26520  67105  82436 

sin  x=  .76255  36487  92457  1374 


♦See  page  n. 
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This  procedure  is  equivalent  to  interpolation  with 
Taylor's  formula  3.6.4. 

Example  18. 

In  the  plane  triangle  ABC,  a— 123,  jB=29°16', 
c=321;  find  A,  6. 

b2=a2+c2—2ac  cos  5=(123)2+(321)2 

-2(123) (321)  cos  29°16' 


Example  22. 

Compute  arctan  20  and  arccot  20  to  9D. 

Using  4.4.5,  4.4.8,  and  Table  4.14  * 

arctan  20=^— arctan  1/20=1.52083  7931 
arccot  20=^— arctan  20=arctan  .05=. 04995  8396. 


sm 


6=221.99934  00 

A a sin  B (123)  (.48887  50196)  __  97nRft  „QQ1S 
A~  b ~ 221.99934  00  -27086  39918 


4=15°42'56.469 


// 


Example  19. 


In  the  plane  triangle  ABC, 
find  A,  B,  and  C . 


a— 4,  6=7,  c=9, 


. c2+62— a2  81+49-16  114 
C0S  A=  2bc  = 2.7:9  =126 


.90476  1905 


A—  .43997  5954=25°12'31.6" 
sin  A=  .42591  7709 

. jy  7 (.42591  7709)  D 0iMAfl  ofl^n 

sm  B=— > .#=.84106  8670 

4 

=48°11'22.9" 


. ^ 9(.42591  7709) 

sm  C =— f 

4 


67=1.86054  803 

= 106o36'5.6" 


where  the  supplementary  angle  must  be  chosen  for 
C As  a check  we  get  A+B+Cf=180°00,.l". 


Example  20. 


Compute  cot  x for  £=.4589  to  6D. 

Since  £<.5,  using  Table  4.9  with  interpolation 


in  (ar1— cot  x),  we  find 

.155159.  Therefore  cot 
.155159=2.023965. 


^589“ cot(.4589)  = 
(.4589)  =2.179124- 


Example  21. 

Compute  arcsin  x for  £=. 99511. 

For  z>.95,  using  Table  4.14  with  interpolation 
in  the  auxiliary  function /(x)  we  find 

arcsin  £=^—  [2(1— £)]*/(£) 

arcsin  (.99511)=|-[2(.00489)]*/(.99511) 

=1.57079  6327- (.09889  388252) 

(1.00040  7951) 

=1.47186  2100. 


Example  23. 

Express  2=3 +9z  in  polar  form. 
z=x+iy=rei9,  where  r=(x2-\-y2)*, 


v 

0=arctan  ~+2 irk,  k is  an  integer.  For  &=0, 
r=(32  + 92)}=  V90=9-486833 

0=arctan  9/3  = arctan  3 = 1.24904  58. 

Thus  3+9z=9.486833  exp  (1.24904  58 i). 

Example  24. 

Compute  arctan  x for  x=  1/3  to  12D. 

From  4.4.34  and  4.4.42  we  have 


arctan  £=arctan  (x0 +A) 


=arctan  £0+arctan 


h 


l+x0 h+xl 


=arctan  £0+ 


( 


h 


I+ZqA+x, 


i)-K 


h 


1+XoA+x 


-Y+ 

2 / » • • • • 

0/ 


We  have 

x=i=. 33333  33333  33  so  that  h=. 00033  33333  33 

O 

and,  from  Table  4.14,  arctan  £0=arctan  .333 
= .32145  05244  03.  Since  h 


.00030  00300  03  we  get 


l+Xo h+xl 


arctan  £=.32145  05244  03  + .00030  00300  03 


.00000  00000  09 


= .32175  05543  97. 


If  £ is  given  in  the  form  b/a  it  is  convenient  to 
use  4.4.34  in  the  form 


arctan  -= arc  tan  £0+arctan 
a 


6— ax0 

m.mm  i ■ ■ i • 

d+6£0 


In  the  present  example  we  get 


arctan -= arc  tan  .333+arctan 


1 

3333 


♦See  page  11. 
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Example  25. 

Compute  arcsec  2.8  to  5D. 
Using  4.3.45  and  Table  4.14 


. (z2— 1)* 

arcsec  2=arcsm  

z 


arcsec  2.8=arcsin 


[(2.8)2— 1]» 
2.8 


=arcsin  .93404  97735 


arctanh  . 96035 =J  In 


1 + .96035_1,  1.96035 
1-. 96035  2ln  .03965 


= Jin  49.44136  191 
=J(3.90078  7359)  = 1.950394. 


Example  27. 

Compute  arccosh  x for  x= 1.5368  to  6D. 
Using  Table  4.17 


= 1.20559 

or  using  4.3.45  and  Table  4.14 

arcsec  2=arctan  (z2—  1)* 
arcsec  2.8=arctan  2.61533  9366 

=~arctan  .38235  95564, 

A 

from  4.4.3  and  4.4.8 

= 1 .570796 — .365207 
= 1.20559. 

Example  26. 

Compute  arctanh  x for  x=. 96035  to  6D. 

From  4.6.22  and  Table  4.2 


arccosh  x arccosh  1.5368_  n 
(a:2— 1)1  “ [(1.5368)2— 1]1— -85^4b 

arccosh  1 .5368 = (.852346)  (1 .36 1 754)1 

= (.852346)(1. 166942) 

=.994638. 

Example  28. 

Compute  arccosh  x for  x=31.2  to  5D. 

Using  Tables  4.2  and  4.17  with  1 /x=  1/31 .2 
= .03205  128205 

arccosh  31.2— In  31.2=.692886 
arccosh  31.2=.692886+3.440418=4.13330. 


References 


Texts 

[4.1]  B.  Carlson,  M.  Goldstein,  Rational  approximation 

of  functions,  Los  Alamos  Scientific  Laboratory 
LA-1943  (Los  Alamos,  N.  Mex.,  1955). 

[4.2]  C.  W.  Clenshaw,  Polynomial  approximations  to 

elementary  functions,  Math.  Tables  Aids  Comp. 
8,  143-147  (1954). 

[4.3]  C.  W.  Clenshaw,  A note  on  the  summation  of 

Chebyshev  series,  Math.  Tables  Aids  Comp.  9, 
118-120  (1955). 

[4.4]  G.  H.  Hardy,  A course  of  pure  mathematics,  9th  ed. 

(Cambridge  Univ.  Press,  Cambridge,  England, 
and  The  Macmillan  Co.,  New  York,  N.Y.,  1947). 

[4.5]  C.  Hastings,  Jr.,  Approximations  for  digital  com- 

puters (Princeton  Univ.  Press,  Princeton,  N.J., 
1955). 

[4.6]  C.  Hastings,  Jr.,  Note  143,  Math.  Tables  Aids 

Comp.  6,  68  (1953). 

[4.7]  E.  W.  Hobson,  A treatise  on  plane  trigonometry, 

4th  ed.  (Cambridge  Univ.  Press,  Cambridge, 
England,  1918). 

[4.8]  H.  S.  Wall,  Analytic  theory  of  continued  fractions 

(D.  Van  Nostrand  Co.,  Inc.,  New  York,  N.Y., 
1948). 

Tables 

[4.9]  E.  P.  Adams,  Smithsonian  mathematical  formulae 

and  tables  of  elliptic  functions,  3d  reprint  (The 
Smithsonian  Institution,  Washington,  D.C., 
1957). 

[4.10]  H.  Andoyer,  Nouvelles  tables  trigonomStriques 
fondamentales  (Hermann  et  fils,  Paris,  France, 
1916). 


[4.11]  British  Association  for  the  Advancement  of  Science, 

Mathematical  Tables,  vol.  I.  Circular  and  hyper- 
bolic functions,  exponential,  sine  and  cosine 
integrals,  factorial  function  and  allied  functions, 
Hermitian  probability  functions,  3d  ed.  (Cam- 
bridge Univ.  Press,  Cambridge,  England,  1951). 

[4.12]  Chemical  Rubber  Company,  Standard  mathematical 

tables,  12th  ed.  (Chemical  Rubber  Publ.  Co., 
Cleveland,  Ohio,  1959). 

[4.13]  L.  J.  Comrie,  Chambers’  six-figure  mathematical 

tables,  vol.  2 (W.  R.  Chambers,  Ltd.,  London, 
England,  1949). 

[4.14]  H.  B.  Dwight,  Tables  of  integrals  and  other  mathe- 

matical data,  3d  rev.  ed.  (The  Macmillan  Co., 
New  York,  N.Y.,  1957). 

[4.15]  W.  Grobner  and  N.  Hofreiter,  Integraltafel, 

unbestimmte  und  bestimmte  Integrate  (Springer- 
Verlag,  Wien  und  Innsbruck,  Austria,  1949-1950). 

[4.16]  Harvard  Computation  Laboratory,  Tables  of  the 

function  arcsin  z (Harvard  Univ.  Press,  Cam- 
bridge, Mass.,  1956).  z^x+iy,  0 <3  <475, 
0<2/<475,  6D,  varying  intervals. 

[4.17]  Harvard  Computation  Laboratory,  Tables  of  inverse 

hyperbolic  functions  (Harvard  Univ.  Press, 
Cambridge,  Mass.,  1949).  arctanh  x,  0<z<l; 
arcsinh  xf  0<$<3.5;  arccosh  x , 1<£<3.5; 

arcsinh®,  arccosh  x , 3.5  <x<  22980,  9D,  varying 
intervals. 

[4.18]  National  Bureau  of  Standards,  Tables  of  10z,  Applied 

Math.  Series  27  (U.S.  Government  Printing 
Office,  Washington,  D.C.,  1953).  x =0 (.0000 1)1, 

10  D.  Radix  table  of  10"10"p,  n=  1(1)999, 
p ==3(3)  15,  15D. 


ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


[4.19]  National  Bureau  of  Standards,  Table  of  natural 

logarithms  for  arguments  between  zero  and  five 
to  sixteen  decimal  places,  2d  ed.,  Applied  Math. 
Series  31  (U.S.  Government  Printing  office, 
Washington,  D.C.,  1953).  x=0(.0001)5,  16  D. 

[4.20]  National  Bureau  of  Standards.  Tables  of  the  ex- 

ponential function  e*,  3d  ed.,  Applied  Math.  Series 
14  (U.S.  Government  Printing  Office,  Washing- 
ton, D.C.,  1951).  x=  —2.4999 (.0001)  .9999, 

18D,  a?=  1 (.0001)  2.4999,  15D,  x=2.5(.001)4.999, 
15D,  x=5(.01)9.99,  12D,  x= -.000099 (.000001) 
.000099,  18D,  x—  — 100(1)  100,  19S,  x=-9X 
10~n(10“n)9X10~n,  n=10,  9,  8,  7,  18D;  values  of 
e and  1/e,  2556D. 

[4.21]  National  Bureau  of  Standards,  Table  of  the  de- 

scending exponential,  a; =2.5  to  x— 10,  Applied 
Math.  Series  46  (U.S.  Government  Printing 
Office,  Washington,  D.C.,  1955).  x=2.5(.001)10, 
20D. 

[4.22]  National  Bureau  of  Standards,  Tables  of  sines  and 

cosines  for  radian  arguments,  2d  ed.,  Applied 
Math.  Series  43  (U.S.  Government  Printing 
Office,  Washington,  D.C.,  1955).  sin  x , cos  x, 
x=0(.001)25.2,  0(1)100,  8D,  x=10-*(10-»)9X 
10-n,  n=5,  4,  3,  2,  1,  15D,  x=0(.00001)  .01,  12D. 

[4.23]  National  Bureau  of  Standards,  Tables  of  circular 

and  hyperbolic  sines  and  cosines  for  radian 
arguments,  2d  ed.,  Applied  Math.  Series  36  (U.S. 
Government  Printing  Office,  Washington,  D.C., 
1953).  sin  x,  cos  x,  sinh  x,  cosh  x , x=0(.0001) 
1.9999,  0(.1)10,  9D. 

[4.24]  National  Bureau  of  Standards,  Table  of  circular 

and  hyperbolic  tangents  and  cotangents  for  radian 
arguments,  2d  printing  (Columbia  Univ.  Press, 
New  York,  N.Y.,  1947).  tan  x,  cot  x,  tanh  x, 
coth  x , x=0(.0001)2,  8D  or  8S,  x=0(.l)10, 

10D. 

[4.25]  National  Bureau  of  Standards,  Table  of  sines  and 

cosines  to  fifteen  decimal  places  at  hundredths  of 
a degree,  Applied  Math.  Series  5 (U.S.  Government 
Printing  Office,  Washington,  D.C.,  1949).  sin  x, 
cos  x,  x =0° (.01°) 90°,  15D;  supplementary  table 
of  sin  x.  cos  xf  a;=  1°(1°)89°,  30  D. 

[4.26]  National  Bureau  of  Standards,  Table  of  secants  and 

cosecants  to  nine  significant  figures  at  hundredths 
of  a degree.  Applied  Math.  Series  40  (U.S.  Gov- 
ernment Printing  Office,  Washington,  D.C.,  1954). 

[4.27]  National  Bureau  of  Standards,  Tables  of  functions 

and  of  zeros  of  functions,  Collected  short  tables 
of  the  Computation  Laboratory,  Applied  Math. 
Series  37  (U.S.  Government  Printing  Office, 
Washington,  D.C.,  1954). 


[4.28]  National  Bureau  of  Standards,  Table  of  arcsin  x 

(Columbia  Univ.  Press,  New  York,  N.Y.,  1945). 
arcsin  x,  x=0(.0001).989(.00001)l,  12D;  auxil- 
iary table  of  f(v)  = [Jr— arcsin  (l-v)]/(2t;)* 
»=0(.00001).0005,  13D. 

[4.29]  National  Bureau  of  Standards,  Tables  of  arctan  x, 

2d  ed.,  Applied  Math.  Series  26  (U.S.  Govern- 
ment Printing  Office,  Washington  D.C.,  1953). 
x«=0(.001)7(.01)50(.l)300(l)2000(10)10000,  12D. 

[4.30]  National  Bureau  of  Standards,  Table  of  hyperbolic 

sines  and  cosines,  x=2  to  x=10,  Applied  Math. 
Series  45  (U.S.  Government  Printing  Office, 
Washington,  D.C.,  1955).  x=2(.001)10,  9S. 

[4.31]  B.  O.  Peirce,  A short  table  of  integrals,  4th  ed. 

(Ginn  and  Co.,  Boston,  Mass.,  1956). 

[4.32]  J.  Peters,  Ten-place  logarithm  table,  vols.  1,  2 

(together  with  an  appendix  of  mathematical 
tables),  (Berlin,  1922;  rev.  ed.,  Frederick  Ungar 
Publ.  Co.,  New  York,  N.Y.,  1957). 

[4.33]  J.  Peters,  Seven-place  values  of  trigonometric 

functions  for  every  thousandth  of  a degree 
(Berlin-Friedenau,  1918;  D.  Van  Nostrand  Co., 
Inc.,  New  York,  N.Y.,  1942). 

[4.34]  L.  W.  Poliak,  Rechentafeln  zur  harmonischen 

Analyse  (Johann  Ambrosius  Barth,  Leipzig, 
Germany,  1926). 

[4.35]  A.  J.  Thompson,  Standard  table  of  logarithms  to 

twenty  decimal  places,  Tracts  for  Computers,  No. 
22  (Cambridge  Univ.  Press,  Cambridge,  England, 
and  New  York,  N.YV  1952). 

[4.36]  J.  Todd,  Table  of  arctangents  of  rational  numbers, 

NBS  Applied  Math.  Series  11  (U.S.  Government 
Printing  Office,  Washington,  D.C.,  1951).  arctan 
m/n  and  arccot  m/nf  0<ra<n<100,  12D;  re- 

ductions of  arctan  m/n,  0<m<n<100;  reduc- 
tions of  arctan  n for  reducible  n<2089. 

U.S.  Department  of  Commerce,  Coast  and  Geodetic 
Survey,  Natural  sines  and  cosines  to  eight  decimal 
places,  Special  Publication  No.  231  (U.S.  Gov- 
ernment Printing  Office,  Washington,  D.C.,  1942). 
C.  E.  Van  Orstrand,  Tables  of  the  exponential* 
function  and  of  the  circular  sine  and  cosine  to 
radian  arguments,  Memoirs  of  the  National 
Academy  of  Sciences  14,  5th  Memoir  (U.S. 
Government  Printing  Office,  Washington,  D.C., 
1921). 

[4.39]  B.  V.  Vega,  Logarithmic  tables  of  numbers  and 
trigonometrical  functions  (G.  E.  Stechert  & Co., 
New  York,  N.Y.,  1905);  logio  x=  1(1)100000; 
logarithms  of  the  trigonometrical  functions  for 
every  ten  seconds. 


[4.37] 


[4.38] 


♦See  page  n. 


ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


95 


COMMON  LOGARITHMS  Table  4.1 


X 

logio  x 

X 

logio  x 

X 

logio  x 

X 

logio  x 

X 

logio  x 

100 

00000  00000 

150 

17609  12591 

200 

30102  99957 

250 

39194  00087 

300 

47712 

12547 

101 

00432  13738 

151 

17897  69473 

201 

30319  60574 

251 

39967  37215 

301 

47856 

64956 

102 

00860  01718 

152 

18184  35879 

202 

30535  13694 

252 

40140  05408 

302 

48000 

69430 

103 

01283  72247 

153 

18469  14308 

203 

30749  60379 

253 

40312  05212 

303 

48144 

26285 

104 

01703  33393 

154 

18752  07208 

204 

30963  01674 

254 

40483  37166 

304 

48287 

35836 

105 

02118  92991 

155 

19033  16982 

205 

31175  38611 

255 

40654  01804 

305 

48429 

98393 

106 

02530  58653 

156 

19312  45984 

206 

31386  72204 

256 

40823  99653 

306 

48572 

14265 

107 

02938  37777 

157 

19589  96524 

207 

31597  03455 

257 

40993  31233 

307 

48713 

83755 

108 

03342  37555 

158 

19865  70870 

208 

31806  33350 

258 

41161  97060 

308 

48855 

07165 

109 

03742  64979 

159 

20139  71243 

209 

32014  62861 

259 

41329  97641 

309 

48995 

84794 

110 

04139  26852 

160 

20411  99827 

210 

32221  92947 

260 

41497  33480 

310 

49136 

16938 

111 

04532  29788 

161 

20682  58760 

211 

32428  24553 

261 

41664  05073 

311 

49276 

03890 

112 

04921  80227 

162 

20951  50145 

212 

32633  58609 

262 

41830  12913 

312 

49415 

45940 

113 

05307  84435 

163 

21218  76044 

213 

32837  96034 

263 

41995  57485 

313 

49554 

43375 

114 

05690  48513 

164 

21484  38480 

214 

33041  37733 

264 

42160  39269 

314 

49692 

96481 

115 

06069  78404 

165 

21748  39442 

215 

33243  84599 

265 

42324  58739 

315 

49831 

05538 

116 

06445  79892 

166 

22010  80880 

216 

33445  37512 

266 

42488  16366 

316 

49968 

70826 

117 

06818  58617 

167 

22271  64711 

217 

33645  97338 

267 

42651  12614 

317 

50105 

92622 

118 

07188  20073 

168 

22530  92817 

218 

33845  64936 

268 

42813  47940 

318 

50242 

71200 

119 

07554  69614 

169 

22788  67046 

219 

34044  41148 

269 

42975  22800 

319 

50379 

06831 

120 

07918  12460 

170 

23044  89214 

220 

34242  26808 

270 

43136  37642 

320 

50514 

99783 

121 

08278  53703 

171 

23299  61104 

221 

34439  22737 

271 

43296  92909 

321 

50650 

50324 

122 

08635  98307 

172 

23552  84469 

222 

34635  29745 

272 

43456  89040 

322 

50785 

58717 

123 

08990  51114 

173 

23804  61031 

223 

34830  48630 

273 

43616  26470 

323 

50920 

25223 

124 

09342  16852 

174 

24054  92483 

224 

35024  80183 

274 

43775  05628 

324 

51054 

50102 

125 

09691  00130 

175 

24303  80487 

225 

35218  25181 

275 

4393*3  26938 

325 

51188 

33610 

126 

10037  05451 

176 

24551  26678 

226 

35410  84391 

276 

44090  90821 

326 

51321 

76001 

127 

10380  37210 

177 

24797  32664 

227 

35602  58572 

277 

44247  97691 

327 

51454 

77527 

128 

10720  99696 

178 

25042  00023 

228 

35793  48470 

278 

44404  47959 

328 

51587 

38437 

129 

11058  97103 

179 

25285  30310 

229 

35983  54823 

279 

44560  42033 

329 

51719 

58979 

130 

11394  33523 

180 

25527  25051 

230 

36172  78360 

280 

44715  80313 

330 

51851 

39399 

131 

11727  12957 

181 

25767  85749 

231 

36361  19799 

281 

44870  63199 

331 

51982 

79938 

132 

12057  39312 

182 

26007  13880 

232 

36548  79849 

282 

45024  91083 

332 

52113 

80837 

133 

12385  16410 

183 

26245  10897 

233 

36735  59210 

283 

45178  64355 

333 

52244 

42335 

134 

12710  47984 

184 

26481  78230 

234 

36921  58574 

284 

45331  83400 

334 

52374 

64668 

135 

13033  37685 

185 

26717  17284 

235 

37106  78623 

285 

45484  48600 

335 

52504 

48070 

136 

13353  89084 

186 

26951  29442 

236 

37291  20030 

286 

45636  60331 

336 

52633 

92774 

137 

13672  05672 

187 

27184  16065 

237 

37474  83460 

287 

45788  18967 

337 

52762 

99009 

138 

13987  90864 

188 

27415  78493 

238 

37657  69571 

288 

45939  24878 

338 

52891 

67003 

139 

14301  48003 

189 

27646  18042 

239 

37839  79009 

289 

46089  78428 

339 

53019 

96982 

140 

14612  80357 

190 

27875  36010 

240 

38021  12417 

290 

46239  79979 

340 

53147 

89170 

141 

14921  91127 

191 

28103  33672 

241 

38201  70426 

291 

46389  29890 

341 

53275 

43790 

142 

15228  83444 

192 

28330  12287 

242 

38381  53660 

292 

46538  28514 

342 

53402 

61061 

143 

15533  60375 

193 

28555  73090 

243 

38560  62736 

293 

46686  76204 

343 

53529 

41200 

144 

15836  24921 

194 

28780  17299 

244 

38738  98263 

294 

46834  73304 

344 

53655 

84426 

145 

16136  80022 

195 

29003  46114 

245 

38916  60844 

295 

46982  20160 

345 

53781 

90951 

146 

16435  28558 

196 

29225  60714 

246 

39093  51071 

296 

47129  17111 

346 

53907 

60988 

147 

16731  73347 

197 

29446  62262 

247 

39269  69533 

297 

47275  64493 

347 

54032 

94748 

148 

17026  17154 

198 

29666  51903 

248 

39445  16808 

298 

47421  62641 

348 

54157 

92439 

149 

17318  62684 

199 

29885  30764 

249 

39619  93471 

299 

47567  11883 

349 

54282 

54270 

150 

17609  12591 

200 

30102  99957 

250 

39794  00087 

300 

47712  12547 

350 

54406 

80444 

m 

m 

m 

m 

r(-7)6i 
L 4 J 

For  use  of  common  logarithms  see  Examples  1-3.  For  100 <^<135  interpolate  in  the  range 
1000<.t<1350.  Compiled  from  A.  J.  Thompson,  Standard  table  of  logarithms  to  twenty  decimal 
places,  Tracts  for  Computers,  No.  22.  Cambridge  Univ.  Press,  Cambridge,  England,  1952  (with 
permission). 
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COMMON  LOGARITHMS 


X 

logio  x 

X 

logio  x 

X 

logio  x 

X 

log] 

LO  X 

X 

350 

54406 

80444 

400 

60205 

99913 

450 

65321 

25138 

500 

69897 

00043 

550 

351 

54530 

71165 

401 

60314 

43726 

451 

65417 

65419 

501 

69983 

77259 

551 

352 

54654 

26635 

402 

60422 

60531 

452 

65513 

84348 

502 

70070 

37171 

552 

353 

54777 

47054 

403 

60530 

50461 

453 

65609 

82020 

503 

70156 

79851 

553 

354 

54900 

32620 

404 

60638 

13651 

454 

65705 

58529 

504 

70243 

05364 

554 

355 

55022 

83531 

405 

60745 

50232 

455 

65801 

13967 

505 

70329 

13781 

555 

356 

55144 

99980 

406 

60852 

60336 

456 

65896 

48427 

506 

70415 

05168 

556 

357 

55266 

82161 

407 

60959 

44092 

457 

6599f 

62001 

507 

70500 

79593 

557 

358 

55388 

30266 

408 

61066 

01631 

458 

66086 

54780 

508 

70586 

37123 

558 

359 

55509 

44486 

409 

61172 

33080 

459 

66181 

26855 

509 

70671 

77823 

559 

360 

55630 

25008 

410 

61278 

38567 

460 

66275 

78317 

510 

70757 

01761 

560 

361 

55750 

72019 

411 

61384 

18219 

461 

66370 

09254 

511 

70842 

09001 

561 

362 

55870 

85705 

412 

61489 

72160 

462 

66464 

19756 

512 

70926 

99610 

562 

363 

55990 

66250 

413 

61595 

00517" 

463 

66558 

09910 

513 

71011 

73651 

563 

364 

56110 

13836 

414 

61700 

03411 

464 

66651 

79806 

514 

71096 

31190 

564 

365 

56229 

28645 

415 

61804'  80967 

465 

66745 

29529 

515 

71180 

72290 

565 

366 

56348 

10854 

416 

61909 

33306 

466 

66838 

59167 

516 

71264 

97016 

566 

367 

56466 

60643 

417 

62013 

60550 

467 

66931 

68806 

517 

71349 

05431 

567 

368 

56584 

78187 

418 

62117 

62818 

468 

67024 

58531 

518 

71432 

97597 

568 

369 

56702 

63662 

419 

62221 

40230 

469 

67117 

28427 

519 

71516 

73578 

569 

370 

56820 

17241 

420 

62324 

92904 

470 

67209 

78579 

520 

71600 

33436 

570 

371 

56937 

39096 

421 

62428 

20958 

471 

67302 

09071 

521 

71683 

77233 

571 

372 

57054 

29399 

422 

62531 

24510 

472 

67394 

19986 

522 

71767 

05030. 

572 

373 

57170 

88318 

423 

62634 

03674 

473 

67486 

11407 

523 

71850 

16889 

573 

374 

57287 

16022 

424 

62736 

58566 

474 

67577 

83417 

524 

71933 

12870 

574 

375 

57403 

12677 

425 

62838 

89301 

475 

67669 

36096 

525 

72015 

93034 

575 

376 

57518 

78449 

426 

62940 

95991 

476 

67760 

69527 

526 

72098 

57442 

576 

377 

57634 

13502 

427 

63042 

78750 

477 

67851 

83790 

527 

72181 

06152 

577 

378 

57749 

17998 

428 

63144 

37690 

478 

67942 

78966 

528 

72263 

39225 

578 

379 

57863 

92100 

429 

63245 

72922 

479 

68033 

55134 

529 

72345 

56720 

579 

380 

57978 

35966 

430 

63346 

84556 

480 

68124 

12374 

530 

72427 

58696 

580 

381 

58092 

49757 

431 

63447 

72702 

481 

68214 

50764 

531 

72509 

45211 

581 

382 

58206 

33629 

432 

63548 

37468 

482 

68304 

70382 

532 

72591 

16323 

582 

383 

58319 

87740 

433 

63648 

78964 

483 

68394 

71308 

533 

72672 

72090 

583 

384 

58433 

12244 

434 

63748 

97295 

484 

68484 

53616 

534 

72754 

12570 

584 

385 

58546 

07295 

435 

63848 

92570 

485 

68574 

17386 

535 

72835 

37820 

585 

386 

58658 

73047 

436 

63948 

64893 

486 

68663 

62693 

536 

72916 

47897 

586 

387 

58771 

09650 

437 

64048 

14370 

487 

68752 

89612 

537 

72997 

42857 

587 

388 

58883 

17256 

438 

64147 

41105 

488 

68841 

98220 

538 

73078 

22757 

588 

389 

58994 

96013 

439 

64246 

45202 

489 

68930 

88591 

539 

73158 

87652 

589 

390 

59106 

46070 

440 

64345 

26765 

490 

69019 

60800 

540 

73239 

37598 

590 

391 

59217 

67574 

441 

64443 

85895 

491 

69108 

14921 

541 

73319 

72651 

591 

392 

59328 

60670 

442 

64542 

22693 

492 

69196 

51028 

542 

73399 

92865 

592 

393 

59439 

25504 

443 

64640 

37262 

493 

69284 

69193 

543 

73479 

98296 

593 

394 

59549 

62218 

444 

64738 

29701 

494 

69372 

69489 

544 

73559 

88997 

594 

395 

59659 

70956 

445 

64836 

00110 

495 

69460 

51989 

545 

73639 

65023 

595 

396 

59769 

51859 

446 

64933 

48587 

496 

69548 

16765 

546 

73719 

26427 

596 

397 

59879 

05068 

447 

65030 

75231 

497 

69635 

63887 

547 

73798 

73263 

597 

398 

59988 

30721 

448 

65127 

80140 

498 

69722 

93428 

548 

73878 

05585 

598 

399 

60097 

28957 

449 

65224 

63410 

499 

69810 

05456 

549 

73957 

23445 

599 

400 

60205 

99913 

450 

65321 

25138 

500 

69897 

00043 

550 

74036 

26895 

600 

logio  x 

74036  26895 
74115  15989 
74193  90777 
74272  51313 
74350  97647 

74429  29831 
74507  47916 
74585  51952 
74663  41989 
74741  18079 

74818  80270 
74896  28613 
74973  63156 
75050  83949 
75127  91040 

75204  84478 
75281  64312 
75358  30589 
75434  83357 
75511  22664 

75587  48557 
75663  61082 
75739  60288 
75815  46220 
75891  18924 

75966  78447 
76042  24834 
76117  58132 
76192  78384 
76267  85637 

76342  79936 
76417  61324 
76492  29846 
76566  85548 
76641  28471 

76715  58661 
76789  76160 
76863  81012 
76937  73261 
77011  52948 

77085  20116 
77158  74809 
77232  17067 
77305  46934 
77378  64450 

77451  69657 
77524  62597 
77597  43311 
77670  11840 
77742  68224 

77815  12504 
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COMMON  LOGARITHMS  Table  4.1 


X 

logio  x 

X 

logio  x 

X 

logio  x 

X 

logio  x 

X 

logio  X 

600 

77815 

12504 

650 

81291 

33566 

700 

84509 

80400 

750 

87506 

12634 

800 

90308 

99870 

601 

77887 

44720 

651 

81358 

09886 

701 

84571 

80180 

751 

87563 

99370 

801 

90363 

25161 

602 

77959 

64913 

652 

81424 

75957 

702 

84633 

71121 

752 

87621 

78406 

802 

90417 

43683 

603 

78031 

73121 

653 

81491 

31813 

703 

84695 

53250 

753 

87679 

49762 

803 

90471 

55453 

604 

78103 

69386 

654 

81557 

77483 

704 

84757 

26591 

754 

87737 

13459 

804 

90525 

60487 

605 

78175 

53747 

655 

81624 

13000 

705 

84818 

91170 

755 

87794 

69516 

805 

90579 

58804 

606 

78247 

26242 

656 

81690 

38394 

706 

84880 

47011 

756 

87852 

17955 

806 

90633 

50418 

607 

78318 

86911 

657 

81756 

53696 

707 

84941 

94138 

757 

87909 

58795 

807 

90687 

35347 

608 

78390 

35793 

658 

81822 

58936 

708 

85003 

32577 

758 

87966 

92056 

808 

90741 

13608 

609 

78461 

72926 

659 

81888 

54146 

709 

85064 

62352 

759 

88024 

17759 

809 

90794 

85216 

610 

78532 

98350 

660 

81954 

39355 

710 

85125 

83487 

760 

88081 

35923 

810 

90848 

50189 

611 

78604 

12102 

661 

82020 

14595 

711 

85186 

96007 

761 

88138 

46568 

811 

90902 

08542 

612 

78675 

14221 

662 

82085 

79894 

712 

85247 

99936 

762 

88195 

49713 

812 

90955 

60292 

613 

78746 

04745 

663 

82151 

35284 

713 

85308 

95299 

763 

88252 

45380 

813 

91009 

05456 

614 

78816 

83711 

664 

82216 

80794 

714 

85369 

82118 

764 

88309 

33586 

814 

91062 

44049 

615 

78887 

51158 

665 

82282 

16453 

715 

85430 

60418 

765 

88366 

14352 

815 

91115 

76087 

616 

78958 

07122 

666 

82347 

42292 

716 

85491 

30223 

766 

88422 

87696 

816 

91169 

01588 

617 

79028 

51640 

667 

82412 

58339 

717 

85551 

91557 

767 

88479 

53639 

817 

91222 

20565 

618 

79098 

84751 

668 

82477 

64625 

718 

85612 

44442 

768 

88536 

12200 

818 

91275 

33037 

619 

79169 

06490 

669 

82542 

61178 

719 

85672 

88904 

769 

88592 

63398 

819 

91328 

39018 

620 

79239 

16895 

670 

82607 

48027 

720 

85733 

24964 

770 

88649 

07252 

820 

91381 

38524 

621 

79309 

16002 

671 

82672 

25202 

721 

85793 

52647 

771 

88705 

43781 

821 

91434 

31571 

622 

79379 

03847 

672 

82736 

92731 

722 

85853 

71976 

772 

88761 

73003 

822 

91487 

18175 

623 

79448 

80467 

673 

82801 

50642 

723 

85913 

82973 

773 

88817 

94939 

823 

91539 

98352 

624 

79518 

45897 

674 

82865 

98965 

724 

85973 

85662 

774 

88874 

09607 

824 

91592 

72117 

625 

79588 

00173 

675 

82930 

37728 

725 

86033 

80066 

775 

88930 

17025 

825 

91645 

39485 

626 

79657 

43332 

676 

82994 

66959 

726 

86093 

66207 

776 

88986 

17213 

826 

91698 

00473 

627 

79726 

75408 

677 

83058 

86687 

727 

86153 

44109 

111 

89042 

10188 

827 

91750 

55096 

628 

79795 

96437 

678 

83122 

96939 

728 

86213 

13793 

778 

89097 

95970 

828 

91803 

03368 

629 

79865 

06454 

679 

83186 

97743 

729 

86272 

75283 

779 

89153 

74577 

829 

91855 

45306 

630 

79934 

05495 

680 

83250 

89127 

730 

86332 

28601 

780 

89209 

46027 

830 

91907 

80924 

631 

80002 

93592 

681 

83314 

71119 

731 

86391 

73770 

781 

89265 

10339 

831 

91960 

10238 

632 

80071 

70783 

682 

83378 

43747 

732 

86451 

10811 

782 

89320 

67531 

832 

92012 

33263 

633 

80140 

37100 

683 

83442 

07037 

733 

86510 

39746 

783 

89376 

17621 

833 

92064 

50014 

634 

80208 

92579 

684 

83505 

61017 

734 

86569 

60599 

784 

89431 

60627 

834 

92116 

60506 

635 

80277 

37253 

685 

83569 

05715 

735 

86628 

73391 

785 

89486 

96567 

835 

92168 

64755 

636 

80345 

71156 

686 

83632 

41157 

736 

86687 

78143 

786 

89542 

25460 

836 

92220 

62774 

637 

80413 

94323 

687 

83695 

67371 

737 

86746 

74879 

787 

89597 

47324 

837 

92272 

54580 

638 

80482 

06787 

688 

83758 

84382 

738 

86805 

63618 

788 

89652 

62175 

838 

92324 

40186 

639 

80550 

08582 

689 

83821 

92219 

739 

86864 

44384 

789 

89707 

70032 

839 

92376 

19608 

640 

80617 

99740 

690 

83884 

90907 

740 

86923 

17197 

790 

89762 

70913 

840 

92427 

92861 

641 

80685 

80295 

691 

83947 

80474 

741 

86981 

82080 

791 

89817 

64835 

841 

92479 

59958 

642 

80753 

50281 

692 

84010 

60945 

742 

87040 

39053 

792 

89872 

51816 

842 

92531 

20915 

643 

80821 

09729 

693 

84073 

32346 

743 

87098 

88138 

793 

89927 

31873 

843 

92582 

75746 

644 

80888 

58674 

694 

84135 

94705 

744 

87157 

29355 

794 

89982 

05024 

844 

92634 

24466 

645 

80955 

97146 

695 

84198 

48046 

745 

87215 

62727 

795 

90036 

71287 

845 

92685 

67089 

646 

81023 

25180 

696 

84260 

92396 

746 

87273 

88275 

796 

90091 

30677 

846 

92737 

03630 

647 

81090 

42807 

697 

84323 

27781 

747 

87332 

06018 

797 

90145 

83214 

847 

92788 

34103 

648 

81157 

50059 

698 

84385 

54226 

748 

87390 

15979 

798 

90200 

28914 

848 

92839 

58523 

649 

81224 

46968 

699 

84447 

71757 

749 

87448 

18177 

799 

90254 

67793 

849 

92890 

76902 

650 

81291 

33566 

700 

84509 

80400 

750 

87506 

12634 

800 

90308 

99870 

850 

92941 

89257 
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Table  4.1  COMMON  LOGARITHMS 


X 

logio 

X 

logio  X 

X 

logio  x 

X 

logio  x 

X 

logio  x 

850 

92941  89257 

900 

95424 

25094 

950 

97772  36053 

1000 

00000  00000 

1050 

02118 

92991 

851 

92992  95d01 

901 

95472 

47910 

951 

97818  05169 

1001 

00043  40775 

1051 

02160 

27160 

852 

93043  95948 

902 

95520 

65375 

952 

97863  69484 

1002 

00086  77215 

1052 

02201 

57398 

853 

93094  903(12 

903 

95568 

77503 

953 

97909  29006 

1003 

00130  09330 

1053 

02242 

83712 

854 

93145  78707 

984 

95616 

84305 

954 

97954  83747 

1004 

00173  37128 

1054 

02284 

06109 

855 

93196  611)47 

905 

95664 

85792 

955 

98000  33716 

1005 

00216  60618 

1055 

02325 

24596 

856 

93247  37647 

906 

95712 

81977 

956 

98045  78923 

1006 

00259  79807 

1056 

02366 

39182 

857 

93298  08219 

907 

95760 

72871 

957 

98091  19378 

1007 

00302  94706 

1057 

02407 

49873 

858 

93348  72^78 

908 

95808 

58485 

958 

98136  55091 

1008 

00346  05321 

1058 

02448 

56677 

859 

93399  31638 

909 

95856 

38832 

959 

98181  86072 

1009 

00389  11662 

1059 

02489 

59601 

860 

93449  84512 

910 

95904 

13923 

960 

98227  12330 

1010 

00432  13738 

1060 

02530 

58653 

861 

93500  31515 

911 

95951 

83770 

961 

98272  33877 

1011 

00475  11556 

1061 

02571 

53839 

862 

93550  72658 

912 

95999 

48383 

962 

98317  50720 

1012 

00518  05125 

1062 

02612 

45167 

863 

93601  07957 

913 

96047 

07775 

963 

98362  62871 

1013 

00560  94454 

1063 

02653 

32645 

864 

93651  37425 

914 

96094 

61957 

964 

98407  70339 

1014 

00603  79550 

1064 

02694 

16280 

865 

93701  61075 

915 

96142 

10941 

965 

98452  73133 

1015 

00646  60422 

1065 

02734 

96078 

866 

93751  78920 

916 

96189 

54737 

966 

98497  71264 

1016 

00689  37079 

1066 

02775 

72047 

867 

93801  90975 

917 

96236 

93357 

967 

98542  64741 

1017 

00732  09529 

1067 

02816 

44194 

868 

93851  97252 

918 

96284 

26812 

968 

98587  53573 

1018 

00774  77780 

1068 

02857 

12527 

869 

93901  97764 

919 

96331 

55114 

969 

98632  37771 

1019 

00817  41840 

1069 

02897 

77052 

870 

93951  92526 

920 

96378 

78273 

970 

98677  17343 

1020 

00860  01718 

1070 

02938 

37777 

871 

94001  81550 

921 

96425 

96302 

971 

98721  92299 

1021 

00902  57421 

1071 

02978 

94708 

872 

94051  64849 

922 

96473 

09211 

972 

98766  62649 

1022 

00945  08958 

1072 

03019 

47854 

873 

94101  42437 

923 

96520 

17010 

973 

98811  28403 

1023 

00987  56337 

1073 

03059 

97220 

874 

94151  14326 

924 

96567 

19712 

974 

98855  89569 

1024 

01029  99566 

1074 

03100 

42814 

875 

94200  80530 

925 

96614 

17327 

975 

98900  46157 

1025 

01072  38654 

1075 

03140 

84643 

876 

94250  41062 

926 

96661 

09867 

976 

98944  98177 

1026 

01114  73608 

1076 

03181 

22713 

877 

94299  95934 

927 

96707 

97341 

977 

98989  45637 

1027 

01157  04436 

1077 

03221 

57033 

878 

94349  45159 

928 

96754 

79762 

978 

99033  88548 

1028 

01199  31147 

1078 

03261 

87609 

879 

94398  88751 

929 

96801 

57140 

979 

99078  26918 

1029 

01241  53748 

1079 

03302 

14447 

880 

94448  26722 

930 

96848 

29486 

980 

99122  60757 

1030 

01283  72247 

1080 

03342 

37555 

881 

94497  59084 

931 

96894 

96810 

981 

99166  90074 

1031 

01325  86653 

1081 

03382 

56940 

882 

94546  85851 

932 

96941 

59124 

982 

99211  14878 

1032 

01367  96973 

1082 

03422 

72608 

883 

94596  07036 

933 

96988 

16437 

983 

99255  35178 

1033 

01410  03215 

1083 

03462 

84566 

884 

94645  22650 

934 

97034 

68762 

984 

99299  50984 

1034 

01452  05388 

1084 

03502 

92822 

885 

94694  32707 

935 

97081 

16109 

985 

99343  62305 

1035 

01494  03498 

1085 

03542 

97382 

886 

94743  37219 

936 

97127 

58487 

986 

99387  69149 

1036 

01535  97554 

1086 

03582 

98253 

887 

94792  36198 

937 

97173 

95909 

987 

99431  71527 

1037 

01577  87564 

1087 

03622 

95441 

888 

94841  29658 

938 

97220 

28384 

988 

99475  69446 

1038 

01619  73535 

1088 

03662 

88954 

889 

94890  17610 

939 

97266 

55923 

989 

99519  62916 

1039 

01661  55476 

1089 

03702 

78798 

890 

94939  00066 

940 

97312 

78536 

990 

99563  51946 

1040 

01703  33393 

1090 

03742 

64979 

891 

94987  77040 

941 

97358 

96234 

991 

99607  36545 

1041 

01745  07295 

1091 

03782 

47506 

892 

95036  48544 

942 

97405 

09028 

992 

99651  16722 

1042 

01786  77190 

1092 

03822 

26384 

893 

95085  14589 

943 

97451 

16927 

993 

99694  92485 

1043 

01828  43084 

1093 

03862 

01619 

894 

95133  75188 

944 

97497 

19943 

994 

99738  63844 

1044 

01870  04987 

1094 

03901 

73220 

895 

95182  30353 

945 

97543 

18085 

995 

99782  30807 

1045 

01911  62904 

1095 

03941 

41192 

896 

95230  80097 

946 

97589 

11364 

996 

99825  93384 

1046 

01953  16845 

1096 

03981 

05541 

897 

95279  24430 

947 

97634 

99790 

997 

99869  51583 

1047 

01994  66817 

1097 

04020 

66276 

898 

95327  63367 

948 

97680 

83373 

998 

99913  05413 

1048 

02036  12826 

1098 

04060 

23401 

899 

95375  96917 

949 

97726 

62124 

999 

99956  54882 

1049 

02077  54882 

1099 

04099 

76924 

900 

95424  25094 

950 

97772 

36053 

1000 

00000  00000 

1050 

02118  92991 

1100 

04139 

26852 
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COMMON  LOGARITHMS  Table  4.1 


X 

logio  X 

X 

logio  x 

X 

logio  x 

X 

logio  x 

X 

logio  x 

1100 

04139  26852 

1150 

06069  78404 

1200 

07918  12460 

1250 

09691  00130 

1300 

11394 

33523 

1101 

04178  -73190 

1151 

06107  53236 

1201 

07954  30074 

1251 

09725  73097 

1301 

11427 

72966 

1102 

04218  15945 

1152 

06145  24791 

1202 

07990  44677 

1252 

09760  43289 

1302 

11461 

09842 

1103 

04257  55124 

1153 

06182  93073 

1203 

08026  56273 

1253 

09795  10710 

1303 

11494 

44157 

1104 

04296  90734 

1154 

06220  58088 

1204 

08062  64869 

1254 

09829  75365 

1304 

11527 

75914 

1105 

04336  22780 

1155 

06258  19842 

1205 

08098  70469 

1255 

09864  37258 

1305 

11561 

05117 

1106 

04375  51270 

1156 

06295  78341 

1206 

08134  73078 

1256 

09898  96394 

1306 

11594 

31769 

1107 

04414  76209 

1157 

06333  33590 

1207 

08170  72701 

1257 

09933  52777 

1307 

11627 

55876 

1108 

04453  97604 

1158 

06370  85594 

1208 

08206  69343 

1258 

09968  06411 

1308 

11660 

77440 

1109 

04493  15461 

1159 

06408  34360 

1209 

08242  63009 

1259 

10002  57301 

1309 

11693 

96466 

1110 

04532  29788 

1160 

06445  79892 

1210 

08278  53703 

1260 

10037  05451 

1310 

11727 

12957 

1111 

04571  40589 

1161 

06483  22197 

1211 

08314  41431 

1261 

10071  50866 

1311 

11760 

26917 

1112 

04610  47872 

1162 

06520  61281 

1212 

08350  26198 

1262 

10105  93549 

1312 

11793 

38350 

1113 

04649  51643 

1163 

06557  97147 

1213 

08386  08009 

1263 

10140  33506 

1313 

11826 

47261 

1114 

04688  51908 

1164 

06595  29803 

1214 

08421  86867 

1264 

10174  70739 

1314 

11859 

53652 

1115 

04727  48674 

1165 

06632  59254 

1215 

08457  62779 

1265 

10209  05255 

1315 

11892 

57528 

1116 

04766  41946 

1166 

06669  85504 

1216 

08493  35749 

1266 

10243  37057 

1316 

11925 

58893 

1117 

04805  31731 

1167 

06707  08560 

1217 

08529  05782 

1267 

10277  66149 

1317 

11958 

57750 

1118 

04844  18036 

1168 

06744  28428 

1218 

08564  72883 

1268 

10311  92535 

1318 

11991 

54103 

1119 

04883  00865 

1169 

06781  45112 

1219 

08600  37056 

1269 

10346  16221 

1319 

12024 

47955 

1120 

04921  80227 

1170 

06818  58617 

1220 

08635  98307 

1270 

10380  37210 

1320 

12057 

39312 

1121 

04960  56126 

1171 

06855  68951 

1221 

08671  56639 

1271 

10414  55506 

1321 

12090 

28176 

1122 

04999  28569 

1172 

06892  76117 

1222 

08707  12059 

1272 

10448  71113 

1322 

12123 

14551 

1123 

05037  97563 

1173 

06929  80121 

1223 

08742  64570 

1273 

10482  84037 

1323 

12155 

98442 

1124 

05076  63112 

1174 

06966  80969 

1224 

08778  14178 

1274 

10516  94280 

1324 

12188 

79851 

1125 

05115  25224 

1175 

07003  78666 

1225 

08813  60887 

1275 

10551  01848 

1325 

12221 

58783 

1126 

05153  83905 

1176 

07040  73217 

1226 

08849  04702 

1276 

10585  06744 

1326 

12254 

35241 

1127 

05192  39160 

1177 

07077  64628 

1227 

08884  45627 

1277 

10619  08973 

1327 

12287 

09229 

1128 

05230  90996 

1178 

07114  52905 

1228 

08919  83668 

1278 

10653  08538 

1328 

12319 

80750 

1129 

05269  39419 

1179 

07151  38051 

1229 

08955  18829 

1279 

10687  05445 

1329 

12352 

49809 

1130 

05307  84435 

1180 

07188  20073 

1230 

08990  51114 

1280 

10720  99696 

1330 

12385 

16410 

1131 

05346  26049 

1181 

07224  98976 

1231 

09025  80529 

1281 

10754  91297 

1331 

12417 

80555 

1132 

05384  64269 

1182 

07261  74765 

1232 

09061  07078 

1282 

10788  80252 

1332 

12450 

42248 

1133 

05422  99099 

1183 

07298  47446 

1233 

09096  30766 

1283 

10822  66564 

1333 

12483 

01494 

1134 

05461  30546 

1184 

07335  17024 

1234 

09131  51597 

1284 

10856  50237 

1334 

12515 

58296 

1135 

05499  58615 

1185 

07371  83503 

1235 

09166  69576 

1285 

10890  31277 

1335 

12548 

12657 

1136 

05537  83314 

1186 

07408  46890 

1236 

09201  84708 

1286 

10924  09686 

1336 

12580 

64581 

1137 

05576  04647 

1187 

07445  07190 

1237 

09236  96996 

1287 

10957  85469 

1337 

12613 

14073 

1138 

05614  22621 

1188 

07481  64406 

1238 

09272  06447 

1288 

10991  58630 

1338 

12645 

61134 

1139 

05652  37241 

1189 

07518  18546 

1239 

09307  13064 

1289 

11025  29174 

1339 

12678 

05770 

1140 

05690  48513 

1190 

07554  69614 

1240 

09342  16852 

1290 

11058  97103 

1340 

12710 

47984 

1141 

05728  56444 

1191 

07591  17615 

1241 

09377  17815 

1291 

11092  62423 

1341 

12742 

87779 

1142 

05766  61039 

1192 

07627  62554 

1242 

09412  15958 

1292 

11126  25137 

1342 

12775 

25158 

1143 

05804  62304 

1193 

07664  04437 

1243 

09447  11286 

1293 

11159  85249 

1343 

12807 

60127 

1144 

05842  60245 

1194 

07700  43268 

1244 

09482  03804 

1294 

11193  42763 

1344 

12839 

92687 

1145 

05880  54867 

1195 

07736  79053 

1245 

09516  93514 

1295 

11226  97684 

1345 

12872 

22843 

1146 

05918  46176 

1196 

07773  11797 

1246 

09551  80423 

1296 

11260  50015 

1346 

12904 

50599 

1147 

05956  34179 

1197 

07809  41504 

1247 

09586  64535 

1297 

11293  99761 

1347 

12936 

75957 

1148 

05994  18881 

1198 

07845  68181 

1248 

09621  45853 

1298 

11327  46925 

1348 

12968 

98922 

1149 

06032  00287 

1199 

07881  91831 

1249 

09656  24384 

1299 

11360  91511 

1349 

13001 

19497 

1150 

06069  78404 

1200 

07918  12460 

1250 

09691  00130 

1300 

11394  33523 

1350 

13033 

37685 

[(-f] 

[<i)4] 

[<T] 

[<T] 

r (-8)3] 

L 3 J 

100 


ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


Table  4.2 


NATURAL  LOGARITHMS 


X 

In  x 

X 

In  x 

X 

In  x 

0.  000 

- 00 

0.050 

-2.  99573 

22735 

539910 

0.100 

-2.  30258 

50929 

940457 

0.001 

-6.  90775 

52789 

821371 

0.051 

-2.  97592 

96462 

578113 

0.101 

-2.  29263 

47621 

408776 

0.  002 

-6.  21460 

80984 

221917 

0.052 

-2.  95651 

15604 

007097 

0.102 

-2.  28278 

24656 

978660 

0.  003 

-5.  80914 

29903 

140274 

0.053 

-2.  93746 

33654 

300152 

0. 103 

-2.  27302 

62907 

525013 

0.004 

-5.  52146 

09178 

622464 

0,054 

-2.  91877 

12324 

178627 

0.104 

-2.  26336 

43798 

407644 

0.  005 

-5.  29831 

73665 

480367 

0.055 

-2.90042 

20937 

496661 

0.105 

-2.  25379 

49288 

246137 

0.  006 

-5. 11599 

58097 

540821 

0.056 

-2.  88240 

35882 

469878 

0.106 

-2.24431 

61848 

700699 

0.007 

-4.96184 

51299 

268237 

0.057 

-2.  86470 

40111 

475869 

0.107 

-2.23492 

64445 

202309 

0.  008 

-4.  82831 

37373 

023011 

0.058 

-2.  84731 

22684 

357177 

0.108 

-2.  22562 

40518 

579174 

0.  009 

-4.  71053 

07016 

459177 

0.  059 

-2.  83021 

78350 

764176 

0.109 

-2.21640 

73967 

529934 

0.010 

-4.  60517 

01859 

880914 

0.060 

-2.  81341 

07167 

600364 

0.110 

-2.  20727 

49131 

897208 

0.  Oil 

-4.  50986 

00061 

837665 

0.061 

-2.  79688 

14148 

088258 

0.111 

-2.  19822 

50776 

698029 

0.012 

-4.  42284 

86291 

941367 

0.062 

-2.78062 

08939 

370455 

0.112 

-2.  18925 

64076 

870425 

0.013 

-4.  34280 

59215 

206003 

0.063 

-2.  76462 

05525 

906044 

0.113 

-2.  18036 

74602 

697965 

0.  014 

-4.  26869 

79493 

668784 

0.064 

-2.  74887 

21956 

224652 

0.114 

-2.17155 

68305 

876416 

0.  015 

-4.  19970 

50778 

799270 

0.  065 

-2.  73336 

80090 

864999 

0.115 

-2.  16282 

31506 

188870 

0.  016 

-4.13516 

65567 

423558 

0.066 

-2.71810 

05369 

557115 

0.116 

-2. 15416 

50878 

757724 

0.  017 

-4.  07454 

19349 

259210 

0.067 

-2.  70306 

26595 

911710 

0.117 

-2.  14558 

13441 

843809 

0.018 

-4.  01738 

35210 

859724 

0.068 

-2.  68824 

75738 

060304 

0.118 

-2.  13707 

06545 

164723 

0.  019 

-3.  96331 

62998 

156966 

0.069 

-2.  67364 

87743 

848777 

0.119 

-2.  12863 

17858 

706077 

0.  020 

-3.91202 

30054 

281461 

0.  070 

-2.  65926 

00369 

327781 

0. 120 

-2.  12026 

35362 

000911 

0.021 

-3.  86323 

28412 

587141 

0.071 

-2.  64507 

54019 

408216 

0.121 

-2.11196 

47333 

853960 

0.022 

-3.81671 

28256 

238212 

0.072 

-2.  63108 

91599 

660817 

0.122 

-2.  10373 

42342 

488805 

0.023 

-3.77226 

10630 

529874 

0.073 

-2.  61729 

58378 

337459 

0.123 

-2.  09557 

09236 

097196 

0.024 

-3.  72970 

14486 

341914 

0.074 

-2.  60369 

01857 

779673 

0.124 

-2.  08747 

37133 

771002 

0.  025 

-3.  68887 

94541 

139363 

0.075 

-2.  59026 

71654 

458266 

0.125 

-2.  07944 

15416 

798359 

0.026 

-3.  64965 

87409 

606550 

0.076 

-2.  57702 

19386 

958060 

0.126 

-2.  07147 

33720 

306591 

0.  027 

-3.  61191 

84129 

778080 

0.077 

-2.  56394 

98571 

284532 

0.127 

-2.  06356 

81925 

235458 

0.  028 

-3. 57555 

07688 

069331 

0.078 

-2.  55104 

64522 

925453 

0.128 

-2.  05572 

50150 

625199 

0.  029 

-3.  54045 

94489 

956630 

0.079 

-2.  53830 

74265 

151156 

0.129 

-2.  04794 

28746 

204649 

0.  030 

-3.  50655 

78973 

199817 

0.  080 

-2.  52572 

86443 

082554 

0.130 

-2.  04022 

08285 

265546 

0.031 

-3.  47376 

80744 

969908 

0.081 

-2.51330 

61243 

096983 

0.131 

-2.  03255 

79557 

809855 

0.  032 

-3.44201 

93761 

824105 

0.082 

-2.50103 

60317 

178839 

0.132 

-2.  02495 

33563 

957662 

0.  033 

-3.41124 

77175 

156568 

0.083 

-2.  48891 

46711 

855391 

0.133 

-2.  01740 

61507 

603833 

0.034 

-3.  38139 

47543 

659757 

0.084 

-2.  47693 

84801 

388234 

0.134 

-2.  00991 

54790 

312257 

0.  035 

-3.  35240 

72174 

927234 

0.085 

-2.  46510 

40224 

918206 

0.135 

-2.  00248 

05005 

437076 

0.  036 

-3.  32423 

63405 

260271 

0.086 

-2.  45340 

79827 

286293 

0.136 

-1.  99510 

03932 

460850 

0.  037 

-3.  29683 

73663 

379126 

0.  087 

-2.  44184 

71603 

275533 

0.137 

-1.  98777 

43531 

540121 

0.038 

-3.  27016 

91192 

557513 

0.088 

-2.  43041 

84645 

039306 

0.138 

-1.  98050 

15938 

249324 

0.  039 

-3.24419 

36328 

524906 

0.089 

-2.  41911 

89092 

499972 

0.139 

-1.  97328 

13458 

514453 

0.  040 

-3.21887 

58248 

682007 

0.090 

-2.  40794 

56086 

518720 

0.140 

-1.96611 

28563 

728328 

0.  041 

-3. 19418 

32122 

778292 

0.091 

-2.  39689 

57724 

652870 

0.141 

-1.  95899 

53886 

039688 

0.  042 

-3.  17008 

56606 

987687 

0.  092 

-2.  38596 

67019 

330967 

0.142 

-1.  95192 

82213 

808763 

0.  043 

-3.  14655 

51632 

885746 

0.093 

-2.  37515 

57858 

288811 

0.143 

-1.  94491 

06487 

222298 

0.  044 

-3.  12356 

56450 

638759 

0.094 

-2.  36446 

04967 

121332 

0.144 

-1.  93794 

19794 

061364 

0.  045 

-3.10109 

27892 

118173 

0.  095 

-2.  35387 

83873 

815962 

0.145 

-1.93102 

15365 

615627 

0.  046 

-3.  07911 

38824 

930421 

0.096 

-2.  34340 

70875 

143008 

0.146 

-1.92414 

86572 

738006 

0.  047 

-3.  05760 

76772 

720785 

0.  097 

-2.  33304 

43004 

787542 

0.147 

-1.91732 

26922 

034008 

0.  048 

-3.  03655 

42680 

742461 

0.098 

-2.  32278 

78003 

115651 

0.148 

-1.91054 

30052 

180220 

0.  049 

-3.  01593 

49808 

715104 

0.  099 

-2.  31263 

54288 

475471 

0. 149 

-1.  90380 

89730 

366779 

0.050 

-2.  99573 

22735 

539910 

0.100 

-2.  30258 

50929 

940457 

0.150 

-1.  89711 

99848 

858813 

For  use  of  natural  logarithms  see  Examples  4-7. 
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ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


NATURAL  LOGARITHMS 


Table  4.2 


X 

In  x 

X 

In  x 

X 

In  x 

0. 150 

-1.  89711 

99848 

858813 

0.  200 

-1.  60943 

79124 

341004 

0.250 

-1.  38629 

43611 

198906 

0.151 

-1.  89047 

54421 

672127 

0.201 

-1.  60445 

03709 

230613 

0.251 

-1.  38230 

23398 

503532 

0. 152 

-1.  88387 

47581 

358607 

0.202 

-1.  59948 

75815 

809323 

0.252 

-1.  37832 

61914 

707137 

0. 153 

-1.  87731 

73575 

897016 

0.203 

-1. 59454 

92999 

403497 

0.253 

-1.  37436 

57902 

546168 

0.154 

-1.  87080 

26765 

685079 

0.204 

-1.58963 

52851 

379207 

0.254 

-1.  37042 

10119 

636005 

0.155 

-1.  86433 

01620 

628904 

0.205 

-1. 58474 

52998 

437289 

0.255 

-1.  36649 

17338 

237109 

0.156 

-1.  85789 

92717 

326000 

0.206 

-1.  57987 

91101 

925560 

0.256 

-1.  36257 

78345 

025746 

0. 157. 

-1.  85150 

94736 

338290 

0.207 

-1.  57503 

64857 

167680 

0.257 

-1.  35867 

91940 

869173 

0.158 

-1.  84516 

02459 

551702 

0.208 

-1.  57021 

71992 

808191 

0.258 

-1.  35479 

56940 

605196 

0.159 

-1.  83885 

10767 

619055 

0.209 

-1.  56542 

10270 

173260 

0.259 

-1.  35092 

72172 

825993 

0. 160 

-1.  83258 

14637 

483101 

0.210 

-1.  56064 

77482 

646684 

0.260 

-1.  34707 

36479 

666093 

0.161 

-1.  82635 

09139 

976741 

0.211 

-1.  55589 

71455 

060706 

0.261 

-1.  34323 

48716 

594436 

0.162 

-1.  82015 

89437 

497530 

0.212 

-1.  55116 

90043 

101246 

0.262 

-1.  33941 

07752 

210402 

0.163 

-1.81400 

50781 

753747 

0.213 

-1.  54646 

31132 

727119 

0.263 

-1.  33560 

12468 

043725 

0.164 

-1.  80788 

88511 

579386 

0.214 

-1.  54177 

92639 

602856 

0.264 

-1.  33180 

61758 

358209 

0.165 

-1.80180 

98050 

815564 

0.215 

-1.53711 

72508 

544743 

0.265 

-1.  32802 

54529 

959148 

0.166 

-1.  79576 

74906 

255938 

0.216 

-1.  53247 

68712 

979720 

0.266 

-1.  32425 

89702 

004380 

0.167 

-1.78976 

14665 

653819 

0.217 

-1.  52785 

79254 

416775 

0.267 

-1.  32050 

66205 

818875 

0.168 

-1.  78379 

12995 

788781 

0.218 

-1.52326 

02161 

930480 

0.268 

-1.  31676 

82984 

712804 

0.169 

-1.  77785 

65640 

590636 

0.219 

-1.  51868 

35491 

656362 

0.269 

-1.  31304 

38993 

802979 

Jr 

0.170 

-1.  77195 

68419 

318753 

0.220 

-1.  51412 

77326 

297755 

0.270 

-1.  30933 

33199 

837623 

0. 171 

-1.  76609 

17224 

794772 

0.221 

-1.  50959 

25774 

643842 

0.271 

-1.  30563 

64581 

024362 

0.172 

-1.  76026 

08021 

686840 

0.222 

-1.  50507 

78971 

098576 

0.272 

-1.  30195 

32126 

861397 

0. 173 

-1.  75446 

36844 

843581 

0.223 

-1.  50058 

35075 

220183 

0.273 

-1.  29828 

34837 

971773 

0. 174 

-1.  74869 

99797 

676080 

0.224 

-1.  49610 

92271 

270972 

0.274 

-1.  29462 

71725 

940668 

0.175 

-1.  74296 

93050 

586230 

0.225 

-1.  49165 

48767 

777169 

0.275 

-1.  29098 

41813 

155658 

0. 176 

-1.  73727 

12839 

439853 

0.226 

-1.  48722 

02797 

098512 

0.276 

-1.  28735 

44132 

649871 

0.177 

-1.73160 

55464 

083079 

0.227 

-1.  48280 

52615 

007344 

0.277 

-1.28373 

77727 

947986 

0. 178 

-1.  72597 

17286 

900519 

0.228 

-1.  47840 

96500 

276963 

0.278 

-1.28013 

41652 

915000 

0. 179 

-1.72036 

94731 

413821 

0.229 

-1.  47403 

32754* 

278974 

0.279 

-1.  27654 

34971 

607714 

0.180 

-1.71479 

84280 

919267 

0.230 

-1.  46967 

59700 

589417 

0.280 

-1.  27296 

56758 

128874 

0. 181 

-1.  70925 

82477 

163113 

0.231 

-1.  46533 

75684 

603435 

0.281 

-1.  26940 

06096 

483913 

0.182 

-1.  70374 

85919 

053417 

0.232 

-1.46101 

79073 

158271 

0.282 

-1.  26584 

82080 

440235 

0.183 

-1.  69826 

91261 

407161 

0.233 

-1.  45671 

68254 

164365 

0.283 

-1.26230 

83813 

388994 

0.184 

-1.  69281 

95213 

731514 

0.234 

-1.  45243 

41636 

244356 

0.284 

-1.  25878 

10408 

209310 

0.185 

-1.  68739 

94539 

038122 

0.235 

-1.  44816 

97648 

379781 

0.285 

-1.  25526 

60987 

134865 

0. 186 

-1.  68200 

86052 

689358 

d.  236 

-1. 44392 

34739 

565270 

0.286 

-1.25176 

34681 

622845 

0. 187 

-1.  67664 

66621 

275504 

0.237 

-1.  43969 

51378 

470059 

0.287 

-1.  24827 

30632 

225159 

0.188 

-1.  67131 

33161 

521878 

0.238 

-1.  43548 

46053 

106624 

0.288 

-1.  24479 

47988 

461911 

0.189 

-1.  66600 

82639 

224947 

0.239 

-1.  43129 

17270 

506264 

0.289 

-1.  24132 

85908 

697049 

0. 190 

-1.66073 

12068 

216509 

0.240 

-1.  42711 

63556 

401457 

0.290 

-1. 23787 

43560 

016173 

0. 191 

-1.  65548 

18509 

355072 

0.241 

-1.  42295 

83454 

914821 

0.291 

-1.  23443 

20118 

106445 

0.192 

-1.  65025 

99069 

543555 

0.  242 

-1.  41881 

75528 

254507 

0.292 

-1.23100 

14767 

138553 

0.193 

-1.  64506 

50900 

772515 

0.243 

-1.  41469 

38356 

415886 

0.293 

-1.22758 

26699 

650697 

0. 194 

-1.  63989 

71199 

188089 

0.244 

-1.  41058 

70536 

889352 

0.294 

-1.22417 

55116 

434554 

0. 195 

-1.  63475 

57204 

183903 

0.  245 

-1.  40649 

70684 

374101 

0.295 

-1. 22077 

99226 

423172 

0.196 

-1.  62964 

06197 

516198 

0.246 

-1.  40242 

37430 

497742 

0.296 

-1.  21739 

58246 

580767 

0.197 

-1.  62455 

15502 

441485 

0.247 

-1.  39836 

69423 

541599 

0.297 

-1.  21402 

31401 

794374 

0.198 

-1.  61948 

82482 

876018 

0.248 

-1.  39432 

65328 

171549 

0.298 

-1.21066 

17924 

767326 

0. 199 

-1.  61445 

04542 

576447 

0.249 

-1.  39030 

23825 

174294 

0.299 

-1. 20731 

17055 

914506 

0.200 

-1.  60943 

79124 

341004 

0.250 

-1.  38629 

43611 

198906 

O.iOO 

-1.20397 

28043 

259360 
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Table  4.2 


0.  300  -1. 
0.301  -1. 
0.  302  -1. 

0.  303  -1. 

0.  304  -1. 

0.  305  -1. 

0.  306  -1. 

0.  307  -1. 

0.  308  -1. 

0.  309  -1. 

0. 310  -1. 

0. 311  -1. 

0.312  -1. 
0. 313  -1. 

0. 314  -1. 

0. 315  -1. 

0. 316  -1. 

0.317  -1. 

0. 318  -1. 

0. 319  -1. 

0.  320  -1. 

0. 321  -1. 

0.  322  -1. 

0.  323  -1. 

0.  324  -1. 

0.  325  -1. 

0.  326  -1. 

0. 327  -1. 

0.  328  -1. 

0.  329  -1. 

0.  330  -1. 

0. 331  -1. 

0. 332  -1. 

0.  333  -1. 

0. 334  -1. 

0. 335  -1. 

0.  336  -1. 

0. 337  -1. 

0. 338  -1. 

0. 339  -1. 

0. 340  -1. 

0. 341  -1. 

0. 342  -1. 

0. 343  -1. 
0. 344  -1. 

0.  345  -1. 
0. 346  -1. 

0. 347  -1. 

0. 348  -1. 

0. 349  -1. 

0. 350  -1. 


*See  page  n. 


NATURAL  LOGARITHMS 


In  x 

X 

In  x 

X 

In  X 

20397 

28043 

259360 

0.  350 

-1.  04982 

21244 

986777 

0.  400 

-0.91629 

07318 

741551 

20064 

50142 

332613 

0.  351 

-1.  04696 

90555 

162712 

0.401 

-0.  91379 

38516 

755679 

19732 

82616 

072674 

0.  352 

-1.  04412 

41033 

840400 

0.  402 

-0.91130 

31903 

631160 

19402 

24734 

727679 

0.  353 

-1.  04128 

72220 

488403 

0.403 

-0.  90881 

87170 

354541 

19072 

75775 

759154 

0.  354 

-1.  03845 

83658 

483626 

0.  404 

-0.  90634 

04010 

209870 

18744 

35023 

747254 

0.355 

-1.  03563 

74895 

067213 

0.  405 

-0.90386 

82118 

755979 

18417 

01770 

297563 

0.  356 

-1.  03282 

45481 

301066 

0.  406 

-0.  90140 

21193 

804044 

18090 

75313 

949399 

0.  357 

-1.  03001 

94972 

024980 

0.407 

-0.  89894 

20935 

395421 

17765 

54960 

085626 

0.  358 

-1.  02722 

22925 

814367 

0.408 

-0.  89648 

81045 

779754 

17441 

40020 

843916 

0.  359 

-1.  02443 

28904 

938582 

0.  409 

-0.  89404 

01229 

393353 

17118 

29815 

029451 

0.360 

-1.  02165 

12475 

319814 

0.  410 

-0.  89159 

81192 

837836 

16796 

23668 

029029 

0.  361 

-1.  01887 

73206 

492561 

0.411 

-0.  88916 

20644 

859024 

16475 

20911 

726547 

0.  362 

-1.  01611 

10671 

563660 

0.412 

-0.  88673 

19296 

326107 

16155 

20884 

419838 

0.  363 

-1.  01335 

24447 

172863 

0.  413 

-0.  88430 

76860 

211043 

15836 

22930 

738837 

0.364 

-1.  01060 

14113 

453964 

0.  414 

-0.  88188 

93051 

568227 

15518 

26401 

565040 

0.  365 

-1.  00785 

79253 

996455 

0.415 

-0.  87947 

67587 

514388 

15201 

30653 

952249 

0.366 

-1.  00512 

19455 

807708 

0.416 

-0.  87707 

00187 

208738 

14885 

35051 

048564 

0.  367 

-1.  00239 

34309 

275668 

0.  417 

-0.  87466 

90571 

833356 

14570 

38962 

019602 

0.  368 

-0.  99967 

23408 

132061 

0.  418 

-0.  87227 

38464 

573807 

14256 

41761 

972925 

0.  369 

-0.  99695 

86349 

416099 

0.419 

-0.  86988 

43590 

599993 

13943 

42831 

883648 

0.  370 

-0.  99425 

22733 

438669 

0.  420 

-0.  86750 

05677 

047231 

13631 

41558 

521212 

0.  371 

-0.  99155 

32163 

747019 

0.  421 

-0.  86512 

24452 

997556 

13320 

37334 

377287 

0.372 

-0.  98886 

14247 

089905 

0.422 

-0.  86274 

99649 

461252 

13010 

29557 

594805 

0.  373 

-0.  98617 

68593 

383215 

0.  423 

-0.  86038 

30999 

358591 

12701 

17631 

898077 

0.  374 

-0.  98349 

94815 

676051 

0.424 

-0.  85802 

18237 

501793 

12393 

00966 

523996 

0.  375 

-0.  98082 

92530 

117262 

0.  425 

-0.  85566 

61100 

577202 

12085 

78976 

154294 

0.  376 

-0.  97816 

61355 

922425 

0.  426 

-0.  85331 

59327 

127666 

11779 

51080 

848837 

0.  377 

-0.  97551 

00915 

341263 

0.  427 

-0.  85097 

12657 

535125 

11474 

16705 

979933 

0.  378 

-0.  97286 

10833 

625494 

0.  428 

-0.  84863 

20834 

003403 

11169 

75282 

167652 

0.  379 

-0.97021 

« 

90738 

997107 

0.429 

-0.  84629 

83600 

541201 

10866 

26245 

216111 

0.  380 

-0.  96758 

40262 

617056 

0.  430 

-0.  84397 

00702 

945289 

10563 

69036 

050742 

0.  381 

-0.  96495 

59038 

554361 

0.  431 

-0.  84164 

71888 

783893 

10262 

03100 

656485 

0.382 

-0.  96233 

46703 

755619 

0.432 

-0.  83932 

96907 

380267 

09961 

27890 

016932 

0.  383 

-0.  95972 

02898 

014911 

0.433 

-0.83701 

75509 

796472 

09661 

42860 

054366 

0.  384 

-0.  95711 

27263 

944102 

0.434 

-0.  83471 

07448 

817322 

09362 

47471 

570706 

0.  385 

-0.  95451 

19446 

943528 

0.  435 

-0.  83240 

92478 

934530 

09064 

41190 

189328 

0.  386 

-0.  95191 

79095 

173062 

0.436 

-0.  83011 

30356 

331027 

08767 

23486 

297753 

0.  387 

-0.  94933 

05859 

523552 

0.437 

-0.  82782 

20838 

865469 

08470 

93834 

991183 

0.  388 

-0.  94674 

99393 

588636 

0.438 

-0.  82553 

63686 

056909 

08175 

51716 

016868 

0.  389 

-0.  94417 

59353 

636908 

0.  439 

-0.  82325 

58659 

069657 

07880 

96613 

719300 

0.  390 

-0.  94160 

85398 

584449 

0.  440 

-0.  82098 

05520 

698302 

07587 

28016 

986203 

0.  391 

-0.  93904 

77189 

967713 

0.  441 

-0.  81871 

04035 

352911 

07294 

45419 

195319 

0.  392 

-0.  93649 

34391 

916745 

0.  442 

-0.  81644 

53969 

044389 

07002 

48318 

161971 

0.  393 

-0. 93394 

56671 

128758 

0.  443 

-0.  81418 

55089 

370014 

06711 

36216 

087387 

0.  394 

-0.  93140 

43696 

842032 

0. 444 

-0.  81193 

07165 

499123 

06421 

08619 

507773 

0.  395 

-0.  92886 

95140 

810152 

0.  445 

-0.  80968 

09968 

158968 

06131 

65039 

244128 

0.  396 

-0. 92634 

10677 

276565 

0.  446 

-0.  80743 

63269 

620730 

05843 

04990 

352779 

0.  397 

-0. 92381 

89982 

949466 

0.  447 

-0.  80519 

66843 

685682 

05555 

27992 

076627 

0.  398 

-0. 92130 

32736 

976993 

0.  448 

-0.  80296 

20465 

671519 

05268 

33567 

797099 

0.  399 

-0.  91879 

38620 

922736 

0. 449 

-0. 80073 

23912 

398828 

04982 

21244 

986777 

0.  400 

-0.  91629 

07318 

741551 

0.  450 

-0.  79850 

76962 

177716 

r(-6)ii 

r(-6)ii 

* r 

(—7)8 
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NATURAL  LOGARITHMS  Table  4.2 


X 

In  x 

X 

In  x 

X 

In  x 

0.  450 

-0.  79850 

76962 

177716 

0.500 

-0.  69314 

71805 

599453 

0.550 

-0.  59783 

70007 

556204 

0.  451 

-0.79628 

79394 

794587 

0.501 

-0.  69114 

91778 

972723 

0.551 

-0.  59602 

04698 

292226 

0.452 

-0.  79407 

30991 

499059 

0.502 

-0.  68915 

51592 

904079 

0.552 

-0.  59420 

72327 

050417 

0.  453 

-0.79186 

31534 

991030 

0.503 

-0.  68716 

51088 

823978 

0.553 

-0.  59239 

72774 

598023 

0.  454 

-0.78965 

80809 

407891 

0.504 

-0.  68517 

90109 

107684 

0.554 

-0.  59059 

05922 

348532 

0.  455 

-0.  78745 

78600 

311866 

0.505 

-0.  68319 

68497 

067772 

0.555 

-0.  58878 

71652 

357025 

0.  456 

-0.  78526 

24694 

677510 

0.506 

-0.  68121 

86096 

946715 

0.556 

-0.  58698 

69847 

315547 

0.  457 

-0.  78307 

18880 

879324 

0.507 

-0.  67924 

42753 

909539 

0.557 

-0.  58519 

00390 

548530 

0.  458 

-0.  78088 

60948 

679521 

0.508 

-0.  67727 

38314 

036552 

0.558 

-0.  58339 

63166 

008261 

0.  459 

-0.  77870 

50689 

215919 

0.509 

-0.  67530 

72624 

316143 

0.559 

-0.  58160 

58058 

270379 

0.  460 

-0.  77652 

87894 

989964 

0.510 

-0.  67334 

45532 

637656 

0.560 

-0.  57981 

84952 

529421 

0.  461 

-0.  77435 

72359 

854885 

0.511 

-0.  67138 

56887 

784326 

0.561 

-0.  57803 

43734 

594407 

0.  462 

-0.  77219 

03879 

003982 

0.512 

-0.  66943 

06539 

426293 

0.562 

-0.  57625 

34290 

884460 

0.  463 

-0.  77002 

82248 

959030 

0.513 

-0.  66747 

94338 

113675 

0.563 

-0.  57447 

56508 

424467 

0.464 

-0.  76787 

07267 

558818 

0.514 

-0.  66553 

20135 

269719 

0.564 

-0.  57270 

10274 

840782 

0.  465 

-0.  76571 

78733 

947807 

0.515 

-0.  66358 

83783 

184009 

0.565 

-0.  57092 

95478 

356961 

0.  466 

-0.  76356 

96448 

564912 

0.516 

-0.  66164 

85135 

005743 

0.566 

-0.56916 

12007 

789541 

0.  467 

-0.  76142 

60213 

132397 

0.517 

-0.  65971 

24044 

737079 

0.567 

-0.  56739 

59752 

543850 

0.  468 

-0.  75928 

69830 

644903 

0.518 

-0.  65778 

00367 

226540 

0.568 

-0.  56563 

38602 

609857 

0.  469 

-0.  75715 

25105 

358577 

0.519 

-0.  65585 

13958 

162484 

0.569 

-0.  56387 

48448 

558061 

0.  470 

-0.  75502 

25842 

780328 

0.520 

-0.  65392 

64674 

066640 

0.570 

-0.  56211 

89181 

535412 

0.  471 

-0.75289 

71849 

657193 

0.521 

-0.  65200 

52372 

287701 

0.571 

-0.  56036 

60693 

261268 

0.  472 

-0.  75077 

62933 

965817 

0.522 

-0.  65008 

76910 

994983 

0.572 

-0.  55861 

62876 

023392 

0.  473 

-0.  74865 

98904 

902041 

0.  523 

-0.  64817 

38149 

172142 

0.573 

-0.  55686 

95622 

673975 

0.  474 

-0.  74654 

79572 

870606 

0.524 

-0.  64626 

35946 

610949 

0.574 

-0.  55512 

58826 

625706 

0.  475 

-0.  74444 

04749 

474958 

0.525 

-0.  64435 

70163 

905133 

0.575 

-0.  55338 

52381 

847866 

0.  476 

-0.  74233 

74247 

507170 

0.526 

-0.  64245 

40662 

444272 

0.576 

-0.  55164 

76182 

862458 

0.  477 

-0.  74023 

87880 

937958 

0.527 

-0.  64055 

47304 

407747 

0.577 

-0.  54991 

30124 

740375 

0.  478 

-0.  73814 

45464 

906811 

0.528 

-0.  63865 

89952 

758756 

0.578 

-0.  54818 

14103 

097596 

0.  479 

-0.  73605 

46815 

712218 

0.529 

-0.  63676 

68471 

238377 

0.579 

-0.  54645 

28014 

091418 

0.  480 

-0.  73396 

91750 

802004 

0.530 

-0.  63487 

82724 

359695 

0.580 

-0.  54472 

71754 

416720 

0.  481 

-0.  73188 

80088 

763759 

0.531 

-0.  63299 

32577 

401982 

0.  581 

-0.  54300 

45221 

302258 

0.  482 

-0.  72981 

11649 

315367 

0.532 

-0.  63111 

17896 

404927 

0.582 

-0.  54128 

48312 

506992 

0.  483 

-0.  72773 

86253 

295644 

0.533 

-0.  62923 

38548 

162925 

0.583 

-0.  53956 

80926 

316447 

0.  484 

-0.  72567 

03722 

655053 

0.534 

-0.  62735 

94400 

219422 

0.584 

-0.  53785 

42961 

539100 

0.  485 

-0.  72360 

63880 

446539 

0.535 

-0.  62548 

85320 

861305 

0.585 

-0.  53614 

34317 

502806 

0.  486 

-0.  72154 

66550 

816433 

0.536 

-0.  62362 

11179 

113351 

0.586 

-0.  53443 

54894 

051244 

0.  487 

-0.  71949 

11558 

995473 

0.537 

-0.  62175 

71844 

732724 

0.587 

-0.  53273 

04591 

540406 

0.  488 

-0.  71743 

98731 

289899 

0.538 

-0.  61989 

67188 

203526 

0.588 

-0.  53102 

83310 

835101 

0.  489 

-0.  71539 

27895 

072650 

0.539 

-0. 61803 

97080 

731399 

0.589 

-0.  52932 

90953 

305503 

0.490 

-0.71334 

98878 

774648 

0.  540 

-0.  61618 

61394 

238170 

0.590 

-0.  52763 

27420 

823719 

0.  491 

-0.  71131 

11511 

876165 

0.  541 

-0.  61433 

60001 

356555 

0.591 

-0.  52593 

.92615 

760389 

0.  492 

-0.  70927 

65624 

898289 

0.542 

-0.  61248 

92775 

424908 

0.592 

-0.  52424 

86440 

981314 

0.  493 

-0.  70724 

61049 

394469 

0.543 

-0.  61064 

59590 

482016 

0.593 

-0.  52256 

08799 

844116 

0.  494 

-0.  70521 

97617 

942145 

0.  544 

-0.  60880 

60321 

261944 

0.594 

-0.  52087 

59596 

194921 

0.  495 

-0.  70319 

75164 

134468 

0.545 

-0.  60696 

94843 

188930 

0.595 

-0.  51919 

38734 

365073 

0.  496 

-0.  70117 

93522 

572096 

0.546 

-0.  60513 

63032 

372320 

0.596 

-0.  51751 

46119 

167873 

0.  497 

-0.  69916 

52528 

855083 

0.547 

-0.  60330 

64765 

601558 

0.597 

-0.  51583 

81655 

895350 

0.  498 

-0.  69715 

52019 

574841 

0.548 

-0.  60147 

99920 

341215 

0.598 

-0.  51416 

45250 

315053 

0.  499 

-0.  69514 

91832 

306184 

0.  549 

-0.  59965 

68374 

726064 

0.599 

-0.  51249 

36808 

666877 

0.  500 

-0.  69314 

71805 

599453 

0.550 

-0.  59783 

70007 

5562Q4 

0.600 

-0.  51082 

56237 

659907 

r(-7)ffi 

L 7 J 

■(-7)5-1 

6 

■ 
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6 
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Table  4.2 


NATURAL  LOGARITHMS 


X 

In  x 

X 

In  x 

X 

In  x 

0.  600 

-0.51082 

56237 

659907 

0.650 

-0.  43078 

29160 

924543 

0.700 

-0.  35667  49439 

387324 

0.  601 

-0.  50916 

03444 

469295 

0.  651 

-0.  42924 

56367 

735678 

0.701 

-0.  35524 

73919 

475470 

0.  602 

-0.  50749 

78336 

733160 

0.  652 

-0.  42771 

07170 

554841 

0.702 

-0.  35382 

18749 

563259 

0.  603 

-0.  50583 

80822 

549516 

0.  653 

-0.  42617 

81497 

057060 

0.703 

-0.  35239 

83871 

714721 

0.  604 

-0.50418 

10810 

473221 

0.654 

-0.  42464 

79275 

249384 

0.704 

-0.  35097 

69228 

240947 

0.  605 

-0.  50252 

68209 

512956 

0.655 

-0.  42312 

00433 

468851 

0.705 

-0.  34955 

74761 

698684 

0.  606 

-0.50087 

52929 

128226 

0.  656 

-0.  42159 

44900 

380480 

0.706 

-0.  34814 

00414 

888950 

0.  607 

-0.  49922 

64879 

226388 

0.  657 

-0.  42007 

12604 

975265 

0.707 

-0.  34672 

46130 

855643 

0.  608 

-0.  49758 

03970 

159700 

0.  658 

-0.  41855 

03476 

568199 

0.708 

-0.  34531 

11852 

884173 

0.  609 

-0.  49593 

70112 

722400 

0.659 

-0.  41703 

17444 

796298 

0.  709 

-0.  34389 

97524 

500096 

0.610 

-0.  49429 

63218 

147801 

0.  660 

-0.  41551 

54439 

616658 

0.  710 

-0.  34249 

03089 

467759 

0.611 

-0.  49265 

83198 

105417 

0.  661 

-0. 41400 

14391 

304508 

0.711 

-0.  34108 

28491 

788962 

0.  612 

-0.  49102 

29964 

698110 

0.662 

-0.  41248 

97230 

451288 

0.712 

-0.  33967 

73675 

701613 

0.613 

-0.  48939 

03430 

459257 

0.  663 

-0.41098 

02887 

962745 

0.713 

-0.  33827 

38585 

678411 

0.614 

-0.48776 

03508 

349946 

0.  664 

-0. 40947 

31295 

057032 

0.714 

-0.  33687 

23166 

425527 

0.  615 

-0.  48613 

30111 

756192 

0.665 

-0.  40796 

82383 

262829 

0.715 

-0.  33547 

27362 

881294 

0.  616 

-0.  48450 

83154 

486173 

0.  666 

-0.  40646 

56084 

417479 

0.716 

-0.  33407  51120 

214914 

0.  617 

-0.  48288 

62550 

767492 

0.667 

-0.  40496 

52330 

665133 

0.717 

-0.  33267 

94383 

825167 

0.618 

-0.48126 

68215 

244463 

0.  668 

-0.  40346 

71054 

454913 

0.718 

-0.  33128 

57099 

339129 

0.  619 

-0.  47965 

00062 

975409 

0.669 

-0.  40197 

12188 

539086 

0.719 

-0.  32989 

39212 

610904 

0.  620 

-0.47803 

58009 

429998 

0.670 

-0.40047 

75665 

971253 

0.720 

-0.  32850 

40669 

720361 

0.  621 

-0.  47642 

41970 

486583 

0.  671 

-0.  39898 

61420 

104553 

0.721 

-0.  32711 

61416 

971880 

0.  622 

-0.  47481 

51862 

429576 

0.  672 

-0.  39749 

69384 

589875 

0.722 

-0.  32573 

01400 

893108 

0.  623 

-0.47320 

87601 

946839 

0.  673 

-0.  39600 

99493 

374092 

0.723 

-0.  32434 

60568 

233724 

0.  624 

-0.47160 

49106 

127094 

0.674 

-0.  39452 

51680 

698300 

0.724 

-0.  32296 

38865 

964207 

0.  625 

-0.47000 

36292 

457356 

0.  675 

-0.  39304 

25881 

096072 

0.725 

-0.  32158 

36241 

274623 

0.  626 

-0.  46840 

49078 

820385 

0.  676 

-0.  39156 

22029 

391730 

0.726 

-0.  32020 

52641 

573410 

0.  627 

-0.  46680 

87383 

492164 

0.  677 

-0.  39008 

40060 

698621 

0.727 

-0.  31882 

88014 

486177 

0.  628 

-0.46521 

51125 

139384 

0.  678 

-0.  38860 

79910 

417415 

0.728 

-0.  31745 

42307 

854511 

0.  629 

-0. 46362 

40222 

816965 

0.  679 

-0.  38713 

41514 

234409 

0.729 

-0.  31608 

15469 

734789 

0.630 

-0.  46203 

54595 

965587 

0.  680 

-0.  38566 

24808 

119847 

0.730 

-0.  31471 

07448 

397002 

0.  631 

-0.  46044 

94164 

409239 

0.  681 

-0.  38419 

29728 

326247 

0.731 

-0.  31334 

18192 

323585 

0.  632 

-0.  45886 

58848 

352796 

0.  682 

-0.  38272 

56211 

386750 

0.732 

-0.  31197 

47650 

208255 

0.  633 

-0.  45728 

48568 

379609 

0.  683 

-0.38126 

04194 

113470 

0.733 

-0.  31060 

95770 

954856 

0.  634 

-0.  45570 

63245 

449111 

0.  684 

-0.  37979 

73613 

595866 

0.734 

-0.  30924 

62503 

676215 

0.  635 

-0.  45413 

02800 

894454 

0.685 

-0.  37833 

64407 

199118 

0.735 

-0.  30788 

47797 

693004 

0.  636 

-0.45255 

67156 

420149 

0.  686 

-0.  37687 

76512 

562518 

0.736 

-0.  30652 

51602 

532608 

0.637 

-0. 45098 

56234 

099737 

0.  687 

-0.  37542 

09867 

597877 

0.737 

-0.  30516 

73867 

928004 

0.  638 

-0.  44941 

69956 

373472 

0.  688 

-0.  37396 

64410 

487934 

0.738 

-0.  30381 

14543 

816646 

0.  639 

-0. 44785 

08246 

046022 

0.  689 

-0.  37251 

40079 

684785 

0.739 

-0.  30245 

73580 

339353 

0.  640 

-0.  44628 

71026 

284195 

0.  690 

-0.  37106 

36813 

908320 

0.740 

-0.  30110 

50927 

839216 

0.  641 

-0.  44472 

58220 

614670 

0.691 

-0.  36961 

54552 

144672 

0.  741 

-0.29975 

46536 

860502 

0.  642 

-0.  44316 

69752 

921759 

0.  692 

-0.36816 

93233 

644675 

0.742 

-0.  29840 

60358 

147566 

0.  643 

-0. 44161 

05547 

445177 

0.  693 

-0.  36672 

52797 

922338 

0.743 

-0.  29705 

92342 

643779 

0.  644 

-0.  44005 

65528 

777834 

0.  694 

-0.  36528 

33184 

753326 

0.  744 

-0.  29571 

42441 

490452 

0.  645 

-0. 43850 

49621 

863646 

0.695 

-0.  36384 

34334 

173449 

0.745 

-0.  29437 

10606 

025775 

0.  646 

-0.  43695 

57751 

995352 

0.  696 

-0.  36240 

56186 

477174 

0.746 

-0.29302 

96787 

783762 

0.  647 

-0.43540 

89844 

812365 

0.  697 

-0.  36096 

98682 

216132 

0.747 

-0.  29169 

00938 

493197 

0.  648 

-0.  43386 

45826 

298624 

0.  698 

-0.  35953 

61762 

197646 

0.748 

-0.  29035 

23010 

076598 

0.  649 

-0.  43232 

25622 

780471 

0.  699 

-0.  35810 

45367 

483268 

0.  749 

-0.  28901 

62954 

649176 

0.  650 

-0,  43078 

29160 

924543 

0.  700 

-0.  35667 

49439 

387324 

0.  750 

-0.  28768 

20724 

517809 
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Table  4.2 


X 

In  x 

X 

In  x 

X 

In  x 

0.  750 

-0.28768 

20724 

517809 

0.  800 

-0.  22314 

35513 

142098 

0.  850 

-0.  16251 

89294 

977749 

0.751 

-0.  28634 

96272 

180023 

0.801 

-0.22189 

43319 

137778 

0.  851 

-0. 16134 

31504 

087629 

0.752 

-0.28501 

89550 

322973 

0.802 

-0.  22064 

66711 

156226 

0.852 

-0.16016 

87521 

528213 

0.753 

-0.28369 

00511 

822435 

0.  803 

-0.21940 

05650 

353754 

0.853 

-0. 15899 

57314 

904579 

0.  754 

-0.28236 

29109 

741810 

0.804 

-0.21815 

60098 

031707 

0.854 

-0.  15782 

40851 

935672 

0.755 

-0.28103 

75297 

331123 

0.805 

-0.21691 

30015 

635737 

0.855 

-0.  15665 

38100 

453768 

0.756 

-0.  27971 

39028 

026041 

0.806 

-0.  21567 

15364 

755088 

0.856 

-0.  15548 

49028 

403950 

0.  757 

-0.27839 

20255 

446883 

0.  807 

-0.21443 

16107 

121883 

0.857 

-0.  15431 

73603 

843573 

0.  758 

-0.27707 

18933 

397654 

0.808 

-0.21319 

32204 

610417 

0.858 

-0. 15315 

11794 

941748 

0.759 

-0.  27575 

35015 

865071 

0.809 

-0.21195 

63619 

236454 

0.859 

-0. 15198 

63569 

978817 

0.760 

-0.  27443 

68457 

017603 

0.810 

-0.21072 

10313 

156526 

0.860 

-0.  15082 

28897 

345836 

0.761 

-0.27312 

19211 

204512 

0.811 

-0.  20948 

72248 

667241 

0.861 

-0. 14966 

07745 

544063 

0.762 

-0.27180 

87232 

954908 

0.812 

-0.  20825 

49388 

204591 

0.862 

-0.  14850 

00083 

184440 

0.763 

-0.27049 

72476 

976800 

0.813 

-0.20702 

41694 

343265 

0.863 

-0.  14734 

05878 

987091 

0.764 

-0.  26918 

74898 

156166 

0.814 

-0.20579 

49129 

795968 

0.864 

-0. 14618 

25101 

780814 

0.765 

-0.26787 

94451 

556012 

0.815 

-0.  20456 

71657 

412743 

0.865 

-0.  14502 

57720 

502577 

0.766 

-0.26657 

31092 

415458 

0.816 

-0.20334 

09240 

180300 

0.866 

-0. 14387 

03704 

197019 

0.767 

-0.26526 

84776 

148809 

0.817 

-0.20211 

61841 

221342 

0.867 

-0.  14271 

63022 

015952 

0.768 

-0.26396 

55458 

344649 

0.818 

-0.20089 

29423 

793900 

0.868 

-0. 14156 

35643 

217869 

0.769 

-0.26266 

43094 

764931 

0.  819 

-0.  19967 

11951 

290676 

0.869 

-0.  14041 

21537 

167450 

0.770 

-0.26136 

47641 

344075 

0.820 

-0. 19845 

09387 

238383 

0.870 

-0.  13926 

20673 

335076 

0.  771 

-0.26006 

69054 

188076 

0.  821 

-0.  19723 

21695 

297088 

0.871 

-0.13811 

33021 

296343 

0.  772 

-0.25877 

07289 

573609 

0.  822 

-0.19601 

48839 

259571 

0.872 

-0.  13696 

58550 

731574 

0.  773 

-0.25747 

62303 

947151 

0.823 

-0.  19479 

90783 

050672 

0.  873 

-0.  13581 

97231 

425348 

0.  774 

-0.25618 

34053 

924099 

0.  824 

-0.  19358 

47490 

726654 

0.874 

-0.  13467 

49033 

266016 

0.775 

-0.25489 

22496 

287901 

0.  825 

-0.19237 

18926 

474561 

0.  875 

-0.  13353 

13926 

245226 

0.776 

-0.  25360 

27587 

989183 

0.  826 

-0.19116 

05054 

611590 

0.876 

-0.  13238 

91880 

457456 

0.  Ill 

-0.  25231 

49286 

144896 

0.  827 

-0.18995 

05839 

584457 

0.877 

-0. 13124 

82866 

099540 

0.778 

-0.25102 

87548 

037454 

0.  828 

-0.  18874 

21245 

968774 

0.878 

-0. 13010 

86853 

470204 

0.779 

-0.  24974 

42331 

113888 

0.  829 

-0.  18753 

51238 

468421 

0.879 

-0.  12897 

03812 

969601 

0.780 

-0.  24846 

13592 

984996 

0.830 

-0. 18632 

95781 

914934 

0.880 

-0. 12783 

33715 

098849 

0.781 

-0.24718 

01291 

424511 

0.  831 

-0.18512 

54841 

266889 

0.881 

-0.  12669 

76530 

459575 

0.782 

-0.24590 

05384 

368260 

0.832 

-0.  18392 

28381 

609285 

0.882 

-0.  12556 

32229 

753457 

0.783 

-0.  24462 

25829 

913340 

0.833 

-0. 18272 

16368 

152944 

0.883 

-0. 12443 

00783 

781770 

0.784 

-0.24334 

62586 

317292 

0.834 

-0.18152 

18766 

233903 

0.884 

-0.  12329 

82163 

444936 

0.785 

-0.24207 

15611 

997286 

0.835 

-0. 18032 

35541 

312816 

0.  885 

-0. 12216 

76339 

742075 

0.786 

-0.  24079 

84865 

529305 

0.  836 

-0. 17912 

66658 

974354 

0.886 

-0. 12103 

83283 

770561 

0.787 

-0.23952 

70305 

647338 

0.837 

-0. 17793 

12084 

926617 

0.887 

-0.11991 

02966 

725576 

0.788 

-0.23825 

71891 

242579 

0.838 

-0.  17673 

71785 

000540 

0.888 

-0.11878 

35359 

899670 

0.789 

-0.23698 

89581 

362628 

0.839 

-0.  17554 

45725 

149309 

0.889 

-0. 11765 

80434 

682325 

0.790 

-0.23572 

23335 

210699 

0.  840 

-0. 17435 

33871 

447778 

0.890 

-0. 11653 

38162 

559515 

0.  791 

-0.  23445 

73112 

144832 

0.  841 

-0. 17316 

36190 

091890 

0.891 

-0. 11541 

08515 

113277 

0.792 

-0.  23319 

38871 

677112 

0.  842 

-0. 17197 

52647 

398103 

0.892 

-0.11428 

91464 

021277 

0.793 

-0.23193 

20573 

472891 

0.  843 

-0. 17078 

83209 

802816 

0.  893 

-0.11316 

86981 

056380 

0.  794 

-0.23067 

18177 

350013 

0.844 

-0.16960 

27843 

861799 

0.  894 

-0. 11204 

95038 

086229 

0.795 

-0.22941 

31643 

278052 

0.  845 

-0.  16841 

86516 

249632 

0.895 

-0. 11093 

15607 

072817 

0.796 

-0.22815 

60931 

377540 

0.  846 

-0. 16723 

59193 

759138 

0.  896 

-0. 10981 

48660 

072066 

0.797 

-0.22690 

06001 

919220 

0.  847 

-0.16605 

45843 

300827 

0.897 

-0. 10869 

94169 

233409 

0.  798 

-0.22564 

66815 

323283 

0.  848 

-0. 16487 

46431 

902340 

0.898 

-0.10758 

52106 

799374 

0.799 

-0.22439 

43332 

158624 

0.  849 

-0.  16369 

60926 

707897 

0.899 

-0.  10647 

22445 

105168 

0.  800 

-0.22314 

35513 

142098 

0.  850 

-0.  16251 

89294 

977749 

0.900 

-0.10536 

05156 

578263 
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X 

In  x 

X 

In  x 

X 

In  x 

0.900 

-0.10536 

05156 

578263 

0.950 

-0.  05129 

32943 

875505 

1.000 

0.  00000 

00000 

000000 

0.  901 

-0.  10425 

00213 

737991 

0.  951 

-0.  05024 

12164 

367467 

1.001 

0.  00099 

95003 

330835 

0.902 

-0. 10314 

07589 

195134 

0.  952 

-0.  04919 

02441 

907717 

1.002 

0.00199 

80026 

626731 

0.903 

-0.  10203 

27255 

651516 

0. 953 

-0.  04814 

03753 

279349 

1.  003 

0.  00299 

55089 

797985 

0.  904 

-0.10092 

59185 

899606 

0.954 

-0.  04709 

16075 

338505 

1.  004 

0.00399 

20212 

695375 

0.905 

-0. 09982 

03352 

822109 

0.955 

-0. 04604 

39385 

014068 

1.005 

0.  00498 

75415 

110391 

0.906 

-0.09871 

59729 

391577 

0.956 

-0.  04499 

73659 

307358 

1.006 

0.  00598 

20716 

775475 

0.907 

-0.  09761 

28288 

670004 

0.957 

-0.  04395 

18875 

291828 

1.  007 

0.  00697 

56137 

364252 

0.908 

-0.  09651 

09003 

808438 

0.  958 

-0.  04290 

75010 

112765 

1.008 

0.  00796 

81696 

491769 

0.  909 

-0.  09541 

01848 

046582 

0.959 

-0.  04186 

42040 

986988 

1.009 

0.00895 

97413 

714719 

0.910 

-0.  09431 

06794 

712413 

0.960 

-0.  04082 

19945 

202551 

1.010 

0.00995 

03308 

531681 

0.911 

-0.  09321 

23817 

221787 

0.961 

-0.  03978 

08700 

118446 

1.011 

0.01093 

99400 

383344 

0.912 

-0.  09211 

52889 

078057 

0.962 

-0.  03874 

08283 

164306 

1.  012 

0.  01192 

85708 

652738 

0.913 

-0.09101 

93983 

871686 

0.963 

-0.  03770 

18671 

840115 

1.013 

0.01291 

62252 

665463 

0.914 

-0.  08992 

47075 

279870 

0.964 

-0.03666 

39843 

715914 

1.014 

0.01390 

29051 

689914 

0.915 

-0.  08883 

12137 

066157 

0.965 

-0.  03562 

71776 

431511 

1.015 

0.  01488 

86124 

937507 

0.916 

-0.08773 

89143 

080068 

0.966 

-0.  03459 

14447 

696191 

1.016 

0.01587 

33491 

562901 

0.917 

-0.  08664 

78067 

256722 

0.967 

-0.  03355 

67835 

288427 

1.017 

0.  01685 

71170 

664229 

0.918 

-0.08555 

78883 

616466 

0.968 

-0.03252 

31917 

055600 

1.018 

0.  01783 

99181 

283310 

0.919 

-0.  08446 

91566 

264500 

0.969 

-0. 03149 

06670 

913708 

1.019 

0.  01882 

17542 

405878 

0.  920 

-0.  08338 

16089 

390511 

0.  970 

-0.  03045 

92074 

847085 

1.020 

0.  01980 

26272 

961797 

0.  921 

-0. 08229 

52427 

268302 

0.  971 

-0.  02942 

88106 

908121 

1.021 

0.02078 

25391 

825285 

0.  922 

-0.08121 

00554 

255432 

0.  972 

-0.  02839 

94745 

216980 

1.022 

0.  02176 

14917 

815127 

0.  923 

-0.  08012 

60444 

792849 

0.973 

-0.  02737 

11967 

961320 

1.  023 

0.  02273 

94869 

694894 

0.924 

-0.  07904 

32073 

404529 

0.  974 

-0.  02634 

39753 

396020 

1.024 

0.  02371 

65266 

173160 

0.  925 

-0. 07796 

15414 

697119 

0.  975 

-0.  02531 

78079 

842899 

1.025 

0.  02469 

26125 

903715 

0.  926 

-0.  07688 

10443 

359577 

0.  976 

-0.  02429 

26925 

690446 

1.026 

0.  02566 

77467 

485778 

0.  927 

-0.  07580 

17134 

162819 

0.  977 

-0.02326 

86269 

393543 

1.027 

0.  02664 

19309 

464212 

0.  928 

-0.  07472 

35461 

959365 

0.  978 

-0.  02224 

56089 

473197 

1.028 

0.  02761 

51670 

329734 

0.  929 

-0. 07364 

65401 

682985 

0.979 

-0.  02122 

36364 

516267 

1.029 

0.  02858 

74568 

519126 

0.  930 

-0.07257 

06928 

348354 

0.980 

-0.  02020 

27073 

175194 

1.  030 

0.  02955 

88022 

415444 

0.931 

-0.  07149 

60017 

050700 

0.981 

-0.01918 

28194 

167740 

1.031 

0.  03052 

92050 

348229 

0.932 

-0,  07042 

24642 

965459 

0.  982 

-0.  01816 

39706 

276712 

1.  032 

0.  03149 

86670 

593710 

0.  933 

-0.  06935 

00781 

347932 

0.983 

-0.  01714 

61588 

349705 

1.033 

0.  03246 

71901 

375015 

0.  934 

-0.06827 

88407 

532944 

0.984 

-0.01612 

93819 

298836 

1.  034 

0.  03343 

47760 

862374 

0.935 

-0.06720 

87496 

934501 

0.985 

-0.01511 

36378 

100482 

1.  035 

0.  03440 

14267 

173324 

0.936 

-0.  06613 

98025 

045450 

0.986 

-0.  01409 

89243 

795016 

1.036 

0.  03536 

71438 

372913 

0.937 

-0.06507 

19967 

437149 

0.987 

-0.01308 

52395 

486555 

1.  037 

0.  03633 

19292 

473903 

0.  938 

-0.  06400 

53299 

759124 

0.988 

-0.01207 

25812 

342692 

1.038 

0.  03729 

57847 

436969 

0.939 

-0.  06293 

97997 

738741 

0.  989 

-0.01106 

09473 

594249 

1.039 

0.  03825 

87121 

170903 

0.  940 

-0.  06187 

54037 

180875 

0.990 

-0.  01005 

03358 

535014 

1.  040 

0.03922 

07131 

532813 

0.941 

-0.  06081 

21393 

967574 

0.991 

-0.00904 

07446 

521491 

1.  041 

0.  04018 

17896 

328318 

0. 942 

-0.  05975 

00044 

057740 

0.992 

-0.  00803 

21716 

972643 

1.042 

0.  04114 

19433 

311752 

0. 943 

-0.  05868 

89963 

486796 

0. 993 

-0.  00702 

46149 

369645 

1.  043 

0.04210 

11760 

186354 

0. 944 

-0.  05762 

91128 

366364 

0.  994 

-0.00601 

80723 

255630 

1.044 

0.  04305 

94894 

604470 

0.945 

-0.  05657 

03514 

883943 

0.995 

-0.00501 

25418 

235443 

1.  045 

0.  04401 

68854 

167743 

0.946 

-0.  05551 

27099 

302588 

0.  996 

-0.  00400 

80213 

975388 

1.  046 

0.  04497 

33656 

427312 

0.947 

-0.  05445 

61857 

960588 

0.997 

-0.  00300 

45090 

202987 

1.047 

0.  04592 

89318 

883998 

0. 948 

-0.  05340 

07767 

271152 

0.998 

-0.  00200 

20026 

706731 

1.  048 

0.  04688 

35858 

988504 

0.949 

-0.05234 

64803 

722092 

0.  999 

-0.00100 

05003 

335835 

1.049 

0.  04783 

73294 

141601 

0.950 

-0.05129 

32943 

875505 

1.000 

0.00000 

00000 

000000 

1.050 

0.  04879 

01641 

694320 

[(T] 

'(-7)11 

6 J 

[ 

:t] 
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NATURAL  LOGARITHMS 


X 

In  x 

X 

In  x 

X 

1.  050 

0.  04879 

01641 

694320 

1.100 

0.  09531 

01798 

043249 

1.150 

1.  051 

0.  04974 

20918 

948141 

1.101 

0.  09621 

88577 

405429 

1.151 

1.  052 

0.  05069 

31143 

155181 

1.102 

0.  09712 

67107 

307227 

1.152 

1.  053 

0.  05164 

32331 

518384 

1.103 

0.  09803 

37402 

713654 

1.153 

1.  054 

0.  05259 

24501 

191706 

1.104 

0.  09893 

99478 

549036 

1.154 

1.  055 

0.05354 

07669 

280298 

1.105 

0.  09984 

53349 

697161 

1.155 

1.  056 

0.  05448 

81852 

840697 

1.106 

0. 10074 

99031 

001431 

1.156 

1.057 

0.  05543 

47068 

881006 

1.107 

0.10165 

36537 

264998 

1.157 

1.  058 

0.  05638 

03334 

361076 

1.108 

0. 10255 

65883 

250921 

1.158 

1.  059 

0.05732 

50666 

192694 

1.109 

0.10345 

87083 

682300 

1.159 

1.  060 

0.  05826 

89081 

239758 

1. 110 

0. 10436 

00153 

242428 

1.160 

1.  061 

0.05921 

18596 

318461 

1.111 

0. 10526 

05106 

574929 

1.161 

1.  062 

0.  06015 

39228 

197471 

1.112 

0. 10616 

01958 

283906 

1.162 

1.  063 

0.  06109 

50993 

598109 

1.113 

0.  10705 

90722 

934078 

1.163 

1.  064 

0.  06203 

53909 

194526 

1.114 

0. 10795 

71415 

050923 

1.164 

1.  065 

0.06297 

47991 

613884 

1.115 

0. 10885 

44049 

120821 

1.165 

1.066 

0.06391 

33257 

436528 

1.116 

0. 10975 

08639 

591192 

1.166 

1.  067 

0.  06485 

09723 

196163 

1.117 

0.11064 

65200 

870637 

1.167 

1.  068 

0.  06578 

77405 

380031 

1.118 

0. 11154 

13747 

329074 

1.168 

1.069 

0.  06672 

36320 

429082 

1.119 

0. 11243 

54293 

297882 

1.169 

1.  070 

0.  06765 

86484 

738148 

1. 120 

0. 11332 

86853 

070032 

1.170 

1.  071 

0.  06859 

27914 

656117 

1. 121 

0. 11422 

11440 

900229 

1.171 

1.  072 

0.  06952 

60626 

486102 

1.122 

0.11511 

28071 

005046 

1.172 

1.  073 

0.  07045 

84636 

485614 

1.123 

0. 11600 

36757 

563061 

1.173 

1.  074 

0.07138 

99960 

866729 

1.124 

0. 11689 

37514 

714993 

1.174 

1.  075 

0.  07232 

06615 

796261 

1.125 

0.11778 

30356 

563835 

1.175 

1.  076 

0.  07325 

04617 

395927 

1.126 

0. 11867 

15297 

174986 

1.176 

1.  077 

0.  07417 

93981 

742515 

1.127 

0.11955 

92350 

576392 

1.177 

1.  078 

0.07510 

74724 

868054 

1.128 

0. 12044 

61530 

758672 

1.178 

1.079 

0.  07603 

46862 

759976 

1.129 

0. 12133 

22851 

675250 

1. 179 

1.  080 

0.07696 

10411 

361283 

1.130 

0.  12221 

76327 

242492 

1.180 

1.  081 

0. 07788 

65386 

570712 

1.131 

0. 12310 

21971 

339834 

1.181 

1.  082 

0.  07881 

11804 

242898 

1.132 

0. 12398 

59797 

809912 

1.182 

1.  083 

0.  07973 

49680 

188536 

1.133 

0. 12486 

89820 

458693 

1.183 

1.  084 

0.  08065 

79030 

174545 

1.134 

0. 12575 

12053 

055603 

1.184 

1.  085 

0.08157 

99869 

924229 

1.135 

0. 12663 

26509 

333660 

1.185 

1.  086 

0.08250 

12215 

117437 

1. 136 

0.  12751 

33202 

989596 

1.186 

1.  087 

0.08342 

16081 

390724 

1. 137 

0. 12839 

32147 

683990 

1.187 

1.  088 

0.  08434 

11484 

337509 

1.138 

0. 12927 

23357 

041392 

1.188 

1.  089 

0.  08525 

98439 

508234 

1.139 

0. 13015 

06844 

650451 

1.189 

1.  090 

0.  08617 

76962 

410523 

1. 140 

0. 13102 

82624 

064041 

1. 190 

1.  091 

0. 08709 

47068 

509338 

1. 141 

0. 13190 

50708 

799386 

1. 191 

1.  092 

0.  08801 

08773 

227133 

1. 142 

0. 13278 

11112 

338185 

1.192 

1.  093 

0. 08892 

62091 

944015 

1. 143 

0. 13365 

63848 

126736 

1. 193 

1.  094 

0.  08984 

07039 

997895 

1.144 

0. 13453 

08929 

576062 

1. 194 

1.  095 

0.  09075 

43632 

684641 

1. 145 

0. 13540 

46370 

062030 

1.195 

1.  096 

0.  09166 

71885 

258238 

1. 146 

0. 13627 

76182 

925478 

1.196 

1.  097 

0.  09257 

91812 

930932 

1. 147 

0. 13714 

98381 

472336 

1.197 

1.  098 

0. 09349 

03430 

873389 

1.148 

0. 13802 

12978 

973747 

1. 198 

1.  099 

0.  09440 

06754 

214843 

1.149 

0. 13889 

19988 

666186 

1.199 

1.100 

0.  09531 

01798 

043249 

1.150 

0. 13976 

19423 

751587 

1.200 

L 6 J L 6 J 
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Table  4.2 


In  x 

0.13976  19423  751587 
0.14063  11297  397456 
0.14149  95622  736995 
0.14236  72412  869220 
0.14323  41680  859078 

0.14410  03439  737569 
0.14496  57702  501857 
0.14583  04482  115395 
0.14669  43791  508035 
0.14755  75643  576147 

0.14842  00051  182733 
0.14928  17027  157544 
0.15014  26584  297195 
0.  15100  28735  365274 
0.15186  23493  092461 

0.15272  10870  176639 
0.15357  90879  283006 
0.15443  63533  044189 
0.15529  28844  060353 
0.15614  86824  899314 

0.15700  37488  096648 
0.15785  80846  155803 
0.15871  16911  548209 
0. 15956  45696  713384 
0.16041  67214  059047 

0.16126  81475  961223 
0.16211  88494  764352 
0.16296  88282  781397 
0.16381  80852  293950 
0.16466  66215  552339 

0.16551  44384  775734 
0.16636  15372  152253 
0.16720  79189  839065 
0.16805  35849  962497 
0.16889  85364  618139 

0.16974  27745  870945 
0.17058  63005  755337 
0.17142  91156  275310 
0.17227  12209  404532 
0.17311  26177  086448 

0.17395  33071  234380 
0.17479  32903  731631 
0. 17563  25686  431580 
0.17647  11431  157791 
0.17730  90149  704103 

0.17814  61853  834740 
0. 17898  26555  284400 
0.17981  84265  758361 
0.18065  34996  932576 
0.18148  78760  453772 

0.18232  15567  939546 

m 
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Table  4.2  NATURAL  LOGARITHMS 


X 

In  x 

X 

In  x 

X 

In  x 

1.200 

0.  18232 

15567 

939546 

1.250 

0.22314 

35513 

142098 

1.  300 

0.  26236 

42644 

674911 

1.201 

0.18315 

45430 

978465 

1.251 

0.22394 

32314 

847741 

1.301 

0.26313 

31995 

303682 

1.202 

0.  18398 

68361 

130158 

1.252 

0.  22474 

22726 

779068 

1.302 

0.  26390 

15437 

863775 

1.203 

0.18481 

84369 

925418 

1.253 

0.  22554 

06759 

139312 

1.303 

0.26466 

92981 

427081 

1.204 

0. 18564 

93468 

866293 

1.254 

0.  22633 

84422 

107290 

1.  304 

0.  26543 

64635 

044612 

1.205 

0. 18647 

95669 

426183 

1.255 

0.  22713 

55725 

837472 

1.305 

0.  26620 

30407 

746567 

1.206 

0.  18730 

90983 

049937 

1.256 

0.  22793 

20680 

460069 

1.  306 

0.  26696 

90308 

542393 

1.207 

0. 18813 

79421 

153944 

1.  257 

0.  22872 

79296 

081104 

1.307 

0.26773 

44346 

420849 

1.208 

0.18896 

60995 

126232 

1.258 

0.22952 

31582 

782488 

1.308 

0.  26849 

92530 

350070 

1.209 

0.  18979 

35716 

326556 

1.259 

0.  23031 

77550 

622101 

1.  309 

0.  26926 

34869 

277629 

1.210 

0.19062 

03596 

086497 

1.260 

0.23111 

17209 

633866 

1.310 

0.27002 

71372 

130602 

1.211 

0. 19144 

64645 

709552 

1.261 

0.  23190 

50569 

827825 

1.311 

0.  27079 

02047 

815628 

1.212 

0.  19227 

18876 

471227 

1.262 

0.23269 

77641 

190214 

1.312 

0.  27155 

26905 

218973 

1.213 

0.  19309 

66299 

619131 

1.263 

0.  23348 

98433 

683541 

1.313 

0.  27231 

45953 

206591 

1.  214 

0.  19392 

06926 

373065 

1.264 

0.  23428 

12957 

246657 

1.  314 

0.  27307 

59200 

624188 

1.215 

0.  19474 

40767 

925118 

1.265 

0.23507 

21221 

794836 

1.315 

0.  27383 

66656 

297279 

1.216 

0.  19556 

67835 

439753 

1.266 

0.  23586 

23237 

219844 

1.316 

0.  27459 

68329 

031255 

1.217 

0.19638 

88140 

053901 

1.267 

0.  23665 

19013 

390020 

1.  317 

0.  27535 

64227 

611440 

1.218 

0.  19721 

01692 

877053 

1.268 

0.  23744 

08560 

150342 

1.  318 

0.27611 

54360 

803155 

1.219 

0.  19803 

08504 

991345 

1.269 

0.  23822 

91887 

322506 

1.  319 

0.  27687 

38737 

351775 

1.220 

0.19885 

08587 

451652 

1.270 

0.23901 

69004 

704999 

1.320 

0.  27763 

17365 

982795 

1.221 

0.  19967 

01951 

285676 

1.271 

0.  23980 

39922 

073170 

1.  321 

0.  27838 

90255 

401883 

1.222 

0.20048 

88607 

494036 

1.272 

0. 24059 

04649 

179304 

1.322 

0.  27914 

57414 

294945 

1.223 

0.20130 

68567 

050353 

1.273 

0,  24137 

63195 

752695 

1.323 

0.  27990 

18851 

328186 

1.224 

0.20212 

41840 

901343 

1.  274 

0.24216 

15571 

499716 

1.324 

0.  28065 

74575 

148165 

1.225 

0.  20294 

08439 

966903 

1.275 

0.  24294 

61786 

103895 

1.325 

0.28141 

24594 

381855 

1.226 

0.20375 

68375 

140197 

1.276 

0.  24373 

01849 

225981 

1.  326 

0.28216 

68917 

636708 

1.  227 

0.20457 

21657 

287744 

1.277 

0.  24451 

35770 

504022 

1.  327 

0.  28292 

07553 

500705 

1.228 

0.20538 

68297 

249507 

1.278 

0.24529 

63559 

553431 

1.328 

0.  28367 

40510 

542421 

1.229 

0.20620 

08305 

838978 

1.279 

0.  24607 

85225 

967056 

1.329 

0.  28442 

67797 

311083 

1.230 

0.20701 

41693 

843261 

1.280 

0.  24686 

00779 

315258 

1.330 

0.28517 

89422 

336624 

1.231 

0.20782 

68472 

023165 

1.281 

0.  24764 

10229 

145972 

1.331 

0.  28593 

05394 

129746 

1.232 

0.20863 

88651 

113280 

1.282 

0.  24842 

13584 

984783 

1.332 

0.  28668 

15721 

181974 

1.233 

0.20945 

02241 

822072 

1.283 

0.  24920 

10856 

334994 

1.333 

0.  28743 

20411 

965716 

1.234 

0.21026 

09254 

831961 

1.284 

0.  24998 

02052 

677694 

1.  334 

0.  28818 

19474 

934320 

1.235 

0.21107 

09700 

799405 

1.285 

0.25075 

87183 

471831 

1.  335 

0.28893 

12918 

522129 

1.236 

0.21188 

03590 

354990 

1.  286 

0.  25153 

66258 

154276 

1.  336 

0.  28968 

00751 

144540 

1.237 

0.21268 

90934 

103508 

1.287 

0.  25231 

39286 

139896 

1.  337 

0.  29042 

82981 

198061 

1.238 

0.  21349 

71742 

624044 

1.288 

0.  25309 

06276 

821619 

1.  338 

0.29117 

59617 

060367 

1.239 

0.21430 

46026 

470054 

1.289 

0.  25386 

67239 

570503 

1.  339 

0.  29192 

30667 

090355 

1.  240 

0.21511 

13796 

169455 

1.290 

0. 25464 

22183 

735807 

1.340 

0.  29266 

96139 

628200 

1.241 

0.21591 

75062 

224702 

1.  291 

0.25541 

71118 

645054 

1.341 

0.29341 

56042 

995415 

1.242 

0.21672 

29835 

112870 

1.  292 

0.  25619 

14053 

604101 

1.342 

0.29416 

10385 

494901 

1.243 

0.21752 

78125 

285741 

1.293 

0.25696 

50997 

897204 

1.  343 

0.  29490 

59175 

411005 

1.244 

0.21833 

19943 

169877 

1.294 

0.25773 

81960 

787088 

1.344 

0.  29565 

02421 

009578 

1.  245 

0.21913  55299 

166709 

1.  295 

0.  25851 

06951 

515011 

1.  345 

0.  29639 

40130 

538024 

1.  246 

0.21993 

84203 

652614 

1.296 

0.  25928 

25979 

300830 

1.  346 

0.29713 

72312 

225361 

1.247 

0.22074 

06666 

978994 

1.  297 

0.  26005 

39053 

343068 

1.  347 

0.  29787 

98974 

282269 

1.  248 

0.22154 

22699 

472359 

1.298 

0.  26082 

46182 

818983 

1.  348 

0.  29862 

20124 

901153 

1.  249 

0.22234 

32311 

434406 

1.299 

0.  26159 

47376 

884625 

1.  349 

0.  29936 

35772 

256188 

1.250 

0.22314 

35513 

142098 

1.  300 

0.26236 

42644 

674911 

1.350 

0.  30010 

45924 

503381 

[(-8)  9]  [(-|)8j  |>8)7- 
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X 

In  x 

X 

In  x 

X 

In  x 

1.  350 

0.  30010 

45924 

503381 

1.  400 

0. 33647 

22366 

212129 

1.450 

0.  37156 

35564 

324830 

1.  351 

0.  30084 

50589 

780618 

1.  401 

0. 33718 

62673 

548700 

1.451 

0.  37225 

29739 

020508 

1.  352 

0.  30158 

49776 

207723 

1.  402 

0.  33789 

97886 

123983 

1.452 

0.  37294 

19164 

026043 

1.  353 

0.  30232 

43491 

886510 

1.  403 

0.  33861 

28011 

203239 

1.  453 

0.  37363 

03845 

881459 

1.  354 

0.  30306 

31744 

900833 

1.  404 

0.  33932 

53056 

036194 

1. 454 

0.  37431 

83791 

113276 

1.  355 

0.  30380 

14543 

316642 

1.405 

0.  34003 

73027 

857091 

1.  455 

0.  37500 

59006 

234558 

1.  356 

0.  30453 

91895 

182038 

1.  406 

0.  34074 

87933 

884732 

1. 456 

0.  37569 

29497 

744942 

1.  357 

0.  30527 

63808 

527321 

1.  407 

0.  34145 

97781 

322520 

1.457 

0.  37637 

95272 

130678 

1.  358 

0.  30601 

30291 

365044 

1. 408 

0.  34217 

02577 

358507 

1.458 

0. 37706 

56335 

864664 

1.  359 

0.  30674 

91351 

690067 

1.409 

0. 34288 

02329 

165432 

1.  459 

0.  37775 

12695 

406486 

1.360 

0.  30748 

46997 

479606 

1.  410 

0.  34358 

97043 

900769 

1.460 

0.  37843 

64357 

202451 

1.  361 

0.  30821 

97236 

693290 

1.411 

0.  34429 

86728 

706770 

1.461 

0. 37912 

11327 

685624 

1.  362 

0.  30895 

42077 

273206 

1.  412 

0.  34500 

71390 

710503 

1.462 

0.  37980 

53613 

275868 

1.363 

0.  30968 

81527 

143956 

1.413 

0.  34571 

51037 

023904 

1.463 

0.  38048 

91220 

379873 

1.364 

0.  31042 

15594 

212704 

1.  414 

0.  34642 

25674 

743810 

1.464 

0.  38117 

24155 

391198 

1.365 

0.31115 

44286 

369231 

1. 415 

0.  34712 

95310 

952009 

1.  465 

0.  38185 

52424 

690306 

1.366 

0.  31188 

67611 

485983 

1. 416 

0.  34783 

59952 

715280 

1.466 

0.  38253 

76034 

644597 

1.  367 

0.  31261 

85577 

418125 

1.  417 

0.  34854 

19607 

085434 

1.467 

0.  38321 

94991 

608447 

1.368 

0.  31334 

98192 

003587 

1.  418 

0.  34924 

74281 

099358 

1.  468 

0.  38390 

09301 

923238 

1.  369 

0.  31408 

05463 

063118 

1.419 

0.  34995 

23981 

779056 

1.469 

0.  38458 

18971 

917403 

1.  370 

0.  31481 

07398 

400335 

1.  420 

0.  35065 

68716 

131694 

1.470 

0.  38526 

24007 

906449 

1.  371 

0.  31554 

04005 

801773 

1.  421 

0.  35136 

08491 

149636 

1.  471 

0.  38594 

24416 

193005 

1.  372 

0.  31626 

95293 

036935 

1. 422 

0.  35206 

43313 

810491 

1.472 

0.  38662 

20203 

066845 

1.373 

0.  31699 

81267 

858340 

1.  423 

0.  35276 

73191 

077153 

1.473 

0.  38730 

11374 

804932 

1.  374 

0.  31772 

61938 

001576 

1.  424 

0.  35346 

98129 

897840 

1.474 

0.  38797 

97937 

671449 

1.375 

0.  31845 

37311 

185346 

1.  425 

0.  35417 

18137 

206138 

1.  475 

0.  38865 

79897 

917831 

1.376 

0.  31918 

07395 

111519 

1. 426 

0.  35487 

33219 

921042 

1. 476 

0. 38933 

57261 

782808 

1.377 

0.  31990 

72197 

465178 

1.  427 

0.  35557 

43384 

946994 

1.477 

0.  39001 

30035 

492427 

1.  378 

0.  32063 

31725 

914668 

1.  428 

0.  35627 

48639 

173926 

1.478 

0.  39068 

98225 

260100 

1.  379 

0.  32135 

85988 

111648 

1.  429 

0.  35697 

48989 

477304 

1.479 

0.  39136 

61837 

286627 

1.  380 

0.32208 

34991 

691133 

1.430 

0.  35767 

44442 

718159 

1.480 

0.  39204 

20877 

760237 

1.  381 

0.  32280 

78744 

271551 

1.  431 

0.  35837 

35005 

743139 

1.  481 

0.  39271 

75352 

856617 

1.  382 

0.  32353 

17253 

454782 

1.432 

0.  35907 

20685 

384539 

1.482 

0.  39339 

25268 

738951 

1.  383 

0.  32425 

50526 

826212 

1.  433 

0.  35977  01488 

460348 

1.  483 

0.  39406 

70631 

557950 

1.  384 

0.  32497 

78571 

954778 

1.  434 

0. 36046 

77421 

774286 

1.484 

0. 39474 

11447 

451887 

1.  385 

0.  32570 

01396 

393018 

1.  435 

0.  36116 

48492 

115844 

1.  485 

0.  39541 

47722 

546629 

1.  386 

0.  32642 

19007  677115 

1.  436 

0.  36186 

14706 

260324 

1.486 

0.  39608 

79462 

955674 

1.387 

0.  32714 

31413 

326945 

1.  437 

0.  36255 

76070 

968879 

1.487 

0.  39676 

06674 

780180 

1.  388 

0.  32786 

38620 

846128 

1.438 

0.  36325 

32592 

988549 

1. 488 

0.  39743 

29364 

109001 

1.  389 

0.  32858 

40637 

722067 

1.439 

0.  36394 

84279 

052308 

1.489 

0.  39810 

47537 

018719 

1.  390 

0.  32930 

37471 

426004 

1.  440 

0. 36464 

31135 

879093 

1.  490 

0. 39877 

61199 

573678 

1.  391 

0.  33002 

29129 

413059 

1.  441 

0.  36533 

73170 

173850 

1. 491 

0.  39944 

70357 

826014 

1.  392 

0.  33074 

15619 

122279 

1. 442 

0.  36603 

10388 

627573 

1.  492 

0.  40011 

75017 

815691 

1.  393 

0.  33145 

96947 

976686 

1.  443 

0.  36672 

42797 

917338 

1.  493 

0. 40078 

75185 

570533 

1.  394 

0.  33217 

73123 

383321 

1.  444 

0.  36741 

70404 

706345 

1.494 

0.  40145 

70867 

106256 

1.  395 

0.  33289 

44152 

733290 

1.  445 

0. 36810 

93215 

643955 

1.495 

0.  40212 

62068 

426497 

1.  396 

0.  33361 

10043 

401807 

1.  446 

0.  36880 

11237 

365729 

1.  496 

0.  40279 

48795 

522855 

1.  397 

0.  33432 

70802 

748248 

1.  447 

0.  36949 

24476 

493468 

1.497 

0.  40346 

31054 

374913 

1.  398 

0.  33504 

26438 

116185 

1.  448 

0.  37018 

32939 

635246 

1. 498 

0.  40413 

08850 

950277 

1.  399 

0.  33575 

76956 

833441 

1.  449 

0. 37087 

36633 

385453 

1.499 

0.  40479 

82191 

204607 

1.  400 

0.  33647 

22366 

212129 

1. 450 

0.  37156 

35564 

324830 

1.500 

0.  40546 

51081 

081644 
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X 

In  x 

X 

In  x 

X 

1.500 

0.  40546 

51081 

081644 

1.550 

0.  43825 

49309 

311553 

1.600 

0. 

1.501 

0.  40613 

15526 

513249 

1.  551 

0.  43889 

98841 

944018 

1.601 

0. 

1.502 

0.  40679 

75533 

419430 

1.552 

0.  43954 

44217 

610270 

1.602 

0. 

1.503 

0.  40746 

31107 

708374 

1.553 

0.  44018 

85441 

665500 

1.603 

0. 

1.504 

0.  40812 

82255 

276481 

1.  554 

0.  44083 

22519 

454557 

1.604 

0. 

1.505 

0.  40879 

28982 

008391 

1.555 

0.  44147 

55456 

311975 

1.605 

0. 

1.506 

0.  40945 

71293 

777018 

1.  556 

0.  44211 

84257 

561999 

1.606 

0. 

1.507 

0. 41012 

09196 

443584 

1.  557 

0.  44276 

08928 

518613 

1.607 

0. 

1.508 

0.  41078 

42695 

857643 

1.558 

0. 44340 

29474 

485565 

1.608 

0. 

1.509 

0.  41144 

71797 

857118 

1.  559 

0.  44404 

45900 

756395 

1.  609 

0. 

1.510 

0.  41210 

96508 

268330 

1.560 

0.  44468 

58212 

614457 

1.610 

0. 

1.511 

0.  41277 

16832 

906025 

1.561 

0.  44532 

66415 

332950 

1.  611 

0. 

1.  512 

0.  41343 

32777 

573413 

1.562 

0.  44596 

70514 

174942 

1.612 

0. 

1.513 

0.  41409 

44348 

062189 

1.563 

0.  44660 

70514 

393396 

1.613 

0. 

1.514 

0.  41475 

51550 

152570 

1.  564 

0.  44724 

66421 

231193 

1.614 

0. 

1.515 

0.  41541 

54389 

613325 

1.565 

0.  44788 

58239 

921165 

1.  615 

0. 

1.516 

0.  41607 

52872 

201799 

1.566 

0. 44852 

45975 

686114 

1.  616 

0. 

1.517 

0.  41673 

47003 

663952 

1.567 

0.  44916 

29633 

738838 

1.  617 

0. 

1.  518 

0.  41739 

36789 

734382 

1.568 

0.  44980 

09219 

282161 

1.  618 

0. 

1.519 

0.  41805 

22236 

136358 

1.569 

0.  45043 

84737 

508955 

1.619 

0. 

1.  520 

0.  41871 

03348 

581850 

1.570 

0.  45107 

56193 

602167 

1.620 

0. 

1.  521 

0.  41936 

80132 

771558 

1.  571 

0.  45171 

23592 

734841 

1.621 

0. 

1.  522 

0.  42002 

52594 

394941 

1.572 

0.  45234 

86940 

070148 

1.  622 

0. 

1.523 

0.  42068 

20739 

130248 

1.  573 

0.  45298 

46240 

761408 

1.  623 

0. 

1.524 

0.  42133 

84572 

644545 

1.574 

0. 45362 

01499 

952115 

1.624 

0. 

1.525 

0.  42199 

44100 

593749 

1.575 

0.  45425 

52722 

775964 

1.  625 

0. 

1.526 

0.  42264 

99328 

622653 

1.  576 

0.  45488 

99914 

356874 

1.626 

0. 

1.  527 

0.  42330 

50262 

364954 

1. 577 

0.  45552 

43079 

809013 

1.627 

0. 

1.528 

0.  42395 

96907 

443287 

1.578 

0.  45615 

82224 

236825 

1.  628 

0. 

1.  529 

0.  42461 

39269 

469252 

1.579 

0.  45679 

17352 

735050 

1.  629 

0. 

1.  530 

0.  42526 

77354 

043441 

1.580 

0.  45742 

48470 

388754 

1.630 

0. 

1.  531 

0.  42592 

1H66 

755467 

1.581 

0.  45805 

75582 

273350 

1.  631 

0. 

1.532 

0.  42657 

40713 

183996 

1.582 

0.  45868 

98693 

454621 

1.632 

0. 

1.533 

0.  42722 

65998 

896771 

1.583 

0.  45932 

17808 

988751 

1.633 

0. 

1.  534 

0.  42787 

87029 

450644 

1.  584 

0. 45995 

32933 

922341 

1.  634 

0. 

1.535 

0.  42853 

03810 

391605 

1.585 

0.  46058 

44073 

292439 

1.635 

0. 

1.536 

0.  42918 

16347 

254804 

1.586 

0.  46121 

51232 

126562 

1.  636 

0. 

1.537 

0.  42983 

24645 

564588 

1.587 

0.  46184 

54415 

442720 

1.  637 

0. 

1.538 

0.  43048 

28710 

834522 

1.588 

0.  46247 

53628 

249440 

1.  638 

0. 

1.  539 

0.  43113 

28548 

567422 

1.589 

0.  46310 

48875 

545789  r 

1.639 

0. 

1.540 

0.  43178 

24164 

255378 

1.  590 

0.  46373 

40162 

321402 

1.  640 

0. 

1.  541 

0.  43243 

15563 

379787 

1.591 

0. 46436 

27493 

556498 

1.641 

0. 

1.  542 

0.  43308 

02751 

411377 

1.592 

0.  46499 

10874 

221913 

1.642 

0. 

1.  543 

0.  43372 

85733 

810238 

1.  593 

0.  46561 

90309 

279115 

1.  643 

0. 

1.  544 

0.  43437 

64516 

025844 

1. 594 

0.  46624 

65803 

680233 

1.  644 

0. 

1.  545 

0.  43502 

39103 

497088 

1.595 

0. 46687 

37362 

368079 

1.  645 

0. 

1.  546 

0. 43567 

09501 

652302 

1.596 

0. 46750 

04990 

276170 

1. 646 

0. 

1.  547 

0.  43631 

75715 

909291 

1.  597 

0. 46812 

68692 

328754 

1.  647 

0. 

1.  548 

0.  43696 

37751 

675354 

1.598 

0.  46875 

28473 

440829 

1.  648 

0. 

1.  549 

0.  43760 

95614 

347316 

1.599 

0.  46937 

84338 

518172 

1.  649 

0. 

1.  550 

0.  43825 

49309 

311553 

1.  600 

0.  47000 

36292 

457356 

1.  650 

0. 

f(-8)6]  [(-8)5] 

L 5 J L 5 J 


In  10=2.30258  50929  940457 


In  x 

47000  36292  457356 
47062  84340  145776 
47125  28486  461675 
47187  68736  274159 
47250  05094  443228 

47312  37565  819792 
47374  66155  245699 
47436  90867  553755 
47499  11707  567746 
47561  28680  102462 

47623  41789  963716 
47685  51041  948373 
47747  56440  844365 
47809  57991  430718 
47871  55698  477571 

47933  49566  746199 
47995  39600  989036 
48057  25805  949698 
48119  08186  362999 
48180  86746  954981 

48242  61492  442927 
48304  32427  535391 
48365  99556  932212 
48427  62885  324542 
48489  22417  394862 

48550  78157  817008 
48612  30111  256188 
48673  78282  369007 
48735  22675  803486 
48796  63296  199081 

48858  00148  186710 
48919  33236  388768 
48980  62565  419153 
49041  88139  883281 
49103  09964  378111 

49164  28043  492167 
49225  42381  805553 
49286  52983  889979 
49347  59854  308777 
49408  62997  616926 

49469  62418  361071 
49530  58121  079538 
49591  50110  302365 
49652  38390  551310 
49713  22966  339882 

49774  03842  173352 
49834  81022  548781 
49895  54511  955033 
49956  24314  872800 
50016  90435  774619 

50077  52879  124892 

[(T] 
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X 

In  x 

X 

In  x 

X 

In  x 

1.  650 

0.  50077 

52879 

124892 

1.  700 

0.  53062 

82510 

621704 

1.  750 

0.  55961 

57879 

354227 

1.  651 

0.  50138 

11649 

379910 

1.701 

0.  53121 

63134 

137247 

1.  751 

0.  56018 

70533 

037148 

1.  652 

0.  50198 

66750 

987863 

1.  702 

0. 53180 

40301 

511824 

1.  752 

0.  56075 

79925 

141997 

1.  653 

0.  50259 

18188 

388871 

1.  703 

0.  53239 

14016 

805512 

1.753 

0.56132 

86059 

390974 

1.  654 

0.  50319 

65966 

014996 

1.704 

0.  53297 

84284 

071240 

1.754 

0.  56189 

88939 

499913 

1.  655 

0.  50380 

10088 

290262 

1.  705 

0.  53356 

51107 

354801 

1.755 

0.  56246 

88569 

178291 

1.  656 

0.  50440 

50559 

630679 

1.  706 

0. 53415 

14490 

694874 

1.756 

0.  56303 

84952 

129249 

1.  657 

0.  50500 

87384 

444259 

1.  707 

0.  53473 

74438 

123036 

1.757 

0.  56360 

78092 

049601 

1.  658 

0.  50561 

20567 

131032 

1.708 

0.  53532 

30953 

663781 

1.  758 

0.  56417 

67992 

629853 

1.  659 

0.  50621 

50112 

083074 

1.  709 

0.  53590 

84041 

334538 

1.759 

0.  56474 

54657 

554211 

1.  660 

0.  50681 

76023 

684519 

1.  710 

0.  53649 

33705 

145685 

1.760 

0.  56531 

38090 

500604 

1.  661 

0.  50741 

98306 

311578 

1.711 

0.  53707 

79949 

100564 

1.761 

0.  56588 

18295 

140691 

1.  662 

0. 50802 

16964 

332564 

1.  712 

0.  53766 

22777 

195504 

1.762 

0.  56644 

95275 

139878 

1.  663 

0.  50862 

32002 

107906 

1.  713 

0. 53824 

62193 

419829 

1.763 

0.  56701 

69034 

157332 

1.  664 

0.  50922 

43423 

990168 

1.714 

0. 53882 

98201 

755880 

1.764 

0.  56758 

39575 

845996 

1.  665 

0.  50982 

51234 

324071 

1.  715 

0.  53941 

30806 

179032 

1.765 

0.  56815 

06903 

852601 

1.  666 

0.  51042 

55437 

446509 

1.  716 

0.  53999 

60010 

657705 

1.766 

0.  56871 

71021 

817683 

1.  667 

0.51102 

56037 

686569 

1*  717 

0.  54057 

85819 

153385 

1.  767 

0.  56928 

31933 

375593 

1.  668 

0.  51162 

53039 

365550 ' 

1.718 

0.  54116 

08235 

620636 

1.  768 

0.  56984 

89642 

154517 

1.  669 

0.  51222 

46446 

796980 

1.719 

0.  54174 

27264 

007122 

1.769 

0.  57041 

44151 

776482 

1.  670 

0.  51282 

36264 

286637 

1.  720 

0.  54232 

42908 

253617 

1.  770 

0.  57097 

95465 

857378 

1.  671 

0.  51342 

22496 

132567 

1.  721 

0.  54290 

55172 

294024 

1.771 

0.  57154 

43588 

006965 

1.  672 

0.  51402 

05146 

625099 

1.  722 

0.  54348 

64060 

055391 

1.772 

0.  57210 

88521 

828892 

1.  673 

0.  51461 

84220 

046869 

1.  723 

0.  54406 

69575 

457926 

1.773 

0.  57267 

30270 

920708 

1.  674 

0.51521 

59720 

672836 

1.  724 

0.  54464 

71722 

415014 

1.774 

0.  57323 

68838 

873877 

1.  675 

0.  51581 

31652 

770298 

1.  725 

0. 54522 

70504 

833231 

1.  775 

0.  57380 

04229 

273791 

1.  676 

0.  51641 

00020 

598913 

1.  726 

0.  54580 

65926 

612362 

1.776 

0.  57436 

36445 

699783 

1.  677 

0.  51700 

64828 

410718 

1.  727 

0. 54638 

57991 

645415 

1.777 

0.  57492 

65491 

725143 

1.  678 

0.  51760 

26080 

450144 

1. 728 

0.  54696 

46703 

818639 

1.778 

0.  57548 

91370 

917128 

1.  679 

0.  51819 

83780 

954038 

1.  729 

0.  54754 

32067 

011534 

1.779 

0.  57605 

14086 

836981 

1.  680 

0.  51879 

37934 

151676 

1.  730 

0.  54812 

14085 

096876 

1.780 

0. 57661 

33643 

039938 

1.  681 

0.  51938 

88544 

264786 

1.  731 

0.  54869 

92761 

940722 

1.781 

0.  57717 

50043 

075246 

1.  682 

0.  51998 

35615 

507563 

1.732 

0.  54927 

68101 

402434 

1.782 

0.  57773 

63290 

486176 

1.  683 

0.  52057 

79152 

086690 

1.  733 

0.  54985 

40107 

334690 

1.783 

0.  57829 

73388 

810034 

1.  684 

0.52117 

19158 

201350 

1.  734 

0.  55043 

08783 

583501 

1.  784 

0.  57885 

80341 

578176 

1.  685 

0.  52176 

55638 

043250 

1.  735 

0. 55100 

74133 

988225 

1.785 

0.  57941 

84152 

316024 

1.  686 

0.  52235 

88595 

796637 

1.  736 

0.  55158 

36162 

381584 

1. 786 

0.  57997 

84824 

543073 

1.  687 

0.  52295 

18035 

638312 

1.  737 

0« 55215 

94872 

589679 

1.  787 

0.  58053 

82361 

772910 

1.  688 

0.  52354 

43961 

737654 

1.  738 

0.  55273 

50268 

432003 

1.788 

0.  58109 

76767 

513224 

1.  689 

0. 52413 

66378 

256630 

1.  739 

0.  55331 

02353 

721460 

1.  789 

0. 58165 

68045 

265821 

1.  690 

0.  52472 

85289 

349821 

1.  740 

0. 55388 

51132 

264377 

1. 790 

0.  58221 

56198 

526636 

1.  691 

0.  52532 

00699 

164432 

1.  741 

0.  55445 

96607 

860520 

1. 791 

0. 58277 

41230 

785747 

1.  692 

0.  52591 

12611 

840315 

1.  742 

0.  55503 

38784 

303111 

1.  792 

0.  58333 

23145 

527387 

1.  693 

0.  52650 

21031 

509983 

1. 743 

0.  55560 

77665 

378839 

1.793 

0.  58389 

01946 

229958 

1.  694 

0.  52709 

25962 

298627 

1.  744 

0.  55618 

13254 

867879 

1.794 

0.  58444 

77636 

366044 

1.  695 

0.  52768 

27408 

324136 

1.  745 

0.  55675 

45556 

543905 

1.795 

0.  58500 

50219 

402422 

1.  696 

0.  52827 

25373 

697113 

1.  746 

0. 55732 

74574 

174105 

1.  796 

0.  58556 

19698 

800079 

1.  697 

0.  52886 

19862 

520893 

1.  747 

0.  55790 

00311 

519195 

1.  797 

0.  58611 

86078 

014220 

1.  698 

0.  52945 

10878 

891556 

1. 748 

0.  55847 

22772 

333437 

1.  798 

0. 58667 

49360 

494285 

1.  699 

0.  53003 

98426 

897950 

1.  749 

0.  55904 

41960 

364650 

1.  799 

0.  58723 

09549 

683961 

1.700  0.53062  82510  621704  1.750  0.55961  57879  354227  1.800  0.58778  66649  021190 
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Table  4.2 


X 

In  X 

1,  800 

0.  58778 

66649 

021190 

1.  801 

0.  58834 

20661 

938190 

1.  802 

0.  58889 

71591 

861462 

1.803 

0. 58945 

19442 

211802 

1.804 

0.  59000 

64216 

404319 

1.  805 

0.59056 

05917 

848442 

1.806 

0.  59111 

44549 

947937 

1.  807 

0.59166 

80116 

100914 

1.  808 

0.  59222 

12619 

699848 

1.  809 

0.  59277 

42064 

131581 

1.  810 

0.  59332 

68452 

777344 

1.  811 

0.  59387 

91789 

012763 

1.  812 

0.  59443 

12076 

207876 

1.  813 

0.  59498 

29317 

727140 

1.  814 

0.  59553 

43516 

929449 

1.815 

0.  59608 

54677 

168141 

1.  816 

0.  59663 

62801 

791016 

1.  817 

0.59718 

67894 

140341 

1.  818 

0.  59773 

69957 

552871 

1*  819 

0.  59828 

68995 

359852 

1.  820 

0.  59883 

65010 

887040 

1.  821 

0.  59938 

58007 

454709 

1.  822 

0.  59993 

47988 

377666 

1.  823 

0.  60048 

34956 

965260 

1.  824 

0.  60103 

18916 

521396 

1.  825 

0.  60157 

99870 

344548 

1.  826 

0.  60212 

77821 

727767 

1.  827 

0.  60267 

52773 

958697 

1.  828 

0.  60322 

24730 

319583 

1.  829 

0.  60376 

93694 

087286 

1.  830 

0.  60431 

59668 

533296 

1.  831 

0.  60486 

22656 

923737 

1.  832 

0.  60540 

82662 

519385 

1.  833 

0.  60595 

39688 

575680 

1.  834 

0.  60649 

93738 

342731 

1.835 

0.  60704 

44815 

065336 

1.  836 

0.  60758 

92921 

982987 

1.  837 

0.  60813 

38062 

329886 

1.  838 

0.  60867 

80239 

334953 

1.839 

0.  60922 

19456 

221840 

1.  840 

0.  60976 

55716 

208943 

1.841 

0.  61030 

89022 

509408 

1.  842 

0.  61085 

19378 

331151 

1.  843 

0.  61139 

46786 

876862 

1.  844 

0.  61193 

71251 

344021 

1.  845 

0.  61247 

92774 

924905 

1.  846 

0.  61302 

11360 

806604 

1.  847 

0.  61356 

27012 

171029 

1.  848 

0.  61410 

39732 

194924 

1.  849 

0.  61464 

49524 

049878 

1.  850 

0.  61518 

56390 

902335 

[■(-SHI 
5 J 


NATURAL  LOGARITHMS 


X 

In  x 

1.  850 

0.  61518 

56390 

902335 

1.  851 

0.  61572 

60335 

913605 

1.  852 

0.  61626 

61362 

239876 

1.  853 

0. 61680 

59473 

032227 

1.  854 

0.  61734 

54671 

436634 

1.  855 

0.  61788 

46960 

593985 

1.  856 

0.  61842 

36343 

640088 

1.  857 

0.  61896 

22823 

705687 

1.  858 

0.  61950 

06403 

916468 

1.  859 

0.  62003 

87087 

393070 

1.860 

0. 62057 

64877 

251099 

1.  861 

0.  62111 

39776 

601137 

1.  862 

0.  62165 

11788 

548753 

1.  863 

0.  62218 

80916 

194514 

1.  864 

0.  62272 

47162 

633994 

1.  865 

0.  62326 

10530 

957789 

1.  866 

0.  62379 

71024 

251521 

1.867 

0.  62433 

28645 

595856 

1.  868 

0.  62486 

83398 

066509 

1.  869 

0.  62540 

35284 

734258 

1.  870 

0.  62593 

84308 

664953 

1.871 

0.  62647 

30472 

919526 

1.  872 

0.  62700 

73780 

554003 

1.  873 

0.  62754 

14234 

619515 

1.  874 

0.  62807 

51838 

162304 

1.  875 

0.  62860 

86594 

223741 

1.  876 

0.  62914 

18505 

840329 

1.  877 

0.  62967 

47576 

043718 

1.  878 

0.  63020  73807 

860712 

1.  879 

0.  63073 

97204 

313283 

1.  880 

0. 63127 

17768 

418578 

1.  881 

0.  63180 

35503 

188933 

1.  882 

0. 63233 

50411 

631879 

1.  883 

0.  63286 

62496 

750154 

1. 884 

0.  63339 

71761 

541713 

1.  885 

0.  63392 

78208 

999741 

1.  886 

0.  63445 

81842 

112658 

1.  887 

0.  63498 

82663 

864132 

1.  888 

0. 63551 

80677 

233089 

1.  889 

0.  63604 

75885 

193725 

1.  890 

0.  63657 

68290 

715510 

1.  891 

0.  63710 

57896 

763204 

1.  892 

0.  63763 

44706 

296865 

1.  893 

0.  63816 

28722 

271858 

1.  894 

0.  63869 

09947 

638865 

1.  895 

0.  63921 

88385 

343897 

1.  896 

0.  63974 

64038 

328301 

1.  897 

0.  64027 

36909 

528772 

1.  898 

0.  64080 

07001 

877361 

1.  899 

0.  64132 

74318 

301488 

1.  900 

0.  64185 

38861 

723948 

[(-8)4-1 
L 5 J 
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X 

In  x 

1.900 

0.  64185 

38861 

723948 

1.901 

0.  64238 

00635 

062921 

1.902 

0. 64290 

59641 

231986 

1.903 

0.  64343 

15883 

140124 

1.904 

0.  64395 

69363 

691736 

1.  905 

0.  64448 

20085 

786643 

1.906 

0.  64500 

68052 

320104 

1.907 

0.  64553 

13266 

182820 

1.908 

0.  64605 

55730 

260948 

1.909 

0.  64657 

95447 

436106 

1.910 

0.  64710 

32420 

585385 

1.911 

0.  64762 

66652 

581360 

1.912 

0.  64814 

98146 

292095 

1.913 

0.  64867 

26904 

581158 

1.914 

0.  64919 

52930 

307625 

1.915 

0.  64971 

76226 

326093 

1.916 

0.  65023 

96795 

486688 

1.  917 

0.  65076 

14640 

635074 

1.918 

0.  65128 

29764 

612465 

1.919 

0.  65180 

42170 

255629 

1.  920 

0.  65232 

51860 

396902 

1.921 

0.  65284 

58837 

864196 

1.922 

0.  65336 

63105 

481007 

1.923 

0.  65388 

64666 

066427 

1.924 

0.  65440 

63522 

435147 

1.925 

0.  65492 

59677 

397475 

1.926 

0.  65544 

53133 

759338 

1.927 

0.  65596 

43894 

322293 

1.928 

0. 65648 

31961 

883539 

1.929 

0.  65700 

17339 

235920 

1.930 

0. 65752 

00029 

16*7942 

1.931 

0.  65803 

80034 

463774 

1.932 

0.  65855 

57357 

903263 

1.933 

0.  65907 

32002 

261938 

1.934 

0.  65959 

03970 

311026 

1.935 

0.  66010 

73264 

817451 

1.936 

0.  66062 

39888 

543853 

1.937 

0.  66114 

03844 

248588 

1.938 

0.  66165 

65134 

685745 

1.939 

0.  66217 

23762 

605148 

1.940 

0.  66268 

79730 

752368 

1.941 

0.  66320 

33041 

868732 

1.942 

0.  66371 

83698 

691332 

1.  943 

0.  66423 

31703 

953030 

1.944 

0.  66474 

77060 

382473 

1.  945 

0.  66526 

19770 

704096 

1.  946 

0.  66577 

59837 

638133 

1.  947 

0.  66628 

97263 

900626 

1.  948 

0.  66680 

32052 

203434 

1.  949 

0.  66731 

64205 

254238 

1.  950 

0.  66782 

93725 

756554 

(-8)3] 
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x In  x 


1.  950 

0.  66782 

93725 

756554 

1.951 

0.  66834 

20616 

409742 

1.952 

0.  66885 

44879 

909007 

1.  953 

0.  66936 

66518 

945419 

1.  954 

0.  66987 

85536 

205910 

1.  955 

0.  67039 

01934 

373291 

1.  956 

0.  67090 

15716 

126256 

1.957 

0.  67141 

26884 

139392 

1.  958 

0.  67192 

35441 

083186 

1.  959 

0.  67243 

41389 

624037 

1.960 

0. 67294 

44732 

424259 

1.961 

0.  67345 

45472 

142092 

1.962 

0.  67396 

43611 

431713 

1.963 

0. 67447 

39152 

943240 

1.964 

0.  67498 

32099 

322741 

1.  965 

0.  67549 

22453 

212246 

1.  966 

0.  67600 

10217 

249748 

1.967 

0.  67650 

95394 

069220 

1.968 

0.  67701 

77986 

300617 

1.969 

0.  67752 

57996 

569885 

1.  970 

0. 67803 

35427 

498971 

1.  971 

0.  67854 

10281 

705832 

1.972 

0.  67904 

82561 

804437 

1.973 

0.  67955 

52270 

404783 

1.974 

0.  68006 

19410 

112898 

1.  975 

0.  68056 

83983 

530852 

1.  976 

0.  68107 

45993 

256761 

1.  977 

0.  68158 

05441 

884799 

1.  978 

0.  68208 

62332 

005204 

1.  979 

0.  68259 

16666 

204287 

1.  980 

0. 68309 

68447 

064439 

1.  981 

0.  68360 

17677 

164139 

1.982 

0.  68410 

64359 

077962 

1.  983 

0.  68461 

08495 

376589 

1.984 

0.  68511 

50088 

626811 

1.985 

0.  68561 

89141 

391537 

1.986 

0.  68612 

25656 

229808 

1.987 

0.  68662 

59635 

696798 

1.  988 

0.  68712 

91082 

343823 

1.  989 

0.  68763 

19998 

718351 

1.990 

0.  68813 

46387 

364010 

1.  991 

0.  68863 

70250 

820592 

1.  992 

0.  68913 

91591 

624065 

1.  993 

0.  68964 

10412 

306577 

1.  994 

0.  69014 

26715 

396466 

1.  995 

0.  69064 

40503 

418268 

1.  996 

0.  69114 

51778 

892722 

1.  997 

0.  69164 

60544 

336782 

1.  998 

0.  69214 

66802 

263618 

1.  999 

0.  69264 

70555 

182630 

2.  000 

0.  69314 

71805 

599453 

r(-s)3i 
L 5 J 

For  x>2 

.1  see  Example 

5. 

NATURAL  LOGARITHMS 


x In  a? 


2.  000 

0. 69314 

71805 

599453 

2.001 

0.  69364 

70556 

015964 

2.002 

0. 69414 

66808 

930288 

2.  003 

0.  69464 

60566 

836812 

2.  004 

0.  69514 

51832 

226184 

2.005 

0.  69564 

40607 

585325 

2.006 

0.  69614 

26895 

397438 

2.  007 

0.  69664 

10698 

142011 

2.008 

0.  69713 

92018 

294828 

2.  009 

0.  69763 

70858 

327974 

2.  010 

0.  69813 

47220 

709844 

2.011 

0.  69863 

21107 

905150 

2.  012 

0.  69912 

92522 

374928 

2.013 

0. 69962 

61466 

576544 

2.  014 

0.70012 

27942 

963706 

2.015 

0. 70061 

91953 

986463 

2.  016 

0.70111 

53502 

091222 

2.017 

0.70161 

12589 

720747 

2.018 

0.70210 

69219 

314172 

2.019 

0.70260 

23393 

307004 

2.  020 

0.70309 

75114 

131134 

2.021 

0. 70359 

24384 

214840 

2.  022 

0.  70408 

71205 

982797 

2.023 

0.  70458 

15581 

856084 

2.  024 

0.70507 

57514 

252191 

2.025 

0.  70556 

97005 

585025 

2.026 

0.  70606 

34058 

264916 

2.  027 

0. 70655 

68674 

698630 

2.028 

0.  70705 

00857 

289367 

2.029 

0.  ^0754 

30608 

436777 

2.030 

0. 70803 

57930 

536960 

2.031 

0.  70852 

82825 

982476 

2.032 

0. 70902 

05297 

162355 

2.  033 

0. 70951 

25346 

462096 

2.  034 

0.  71000 

42976 

263682 

2.  035 

0.  71049 

58188 

945583 

2.  036 

0.  71098 

70986 

882763 

2.037 

0.71147 

81372 

446688 

2.038 

0.  71196 

89348 

005331 

2.  039 

0.  71245 

94915 

923181 

2.  040 

0.  71294 

98078 

561250 

2.  041 

0.71343 

98838 

277077 

2.042 

0.  71392 

97197 

424738 

2.043 

0.  71441 

93158 

354850 

2.  044 

0.  71490 

86723 

414580 

2.045 

0.  71539 

77894 

947651 

2.  046 

0. 71588 

66675 

294347 

2.  047 

0.  71637 

53066 

791525 

2.  048 

0.  71686 

37071 

772614 

2.  049 

0. 71735 

18692 

567627 

2.  050 

0.  71783 

97931 

503168 

(-8)3-1 
5 J 
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Table  4.2 


x In  x 


2.050 

0.  71783 

97931 

503168 

2.051 

0.  71832 

74790 

902436 

2.052 

0.  71881 

49273 

085231 

2.053 

0.  71930 

21380 

367965 

2.054 

0.  71978 

91115 

063665 

2.055 

0.  72027 

58479 

481979 

2.056 

0.  72076 

23475 

929187 

2.057 

0.  72124 

86106 

708201 

2.058 

0.  72173 

46374 

118579 

2.059 

0.  72222 

04280 

456524 

2.060 

0.  72270 

59828 

014897 

2.061 

0.  72319 

13019 

083220 

2.062 

0.  72367 

63855 

947682 

2.063 

0.  72416 

12340 

891148 

2.064 

0.  72464 

58476 

193163 

2.065 

0.  72513 

02264 

129961 

2.066 

0.  72561 

43706 

974468 

2.067 

0.  72609 

82806 

996312 

2.068 

0.72658 

19566 

461827 

2.069 

0.  72706 

53987 

634060 

2.  070 

0.  72754 

86072 

772777 

2.071 

0.  72803 

15824 

134471 

2.072 

0.  72851 

43243 

972366 

2.  073 

0.  72899 

68334 

536425 

2.074 

0.  72947 

91098 

073356 

2.  075 

0.  72996 

11536 

826616 

2.076 

0.73044 

29653 

036422 

2.077 

0.  73092 

45448 

939753 

2.078 

0.  73140 

58926 

770357 

2.  079 

0. 73188 

70088 

758759 

2.080 

0.  73236 

78937 

132266 

2.  081 

0.  73284 

85474 

114974 

2.082 

0.  73332 

89701 

927771 

2.083 

0.  73380 

91622 

788349 

2.  084 

0.  73428 

91238 

911205 

2.085 

0.  73476 

88552 

507648 

2.086 

0.  73524 

83565 

785807 

2.  087 

0.  73572 

76280 

950637 

2.088 

0.  73620 

66700 

203923 

2.089 

0.  73668 

54825 

744287 

2.  090 

0.  73716 

40659 

767196 

2.091 

0.  73764 

24204 

464965 

2.092 

0.  73812 

05462 

026765 

2.093 

0.  73859 

84434 

638627 

2.  094 

0.  73907 

61124 

483451 

2.095 

0.  73955 

35533 

741011 

2.096 

0.  74003 

07664 

587957 

2.097 

0.  74050 

77519 

197829 

2.098 

0.  74098 

45099 

741054 

2.099 

0.  74146 

10408 

384959 

2.100 

0.  74193 

73447 

293773 

[■(-8)31 
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Table  4.3  RADIX  TABLE  OF  NATURAL  LOGARITHMS 


X 

n 

In 

(1+zlO 

-n) 

-In 

IP 

1 

O 

r-H 

1 

r-H^ 

1 

10 

0. 00000 

00000 

99999 

99999 

50000 

0. 00000 

00001 

00000 

ooooo 

50000 

2 

10 

0.  00000 

00001 

99999 

99998 

00000 

0. 00000 

00002 

00000 

00002 

ooooo 

3 

10 

0. 00000 

00002 

99999 

99995 

50000 

0.00000 

00003 

00000 

00004 

50000 

4 

10 

0.  00000 

00003 

99999 

99992 

00000 

0.00000 

00004 

00000 

00008 

ooooo 

5 

10 

0.  00000 

00004 

99999 

99987 

50000 

0.00000 

00005 

00000 

00012 

50000 

6 

10 

0. 00000 

00005 

99999 

99982 

00000 

0.  00000 

00006 

ooooo 

00018 

OOOOO 

7 

10 

0. 00000 

00006 

99999 

99975 

50000 

0.00000 

00007 

ooooo 

00024 

50000 

8 

10 

0.00000 

00007 

99999 

99968 

00000 

0.00000 

00008 

ooooo 

00032 

ooooo 

9 

10 

0.00000 

00008 

99999 

99959 

50000 

0. 00000 

00009 

ooooo 

00040 

50000 

1 

9 

0. 00000 

00009 

99999 

99950 

00000 

0. 00000 

00010 

ooooo 

00050 

ooooo 

2 

9 

0.  00000 

00019 

99999 

99800 

00000 

0. 00000 

00020 

ooooo 

00200 

ooooo 

3 

9 

0.  00000 

00029 

99999 

99550 

00000 

0.  00000 

00030 

ooooo 

00450 

ooooo 

4 

9 

0.  00000 

00039 

99999 

99200 

00000 

0.00000 

00040 

ooooo 

00800 

ooooo 

5 

9 

0.  00000 

00049 

99999 

98750 

00000 

0. 00000 

00050 

ooooo 

01250 

ooooo 

6 

9 

0.  00000 

00059 

99999 

98200 

00001 

0.  00000 

00060 

ooooo 

01800 

00001 

7 

9 

0.  00000 

00069 

99999 

97550 

00001 

0.  00000 

00070 

ooooo 

02450 

00001 

8 

9 

0.  00000 

00079 

99999 

96800 

00002 

0.  00000 

00080 

ooooo 

03200 

00002 

9 

9 

0.  00000 

00089 

99999 

95950 

00002 

0. 00000 

00090 

ooooo 

04050 

00002 

1 

8 

0.  00000 

00099 

99999 

95000 

00003 

0. 00000 

00100 

ooooo 

05000 

00003 

2 

8 

0. 00000 

00199 

99999 

80000 

00027 

0. 00000 

00200 

ooooo 

20000 

00027 

3 

8 

0.00000 

00299 

99999 

55000 

00090 

0.00000 

00300 

ooooo 

45000 

00090 

4 

8 

0.00000 

00399 

99999 

20000 

00213 

0. 00000 

00400 

ooooo 

80000 

00213 

5 

8 

0.  00000 

00499 

99998 

75000 

00417 

0. 00000 

00500 

00001 

25000 

00417 

6 

8 

0. 00000 

00599 

99998 

20000 

00720 

0.00000 

00600 

00001 

80000 

00720 

7 

8 

0.  00000 

00699 

99997 

55000 

01143 

0.00000 

00700 

00002 

45000 

01143 

8 

8 

0.00000 

00799 

99996 

80000 

01707 

0. 00000 

00800 

00003 

20000 

01707 

9 

8 

0.  00000 

00899 

99995 

95000 

02430 

0.  00000 

00900 

00004 

05000 

02430 

1 

7 

0. 00000 

00999 

99995 

00000 

03333 

0. 00000 

01000 

00005 

ooooo 

03333 

2 

7 

0.  00000 

01999 

99980 

00000 

26667 

0.  00000 

02000 

00020 

ooooo 

26667 

3 

7 

0.  00000 

02999 

99955 

00000 

90000 

0. 00000 

03000 

00045 

ooooo 

90000 

4 

7 

0.  00000 

03999 

99920 

00002 

13333 

0.  00000 

04000 

00080 

00002 

13333 

5 

7 

0.  00000 

04999 

99875 

00004 

16667 

0. 00000 

05000 

00125 

00004 

16667 

6 

7 

0.  00000 

05999 

99820 

00007 

20000 

0.  00000 

06000 

00180 

00007 

20000 

7 

7 

0.  00000 

06999 

99755 

00011 

43333 

0.00000 

07000 

00245 

00011 

43334 

8 

7 

0. 00000 

07999 

99680 

00017 

06666 

0.  00000 

08000 

00320 

00017 

06668 

9 

7 

0.  00000 

08999 

99595 

00024 

29998 

0.00000 

09000 

00405 

00024 

30002 

1 

6 

0.  00000 

09999 

99500 

00033 

33331 

0.  00000 

10000 

00500 

00033 

33336 

2 

6 

0.00000 

19999 

98000 

00266 

66627 

0.  00000 

20000 

02000 

00266 

66707 

3 

6 

0.00000 

29999 

95500 

00899 

99798 

0.  00000 

30000 

04500 

00900 

00203 

4 

6 

0.  00000 

39999 

92000 

02133 

32693 

0.00000 

40000 

08000 

02133 

33973 

5 

6 

0.  00000 

49999 

87500 

04166 

65104 

0.00000 

50000 

12500 

04166 

68229 

6 

6 

0. 00000 

59999 

82000 

07199 

96760 

0.00000 

60000 

18000 

07200 

03240 

7 

6 

0.  00000 

69999 

75500 

11433 

27331 

0.  00000 

70000 

24500 

11433 

39336 

8 

6 

0. 00000 

79999 

68000 

17066 

56427 

0.  00000 

80000 

32000 

17066 

76907 

9 

6 

0.  00000 

89999 

59500 

24299 

83598 

0.  ooooo 

90000 

40500 

24300 

16403 

For  n>  10,  In  (I±xl0-B)  =±a:10-»-ia:210-2”  to  25D. 
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RADIX  TABLE  OF  NATURAL  LOGARITHMS  Table  4.3 


x n In  (l+xlO-»)  -In  (l-*10-») 

1 5 0.00000  99999  50000  33333  08334  0.00001  00000  50000  33333  58334 

2 5 0.00001  99998  00002  66662  66673  0.00002  00002  00002  66670  66673 

3 5 0.00002  99995  50008  99979  75049  0.00003  00004  50009  00020  25049 

4 5 0.00003  99992  00021  33269  33538  0.00004  00008  00021  33397  33538 

5 5 0.00004  99987  50041  66510  42292  0.00005  00012  50041  66822  92292 

6 5 0.00005  99982  00071  99676  01555  0.00006  00018  00072  00324  01555 

7 5 0.00006  99975  50114  32733  11695  0.00007  00024  50114  33933  61695 

8 5 0.00007  99968  00170  65642  73220  0.00008  00032  00170  67690  73221 

9 5 0.00008  99959  50242  98359  86809  0.00009  00040  50243  01640  36811 

1 4 0.00009  99950  00333  30833  53332  0.00010  00050  00333  35833  53335 

2 4 0.00019  99800  02666  26673  06560  0.00020  00200  02667  06673  06773 

3 4 0.00029  99550  08997  97548  58785  0.00030  00450  09002  02548  61215 

4 4 0.00039  99200  21326  93538  06509  0.00040  00800  21339  73538  20162 

5 4 0.00049  98750  41651  04791  40636  0.00050  01250  41682  29791  92719 

6 4 0.00059  98200  71967  61554  42280  0.00060  01800  72032  41555  97800 

7 4 0.00069  97551  14273  34192  77369  0.00070  02451  14393  39196  69533 

8 4 0.00079  96801  70564  33215  90059  0.00080  03201  70769  13224  63873 

9 4 0.00089  95952  42836  09300  94948  0.00090  04052  43164  14318  66419 

1 3 0.00099  95003  33083  53316  68094  0.00100  05003  33583  53350  01430 

2 3 0.00199  80026  62673  05601  82538  0.00200  20026  70673  07735  16511 

3 3 0.00299  55089  79798  47881  16106  0.00300  45090  20298  72181  32509 

4 3 0.00399  20212  69537  45299  90751  0.00400  80213  97538  81834  87927 

5 3 0.00498  75415  11039  07361  21022  0.00501  25418  23544  28204  30937 

6 3 0.00598  20716  77547  46378  20189  0.00601  80723  25563  01620  19350 

7 3 0.00697  56137  36425  24209  95222  0.00702  46149  36964  45987  41123 

8 3 0.00796  81696  49176  87351  07973  0.00803  21716  97264  25903  86494 

9 3 0.00895  97413  71471  90444  31465  0.00904  07446  52149  06220  55241 

1 2 0.00995  03308  53168  08284  82154  0.01005  03358  53501  44118  35489 

2 2 0.01980  26272  96179  71302  60291  0.02020  27073  17519  44840  80453 

3 2 0.02955  88022  41544  40273  26194  0.03045  92074  84708  54591  92613 

4 2 0.03922  07131  53281  29626  92009  0.04082  19945  20255  12955  45771 

5 2 0.04879  01641  69432  00306  53744  0.05129  32943  87550  53342  61961 

6 2 0.05826  89081  23975  77552  57184  0.06187  54037  18087  47179  78001 

7 2 0.06765  86484  73814  80526  84159  0.07257  06928  34835  43071  15733 

8 2 0.07696  10411  36128  32498  42170  0.08338  16089  39051  05839  47658 

9 2 0.08617  76962  41052  33234  13335  0.09431  06794  71241  32687  71427 

1 1 0.09531  01798  04324  86004  39521  0.10536  05156  57826  30122  75010 

2 1 0.18232  15567  93954  62621  17180  0.22314  35513  14209  75576  62951 

3 1 0.26236  42644  67491  05203  54960  0.35667  49439  38732  37891  26387 

4 1 0.33647  22366  21212  93050  45934  0.51082  56237  65990  68320  55141 

5 1 0.40546  51081  08164  38197  80131  0.69314  71805  59945  30941  72321 

6 1 0.47000  36292  45735  55365  09370  0.91629  07318  74155  06518  35272 

7 1 0.53062  82510  62170  39623  15432  1.20397  28043  25935  99262  27462 

8 1 0.58778  66649  02119  00818  97311  1.60943  79124  34100  37460  07593 

9 1 0.64185  38861  72394  77599  10360  2.30258  50929  94045  68401  79915 


1 


0 0.69314  71805  59945  30941  72321 
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Table  4.4  EXPONENTIAL  FUNCTION 


ex  e~x 


0.000 

1.  00000 

00000 

00000 

000 

1. 00000 

00000 

00000 

000 

0.001 

1. 00100 

05001 

66708 

342 

0.  99900 

04998 

33374 

992 

0.  002 

1.  00200 

20013 

34000 

267 

0.  99800 

19986 

67333 

067 

0.  003 

1.  00300 

45045 

03377 

026 

0.99700 

44955 

03372 

976 

0.  004 

1.  00400 

80106 

77341 

872 

0.  99600 

79893 

43991 

472 

0.005 

1.  00501 

25208 

59401 

063 

0. 99501 

24791 

92682 

313 

0.  006 

1.00601 

80360 

54064 

865 

0.  99401 

79640 

53935 

265 

0.  007 

1.  00702 

45572 

66848 

555 

0.  99302 

44429 

33235 

105 

0.008 

1. 00803 

20855 

04273 

431 

0.99203 

19148 

37060 

630 

0.  009 

1.  00904 

06217 

73867 

814 

0,99104 

03787 

72883 

662 

0.010 

1.01005 

01670 

84168 

058 

0. 99004 

98337 

49168 

054 

0.011 

1.01106 

07224 

44719 

556 

0.  98906 

02787 

75368 

698 

0.  012 

1.01207 

22888 

66077 

754 

0.  98807 

17128 

61930 

540 

0.013 

1.  01308 

48673 

59809 

158 

0.98708 

41350 

20287 

583 

0.014 

1. 01409 

84589 

38492 

345 

0.  98609 

75442 

62861 

903 

0.  015 

1.  01511 

30646 

15718 

979 

0.98511 

19396 

03062 

661 

0.016 

1.01612 

86854 

06094 

822 

0.  98412 

73200 

55285 

115 

0.  017 

1.01714 

53223 

25240 

748 

0. 98314 

36846 

34909 

635 

0.018 

1.01816 

29763 

89793 

761 

0.98216 

10323 

58300 

718 

0.019 

1. 01918 

16486 

17408 

Oil 

0.98117 

93622 

42806 

006 

0.  020 

1.02020 

13400 

26755 

810 

0.98019 

86733 

06755 

302 

0.021 

1.02122 

20516 

37528 

653 

0.97921 

89645 

69459 

588 

0.  022 

1.  02224 

37844 

70438 

235 

0.  97824 

02350 

51210 

045 

0.  023 

1.  02326 

65395 

47217 

475 

0.  97726 

24837 

73277 

073 

0.  024 

1.  02429 

03178 

90621 

534 

0.  97628 

57097 

57909 

314 

0.025 

1.  02531 

51205 

24428 

841 

0.97530 

99120 

28332 

669 

0.026 

1. 02634 

09484 

73442 

115 

0.97433 

50896 

08749 

328 

0.  027 

1.  02736 

78027 

63489 

392 

0.97336 

12415 

24336 

791 

0.  028 

1.  02839 

56844 

21425 

045 

0.  97238 

83668 

01246 

891 

0.029 

1.  02942 

45944 

75130 

820 

0.  97141 

64644 

66604 

825 

0.030 

1. 03045 

45339 

53516 

856 

0.  97044 

55335 

48508 

177 

0.  031 

1. 03148 

55038 

86522 

716 

0.  96947 

55730 

76025 

948 

0.032 

1.  03251 

75053 

05118 

420 

0.  96850 

65820 

79197 

585 

0.033 

1.  03355 

05392 

41305 

472 

0.96753 

85595 

89032 

009 

0.034 

1.  03458 

46067 

28117 

894 

0.  96657 

15046 

37506 

651 

0.  035 

1.  03561 

97087 

99623 

260 

0.  96560 

54162 

57566 

478 

0.036 

1.  03665 

58464 

90923 

727 

0.  96464 

02934 

83123 

030 

0.037 

1.03769 

30208 

38157 

074 

0.  96367 

61353 

49053 

452 

0.  038 

1.  03873 

12328 

78497 

733 

0.  96271 

29408 

91199 

529 

0.  039 

1.  03977 

04836 

50157 

831 

0.96175 

07091 

46366 

723 

0.040 

1.04081 

07741 

92388 

227 

0.  96078 

94391 

52323 

209 

0.  041 

1.  04185 

21055 

45479 

549 

0.  95982 

91299 

47798 

914 

0.  042 

1.  04289 

44787 

50763 

238 

0.95886 

97805 

72484 

552 

0.  043 

1.04393 

78948 

50612 

586 

0. 95791 

13900 

67030 

669 

0.  044 

1.  04498 

23548 

88443 

779 

0.  95695 

39574 

73046 

678 

0.045 

1. 04602 

78599 

08716 

943 

0.95599 

74818 

33099 

907 

0.  046 

1.04707 

44109 

56937 

184 

0. 95504 

19621 

90714 

635 

0.  047 

1.  04812 

20090 

79655 

638 

0.  95408 

73975 

90371 

141 

0.  048 

1. 04917 

06553 

24470 

516 

0.  95313 

37870 

77504 

745 

0.049 

1. 05022 

03507 

40028 

148 

0.95218 

11296 

98504 

853 

0.050 

1. 05127 

10963 

76024 

040 

0.  95122 

94245 

00714 

009 

r(-7)ii  r(-7)ii 
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For  use  and  extension  of  the  table  see  Examples  8-11. 

See  Table  7.1  for  values  of  x and  Table  26.1  for  -7==  e 2. 
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EXPONENTIAL  FUNCTION  Table  4 4 


X 

0.  050 

1. 05127 

e* 

10963 

76024 

040 

0. 95122 

e~x 

94245 

00714 

009 

0.051 

1.05232 

28932 

83203 

913 

0.  95027 

86705 

32426 

935 

0.  052 

1.  05337 

57425 

13364 

763 

0. 94932 

88668 

42889 

583 

0.  053 

1. 05442 

96451 

19355 

907 

0. 94838 

00124 

82298 

184 

0.054 

1. 05548 

46021 

55080 

041 

!0.  94743 

21065 

01798 

300 

0.055 

1.  05654 

06146 

75494 

286 

0.  94648 

51479 

53483 

869 

0.056 

1. 05759 

76837 

36611 

252 

0.  94553 

91358 

90396 

267 

0.  057 

1.  05865 

58103 

95500 

087 

0. 94459 

40693 

66523 

349 

0.  058 

1.  05971 

49957 

10287 

540 

0. 94364 

99474 

36798 

514 

0.  059 

1. 06077 

52407 

40159 

012 

0. 94270 

67691 

57099 

754 

0.  060 

1. 06183 

65465 

45359 

622 

0. 94176 

45335 

84248 

710 

0.  061 

1. 06289 

89141 

87195 

264 

0.  94082 

32397 

76009 

730 

0.  062 

1.  06396 

23447 

28033 

669 

0. 93988 

28867 

91088 

928 

0.  063 

1. 06502 

68392 

31305 

464 

0. 93894 

34736 

89133 

241 

0.  064 

1. 06609 

23987 

61505 

244 

0.  93800 

49995 

30729 

488 

0.065 

1.  06715 

90243 

84192 

625 

0.93706 

74633 

77403 

433 

0.066 

1.  06822 

67171 

65993 

321 

0.  93613 

08642 

91618 

844 

0.  067 

1. 06929 

54781 

74600 

202 

0.  93519 

52013 

36776 

558 

0.068 

1.  07036 

53084 

78774 

366 

0. 93426 

04735 

77213 

542 

0.069 

1. 07143 

62091 

48346 

205 

0.  93332 

66800 

78201 

958 

0.070 

1.  07250 

81812 

54216 

479 

0.  93239 

38199 

05948 

229 

0.  071 

1.  07358 

12258 

68357 

383 

0. 93146 

18921 

27592 

106 

0.  072 

1. 07465 

53440 

63813 

620 

0.  93053 

08958 

11205 

732 

0.  073 

1.07573 

05369 

14703 

476 

0. 92960 

08300 

25792 

713 

0.  074 

1.  07680 

68054 

96219 

891 

0. 92867 

16938 

41287 

187 

0. 075 

1.  07788 

41508 

84631 

536 

0. 92774 

34863 

28552 

892 

0.  076 

1. 07896 

25741 

57283 

889 

0.  92681 

62065 

59382 

237 

0.  077 

1.  08004 

20763 

92600 

313 

0.  92588 

98536 

06495 

377 

0.  078 

1.  08112 

26586 

70083 

133 

0.92496 

44265 

43539 

280 

0.  079 

1.  08220 

43220 

70314 

717 

0.  92403 

99244 

45086 

807 

0.080 

1. 08328 

70676 

74958 

554 

0.  92311 

63463 

86635 

783 

0.081 

1.  08437 

08965 

66760 

341 

0.92219 

36914 

44608 

072 

0.082 

1.  08545 

58098 

29549 

059 

0. 92127 

19586 

96348 

654 

0.  083 

1.  08654 

18085 

48238 

061 

0. 92035 

11472 

20124 

706 

0.  084 

1.  08762 

88938 

08826 

156 

0.91943 

12560 

95124 

674 

0.  085 

1. 08871 

70666 

98398 

696 

0,91851 

22844 

01457 

356 

0.086 

1.  08980 

63283 

05128 

660 

0. 91759 

42312 

20150 

982 

0.  087 

1. 09089 

66797 

18277 

747 

0, 91667 

70956 

33152 

295 

0.088 

1.  09198 

81220 

28197 

460 

0.  91576 

08767 

23325 

631 

0.  089 

1. 09308 

06563 

26330 

201 

0. 91484 

55735 

74452 

003 

0.  090 

1.  09417 

42837 

05210 

358 

0.91393 

11852 

71228 

187 

0.  091 

1. 09526 

90052 

58465 

401 

0.  91301 

77108 

99265 

803 

0.  092 

1.  09636 

48220 

80816 

975 

0.  91210 

51495 

45090 

403 

0.  093 

1.  09746 

17352 

68081 

994 

0.91119 

35002 

96140 

557 

0.094 

1.  09855 

97459 

17173 

736 

0.  91028 

27622 

40766 

940 

0.  095 

1.  09965 

88551 

26102 

942 

0. 90937 

29344 

68231 

420 

0.096 

1.10075 

90639 

93978 

912 

0.  90846 

40160 

68706 

150 

0.  097 

1.10186 

03736 

21010 

606 

0. 90755 

60061 

33272 

654 

0.  098 

1.  J0296 

27851 

08507 

743 

0. 90664 

89037 

53920 

921 

0.  099 

1. 10406 

62995 

58881 

902 

0.  90574 

27080 

23548 

496 

0. 100 

1. 10517 

09180 

75647 

625 

0. 90483 

74180 

35959 

573 

r(-7)ii  r(-7)ri 
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Table  4.4 

X 

EXPONENTIAL  FUNCTION 

& — x 

«v 

0.100 

1.10517 

09180 

75647 

625 

0. 90483 

t/ 

74180 

35959 

573 

0. 101 

1. 10627 

66417 

63423 

521 

0. 90393 

30328 

85864 

089 

0. 102 

1. 10738 

34717 

27933 

371 

0.  90302 

95516 

68876 

819 

0.103 

1.10849 

14090 

76007 

230 

0. 90212 

69734 

81516 

470 

0. 104 

1. 10960 

04549 

15582 

540 

0.  90122 

52974 

21204 

780 

0. 105 

1.11071 

06103 

55705 

232 

0. 90032 

45225 

86265 

613 

0. 106 

1. 11182 

18765 

06530 

839 

0.  89942 

46480 

75924 

059 

0.107 

1.11293 

42544 

79325 

605 

0.  89852 

56729 

90305 

534 

0.108 

1. 11404 

77453 

86467 

594 

0. 89762 

75964 

30434 

876 

0. 109 

1.11516 

23503 

41447 

807 

0.  89673 

04174 

98235 

450 

0.110 

1. 11627 

80704 

58871 

292 

0.  89583 

41352 

96528 

251 

0.111 

1. 11739 

49068 

54458 

258 

0.  89493 

87489 

29031 

000 

0.112 

1. 11851 

28606 

45045 

196 

0.  89404 

42575 

00357 

257 

0. 113 

1. 11963 

19329 

48585 

987 

0.  89315 

06601 

16015 

519 

0. 114 

1. 12075 

21248 

84153 

031 

0.  89225 

79558 

82408 

325 

0. 115 

1. 12187 

34375 

71938 

354 

0.  89136 

61439 

06831 

368 

0.116 

1. 12299 

58721 

33254 

738 

0.  89047 

52232 

97472 

599 

0.117 

1. 12411 

94296 

90536 

839 

0. 88958 

51931 

63411 

334 

0. 118 

1. 12524 

41113 

67342 

307 

0.  88869 

60526 

14617 

364 

0. 119 

1. 12636 

99182 

88352 

913 

0. 88780 

78007 

61950 

067 

0. 120 

1. 12749 

68515 

79375 

671 

0.  88692 

04367 

17157 

516 

0. 121 

1. 12862 

49123 

67343 

967 

0.  88603 

39595 

92875 

591 

0.122 

1. 12975 

41017 

80318 

682 

0. 88514 

83685 

02627 

096 

0.123 

1. 13088 

44209 

47489 

324 

0.  88426 

36625 

60820 

866 

0. 124 

1. 13201 

58709 

99175 

153 

0. 88337 

98408 

82750 

886 

0. 125 

1. 13314 

84530 

66826 

317 

0. 88249 

69025 

84595 

403 

0. 126 

1. 13428 

21682 

83024 

976 

0. 88161 

48467 

83416 

046 

0. 127 

1. 13541 

70177 

81486 

442 

0.  88073 

36725 

97156 

940 

0. 128 

1. 13655 

30026 

97060 

307 

0.  87985 

33791 

44643 

827 

0. 129 

1. 13769 

01241 

65731 

582 

0. 87897 

39655 

45583 

178 

0. 130 

1. 13882 

83833 

24621 

831 

0.  87809 

54309 

20561 

324 

0. 131 

1. 13996 

77813 

11990 

306 

0. 87721 

77743 

91043 

564 

0. 132 

1. 14110 

83192 

67235 

091 

0.  87634 

09950 

79373 

297 

0. 133 

1. 14224 

99983 

30894 

235 

0. 87546 

50921 

08771 

138 

0. 134 

1. 14339 

28196  44646 

898 

0.  87459 

00646 

03334 

043 

0.135 

1. 14453 

67843 

51314 

488 

0. 87371 

59116 

88034 

434 

0.136 

1. 14568 

18935 

94861 

807 

0. 87284 

26324 

88719 

322 

0.137 

1. 14682 

81485 

20398 

195 

0. 87197 

02261 

32109 

436 

0.138 

1. 14797 

55502 

74178 

672 

0. 87109 

86917 

45798 

347 

0. 139 

1. 14912 

41000 

03605 

088 

0.  87022 

80284 

58251 

595 

0. 140 

1. 15027 

37988 

57227 

268 

0. 86935 

82353 

98805 

820 

0. 141 

1. 15142 

46479 

84744 

161 

0.  86848 

93116 

97667 

890 

0. 142 

1.15257 

66485 

37004 

992 

0.  86762 

12564 

85914 

032 

0. 143 

1. 15372 

98016 

66010 

407 

0.  86675 

40688 

95488 

962 

0. 144 

1. 15488 

41085 

24913 

632 

0.  86588 

77480 

59205 

017 

0. 145 

1. 15603 

95702 

68021 

623 

0.  86502 

22931 

10741 

288 

0.146 

1. 15719 

61880 

50796 

218 

0. 86415 

77031 

84642 

755 

0. 147 

1. 15835 

39630 

29855 

297 

0.  86329 

39774 

16319 

421 

0. 148 

1. 15951 

28963 

62973 

936 

0.  86243 

11149 

42045 

443 

0. 149 

1. 16067 

29892 

09085 

563 

0. 86156 

91148 

98958 

277 

0. 150 

1. 16183 

42427 

28283 

123 

0.  86070 

79764 

25057 

807 
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EXPONENTIAL  FUNCTION  Table  4.4 

X gZ  e~x 


0. 150 

1. 16183 

42427 

28283 

0.151 

1. 16299 

66580 

81820 

0. 152 

1. 16416 

02364 

32112 

0.153 

1. 16532 

49789 

42737 

0.154 

1. 16649 

08867 

78439 

0.155 

1. 16765 

79611 

05125 

0.156 

1. 16882 

62030 

89869 

0.157 

1. 16999 

56139 

00913 

0. 158 

1.17116 

61947 

07669 

0. 159 

1. 17233 

79466 

80717 

0.160 

1. 17351 

08709 

91810 

0.161 

1. 17468 

49688 

13871 

0. 162 

1. 17586 

02413 

20999 

0.163 

1. 17703 

66896 

88467 

0. 164 

1.17821 

43150 

92722 

0. 165 

1. 17939 

31187 

11390 

0.166 

1. 18057 

31017 

23276 

0. 167 

1. 18175 

42653 

08361 

0.168 

1. 18293 

66106 

47810 

0.169 

1. 18412 

01389 

23969 

0.170 

1. 18530 

48513 

20365 

0.171 

1. 18649 

07490 

21711 

0.172 

1. 18767 

78332 

13905 

0. 173 

1. 18886 

61050 

84032 

0.174 

1. 19005 

55658 

20362 

0.175 

1. 19124 

62166 

12358 

0.176 

1. 19243 

80586 

50669 

0.177 

1. 19363 

10931 

27138 

0. 178 

1. 19482 

53212 

34800 

0. 179 

1. 19602 

07441 

67883 

0.180 

1. 19721 

73631 

21810 

0. 181 

1. 19841 

51792 

93199 

0. 182 

1. 19961 

41938 

79868 

0. 183 

1.20081 

44080 

80830 

0. 184 

1.20201 

58230 

96301 

0.185 

1.20321 

84401 

27695 

0.186 

1.  20442 

22603 

77629 

0.187 

1.  20562 

72850 

49924 

0.188 

1. 20683 

35153 

49605 

0.189 

1.  20804 

09524 

82901 

0. 190 

1.  20924 

95976 

57251 

0. 191 

1.21045 

94520 

81299 

0. 192 

1.21167 

05169 

64900 

0. 193 

1. 21288 

27935 

19119 

0. 194 

1.  21409 

62829 

56233 

0. 195 

1.21531 

09864 

89730 

0.196 

1.  21652 

69053 

34316 

0. 197 

1. 21774 

40407 

05908 

0. 198 

1.21896 

23938 

21642 

0. 199 

1.  22018 

19658 

99872 

0.200 

1.  22140 

27581 

60169 

"(-7)11 
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123 

0.  86070 

79764 

25057 

807 

230 

0. 85984 

76986 

59205 

488 

335 

0. 85898 

82807 

41123 

482 

886 

0.  85812 

97218 

11393 

800 

490 

0.  85727 

20210 

11457 

440 

080 

0. 85641 

51774 

83613 

531 

080 

0. 85555 

91903 

71018 

473 

572 

0.  85470 

40588 

17685 

083 

465 

0.  85384 

97819 

68481 

735 

662 

0. 85299 

63589 

69131 

511 

235 

0.  85214 

37889 

66211 

338 

592 

0.  85129 

20711 

07151 

144 

654 

0. 85044 

12045 

40232 

998 

025 

0.  84959 

11884 

14590 

263 

171 

0. 84874 

20218 

80206 

741 

594 

0.  84789 

37040 

87915 

828 

Oil 

0.  84704 

62341 

89399 

660 

533 

0.  84619 

96113 

37188 

270 

843 

0. 84535 

38346 

84658 

733 

378 

0.  84450 

89033 

86034 

326 

514 

0.  84366 

48165 

96383 

682 

746 

0.  84282 

15734 

71619 

939 

874 

0.  84197 

91731 

68499 

904 

188 

0. 84113 

76148 

44623 

201 

660 

0.84029 

68976 

58431 

438 

122 

0.  83945 

70207 

69207 

358 

468 

0.  83861 

79833 

37074 

003 

834 

0.  83777 

97845 

22993 

869 

796 

0.  83694 

24234 

88768 

073 

563 

0.  83610 

58993 

97035 

511 

165 

0.  83527 

02114 

11272 

021 

657 

0.  83443 

53586 

95789 

549 

311 

0.  83360 

13404 

15735 

309 

812 

0.  83276 

81557 

37090 

951 

462 

0.  83193 

58038 

26671 

728 

376 

0.  83110 

42838 

52125 

659 

686 

0.  83027 

35949 

81932 

701 

742 

0.  82944 

37363 

85403 

915 

317 

0.  82861 

47072 

32680 

634 

811 

0.  82778 

65066 

94733 

637 

458 

0. 82695 

91339 

43362 

318 

533 

0.  82613 

25881 

51193 

854 

562 

0.  82530 

68684 

91682 

387 

527 

0. 82448 

19741 

39108 

186 

085 

0.  82365 

79042 

68576 

832 

774 

0.  82283 

46580 

56018 

384 

229 

0.  82201 

22346 

78186 

562 

396 

0.  82119 

06333 

12657 

919 

747 

0.82036 

98531 

37831 

021 

499 

0.  81954 

98933 

32925 

626 

834 

0.  81873 

07530 

77981 

859 

r(-7)n 
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Table  4.4  EXPONENTIAL  FUNCTION 


X 

0.200 

1.  22140 

e * 

27581 

60169 

834 

0.  81873 

e—x 

07530 

77981 

859 

0.201 

1.  22262 

47718 

23327 

112 

0. 81791 

24315 

53859 

397 

0.202 

1.  22384 

80081 

11358 

099 

0.  81709 

49279 

42236 

649 

0.203 

1.  22507 

24682 

47499 

185 

0.  81627 

82414 

25609 

934 

0.204 

1.22629 

81534 

56210 

607 

0.  81546 

23711 

87292 

668 

0.205 

1.  22752 

50649 

63177 

678 

0.  81464 

73164 

11414 

545 

0.206 

1.  22875 

32039 

95312 

005 

0.  81383 

30762 

82920 

720 

0.  207 

1.  22998 

25717 

80752 

723 

0.  81301 

96499 

87570 

998 

0.208 

1.23121 

31695 

48867 

721 

0. 81220 

70367 

11939 

015 

0.  209 

1.  23244 

49985 

30254 

869 

0.  81139 

52356 

43411 

427 

0.210 

1.  23367 

80599 

56743 

251 

0.  81058 

42459 

70187 

100 

0.211 

1.  23491 

23550 

61394 

396 

0. 80977 

40668 

81276 

291 

0.212 

1.23614 

78850 

78503 

512 

0.  80896 

46975 

66499 

845 

0.213 

1. 23738 

46512 

43600 

719 

0. 80815 

61372 

16488 

379 

0.214 

1.  23862 

26547 

93452 

285 

0.  80734 

83850 

22681 

475 

0.215 

1.  23986 

18969 

66061 

862 

0.  80654 

14401 

77326 

874 

0.216 

1.24110 

23790 

00671 

728 

0.  80573 

53018 

73479 

662 

0.217 

1.  24234 

41021 

37764 

020 

0.  80492 

99693 

05001 

467 

0.218 

1.  24358 

70676 

19061 

978 

0. 80412 

54416 

66559 

655 

0.219 

1.  24483 

12766 

87531 

187 

0.  80332 

17181 

53626 

521 

0.220 

1.  24607 

67305 

87380 

820 

0. 80251 

87979 

62478 

483 

0.  221 

1.  24732 

34305 

64064 

879 

0.80171 

66802 

90195 

284 

0.  222 

1.  24857 

13778 

64283 

447 

0.  80091 

53643 

34659 

186 

0.223 

1.  24982 

05737 

35983 

926 

0..80011 

48492 

94554 

165 

0.224 

1.25107 

10194 

28362 

294 

0.  79931 

51343 

69365 

114 

0.  225 

1.  25232 

27161 

91864 

345 

0.  79851 

62187 

59377 

043 

0.226 

1.25357 

56652 

78186 

948 

0.  79771 

81016 

65674 

274 

0.227 

1.  25482 

98679 

40279 

295 

0.  79692 

07822 

90139 

647 

0.  228 

1.25608 

53254 

32344 

151 

0. 79612 

42598 

35453 

721 

0.229 

1.25734 

20390 

09839 

113 

0. 79532 

85335 

05093 

973 

0.230 

1.25860 

00099 

29477 

863 

0.  79453 

36025 

03334 

008 

0.231 

1.  25985 

92394 

49231 

426 

0.  79373 

94660 

35242 

758 

0.232 

1.26111 

97288 

28329 

426 

0. 79294 

61233 

06683 

687 

0.233 

1.26238 

14793 

27261 

349 

0.  79215 

35735 

24314 

003 

0.234 

1.  26364 

44922 

07777 

797 

0.  79136 

18158 

95583 

855 

0.235 

1.  26490 

87687 

32891 

756 

0.  79057 

08496 

28735 

550 

0.236 

1.26617 

43101 

66879 

857 

0.  78978 

06739 

32802 

754 

0.237 

1.  26744 

11177 

75283 

640 

0.  78899 

12880 

17609 

706 

0.238 

1.26870 

91928 

24910 

818 

0.  78820 

26910 

93770 

426 

0.239 

1.  26997 

85365 

83836 

547 

0.  78741 

48823 

72687 

922 

0.  240 

1.27124 

91503 

21404 

692 

0.  78662 

78610 

66553 

409 

0.241 

1.27252 

10353 

08229 

095 

0.  78584 

16263 

88345 

515 

0.242 

1.27379 

41928 

16194 

849 

0.  78505 

61775 

51829 

496 

0.243 

1.27506 

86241 

18459 

570 

0.  78427 

15137 

71556 

451 

0.244 

1.  27634 

43304 

89454 

665 

0.  78348 

76342 

62862 

532 

0.245 

1.  27762 

13132 

04886 

611 

0.  78270 

45382 

41868 

168 

0.246 

1. 27889 

95735 

41738 

230 

0.  78192 

22249 

25477 

270 

0.247 

1.28017 

91127 

78269 

966 

0.  78114 

06935 

31376 

458 

0.  248 

1.  28145 

99321 

94021 

162 

0.  78035 

99432 

78034 

273 

0.  249 

1.  28274 

20330 

69811 

341 

0.  77957 

99733 

84700 

396 

0.  250 

1.  28402 

54166 

87741 

484 

0.  77880 

07830 

71404 

868 
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EXPONENTIAL  FUNCTION  Table  4.4 


X 

ex 

e~x 

0.  250 

1.  28402 

54166 

87741 

484 

0.  77880 

07830 

71404 

868 

0.251 

1.28531 

00843 

31195 

317 

0.  77802 

23715 

58957 

312 

0.252 

1.  28659 

60372 

84840 

591 

0. 77724 

47380 

68946 

150 

0.253 

1.  28788 

32768 

34630 

366 

0.  77646 

78818 

23737 

828 

0.254 

1.  28917 

18042 

67804 

299 

0. 77569 

18020 

46476 

034 

0.255 

1.  29046 

16208 

72889 

931 

0.  77491 

64979 

61080 

928 

0.256 

1.  29175 

27279 

39703 

974 

0. 77414 

19687 

92248 

360 

0.257 

1.  29304 

51267 

59353 

603 

0. 77336 

82137 

65449 

096 

0.258 

1. 29433 

88186 

24237 

745 

0.  77259 

52321 

06928 

045 

0.259 

1. 29563 

38048 

28048 

373 

0. 77182 

30230 

43703 

483 

0.260 

1.  29693 

00866 

65771 

798 

0. 77105 

15858 

03566 

284 

0.261 

1.  29822 

76654 

33689 

967 

0.  77028 

09196 

15079 

142 

0.262 

1.  29952 

65424 

29381 

755 

0. 76951 

10237 

07575 

806 

0.  263 

1.  30082 

67189 

51724 

266 

0.  76874 

18973 

11160 

303 

0.264 

1.  30212 

81963 

00894 

131 

0.  76797 

35396 

56706 

173 

0.265 

1.  30343 

09757 

78368 

808 

0,  76720 

59499 

75855 

698 

0.266 

1.  30473 

50586 

86927 

883 

0.  76643 

91275 

01019 

133 

0.267 

1.  30604 

04463 

30654 

372 

0.  76567 

30714 

65373 

938 

0.268 

1. 30734 

71400 

14936 

028 

0.  76490 

77811 

02864 

015 

0.269 

1.  30865 

51410 

46466 

646 

0.  76414 

32556 

48198 

937 

0.270 

1.  30996 

44507 

33247 

364 

0.  76337 

94943 

36853 

186 

0.271 

1.  31127 

50703 

84587 

979 

0.  76261 

64964 

05065 

386 

0.272 

1.  31258 

70013 

11108 

252 

0. 76185 

42610 

89837 

543 

0.273 

1.  31390 

02448 

24739 

218 

0.  76109 

27876 

28934 

278 

0.274 

1.  31521 

48022 

38724 

500 

0. 76033 

20752 

60882 

066 

0.275 

1.  31653 

06748 

67621 

623 

0.  75957 

21232 

24968 

476 

0.276 

1.  31784 

78640 

27303 

324 

0.  75881 

29307 

61241 

409 

0.277 

1.  31916 

63710 

34958 

873 

0.  75805 

44971 

10508 

337 

0.278 

1. 32048 

61972 

09095 

387 

0.  75729 

68215 

14335 

547 

0.279 

1.  32180 

73438 

69539 

151 

0.  75653 

99032 

15047 

380 

0.280 

1. 32312 

98123 

37436 

936 

0.  75578 

37414 

55725 

472 

0.281 

1. 32445 

36039 

35257 

318 

0.  75502 

83354 

80208 

002 

0.282 

1.  32577 

87199 

86792 

007 

0.75427 

36845 

33088 

932 

0.283 

1.  32710 

51618 

17157 

164 

0.  75351 

97878 

59717 

250 

0.284 

1.  32843 

29307 

52794 

731 

0.  75276 

66447 

06196 

222 

0.285 

1.  32976 

20281 

21473 

753 

0.75201 

42543 

19382 

630 

0.286 

1. 33109 

24552 

52291 

710 

0.  75126 

26159 

46886 

026 

0.287 

1.  33242 

42134 

75675 

843 

0.  75051 

17288 

37067 

974 

0.288 

1. 33375 

73041 

23384 

488 

0.  74976 

15922 

39041 

301 

0.289 

1.  33509 

17285 

28508 

403 

0. 74901 

22054 

02669 

348 

0.290 

1.  33642 

74880 

25472 

103 

0. 74826 

35675 

78565 

215 

0.291 

1.  33776 

45839 

50035 

199 

0.  74751 

56780 

18091 

016 

0.  292 

1.  33910 

30176 

39293 

724 

0.  74676 

85359 

73357 

128 

0.  293 

1. 34044 

27904 

31681 

481 

0.  74602 

21406 

97221 

444 

0.294 

1. 34178 

39036 

66971 

373 

0.  74527 

64914 

43288 

626 

0.  295 

1. 34312 

63586 

86276 

747 

0.  74453 

15874 

65909 

357 

0.296 

1.  34447 

01568 

32052 

735 

0.  74378 

74280 

20179 

599 

0.297 

1.  34581 

52994 

48097 

594 

0. 74304 

40123 

61939 

843 

0.298 

1. 34716 

17878 

79554 

052 

0.  74230 

13397 

47774 

369 

0.299 

1. 34850 

96234 

72910 

654 

0.  74155 

94094 

35010 

502 

0.  300 

1.  34985 

88075 

76003 

104 

0.  74081 

82206 

81717 

866 
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Table  4.4  EXPONENTIAL  FUNCTION 


X 

0.  300 

1. 34985 

ex 

88075 

76003 

l04 

0. 74081 

e~x 

82206 

81717 

866 

0.  301 

1.  35120 

93415 

38015 

618 

0.  74007 

77727 

46707 

647 

0.  302 

1.  35256 

12267 

09482 

272 

0.  73933 

80648 

89531 

848 

0.  303 

1.  35391 

44644 

42288 

348 

0. 73859 

90963 

70482 

549 

0.304 

1.  35526 

90560 

89671 

692 

0.  73786 

08664 

50591 

171 

0.  305 

1.  35662 

50030 

06224 

066 

0.  73712 

33743 

91627 

732 

0.306 

1. 35798 

23065 

47892 

497 

0.  73638 

66194 

56100 

112 

0.  307 

1. 35934 

09680 

71980 

642 

0.  73565 

06009 

07253 

313 

0.  308 

1.  36070 

09889 

37150 

137 

0. 73491 

53180 

09068 

726 

0.  309 

1.  36206 

23705 

03421 

961 

0. 73418 

07700 

26263 

391 

0.310 

1.  36342 

51141 

32177 

794 

0. 73344 

69562 

24289 

264 

0.  311 

1. 36478 

92211 

86161 

378 

0.  73271 

38758 

69332 

482 

0.  312 

1. 36615 

46930 

29479 

880 

0.  73198 

15282 

28312 

628 

0.313 

1.  36752 

15310 

27605 

258 

0. 73124 

99125 

68882 

001 

0.  314 

1.  36888 

97365 

47375 

624 

0. 73051 

90281 

59424 

881 

0.  315 

1.  37025 

93109 

56996 

611 

0. 72978 

88742 

69056 

797 

0.  316 

1.  37163 

02556 

26042 

743 

0. 72905 

94501 

67623 

797 

0.  317 

1. 37300 

25719 

25458 

804 

0. 72833 

07551 

25701 

720 

0.  318 

1.  37437 

62612 

27561 

208 

0. 72760 

27884 

14595 

463 

0.  319 

1.  37575 

13249 

06039 

370 

0.  72687 

55493 

06338 

254 

0.  320 

1.  37712 

77643 

35957 

085 

0.  72614 

90370 

73690 

925 

0.  321 

1.  37850 

55808 

93753 

895 

0. 72542 

32509 

90141 

181 

0.  322 

1. 37988 

47759 

57246 

476 

0.  72469 

81903 

29902 

880 

0.  323 

1.  38126 

53509 

05630 

003 

0.  72397 

38543 

67915 

300 

0.  324 

1.  38264 

73071 

19479 

542 

0.  72325 

02423 

79842 

419 

0.  325 

1.  38403 

06459 

80751 

421 

0.  72252 

73536 

42072 

189 

0.  326 

1. 38541 

53688 

72784 

617 

0.  72180 

51874 

31715 

812 

0.  327 

1.  38680 

14771 

80302 

136 

0.  72108 

37430 

26607 

016 

0.  328 

1.  38818 

89722 

89412 

403 

0. 72036 

30197 

05301 

338 

0.  329 

1.38957 

78555 

87610 

642 

0. 71964 

30167 

47075 

395 

0.330 

1.  39096 

81284 

63780 

266 

0.  71892 

37334 

31926 

170 

0.  331 

1.  39235 

97923 

08194 

268 

0. 71820 

51690 

40570 

286 

0.  332 

1.  39375 

28485 

12516 

609 

0. 71748 

73228 

54443 

294 

0.  333 

1.  39514 

72984 

69803 

608 

0. 71677 

01941 

55698 

947 

0.  334 

1.  39654 

31435 

74505 

339 

0. 71605 

37822 

27208 

486 

0.  335 

1. 39794 

03852 

22467 

023 

0. 71533 

80863 

52559 

924 

0.  336 

1. 39933 

90248 

10930 

424 

0.  71462 

31058 

16057 

326 

0.337 

1.  40073 

90637 

38535 

249 

0.  71390 

88399 

02720 

095 

0.  338 

1.  40214 

05034 

05320 

540 

0. 71319 

52878 

98282 

260 

0.339 

1.  40354 

33452 

12726 

081 

0.  71248 

24490 

89191 

756 

0.  340 

1.  40494 

75905 

63593 

797 

0.  71177 

03227 

62609 

715 

0.  341 

1.  40635 

32408 

62169 

155 

0.  71105 

89082 

06409 

751 

0.  342 

1.  40776 

02975 

14102 

572 

0.  71034 

82047 

09177 

248 

0.343 

1.  40916 

87619 

26450 

817 

0.  70963 

82115 

60208 

649 

0.  344 

1.  41057 

86355 

07678 

418 

0. 70892 

89280 

49510 

748 

0.  345 

1.41198 

99196 

67659 

075 

0. 70822 

03534 

67799 

973 

0.  346 

1.  41340 

26158 

17677 

066 

0.  70751 

24871 

06501 

685 

0.  347 

1.  41481 

67253 

70428 

658 

0.  70680 

53282 

57749 

463 

0.  348 

1.  41623 

22497 

40023 

522 

0.  70609 

88762 

14384 

398 

0.  349 

1. 41764 

91903 

41986 

146 

0.  70539 

31302 

69954 

390 

0.  350 

1.  41906 

75485 

93257 

248 

0. 70468 

80897 

18713 

434 

[(-7)2]  [(-8)9- 


ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


123 


EXPONENTIAL  FUNCTION  Table  4.4 


X 

0.350 

1.  41906 

e* 

75485 

93257 

248 

0.  70468 

e~x 

80897 

18713 

434 

0.  351 

1.  42048 

73259 

12195 

200 

0. 70398 

37538 

55620 

921 

0.  352 

1.42190 

85237 

18577 

438 

0.  70328 

01219 

76340 

929 

0.353 

1.  42333 

11434 

33601 

886 

0.  70257 

71933 

77241 

521 

0.  354 

1. 42475 

51864 

79888 

380 

0.  70187 

49673 

55394 

037 

0.  355 

1.  42618 

06542 

81480 

082 

0.  70117 

34432 

08572 

398 

0.  356 

1.  42760 

75482 

63844 

915 

0.  70047 

26202 

35252 

399 

0.  357 

1. 42903 

58698 

53876 

979 

0.  69977 

24977 

34611 

008 

0.  358 

1.  43046 

56204 

79897 

983 

0.  69907 

30750 

06525 

666 

0.  359 

1.43189 

68015 

71658 

672 

0.  69837 

43513 

51573 

587 

0.  360 

1.  43332 

94145 

60340 

258 

0.  69767 

63260 

71031 

057 

0.  361 

1.  43476 

34608 

78555 

848 

0.  69697 

89984 

66872 

738 

0.  362 

1.  43619 

89419 

60351 

880 

0.  69628 

23678 

41770 

967 

0.  363 

1.  43763 

58592 

41209 

556 

0. 69558 

64334 

99095 

062 

0.  364 

1.  43907 

42141 

58046 

276 

0.  69489 

11947 

42910 

621 

0.  365 

1. 44051 

40081 

49217 

078 

0.  69419 

66508 

77978 

831 

0.  366 

1.  44195 

52426 

54516 

071 

0.  69350 

28012 

09755 

768 

0.  367 

1.  44339 

79191 

15177 

881 

0.  69280 

96450 

44391 

707 

0.  368 

1. 44484 

20389 

73879 

090 

0.  69211 

71816 

88730 

425 

0.  369 

1.  44628 

76036 

74739 

677 

0. 69142 

54104 

50308 

508 

0.  370 

1. 44773 

46146 

63324 

462 

0.  69073 

43306 

37354 

660 

0.  371 

1.  44918 

30733 

86644 

554 

0.  69004 

39415 

58789 

010 

0.  372 

1.  45063 

29812 

93158 

799 

0.  68935 

42425 

24222 

423 

0.  373 

1.  45208 

43398 

32775 

223 

0. 68866 

52328 

43955 

806 

0.  374 

1. 45353 

71504 

56852 

487 

0.  68797 

69118 

28979 

422 

0.  375 

1. 45499 

14146 

18201 

336 

0.  68728 

92787 

90972 

199 

0.  376 

1. 45644 

71337 

71086 

052 

0. 68660 

23330 

42301 

040 

0.377 

1.  45790 

43093 

71225 

910 

0. 68591 

60738 

96020 

141 

0.  378 

1.  45936 

29428 

75796 

632 

0.  68523 

05006 

65870 

297 

0.  379 

1. 46082 

30357 

43431 

842 

0. 68454 

56126 

66278 

222 

0.  380 

1.  46228 

45894 

34224 

532 

0.  68386 

14092 

12355 

858 

0.  381 

1.  46374 

76054 

09728 

512 

0.  68317 

78896 

19899 

696 

0.  382 

1.46521 

20851 

32959 

881 

0.  68249 

50532 

05390 

084 

0.  383 

1.  46667 

80300 

68398 

485 

0.  68181 

28992 

85990 

553 

0.  384 

1.  46814 

54416 

81989 

380 

0.  68113 

14271 

79547 

125 

0.  385 

1.  46961 

43214 

41144 

302 

0. 68045 

06362 

04587 

638 

0.  386 

1.47108 

46708 

14743 

133 

0.  67977 

05256 

80321 

060 

0.  387 

1.  47255 

64912 

73135 

370 

0.  67909 

10949 

26636 

810 

0.  388 

1.  47402 

97842 

88141 

592 

0.  67841 

23432 

64104 

077 

0.  389 

1.  47550 

45513 

33054 

939 

0.  67773 

42700 

13971 

142 

0.  390 

1.  47698 

07938 

82642 

577 

0.  67705 

68744 

98164 

700 

0.  391 

1. 47845 

85134 

13147 

180 

0. 67638 

01560 

39289 

177 

0.  392 

1.  47993 

77114 

02288 

401 

0.  67570 

41139 

60626 

058 

0.  393 

1. 48141 

83893 

29264 

352 

0. 67502 

87475 

86133 

209 

0.  394 

1.  48290 

05486 

74753 

084 

0. 67435 

40562 

40444 

198 

0.  395 

1.  48438 

41909 

20914 

066 

0. 67368 

00392 

48867 

624 

0.  396 

1.  48586 

93175 

51389 

667 

0.  67300 

66959 

37386 

438 

0.  397 

1.  48735 

59300 

51306 

642 

0. 67233 

40256 

32657 

274 

0.  398 

1. 48884 

40299 

07277 

615 

0.  67166 

20276 

62009 

771 

0.  399 

1.  49033 

36186 

07402 

565 

0.  67099 

07013 

53445 

901 

0.  400 

1. 49182 

46976 

41270 

318 

0. 67032 

00460 

35639 

301 
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Table  4.4 


EXPONENTIAL  FUNCTION 


X 

0.  400 

1. 49182 

ex 

46976 

41270 

318 

0. 67032 

e~x 

00460 

35639 

301 

0.  401 

1. 49331 

72684 

99960 

030 

0. 66965 

00610 

37934 

596 

0. 402 

1. 49481 

13326 

76042 

686 

0. 66898 

07456 

90346 

733 

0.403 

1. 49630 

68916 

63582 

585 

0.  66831 

20993 

23560 

309 

0.  404 

1. 49780 

39469 

58138 

840 

0. 66764 

41212 

68928 

902 

0. 405 

1. 49930 

25000 

56766 

870 

0. 66697 

68108 

58474 

400 

0.  406 

1.  50080 

25524 

58019 

898 

0. 66631 

01674 

24886 

338 

0.  407 

1.50230 

41056 

61950 

452 

0. 66564 

41903 

01521 

227 

0. 408 

1.50380 

71611 

70111 

860 

0. 66497 

88788 

22401 

888 

0.  409 

1.50531 

17204 

85559 

754 

0. 66431 

42323 

22216 

786 

0.410 

1. 50681 

77851 

12853 

578 

0. 66365 

02501 

36319 

366 

0.  411 

1. 50832 

53565 

58058 

082 

0. 66298 

69316 

00727 

386 

0. 412 

1. 50983 

44363 

28744 

838 

0. 66232 

42760 

52122 

256 

0. 413 

1.51134 

50259 

33993 

742 

0. 66166 

22828 

27848 

372 

0.414 

1.  51285 

71268 

84394 

526 

0. 66100 

09512 

65912 

454 

0. 415 

1. 51437 

07406 

92048 

265 

0. 66034 

02807 

04982 

886 

0. 416 

1.51588 

58688 

70568 

894 

0. 65968 

02704 

84389 

050 

0. 417 

1.51740 

25129 

35084 

718 

0. 65902 

09199 

44120 

673 

0.  418 

1. 51892 

06744 

02239 

927 

0. 65836 

22284 

24827 

158 

0.419 

1. 52044 

03547 

90196 

115 

0. 65770 

41952 

67816 

932 

0.  420 

1. 52196 

15556 

18633 

796 

0. 65704 

68198 

15056 

782 

0.  421 

1. 52348 

42784 

08753 

926 

0.  65639 

01014 

09171 

201 

0. 422 

1. 52500 

85246 

83279 

422 

0. 65573 

40393 

93441 

728 

0. 423 

1. 52653 

42959 

66456 

685 

0. 65507 

86331 

11806 

293 

0. 424 

1. 52806 

15937 

84057 

126 

0. 65442 

38819 

08858 

560 

0.  425 

1.52959 

04196 

63378 

690 

0. 65376 

97851 

29847 

271 

0. 426 

1. 53112 

07751 

33247 

382 

0. 65311 

63421 

20675 

593 

0.  427 

1. 53265 

26617 

24018 

802 

0. 65246 

35522 

27900 

462 

0. 428 

1. 53418 

60809 

67579 

666 

0. 65181 

14147 

98731 

930 

0.  429 

1. 53572 

10343 

97349 

347 

0. 65115 

99291 

81032 

515 

0. 430 

1. 53725 

75235 

48281 

402 

0. 65050 

90947 

23316 

545 

0.  431 

1. 53879 

55499 

56865 

110 

0. 64985 

89107 

74749 

506 

0.432 

1. 54033 

51151 

61127 

008 

0. 64920 

93766 

85147 

398 

0. 433 

1.54187 

62207 

00632 

428 

0. 64856 

04918 

04976 

075 

0.434 

1. 54341 

88681 

16487 

038 

0. 64791 

22554 

85350 

604 

0.  435 

1. 54496 

30589 

51338 

384 

0. 64726 

46670 

78034 

611 

0.436 

1. 54650 

87947 

49377 

427 

0. 64661 

77259 

35439 

635 

0.  437 

1. 54805 

60770 

56340 

096 

0. 64597 

14314 

10624 

479 

0.438 

1. 54960 

49074 

19508 

826 

0. 64532 

57828 

57294 

565 

0. 439 

1.55115 

52873 

87714 

108 

0.  64468 

07796 

29801 

285 

0. 440 

1.55270 

72185 

11336 

042 

0. 64403 

64210 

83141 

359 

0.  441 

1. 55426 

07023 

42305 

879 

0. 64339 

27065 

72956 

185 

0.  442 

1. 55581 

57404 

34107 

580 

0. 64274 

96354 

55531 

200 

0. 443 

1. 55737 

23343 

41779 

367 

0. 64210 

72070 

87795 

233 

0.  444 

1. 55893 

04856 

21915 

277 

0.  64146 

54208 

27319 

863 

0. 445 

1. 56049 

01958 

32666 

719 

0. 64082 

42760 

32318 

776 

0.  446 

1. 56205 

14665 

33744 

035 

0. 64018 

37720 

61647 

123 

0. 447 

1. 56361 

42992 

86418 

055 

0.  63954 

39082 

74800 

880 

0. 448 

1. 56517 

86956 

53521 

663 

0. 63890 

46840 

31916 

208 

0. 449 

1. 56674 

46571 

99451 

356 

0. 63826 

60986 

93768 

809 

0.  450 

1. 56831 

21854 

90168 

811 

0. 63762 

81516 

21773 

293 

(-7)2' 


(-8)9' 
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EXPONENTIAL  FUNCTION 


Table  4.4 


x ex  e~x 


0.  450 

1.  56831 

21854 

90168 

811 

0.  63762 

81516 

21773 

293 

0.  451 

1.  56988 

12820 

93202 

449 

0.  63699 

08421 

77982 

535 

0.  452 

1.  57145 

19485 

77649 

003 

0.  63635 

41697 

25087 

037 

0.  453 

1.57302 

41865 

14175 

089 

0.  63571 

81336 

26414 

293 

0.  454 

1.  57459 

79974 

75018 

775 

0. 63508 

27332 

45928 

153 

0.  455 

1.  57617 

33830 

33991 

152 

0.  63444 

79679 

48228 

182 

0.456 

1.  57775 

03447 

66477 

911 

0.  63381 

38370 

98549 

030 

0.  457 

1. 57932 

88842 

49440 

916 

0.  63318 

03400 

62759 

794 

0. 458 

1.58090 

90030 

61419 

781 

0.  63254 

74762 

07363 

387 

0.  459 

1.  58249 

07027 

82533 

449 

0.  63191 

52448 

99495 

898 

0,  460 

1.  58407 

39849 

94481 

775 

0.  63128 

36455 

06925 

969 

0.461 

1.  58565 

88512 

80547 

101 

0.  63065 

26773 

98054 

154 

0.  462 

1.  58724 

53032 

25595 

846 

0.  63002 

23399 

41912 

291 

0.  463 

1.  58883 

33424 

16080 

087 

0.  62939 

26325 

08162 

872 

0.  464 

1.  59042 

29704 

40039 

147 

0.  62876 

35544 

67098 

411 

0.  465 

1.  59201 

41888 

87101 

182 

0.  62813 

51051 

89640 

814 

0.  466 

1.  59360 

69993 

48484 

772 

0.  62750 

72840 

47340 

750 

0.  467 

1.  59520 

14034 

17000 

511 

0.  62688 

00904 

12377 

027 

0.  468 

1.  59679 

74026 

87052 

601 

0.  62625 

35236 

57555 

956 

0.  469 

1.  59839 

49987 

54640 

444 

0.  62562 

75831 

56310 

730 

0.  470 

1.  59999 

41932 

17360 

241 

0.  62500 

22682 

82700 

796 

0.  471 

1.  60159 

49876 

74406 

589 

0.  62437 

75784 

11411 

229 

0. 472 

1.  60319 

73837 

26574 

077 

0. 62375 

35129 

17752 

104 

0.  473 

1.  60480 

13829 

76258 

891 

0.  62313 

00711 

77657 

876 

0.  474 

1.  60640 

69870 

27460 

416 

0.  62250 

72525 

67686 

754 

0.  475 

1.  60801 

41974 

85782 

835 

0.  62188 

50564 

65020 

075 

0. 476 

1.  60962 

30159 

58436 

741 

0.  62126 

34822 

47461 

685 

0.  477 

1.  61123 

34440 

54240 

740 

0.  62064 

25292 

93437 

314 

0. 478 

1.  61284 

54833 

83623 

064 

0.  62002 

21969 

81993 

957 

0. 479 

1.  61445 

91355 

58623 

174 

0.  61940 

24846 

92799 

250 

0. 480 

1.  61607 

44021 

92893 

382 

0.  61878 

33918 

06140 

853 

0.  481 

1. 61769 

12849 

01700 

456 

0. 61816 

49177 

02925 

827 

0.  482 

1.  61930 

97853 

01927 

238 

0.  61754 

70617 

64680 

018 

0.  483 

1.  62092 

99050 

12Q74 

265 

0.  61692 

98233 

73547 

436 

0.  484 

1.  62255 

16456 

52261 

382 

0.  61631 

32019 

12289 

639 

0.  485 

1.  62417 

50088 

44229 

364 

0.  61569 

71967 

64285 

113 

0.  486 

1.  62579 

99962 

11341 

538 

0.  61508 

18073 

13528 

659 

0.  487 

1.  62742 

66093 

78585 

406 

0.  61446 

70329 

44630 

776 

0.  488 

1.  62905 

48499 

72574 

272 

0.  61385 

28730 

42817 

043 

0.  489 

1.  63068 

47196 

21548 

865 

0.  61323 

93269 

93927 

508 

0.  490 

1.  63231 

62199 

55378 

970 

0.  61262 

63941 

84416 

069 

0.  491 

1. 63394 

93526 

05565 

057 

0.  61201 

40740 

01349 

867 

0.  492 

1. 63558 

41192 

05239 

912 

0.  61140 

23658 

32408 

668 

0.  493 

1. 63722 

05213 

89170 

270 

0.  61079 

12690 

65884 

251 

0.  494 

1.  63885 

85607 

93758 

453 

0.  61018 

07830 

90679 

799 

0.  495 

1. 64049 

82390 

57044 

002 

0.  60957 

09072 

96309 

287 

0. 496 

1.  64213 

95578 

18705 

315 

0.  60896 

16410 

72896 

868 

0.  497 

1. 64378 

25187 

20061 

292 

0.  60835 

29838 

11176 

269 

0.  498 

1.  64542 

71234 

04072 

971 

0.  60774 

49349 

02490 

178 

0. 499 

1.  64707 

33735 

15345 

173 

0.  60713 

74937 

38789 

634 

0.500 

1.  64872 

12707 

00128 

147 

0. 60653 

06597 

12633 

424 

] 
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Table  4.4  EXPONENTIAL  FUNCTION 


x & e~x 


0.  500 

1. 64872 

12707 

00128 

147 

0.  60653 

06597 

12633 

424 

0.  501 

1.  65037 

08166 

06319 

214 

0. 60592 

44322 

17187 

470 

0.  502 

1.  65202 

20128 

83464 

418 

0.  60531 

88106 

46224 

228 

0.503 

1.  65367 

48611 

82760 

175 

0. 60471 

37943 

94122 

075 

0.504 

1. 65532 

93631 

57054 

920 

0.  60410 

93828 

55864 

709 

0.  505 

1. 65698 

55204 

60850 

766 

0.  60350 

55754  27040 

541 

0.506 

1.  65864 

33347 

50305 

156 

0.60290 

23715 

03842 

093 

0.  507 

1. 66030 

28076 

83232 

516 

0. 60229 

97704 

83065 

390 

0.508 

1.  66196 

39409 

19105 

918 

0.  60169 

77717 

62109 

362 

0. 509 

1.  66362 

67361 

19058 

736 

0.  60109 

63747 

38975 

237 

0.510 

1.  66529 

11949 

45886 

308 

0.  60049 

55788 

12265 

943 

0.511 

1. 66695 

73190 

64047 

601 

0. 59989 

53833 

81185 

502 

0.512 

1.  66862 

51101 

39666 

871 

0.  59929 

57878 

45538 

434 

0.  513 

1. 67029 

45698 

40535 

333 

0. 59869 

67916 

05729 

153 

0.  514 

1.  67196 

56998 

36112 

826 

0.  59809 

83940 

62761 

369 

0.  515 

1.  67363 

85017 

97529 

486 

0.  59750 

05946 

18237 

489 

0.516 

1.  67531 

29773 

97587 

414 

0. 59690 

33926 

74358 

019 

0.  517 

1. 67698 

91283 

10762 

348 

0.  59630 

67876 

33920 

965 

0.518 

1. 67866 

69562 

13205 

342 

0. 59571 

07789 

00321 

238 

0.  519 

1.  68034 

64627 

82744 

439 

0.  59511 

53658 

77550 

053 

0.  520 

1. 68202 

76496 

98886 

347 

0.  59452 

05479 

70194 

339 

0. 521 

1.  68371 

05186 

42818 

123 

0.  59392 

63245 

83436 

138 

0.  522 

1.  68539 

50712 

97408 

851 

0.  59333 

26951 

23052 

015 

0. 523 

1.  68708 

13093 

47211 

326 

0. 59273 

96589 

95412 

460 

0. 524 

1.  68876 

92344 

78463 

738 

0.  59214 

72156 

07481 

294 

0. 525 

1.  69045 

88483 

79091 

359 

0. 59155 

53643 

66815 

082 

0.  526 

1.  69215 

01527 

38708 

232 

0.  59096 

41046 

81562 

533 

0.  527 

1.  69384 

31492 

48618 

855 

0. 59037 

34359 

60463 

912 

0.  528 

1. 69553 

78396 

01819 

881 

0.  58978 

33576 

12850 

450 

0. 529 

1. 69723 

42254 

93001 

803 

0. 58919 

38690 

48643 

749 

0.  530 

1.  69893 

23086 

18550 

654 

0.  58860 

49696 

78355 

196 

0.  531 

1.  70063 

20906 

76549 

702 

0.  58801 

66589 

13085 

372 

0.  532 

1. 70233 

35733 

66781 

146 

0.  58742 

89361 

64523 

463 

0.533 

1.  70403 

67583 

90727 

817 

0. 58684 

18008 

44946 

670 

0.534 

1. 70574 

16474 

51574 

883 

0. 58625 

52523 

67219 

626 

0. 535 

1. 70744 

82422 

54211 

545 

0. 58566 

92901 

44793 

803 

0.536 

1. 70915 

65445 

05232 

748 

0.  58508 

39135 

91706 

932 

0. 537 

1. 71086 

65559 

12940 

887 

0.  58449 

91221 

22582 

409 

0.538 

1. 71257 

82781 

87347 

510 

0. 58391 

49151 

52628 

716 

0. 539 

1. 71429 

17130 

40175 

036 

0. 58333 

12920 

97638 

836 

0. 540 

1. 71600 

68621 

84858 

460 

0. 58274 

82523 

73989 

665 

0. 541 

1. 71772 

37273 

36547 

069 

0. 58216 

57953 

98641 

430 

0. 542 

1. 71944 

23102 

12106 

159 

0.  58158 

39205 

89137 

107 

0. 543 

1. 72116 

26125 

30118 

747 

0. 58100 

26273 

63601 

839 

0. 544 

1. 72288 

46360 

10887 

296 

0. 58042 

19151 

40742 

351 

0.  545 

1. 72460 

83823 

76435 

429 

0.  57984 

17833 

39846 

373 

0. 546 

1. 72633 

38533 

50509 

656 

0. 57926 

22313 

80782 

055 

0. 547 

1. 72806 

10506 

58581 

095 

0. 57868 

32586 

83997 

389 

0.  548 

1.  72978 

99760 

27847 

197 

0.  57810 

48646 

70519 

631 

0. 549 

1. 73152 

06311 

87233 

477 

0.57752 

70487 

61954 

718 

0. 550 

1. 73325 

30178 

67395 

237 

0. 57694 

98103 

80486 

695 
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EXPONENTIAL  FUNCTION  Table  4.4 


X 

0. 550 

1.  73325 

e* 

30178 

67395 

237 

0. 57694 

e~x 

98103 

80486 

695 

0.551 

1. 73498 

71378 

00719 

302 

0.  57637 

31489 

48877 

132 

0. 552 

1. 73672 

29927 

21325 

750 

0. 57579 

70638 

90464 

548 

0.  553 

1.  73846 

05843 

65069 

647 

0. 57522 

15546 

29163 

839 

0.  554 

1. 74019 

99144 

69542 

780 

0.  57464 

66205 

89465 

693 

0. 555 

1.  74194 

09847 

74075 

399 

0. 57407 

22611 

96436 

024 

0. 556 

1. 74368 

37970 

19737 

955 

0.  57349 

84758 

75715 

391 

0.557 

1. 74542 

83529 

49342 

837 

0. 57292 

52640 

53518 

425 

0.  558 

1.  74717 

46543 

07446 

121 

0.  57235 

26251 

56633 

257 

0. 559 

1. 74892 

27028 

40349 

310 

0. 57178 

05586 

12420 

941 

0.  560 

1. 75067 

25002 

96101 

083 

0. 57120 

90638 

48814 

886 

0.561 

1.  75242 

40484 

24499 

041 

0.  57063 

81402 

94320 

280 

0.562 

1. 75417 

73489 

77091 

459 

0.57006  77873 

78013 

522 

0. 563 

1.  75593 

24037 

07179 

036 

0. 56949 

80045 

29541 

648 

0.  564 

1.  75768 

92143 

69816 

648 

0. 56892 

87911 

79121 

761 

0.565 

1. 75944 

77827 

21815 

104 

0. 56836 

01467 

57540 

464 

0. 566 

1.  76120 

81105 

21742 

902 

0.  56779 

20706 

96153 

288 

0.  567 

1.  76297 

01995 

29927 

989 

0. 56722 

45624 

26884 

125 

0.568 

1.  76473 

40515 

08459 

520 

0.  56665 

76213 

82224 

657 

0.  569 

1. 76649 

96682 

21189 

621 

0. 56609 

12469 

95233 

792 

0.570 

1. 76826 

70514 

33735 

152 

0.  56552 

54386 

99537 

097 

0.571 

1.  77003 

62029 

13479 

471 

0. 56496 

01959 

29326 

229 

0.  572 

1. 77180 

71244 

29574 

208 

. 0.56439 

55181 

19358 

370 

0.573 

1. 77357 

98177 

52941 

024 

0.  56383 

14047 

04955 

664 

0.574 

1. 77535 

42846 

56273 

392 

0.  56326 

78551 

22004 

648 

0.575 

1. 77713 

05269 

14038 

362 

0. 56270 

48688  06955 

693 

0.  576 

1.  77890 

85463 

02478 

341 

0. 56214 

24451 

96822 

437 

0.577 

1. 78068 

83445 

99612 

864 

0. 56158 

05837 

29181 

224 

0. 578 

1. 78246 

99235 

85240 

377 

0.  56101 

92838 

42170 

538 

0. 579 

1. 78425 

32850 

40940 

016 

0. 56045 

85449 

74490 

445 

0.580 

1. 78603 

84307 

50073 

382 

0.  55989 

83665 

65402 

033 

0. 581 

1. 78782 

53624 

97786 

336 

0. 55933 

87480 

54726 

843 

0.  582 

1.  78961 

40820 

71010 

772 

0. 55877 

96888 

82846 

320 

0. 583 

1. 79140 

45912 

58466 

414 

0. 55822 

11884 

90701 

245 

0. 584 

1. 79319 

68918 

50662 

599 

0.  55766 

32463 

19791 

179 

0. 585 

1. 79499 

09856 

39900 

067 

0. 55710 

58618 

12173 

905 

0. 586 

1. 79678 

68744 

20272 

757 

0.55654  90344 

10464 

868 

0. 587 

1. 79858 

45599 

87669 

600 

0. 55599 

27635 

57836 

621 

0. 588 

1.  80038 

40441 

39776 

313 

0.55543 

70486  98018  264 

0. 589 

1. 80218 

53286 

76077 

198 

0. 55488 

18892 

75294 

892 

0.  590 

1. 80398 

84153 

97856 

940 

0.  55432 

72847 

34507 

035 

0. 591 

1. 80579 

33061 

08202 

413 

0. 55377 

32345 

21050 

107 

0. 592 

1. 80760 

00026 

12004 

477 

0. 55321 

97380 

80873 

848 

0. 593 

1. 80940 

85067 

15959 

787 

0.  55266 

67948 

60481 

771 

0.594 

1. 81121 

88202 

28572 

596 

0. 55211 

44043 

06930 

610 

0. 595 

1. 81303 

09449 

60156 

569 

0. 55156 

25658 

67829 

766 

0. 596 

1. 81484 

48827 

22836 

588 

0. 55101 

12789 

91340 

753 

0. 597 

1. 81666 

06353 

30550 

566 

0. 55046 

05431 

26176 

649 

0. 598 

1. 81847 

82045 

99051 

264 

0. 54991 

03577 

21601 

542 

0. 599 

1. 82029 

75923 

45908 

101 

0.54936 

07222 

27429 

984 

0.600 

1.82211 

88003 

90508 

975 

0.  54881 

16360 

94026 

433 
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Table  4.4 


EXPONENTIAL  FUNCTION 


X 

0.  600 

1.  82211 

ex 

88003 

90508 

975 

0.  54881 

e-x 

16360 

94026 

433 

0.  601 

1.  82394 

18305 

54062 

083 

0.  54826 

30987 

72304 

710 

0.  602 

1.  82576 

66846 

59597 

740 

0.  54771 

51097 

13727 

448 

0.  603 

1.  82759 

33645 

31970 

203 

0.  54716 

76683 

70305 

543 

0.  604 

1. 82942 

18719 

97859 

499 

0.  54662 

07741 

94597 

605 

0.  605 

1.  83125 

22088 

85773 

244 

0.  54607 

44266 

39709 

413 

0.  606 

1. 83308 

43770 

26048 

479 

0.  54552 

86251 

59293 

368 

0.  607 

1. 83491 

83782 

50853 

497 

0.  54498 

33692 

07547 

943 

0.  608 

1.  83675 

42143 

94189 

676 

0. 54443 

86582 

39217 

140 

0.  609 

1. 83859 

18872 

91893 

312 

0.  54389 

44917 

09589 

946 

0.  610 

1.  84043 

13987 

81637 

455 

0.  54335 

08690 

74499 

787 

0.  611 

1.  84227 

27507 

02933 

750 

0. 54280 

77897 

90323 

981 

0.  612 

1. 84411 

59448 

97134 

270 

0.  54226 

52533 

13983 

200 

0.  613 

1.  84596 

09832 

07433 

364 

0.  54172 

32591 

02940 

922 

0.  614 

1.  84780 

78674 

78869 

496 

0. 54118 

18066 

15202 

890 

0.  615 

1.  84965 

65995 

58327 

090 

0. 54064 

08953 

09316 

571 

0.  616 

1.85150 

71812 

94538 

381 

0.  54010 

05246 

44370 

616 

0.  617 

1.  85335 

96145 

38085 

258 

0.  53956 

06940 

79994 

313 

0.  618 

1. 85521 

39011 

41401 

120 

0.  53902 

14030 

76357 

053 

0.  619 

1.  85707 

00429 

58772 

725 

0.  53848 

26510 

94167 

789 

0.  620 

1. 85892 

80418 

46342 

044 

0.  53794 

44375 

94674 

492 

0.  621 

1. 86078 

78996 

62108 

121 

0.  53740 

67620 

39663 

618 

0.  622 

1.  86264 

96182 

65928 

925 

0.  53686 

96238 

91459 

568 

0.  623 

1.  86451 

31995 

19523 

215 

0.  53633 

30226 

12924 

149 

0.  624 

1. 86637 

86452 

86472 

402 

0.  53579 

69576 

67456 

037 

0.  625 

1. 86824 

59574 

32222 

407 

0.  53526 

14285 

18990 

242 

0.  626 

1.  87011 

51378 

24085 

530 

0.  53472 

64346 

31997 

571 

0.  627 

1.  87198 

61883 

31242 

321 

0.  53419 

19754 

71484 

093 

0.  628 

1.  87385 

91108 

24743 

442 

0. 53365 

80505 

02990 

602 

0.  629 

1.  87573 

39071 

77511 

543 

0.  53312 

46591 

92592 

086 

0.  630 

1. 87761 

05792 

64343 

132 

0.  53259 

18010 

06897 

190 

0.  631 

1.  87948 

91289 

61910 

454 

0.  53205 

94754 

13047 

683 

0.  632 

1.  88136 

95581 

48763 

361 

0.  53152 

76818 

78717 

927 

0.  633 

1. 88325 

18687 

05331 

198 

0.53099 

64198 

72114 

344 

0.  634 

1.88513 

60625 

13924 

678 

0.  53046 

56888 

61974 

883 

0.  635 

1.  88702 

21414 

58737 

766 

0.52993 

54883 

17568 

489 

0.  636 

1.  88891 

01074 

25849 

565 

0.  52940 

58177 

08694 

574 

0.  637 

1.  89079 

99623 

03226 

199 

0.  52887 

66765 

05682 

485 

0.  638 

1.  89269 

17079 

80722 

703 

0.  52834 

80641 

79390 

975 

0.  639 

1. 89458 

53463 

50084 

912 

0.52781 

99802 

01207 

673 

0.  640 

1.  89648 

08793 

04951 

353 

0.  52729 

24240 

43048 

557 

0.  641 

1.  89837 

83087 

40855 

140 

0. 52676 

53951 

77357 

426 

0.  642 

1.  90027 

76365 

55225 

865 

0.  52623 

88930 

77105 

369 

0.  643 

1.90217 

88646 

47391 

502 

0. 52571 

29172 

15790 

242 

0.  644 

1. 90408 

19949 

18580 

301 

0.52518 

74670 

67436 

140 

0.  645 

1.  90598 

70292 

71922 

692 

0. 52466 

25421 

06592 

872 

0.  646 

1. 90789 

39696 

12453 

188 

0.  52413 

81418 

08335 

432 

0.  647 

1.  90980 

28178 

47112 

287 

0.  52361 

42656 

48263 

478 

0.  648 

1.  91171 

35758 

84748 

384 

0. 52309 

09131 

02500 

807 

0.  649 

1.  91362 

62456 

36119 

674 

0.  52256 

80836 

47694 

830 

0.  650 

1.91554 

08290 

13896 

070 

0.  52204 

57767 

61016 

048 

(-7)21  R-8)7 
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EXPONENTIAL  FUNCTION 


Table  4.4 


X 

0.  650 

1.91554 

ex 

08290 

13896 

070 

0.  52204 

e~x 

57767 

61016 

048 

0.  651 

1.91745 

73279 

32661 

108 

0.  52152 

39919 

20157 

530 

0.  652 

1.91937 

57443 

08913 

867 

0.  52100 

27286 

03334 

394 

0.  653 

1.92129 

60800 

61070 

883 

0.  52048 

19862 

89283 

277 

0.  654 

1.92321 

83371 

09468 

067 

0.  51996 

17644 

57261 

823 

0.  655 

1.  92514 

25173 

76362 

630 

0. 51944 

20625 

87048 

156 

0.  656 

1.92706 

86227 

85934 

997 

0.  51892 

28801 

58940 

364 

0.  657 

1.  92899 

66552 

64290 

740 

0.  51840 

42166 

53755 

974 

0.  658 

1.93092 

66167 

39462 

496 

0.  51788 

60715 

52831 

438 

0.  659 

1.93285 

85091 

41411 

902 

0.51736 

84443 

38021 

612 

0.  660 

1.  93479 

23344 

02031 

522 

0.  51685 

13344 

91699 

238 

0.  661 

1.  93672 

80944 

55146 

776 

0.51633 

47414 

96754 

426 

0.  662 

1.  93866 

57912 

36517 

879 

0. 51581 

86648 

36594 

140 

0.  663 

1.  94060 

54266 

83841 

774 

0.  51530 

31039 

95141 

674 

0.  664 

1.  94254 

70027 

36754 

070 

0.  51478 

80584 

56836 

146 

0.  665 

1.  94449 

05213 

36830 

982 

0.51427 

35277 

06631 

974 

0.  666 

1.  94643 

59844 

27591 

272 

0.51375 

95112 

29998 

365 

0.  667 

1.  94838 

33939 

54498 

192 

0.  51324 

60085 

12918 

798 

0.  668 

1.95033 

27518 

64961 

432 

0.51273 

30190 

41890 

516 

0.  669 

1.  95228 

40601 

08339 

065 

0.51222 

05423 

03924 

002 

0.  670 

1.95423 

73206 

35939 

496 

0.51170 

85777 

86542 

478 

0.  671 

1.95619 

25354 

01023 

417 

0.  51119 

71249 

77781 

383 

0.  672 

1.95814 

97063 

58805 

754 

0.51068 

61833 

66187 

865 

0.  673 

1.96010 

88354 

66457 

630 

0.  51017 

57524 

40820 

271 

0.  674 

1.96206 

99246 

83108 

314 

0.50966 

58316 

91247 

632 

0.  675 

1.96403 

29759 

69847 

187 

0.  50915 

64206 

07549 

157 

0.  676 

1.96599 

79912 

89725 

700 

0.50864 

75186 

80313 

718 

0.  677 

1.96796 

49726 

07759 

335 

0.  50813 

91254 

00639 

348 

0.  678 

1.96993 

39218 

90929 

575 

0.  50763 

12402 

60132 

723 

0.  679 

1.  97190 

48411 

08185 

868 

0.50712 

38627 

50908 

661 

0.  680 

1.  97387 

77322 

30447 

594 

0.50661 

69923 

65589 

610 

0.  681 

1. 97585 

25972 

30606 

040 

0.50611 

06285 

97305 

142 

0.  682 

1.97782 

94380 

83526 

371 

0.50560 

47709 

39691 

448 

0.  683 

1.  97980 

82567 

66049 

605 

0.50509 

94188 

86890 

827 

0.  684 

1.98178 

90552 

56994 

589 

0.  50459 

45719 

33551 

185 

0.  685 

1. 98377 

18355 

37159 

979 

0,  50409 

02295 

74825 

526 

0.  686 

1.  98575 

65995 

89326 

220 

0.50358 

63913 

06371 

449 

0.  687 

1. 98774 

33493 

98257 

531 

0.50308 

30566 

24350 

644 

0.  688 

1.98973 

20869 

50703 

885 

0.  50258 

°2250 

25428 

387 

0. 689 

1.99172 

28142 

35403 

001 

0.50207 

.3960 

06773 

037 

0.  690 

1. 99371 

55332 

43082 

329 

0.  50157 

60690 

66055 

534 

0.  691 

1.99571 

02459 

66461 

043 

0.50107 

47437 

01448 

895 

0.  692 

1.99770 

69544 

00252 

033 

0. 50057 

39194 

11627 

713 

0.  693 

1.99970 

56605 

41163 

899 

0.50007 

35956 

95767 

658 

0.  694 

2.  00170 

63663 

87902 

948 

0. 49957 

37720 

53544 

971 

0.  695 

2. 00370 

90739 

41175 

193 

0.  49907 

44479 

85135 

969 

0.  696 

2.00571 

37852 

03688 

356 

0.  49857 

56229 

91216 

541 

0.  697 

2.  00772 

05021 

80153 

865 

0.  49807 

72965 

72961 

653 

0.  698 

2.  00972 

92268 

77288 

865 

0.  49757 

94682 

32044 

844 

0.  699 

2.  01173 

99613 

03818 

219 

0.  49708 

21374 

70637 

732 

0. 700 

2.01375 

27074 

70476 

522 

0.  49658 

53037 

91409 

515 

(-7)2 
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Table  4.4  EXPONENTIAL  FUNCTION 


X 

0.700 

2.  01375 

e? 

27074 

70476 

522 

0. 49658 

e~x 

53037 

91409 

515 

0.701 

2.01576 

74673 

90010 

108 

0.  49608 

89666 

97526 

471 

0.  702 

2.01778 

42430 

77179 

065 

0.  49559 

31256 

92651 

465 

0.  703 

2.01980 

30365 

48759 

247 

0.  49509 

77802 

80943 

451 

0.704 

2.  02182 

38498 

23544 

296 

0. 49460 

29299 

67056 

976 

0.  705 

2.  02384 

66849 

22347 

653 

0. 49410 

85742 

56141 

685 

0.  706 

2.  02587 

15438 

68004 

586 

0.  49361 

47126 

53841 

826 

0. 707 

2. 02789 

84286 

85374 

210 

0. 49312 

13446 

66295 

756 

0.  708 

2.  02992 

73414 

01341 

511 

0.  49262 

84698 

00135 

445 

0.709 

2. 03195 

82840 

44819 

374 

0. 49213 

60875 

62485 

987 

0.  710 

2.  03399 

12586 

46750 

612 

0.  49164 

41974 

60965 

102 

0.711 

2. 03602 

62672 

40109 

996 

0. 49115 

27990 

03682 

649 

0.  712 

2. 03806 

33118 

59906 

288 

0.  49066 

18916 

99240 

129 

0.  713 

2.  04010 

23945 

43184 

280 

0. 49017 

14750 

56730 

197 

0.714 

2.  04214 

35173 

29026 

822 

0.  48968 

15485 

85736 

169 

0.715 

2.  04418 

66822 

58556 

873 

0.  48919 

21117 

96331 

534 

0.716 

2.  04623 

18913 

74939 

531 

0. 48870 

31641 

99079 

460 

0.  717 

2.  04827 

91467 

23384 

083 

0.  48821 

47053 

05032 

312 

0.718 

2.05032 

84503 

51146 

049 

0.  48772 

67346 

25731 

153 

0.719 

2. 05237 

98043 

07529 

226 

0.  48723 

92516 

73205 

263 

0.  720 

2. 05443 

32106 

43887 

743 

0.  48675 

22559 

59971 

650 

0.  721 

2. 05648 

86714 

13628 

106 

0.  48626 

57469 

99034 

560 

0. 722 

2. 05854 

61886 

72211 

257 

0. 48577 

97243 

03884 

990 

0.  723 

2. 06060 

57644 

77154 

626 

0.  48529 

41873 

88500 

207 

0.  724 

2.  06266 

74008 

88034 

189 

0.  48480 

91357 

67343 

253 

0. 725 

2. 06473 

10999 

66486 

529 

0.  48432 

45689 

55362 

467 

0.  726 

2. 06679 

68637 

76210 

896 

0. 48384 

04864 

67990 

997 

0.  727 

2. 06886 

46943 

82971 

273 

0.  48335 

68878 

21146 

315 

0.  728 

2.  07093 

45938 

54598 

438 

0. 48287 

37725 

31229 

734 

0.  729 

2. 07300 

65642 

60992 

036 

0.  48239 

11401 

15125 

923 

0.  730 

2. 07508 

06076 

74122 

645 

0.  48190 

89900 

90202 

427 

0.  731 

2. 07715 

67261 

68033 

852 

0. 48142 

73219 

74309 

180 

0. 732 

2.  07923 

49218 

18844 

323 

0.  48094 

61352 

85778 

027 

0.  733 

2. 08131 

51967 

04749 

882 

0.  48046 

54295 

43422 

238 

0.  734 

2. 08339 

75529 

06025 

589 

0. 47998 

52042 

66536 

031 

0.  735 

2.  08548 

19925 

05027 

819 

0. 47950 

54589 

74894 

090 

0.  736 

2.  08756 

85175 

86196 

344 

0.  47902 

61931 

88751 

082 

0.  737 

2.  08965 

71302 

36056 

419 

0. 47854 

74064 

28841 

182 

0.738 

2.  09174 

78325 

43220 

868 

0.  47806 

90982 

16377 

589 

0.739 

2. 09384 

06265 

98392 

173 

0.  47759 

12680 

73052 

052 

0.  740 

2.  09593 

55144 

94364 

563 

0.47711 

39155 

21034 

388 

0.  741 

2. 09803 

24983 

26026 

109 

0.  47663 

70400 

82972 

004 

0. 742 

2.10013 

15801 

90360 

816 

0.  47616 

06412 

81989 

423 

0.  743 

2. 10223 

27621 

86450 

725 

0. 47568 

47186 

41687 

803 

0. 744 

2. 10433 

60464 

15478 

007 

0.  47520 

92716 

86144 

466 

0.  745 

2. 10644 

14349 

80727 

065 

0. 47473 

42999 

39912 

416 

0.  746 

2. 10854 

89299 

87586 

641 

0.  47425 

98029 

28019 

867 

0.  747 

2.11065 

85335 

43551 

917 

0. 47378 

57801 

75969 

767 

0. 748 

2. 11277 

02477 

58226 

625 

0. 47331 

22312 

09739 

326 

0.749 

2. 11488 

40747 

43325 

155 

0. 47283 

91555 

55779 

537 

0.  750 

2.11700 

00166 

12674 

669 

0. 47236 

65527 

41014 

707 
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EXPONENTIAL  FUNCTION 


Table  4.4 


X 

0.  750 

2. 11700 

6® 

00166 

12674 

669 

0.  47236 

e-x 

65527 

41014 

707 

0.  751 

2. 11911 

80754 

82217 

212 

0. 47189 

44222 

92841 

982 

0.  752 

2. 12123 

82534 

70011 

830 

0.  47142 

27637 

39130 

875 

0.  753 

2. 12336 

05526 

96236 

688 

0. 47095 

15766 

08222 

791 

0.  754 

2. 12548 

49752 

83191 

190 

0. 47048 

08604 

28930 

562 

0.755 

2. 12761 

15233 

55298 

098 

0.  47001 

06147 

30537 

969 

0.  756 

2. 12974 

01990 

39105 

663 

0. 46954 

08390 

42799 

274 

0.  757 

2. 13187 

10044 

63289 

745 

0.  46907 

15328 

95938 

749 

0.  758 

2. 13400 

39417 

58655 

946 

0. 46860 

26958 

20650 

211 

0.759 

2.13613 

90130 

58141 

739 

0. 46813 

43273 

48096 

543 

0.  760 

2.13827 

62204 

96818 

602 

0.  46766 

64270 

09909 

234 

0.  761 

2. 14041 

55662 

11894 

152 

0.  46719 

89943 

38187 

907 

0.762 

2. 14255 

70523 

42714 

282 

0.  46673 

20288 

65499 

852 

0.  763 

2. 14470 

06810 

30765 

301 

0. 46626 

55301 

24879 

557 

0.764 

2. 14684 

64544 

19676 

075 

0.46579 

94976 

49828 

242 

0.765 

2. 14899 

43746 

55220 

173 

0. 46533 

39309 

74313 

393 

0.  766 

2.15114 

44438 

85318 

010 

0.  46486 

88296 

32768 

297 

0.767 

2. 15329 

66642 

60038 

993 

0. 46440 

41931 

60091 

573 

0.  768 

2. 15545 

10379 

31603 

678 

0. 46394 

00210 

91646 

708 

0.  769 

2.15760 

75670 

54385 

916 

0. 46347 

63129 

63261 

598 

0.  770 

2.15976 

62537 

84915 

008 

0.  46301 

30683 

11228 

073 

0.  771 

2. 16192 

71002 

81877 

866 

0. 46255 

02866 

72301 

444 

0.  772 

2. 16409 

01087 

06121 

167 

0. 46208 

79675 

83700 

034 

0.  773 

2. 16625 

52812 

20653 

514 

0.  46162 

61105 

83104 

714 

0.  774 

2. 16842 

26199 

90647 

604 

0.  46116 

47152 

08658 

446 

0.  775 

2. 17059 

21271 

83442 

386 

0.  46070 

37809 

98965 

818 

0.  776 

2.17276 

38049 

68545 

234 

0.  46024 

33074 

93092 

580 

0.  777 

2. 17493 

76555 

17634 

114 

0.  45978 

32942 

30565 

189 

0.  778 

2. 17711 

36810 

04559 

757 

0.  45932 

37407 

51370 

344 

0.  779 

2.17929 

18836 

05347 

830 

0. 45886 

46465 

95954 

527 

0.780 

2. 18147 

22654 

98201 

117 

0.  45840 

60113 

05223 

545 

0.781 

2.  18365 

48288 

63501 

691 

0. 45794 

78344 

20542 

069 

0.  782 

2. 18583 

95758 

83813 

099 

0. 45749 

01154 

83733 

175 

0.783 

2. 18802 

65087 

43882 

545 

0. 45703 

28540 

37077 

890 

0.  784 

2. 19021 

56296 

30643 

070 

0.  45657 

60496 

23314 

727 

0.  785 

2. 19240 

69407 

33215 

744 

0.  45611 

97017 

85639 

236 

0.  786 

2. 19460 

04442 

42911 

852 

0.  45566 

38100 

67703 

540 

0.  787 

2. 19679 

61423 

53235 

086 

0. 45520 

83740 

13615 

885 

0.  788 

2. 19899 

40372 

59883 

740 

0.  45475 

33931 

67940 

176 

0.  789 

2.20119 

41311 

60752 

903 

0. 45429 

88670 

75695 

532 

0.  790 

2. 20339 

64262 

55936 

659 

0.  45384 

47952 

82355 

822 

0. 791 

2.20560 

09247 

47730 

288 

0. 45339 

11773 

33849 

215 

0.  792 

2.20780 

76288 

40632 

465 

0. 45293 

80127 

76557 

724 

0.  793 

2.21001 

65407 

41347 

466 

0.  45248 

53011 

57316 

754 

0. 794 

2. 21222 

76626 

58787 

377 

0. 45203 

30420 

23414 

649 

0.  795 

2. 21444 

09968 

04074 

299 

0.45158 

12349 

22592 

237 

0.  796 

2.  21665 

65453 

90542 

561 

0.  45112 

98794 

03042 

379 

0.  797 

2.21887 

43106 

33740 

936 

0.  45067 

89750 

13409 

518 

0.  798 

2.22109 

42947 

51434 

850 

0. 45022 

85213 

02789 

227 

0.  799 

2.  22331 

64999 

63608 

607 

0.  44977 

85178 

20727 

758 

0.  800 

2.  22554 

09284 

92467 

605 

0. 44932 

89641 

17221 

591 
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Table  4.4  EXPONENTIAL  FUNCTION 


X 

0.  800 

2.  22554 

e* 

09284 

92467 

605 

0. 44932 

e~x 

89641 

17221 

591 

0.  801 

2.  22776 

75825 

62440 

556 

0. 44887 

98597 

42716 

986 

0.  802 

2.22999 

64644 

00181 

717 

0.  44843 

12042 

48109 

530 

0.  803 

2.23222 

75762 

34573 

111 

0. 44798 

29971 

84743 

691 

0.  804 

2.  23446 

09202 

96726 

759 

0. 44753 

52381 

04412 

369 

0.  805 

2.23669 

64988 

19986 

909 

0. 44708 

79265 

59356 

447 

0.806 

2. 23893 

43140 

39932 

270 

0. 44664 

10621 

02264 

340 

0.  807 

2.24117 

43681 

94378 

249 

0. 44619 

46442 

86271 

556 

0.  808 

2. 24341 

66635 

23379 

186 

0. 44574 

86726 

64960 

242 

0.  809 

2. 24566 

12022 

69230 

599 

0. 44530 

31467 

92358 

738 

0.  810 

2.  24790 

79866 

76471 

419 

0.  44485 

80662 

22941 

134 

0.  811 

2.25015 

70189 

91886 

242 

0. 44441 

34305 

11626 

826 

0.  812 

2.  25240 

83014 

64507 

569 

0.  44396 

92392 

13780 

063 

0.  813 

2.25466 

18363 

45618 

061 

0.  44352 

54918 

85209 

512 

0.  814 

2. 25691 

76258 

88752 

788 

0. 44308 

21880 

82167 

806 

0.  815 

2.25917 

56723 

49701 

480 

0.  44263 

93273 

61351 

106 

0.  816 

2.26143 

59779 

86510 

786 

0.44219 

69092 

79898 

654 

0.  817 

2. 26369 

85450 

59486 

532 

0. 44175 

49333 

95392 

332 

0.  818 

2. 26596 

33758 

31195 

979 

0. 44131 

33992 

65856 

218 

0.  819 

2.26823 

04725 

66470 

087 

0. 44087 

23064 

49756 

146 

0.  820 

2.  27049 

98375 

32405 

781 

0. 44043 

16545 

05999 

263 

0.  821 

2.27277 

14729 

98368 

215 

0. 43999 

14429 

93933 

588 

0.  822 

2.27504 

53812 

35993 

046 

0.  43955 

16714 

73347 

574 

0.  823 

2.27732 

15645 

19188 

700 

0.43911 

23395 

04469 

662 

0.  824 

2.  27960 

00251 

24138 

650 

0. 43867 

34466 

47967 

847 

0.  825 

2. 28188 

07653 

29303 

690 

0. 43823 

49924 

64949 

237 

0.  826 

2.28416 

37874 

15424 

217 

0. 43779 

69765 

16959 

611 

0.  827 

2. 28644 

90936 

65522 

506 

0. 43735 

93983 

65982 

985 

0.  828 

2.28873 

66863 

64904 

998 

0. 43692 

22575 

74441 

171 

0.  829 

2. 29102 

65678 

01164 

583 

0.  43648 

55537 

05193 

342 

0.  830 

2. 29331 

87402 

64182 

888 

0. 43604 

92863 

21535 

593 

0.  831 

2. 29561 

32060 

46132 

567 

0. 43561 

34549 

87200 

502 

0.  832 

2.  29790 

99674 

41479 

593 

0. 43517 

80592 

66356 

699 

0.  833 

2.  30020 

90267 

46985 

553 

0. 43474 

30987 

23608 

428 

0.  834 

2.  30251 

03862 

61709 

945 

0. 43430 

85729 

23995 

109 

0.  835 

2. 30481 

40482 

87012 

474 

0. 43387 

44814 

32990 

906 

0.  836 

2.30712 

00151 

26555 

358 

0. 43344 

08238 

16504 

293 

0.  837 

2. 30942 

82890 

86305 

628 

0.  43300 

75996 

40877 

616 

0.  838 

2. 31173 

88724 

74537 

437 

0. 43257 

48084 

72886 

664 

0.  839 

2.  31405 

17676 

01834 

366 

0.  43214 

24498 

79740 

233 

0.  840 

2.31636 

69767 

81091 

734 

0. 43171 

05234 

29079 

693 

0.  841 

2. 31868 

45023 

27518 

913 

0. 43127 

90286 

88978 

558 

0.  842 

2. 32100 

43465 

58641 

644 

0.  43084 

79652 

27942 

052 

0.  843 

2. 32332 

65117 

94304 

351 

0. 43041 

73326 

14906 

679 

0.  844 

2.  32565 

10003 

56672 

462 

0. 42998 

71304 

19239 

788 

0.  845 

2.  32797 

78145 

70234 

734 

0.42955 

73582 

10739 

148 

0.  846 

2.  33030 

69567 

61805 

575 

0.  42912 

80155 

59632 

516 

0.  847 

2.  33263 

84292 

60527 

370 

0. 42869 

91020 

36577 

204 

0.  848 

2. 33497 

22343 

97872 

812 

0.  42827 

06172 

12659 

654 

0. 849 

2.  33730 

83745 

07647 

233 

0.  42784 

25606 

59395 

005 

0.  850 

2.  33964 

68519 

25990 

937 

0. 42741 

49319 

48726 

670 
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EXPONENTIAL  FUNCTION 


Table  4.4 


x 


ex 


e~x 


0.  850 

2. 33964 

68519 

25990 

937 

0.  42741 

49319 

48726 

670 

0.  851 

2.  34198 

76689 

91381 

538 

0.  42698 

77306 

53025 

901 

0.  852 

2.  34433 

08280 

44636 

295 

0.  42656 

09563 

45091 

367 

0.  853 

2. 34667 

63314 

28914 

459 

0.  42613 

46085 

98148 

726 

0.  854 

2. 34902 

41814 

89719 

607 

0.  42570 

86869 

85850 

193 

0.855 

2.  35137 

43805 

74901 

997 

0. 42528 

31910 

82274 

123 

0.  856 

2. 35372 

69310 

34660 

911 

0. 42485 

81204 

61924 

574 

0.  857 

2.35608 

18352 

21547 

002 

0. 42443 

34746 

99730 

893 

0.  858 

2.  35843 

90954 

90464 

656 

0. 42400 

92533 

71047 

281 

0.  859 

2.  36079 

87141 

98674 

336 

0. 42358 

54560 

51652 

373 

0.  860 

2.  36316 

06937 

05794 

948 

0.  42316 

20823 

17748 

817 

0.861 

2.  36552 

50363 

73806 

196 

0.  42273 

91317 

45962 

841 

0.862 

2. 36789 

17445 

67050 

946 

0. 42231 

66039 

13343 

840 

0.  863 

2.  37026 

08206 

52237 

586 

0. 42189 

44983 

97363 

945 

0.  864 

2.  37263 

22669 

98442 

400 

0. 42147 

28147 

75917 

606 

0.865 

2.  37500 

60859 

77111 

933 

0. 42105 

15526 

27321 

165 

0,  866 

2.  37738 

22799 

62065 

359 

0.  42063 

07115 

30312 

439 

0.  867 

2.  37976 

08513 

29496 

863 

0. 42021 

02910 

64050 

296 

0.  868 

2. 38214 

18024 

57978 

010 

0. 41979 

02908 

08114 

234 

0.  869 

2.  38452 

51357 

28460 

126 

0.  41937 

07103 

42503 

963 

0.  870 

2. 38691 

08535 

24276 

682 

0. 41895 

15492 

47638 

983 

0.  871 

2.  38929 

89582 

31145 

671 

0. 41853 

28071 

04358 

162 

0.  872 

2. 39168 

94522 

37171 

999 

0.41811 

44834 

93919 

324 

0.  873 

2.  39408 

23379 

32849 

872 

0. 41769 

65779 

97998 

822 

0.  874 

2. 39647 

76177 

11065 

184 

0.41727 

90901 

98691 

126 

0. 875 

2. 39887 

52939 

67097 

915 

0.  41686 

20196 

78508 

403 

0.  876 

2.  40127 

53690 

98624 

518 

0.  41644 

53660 

20380 

096 

0.  877 

2.40367 

78455 

05720 

327 

0.41602 

91288 

07652 

513 

0.  878 

2. 40608 

27255 

90861 

947 

0. 41561 

33076 

24088 

408 

0.  879 

2.  40849 

00117 

58929 

666 

0.41519 

79020 

53866 

560 

0. 880 

2.41089 

97064 

17209 

851 

0.  41478 

29116 

81581 

367 

0. 881 

2.  41331 

18119 

75397 

361 

0.41436 

83360 

92242 

420 

0.  882 

2.  41572 

63308 

45597 

956 

0. 41395 

41748 

71274 

097 

0.  883 

2.  41814 

32654 

42330 

708 

0. 41354 

04276 

04515 

140 

0.  884 

2.  42056 

26181 

82530 

413 

0.41312 

70938 

78218 

250 

0.  885 

2.  42298 

43914 

85550 

015 

0.41271 

41732 

79049 

666 

0.  886 

2.  42540 

85877 

73163 

018 

0.  41230 

16653 

94088 

753 

0.  887 

2. 42783 

52094 

69565 

911 

0. 41188 

95698 

10827 

593 

0.  888 

2.43026 

42590 

01380 

593 

0.  41147 

78861 

17170 

568 

0.  889 

2.  43269 

57387 

97656 

799 

0. 41106 

66139 

01433 

949 

0.  890 

2.  43512 

96512 

89874 

527 

0.41065 

57527 

52345 

488 

0.  891 

2. 43756 

59989 

11946 

472 

0.  41024 

53022 

59044 

001 

0.  892 

2. 44000 

47841 

00220 

460 

0. 40983 

52620 

11078 

959 

0.  893 

2. 44244 

60092 

93481 

882 

0. 40942 

56315 

98410 

082 

0.  894 

2. 44488 

96769 

32956 

134 

0. 40901 

64106 

11406 

922 

0. 895 

2. 44733 

57894 

62311 

060 

0. 40860 

75986 

40848 

458 

0.  896 

2. 44978 

43493 

27659 

394 

0.40819 

91952 

77922 

685 

0.  897 

2.  45223 

53589 

77561 

203 

0. 40779 

12001 

14226 

207 

0. 898 

2. 45468 

88208 

63026 

343 

0. 40738 

36127 

41763 

826 

0.  899 

2.  45714 

47374 

37516 

904 

0. 40697 

64327 

52948 

135 

0.900 

2. 45960 

31111 

56949 

664 

0.  40656 

96597 

40599 

112 
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Table  4.4 


EXPONENTIAL  FUNCTION 


X 

0.900 

2. 45960 

ez 

31111 

56949 

664 

0. 40656 

e~x 

96597 

40599 

112 

0.  901 

2.46206 

39444 

79698 

548 

0.  40616 

32932 

97943  710 

0.902 

2. 46452 

72398 

66597 

083 

0.  40575 

73330 

18615 

453 

0.903 

2.  46699 

29997 

80940 

863 

0.40535 

17784 

96654 

028 

0.  904 

2. 46946 

12266 

88490 

006 

0. 40494 

66293 

26504 

879 

0.  905 

2. 47193 

19230 

57471 

626 

0. 40454 

18851 

03018 

802 

0.906 

2.  47440 

50913 

58582 

298 

0. 40413 

75454 

21451 

540 

0.907 

2. 47688 

07340 

64990 

529 

0. 40373 

36098 

77463 

377 

0.  908 

2.47935 

88536 

52339 

232 

0. 40333 

00780 

67118 

736 

0.909 

2.  48183 

94525 

98748 

200 

0. 40292 

69495 

86885 

773 

0.910 

2. 48432 

25333 

84816 

587 

0. 40252 

42240 

33635 

975 

0.911 

2.  48680 

80984 

93625 

386 

0. 40212 

19010 

04643 

753 

0.912 

2. 48929 

61504 

10739 

912 

0. 40171 

99800 

97586 

047 

0.913 

2. 49178 

66916 

24212 

291 

0. 40131 

84609 

10541 

915 

0.914 

2. 49427 

97246 

24583 

942 

0.  40091 

73430 

41992 

136 

0.915 

2. 49677 

52519 

04888 

075 

0. 40051 

66260 

90818 

809 

0.916 

2. 49927 

32759 

60652 

177 

0. 40011 

63096 

56304 

950 

0.  917 

2.50177 

37992 

89900 

513 

0.  39971 

63933 

38134 

089 

0.  918 

2. 50427 

68243 

93156 

620 

0. 39931 

68767 

36389 

877 

0.919 

2. 50678 

23537 

73445 

810 

0.  39891 

77594 

51555 

677 

0.920 

2.  50929 

03899 

36297 

671 

0.  39851 

90410 

84514 

173 

0.921 

2.51180 

09353 

89748 

577 

0. 39812 

07212 

36546 

962 

0.922 

2.51431 

39926 

44344 

189 

0.  39772 

27995 

09334 

165 

0.  923 

2.  51682 

95642 

13141 

971 

0. 39732 

52755 

04954 

021 

0.924 

2.51934 

76526 

11713 

703 

0.  39692 

81488 

25882 

492 

0.925 

2.  52186 

82603 

58147 

991 

0. 39653 

14190 

74992 

866 

0.926 

2.  52439 

13899 

73052 

794 

0. 39613 

50858 

55555 

360 

0.  927 

2. 52691 

70439 

79557 

936 

0.  39573 

91487 

71236 

720 

0.928 

2.  52944 

52249 

03317 

633 

0. 39534 

36074 

26099 

830 

0. 929 

2.  53197 

59352 

72513 

022 

0.  39494 

84614 

24603 

311 

0.930 

2.  53450 

91776 

17854 

680 

0. 39455 

37103 

71601 

130 

0.931 

2.53704 

49544 

72585 

166 

0.  39415 

93538 

72342 

199 

0.932 

2. 53958 

32683 

72481 

544 

0.  39376 

53915 

32469 

987 

0.  933 

2.54212 

41218 

55857 

927 

0.  39337 

18229 

58022 

122 

0. 934 

2. 54466 

75174 

63568 

010 

0. 39297 

86477 

55429 

996 

0.935 

2.  54721 

34577 

39007 

611 

0. 39258 

58655 

31518 

373 

0.936 

2. 54976 

19452 

28117 

220 

0. 39219 

34758 

93504 

997 

0.  937 

2.55231 

29824 

79384 

537 

0. 39180 

14784 

49000 

198 

0.  938 

2.  55486 

65720 

43847 

026 

0.  39140 

98728 

06006 

497 

0.  939 

2. 55742 

27164 

75094 

464 

0.  39101 

86585 

72918 

221 

0.940 

2.  55998 

14183 

29271 

496 

0.  39062 

78353 

58521 

102 

0.  941 

2. 56254 

26801 

65080 

189 

0. 39023 

74027 

71991 

894 

0.  942 

2.  56510 

65045 

43782 

593 

0.  38984 

73604 

22897 

977 

0.  943 

2.56767 

28940 

29203 

299 

0. 38945 

77079 

21196 

971 

0.  944 

2.57024 

18511 

87732 

007 

0.  38906 

84448 

77236 

341 

0.945 

2.  57281 

33785 

88326 

089 

0.  38867 

95709 

01753 

010 

0.  946 

2.  57538 

74788 

02513 

161 

0. 38829 

10856 

05872 

971 

0.  947 

2. 57796 

41544 

04393 

651 

0.  38790 

29886 

OHIO 

896 

0. 948 

2.  58054 

34079 

70643 

376 

0. 38751 

52794 

99369 

747 

0.  949 

2.  58312 

52420 

80516 

117 

0.  38712 

79579 

12940 

390 

0.  950 

2. 58570 

96593 

15846 

199 

0.  38674 

10234 

54501 

207 
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EXPONENTIAL  FUNCTION 


Table  4.4 


X 

0.950 

2. 58570 

& 

96593 

15846 

199 

0. 38674 

e~x 

10234 

54501 

207 

0.951 

2. 58829 

66622 

61051 

072 

0. 38635 

44757 

37117 

707 

0. 952 

2. 59088 

62535 

03133 

898 

0.  38596 

83143 

74242 

140 

0. 953 

2.  59347 

84356 

31686 

135 

0.  38558 

25389 

79713 

111 

0. 954 

2. 59607 

32112 

38890 

126 

0. 38519 

71491 

67755 

194 

0.955 

2. 59867 

05829 

19521 

695 

0. 38481 

21445 

52978 

545 

0.956 

2. 60127 

05532 

70952 

740 

0. 38442 

75247 

50378 

516 

0. 957 

2. 60387 

31248 

93153 

828 

0. 38404 

32893 

75335 

273 

0.958 

2. 60647 

83003 

88696 

799 

0.  38365 

94380 

43613 

409 

0. 959 

2.60908 

60823 

62757 

366 

0. 38327 

59703 

71361 

560 

0.960 

2.  61169 

64734 

23117 

718 

0.  38289 

28859 

75112 

023 

0. 961 

2.  61430 

94761 

80169 

136 

0. 38251 

01844 

71780 

368 

0.962 

2.  61692 

50932 

46914 

592 

0. 38212 

78654 

78665 

061 

0. 963 

2.  61954 

33272 

38971 

373 

0.  38174 

59286 

13447 

076 

0.  964 

2.  62216 

41807 

74573 

688 

0.  38136 

43734 

94189 

517 

0.965 

2. 62478 

76564 

74575 

291 

0. 38098 

31997 

39337 

233 

0. 966 

2.  62741 

37569 

62452' 

101 

0.  38060 

24069 

67716 

437 

0. 967 

2. 63004 

24848 

64304 

825 

0. 38022 

19947 

98534 

325 

0.968 

2.  63267 

38428 

08861 

583 

0.  37984 

19628 

51378 

697 

0.969 

2. 63530 

78334 

27480 

539 

0. 37946 

23107 

46217 

574 

0.970 

2. 63794 

44593 

54152 

532 

0.  37908 

30381 

03398 

818 

0.971 

2.  64058 

37232 

25503 

708 

0.  37870 

41445 

43649 

757 

0. 972 

2. 64322 

56276 

80798 

158 

0.  37832 

56296 

88076 

798 

0. 973 

2. 64587 

01753 

61940 

558 

0. 37794 

74931 

58165 

054 

0.974 

2. 64851 

73689 

13478 

808 

0. 37756 

97345 

75777 

964 

0.975 

2.65116 

72109 

82606 

682 

0. 37719 

23535 

63156 

913 

0.976 

2. 65381 

97042 

19166 

470 

0.  37681 

53497 

42920 

859 

0. 977 

2. 65647 

48512 

75651 

628 

0. 37643 

87227 

38065 

949 

0. 978 

2.  65913 

26548 

07209 

434 

0.  37606 

24721 

71965 

147 

0.979 

2.  66179 

31174 

71643 

642 

0. 37568 

65976 

68367 

855 

0.980 

2. 66445 

62419 

29417 

138 

0. 37531 

10988 

51399 

539 

0. 981 

2. 66712 

20308 

43654 

602 

0.  37493 

59753 

45561 

350 

0.  982 

2. 66979 

04868 

80145 

169 

0. 37456 

12267 

75729 

751 

0.983 

2.  67246 

16127 

07345 

099 

0. 37418 

68527 

67156 

142 

0.984 

2. 67513 

54109 

96380 

441 

0.  37381 

28529 

45466 

482 

0.  985 

2. 67781 

18844 

21049 

708 

0. 37343 

92269 

36660 

918 

0.986 

2. 68049 

10356 

57826 

547 

0. 37306 

59743 

67113 

412 

0. 987 

2. 68317 

28673 

85862 

418 

0.  37269 

30948 

63571 

361 

0.988 

2. 68585 

73822 

86989 

272 

0.  37232 

05880 

53155 

231 

0. 989 

2.  68854 

45830 

45722 

235 

0. 37194 

84535 

63358 

181 

0.  990 

2. 69123 

44723 

49262 

289 

0.  37157 

66910 

22045 

691 

0. 991 

2. 69392 

70528 

87498 

962 

0.  37120 

53000 

57455 

187 

0. 992 

2.  69662 

23273 

53013 

016 

0.  37083 

42802 

98195 

674 

0. 993 

2. 69932 

02984 

41079 

142 

0.  37046 

36313 

73247 

362 

0. 994 

2.70202 

09688 

49668 

652 

0.  37009 

33529 

11961 

296 

0. 995 

2. 70472 

43412 

79452 

181 

0.  36972 

34445 

44058 

983 

0. 996 

2. 70743 

04184 

33802 

382 

0. 36935 

39058 

99632 

024 

0.997 

2.71013 

92030 

18796 

637 

0. 36898 

47366 

09141 

744 

0. 998 

2.  71285 

06977 

43219 

755 

0.  36861 

59363 

03418 

822 

0.  999 

2. 71556 

49053 

18566 

687 

0.  36824 

75046 

13662 

921 

1.  000 

2.71828 

18284 

59045 

235 

0. 36787 

94411 

71442 

322 

\ 
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Table  4.4 

EXPONENTIAL  FUNCTION 

X 

0.0 

1. 00000 

ex 

00000 

00000 

1.  00000 

e~ 

00000 

-x 

00000 

00000 

0.1 

1. 10517 

09180 

75648 

0.  90483 

74180 

35959 

57316 

0.2 

1.22140 

27581 

60170 

0.  81873 

07530 

77981 

85867 

0.3 

1.  34985 

88075 

76003 

0.  74081 

82206 

81717 

86607 

0.4 

1. 49182 

46976 

41270 

0.  67032 

00460 

35639 

30074 

0.5 

1.  64872 

12707 

00128 

0.  60653 

06597 

12633 

42360 

0.  6 

1.82211 

88003 

90509 

0.  54881 

16360 

94026 

43263 

0.7 

2.  01375 

27074 

70477 

0.  49658 

53037 

91409 

51470 

0.8 

2.  22554 

09284 

92468 

0. 44932 

89641 

17221 

59143 

0.9 

2.45960 

31111 

56950 

0.  40656 

96597 

40599 

11188 

1.0 

2. 71828 

18284 

59045 

0.  36787 

94411 

71442 

32160 

1.1 

3.  00416 

60239 

46433 

0. 33287 

10836 

98079 

55329 

1.2 

3.  32011 

69227 

36547 

0.  30119 

42119 

12202 

09664 

1.3 

3.  66929 

66676 

19244 

0.  27253 

17930 

34012 

60312 

1.4 

4.  05519 

99668 

44675 

0.  24659 

69639 

41606 

47694 

1.5 

4.  48168 

90703 

38065 

0.22313 

01601 

48429 

82893 

1.6 

4. 95303 

24243 

95115 

0.20189 

65179 

94655 

40849 

1.7 

5.  47394 

73917 

27200 

0. 18268 

35240 

52734 

65022 

1.8 

6.  04964 

74644 

12946 

0. 16529 

88882 

21586 

53830 

1.9 

6.  68589 

44422 

79269 

0. 14956 

86192 

22635 

05264 

2.0 

7.  38905 

60989 

30650 

0. 13533 

52832 

36612 

69189 

2.1 

8. 16616 

99125 

67650 

0.12245 

64282 

52981 

91022 

2.2 

9. 02501 

34994 

34121 

0.11080 

31583 

62333 

88333 

2.3 

9. 97418 

24548 

14721 

0.  10025 

88437 

22803 

73373 

2.4 

11.  02317 

63806 

41602 

0.  09071 

79532 

89412 

50338 

2.5 

12. 18249 

39607 

03473 

0.  08208 

49986 

23898 

79517 

2.6 

13. 46373 

80350 

01690 

0.  07427 

35782 

14333 

88043 

2.7 

14.  87973 

17248 

72834 

0.  06720 

55127 

39749 

76513 

2.8 

16. 44464 

67710 

97050 

0.  06081 

00626 

25217 

96500 

2.9 

18. 17414 

53694 

43061 

0. 05502 

32200 

56407 

22903 

3.0 

20.08553 

69231 

87668 

0.  04978 

70683 

67863 

94298 

3.1 

22. 19795 

12814 

41633 

0.  04504 

92023 

93557 

80607 

3.2 

24.  53253 

01971 

09349 

0.  04076 

22039 

78366 

21517 

3.3 

27. 11263 

89206 

57887 

0. 03688 

31674 

01240 

00545 

3.4 

29. 96410 

00473 

97013 

0.  03337 

32699 

60326 

07948 

3.5 

33. 11545 

19586 

92314 

0. 03019 

73834 

22318 

50074 

3.6 

36.  59823 

44436 

77988 

0.  02732 

37224 

47292 

56080 

3.7 

40.  44730 

43600 

67391 

0.  02472 

35264 

70339 

39120 

3.8 

44.  70118 

44933 

00823 

0.  02237 

07718 

56165 

59578 

3.9 

49.  40244 

91055 

30174 

0.  02024 

19114 

45804 

38847 

4.0 

54. 59815 

00331 

44239 

0. 01831 

56388 

88734 

18029 

4.1 

60.  34028 

75973 

61969 

0. 01657 

26754 

01761 

24754 

4.2 

66.  68633 

10409 

25142 

0.  01499 

55768 

20477 

70621 

4.3 

73. 69979 

36995 

95797 

0.  01356 

85590 

12200 

93176 

4.4 

81.45086 

86649 

68117 

0.01227 

73399 

03068 

44118 

4.5 

90.01713 

13005 

21814 

0.  OHIO 

89965 

38242 

30650 

4.6 

99. 48431 

56419 

33809 

0.01005 

18357 

44633 

58164 

4.7 

109.  94717 

24521 

23499 

0.  00909 

52771 

01695 

81709 

4.8 

121.51041 

75187 

34881 

0.  00822 

97470 

49020 

02884 

4.9 

134.  28977 

96849 

35485 

0.  00744 

65830 

70924 

34052 

5.0 

148. 41315 

91025 

76603 

0.  00673 

79469 

99085 

46710 

From  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  the  circular  sine  and  cosine 


to  radian  arguments,  Memoirs  of  the  National  Academy  of  Sciences,  vol.  14,  Fifth  Memoir.  U.S. 
Government  Printing  Office,  Washington,  D.C.,  1921  (with  permission)  for  e~*,  *<2.4. 
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EXPONENTIAL  FUNCTION  Table  4.4 


x ex  e~x 


5.0 

148.  41315 

91025 

77 

0.  00673 

79469 

99085 

46710 

5.1 

164.  02190 

72999 

02 

0.00609 

o/465 

65515 

63611 

5.2 

181.  27224 

18751 

51 

0.  00551 

65644 

20760 

77242 

5.3 

200.  33680 

99747 

92 

0.  00499 

15939 

06910 

21621 

5.4 

221. 40641 

62041 

87 

0. 00451 

65809 

42612 

66798 

5.5 

244.  69193 

22642 

20 

0.  00408 

67714 

38464 

06699 

5.6 

270.  42640 

74261 

53 

0.  00369 

78637 

16482 

93082 

5.7 

298.  86740 

09670 

60 

0.  00334 

59654 

57471 

27277 

5.8 

330.29955 

99096 

49 

0.  00302 

75547 

45375 

81475 

5.9 

365. 03746 

78653 

29 

0.  00273 

94448 

18768 

36923 

6.0 

403.  42879 

34927 

35 

0.  00247 

87521 

76666 

35842 

6.1 

445. 85777 

00825 

17 

0.  00224 

28677 

19485 

80247 

6.2 

492. 74904 

10932 

56 

0.  00202 

94306 

36295 

73436 

6.3 

544.  57191 

01259 

29 

0.  00183 

63047 

77028 

90683 

6.4 

601.  84503 

78720 

82 

0.  00166 

15572 

73173 

93450 

6.5 

665. 14163 

30443 

62 

0.  00150 

34391 

92977 

57245 

6.  6 

735.  09518 

92419 

73 

0.00136 

03680 

37547 

89342 

6.7 

812.  40582 

51675 

43 

0.  00123 

09119 

02673 

48118 

6.8 

897.  84729 

16504 

18 

0.00111 

37751 

47844 

80308 

6.9 

992.  27471 

56050 

26 

0. 00100 

77854 

29048 

51076 

7.0 

1096.  63315 

84284 

59 

0.  00091 

18819 

65554 

51621 

7.1 

1211. 96707 

44925 

77 

0.00082 

51049 

23265 

90427 

7.2 

1339.43076 

43944 

18 

0.  00074 

65858 

08376 

67937 

7.3 

1480. 29992 

75845 

45 

0.00067 

55387 

75193 

84424 

7.4 

1635. 98442 

99959 

27 

0.  00061 

12527 

61129 

57256 

7.5 

1808.  04241 

44560 

63 

0. 00055 

30843 

70147 

83358 

7.6 

1998.  19589 

51041 

18 

0.00050 

04514 

33440 

61070 

7.7 

2208.  34799 

18872 

09 

0.  00045 

28271 

82886 

79706 

7.8 

2440. 60197 

76244 

99 

0.  00040 

97349 

78979 

78671 

7.9 

2697.  28232 

82685 

09 

0.  00037 

07435 

40459 

08837 

8.0 

2980. 95798 

70417 

28 

0.  00033 

54626 

27902 

51184 

8.1 

3294.  46807 

52838 

41 

0.  00030 

35391 

38078 

86666 

8.2 

3640. 95030 

73323 

55 

0.00027 

46535 

69972 

14233 

8.3 

4023.  87239 

38223 

10 

0.00024 

85168 

27107 

95202 

8.4 

4447.  06674 

76998 

56 

0.  00022 

48673 

24178 

84827 

8.5 

4914.  76884 

02991 

34 

0.  00020 

34683 

69010 

64417 

8.6 

5431.  65959 

13629 

80 

0. 00018 

41057 

93667 

57912 

8.7 

6002.  91221 

72610 

22 

0.00016 

65858 

10987 

63341 

8.8 

6634. 24400 

62778 

85 

0.00015 

07330 

75095 

47660 

8.9 

7331.  97353 

91559 

93 

0.00013 

63889 

26482 

01145 

9.0 

8103.  08392 

75753 

84 

0.  00012 

34098 

04086 

67955 

9.1 

8955. 29270 

34825 

12 

0.00011 

16658 

08490 

11474 

9.2 

9897. 12905 

87439 

16 

0.  00010 

10394 

01837 

09335 

9.3 

10938.  01920 

81651 

84 

0.  00009 

14242 

31478 

17334 

9.4 

12088. 38073 

02169 

84 

0.  00008 

27240 

65556 

63226 

9.5 

13359.  72682 

96618 

72 

0.  00007 

48518 

29887 

70059 

9.6 

14764. 78156 

55772 

73 

0.00006 

77287 

36490 

85387 

9.7 

16317.  60719 

80154 

32 

0.  00006 

12834 

95053 

22210 

9.8 

18033. 74492 

78285 

11 

0.  00005 

54515 

99432 

17698 

9.9 

19930.  37043 

82302 

89 

0.  00005 

01746 

82056 

17530 

10.0 

22026. 46579 

48067 

17 

0.  00004 

53999 

29762 

48485 

138 


ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


Table 


x 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 


EXPONENTIAL  FUNCTION 


1 0)1.00000  00000  00000  000 

0)2.71828  18284  59045  235 
0)7.38905  60989  30650  227 

1)2.00855  36923  18766  774 
1)5.45981  50033  14423  908 

! 2)  1.48413  15910  25766  034 

2)4.03428  79349  27351  226 

3)1.09663  31584  28458  599 
3)2.98095  79870  41728  275 
3)8.10308  39275  75384  008 

1 4)2.20264  65794  80671  652 

4)5.98741  41715  19781  846 

5)1.62754  79141  90039  208 

5)4.42413  39200  89205  033 

6)1.20260  42841  64776  778 

1 6)3.26901  73724  72110  639 

6)8.88611  05205  07872  637 

7)2.41549  52753  57529  821 

7)6.56599  69137  33051  114 

8)1.78482  30096  31872  608 

1 8)4.85165  19540  97902  780 

9)1.31881  57344  83214  697 
9)3.58491  28461  31591  562 
9)9.74480  34462  48902  600 

10)2.64891  22129  84347  229 

110)7.20048  99337  38587  252 

11)1.95729  60942  88387  643 

11)5.32048  24060  17986  167 

12)1.44625  70642  91475  174 

12)3.93133  42971  44Q42  074 

113)1.06864  74581  52446  215 

13)2.90488  49665  24742  523 

13)7.89629  60182  68069  516 

14)2.14643  57978  59160  646 

14)5.83461  74252  74548  814 

115)1.58601  34523  13430  728 

15)4.31123  15471  15195  227 

16)1.17191  42372  80261  131 
16)3.18559  31757  11375  622 
16)8.65934  00423  99374  695 

(17)2.35385  26683  70199  854 
(17)6.39843  49353  00549  492 

(18)1.73927  49415  20501  047 
(18)4.72783  94682  29346  561 

(19)1.28516  00114  35930  828 

!19)  3. 49342  71057  48509  535 

19)9.49611  94206  02448  875 

20)2.58131  28861  90067  396 
20)7.01673  59120  97631  739 

21)1.90734  65724  95099  691 

(21)5.18470  55285  87072  464 


( 0)1.00000  00000  00000  000 
(-  1)3.67879  44117  14423  216 
(-  1)1.35335  28323  66126  919 
(-  2)4.97870  68367  86394  298 
(-  2)1.83156  38888  73418  029 

(-  3)6.73794  69990  85467  097 
(-  3)2.47875  21766  66358  423 
(-  4)9.11881  96555  45162  080 
(-  4)3.35462  62790  25118  388 
(-  4)1.23409  80408  66795  495 

I-  5)4.53999  29762  48485  154 
- 5)  1. 67017  00790  24565  931 
- 6)6.14421  23533  28209  759 
- 6)2.26032  94069  81054  326 
- 7)8.31528  71910  35678  841 

1-  7)  3.  05902  32050  18257  884 
- 7)  1. 12535  17471  92591  145 
- 8)4.13993  77187  85166  660 
- 8)  1. 52299  79744  71262  844 
- 9)5.60279  64375  37267  540 

I-  9)2.06115  36224  38557  828 
-10)7.58256  04279  11906  728 
-10)2.78946  80928  68924  808 
-10)1.02618  79631  70189  030 
-11)3.77513  45442  79097  752 

!— 11)  1. 38879  43864  96402  059 
-12)5.10908  90280  63324  720 
-12)1.87952  88165  39083  295 
-13)6.91440  01069  40203  009 
-13)2.54366  56473  76922  910 

1-14)9.35762  29688  40174  605 
-14)3.44247  71084  69976  458 
-14)1.26641  65549  09417  572 
-15)4.65888  61451  03397  364 
-15)1.71390  84315  42012  966 

1-16)6.30511  67601  46989  386 
-16)2.31952  28302  43569  388 
-17)8.53304  76257  44065  794 
-17)3.13913  27920  48029  629 
-17)1.15482  24173  01578  599 

1-18)4.24835  42552  91588  995 
-18)1.56288  21893  34988  768 
-19)5.74952  22642  93559  807 
-19)2.11513  10375  91080  487 
-20)7.78113  22411  33796  516 

1-20)2.86251  85805  49393  644 
-20)1.05306  17357  55381  238 
-21)3.87399  76286  87187  113 
-21)1.42516  40827  40935  106 
-22)5.24288  56633  63463  937 

(-22)1.92874  98479  63917  783 


X 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 
61 
62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 
81 
82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 

For 
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EXPONENTIAL  FUNCTION 


Table  4.4 


121)5.18470  55285  87072  464 

22)1.40934  90824  26938  796 

22)3.83100  80007  16576  849 

23)1.04137  59433  02908  780 

23)2.83075  33032  74693  900 

123)7.69478  52651  42017  138 

24)2.09165  94960  12996  154 

24)5.68571  99993  35932  223 

25)1.54553  89355  90103  930 

25)4.20121  04037  90514  255 

126)1.14200  73898  15684  284 

26)3.10429  79357  01919  909 

26)8.43835  66687  41454  489 

27)2.29378  31594  69609  879 

27)6.23514  90808  11616  883 

128)1.69488  92444  10333  714 

28)4.60718  66343  31291  543 

29)1.25236  31708  42213  781 
29)3.40427  60499  31740  521 
29)9.25378  17255  87787  600 

130)2.51543  86709  19167  006 

30)6.83767  12297  62743  867 

31)1.85867  17452  84127  980 
31)5.05239  36302  76104  195 

32) 1.  37338  29795  40176  188 

132)3.73324  19967  99001  640 

33)1.01480  03881  13888  728 
33)2.75851  34545  23170  206 
33)7.49841  69969  90120  435 

34)2.03828  10665  12668  767 

134)5.54062  23843  93510  053 

35)1.50609  73145  85030  548 

35)4.09399  69621  27454  697 

36)1.11286  37547  91759  412 

36)3.02507  73222  01142  338 

136)8.22301  27146  22913  510 

37)2.23524  66037  34715  047 

37)6.07603  02250  56872  150 

38)1.65163  62549  94001  856 

38)4.48961  28191  74345  246 

139)1.22040  32943  17840  802 

39)3.31740  00983  35742  626 

39)9.01762  84050  34298  931 

40)2.45124  55429  20085  786 

40)6.66317  62164  10895  834 

141)1.81123  90828  89023  282 

41)4.92345  82860  12058  400 

42)1.33833  47192  04269  500 
42)3.63797  09476  08804  579 
42)9.88903  03193  46946  771 

(43)2.68811  71418  16135  448 
|s|>100  see  Example  11. 


!— 22)  1.92874  98479  63917  783 
-23)7.09547  41622  84704  139 
-23)2.61027  90696  67704  805 
-24)9.60268  00545  08676  030 
-24)3.53262  85722  00807  030 

1-24)1.29958  14250  07503  074 
-25)4.78089  28838  85469  081 
-25)1.75879  22024  24311  649 
-26)6.47023  49256  45460  326 
-26)2.38026  64086  94400  606 

1-27)8.75651  07626  96520  338 
-27)3.22134  02859  92516  089 
-27)1.18506  48642  33981  006 
-28)4.35961  00000  63080  974 
-28)1.60381  08905  48637  853 

1-29)5.90009  05415  97061  391 
-29)2.17052  20113  03639  412 
-30)7.98490  42456  86978  808 
-30)2.93748  21117  10802  947 
-30)1.08063  92777  07278  495 

1-31)3.97544  97359  08646  808 
-31)1.46248  62272  51230  947 
-32)5.38018  61600  21138  414 
-32)1.97925  98779  46904  554 
-33)7.28129  01783  21643  834 

i -33)2.  67863  69618  08077  944 
-34)9.85415  46861  11258  029 
-34)3.62514  09191  43559  224 
-34)1.33361  48155  02261  341 
-35)4.90609  47306  49280  566 

1-35)1.80485  13878  45415  172 
-36) 6.  63967  71995  80734  401 
-36)2.44260  07377  40527  679 
-37)8.98582  59440  49380  670 
-37)3.30570  06267  60734  298 

1-37)1.21609  92992  52825  564 
-38)4.47377  93061  81120  735 
-38)1.64581  14310  82273  651 
-39)6.05460  18954  01185  885 
-39)2.22736  35617  95743  739 

1-40)8.19401  26239  90515  430 
-40)3.01440  87850  65374  553 
-40)1.10893  90193  12136  379 
-41)4.07955  86671  77560  158 
-41)1.50078  57627  07394  888 

1-42)5.52108  22770  28532  732 
-42)2.03109  26627  34810  926 
-43)7.47197  23373  42990  161 
-43)2.74878  50079  10214  930 
-43)1.01122  14926  10448  530 

(-44)3.72007  59760  20835  963 
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Table  4.5  RADIX  TABLE  OF  THE  EXPONENTIAL  FUNCTION 


X n exW-n  e-xl0  -n 


1 

10 

1.  00000 

00001 

00000 

00000 

50000 

0. 99999 

99999 

00000 

00000 

50000 

2 

10 

1.00000 

00002 

00000 

00002 

00000 

0.  99999 

99998 

00000 

00002 

00000 

3 

10 

1. 00000 

00003 

00000 

00004 

50000 

0.99999 

99997 

00000 

00004 

50000 

4 

10 

1.  00000 

00004 

00000 

00008 

00000 

0. 99999 

99996 

00000 

00008 

00000 

5 

10 

1. 00000 

00005 

00000 

00012 

50000 

0.99999 

99995 

00000 

00012 

50000 

6 

10 

1.00000 

00006 

00000 

00018 

00000 

0.  99999 

99994 

00000 

00018 

00000 

7 

10 

1. 00000 

00007 

00000 

00024 

50000 

0. 99999 

99993 

00000 

00024 

50000 

8 

10 

1.00000 

00008 

00000 

00032 

00000 

0. 99999 

99992 

00000 

00032 

00000 

9 

10 

1.00000 

00009 

00000 

00040 

50000 

0.99999 

99991 

00000 

00040 

50000 

1 

9 

1.00000 

00010 

00000 

00050 

00000 

0. 99999 

99990 

00000 

00050 

00000 

2 

9 

1.  00000 

00020 

00000 

00200 

00000 

0.  99999 

99980 

00000 

00200 

00000 

3 

9 

1.00000 

00030 

00000 

00450 

00000 

0. 99999 

99970 

00000 

00450 

00000 

4 

9 

1. 00000 

00040 

00000 

00800 

00000 

0.99999 

99960 

00000 

00800 

00000 

5 

9 

1.  00000 

00050 

00000 

01250 

00000 

0.  99999 

99950 

00000 

01250 

00000 

6 

9 

1.00000 

00060 

00000 

01800 

00000 

0.  99999 

99940 

00000 

018Q0 

00000 

7 

9 

1. 00000 

00070 

00000 

02450 

00001 

0. 99999 

99930 

00000 

02449 

99999 

8 

9 

1. 00000 

00080 

00000 

03200 

00001 

0. 99999 

99920 

00000 

03199 

99999 

9 

9 

1.  00000 

00090 

00000 

04050 

00001 

0.  99999 

99910 

00000 

04049 

99999 

1 

8 

1. 00000 

00100 

00000 

05000 

00002 

0. 99999 

99900 

00000 

04999 

99998 

2 

8 

1. 00000 

00200 

00000 

20000 

00013 

0.  99999 

99800 

00000 

19999 

99987 

3 

8 

1. 00000 

00300 

00000 

45000 

00045 

0. 99999 

99700 

00000 

44999 

99955 

4 

8 

1. 00000 

00400 

00000 

80000 

00107 

0. 99999 

99600 

00000 

79999 

99893 

5 

8 

1.00000 

00500 

00001 

25000 

00208 

0.  99999 

99500 

00001 

24999 

99792 

6 

8 

1.  00000 

00600 

00001 

80000 

00360 

0. 99999 

99400 

00001 

79999 

99640 

7 

8 

1. 00000 

00700 

00002 

45000 

00572 

0.  99999 

99300 

00002 

44999 

99428 

8 

8 

1. 00000 

00800 

00003 

20000 

00853 

0.  99999 

99200 

00003 

19999 

99147 

9 

8 

1.  00000 

00900 

00004 

05000 

01215 

0. 99999 

99100 

00004 

04999 

98785 

1 

7 

1.00000 

01000 

00005 

00000 

01667 

0.  99999 

99000 

00004 

99999 

98333 

2 

7 

1. 00000 

02000 

00020 

00000 

13333 

0.  99999 

98000 

00019 

99999 

86667 

3 

7 

1. 00000 

03000 

00045 

00000 

45000 

0. 99999 

97000 

00044 

99999 

55000 

4 

7 

1.  00000 

04000 

00080 

00001 

06667 

0. 99999 

96000 

00079 

99998 

93333 

5 

7 

1. 00000 

05000 

00125 

00002 

08333 

0.99999 

95000 

00124 

99997 

91667 

6 

7 

1. 00000 

06000 

00180 

00003 

60000 

0. 99999 

94000 

00179 

99996 

40000 

7 

7 

1.00000 

07000 

00245 

00005 

71667 

0. 99999 

93000 

00244 

99994 

28333 

8 

7 

1.  00000 

08000 

00320 

00008 

53334 

0.  99999 

92000 

00319 

99991 

46667 

9 

7 

1.00000 

09000 

00405 

00012 

15000 

0.  99999 

91000 

00404 

99987 

85000 

1 

6 

1.  00000 

10000 

00500 

00016 

66667 

0. 99999 

90000 

00499 

99983 

33334 

2 

6 

1.00000 

20000 

02000 

00133 

33340 

0. 99999 

80000 

01999 

99866 

66673 

3 

6 

1. 00000 

30000 

04500 

00450 

00034 

0.  99999 

70000 

04499 

99550 

00034 

4 

6 

1.  00000 

40000 

08000 

01066 

66773 

0. 99999 

60000 

07999 

98933 

33440 

5 

6 

1. 00000 

50000 

12500 

02083 

33594 

0.  99999 

50000 

12499 

97916 

66927 

6 

6 

1.  00000 

60000 

18000 

03600 

00540 

0.  99999 

40000 

17999 

96400 

00540 

7 

6 

1.00000 

70000 

24500 

05716 

67667 

0. 99999 

30000 

24499 

94283 

34334 

8 

6 

1. 00000 

80000 

32000 

08533 

35040 

0.  99999 

20000 

31999 

91466 

68373 

9 

6 

1.00000 

90000 

40500 

12150 

02734 

0.  99999 

10000 

40499 

87850 

02734 

For  n>10,  e±xl°  n=l  ±xl0~n+±  x210~2n  to  25D. 

Compiled  from  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  the  circular  sine 
apd  cosine  to  radian  arguments,  Memoirs  of  the  National  Academy  of  Sciences,  vol.  14,  Fifth 
Memoir.  U.S.  Government  Printing  Office,  Washington,  D.C.,  1S|21  (with  permission). 
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RADIX  TABLE  OF  THE  EXPONENTIAL  FUNCTION 

Table  4.5 

X 

n 

(>xlQ~  n 

q—  x\Q~n 

1 

5 

1.00001 

00000 

50000 

16666 

70833 

0.  99999 

00000 

49999 

83333 

37500 

2 

5 

1. 00002 

00002 

00001 

33334 

00000 

0. 99998 

00001 

99998 

66667 

33333 

3 

5 

1.00003 

00004 

50004 

50003 

37502 

0.  99997 

00004 

49995 

50003 

37498 

4 

5 

1. 00004 

00008 

00010 

66677 

33342 

0.  99996 

00007 

99989 

33343 

99991 

5 

5 

1. 00005 

00012 

50020 

83359 

37526 

0. 99995 

00012 

49979 

16692 

70807 

6 

5 

1.00006 

00018 

00036 

00054 

00065 

0. 99994 

00017 

99964 

00053 

99935 

7 

5 

1.  00007 

00024 

50057 

16766 

70973 

0.99993 

00024 

49942 

83433 

37360 

8 

5 

1. 00008 

00032 

00085 

33504 

00273 

0.99992 

00031 

99914 

66837 

33060 

9 

5 

1.00009 

00040 

50121 

50273 

37992 

0.99991 

00040 

49878 

50273 

37008 

1 

4 

1. 00010 

00050 

00166 

67083 

34167 

0.99990 

00049 

99833 

33749 

99167 

2 

4 

1. 00020 

00200 

01333 

40000 

26668 

0.99980 

00199 

98666 

73333 

06668 

3 

4 

1.  00030 

00450 

04500 

33752 

02510 

0.  99970 

00449 

95500 

33747 

97510 

4 

4 

1. 00040 

00800 

10667 

73341 

86724 

0.  99960 

00799 

89334 

39991 

46724 

5 

4 

1. 00050 

01250 

20835 

93776 

04384 

0.  99950 

01249 

79169 

27057 

29384 

6 

4 

1. 00060 

01800 

36005 

40064 

80648 

0. 99940 

01799 

64005 

39935 

20648 

7 

4 

1. 00070 

02450 

57176 

67223 

40801 

0.99930 

02449 

42843 

33609 

95801 

8 

4 

1. 00080 

03200 

85350 

40273 

10308 

0.99920 

03199 

14683 

73060 

30307 

9 

4 

1.  00090 

04051 

21527 

34242 

14882 

0.  99910 

04048 

78527 

33257 

99880 

1 

3 

1. 00100 

05001 

66708 

34166 

80558 

0. 99900 

04998 

33374 

99166 

80554 

2 

3 

1.  00200 

20013 

34000 

26675 

55810 

0.  99800 

19986 

67333 

06675 

55302 

3 

3 

1. 00300 

45045 

03377 

02601 

29341 

0.99700 

44955 

03372 

97601 

20662 

4 

3 

1. 00400 

80106 

77341 

87235 

88080 

0.99600 

79893 

43991 

47235 

23064 

5 

3 

1.  00501 

25208 

59401 

06338 

35662 

0.  99501 

24791 

92682 

31335 

25642 

6 

3 

1. 00601 

80360 

54064 

86485 

55845 

0.99401 

79640 

53935 

26474 

44988 

7 

3 

1.00702 

45572 

66848 

55523 

16000 

0.99302 

44429 

33235 

10490 

47970 

8 

3 

1. 00803 

20855 

04273 

43117 

20736 

0.  99203 

19148 

37060 

63033 

98697 

9 

3 

1.  00904 

06217 

73867 

81406 

25705 

0.99104 

03787 

72883 

66216 

45648 

1 

2 

1.01005 

01670 

84168 

05754 

21655 

0.  99004 

98337 

49168 

05357 

39060 

2 

2 

1. 02020 

13400 

26755 

81016 

01439 

0.98019 

86733 

06755 

30222 

08141 

3 

2 

1. 03045 

45339 

53516 

85561 

24400 

0.  97044 

55335 

48508 

17693 

25284 

4 

2 

1. 04081 

07741 

92388 

22675 

70448 

0.96078 

94391 

52323 

20943 

92107 

5 

2 

1. 05127 

10963 

76024 

03969 

75176 

0.95122 

94245 

00714 

00909 

14253 

6 

2 

1. 06183 

65465 

45359 

62222 

46849 

0.94176 

45335 

84248 

70953 

71528 

7 

2 

1. 07250 

81812 

54216 

47905 

31039 

0.93239 

38199 

05948 

22885 

79726 

8 

2 

1. 08328 

70676 

74958 

55443 

59878 

0.  92311 

63463 

86635 

78291 

07598 

9 

2 

1. 09417 

42837 

05210 

35787 

28976 

0.  91393 

11852 

71228 

18674 

73535 

1 

1 

1.10517 

09180 

75647 

62481 

17078 

0.  90483 

74180 

35959 

57316 

42491 

2 

1 

1. 22140 

27581 

60169 

83392 

10720 

0.  81873 

07530 

77981 

85866 

99355 

3 

1 

1. 34985 

88075 

76003 

10398 

37443 

0. 74081 

82206 

81717 

86606 

68738 

4 

1 

1.49182 

46976 

41270 

31782 

48530 

0. 67032 

00460 

35639 

30074 

44329 

5 

1 

1. 64872 

12707 

00128 

14684 

86508 

0. 60653 

06597 

12633 

42360 

37995 

6 

1 

1. 82211 

88003 

90508 

97487 

53677 

0.  54881 

16360 

94026 

43262 

84589 

7 

1 

2.  01375 

27074 

70476 

52162 

45494 

0. 49658 

53037 

91409 

51470 

48001 

8 

1 

2.22554 

09284 

92467 

60457 

95375 

0.  44932 

89641 

17221 

59143 

01024 

.9 

1 

2. 45960 

31111 

56949 

66380 

01266 

0. 40656 

96597 

40599 

11188 

34542 

1 

0 

2. 71828 

18284 

59045 

23536 

02875 

0.  36787 

94411 

71442 

32159 

55238 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


x sin  x cos  x 


0.  000 

0.  00000 

00000 

00000 

00000 

000 

1.  00000 

00000 

00000 

00000 

000 

0.  001 

0.  00099 

99998 

33333 

34166 

667 

0.  99999 

95000 

00041 

66666 

528 

0.  002 

0.00199 

99986 

66666 

93333 

331 

0.  99999 

80000 

00666 

66657 

778 

0.  003 

0.  00299 

99955 

00002 

02499 

957 

0. 99999 

55000 

03374 

99898 

750 

0.  004 

0.  00399 

99893 

33341 

86666 

342 

0.  99999 

20000 

10666 

66097 

778 

0.005 

0,  00499 

99791 

66692 

70831 

783 

0. 99998 

75000 

26041 

64496 

529 

0.006 

0.  00599 

99640 

00064 

79994 

446 

0.  99998 

20000 

53999 

93520 

004 

0.007 

0.  00699 

99428 

33473 

39150 

327 

0.  99997 

55001 

00041 

50326 

542 

0.  008 

0. 00799 

99146 

66939 

73291 

723 

0.  99996 

80001 

70666 

30257 

819 

0.  009 

0.  00899 

98785 

00492 

07405 

100 

0.  99995 

95002 

73374 

26188 

857 

0.  010 

0.  00999 

98333 

34166 

66468 

254 

0.  99995 

00004 

16665 

27778 

026 

0.011 

0.  01099 

97781 

68008 

75446 

684 

0. 99993 

95006 

10039 

20617 

059 

0.  012 

0.  01199 

97120 

02073 

59289 

053 

0. 99992 

80008 

63995 

85281 

066 

0.  013 

0.01299 

96338 

36427 

42921 

659 

0.  99991 

55011 

90034 

96278 

551 

0.  014 

0.  01399 

95426 

71148 

51241 

801 

0.  99990 

20016 

00656 

20901 

438 

0.  015 

0.  01499 

94375 

06328 

09109 

944 

0. 99988 

75021 

09359 

17975 

106 

0.016 

0.  01599 

93173 

42071 

41340 

585 

0.  99987 

20027 

30643 

36508 

430 

0.017 

0.  01699 

91811 

78498 

72691 

726 

0.  99985 

55034 

80008 

14243 

829 

0.  018 

0.  01799 

90280 

15746 

27852 

832 

0.  99983 

80043 

73952 

76107 

331 

0.  019 

0.  01899 

88568 

53967 

31431 

205 

0.  99981 

95054 

29976 

32558 

650 

0.  020 

0.  01999 

86666 

93333 

07936 

649 

0.  99980 

00066 

66577 

77841 

270 

0.  021 

0.  02099 

84565 

34033 

81764 

335 

0. 99977 

95081 

03255 

88132 

556 

0.  022 

0.  02199 

82253 

76279 

77175 

771 

0.  99975 

80097 

60509 

19593 

878 

0.  023 

0.  02299 

79722 

20302 

18277 

769 

0.99973 

55116 

59836 

06320 

750 

0.  024 

0.  02399 

76960 

66354 

28999 

311 

0.  99971 

20138 

23734 

58193 

002 

0.  025 

0.  02499 

73959 

14712 

33066 

217 

0.  99968 

75162 

75702 

58624 

967 

0.  026 

0.  02599 

70707 

65676 

53973 

517 

0.  99966 

20190 

40237 

62215 

698 

0.  027 

0. 02699 

67196 

19572 

14955 

411 

0.  99963 

55221 

42836 

92299 

214 

0.  028 

0. 02799 

63414 

76750 

38952 

746 

0.  99960 

80256 

09997 

38394 

779 

0.  029 

0. 02899 

59353 

37589 

48577 

881 

0. 99957 

95294 

69215 

53557 

207 

0.  030 

0. 02999 

55002 

02495 

66076 

853 

0. 99955 

00337 

48987 

51627 

216 

0.  031 

0. 03099 

50350 

71904 

13288 

752 

0.  99951 

95384 

78809 

04381 

810 

0.032 

0. 03199 

45389 

46280 

11602 

188 

0.  99948 

80436 

89175 

38584 

710 

0.  033 

0.  03299 

40108 

26119 

81908 

762 

0. 99945 

55494 

11581 

32936 

824 

0.  034 

0. 03399 

34497 

11951 

44553 

435 

0.  99942 

20556 

78521 

14926 

773 

0.035 

0.  03499 

28546 

04336 

19281 

702 

0. 99938 

75625 

23488 

57581 

460 

0.036 

0.  03599 

22245 

03869 

25183 

461 

0.  99935 

20699 

80976 

76116 

700 

0.  037 

0.  03699 

15584 

11180 

80633 

489 

0.  99931 

55780 

86478 

24487 

902 

0.  038 

0.  03799 

08553 

26937 

03228 

414 

0. 99927 

80868 

76484 

91840 

819 

0.039 

0.  03899 

01142 

51841 

09720 

085 

0.  99923 

95963 

88487 

98862 

358 

0.  040 

0.  03998 

93341 

86634 

15945 

255 

0.  99920 

01066 

60977 

94031 

457 

0.  041 

0. 04098 

85141 

32096 

36751 

449 

0. 99915 

96177 

33444 

49770 

040 

0.  042 

0.  04198 

76530 

89047 

85918 

946 

0.  99911 

81296 

46376 

58494 

043 

0.  043 

0.  04298 

67500 

58349 

76078 

755 

0.  99907 

56424 

41262 

28564 

524 

0.  044 

0.  04398 

58040 

40905 

18626 

492 

0.  99903 

21561 

60588 

80138 

853 

0.  045 

0.  04498 

48140 

37660 

23632 

066 

0. 99898 

76708 

47842 

40921 

992 

0.  046 

0.  04598 

37790 

49604 

99745 

054 

0.  99894 

21865 

47508 

41817 

869 

0.  047 

0.  04698 

26980 

77774 

54095 

689 

0.  99889 

57033 

05071 

12480 

849 

0.  048 

0.  04798 

15701 

23249 

92191 

340 

0.  99884 

82211 

67013 

76767 

299 

0.  049 

0.  04898 

03941 

87159 

17808 

403 

0.  99879 

97401 

80818 

48087 

272 

0.  050 

0.  04997 

91692 

70678 

32879 

487 

0. 99875 

02603 

94966 

24656 

287 

[(-9)6]  [(-7,1] 


For  conversion  from  degrees  to  radians  see  Example  13. 

For  use  and  extension  of  the  table  see  Examples  15-17. 

From  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  thei cir- 
cular sine  and  cosine  to  radian  arguments, Memoirs  of  the  National  Academy  of 
Sciences,  vol.  14,  Fifth  Memoir.  U.S.  Government  Printing  Office,  Washington, 
D.C.,  1921  (with  permission).  Known  errors  have  been  corrected. 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 


X 

0.  050 

0. 04997 

91692 

sin  x 
70678 

32879 

487 

0. 99875 

i 

02603 

COS  X 

94966 

24656 

287 

0.  051 

0.  05097 

78943 

75032 

37375 

800 

0. 99869 

97818 

58936 

84647 

237 

0.  052 

0.  05197 

65685 

01496 

29184 

649 

0. 99864 

83046 

23208 

81242 

407 

0.  053 

0.  05297 

51906 

51396 

03981 

925 

0. 99859 

58287 

39259 

37585 

623 

0.054 

0.  05397 

37598 

26109 

55099 

505 

0. 99854 

23542 

59564 

41634 

531 

0.  055 

0.  05497 

22750 

27067 

73387 

446 

0. 99848 

78812 

37598 

40913 

005 

0.  056 

0.  05597 

07352 

55755 

47070 

891 

0. 99843 

24097 

27834 

37163 

704 

0.  057 

0. 05696 

91395 

13712 

61601 

567 

0. 99837 

59397 

85743 

80900 

770 

0.  058 

0.  05796 

74868 

02534 

99503 

794 

0. 99831 

84714 

67796 

65862 

676 

0.  059 

0.  05896 

57761 

23875 

40214 

896 

0. 99826 

00048 

31461 

23365 

235 

0.  060 

0.  05996 

40064 

79444 

59919 

909 

0. 99820 

05399 

35204 

16554 

766 

0.  061 

0. 06096 

21768 

71012 

31380 

500 

0. 99814 

00768 

38490 

34561 

437 

0. 062 

0.  06196 

02863 

00408 

23757 

982 

0. 99807 

86156 

01782 

86552 

769 

0.  063 

0.  06295 

83337 

69523 

02430 

343 

0. 99801 

61562 

86542 

95687 

334 

0.  064 

0.  06395 

63182 

80309 

28803 

166 

0. 99795 

26989 

55229 

92968 

628 

0.065 

0.  06495 

42388 

34782 

60114 

361 

0. 99788 

82436 

71301 

10999 

144 

0.  066 

0.  06595 

20944 

35022 

49232 

601 

0. 99782 

27904 

99211 

77634 

635 

0.  067 

0.  06694 

98840 

83173 

44449 

361 

0.  99775 

63395 

04415 

09538 

592 

0. 068 

0.  06794 

76067 

81445 

89264 

458 

0. 99768 

88907 

53362 

05636 

926 

0.  069 

0. 06894 

52615 

32117 

22165 

004 

0. 99762 

04443 

13501 

40472 

866 

0.  070 

0.  06994 

28473 

37532 

76397 

655 

0. 99755 

10002 

53279 

57462 

091 

0.071 

0. 07094 

03632 

00106 

79734 

071 

0.  99748 

05586 

42140 

62048 

084 

0.072 

0.  07193 

78081 

22323 

54229 

480 

0. 99740 

91195 

50526 

14757 

726 

0.  073 

0. 07293 

51811 

06738 

15974 

250 

0. 99733 

66830 

49875 

24157 

139 

0.  074 

0. 07393 

24811 

55977 

74838 

360 

0. 99726 

32492 

12624 

39707 

111 

0.  075 

0. 07492 

97072 

72742 

34208 

684 

0. 99718 

88181 

12207 

44522 

774 

0.076 

0.  07592 

68584 

59805 

90718 

980 

0. 99711 

33898 

23055 

48023 

568 

0.  077 

0. 07692 

39337 

20017 

33972 

485 

0. 99703 

69644 

20596 

78496 

785 

0.  078 

0.  07792 

09320 

56301 

46257 

015 

0. 99695 

95419 

81256 

75551 

417 

0. 079 

0.  07891 

78524 

71660 

02252 

478 

0. 99688 

11225 

82457 

82476 

279 

0.  080 

0. 07991 

46939 

69172 

68730 

688 

0. 99680 

17063 

02619 

38497 

771 

0.081 

0.  08091 

14555 

51998 

04247 

389 

0. 99672 

12932 

21157 

70937 

933 

0.  082 

0. 08190 

81362 

23374 

58826 

394 

0. 99663 

98834 

18485 

87272 

823 

0.  083 

0.  08290 

47349 

86621 

73635 

718 

0. 99655 

74769 

76013 

67091 

212 

0.084 

0.  08390 

12508 

45140 

80655 

638 

0. 99647 

40739 

76147 

53953 

598 

0. 085 

0.  08489 

76828 

02416 

02338 

544 

0. 99638 

96745 

02290 

47151 

570 

0.  086 

0.  08589 

40298 

62015 

51260 

514 

0. 99630 

42786 

38841 

93367 

506 

0.  087 

0. 08689 

02910 

27592 

29764 

492 

0. 99621 

78864 

71197 

78234 

626 

0.  088 

0.  08788 

64653 

02885 

29594 

973 

0. 99613 

04980 

85750 

17797 

412 

0.  089 

0.  08888 

25516 

91720 

31524 

112 

0. 99604 

21135 

69887 

49872 

388 

0.  090 

0. 08987 

85491 

98011 

04969 

125 

0. 99595 

27330 

11994 

25309 

284 

0. 091 

0.  09087 

44568 

25760 

07600 

919 

0.  99586 

23565 

01450 

99152 

586 

0.  092 

0.  09187 

02735 

79059 

84943 

819 

0. 99577 

09841 

28634 

21703 

483 

0.  093 

0.  09286 

59984 

62093 

69966 

323 

0.  99567 

86159 

84916 

29482 

217 

0.  094 

0.  09386 

16304 

79136 

82662 

751 

0. 99558 

52521 

62665 

36090 

844 

0.  095 

0.  09485 

71686 

34557 

29625 

724 

0.  99549 

08927 

55245 

22976 

426 

0.  096 

0.  09585 

26119 

32817 

03609 

347 

0. 99539 

55378 

57015 

30094 

649 

0.  097 

0.  09684 

79593 

78472 

83083 

006 

0. 99529 

91875 

63330 

46473 

881 

0.  098 

0.  09784 

32099 

76177 

31775 

683 

0.99520 

18419 

70541 

00679 

686 

0. 099 

0.  09883 

83627 

30679 

98210 

683 

0.  99510 

35011 

75992 

51179 

796 

0. 100 

0.  09983 

34166 

46828 

15230 

681 

0. 99500 

41652 

78025 

76609 

556 

(-8)1 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 

x sin  x cos  x 


0.100 

0.09983 

34166 

46828 

15230 

681 

0. 99500 

41652 

78025 

76609 

556 

0.101 

0.  10082 

83707 

29567 

99512 

975 

0. 99490 

38343 

75976 

65937 

840 

0.102 

0. 10182 

32239 

83945 

51074 

864 

0. 99480 

25085 

70176 

08533 

469 

0. 103 

0.  10281 

79754 

15107 

52769 

040 

0.  99470 

01879 

61949 

84132 

117 

0.104 

0.10381 

26240 

28302 

69768 

897 

0.  99459 

68726 

53618 

52703 

737 

0.105 

0. 10480 

71688 

28882 

49043 

655 

0. 99449 

25627 

48497 

44220 

501 

0. 106 

0.  10580 

16088 

22302 

18823 

209 

0. 99438 

72583 

50896 

48325 

268 

0.107 

0. 10679 

59430 

14121 

88052 

588 

0. 99428 

09595 

66120 

03900 

596 

0. 108 

0.10779 

01704 

10007 

45835 

941 

0.  99417 

36665 

00466 

88538 

307 

0.109 

0.  10878 

42900 

15731 

60869 

939 

0.  99406 

53792 

61230 

07909 

607 

0.110 

0.  10977 

83008 

37174 

80866 

495 

0.  99395 

60979 

56696 

85035 

784 

0.  Ill 

0.11077 

22018 

80326 

31964 

714 

0.  99384 

58226 

96148 

49459 

483 

0.112 

0. 11176 

59921 

51285 

18131 

952 

0.  99373 

45535 

89860 

26316 

578 

0.113 

0. 11275 

96706 

56261 

20553 

909 

0.  99362 

22907 

49101 

25308 

652 

0.114 

0. 11375 

32364 

01575 

97013 

636 

0.99350 

90342 

86134 

29576 

080 

0.115 

0. 11474 

66883 

93663 

81259 

372 

0.  99339 

47843 

14215 

84471 

755 

0.116 

0. 11574 

00256 

39072 

82361 

097 

0.  99327 

95409 

47595 

86235 

439 

0. 117 

0. 11673 

32471 

44465 

84055 

722 

0.99316 

33043 

01517 

70568 

768 

0.118 

0. 11772 

63519 

16621 

44080 

790 

0.  99304 

60744 

92218 

OHIO 

921 

0.119 

0. 11871 

93389 

62434 

93496 

613 

0.  99292 

78516 

36926 

57814 

950 

0. 120 

0. 11971 

22072 

88919 

35996 

735 

0.  99280 

86358 

53866 

25224 

810 

0.121 

0.  12070 

49559 

03206 

47206 

615 

0. 99268 

84272 

62252 

80653 

067 

0. 122 

0. 12169 

75838 

12547 

73970 

447 

0.  99256 

72259 

82294 

82259 

329 

0. 123 

0.  12269 

00900 

24315 

33626 

003 

0.  99244 

50321 

35193 

57029 

382 

0.124 

0.  12368 

24735 

46003 

13267 

407 

0.  99232- 

18458 

43142 

88655 

070 

0. 125 

0.  12467 

47333 

85227 

68995 

744 

0.  99219 

76672 

29329 

05314 

910 

0. 126 

0.12566 

68685 

49729 

25157 

389 

0.  99207 

24964 

17930 

67355 

462 

0. 127 

0.  12665 

88780 

47372 

73569 

978 

0.  99194 

63335 

34118 

54873 

474 

0. 128 

0.  12765 

07608 

86148 

72735 

909 

0.  99181 

91787 

04055 

55198 

803 

0. 129 

0. 12864 

25160 

74174 

47043 

273 

0. 99169 

10320 

54896 

50278 

123 

0. 130 

0. 12963 

41426 

19694 

85954 

121 

0.  99156 

18937 

14788 

03959 

451 

0.131 

0. 13062 

56395 

31083 

43179 

968 

0.  99143 

17638 

12868 

49177 

481 

0. 132 

0.13161 

70058 

16843 

35844 

433 

0.99130 

06424 

79267 

75039 

751 

0. 133 

0.  13260 

82404 

85608 

43632 

907 

0. 99116 

85298 

45107 

13813 

659 

0.134 

0.13359 

93425 

46144 

07929 

171 

0.  99103 

54260 

42499 

27814 

325 

0.135 

0.  13459 

03110 

07348 

30938 

844 

0.  99090 

13312 

04547 

96193 

339 

0.136 

0. 13558 

11448 

78252 

74799 

575 

0. 99076 

62454 

65348 

01628 

375 

0.137 

0. 13657 

18431 

68023 

60677 

867 

0. 99063 

01689 

59985 

16913 

714 

0.138 

0. 13756 

24048 

85962 

67852 

453 

0. 99049 

31018 

24535 

91451 

667 

0. 139 

0.  13855 

28290 

41508 

32784 

107 

0.  99035 

50441 

96067 

37644 

937 

0. 140 

0.13954 

31146 

44236 

48171 

799 

0.  99021 

59962 

12637 

17189 

895 

0. 141 

0. 14053 

32607 

03861 

61995 

092 

0.  99007 

59580 

13293 

27270 

829 

0. 142 

0. 14152 

32662 

30237 

76542 

691 

0.  98993 

49297 

38073 

86655 

145 

0.143 

0. 14251 

31302 

33359 

47427 

025 

0.98979 

29115 

28007 

21689 

546 

0. 144 

0.  14350 

28517 

23362 

82584 

791 

0.  98964 

99035 

25111 

52197 

214 

0. 145 

0. 14449 

24297 

10526 

41263 

332 

0. 98950 

59058 

72394 

77275 

984 

0. 146 

0. 14548 

18632 

05272 

32992 

773 

0.  98936 

09187 

13854 

60997 

551 

0. 147 

0. 14647 

11512 

18167 

16543 

800 

0.  98921 

49421 

94478 

18007 

704 

0. 148 

0.  14746 

02927 

59922 

98870 

997 

0.98906 

79764 

60241 

99027 

617 

0.149 

0. 14844 

92868 

41398 

34041 

627 

0.  98892 

00216 

58111 

76256 

193 

0.150 

0. 14943 

81324 

73599 

22149 

773 

0.  98877 

10779 

36042 

28673 

498 

r(-8)2]  [(-77)r 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 

x sin  x cos  x 


0. 150 

0. 14943 

81324 

73599 

22149 

773 

0. 98877 

10779 

36042 

28673 

498 

0.151 

0.  15042 

68286 

67680 

08215 

725 

0.  98862 

11454 

42977 

27245 

283 

0. 152 

0.15141 

53744 

34944 

81070 

532 

0.  98847 

02243 

28849 

20028 

611 

0.153 

0.  15240 

37687 

86847 

72225 

604 

0.  98831 

83147 

44579 

17178 

614 

0. 154 

0.  15339 

20107 

34994 

54727 

267 

0. 98816 

54168 

42076 

75856 

382 

0.155 

0. 15438 

00992 

91143 

41996 

190 

0. 98801 

15307 

74239 

85038 

006 

0. 156 

0. 15536 

80334 

67205 

86651 

555 

0. 98785 

66566 

94954 

50224 

794 

0.157 

0.  15635 

58122 

75247 

79319 

902 

0.  98770 

07947 

59094 

78054 

663 

0. 158 

0. 15734 

34347 

27490 

47428 

529 

0. 98754 

39451 

22522 

60814 

736 

0.159 

0.  15833 

08998 

36311 

53983 

354 

0.  98738 

61079 

42087 

60855 

150 

0.160 

0.  15931 

82066 

14245 

96331 

146 

0. 98722 

72833 

75626 

94904 

095 

0. 161 

0.  16030 

53540 

73987 

04906 

020 

0. 98706 

74715 

81965 

18284 

099 

0. 162 

0. 16129 

23412 

28387 

41960 

095 

0.  98690 

66727 

20914 

09029 

574 

0.163 

0.16227 

91670 

90460 

00278 

226 

0.  98674 

48869 

53272 

51905 

638 

0. 164 

0. 16326 

58306 

73379 

01876 

705 

0.  98658 

21144 

40826 

22328 

234 

0.165 

0.  16425 

23309 

90480 

96685 

825 

0.  98641 

83553 

46347 

70185 

554 

0. 166 

0.16523 

86670 

55265 

61216 

228 

0. 98625 

36098 

33596 

03560 

791 

0. 167 

0. 16622 

48378 

81396 

97208 

916 

0.  98608 

78780 

67316 

72356 

233 

0.168 

0. 16721 

08424 

82704 

30268 

843 

0.  98592 

11602 

13241 

51818 

712 

0. 169 

0. 16819 

66798 

73183 

08481 

981 

0.  98575 

34564 

38088 

25966 

434 

0. 170 

0. 16918 

23490 

66996 

01015 

762 

0.  98558 

47669 

09560 

70917 

193 

0.171 

0. 17016 

78490 

78473 

96702 

805 

0.  98541 

50917 

96348 

38117 

998 

0.172 

0. 17115 

31789 

22117 

02607 

812 

0.  98524 

44312 

68126 

37476 

124 

0. 173 

0. 17213 

83376 

12595 

42577 

560 

0.  98507 

27854 

95555 

20391 

598 

0.174 

0.17312 

33241 

64750 

55773 

865 

0. 98490 

01546 

50280 

62691 

158 

0. 175 

0. 17410 

81375 

93595 

95189 

433 

0.  98472 

65389 

04933 

47463 

670 

0. 176 

0.  17509 

27769 

14318 

26146 

505 

0. 98455 

19384 

33129 

47797 

052 

0.177 

0.  17607 

72411 

42278 

24778 

176 

0. 98437 

63534 

09469 

09416 

699 

0. 178 

0. 17706 

15292 

93011 

76492 

317 

0.98419 

97840 

09537 

33225 

443 

0. 179 

0.  17804 

56403 

82230 

74417 

975 

0.  98402 

22304 

09903 

57745 

046 

0.180 

0.  17902 

95734 

25824 

17834 

180 

0.  98384 

36927 

88121 

41459 

272 

0. 181 

0.  18001 

33274 

39859 

10581 

029 

0.  98366 

41713 

22728 

45058 

522 

0. 182 

0. 18099 

69014 

40581 

59452 

980 

0.  98348 

36661 

93246 

13586 

083 

0. 183 

0. 18198 

02944 

44417 

72574 

233 

0.  98330 

21775 

80179 

58485 

974 

0.184 

0.18296 

35054 

67974 

57756 

116 

0.98311 

97056 

65017 

39552 

448 

0. 185 

0. 18394 

65335 

28041 

20836 

370 

0. 98293 

62506 

30231 

46781 

122 

0. 186 

0. 18492 

93776 

41589 

64000 

231 

0. 98275 

18126 

59276 

82121 

799 

0. 187 

0. 18591 

20368 

25775 

84083 

224 

0.  98256 

63919 

36591 

41132 

959 

0.188 

0. 18689 

45100 

97940 

70855 

554 

0.  98237 

99886 

47595 

94537 

971 

0. 189 

• 

0. 18787 

67964 

75611 

05288 

013 

0.98219 

26029 

78693 

69683 

022 

0. 190 

0.  18885 

88949 

76500 

57799 

285 

0. 98200 

42351 

17270 

31896 

788 

0. 191 

0. 18984 

08046 

18510 

86484 

571 

0.98181 

48852 

51693 

65751 

875 

0. 192 

0.  19082 

25244 

19732 

35325 

424 

0.  98162 

45535 

71313 

56228 

034 

0. 193 

0. 19180 

40533 

98445 

32380 

691 

0. 98143 

32402 

66461 

69777 

178 

0. 194 

0.  19278 

53905 

73120 

87958 

485 

0.  98124 

09455 

28451 

35290 

214 

0.195 

0. 19376 

65349 

62421 

92769 

058 

0.98104 

76695 

49577 

24965 

723 

0. 196 

0. 19474 

74855 

85204 

16058 

510 

0.98085 

34125 

23115 

35080 

479 

0. 197 

0.  19572 

82414 

60517 

03723 

204 

0.  98065 

81746 

43322 

66661 

867 

0.198 

0. 19670 

88016 

07604 

76404 

820 

0.  98046 

19561 

05437 

06062 

170 

0.199 

0. 19768 

91650 

45907 

27565 

917 

0.  98026 

47571 

05677 

05434 

796 

0.  200 

0. 19866 

93307 

95061 

21545 

941 

0.  98006 

65778 

41241 

63112 

420 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 

x sin  x cos  x 


0.200 

0. 19866 

93307 

95061 

21545 

941 

0.  98006 

65778 

41241 

63112 

420 

0.  201 

0. 19964 

92978 

74900 

91597 

545 

0. 97986 

74185 

10310 

03887 

090 

0.  202 

0.  20062 

90653 

05459 

37903 

151 

0. 97966 

72793 

12041 

59192 

306 

0.203 

0.  20160 

86321 

06969 

25571 

640 

0.  97946 

61604 

46575 

47187 

084 

0.  204 

0.20258 

79972 

99863 

82615 

083 

0.97926 

40621 

15030 

52742 

047 

0.205 

0.20356 

71599 

04777 

97905 

397 

0. 97906 

09845 

19505 

07327 

536 

0.206 

0.20454 

61189 

42549 

19110 

856 

0. 97885 

69278 

63076 

68803 

784 

0.207 

0.20552 

48734 

34218 

50612 

330 

0.  97865 

18923 

49802 

01113 

156 

0.208 

0.20650 

34224 

01031 

51399 

175 

0. 97844 

58781 

84716 

53874 

491 

0.209 

0. 20748 

17648 

64439 

32944 

665 

0. 97823 

88855 

73834 

41879 

553 

0.210 

0. 20845 

98998 

46099 

57060 

871 

0.  97803 

09147 

24148 

24491 

614 

0.211 

0.20943 

78263 

67877 

33732 

895 

0.  97782 

19658 

43628 

84946 

201 

0.212 

0.21041 

55434 

51846 

18932 

346 

0.  97761 

20391 

41225 

09554 

014 

0.213 

0.21139 

30501 

20289 

12409 

982 

0. 97740 

11348 

26863 

66806 

039 

0.214 

0.  21237 

03453 

95699 

55467 

398 

0.  97718 

92531 

11448 

86380 

882 

0.215 

0.21334 

74283 

00782 

28707 

677 

0.97697 

63942 

06862 

38054 

344 

0.  216 

0.21432 

42978 

58454 

49764 

905 

0.  97676 

25583 

25963 

10511 

247 

0.217 

0.21530 

09530 

91846 

71012 

439 

0.97654 

77456 

82586 

90059 

555 

0.218 

0.21627 

73930 

24303 

77249 

851 

0. 97633 

19564 

91546 

39246 

782 

0.219 

0.21725 

36166 

79385 

83368 

434 

0. 97611 

51909 

68630 

75378 

736 

0.  220 

0.  21822 

96230 

80869 

31995 

179 

0. 97589 

74493 

30605 

48940 

602 

0. 221 

0.21920 

54112 

52747 

91115 

124 

0. 97567 

87317 

95212 

21920 

392 

0. 222 

0.22018 

09802 

19233 

51671 

977 

0.  97545 

90385 

81168 

46034 

788 

0.223 

0.22115 

63290 

04757 

25146 

920 

0.  97523 

83699 

08167 

40857 

388 

0.  224 

0.22213 

14566 

33970 

41115 

484 

0. 97501 

67259 

96877 

71849 

392 

0.  225 

0.  22310 

63621 

31745 

44782 

417 

0. 97479 

41070 

68943 

28292 

737 

0.226 

0.22408 

10445 

23176 

94494 

428 

0.  97457 

05133 

46983 

01125 

708 

0. 227 

0.  22505 

55028 

33582 

59230 

720 

0.  97434 

59450 

54590 

60681 

052 

0.228 

0.22602 

97360 

88504 

16071 

214 

0.  97412 

04024 

16334 

34326 

607 

0.  229 

0.  22700 

37433 

13708 

47642 

363 

0. 97389 

38856 

57756 

84008 

477 

0.230 

0.  22797 

75235 

35188 

39540 

462 

0.  97366 

63950 

05374 

83696 

773 

0.231 

0.  22895 

10757 

79163 

77732 

354 

0.  97343 

79306 

86678 

96733 

940 

0.232 

0.  22992 

43990 

72082 

45933 

437 

0. 97320 

84929 

30133 

53085 

695 

0.  233 

0. 23089 

74924 

40621 

22962 

869 

0.  97297 

80819 

65176 

26494 

602 

0.234 

0.  23187 

03549 

11686 

80075 

884 

0. 97274 

66980 

22218 

11536 

294 

0.235 

0. 23284 

29855 

12416 

78273 

112 

0. 97251 

43413 

32643 

00578 

389 

0.236 

0.  23381 

53832 

70180 

65586 

809 

0.97228 

10121 

28807 

60642 

091 

0.237 

0.  23478 

75472 

12580 

74343 

904 

0. 97204 

67106 

44041 

10166 

529 

0.238 

0. 23575 

94763 

67453 

18405 

752 

0.  97181 

14371 

12644 

95675 

843 

0.239 

0.  23673 

11697 

62868 

90384 

520 

0.97157 

51917 

69892 

68349 

034 

0.240 

0.  23770 

26264 

27134 

58836 

079 

0.  97133 

79748 

52029 

60492 

618 

0. 241 

0. 23867 

38453 

88793 

65429 

334 

0.  97109 

97865 

96272 

61916 

095 

0. 242 

0.  23964 

48256 

76627 

22091 

869 

0.  97086 

06272 

40809 

96210 

262 

0.243 

0. 24061 

55663 

19655 

08131 

828 

0. 97062 

04970 

24800 

96928 

391 

0. 244 

0.  24158 

60663 

47136 

67335 

933 

0. 97037 

93961 

88375 

83670 

294 

0. 245 

0. 24255 

63247 

88572 

05043 

522 

0. 97013 

73249 

72635 

38069 

313 

0. 246 

0.  24352 

63406 

73702 

85196 

546 

0. 96989 

42836 

19650 

79682 

233 

0.  247 

0. 24449 

61130 

32513 

27365 

389 

0.  96965 

02723 

72463 

41782 

166 

0.  248 

0.  24546 

56408 

95231 

03750 

445 

0.  96940 

52914 

75084 

47054 

425 

0.  249 

0. 24643 

49232 

92328 

36159 

337 

0. 96915 

93411 

72494 

83195 

397 

0. 250 

0.  24740 

39592 

54522 

92959 

685 

0. 96891 

24217 

10644 

78414 

459 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 

x sin  x cos  x 


0.250 

0.  24740 

39592 

54522 

92959 

685 

0. 96891 

24217 

10644 

78414 

459 

0.251 

0. 24837 

27478 

12778 

86007 

332 

0.  96866 

45333 

36453 

76838 

955 

0.252 

0.  24934 

12879 

98307 

67549 

922 

0.  96841 

56762 

97810 

13822 

250 

0.  253 

0.  25030 

95788 

42569 

27105 

742 

0.  96816 

58508 

43570 

91154 

897 

0.254 

0.25127 

76193 

77272 

88317 

722 

0. 96791 

50572 

23561 

52178 

941 

0.255 

0.25224 

54086 

34378 

05782 

506 

0.  96766 

32956 

88575 

56805 

375 

0.256 

0.25321 

29456 

46095 

61854 

486 

0.  96741 

05664 

90374 

56434 

780 

0.257 

0.25418 

02294 

44888 

63424 

714 

0.  96715 

68698 

81687 

68781 

180 

0.258 

0.25514 

72590 

63473 

38674 

587 

0.96690 

22061 

16211 

52599 

126 

0.259 

0.25611 

40335 

34820 

33804 

209 

0.  96664 

65754 

48609 

82314 

035 

0.260 

0.  25708 

05518 

92155 

09735 

339 

0.  96638 

99781 

34513 

22555 

822 

0.261 

0.25804 

68131 

68959 

38788 

820 

0.96613 

24144 

30519 

02595 

835 

0.262 

0.25901 

28163 

98972 

01336 

401 

0.  96587 

38845 

94190 

90687 

131 

0.263 

0.25997 

85606 

16189 

82426 

844 

0.  96561 

43888 

84058 

68308 

107 

0.264 

0.  26094 

40448 

54868 

68386 

239 

0.  96535 

39275 

59618 

04309 

520 

0.265 

0.  26190 

92681 

49524 

43392 

399 

0.96509 

25008 

81330 

28964 

923 

0.266 

0.26287 

42295 

34933 

86023 

278 

0. 96483 

01091 

10622 

07924 

537 

0.267 

0. 26383 

89280 

46135 

65779 

278 

0. 96456 

67525 

09885 

16072 

584 

0.268 

0.  26480 

33627 

18431 

39579 

372 

0.96430 

24313 

42476 

11288 

118 

0.269 

0.  26576 

75325 

87386 

48230 

942 

0. 96403 

71458 

72716 

08109 

368 

0.270 

0.  26673 

14366 

88831 

12873 

229 

0.  96377 

08963 

65890 

51301 

623 

0.271 

0.26769 

50740 

58861 

31394 

301 

0.96350 

36830 

88248 

89328 

696 

0.272 

0.  26865 

84437 

33839 

74821 

451 

0. 96323 

55063 

07004 

47727 

972 

0.273 

0.  26962 

15447 

50396 

83684 

915 

0.  96296 

63662 

90334 

02389 

084 

0.  274 

0.27058 

43761 

45431 

64354 

828 

0.  96269 

62633 

07377 

52736 

246 

0.275 

0.27154 

69369 

56112 

85351 

302 

0.  96242 

51976 

28237 

94814 

248 

0.276 

0.27250 

92262 

19879 

73627 

557 

0.96215 

31695 

23980 

94278 

169 

0.277 

0.  27347 

12429 

74443 

10825 

981 

0.96188 

01792 

66634 

59286 

807 

0.278 

0.  27443 

29862 

57786 

29507 

043 

0.96160 

62271 

29189 

13299 

879 

0.  279 

0.27539 

44551 

08166 

09350 

952 

0.  96133 

13133 

85596 

67778 

997 

0.  280 

0.  27635 

56485 

64113 

73331 

967 

0.96105 

54383 

10770 

94792 

459 

0.281 

0.27731 

65656 

64435 

83865 

270 

0.96077 

86021 

80586 

99523 

878 

0.282 

0.  27827 

72054 

48215 

38926 

293 

0.96050 

08052 

71880 

92684 

682 

0.283 

0.  27923 

75669 

54812 

68142 

411 

0.96022 

20478 

62449 

62830 

504 

0.284 

0.28019 

76492 

23866 

28856 

909 

0. 95994 

23302 

31050 

48581 

495 

0.285 

0.28115 

74512 

95294 

02165 

110 

0.95966 

16526 

57401 

10746 

590 

0.286 

0.28211 

69722 

09293 

88922 

591 

0.  95938 

00154 

22179 

04351 

746 

0.287 

0.  28307 

62110 

06345 

05725 

374 

0.  95909 

74188 

07021 

50572 

193 

0.288 

0. 28403 

51667 

27208 

80861 

997 

0.95881 

38630 

94525 

08568 

713 

0.289 

0.  28499 

38384 

12929 

50237 

384 

0.95852 

93485 

68245 

47227 

984 

0.290 

0.28595 

22251 

04835 

53268 

394 

0. 95824 

38755 

12697 

16807 

013 

0.291 

0.  28691 

03258 

44540 

28750 

981 

0.95795 

74442 

13353 

20481 

688 

0.  292 

0.  28786 

81396 

73943 

10698 

841 

0.  95767 

00549 

56644 

85799 

478 

0.293 

0.  28882 

56656 

35230 

24153 

475 

0. 95738 

17080 

29961 

36036 

308 

0.294 

0.  28978 

29027 

70875 

80965 

551 

0. 95709 

24037 

21649 

61457 

636 

0.  295 

0.  29073 

98501 

23642 

75547 

489 

0.95680 

21423 

21013 

90483 

768 

0.  296 

0.  29169 

65067 

36583 

80597 

155 

0.  95651 

09241 

18315 

60759 

429 

0.297 

0.  29265 

28716 

53042 

42792 

582 

0.95621 

87494 

04772 

90127 

632 

0.298 

0.  29360 

89439 

16653 

78457 

616 

0. 95592 

56184 

72560 

47507 

858 

0.299 

0. 29456 

47225 

71345 

69198 

389 

0.  95563 

15316 

14809 

23678 

590 

0.300 

0.  29552 

02066 

61339 

57510 

532 

0.  95533 

64891 

25606 

01964 

231 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X 

sm  x 

COS  X 

0.300 

0.  29552 

02066 

61339 

57510 

532 

0.  95533 

64891 

25606 

01964 

231 

0.  301 

0.29647 

53952 

31151 

42357 

025 

0.95504 

04912 

99993 

28826 

414 

0.  302 

0.29743 

02873 

25592 

74716 

586 

0.  95474 

35384 

33968 

84359 

763 

0.  303 

0.29838 

48819 

89771 

53102 

518 

0.  95444 

56308 

24485 

52692 

116 

0.  304 

0.29933 

91782 

69093 

19051 

897 

0.  95414 

67687 

69450 

92289 

242 

0.  305 

0.  30029 

31752 

09261 

52585 

026 

0.  95384 

69525 

67727 

06164 

084 

0.306 

0.30124 

68718 

56279 

67635 

045 

0.  95354 

61825 

19130 

11990 

559 

0.  307 

0.30220 

02672 

56451 

07447 

613 

0.  95324 

44589 

24430 

12121 

945 

0.308 

0.  30315 

33604 

56380 

39950 

549 

0.  95294 

17820 

85350 

63513 

878 

0.309 

0.  30410 

61505 

02974 

53093 

365 

0.  95263 

81523 

04568 

47552 

001 

0.310 

0.30505 

86364 

43443 

50156 

564 

0.  95233 

35698 

85713 

39784 

281 

0.  311 

0.  30601 

08173 

25301 

45030 

632 

0.  95202 

80351 

33367 

79558 

038 

0.312 

0.  30696 

26921 

96367 

57464 

615 

0.  95172 

15483 

53066 

39561 

711 

0.  313 

0.30791 

42601 

04767 

08284 

189 

0. 95141 

41098 

51295 

95271 

383 

0.314 

0.  30886 

55200 

98932 

14579 

138 

0.95110 

57199 

35494 

94302 

111 

0.  315 

0.  30981 

64712 

27602 

84860 

120 

0.  95079 

63789 

14053 

25664 

080 

0.  316 

0.  31076 

71125 

39828 

14184 

658 

0.  95048 

60870 

96311 

88923 

617 

0.317 

0.31171 

74430 

84966 

79252 

234 

0.95017 

48447 

92562 

63269 

094 

0.318 

0.31266 

74619 

12688 

33468 

402 

0.  94986 

26523 

14047 

76481 

749 

0.319 

0.31361 

71680 

72974 

01977 

833 

0.  94954 

95099 

72959 

73811 

467 

0.  320 

0.  31456 

65606 

16117 

76666 

176 

0. 94923 

54180 

82440 

86757 

531 

0.  321 

0.  31551 

56385 

92727 

11130 

659 

0.  94892 

03769 

56583 

01754 

395 

0.  322 

0.  31646 

44010 

53724 

15619 

332 

0.  94860 

43869 

10427 

28762 

501 

0.  323 

0.  31741 

28470 

50346 

51938 

844 

0. 94828 

74482 

59963 

69764 

173 

0.  324 

0.  31836 

09756 

34148 

28330 

674 

0.  94796 

95613 

22130 

87164 

613 

0.  325 

0.31930 

87858 

57000 

94315 

718 

0.  94765 

07264 

14815 

72098 

048 

0.  326 

0.  32025 

62767 

71094 

35507 

128 

0.  94733 

09438 

56853 

12639 

034 

0.  327 

0.  32120 

34474 

28937 

68391 

319 

0. 94701 

02139 

68025 

61918 

976 

0.  328 

0.  32215 

02968 

83360 

35077 

048 

0. 94668 

85370 

69063 

06147 

877 

0.  329 

0.  32309 

68241 

87512 

98012 

460 

0.  94636 

59134 

81642 

32541 

351 

0.  330 

0.  32404 

30283 

94868 

34670 

020 

0.  94604 

23435 

28386 

97152 

941 

0.  331 

0.  32498 

89085 

59222 

32199 

224 

0.  94571 

78275 

32866 

92611 

768 

0.332 

0.  32593 

44637 

34694 

82047 

Oil 

0. 94539 

23658 

19598 

15765 

535 

0.333 

0.  32687 

96929 

75730 

74545 

756 

0.  94506 

59587 

14042 

35228 

939 

0.  334 

0.  32782 

45953 

37100 

93468 

777 

0.  94473 

86065 

42606 

58837 

502 

0.  335 

0.  32876 

91698 

73903 

10553 

241 

0. 94441 

03096 

32643 

01006 

864 

0.336 

0.  32971 

34156 

41562 

79990 

386 

0. 94408 

10683 

12448 

49997 

577 

0.337 

0.33065 

73316 

95834 

32882 

957 

0.  94375 

08829 

11264 

35085 

413 

0.338 

0.  33160 

09170 

92801 

71669 

766 

0.  94341 

97537 

59275 

93637 

243 

0.339 

0.  33254 

41708 

88879 

64517 

288 

0. 94308 

76811 

87612 

38092 

499 

0.  340 

0.  33348 

70921 

40814 

39678 

177 

0. 94275 

46655 

28346 

22850 

264 

0.  341 

0.  33442 

96799 

05684 

79816 

635 

0. 94242 

07071 

14493 

11062 

025 

0.  342 

0.  33537 

19332 

40903 

16300 

519 

0.  94208 

58062 

80011 

41330 

105 

0.  343 

0.  33631 

38512 

04216 

23460 

104 

0. 94174 

99633 

59801 

94311 

834 

0.  344 

0.  33725 

54328 

53706 

12813 

399 

0.  94141 

31786 

89707 

59229 

468 

0.  345 

0.  33819 

66772 

47791 

27257 

928 

0.  94107 

54526 

06513 

00285 

905 

0.  346 

0.  33913 

75834 

45227 

35228 

880 

0.  94073 

67854 

47944 

22986 

218 

0.  347 

0.  34007 

81505 

05108 

24823 

531 

0.  94039 

71775 

52668 

40365 

059 

0.  348 

0.  34101 

83774 

86866 

97891 

850 

0.94005 

66292 

60293 

39119 

944 

0.349 

0.  34195 

82634 

50276 

64093 

188 

0.  93971 

51409 

11367 

45650 

473 

0.  350 

0.  34289 

78074 

[ 

55451 

“(-8)4- 

34918 

1 

963 

0. 93937 

27128 

f 

47378 

“(—7)1" 

92003 

1 

503 

ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 


X 

0.  350 

0.  34289 

78074 

sin  x 
55451 

34918 

963 

0.93937 

COS  X 

27128  47378 

92003 

503 

0.  351 

0.34383 

70085 

62847 

17681 

237 

0.  93902 

93454 

10755 

81724 

321 

0.352 

0.  34477 

58658 

33263 

09467 

102 

0.  93868 

50389 

44865 

55613 

841 

0.353 

0.  34571 

43783 

27841 

91058 

778 

0.  93833 

97937 

94014 

57391 

869 

0.  354 

0.  34665 

25451 

08071 

20819 

319 

0.93799 

36103 

03447 

99266 

461 

0.  355 

0.  34759 

03652 

35784 

28543 

852 

0.  93764 

64888 

19349 

27409 

412 

0.  356 

0.  34852 

78377 

73161 

09276 

237 

0.  93729 

84296 

88839 

87337 

915 

0.  357 

0. 34946 

49617 

82729 

17091 

064 

0. 93694 

94332 

59978 

89202 

418 

0.  358 

0.  35040 

17363 

27364 

58840 

891 

0.  93659 

94998 

81762 

72980 

716 

0.  359 

0.  35133 

81604 

70292 

87868 

632 

0.  93624 

86299 

04124 

73578 

312 

0.  360 

0.  35227 

42332 

75089 

97684 

991 

0.  93589 

68236 

77934 

85835 

091 

0.  361 

0.  35320 

99538 

05683 

15610 

866 

0.  93554 

40815 

54999 

29438 

322 

0.362 

0.  35414 

53211 

26351 

96384 

608 

0.  93519 

04038 

88060 

13742 

042 

0.  363 

0.  35508 

03343 

01729 

15734 

065 

0.  93483 

57910 

30795 

02492 

855 

0.  364 

0.  35601 

49923 

96801 

63913 

294 

0.  93448 

02433 

37816 

78462 

165 

0.  365 

0.  35694 

92944 

76911 

39203 

863 

0.93412 

37611 

64673 

07984 

897 

0.366 

0.  35788 

32396 

07756 

41380 

647 

0.93376 

63448 

67846 

05404 

739 

0.367 

0.35881 

68268 

55391 

65142 

021 

0.  93340 

79948 

04751 

97425 

922 

0.  368 

0.  35975 

00552 

86229 

93504 

354 

0.93304 

87113 

33740 

87371 

606 

0.369 

0.  36068 

29239 

67042 

91160 

721 

0.93268 

84948 

14096 

19348 

871 

0.  370 

0.36161 

54319 

64961 

97803 

<729 

0.93232 

73456 

06034 

42320 

381 

0.  371 

0.  36254 

75783 

47479 

21412 

373 

0.93196 

52640 

70704 

74082 

737 

0.  372 

0.  36347 

93621 

82448 

31502 

813 

0.  93160 

22505 

70188 

65151 

560 

0.  373 

0.  36441 

07825 

38085 

52343 

006 

0.93123 

83054 

67499 

62553 

347 

0.  374 

0.  36534 

18384 

82970 

56131 

067 

0.93087 

34291 

26582 

73524 

125 

0.  375 

0.  36627 

25290 

86047 

56137 

291 

0.93050 

76219 

12314 

29114 

948 

0.  376 

0.36720 

28534 

16625 

99809 

733 

0.93014 

08841 

90501 

47704 

265 

0.377 

0.36813 

28105 

44381 

61843 

251 

0.  92977 

32163 

27881 

98417 

211 

0.378 

0.  36906 

23995 

39357 

37211 

926 

0.  92940 

46186 

92123 

64451 

836 

0.  379 

0.  36999 

16194 

71964 

341-64 

758 

0.92903 

50916 

51824 

06312 

328 

0.  380 

0.  37092 

04694 

12982 

67184 

549 

0.  92866 

46355 

76510 

24949 

253 

0.381 

0.  37184 

89484 

33562 

49909 

881 

0.92829 

32508 

36638 

24806 

858 

0.  382 

0.37277 

70556 

05224 

88020 

096 

0.92792 

09378 

03592 

76777 

471 

0.383 

0.  37370 

47899 

99862 

72083 

184 

0.  92754 

76968 

49686 

81063 

030 

0.384 

0.  37463 

21506 

89741 

70366 

479 

0.92717 

35283 

48161 

29943 

792 

0.  385 

0.  37555 

91367 

47501 

21610 

089 

0.92679 

84326 

73184 

70454 

235 

0.  386 

0.  37648 

57472 

46155 

27762 

945 

0. 92642 

24101 

99852 

66966 

223 

0.  387 

0.  37741 

19812 

59093 

46681 

397 

0.  92604 

54613 

04187 

63679 

438 

0.  388 

0.37833 

78378 

60081 

84790 

240 

0.  92566 

75863 

63138 

47019 

143 

0.  389 

0.37926 

33161 

23263 

89706 

110 

0.  92528 

87857 

54580 

07941 

297 

0.  390 

0.  38018 

84151 

23161 

42823 

118 

0. 92490 

90598 

57313 

04145 

068 

0.  391 

0.38111 

31339 

34675 

51860 

671 

0.92452 

84090 

51063 

22192 

776 

0.  392 

0.38203 

74716 

33087 

43373 

349 

0.  92414 

68337 

16481 

39537 

314 

0.  393 

0.  38296 

14272 

94059 

55222 

774 

0.  92376 

43342 

35142 

86457 

070 

0.394 

0.  38388 

49999 

93636 

29011 

366 

0.92338 

09109 

89547 

07898 

401 

0.  395 

0.  38480 

81888 

08245 

02477 

888 

0.92299 

65643 

63117 

25225 

693 

0.  396 

0.  38573 

09928 

14697 

01854 

707 

0.92261 

12947 

40199 

97879 

040 

0.397 

0.  38665 

34110 

90188 

34186 

658 

0.92222 

51025 

06064 

84939 

589 

0.  398 

0.  38757 

54427 

12300 

79611 

426 

0.  92183 

79880 

46904 

06602 

584 

0.  399 

0.  38849 

70867 

59002 

83601 

363 

0. 92144 

99517 

49832 

05558 

150 

0.  400 

0.38941 

83423 

08650 

49166 

631 

0.  921016 

09940 

02885 

08279 

853 

(-8)5 


(-7)1 


ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


Table 


x 

0.  400 
0.401 
0.  402 
0.  403 
0.  404 

0.405 
0.  406 
0.  407 
0.  408 
0.  409 

0.  410 
0.411 
0.  412 
0.  413 
0.  414 

0.  415 
0.  416 
0.  417 
0.  418 
0.  419 

0.  420 
0.  421 
0.  422 
0.  423 
0.  424 

0.  425 
0.  426 
0.  427 
0.  428 
0.  429 

0.  430 
0.  431 
0.  432 
0.  433 
0.  434 

0.  435 
0.  436 
0.  437 
0.  438 
0.  439 

0.  440 
0.  441 
0.  442 
0.  443 
0.  444 

0.  445 
0. 446 
0.  447 
0.  448 
0.  449 

0.  450 


4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


sin  x 

0.38941  83423  08650 
0.39033  92084  39988 
0.39125  96842  32150 
0.39217  97687  64660 
0.39309  94611  17434 

0.  39401  87603  70780 
0.  39493  76656  05398 
0.39585  61759  02384 
0.  39677  42903  43226 
0.39769  20080  09812 

0.39860  93279  84422 
0.39952  62493  49738 
0.40044  27711  88838 
0.40135  88925  85200 
0.40227  46126  22702 

0.40318  99303  85626 
0.40410  48449  58653 
0.40501  93554  26869 
0.40593  34608  75762 
0.40684  71603  91229 

0.40776  04530  59570 
0.40867  33379  67491 
0.40958  58142  02108 
0.41049  78808  50946 
0.41140  95370  01936 

0.41232  07817  43424 
0.41323  16141  64165 
0.41414  20333  53326 
0.41505  20384  00488 
0.41596  16283  95646 

0.41687  08024  29210 
0.41777  95595  92007 
0.41868  78989  75279 
0.41959  58196  70687 
0.42050  33207  70310 

0.42141  04013  66648 
0.42231  70605  52619 
0.42322  32974  21565 
0.42412  91110  67248 
0.42503  45005  83856 

0.42593  94650  65999 
0.42684  40036  08712 
0.42774  81153  07458 
0.42865  17992  58123 
0.42955  50545  57025 

0.43045  78803  00908 
0.43136  02755  86947 
0.43226  22395  12746 
0.43316  37711  76342 
0.43406  48696  76203 

0.43496  55341  11230 

r(-8)5“ 


49166 

631 

0.  92106 

29019 

595 

0. 92067 

17700 

358 

0.  92028 

43663 

363 

0.  91988 

61324 

955 

0.  91949 

43071 

820 

0.91910 

71230 

202 

0.  91870 

29995 

816 

0.  91831 

97324 

356 

0.91791 

36782 

508 

0.91751 

89359 

380 

0. 91712 

65238 

251 

0.  91672 

35528 

558 

0.  91632 

23958 

010 

0.91592 

98524 

766 

0.91551 

63109 

550 

0.91511 

49047 

645 

0.  91471 

06660 

654 

0.  91430 

96747 

939 

0.  91390 

82037 

655 

0.  91349 

18597 

279 

0.91308 

47203 

546 

0. 91268 

84671 

703 

0.  91227 

15143 

980 

0.91186 

81337 

201 

0.  91145 

75749 

435 

0.91103 

31825 

593 

0.  91062 

15081 

889 

0.  91021 

14189 

067 

0.  90979 

32014 

301 

0. 90938 

76621 

692 

0. 90896 

52231 

243 

0.  90854 

50136 

257 

0.  90813 

39579 

028 

0.  90771 

58584 

774 

0.  90729 

04753 

684 

0.  90687 

26011 

018 

0. 90644 

11315 

146 

0.  90602 

81323 

456 

0.  90560 

79016 

027 

0.  90517 

60276 

972 

0.  90475 

84433 

381 

0.  90432 

04751 

750 

0.  90389 

58891 

823 

0. 90346 

59317 

745 

0.  90304 

83666 

443 

0. 90261 

65073 

141 

0. 90217 

82453 

917 

0.  90174 

50745 

219 

0.  90131 

11100 

244 

0. 90088 

21042 

084 

0. 90044 

COS  X 

09940  02885  08279  853 
11151  95020  86221  075 
03157  16118  16919  248 
85959  56976  45007  979 
59563  09315  43137  110 

23971  65774  72800  745 
79189  19913  45073  295 
25219  66209  81253  568 
62067  00060  73416  956 
89735  17781  44875  737 

08228  16605  10547  564 
17549  94682  37232  150 
17704  51081  03796  202 
08695  85785  61266  649 
90527  99696  92832  194 

63204  94631  73753  232 
26730  73322  31180  180 
81109  39416  03880  251 
26344  97475  01872  722 
62441  52975  65972  725 

89403  12308  27243  609 
07233  82776  66357  915 
15937  72597  72866  996 
15518  90901  04379  332 
05981  47728  45647  576 

87329  54033  67564  373 
59567  21681  86066  990 
22698  63449  20950  808 
76727  93022  54591  701 
21659  24998  90577  360 

57496  74885  12247  591 
84244  59097  41143  638 
01906  94960  95366  563 
10488  00709  47844  729 
09991  95484  84510  435 

00422  99336  62385  731 
81785  33221  67577  465 
54083  19003  73181  601 
17320  79452  97096  848 
71502  38245  59747  647 

16632  19963  41716  554 
52714  50093  41286  061 
79753  55027  31889  904 
97753  62061  19473  892 
06718  99394  99766  305 

06653  96132  15457  899 
97562  82279  13291  573 
79449  88745  01061  718 
52319  47341  04523  319 
16175  90780  24210  832 

71023  52676  92166  884 

r(-7)n 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 


x 


0.  450 

0.  43496 

0.  451 

0.  43586 

0.  452 

0.  43676 

0.  453 

0.  43766 

0.  454 

0.  43856 

0.  455 

0.  43946 

0.  456 

0.  44036 

0.  457 

0.  44125 

0.  458 

0.  44215 

0.  459 

0.  44305 

0.  460 

0.  44394 

0.  461 

0.  44484 

0.  462 

0.  44573 

0.  463 

0.  44663 

0.  464 

0.  44752 

0.  465 

0.  44842 

0.  466 

0.  44931 

0.  467 

0.  45020 

0.  468 

0.  45110 

0.469 

0.  45199 

0.  470 

0.  45288 

0.  471 

0.45377 

0.  472 

0.  45466 

0.  473 

0.  45555 

0. 474 

0.  45644 

0.  475 

0.  45733 

0.  476 

0.  45822 

0.  477 

0.  45911 

0.  478 

0.46000 

0.  479 

0.  46089 

0.  480 

0.  46177 

0.  481 

0.  46266 

0.  482 

0.  46355 

0.  483 

0.  46443 

0.  484 

0.  46532 

0.  485 

0.  46620 

0.  486 

0.  46709 

0.  487 

0. 46797 

0.  488 

0.  46886 

0.  489 

0.  46974 

0.  490 

0.  47062 

0.  491 

0.  47150 

0.  492 

0.  47238 

0.493 

0. 47327 

0.  494 

0. 47415 

0. 495 

0.  47503 

0.  496 

0. 47591 

0.  497 

0. 47679 

0.  498 

0.  47766 

0. 499 

0. 47854 

0.500 

0. 47942 

sin  x 

55341  11230  21042 
57635  80759  44573 
55571  84561  42243 
49140  22842  61170 
38331  96246  25020 

23138  05853  23944 
03549  53183  04468 
79557  40194  59344 
51152  69287  17350 
18326  43301  33053 

81069  65519  76524 
39373  39668  23010 
93228  69916  42563 
42626  60878  89618 
87558  17615  92537 

28014  45634  43101 
63986  50888  85958 
95465  39782  08029 
22442  19166  27868 
44907  96343  84976 

62853  79068  29070 
76270  75545  09309 
85149  94432  63474 
89482  44843  07100 
89259  36343  22566 

84471  78955  48139 
75110  83158  66969 
61167  59888  96047 
42633  20540  75103 
19498  76967  55473 

91755  41482  88913 
59394  26861  16364 
22406  46338  56679 
80783  13613  95295 
34515  42849  72867 

83594  48672  73849 
28011  46175  15033 
67757  50915  34040 
02823  78918  77761 
33201  46678  90760 

58881  71158  03618 
79855  69788  21242 
96114  60472  11121 
07649  61583  91533 
14451  91970  19709 

16512  70950  79950 
13823  18319  71693 
06374  54345  97532 
94157  99774  51191 
77164  75827  05452 

55386  04203  00027 


084 

0.90044 

71023 

567 

0.  90001 

16866 

681 

0.  89957 

53709 

507 

0.  89913 

81556 

568 

0.  89870 

00412 

492 

0.  89826 

10281 

918 

0.  89782 

11168 

542 

0.  89738 

03076 

215 

0.  89693 

86010 

008 

0.  89649 

59975 

151 

0.  89605 

24975 

752 

0.  89560 

81014 

218 

0.  89516 

28097 

275 

0.  89471 

66229 

506 

0.  89426 

95414 

319 

0.  89382 

15656 

244 

0.  89337 

26959 

479 

0.  89292 

29329 

603 

0.  89247 

22770 

342 

0.  89202 

07286 

327 

0.  89156 

82881 

736 

0.  89111 

49562 

735 

0.  89066 

07330 

635 

0.  89020 

56193 

671 

0. 88974 

96153 

307 

0.  88929 

27216 

994 

0.  88883 

49386 

279 

0.  88837 

62667 

180 

0.  88791 

67065 

739 

0.  88745 

62583 

664 

0.  88699 

49227 

968 

0. 88653 

27001 

522 

0.  88606 

95910 

430 

0. 88560 

55958 

132 

0. 88514 

07150 

162 

0.  88467 

49491 

451 

0. 88420 

82984 

104 

0.  88374 

07636 

558 

0.  88327 

23450 

024 

0. 88280 

30432 

136 

0.  88233 

28586 

715 

0.  88186 

17916 

556 

0.  88138 

98427 

149 

0.  88091 

70125 

261 

0. 88044 

33014 

264 

0.  87996 

87098 

150 

0. 87949 

32382 

118 

0. 87901 

68872 

668 

0. 87853 

96571 

099 

0. 87806 

15485 

329 

0. 87758 

25618 

COS  X 

52676  92166  884 
67546  28580  847 
70803  98337  319 
98765  67474  569 
88646  59552  965 

78561  11933  463 
07522  31966  167 
15441  53089  030 
43127  90836  721 
32287  98759  714 

25525  24253  639 
66339  64298  937 
99127  21110  867 
69179  57699  908 
22683  53342  602 

06720  58962  873 
69266  52423  883 
59190  93730  459 
26256  80142  134 
21120  01196  857 

95328  93645  402 
01323  96296  541 
92437  04773  005 
22891  26178  292 
47800  33674  367 

23168  20970  288 
05888  56721  822 
53744  38842  074 
25407  48723  197 
80438  05369  212 

79284  19439  995 
83281  47206  469 
54652  44417  051 
56506  20075  401 
52837  90129  517 

08528  31072  223 
89343  33453  094 
61933  55301  874 
93833  75463  416 
53462  46844  214 

10121  49570  547 
33995  44058  307 
96151  23994  541 
68537  69230  763 
23984  98588  075 

36204  22574  157 
79786  96012  154 
30204  70581  529 
63808  47270  917 
57828  28743  023 

90372  71611  628 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


x sin  x cos  x 


0.500 

0. 47942 

55386 

04203 

00027 

329 

0. 87758 

25618 

90372 

71611 

628 

0.501 

0.  48030 

28813 

07080 

29394 

947 

0.  87710 

26976 

40428 

38630 

733 

0.  502 

0.  48117 

97437 

07116 

30578 

414 

0.  87662 

19562 

87859 

50795 

903 

0.503 

0.  48205 

61249 

27448 

70881 

314 

0. 87614 

03383 

13407 

39357 

847 

0.  504 

0.  48293 

20240 

91696 

35573 

583 

0. 87565 

78441 

98689 

97748 

295 

0.505 

0.  48380 

74403 

23960 

15529 

617 

0.  87517 

44744 

26201 

33418 

203 

0.506 

0. 48468 

23727 

48823 

94818 

170 

0.  87469 

02294 

79311 

19588 

355 

0.507 

0.48555 

68204 

91355 

38243 

967 

0.  87420 

51098 

42264 

46912 

391 

0.  508 

0.  48643 

07826 

77106 

78840 

928 

0.  87371 

91160 

00180 

75052 

318 

0.509 

0. 48730 

42584 

32116 

05316 

931 

0. 87323 

22484 

39053 

84166 

561 

0.510 

0. 48817 

72468 

82907 

49450 

013 

0.  87274 

45076 

45751 

26310 

581 

0.  511 

0.  48904 

97471 

56492 

73435 

934 

0.  87225 

58941 

08013 

76750 

129 

0.512 

0.  48992 

17583 

80371 

57187 

006 

0.  87176 

64083 

14454 

85187 

176 

0.  513 

0. 49079 

32796 

82532 

85582 

104 

0.  87127 

60507 

54560 

26898 

565 

0.514 

0.  49166 

43101 

91455 

35667 

778 

0.  87078 

48219 

18687 

53787 

441 

0.515 

0.49253 

48490 

36108 

63810 

364 

0. 87029 

27222 

98065 

45347 

504 

0.516 

0. 49340 

48953 

45953 

92799 

025 

0.  86979 

97523 

84793 

59540 

132 

0.517 

0. 49427 

44482 

50944 

98899 

617 

0.  86930 

59126 

71841 

83584 

429 

0.518 

0.  49514 

35068 

81528 

98859 

309 

0.  86881 

12036 

53049 

84660 

240 

0.  519 

0.  49601 

20703 

68647 

36861 

855 

0. 86831 

56258 

23126 

60524 

189 

0.  520 

0.  49688 

01378 

43736 

71433 

446 

0.  86781 

91796 

77649 

90038 

785 

0.521 

0.  49774 

77084 

38729 

62299 

043 

0.  86732 

18657 

13065 

83614 

647 

0.  522 

0.  49861 

47812 

86055 

57189 

109 

0.  86682 

36844 

26688 

33565 

898 

0.  523 

0.  49948 

13555 

18641 

78596 

658 

0.  86632 

46363 

16698 

64378 

779 

0.  524 

0.50034 

74302 

69914 

10484 

518 

0. 86582 

47218 

82144 

82893 

524 

0.  525 

0.  50121 

30046 

73797 

84942 

748 

0.  86532 

39416 

22941 

28399 

561 

0.  526 

0.  50207 

80778 

64718 

68796 

092 

0.  86482 

22960 

39868 

22644 

077 

0.  527 

0.50294 

26489 

77603 

50161 

411 

0.  86431 

97856 

34571 

19753 

996 

0. 528 

0.50380 

67171 

47881 

24954 

981 

0.  86381 

64109 

09560 

56071 

436 

0.529 

0. 50467 

02815 

11483 

83349 

596 

0.  86331 

21723 

68210 

99902 

671 

0.  530 

0.  50553 

33412 

04846 

96181 

366 

0.  86280 

70705 

14761 

01180 

670 

0.531 

0.  50639 

58953 

64911 

01306 

143 

0.  86230 

11058 

54312 

41041 

248 

0.  532 

0.50725 

79431 

29121 

89905 

473 

0. 86179 

42788 

92829 

81312 

894 

0.533 

0.  50811 

94836 

35431 

92741 

999 

0.  86128 

65901 

37140 

13920 

311 

0.  534 

0. 50898 

05160 

22300 

66364 

220 

0.  86077 

80400 

94932 

10201 

726 

0.535 

0.50984 

10394 

28695 

79260 

534 

0. 86026 

86292 

74755 

70140 

025 

0.  536 

0.  51070 

10529 

94093 

97962 

456 

0.  85975 

83581 

86021 

71507 

760 

0.537 

0.  51156' 

05558 

58481 

73096 

946 

0.  85924 

72273 

39001 

18926 

068 

0.538 

0.  51241 

95471 

62356 

25387 

754 

0. 85873 

52372 

44824 

92837 

581 

0.539 

0.51327 

80260 

46726 

31605 

686 

0. 85822 

23884 

15482 

98393 

339 

0.  540 

0. 51413 

59916 

53113 

10467 

728 

0.  85770 

86813  63824 

14253 

797 

0.  541 

0.51499 

34431 

23551 

08484 

914 

0.  85719 

41166 

03555 

41303 

947 

0.  542 

0.51585 

03796 

00588 

85758 

874 

0.  85667 

86946 

49241 

51282 

623 

0.  543 

0.  51670 

68002 

27290 

01726 

969 

0.  85616 

24160 

16304 

35326 

032 

0.  544 

0.  51756 

27041 

47234 

00855 

920 

0.  85564 

52812 

21022 

52425 

567 

0.545 

0.  51841 

80905 

04516 

98283 

861 

0.  85512 

72907 

80530 

77799 

957 

0.  546 

0.51927 

29584 

43752 

65410 

714 

0.  85460 

84452 

12819 

51181 

787 

0.  547 

0.  52012 

73071 

10073 

15436 

812 

0.  85408 

87450 

36734 

25018 

472 

0.548 

0.  52098 

11356 

49129 

88849 

675 

0.  85356 

81907 

71975 

12587 

703 

0.  549 

0.  52183 

44432 

07094 

38858 

868 

0.  85304 

67829 

39096 

36027 

442 

0.  550 

0.52268 

72289 

30659 

16778 

838 

0. 85252 

45220 

59505 

74280 

498 

(—8)71  r(— 7)1 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 

x sin  x cos  x 


0.  550 

0.  52268 

72289 

30659 

16778 

838 

0.  85252 

45220 

59505 

74280 

498 

0.551 

0.  52353 

94919 

67038 

57359 

653 

0.  85200 

14086 

55464 

10953 

761 

0.552 

0.  52439 

12314 

63969 

64065 

565 

0.  85147 

74432 

50084 

82092 

114 

0.  553 

0.  52524 

24465 

69712 

94301 

297 

0.  85095 

26263 

67333 

23867 

110 

0.  554 

0.52609 

31364 

33053 

44585 

976 

0.  85042 

69585 

32026 

20180 

431 

0.  555 

0.52694 

33002 

03301 

35674 

635 

0.  84990 

04402 

69831 

50182 

218 

0.  556 

0.52779 

29370 

30292 

97627 

180 

0.  84937 

30721 

07267 

35704 

287 

0.557 

0.  52864 

20460 

64391 

54824 

757 

0.  84884 

48545 

71701 

88608 

318 

0.558 

0.  52949 

06264 

56488 

10933 

415 

0.  84831 

57881 

91352 

58049 

047 

0.  559 

0.53033 

86773 

58002 

33815 

002 

0.  84778 

58734 

95285 

77652 

517 

0.560 

0.53118 

61979 

20883 

40385 

187 

0.  84725 

51110 

13416 

12609 

452 

0.561 

0. 53203 

31872 

97610 

81418 

533 

0.  84672 

35012 

76506 

06683 

799 

0.  562 

0.53287 

96446 

41195 

26300 

543 

0.  84619 

10448 

16165 

29136 

481 

0.  563 

0.53372 

55691 

05179 

47726 

585 

0.  84565 

77421 

64850 

21564 

438 

0.564 

0. 53457 

09598 

43639 

06347 

607 

0.  84512 

35938 

55863 

44654 

991 

0.565 

0.53541 

58160 

11183 

35362 

572 

0.  84458 

86004 

23353 

24855 

579 

0.566 

0.53626 

01367 

62956 

25057 

521 

0.  84405 

27624 

02313 

00958 

945 

0.567 

0.53710 

39212 

54637 

07291 

168 

0. 84351 

60803 

28580 

70603 

796 

0.  568 

0.  53794 

71686 

42441 

39926 

969 

0. 84297 

85547 

38838 

36691 

Oil 

0.569 

0.53878 

98780 

83121 

91211 

553 

0.  84244 

01861 

70611 

53715 

445 

0.  570 

0.  53963 

20487 

33969 

24099 

446 

0.  84190 

09751 

62268 

74013 

376 

0.  571 

0.  54047 

36797 

52812 

80524 

005 

0.  84136 

09222 

53020 

93925 

658 

0.  572 

0.54131 

47702 

98021 

65614 

465 

0.  84082 

00279 

82920 

99876 

632 

0.  573 

0.  54215 

53195 

28505 

31859 

028 

0.  84027 

82928 

92863 

14368 

839 

0.  574 

0.  54299 

53266 

03714 

63213 

905 

0.  83973 

57175 

24582 

41893 

605 

0.  575 

0.  54383 

47906 

83642 

59158 

222 

0. 83919 

23024 

20654 

14757 

543 

0.  576 

0.  54467 

37109 

28825 

18694 

718 

0.  83864 

80481 

24493 

38825 

019 

0.  577 

0.54551 

20865 

00342 

24296 

136 

0.  83810 

29551 

80354 

39176 

658 

0.  578 

0.  54634 

99165 

59818 

25797 

231 

0.  83755 

70241 

33330 

05683 

918 

0.579 

0.54718 

72002 

69423 

24232 

321 

0.83701 

02555 

29351 

38499 

807 

0.  580 

0.54802 

39367 

91873 

55618 

270 

0.  83646 

26499 

15186 

93465 

789 

0.  581 

0.  54886 

01252 

90432 

74682 

851 

0.  83591 

42078 

38442 

27434 

927 

0.  582 

0.  54969 

57649 

28912 

38538 

382 

0.  83536 

49298 

47559 

43511 

337 

0.583 

0.55053 

08548 

71672 

90300 

563 

0.  83481 

48164 

91816 

36205 

988 

0.  584 

0.  55136 

53942 

83624 

42652 

424 

0.  83426 

38683 

21326 

36508 

907 

0.  585 

0.  55219 

93823 

30227 

61353 

309 

0.  83371 

20858 

87037 

56877 

861 

0.  586 

0.  55303 

28181 

77494 

48692 

799 

0.  83315 

94697 

40732 

36143 

543 

0.  587 

0.55386 

57009 

91989 

26889 

504 

0.  83260 

60204 

35026 

84331 

337 

0.  588 

0.  55469 

80299 

40829 

21434 

637 

0.  83205 

17385 

23370 

27399 

720 

0.  589 

0.  55552 

98041 

91685 

44380 

278 

0.  83149 

66245 

60044 

51895 

332 

0.  590 

0.55636 

10229 

12783 

77572 

254 

0.  83094 

06791 

00163 

49524 

800 

0.591 

0.55719 

16852 

72905 

55827 

556 

0.  83038 

39026 

99672 

61643 

346 

0.592 

0.  55802 

17904 

41388 

50056 

192 

0. 82982 

62959 

15348 

23660 

255 

0.  593 

0.  55885 

13375 

88127 

50327 

409 

0.  82926 

78593 

04797 

09361 

243 

0.  594 

0.55968 

03258 

83575 

48880 

201 

0. 82870 

85934 

26455 

75147 

786 

0.  595 

0.56050 

87544 

98744 

23078 

004 

0.  82814 

84988 

39590 

04193 

468 

0.596 

0.56133 

66226 

05205 

18307 

516 

0.  82758 

75761 

04294 

50517 

407 

0.597 

0.56216 

39293 

75090 

30821 

541 

0.  82702 

58257 

81491 

82974 

799 

0.598 

0.56299 

06739 

81092 

90525 

792 

0.  82646 

32484 

32932 

29164 

660 

0.  599 

0.  56381-  68555 

96468 

43709 

545 

0.  82589 

98446 

21193 

19254 

799 

0.  600 

0.  56464 

24733 

95035 

35720 

095 

0.  82533 

56149 

09678 

29724 

095 

r(-8)7i  r(-7)n 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X 

0.  600 

0.  56464 

24733 

sm  x 
95035 

35720 

095 

0.  82533 

56149 

COS  X 

09678 

29724 

095 

0.  601 

0. 56546 

75265 

51175 

93580 

897 

0. 82477 

05598 

62617 

27022 

123 

0.  602 

0.56629 

20142 

39837 

08553 

336 

0.  82420 

46800 

45065 

11146 

193 

0.  603 

0.56711 

59356 

36531 

18642 

028 

0.  82363 

79760 

22901 

59135 

858 

0.604 

0.56793 

92899 

17336 

91043 

574 

0.  82307 

04483 

62830 

68484 

934 

0.  605 

0.56876 

20762 

58900 

04538 

687 

0.  82250 

20976 

32380 

00471 

116 

0.606 

0.  56958 

42938 

38434 

31827 

607 

0.  82193 

29243 

99900 

23403 

216 

0.  607 

0.  57040 

59418 

33722 

21808 

719 

0. 82136 

29292 

34564 

55786 

102 

0.608 

0.  57122 

70194 

23115 

81800 

299 

0.  82079 

21127 

06368 

09403 

380 

0.  609 

0.57204 

75257 

85537 

59705 

300 

0.  82022 

04753 

86127 

32317 

893 

0.  610 

0.  57286 

74601 

00481 

26119 

098 

0.  81964 

80178 

45479 

51790 

075 

0.  611 

0.  57368 

68215 

48012 

56380 

111 

0.81907 

47406 

56882 

17114 

225 

0.612 

0.57450 

56093 

08770 

12563 

221 

0.  81850 

06443 

93612 

42372 

770 

0.  613 

0.57532 

38225 

63966 

25415 

904 

0.81792 

57296 

29766 

49108 

549 

0.  614 

0.  57614 

14604 

95387 

76236 

989 

0.  81734 

99969 

40259 

08915 

198 

0.  615 

0.  57695 

85222 

85396 

78697 

975 

0.  81677 

34469 

00822 

85945 

685 

0.  616 

0.  57777 

50071 

16931 

60606 

809 

0.  81619 

60800 

88007 

79339 

051 

0.617 

0. 57859 

09141 

73507 

45614 

047 

0.  81561 

78970 

79180 

65565 

411 

0.618 

0.  57940 

62426 

39217 

34861 

330 

0. 81503 

88984 

52524 

40689 

288 

0.  619 

0.58022 

09916 

98732 

88572 

073 

0.81445 

90847 

87037 

62551 

318 

0.  620 

0. 58103 

51605 

37305 

07584 

296 

0.  81387 

84566 

62533 

92868 

400 

0.  621 

0.  58184 

87483 

40765 

14825 

522 

0.  81329 

70146 

59641 

39252 

335 

0.  622 

0.  58266 

17542 

95525 

36729 

641 

0.  81271 

47593 

59801 

97147 

027 

0.  623 

0.  58347 

41775 

88579 

84595 

681 

0.  81213 

16913 

45270 

91684 

290 

0.  624 

0.  58428 

60174 

07505 

35888 

387 

0.  81154 

78111 

99116 

19458 

331 

0.  625 

0.58509 

72729 

40462 

15480 

540 

0.81096 

31195 

05217 

90218 

953 

0.  626 

0.  58590 

79433 

76194 

76836 

923 

0.  81037 

76168 

48267 

68483 

556 

0.  627 

0.  58671 

80279 

04032 

83139 

861 

0.  80979 

13038 

13768 

15067 

973 

0.  628 

0.  58752 

75257 

13891 

88356 

252 

0.  80920 

41809 

88032 

28536 

214 

0.  629 

0.  58833 

64359 

96274 

18246 

006 

0.  80861 

62489 

58182 

86569 

178 

0.  630 

0.  58914 

47579 

42269 

51311 

811 

0.80802 

75083 

12151 

87252 

371 

0.  631 

0.  58995 

24907 

43555 

99690 

151 

0.  80743 

79596 

38679 

90282 

722 

0.632 

0. 59075 

96335 

92400 

89983 

484 

0.  80684 

76035 

27315 

58094 

522 

0.  633 

0.59156 

61856 

81661 

44033 

509 

0.  80625 

64405 

68414 

96904 

569 

0.634 

0.59237 

21462 

04785 

59635 

440 

0.  80566 

44713 

53140 

97676 

566 

0.  635 

0.59317 

75143 

55812 

91193 

198 

0.80507 

16964 

73462 

77004 

837 

0.  636 

0.  59398 

22893 

29375 

30315 

454 

0.  80447 

81165 

22155 

17917 

411 

0.  637 

0.  59478 

64703 

20697 

86352 

425 

0.  80388 

37320 

92798 

10598 

548 

0.  638 

0.59559 

00565 

25599 

66873 

364 

0.  80328 

85437 

79775 

93030 

752 

0.  639 

0.  59639 

30471 

40494 

58084 

641 

0.  80269 

25521 

78276 

91556 

338 

0.  640 

0.59719 

54413 

62392 

05188 

355 

0.  80209 

57578 

84292 

61358 

611 

0.  641 

0.59799 

72383 

88897 

92681 

375 

0.  80149 

81614 

94617 

26862 

715 

0.  642 

0.  59879 

84374 

18215 

24594 

757 

0.  80089 

97636 

06847 

22056 

216 

0.  643 

0.  59959 

90376 

49145 

04673 

426 

0.  80030 

05648 

19380 

30729 

469 

0.  644 

0.  60039 

90382 

81087 

16496 

070 

0. 79970 

05657 

31415 

26635 

842 

0.  645 

0.60119 

84385 

14041 

03535 

151 

0.  79909 

97669 

42951 

13571 

848 

0.  646 

0.  60199 

72375 

48606 

49156 

949 

0.  79849 

81690 

54786 

65377 

243 

0.  647 

0.  60279 

54345 

85984 

56561 

576 

0.  79789 

57726 

68519 

65855 

159 

0.  648 

0.  60359 

30288 

27978 

28662 

868 

0. 79729 

25783 

86546 

48612 

327 

0.  649 

0.  60439 

00194 

76993 

47908 

070 

0.  79668 

85868 

12061 

36819 

444 

0.  650 

0.  60518 

64057 

36039 

56037 

252 

0.  79608 

37985 

49055 

82891 

760 
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X 

0.  650 

0.60518 

i 

64057 

sm  x 
36039 

56037 

252 

0.  79608 

37985 

COS  X 

49055 

82891 

760 

0.  651 

0. 60598 

21868 

08730 

33782 

358 

0.  79547 

82142 

02318 

08089 

927 

0.  652 

0.  60677 

73618 

99284 

80505 

818 

0.  79487 

18343 

77432 

42041 

183 

0.  653 

0.  60757 

19302 

12527 

93778 

646 

0.  79426 

46596 

80778 

62180 

929 

0.  654 

0.60836 

58909 

53891 

48897 

929 

0.  79365 

66907 

19531 

33114 

757 

0.  655 

0.60915 

92433 

29414 

78343 

652 

0.79304 

79281 

01659 

45900 

987 

0.  656 

0.  60995 

19865 

45745 

51174 

755 

0.  79243 

83724 

35925 

57253 

785 

0.  657 

0.  61074 

41198 

10140 

52364 

359 

0.  79182 

80243 

31885 

28666 

909 

0.  658 

0. 61153 

56423 

30466 

62074 

073 

0.79121 

68843 

99886 

65458 

154 

0.659 

0.  61232 

65533 

15201 

34867 

307 

0.79060 

49532 

51069 

55734 

550 

0.  660 

0.  61311 

68519 

73433 

78861 

515 

0.  78999 

22314 

97365 

09278 

382 

0.  661 

0.61390 

65375 

14865 

34819 

272 

0.  78937 

87197 

51494 

96354 

080 

0.  662 

0.  61469 

56091 

49810 

55178 

137 

0.  78876 

44186 

26970 

86436 

061 

0.  663 

0.  61548 

40660 

89197 

83019 

186 

0.  78814 

93287 

38093 

86857 

558 

0.  664 

0.  61627 

19075 

44570 

30974 

165 

0.78753 

34506 

99953 

81380 

523 

0.  665 

0.  61705 

91327 

28086 

60071 

171 

0.78691 

67851 

28428 

68686 

643 

0.  666 

0.61784 

57408 

52521 

58518 

785 

0.  78629 

93326 

40184 

00789 

551 

0.  667 

0.  61863 

17311 

31267 

20428 

576 

0.  78568 

10938 

52672 

21368 

279 

0.  668 

0.  61941 

71027 

78333 

24475 

901 

0.  78506 

20693 

84132 

04022 

017 

0.  669 

0.  62020 

18550 

08348 

12498 

919 

0.  78444 

22598 

53587 

90446 

244 

0.  670 

0.  62098 

59870 

36559 

68035 

744 

0.  78332 

16658 

80849 

28530 

294 

0.  671 

0.  62176 

94980 

78835 

94799 

654 

0.  78320 

02880 

86510 

10376 

414 

0.  672 

0.62255 

23873 

51665 

95092 

281 

0.  78257 

81270 

91948 

10240 

374 

0.  673 

0.  62333 

46540 

72160 

48154 

700 

0.78195 

51835 

19324 

22393 

698 

0.  674 

0.  62411 

62974 

58052 

88456 

349 

0.  78133 

14579 

91581 

98907 

578 

0.  675 

0. 62489 

73167 

27699 

83921 

682 

0.  78070 

69511 

32446 

87358 

526 

0.  676 

0.  62567 

77111 

00082 

14094 

496 

0.  78008 

16635 

66425 

68455 

830 

0.  677 

0.62645 

74797 

94805 

48239 

849 

0.  77945 

55959 

18805 

93590 

877 

0.  678 

0.  62723 

66220 

32101 

23383 

477 

0.  77882 

87488 

15655 

22308 

414 

0.  679 

0.  62801 

51370 

32827 

22288 

658 

0.  77820 

11228 

83820 

59699 

786 

0.  680 

0.  62879 

30240 

18468 

51370 

418 

0.  77757 

27187 

50927 

93718 

239 

0.  681 

0.  62957 

02822 

11138 

18547 

018 

0.  77694 

35370 

45381 

32416 

339 

0.  682 

0.  63034 

69108 

33578 

11028 

644 

0.  77631 

35783 

96362 

41105 

566 

0.  683 

0.  63112 

29091 

09159 

73043 

207 

0. 77568 

28434 

33829 

79438 

156 

0.  684 

0.  63189 

82762 

61884 

83499 

197 

0.  77505 

13327 

88518 

38411 

247 

0.  685 

0.  63267 

30115 

16386 

33585 

498 

0.  77441 

90470 

91938 

77293 

390 

0.  686 

0.  63344 

71140 

97929 

04308 

084 

0. 77378 

59869 

76376 

60473 

500 

0.687 

0.  63422 

05832 

32410 

43963 

542 

0.  77315 

21530 

74891 

94232 

293 

0.  688 

0.  63499 

34181 

46361 

45549 

306 

0.  77251 

75460 

21318 

63436 

286 

0.  689 

0.  63576 

56180 

66947 

24110 

566 

0.  77188 

21664 

50263 

68154 

418 

0.  690 

0.63653 

71822 

21967 

94023 

743 

0.77124 

60149 

97106 

60197 

354 

0.  691 

0.63730 

81098 

39859 

46216 

467 

0.  77060 

90922 

97998 

79579 

541 

0.  692 

0.  63807 

84001 

49694 

25323 

984 

0.  76997 

13989 

89862 

90904 

069 

0.  693 

0.  63884 

80523 

81182 

06781 

899 

0.  76933 

29357 

10392 

19670 

418 

0.  694 

0.  63961 

70657 

64670 

73855 

200 

0.  76869 

37030 

98049 

88505 

132 

0.  695 

0.  64038 

54395 

31146 

94603 

464 

0.  76805 

37017 

92068 

53315 

502 

0.  696 

0.  64115 

31729 

12236 

98782 

185 

0.  76741 

29324 

32449 

39366 

321 

0.  697 

0.  64192 

02651 

40207 

54680 

136 

0.  76677 

13956 

59961 

77279 

757 

0.  698 

0. 64268 

67154 

47966 

45892 

698 

0.  76612 

90921 

16142 

38958 

434 

0.  699 

0.  64345 

25230 

69063 

48031 

063 

0.  76548 

60224 

43294 

73431 

759 

0.700 

0.  64421 

76872 

37691 

05367 

261 

0.  76484 

21872 

84488 

42625 

586 

r(-8)8-i  f(-7)n 
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0.  700 
0.701 
0.  702 
0.703 
0.704 

0.  705 
0.706 
0.707 
0.708 
0.  709 

0.710 
0.711 
0.712 
0.713 
0.  714 

0.  715 
0.716 
0.  717 
0.718 
0.  719 

0.  720 
0.  721 
0.  722 
0.  723 
0.  724 

0.  725 
0.  726 
0.  727 
0.  728 
0.729 

0.  730 
0.  731 
0.732 
0.  733 
0.  734 

0.735 
0.  736 
0.  737 
0.738 
0.739 

0.  740 
0.  741 
0.  742 
0.  743 
0.  744 

0.  745 
0.  746 
0.  747 
0.  748 
0.  749 

0.  750 


4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


sin  x cos  x 


0.64421 

76872 

37691 

05367 

261 

0.  76484 

21872 

84488 

42625 

586 

0.  64498 

22071 

88685 

07414 

902 

0.  76419 

75872 

83558 

57055 

252 

0. 64574 

60821 

57525 

65445 

583 

0.  76355 

22230 

85105 

11442 

075 

0. 64650 

93113 

80337 

88940 

870 

0.76290 

60953 

34492 

20253 

368 

0.  64727 

18940 

93892 

61979 

783 

0.  76225 

92046 

77847 

53166 

023 

0.64803 

38295 

35607 

19561 

705 

0.76161 

15517 

62061 

70453 

752 

0.  64879 

51169 

43546 

23864 

641 

0.76096 

31372 

34787 

58298 

030 

0.  64955 

57555 

56422 

40438“ 

747 

0.  76031 

39617 

44439 

64022 

815 

0.  65031 

57446 

13597 

14335 

062 

0.75966 

40259 

40193 

31253 

107 

0.  65107 

50833 

55081 

46169 

354 

0.  75901 

33304 

71984 

34997 

406 

0.65183 

37710 

21536 

68121 

013 

0.75836 

18759 

90508 

16654 

146 

0.  65259 

18068 

54275 

19866 

915 

0.  75770 

96631 

47219 

18942 

159 

0.  65334 

91900 

95261 

24450 

173 

0.  75705 

66925 

94330 

20755 

235 

0.65410 

59199 

87111 

64083 

709 

0.75640 

29649 

84811 

71940 

852 

0.  65486 

19957 

73096 

55888 

565 

0.75574 

84809 

72391 

28003 

128 

0.  65561 

74166 

97140 

27566 

883 

0.  75509 

32412 

11552 

84730 

074 

0.  65637 

21820 

03821 

93009 

463 

0.  75443 

72463 

57536 

12745 

203 

0.65712 

62909 

38376 

27837 

851 

0.  75378 

04970 

66335 

91983 

563 

0.  65787 

97427 

46694 

44880 

853 

0.75312 

29939 

94701 

46092 

263 

0.65863 

25366 

75324 

69585 

417 

0.75246 

47378 

00135 

76755 

558 

0.  65938 

46719 

71473 

15361 

800 

0.  75180 

57291 

40894 

97944 

549 

0.  66013 

61478 

83004 

58862 

952 

0.75114 

59686 

75987 

70091 

576 

0.  66088 

69636 

58443 

15198 

027 

0.  75048 

54570 

65174 

34189 

363 

0.66163 

71185 

46973 

13079 

967 

0.  74982 

41949 

68966 

45814 

983 

0.  66238 

66117 

98439 

69907 

065 

0.  74916 

21830 

48626 

09078 

707 

0.  66313 

54426 

63349 

66778 

441 

0.  74849 

94219 

66165 

10497 

806 

0.  66388 

36103 

92872 

23443 

354 

0.74783 

59123 

84344 

52795 

369 

0.  66463 

11142 

38839 

73184 

280 

0.  74717 

16549 

66673 

88624 

209 

0.  66537 

79534 

53748 

37633 

666 

0.  74650 

66503 

77410 

54215 

910 

0.  66612 

41272 

90759 

01524 

309 

0.  74584 

08992 

81559 

02955 

103 

0. 66686 

96350 

03697 

87373 

259 

0.  74517 

44023 

44870 

38879 

013 

0.  66761 

44758 

47057 

30099 

195 

0.  74450 

71602 

33841 

50102 

364 

0.  66835 

86490 

75996 

51573 

181 

0.  74383 

91736 

15714 

42167 

693 

0.  66910 

21539 

46342 

35102 

739 

0.  74317 

04431 

58475 

71321 

153 

0.  66984 

49897 

14589 

99849 

159 

0.74250 

09695 

30855 

77713 

862 

0.67058 

71556 

37903 

75177 

973 

0.  74183 

07534 

02328 

18528 

866 

0.67132 

86509 

74117 

74942 

523 

0.  74115 

97954 

43109 

01033 

791 

0.  67206 

94749 

81736 

71700 

537 

0.  74048 

80963 

24156 

15559 

237 

0.  67280 

96269 

19936 

70863 

650 

0.  73981 

56567 

17168 

68402 

998 

0.  67354 

91060 

48565 

84779 

796 

0.73914 

24772 

94586 

14660 

158 

0.  67428 

79116 

28145 

06748 

388 

0.  73846 

85587 

29587 

90979 

142 

0.  67502 

60429 

19868 

84968 

216 

0.  73779 

39016 

96092 

48243 

787 

0.  67576 

34991 

85605 

96417 

996 

0.  73711 

85068 

68756 

84181 

492 

0.67650 

02796 

87900 

20669 

485 

0.  73644 

23749 

22975 

75897 

532 

0.  67723 

63836 

89971 

13633 

096 

0.  73576 

55065 

34881 

12335 

582 

0. 67797 

18104 

55714 

81235 

936 

0.73508 

79023 

81341 

26664 

537 

0.  67870 

65592 

49704 

53032 

193 

0.  73440 

95631 

39960 

28591 

681 

0.  67944 

06293 

37191 

55745 

803 

0.  73373 

04894 

89077 

36602 

285 

0.  68017 

40199 

84105 

86745 

313 

0. 73305 

06821 

07766 

10125 

695 

0.  68090 

67304 

57056 

87450 

880 

0.  73237 

01416 

75833 

81627 

975 

0.  68163 

87600 

23334 

16673 

324 

0.  73168 

88688 

73820 

88631 

184 

(-8)9 
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0.  750 

0. 68163 

87600 

23334 

16673 

324 

0. 73168 

88688 

73820 

88631 

184 

0.  751 

0.  68237 

01079 

50908 

23885 

163 

0.73100 

68643 

83000 

05659 

342 

0.752 

0.  68310 

07735 

08431 

22423 

554 

0.  73032 

41288 

85375 

76111 

160 

0.  753 

0.  68383 

07559 

65237 

62625 

080 

0.  72964 

06630 

63683 

44059 

608 

0.  754 

0.  68456 

00545 

91345 

04892 

285 

0.  72895 

64676 

01388 

85978 

367 

0.  755 

0.  68528 

86686 

57454 

92691 

917 

0.72827 

15431 

82687 

42395 

268 

0.  756 

0.  68601 

65974 

34953 

25484 

772 

0.  72758 

58904 

92503 

49472 

750 

0.  757 

0.  68674 

38401 

95911 

31587 

089 

0.  72689 

95102 

16489 

70515 

436 

0.758 

0.  68747 

03962 

13086 

40963 

419 

0.  72621 

24030 

41026 

27404 

867 

0.  759 

0.  68819 

62647 

59922 

57950 

885 

0.  72552 

45696 

53220 

31961 

494 

0.  760 

0.  68892 

14451 

10551 

33914 

776 

0.  72483 

60107 

40905 

17233 

969 

0.  761 

0.  68964 

59365 

39792 

39835 

383 

0.72414 

67269 

92639 

68715 

814 

0.  762 

0.  69036 

97383 

23154 

38826 

030 

0.  72345 

67190 

97707 

55489 

548 

0.763 

0.  69109 

28497 

36835 

58582 

200 

0. 72276 

59877 

46116 

61298 

318 

0.  764 

0.  69181 

52700 

57724 

63761 

700 

0.  72207 

45336 

28598 

15545 

123 

0.  765 

0.  69253 

69985 

63401 

28295 

794 

0.  72138 

23574 

36606 

24219 

693 

0.  766 

0.  69325 

80345 

32137 

07631 

223 

0.  72068 

94598 

62317 

00753 

084 

0.767 

0.  69397 

83772 

42896 

10903 

039 

0.  71999 

58415 

98627 

96800 

072 

0.768 

0.  69469 

80259 

75335 

73038 

195 

0.71930 

15033 

39157 

32949 

410 

0.  769 

0.  69541 

69800 

09807 

26789 

802 

0.  7i860 

64457 

78243 

29362 

010 

0.  770 

0.  69613 

52386 

27356 

74701 

988 

0.  71791 

06696 

10943 

36337 

129 

0.  771 

0.  69685 

28011 

09725 

61005 

296 

0.71721 

41755 

33033 

64806 

626 

0.  772 

0.  69756 

96667 

39351 

43442 

524 

0.71651 

69642 

41008 

16757 

355 

0.  773 

0.  69828 

58347 

99368 

65024 

972 

0.  71581 

90364 

32078 

15581 

770 

0.  774 

0.  69900 

13045 

73609 

25718 

983 

0.  71512 

03928 

04171 

36356 

807 

0.775 

0.  69971 

60753 

46603 

54062 

747 

0.  71442 

10340 

55931 

36051 

117 

0.  776 

0.  70043 

01464 

03580 

78713 

256 

0.71372 

09608 

86716 

83660 

709 

0.  Ill 

0.70114 

35170 

30469 

99923 

379 

0.71302 

01739 

96600 

90273 

093 

0.  778 

0.70185 

61865 

13900 

60948 

949 

0.71231 

86740 

86370 

39059 

972 

0.  779 

0.70256 

81541 

41203 

19385 

818 

0.71161 

64618 

57525 

15198 

564 

0.  780 

0.70327 

94192 

00410 

18436 

790 

0.  71091 

35380 

12277 

35721 

626 

0.  781 

0.  70398 

99809 

80256 

58108 

374 

0.  71020 

99032 

53550 

79296 

239 

0.  782 

0.  70469 

98387 

70180 

66337 

280 

0.  70950 

55582 

84980 

15931 

435 

0.  783 

0.  70540 

89918 

60324 

70046 

581 

0.70880 

05038 

10910 

36614 

737 

0.  784 

0.  70611 

74395 

41535 

66131 

480 

0.70809 

47405 

36395 

82877 

671 

0.  785 

0.  70682 

51811 

05365 

92374 

614 

0.  70738 

82691 

67199 

76290 

330 

0.  786 

0.  70753 

22158 

44073 

98290 

801 

0.70668 

10904 

09793 

47885 

059 

0.  787 

0.70823 

85430 

50625 

15901 

193 

0.  70597 

32049 

71355 

67509 

330 

0.788 

0.  70894 

41620 

18692 

30436 

730 

0.  70526 

46135 

59771 

73107 

880 

0.  789 

0.  70964 

90720 

42656 

50970 

857 

0.  70455 

53168 

83632 

99934 

173 

0.  790 

0.  71035 

32724 

17607 

80981 

403 

0.  70384 

53156 

52236 

09691 

278 

0.  791 

0.71105 

67624 

39345 

88841 

574 

0.70313 

46105 

75582 

19602 

208 

0.  792 

0.71175 

95414 

04380 

78239 

979 

0.  70242 

32023 

64376 

31409 

812 

0.  793 

0.  71246 

16086 

09933 

58529 

620 

0.  70171 

10917 

30026 

60306 

275 

0.  794 

0.71316 

29633 

53937 

15005 

776 

0.70099 

82793 

84643 

63792 

314 

0.  795 

0.71386 

36049 

35036 

79112 

713 

0.70028 

47660 

41039 

70466 

123 

0.  796 

0.71456 

35326 

52590 

98579 

148 

0.  69957 

05524 

12728 

08742 

151 

0.  797 

0.71526 

27458 

06672 

07482 

391 

0.  69885 

56392 

13922 

35499 

779 

0.  798 

0. 71596 

12436 

98066 

96241 

109 

0.  69814 

00271 

59535 

64661 

971 

0. 799 

0.  71665 

90256 

28277 

81536 

630 

0.  69742 

37169 

65179 

95703 

964 

0.  800 

0. 71735 

60908 

99522 

76162 

718 

0.  69670 

67093 

47165 

42092 

075 

["(-8)91  ["(-8)91 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X 

0.  800 

0.71735 

sin  x 

60908  99522 

76162 

718 

0.  69670 

i 

67093 

COS  X 

47165 

42092 

075 

0.  801 

0.  71805 

24388 

14736 

58803 

753 

0.  69598 

90050 

22499 

59652 

695 

0.  802 

0.  71874 

80686 

77571 

43741 

255 

0.  69527 

06047 

08886 

74871 

538 

0.803 

0.  71944 

29797 

92397 

50488 

651 

0.  69455 

15091 

24727 

13123 

218 

0.  804 

0.  72G13 

71714 

64303 

73354 

263 

0.  69383 

17189 

89116 

26831 

236 

0.  805 

0.  72083 

06429 

99098 

50932 

396 

0.  69311 

12350 

21844 

23558 

425 

0.  806 

0.  72152 

33937 

03310 

35522 

503 

0.  69239 

00579 

43394 

94027 

956 

0.  807 

0.  72221 

54228 

84188 

62476 

322 

0.  69166 

81884 

74945 

40074 

951 

0.  808 

0.  72290 

67298 

49704 

19472 

935 

0.  69094 

56273 

38365 

02528 

784 

0.  809 

0.  72359 

73139 

08550 

15721 

677 

0.  69022 

23752 

56214 

89026 

151 

0.  810 

0.72428 

71743 

70142 

51092 

818 

0.  68949 

84329 

51747 

01754 

964 

0.811 

0.  72497 

63105 

44620 

85175 

959 

0.  68877 

38011 

48903 

65129 

158 

0.  812 

0.  72566 

47217 

42849 

06266 

069 

0.  68804 

84805 

72316 

53394 

472 

0.  813 

0.  72635 

24072 

76416 

00277 

085 

0.  68732 

24719 

47306 

18165 

280 

0.  814 

0.  72703 

93664 

57636 

19583 

027 

0.  68659 

57759 

99881 

15892 

545 

0.  815 

0.  72772 

55985 

99550 

51786 

534 

0.  68586 

83934 

56737 

35262 

969 

0.  816 

0.  72841 

11030 

15926 

88414 

775 

0.  68514 

03250 

45257 

24529 

414 

0.  817 

0.  72909 

58790 

21260 

93542 

651 

0.  68441 

15714 

93509 

18772 

652 

0.  818 

0.  72977 

99259 

30776 

72343 

223 

0.  68368 

21335 

30246 

67094 

544 

0.819 

0.  73046 

32430 

60427 

39565 

302 

0.  68295 

20118 

84907 

59742 

692 

0.  820 

0.73114 

58297 

26895 

87938 

131 

0.  68222 

12072 

87613 

55166 

656 

0.  821 

0.  73182 

76852 

47595 

56503 

084 

0.  68148 

97204 

69169 

07005 

802 

0.  822 

0.  73250 

88089 

40670 

98872 

320 

0.  68075 

75521 

61060 

91008 

857 

0.  823 

0.  73318 

92001 

24998 

51414 

329 

0.  68002 

47030 

95457 

31885 

232 

0.  824 

0.  73386 

88581 

20187 

01366 

283 

0.  67929 

11740 

05207 

30088 

213 

0.  825 

0.73454 

77822 

46578 

54873 

150 

0.  67855 

69656 

23839 

88530 

058 

0.  826 

0.73522 

59718 

25249 

04953 

477 

0.  67782 

20786 

85563 

39229 

106 

0.  827 

0.  73590 

34261 

78008 

99391 

793 

0.  67708 

65139 

25264 

69888 

949 

0.  828 

0.  73658 

01446 

27404 

08557 

557 

0.  67635 

02720 

78508 

50409 

750 

0.  829 

0.  73725 

61264 

96715 

93150 

579 

0.  67561 

33538 

81536 

59331 

781 

0.  830 

0.  73793 

13711 

09962 

71872 

858 

0.  67487 

57600 

71267 

10211 

246 

0.  831 

0.  73860 

58777 

91899 

89026 

752 

0.  67413 

74913 

85293 

77928 

481 

0.  832 

0.  73927 

96458 

68020 

82039 

434 

0.  67339 

85485 

61885 

24928 

580 

0.  833 

0.73995 

26746 

64557 

48913 

544 

0.  67265 

89323 

39984 

27394 

537 

0.  834 

0.  74062 

49635 

08481 

15603 

989 

0.  67191 

86434 

59207 

01352 

983 

0.  835 

0.  74129 

65117 

27503 

03320 

808 

0.  67117 

76826 

59842 

28712 

570 

0.  836 

0.  74196 

73186 

50074 

95758 

049 

0.  67043 

60506 

82850 

83235 

098 

0.  837 

0.  74263 

73836 

05390 

06248 

576 

0.  66969 

37482 

69864 

56439 

445 

0.  838 

0.  74330 

67059 

23383 

44844 

755 

0.  66895 

07761 

63185 

83438 

385 

0.  839 

0.  74397 

52849 

34732 

85324 

932 

0.  66820 

71351 

05786 

68708 

357 

0.  840 

0.  74464 

31199 

70859 

32125 

657 

0.  66746 

28258 

41308 

11792 

267 

0.  841 

0.  74531 

02103 

63927 

87199 

577 

0.  66671 

78491 

14059 

32935 

396 

0.  842 

0.  74597 

65554 

46848 

16798 

923 

0.  66597 

22056 

69016 

98654 

482 

0.  843 

0.  74664 

21545 

53275 

18184 

539 

0. 66522 

58962 

51824 

47240 

065 

0.  844 

0.  74730 

70070 

17609 

86260 

385 

0.  66447 

89216 

08791 

14192 

152 

0.  845 

0.  74797 

11121 

74999 

80133 

429 

0.  66373 

12824 

86891 

57589 

286 

0.  846 

0.  74863 

44693 

61339 

89598 

886 

0.  66298 

29796 

33764 

83391 

100 

0.  847 

0.  74929 

70779 

13273 

01550 

724 

0.  66223 

40137 

97713 

70674 

409 

0.  848 

0.  74995 

89371 

68190 

66317 

368 

0.  66148 

43857 

27703 

96802 

946 

0.  849 

0.  75062 

00464 

64233 

63922 

547 

0.  66073 

40961 

73363 

62530 

783 

0.  850 

0.  75128 

04051 

40292 

70271 

207 

0.  65998 

31458 

84982 

17039 

542 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 


X 

0.  850 

0.  75128 

i 

04051 

sm  x 
40292 

70271 

207 

0. 65998 

cos  X 

31458  84982 

17039 

542 

0.  851 

0.  75194 

00125 

36009 

23260 

432 

0.  65923 

15356 

13509 

82909 

449 

0.  852 

0.  75259 

88679 

91775 

88815 

295 

0.  65847 

92661 

10556 

81024 

321 

0.  853 

0.  75325 

69708 

48737 

26849 

594 

0.  65772 

63381 

28392 

55410 

547 

0.  854 

0.  75391 

43204 

48790 

57151 

380 

0.  65697 

27524 

19944 

98010 

152 

0.  855 

0.  75457 

09161 

34586 

25193 

237 

0.  65621 

85097 

38799 

73388 

013 

0.  856 

0.  75522 

67572 

49528 

67867 

227 

0.  65546 

36108 

39199 

43373 

300 

0.  857 

0.  75588 

18431 

37776 

79144 

450 

0.  65470 

80564 

76042 

91635 

218 

0.  858 

0.  75653 

61731 

44244 

75659 

143 

0.  65395 

18474 

04884 

48193 

134 

0.  859 

0.75718 

97466 

14602 

62217 

260 

0.  65319 

49843 

81933 

13861 

148 

0.  860 

0.  75784 

25628 

95276 

97229 

459 

0.  65243 

74681 

64051 

84627 

203 

0.  861 

0.  75849'  46213 

33451 

58068 

441 

0.  65167 

92995 

08756 

75966 

794 

0.  862 

0.75914 

59212 

77068 

06350 

566 

0.  65092 

04791 

74216 

47091 

357 

0.  863 

0.  75979 

64620 

74826 

53141 

684 

0.  65016 

10079 

19251 

25131 

418 

0.  864 

0.  76044 

62430 

76186 

24087 

122 

0.  64940 

08865 

03332 

29254 

574 

0.  865 

0.76109 

52636 

31366 

24465 

750 

0.  64864 

01156 

86580 

94718 

373 

0.  866 

0.  76174 

35230 

91346 

04168 

073 

0.  64787 

86962 

29767 

96858 

196 

0.  867 

0.  76239 

10208 

07866 

22598 

272 

0.  64711 

66288 

94312 

75010 

176 

0.  868 

0.76303 

77561 

33429 

13500 

144 

0.  64635 

39144 

42282 

56369 

276 

0.  869 

0.  76368 

37284 

21299 

49706 

858 

0.  64559 

05536 

36391 

79782 

561 

0.  870 

0.  76432 

89370 

25505 

07814 

480 

0.  64482 

65472 

40001 

19477 

766 

0.  871 

0.  76497 

33813 

00837 

32779 

191 

0.  64406 

18960 

17117 

08727 

234 

0.  872 

0.  76561 

70606 

02852 

02438 

134 

0.  64329 

66007 

32390 

63447 

280 

0.  873 

0.  76625 

99742 

87869 

91953 

834 

0.  64253 

06621 

51117 

05733 

091 

0.  874 

0.  76690 

21217 

12977 

38182 

114 

0.  64176 

40810 

39234 

87329 

202 

0.  875 

0.  76754 

35022 

36027 

03963 

458 

0.  64099 

68581 

63325 

13035 

656 

0.  876 

0.  76818 

41152 

15638 

42337 

736 

0.  64022 

89942 

90610 

64049 

903 

0.  877 

0.  76882 

39600 

11198 

60682 

252 

0.  63946 

04901 

88955 

21244 

528 

0.  878 

0.  76946 

30359 

82862 

84773 

027 

0.  63869 

13466 

26862 

88380 

872 

0.  879 

0.  77010 

13424 

91555 

22769 

271 

0.  63792 

15643 

73477 

15258 

639 

0.  880 

0. 77073 

88788 

98969 

29120 

965 

0.  63715 

11441 

98580 

20801 

550 

0.  881 

0.  77137 

56445 

67568 

68399 

506 

0.  63638 

00868 

72592 

16079 

131 

0.  882 

0.  77201 

16388 

60587 

79051 

337 

0.  63560 

83931 

66570 

27264 

710 

0.  883 

0.  77264 

68611 

42032 

37074 

497 

0.  63483 

60638 

52208 

18529 

695 

0.  884 

0.  77328 

13107 

76680 

19618 

049 

0. 63406 

30997 

01835 

14874 

218 

0.  885 

0.  77391 

49871 

30081 

68504 

290 

0.  63328 

95014 

88415 

24894 

213 

0.  886 

0.  77454 

78895 

68560 

53673 

706 

0.  63251 

52699 

85546 

63485 

020 

0.  887 

0.  77518 

00174 

59214 

36552 

600 

0.  63174 

04059 

67460 

74481 

571 

0.  888 

0.  77581 

13701 

69915 

33343 

321 

0.  63096 

49102 

09021 

53235 

256 

0.  889 

0.  77644 

19470 

69310 

78237 

045 

0.  63018 

87834 

85724 

69127 

530 

0.  890 

0.  77707 

17475 

26823 

86549 

033 

0.  62941 

20265 

73696 

88020 

355 

0.  891 

0.  77770 

07709 

12654 

17776 

316 

0.  62863 

46402 

49694 

94643 

540 

0.  892 

0.  77832 

90165 

97778 

38577 

722 

0.  62785 

66252 

91105 

14919 

057 

0.  893 

0.  77895 

64839 

53950 

85676 

211 

0.  62707 

79824 

75942 

38222 

428 

0.  894 

0.  77958 

31723 

53704 

28683 

432 

0.  62629 

87125 

82849 

39581 

242 

0.  895 

0.  78020 

90811 

70350 

32846 

443 

0.  62551 

88163 

91096 

01810 

880 

0.  896 

0.  78083 

42097 

77980 

21716 

548 

0.  62473 

82946 

80578 

37587 

545 

0.  897 

0.  78145 

85575 

51465 

39740 

163 

0.  62395 

71482 

31818 

11458 

656 

0.  898 

0.  78208 

21238 

66458 

14771 

667 

0.  62317 

53778 

25961 

61790 

683 

0.  899 

0.  78270 

49080 

99392 

20508 

171 

0.  62239 

29842 

44779 

22654 

524 

0.900 

0.  78332 

69096 

27483 

38846 

138 

0.  62160 

99682 

70664 

45648 

472 

m m 
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x sin  x cos  x 


0.900 

0.  78332 

69096 

27483 

38846 

138 

0.  62160 

99682 

70664 

45648 

472 

0.  901 

0.  78394 

81278 

28730 

22159 

796 

0. 62082 

63306 

86633 

21658 

870 

0.902 

0.  78456 

85620 

81914 

55501 

279 

0.  62004 

20722 

76323 

02558 

530 

0.903 

0.  78518 

82117 

66602 

18722 

439 

0.  61925 

71938 

23992 

22842 

983 

0.904 

0.78580 

70762 

63143 

48518 

260 

0.  61847 

16961 

14519 

21204 

658 

0.905 

0.  78642 

51549 

52674 

00391 

817 

0.  61768 

55799 

33401 

62045 

040 

0.906 

0.78704 

24472 

17115 

10540 

713 

0.  61689 

88460 

66755 

56924 

921 

0.907 

0.  78765 

89524 

39174 

57664 

940 

0.  61611 

14953 

01314 

85952 

792 

0*908 

0.  78827 

46700 

02347 

24696 

094 

0.61532 

35284 

24430 

19111 

466 

0.  909 

0.  78888 

95992 

90915 

60447 

888 

0.  61453 

49462 

24068 

37523 

020 

0.910 

0.  78950 

37396 

89950 

41187 

896 

0.  61374 

57494 

88811 

54652 

118 

0.911 

0.  79011 

70905 

85311 

32130 

474 

0.  61295 

59390 

07856 

37447 

803 

0.912 

0.  79072 

96513 

63647 

48850 

789 

0. 61216 

55155 

71013 

27423 

839 

0.  913 

0.79134 

14214 

12398 

18619 

897 

0.  61137 

44799 

68705 

61677 

674 

0.  914 

0.  79195 

24001 

19793 

41660 

812 

0.  61058 

28329 

91968 

93848 

110 

0. 915 

0.  79256 

25868 

74854 

52325 

499 

0.  60979 

05754 

32450 

15011 

758 

0.916 

0.  79317 

19810 

67394 

80192 

738 

0. 60899 

77080 

82406 

74518 

350 

0.917 

0.  79378 

05820 

88020 

11086 

785 

0.  60820 

42317 

34706 

00764 

999 

0.  918 

0.  79438 

83893 

28129 

48016 

785 

0.  60741 

01471 

82824 

21909 

476 

0.919 

0.  79499 

54021 

79915 

72036 

860 

0.  60661 

54552 

20845 

86522 

589 

0.  920 

0.  79560 

16200 

36366 

03026 

828 

0.  60582 

01566 

43462 

84179 

741 

0.  921 

0.  79620 

70422 

91262 

60393 

471 

0.  60502 

42522 

45973 

65991 

745 

0.  922 

0.  79681 

16683 

39183 

23692 

319 

0. 60422 

77428 

24282 

65074 

984 

0.  923 

0. 79741 

54975 

75501 

93169 

858 

0.  60343 

06291 

74899 

16960 

980 

0.  924 

0.  79801 

85293 

96389 

50226 

129 

0.  60263 

29120 

94936 

79945 

468 

0.  925 

0.  79862 

07631 

98814 

17797 

639 

0.  60183 

45923 

82112 

55377 

043 

0.  926 

0.79922 

21983 

80542 

20660 

537 

0.  60103 

56708 

34746 

07885 

466 

0. 927 

0.  79982 

28343 

40138 

45653 

978 

0.  60023 

61482 

51758 

85549 

703 

0.  928 

0.  80042 

26704 

76967 

01823 

638 

0.  59943 

60254 

32673 

40005 

791 

0.  929 

0.  80102 

17061 

91191 

80485 

294 

0.59863 

53031 

77612 

46494 

584 

0.  930 

0.  80161 

99408 

83777 

15208 

432 

0. 59783 

39822 

87298 

23849 

491 

0.931 

0.  80221 

73739 

56488 

41719 

806 

0.59703 

20635 

63051 

54424 

260 

0.  932 

0.  80281 

40048 

11892 

57726 

899 

0.  59622 

95478 

06791 

03960 

905 

0.933 

0.  80340 

98328 

53358 

82661 

218 

0.  59542 

64358 

21032 

41397 

846 

0.  934 

0.  80400 

48574 

85059 

17341 

371 

0.  59462 

27284 

08887 

58618 

345 

0.935 

0.  80459 

90781 

11969 

03555 

863 

0.59381 

84263 

74063 

90139 

324 

0.  936 

0.  80519 

24941 

39867 

83565 

545 

0.  59301 

35305 

20863 

32740 

634 

0.937 

0.  80578 

51049 

75339 

59525 

671 

0.  59220 

80416 

54181 

65034 

867 

0.  938 

0.  80637 

69100 

25773 

52827 

488 

0.59140 

19605 

79507 

66977 

785 

0.  939 

0.  80696 

79086 

99364 

63359 

313 

0.  59059 

52881 

02922 

39319 

443 

0.  940 

0.  80755 

81004 

05114 

28687 

022 

0.  58978 

80250 

31098 

22996 

099 

0.  941 

0.  80814 

74845 

52830 

83153 

915 

0. 58898 

01721 

71298 

18462 

976 

0.  942 

0.  80873 

60605 

53130 

16899 

872 

0.  58817 

17303 

31375 

04967 

973 

0.  943 

0.  80932 

38278 

17436 

34799 

758 

0. 58736 

27003 

19770 

59766 

388 

0.  944 

0.  80991 

07857 

57982 

15321 

017 

0. 58655 

30829 

45514 

77276 

748 

0. 945 

0.  81049 

69337 

87809 

69300 

383 

0. 58574 

28790 

18224 

88177 

827 

0.  946 

0.  81108 

22713 

20770 

98639 

669 

0.  58493 

20893 

48104 

78446 

913 

0.  947 

0.  81166 

67977 

71528 

54920 

560 

0.  58412 

07147 

45944 

08339 

436 

0.  948 

0.  81225 

05125 

55555 

97938 

351 

0. 58330 

87560 

23117 

31310 

012 

0.  949 

0.  81283 

34150 

89138 

54154 

591 

0.  58249 

62139 

91583 

12874 

994 

0.  950 

0.  81341 

55047 

89373 

75068 

542 

0.  58168 

30894 

63883 

49416 

618 

-<-7H]  [<-W] 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 


X 

0.  950 

0.  81341 

55047 

sin  x 
89373 

75068 

542 

0.58168 

COS  X 

30894  63883 

49416 

618 

0.951 

0.  81399 

67810 

74171 

95507 

433 

0.  58086 

93832 

53142 

86928 

810 

0.952 

0.  81457 

72433 

62256 

91835 

411 

0.58005 

50961 

73067 

39704 

748 

0.  953 

0.  81515 

68910 

73166 

40081 

165 

0.  57924 

02290 

37944 

08966 

253 

0.954 

0.  81573 

57236 

27252 

73984 

145 

0.  57842 

47826 

62640 

01435 

096 

0.  955 

0.  81631 

37404 

45683 

42959 

322 

0.  57760 

87578 

62601 

47846 

300 

0.  956 

0.  81689 

09409 

50441 

69980 

433 

0.  57679 

21554 

53853 

21403 

511 

0.  957 

0.  81746 

73245 

64327 

09381 

654 

0.57597 

49762 

52997 

56176 

536 

0.958 

0.  81804 

28907 

10956 

04577 

644 

0.  57515 

72210 

77213 

65441 

113 

0.959 

0.  81861 

76388 

14762 

45701 

891 

0.  57433 

88907 

44256 

59961 

007 

0.  960 

0.81919 

15683 

00998 

27163 

322 

0.57351 

99860 

72456 

66212 

505 

0.  961 

0.  81976 

46785 

95734 

05121 

101 

0.  57270 

05078 

80718 

44551 

395 

0.962 

0.  82033 

69691 

25859 

54877 

569 

0.  57188 

04569 

88520 

07322 

513 

0.963 

0.  82090 

84393 

19084 

28189 

263 

0.57105 

98342 

15912 

36911 

940 

0.964 

0.  82147 

90886 

03938 

10495 

962 

0.57023 

86403 

83518 

03741 

923 

0.  965 

0.  82204 

89164 

09771 

78067 

694 

0.  56941 

68763 

12530 

84208 

614 

0.  966 

0.  82261 

79221 

66757 

55069 

656 

0.  56859 

45428 

24714 

78562 

699 

0.  967 

0.82318 

61053 

05889 

70544 

986 

0.56777 

16407 

42403 

28733 

004 

0.968 

0. 82375 

34652 

58985 

15315 

328 

0.  56694 

81708 

88498 

36093 

162 

0.969 

0.  82432 

00014 

58683 

98799 

136 

0.  56612 

41340 

86469 

79171 

417 

0.  970 

0.  82488 

57133 

38450 

05747 

662 

0.56529 

95311 

60354 

31303 

653 

0.  971 

0.  82545 

06003 

32571 

52898 

564 

0.  56447 

43629 

34754 

78229 

727 

0.  972 

0.  82601 

46618 

76161 

45547 

087 

0.56364 

86302 

34839 

35633 

190 

0.  973 

0.  82657 

78974 

05158 

34034 

750 

0.  56282 

23338 

86340 

66624 

480 

0.  974 

0.  82714 

03063 

56326 

70155 

495 

0.56199 

54747 

15554 

99167 

663 

0.  975 

0.  82770 

18881 

67257 

63479 

226 

0.  56116 

80535 

49341 

43450 

813 

0.  976 

0.  82826 

26422 

76369 

37592 

699 

0.56034 

00712 

15121 

09200 

110 

0.977 

0.  82882 

25681 

22907 

86257 

689 

0.  55951 

15285 

40876 

22937 

736 

0.  978 

0. 82938 

16651 

46947 

29486 

397 

0.  55868 

24263 

55149 

45183 

654 

0.  979 

0.  82993 

99327 

89390 

69534 

022 

0.55785 

27654 

87042 

87601 

358 

0.  980 

0.  83049 

73704 

91970 

46808 

453 

0.55702 

25467 

66217 

30087 

666 

0.  981 

0.  83105 

39776 

97248 

95697 

028 

0. 55619 

17710 

22891 

37806 

645 

0.  982 

0.  83160 

97538 

48619 

00310 

290 

0.  55536 

04390 

87840 

78167 

757 

0.983 

0.  83216 

46983 

90304 

50142 

703 

0.  55452 

85517 

92397 

37748 

295 

0.984 

0.  83271 

88107 

67360 

95650 

254 

0.55369 

61099 

68448 

39160 

207 

0.  985 

0.  83327 

20904 

25676 

03744 

902 

0.55286 

31144 

48435 

57861 

376 

0.986 

0.  83382 

45368 

11970 

13205 

801 

0.  55202 

95660 

65354 

38911 

453 

0.987 

0.  83437 

61493 

73796 

90007 

262 

0.  55119 

54656 

52753 

13672 

322 

0.988 

0.  83492 

69275 

59543 

82563 

379 

0.  55036 

08140 

44732 

16453 

272 

0.  989 

0.  83547 

68708 

18432 

76889 

279 

0.  54952 

56120 

75943 

01100 

969 

0.  990 

0.  83602 

59786 

00520 

51678 

926 

0.  54868 

98605 

81587 

57534 

313 

0.  991 

0.  83657 

42503 

56699 

33299 

444 

0.  54785 

35603 

97417 

28224 

252 

0.  992 

0.  83712 

16855 

38697 

50701 

883 

0.  54701 

67123 

59732 

24618 

647 

0.  993 

0.  83766 

82835 

99079 

90248 

385 

0.  54617 

93173 

05380 

43512 

268 

0.  994 

0.  83821 

40439 

91248 

50455 

694 

0.  54534 

13760 

71756 

83362 

006 

0.  995 

0.  83875 

89661 

69442 

96654 

953 

0.  54450 

28894 

96802 

60547 

375 

0.996 

0.  83930 

30495 

88741 

15567 

733 

0.  54366 

38584 

19004 

25576 

412 

0.  997 

0.  83984 

62937 

05059 

69798 

245 

0. 54282 

42836 

77392 

79237 

026 

0.  998 

0.  84038 

86979 

75154 

52241 

668 

0.  54198 

41661 

11542 

88693 

907 

0.  999 

0.  84093 

02618 

56621 

40408 

555 

0.  54114 

35065 

61572 

03531 

067 

1.000 

0. 84147 

09848 

07896 

50665 

250 

0.  54030 

23058 

68139 

71740 

094 

r(-7)!i  r(-8)n 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 

x sin  x cos  x 


1.  000 

0.  84147 

09848 

07896 

50665 

250 

0.  54030 

23058 

68139 

71740 

094 

1.  001 

0.  84201 

08662 

88256 

92390 

268 

0.53946 

05648 

72446 

55654 

214 

1.  002 

0.  84254 

99057 

57821 

22046 

578 

0.53861 

82844 

16233 

47828 

237 

1.003 

0.  84308 

81026 

77549 

97169 

747 

0.53777 

54653 

41780 

86864 

465 

1.  004 

0.  84362 

54565 

09246 

30271 

873 

0.53693 

21084 

91907 

73184 

669 

1.  005 

0.  84416 

19667 

15556 

42661 

273 

0.53608 

82147 

09970 

84748 

188 

1.006 

0.  84469 

76327 

59970 

18177 

851 

0.53524 

37848 

39863 

92716 

262 

1.  007 

0.  84523 

24541 

06821 

56844 

116 

0.  53439 

88197 

26016 

77062 

668 

1.008 

0.  84576 

64302 

21289 

28431 

774 

0.53355 

33202 

13394 

42130 

747 

1.  009 

0.  84629 

95605 

69397 

25943 

853 

0.  53270 

72871 

47496 

32136 

904 

1.010 

0.  84683 

18446 

18015 

19012 

310 

0.  53186 

07213 

74355 

46620 

673 

1.  Oil 

0.  84736 

32818 

34859 

07211 

051 

0.53101 

36237 

40537 

55841 

426 

1.012 

0.  84789 

38716 

88491 

73284 

331 

0.53016 

59950 

93140 

16121 

808 

1.  013 

0. 84842 

36136 

48323 

36290 

466 

0.52931 

78362 

79791 

85137 

984 

1.014 

0.  84895 

25071 

84612 

04660 

810 

0. 52846 

91481 

48651 

37156 

798 

1.  015 

0.  84948 

05517 

68464 

29173 

940 

0.52761 

99315 

48406 

78219 

896 

1.  016 

0.  85000 

77468 

71835 

55845 

003 

0.52677 

01873 

28274 

61274 

932 

1.  017 

0.  85053 

40919 

67530 

78730 

164 

0.52591 

99163 

37999 

01253 

921 

1.  018 

0.  85105 

95865 

29204 

92646 

111 

0.52506 

91194 

27850 

90098 

832 

1.  019 

0.  85158 

42300 

31363 

45804 

549 

0.  52421 

77974 

48627 

11734 

503 

1.  020 

0.  85210 

80219 

49362 

92361 

655 

0.  52336 

59512 

51649 

56988 

961 

1.  021 

0.85263 

09617 

59411 

44882 

415 

0.52251 

35816 

88764 

38461 

245 

1.  022 

0. 85315 

30489 

38569 

26719 

808 

0.  52166 

06896 

12341 

05336 

792 

1.  023 

0.  85367 

42829 

64749 

24308 

778 

0.52080 

72758 

75271 

58150 

502 

1.024 

0.  85419 

46633 

16717 

39374 

945 

0.51995 

33413 

30969 

63497 

542 

1.  025 

0.  85471 

41894 

74093 

41057 

997 

0.51909 

88868 

33369 

68691 

985 

1.  026 

0.  85523 

28609 

17351 

17949 

715 

0.51824 

39132 

36926 

16373 

373 

1.  027 

0.  85575 

06771 

27819 

30046 

586 

0.51738 

84213 

96612 

59061 

276 

1.  028 

0.  85626 

76375 

87681 

60616 

931 

0.51653 

24121 

67920 

73657 

956 

1.  029 

0.  85678 

37417 

79977 

67982 

525 

0.51567 

58864 

06859 

75899 

186 

1.  030 

0.  85729 

89891 

88603 

37214 

627 

0.  51481 

88449 

69955 

34753 

350 

1.  031 

0.  85781 

33792 

98311 

31744 

398 

0.51396 

12887 

14248 

86768 

878 

1.  032 

0.85832 

69115 

94711 

44887 

626 

0.51310 

32184 

97296 

50370 

116 

1.  033 

0.  85883 

95855 

64271 

51283 

734 

0.  51224 

46351 

77168 

40101 

715 

1.  034 

0.  85935 

14006 

94317 

58248 

998 

0.  51138 

55396 

12447 

80821 

625 

1.  035 

0.  85986 

23564 

73034 

57043 

938 

0.51052 

59326 

62230 

21842 

776 

1.  036 

0.  86037 

24523 

89466 

74054 

819 

0.50966 

58151 

86122 

51023 

535 

1.  037 

0.  86088 

16879 

33518 

21889 

224 

0.  50880 

51880 

44242 

08807 

028 

1.038 

0.  86139 

00625 

95953 

50385 

634 

0.50794 

40520 

97216 

02209 

404 

1.  039 

0.  86189 

75758 

68397 

97536 

975 

0.50708 

24082 

06180 

18757 

138 

1.  040 

0.  86240 

42272 

43338 

40328 

079 

0.  50622 

02572 

32778 

40373 

447 

1.041 

0.  86291 

00162 

14123 

45486 

997 

0.  50535 

76000 

39161 

57213 

919 

1.  042 

0.  86341 

49422 

74964 

20150 

131 

0.  50449 

44374 

87986 

81451 

427 

1.  043 

0.  86391 

90049 

20934 

62441 

124 

0.  50363 

07704 

42416 

61010 

426 

1.  044 

0.  86442 

22036 

47972 

11963 

456 

0.  50276 

65997 

66117 

93250 

711 

1.  045 

0.  86492 

45379 

52878 

00206 

699 

0.50190 

19263 

23261 

38600 

728 

1.  046 

0.  86542 

60073 

33318 

00866 

385 

0.50103 

67509 

78520 

34140 

520 

1.  047 

0.  86592 

66112 

87822 

80077 

424 

0.50017 

10745 

97070 

07134 

396 

1.  048 

0.  86642 

63493 

15788 

46561 

037 

0.  49930 

48980 

44586 

88513 

415 

1.  049 

0.  86692 

52209 

17477 

01685 

140 

0.  49843 

82221 

87247 

26307 

756 

1.  050 

0.  86742 

32255 

94016 

89438 

141 

0. 49757 

10478 

91726 

99029 

085 

‘(-7)11  [(_78)7] 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 


x sin  x cos  x 


1.050 

0.  86742 

32255 

94016 

89438 

141 

0. 49757 

10478 

91726 

99029 

085 

1.  051 

0.  86792 

03628 

47403 

46316 

092 

0. 49670 

33760 

25200 

29002 

975 

1.  052 

0/86841 

66321 

80499 

51123 

146 

0. 49583 

52074 

55338 

95651 

499 

1.  053 

0.  86891 

20330 

97035 

74685 

276 

0.  49496 

65430 

50311 

48726 

051 

1.  054 

0.  86940 

65651 

01611 

29477 

198 

0. 49409 

73836 

78782 

21490 

510 

1.  055 

0.  86990 

02276 

99694 

19162 

460 

0. 49322 

77302 

09910 

43854 

806 

1.056 

0.  87039 

30203 

97621 

88046 

624 

0.  49235 

75835 

13349 

55459 

008 

1.  057 

0.  87088 

49427 

02601 

70443 

529 

0.  49148 

69444 

59246 

18707 

979 

1.  058 

0.  87137 

59941 

22711 

39954 

543 

0.  49061 

58139 

18239 

31756 

732 

1.  059 

0.  87186 

61741 

66899 

58660 

794 

0.  48974 

41927 

61459 

41446 

534 

1.  060 

0.  87235 

54823 

44986 

26228 

295 

0. 48887 

20818 

60527 

56191 

864 

1.  061 

0.  87284 

39181 

67663 

28925 

947 

0.  48799 

94820 

87554 

58818 

317 

1.  062 

0.  87333 

14811 

46494 

88556 

345 

0. 48712 

63943 

15140 

19351 

528 

1.  063 

0.  87381 

81707 

93918 

11299 

356 

0.  48625 

28194 

16372 

07757 

202 

1.064 

0.  87430 

39866 

23243 

36468 

402 

0. 48537 

87582 

64825 

06632 

362 

1.  065 

0.  87478 

89281 

48654 

85179 

424 

0.  48450 

42117 

34560 

23847 

867 

1.  066 

0. 87527 

29948 

85211 

08932 

453 

0. 48362 

91807 

00124 

05142 

311 

1.  067 

0.  87575 

61863 

48845 

38105 

753 

0.  48275 

36660 

36547 

46667 

387 

1.  068 

0.  87623 

85020 

56366 

30362 

492 

0. 48187 

76686 

19345 

07484 

800 

1.  069 

0.  87671 

99415 

25458 

18969 

874 

0.  48100 

11893 

24514 

22014 

811 

1.  070 

0.  87720 

05042 

74681 

61030 

706 

0.48012 

42290 

28534 

12436 

509 

1.  071 

0.  87768 

01898 

23473 

85627 

336 

0.  47924 

67886 

08365 

01039 

904 

1.  072 

0.  87815 

89976 

92149 

41877 

919 

0. 47836 

88689 

41447 

22529 

904 

1.  073 

0.  87863 

69274 

01900 

46904 

963 

0. 47749 

04709 

05700 

36282 

289 

1.  074 

0.  87911 

39784 

74797 

33716 

111 

0. 47661 

15953 

79522 

38551 

762 

1.  075 

0.  87959 

01504 

33788 

98997 

101 

0. 47573 

22432 

41788 

74632 

160 

1.  076 

0.  88006 

54428 

02703 

50816 

869 

0.  47485 

24153 

71851 

50968 

911 

1.  077 

0.  88053 

98551 

06248 

56244 

731 

0. 47397 

21126 

49538 

47223 

840 

1.  078 

0.  88101 

33868 

70011 

88879 

619 

0. 47309 

13359 

55152 

28292 

396 

1.  079 

0.  88148 

60376 

20461 

76291 

297 

0. 47221 

00861 

69469 

56273 

392 

1.  080 

0.  88195 

78068 

84947 

47373 

533 

0. 47132 

83641 

73740 

02391 

353 

1.  081 

0.  88242 

86941 

91699 

79609 

169 

0.  47044 

61708 

49685 

58871 

547 

1.  082 

0.  88289 

86990 

69831 

46247 

031 

0. 46956 

35070 

79499 

50767 

810 

1.  083 

0.  88336 

78210 

49337 

63390 

660 

0.  46868 

03737 

45845 

47743 

217 

1.  084 

0.  88383 

60596 

61096 

36998 

790 

0.  46779 

67717 

31856 

75803 

727 

1.  085 

0.  88430 

34144 

36869 

09797 

534 

0. 46691 

27019 

21135 

28984 

862 

1.  086 

0.  88476 

98849 

09301 

08104 

243 

0.  46602 

81651 

97750 

80991 

522 

1.  087 

0.-88523 

54706 

11921 

88562 

972 

0.  46514 

31624 

46239 

96791 

014 

1.  088 

0.  88570 

01710 

79145 

84791 

522 

0. 46425 

76945 

51605 

44159 

401 

1.089 

0.  88616 

39858 

46272 

53940 

000 

0.46337 

17623 

99315 

05181 

235 

1.  090 

0.  88662 

69144 

49487 

23160 

860 

0.  46248 

53668 

75300 

87702 

790 

1.  091 

0.  88708 

89564 

25861 

35990 

371 

0. 46159 

85088 

65958 

36738 

852 

1.  092 

0.  88755 

01113 

13352 

98641 

470 

0. 46071 

11892 

58145 

45833 

190 

1.  093 

0.  88801 

03786 

50807 

26207 

951 

0. 45982 

34089 

39181 

68372 

764 

1.  094 

0.  88846 

97579 

77956 

88779 

948 

0.  45893 

51687 

96847 

28855 

783 

1.  095 

0.  88892 

82488 

35422 

57470 

660 

0. 45804 

64697 

19382 

34113 

686 

1.  096 

0.  88938 

58507 

64713 

50354 

274 

0. 45715 

73125 

95485 

84487 

142 

1.  097 

0.  88984 

25633 

08227 

78315 

047 

0.45626 

76983 

14314 

84956 

158 

1.098 

0. 89029 

83860 

09252 

90807 

488 

0.  45537 

76277 

65483 

56224 

382 

1.  099 

0.  89075 

33184 

11966 

21527 

609 

0. 45448 

71018 

39062 

45757 

688 

1.100 

0.  89120 

73600 

f 

61435 
"(  — 7)1" 
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180 

0.  45359 
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I 

25577 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


X 

1.100 

0. 89120 

73600 

sin  x 
61435 

33995 

180 

0.45359 

61214 

COS  X 

25577 

38777 

137 

1.101 

0.  89166 

05105 

03618 

67046 

971 

0.  45270 

46874 

16008 

69206 

400 

1. 102 

0.  89211 

27692 

85365 

80240 

901 

0. 45181 

28007 

01790 

3Q573 

730 

1.103 

0.  89256 

41359 

54417 

99171 

080 

0. 45092 

04621 

74808 

86868 

576 

1.104 

0.  89301 

46100 

59408 

60693 

678 

0.  45002 

76727 

27402 

83352 

928 

1.105 

0.  89346 

41911 

49863 

58063 

585 

0. 44913 

44332 

52361 

57327 

478 

1.106 

0.  89391 

28787 

76201 

85981 

812 

0. 44824 

07446 

42924 

48852 

689 

1.107 

0.  89436 

06724 

89735 

85553 

594 

0. 44734 

66077 

92780 

11424 

866 

1.108 

0.  89480 

75718 

42671 

89157 

146 

0. 44645 

20235 

96065 

22607 

305 

1.109 

0.  89525 

35763 

88110 

65223 

027 

0. 44555 

69929 

47363 

94616 

628 

1.110 

0.  89569 

86856 

80047 

62924 

063 

0. 44466 

15167 

41706 

84864 

374 

1.111 

0.  89614 

28992 

73373 

56775 

801 

0. 44376 

55958 

74570 

06453 

951 

1.112 

0.  89658 

62167 

23874 

91147 

427 

0.  44286 

92312 

41874 

38633 

030 

1.113 

0.  89702 

86375 

88234 

24683 

120 

0. 44197 

24237 

39984 

37201 

474 

1.114 

0.  89747 

01614 

24030 

74633 

785 

0. 44107 

51742 

65707 

44874 

890 

1. 115 

0.  89791 

07877 

89740 

61099 

138 

0.  44017 

74837 

16293 

01603 

891 

1.116 

0.  89835 

05162 

44737 

51180 

079 

0. 43927 

93529 

89431 

54849 

166 

1.117 

0.  89878 

93463 

49293 

03041 

321 

0.  43838 

07829 

83253 

69812 

438 

1.118 

0.  89922 

72776 

64577 

09884 

230 

0.  43748 

17745 

96329 

39623 

410 

1. 119 

0.  89966 

43097 

52658 

43829 

826 

0. 43658 

23287 

27666 

95482 

777 

1. 120 

0.90010 

04421 

76504 

99711 

910 

0.43568 

24462 

76712 

16761 

399 

1. 121 

0.  90053 

56744 

99984 

38780 

263 

0.  43478 

21281 

43347 

41055 

736 

1. 122 

0.  90097 

00062 

87864 

32313 

880 

0. 43388 

13752 

27890 

74199 

612 

1. 123 

0.  90140 

34371 

05813 

05144 

201 

0.43298 

01884 

31095 

00232 

420 

1.124 

0.  90183 

59665 

20399 

79088 

276 

0. 43207 

85686 

54146 

91323 

845 

1. 125 

0.  90226 

75940 

99095 

16291 

842 

0.43117 

65167 

98666 

17655 

197 

1. 126 

0.  90269 

83194 

10271 

62482 

258 

0.43027 

40337 

66704 

57257 

452 

1.127 

0.90312 

81420 

23203 

90131 

256 

0. 42937 

11204 

60745 

05806 

078 

1. 128 

0.90355 

70615 

08069 

41527 

464 

0. 42846 

77777 

83700 

86372 

749 

1. 129 

0.  90398 

50774 

35948 

71758 

658 

0. 42756 

40066 

38914 

59134 

030 

1.130 

0.  90441 

21893 

78825 

91603 

708 

0. 42665 

98079 

30157 

31037 

122 

1.131 

0.  90483 

83969 

09589 

10334 

160 

0.42575 

51825 

61627 

65422 

763 

1.132 

0.90526 

36996 

02030 

78425 

425 

0. 42485 

01314 

37950 

91605 

376 

1.133 

0.90568 

80970 

30848 

30177 

523 

0. 42394 

46554 

64178 

14410 

540 

1.134 

0.  90611 

15887 

71644 

26245 

348 

0. 42303 

87555 

45785 

23669 

902 

1.135 

0.90653 

41744 

00926 

96078 

401 

0.42213 

24325 

88672 

03673 

585 

1. 136 

0.  90695 

58534 

96110 

80269 

960 

0. 42122 

56874 

99161 

42580 

219 

1. 137 

0.  90737 

66256 

35516 

72815 

632 

0. 42031 

85211 

83998 

41784 

656 

1. 138 

0.  90779 

64903 

98372 

63281 

260 

0.  41941 

09345 

50349 

25243 

478 

1.139 

0.90821 

54473 

64813 

78880 

126 

0. 41850 

29285 

05800 

48758 

379 

1.140 

0.  90863 

34961 

15883 

26459 

422 

0. 41759 

45039 

58358 

09217 

519 

1. 141 

0.  90905 

06362 

33532 

34395 

940 

0.  41668 

56618 

16446 

53794 

933 

1.142 

0.  90946 

68673 

00620 

94400 

939 

0.  41577 

64029 

88907 

89108 

094 

1. 143 

0.  90988 

21889 

00918 

03234 

153 

0. 41486 

67283 

85000 

90333 

707 

1. 144 

0.  91029 

66006 

19102 

04326 

885 

0.41395 

66389 

14400 

10281 

852 

1. 145 

0.  91071 

01020 

40761 

29314 

164 

0. 41304 

61354 

87194 

88428 

529 

1.146 

0.  91112 

26927 

52394 

39475 

912 

0. 41213 

52190 

13888 

59906 

732 

1.147 

0.  91153 

43723 

41410 

67087 

073 

0. 41122 

38904 

05397 

64456 

120 

1. 148 

0.  91194 

51403 

96130 

56676 

684 

0.41031 

21505 

73050 

55331 

381 

1. 149 

0.91235 

49965 

05786 

06195 

821 

0.  40940 

00004 

28587 

08169 

395 

1. 150 

0. 91276 

39402 

60521 

08094 

403 

0.  40848 

74408 

84157 

29815 

258 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 

x sin  x cos  x 


1.150 

0.  91276 

39402 

60521 

08094 

403 

0. 40848 

74408 

84157 

29815 

258 

1.151 

0.91317 

19712 

51391 

90306 

792 

0.  40757 

44728 

52320 

67107 

284 

1.152 

0.91357 

90890 

70367 

57146 

165 

0.40666 

10972 

46045 

15621 

071 

1.153 

0.  91398 

52933 

10330 

30107 

602 

0.  40574 

73149 

78706 

28372 

706 

1.154 

0.  91439 

05835 

65075 

88579 

865 

0.  40483 

31269 

64086 

24481 

224 

1. 155 

0.  91479 

49594 

29314 

10465 

816 

0.  40391 

85341 

16372 

97790 

397 

1.156 

0.91519 

84204 

98669 

12711 

431 

0.40300 

35373 

50159 

25449 

945 

1. 157 

0.  91560 

09663 

69679 

91743 

383 

0. 40208 

81375 

80441 

76456 

266 

1.158 

0.91600 

25966 

39800 

63815 

143 

0.  40117 

23357 

22620 

20152 

779 

1.159 

0.  91640 

33109 

07401 

05261 

556 

0. 40025 

61326 

92496 

34689 

958 

1.160 

0.  91680 

31087 

71766 

92661 

866 

0. 39933 

95294 

06273 

15445 

164 

1.161 

0.  91720 

19898 

33100 

42911 

136 

0.  39842 

25267 

80553 

83402 

355 

1.162 

0.  91759 

99536 

92520 

53200 

023 

0. 39750 

51257 

32340 

93491 

775 

1.163 

0.  91799 

69999 

52063 

40902 

883 

0.  39658 

73271 

79035 

42889 

706 

1.164 

0.  91839 

31282 

14682 

83374 

147 

0.  39566 

91320 

38435 

79278 

377 

1.165 

0.  91878 

83380 

84250 

57652 

941 

0.  39475 

05412 

28737 

09066 

125 

1.166 

0.91918 

26291 

65556 

80075 

906 

0.  39383 

15556 

68530 

05567 

898 

1. 167 

0.  91957 

60010 

64310 

45798 

178 

0.  39291 

21762 

76800 

17146 

187 

1.168 

0.91996 

84533 

87139 

68222 

492 

0.39199 

24039 

72926 

75312 

486 

1.169 

0.92035 

99857 

41592 

18336 

360 

0.  39107 

22396 

76682 

02789 

366 

1. 170 

0.  92075 

05977 

36135 

63957 

301 

0. 39015 

16843 

08230 

21533 

266 

1.171 

0.  92114 

02889 

80158 

08886 

071 

0.38923 

07387 

88126 

60718 

072 

1.172 

0.  92152 

90590 

83968 

31967 

851 

0.  38830 

94040 

37316 

64679 

599 

1.173 

0.  92191 

69076 

58796 

26061 

369 

0.  38738 

76809 

77135 

00821 

054 

1.174 

0.  92230 

38343 

16793 

36915 

902 

0.  38646 

55705 

29304 

67479 

575 

1.175 

0.  92268 

98386 

71033 

01956 

127 

0. 38554 

30736 

15936 

01753 

942 

1. 176 

0. 92307 

49203 

35510 

88974 

783 

0.  38462 

01911 

59525 

87293 

547 

1. 177 

0.  92345 

90789 

25145 

34733 

097 

0.  38369 

69240 

82956 

62048 

718 

1.178 

0. 92384 

23140 

55777 

83468 

944 

0.  38277 

32733 

09495 

25982 

487 

1.179 

0.  92422 

46253 

44173 

25312 

701 

0.  38184 

92397 

62792 

48743 

902 

1.180 

0.92460 

60124 

08020 

34610 

754 

0.  38092 

48243 

66881 

77302 

960 

1. 181 

0.  92498 

64748 

65932 

08156 

619 

0.  38000 

00280 

46178 

43547 

271 

1.182 

0.  92536 

60123 

37446 

03329 

642 

0.  37907 

48517 

25478 

71840 

534 

1.183 

0.  92574 

46244 

43024 

76141 

242 

0.  37814 

92963 

29958 

86542 

917 

1.184 

0.  92612 

23108 

04056 

19188 

645 

0.  37722 

33627 

85174 

19493 

444 

1. 185 

0. 92649 

90710 

42853 

99516 

095 

0.  37629 

70520 

17058 

17454 

471 

1.186 

0.  92687 

49047 

82657 

96383 

480 

0. 37537 

03649 

51921 

49518 

342 

1. 187 

0.  92724 

98116 

47634 

38942 

352 

0.  37444 

33025 

16451 

14476 

334 

1.188 

0.  92762 

37912 

62876 

43819 

290 

0.37351 

58656 

37709 

48149 

962 

1.189 

0.  92799 

68432 

54404 

52606 

588 

0.  37258 

80552 

43133 

30684 

752 

1. 190 

0.  92836 

89672 

49166 

69260 

202 

0.37165 

98722 

60532 

93806 

568 

1.191 

0.  92874 

01628 

75038 

97404 

950 

0.  37073 

13176 

18091 

28040 

589 

1. 192 

0.  92911 

04297 

60825 

77546 

899 

0.  36980 

23922 

44362 

89893 

026 

1.193 

0.  92947 

97675 

36260 

24192 

928 

0.  36887 

30970 

68273 

08995 

672 

1. 194 

0.  92984 

81758 

32004 

62877 

403 

0.  36794 

34330 

19116 

95213 

382 

1.195 

0.  93021 

56542 

79650 

67095 

956 

0.  36701 

34010 

26558 

45714 

570 

1.196 

0.93058 

22025 

11719 

95146 

303 

0.36608 

30020 

20629 

52004 

819 

1. 197 

0.93094 

78201 

61664 

26876 

083 

0. 36515 

22369 

31729 

06923 

698 

1. 198 

0.  93131 

25068 

63866 

00337 

679 

0. 36422 

11066 

90622 

11604 

876 

1.199 

0.  93167 

62622 

53638 

48349 

974 

0. 36328 

96122 

28438 

82399 

631 

1.200 

0.93203 

90859 

67226 

34967 

013 

0.  36235 

77544 

76673 

57763 

837 

-(— 7}1j  8)5" 


166 


ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


x 


sin  x 


cos  x 


1.200 

0.93203 

90859 

67226 

34967 

1.201 

0.93240 

09776 

41805 

91853 

1.202 

0.93276 

19369 

15485 

54567 

1.203 

0.93312 

19634 

27305 

98748 

1.204 

0.  93348 

10568 

17240 

76215 

1.205 

0.93383 

92167 

26196 

50966 

1.206 

0.  93419 

64427 

96013 

35090 

1.207 

0.  93455 

27346 

69465 

24584 

1.208 

0.93490 

80919 

90260 

35070 

1.209 

0.93526 

25144 

03041 

37431 

1.210 

0.  93561 

60015 

53385 

93341 

1.211 

0.93596 

85530 

87806 

90713 

1.212 

0.93632 

01686 

53752 

79041 

1.213 

0.  93667 

08478 

99608 

04663 

1.214 

0.93702 

05904 

74693 

45913 

1.215 

0.93736 

93960 

29266 

48199 

1.216 

0.93771 

72642 

14521 

58969 

1.217 

0.  93806 

41946 

82590 

62598 

1.218 

0.  93841 

01870 

86543 

15169 

1.219 

0.  93875 

52410 

80386 

79170 

1.  220 

0.  93909 

93563 

19067 

58093 

1.  221 

0.  93944 

25324 

58470 

30937 

1.222 

0.  93978 

47691 

55418 

86621 

1.  223 

0.  94012 

60660 

67676 

58302 

1.  224 

0.  94046 

64228 

53946 

57600 

1.  225 

0.  94080 

58391 

73872 

08723 

1.  226 

0.  94114 

43146 

88036 

82507 

1. 227 

0.  94148 

18490 

57965 

30357 

1.  228 

0.  94181 

84419 

46123 

18091 

1.  229 

0.  94215 

40930 

15917 

59701 

1.230 

0.  94248 

88019 

31697 

51002 

1.231 

0.  94282 

25683 

58754 

03206 

1.232 

0.94315 

53919 

63320 

76390 

1.233 

0.  94348 

72724 

12574 

12870 

1.234 

0.  94381 

82093 

74633 

70486 

1.235 

0.  94414 

82025 

18562 

55790 

1.236 

0.  94447 

72515 

14367 

57139 

1.237 

0.  94480 

53560 

32999 

77695 

1.238 

0.  94513 

25157 

46354 

68328 

1.239 

0. 94545 

87303 

27272 

60431 

1.240 

0. 94578 

39994 

49538 

98628 

1.241 

0.  94610 

83227 

87884 

73405 

1.  242 

0.  94643 

17000 

17986 

53628 

1.243 

0.  94675 

41308 

16467 

18984 

1.244 

0.  94707 

56148 

60895 

92311 

1.  245 

0.  94739 

61518 

29788 

71844 

1.  246 

0.  94771 

57414 

02608 

63367 

1.  247 

0.  94803 

43832 

59766 

12259 

1.  248 

0.  94835 

20770 

82619 

35461 

1.249 

0.  94866 

88225 

53474 

53335 

1.250 

0. 94898 

46193 

55586 

21434 

i 

'(-7)r 

7 

013 

0.  36235 

77544 

76673 

57763 

837 

542 

0.  36142 

55343 

67184 

05108 

539 

367 

0.  36049 

29528 

32190 

27614 

189 

519 

0.  35956 

00108 

04273 

71008 

651 

175 

0. 35862 

67092 

16376 

30309 

065 

302 

0.  35769 

30490 

01799 

56527 

660 

992 

0.35675 

90310 

94203 

63341 

607 

444 

0.  35582 

46564 

27606 

33727 

018 

567 

0.  35488 

99259 

36382 

26557 

166 

162 

0.  35395 

48405 

55261 

83165 

039 

646 

0.  35301 

94012 

19330 

33870 

301 

291 

0.35208 

36088 

64027 

04470 

775 

926 

0.  35114 

74644 

25144 

22698 

521 

095 

0.35021 

09688 

38826 

24640 

616 

598 

0.  34927 

41230 

41568 

61124 

730 

416 

0.  34833 

69279 

70217 

04069 

578 

959 

0.  34739 

93845 

61966 

52800 

358 

617 

0.  34646 

14937 

54360 

40329 

260 

574 

0.  34552 

32564 

85289 

39601 

140 

848 

0.  34458 

46736 

92990 

69704 

455 

524 

0.  34364 

57463 

16047 

02047 

552 

151 

0.  34270 

64752 

93385 

66500 

405 

257 

0.  34176 

68615 

64277 

57501 

890 

957 

0.  34082 

69060 

68336 

40132 

702 

622 

0.  33988 

66097 

45517 

56153 

996 

559 

0. 33894 

59735 

36117 

30011 

855 

685 

0.  33800 

49983 

80771 

74807 

668 

157 

0.  33706 

36852 

20455 

98234 

533 

912 

0.  33612 

20349 

96483 

08479 

750 

104 

0.  33518 

00486 

50503 

20093 

523 

382 

0.  33423 

77271 

24502 

59823 

955 

998 

0.  33329 

50713 

60802 

72418 

427 

684 

0.  33235 

20823 

02059 

26391 

462 

299 

0.  33140 

87608 

91261 

19759 

164 

175 

0.  33046 

51080 

71729 

85740 

328 

164 

0.  32952 

11247 

87117 

98424 

316 

322 

0.  32857 

68119 

81408 

78405 

786 

223 

0.  32763 

21705 

98914 

98386 

387 

851 

0.  32668 

72015 

84277 

88743 

487 

046 

0.  32574 

19058 

82466 

43066 

054 

471 

0.  32479 

62844 

38776 

23657 

769 

063 

0.  32385 

03381 

98828 

67007 

475 

942 

0.  32290 

40681 

08569 

89227 

042 

738 

0.  32195 

74751 

14269 

91456 

764 

309 

0.  32101 

05601 

62521 

65238 

364 

815 

0.  32006 

33242 

00239 

97855 

712 

118 

0.  31911 

57681 

74660 

77643 

341 

472 

0.  31816 

78930 

33339 

99262 

871 

479 

0.  31721 

96997 

24152 

68947 

423 

262 

0.31627 

11891 

95292 

09714 

116 

849 

0.  31532 

23623 

95268 

66544 

754 

[■(-8)51 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 


x sin  x cos  x 


1.250 

0.  94898 

46193 

55586 

21434 

849 

0.  31532 

23623 

95268 

66544 

754 

1.251 

0,  94929 

94671 

73157 

62180 

713 

0.  31437 

32202 

72909 

11534 

791 

1.252 

0.  94961 

33656 

91340 

96439 

444 

0.  31342 

37637 

77355 

49010 

665 

1.253 

0.  94992 

63145 

96237 

75008 

528 

0.  31247 

39938 

58064 

20615 

601 

1.254 

0.  95023 

83135 

74899 

10006 

196 

0.  31152 

39114 

64805 

10363 

979 

1.255 

0.  95054 

93623 

15326 

06166 

303 

0. 31057 

35175 

47660 

49664 

355 

1.256 

0.  95085 

94605 

06469 

92038 

225 

0.  30962 

28130 

57024 

22311 

242 

1.257 

0.95116 

86078 

38232 

51091 

729 

0.30867 

17989 

43600 

69445 

729 

1.258 

0.95147 

68040 

01466 

52726 

783 

0.  30772 

04761 

58403 

94485 

052 

1.259 

0.  95178 

40486 

87975 

83188 

287 

0.  30676 

88456 

52756 

68021 

196 

* 

^.260 

0.95209 

03415 

90515 

76385 

682 

0.  30581 

69083 

78289 

32688 

634 

1.261 

0.95239 

56824 

02793 

44617 

416 

0.  30486 

46652 

86939 

08001 

291 

1.262 

0.  95270 

00708 

19468 

09200 

227 

0.  30391 

21173 

30948 

95158 

833 

1.263 

0.95300 

35065 

36151 

31003 

222 

0.  30295 

92654 

62866 

81822 

373 

1.264 

0.  95330 

59892 

49407 

40886 

709 

0.  30200 

61106 

35544 

46859 

693 

1.265 

0.95360 

75186 

56753 

70045 

767 

0.30105 

26538 

02136 

65060 

070 

1.266 

0.  95390 

80944 

56660 

80258 

512 

0.  30009 

88959 

16100 

11818 

814 

1.267 

0.95420 

77163 

48552 

94039 

032 

0.29914 

48379 

31192 

67791 

595 

1.268 

0.  95450 

63840 

32808 

24694 

963 

0.  29819 

04808 

01472 

23518 

675 

1.269 

0.95480 

40972 

10759 

06289 

671 

0.29723 

58254 

81295 

84019 

121 

1.270 

0.95510 

08555 

84692 

23509 

018 

0.  29628 

08729 

25318 

73355 

114 

1.271 

0.  95539 

66588 

57849 

41432 

673 

0.29532 

56240 

88493 

39166 

425 

1.272 

0.95569 

15067 

34427 

35209 

944 

0.  29437 

00799 

26068 

57175 

182 

1.  273 

0.  95598 

53989 

19578 

19640 

104 

0.  29341 

42413 

93588 

35661 

000 

1.  274 

0.  95627 

83351 

19409 

78657 

170 

0.  29245 

81094 

46891 

19906 

579 

1.275 

0.95657 

03150 

40985 

94719 

118 

0.29150 

16850 

42108 

96613 

869 

1.276 

0.  95686 

13383 

92326 

78101 

497 

0.29054 

49691 

35665 

98290 

890 

1.277 

0.95715 

14048 

82408 

96095 

419 

0.  28958 

79626 

84278 

07609 

308 

1.  278 

0.95744 

05142 

21166 

02109 

886 

0.  28863 

06666 

44951 

61732 

860 

1.  279 

0.  95772 

86661 

19488 

64678 

437 

0.  28767 

30819 

74982 

56616 

726 

1.280 

0.  95801 

58602 

89224 

96370 

075 

0.  28671 

52096 

31955 

51277 

939 

1.  281 

0.95830 

20964 

43180 

82604 

453 

0.  285T5 

70505 

73742 

72036 

934 

1.  282 

0.  95858 

73742 

95120 

10371 

286 

0.  28479 

86057 

58503 

16730 

332 

1.283 

0.95887 

16935 

59764 

96853 

962 

0.  28383 

98761 

44681 

58895 

050 

1.  284 

0.95915 

50539 

52796 

17957 

320 

0.28288 

08626 

91007 

51923 

831 

1.285 

0.95943 

74551 

90853 

36739 

577 

0.  28192 

15663 

56494 

33192 

303 

1.286 

0.  95971 

88969 

91535 

31748 

357 

0.28096 

19881 

00438 

28157 

651 

1.  287 

0.  95999 

93790 

73400 

25260 

814 

0.28000 

21288 

82417 

54428 

993 

1.288 

0.  96027 

89011 

55966 

11427 

805 

0.27904 

19896 

62291 

25809 

577 

1.289 

0.  96055 

74629 

59710 

84322 

094 

0.  27808 

15714 

00198 

56310 

871 

1.  290 

0.  96083 

50642 

06072 

65890 

556 

0.27712 

08750 

56557 

64138 

661 

1.  291 

0.96111 

17046 

17450 

33810 

354 

0.27615 

99015 

92064 

75651 

234 

1.  292 

0.  96138 

73839 

17203 

49249 

056 

0.27519 

86519 

67693 

29289 

769 

1.293 

0.  96166 

21018 

29652 

84528 

675 

0.27423 

71271 

44692 

79480 

997 

1.294 

0.  96193 

58580 

80080 

50693 

590 

0.  27327 

53280 

84588 

00512 

263 

1.  295 

0.  96220 

86523 

94730 

24982 

339 

0.27231 

32557 

49177 

90379 

053 

1.296 

0.  96248 

04845 

00807 

78203 

231 

0.27135 

09111 

00534 

74605 

108 

1.297 

0.96275 

13541 

26481 

02013 

782 

0.27038 

82951 

01003 

10035 

206 

1.  298 

0.  96302 

12610 

00880 

36103 

915 

0.26942 

54087 

13198 

88600 

711 

1.299 

0. 96329 

02048 

54098 

95282 

920 

0.  26846 

22529 

00008 

41057 

992 

1.  300 

0.  96355 

81854 

17192 

96470 

135 

0.  26749 

88286 

24587 

40699 

798 
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Table 


1.300 

1.301 
1.  302 
1.  303 
1.304 

1.  305 

1.306 

1.307 

1.308 
1.  309 

1.  310 
1.  311 
1.  312 
1.  313 
1.  314 

1.315 
1.  316 
1.  317 
1.  318 
1.  319 

1.  320 
1.  321 
1.  322 
1.  323 
1.  324 

1.  325 
1.  326 
1.  327 
1.  328 
1.  329 

1.330 

1.331 
1.  332 
1.333 
1.  334 

1.  335 
1.336 
1.  337 
1.  338 
1.339 

1.  340 
1.  341 
1.  342 
1.  343 
1.  344 

1.  345 
1.  346 
1.  347 
1.  348 
1.  349 

1. 350 


4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


sin  x cos  x 


0.  96355 

81854 

17192 

96470 

135 

0.  26749 

88286 

.24587 

40699 

798 

0.96382 

52024 

22181 

85589 

331 

0.  26653 

51368 

50360 

07039 

695 

0. 96409 

12556 

02048 

64366 

761 

0.26557 

11785 

41018 

09469 

650 

0.  96435 

63446 

90740 

17032 

855 

0. 26460 

69546 

60519 

70890 

877 

0.  96462 

04694 

23167 

36927 

537 

0. 26364 

24661 

73088 

71318 

016 

0. 96488 

36295 

35205 

53009 

126 

0.  26267 

77140 

43213 

51456 

761 

0.  96514 

58247 

63694 

56266 

806 

0.26171 

26992 

35646 

16255 

031 

0.  96540 

70548 

46439 

26036- 

635 

0.  26074 

74227 

15401 

38427 

774 

0.  96566 

73195 

22209 

56221 

061 

0.25978 

18854 

47755 

61955 

494 

0.  96592 

66185 

30740 

81411 

924 

0. 25881 

60883 

98246 

05556 

626 

0.96618 

49516 

12734 

02916 

926 

0.25785 

00325 

32669 

66133 

818 

0.  96644 

23185 

09856 

14689 

520 

0.  25688 

37188 

17082 

22194 

242 

0.  96669 

87189 

64740 

29162 

218 

0.25591 

71482 

17797 

37244 

030 

0.  96695 

41527 

20986 

02983 

276 

0. 25495 

03217 

01385 

63156 

911 

0.  96720 

86195 

23159 

62656 

736 

0. 25398 

32402 

34673 

43517 

173 

0.  96746 

21191 

16794 

3Q085 

794 

0. 25301 

59047 

84742 

16937 

022 

0.  96771 

46512 

48390 

48019 

478 

0.25204 

83163 

18927 

20348 

457 

0.  96796 

62156 

65416 

05402 

607 

0.25108 

04758 

04816 

92269 

738 

0.  96821 

68121 

16306 

62628 

991 

0.25011 

23842 

10251 

76046 

556 

0.  96846 

64403 

50465 

76697 

879 

0.24914 

40425 

03323 

23067 

996 

0.  96871 

51001 

18265 

26273 

590 

0.  24817 

54516 

52372 

95957 

398 

0.  96896 

27911 

71045 

36648 

340 

0.  24720 

66126 

25991 

71738 

199 

0.  96920 

95132 

61115 

04608 

211 

0.  24623 

75263 

93018 

44974 

865 

0. 96945 

52661 

41752 

23202 

252 

0.  24526 

81939 

22539 

30889 

004 

0.  96970 

00495 

67204 

06414 

685 

0.  24429 

86161 

83886 

68450 

760 

0.  96994 

38632 

92687 

13740 

188 

0.  24332 

87941 

46638 

23445 

582 

0.97018 

67070 

74387 

74662 

236 

0.  24235 

87287 

80615 

91516 

463 

0.  97042 

85806 

69462 

13034 

465 

0.24138 

84210 

55885 

01181 

759 

0.  97066 

94838 

36036 

71365 

051 

0. 24041 

78719 

42753 

16828 

662 

0.97090 

94163 

33208 

35004 

060 

0.  23944 

70824 

11769 

41682 

448 

0.97114 

83779 

21044 

56233 

768 

0.  23847 

60534 

33723 

20751 

578 

0.  97138 

63683 

60583 

78261 

900 

0.23750 

47859 

79643 

43748 

768 

0.97162 

33874 

13835 

59117 

786 

0.23653 

32810 

20797 

47988 

097 

0.97185 

94348 

43780 

95451 

405 

0.23556 

15395 

28690 

21258 

288 

0.  97209 

45104 

14372 

46235 

282 

0.  23458 

95624 

75063 

04672 

221 

0.  97232 

86138 

90534 

56369 

230 

0.23361 

73508 

31892 

95492 

805 

0.  97256 

17450 

38163 

80187 

900 

0.  23264 

49055 

71391 

49935 

286 

0.  97279 

39036 

24129 

04871 

129 

0.23167 

22276 

66003 

85946 

099 

0.  97302 

50894 

16271 

73757 

046 

0.  23069 

93180 

88407 

85958 

358 

0.97325 

53021 

83406 

09557 

931 

0. 22972 

61778 

11512 

99624 

085 

0. 97348 

45416 

95319 

37478 

787 

0.  22875 

28078 

08459 

46523 

264 

0.  97371 

28077 

22772 

08238 

616 

0. 22777 

92090 

52617 

18849 

831 

0.  97394 

01000 

37498 

20994 

365 

0.22680 

53825 

17584 

84074 

691 

0.  97416 

64184 

12205 

46167 

522 

0.22583 

13291 

77188 

87585 

859 

0.  97439 

17626 

20575 

48173 

349 

0. 22485 

70500 

05482 

55305 

819 

0. 97461 

61324 

37264 

08052 

713 

0. 22388 

25459 

76744 

96286 

212 

0.  97483 

95276 

37901 

46006 

501 

0.  22290 

78180 

65480 

05279 

929 

0.  97506 

19479 

99092 

43832 

603 

0.  22193 

28672 

46415 

65290 

729 

0.  97528 

33932 

98416 

67265 

423 

0.  22095 

76944 

94502 

50100 

463 

0.  97550 

38633 

14428 

88217 

916 

0.21998 

23007 

84913 

26774 

007 

0. 97572 

33578 

26659 

06926 

111 

0.21900 

66870 

93041 

58142 

002 

["(-7)11  r(-8)31 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 

x sin  x cos  x 


1.  350 

0. 97572 

33578 

26659 

06926 

111 

0.21900 

66870 

93041 

58142 

002 

1.351 

0. 97594 

18766 

15612 

73996 

110 

0.  21803 

08543 

94501 

05261 

504 

1.352 

0.  97615 

94194 

62771 

12353 

536 

0.21705 

48036 

65124 

29854 

627 

1.353 

0.  97637 

59861 

50591 

39095 

407 

0.21607 

85358 

80961 

96725 

291 

1.  354 

0.  97659 

15764 

62506 

87244 

418 

0.21510 

20520 

18281 

76154 

163 

1.355 

0.  97680 

61901 

82927 

27405 

609 

0.21412 

53530 

53567 

46271 

899 

1.  356 

0. 97701 

98270 

97238 

89325 

386 

0.21314 

84399 

63517 

95410 

772 

1.  357 

0. 97723 

24869 

91804 

83352 

894 

0.21217 

13137 

25046 

24434 

790 

1.  358 

0.  97744 

41696 

53965 

21803 

706 

0.21119 

39753 

15278 

49048 

406 

1.  359 

0.  97765 

48748 

72037 

40225 

805 

0.21021 

64257 

11553 

02083 

908 

1.  360 

0.  97786 

46024 

35316 

18567 

849 

0.20923 

86658 

91419 

35767 

598 

1.  361 

0.97807 

33521 

34074 

02249 

690 

0.20826 

06968 

32637 

23964 

842 

1.  362 

0.  97828 

11237 

59561 

23135 

125 

0.20728 

25195 

13175 

64404 

112 

1.363 

0.  97848 

79171 

04006 

20406 

864 

0.  20630 

41349 

11211 

80880 

089 

1.  364 

0.  97869 

37319 

60615 

61343 

685 

0.20532 

55440 

05130 

25435 

952 

1.  365 

0.  97889 

85681 

23574 

61999 

774 

0.20434 

67477 

73521 

80524 

932 

1.  366 

0.97910 

24253 

88047 

07786 

196 

0.20336 

77471 

95182 

61151 

240 

1.  367 

-0.  97930 

53035 

50175 

73954 

516 

0.20238 

85432 

49113 

16990 

457 

1.  368 

0.  97950 

72024 

07082 

45982 

521 

0.20140 

91369 

14517 

34489 

495 

1.369 

0.  97970 

81217 

56868 

39862 

027 

0.20042 

95291 

70801 

38946 

217 

1.  370 

0.97990 

80613 

98614 

22288 

769 

0. 19944 

97209 

97572 

96568 

820 

1.  371 

0.  98010 

70211 

32380 

30754 

328 

0.  19846 

97133 

74640 

16515 

079 

1.  372 

0.  98030 

50007 

59206 

93540 

094 

0. 19748 

95072 

82010 

52911 

545 

1.  373 

0. 98050 

20000 

81114 

49613 

233 

0. 19650 

91036 

99890 

06852 

798 

1.  374 

0.98069 

80189 

01103 

68424 

652 

0. 19552 

85036 

08682 

28380 

853 

1.375 

0.  98089 

30570 

23155 

69608 

920 

0. 19454 

77079 

88987 

18444 

822 

1.  376 

0.  98108 

71142 

52232 

42586 

155 

0. 19356 

67178 

21600 

30840 

918 

1.377 

0.98128 

01903 

94276 

66065 

826 

0.19258 

55340 

87511 

74132 

912 

1.  378 

0.  98147 

22852 

56212 

27452 

479 

0.19160 

41577 

67905 

13553 

129 

1.  379 

0.98166 

33986 

45944 

42153 

343 

0. 19062 

25898 

44156 

72884 

094 

1.  380 

0.  98185 

35303 

72359 

72787 

813 

0. 18964 

08312 

97834 

36320 

915 

1.  381 

0.  98204 

26802 

45326 

48298 

791 

0. 18865 

88831 

10696 

50314 

508 

1.  382 

0.  98223 

08480 

75694 

82965 

850 

0. 18767 

67462 

64691 

25395 

757 

1.  383 

0.  98241 

80336 

75296 

95320 

221 

0. 18669 

44217 

41955 

37980 

715 

1.  384 

0.  98260 

42368 

56947 

26961 

571 

0. 18571 

19105 

24813 

32156 

930 

1.  385 

0.  98278 

94574 

34442 

61276 

561 

0. 18472 

92135 

95776 

21451 

016 

1.  386 

0.  98297 

36952 

22562 

42059 

162 

0. 18374 

63319 

37540 

90577 

542 

1.  387 

0.  98315 

69500 

37068 

92032 

708 

0. 18276 

32665 

32988 

97169 

360 

1.388 

0.98333 

92216 

94707 

31273 

673 

0. 18178 

00183 

65185 

73489 

451 

1.389 

0. 98352 

05100 

13205 

95537 

148 

0. 18079 

65884 

17379 

28124 

404 

1.  390 

0.98370 

08148 

11276 

54484 

004 

0. 17981 

29776 

72999 

47659 

616 

1.  391 

0.  98388 

01359 

08614 

29809 

722 

0. 17882 

91871 

15656 

98336 

311 

1.  392 

0.  98405 

84731 

25898 

13274 

870 

0. 17784 

52177 

29142 

27690 

484 

1.  393 

0.  98423 

58262 

84790 

84637 

20? 

0. 17686 

10704 

97424 

66173 

860 

1.394 

0.  98441 

21952 

07939 

29485 

405 

0. 17587 

67464 

04651 

28756 

976 

1.  395 

0.  98458 

75797 

18974 

56974 

360 

0. 17489 

22464 

35146 

16514 

467 

1.  396 

0.  98476 

19796 

42512 

17462 

083 

0. 17390 

75715 

73409 

18192 

681 

1.  397 

0.  98493 

53948 

04152 

20048 

145 

0.17292 

27228 

04115 

11759 

690 

1.  398 

0.  98510 

78250 

30479 

50013 

670 

0.17193 

77011 

12112 

65937 

830 

1.  399 

0.  98527 

92701 

49063 

86162 

846 

0. 17095 

25074 

82423 

41718 

833 

1.  400 

0.  98544 

97299 

88460 

18065 

947 

0. 16996 

71429 

00240 

93861 

675 

"(— 7)1]  [(_78)3] 
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Table  4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


x sin  * cos  x 


1. 400 

0.  98544 

97299 

88460 

18065 

947 

0. 16996 

71429 

00240 

93861 

675 

1.  401 

0.  98561 

92043 

78208 

63203 

840 

0. 16898 

16083 

50929 

72373 

233 

1.402 

0.  98578 

76931 

48834 

84013 

966 

0. 16799 

59048 

20024 

23971 

842 

1. 403 

0.  98595 

51961 

31850 

04837 

776 

0. 16701 

00332 

93227 

93533 

854 

1.404 

0.  98612 

17131 

59751 

28769 

609 

0. 16602 

39947 

56412 

25523 

303 

1.  405 

0.  98628 

72440 

66021 

54406 

982 

0.16503 

77901 

95615 

65404 

770 

1.  406 

0.  98645 

17886 

85129 

92502 

294 

0. 16405 

14205 

97042 

61039 

544 

1.407 

0.  98661 

53468 

52531 

82515 

912 

0.16306 

48869 

47062 

64065 

184 

1.408 

0.  98677 

79184 

04669 

09070 

631 

0.  16207 

81902 

32209 

31258 

571 

1.  409 

0.  98693 

95031 

78970 

18307 

486 

0. 16109 

13314 

39179 

25882 

568 

1.  410 

0.  98710 

01010 

13850 

34142 

909 

0. 16010 

43115 

54831 

19016 

356 

1.  411 

0.  98725 

97117 

48711 

74427 

198 

0. 15911 

71315 

66184 

90869 

577 

1.  412 

0.  98741 

83352 

23943 

67004 

304 

0.15812 

97924 

60420 

32080 

359 

1.  413 

0.  98757 

59712 

80922 

65672 

895 

0.15714 

22952 

24876 

44997 

336 

1.  414 

0.  98773 

26197 

62012 

66048 

706 

0.15615 

46408 

47050 

44945 

751 

1. 415 

0.  98788 

82805 

10565 

21328 

142 

0. 15516 

68303 

14596 

61477 

752 

1.416 

0.  98804 

29533 

70919 

57953 

120 

0.15417 

88646 

15325 

39606 

967 

1.417 

0.  98819 

66381 

88402 

91177 

144 

0. 15319 

07447 

37202 

41027 

471 

1.  418 

0.  98834 

93348 

09330 

40532 

586 

0. 15220 

24716 

68347 

45317 

231 

1.  419 

0.  98850 

10430 

81005 

45199 

170 

0.15121 

40463 

97033 

51126 

135 

1. 420 

0.  98865 

17628 

51719 

79273 

627 

0. 15022 

54699 

11685 

77348 

698 

1.  421 

0.  98880 

14939 

70753 

66940 

521 

0. 14923 

67432 

00880 

64281 

559 

1.  422 

0.  98895 

02362 

88375 

97544 

222 

0. 14824 

78672 

53344 

74765 

840 

1.  423 

0.  98909 

79896 

55844 

40562 

021 

0. 14725 

88430 

57953 

95314 

499 

1. 424 

0.  98924 

47539 

25405 

60478 

351 

0. 14626 

96716 

03732 

37224 

747 

1.  425 

0.  98939 

05289 

50295 

31560 

129 

0.14528 

03538 

79851 

37675 

648 

1. 426 

0. 98953 

53145 

84738 

52533 

174 

0. 14429 

08908 

75628 

60810 

986 

1. 427 

0.  98967 

91106 

83949 

61159 

714 

0. 14330 

12835 

80526 

98807 

514 

1.  428 

0.  98982 

19171 

04132 

48716 

941 

0. 14231 

15329 

84153 

72928 

666 

1.  429 

0.  98996 

37337 

02480 

74376 

619 

0. 14132 

16400 

76259 

34563 

848 

1. 430 

0.  99010 

45603 

37177 

79485 

729 

0. 14033 

16058 

46736 

66253 

390 

1.  431 

0.  99024 

43968 

67397 

01748 

121 

0.13934 

14312 

85619 

82699 

275 

1.  432 

0.  99038 

32431 

53301 

89307 

176 

0. 13835 

11173 

83083 

31761 

733 

1.  433 

0.  99052 

10990 

56046 

14729 

460 

0. 13736 

06651 

29440 

95441 

799 

1.  434 

0.  99065 

79644 

37773 

88889 

346 

0. 13637 

00755 

15144 

90849 

940 

1.435 

0.  99079 

38391 

61619 

74754 

605 

0. 13537 

93495 

30784 

71160 

849 

1.  436 

0.  99092 

87230 

91709 

01072 

941 

0. 13438 

84881 

67086 

26554 

495 

1.437 

0.  99106 

26160 

93157 

75959 

459 

0. 13339 

74924 

14910 

85143 

546 

1.  438 

0.99119 

55180 

32073 

00385 

060 

0. 13240 

63632 

65254 

13887 

244 

1.  439 

0.  99132 

74287 

75552 

81565 

735 

0. 13141 

51017 

09245 

19491 

852 

1.  440 

0.  99145 

83481 

91686 

46252 

760 

0. 13042 

37087 

38145 

49297 

752 

1.441 

0.  99158 

82761 

49554 

53923 

766 

0. 12943 

21853 

43347 

92153 

306 

1.  442 

0.  99171 

72125 

19229 

09874 

676 

0. 12844 

05325 

16375 

79275 

576 

1.  443 

0.99184 

51571 

71773 

78212 

505 

0. 12744 

87512 

48881 

85098 

002 

1.  444 

0.  99197 

21099 

79243 

94748 

990 

0.12645 

68425 

32647 

28105 

135 

1.  445 

0.  99209 

80708 

14686 

79795 

055 

0. 12546 

48073 

59580 

71654 

525 

1.  446 

0.  99222 

30395 

52141 

50856 

088 

0. 12447 

26467 

21717 

24785 

871 

1.  447 

0. 99234 

70160 

66639 

35228 

024 

0. 12348 

03616 

11217 

43017 

513 

1.  448 

0.  99247 

00002 

34203 

82494 

216 

0. 12248 

79530 

20366 

29130 

391 

1.  449 

0.  99259 

19919 

31850 

76923 

086 

0. 12149 

54219 

41572 

33939 

548 

1. 450 

0.99271 

29910 

37588 

49766 

535 

0. 12050 

27693 

67366 

57053 

287 

[-(-7)11  f(-8)2-| 
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CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS  Table  4.6 

x sin  * cos  x 


1.450 

0.  99271 

29910 

37588 

49766 

535 

0.12050 

27693 

67366 

57053 

287 

1.451 

0. 99283 

29974 

30417 

91459 

118 

0. 11950 

99962 

90401 

47620 

080 

1.  452 

0.  99295 

20109 

90332 

63717 

946 

0.11851 

71037 

03450 

05063 

327 

1.  453 

0.  99307 

00315 

98319 

11543 

325 

0. 11752 

40925 

99404 

79804 

068 

1.  454 

0.  99318 

70591 

36356 

75120 

114 

0.11653 

09639 

71276 

73971 

735 

1.  455 

0.  99330 

30934 

87418 

01619 

111 

0.11553 

77188 

12194 

42103 

061 

1.456 

0.99341 

81345 

35468 

56903 

143 

0. 11454 

43581 

15402 

91829 

237 

1.  457 

0.  99353 

21821 

65467 

37123 

830 

0. 11355 

08828 

74262 

84551 

407 

1.  458 

0.  99364 

52362 

63366 

80232 

355 

0.11255 

72940 

82249 

36104 

618 

1.  459 

0.  99375 

72967 

16112 

77380 

893 

0.11156 

35927 

32951 

17410 

313 

1.  460 

0. 99386 

83634 

11644 

84228 

683 

0.11056 

97798 

20069 

55117 

465 

1. 461 

0.  99397 

84362 

38896 

32148 

075 

0. 10957 

58563 

37417 

32232 

463 

1.  462 

0.  99408 

75150 

87794 

39331 

194 

0. 10858 

18232 

78917 

88737 

835 

1.  463 

0.  99419 

55998 

49260 

21797 

223 

0. 10758 

76816 

38604 

22199 

915 

1.  464 

0.  99430 

26904 

15209 

04300 

286 

0.10659 

34324 

10617 

88365 

556 

1. 465 

0.  99440 

87866 

78550 

31137 

923 

0. 10559 

90765 

89208 

01747 

983 

1.466 

0.  99451 

38885 

33187 

76860 

141 

0. 10460 

46151 

68730 

36201 

884 

1. 467 

0.  99461 

79958 

74019 

56879 

043 

0. 10361 

00491 

43646 

25487 

846 

1.  468 

0. 99472 

11085 

96938 

37979 

012 

0.10261 

53795 

08521 

63826 

230 

1.  469 

0.  99482 

32265 

98831 

48727 

437 

0. 10162 

06072 

58026 

06440 

584 

1. 470 

0.  99492 

43497 

77580 

89785 

993 

0. 10062 

57333 

86931 

70090 

698 

1. 471 

0.  99502 

44780 

32063 

44122 

430 

0.  09963 

07588 

90112 

33595 

391 

1.  472 

0.  99512 

36112 

62150 

87122 

898 

0.  09863 

56847 

62542 

38345 

147 

1.  473 

0.  99522 

17493 

68709 

96604 

762 

0. 09764 

05119 

99295 

88804 

678 

1.  474 

0.  99531 

88922 

53602 

62729 

932 

0.  09664 

52415 

95545 

53005 

525 

1.  475 

0.  99541 

50398 

19685 

97818 

664 

0.  09564 

98745 

46561 

63028 

806 

1.476 

0.  99551 

01919 

70812 

46063 

854 

0.  09465 

44118 

47711 

15478 

186 

1.  477 

0. 99560 

43486 

11829 

93145 

787 

0.  09365 

88544 

94456 

71943 

189 

1.  478 

0.  99569 

75096 

48581 

75747 

356 

0.  09266 

32034 

82355 

59452 

948 

1.  479 

0.  99578 

96749 

87906 

90969 

720 

0.  09166 

74598 

07058 

70920 

484 

1.  480 

0.99588 

08445 

37640 

05648 

408 

0.  09067 

16244 

64309 

65577 

623 

1.481 

0.  99597 

10182 

06611 

65569 

851 

0.  08967 

56984 

49943 

69400 

641 

1.482 

0.  99606 

01959 

04648 

04588 

337 

0.  08867 

96827 

59886 

75526 

752 

1. 483 

0.  99614 

83775 

42571 

53643 

374 

0.  08768 

35783 

90154 

44661 

519 

1.  484 

0.  99623 

55630 

32200 

49677 

461 

0.  08668 

73863 

36851 

05477 

303 

1.  485 

0.  99632 

17522 

86349 

44454 

246 

0.  08569 

11075 

96168 

55002 

845 

1. 486 

0.  99640 

69452 

18829 

13277 

079 

0.  08469 

47431 

64385 

59004 

070 

1.  487 

0. 99649 

11417 

44446 

63607 

933 

0.  08369 

82940 

37866 

52356 

240 

1.  488 

0.  99657 

43417 

79005 

43586 

693 

0.  08270 

17612 

13060 

39407 

518 

1.  489 

0.  99665 

65452 

39305 

50450 

815 

0.08170 

51456 

86499 

94334 

076 

1. 490 

0.  99673 

77520 

43143 

38855 

320 

0.  08070 

84484 

54800 

61486 

832 

1. 491 

0.  99681 

79621 

09312 

29093 

143 

0.  07971 

16705 

14659 

55729 

907 

1.  492 

0.  99689 

71753 

57602 

15215 

811 

0.  07871 

48128 

62854 

62770 

926 

1. 493 

0.  99697 

53917 

08799 

73054 

448 

0.  07771 

78764 

96243 

39483 

234 

1.494 

0.  99705 

26110 

84688 

68141 

099 

0.  07672 

08624 

11762 

14220 

152 

1. 495 

0.  99712 

88334 

08049 

63530 

364 

0. 07572 

37716 

06424 

87121 

354 

1.  496 

0.  99720 

40586 

02660 

27521 

334 

0.  07472 

66050 

77322 

30411 

478 

1.  497 

0.  99727 

82865 

93295 

41279 

821 

0.  07372 

93638 

21620 

88691 

060 

1.  498 

0.  99735 

15173 

05727 

06360 

877 

0.  07273 

20488 

36561 

79219 

898 

1.  499 

0.  99742 

37506 

66724 

52131 

595 

0.  07173 

46611 

19459 

92192 

943 

1.500 

0. 99749 

49866 

04054 

43094 

172 

0.  07073 

72016 

67702 

91008 

819 

7 J 7 
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Table 


1.500 

1.501 

1.502 

1.503 

1.504 

1.505 

1.506 

1.507 

1.508 

1.509 

1.  510 
1.511 
1.  512 
1.513 
1.  514 

1.515 

1.516 

1.517 

1.518 

1.519 

1.  520 
1.521 
1.  522 
1.  523 
1.  524 

1.  525 
1.  526 
1.  527 
1.528 
1.  529 

1.530 

1.531 

1.532 

1.533 
1.  534 

1.  535 
1.536 
1.  537 

1.538 

1.539 

1.  540 
1.  541 
1.  542 
1. 543 
1.  544 

1.  545 
1.  546 
1.  547 
1.  548 
1.  549 

1.  550 


4.6  CIRCULAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


sin  x 

0.99749  49866  04054 
0.99756  52250  46480 
0.99763  44659  23765 
0.99770  27091  66667 
0.99776  99547  06942 

0.99783  62024  77346 
0.99790  14524  11631 
0.99796  57044  44547 
0.99802  89585  11841 
0.99809  12145  50260 

0.99815  24724  97548 
0.99821  27322  92446 
0.99827  19938  74695 
0.99833  02571  85033 
0.99838  75221  65198 

0.99844  37887  57923 
0.99849  90569  06943 
0.99855  33265  56990 
0.99860  65976  53793 
0.99865  88701  44081 

0.99871  01439  75583 
0.99876  04190  97023 
0.99880  96954  58128 
0.99885  79730  09621 
0.99890  52517  03224 

0.99895  15314  91658 
0.99899  68123  28645 
0.99904  10941  68902 
0.99908  43769  68148 
0.99912  66606  83100 

0.99916  79452  71476 
0.99920  82306  91989 
0.99924  75169  04354 
0.99928  58038  69286 
0.99932  30915  48498 

0.99935  93799  04701 
0.  99939  46689  01607 
0.99942  89585  03928 
0.99946  22486  77374 
0.99949  45393  88654 

0.99952  58306  05479 
0.99955  61222  96555 
0.99958  54144  31593 
0.99961  37069  81300 
0.99964  09999  17383 

0.99966  72932  12550 
0.99969  25868  40506 
0.99971  68807  75959 
0.99974  01749  94615 
0.99976  24694  73179 

0.99978  37641  89356 


43094 

172 

0.  07073 

86109 

251 

0.  06973 

37519 

509 

0.  06874 

10173 

501 

0.  06774 

80349 

750 

0. 06674 

94581 

063 

0.  06574 

76379 

092 

0.  06475 

32859 

104 

0.  06375 

61264 

976 

0.  06275 

55394 

397 

0.  06175 

11924 

274 

0.  06075 

36636 

332 

0.  05976 

50542 

912 

0.  05876 

95912 

947 

0.  05776 

42198 

118 

0. 05676 

91859 

188 

0.  05576 

86092 

495 

0.  05476 

10456 

612 

0.  05377 

00399 

163 

0.  05277 

46683 

784 

0.05177 

00717 

231 

0.  05077 

79776 

634 

0.  04977 

72136 

872 

0.  04877 

42098 

089 

0.  04777 

34913 

328 

0. 04677 

81616 

285 

0.  04578 

03749 

180 

0.  04478 

17990 

729 

0. 04378 

40684 

234 

0.  04278 

92265 

762 

0.  04178 

01592 

427 

0.  04078 

10170 

755 

0.  03978 

76285 

152 

0.  03878 

79026 

436 

0.  03778 

22220 

463 

0.  03678 

38256 

819 

0.  03578 

91817 

592 

0.  03478 

83506 

202 

0.  03378 

53376 

306 

0.  03279 

84360 

752 

0.  03179 

05600 

596 

0.  03079 

95674 

180 

0.  02979 

85726 

242 

0.  02879 

62497 

095 

0.  02779 

71251 

832 

0.  02679 

18609 

586 

0. 02579 

75272 

821 

0.  02479 

78656 

660 

0.  02379 

35418 

249 

0.  02279 

23886 

150 

0.  02179 

96389 

761 

0.  02079 

COS  X 

72016  67702  91008  819 
96714  78750  12531  065 
20715  50131  67342  208 
44028  79447  39990  761 
66664  64365  89231  245 

88633  02623  48257  343 
09943  92023  24928  268 
30607  30434  01988  470 
50633  15789  37280  758 
70031  46086  63952  953 

88812  19385  90658  160 
06985  33809  01748  769 
24560  87538  57464  281 
41548  78816  94113  053 
57959  05945  24248  072 

73801  67282  36836  851 
89086  61243  97425  545 
03823  86301  48297  399 
18023  40981  08625  609 
31695  23862  74620  716 

44849  33579  19672  613 
57495  68814  94487  284 
69644  28305  27218  360 
81305  10835  23593  598 
92488  15238  67036  388 

03203  40397  18782  371 
13460  85239  17991  291 
23270  48738  81854  166 
32642  29915  05695  871 
41586  27830  63073  262 

50112  41591  05868  899 
58230  70343  64380  513 
65951  13276  47406  277 
73283  69617  42326  008 
80238  38633  15178  390 

86825  19628  10734  312 
93054  11943  52566  435 
98935  14956  43115  073 
04478  28078  63750  505 
09693  50755  74831  796 

14590  82466  15762  248 
19180  22720  05041  568 
23471  71058  40314  858 
27475  27051  98418  526 
31200  90300  35423  217 

34658  60430  86673  867 
37858  37097  66826  971 
40810  19980  69885  184 
43524  08784  69229  328 
46010  03238  17647  934 

48278  03092  47364  391 
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X 

1.  550 

0.  99978 

37641 

sin  x 
89356 

96389 

761 

0. 02079 

48278 

COS  x 
03092 

47364 

391 

1.  551 

0.  99980 

40591 

21853 

81488 

767 

0.  01979 

50338 

08120 

70061 

827 

1.  552 

0.  99982 

33542 

50374 

86102 

606 

0.  01879 

52200 

18116 

76905 

802 

1.  553 

0.  99984 

16495 

55624 

97539 

966 

0.  01779 

53874 

32894 

38564 

929 

1.  554 

0.  99985 

89450 

19308 

85428 

298 

0.  01679 

55370 

52286 

05229 

507 

1.  555 

0.  99987 

52406 

24131 

03543 

342 

0. 01579 

56698 

76142 

06628 

284 

1.  556 

0.  99989 

05363 

53795 

91538 

676 

0. 01479 

57869 

04329 

52043 

433 

1.  557 

0. 99990 

48321 

93007 

76575 

277 

0.  01379 

58891 

36731 

30323 

849 

1.  558 

0.  99991 

81281 

27470 

74851 

093 

0.  01279 

59775 

73245 

09896 

874 

1.  559 

0.  99993 

04241 

43888 

93030 

623 

0.  01179 

60532 

13782 

38778 

533 

1.560 

0.  99994 

17202 

29966 

29574 

517 

0.  01079 

61170 

58267 

44582 

392 

1.  561 

0.  99995 

20163 

74406 

75969 

172 

0.  00979 

61701 

06636 

34527 

146 

1.  562 

0.  99996 

13125 

66914 

17856 

344 

0.  00879 

62133 

58835 

95443 

014 

1.  563 

0.  99996 

96087 

98192 

36062 

758 

0.  00779 

62478 

14822 

93777 

062 

1.  564 

0.  99997 

69050 

59945 

07529 

731 

0. 00679 

62744 

74562 

75597 

546 

1.  565 

0.  99998 

32013 

44876 

06142 

794 

0.  00579 

62943 

38028 

66597 

372 

1.  566 

0.  99998 

84976 

46689 

03461 

318 

0.  00479 

63084 

05200 

72096 

784 

1.  567 

0. 99999 

27939 

60087 

6934.8 

142 

0.  00379 

63176 

76064 

77045 

359 

1.  568 

0. 99999 

60902 

80775 

72499 

201 

0.  00279 

63231 

50611 

46023 

436 

1.  569 

0.  99999 

83866 

05456 

80873 

162 

0.  00179 

63258 

28835 

23243 

059 

1.  570 

0.  99999 

96829 

31834 

62021 

053 

+0.  00079 

63267 

10733 

32548 

541 

1.  571 

0.  99999 

99792 

58612 

83315 

895 

-0.  00020 

36732 

03695 

22583 

254 

1.  572 

0. 99999 

92755 

85495 

12082 

337 

-0.  00120 

36729 

14450 

59042 

804 

1.  573 

0.  99999 

75719 

13185 

15626 

285 

-0.  00220 

36714 

21533 

14087 

901 

1.  574 

0.  99999 

48682 

43386 

61164 

539 

-0.  00320 

36677 

24944 

45343 

613 

1.  575 

0. 99999 

11645 

78803 

15654 

423 

-0.  00420 

36608 

24688 

30802 

109 

1.  576 

0. 99998 

64609 

23138 

45523 

419 

-0.  00520 

36497 

20771 

68822 

280 

1.  577 

0.  99998 

07572 

81096 

16298 

798 

-0.  00620 

36334 

13205 

78129 

029 

1.  578 

0. 99997 

40536 

58379 

92137 

261 

-0.  00720 

36109 

02006 

97812 

142 

1.579 

0. 99996 

63500 

61693 

35254 

568 

-0.  00820 

35811 

87197 

87324 

647 

1.  580 

0. 99995 

76464 

98740 

05255 

179 

-0.  00920 

35432 

68808 

26480 

539 

1.  581 

0.  99994 

79429 

78223 

58361 

895 

-0.  01020.  34961 

46876 

15451 

796 

1.  582 

0. 99993 

72395 

09847 

46545 

499 

-0.  01120 

34388 

21448 

74764 

568 

1.  583 

0.  99992 

55361 

04315 

16554 

408 

-0.  01220 

33702 

92583 

45294 

454 

1.  584 

0. 99991 

28327 

73330 

08844 

324 

-0.  01320 

32895 

60348 

88260 

743 

1.  585 

0. 99989 

91295 

29595 

56407 

893 

-0.  01420 

31956 

24825 

85219 

553 

1.  586 

0.  99988 

44263 

86814 

83504 

374 

-0.  01520 

30874 

86108 

38055 

737 

1.  587 

0.  99986 

87233 

59691 

04289 

313 

-0.  01620 

29641 

44304 

68973 

475 

1.  588 

0.  99985 

20204 

63927 

21344 

232 

-0.  01720 

28245 

99538 

20485 

440 

1.  589 

0.  99983 

43177 

16226 

24106 

322 

-0.  01820 

26678 

51948 

55400 

452 

1.  590 

0.99981 

56151 

34290 

87198 

158 

-0.  01920 

24929 

01692 

56809 

503 

1.  591 

0. 99979 

59127 

36823 

68657 

422 

-0.  02020 

22987 

48945 

28070 

065 

1.  592 

0. 99977 

52105 

43527 

08066 

646 

-0.  02120 

20843 

93900 

92788 

583 

1.  593 

0.  99975 

35085 

75103 

24582 

972 

-0.  02220 

18488 

36773 

94801 

039 

1.  594 

0. 99973 

08068 

53254 

14867 

933 

-0.  02320 

15910 

77799 

98151 

502 

1.  595 

0.  99970 

71054 

00681 

50917 

259 

-0. 02420 

13101 

17236 

87068 

552 

1.  596 

0.  99968 

24042 

41086 

77790 

702 

-0.  02520 

10049 

55365 

65939 

492 

1.  597 

0. 99965 

67033 

99171 

11241 

891 

-0.  02620 

06745 

92491 

59282 

234 

1.  598 

0. 99963 

00029 

00635 

35248 

219 

-0.  02720 

03180 

28945 

11714 

764 

1. 599 

0. 99960 

23027 

72179 

99440 

759 

-0.  02819 

99342 

65082 

87922 

093 

1.  600 

0. 99957 

36030 

41505 

16434 

211 

-0.  02919 

95223 

01288 

72620 

577 

(-7)  11  [(-9)81 

7 7 . 


For  £>1.6  see  Example  16. 

1=1.57079  63267  94896  61923  132 


*=3.14159  26535  89793  23846  264 
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Table  4.7 


RADIX  TABLE  OF  CIRCULAR  SINES  AND  COSINES 


X 

ii 

sin  alO 

—n 

cos  xlC 

)-n 

1 

10 

0. 00000 

00001 

ooooo 

ooooo 

ooooo 

0.  99999 

99999 

99999 

99999 

50000 

2 

10 

0.00000 

00002 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99998 

ooooo 

3 

10 

0. 00000 

00003 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99995 

50000 

4 

10 

0.  00000 

00004 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99992 

ooooo 

5 

10 

0.  00000 

00005 

ooooo 

ooooo 

ooooo 

0.  99999 

99999 

99999 

99987 

50000 

6 

10 

0. 00000 

00006 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99982 

ooooo 

7 

10 

0.  ooooo 

00007 

ooooo 

ooooo 

ooooo 

0.  99999 

99999 

99999 

99975 

50000 

8 

10 

0.00000 

00008 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99968 

ooooo 

9 

10 

0. ooooo 

00009 

ooooo 

ooooo 

ooooo 

0.99999 

99999 

99999 

99959 

50000 

1 

9 

0.00000 

00010 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99950 

ooooo 

2 

9 

o.  ooooo 

00020 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99800 

ooooo 

3 

9 

o.  ooooo 

00030 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99550 

ooooo 

4 

9 

o.  ooooo 

00040 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

99200 

ooooo 

5 

9 

o.  ooooo 

00050 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

98750 

ooooo 

6 

9 

o.  ooooo 

00060 

ooooo 

ooooo 

ooooo 

0. 99999 

99999 

99999 

98200 

ooooo 

7 

9 

0.00000 

00069 

99999 

99999 

99999 

0. 99999 

99999 

99999 

97550 

ooooo 

8 

9 

o.  ooooo 

00079 

99999 

99999 

99999 

0. 99999 

99999 

99999 

96800 

ooooo 

9 

9 

o. ooooo 

00089 

99999 

99999 

99999 

0.  99999 

99999 

99999 

95950 

ooooo 

1 

8 

0.00000 

00099 

99999 

99999 

99998 

0. 99999 

99999 

99999 

95000 

ooooo 

2 

8 

o. ooooo 

00199 

99999 

99999 

99987 

0.  99999 

99999 

99999 

80000 

ooooo 

3 

8 

o. ooooo 

00299 

99999 

99999 

99955 

0. 99999 

99999 

99999 

55000 

ooooo 

4 

8 

o.  ooooo 

00399 

99999 

99999 

99893 

0. 99999 

99999 

99999 

20000 

ooooo 

5 

8 

o. ooooo 

00499 

99999 

99999 

99792 

0. 99999 

99999 

99998 

75000 

ooooo 

6 

8 

o.  ooooo 

00599 

99999 

99999 

99640 

0. 99999 

99999 

99998 

20000 

ooooo 

7 

8 

0.00000 

00699 

99999 

99999 

99428 

0.  99999 

99999 

99997 

55000 

ooooo 

8 

8 

o. ooooo 

00799 

99999 

99999 

99147 

0.  99999 

99999 

99996 

80000 

ooooo 

9 

8 

0.00000 

00899 

99999 

99999 

98785 

0. 99999 

99999 

99995 

95000 

ooooo 

1 

7 

o. ooooo 

00999 

99999 

99999 

98333 

0. 99999 

99999 

99995 

ooooo 

ooooo 

2 

7 

o. ooooo 

01999 

99999 

99999 

86667 

0. 99999 

99999 

99980 

ooooo 

ooooo 

3 

7 

o. ooooo 

02999 

99999 

99999 

55000 

0. 99999 

99999 

99955 

ooooo 

ooooo 

4 

7 

o. ooooo 

03999 

99999 

99998 

93333 

0. 99999 

99999 

99920 

ooooo 

ooooo 

5 

7 

0.00000 

04999 

99999 

99997 

91667 

0. 99999 

99999 

99875 

ooooo 

ooooo 

6 

7 

o. ooooo 

05999 

99999 

99996 

40000 

0.  99999 

99999 

99820 

ooooo 

ooooo 

7 

7 

o.  ooooo 

06999 

99999 

99994 

28333 

0. 99999 

99999 

99755 

ooooo 

ooooo 

8 

7 

o. ooooo 

07999 

99999 

99991 

46667 

0. 99999 

99999 

99680 

ooooo 

ooooo 

9 

7 

o. ooooo 

08999 

99999 

99987 

85000 

0. 99999 

99999 

99595 

ooooo 

ooooo 

1 

6 

o. ooooo 

09999 

99999 

99983 

33333 

0.  99999 

99999 

99500 

ooooo 

ooooo 

2 

6 

o. ooooo 

19999 

99999 

99866 

66667 

0. 99999 

99999 

98000 

ooooo 

00007 

3 

6 

o.  ooooo 

29999 

99999 

99550 

ooooo 

0. 99999 

99999 

95500 

ooooo 

00034 

4 

6 

o. ooooo 

39999 

99999 

98933 

33333 

0. 99999 

99999 

92000 

ooooo 

00107 

5 

6 

o. ooooo 

49999 

99999 

97916 

66667 

0. 99999 

99999 

87500 

ooooo 

00260 

6 

6 

0.00000 

59999 

99999 

96400 

ooooo 

0. 99999 

99999 

82000 

ooooo 

00540 

7 

6 

o. ooooo 

69999 

99999 

94283 

33333 

0. 99999 

99999 

75500 

ooooo 

01000 

8 

6 

o. ooooo 

79999 

99999 

91466 

66667 

0. 99999 

99999 

68000 

ooooo 

01707 

9 

6 

o.  ooooo 

89999 

99999 

87850 

OOOOO 

0.  99999 

99999 

59500 

ooooo 

02734 

1 

5 

o.  ooooo 

99999 

99999 

83333 

33333 

0. 99999 

99999 

50000 

ooooo 

04167 

2 

5 

0. 00001 

99999 

99998 

66666 

66667 

0. 99999 

99998 

ooooo 

ooooo 

66667 

3 

5 

0. 00002 

99999 

99995 

50000 

00002 

0. 99999 

99995 

50000 

00003 

37500 

4 

5 

0. 00003 

99999 

99989 

33333 

33342 

0. 99999 

99992 

ooooo 

00010 

66667 

5 

5 

0. 00004 

99999 

99979 

16666 

66693 

0. 99999 

99987 

50000 

00026 

04167 

6 

5 

0.  00005 

99999 

99964 

ooooo 

00065 

0. 99999 

99982 

ooooo 

00054 

ooooo 

7 

5 

0.  00006 

99999 

99942 

83333 

33473 

0. 99999 

99975 

50000 

00100 

04167 

8 

5 

0.00007 

99999 

99914 

66666 

66940 

0. 99999 

99968 

ooooo 

00170 

66667 

9 

5 

0. 00008 

99999 

99878 

50000 

00492 

0. 99999 

99959 

50000 

00273 

37500 

1 

4 

0. 00009 

99999 

99833 

33333 

34167 

0. 99999 

99950 

ooooo 

00416 

66667 

2 

4 

0. 00019 

99999 

98666 

66666 

93333 

* 99999 

99800 

ooooo 

06666 

66666 

3 

4 

0. 00029 

99999 

95500 

00002 

02500 

0. 99999 

99550 

ooooo 

33749 

99990 

4 

4 

0. 00039 

99999 

89333 

33341 

86667 

0. 99999 

99200 

00001 

06666 

66610 

5 

4 

0. 00049 

99999 

79166 

66692 

70833 

0. 99999 

98750 

00002 

60416 

66450 

6 

4 

0. 00059 

99999 

64000 

00064 

80000 

0. 99999 

98200 

00005 

39999 

99352 

7 

4 

0. 00069 

99999 

42833 

33473 

39167 

0. 99999 

97550 

00010 

00416 

65033 

8 

4 

0. 00079 

99999 

14666 

66939 

73333 

0. 99999 

96800 

00017 

06666 

63026 

9 

4 

0. 00089 

99998 

78500 

00492 

07499 

0. 99999 

95950 

00027 

33749 

92619 

1 

3 

0.  00099 

99998 

33333 

34166 

66665 

0. 99999 

95000 

00041 

66666 

52778 

For 

w >10,  sin  .rlO 

~n  = .clO 

n ; cos  .rl0— n = 

! 1 

-1  2 

l*210 — 2ri; 

to  25D. 

From  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  the  circular  sine  and  cosine  to 
radian  arguments,  Memoirs  of  the  National  Academy  of  Sciences,  vol.  14,  Fifth  Memoir.  U.S. 
Government  Printing  Office,  Washington,  D.C.,  1921  (with  permission). 
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Table  4.8 

X 

sin  x 

cos  X 

0 

0.  00000 

00000 

00000 

00000 

000 

1.  00000 

00000 

00000 

00000 

000 

1 

+0.  84147 

09848 

07896 

50665 

250 

+0.  54030 

23058 

68139 

71740 

094 

2 

+0.90929 

74268 

25681 

69539 

602 

-0.  41614 

68365 

47142 

38699 

757 

3 

+0.14112 

00080 

59867 

22210 

074 

-0.  98999 

24966 

00445 

45727 

157 

4 

-0.  75680 

24953 

07928 

25137 

264 

-0.  65364 

36208 

63611 

91463 

917 

5 

-0.95892 

42746 

63138 

46889 

315 

+0.  28366 

21854 

63226 

26446 

664 

6 

-0.  27941 

54981 

98925 

87281 

156 

+0.96017 

02866 

50366 

02054 

565 

7 

+0.  65698 

65987 

18789 

09039 

700 

+0.  75390 

22543 

43304 

63814 

120 

8 

+0.  98935 

82466 

23381 

77780 

812 

-0.  14550 

00338 

08613 

52586 

884 

9 

+0.  41211 

84852 

41756 

56975 

627 

-0.91113 

02618 

84676 

98836 

829 

10 

-0.  54402 

11108 

89369 

81340 

475 

-0.  83907 

15290 

76452 

45225 

886 

11 

-0.  99999 

02065 

50703 

45705 

156 

+0.  00442 

56979 

88050 

78574 

836 

12 

-0.  53657 

29180 

00434 

97166 

537 

+0. 84385 

39587 

32492 

10465 

396 

13 

+0.  42016 

70368 

26640 

92186 

896 

+0.  90744 

67814 

50196 

21385 

269 

14 

+0.  99060 

73556 

94870 

30787 

535 

+0. 13673 

72182 

07833 

59424 

893 

15 

+0.  65028 

78401 

57116 

86582 

974 

-0. 75968 

79128 

58821 

27384 

815 

16 

-0.  28790 

33166 

65065 

29478 

446 

-0.  95765 

94803 

23384 

64189 

964 

17 

-0.  96139 

74918 

79556 

85726 

164 

-0.  27516 

33380 

51596 

92222 

034 

18 

-0.  75098 

72467 

71676 

10375 

016 

+0.  66031 

67082 

44080 

14481 

610 

19 

+0. 14987 

72096 

62952 

32975 

424 

+0. 98870 

46181 

86669 

25289 

835 

20 

+0.  91294 

52507 

27627 

65437 

610 

+0.  40808 

20618 

13391 

98606 

227 

21 

+0.  83665 

56385 

36056 

03186 

648 

-0.  54772 

92602 

24268 

42138 

427 

22 

-0.  00885 

13092 

90403 

87592 

169 

-0.  99996 

08263 

94637 

12645 

417 

23 

-0. 84622 

04041 

75170 

63524 

133 

-0.  53283 

30203 

33397 

55521 

576 

24 

-0.  90557 

83620 

06623 

84513 

579 

+0.  42417 

90073 

36996 

97593 

705 

25 

-0.13235 

17500 

97773 

02890 

201 

+0.  99120 

28118 

63473 

59808 

329 

26 

+0.76255 

84504 

79602 

73751 

582 

+0.  64691 

93223 

28640 

34272 

138 

27 

+0.  95637 

59284 

04503 

01343 

254 

-0.29213 

88087 

33836 

19337 

140 

28 

+0.  27090 

57883 

07869 

01998 

634 

-0.  96260 

58663 

13566 

60197 

545 

29 

-0.  66363 

38842 

12967 

50215 

117 

-0.  74805 

75296 

89000 

35176 

519 

30 

-0.  98803 

16240 

92861 

78998 

775 

+0.  15425 

14498 

87584 

05071 

866 

31 

-0.  40403 

76453 

23065 

00604 

877 

+0.  91474 

23578 

04531 

27896 

244 

32 

+0.  55142 

66812 

41690 

55066 

156 

+0.  83422 

33605 

06510 

27221 

553 

33 

+0.  99991 

18601 

07267 

14572 

808 

-0.  01327 

67472 

23059 

47891 

522 

34 

+0.  52908 

26861 

20023 

82083 

249 

-0.  84857 

02747 

84605 

18659 

997 

35 

-0.  42818 

26694 

96151 

00440 

675 

-0.  90369 

22050 

91506 

75984 

730 

36 

-0.  99177 

88534 

43115 

73683 

529 

-0.  12796 

36896 

27404 

68102 

833 

37 

-0.  64353 

81333 

56999 

46068 

567 

+0.  76541 

40519 

45343 

35649 

108 

38 

+0.  29636 

85787 

09385 

31739 

230 

+0.  95507 

36440 

47294 

85758 

654 

39 

+0.  96379 

53862 

84087 

75326 

066 

+0.  26664 

29323 

59937 

25152 

683 

40 

+0.  74511 

31604 

79348 

78698 

771 

-0.  66693 

80616 

52261 

84438 

409 

41 

-0. 15862 

26688 

04708 

98710 

332 

-0.  98733 

92775 

23826 

45822 

883 

42 

-0.  91652 

15479 

15633 

78589 

899 

-0.  39998 

53149 

88351 

29395 

471 

43 

-0.  83177 

47426 

28598 

28820 

958 

+0.  55511 

33015 

20625 

67704 

483 

44 

+0.  01770 

19251 

05413 

57780 

795 

+0. 99984 

33086 

47691 

22006 

901 

45 

+0.  85090 

35245 

34118 

42486 

238 

+0.  52532 

19888 

17729 

69604 

746 

46 

+0.90178 

83476 

48809 

18503 

329 

-0.43217 

79448 

84778 

29495 

278 

47 

+0.  12357 

31227 

45224 

00406 

153 

-0.  99233 

54691 

50928 

71827 

975 

48 

-0.  76825 

46613 

23666 

79904 

497 

-0.  64014 

43394 

69199 

73131 

294 

49 

-0.  95375 

26527 

59471 

81836 

042 

+0.  30059 

25437 

43637 

08368 

703 

50 

-0.  26237 

48537 

03928 

78591 

439 

+0.  96496 

60284 

92113 

27406 

896 

From  C.  E.  Van  Orstrand,  Tables  of  the  exponential  function  and  of  the  circular  sine  and  cosine  to 

radian  arguments,  Memoirs  of  the  National  Academy  of  Sciences,  vol. 

14,  Fifth  Memoir.  U.S. 

Government  Printing  Office,  Washington,  D.C.,  1921  (with  permission)  for  x<  100. 
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x sin  x cos  x 


50 

-0.  26237 

48537 

03928 

78591 

439 

+0.  96496 

60284 

92113 

27406 

896 

51 

+0.  67022 

91758 

43374 

73449 

435 

+0.  74215 

41968 

13782 

53946 

738 

52 

+0. 98662 

75920 

40485 

29658 

757 

-0. 16299 

07807 

95705 

48100 

333 

53 

+0.  39592 

51501 

81834 

18150 

339 

-0.  91828 

27862 

12118 

89119 

973 

54 

-0.  55878 

90488 

51616 

24581 

787 

-0.  82930 

98328 

63150 

14772 

785 

55 

-0. 99975 

51733 

58619 

83659 

863 

+0.  02212 

67562 

61955 

73456 

356 

56 

-0.  52155 

10020 

86911 

88018 

741 

+0. 85322 

01077 

22584 

11396 

968 

57 

+0.  43616 

47552 

47824 

95908 

053 

+0.  89986 

68269 

69193 

78650 

300 

58 

+0.  99287 

26480 

84537 

11816 

509 

+0.11918  *01354 

48819 

28543 

584 

59 

+0.  63673 

80071 

39137 

88077 

123 

-0.  77108 

02229 

75845 

22938 

744 

60 

-0.  30481 

06211 

02216 

70562 

565 

-0.  95241 

29804 

15156 

29269 

382 

61 

-0.  96611 

77700 

08392 

94701 

829 

-0.  25810 

16359 

38267 

44570 

121 

62 

-0.73918 

06966 

49222 

86727 

602 

+0.  67350 

71623 

23586 

25288 

783 

63 

+0.16735 

57003 

02806 

92152 

784 

+0.  98589 

65815 

82549 

69743 

864 

64 

+0.  92002 

60381 

96790 

68335 

154 

+0.  39185 

72304 

29550 

00516 

171 

65 

+0.  82682 

86794 

90103 

46771 

021 

. -0. 56245 

38512 

38172 

03106 

212 

66 

-0.  02655 

11540 

23966 

79446 

384 

-0.  99964 

74559 

66349 

96483 

045 

67 

-0.  85551 

99789 

75322 

25899 

683 

-0.  51776 

97997 

89505 

06565 

339 

68 

-0.  89792 

76806 

89291 

26040 

073 

+0.  44014 

30224 

96040 

70593 

105 

69 

-0. 11478 

48137 

83187 

22054 

507 

+0. 99339 

03797 

22271 

63756 

155 

70 

+0.  77389 

06815 

57889 

09778 

733 

+0.  63331 

92030 

86299 

83233 

201 

71 

+0.95105 

46532 

54374 

63665 

657 

-0.  30902 

27281 

66070 

70291 

749 

72 

+0.  25382 

33627 

62036 

27306 

903 

-0.  96725 

05882 

73d82 

48729 

171 

73 

-0.  67677 

19568 

87307 

62215 

498 

-0.  73619 

27182 

27315 

96016 

815 

74 

-0.  98514 

62604 

68247 

37085 

189 

+0. 17171 

73418 

30777 

55609 

845 

75 

-0.  38778 

16354 

09430 

43773 

094 

+0.  92175 

12697 

24749 

31639 

230 

76 

+0.  56610 

76368 

98180 

32361 

028 

+0.  82433 

13311 

07557 

75991 

501 

77 

+0.  99952 

01585 

80731 

24386 

610 

-0.  03097 

50317 

31216 

45752 

196 

78 

+0.  51397 

84559 

87535 

21169 

609 

-0.  85780 

30932 

44987 

85540 

835 

79 

-0.  44411 

26687 

07508 

36850 

760 

-0.  89597 

09467 

90963 

14833 

703 

80 

-0.  99388 

86539 

23375 

18973 

081 

-0. 11038 

72438 

39047 

55811 

787 

81 

-0.  62988 

79942 

74453 

87856 

521 

+0.  77668 

59820 

21631 

15768 

342 

82 

+0.  31322 

87824 

33085 

15263 

353 

+0.  94967 

76978 

82543 

20471 

326 

83 

+0.96836 

44611 

00185 

40435 

015 

+0. 24954 

01179 

73338 

12437 

735 

84 

+0.73319 

03200 

73292 

16636 

321 

-0.  68002 

34955 

87338 

79542 

720 

85 

-0.17607 

56199 

48587 

07696 

212 

-0.  98437 

66433 

94041 

89491 

821 

86 

-0.  92345 

84470 

04059 

80260 

163 

-0.  38369 

84449 

49741 

84477 

893 

87 

-0.  82181 

78366 

30822 

54487 

211 

+0.  56975 

03342 

65311 

92000 

851 

88 

+0.  03539 

83027 

33660 

68362 

543 

+0.  99937 

32836 

95124 

65698 

442 

89 

+0.  86006 

94058 

12453 

22683 

685 

+0.  51017 

70449 

41668 

89902 

379 

90 

+0.  89399 

66636 

00557 

89051 

827 

-0.  44807 

36161 

29170 

15236 

548 

91 

+0. 10598 

75117 

51156 

85002 

021 

-0.  99436 

74609 

28201 

52610 

672 

92 

-0.  77946 

60696 

15804 

68855 

400 

-0.  62644 

44479 

10339 

06880 

027 

93 

-0.  94828 

21412 

69947 

23213 

104 

+0.  31742 

87015 

19701 

64974 

551 

94 

-0. 24525 

19854 

67654 

32522 

044 

+0.  96945 

93666 

69987 

60380 

439 

95 

+0.  68326 

17147 

36120 

98369 

958 

+0.73017 

35609 

94819 

66479 

352 

96 

+0.  98358 

77454 

34344 

85760 

773 

-0. 18043 

04492 

91083 

95011 

850 

97 

+0.  37960 

77390 

27521 

69648 

192 

-0.  92514 

75365 

96413 

89170 

475 

98 

-0.  57338 

18719 

90422 

88494 

922 

-0.  81928 

82452 

91459 

25267 

566 

99 

-0.  99920 

68341 

86353 

69443 

272 

+0.  03982 

08803 

93138 

89816 

180 

100 

-0.  50636 

56411 

09758 

79365 

656 

+0.  86231 

88722 

87683 

93410 

194 
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X 

sm  x 

COS  X 

X 

sm  x 

COS  X 

100 

-0.50636  564 

+0.86231  887 

150 

-0.  71487 

643 

+0.69925  081 

101 

+0.45202  579 

+0.89200  487 

151 

+0.  20214 

988 

+0.97935  460 

102 

+0.99482  679 

+0.  10158  570 

152 

+0.  93332 

052 

+0.  35904  429 

103 

+0.62298  863 

-0.78223  089 

153 

+0.  80640 

058 

-0.59136  968 

104 

-0.32162  240 

-0.94686  801 

154 

-0.  06192 

034 

-0.99808  109 

105 

-0.97053  528 

-0.24095  905 

155 

-0.  87331 

198 

-0.48716  135 

106 

-0.72714  250 

+0.68648  655 

156 

-0.  88178 

462 

+0.47165  229 

107 

+0.18478  174 

+0.98277  958 

157 

-0.  07954 

854 

+0.99683  099 

108 

+0.92681  851 

+0.37550  960 

158 

+0.  79582 

410 

+0.60552  787 

109 

+0.81674  261 

-0.57700  218 

159 

+0.  93951 

973 

-0.34249  478 

110 

-0.04424  268 

-0.99902  081 

160 

+0. 21942 

526 

-0.97562  931 

111 

-0.86455  145 

-0.50254  432 

161 

-0.  70240 

779 

-0.71177  476 

112 

-0.88999  560 

+0.45596  910 

162 

-0.  97845 

035 

+0.20648  223 

113 

-0.09718  191 

+0.99526  664 

163 

-0.  35491 

018 

+0.93490  040 

114 

+0.78498  039 

+0.61952  061 

164 

+0.  59493 

278 

+0.80377  546 

115 

+0.94543  533 

-0.32580  981 

165 

+0.  99779 

728 

-0.06633  694 

116 

+0.23666  139 

-0.97159  219 

166 

+0. 48329 

156 

-0.87545  946 

117 

-0.  68969  794 

-0.72409  720 

167 

-0.  47555 

019 

-0.87968  859 

118 

-0.98195  217 

+0.18912  942 

168 

-0.  99717 

329 

-0.  07513  609 

119 

-0.37140  410 

+0.92847  132 

169 

-0.  60199 

987 

+0.79849  619 

120 

+0.58061  118 

+0.81418  097 

170 

+0.  34664 

946 

+0.93799  475 

121 

+0.99881  522 

-0.04866  361 

171 

+0.  97659 

087 

+0.21510  527 

122 

+0.49871  315 

-0.  86676  709 

172 

+0.  70865 

914 

-0.70555  101 

123 

-0.45990  349 

-0.88796  891 

173 

-0.21081 

053 

-0.97752  694 

124 

-0.99568  699 

-0.09277  620 

174 

-0.  93646 

197 

-0. 35076  911 

125 

-0.  61604  046 

+0.78771  451 

175 

-0.  80113 

460 

+0.59848  422 

126 

+0.32999  083 

+0.94398  414 

176 

+0.  07075 

224 

+0.99749  392 

127 

+0.97263  007 

+0.23235  910 

177 

+0.  87758 

979 

+0.47941  231 

128 

+0.72103  771 

-0.69289  582 

178 

+0.  87757 

534 

-0.47943  877 

129 

-0.19347  339 

-0.98110  552 

179 

+0.  07072 

217 

-0.99749  605 

130 

-0.93010  595 

-0.36729  133 

180 

-0.  80115 

264 

-0.59846  007 

131 

-0.81160  339 

+0.58420  882 

181 

-0.  93645 

140 

+0.  35079  734 

132 

+0.05308  359 

+0.99859  007 

182 

-0.  21078 

107 

+0.97753  329 

133 

+0.86896  576 

+0.49487  222 

183 

+0.  70868 

041 

+0.70552  964 

134 

+0.88592  482 

-0.46382  887 

184 

+0.  97658 

438 

-0.21513  471 

135 

+0.  08836  869 

-0.99608  784 

185 

+0.  34662 

118 

-0.93800  520 

136 

-0.79043  321 

-0.61254  824 

186 

-0.  60202 

394 

-0.79847  804 

137 

-0.94251  445 

+0.33416  538 

187 

-0. 99717 

102 

+0.07516  615 

138 

-0.22805  226 

+0.97364  889 

188 

-0.  47552 

367 

+0.87970  293 

139 

+0.  69608  013 

+0.71796  410 

189 

+0. 48331 

795 

+0.87544  489 

140 

+0.98023  966 

-0.19781  357 

190 

+0.  99779 

928 

+0.  06630  686 

141 

+0.  36317  137 

-0.93172  236 

191 

+0. 59490 

855 

-0.80379  339 

142 

-0.58779  501 

-0.80900  991 

192 

-0.  35493 

836 

-0.93488  971 

143 

-0.99834  536 

+0.05750  253 

193 

-0. 97845 

657 

-0.20645  273 

144 

-0.49102  159 

+0.87114  740 

194 

-0.  70238 

633 

+0.71179  593 

145 

+0.46774  516 

+0.88386  337 

195 

+0.  21945 

467 

+0.97562  270 

146 

+0.99646  917 

+0.08395  944 

196 

+0.  93953 

006 

+0.34246  646 

147 

+0.60904  402 

-0.79313  642 

197 

+0.  79580 

584 

-0.60555  186 

148 

-0.33833  339 

-0.94102  631 

198 

-0.  07957 

859 

-0.99682  859 

149 

-0.97464  865 

-0.22374  095 

199 

-0.  88179 

884 

-0.47162  571 

150 

-0.71487  643 

+0.69925  081 

200 

-0.  87329 

730 

+0.48718  768 
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X 

sm  x 

COS  X 

X 

sin  x 

COS  X 

200 

-0.  87329 

730 

+0.  48718 

768 

250 

-0.  97052 

802 

+0.  24098 

831 

201 

-0.  06189 

025 

+0.  99808 

296 

251 

-0.  32159 

386 

+0.  94687 

771 

202 

+0.  80641 

841 

+0.59134 

538 

252 

+0.  62301 

221 

+0.  78221 

211 

203 

+0.  93330 

970 

-0.  35907 

242 

253 

+0.  99482 

373 

-0. 10161 

569 

204 

+0.20212 

036 

-0.  97936 

069 

254 

+0.  45199 

890 

-0.  89201 

850 

205 

-0.71489 

751 

-0.  69922 

926 

255 

-0.  50639 

163 

-0.  86230 

361 

206 

-0. 97464 

190 

+0.  22377 

033 

256 

-0.  99920 

803 

-0.  03979 

076 

207 

-0.  33830 

503 

+0.  94103 

651 

257 

-0.  57335 

717 

+0.  81930 

553 

208 

+0.  60906 

793 

+0.  79311 

806 

258 

+0.  37963 

563 

+0.  92513 

609 

209 

+0.  99646 

664 

-0.  08398 

947 

259 

+0.  98359 

318 

+0. 18040 

080 

210 

+0.  46771 

852 

-0.  88387 

747 

260 

+0.  68323 

970 

-0. 73019 

416 

211 

-0.49104 

785 

-0.  87113 

260 

261 

-0.  24528 

121 

-0.  96945 

197 

212 

-0.  99834 

709 

-0.  05747 

243 

262 

-0.  94829 

171 

-0.  31740 

012 

213 

-0.  58777 

062 

+0.  80902 

763 

263 

-0.  77944 

719 

+0.  62646 

794 

214 

+0.  36319 

945 

+0.93171 

141 

264 

+0.10601 

749 

+0.  99436 

427 

215 

+0.  98024 

562 

+0. 19778 

403 

265 

+0.  89401 

017 

+0.  44804 

667 

216 

+0.  69605 

849 

-0.  71798 

508 

266 

+0.  86005 

403 

-0.  51020 

297 

217 

-0.22808 

161 

-0.  97364 

202 

267 

+0.  03536 

818 

-0.  99937 

435 

218 

-0.  94252 

453 

-0.  33413 

697 

268 

-0.  82183 

501 

-0. 56972 

556 

219 

-0.  79041 

474 

+0.  61257 

207 

269 

-0.  92344 

688 

+0.  38372 

628 

220 

+0.  08839 

871 

+0.  99608 

517 

270 

-0. 17604 

595 

+0.  98438 

195 

221 

+0.  88593 

880 

+0.  46380 

216 

271 

+0.  73321 

082 

+0.  68000 

139 

222 

+0.  86895 

084 

-0. 49489 

841 

272 

+0.  96835 

694 

-0.  24956 

931 

223 

+0.  05305 

349 

-0.  99859 

167 

273 

+0.  31320 

015 

-0.  94968 

714 

224 

-0.  81162 

100 

-0.  58418 

435 

274 

-0.  62991 

141 

-0.  77666 

699 

225 

-0.  93009 

488 

+0.  36731 

937 

275 

-0.  99388 

533 

+0. 11041 

7210 

226 

-0. 19344 

382 

+0.  98111 

135 

276 

-0.  44408 

566 

+0.  89598 

43r3 

227 

+0.  72105 

860 

+0.  69287 

409 

277 

+0.  51400 

431 

+0.  85778 

760 

228 

+0.  97262 

306 

-0.23238 

842 

278 

+0.  99952 

109 

+0.03094 

490 

229 

+0.  32996 

237 

-0.  94399 

409 

279 

+0.  56608 

279 

-0.  82434 

840 

230 

-0.  61606 

420 

-0.  78769 

594 

280 

-0.  38780 

942 

-0.  92173 

958 

231 

-0.  99568 

419 

+0.09280 

622 

281 

-0.  98515 

144 

-0. 17168 

765 

232 

-0. 45987 

672 

+0. 88798 

277 

282 

-0.  67674 

976 

+0.  73621 

312 

233 

+0.  49873 

928 

+0.  86675 

206 

283 

+0.  25385 

252 

+0.  96724 

294 

234 

+0.  99881 

669 

+0.  04863 

350 

284 

+0.  95106 

397 

+0.  30899 

406 

235 

+0.  58058 

664 

-0.  81419 

847 

285 

+0.  77387 

159 

-0.  63334 

253 

236 

-0.  37143 

209 

-0.  92846 

012 

286 

-0. 11481 

476 

-0.  99338 

692 

237 

-0.  98195 

787 

-0. 18909 

982 

287 

-0.  89794 

095 

-0.  44011 

595 

238 

-0.  68967 

611 

+0.  72411 

799 

288 

-0.  85550 

437 

+0.  51779 

559 

239 

+0.  23669 

068 

+0.  97158 

506 

289 

-0.  02652 

102 

+0.  99964 

826 

240 

+0.  94544 

515 

+0.  32578 

131 

290 

+0. 82684 

563 

+0.  56242 

893 

241 

+0.  78496 

171 

-0.  61954 

428 

291 

+0.  92001 

423 

-0.  39188 

496 

242 

-0.  09721 

191 

-0.  99526 

371 

292 

+0. 16732 

598 

-0.  98590 

163 

243 

-0.  89000 

935 

-0.  45594 

228 

293 

-0.  73920 

100 

-0.  67348 

488 

244 

-0.  86453 

630 

+0.  50257 

038 

294 

-0.  96610 

999 

+0.25813 

076 

245 

-0. 04421 

256 

+0.  99902 

215 

295 

-0.  30478 

191 

+0.  95242 

217 

246 

+0.  81676 

000 

+0.  57697 

756 

296 

+0.  63676 

125 

+0.  77106 

103 

247 

+0.92680 

719 

-0.  37553 

754 

297 

+0.  99286 

906 

-0. 11921 

006 

248 

+0. 18475 

212 

-0.  98278 

515 

298 

+0.  43613 

763 

-0.  89987 

997 

249 

-0.  72716 

319 

-0.  68646 

463 

299 

-0.  52157 

672 

-0.  85320 

439 

250 

-0.  97052 

802 

+0.  24098 

831 

300 

-0. 99975 

584 

-0.  02209 

662 
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X 

sm  x 

COS  X 

X 

sm  x 

COS  X 

300 

-0.  99975 

584 

-0.  02209 

662 

350 

-0.95893 

283 

-0.  28363 

328 

301 

-0.  55876 

405 

+0.  82932 

668 

351 

-0. 75678 

279 

+0. 65366 

643 

302 

+0.  39595 

283 

+0.  91827 

085 

352 

+0. 14114 

985 

+0. 98998 

824 

303 

+0.  98663 

250 

+0. 16296 

104 

353 

+0. 90930 

997 

+0.  41611 

943 

304 

+0.  67020 

680 

-0.  74217 

440 

354 

+0.  84145 

470 

-0.  54032 

767 

305 

-0.  26240 

394 

-0.  96495 

812 

355 

-0. 00003 

014 

-1.  00000 

000 

306 

-0.  95376 

171 

-0.  30056 

379 

356 

-0. 84148 

727 

-0.  54027 

694 

307 

-0.  76823 

536 

+0.  64016 

750 

357 

-0. 90928 

488 

+0.  41617 

425 

308 

+0.  12360 

304 

+0.99233 

174 

358 

-0. 14109 

017 

+0.  98999 

675 

309 

+0.  90180 

137 

+0. 43215 

076 

359 

+0.  75682 

220 

+0.  65362 

081 

310 

+0.  85088 

769 

-0.  52534 

764 

360 

+0. 95891 

572 

-0.  28369 

109 

311 

+0.  01767 

179 

-0.  99984 

384 

361 

+0. 27938 

655 

-0.  96017 

871 

312 

-Q.  83179 

148 

-0.  55508 

823 

362 

-0.  65700 

932 

-0.  75388 

245 

313 

-0.91650 

949 

+0.  40001 

294 

363 

-0.  98935 

386 

+0. 14552 

986 

314 

-0.  15859 

291 

+0.  98734 

406 

364 

-0.  41209 

102 

+0.  91114 

268 

315 

+0.  74513 

326 

+0.  66691 

560 

365 

+0.  54404 

640 

+0.  83905 

513 

316 

+0.  96378 

735 

-0. 26667 

199 

366 

+0.  99999 

007 

-0.  00445 

584 

317 

+0.  29633 

979 

-0.  95508 

258 

367 

+0.  53654 

748 

-0. 84387 

013 

318 

-0.  64356 

121 

-0.  76539 

465 

368 

-0.  42019 

439 

-0.  90743 

412 

319 

-0.99177 

500 

+0. 12799 

359 

369 

-0.  99061 

148 

-0. 13670 

736 

320 

-0.  42815 

543 

+0.  90370 

511 

370 

-0.  65026 

494 

+0.75970 

752 

321 

+0.  52910 

827 

+0.  84855 

433 

371 

+0.28793 

218 

+0.  95765 

080 

322 

+0.  99991 

226 

+0.  01324 

661 

372 

+0.96140 

579 

+0.27513 

436 

323 

+0.55140 

153 

-0.  83423 

998 

373 

+0.  75096 

734 

-0.  66033 

935 

324 

-0.  40406 

522 

-0.  91473 

018 

374 

-0. 14990 

701 

-0. 98870 

010 

325 

-0.98803 

627 

-0. 15422 

167 

375 

-0.91295 

755 

-0.  40805 

454 

326 

-0.  66361 

133 

+0.  74807 

753 

376 

-0.  83663 

913 

+0.  54775 

448 

327 

+0.  27093 

481 

+0.  96259 

770 

377 

+0.  00888 

145 

+0. 99996 

056 

328 

+0.  95638 

473 

+0.  29210 

998 

378 

+0.  84623 

647 

+0.  53280 

751 

329 

+0.76253 

895 

-0.  64694 

231 

379 

+0. 90556 

557 

-0. 42420 

631 

330 

-0.13238 

163 

-0.  99119 

882 

380 

+0. 13232 

187 

-0. 99120 

680 

331 

-0.  90559 

115 

-0. 42415 

171 

381 

-0.  76257 

795 

-0.  64689 

634 

332 

-0.  84620 

434 

+0.  53285 

853 

382 

-0.  95636 

712 

+0.  29216 

764 

333 

-Q.  00882 

117 

+0. 99996 

109 

383 

-0.  27087 

677 

+0. 96261 

403 

334 

+0.  83667 

215 

+0.  54770 

404 

384 

+0.  66365 

643 

+0.  74803 

752 

335 

+0.91293 

295 

-0.  40810 

958 

385 

+0.  98802 

697 

-0. 15428 

123 

336 

+0. 14984 

741 

-0.  98870 

914 

386 

+0. 40401 

007 

-0.  91475 

454 

337 

-0.75100 

715 

-0.  66029 

407 

387 

-0.  55145 

183 

-0.  83420 

674 

338 

-0.  96138 

920 

+0.  27519 

232 

388 

-0. 99991 

146 

+0.01330 

689 

339 

-0.  28787 

445 

+0.  95766 

816 

389 

-0.  52905 

711 

+0.  84858 

622 

340 

+0. 65031 

074 

+0.  75966 

831 

390 

+0.  42820 

991 

+0.  90367 

930 

341 

+0.  99060 

323 

-0. 13676 

708 

391 

+0.  99178 

271 

+0. 12793 

379 

342 

+0.42013 

968 

-0.90745 

945 

392 

+0.  64351 

506 

-0. 76543 

345 

343 

-0.  53659 

836 

-0.  84383 

778 

393 

-0.  29639 

737 

-0.  95506 

471 

344 

-0.  99999 

034 

-0.  00439 

555 

394 

-0.  96380 

342 

-0. 26661 

388 

345 

-0.  54399 

582 

+0.  83908 

793 

395 

-0.  74509 

306 

+0.  66696 

052 

346 

+0.  41214 

595 

+0.91111 

784 

396 

+0. 15865 

243 

+0.  98733 

450 

347 

+0.  98936 

263 

+0. 14547 

021 

397 

+0.  91653 

361 

+0.  39995 

769 

348 

+0.  65696 

387 

-0.  75392 

206 

398 

+0.  83175 

801 

-0.  55513 

837 

349 

-0. 27944 

444 

-0.96016 

186 

399 

-0.  01773 

206 

-0.  99984 

277 

350 

-0. 95893 

283 

-0.  28363 

328 

400 

-0.  85091 

936 

-0. 52529 

634 
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X 

sm  x 

COS  X 

X 

sm  x 

COS  X 

400 

-0.85091  936 

-0.52529 

634 

450 

-0.68328  373 

-0.73015  296 

401 

-0.90177  532 

+0.  43220 

513 

451 

-0.98358  231 

+0.18046  010 

402 

-0.12354  321 

+0. 99233 

919 

452 

-0.37957  985 

+0.92515  898 

403 

+0.76827  396 

+0. 64012 

118 

453 

+0.57340  657 

+0.81927  096 

404 

+0.95374  359 

-0.  30062 

129 

454 

+0.99920  563 

-0.03985  100 

405 

+0.26234  577 

-0.  96497 

394 

455 

+0.50633  965 

-0.86233  414 

406 

-0.67025  155 

-0.  74213 

399 

456 

-0.45205  268 

-0.89199  124 

407 

-0.98662  268 

+0. 16302 

052 

457 

-0.99482  985 

-0.10155  572 

408 

-0.  39589  747 

+0.91829 

472 

458 

-0.62296  505 

+0.78224  967 

409 

+0.55881  405 

+0.  82929 

299 

459 

+0.32165  095 

+0.94685  832 

410 

+0.99975  451 

-0.  02215 

689 

460 

+0.97054  255 

+0.24092  979 

411 

+0.52152  528 

-0.  85323 

583 

461 

+0.72712  181 

-0.68650  847 

412 

-0.43619  188 

-0. 89985 

368 

462 

-0.18481  137 

-0.98277  401 

413 

-0.99287  624 

-0. 11915 

021 

463 

-0.92682  982 

-0.37548  166 

414 

-0.63671  476 

+0. 77109 

942 

464 

-0.81672  521 

+0.57702  680 

415 

+0.30483  933 

+0.  95240 

379 

465 

+0.04427  279 

+0.99901  948 

416 

+0.96612  555 

+0.  25807 

251 

466 

+0.86456  660 

+0.50251  826 

417 

+0.73916  039 

-0.  67352 

944 

467 

+0.88998  186 

-0.45599  593 

418 

-0.16738  542 

-0. 98589 

154 

468 

+0.  09715  190 

-0.99526  957 

419 

-0.92003  785 

-0.  39182 

950 

469 

-0.78499  906 

-0.61949  695 

420 

-0.82681  172 

+0.  56247 

878 

470 

-0.94542  551 

+0.  32583  830 

421 

+0.02658  129 

+0. 99964 

666 

471 

-0.23663  211 

+0.97159  932 

422 

+0.85553  559 

+0.  51774 

401 

472 

+0.68971  977 

+0.72407  641 

423 

+0.89791  441 

-0.  44017 

009 

473 

+0.98194  647 

-0. 18915  902 

424 

+0.11475  487 

-0.99339 

384 

474 

+0.37137  611 

-0.92848  252 

425 

-0.77390  977 

-0.  63329 

587 

475 

-0.58063  573 

-0.81416  347 

426 

-0.95104  534 

+0.  30905 

140 

476 

-0.99881  376 

+0.04869  372 

427 

-0.25379  421 

+0.96725 

824 

477 

-0.49868  703 

+0.86678  212 

428 

+0.67679  415 

+0. 73617 

232 

478 

+0.45993  026 

+0.88795  504 

429 

+0.98514  108 

-0.17174 

704 

479 

+0.99568  978 

+0.09274  619 

430 

+0.38775  385 

-0.  92176 

296 

480 

+0.61601  671 

-0.78773  308 

431 

-0.56613  249 

-0.  82431 

427 

481 

-0.33001  928 

-0.94397  419 

432 

-0.99951  922 

+0.03100 

516 

482 

-0.97263  707 

-0.23232  978 

433 

-0.51395  260 

+0.  85781 

859 

483 

-0.72101  682 

+0.  69291  756 

434 

+0.44413  968 

+0. 89595 

756 

484 

+0.19350  297 

+0.98109  969 

435 

+0.99389  198 

+0.11035 

728 

485 

+0.93011  702 

+0.36726  329 

436 

+0.62986  458 

-0.  77670 

497 

486 

+0.81158  578 

-0.58423  328 

437 

-0.31325  741 

-0.  94966 

826 

487 

-0.05311  369 

-0.99858  847 

438 

-0.96837  198 

-0.  24951 

093 

488 

-0.86898  067 

-0.49484  603 

439 

-0.73316  982 

+0. 68004 

560 

489 

-0.88591  083 

+0.46385  557 

440 

+0.17610  529 

+0.  98437 

134 

490 

-0.08833  866 

+0.99609  050 

441 

+0.92347  001 

+0.  38367 

061 

491 

+0.79045  167 

+0.61252  441 

442 

+0.82180  066 

-0.  56977 

511 

492 

+0.94250  438 

-0.33419  379 

443 

-0.03542  843 

-0.  99937 

222 

493 

+0.22802  291 

-0.97365  577 

444 

-0.86008  478 

-0.  51015 

112 

494 

-0.69610  177 

-0.71794  312 

445 

-0.89398  316 

+0.  44810 

056 

495 

-0.98023  370 

+0.19784  312 

446 

-0.  10595  754 

+0. 99437 

066 

496 

-0.36314  328 

+0.93173  331 

447 

+0.77948  495 

+0.  62642 

095 

497 

+0.58781  939 

+0.80899  219 

448 

+0.94827  257 

-0. 31745 

729 

498 

+0.99834  363 

-0.  05753  262 

449 

+0.24522  276 

-0.  96946 

676 

499 

+0.49099  533 

-0.87116  220 

450 

-0.68328  373 

-0.73015 

296 

500 

-0.46777  181 

-0.88384  927 
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X 

sm  x 

COS  X 

X 

sm  x 

COS  X 

500 

-0. 46777 

181 

-0.  88384 

927 

550 

-0.  21948 

408 

-0.  97561 

608 

501 

-0.  99647 

170 

-0.  08392 

940 

551 

-0. 93954 

038 

-0.  34243 

814 

502 

-0.  60902 

Oil 

+0.  79315 

478 

552 

-0.  79578 

759 

+0.  60557 

585 

503 

+0.  33836 

176 

+0.  94101 

611 

553 

+0.  07960 

864 

+0.  99682 

620 

504 

+0. 97465 

539 

+0.  22371 

157 

554 

+0.  88181 

305 

+0. 47159 

913 

505 

+0.  71485 

535 

-0.  69927 

236 

555 

+0.  87328 

261 

-0. 48721 

400 

506 

-0.20217 

940 

-0.  97934 

850 

556 

+0.  06186 

016 

-0.  99808 

483 

507 

-0.  93333 

135 

-0.  35901 

615 

557 

-0.  80643 

623 

-0.  59132 

107 

508 

-0.  80638 

275 

+0.59139 

399 

558 

-0.  93329 

888 

+0.  35910 

055 

509 

+0.  06195 

042 

+0.  99807 

923 

559 

-0.  20209 

084 

+0.  97936 

678 

510 

+0.  87332 

667 

+0.  48713 

502 

560 

+0.  71491 

859 

+0.  69920 

771 

511 

+0.  88177 

040 

-0. 47167 

887 

561 

+0.  97463 

516 

-0. 22379 

971 

512 

+0.  07951 

849 

-0.  99683 

339 

562 

+0.  33827 

666 

-0.  94104 

671 

513 

-0.  79584 

235 

-0.  60550 

389 

563 

-0.  60909 

184 

-0.  79309 

970 

514 

-0.  93950 

941 

+0. 34252 

310 

564 

-0. 99646 

411 

+0.  08401 

951 

515 

-0.21939 

585 

+0.  97563 

593 

565 

-0.  46769 

187 

+0.  88389 

157 

516 

+0.  70242 

924 

+0.  71175 

358 

566 

+0.  49107 

411 

+0.  87111 

780 

517 

+0.  97844 

413 

-0.  20651 

172 

567 

+0.  99834 

883 

+0.  05744 

234 

518 

+0.  35488 

199 

-0.  93491 

110 

568 

+0.  58774 

623 

-0.  80904 

534 

519 

-0.  59495 

701 

-0.  80375 

753 

569 

-0.  36322 

754 

-0.  93170 

046 

520 

-0.  99779 

528 

+0.  06636 

701 

570 

-0.  98025 

158 

-0. 19775 

448 

521 

-0.  48326 

517 

+0.  87547 

403 

571 

-0.  69603 

684 

+0.  71800 

607 

522 

+0.  47557 

670 

+0.  87967 

426 

572 

+0.  22811 

096 

+0. 97363 

514 

523 

+0.  99717 

555 

+0.  07510 

603 

573 

+0.  94253 

460 

+0.  33410 

856 

524 

+0.  60197 

580 

-0.  79851 

433 

574 

+0.  79039 

628 

-0.  61259 

589 

525 

-0.  34667 

773 

-0.  93798 

430 

575 

-0.  08842 

874 

-0.  99608 

251 

526 

-0.  97659 

735 

-0.  21507 

583 

576 

-0.  88595 

278 

-0. 46377 

546 

527 

-0.  70863 

787 

+0.  70557 

237 

577 

-0.  86893 

592 

+0.  49492 

461 

528 

+0.  21084 

000 

+0.  97752 

059 

578 

-0.  05302 

338 

+0.  99859 

327 

529 

+0.  93647 

255 

+0.  35074 

088 

579 

+0.  81163 

861 

+0.  58415 

989 

530 

+0.  80111 

655 

r0.  59850 

837 

580 

+0. 93008 

380 

-0.  36734 

740 

531 

-0.  07078 

230 

-0.  99749 

179 

581 

+0. 19341 

424 

-0.98111 

719 

532 

-0.  87760 

424 

-0.  47938 

586 

582 

-0.  72107 

948 

-0.  69285 

235 

533 

-0.  87756 

088 

+0. 47946 

522 

583 

-0.  97261 

606 

+0.  23241 

774 

534 

-0.  07069 

210 

+0.  99749 

818 

584 

-0.  32993 

391 

+0. 94400 

403 

535 

+0.  80117 

068 

+0.  59843 

592 

585 

+0.  61608 

795 

+0.  78767 

737 

536 

+0. 93644 

083 

-0.  35082 

557 

586 

+0.  99568 

139 

-0.  09283 

623 

537 

+0.21075 

160 

-0.  97753 

965 

587 

+0.  45984 

996 

-0.  88799 

663 

538 

-0. 70870 

168 

-0.  70550 

828 

588 

-0.  49876 

541 

-0.  86673 

702 

539 

-0. 97657 

790 

+0.21516 

415 

589 

-0.  99881 

816 

-0.  04860 

339 

540 

-0.  34659 

290 

+0.  93801 

565 

590 

-0.  58056 

210 

+0.  81421 

597 

541 

+0.60204 

801 

+0.  79845 

989 

591 

+0.  37146 

008 

+0.  92844 

893 

542 

+0.  99716 

876 

-0.  07519 

621 

592 

+0.  98196 

357 

+0. 18907 

022 

543 

+0.  47549 

715 

-0.  87971 

726 

593 

+0.  68965 

428 

-0.  72413 

878 

544 

-0.  48334 

434 

-0.  87543 

032 

594 

-0.23671 

997 

-0.  97157 

792 

545 

-0.  99780 

128 

-0.  06627 

678 

595 

-0.  94545 

497 

-0.  32575 

281 

546 

-0.  59488 

432 

+0.  80381 

133 

596 

-0.  78494 

304 

+0.  61956 

794 

547 

+0.  35496 

654 

+0. 93487 

901 

597 

+0.  09724 

191 

+0.  99526 

078 

548 

+0.  97846 

280 

+0. 20642 

324 

598 

+0.  89002 

309 

+0. 45591 

545 

549 

+0.  70236 

487 

-0.  71181 

710 

599 

+0.  86452 

115 

-0.  50259 

644 

550 

-0.  21948 

408 

-0.  97561 

608 

600 

+0. 04418 

245 

-0.  99902 

348 
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Table  4.8  CIRCULAR  SINES  AND  COSINES  FOR  LARGE  RADIAN  ARGUMENTS 


X 

sm  x 

COS  X 

X 

sin  x 

COS  X 

600 

+0.04418  245 

-0.99902  348 

650 

+0.  30475 

320 

-0.95243  136 

601 

-0.81677  739 

-0.57695  294 

651 

-0.  63678 

449 

-0.77104  183 

602 

-0.92679  586 

+0.37556  547 

652 

-0.  99286 

546 

+0.11923  999 

603 

-0.18472  249 

+0.98279  072 

653 

-0.  43611 

050 

+0.89989  312 

604 

+0.72718  389 

+0.68644  271 

654 

+0. 52160 

244 

+0.85318  866 

605 

+0.97052  075 

-0.24101  756 

655 

+0.  99975 

651 

+0.02206  648 

606 

+0.32156  532 

-0.94688  740 

656 

+0.  55873 

905 

-0.82934  352 

607 

-0.62303  579 

-0.78219  333 

657 

-0.  39598 

051 

-0.91825  891 

608 

-0.99482  067 

+0.10164  568 

658 

-0.  98663 

742 

-0.16293  130 

609 

-0.45197  201 

+0.89203  212 

659 

-0.  67018 

443 

+0.74219  460 

610 

+0.50641  763 

+0.86228  834 

660 

+0.  26243 

303 

+0.96495  021 

611 

+0.99920  923 

+0.03976  064 

661 

+0.  95377 

077 

+0.30053  504 

612 

+0.57333  248 

-0.81932  281 

662 

+0.  76821 

607 

-0.64019  066 

613 

-0.37966  351 

-0.92512  465 

663 

-0. 12363 

295 

-0.99232  802 

614 

-0.98359  862 

-0.18037  115 

664 

-0.  90181 

440 

-0.43212  358 

615 

-0.68321  769 

+0.73021  475 

665 

-0.  85087 

185 

+0.52537  329 

616 

+0.24531  043 

+0.96944  458 

666 

-0.  01764 

165 

+0.99984  437 

617 

+0.94830  128 

+0.31737  153 

667 

+0.  83180 

821 

+0.55506  315 

618 

+0.77942  830 

-0.62649  144 

668 

+0.  91649 

743 

-0.40004  057 

619 

-0.10604  746 

-0.99436  107 

669 

+0. 15856 

314 

-0.98734  884 

620 

-0.89402  368 

-0.44801  972 

670 

-0.  74515 

337 

-0.66689  314 

621 

-0.86003  865 

+0.51022  890 

671 

-0.  96377 

931 

+0.26670  104 

622 

-0.03533  805 

+0.99937  542 

672 

-0. 29631 

100 

+0.95509  151 

623 

+0.82185  218 

+0.56970  079 

673 

+0.  64358 

428 

+0.76537  525 

624 

+0.92343  531 

-0.38375  412 

674 

+0.  99177 

114 

-0.12802  348 

625 

+0.17601  627 

-0.98438  726 

675 

+0. 42812 

819 

-0.90371  802 

626 

-0.73323  132 

-0.67997  929 

676 

-0.  52913 

384 

-0.84853  838 

627 

-0.96834  941 

+0.24959  850 

677 

-0.  99991 

266 

-0.01321  646 

628 

-0.31317  153 

+0.94969  658 

678 

-0.55137 

639 

+0.83425  660 

629 

+0.62993  482 

+0.77664  801 

679 

+0.  40409 

279 

+0.91471  800 

630 

+0.99388  200 

-0.11044  716 

680 

+0.  98804 

092 

+0.15419  188 

631 

+0.44405  865 

-0.89599  772 

681 

+0.  66358 

878 

-0.74809  754 

632 

-0.51403  017 

-0.85777  210 

682 

-0.  27096 

382 

-0.96258  953 

633 

-0.99952  202 

-0.03091  477 

683 

-0.  95639 

354 

-0.29208  115 

634 

-0.56605  794 

+0.82436  546 

684 

-0.  76251 

945 

+0.64696  529 

635 

+0.38783  721 

+0.92172  789 

685 

+0. 13241 

151 

+0.99119  483 

636 

+0.98515  661 

+0.17165  795 

686 

+0. 90560 

393 

+0.42412  441 

637 

+0.67672  757 

-0.73623  352 

687 

+0. 84618 

828 

-0.53288  404 

638 

-0.25388  168 

-0.96723  528 

688 

+0.  00879 

102 

-0.99996  136 

639 

-0.95107  328 

-0.30896  539 

689 

-0.  83668 

866 

-0.54767  882 

640 

-0.77385  250 

+0.63336  586 

690 

-0. 91292 

065 

+0.40813  710 

641 

+0.11484  470 

+0.99338  346 

691 

-0. 14981 

760 

+0.98871  365 

642 

+0.89795  421 

+0.44008  889 

692 

+0. 75102 

706 

+0.66027  143 

643 

+0.85548  876 

-0.51782  138 

693 

+0.  96138 

090 

-0.27522  130 

644 

+0.02649  089 

-0.99964  905 

694 

+0.  28784 

558 

-0.95767  684 

645 

-0.82686  259 

-0.56240  400 

695 

-0.  65033 

364 

-0.75964  871 

646 

-0.92000  241 

+0.39191  270 

696 

-0. 99059 

911 

+0.13679  694 

647 

-0.16729  626 

+0.98590  667 

697 

-0. 42011 

233 

+0.90747  211 

648 

+0.73922  130 

+0.67346  260 

698 

+0.  53662 

379 

+0.84382  161 

649 

+0.96610  221 

-0.25815  988 

699 

+0.  99999 

047 

+0.004^6  541 

650 

+0.30475  320 

-0.95243  136 

700 

+0.  54397 

052 

-0.83910  433 
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X 

sin  x 

COS  X 

X 

sin  x 

COS  X 

700 

+0.  54397 

052 

-0.  83910 

433 

750 

+0.  74507 

295 

-0.  66698 

298 

701 

-0.41217 

342 

-0.91110 

541 

751 

-0. 15868 

219 

-0.  98732 

971 

702 

-0.  98936 

702 

-0. 14544 

039 

752 

-0.  91654 

566 

-0.  39993 

006 

703 

-0.  65694 

115 

+0.  75394 

186 

753 

-0.  83174 

127 

+0.  55516 

345 

704 

+0.  27947 

339 

+0.  96015 

344 

754 

+0.  01776 

220 

+0. 99984 

224 

705 

+0.  95894 

137 

+0.  28360 

437 

755 

+0.  85093 

519 

+0.52527 

069 

706 

+0.  75676 

309 

-0.  65368 

925 

756 

+0.90176 

229 

-0.43223 

231 

707 

-0. 14117 

969 

-0.  98998 

399 

757 

+0.12351 

330 

-0. 99234 

292 

708 

-0.  90932 

251 

-0.  41609 

202 

758 

-0.  76829 

325 

-0.  64009 

802 

709 

-0.  84143 

841 

+0.  54035 

304 

759 

-0.95373 

453 

+0.  30065 

004 

710 

+0.  00006 

029 

+1.  00000 

000 

760 

-0.  26231 

668 

+0.  96498 

184 

711 

+0.  84150 

356 

+0.  54025 

157 

761 

+0.  67027 

392 

+0.  74211 

379 

712 

+0.  90927 

234 

-0.41620 

166 

762 

+0.  98661 

776 

-0. 16305 

026 

713 

+0. 14106 

032 

-0.  99000 

100 

763 

+0.  39586 

979 

-0.  91830 

665 

714 

-0.  75684 

190 

-0.  65359 

799 

764 

-0.  55883 

905 

-0. 82927 

614 

715 

-0.95890 

717 

+0.  28372 

000 

765 

-0.  99975 

384 

+0. 02218 

703 

716 

-0.  27935 

761 

+0.  96018 

713 

766 

-0.  52149 

956 

+0.  85325 

155 

717 

+0.  65703 

205 

+0.  75386 

264 

767 

+0.  43621 

901 

+0.  89984 

053 

718 

+0.  98934 

947 

-0.  14555 

968 

768 

+0. 99287 

983 

+0. 11912 

028 

719 

+0.  41206 

355 

-0.91115 

511 

769 

+0.  63669 

152 

-0.  77111 

861 

720 

-0.  54407 

170 

-0.  83903 

873 

770 

-0. 30486 

804 

-0. 95239 

460 

721 

-0.  99998 

994 

+0.  00448 

599 

771 

-0.  96613 

333 

-0.  25804 

339 

722 

-0.  53652 

204 

+0.  84388 

631 

772 

-0.  73914 

009 

+0. 67355 

173 

723 

+0.  42022 

174 

+0.  90742 

145 

773 

+0. 16741 

514 

+0.  98588 

649 

724 

+0.  99061 

560 

+0. 13667 

750 

774 

+0.  92004 

966 

+0. 39180 

176 

725 

+0.  65024 

204 

-0.  75972 

712 

775 

+0.  82679 

477 

-0. 56250 

370 

726 

-0.  28796 

105 

-0.  95764 

212 

776 

-0.  02661 

142 

-0.  99964 

585 

727 

-0.  96141 

408 

-0.  27510 

538 

111 

-0.  85555 

119 

-0. 51771 

822 

728 

-0. 75094 

744 

+0.  66036 

198 

778 

-0.  89790 

114 

+0. 44019 

716 

729 

+0. 14993 

682 

+0.98869 

558 

779 

-0. 11472 

492 

+0. 99339 

730 

730 

+0.  91296 

985 

+0.  40802 

702 

780 

+0.  77392 

886 

+0.  63327 

255 

731 

+0.  83662 

262 

-0.  54777 

970 

781 

+0.  95103 

602 

-0.  30908 

007 

732 

-0.00891 

160 

-0.  99996 

029 

782 

+0.  25376 

505 

-0.  96726 

589 

733 

-0. 84625 

253 

-0.  53278 

200 

783 

-0.  67681 

634 

-0.  73615 

192 

734 

-0.  90555 

279 

+0. 42423 

360 

784 

-0.  98513 

591 

+0. 17177 

673 

735 

-0.13229 

199 

+0.  99121 

079 

785 

-0. 38772 

606 

+0. 92177 

465 

736 

+0.  76259 

745 

+0.  64687 

335 

786 

+0.  56615 

733 

+0. 82429 

720 

737 

+0.  95635 

831 

-0.  29219 

647 

787 

+0.  99951 

829 

-0.  03103 

529 

738 

+0.  27084 

775 

-0.  96262 

220 

788 

+0.  51392 

674 

-0.  85783 

408 

739 

-0.  66367 

898 

-0. 74801 

752 

789 

-0.  44416 

668 

-0.  89594 

417 

740 

-0.  98802 

232 

+0. 15431 

102 

790 

-0.  99389 

531 

-0. 11032 

732 

741 

-0.  40398 

250 

+0.  91476 

672 

791 

-0.  62984 

117 

+0.  77672 

396 

742 

+0.  55147 

697 

+0.  83419 

Oil 

792 

+0.  31328 

604 

+0. 94965 

881 

743 

+0.  99991 

106 

-0. 01333 

703 

793 

+0.  96837 

950 

+0.  24948 

174 

744 

+0.  52903 

153 

-0. 84860 

217 

794 

+0.  73314 

932 

-0.  68006 

770 

745 

-0.  42823 

715 

-0.  90366 

639 

795 

-0. 17613 

497 

-0. 98436 

603 

746 

-0.  99178 

657 

-0. 12790 

390 

796 

-0.  92348 

158 

-0.  38364 

277 

747 

-0.  64349 

199 

+0. 76545 

285 

797 

-0.  82178 

349 

+0.  56979 

988 

748 

+0.  29642 

616 

+0.  95505 

577 

798 

+0.  03545 

855 

+0.  99937 

115 

749 

+0.  96381 

146 

+0.  26658 

483 

799 

+0.  86010 

016 

+0.  51012 

519 

750 

+0.  74507 

295 

-0.  66698 

298 

800 

+0.  89396 

965 

-0.  44812 

751 
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X 

sm  x 

COS  X 

X 

sin  x 

COS  X 

800 

+0.  89396 

965 

-0.  44812 

751 

850 

+0.  98022 

773 

-0. 19787 

267 

801 

+0. 10592 

756 

-0.  99437 

385 

851 

+0.  36311 

519 

-0.  93174 

426 

802 

-0.  77950 

384 

-0.  62639 

745 

852 

-0. 58784 

378 

-0.  80897 

447 

803 

-0.  94826 

300 

+0.  31748 

587 

853 

-0. 99834 

189 

+0.  05756 

271 

804 

-0.  24519 

354 

+0.  96947 

415 

854 

-0. 49096 

907 

+0.  87117 

700 

805 

+0.  68330 

573 

+0.  73013 

237 

855 

+0.  46779 

845 

+0. 88383 

517 

806 

+0.  98357 

687 

-0. 18048 

975 

856 

+0. 99647 

423 

+0.  08389 

936 

807 

+0.  37955 

196 

-0.  92517 

042 

857 

+0.  60899 

620 

-0.  79317 

314 

808 

-0.  57343 

126 

-0. 81925 

368 

858 

-0.  33839 

013 

-0.  94100 

591 

809 

-0.  99920 

443 

+0.  03988 

112 

859 

-0.97466 

214 

-0.  22368 

219 

810 

-0.  50631 

365 

+0.  86234 

940 

860 

-0.  71483 

427 

+0.  69929 

390 

811 

+0.  45207 

956 

+0. 89197 

762 

861 

+0.20220 

893 

+0.  97934 

241 

812 

+0.  99483 

291 

+0.10152 

573 

862 

+0.  93334 

217 

+0.  35898 

802 

813 

+0.  62294 

147 

-0. 78226 

845 

863 

+0.  80636 

493 

-0.  59141 

830 

814 

-0.  32167 

949 

-0.  94684 

862 

864 

-0.  06198 

051 

-0.  99807 

736 

815 

-0. 97054 

981 

-0.  24090 

054 

865 

-0.  87334 

135 

-0. 48710 

870 

816 

-0.  72710 

111 

+0.  68653 

039 

866 

-0.  88175 

618 

+0.  47170 

545 

817 

+0. 18484 

099 

+0.  98276 

844 

867 

-0.  07948 

845 

+0. 99683 

579 

818 

+0. 92684 

114 

+0.  37545 

372 

868 

+0.  79586 

060 

+0.  60547 

989 

819 

+0.  81670 

782 

-0.  57705 

142 

869 

+0.  93949 

908 

-0.  34255 

142 

820 

-0.  04430 

291 

-0.  99901 

814 

870 

+0.  21936 

644 

-0.  97564 

254 

821 

-0.  86458 

174 

-0.  50249 

220 

871 

-0.  70245 

070 

-0.71173 

241 

822 

-0.  88996 

811 

+0. 45602 

276 

872 

-0.  97843 

790 

+0.  20654 

122 

823 

-0.  09712 

190 

+0.  99527 

249 

873 

-0.  35485 

381 

+0. 93492 

180 

824 

+0.  78501 

774 

+0.  61947 

329 

874 

+0.  59498 

124 

+0.  80373 

959 

825 

+0.  94541 

569 

-0.  32586 

680 

875 

+0.  99779 

328 

-0.  06639 

709 

826 

+0.  23660 

282 

-0.  97160 

646 

876 

+0.  48323 

878 

-0.  87548 

859 

827 

-0. 68974 

159 

-0. 72405 

561 

877 

-0. 47560 

322 

-0. 87965 

992 

828 

-0.  98194 

076 

+0. 18918 

862 

878 

-0.  99717 

782 

-0.  07507 

597 

829 

-0.  37134 

812 

+0.  92849 

371 

879 

-0.  60195 

173 

+0.  79853 

248 

830 

+0.  58066 

027 

+0.  81414 

596 

880 

+0.  34670 

601 

+0.  93797 

385 

831 

+0.  99881 

229 

-0.  04872 

383 

881 

+0.  97660 

383 

+0.  21504 

639 

832 

+0.  49866 

090 

-0.  86679 

716 

882 

+0.  70861 

660 

-0.  70559 

373 

833 

-0.  45995 

702 

-0.  88794 

118 

883 

-0.21086 

947 

-0. 97751 

423 

834 

-0.  99569 

258 

-0.  09271 

618 

884 

-0.  93648 

312 

-0. 35071 

265 

835 

-0.  61599 

297 

+0.  78775 

165 

885 

-0.  80109 

851 

+0.  59853 

252 

836 

+0.  33004 

774 

+0.  94396 

424 

886 

+0.  07081 

237 

+0.  99748 

965 

837 

+0.  97264 

407 

+0.  23230 

046 

887 

+0.  87761 

869 

+0.  47935 

940 

838 

+0.  72099 

594 

-0.  69293 

929 

888 

+0. 87754 

643 

-0. 47949 

167 

839 

-0. 19353 

254 

-0.  98109 

386 

889 

+0.  07066 

203 

-0.  99750 

031 

840 

-0.  93012 

809 

-0.  36723 

525 

890 

-0.  80118 

871 

-0. 59841 

177 

841 

-0.  81156 

816 

+0.  58425 

775 

891 

-0.  93643 

025 

+0.  35085 

380 

842 

+0.  05314 

379 

+0.  99858 

687 

892 

-0.21072 

213 

+0.  97754 

600 

843 

+0.  86899 

559 

+0.  49481 

983 

893 

+0.70872 

294 

+0.  70548 

692 

844 

+0.  88589 

685 

-0.  46388 

228 

894 

+0.  97657 

141 

-0.21519 

358 

845 

+0.  08830 

863 

-0. 99609 

316 

895 

+0.  34656 

463 

-0.  93802 

610 

846 

-0.  79047 

014 

-0.  61250 

058 

896 

-0.  60207 

208 

-0.  79844 

174 

847 

-0.  94249 

431 

+0.  33422 

221 

897 

-0.  99716 

649 

+0.  07522 

627 

848 

-0, 22799 

356 

+0. 97366 

264 

898 

-0.  47547 

063 

+0.  87973 

159 

849 

+0.  69612 

342 

+0.71792  213 

899 

+0.  48337 

073 

+0.  87541 

575 

850 

+0.  98022 

773 

-0. 19787 

267 

900 

+0.  99780 

327 

+0.  06624 

670 
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CIRCULAR  SINES  AND  COSINES  FOR  LARGE  RADIAN  ARGUMENTS  Table  4.8 


X 

sm  x 

COS  X 

X 

sin  x 

cos  X 

900 

+0.  99780 

327 

+0.  06624 

670 

950 

+0.  94546 

479 

+0.  32572 

431 

901 

+0.  59486 

009 

-0.  80382 

926 

951 

+0.  78492 

436 

-0. 61959 

160 

902 

-0.  35499 

472 

-0. 93486 

831 

952 

-0. 09727 

191 

-0.  99525 

784 

903 

-0.  97846 

902 

-0.  20639 

374 

953 

-0.  89003 

684 

-0.  45588 

862 

904 

-0.  70234 

341 

+0.71183 

827 

954 

-0.  86450 

600 

+0. 50262 

250 

905 

+0.21951 

349 

+0.  97560 

947 

955 

-0.  04415 

233 

+0.  99902 

481 

906 

+0.  93955 

070 

+0.  34240 

981 

956 

+0.  81679 

478 

+0. 57692 

832 

907 

+0.  79576 

933 

-0.  60559 

984 

957 

+0.  92678 

454 

-0.  37559 

341 

908 

-0.  07963 

869 

-0.  99682 

380 

958 

+0. 18469 

287 

-0.  98279 

629 

909 

-0.  88182 

727 

-0.  47157 

255 

959 

-0.  72720 

458 

-0.  68642 

079 

910 

-0.  87326 

792 

+0.  48724 

032 

960 

-0.  97051 

349 

+0. 24104 

682 

911 

-0.  06183 

008 

+0.99808 

669 

961 

-0.  32153 

677 

+0.  94689 

709 

912 

+0.  80645 

406 

+0.  59129 

676 

962 

+0.  62305 

937 

+0.  78217 

455 

913 

+0.  93328 

805 

-0.  35912 

869 

963 

+0.  99481 

760 

-0. 10167 

567 

914 

+0.20206 

131 

-0.  97937 

287 

964 

+0.  45194 

512 

-0.  89204 

574 

915 

-0.  71493 

966 

-0.  69918 

616 

965 

-0.  50644 

362 

-0.  86227 

308 

916 

-0.  97462 

841 

+0.  22382 

909 

966 

-0.  99921 

043 

-0.  03973 

052 

917 

-0.  33824 

829 

+0.94105 

690 

967 

-0.  57330 

778 

+0. 81934 

009 

918 

+0.  60911 

575 

+0.  79308 

134 

968 

+0.  37969 

140 

+0.  92511 

320 

919 

+0.  99646 

158 

-0.  08404 

955 

969 

+0.  98360 

406 

+0. 18034 

150 

920 

+0.  46766 

523 

-0.  88390 

567 

970 

+0.  68319 

568 

-0.  73023 

535 

921 

-0.  49110 

037 

-0.  87110 

299 

971 

-0.  24533 

966 

-0. 96943 

718 

922 

-0.  99835 

056 

-0.  05741 

224 

972 

-0.  94831 

084 

-0.  31734 

294 

923 

-0.  58772 

184 

+0.  80906 

306 

973 

-0.  77940 

942 

+0.  62651 

493 

924 

+0.  36325 

562 

+0.93168 

952 

974 

+0. 10607 

744 

+0. 99435 

787 

925 

+0.98025 

754 

+0. 19772 

493 

975 

+0.  89403 

718 

+0.  44799 

277 

926 

+0.  69601 

520 

-0.  71802 

705 

976 

+0.  86002 

327 

-0.51025 

482 

927 

-0.  22814 

031 

-0.  97362 

827 

977 

+0.  03530 

793 

-0.  99937 

648 

928 

-0.  94254 

467 

-0.  33408 

015 

978 

-0.  82186 

936 

-0.  56967 

601 

929 

-0.  79037 

781 

+0.  61261 

972 

979 

-0.  92342 

374 

+0.  38378 

195 

930 

+0.  08845 

877 

+0.  99607 

984 

980 

-0.  17598 

660 

+0. 98439 

256 

931 

+0.  88596 

676 

+0.  46374 

875 

981 

+0.  73325 

181 

+0.  67995 

719 

932 

+0.  86892 

100 

-0. 49495 

080 

982 

+0.  96834 

189 

-0. 24962 

769 

933 

+0.05299 

328 

-0.  99859 

487 

983 

+0.  31314 

290 

-0.  94970 

602 

934 

-0.  81165 

622 

-0.  58413 

542 

984 

-0.  62995 

823 

-0.  77662 

902 

935 

-0.93007 

273 

+0.  36737 

544 

985 

-0.99387 

867 

+0. 11047 

712 

936 

-0.  19338 

467 

+0.  98112 

302 

986 

-0.  44403 

164 

+0. 89601 

111 

937 

+0.  72110 

037 

+0.  69283 

061 

987 

+0.51405 

603 

+0.  85775 

661 

938 

+0.  97260 

905 

-0.  23244 

706 

988 

+0.  99952 

296 

+0.  03088 

464 

939 

+0.  32990 

546 

-0.  94401 

398 

989 

+0.  56603 

309 

-0.  82438 

252 

940 

-0.  61611 

169 

-0.  78765 

880 

990 

-0.  38786 

499 

-0.  92171 

620 

941 

-0.  99567 

859 

+0.  09286 

625 

991 

-0.  98516 

179 

-0.17162 

825 

942 

-0.  45982 

319 

+0.  88801 

049 

992 

-0.  67670 

538 

+0.  73625 

392 

943 

+0.  49879 

154 

+0.  86672 

199 

993 

+0.25391 

083 

+0.  96722 

763 

944 

+0.99881 

962 

+0.  04857 

328 

994 

+0.95108 

260 

+0.  30893 

672 

945 

+0.58053 

755 

-0.  81423 

347 

995 

+0.  77383 

341 

-0.  63338 

919 

946 

-0.  37148 

806 

-0.92843 

773 

996 

-0. 11487 

465 

-0.  99338 

000 

947 

-0.98196 

927 

-0.  18904 

062 

997 

-0.  89796 

748 

-0.  44006 

182 

948 

-0.  68963 

246 

+0.72415 

957 

998 

-0.  85547 

315 

+0.51784 

716 

949 

+0.  23674 

926 

+0.97157 

078 

999 

-0.  02646 

075 

+0.  99964 

985 

950 

+0.  94546 

479 

+0.  32572 

431 

1000 

+0.  82687 

954 

+0.56237 

908 

For  £>1000  see  Example  16. 
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Table  4.9 


CIRCULAR  TANGENTS,  COTANGENTS,  SECANTS  AND  COSECANTS  FOR  RADIAN  ARGUMENTS 


X 

tan  x 

cot  X 

sec  x 

CSC  X 

x_1  — cot  X 

CSC  x— x~l 

0.00 

0.00000 

0000 

00 

1.00000  00 

00 

0.00000  000 

0.00000  000 

0.01 

0.01000 

0333 

99.99666 

66 

1.00005  00 

100.00166  67 

0.00333  335 

0.00166  668 

0.02 

0.02000 

2667 

49.99333 

32 

1.00020  00 

50.00333  35 

0.00666  684 

0.00333  349 

0.03 

0.03000 

9003 

33.32333 

27 

1.00045  02 

33.33833  39 

0.01000  060 

0.00500  053 

0.04 

0.04002 

1347 

24.98666 

52 

1.00080  05 

25.00666  79 

0.01333  476 

0.00666  791 

0.05 

0.05004 

1708 

19.98333 

06 

1.00125  13 

20.00833  58 

0.01666  944 

0.00833  576 

0.06 

0.06007 

2104 

16.64666 

19 

1.00180  27 

16.67667  09 

0.02000-480 

0.01000  420 

0.07 

0.07011 

4558 

14.26237 

33 

1.00245  50 

14.29738  76 

0.02334  096 

0.01167  334 

0.08 

0.08017 

1105 

12.47332 

19 

1.00320  86 

12.51334  32 

0.02667  805 

0.01334  330 

0.09 

0.09024 

3790 

11.08109 

49 

1.00406  37 

11.12612  53 

0.03001  621 

0;01501  '419 

0.10 

0.10033 

467 

9.96664 

44 

1.00502  09 

10.01668  61 

0.03335  558 

0.01668  614 

0.11 

0.11044 

582 

9.05421 

28 

1.00608  07 

9.10926  83 

0.03669  628 

0.01835  925 

0.12 

0.12057 

934 

8.29329 

49 

1.00724  35 

8.35336  70 

0.04003  845 

0.02003  365 

0.13 

0.13073 

732 

7.64892 

55 

1.00850  99 

7.71401  72 

0.04338  223 

0.02170  946 

0.14 

0.14092 

189 

7.09612 

94 

1.00988  07 

7.16624  39 

0.04672  776 

0.02338  680 

0.15 

0.15113 

522 

6.61659 

15 

1.01135  64 

6.69173  24 

0.05007  516 

0.02506  578 

0.16 

0.16137 

946 

6.19657 

54 

1.01293  80 

6.27674  65 

0.05342  458 

0.02674  653 

0.17 

0.17165 

682 

5.82557 

68 

1.01462  61 

5.91078  21 

0.05677  615 

0.02842  915 

0.18 

0.18196 

953 

5.49542 

56 

1.01642  16 

5.58566  93 

0.06013  000 

0.03011  379 

0.19 

0.19231 

984 

5.19967 

16 

1.01832  55 

5.29495  84 

0.06348  628 

0.03180  054 

0.20 

0.20271 

004 

4.93315 

49 

1.02033  88 

5.03348  95 

0.06684  512 

0.03348  955 

0.21 

0.21314 

244 

4.69169 

81 

1.02246  26 

4.79708  57 

0.07020  667 

0.03518  092 

0.22 

0.22361 

942 

4.47188 

35 

1.02469  78 

4.58232  93 

0.07357  105 

0.03687  477 

0.23 

0.23414 

336 

4.*27088 

77 

1.02704  58 

4.38639  73 

0.07693  841 

0.03857  124 

0.24 

0.24471 

670 

4.08635 

78 

1.02950  78 

4.20693  71 

0.08030  889 

0.04027  044 

0.25 

0.25534 

192 

3.91631 

74 

1.03208  50 

4.04197  25 

0.08368  264 

0.04197  250 

0.26 

0.26602 

154 

3.75909 

41 

1.03477  89 

3.88983  14 

0.08705  978 

0.04367  754 

0.27 

0.27675 

814 

3.61326 

32 

1.03759  10 

3.74908  94 

0.09044  046 

0.04538  569 

0.28 

0.28755 

433 

3.47760 

37 

1.04052  27* 

3.61852  56 

0.09382  483 

0.04709  707 

0.29 

0.29841 

279 

3.35106 

28 

1.04357  57 

3.49708  77 

0.09721  302 

0.04881  181 

0.30 

0.30933 

625 

3.23272 

81 

1.04675  16 

3.38386  34 

0.10060  519 

0.05053  003 

0.31 

0.32032 

751 

3.12180 

50 

1.05005  22 

3.27805  83 

0.10400  147 

0.05225  186 

0.32 

0.33138 

941 

3.01759 

80 

1.05347  94 

3.17897  74 

0.10740  202 

0.05397  744 

0.33 

0.34252 

487 

2.91949 

61 

1.05703  51 

3.08600  99 

0.11080  697 

0.05570  689 

0.34 

0.35373 

688 

2.82696 

00 

1.06072  13 

2.99861  68 

0.11421  648 

0.05744  034 

0.35 

0.36502 

849 

2.73951 

22 

1.06454  02 

2.91632  08 

0.11763  070 

0.05917  792 

0.36 

0.37640 

285 

2.65672 

80 

1.06849  38 

2.83869  75 

0.12104  976 

0.06091  976 

0.37 

0.38786 

316 

2.57822 

89 

1.07258  47 

2.76536  87 

0.12447  383 

0.06266  601 

0.38 

0.39941 

272 

2.50367 

59 

1.07681  50 

2.69599  57 

0.12790  306 

0.06441  678 

0.39 

0.41105 

492 

2.43276 

50 

1.08118  74 

2.63027  48 

0.13133  759 

0.06617  222 

0.40 

0.42279 

322 

2.36522 

24 

1.08570  44 

2.56793  25 

0.13477  758 

0.06793  246 

0.41 

0.43463 

120 

2.30080 

12 

1.09036  89 

2.50872  20 

0.13822  318 

0.06969  763 

0.42 

0.44657 

255 

2.23927 

78v 

1.09518  36 

2.45242  03 

0.14167  456 

0.07146  789 

0.43 

0.45862 

102 

2.18044 

95 

1.10015  15 

2.39882  48 

0.14513  185 

0.07324  336 

0.44 

0.47078 

053 

2.12413 

20 

1.10527  57 

2.34775  15 

0.14859  524 

0.07502  418 

0.45 

0.48305 

507 

2.07015 

74 

1.11055  94 

2.29903  27 

0.15206  486 

0.07681  051 

0.46  , 

0.49544 

877 

2.01837 

22 

1.11600  60 

2.25251  55 

0.15554  089 

0.07860  247 

0.47 

0.50796 

590 

1.96863 

61 

1.12161  91 

2.20805  98 

0.15902  348 

0.08040  022 

0.48 

0.52061 

084 

1.92082 

05 

1.12740  22 

2.16553  72 

0.16251  280 

0.08220  390 

0.49 

0.53338 

815 

1.87480 

73 

1.13335  91 

2.12483  00 

0.16600  901 

0.08401  366 

0.50 

0.54630 

249 

1.83048 

77 

1.13949  39 

2.08582  96 

0.16951  228 

0.08582  964 

r c— 5)2“i  r("45)2i  [(_47)9i  r(-47)8l 


Compilation  of  tan  x and  cot  x from  National  Bureau  of  Standards,  Table  of  circular  and  hyperbolic  tangents  and  cotan- 
gents for  radian  arguments,  2d  printing.  Columbia  Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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CIRCULAR  TANGENTS, 

COTANGENTS,  SECANTS  AND  COSECANTS 

Table  4.9 

FOR  RADIAN  ARGUMENTS 

X 

tan  x 

cot  X 

sec  x 

CSC  X 

0.50 

0.54630  249 

1.83048  772 

1.13949  39 

2.08582 

96 

0.51 

0.55935  872 

1.78776  154 

1.14581  07 

2.04843 

63 

0.52 

0.57256  183 

1.74653  626 

1.15231  38 

2.01255 

78 

0.53 

0.58591  701 

1.70672  634 

1.15900  77 

1.97810 

89 

0.54 

0.59942  962 

1.66825  255 

1.16589  70 

1.94501 

07 

0.55 

0.61310  521 

1.63104  142 

1.17298  68 

1.91319 

00 

0.56 

0.62694  954 

1.59502  471 

1.18028  21 

1.88257 

90 

0.57 

0.64096  855 

1.56013  894 

1.18778  81 

1.85311 

45 

0.58 

0.65516  845 

1.52632  503 

1.19551  06 

1.82473 

78 

0.59 

0.66955  565 

1.49352  784 

1.20345  53 

1.79739 

41 

0.60 

0.68413  681 

1.46169  595 

1.21162  83 

1.77103 

22 

0.61 

0.69891  886 

1.43078  125 

1.22003  59 

1.74560 

45 

0.62 

0.71390  901 

1.40073  873 

1.22868  47 

1.72106 

62 

0.63 

0.72911  473 

1.37152  626 

1.23758  16 

1.69737 

57 

0.64 

0.74454  382 

1.34310  429 

1.24673  39 

1.67449 

37 

0.65 

0.76020  440 

1.31543  569 

1.25614  92 

1.65238 

34 

0.66 

0.77610  491 

1.28848  559 

1.26583  52 

1.63101 

05 

0.67 

0.79225  417 

1.26222  118 

1.27580  04 

1.61034 

23 

0.68 

0.80866  138 

1.23661  155 

1.28605  34 

1.59034 

84 

0.69 

0.82533  611 

1.21162  759 

1.29660  31 

1.57100 

01 

0.70 

0.84228  838 

1.18724  183 

1.30745  93 

1.55227 

03 

0.71 

0.85952  867 

1.16342  833 

1.31863  17 

1.53413 

35 

0.72 

0.87706  790 

1.14016  258 

1.33013  09 

1.51656 

54 

0.73 

0.89491  753 

1.11742  140 

1.34196  77 

1.49954 

35 

0.74 

0.91308  953 

1.09518  285 

1.35415  38 

1.48304 

60 

0.75 

0.93159  646 

1.07342  615 

1.36670  11 

1.46705 

27 

0.76 

0.95045  146 

1.05213  158 

1.37962  24 

1.45154 

43 

0.77 

0.96966  833 

1.03128  046 

1.39293  10 

1.43650 

25 

0.78 

0.98926  154 

1.01085  503 

1.40664  08 

1.42190 

99 

0.79 

1.00924  629 

0.99083  842 

1.42076  67 

1.40775 

03 

0.80 

1.02963  857 

0.97121  460 

1.43532  42 

1.39400 

78 

0.81 

1.05045  514 

0.95196  830 

1.45032  96 

1.38066 

78 

0.82 

1.07171  372 

0.93308  500 

1.46580  02 

1.36771 

62 

0.83 

1.09343  292 

0.91455  085 

1.48175  42 

1.35513 

96 

0.84 

1.11563  235 

0.89635  264 

1.49821  08 

1.34292 

52 

0.85 

1.13833  271 

0.87847  778 

1.51519  02 

1.33106 

09 

0.86 

1.16155  586 

0.86091  426 

1.53271  39 

1.31953 

53 

0.87 

1.18532  486 

0.84365  058 

1.55080  46 

1.30833 

72 

0.88 

1.20966  412 

0.82667  575 

1.56948  63 

1.29745 

63 

0.89 

1.23459  946 

0.80997  930 

1.58878  44 

1.28688 

25 

0.90 

1.26015  822 

0.79355  115 

1.60872  58 

1.27660 

62 

0.91 

1.28636  938 

0.77738  169 

1.62933  92 

1.26661 

84 

0.92 

1.31326  370 

0.76146  169 

1.65065  49 

1.25691 

05 

0.93 

1.34087  383 

0.74578  232 

1.67270  52 

1.24747 

40 

0.94 

1.36923  448 

0.73033  510 

1.69552  44 

1.23830 

10 

0.95 

1.39838  259 

0.71511  188 

1.71914  92 

1.22938 

40 

0.96 

1.42835  749 

0.70010  485 

1.74361  84 

1.22071 

57 

0.97 

1.45920  113 

0.68530  649 

1.76897  37 

1.21228 

91 

0.98 

1.49095  827 

0.67070  959 

1.79525  95 

1.20409 

77 

0.99 

1.52367  674 

0.65630  719 

1.82252  32 

1.19613 

51 

1.00 

1.55740  772 

0.64209  262 

1.85081  57 

1.18839 

51 

♦ 


♦See  page  n. 
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Table  4.9  CIRCULAR  TANGENTS,  COTANGENTS,  SECANTS  AND  COSECANTS 

FOR  RADIAN  ARGUMENTS 


x 

tan  x 

COt  x 

sec  x 

CSC  x 

1.00 

1.55740  77 

0.64209  262 

1.85081  57 

1.18839  51 

1.01 

1.59220  60 

0.62805  942 

1.88019  15 

1.18087  20 

1.02 

1.62813  04 

0.61420  141 

1.91070  89 

1.17356  01 

1.03 

1.66524  40 

0.60051  260 

1.94243  08 

1.16645  42 

1.04 

1.70361  46 

0.58698  722 

1.97542  47 

1.15954  90 

1.05 

1.74331  53 

0.57361  970 

2.00976  32 

1.15283  98 

1.06 

1.78442  48 

0.56040  467 

2.04552  49 

1.14632  17 

1.07 

1.82702  82 

0.54733  693 

2.08279  43 

1.13999  02 

1.08 

1.87121  73 

0.53441  147 

2.12166  31 

1.13384  11 

1.09 

1.91709  18 

0.52162  342 

2.16223  06 

1.12787  01 

1.10 

1.96475  97 

0.50896  811 

2.20460  44 

1.12207  33 

1.11 

2.01433  82 

0.49644  096 

2.24890  16 

1.11644  69 

1.12 

2.06595  53 

0.48403  759 

2.29524  97 

1.11098  71 

1.13 

2.11975  01 

0.47175  371 

2.34378  77 

1.10569  05 

1.14 

2.17587  51 

0.45958  520 

2.39466  75 

1.10055  37 

1.15 

2.23449  69 

0.44752  802 

2.44805  57 

1.09557  35 

1.16 

2.29579  85 

0.43557  829 

2.50413  48 

1.09074  67 

1.17 

2.35998  11 

0.42373  221 

2.56310  57 

1.08607  04 

1.18 

2.42726  64 

0.41198  610 

2.62518  99 

1.08154  17 

1.19 

2.49789  94 

0.40033  638 

2.69063  21 

1.07715  79 

1.20 

2.57215  16 

0.38877  957 

2.75970  36 

1.07291  64 

1.21 

2.65032  46 

0.37731  227 

2.83270  55 

1.06881  46 

1.22 

2.73275  42 

0.36593  119 

2.90997  35 

1.06485  01 

1.23 

2.81981  57 

0.35463  310 

2.99188  25 

1.06102  06 

1.24 

2.91192  99 

0.34341  486 

3.07885  30 

1.05732  39 

1.25 

3.00956  97 

0.33227  342 

3.17135  77 

1.05375  79 

1.26 

3.11326  91 

0.32120  577 

3.26993  04 

1.05032  05 

1.27 

3.22363  32 

0.31020  899 

3.37517  57 

1.04700  98 

1.28 

3.34135  00 

0.29928  023 

3.48778  15 

1.04382  41 

1.29 

3.46720  57 

0.28841  670 

3.60853  36 

1.04076  14 

1.30 

3.60210  24 

0.27761  565 

3.73833  41 

1.03782  00 

1.31 

3.74708  10 

0.26687  440 

3.87822  33 

1.03499  85 

1.32 

3.90334  78 

0.25619  034 

4.02940  74 

1.03229  53 

1.33 

4.07230  98 

0.24556  088 

4.19329  31 

1.02970  88 

1.34 

4.25561  79 

0.23498  350 

4.37153  10 

1.02723  77 

1.35 

4.45522  18 

0.22445  572 

4.56607  06 

1.02488  07 

1.36 

4.67344  12 

0.21397  509 

4.77923  14 

1.02263  65 

1.37 

4.91305  81 

0.20353  922 

5.01379  49 

1.02050  39 

1.38 

5.17743  74 

0.19314  574 

5.27312  60 

1.01848  18 

1.39 

5.47068  86 

0.18279  234 

5.56133  39 

1.01656  93 

1.40 

5.79788  37 

0.17247  673 

5.88349  01 

1.01476  51 

1.41 

6.16535  61 

0.16219  663 

6.24592  80 

1.01306  85 

1.42 

6.58111  95 

0.15194  983 

6.65666  08 

1.01147  85 

1.43 

7.05546  38 

0.14173  413 

7.12597  85 

1.00999  43 

1.44 

7.60182  61 

0.13154  734 

7.66731  76 

1.00861  52 

1.45 

8.23809  28 

0.12138  732 

8.29856  45 

1.00734  05 

1.46 

8.98860  76 

0.11125  194 

9.04406  25 

1.00616  95 

1.47 

9.88737  49 

0.10113  908 

9.93781  58 

1.00510  15 

1.48 

10.98337  93 

0.09104  6660 

11.02880  87 

1.00413  62 

1.49 

12.34985  64 

0.08097  2601 

12.39027  66 

1.00327  29 

1.50 

14.10141  99 

0.07091  4844 

14.13683  29 

1.00251  13 

1.51 

16.42809  17 

0.06087  1343 

16.45849  92 

1.00185  09 

1.52 

19.66952  78 

0.05084  0061 

19.69493  14 

1.00129  15 

1.53 

24.49841  04 

0.04081  8975 

24.51881  14 

1.00083  27 

1.54 

32.46113  89 

0.03080  6066 

32.47653  83 

1.00047  44 

1.55 

48.07848  25 

0.02079  9325 

48.08888  10 

1.00021  63 

1.56 

92.62049  63 

0.01079  6746 

92.62589  45 

1.00005  83 

1.57 

+1255.76559  15 

+ 0.00079  6327 

+1255.76598  97 

1.00000  03 

1.58 

- 108.64920  36 

- 0.00920  3933 

- 108.65380  55 

1.00004  24 

1.59 

- 52.06696  96 

- 0.01920  6034 

- 52.07657  18 

1.00018  44 

1.60 

- 34.23253  27 

- 0.02921  1978 

- 34.24713  56 

1.00042  66 

For  a;>1.6, 

use  4.3.44. 

[(t)2] 

[(-5)8] 
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CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A DEGREE  Table  4.10 


e 

sin  0 

COS  6 

90°  — 0 

0.  0° 

0.  00000 

00000 

00000 

1.00000 

00000 

00000 

90.0° 

0.1 

0.00174 

53283 

65898 

0.  99999 

84769 

13288 

89.9 

0.2 

0.  00349 

06514 

15224 

0.  99999 

39076 

57790 

89.8 

0.3 

0. 00523 

59638 

31420 

0.  99998 

62922 

47427 

89.7 

0.4 

0.  00698 

12602 

97962 

0. 99997 

56307 

05395 

89.6 

0.5 

0. 00872 

65354 

98374 

0.  99996 

19230 

64171 

89.5 

0.6 

0. 01047 

17841 

16246 

0.  99994 

51693 

65512 

89.4 

0.7 

0. 01221 

70008 

35247 

0.  99992 

53696 

60452 

89.3 

0.8 

0. 01396 

21803 

39145 

0.  99990 

25240 

09304 

89.2 

0.9 

0.  01570 

73173 

11821 

0. 99987 

66324 

81661 

89.1 

1.0 

0.  01745 

24064 

37284 

0.  99984 

76951 

56391 

89.0 

1.1 

0.  01919 

74423 

99690 

0. 99981 

57121 

21644 

88.9 

1.2 

0.  02094 

24198 

83357 

0. 99978 

06834 

74845 

88.8 

1.3 

0.  02268 

73335 

72781 

0. 99974 

26093 

22698 

88.7 

1.4 

0.  02443 

21781 

52653 

0.  99970 

14897 

81183 

88.6 

1.5 

0.  02617 

69483 

07873 

0. 99965 

73249 

75557 

88.5 

1.6 

0.  02792 

16387 

23569 

0.  99961 

01150 

40354 

88.4 

1.7 

0.  02966 

62440 

85111 

0.  99955 

98601 

19384 

88.3 

1.8 

0. 03141 

07590 

78128 

0.  99950 

65603 

65732 

88.2 

1.9 

0.  03315 

51783 

88526 

0. 99945 

02159 

41757 

88.1 

2.0 

0.  03489 

94967 

02501 

0. 99939 

08270 

19096 

88.0 

2.1 

0.  03664 

37087 

06556 

0. 99932 

83937 

78656 

87.9 

2.2 

0.  03838 

78090 

87520 

0. 99926 

29164 

10621 

87.8 

2.3 

0.  04013 

17925 

32560 

0.  99919 

43951 

14446 

87.7 

2.4 

0.  04187 

56537 

29200 

0.  99912 

28300 

98858 

87.6 

2.5 

0.  04361 

93873 

65336 

0.  99904 

82215 

81858 

87.5 

2.6 

0.  04536 

29881 

29254 

0.  99897 

05697 

90715 

87.4 

2.7 

0.  04710 

64507 

09643 

0.  99888 

98749 

61970 

87.3 

2.8 

0.  04884 

97697 

95613 

0.  99880 

61373 

41434 

87.2 

2.9 

0.  05059 

29400 

76713 

0. 99871 

93571 

84186 

87.1 

3.0 

0.  05233 

59562 

42944 

0.  99862 

95347 

54574 

87.0 

3.1 

0.  05407 

88129 

84775 

0.  99853 

66703 

26212 

86.9 

3.2 

0.  05582 

15049 

93164 

0. 99844 

07641 

81981 

86.8 

3.3 

0.  05756 

40269 

59567 

0. 99834 

18166 

14028 

86.7 

3.4 

0.  05930 

63735 

75962 

0.  99823 

98279 

23765 

86.  6 

3.5 

0.  06104 

85395 

34857 

0.  99813 

47984 

21867 

86.5 

3.6 

0.  06279 

05195 

29313 

0.  99802 

67284 

28272 

86.4 

3.7 

0.  06453 

23082 

52958 

0.  99791 

56182 

72179 

86.3 

3.8 

0.  06627 

39004 

00000 

0.  99780 

14682 

92050 

86.2 

3.9 

0.  06801 

52906 

65248 

0.  99768 

42788 

35605 

86.1 

4.0 

0. 06975 

64737 

44125 

0. 99756 

40502 

59824 

86.0 

4.1 

0.  07149 

74443 

32686 

0. 99744 

07829 

30944 

85.9 

4.2 

0.  07323 

81971 

27632 

0. 99731 

44772 

24458 

85.8 

4.3 

0.  07497 

87268 

26328 

0. 99718  51335 

25116 

85.7 

4.4 

0.  07671 

90281 

26819 

0.  99705 

27522 

26920 

85.6 

4.5 

0.  07845 

90957 

27845 

0.  99691 

73337 

33128 

85.5 

4.6 

0.  08019 

89243 

28859 

0.  99677 

88784 

56247 

85.4 

4.7 

0.  08193 

85086 

30041 

0.  99663 

73868 

18037 

85.3 

4.8 

0.  08367 

78433 

32315 

0.  99649 

28592 

49504 

85.2 

4.9 

0.  08541 

69231 

37367 

0. 99634 

52961 

90906 

85.1 

5.0 

0. 08715 

57427 

47658 

0. 99619 

46980 

91746 

85.0 

CO 

o 

0 

1 

cos  0 

sin  0 

0 

* 

(-8)31 

[• 

■~r] 

For  conversion  from  radians  to  degrees  see  Example  14. 


♦See  page  n. 
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Table  4.10  CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A DEGREE 


0 

sin  0 

cos  0 

CO 

o 

0 

1 

CIS 

5.0° 

0.  08715 

57427 

47658 

0.  99619 

46980 

91746 

85.  0 

5.1 

0.  08889 

42968 

66442 

0.  99604 

10654 

10770 

84.9 

5.2 

0.  09063 

25801 

97780 

0.  99588 

43986 

15970 

84.8 

5.3 

0.  09237 

05874 

46562 

0.99572 

46981 

84582 

84.7 

5.4 

0.  09410 

83133 

18514 

0.  99556 

19646 

03080 

84.6 

5.5 

0.  09584 

57525 

20224 

0.  99539 

61983 

67179 

84.5 

5.6 

0.  09758 

28997 

59149 

0.  99522 

73999 

81831 

84.4 

5.7 

0.  09931 

97497 

43639 

0.  99505 

55699 

61226 

84.3 

5.8 

0. 10105 

62971 

82946 

0.  99488 

07088 

28788 

84.2 

5.9 

0.  10279 

25367 

87247 

0.99470 

28171 

17174 

84.1 

6.0 

0. 10452 

84632 

67653 

0. 99452 

18953 

68273 

84.0 

6.1 

0.10626 

40713 

36233 

0.  99433 

79441 

33205 

83.9 

6.2 

0.10799 

93557 

06023 

0.99415 

09639 

72315 

83.8 

6.3 

0. 10973 

43110 

91045 

0.  99396 

09554 

55180 

83.7 

6.4 

0. 11146 

89322 

06325 

0.99376 

79191 

60596 

83.6 

6.5 

0. 11320 

32137 

67907 

0.  99357 

18556 

76587 

83.5 

6.6 

0.11493 

71504 

92867 

0.  99337 

27656 

00396 

83.4 

6.7 

0. 11667 

07370 

99333 

0.  99317 

06495 

38486 

83.3 

6.8 

0. 11840 

39683 

06501 

0.  99296 

55081 

06537 

83.2 

6.9 

0. 12013 

68388 

34647 

0.99275 

73419 

29446 

83.1 

7.0 

0.12186 

93434 

05147 

0.  99254 

61516 

41322 

83.0 

7.1 

0.12360 

14767 

40493 

0.  99233 

19378 

85489 

82.9 

7.2 

0. 12533 

32335 

64304 

0. 99211 

47013 

14478 

82.8 

7.3 

0. 12706 

46086 

01350 

0. 99189 

44425 

90030 

82.7 

7.4 

0. 12879 

55965 

77563 

0.99167 

11623 

83090 

82.6 

7.5 

0. 13052 

61922 

20052 

0. 99144 

48613 

73810 

82.5 

7.6 

0. 13225 

63902 

57122 

0. 99121 

55402 

51542 

82.4 

7.7 

0. 13398 

61854 

18292 

0.  99098 

31997 

14836 

82.3 

7.8 

0. 13571 

55724 

34304 

0.99074 

78404 

71444 

82.2 

7.9 

0. 13744 

45460 

37147 

0.  99050 

94632 

38309 

82.1 

8.0 

0.13917 

31009 

60065 

0.  99026 

80687 

41570 

82.0 

8.1 

0.14090 

12319 

37583 

0.99002 

36577 

16558 

81.9 

8.2 

0. 14262 

89337 

05512 

0. 98977 

62309 

07789 

81.8 

8.3 

0. 14435 

62010 

00973 

0.98952 

57890 

68969 

81.7 

8.4 

0.  14608 

30285 

62412 

0.  98927 

23329 

62988 

81.6 

8.5 

0. 14780 

94111 

29611 

0.  98901 

58633 

61917 

81.5 

8.6 

0. 14953 

53434 

43710 

0.  98875 

63810 

47006 

81.4 

8.7 

0. 15126 

08202 

47219 

0.  98849 

38868 

08684 

81.3 

8.8 

0.15298 

58362 

84038 

0. 98822 

83814 

46553 

81.2 

8.9 

0. 15471 

03862 

99468 

0.  98795 

98657 

69389 

81.1 

9.0 

0.  15643 

44650 

40231 

0.98768 

83405 

95138 

81.0 

9.1 

0.15815 

80672 

54484 

0.  98741 

38067 

50911 

80.9 

9.2 

0. 15988 

11876 

91835 

0.  98713 

62650 

72988 

80.8 

9.3 

0. 16160 

38211 

03361 

0.  98685 

57164 

06807 

80.7 

9.4 

0.  16332 

59622 

41622 

0.  98657 

21616 

06969 

80.6 

9.5 

0. 16504 

76058 

60678 

0.98628 

56015 

37231 

80.5 

9.6 

0. 16676 

87467 

16102 

0. 98599 

60370 

70505 

80.4 

9.7 

0. 16848 

93795 

65003 

0.98570 

34690 

88854 

80.3 

9.8 

0.17020 

94991 

66033 

0.  98540 

78984 

83490 

80.2 

9.9 

0.17192 

91002 

79410 

0.98510 

93261 

54774 

80.1 

10.0 

0. 17364 

81776 

66930 

0.  98480 

77530 

12208 

80.0 

CD 

O 

0 

1 

<3> 

cos  0 

sin  0 

0 

* 

rr 

['-5W 

] 

♦See  page  n. 
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CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A DECREE  Table  4.10 


0 

sin  0 

COS  0 

90° 

10.0° 

0.17364 

81776 

66930 

0.98480 

77530 

12208 

80.  0° 

10.1 

0. 17536 

67260 

91987 

0.  98450 

31799 

74437 

79.9 

10.2 

0.17708 

47403 

19583 

0. 98419 

56079 

69242 

79.8 

10.3 

0.  17880 

22151 

16350 

0.  98388 

50379 

33542 

79.7 

10.4 

0.18051 

91452 

50560 

0.98357 

14708 

13386 

79.6 

10.5 

0.18223 

55254 

92147 

0.  98325 

49075 

63955 

79.5 

10.6 

0.18395 

13506  12720 

0.98293 

53491 

49554 

79.4 

10.7 

0. 18566 

66153 

85577 

0.98261 

27965 

43615 

79.3 

10.8 

0.18738 

13145 

85725 

0.98228 

72507 

28689 

79.2 

10.9 

0. 18909 

54429 

89891 

0.98195 

87126 

96444 

79.1 

11.0 

0.  19080 

89953 

76545 

0.  98162 

71834 

47664 

79.0 

11.1 

0.  19252 

19665 

25907 

0.  98129 

26639 

92245 

78.9 

11.2 

0.19423 

43512 

19972 

0.98095 

51553 

49192 

78.8 

11.3 

0. 19594 

61442 

42518 

0.  98061 

46585 

46613 

78.7 

11.4 

0. 19765 

73403 

79126 

0.  98027 

11746 

21722 

78.6 

11.5 

0.  19936 

79344 

17197 

0.  97992 

47046 

20830 

78.5 

11.6 

0.20107 

79211 

45965 

0.97957 

52495 

99344 

78.4 

11.7 

0.  20278 

72953 

56512 

0.  97922 

28106 

21766 

78.3 

11.8 

0.  20449 

60518 

41790 

0.97886 

73887 

61685 

78.2 

11.9 

0.  20620 

41853 

96630 

0. 97850 

89851 

01778 

78.1 

12.0 

0.20791 

16908 

17759 

0.97814 

76007 

33806 

78.0 

12.1 

0.  20961 

85629 

03822 

0.  97778 

32367 

58606 

77.9 

12.2 

0.21132 

47964 

55389 

0.  97741 

58942 

86096 

77.8 

12.3 

0.21303 

03862 

74977 

0. 97704 

55744 

35264 

77.7 

12.4 

0.  21473 

53271 

67063 

0.97667 

22783 

34168 

77.6 

12.5 

0.  21643 

96139 

38103 

0.  97629 

60071 

19933 

77.5 

12.6 

0.21814 

32413 

96543 

0.97591 

67619 

38747 

77.4 

12.7 

0.21984 

62043 

52838 

0.97553 

45439 

45857 

77.3 

12.8 

0.22154 

84976 

19467 

0.97514 

93543 

05563 

77.2 

12.9 

0.  22325 

01160 

10951 

0.  97476 

11941 

91222 

77.1 

13.0 

0.  22495 

10543 

43865 

0.  97437 

00647 

85235 

77.0 

13.1 

0.  22665 

13074 

36855 

0.97397 

59672 

79052 

76.9 

13.2 

0.  22835 

08701 

10656 

0.97357 

89028 

73160 

76.8 

13.3 

0.  23004 

97371 

88104 

0.  97317 

88727 

77088 

76.7 

13.4 

0.23174 

79034 

94157 

0.  97277 

58782 

09397 

76.6 

13.5 

0.  23344 

53638 

55905 

0.  97236 

99203 

97677 

76.5 

13.6 

0.  23514 

21131 

02590 

0.97196 

10005 

78546 

76.4 

13.7 

0.23683 

81460 

65619 

0.97154 

91199 

97646 

76.3 

13.8 

0.  23853 

34575 

78581 

0.97113 

42799 

09636 

76.2 

13.9 

0.  24022 

80424 

77264 

0.97071 

64815 

78191 

76.1 

14.0 

0.24192 

18955 

99668 

0.97029 

57262 

75996 

76.0 

14.1 

0.  24361 

50117 

86023 

0.  96987 

20152 

84747 

75.9 

14.2 

0.24530 

73858 

78803 

0.96944 

53498 

95139 

75.8 

14.3 

0.  24699 

90127 

22743 

0.96901 

57314 

06870 

75.7 

14.4 

0,  24868 

98871 

64855 

0.96858 

31611 

28631 

75.6 

14.5 

0.25038 

00040 

54441 

0.  96814 

76403 

78108 

75.5 

14.6 

0.  25206 

93582 

43114 

0.96770 

91704 

81971 

75.4 

14.7 

0.  25375 

79445 

84806 

0.96726 

77527 

75877 

75.3 

14.8 

0.  25544 

57579 

35791 

0.96682 

33886 

04459 

75.2 

14.9 

0.25713 

27931 

54696 

0.  96637 

60793 

21329 

75.1 

15.  0 
gn°-0 

0.25881 

90451 
cos  0 

02521 

0.96592 

58262 
sin  0 

89068 

75.0 

0 
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Table  4.10  CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A DEGREE 


e 

sin  0 

cos  0 

90° -0 

15.  0° 

0.  25881 

90451 

02521 

0.  96592 

58262 

89068 

75.  0° 

15.1 

0.  26050 

45086 

42648 

0.  96547 

26308 

79225 

74.9 

15.2 

0.  26218 

91786 

40865 

0.  96501 

64944 

72311 

74.8 

15.3 

0.  26387 

30499 

65373 

0.  96455 

74184 

57798 

74.7 

15.4 

0.  26555 

61174 

86809 

0.  96409 

54042 

34110 

74.6 

15.5 

0.  26723 

83760 

78257 

0. 96363 

04532 

08623 

74.5 

15.6 

0.  26891 

98206 

15266 

0.  96316 

25667 

97658 

74.4 

15.7 

0.  27060 

04459 

75864 

0.  96269 

17464 

26479 

74.3 

15.8 

0.  27228 

02470 

40574 

0.96221 

79935 

29285 

74.2 

15.9 

0.  27395 

92186 

92432 

0.96174 

13095 

49211 

74.1 

16.0 

0.  27563 

73558 

16999 

0.96126 

16959 

38319 

74.0 

16.1 

0.  27731 

46533 

02378 

0.  96077 

91541 

57594 

73.9 

16.2 

0.  27899 

11060 

39229 

0. 96029 

36856 

76943 

73.8 

16.3 

0.  28066 

67089 

20788 

0.  95980 

52919 

75187 

73.7 

16.4 

0.  28234 

14568 

42876 

0.  95931 

39745 

40058 

73.6 

16.5 

0.  28401 

53447 

03923 

0.  95881 

97348 

68193 

73.5 

16.6 

0.  28568 

83674 

04974 

0. 95832 

25744 

65133 

73.4 

16.7 

0.  28736 

05198 

49712 

0. 95782 

24948 

45315 

73.3 

16.8 

0. 28903 

17969 

44472 

0. 95731 

94975 

32067 

73.2 

16.9 

0.  29070 

21935 

98252 

0.  95681 

35840 

57607 

73.1 

17.0 

0.29237 

17047 

22737 

0.95630 

47559 

63035 

73.0 

17.1 

0.  29404 

03252 

32304 

0.95579 

30147 

98330 

72.9 

17.2 

0.  29570 

80500 

44047 

0.  95527 

83621 

22344 

72.8 

17.3 

0. 29737 

48740 

77786 

0.  95476 

07995 

02797 

72.7 

17.4 

0.  29904 

07922 

56087 

0.  95424 

03285 

16277 

72.6 

17.5 

0.  30070 

57995 

04273 

0. 95371 

69507 

48227 

72.5 

17.6 

0.  30236 

98907 

50445 

0.  95319 

06677 

92947 

72.4 

17.7 

0.  30403 

30609 

25490 

0.95266 

14812 

53586 

72.3 

17.8 

0.  30569 

53049 

63106 

0.95212 

93927 

42139 

72.2 

17.9 

0.  30735 

66177 

99807 

0.  95159 

44038 

79438 

72.1 

18.0 

0.  30901 

69943 

74947 

0.95105 

65162 

95154 

72.0 

18.1 

0.31067 

64296 

30732 

0.  95051 

57316 

27784 

71.9 

18.2 

0.  31233 

49185 

12233 

0.  94997 

20515 

24653 

71.8 

18.3 

0.  31399 

24559 

67405 

0. 94942 

54776 

41904 

71.7 

18.4 

0.  31564 

90369 

47102 

0.  94887 

60116 

44497 

71.6 

18.5 

0.  31730 

46564 

05092 

0. 94832 

36552 

06199 

71.5 

18.6 

0.  31895 

93092 

98070 

0.  94776 

84100 

09586 

71.4 

18.7 

0.  32061 

29905 

85676 

0. 94721 

02777 

46029 

71.3 

18.8 

0.  32226 

56952 

30511 

0. 94664 

92601 

15696 

71.2 

18.9 

0.  32391 

74181 

98149 

0. 94608 

53588 

27545 

71.1 

19.0 

0.  32556 

81544 

57157 

0.  94551 

85755 

99317 

71.0 

19.1 

0.  32721 

78989 

79104 

0. 94494 

89121 

57531 

70.9 

19.2 

0.  32886 

66467 

38583 

0. 94437 

63702 

37481 

70.8 

19.3 

0.  33051 

43927 

13223 

0. 94380 

09515 

83229 

70.7 

19.4 

0.33216 

11318 

83703 

0.  94322 

26579 

47601 

70.6 

19.5 

0.  33380 

68592 

33771 

0.94264 

14910 

92178 

70.5 

19.6 

0.  33545 

15697 

50255 

0. 94205 

74527 

87297 

70.4 

19.7 

0.  33709 

52584 

23082 

0.  94147 

05448 

12038 

70.3 

19.8 

0.  33873 

79202 

45291 

0. 94088 

07689 

54225 

70.2 

19.9 

0. 34037 

95502 

13050 

0.94028 

81270 

10419 

70.1 

20.0 

0.  34202 

01433 

25669 

0.  93969 

26207 

85908 

70.0 

CO 

o 

0 

1 

cos  0 

sia0 

0 

* 

r.w 

i 

r 

(-57)*] 

•See  page  n. 
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CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A DEGREE  Table  4.10 


e 

sin  0 

cos  0 

CO 

o 

0 

1 

20.  0° 

0.  34202 

01433 

25669 

0.  93969 

26207 

85908 

70.0° 

20.1 

0. 34365 

96945 

85616 

0.93909 

42520 

94709 

69.9 

20.2 

0.  34529 

81989 

98535 

0.  93849 

30227 

59556 

69.8 

20.3 

0.  34693 

56515 

73256 

0.93788 

89346 

11898 

69.7 

20.4 

0. 34857 

20473 

21815 

0.  93728 

19894 

91892 

69.6 

20.5 

0.  35020 

73812 

59467 

0.  93667 

21892 

48398 

69.5 

20.6 

0.  35184 

16484 

04702 

0.  93605 

95357 

38973 

69.4 

20.7 

0.  35347 

48437 

79257 

0.  93544 

40308 

29867 

69.3 

20.8 

0. 35510 

69624 

08137 

0.93482 

56763 

96014 

69.2 

20.9 

0.  35673 

79993 

19625 

0. 93420 

44743 

21030 

69.1 

21.0 

0. 35836 

79495 

45300 

0.93358 

04264 

97202 

69.0 

21.1 

0.  35999 

68081 

20051 

0.  93295 

35348 

25489 

68.9 

21.2 

0.  36162 

45700 

82092 

0.  93232 

38012 

15512 

68.8 

21.3 

0.  36325 

12304 

72978 

0.  93169 

12275 

85549 

68.7 

21.4 

0.  36487 

67843 

37620 

0.93105 

58158 

62528 

68.6 

21.5 

0.  36650 

12267 

24297 

0.93041 

75679 

82025 

68.5 

21.6 

0.  36812 

45526 

84678 

0. 92977 

64858 

88251 

68.4 

21.7 

0.  36974 

67572 

73829 

0.  92913 

25715 

34056 

68.3 

21.8 

0.  37136 

78355 

50235 

0.92848 

58268 

80914 

68.2 

21.9 

0.  37298 

77825 

75809 

0.  92783 

62538 

98920 

68.1 

22.0 

0.  37460 

65934 

15912 

0.  92718 

38545 

66787 

68.0 

22.1 

0.  37622 

42631 

39366 

0.92652 

86308 

71837 

67.9 

22.2 

0.  37784 

07868 

18467 

0.  92587 

05848 

09995 

67.8 

22.3 

0.  37945 

61595 

29005 

0.92520 

97183 

85782 

67.7 

22.4 

0.  38107 

03763 

50274 

0.  92454 

60336 

12313 

67.6 

22.5 

0.  38268 

34323 

65090 

0. 92387 

95325 

11287 

67.5 

22.6 

0.  38429 

53226 

59804 

0.  92321 

02171 

12981 

67.4 

22.7 

0.  38590 

60423 

24319 

0.  92253 

80894 

56246 

67.3 

22.8 

0. 38751 

55864 

52103 

0.  92186 

31515 

88501 

67.2 

22.9 

0.  38912 

39501 

40206 

0.  92118 

54055 

65721 

67.1 

23.0 

0.  39073 

11284 

89274 

0.  92050 

48534 

52440 

67.0 

23.1 

0.  39233 

71166 

03561 

0. 91982 

14973 

21738 

66.9 

23.2 

0.  39394 

19095 

90951 

0.91913 

53392 

55234 

66.8 

23.3 

0.  39554 

55025 

62965 

0.  91844 

63813 

43087 

66.7 

23.4 

0.  39714 

78906 

34781 

0.  91775 

46256 

83981 

66. 6 

23.5 

0.  39874 

90689 

25246 

0.91706 

00743 

85124 

66.5 

23.6 

0.  40034 

90325 

56895 

0.91636 

27295 

62240 

66.4 

23.7 

0.  40194 

77766 

55960 

0.  91566 

25933 

39561 

66.  3 

23.8 

0.  40354 

52963 

52390 

0. 91495 

96678 

49825 

66.2 

23.9 

0.  40514 

15867 

79863 

0.  91425 

39552 

34264 

66.1 

24.0 

0.  40673 

66430 

75800 

0. 91354 

54576 

42601 

66.0 

24.1 

0.  40833 

04603 

81385 

0.  91283 

41772 

33043 

65.9 

24.2 

0.  40992 

30338 

41573 

0. 91212 

01161 

72273 

65.8 

24.3 

0.  41151 

43586 

05109 

0.91140 

32766 

35445 

65.7 

24.4 

0.  41310 

44298 

24542 

0.91068 

36608 

06177 

65.6 

24.5 

0.  41469 

32426 

56239 

0. 90996 

12708 

76543 

65.5 

24.6 

0.  41628 

07922 

60401 

0.90923 

61090 

47069 

65.4 

24.7 

0.  41786 

70738 

01077 

0.  90850 

81775 

26722 

65.3 

24.8 

0.  41945 

20824 

46177 

0. 90777 

74785 

32909 

65.2 

24.9 

0. 42103 

58133 

67491 

0.  90704 

40142 

91465 

65.1 

25.0 

0. 42261 

82617 

40699 

0. 90630 

77870 

36650 

65.0 

90° 

COS  0 

sin  0 

0 

♦ 

(—7)2- 

5 

[ 

( — 7)4" 
5 

■ "* 

| 

*See  page  n. 
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Table  4.10  CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A DEGREE 


e 

sin  0 

cos  e 

90° 

25.  0° 

0.  42261 

82617 

40699 

0.90630 

77870 

36650 

65.  0° 

25.1 

0.  42419 

94227 

45390 

0.90556 

87990 

11140 

64.9 

25.2 

0.  42577 

92915 

65073 

0.  90482 

70524 

66020 

64.8 

25.3 

0.  42735 

78633 

87192 

0. 90408 

25496 

60778 

64.7 

25.4 

0.  42893 

51334 

03146 

0.90333 

52928 

63301 

64.6 

25.5 

0.  43051 

10968 

08295 

0.90258 

52843 

49861 

64.5 

25.6 

0.  43208 

57488 

01982 

0.90183 

25264 

05114 

64.4 

25.7 

0.  43365 

90845 

87544 

0.  90107 

70213 

22092 

64.3 

25.8 

0.43523 

10993 

72328 

0.  90031 

87714 

02194 

64.2 

25.9 

0.  43680 

17883 

67702 

0. 89955 

77789 

55180 

64.1 

26.0 

0.  43837 

11467 

89077 

0. 89879 

40462 

99167 

64.0 

26.1 

0.  43993 

91698 

55915 

0.  89802 

75757 

60616 

63.9 

26.2 

0.  44150 

58527 

91745 

0.  89725 

83696 

74328 

63.8 

26.3 

0.  44307 

11908 

24180 

0.  89648 

64303 

83441 

63.7 

26.4 

0.  44463 

51791 

84927 

0.  89571 

17602 

39413 

63.6 

26.5 

0.  44619 

78131 

09809 

0.  89493 

43616 

02025 

63.5 

26.6 

0.  44775 

90878 

38770 

0. 89415 

42368 

39368 

63.4 

26.7 

0.  44931 

89986 

15897 

0.  89337 

13883 

27838 

63.3 

26.8 

0.  45087 

75406 

89431 

0.  89258 

58184 

52125 

63.2 

26.9 

0.45243 

47093 

11783 

0. 89179 

75296 

05214 

63.1 

27.0 

0.  45399 

04997 

39547 

0.  89100 

65241 

88368 

63.0 

27.1 

0.  45554 

49072 

33516 

0.  89021 

28046 

11127 

62.9 

27.2 

0.  45709 

79270 

58694 

0. 88941 

63732 

91298 

62.8 

27.3 

0.  45864 

95544 

84315 

0. 88861 

72326 

54949 

62.7 

27.4 

0.  46019 

97847 

83852 

0.  88781 

53851 

36401 

62.6 

27.5 

0.  46174 

86132 

35034 

0. 88701  08331 

78222 

62.5 

27.6 

0. 46329 

60351 

19862 

0.  88620 

35792 

31215 

62.4 

27.7 

0.  46484 

20457 

24620 

0. 88539 

36257 

54416 

62.3 

27.8 

0.  46638 

66403 

39891 

0. 88458 

09752 

15084 

62.2 

27.9 

0.  46792 

98142 

60573 

0.  88376 

56300 

88693 

62.1 

28.0 

0.  46947 

15627 

85891 

0. 88294 

75928 

58927 

62.0 

28. 1 

0.  47101 

18812 

19410 

0.  88212 

68660 

17668 

61.9 

28.2 

0.  47255 

07648 

69054 

0.  88130 

34520 

64992 

61.8 

28.3 

0.  47408 

82090 

47116 

0.  88047 

73535 

09162 

61.7 

28.4 

0.  47562 

42090 

70275 

0.  87964 

85728 

66617 

61.6 

28.5 

0.  47715 

87602 

59608 

0. 87881 

71126 

61965 

61.5 

28.6 

0.  47869 

18579 

40607 

0.  87798 

29754 

27981 

61.4 

28.7 

0.  48022 

34974 

43189 

0.  87714 

61637 

05589 

61.3 

28.8 

0.  48175 

36741 

01715 

0. 87630 

66800 

43864 

61.2 

28.9 

0.48328 

23832 

55002 

0. 87546 

45270 

00018 

61.1 

29.0 

0.  48480 

96202 

46337 

0. 87461 

97071 

39396 

61.0 

29.1 

0.  48633 

53804 

23490 

0. 87377 

22230 

35465 

60.9 

29.2 

0.  48785 

96591 

38733 

0.  87292 

20772 

69810 

60.8 

29.3 

0.  48938 

24517 

48846 

0.  87206 

92724 

32121 

60.7 

29.4 

0.  49090 

37536 

15141 

0.  87121 

38111 

20189 

60.  6 

29.5 

0.  49242 

35601 

03467 

0. 87035 

56959 

39900 

60.5 

29.6 

0.  49394 

18665 

84231 

0. 86949 

49295 

05219 

60.4 

29.7 

0.  49545 

86684 

32408 

0.  86863 

15144 

38191 

60.3 

29.8 

0.  49697 

39610 

27555 

0. 86776 

54533 

68928 

60.2 

29.9 

0.  49848 

77397 

53830 

0.  86689 

67489 

35603 

60.1 

30.0 

0.  50000 

00000 

00000 

0.  86602 

54037 

84439 

60.0 

90° 

cos  e 

sin  0 

0 
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0 

sin  0 

cos  0 

CO 

o 

0 

1 

30.0° 

0.  50000 

00000 

00000 

0.  86602 

54037 

84439 

60.0° 

30.1 

0.50151 

07371 

59457 

0.  86515 

14205 

69704 

59.9 

30.2 

0.  50301 

99466 

30235 

0.  86427 

48019 

53705 

59.8 

30.3 

0.  50452 

76238 

15019 

0. 86339 

55506 

06772 

59.7 

30.4 

0.  50603 

37641 

21164 

0.  86251 

36692 

07257 

59.6 

30.5 

0.50753 

83629 

60704 

0. 86162 

91604 

41526 

59.5 

30.6 

0.  50904 

14157 

50371 

0.  86074 

20270 

03944 

59.4 

30.7 

0.  51054 

29179 

11606 

0.  85985 

22715 

96873 

59.3 

30.8 

0.51204 

28648 

70572 

0. 85895 

98969 

30664 

59.2 

30.9 

0.51354 

12520 

58170 

0.  85806 

49057 

23645 

59.1 

31.0 

0.  51503 

80749 

10054 

0.  85716 

73007 

02112 

59.0 

31.1 

0.  51653 

33288 

66642 

0.  85626 

70846 

00328 

58.9 

31.2 

0.  51802 

70093 

73130 

0.  85536 

42601 

60507 

58.8 

31.3 

0.  51951 

91118 

79509 

0. 85445 

88301 

32807 

58.7 

31.4 

0.  52100 

96318 

40576 

0. 85355 

0797 Z 75327 

58.6 

31.5 

0.  52249 

85647 

15949 

0.  85264 

01643 

54092 

58.5 

31.6 

0.  52398 

59059 

70079 

0.  85172 

69341 

43048 

58.4 

31.7 

0.  52547 

16510 

72268 

0.  85081 

11094 

24051 

58.3 

31.8 

0.52695 

57954 

96678 

0. 84989 

26929 

86864 

58.2 

31.9 

0.  52843 

83347 

22347 

0. 84897 

16876 

29141 

58.1 

32.0 

0.  52991 

92642 

33205 

0.  84804 

80961 

56426 

58.0 

32.1 

0.53139 

85795 

18083 

0. 84712 

19213 

82137 

57.9 

32.2 

0.  53287 

62760 

70730 

0.  84619 

31661 

27564 

57.8 

32.3 

0. 53435 

23493 

89826 

0.  84526 

18332 

21856 

57.7 

32.4 

0.  53582 

67949 

78997 

0.  84432 

79255 

02015 

57.6 

32.5 

0.  53729 

96083 

46824 

0.  84339 

14458 

12886 

57.5 

32.6 

0. 53877 

07850 

06863 

0. 84245 

23970 

07148 

57.4 

32.7 

0.54024 

03204 

77655 

0. 84151 

07819 

45306 

57.3 

32.8 

0.  54170 

82102 

82740 

0. 84056 

66034 

95684 

57.2 

32.9 

0.  54317 

44499 

50671 

0.  83961 

98645 

34413 

57.1 

33.0 

0. 54463 

90350 

15027 

0.  83867 

05679 

45424 

57.0 

33.1 

0.  54610 

19610 

14429 

0. 83771 

87166 

20439 

56.9 

33.2 

0.54756 

32234 

92550 

0.  83676 

43134 

58962 

56.8 

33.3 

0.  54902 

28179 

98132 

0.  83580 

73613 

68270 

56.7 

33.4 

0.  55048 

07400 

84996 

0.  83484 

78632 

63407 

56.6 

33.5 

0.  55193 

69853 

12058 

0.  83388 

58220 

67168 

56.5 

33.6 

0.  55339 

15492 

43344 

0.  83292 

12407 

10099 

56.4 

33.7 

0.  55484 

44274 

47999 

0.  83195 

41221 

30483 

56.3 

33.8 

0. 55629 

56155 

00305 

0.  83098 

44692 

74328 

56.2 

33.9 

0.  55774 

51089 

79690 

0. 83001 

22850 

95367 

56.1 

34.0 

0.  55919 

29034 

70747 

0.  82903 

75725 

55042 

56.0 

34.1 

0.  56063 

89945 

63242 

0.  82806 

03346 

22494 

55.9 

34.2 

0.  56208 

33778 

52131 

0.  82708 

05742 

74562 

55.8 

34.3 

0.  56352 

60489 

37571 

0.  82609 

82944 

95764 

55.7 

34.4 

0.  56496 

70034 

24938 

0. 82511 

34982 

78295 

55.6 

34.5 

0.  56640 

62369 

24833 

0. 82412 

61886 

22016 

55.5 

34.6 

0.  56784 

37450 

53101 

0.  82313 

63685 

34442 

55.4 

34.7 

0.  56927 

95234 

30844 

0.  82214 

40410 

30737 

55.3 

34.8 

0.57071 

35676 

84432 

0.  82114 

92091 

33704 

55.2 

34.9 

0.57214 

58734 

45516 

0.  82015 

18758 

73772 

55.1 

35.0 

0. 57357 

64363 

51046 

0.  81915 

20442 

88992 

55.0 

90°  — 0 

cos  0 

sin  0 

0 

* 

rr 

i 

♦See  page  n. 
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Table  4.10  CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A DEGREE 


e 

sin  0 

cos  0 

CO 

o 

0 

1 

cr> 

35.  0° 

0.  57357 

64363 

51046 

0. 81915 

20442 

88992 

0 

55.0 

35.1 

0. 57500 

52520 

43279 

0.  81814 

97174 

25023 

54.9 

35.2 

0.  57643 

23161 

69793 

0.81714 

48983 

35129 

54.8 

35.3 

0.  57785 

76243 

83505 

0.  81613 

75900 

80160 

54.7 

35.4 

0.  57928 

11723 

42679 

0.  81512 

77957 

28554 

54.6 

35.5 

0.  58070 

29557 

10940 

0. 81411 

55183 

56319 

54.5 

35.6 

0.  58212 

29701 

57289 

0.  81310 

07610 

47028 

54.4 

35.7 

0.  58354 

12113 

56118 

0.  81208 

35268 

91806 

54.3 

35.8 

0.  58495 

76749 

87215 

0.  81106 

38189 

89327 

54.2 

35.9 

0.  58637 

23567 

35789 

0.  81004 

16404 

45796 

54.1 

36.0 

0.  58778 

52522 

92473 

0.  80901 

69943 

74947 

54.0 

36.1 

0.  58919 

63573 

53342 

0.80798 

98838 

98031 

53.9 

36.2 

0.59060 

56676 

19925 

0.  80696 

03121 

43802 

53.8 

36.3 

0.  59201 

31787 

99220 

0.  80592 

82822 

48516 

53.7 

36.4 

0.  59341 

88866 

03701 

0.  80489 

37973 

55914 

53.6 

36.5 

0.  59482 

27867 

51341 

0.  80385 

68606 

17217 

53.5 

36.  6 

0.  59622 

48749 

65616 

0.  80281 

74751 

91115 

53.4 

36.7 

0.  59762 

51469 

75521 

0.  80177 

56442 

43754 

53.3 

36.8 

0.  59902 

35985 

15586 

0.  80073 

13709 

48733 

53.2 

36.9 

0.  60042 

02253 

25884 

0. 79968 

46584 

87091 

53.1 

37.0 

0.  60181 

50231 

52048 

0. 79863 

55100 

47293 

53.0 

37.1 

0.  60320 

79877 

45282 

0.  79758 

39288 

25229 

52.9 

37.2 

0.  60459 

91148 

62375 

0.  79652 

99180 

24196 

52.8 

37.3 

0.  60598 

84002 

65711 

0.  7954? 

34808 

54896 

52.7 

37.4 

0.  60737 

58397 

23287 

0.  79441 

46205 

35418 

52.6 

37.5 

0.  60876 

14290 

08721 

0.  79335 

33402 

91235 

52.5 

37.6 

0.  61014 

51639 

01268 

0.  79228 

96433 

55191 

52.4 

37.7 

0.  61152 

70401 

85831 

0.79122 

35329 

67490 

52.3 

37.8 

0. 61290 

70536 

52976 

0.  79015 

50123 

75690 

52.2 

37.9 

0.  61428 

52000 

98943 

0.  78908 

40848 

34691 

52.1 

38.0 

0.  61566 

14753 

25658 

0.  78801 

07536 

06722 

52.0 

38.1 

0.  61703 

58751 

40749 

0.  78693 

50219 

61337 

51.9 

38.2 

0.  61840 

83953 

57554 

0.  78585 

68931 

75402 

51.8 

38.3 

0.  61977 

90317 

95140 

0.  78477 

63705 

33083 

51.7 

38.4 

0.  62114 

77802 

78310 

0. 78369 

34573 

25840 

51.6 

38.5 

0.  62251 

46366 

37620 

0.  78260 

81568 

52414 

51.5 

38.6 

0.  62387 

95967 

09386 

0.  78152 

04724 

18819 

51.4 

38.7 

0.  62524 

26563 

35705 

0.  78043 

04073 

38330 

51.3 

38.8 

0.  62660 

38113 

64461 

0.  77933 

79649 

31474 

51.2 

38.9 

0.  62796 

30576 

49338 

0.  77824 

31485 

26021 

51.1 

39.0 

0.  62932 

03910 

49837 

0.  77714 

59614 

56971 

51.0 

39.1 

0.  63067 

58074 

31286 

0. 77604 

64070 

66546 

50.9 

39.2 

0.  63202 

93026 

64851 

0.  77494 

44887 

04180 

50.8 

39.3 

0.  63338 

08726 

27550 

0.  77384 

02097 

26506 

50.7 

39.4 

0.  63473 

05132 

02268 

0. 77273 

35734 

97351 

50.6 

39.5 

0.  63607 

82202 

77764 

0.  77162 

45833 

87720 

50.5 

39.6 

0.  63742 

39897 

48690 

0.  77051 

32427 

75789 

50.4 

39.7 

0.  63876 

78175 

15598 

0.  76939 

95550 

46895 

50.3 

39.8 

0.  64010 

96994 

84955 

0.  76828 

35235 

93523 

50.2 

39.9 

0.  64144 

96315 

69158 

0.  76716 

51518 

15300 

50.1 

40.0 

0.  64278 

76096 

86539 

0.  76604 

44431 

18978 

50.0 

9O°-0 

cos  0 

sin  0 

0 

♦ 

[(T 

• 

'(-7)3- 

L & . 

i 

*See  page  n. 
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CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A DEGREE  Table  4.10 


e 

sm  0 

40.0° 

0.  64278 

76096 

40.1 

0.  64412 

36297 

40.2 

0. 64545 

76877 

40.3 

0.  64678 

97795 

40.4 

0.  64811 

99010 

40.5 

0.  64944 

80483 

40.6 

0.  65077 

42172 

40.7 

0.  65209 

84038 

40.8 

0. 65342 

06039 

40.9 

0.  65474 

08137 

41.0 

0.  65605 

90289 

41.1 

0.  65737 

52457 

41.2 

0.  65868 

94601 

41.3 

0.  66000 

16679 

41.4 

0.  66131 

18653 

41.5 

0.  66262 

00482 

41.6 

0.  66392 

62126 

41.7 

0.  66523 

03546 

41.8 

0.  66653 

24702 

41.9 

0.  66783 

25554 

42.0 

0.66913 

06063 

42.1 

0.  67042 

66189 

42.2 

0.  67172 

05893 

42.3 

0.  67301 

25135 

42.4 

0.  67430 

23875 

42.5 

0.  67559 

02076 

42.6 

0.  67687 

59696 

42.7 

0.  67815 

96698 

42.8 

0. 67944 

13042 

42.9 

0.  68072 

08689 

43.0 

0.  68199 

83600 

43.1 

0.  68327 

37736 

43.2 

0.  68454 

71059 

43.3 

0.  68581 

83529 

43.4 

0.  68708 

75108 

43.5 

0.  68835 

45756 

43.6 

0.  68961 

95437 

43.7 

0.  69088 

24110 

43.8 

0.  69214 

31738 

43.9 

0.  69340 

18282 

44.0 

0.  69465 

83704 

44.1 

0.  69591 

27965 

44.2 

0.  69716 

51028 

44.3 

0.  69841 

52854 

44.4 

0.  69966 

33405 

44.5 

0.  70090 

92642 

44.6 

0.  70215 

30529 

44.7 

0.  70339 

47028 

44.8 

0.  70463 

42099 

44.9 

0.  70587 

15706 

45.0 

0.  70710 

67811 

90° -0 

cos  0 

86539 

0. 76604 

61387 

0.  76492 

23951 

0.  76379 

10460 

0. 76266 

63131 

0.  76153 

30184 

0.  76040 

65851 

0.  75927 

30392 

0.75813 

90105 

0.  75699 

17340 

0.  75585 

90507 

0.  75470 

94096 

0.  75356 

18680 

0.  75241 

60937 

0.  75126 

23652 

0.  75011 

15737 

0.  74895 

52242 

0.  74779 

54361 

0.  74663 

49452 

0.  74547 

71047 

0.  74431 

58858 

0.  74314 

58799 

0.  74197 

22990 

0. 74080 

09773 

0.  73963 

83723 

0.  73845 

15660 

0.  73727 

82661 

0.  73609 

68071 

0.  73491 

61517 

0.  73372 

58918 

0.  73254 

62499 

0.73135 

80799 

0.  73016 

28689 

0.  72896 

27376 

0.  72777 

04423 

0.  72657 

93754 

0.  72537 

35670 

0.  72417 

76858 

0.  72296 

70407 

0.  72176 

75813 

0.  72055 

58997 

0.  71933 

92314 

0.  71812 

54565 

0.  71691 

31006 

0.  71569 

13365 

0.  71447 

99851 

0.  71325 

95162 

0.71202 

10504 

0.  71079 

63595 

0.  70957 

78681 

0. 70833 

86548 

0. 70710 

cos  0 

CO 

o 

0 

1 

44431 

18978 

50.0° 

14009 

18432 

49.9 

60286 

34642 

49.8 

83296 

95688 

49.7 

83075 

36737 

49.6 

59656 

00031 

49.5 

13073 

34881 

49.4 

43361 

97652 

49.3 

50556 

51756 

49.2 

34691 

67640 

49.1 

95802 

22772 

49.0 

33923 

01638 

48.9 

49088 

95724 

48.8 

41335 

03511 

48.7 

10696 

30460 

48.6 

57207 

89002 

48.5 

80904 

98532 

48.4 

81822 

85391 

48.3 

59996 

82862 

48.2 

15462 

31154 

48.1 

48254 

77394 

48.0 

58409 

75616 

47.9 

45962 

86750 

47.8 

10949 

78610 

47.7 

53406 

25884 

47.6 

73368 

10124 

47.5 

70871 

19734 

47.4 

45951 

49960 

47.3 

98645 

02876 

47.2 

28987 

87379 

47.1 

37016 

19170 

47.0 

22766 

20752 

46.9 

86274 

21412 

46.8 

27576 

57210 

46.7 

46709 

70976 

46.6 

43710 

12288 

46.5 

18614 

37468 

46.4 

71459 

09568 

46.3 

02280 

98362 

46.2 

11116 

80330 

46.1 

98003 

38651 

46.0 

62977 

63189 

45.9 

06076 

50483 

45.8 

27337 

03736 

45.7 

26796 

32803 

45.6 

04491 

54182 

45.5 

60459 

90996 

45.4 

94738 

72992 

45.3 

07365 

36521 

45.2 

98377 

24529 

45.1 

67811 

86548 

45.0 

,sin  0 

0 
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Table  4.11 

CIRCULAR  TANGENTS, 

COTANGENTS, 

SECANTS  AND  COSECANTS 

TO  FIVE  TENTHS  OF  A DEGREE 

0 

tan  0 

cot  0 

sec  0 

CSC  0 

90°  -e 

0.  0° 

0.  00000 

00000 

00000 

00 

1.  00000 

000 

00 

90.0 

0.5 

0.  00872 

68677 

90759 

114.  58865 

01293 

09608 

1. 00003 

808 

114.  59301 

348 

89.5 

1.0 

0.  01745 

50649 

28217 

57. 28996 

16307 

59424 

1. 00015 

233 

57. 29868 

850 

89.0 

1.5 

0.  02618 

59215 

69187 

38. 18845 

92970 

25609 

1. 00034 

279 

38. 20155 

001 

88.5 

2.0 

0.  03492 

07694 

91747 

28. 63625 

32829 

15603 

1.00060 

954 

28.  65370 

835 

88.0 

2.5 

0.  04366 

09429 

08512 

22. 90376 

55484 

31198 

1. 00095 

269 

22. 92558 

563 

87.5 

3.0 

0. 05240 

77792 

83041 

19. 08113 

66877 

28211 

1.  00137 

235 

19. 10732 

261 

87.0 

3.5 

0.  06116 

26201 

50484 

16.  34985 

54760 

99672 

1.  00186 

869 

16.  38040 

824 

86.5 

4.0 

0.  06992 

68119 

43510 

14. 30066 

62567 

11928 

1. 00244 

190 

14. 33558 

703 

86.0 

4.5 

0.  07870 

17068 

24618 

12. 70620 

47361 

74704 

1.  00309 

220 

12. 74549 

484 

85.5 

5.0 

0. 08748 

86635 

25924 

11. 43005 

23027 

61343 

1. 00381 

984 

11. 47371 

325 

85.0 

5.5 

0.  09628 

90481 

97538 

10.  38539 

70801 

38159 

1. 00462 

509 

10. 43343 

052 

84.5 

6.0 

0. 10510 

42352 

65676 

9. 51436 

44542 

22585 

1. 00550 

828 

9.  56677 

223 

84.0 

6.5 

0. 11393 

56083 

01645 

8.  77688 

73568 

69956 

1. 00646 

973 

8.  83367 

147 

83.5 

7.0 

0. 12278 

45609 

02904 

8. 14434 

64279 

74594 

1. 00750 

983 

8. 20550 

905 

83.0 

7.5 

0. 13165 

24975 

87396 

7.  59575 

41127 

25150 

1. 00862 

896 

7.  66129 

758 

82.5 

8.0 

0. 14054 

08347 

02391 

7. 11536 

97223 

84209 

1. 00982 

757 

7. 18529 

653 

82.0 

8.5 

0. 14945 

10013 

49128 

6. 69115 

62383 

17409 

1.01110 

613 

6.  76546 

908 

81.5 

9.0 

0. 15838 

44403 

24536 

6.  31375 

15146 

75043 

1. 01246 

513 

6. 39245 

322 

81.0 

9.5 

0. 16734 

26090 

81419 

5. 97576 

43644 

33065 

1. 01390 

510 

6. 05885 

796 

80.5 

10.0 

0. 17632 

69807 

08465 

5. 67128 

18196 

17709 

1. 01542 

661 

5. 75877 

049 

80.0 

10.5 

0. 18533 

90449 

31534 

5. 39551 

71743 

19137 

1. 01703 

027 

5. 48740 

427 

79.5 

11.0 

0. 19438 

03091 

37718 

5. 14455 

40159 

70310 

1. 01871 

670 

5. 24084 

307 

79.0 

11.5 

0.  20345 

22994 

23699 

4. 91515 

70310 

71205 

1. 02048 

657 

5. 01585 

174 

78.5 

12.0 

0. 21255 

65616 

70022 

4. 70463 

01094 

78454 

1. 02234 

059 

4. 80973 

435 

78.0 

12.5 

0.  22169 

46626 

42940 

4. 51070 

85036 

62057 

1. 02427 

951 

4. 62022 

632 

77.5 

13.0 

0.  23086 

81911 

25563 

4.  33147 

58742 

84155 

1. 02630 

411 

4. 44541 

148 

77.0 

13.5 

0. 24007 

87590 

80116 

4. 16529 

97700 

90417 

1. 02841 

519 

4. 28365 

757 

76.5 

14.0 

0. 24932 

80028 

43180 

4.  01078 

09335 

35844 

1. 03061 

363 

4. 13356 

550 

76.0 

14.5 

0. 25861 

75843 

55890 

3. 86671 

30948 

98738 

1. 03290 

031 

3. 99392 

916 

75.5 

15.0 

0.  26794 

91924 

31122 

3. 73205 

08075 

68877 

1. 03527 

618 

3. 86370 

331 

75.0 

15.5 

0. 27732 

45440 

59838 

3. 60588 

35087 

60874 

1.  03774 

221 

3. 74197 

754 

74.5 

16.0 

0. 28674 

53857 

58808 

3. 48741 

44438 

40908 

1. 04029 

944 

3. 62795 

528 

74.0 

16.5 

0. 29621 

34949 

62080 

3.  37594 

34225 

91246 

1. 04294 

891 

3. 52093 

652 

73.5 

17.0 

0. 30573 

06814 

58660 

3. 27085 

26184 

84141 

1. 04569 

176 

3. 42030 

362 

73.0 

17.5 

0.  31529 

87888 

78983 

3. 17159 

48023 

63212 

1. 04852 

913 

3. 32550 

952 

72.5 

18.0 

0.  32491 

96962 

32906 

3.  07768 

35371 

75253 

1.  05146 

222 

3. 23606 

798 

72.0 

18.5 

0.  33459 

53195 

02073 

2. 98868 

49627 

42893 

1. 05449 

231 

3. 15154 

530 

71.5 

19.0 

0.  34432 

76132 

89665 

2. 90421 

08776 

75823 

1. 05762 

068 

3. 07155 

349 

71.0 

19.5 

0.  35411 

85725 

30698 

2. 82391 

28856 

00801 

1.06084 

870 

2. 99574 

431 

70.5 

20.0 

0.  36397 

02342 

66202 

2. 74747 

74194 

54622 

1. 06417 

777 

2. 92380 

440 

70.0 

20.5 

0.  37388 

46794 

84804 

2. 67462 

14939 

26824 

1. 06760 

936 

2.  85545 

095 

69.5 

21.0 

0.  38386 

40350 

35416 

2.60508 

90646 

93801 

1. 07114 

499 

2. 79042 

811 

69.0 

21.5 

0.  39391 

04756 

14942 

2. 53864 

78956 

64307 

1.  07478 

624 

2. 72850 

383 

68.5 

22.0 

0. 40402 

62258 

35157 

2.47508 

68534 

16296 

1. 07853 

474 

2. 66946 

716 

68.0 

22.5 

0.  41421 

35623 

73095 

2. 41421 

35623 

73095 

1. 08239 

220 

2. 61312 

593 

67.5 

90° -0 

cot  0 

tan  0 

CSC  0 

sec  0 

0 
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CIRCULAR  TANGENTS,  COTANGENTS,  SECANTS  AND  COSECANTS  Table  4.11 

TO  FIVE  TENTHS  OF  A DEGREE 


e 

tan  0 

cot  0 

sec  0 

CSC  0 

90° -0 

22.  5 

0.  41421 

35623 

73095 

2.  41421 

35623 

73095 

1. 08239 

220 

2. 61312 

593 

67.  5C 

23.0 

0.  42447 

48162 

09604 

2.  35585 

23658 

23753 

1.  08636 

038 

2. 55930 

467 

67.0 

23.5 

0.  43481 

23749 

60933 

2. 29984 

25472 

36257 

1.  09044 

110 

2. 50784 

285 

66.5 

24.0 

0. 44522 

86853 

08536 

2. 24603 

67739 

04216 

1.  09463 

628 

2.  45859 

334 

66.0 

24.5 

0.  45572 

62555 

32584 

2. 19429 

97311 

65038 

1. 09894 

787 

2. 41142 

102 

65.5 

25.0 

0.  46630 

76581 

54998 

2. 14450 

69205 

09558 

1. 10337 

792 

2. 36620 

158 

65.0 

25.5 

0.  47697 

55326 

98160 

2.  09654 

35990 

88174 

1. 10792 

854 

2. 32282 

050 

64.5 

26.0 

0.  48773 

25885 

65861 

2.  05030 

38415 

79296 

1. 11260 

194 

2. 28117 

203 

64.0 

26.5 

0.  49858 

16080 

53431 

2. 00568 

97082 

59020 

1. 11740 

038 

2. 24115 

845 

63.5 

27.0 

0.  50952 

54494 

94429 

1. 96261 

05055 

05150 

1. 12232 

624 

2. 20268 

926 

63.0 

27.5 

0.  52056 

70505 

51746 

1. 92098 

21269 

71166 

1. 12738 

195 

2. 16568 

057 

62.5 

28.0 

0. 53170 

94316 

61479 

1. 88072 

64653 

46332 

1.13257 

005 

2. 13005 

447 

62.0 

28.5 

0.  54295 

56996 

38437 

1. 84177 

08860 

33458 

1. 13789 

318 

2. 09573 

853 

61.5 

29.0 

0.  55430 

90514 

52769 

1. 80404 

77552 

71424 

1. 14335 

407 

2. 06266 

534 

61.0 

29.5 

0. 56577 

27781 

87770 

1. 76749 

40162 

42891 

1. 14895 

554 

2. 03077 

204 

60.5 

30.0 

0.  57735 

02691 

89626 

1. 73205 

08075 

68877 

1. 15470 

054 

2. 00000 

000 

60.0 

30.5 

0.  58904 

50164 

20551 

1. 69766 

31193 

26089 

1. 16059 

210 

1. 97029 

441 

59.5 

31.0 

0.  60086 

06190 

27560 

1. 66427 

94823 

50518 

1. 16663 

340 

1. 94160 

403 

59.0 

31.5 

0.  61280 

07881 

39932 

1. 63185 

16871 

28789 

1. 17282 

770 

1. 91388 

086 

58.5 

32.0 

0.  62486 

93519 

09327 

1. 60033 

45290 

41050 

1. 17917 

840 

1. 88707 

991 

58.0 

32.5 

0. 63707 

02608 

07493 

1.  56968 

55771 

17490 

1. 18568 

905 

1. 86115 

900 

57.5 

33.0 

0. 64940 

75931 

97510 

1.  53986 

49638 

14583 

1. 19236 

329 

1.  83607 

846 

57.0 

33.5 

0.  66188 

55611 

95691 

1. 51083 

51936 

14901 

1.19920 

494 

1. 81180 

103 

56.5 

34.0 

0.  67450 

85168 

42426 

1. 48256 

09685 

12740 

1. 20621 

795 

1. 78829 

165 

56.0 

34.5 

0.  68728 

09586 

01613 

1. 45500 

90286 

72445 

1.21340 

641 

1. 76551 

728 

55.5 

35.0 

0. 70020 

75382 

09710 

1. 42814 

80067 

42114 

1. 22077 

459 

1. 74344 

680 

55.0 

35.5 

0.  71329 

30678 

97005 

1. 40194 

82944 

76336 

1. 22832 

691 

1. 72205 

082 

54.5 

36.0 

0.  72654 

25280 

05361 

1. 37638 

19204 

71173 

1.23606 

798 

1. 70130 

162 

54.0 

36.5 

0.  73996 

10750 

28487 

1.  35142 

24379 

45808 

1. 24400 

257 

1.  68117 

299 

53.5 

37.0 

0.  75355 

40501 

02794 

1. 32704 

48216 

20410 

1.25213 

566 

1.  66164 

014 

53.0 

37.5 

0. 76732 

69879 

78960 

1.  30322 

53728 

41206 

1. 26047 

241 

1.  64267 

963 

52.5 

38.0 

0.  78128 

56265 

06717 

1. 27994 

16321 

93079 

1.26901 

822 

1.  62426 

925 

52.0 

38.5 

0.  79543 

59166 

67828 

1. 25717 

22989 

18954 

1. 27777 

866 

1.  60638 

793 

51.5 

39.0 

0. 80978 

40331 

95007 

1. 23489 

71565 

35051 

1. 28675 

957 

1.  58901 

573 

51.0 

39.5 

0.  82433 

63858 

17495 

1.21309 

70040 

92932 

1. 29596 

700 

1.57213 

369 

50.5 

40.0 

0.  83909 

96311 

77280 

1. 19175 

35925 

94210 

1. 30540 

729 

1.  55572 

383 

50.0 

40.5 

0. 85408 

06854 

63466 

1. 17084 

95661 

12539 

1.  31508 

700 

1.  53976 

904 

49.5 

41.0 

0.  86928 

67378 

16226 

1. 15036 

84072 

21009 

1. 32501 

299 

1. 52425 

309 

49.0 

41.5 

0.  88472 

52645 

55944 

1. 13029 

43863 

61753 

1.  33519 

242 

1.  50916 

050 

48.5 

42.0 

0. 90040 

40442 

97840 

1.11061 

25148 

29193 

1.  34563 

273 

1. 49447 

655 

48.0 

42.5 

0.  91633 

11740 

17423 

1.  09130 

85010 

69271 

1.  35634 

170 

1. 48018 

723 

47.5 

43.0 

0.  93251 

50861 

37661 

1.  07236 

87100 

24682 

1. 36732 

746 

1. 46627 

919 

47.0 

43.5 

0. 94896 

45667 

14880 

1.  05378 

01252 

80962 

1.  37859 

847 

1. 45273 

967 

46.5 

44.0 

0.  96568 

87748 

07074 

1.  03553 

03137 

90569 

1.  39016 

359 

1. 43955 

654 

46.0 

44.5 

0.  98269 

72631 

15690 

1. 01760 

73929 

72125 

1.40203 

206 

1. 42671 

819 

45.5 

45.0 

1.00000 

00000 

00000 

1.  00000 

00000 

00000 

1. 41421 

356 

1. 41421 

356 

45.0 

90° -0 

cot  0 

tan  0 

CSC  0 

sec  0 

0 
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Table  4.12  CIRCULAR  FUNCTIONS  FOR  THE  ARGUMENT  \ x 


X 

sin 

T 

2X 

cos 

7T 

2X 

tan 

7T 

2X 

1 —x 

0.  00 

0.  00000 

00000 

00000 

00000 

1.00000 

00000 

00000 

00000 

0.00000 

00000 

00000 

00000 

1.  00 

0.01 

0.  01570 

73173 

11820 

67575 

0. 99987 

66324 

81660 

59864 

0.  01570 

92553 

23664 

91632 

0. 99 

0.  02 

0. 03141 

07590 

78128 

29384 

0.  99950 

65603 

65731 

55700 

0.  03142 

62660 

43351 

14782 

0. 98 

0.  03 

0. 04710 

64507 

09642 

66090 

0. 99888 

98749 

61969 

97264 

0.  04715 

88028 

77480 

47448 

0.97 

0.  04 

0.  06279 

05195 

29313 

37607 

0.  99802 

67284 

28271 

56195 

0. 06291 

46672 

53649 

75722 

0.96 

0.  05 

0.  07845 

90957 

27844 

94503 

0. 99691 

73337 

33127 

97620 

0.  07870 

17068 

24618 

44806 

0. 95 

0.06 

0.  09410 

83133 

18514 

31847 

0.  99556 

19646 

03080 

01290 

0. 09452 

78311 

79282 

04901 

0.  94 

0.  07 

0. 10973 

43110 

91045 

26802 

0.  99396 

09554 

55179 

68775 

0. 11040 

10278 

15818 

94497 

0. 93 

0.  08 

0. 12533 

32335 

64304 

24537 

0. 99211 

47013 

14477 

83105 

0. 12632 

93784 

46108 

17478 

0.  92 

0.  09 

0. 14090 

12319 

37582 

66116 

0.  99002 

36577 

16557 

56725 

0. 14232 

10757 

02942 

94229 

0.  91 

0.10 

0. 15643 

44650 

40230 

86901 

0.  98768 

83405 

95137 

72619 

0. 15838 

44403 

24536 

29384 

0.90 

0. 11 

0. 17192 

91002 

79409 

54661 

0. 98510 

93261 

54773 

91802 

0. 17452 

79388 

94365 

08461 

0.  89 

0. 12 

0. 18738 

13145 

85724 

63054 

0.  98228 

72507 

28688 

68108 

0. 19076 

02022 

18566 

74856 

0.  88 

0. 13 

0. 20278 

72953 

56512 

48344 

0. 97922 

28106 

21765 

78086 

0.  20709 

00444 

27938 

70402 

0.  87 

0. 14 

0. 21814 

32413 

96542 

55202 

0. 97591 

67619 

38747 

39896 

0.  22352 

64828 

97149 

10184 

0. 86 

0.15 

0.  23344 

53638 

55905 

41177 

0.  97236 

99203 

97676 

60183 

0.  24007 

87590 

80116 

03926 

0.  85 

0. 16 

0. 24868 

98871 

64854 

78824 

0.  96858 

31611 

28631 

11949 

0.  25675 

63603 

67726 

78332 

0.  84 

0. 17 

0.  26387 

30499 

65372 

89696 

0.  96455 

74184 

57798 

09366 

0.27356 

90430 

82237 

23655 

0.  83 

0. 18 

0. 27899 

11060 

39229 

25185 

0. 96029 

36856 

76943 

07175 

0.  29052 

68567 

31916 

45432 

0.  82 

0. 19 

0.  29404 

03252 

32303 

95777 

0. 95579 

30147 

98330 

12664 

0.  30764 

01696 

59898 

29067 

0.  81 

0.20 

0.  30901 

69943 

74947 

42410 

0. 95105 

65162 

95153 

57211 

0.  32491 

96962 

32906 

32615 

0.  80 

0.21 

0. 32391 

74181 

98149 

41440 

0. 94608 

53588 

27545 

31853 

0.  34237 

65257 

28683 

05965 

0. 79 

0.  22 

0.  33873 

79202 

45291 

38122 

0. 94088 

07689 

54225 

47232 

0.  36002 

21530 

95756 

62634 

0.  78 

0.  23 

0.  35347 

48437 

79257 

12472 

0. 93544 

40308 

29867 

32518 

0.  37786 

85117 

75820 

93670 

0.  77 

0.24 

0. 36812 

45526 

84677 

95915 

0.  92977 

64858 

88251 

40366 

0.  39592 

80087 

97721 

26049 

0.  76 

0. 25 

0.  38268 

34323 

65089 

77173 

0. 92387 

95325 

11286 

75613 

0.41421 

35623 

73095 

04880 

0.  75 

0.  26 

0.  39714 

78906 

34780 

61375 

0.91775 

46256 

83981 

14114 

0.  43273 

86422 

47425 

93197 

0. 74 

0.27 

0. 41151 

43586 

05108 

77405 

0.  91140 

32766 

35445 

24821 

0.  45151 

73130 

86983 

28945 

0.  73 

0.  28 

0.  42577 

92915 

65072 

64886 

0. 90482 

70524 

66019 

52771 

0. 47056 

42812 

12251 

49308 

0.  72 

0.  29 

0.  43993 

91698 

55915 

14083 

0.  89802 

75757 

60615 

63093 

0.  48989 

49450 

22477 

05270 

0. 71 

0.  30 

0. 45399 

04997 

39546 

79156 

0. 89100 

65241 

88367 

86236 

0.  50952 

54494 

94428 

81051 

0.  70 

0.  31 

0. 46792 

98142 

60573 

37723 

0.  88376 

56300 

88693 

42432 

0.  52947 

27451 

82014 

63252 

0.  69 

0.  32 

0. 48175 

36741 

01715 

27498 

0.  87630 

66800 

43863 

58731 

0.  54975 

46521 

92770 

07429 

0.  68 

0.  33 

0.  49545 

86684 

32407 

53805 

0.  86863 

15144 

38191 

24777 

0.  57038 

99296 

73294 

88698 

0.  67 

0.  34 

0.  50904 

14157 

50371 

30028 

0.  86074 

20270 

03943 

63716 

0.  59139 

83513 

99471 

09817 

0.  66 

0. 35 

0.  52249 

85647 

15948 

86499 

0.  85264 

01643 

54092 

22152 

0.  61280 

07881 

39931 

99664 

0.  65 

0.  36 

0.  53582 

67949 

78996 

61827 

0.  84432 

79255 

02015 

07855 

0.  63461 

92975 

44148 

10071 

0.  64 

0.  37 

0.  54902 

28179 

98131 

74352 

0.  83580 

73613 

68270 

25847 

0.  65687 

72224 

01279 

37691 

0.  63 

0.  38 

0.  56208 

33778 

52130 

60010 

0.  82708 

05742 

74561 

82492 

0.  67959 

92982 

24526 

52184 

0.  62 

0.  39 

0.  57500 

52520 

43278 

56590 

0.  81814 

97174 

25023 

43213 

0.  70281 

17712 

40357 

33761 

0.  61 

0. 40 

0.  58778 

52522 

92473 

12917 

0.  80901 

69943 

74947 

42410 

0. 72654 

25280 

05360 

88589 

0.  60 

0.  41 

0.  60042 

02253 

25884 

04976 

0.  79968 

46584 

87090 

53868 

0. 75082 

12380 

38764 

68575 

0.  59 

0.  42 

0.  61290 

70536 

52976 

49336 

0.  79015 

50123 

75690 

36516 

0.  77567 

95110 

49613 

10378 

0.58 

0.  43 

0.  62524 

26563 

35705 

17290 

0.  78043 

04073 

38329 

73585 

0. 80115 

10705 

58751 

23382 

0.  57 

0. 44 

0. 63742 

39897 

48689 

71017 

0.  77051 

32427 

75789 

23080 

0.  82727 

19459 

72475 

63403 

0.  56 

0. 45 

0.  64944 

80483 

30183 

65572 

0.  76040 

59656  D0030 

93817 

0.  85408 

06854 

63466 

63752 

0. 55 

0. 46 

0.  66131 

18653 

23651 

87657 

0. 75011 

10696 

30459 

54151 

0. 88161 

85923 

63189 

11465 

0.  54 

0. 47 

0.  67301 

25135 

09773 

33872 

0.  73963 

10949 

78609 

69747 

0.  90992 

99881 

77737 

46579 

0.  53 

0.  48 

0.  68454 

71059 

28688 

67373 

0.  72896 

86274 

21411 

52314 

0. 93906 

25058 

17492 

35255 

0.  52 

0. 49 

0.  69591 

27965 

92314 

32549 

0.71812 

62977 

63188 

83037 

0. 96906 

74171 

93793 

27618 

0.51 

0.50 

0.  70710 

67811 

86547 

52440 

0. 70710 

67811 

86547 

52440 

1. 00000 

00000 

00000 

00000 

0.50 

1 — x cos  2 x s^n  2 x 2 x 


x 
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CIRCULAR  FUNCTIONS  FOR  THE  ARGUMENT  | * Table  4.12 


7T  TT  TT 


X 

COt ; 

A 

2X 

sec ; 

2X 

esc  2 

x 

1 —x 

0.  00 

00 

1. 00000 

00000 

00000 

00000 

00 

1.00 

0.01 

63.  65674 

11628 

71580 

99500 

1.  00012 

33827 

39761 

81169 

63.  66459 

53060 

00564 

58546 

0.99 

0.  02 

31. 82051 

59537 

73958 

03934 

1.  00049 

36832 

37144 

42400 

31. 83622 

52090 

97622 

95566 

0. 98 

0.  03 

21.20494 

87896 

88751 

52283 

1.  00111 

13587 

85243 

76109 

21.22851 

50958 

16816 

17580 

0.  97 

0.  04 

15. 89454 

48438 

65303 

44576 

1.00197 

71730 

71142 

10978 

15.92597 

11099 

08654 

59358 

0.96 

0.05 

12. 70620 

47361 

74704 

64602 

1.  00309 

21984 

82825 

50283 

12. 74549 

48431 

82374 

28619 

0.95 

0.06 

10.  57889 

49934 

05635 

52417 

1.  00445 

78193 

57019 

51480 

10.  62605 

37962 

83115 

99865 

0.  94 

0.07 

9. 05788 

66862 

38928 

19329 

1.  00607 

57361 

86291 

90575 

9.11292 

00161 

49841 

72675 

0.93 

0.08 

7.91581 

50883 

05826 

84427 

1.  00794 

79708 

09297 

28943 

7.  97872 

97555 

59476 

60149 

0.  92 

0.  09 

7.  02636 

62290 

41380 

19848 

1.  01007 

68726 

13784 

19104 

7.  09717 

00264 

69225 

38129 

0.91 

0.10 

6. 31375 

15146 

75043 

09898 

1.  01246 

51257 

88002 

93136 

6.  39245 

32214 

99661 

54704 

0.90 

0. 11 

5. 72974 

16467 

24314 

86192 

1.01511 

57576 

62501 

87437 

5.  81635 

10329 

24944 

03199 

0.  89 

0.12 

5.  24218 

35811 

13176 

73758 

1.01803 

21481 

91042 

38259 

5.  33671 

14122 

92458 

78659 

0.88 

0. 13 

4.  82881 

73521 

92759 

97818 

1. 02121 

80406 

26567 

47910 

4.93127 

53949 

49859 

96253 

0.87 

0. 14 

4.  47374 

28292 

11554 

62415 

1.  02467 

75534 

55900 

33566 

4.58414 

38570 

27373 

56913 

0.  86 

0.15 

4. 16529 

97700 

90417 

20387 

1.  02841 

51936 

65208 

54585 

4.28365 

75697 

31185 

03924 

0.  85 

0. 16 

3.  89474 

28549 

29859 

33474 

1.  03243 

58714 

17339 

88710 

4.  02107 

22333 

75967 

50952 

0.  84 

0. 17 

3.  65538 

43546 

52259 

73004 

1.  03674 

49162 

32016 

53065 

3.78970 

11465 

59780 

81919 

0.  83 

0.18 

3.  44202 

25766 

69218 

62809 

1.  04134 

80947 

70681 

14007 

3.  58434 

36523 

72161 

57038 

0.  82 

0.19 

3.25055 

08012 

99836 

37634 

1.  04625 

16303 

39647 

78848 

3.  40089 

40753 

61802 

31848 

0.  81 

0.20 

3.  07768 

35371 

75253 

40257 

1.  05146 

22242 

38267 

21205 

3.  23606 

79774 

99789 

69641 

0.  80 

0.  21 

2.  92076 

09892 

98816 

40048 

1.  05698 

70790 

93232 

61183 

3. 08720 

66268 

08416 

38088 

0.  79 

0.22 

2.  77760 

68539 

14974 

88865 

1.  06283 

39243 

36113 

96396 

2.95213 

47928 

09339 

97327 

0.  78 

0.23 

2. 64642 

32102 

86631 

86514 

1.  06901 

10439 

98926 

01199 

2. 82905 

56388 

91501 

64260 

0.77 

0.24 

2. 52571 

16894 

47304 

99451 

1.  07552 

73070 

22247 

78234 

2.  71647 

18916 

65871 

74307 

0.76 

0. 25 

2.41421 

35623 

73095 

04880 

1.  08239 

22002 

92393 

96880 

2.  61312 

59297 

52753 

05571 

0.75 

0.26 

2. 31086 

36538 

82410 

63708 

1.  08961 

58646 

48705 

30888 

2.51795 

36983 

10349 

34110 

0.74 

0.27 

2.21475 

44978 

13361 

51875 

1.  09720 

91341 

29537 

26252 

2.  43004 

88648 

55296 

52041 

0.73 

0.28 

2. 12510 

81731 

57202 

76115 

1.10518 

35787 

56399 

59380 

2.  34863 

46560 

54351 

86300 

0.  72 

0..29 

2. 04125 

39671 

21703 

26026 

1.11355 

15511 

90413 

37268 

2.27304 

15214 

61957 

72361 

0.  71 

0.30 

1.  96261 

05055 

05150 

58230 

1. 12232 

62376 

34360 

80715 

2.20268 

92645 

85266 

62156 

0.70 

0.  31 

1.  88867 

13416 

31067 

67620 

1. 13152 

17133 

97749 

42882 

2.13707 

26325 

27611 

85837 

0.  69 

0.  32 

1.  81899 

32472 

81066 

27571 

1. 14115 

30035 

92241 

17245 

2.  07574 

96076 

48793 

05903 

0.  68 

0.  33 

1.75318 

66324 

72237 

08332 

1.15123 

61494 

81376 

51287 

2.01833 

18280 

89559 

43676 

0.  67 

0.  34 

1. 69090 

76557 

85011 

24674 

1.16178 

82810 

72765 

98515 

1.  96447 

66988 

67248 

48330 

0.  66 

0.  35 

1. 63185 

16871 

28789 

61767 

1.17282 

76966 

14008 

94955 

1.91388 

08554 

30942 

72280 

0.  65 

0.36 

1. 57574 

78599 

68651 

08688 

1. 18437 

39497 

36918 

17500 

1.  86627 

47167 

00567 

54120 

0.64 

0. 37 

1.52235 

45068 

96131 

24085 

1. 19644 

79450 

89806 

17366 

1.  82141 

79214 

74081 

38479 

0.  63 

0. 38 

1. 47145 

53158 

19969 

04283 

1.20907 

20434 

06541 

15436 

1.  77909 

54854 

79867 

33350 

0.  62 

0.  39 

1.  42285 

60774 

31870 

59031 

1.22227 

01770 

86068 

14117 

1.73911 

45497 

30640 

74960 

0.61 

0. 40 

1.  37638 

19204 

71173 

53820 

1.23606 

79774 

99789 

69641 

1.70130 

16167 

04079 

86436 

0.  60 

0.  41 

1.  33187 

49515 

02597 

59439 

1.  25049 

29154 

09784 

85573 

1.  66550 

01910 

65749 

08074 

0.  59 

0.  42 

1.  28919 

22317 

85066 

67042 

1.  26557 

44560 

72090 

15648 

1.  63156 

87575 

13749 

73007 

0.58 

0.  43 

1.24820 

40363 

53049 

43751 

1.28134 

42308 

20677 

31999 

1.59937 

90408 

68062 

88301 

0.  57 

0.  44 

1.  20879 

23504 

09609 

13115 

1. 29783 

62271 

84727 

12712 

1.56881 

45035 

05365 

75750 

0.56 

0.45 

1. 17084 

95661 

12539 

22520 

1.  31508 

69998 

90784 

80424 

1.  53976 

90432 

22366 

30748 

0.55 

0.  46 

1.13427 

73492 

55405 

46422 

1. 33313 

59054 

50172 

40410 

1.51214 

58610 

31226 

40092 

0.  54 

0.  47 

1. 09898 

56505 

36301 

56382 

1.35202 

53634 

40027 

12805 

1.  48585 

64735 

81717 

76608 

0.53 

0. 48 

1. 06489 

18403 

24791 

86700 

1.  37180 

11480 

64918 

28453 

1.46081 

98491 

22513 

12750 

0. 52 

0.  49 

1.  03191 

99492 

80495 

57182 

1. 39251 

27141 

49012 

49662 

1.43696 

16493 

57094 

20394 

0.  51 

0.  50 

1.  00000 

00000 

00000 

00000 

1.  41421 

35623 

73095 

04880 

1.  41421 

35623 

73095 

04880 

0.50 

1—  x tan^x  esc  2^  secpj# 


x 
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Table  4.13 

HARMONIC  ANALYSIS 

2* r 

2,ttT 

2irr 

• 

2 itr 

2*r 

• 

2 Trr 

r 

sin 

s 

COS 

s 

sin 

s 

cos 

s 

sm 

s 

COS 

s 

S= 

=3 

s= 

=4 

s 

=5 

1 

0.  86602 

54038 

-0.  50000 

00000 

1.  00000 

00000 

+ 0.00000 

00000 

0.95105 

65163 

+ 0.  30901 

69944 

2 

0. 00000 

00000 

-1. 00000 

00000 

0. 58778 

52523 

-0.  80901 

69944 

s- 

=6 

s- 

=7 

S- 

=8 

1 

0.  86602 

54038 

+0.50000 

00000 

0.78183 

14824 

+0.  62348 

98019 

0.70710 

67812 

0.  70710 

67812 

2 

0.  86602 

54038 

-0.  50000 

00000 

0. 97492 

79122 

-0. 22252 

09340 

1.00000 

00000 

+ 0.  00000 

00000 

3 

0. 00000 

00000 

-1.  00000 

00000 

0.43388 

37391 

-0.  90096 

88679 

0. 70710 

67812 

-0.  70710 

67812 

4 

0.00000 

00000 

-1.  00000 

00000 

s= 

=9 

s 

=10“ 

s= 

=11 

1 

0.  64278 

76097 

0. 76604 

44431 

0. 58778 

52523 

0.  80901 

69944 

0.54064 

08174 

0. 84125 

35328 

2 

0. 98480 

77530 

+ 0. 17364 

81777 

0.95105 

65163 

+0.30901 

69944 

0. 90963 

19953 

+0. 41541 

50130 

3 

0. 86602 

54038 

-0.  50000 

00000 

0.95105 

65163 

-0. 30901 

69944 

0. 98982 

14419 

-0. 14231 

48383 

4 

0.  34202 

01433 

-0.  93969 

26208 

0.  58778 

52523 

-0. 80901 

69944 

0. 75574 

95743 

-0.  65486 

07340 

5 

0.00000 

00000 

-1.00000 

00000 

0.28173 

25568 

-0. 95949 

29736 

s= 

=12 

5= 

=13 

s= 

=14 

1 

0. 50000 

00000 

0. 86602 

54038 

0. 46472 

31720 

0. 88545 

60257 

0. 43388 

37391 

0. 90096 

88679 

2 

0.  86602 

54038 

0. 50000 

00000 

0. 82298 

38659 

0.  56806 

47468 

0. 78183 

14825 

0.  62348 

98019 

3 

1. 00000 

00000 

+0.00000 

00000 

0.99270 

88741 

+ 0. 12053 

66803 

0. 97492 

79122 

+0.22252 

09340 

4 

0. 86602 

54038 

-0.50000 

00000 

0. 93501 

62427 

-0.  35460 

48871 

0. 97492 

79122 

-0. 22252 

09340 

5 

0.  50000 

00000 

-0. 86602 

54038 

0.  66312 

26582 

-0. 74851 

07482 

0. 78183 

14825 

-0.  62348 

98019 

6 

0.  00000 

00000 

-1.  00000 

00000 

0. 23931 

56643 

-0. 97094 

18174 

0. 43388 

37391 

-0. 90096 

88679 

7 

0. 00000 

00000 

-1. 00000 

00000 

1 

2 

3 

4 

5 

6 

7 

8 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


s- 

=15 

s- 

=16 

s- 

=17 

0. 40673 

66431 

0. 91354 

54576 

0. 38268 

34324 

0. 92387 

95325 

0. 36124 

16662 

0. 93247 

22294 

0.  74314 

48255 

0. 66913 

06064 

0. 70710 

67812 

0. 70710 

67812 

0. 67369 

56436 

0.  73900 

89172 

0. 95105 

65163 

+ 0.  30901 

69944 

0. 92387 

95325 

0. 38268 

34324 

0. 89516 

32913 

0.  44573 

83558 

0. 99452 

18954 

-0. 10452 

84633 

1. 00000 

00000 

+0.00000 

00000 

0. 99573 

41763 

+0.  09226 

83595 

0.  86602 

54038 

-0. 50000 

00000 

0.92387 

95325 

-0.  38268 

34324 

0. 96182 

56432 

-0. 27366 

29901 

0. 58778 

52523 

-0. 80901 

69944 

0.70710 

67812 

-0. 70710 

67812 

0. 79801 

72273 

-0.  60263 

46364 

0.20791 

16908 

-0. 97814 

76007 

0. 38268 

34324 

-0. 92387 

95325 

0. 52643 

21629 

-0.  85021 

71357 

0. 00000 

00000 

-1. 00000 

00000 

0. 18374 

95178 

-0.  98297 

30997 

s- 

=18 

s= 

=19 

s= 

=20 

0.  34202 

01433 

0. 93969 

26208 

0. 32469 

94692 

0. 94581 

72417 

0. 30901 

69944 

0. 95105 

65163 

0. 64278 

76097 

0.  76604 

44431 

0. 61421 

27127 

0.  78914 

05094 

0. 58778 

52523 

0.  80901 

69944 

0.  86602 

54038 

0. 50000 

00000 

0.  83716 

64782 

0. 54694 

81581 

0. 80901 

69944 

0.  58778 

52523 

0.  98480 

77530 

+0. 17364 

81777 

0. 96940 

02659 

+0. 24548 

54872 

0. 95105 

65163 

0. 30901 

69944 

0. 98480 

77530 

-0. 17364 

81777 

0. 99658 

44930 

-0. 08257 

93455 

1. 00000 

00000 

+0.  00000 

00000 

0. 86602 

54038 

-0. 50000 

00000 

0. 91577 

33266 

-0. 40169 

54247 

0. 95105 

65163 

-0.  30901 

69944 

0.  64278 

76097 

-0. 76604 

44431 

0. 73572 

39107 

-0. 67728 

15716 

0. 80901 

69944 

-0. 58778 

52523 

0.  34202 

01433 

-0. 93969 

26208 

0. 47594 

73930 

-0. 87947 

37512 

0. 58778 

52523 

-0. 80901 

69944 

0. 00000 

00000 

-1. 00000 

00000 

0.16459 

45903 

-0. 98636 

13034 

0. 30901 

69944 

-0.  95105 

65163 

0. 00000 

00000 

-1.  00000 

00000 

s- 

=21 

s= 

=22 

s= 

=23 

1 

0. 29475 

51744 

0. 95557 

28058 

0. 28173 

25568 

0. 95949 

29736 

0. 26979 

67711 

0. 96291 

72874 

2 

0.  56332 

00580 

0. 82623 

87743 

0. 54064 

08174 

0. 84125 

35328 

0. 51958 

39500 

0.  85441 

94046 

3 

0. 78183 

14825 

0. 62348 

98019 

0. 75574 

95743 

0.  65486 

07340 

0. 73083 

59643 

0.  68255 

31432 

4 

0. 93087 

37486 

0. 36534 

10244 

0. 90963 

19953 

0. 41541 

50130 

0. 88788 

52184 

0. 46006 

50378 

5 

0. 99720 

37972 

+0. 07473 

00936 

0. 98982 

14419 

+0. 14231 

48383 

0. 97908 

40877 

+ 0.20345 

60131 

6 

0. 97492 

79122 

-0. 22252 

09340 

0. 98982 

14419 

-0. 14231 

48383 

0. 99766 

87692 

-0.  06824 

24134 

7 

0.  86602 

54038 

-0. 50000 

00000 

0. 90963 

19953 

-0. 41541 

50130 

0.  94226 

09221 

-0.  33487 

96122 

8 

0.  68017 

27378 

-0. 73305 

18718 

0. 75574 

95743 

-0.  65486 

07340 

0.  81696 

98930 

-0. 57668 

03221 

9 

0.  43388 

37391 

-0.  90096 

88679 

0. 54064 

08174 

-0. 84125 

35328 

0.  63108 

79443 

-0.  77571 

12907 

10 

0. 14904 

22662 

-0. 98883 

08262 

0.28173 

25568 

-0. 95949 

29736 

0.  39840 

10898 

-0.  91721 

13015 

11 

0. 00000 

00000 

-1. 00000 

00000 

0.13616 

66491’ 

-0. 99068 

59460 

s 

=24 

s- 

=25 

1 

0. 25881 

90451 

0. 96592 

58263 

0. 24868 

98872 

0. 96858 

31611 

2 

0.  50000 

00000 

0.  86602 

54038 

0. 48175 

36741 

0. 87630 

66801 

3 

0. 70710 

67812 

0. 70710 

67812 

0. 68454 

71059 

0.  72896 

86274 

4 

0. 86602 

54038 

0.  50000 

00000 

0.  84432 

79255 

0. 53582 

67950 

5 

0. 96592 

58263 

0.  25881 

90451 

0.95105 

65163 

0. 30901 

69944 

6 

1. 00000 

00000 

+ 0.  00000 

00000 

0.99802 

67284 

+0.  06279 

05196 

7 

0. 96592 

58263 

-0. 25881 

90451 

0. 98228 

72507 

-0. 18738 

13146 

8 

0. 86602 

54038 

-0. 50000 

00000 

0. 90482 

70525 

-0. 42577 

92916 

9 

0.  70710 

67812 

-0. 70710 

67812 

0. 77051 

32428 

-0. 63742 

39898 

10 

0. 50000 

00000 

-0. 86602 

54038 

0. 58778 

52523 

-0. 80901 

69944 

11 

0.  25881 

90451 

-0. 96592 

58263 

0. 36812 

45527 

-0. 92977 

64859 

12 

0.  00000 

00000 

-1. 00000 

00000 

0. 12533 

32336 

-0. 99211 

47013 

ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


INVERSE  CIRCULAR  SINES  AND  TANGENTS  Table  4.14 


X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.  000 

0.  00000 

00000 

00 

0.  00000 

00000 

00 

0.  050 

0.  05002 

08568 

06 

0.  04995 

83957 

22 

0.  001 

0.  00100 

00001 

67 

0.  00099 

99996 

67 

0.  051 

0.  05102 

21344 

17 

0.  05095 

58518 

77 

0.002 

0.  00200 

00013 

33 

0.  00199 

99973 

33 

0.  052 

0.  05202 

34632 

28 

0.  05195 

32065 

61 

0.  003 

0.  00300 

00045 

00 

0.  00299 

99910 

00 

0.  053 

0.  05302 

48442 

51 

0.  05295 

04578 

05 

0.  004 

0.  00400 

00106 

67 

0. 00399 

99786 

67 

0.  054 

0.  05402 

62784 

97 

0.  05394 

76036 

42 

0.005 

0.  00500 

00208 

34 

0.  00499 

99583 

34 

0.  055 

0.  05502 

77669 

81 

0.  05494 

46421 

07 

0.  006 

0.  00600 

00360 

01 

0.00599 

99280 

02 

0.  056 

0.  05602 

93107 

15 

0. 05594 

15712 

34 

0.007 

0. 00700 

00571 

68 

0.  00699 

98856 

70 

0.  057 

0.  05703 

09107 

14 

0.  05693 

83890 

60 

0.008 

0.  00800 

00853 

36 

0.  00799 

98293 

40 

0.  058 

0.  05803 

25679 

92 

0.  05793 

50936 

23 

0.  009 

0.  00900 

01215 

04 

0.  00899 

97570 

12 

0.  059 

0.  05903 

42835 

64 

0.  05893 

16829 

64 

0.010 

0.  01000 

01666 

74 

0.  00999 

96666 

87 

0.060 

0.  06003 

60584 

45 

0.  05992 

81551 

21 

0.  Oil 

0.  01100 

02218 

45 

0.  01099 

95563 

66 

0.  061 

0.06103 

78936 

52 

0.  06092 

45081 

38 

0.  012 

0.01200 

02880 

19 

0.  01199 

94240 

50 

0.062 

0.  06203 

97902 

01 

0.  06192 

07400 

58 

0.013 

0.  01300 

03661 

95 

0.  01299 

92677 

41 

0.  063 

0.  06304 

17491 

09 

0.  06291 

68489 

26 

0.  014 

0.  01400 

04573 

74 

0.  01399 

90854 

41 

0.064 

0.  06404 

37713 

94 

0.  06391 

28327 

89 

0.  015 

0.  01500 

05625 

57 

0. 01499 

88751 

52 

0.  065 

0.  06504 

58580 

75 

0.  06490 

86896 

93 

0.  016 

0.  01600 

06827 

45 

0.  01599 

86348 

76 

0.  066 

0.  06604 

80101 

69 

0.  06590 

44176 

90 

0.  017 

0.  01700 

08189 

40 

0.  01699 

83626 

17 

0.  067 

0. 06705 

02286 

97 

0.  06690 

00148 

29 

0.018 

0.  01800 

09721 

42 

0.  01799 

80563 

78 

0.068 

0.06805 

25146 

79 

0.  06789 

54791 

63 

0.  019 

0.  01900 

11433 

52 

0.  01899 

77141 

62 

0.069 

0. 06905 

48691 

36 

0.  06889 

08087 

46 

0.  020 

0.  02000 

13335 

73 

0.  01999 

73339 

73 

0.  070 

0.  07005 

72930 

88 

0.  06988 

60016 

35 

0.  021 

0.  02100 

15438 

06 

0.  02099 

69138 

17 

0.  071 

0.  07105 

97875 

58 

0.  07088 

10558 

85 

0.  022 

0.  02200 

17750 

53 

0.  02199 

64516 

97 

0.  072 

0.  07206 

23535 

68 

0.  07187 

59695 

56 

0.  023 

0.  02300 

20283 

16 

0.  02299 

59456 

20 

0.  073 

0.  07306 

49921 

42 

0.  07287 

07407 

09 

0.  024 

0.  02400 

23045 

97 

0.  02399 

53935 

92 

0.  074 

0.  07406 

77043 

03 

0.  07386 

53674 

06 

0.  025 

0.  02500 

26048 

99 

0.  02499 

47936 

19 

0.  075 

0.  07507 

04910 

77 

0.  07485 

98477 

11 

0.  026 

0.  02600 

29302 

25 

0.  02599 

41437 

08 

0.  076 

0. 07607 

33534 

87 

0.  07585 

41796 

89 

0.  027 

0.  02700 

32815 

77 

0.  02699 

34418 

68 

0.  077 

0.  07707 

62925 

62 

0.  07684 

83614 

08 

0.  028 

0.  02800 

36599 

58 

0.  02799 

26861 

07 

0.  078 

0.  07807 

93093 

26 

0.  07784 

23909 

37 

0.  029 

0.  02900 

40663 

72 

0.  02899 

18744 

33 

0.  079 

0.  07908 

24048 

07 

0.  07883 

62663 

48 

0.030 

0.03000 

45018 

23 

0.  02999 

10048 

57 

0.080 

0.  08008 

55800 

34 

0.  07982 

99857 

12 

0.  031 

0.  03100 

49673 

15 

0.  03099 

00753 

89 

0.  081 

0.  08108 

88360 

35 

0.  08082 

35471 

05 

0.032 

0.  03200 

54638 

51 

0.03198 

90840 

39 

0.  082 

0.  08209 

21738 

40 

0.  08181 

69486 

04 

0.  033 

0.  03300 

59924 

37 

0. 03298 

80288 

21 

0.083 

0.  08309 

55944 

79 

0.  08281 

01882 

86 

0.  034 

0.  03400 

65540 

77 

0.  03398 

69077 

46 

0.084 

0.  08409 

90989 

83 

0.  08380 

32642 

31 

0.  035 

0.  03500 

71497 

75 

0.  03498 

57188 

29 

0.  085 

0.  08510 

26883 

84 

0.  08479 

61745 

23 

0.  036 

0.  03600 

77805 

38 

0. 03598 

44600 

82 

0.  086 

0.  08610 

63637 

15 

0.  08578 

89172 

45 

0.  037 

0.  03700 

84473 

72 

0.  03698 

31295 

22 

0.  087 

0.  08711 

01260 

09 

0.  08678 

14904 

84 

0.  038 

0.  03800 

91512 

81 

0.  03798 

17251 

64 

0.  088 

0.  08811 

39763 

00 

0. 08777 

38923 

27 

0.039 

0.  03900 

98932 

73 

0.  03898 

02450 

25 

0.  089 

0.  08911 

79156 

23 

0.  08876 

61208 

65 

0.  040 

0.  04001 

06743 

54 

0. 03997 

86871 

23 

0.  090 

0.  09012 

19450 

15 

0.  08975 

81741 

90 

0.  041 

0.  04101 

14955 

31 

0.  04097 

70494 

77 

0.  091 

0.  09112 

60655 

11 

0. 09075 

00503 

96 

0.  042 

0.  04201 

23578 

12 

0.  04197 

53301 

05 

0.  092 

0.  09213 

02781 

49 

0.  09174 

17475 

79 

0.  043 

0.  04301 

32622 

04 

0.  04297 

35270 

30 

0.  093 

0.  09313 

45839 

68 

0.  09273 

32638 

38 

0.  044 

0.  04401 

42097 

16 

0.  04397 

16382 

71 

0.  094 

0.  09413 

89840 

07 

0.  09372 

45972 

74 

0.  045 

0.  04501 

52013 

56 

0.  04496 

96618 

52 

0.  095 

0.  09514 

34793 

06 

0.  09471 

57459 

88 

0.  046 

0.  04601 

62381 

33 

0.  04596 

75957 

97 

0.  096 

0.  09614 

80709 

05 

0. 09570 

67080 

87 

0.  047 

0.  04701 

73210 

57 

0.  04696 

54381 

30 

0.  097 

0.  09715 

27598 

48 

0.  09669 

74816 

76 

0.  048 

0.  04801 

84511 

37 

0.  04796 

31868 

77 

0.  098 

0.  09815 

75471 

75 

0.  09768 

80648 

65 

0.049 

0.  04901 

96293 

83 

0.  04896 

08400 

65 

0.  099 

0.  09916 

24339 

32 

0.  09867 

84557 

66 

0.050 

0.  05002 

08568 

06 

0.  04995 

83957 

22 

0.100 

0. 10016 

74211 

62 

0.  09966 

86524 

91 

[(- 

n 

[(- 

■f1] 

r(-8)n 

L 4 

[(-8)2-1 
L 4 

For  use  and  extension  of  the  table  see  Examples  21-25.  For  other  inverse  functions  see  4.4  and 


4.3.45.  ^=1.57079  63267  95 

Compilation  of  arcsin  x from  National  Bureau  of  Standards,  Table  of  arcsin  x.  Columbia  Univ. 
Press,  New  York,  N.Y.,  1945  (with  permission). 
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Table  4.14  INVERSE  CIRCULAR  SINES  AND  TANGENTS 

x arcsin  x arctan  x x arcsin  x arctan  x 


0. 100 

0. 10016 

74211 

62 

0.  09966 

86524 

91 

0. 101 

0.10117 

25099 

11 

0. 10065 

86531 

58 

0. 102 

0. 10217 

77012 

25 

0.10164 

84558 

83 

0.103 

0. 10318 

29961 

53 

0. 10263 

80587 

89 

0.104 

0. 10418 

83957 

41 

0. 10362 

74599 

97 

0.105 

0. 10519 

39010 

40 

0. 10461 

66576 

33 

0. 106 

0. 10619 

95131 

00 

0. 10560 

56498 

23 

0.107 

0.  10720 

52329 

72 

0. 10659 

44346 

99 

0.108 

0.  10821 

10617 

08 

0. 10758 

30103 

93 

0. 109 

0.  10921 

70003 

62 

0. 10857 

13750 

39 

0. 110 

0.11022 

30499 

88 

0. 10955 

95267 

74 

0.111 

0. 11122 

92116 

41 

0. 11054 

74637 

38 

0. 112 

0. 11223 

54863 

77 

0. 11153 

51840 

74 

0.113 

0. 11324 

18752 

55 

0. 11252 

26859 

25 

0.114 

0. 11424 

83793 

32 

0. 11350 

99674 

40 

0. 115 

0. 11525 

49996 

68 

0. 11449 

70267 

67 

0.116 

0. 11626 

17373 

23 

0. 11548 

38620 

60 

0. 117 

0. 11726 

85933 

61 

0. 11647 

04714 

73 

0.118 

0. 11827 

55688 

42 

0. 11745 

68531 

63 

0.119 

0. 11928 

26648 

32 

0.11844 

30052 

90 

0.120 

0.12028 

98823 

95 

0. 11942 

89260 

18 

0. 121 

0. 12129 

72225 

97 

0. 12041 

46135 

12 

0. 122 

0.  12230 

46865 

07 

0. 12140 

00659 

40 

0. 123 

0.  12331 

22751 

92 

0. 12238 

52814 

72 

0. 124 

0.  12431 

99897 

22 

0.  12337 

02582 

82 

0. 125 

0.  12532 

78311 

68 

0. 12435 

49945 

47 

0. 126 

0. 12633 

58006 

02 

0.  12533 

94884 

45 

0. 127 

0.  12734 

38990 

98 

0. 12632 

37381 

58 

0.128 

0.  12835 

21277 

29 

0. 12730 

77418 

71 

0. 129 

0. 12936 

04875 

72 

0. 12829 

14977 

71 

0.130 

0.  13036 

89797 

03 

0. 12927 

50040 

48 

0.131 

0. 13137 

76052 

01 

0. 13025 

82588 

96 

0.132 

0.  13238 

63651 

45 

0. 13124 

12605 

10 

0. 133 

0.  13339 

52606 

16 

0. 13222 

40070 

89 

0.134 

0. 13440 

42926 

95 

0. 13320 

64968 

35 

0. 135 

0. 13541 

34624 

67 

0. 13418 

87279 

52 

0.136 

0. 13642 

27710 

15 

0.13517 

06986 

49 

0. 137 

0. 13743 

22194 

25 

0. 13615 

24071 

35 

0. 138 

0. 13844 

18087 

85 

0. 13713 

38516 

25 

0. 139 

0. 13945 

15401 

83 

0. 13811 

50303 

34 

0. 140 

0. 14046 

14147 

10 

0. 13909 

59414 

82 

0. 141 

0. 14147 

14334 

56 

0. 14007 

65832 

92 

0. 142 

0. 14248 

15975 

13 

0. 14105 

69539 

90 

0. 143 

0. 14349 

19079 

77 

0. 14203 

70518 

03 

0.144 

0. 14450 

23659 

42 

0. 14301 

68749 

65 

0. 145 

0. 14551 

29725 

04 

0. 14399 

64217 

09 

0. 146 

0. 14652 

37287 

64 

0. 14497 

56902 

74 

0. 147 

0. 14753 

46358 

19 

0. 14595 

46789 

00 

0.148 

0. 14854 

56947 

71 

0. 14693 

33858 

33 

0. 149 

0. 14955 

69067 

22 

0. 14791 

18093 

19 

0. 150 

0. 15056 

82727 

77 

0. 14888 

99476 

09 

f(-8)2J  [(_4)4" 


0.150 

0. 15056 

82727 

77 

0. 14888 

99476 

09 

0.151 

0. 15157 

97940 

40 

0. 14986 

77989 

58 

0. 152 

0.  15259 

14716 

20 

0. 15084 

53616 

21 

0. 153 

0. 15360 

33066 

23 

0. 15182 

26338 

59 

0. 154 

0. 15461 

53001 

61 

0. 15279 

96139 

37 

0. 155 

0. 15562 

74533 

44 

0. 15377 

63001 

20 

0. 156 

0. 15663 

97672 

86 

0. 15475 

26906 

78 

0.157 

0. 15765 

22431 

01 

0. 15572 

87838 

86 

0.158 

0. 15866 

48819 

05 

0. 15670 

45780 

19 

0.159 

0. 15967 

76848 

15 

0. 15768 

00713 

58 

0.160 

0. 16069 

06529 

52 

0. 15865 

52621 

86* 

0.161 

0. 16170 

37874 

35 

0. 15963 

01487 

91 

0.162 

0. 16271 

70893 

88 

0. 16060 

47294 

61 

0.163 

0. 16373 

05599 

34 

0. 16157 

90024 

91 

0.164 

0. 16474 

42001 

99 

0. 16255 

29661 

78 

0.165 

0. 16575 

80113 

10 

0. 16352 

66188 

21 

0.166 

0. 16677 

19943 

96 

0. 16449 

99587 

25 

0. 167 

0. 16778 

61505 

87 

0. 16547 

29841 

97 

0.168 

0. 16880 

04810 

17 

0. 16644 

56935 

49 

0.169 

0. 16981 

49868 

19 

0. 16741 

80850 

93 

0.170 

0. 17082 

96691 

29 

0. 16839 

01571 

48 

0.171 

0. 17184 

45290 

84 

0. 16936 

19080 

34 

0.172 

0. 17285 

95678 

23 

0. 17033 

33360 

78 

0. 173 

0. 17387 

47864 

87 

0. 17130 

44396 

07 

0. 174 

0. 17489 

01862 

19 

0. 17227 

52169 

54 

0. 175 

0. 17590 

57681 

64 

0. 17324 

56664 

52 

0. 176 

0. 17692 

15334 

66 

0. 17421 

57864 

43 

0.177 

0. 17793 

74832 

75 

0. 17518 

55752 

68 

0.178 

0. 17895 

36187 

40 

0. 17615 

50312 

74 

0. 179 

0. 17996 

99410 

13 

0. 17712 

41528 

10 

0.180 

6. 18098 

64512 

47 

0. 17809 

29382 

31 

0.181 

0.  18200 

31505 

97 

0. 17906 

13858 

94 

0. 182 

0. 18302 

00402 

20 

0. 18002 

94941 

59 

0. 183 

0. 18403 

71212 

76 

0. 18099 

72613 

91 

0. 184 

0. 18505 

43949 

25 

0. 18196 

46859 

59 

0. 185 

0. 18607 

18623 

31 

0. 18293 

17662 

35 

0.186 

0. 18708 

95246 

57 

0. 18389 

85005 

94 

0.187 

0. 18810 

73830 

71 

0. 18486 

48874 

16 

0. 188 

0. 18912 

54387 

40 

0. 18583 

09250 

85 

0.189 

0. 19014 

36928 

36 

0. 18679 

66119 

87 

0.190 

0. 19116 

21465 

31 

0. 18776 

19465 

14 

0.191 

0. 19218 

08009 

99 

0. 18872 

69270 

59 

0. 192 

0. 19319 

96574 

17 

0. 18969 

15520 

22 

0. 193 

0. 19421 

87169 

63 

0. 19065 

58198 

05 

0.194 

0. 19523 

79808 

18 

0. 19161 

97288 

15 

0. 195 

0. 19625 

74501 

64 

0. 19258 

32774 

60 

0. 196 

0. 19727 

71261 

85 

0. 19354 

64641 

55 

0.197 

0. 19829 

70100 

69 

0. 19450 

92873 

18 

0. 198 

0. 19931 

71030 

03 

0. 19547 

17453 

71 

0. 199 

0. 20033 

74061 

80 

0.  19643 

38367 

38 

0.200 

0.20135 

79207 

90 

0. 19739 

55598 

50 

r< 

-ri 

r< 

-fn 
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X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.  200 

0.20135 

79207 

90 

0. 19739 

55598 

50 

0.250 

0.  25268 

02551 

42 

0.  24497 

86631 

27 

0.201 

0.  20237 

86480 

31 

0. 19835 

69131 

40 

0. 251 

0.  25371 

31886 

28 

0. 24591 

96179 

19 

0.202 

0.  20339 

95890 

97 

0. 19931 

78950 

44 

0.252 

0.  25474 

63988 

49 

0.  24686 

01284 

51 

0.203 

0.  20442 

07451 

90 

0.20027 

85040 

06 

0.253 

0. 25577 

98871 

33 

0.  24780 

01933 

77 

0.204 

0.  20544 

21175 

10 

0.20123 

87384 

69 

0.254 

0.  25681 

36548 

08 

0. 24873 

98113 

53 

0.  205 

0.20646 

37072 

61 

0.20219 

85968 

83 

0.255 

0.  25784 

77032 

07 

0. 24967 

89810 

38 

0.206 

0.  20748 

55156 

48 

0.  20315 

80777 

01 

0. 256 

0.  25888 

20336 

66 

0. 25061 

77010 

99 

0.207 

0.  20850 

75438 

81 

0. 20411 

71793 

81 

0.  257 

0.  25991 

66475 

22 

0.  25155 

59702 

05 

0.208 

0.  20952 

97931 

68 

0.  20507 

59003 

83 

0.258 

0. 26095 

15461 

18 

0.  25249 

37870 

29 

0.209 

0.21055 

22647 

22 

0. 20603 

42391 

73 

0.259 

0. 26198 

67307 

97 

0. 25343 

11502 

51 

0.210 

0.21157 

49597 

58 

0. 20699 

21942 

20 

0.260 

0. 26302 

22029 

08 

0. 25436 

80585 

53 

0.211 

0.  21259 

78794 

93 

0. 20794 

97639 

97 

0.  261 

0. 26405 

79638 

02 

0. 25530 

45106 

23 

0.  212 

0.  21362 

10251 

46 

0.20890 

69469 

83 

0.262 

0. 26509 

40148 

31 

0.  25624 

05051 

53 

0. 213 

0.  21464 

43979 

39 

0.20986 

37416 

57 

0.  263 

0.  26613 

03573 

53 

0.  25717 

60408  40 

0.  214 

0.21566 

79990 

96 

0.21082 

01465 

06 

0.264 

0. 26716 

69927 

28 

0. 25811 

11163 

83 

0.215 

0.  21669 

18298 

42 

0.  21177 

61600 

20 

*0. 265 

0. 26820 

39223 

20 

0.  25904 

57304 

89 

0.216 

0.21771 

58914 

06 

0.21273 

17806 

92 

0.266 

0. 26924 

11474 

95 

0. 25997 

98818 

68 

0.217 

0.  21874 

01850 

19 

0. 21368 

70070 

19 

0.267 

0. 27027 

86696 

22 

0.  26091 

35692 

33 

0.  218 

0.  21976 

47119 

15 

0.  21464 

18375 

04 

0.268 

0. 27131 

64900 

75 

0. 26184 

67913 

04 

0. 219 

0. 22078 

94733 

28 

0. 21559 

62706 

53 

0.  269 

0.  27235 

46102 

31 

0. 26277 

95468 

05 

0.  220 

0.  22181 

44704 

97 

0. 21655 

03049 

76 

0.270 

0. 27339 

30314 

67 

0. 26371 

18344 

62 

0.  221 

0.  22283 

97046 

62 

0. 21750 

39389 

87 

0. 271 

0. 27443 

17551 

69 

0.  26464 

36530 

10 

0. 222 

0.  22386 

51770 

66 

0. 21845 

71712 

05 

0.272 

0. 27547 

07827 

21 

0. 26557 

50011 

84 

0.  223 

0.  22489 

08889 

55 

0. 21941 

00001 

53 

0.273 

0. 27651 

01155 

13 

0.  26650 

58777 

27 

0. 224 

0. 22591 

68415 

75 

0. 22036 

24243 

57 

0.  274 

0.27754  97549 

38 

0. 26743 

62813 

84 

0.  225 

0. 22694 

30361 

79 

0.22131 

44423 

48 

0. 275 

0. 27858 

97023 

92 

0. 26836 

62109 

06 

0.  226 

0. 22796 

94740 

17 

0.22226 

60526 

61 

0.  276 

0.  27962 

99592 

75 

0.  26929 

56650 

49 

0.  227 

0.  22899 

61563 

45 

0.  22321 

72538 

37 

0. 277 

0. 28067 

05269 

90 

0. 27022 

46425 

71 

0.  228 

0.  23002 

30844 

22 

0.  22416 

80444 

19 

0.  278 

0. 28171 

14069 

43 

0. 27115 

31422 

39 

0.  229 

0.23105 

02595 

07 

0. 22511 

84229 

53 

0.279 

0. 28275 

26005 

45 

0.  27208 

11628 

19 

0.  230 

0. 23207 

76828 

63 

0.22606 

83879 

94 

0.280 

0. 28379 

41092 

08 

0.27300 

87030 

87 

0.231 

0.  23310 

53557 

56 

0. 22701 

79380 

96 

0.281 

0. 28483 

59343 

51 

0. 27393 

57618 

19 

0.232 

0.  23413 

32794 

53 

0.  22796 

70718 

22 

0.282 

0. 28587 

80773 

93 

0.  27486 

23377 

99 

0.233 

0.  23516 

14552 

26 

0. 22891 

57877 

34 

0. 283 

0. 28692 

05397 

58 

0. 27578 

84298 

14 

0.234 

0.  23618 

98843 

48 

0. 22986 

40844 

03 

0.284 

0. 28796 

33228 

75 

0. 27671 

40366 

55 

0.235 

0. 23721 

85680 

94 

0. 23081 

19604 

03 

0.285 

0.  28900 

64281 

74 

0.  27763 

91571 

20 

0. 236 

0.  23824 

75077 

44 

0.23175 

94143 

10 

0.286 

0.  29004 

98570 

89 

0.27856 

37900 

08 

0.  237 

0. 23927 

67045 

78 

0.  23270 

64447 

07 

0.287 

0. 29109 

36110 

61 

0. 27948 

79341 

26 

0.238 

0.  24030 

61598 

80 

0.  23365 

30501 

80 

0.288 

0. 29213 

76915 

30 

0. 28041 

15882 

83 

0.239 

0. 24133 

58749 

37 

0. 23459 

92293 

19 

0. 289 

0.  29318 

20999 

43 

0.  28133 

47512 

95 

0. 240 

0. 24236 

58510 

39 

0.  23554 

49807 

21 

0.290 

0. 29422 

68377 

49 

0. 28225 

74219 

81 

0. 241 

0. 24339 

60894 

77 

0.  23649 

03029 

83 

0. 291 

0.  29527 

19064 

01 

0.28317 

95991 

65 

0.242 

0.  24442 

65915 

47 

0. 23743 

51947 

10 

0.292 

0. 29631 

73073 

57 

0.  28410 

12816 

76 

0.  243 

0. 24545 

73585 

45 

0.  23837 

96545 

10 

0.293 

0.  29736 

30420 

76 

0. 28502 

24683 

46 

0. 244 

0.  24648 

83917 

73 

0. 23932 

36809 

95 

0. 294 

0. 29840 

91120 

25 

0. 28594 

31580 

14 

0. 245 

0. 24751 

96925 

34 

0. 24026 

72727 

81 

0.295 

0. 29945 

55186 

70 

0.  28686 

33495 

23 

0.246 

0.  24855 

12621 

33 

0.  24121 

04284 

90 

0. 296 

0.  30050 

22634 

85 

0. 28778 

30417 

18 

0.  247 

0. 24958 

31018 

81 

0. 24215 

31467 

47 

0. 297 

0.  30154 

93479 

45 

0.  28870 

22334 

53 

0.248 

0.  25061 

52130 

88 

0. 24309 

54261 

82 

0.298 

0.  30259 

67735 

30 

0. 28962 

09235 

83 

0.249 

0.  25164 

75970 

69 

0. 24403 

72654 

29 

0.  299 

0.  30364 

45417 

24 

0.  29053 

91109 

69 

0.  250 

0.25268 
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Table 

x 

0.  300 
0.  301 
0.  302 
0.  303 
0. 304 

0.  305 
0.306 
0.  307 
0.308 
0. 309 

0.  310 
0.  311 
0. 312 
0.313 
0.  314 

0. 315 
0. 316 
0. 317 
0.  318 
0.  319 

0. 320 
0. 321 
0. 322 
0.  323 
0.  324 

0.  325 
0. 326 
0.  327 
0.  328 
0.  329 

0.  330 
0.  331 
0.  332 
0.  333 
0. 334 

0.  335 
0.  336 
0.  337 
0.  338 
0.339 

0.  340 
0.  341 
0.  342 
0.  343 
0.  344 

0.  345 
0.  346 
0.  347 
0.  348 
0.  349 

0.  350 


4.14 


INVERSE  CIRCULAR  SINES  AND  TANGENTS 


arcsin  x 


arctan  x 


x arcsin  x 


arctan  x 


0.  30469 
0.  30574 
0.  30678 
0.  30783 
0.  30888 


26540  15 
11118  95 
99168  60 
90704  09 
85740  46 


0.  29145 
0.  29237 
0.29329 
0.29420 
0.  29512 


67944  78 
39729  79 
06453  47 
68104  62 
24672  09 


0.  350 

0.  35757 

11036 

0.  351 

0. 35863 

88378 

0.  352 

0.  35970 

69995 

0.  353 

0. 36077 

55905 

0.  354 

0.  36184 

46125 

46  0.33667  48193  87 
55  0.33756  54100  58 
85  0.33845  54442  85 
70  0.33934  49211  81 
51  0.34023  38398  61 


0.  30993 
0.  31098 
0.  31203 
0.  31309 
0.  31414 


84292  78 
86376  19 
92005  83 
01196  91 
13964  68 


0. 29603 
0.  29695 
0.29786 
0.  29877 
0. 29969 


76144  75 
22511  55 
63761  46 
99883  52 
30866  80 


0.  355 

0.  36291 

40672 

0.  356 

0.  36398 

39564 

0.  357 

0.  36505 

42819 

0. 358 

0.  36612 

50454 

0.  359 

0. 36719 

62486 

71  0.34112  21994  49 
82  0.34200  99990  70 
39  0.34289  72378  56 
05  0.34378  39149  42 
46  0.34467  00294  69 


0. 31519 
0.  31624 
0. 31729 
0. 31835 
0.  31940 


30324  41 
50291  43 
73881  12 
01108  88 
31990  18 


0.  30060 
0. 30151 
0.  30242 
0.  30334 
0.  30425 


56700  42 
77373  55 
92875  41 
03195  25 
08322  38 


0. 360 

0. 36826 

78934 

0.  361 

0. 36933 

99815 

0. 362 

0. 37041 

25147 

0. 363 

0. 37148 

54949 

0. 364 

0. 37255 

89237 

37  0.34555  55805  82 
54  0.34644  05674  30 
84  0.34732  49891  68 
16  0.34820  88449  54 
46  0.34909  21339  52 


0.  32045 
0. 32151 
0. 32256 
0. 32361 
0. 32467 


66540  50 
04775  38 
46710  42 
92361  24 
41743  51 


0.  30516 
0. 30607 
0. 30697 
0.  30788 
0.  30879 


08246  16 
02955  99 
92441  31 
76691  62 
55696  46 


0.  365 

0. 37363 

28030 

0.  366 

0. 37470 

71347 

0.367 

0. 37578 

19204 

0. 368 

0. 37685 

71621 

0.  369 

0. 37793 

28616 

75  0.34997  48553  30 
12  0.35085  70082  60 
71  0.35173  85919  21 
69  0.35261  96054  93 
34  0.35350  00481  64 


0.  32572 
0.  32678 
0.  32784 
0.  32889 
0.  32995 


94872  95 
51765  31 
12436  42 
76902  11 
45178  29 


0.  30970 
0.31060 
0. 31151 
0. 31242 
0.  31332 


29445  42 
97928  14 
61134  29 
19053  60 
71675  84 


0.370 

0. 37900 

90206 

0.  371 

0. 38008 

56411 

0. 372 

0. 38116 

27249 

0.373 

0.  38224 

02738 

0. 374 

0.  38331 

82897 

96  0.35437  99191  23 
93  0.35525  92175  68 
69  0.  35613  79426  98 
73  0.35701  60937  18 
61  0.35789  36698  38 


0.  33101 
0.  33206 
0.  33312 
0.  33418 
0.  33524 


17280  89 
93225  91 
73029  38 
56707  38 
44276  04 


0.  31423 
0. 31513 
0.  31603 
0. 31694 
0.  31784 


18990  84 
60988  47 
97658  63 
28991  30 
54976  47 


0.375 

0. 38439 

67744 

0. 376 

0.  38547 

57299 

0.  377 

0. 38655 

51579 

0.378 

0. 38763 

50604 

0.379 

0.  38871 

54393 

96  0.35877  06702  71 
45  0.35964  70942  35 
83  0.36052  29409  56 
92  0.36139  82096  58 
57  0.36227  28995  76 


0.  33630 
0.33736 
0.  33842 
0.  33948 
0.  34054 


35751  54 
31150  09 
30487  98 
33781  50 
41047  05 


0.  31874 
0.  31964 
0.  32055 
0.  32145 
0.  32235 


75604  21 
90864  60 
00747  81 
05244  03 
04343  49 


0.380 

0.  38979 

62964 

0.  381 

0. 39087 

76337 

0.  382 

0. 39195 

94530 

0.383 

0.  39304 

17563 

0.  384 

0. 39412 

45455 

74  0.36314  70099  46 
42  0.36402  05400  09 
68  0.36489  34890  12 
64  0.36576  58562  04 
51  0.36663  76408  40 


0.  34160 
0.  34266 
0.  34372 
0.  34479 
0. 34585 


52301  02 
67559  88 
86840  15 
10158  39 
37531  21 


0.  32324 
0.  32414 
0.  32504 
0.  32594 
0.  32684 


98036  48 
86313  34 
69164  46 
46580  25 
18551  19 


0.385 

0.  39520 

78225 

0.386 

0.  39629 

15893 

0.  387 

0. 39737 

58477 

0.388 

0. 39846 

05998 

0.  389 

0.  39954 

58474 

54  0.36750  88421  81 
06  0.36837  94594  90 
48  0.36924  94920  36 
24  0.37011  89390  92 
89  0.37098  77999  35 


0.  34691 
0.  34798 
0.  34904 
0.  35010 
0.  35117 


68975  27 
04507  29 
44144  03 
87902  30 
35798  98 


0.  32773 
0.  32863 
0.  32953 
0.  33042 
0.  33131 


85067  81 
46120  66 
01700  37 
51797  60 
96403  04 


0.390 

0. 40063 

15927 

0.  391 

0.  40171 

78374 

0.  392 

0.40280 

45836 

0.393 

0. 40389 

18333 

0.394 

0.40497 

95884 

01  0.37185  60738  49 
28  0.37272  37601  18 
44  0.37359  08580  36 
27  0.37445  73668  96 
67  0.37532  32860  01 


0. 35223 
0.  35330 
0.  35437 
0.  35543 
0.  35650 


87850  97 
44075  25 
04488  84 
69108  81 
37952  29 


0. 33221 
0.  33310 
0.  33399 
0.  33489 
0.  33578 


35507  47 
69101  67 
97176  49 
19722  83 
36731  63 


0.395 

0.  40606 

78510 

0.  396 

0.40715 

66231 

0.  397 

0.  40824 

59066 

0.  398 

0. 40933 

57035 

0.  399 

0.41042 

60160 

57  0. 37618  86146  53 
00  0.37705  33521  62 
02  0.37791  74978  43 
81  0.37878  10510  12 
60  0.37964  40109  93 


0. 


35757  11036 


46 


0.33667  48193  87 

0.400  0.41151  68460  67 

0.38050  63771  12 

r(-8)7-| 
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INVERSE  CIRCULAR  SINES  AND  TANGENTS  Table  4.14 


X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.  400 

0.  41151 

68460 

67 

0.38050 

63771 

12 

0.  450 

0.  46676 

53390 

47 

0.  42285 

39261 

33 

0.  401 

0.  41260 

81956 

42 

0.  38136 

81487 

02 

0.  451 

0.  46788 

54404 

09 

0.  42368 

52156 

87 

0.  402 

0.41370 

00668 

29 

0. 38222 

93250 

97 

0.  452 

0. 46900 

61761 

03 

0.  42451 

58823 

89 

0.  403 

0.  41479 

24616 

80 

0. 38308 

99056 

39 

0. 453 

0. 47012 

75486 

20 

0.  42534 

59257 

92 

0.  404 

0.  41588 

53822 

54 

0.  38394 

98896 

72 

0.  454 

0.  47124 

95604 

59 

0.  42617 

53454 

56 

0.  405 

0.  41697 

88306 

20 

0. 38480 

92765 

46 

0.  455 

0. 47237 

22141 

29 

0.  42700 

41409 

43 

0.  406 

0.  41807 

28088 

50 

0.  38566 

80656 

14 

0.  456 

0. 47349 

55121 

50 

0. 42783 

23118 

21 

0.  407 

0.  41916 

73190 

29 

0.  38652 

62562 

34 

0.  457 

0.  47461 

94570 

53 

0.  42865 

98576 

60 

0.408 

0.  42026 

23632 

45 

0. 38738 

38477 

69 

0. 458 

0.  47574 

40513 

79 

0. 42948 

67780 

36 

0.  409 

0.  42135 

79435 

96 

0.  38824 

08395 

85 

0.  459 

0.  47686 

92976 

80 

0.  43031 

30725 

28 

0.  410 

0. 42245 

40621 

87 

0.  38909 

72310 

55 

0.  460 

0. 47799 

51985 

19 

0. 43113 

87407 

19 

0.  411 

0.  42355 

07211 

31 

0.  38995 

30215 

54 

0.461 

0. 47912 

17564 

68 

0.  43196 

37821 

% 

0.  412 

0.  42464 

79225 

49 

0.  39080 

82104 

62 

0.462 

0.  48024 

89741 

12 

0.  43278 

81965 

51 

0.  413 

0.  42574 

56685 

70 

0.  39166 

27971 

64 

0. 463 

0.  48137 

68540 

46 

0. 43361 

19833 

80 

0.  414 

0.  42684 

39613 

30 

0. 39251 

67810 

48 

0.  464 

0.  48250 

53988 

75 

0.  43443 

51422 

81 

0.  415 

0.  42794 

28029 

74 

0.  39337 

01615 

09 

0.465 

0.48363 

46112 

18 

0.  43525 

76728 

58 

0.  416 

0. 42904 

21956 

53 

0.  39422 

29379 

43 

0.  466 

0.  48476 

44937 

02 

0. 43607 

95747 

19 

0.  417 

0.  43014 

21415 

30 

0. 39507 

51097 

52 

0. 467 

0.  48589 

50489 

67 

0.  43690 

08474 

74 

0.  418 

0.  43124 

26427 

72 

0.  39592 

66763 

44 

0.468 

0. 48702 

62796 

64 

0.  43772 

14907 

40 

0. 419 

0. 43234 

37015 

57 

0. 39677 

76371 

29 

0. 469 

0.  48815 

81884 

55 

0.  43854 

15041 

36 

0.  420 

0. 43344 

53200 

70 

0. 39762 

79915 

22 

0.470 

0. 48929 

07780 

14 

0.  43936 

08872 

85 

0.  421 

0. 43454 

75005 

03 

0. 39847 

77389 

43 

0.471 

0. 49042 

40510 

26 

0.  44017 

96398 

14 

0.  422 

0.  43565 

02450 

60 

0.  39932 

68788 

14 

0. 472 

0. 49155 

80101 

88 

0.  44099 

77613 

55 

0.  423 

0.  43675 

35559 

49 

0.  40017 

54105 

66 

0.473 

0.  49269 

26582 

08 

0.  44181 

52515 

43 

0.  424 

0. 43785 

74353 

90 

0.40102 

33336 

29 

0.474 

0.  49382 

79978 

07 

0.  44263 

21100 

17 

0.  425 

0.  43896 

18856 

10 

0.40187 

06474 

40 

0.475 

0. 49496 

40317 

17 

0.  44344 

83364 

20 

0.  426 

0.  44006 

69088 

44 

0.  40271 

73514 

42 

0.476 

0.49610 

07626 

82 

0.  44426 

39303 

99 

0.  427 

0.  44117 

25073 

36 

0.40356 

34450 

79 

0.  477 

0.  49723 

81934 

59 

0. 44507 

88916 

06 

0.  428 

0.  44227 

86833 

39 

0.  40440 

89278 

00 

0.478 

0.  49837 

63268 

16 

0.  44589 

32196 

95 

0.  429 

0.  44338 

54391 

16 

0.  40525 

37990 

60 

0.479 

0.  49951 

51655 

34 

0.  44670 

69143 

24 

0.  430 

0. 44449 

27769 

36 

0.  40609 

80583 

18 

0.  480 

0.  50065 

47124 

05 

0.  44751 

99751 

57 

0.  431 

0.  44560 

06990 

78 

0. 40694 

17050 

34 

0.  481 

0.  50179 

49702 

34 

0.  44833 

24018 

60 

0.  432 

0.  44670 

92078 

31 

0.40778 

47386 

77 

0.482 

0.  50293 

59418 

39 

0. 44914 

41941 

03 

0.  433 

0. 44781 

83054 

92 

0.  40862 

71587 

18 

0.483 

0.  50407 

76300 

52 

0. 44995 

53515 

61 

0.  434 

0.  44892 

79943 

67 

0.  40946 

89646 

31 

0.  484 

0. 50522 

00377 

13 

0.  45076 

58739 

11 

0. 435 

0.  45003 

82767 

71 

0.  41031 

01558 

96 

0. 485 

0.  50636 

31676 

79 

0.  45157 

57608 

36 

0.  436 

0.  45114 

91550 

28 

0. 41115 

07319 

97 

0.486 

0. 50750 

70228 

19 

0.  45238 

50120 

20 

0.  437 

0.  45226 

06314 

71 

0.  41199 

06924 

22 

0.  487 

0.  50865 

16060 

14 

0.  45319 

36271 

55 

0.  438 

0.  45337 

27084 

44 

0.  41283 

00366 

64 

0.  488 

0. 50979 

69201 

57 

0.  45400 

16059 

33 

0.  439 

0.  45448 

53882 

99 

0.41366 

87642 

17 

0.489 

0.  51094 

29681 

57 

0.  45480 

89480 

51 

0.  440 

0.45559 

86733 

96 

0.  41450 

68745 

85 

0.490 

0.  51208 

97529 

34 

0.  45561 

56532 

11 

0.  441 

0.  45671 

25661 

07 

0. 41534 

43672 

70 

0.491 

0.  51323 

72774 

22 

0.  45642 

17211 

17 

0.  442 

0.  45782 

70688 

11 

0.  41618 

12417 

83 

0.492 

0.  51438 

55445 

69 

0.  45722 

71514 

78 

0.  443 

0.  45894 

21838 

99 

0.  41701 

74976 

36 

0. 493 

0.  51553 

45573 

34 

0.  45803 

19440 

06 

0.  444 

0.  46005 

79137 

71 

0.  41785 

31343 

48 

0.  494 

0.  51668 

43186 

93 

0. 45883 

60984 

16 

0.  445 

0.  46117 

42608 

35 

0.  41868 

81514 

38 

0.495 

0.  51783 

48316 

32 

0.  45963 

96144 

30 

0.  446 

0.  46229 

12275 

10 

0.  41952 

25484 

34 

0.496 

0.51898 

60991 

55 

0.  46044 

24917 

71 

0.  447 

0.  46340 

88162 

25 

0.  42035 

63248 

66 

0.497 

0.  52013 

81242 

77 

0.  46124 

47301 

65 

0.  448 

0.  46452 

70294 

19 

0.  42118 

94802 

67 

0.498 

0.52129 

09100 

26 

0.  46204 

63293 

45 

0.  449 

0.  46564 

58695 

40 

0.  42202 

20141 

75 

0.  499 

0.  52244 

44594 

47 

0.  46284 

72890 

44 

0.  450 

0.  46676 
[<- 

53390 

fs] 

47 

0.  42285 

> 

39261 

-f] 

33 

7T 

2~ 

0.  500  0.  52359 

[<■ 

1.57079  63267  95 

87755 

4?)1] 

98 

0.  46364 
[(- 

76090 

r] 

01 
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ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 
INVERSE  CIRCULAR  SINES  AND  TANGENTS 


Table  4.14 


X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.500 

0.  52359 

87755 

98 

0.  46364 

76090 

01 

0.550 

0.  58236 

42378 

69 

0.  50284 

32109 

28 

0.501 

0.  52475 

38615 

51 

0.  46444 

72889 

58 

0.  551 

0.  58356 

20792 

89 

0.  50361 

06410 

37 

0.502 

0.52590 

97203 

91 

0. 46524 

63286 

62 

0. 552 

0.  58476 

08688 

33 

0.  50437 

74226 

73 

0.503 

0.  52706 

63552 

20 

0. 46604 

47278 

61 

0.  553 

0.  58596 

06104 

84 

0.  50514 

35557 

57 

0.  504 

0.  52822 

37691 

54 

0.  46684 

24863 

09 

0.554 

0.58716 

13082 

43 

0.  50590 

90402 

12 

0.505 

0. 52938 

19653 

22 

0. 46763 

96037 

63 

0.555 

0. 58836 

29661 

37 

0.  50667 

38759 

68 

0.  506 

0.  53054 

09468 

69 

0. 46843 

60799 

83 

0.  556 

0.58956 

55882 

10 

0.  50743 

80629 

53 

0.507 

0.  53170 

07169 

56 

0. 46923 

19147 

34 

0.557 

0.  59076 

91785 

32 

0.  50820 

16011 

02 

0.508 

0.  53286 

12787 

56 

0. 47002 

71077 

82 

0.  558 

0.  59197 

37411 

92 

0.  50896 

44903 

52 

0.  509 

0.  53402 

26354 

61 

0. 47082 

16589 

00 

0.  559 

0.  59317 

92803 

04 

0.  50972 

67306 

43 

0.  510 

0.  53518 

47902 

76 

0. 47161 

55678 

62 

0.560 

0.  59438 

58000 

01 

0.51048 

83219 

17 

0.  511 

0.  53634 

77464 

20 

0.  47240 

88344 

48 

0.  561 

0. 59559 

33044 

41 

0.  51124 

92641 

21 

0.  512 

0.  53751 

15071 

30 

0. 47320 

14584 

38 

0.562 

0.  59680 

17978 

05 

0.51200 

95572 

04 

0.  513 

0.  53867 

60756 

57 

0. 47399 

34396 

20 

0.563 

0. 59801 

12842 

95 

0.  51276 

92011 

19 

0.  514 

0.  53984 

14552 

69 

0.  47478 

47777 

82 

0.564 

0. 59922 

17681 

37 

0.  51352 

81958 

22 

0.515 

0.  54100 

76492 

49 

0. 47557 

54727 

17 

0.565 

0. 60043 

32535 

81 

0.  51428 

65412 

69 

0.516 

0.  54217 

46608 

96 

0. 47636 

55242 

22 

0.  566 

0.  60164 

57448 

99 

0.51504 

42374 

25 

0.517 

0.  54334 

24935 

25 

0.  47715 

49320 

97 

0.567 

0.  60285 

92463 

89 

0.  51580 

12842 

52 

0.  518 

0.  54451 

11504 

67 

0. 47794 

36961 

45 

0.  568 

0. 60407 

37623 

71 

0.  51655 

76817 

18 

0.519 

0.  54568 

06350 

69 

0.  47873 

18161 

73 

0.569 

0.  60528 

92971 

89 

0.  51731 

34297 

96 

0.  520 

0.  54685 

09506 

96 

0. 47951 

92919 

93 

0.  570 

0.  60650 

58552 

13 

0.  51806 

85284 

57 

0.  521 

0.  54802 

21007 

28 

0. 48030 

61234 

17 

0.  571 

0.  60772 

34408 

36 

0.  51882 

29776 

79 

0.  522 

0.  54919 

40885 

61 

0.  48109 

23102 

64 

0.  572 

0.  60894 

20584 

75 

0.  51957 

67774 

41 

0.  523 

0.  55036 

69176 

11 

0. 48187 

78523 

54 

0.  573 

0.  61016 

17125 

74 

0.  52032 

99277 

27 

0.  524 

0.  55154 

05913 

07 

0. 48266 

27495 

12 

0.  574 

0. 61138 

24076 

01 

0.  52108 

24285 

22 

0.  525 

0.  55271 

51130 

97 

0.  48344 

70015 

67 

0.575 

0.  61260 

41480 

49 

0.  52183 

42798 

14 

0.  526 

0.  55389 

04864 

46 

0.  48423 

06083 

50 

0.576 

0.  61382 

69384 

37 

0.  52258 

54815 

96 

0.  527 

0.55506 

67148 

37 

0.  48501 

35696 

94 

0.577 

0.  61505 

07833 

09 

0.  52333 

60338 

62 

0.  528 

0.  55624 

38017 

69 

0.  48579 

58854 

40 

0.578 

0.  61627 

56872 

37 

0.  52408 

59366 

09 

0.  529 

0.  55742 

17507 

59 

0. 48657 

75554 

29 

0.  579 

0. 61750 

16548 

17 

0.  52483 

51898 

38 

0.  530 

0.  55860 

05653 

43 

0.  48735 

85795 

05 

0.  580 

0.  61872 

86906 

72 

0.  52558 

37935 

52 

0.531 

0.  55978 

02490 

72 

0.  48813 

89575 

18 

0. 581 

0.  61995 

67994 

52 

0. 52633 

17477 

57 

0.  532 

0.  56096 

08055 

18 

0. 48891 

86893 

19 

0.582 

0.  62118 

59858 

34 

0.  52707 

90524 

63 

0.533 

0.  56214 

22382 

69 

0.  48969 

77747 

65 

0.  583 

0.  62241 

62545 

21 

0.  52782 

57076 

82 

0.534 

0.  56332 

45509 

33 

0.  49047 

62137 

12 

0.  584 

0.  62364 

76102 

44 

0.  52857 

17134 

28 

0.535 

0. 56450 

77471 

34 

0.  49125 

40060 

25 

0.585 

0.  62488 

00577 

61 

0.  52931 

70697 

19. 

0.536 

0.  56569 

18305 

17 

0. 49203 

11515 

68 

0.586 

0.  62611 

36018 

60 

0. 53006 

17765 

76 

0.537 

0.  56687 

68047 

44 

0. 49280 

76502 

10 

0.587 

0. 62734 

82473 

54 

0. 53080 

58340 

23 

0.538 

0.  56806 

26734 

97 

0.  49358 

35018 

23 

0.  588 

0.  62858 

39990 

87 

0.  53154 

92420 

86 

0.539 

0.  56924 

94404 

76 

0.  49435 

87062 

83 

0.  589 

0.  62982 

08619 

28 

0.  53229 

20007 

93 

0.  540 

0.  57043 

71094 

00 

0. 49513 

32634 

68 

0.  590 

0. 63105 

88407 

78 

0.53303 

41101 

77 

0.  541 

0.  57162 

56840 

08 

0. 49590 

71732 

62 

0.591 

0.  63229 

79405 

66 

0.  53377 

55702 

73 

0.  542 

0.  57281 

51680 

58 

0.  49668 

04355 

48 

0.  592 

0.  63353 

81662 

50 

0. 53451 

63811 

18 

0.543 

0.  57400 

55653 

28 

0.  49745 

30502 

17 

0.593 

0.  63477 

95228 

17 

0.  53525 

65427 

53 

0.  544 

0.  57519 

68796 

15 

0. 49822 

50171 

59 

0.  594 

0.  63602 

20152 

84 

0.  53599 

60552 

20 

0.  545 

0.  57638 

91147 

36 

0. 49899 

63362 

71 

0.  595 

0. 63726 

56487 

00 

0.  53673 

49185 

66 

0.  546 

0.  57758 

22745 

29 

0.  49976 

70074 

50 

0.  596 

0.  63851 

04281 

42 

0. 53747 

31328 

39 

0.  547 

0.  57877 

63628 

51 

0.  50053 

70305 

98 

0.597 

0.  63975 

63587 

17 

0.  53821 

06980 

90 

0.  548 

0.  57997 

13835 

79 

0.50130 

64056 

22 

0.  598 

0.  64100 

34455 

66 

0.  53894 

76143 

74 

0.  549 

0.  58116 

73406 

12 

0.  50207 

51324 

28 

0.  599 

0.  64225 

16938 

57 

0.  53968 

38817 

48 

0.550 

0.  58236 
[«■ 

42378 

47’1] 

69 

0.  50284 
[" 

32109 

■t’8]  . 

28 

0.600 

0.  64350 
[<- 

11087 

-57’2] 

93 

0.  54041 
[(- 

95002 

-8,8] 

71 
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INVERSE  CIRCULAR  SINES  AND  TANGENTS  Table  4.14 


X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.  600 

0.  64350 

11087 

93 

0.  54041 

95002 

71 

0.650 

0.  70758 

44367 

25 

0. 57637 

52205 

91 

0.  601 

0. 64475 

16956 

07 

0. 54115 

44700 

04 

0.  651 

0.  70890 

10818 

82 

0.  57707 

78870 

95 

0.  602 

0.  64600 

34595 

63 

0.  54188 

87910 

15 

0.652 

0. 71021 

92154 

53 

0. 57777 

99113 

37 

0.  603 

0.  64725 

64059 

60 

0. 54262 

24633 

69 

0.  653 

0.71153 

88447 

93 

0.  57848 

12935 

07 

0.  604 

0. 64851 

05401 

26 

0.  54335 

54871 

37 

0.654 

0. 71285 

99773 

14 

0.  57918 

20337 

94 

0.  605 

0. 64976 

58674 

24 

0.  54408 

78623 

92 

0.  655 

0.71418 

26204 

76 

0. 57988 

21323 

94 

0.  606 

0. 65102 

23932 

51 

0. 54481 

95892 

10 

0.  656 

0.71550 

67817 

97 

0.  58058 

15895 

01 

0.  607 

0.  65228 

01230 

34 

0.  54555 

06676 

70 

0.657 

0.  71683 

24688 

45 

0.  58128 

04053 

13 

0.608 

0.  65353 

90622 

38 

0.  54628 

10978 

51 

0.  658 

0.  71815 

96892 

45 

0. 58197 

85800 

31 

0.  609 

0.  65479 

92163 

58 

0.  54701 

08798 

38 

0.  659 

0.  71948 

84506 

75 

0. 58267 

61138 

57 

0.  610 

0.  65606 

05909 

25 

0.  54774 

00137 

16 

0.  660 

0. 72081 

87608 

70 

0. 58337 

30069 

94 

0.  611 

0.  65732 

31915 

05 

0. 54846 

84995 

75 

0.  661 

0. 72215 

06276 

21 

0.  58406 

92596 

49 

0.  612 

0.  65858 

70237 

00 

0.  54919 

63375 

05 

0.662 

0. 72348 

40587 

76 

0.  58476 

48720 

31 

0.  613 

0.  65985 

20931 

44 

0.54992 

35276 

01 

0.  663 

0. 72481 

90622 

40 

0.  58545 

98443 

49 

0.  614 

0.  66111 

84055 

09 

0.55065 

00699 

59 

0.664 

0.  72615 

56459 

74 

0.  58615 

41768 

17 

0.615 

0.  66238 

59665 

02 

0. 55137 

59646 

79 

0.  665 

0.  72749 

38180 

01 

0.  58684 

78696 

50 

0.  616 

0.  66365 

47818 

67 

0.  55210 

12118 

61 

0.  666 

0. 72883 

35864 

02 

0. 58754 

09230 

63 

0.  617 

0.  66492 

48573 

84 

0. 55282 

58116 

10 

0.667 

0.  73017 

49593 

16 

0.  58823 

33372 

77 

0.  618 

0.  66619 

61988 

69 

0.  55354 

97640 

33 

0.  668 

0.73151 

79449 

44 

0.  58892 

51125 

11 

0.  619 

0.  66746 

88121 

78 

0.  55427 

30692 

38 

0.  669 

0.  73286 

25515 

49 

0.  58961 

62489 

89 

0.  620 

0.  66874 

27032 

02 

0.  55499 

57273 

39 

0.  670 

0.  73420 

87874 

53 

0. 59030 

67469 

35 

0.  621 

0.  67001 

78778 

71 

0.  55571 

77384 

48 

0.  671 

0. 73555 

66610 

44 

0. 59099 

66065 

77 

0.  622 

0.  67129 

43421 

53 

0.  55643 

91026 

82 

0.  672 

0.  73690 

61807 

69 

0.  59168 

58281 

44 

0.  623 

0.  67257 

21020 

54 

0.55715 

98201 

62 

0.  673 

0.  73825 

73551 

41 

0.  59237 

44118 

66 

0.  624 

0.  67385 

11636 

20 

0.  55787 

98910 

07 

0.674 

0. 73961 

01927 

39 

0. 59306 

23579 

77 

0.  625 

0.  67513 

15329 

37 

0. 55859 

93153 

44 

0.  675 

0. 74096 

47022 

03 

0.  59374 

96667 

11 

0.  626 

0.  67641 

32161 

29 

0.  55931 

80932 

97 

0.676 

0. 74232 

08922 

43 

0. 59443 

63383 

05 

0.  627 

0.  67769 

62193 

62 

0.56003 

62249 

97 

0.  677 

0.  74367 

87716 

32 

0. 59512 

23729 

99 

0.  628 

0.  67898 

05488 

41 

0. 56075 

37105 

74 

0.  678 

0.  74503 

83492 

13 

0.  59580 

77710 

32 

0.  629 

0.  68026 

62108 

12 

0. 56147 

05501 

63 

0.  679 

0. 74639 

96338 

96 

0.  59649 

25326 

49 

0.  630 

0.  68155 

32115 

63 

0.  56218 

67439 

00 

0.680 

0. 74776 

26346 

60 

0. 59717 

66580 

93 

0.  631 

0.  68284 

15574 

24 

0.  56290 

22919 

24 

0.  681 

0.  74912 

73605 

52 

0.  59786 

01476 

11 

0.  632 

0.  68413 

12547 

66 

0.  56361 

71943 

75 

0.  682 

0.  75049 

38206 

91 

0. 59854 

30014 

52 

0.  633 

0.  68542 

23100 

04 

0. 56433 

14513 

97 

0.  683 

0.  75186 

20242 

68 

0.  59922 

52198 

66 

0.  634 

0.  68671 

47295 

93 

0.  56504 

50631 

37 

0.  684 

0.  75323 

19805 

42 

0.  59990 

68031 

06 

0.  635 

0.  68800 

85200 

35 

0.  56575 

80297 

42 

0.  685 

0.  75460 

36988 

49 

0. 60058 

77514 

26 

0.  636 

0.  68930 

36878 

74 

0. 56647 

03513 

63 

0.  686 

0. 75597 

71885 

95 

0.  60126 

80650 

81 

0.  637 

0.  69060 

02396 

97 

0.  56718 

20281 

53 

0.  687 

0. 75735 

24592 

63 

0.  60194 

77443 

31 

0.  638 

0.  69189 

81821 

37 

0.  56789 

30602 

67 

0.688 

0. 75872 

95204 

10 

0.  60262 

67894 

35 

0.  639 

0.  69319 

75218 

73 

0.56860 

34478 

63 

0.  689 

0.  76010 

83816 

68 

0.  60330 

52006 

54 

0.  640 

0. 69449 

82656 

27 

0. 56931 

31911 

01 

0.  690 

0. 76148 

90527 

48 

0.  60398 

29782 

53 

0.  641 

0.  69580 

04201 

68 

0.  57002 

22901 

42 

0.  691 

0.  76287 

15434 

36 

0.  60466 

01224 

96 

0.  642 

0.  69710 

39923 

13 

0.  57073 

07451 

52 

0.692 

0. 76425 

58636 

00 

0.  60533 

66336 

52 

0.  643 

0.  69840 

89889 

23 

0.57143 

85562 

98 

0.  693 

0. 76564 

20231 

84 

0.  60601 

25119 

88 

0.  644 

0.  69971 

54169 

09 

0.  57214 

57237 

47 

0.  694 

0. 76703 

00322 

15 

0.  60668 

77577 

76 

0.  645 

0.  70102 

32832 

27 

0.  57285 

22476 

73 

0.  695 

0. 76841 

99008 

00 

0.  60736 

23712 

89 

0.  646 

0.  70233 

25948 

84 

0.  57355 

81282 

48 

0.696 

0.  76981 

16391 

29 

0. 60803 

63528 

01 

0.  647 

0.  70364 

33589 

34 

0.  57426 

33656 

48 

0.  697 

0. 77120 

52574 

75 

0. 60870 

97025 

88 

0.  648 

0. 70495 

55824 

80 

0. 57496 

79600 

51 

0.  698 

0.  77260 

07661 

95 

0. 60938 

24209 

28 

0.  649 

0.  70626 

92726 

76 

0. 57567 

19116 

38 

0.  699 

0. 77399 

81757 

30 

0. 61005 

45081 

01 

0.  650 

0.70758 

44367 

25 

0.  57637 

52205 

91 

0.700 

0. 77539 

74966 

11 

0. 61072 

59643 

89 

m r(-n  m m 
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Table  4.14  INVERSE  CIRCULAR  SINES  AND  TANGENTS 


X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

0.  700 

0. 77539 

74966 

11 

0. 61072 

59643 

89 

0.750 

0.  84806 

20789 

81 

0. 64350 

11087 

93 

0.  701 

0. 77679 

87394 

52 

0.  61139 

67900 

75 

0.  751 

0.  84957 

52355 

56 

0.  64414 

08016 

53 

0.  702 

0.  77820 

19149 

57 

0.  61206 

69854 

44 

0.  752 

0.  85109 

10007 

70 

0.  64477 

98804 

75 

0.  703 

0. 77960 

70339 

20 

0.  61273 

65507 

83 

0.753 

0.  85260 

93916 

63 

0. 64541 

83456 

20 

0.  704 

0.78101 

41072 

23 

0.  61340 

54863 

79 

0.  754 

0.  85413 

04254 

45 

0. 64605 

61974 

52 

0.  705 

0.  78242 

31458 

43 

0. 61407 

37925 

25 

0.  755 

0.  85565 

41195 

04 

0. 64669 

34363 

37 

0.  706 

0.  78383 

41608 

47 

0.  61474 

14695 

10 

0.  756 

0.  85718 

04914 

02 

0. 64733 

00626 

40 

0.  707 

0.  78524 

71633 

95 

0. 61540 

85176 

29 

0.  757 

0.  85870 

95588 

84 

0. 64796 

60767 

30 

0.  708 

0.  78666 

21647 

44 

0.  61607 

49371 

78 

0.758 

0.86024 

13398 

74 

0.  64860 

14789 

75 

0.  709 

0.  78807 

91762 

45 

0.  61674 

07284 

52 

0.759 

0.  86177 

58524 

85 

0. 64923 

62697 

45 

0.  710 

0.  78949 

82093 

46 

0. 61740 

58917 

52 

0.760 

0.  86331 

31150 

16 

0.  64987 

04494 

12 

0.  711 

0.  79091 

92755 

96 

0.  61807 

04273 

76 

0.761 

0. 86485 

31459 

55 

0.  65050 

40183 

48 

0.  712 

0.  79234 

23866 

39 

0.  61873 

43356 

27 

0.762 

0.  86639 

59639 

86 

0.  65113 

69769 

28 

0.  713 

0.  79376 

75542 

24 

0.  61939 

76168 

09 

0.763 

0.  86794 

15879 

89 

0. 65176 

93255 

25 

0.  714 

0.  79519 

47901 

99 

0.  62006 

02712 

26 

0.  764 

0.  86949 

00370 

42 

0. 65240 

10645 

18 

0.  715 

0. 79662 

41065 

16 

0.  62072 

22991 

86 

0.765 

0. 87104 

13304 

26 

0. 65303 

21942 

83 

0.  716 

0.  79805 

55152 

32 

0.  62138 

37009 

97 

0.766 

0.  87259 

54876 

26 

0.  65366 

27151 

99 

0.  717 

0.  79948 

90285 

08 

0.  62204 

44769 

70 

0.767 

0.  87415 

25283 

38 

0.  65429 

26276 

46 

0.  718 

0.  80092 

46586 

13 

0.  62270 

46274 

14 

0.  768 

0. 87571 

24724 

65 

0.  65492 

19320 

05 

0.  719 

0.  80236 

24179 

26 

0.  62336 

41526 

45 

0.769 

0. 87727 

53401 

29 

0.  65555 

06286 

59 

0.  720 

0.  80380 

23189 

33 

0.  62402 

30529 

77 

0. 770 

0. 87884 

11516 

69 

0.  65617 

87179 

91 

0.  721 

0.  80524 

43742 

33 

0. 62468 

13287 

26 

0.771 

0. 88040 

99276 

42 

0. 65680 

62003 

87 

0.  722 

0.  80668 

85965 

35 

0.  62533 

89802 

10 

0.772 

0. 88198 

16888 

33 

0.  65743 

30762 

31 

0.  723 

0.  80813 

49986 

66 

0.  62599 

60077 

48 

0.773 

0.  88355 

6*4562 

55 

0.65805 

93459 

11 

0.  724 

0. 80958 

35935 

64 

0.  62665 

24116 

63 

0.  774 

0.  88513 

42511 

51 

0.  65868 

50098 

15 

0.  725 

0.  81103 

43942 

88 

0.  62730 

81922 

76 

0.775 

0.  88671 

50950 

00 

0. 65931 

00683 

33 

0.  726 

0.  81248 

74140 

11 

0.  62796 

33499 

11 

0.  776 

0.  88829 

90095 

19 

0. 65993 

45218 

55 

0.  727 

0.  81394 

26660 

28 

0. 62861 

78848 

95 

0.777 

0.  88988 

60166 

70 

0. 66055 

83707 

72 

0.  728 

0.  81540 

01637 

58 

0.  62927 

17975 

54 

0.  778 

0.  89147 

61386 

58 

0.  66118 

16154 

79 

0.  729 

0.  81685 

99207 

37 

0.  62992 

50882 

17 

0.779 

0.  89306 

93979 

43 

0. 66180 

42563 

67 

0.  730 

0.  81832 

19506 

32 

0.  63057 

77572 

15 

0.  780 

0. 89466 

58172 

34 

0.  66242 

62938 

33 

0.  731 

0.  81978 

62672 

31 

0.  63122 

98048 

79 

0.781 

0.  89626 

54195 

03 

0.  66304 

77282 

73 

0.  732 

0.  82125 

28844 

52 

0.  63188 

12315 

41 

0.782 

0.  89786 

82279 

83 

0.  66366 

85600 

83 

0.  733 

0.  82272 

18163 

44 

0.  63253 

20375 

38 

0.  783 

0.  89947 

42661 

72 

0.  66428 

87896 

62 

0.734 

0.  82419 

30770 

85 

0.  63318 

22232 

04 

0.784 

0.  90108 

35578 

41 

0.  66490 

84174 

09 

0.  735 

0.  82566 

66809 

86 

0. 63383 

17888 

78 

0.785 

0.  90269 

61270 

38 

0.  66552 

74437 

26 

0.736 

0.  82714 

26424 

94 

0.  63448 

07348 

99 

0.  786 

0.  90431 

19980 

87 

0.  66614 

58690 

12 

0.  737 

0.  82862 

09761 

92 

0. 63512 

90616 

06 

0.  787 

0. 90593 

11956 

01 

0.  66676 

36936 

71 

0.  738 

0.  83010 

16968 

01 

0.  63577 

67693 

42 

0.  788 

0.90755 

37444 

80 

0.  66738 

09181 

07 

0.  739 

0.  83158 

48191 

83 

0.  63642 

38584 

50 

0.789 

0.  90917 

96699 

17 

0.  66799 

75427 

24 

0.  740 

0.  83307 

03583 

42 

0.  63707 

03292 

76 

0.790 

0.91080 

89974 

07 

0.  66861 

35679 

28 

0.  741 

0.  83455 

83294 

24 

0.  63771 

61821 

64 

0.791 

0.  91244 

17527 

48 

0.  66922 

89941 

25 

0.  742 

0.  83604 

87477 

24 

0.  63836 

14174 

63 

0.  792 

0.  91407 

79620 

46 

0. 66984 

38217 

24 

0.  743 

0.  83754 

16286 

83 

0.  63900 

60355 

21 

0.793 

0.  91571 

76517 

23 

0. 67045 

80511 

32 

0.  744 

0.  83903 

69878 

93 

0.  63965 

00366 

89 

0.  794 

0.91736 

08485 

19 

0.  67107 

16827 

61 

0.  745 

0.  84053 

48410 

98 

0. 64029 

34213 

19 

0.795 

0.91900 

75795 

02 

0.  67168 

47170 

20 

0.  746 

0.  84203 

52041 

95 

0.  64093 

61897 

63 

0.  796 

0.  92065 

78720 

67 

0.  67229 

71543 

22 

0.  747 

0.  84353 

80932 

39 

0.  64157 

83423 

76 

0.797 

0. 92231 

17539 

49 

0.  67290 

89950 

79 

0.  748 

0.  84504 

35244 

42 

0.  64221 

98795 

14 

0.798 

0.  92396 

92532 

24 

0.  67352 

02397 

05 

0.  749 

0.  84655 

15141 

77 

0.  64286 

08015 

33 

0.  799 

0.  92563 

03983 

15 

0.  67413 

08886 

15 

0.  750 

0. 84806 
[<■ 
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ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


INVERSE  CIRCULAR  SINES  AND  TANGENTS 


Table  4.14 


X 

arcsin  x 

0.  800 

0.  92729 

52180 

0.  801 

0.  92896 

37414 

0.  802 

0.  93063 

59980 

0.  803 

0.  93231 

20178 

0.  804 

0.  93399 

18310 

0.  805 

0. 93567 

54682 

0.  806 

0. 93736 

29604 

0.  807 

0.  93905 

43392 

0.  808 

0.  94074 

96363 

0.  809 

0.  94244 

88840 

0.  810 

0.  94415 

21151 

0.  811 

0.  94585 

93626 

0.  812 

0.  94757 

06601 

0.  813 

0.  94928 

60416 

0.  814 

0.95100 

55415 

0.  815 

0.  95272 

91949 

0.  816 

0.  95445 

70370 

0.  817 

0.  95618 

91039 

0.  818 

0.  95792 

54318 

0.  819 

0.  95966 

60576 

0.  820 

0.  96141 

10187 

0.  821 

0.96316 

03531 

0.  822 

0.  96491 

40991 

0.  823 

0.  96667 

22958 

0.  824 

0.  96843 

49827 

0.  825 

0.  97020 

21999 

0.  826 

0.  97197 

39880 

0.  827 

0.  97375 

03884 

0.  828 

0.  97553 

14428 

0.  829 

0.97731 

71937 

0.  830 

0.97910 

76843 

0.  831 

0.  98090 

29583 

0.  832 

0.  98270 

30600 

0.  833 

0.  98450 

80344 

0.  834 

0.  98631 

79274 

0.  835 

0.  98813 

27852 

0.  836 

0.  98995 

26551 

0.  837 

0.  99177 

75847 

0.  838 

0.  99360 

76228 

0.  839 

0.  99544 

28187 

0.  840 

0.  99728 

32223 

0.  841 

0.99912 

88847 

0.  842 

1.  00097 

98574 

0.  843 

lf  00283 

61930 

0.  844 

1.  00469 

79448 

0.  845 

1.  00656 

51670 

0.  846 

1.  00843 

79147 

0.  847 

1.  01031 

62439 

0.  848 

1.  01220 

02114 

0.  849 

1.  01408 

98751 

0.  850 

1.  01598 

52938 

[<- 

-/’I 

arctan  x 


02 

0. 67474 

09422 

24 

22 

0.  67535 

04009 

49 

83 

0.  67595 

92652 

08 

64 

0.  67656 

75354 

19 

25 

0.  67717 

52120 

01 

12 

0.  67778 

22953 

77 

66 

0.  67838 

87859 

65 

28 

0.  67899 

46841 

90 

49 

0.  67959 

99904 

74 

95 

0.  68020 

47052 

41 

54 

0.  68080 

88289 

16 

48 

0.  68141 

23619 

25 

38 

0.  68201 

53046 

96 

29 

0. 68261 

76576 

55 

87 

0. 68321 

94212 

31 

40 

0.  68382 

05958 

54 

88 

0.  68442 

11819 

54 

18 

0.  68502 

11799 

62 

04 

0.  68562 

05903 

10 

23 

0. 68621 

94134 

31 

64 

0.  68681 

76497 

59 

36 

0.  68741 

52997 

28 

79 

0. 68801 

23637 

73 

76 

0.  68860 

88423 

31 

60 

0.  68920 

47358 

39 

29 

0.  68980 

00447 

34 

56 

0. 69039 

47694 

55 

00 

0.  69098 

89104 

41 

17 

0.  69158 

24681 

33 

77 

0.  69217 

54429 

71 

68 

0.  69276 

78353 

97 

19 

0.  69335 

96458 

54 

05 

0.  69395 

08747 

85 

64 

0.  69454 

15226 

33 

13 

0. 69513 

15898 

44 

56 

0. 69572 

10768 

63 

06 

0. 69630 

99841 

36 

95 

0.  69689 

83121 

11 

94 

0. 69748 

60612 

34 

22 

0.  69807 

32319 

55 

72 

0. 69865 

98247 

21 

18 

0.69924 

58399 

85 

39 

0.  69983 

12781 

94 

35 

0.  70041 

61398 

02 

46 

0.  70100 

04252 

59 

67 

0.70158 

41350 

19 

75 

0.  70216 

72695 

35 

41 

0.  70274 

98292 

60 

56 

0.  70333 

18146 

49 

50 

0.70391 

32261 

58 

15 

0. 70449 

40642 

42 

["(-8)71 

4 


TT 

2 


X 

arcsin  x 

0.  850 

1. 01598 

52938 

0.  851 

1.  01788 

65272 

0.852 

1. 01979 

36361 

0.  853 

1.  02170 

66824 

0.854 

1.  02362 

57289 

0.855 

1. 02555 

08395 

0.856 

1. 02748 

20794 

0.857 

1. 02941 

95147 

0.  858 

1. 03136 

32127 

0. 859 

1. 03331 

32420 

0.860 

1. 03526 

96724 

0.  861 

1. 03723 

25749 

0.862 

1.  03920 

20218 

0. 863 

1. 04117 

80867 

0.  864 

1.  04316 

08445 

0.865 

1. 04515 

03716 

0.  866 

1. 04714 

67458 

0.  867 

1. 04915 

00463 

0.  868 

1.  05116 

03538 

0.  869 

1.  05317 

77506 

0.870 

1. 05520 

23205 

0.  871 

1.  05723 

41489 

0.872 

1. 05927 

33231 

0. 873 

1.  06131 

99317 

0.  874 

1.  06337 

40653 

0.  875 

1.  06543 

58165 

0.  876 

1. 06750 

52793 

0.  877 

1. 06958 

25500 

0.878 

1.  07166 

77266 

0.  879 

1.  07376 

09094 

0.  880 

1.  07586 

22004 

0.  881 

1. 07797 

17041 

0.  882 

1. 08008 

95270 

0.  883 

1.  08221 

57780 

0. 884 

1.  08435 

05681 

0.885 

1. 08649 

40110 

0.  886 

1.  08864 

62227 

0.  887 

1.  09080 

73218 

0.  888 

1. 09297 

74295 

0.  889 

1. 09515 

66698 

0.  890 

1. 09734 

51695 

0.  891 

1.  09954 

30581 

0.  892 

1. 10175 

04685 

0.  893 

1. 10396 

75362 

0.  894 

1. 10619 

44002 

0.  895 

1. 10843 

12027 

0.  896 

1. 11067 

80894 

0.  897 

1. 11293 

52092 

0.898 

1. 11520 

27151 

0.  899 

1. 11748 

07636 

0.900 

1. 11976 

95149 

[-(-6)11 

6 


.57079  63267  95 


arctan  x 


15 

0. 70449 

40642 

42 

25 

0.  70507 

43293 

58 

62 

0. 70565 

40219 

63 

41 

0.  70623 

31425 

16 

29 

0.  70681 

16914 

73 

76 

0.  70738 

96692 

96 

40 

0.  70796 

70764 

42 

10 

0.70854 

39133 

73 

41 

0. 70912 

01805 

50 

77 

0.  70969 

58784 

34 

81 

0.  71027 

10074 

87 

68 

0.  71084 

55681 

72 

39 

0.  71141 

95609 

52 

05 

0. 71199 

29862 

92 

30 

0. 71256 

58446 

55 

61 

0.  71313 

81365 

07 

63 

0.  71370 

98623 

14 

62 

0.  71428 

10225 

41 

76 

0. 71485 

16176 

56 

61 

0. 71542 

16481 

25 

49 

0.  71599 

11144 

16 

91 

0.  71656 

00169 

99 

01 

0.  71712 

83563 

41 

03 

0.  71769 

61329 

12 

78 

0.  71826 

33471 

82 

11 

0.  71882 

99996 

22 

43 

0.  71939 

60907 

02 

24 

0. 71996 

16208 

94 

67 

0. 72052 

65906 

70 

07 

0.  72109 

10005 

03 

54 

0.  72165 

48508 

65 

59 

0. 72221 

81422 

30 

75 

0.  72278 

08750 

71 

22 

0.  72334 

30498 

64 

59 

0. 72390 

46670 

83 

49 

0. 72446 

57272 

04 

36 

0.  72502 

62307 

01 

22 

0.  72558 

61780 

53 

43 

0.  72614 

55697 

34 

56 

0. 72670 

44062 

23 

23 

0.  72726 

26879 

97 

99 

0. 72782 

04155 

34 

30 

0. 72837 

75893 

12 

43 

0.  72893 

42098 

11 

56 

0. 72949 

02775 

09 

75 

0.  73004 

57928 

87 

12 

0. 73060 

07564 

24 

94 

0.73115 

51686 

02 

85 

0.  73170 

90299 

00 

13 

0.  73226 

23408 

01 

99 

0.  73281 

51017 

87 

n- 
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212  ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


Table  4.14  INVERSE  CIRCULAR  SINES  AND  TANGENTS 


X 

arcsin  x 

arctan  x 

X 

arcsin  x 

arctan  x 

/(*) 

0.  900 

1. 11976 

95149 

99 

0.  73281 

51017 

87 

0.  950 

1.25323 

58975 

03 

0. 75976 

27548 

76 

1. 00421 

42513 

02 

0.  901 

1. 12206 

91337 

93 

0.  73336 

73133 

38 

0.951 

1. 25645 

42223 

06 

0.  76028 

81166 

70 

1. 00412 

90197 

55 

0.  902 

1. 12437 

97886 

21 

0.  73391 

89759 

38 

0.  952 

1.25970 

47250 

03 

0.  76081 

29540 

28 

1. 00404 

38274 

04 

0.  903 

1.  12670 

16524 

29 

0. 73447 

00900 

70 

0.953 

1.26298 

84259 

28 

0.  76133 

72674 

43 

1. 00395 

86742 

15 

0.  904 

1. 12903 

49026 

45 

0.  73502 

06562 

16 

0.954 

1.26630 

64000 

67 

0.76186 

10574 

14 

1. 00387 

35601 

52 

0.905 

1.13137 

97213 

39 

0.73557 

06748 

62 

0.955 

1.26965 

97812 

42 

0.  76238 

43244 

37 

1.  00378 

84851 

78 

0.  906 

1.  13373 

62953 

96... 

0.73612 

01464 

89 

0.  956 

1.27304 

97667 

20 

0.76290 

70690 

08 

1.  00370 

34492 

58 

0.907 

1.13610 

48166 

99 

0.  73666 

90715 

84 

0.  957 

1.  27647 

76222 

92 

0. 76342 

92916 

23 

1. 00361 

84523 

57 

0.  908 

1.  13848 

54823 

12 

0.  73721 

74506 

30 

0.958 

1. 27994 

46878 

88 

0.  76395 

09927 

81 

1. 00353 

34944 

39 

0.  909 

1.  14087 

84946 

83 

0.73776 

52841 

13 

0.959 

1. 28345 

23838 

00 

0. 76447 

21729 

78 

1. 00344 

85754 

69 

0.910 

1. 14328 

40618 

50 

0.73831 

25725 

17 

0.960 

1.28700 

22175 

87 

0.  76499 

28327 

11 

1. 00336 

36954 

10 

0.  911 

1. 14570 

23976 

58 

0. 73885 

93163 

30 

0.961 

1.29059 

57917 

69 

0. 76551 

29724 

78 

1. 00327 

88542 

28 

0.912 

1.14813 

37219 

91 

0.  73940 

55160 

36 

0.962 

1.29423 

48124 

14 

0. 76603 

25927 

75 

1.  00319 

40518 

88 

0.913 

1.  15057 

82610 

10 

0. 73995 

11721 

22 

0.963 

1.29792 

10987 

43 

0.  76655 

16941 

02 

1. 00310 

92883 

53 

0.914 

1.  15303 

62474 

12 

0. 74049 

62850 

76 

0.964 

1. 30165 

65939 

20 

0.  76707 

02769 

55 

1.  00302 

45635 

89 

0.  915 

1.  15550 

79206 

90 

0. 74104 

08553 

83 

0.965 

1. 30544 

33771 

97 

0.  76758 

83418 

33 

1.00293 

98775 

61 

0.916 

1.15799 

35274 

19 

0.  74158 

48835 

32 

0.966 

1.30928 

36776 

35 

0. 76810 

58892 

33 

1. 00285 

52302 

33 

0.917 

1. 16049 

33215 

50 

0. 74212 

83700 

10 

0.967 

1. 31317 

98896 

52 

0. 76862 

29196 

53 

1.  00277 

06215 

71 

0.918 

1. 16300 

75647 

25 

0.  74267 

13153 

04 

0.968 

1. 31713 

45907 

19 

0. 76913 

94335 

92 

1.  00268 

60515 

39 

0.919 

1.  16553 

65266 

04 

0.74321 

37199 

05 

0.969 

1. 32115 

05615 

54 

0. 76965 

54315 

49 

1. 00260 

15201 

02 

0.  920 

1.16808 

04852 

14 

0. 74375 

55842 

99 

0.  970 

1.32523 

08092 

80 

0.  77017 

09140 

20 

1. 00251 

70272 

25 

0.  921 

1.  17063 

97273 

16 

0. 74429 

69089 

76 

0.971 

1. 32937 

85940 

93 

0. 77068 

58815 

06 

1. 00243 

25728 

74 

0.  922 

1.  17321 

45487 

95 

0.  74483 

76944 

25 

0.  972 

1. 33359 

74601 

02 

0. 77120 

03345 

05 

1. 00234 

81570 

13 

0.  923 

1.  17580 

52550 

71 

0. 74537 

79411 

35 

0.973 

1. 33789 

12711 

79 

0. 77171 

42735 

14 

1.  00226 

37796 

07 

0.  924 

1. 17841 

21615 

31 

0. 74591 

76495 

97 

0.  974 

1. 34226 

42528 

47 

0.77222 

76990 

34 

1.00217 

94406 

23 

0.  925 

1. 18103 

55939 

97 

0. 74645 

68203 

00 

0.975 

1. 34672 

10414 

93 

0.  77274 

06115 

63 

1. 00209 

51400 

25 

0.  926 

1.  18367 

58892 

09 

0.  74699 

54537 

35 

0.  976 

1. 35126 

67425 

45 

0.  77325 

30116 

01 

1.  00201 

08777 

78 

0.  927 

1.  18633 

33953 

44 

0.  74753 

35503 

92 

0.  977 

1. 35590 

69996 

85 

0. 77376 

48996 

45 

1.00192 

66538 

49 

0.  928 

1.  18900 

84725 

71 

0.  74807 

11107 

62 

0.  978 

1. 36064 

80777 

70 

0.  77427 

62761 

95 

1. 00184 

24682 

01 

0.  929 

1. 19170 

14936 

35 

0. 74860 

81353 

36 

0.  979 

1. 36549 

69629 

42 

0.  77478 

71417 

51 

1.00175 

83208 

02 

0.930 

1. 19441 

28444 

77 

0.  74914 

46246 

06 

0.  980 

1. 37046 

14844 

72 

0.77529 

74968 

12 

1.00167 

42116 

16 

0.  931 

1. 19714 

29249 

00 

0.74968 

05790 

63 

0.  981 

1. 37555 

04644 

29 

0. 77580 

73418 

77 

1. 00159 

01406 

08 

0.  932 

1. 19989 

21492 

75 

0.  75021 

59991 

99 

0.  982 

1. 38077 

39033 

32 

0. 77631 

66774 

45 

1. 00150 

61077 

45 

0.933 

1.20266 

09472 

92 

0.75075 

08855 

06 

0.  983 

1.  38614 

32129 

70 

0. 77682 

55040 

17 

1. 00142 

21129 

93 

0.  934 

1.  20544 

97647 

69 

0.  75128 

52384 

76 

0.984 

1. 39167 

15119 

16 

0.  77733 

38220 

91 

1.  00133 

81563 

16 

0.935 

1.20825 

90645 

07 

0. 75181 

90586 

03 

0.  985 

1. 39737 

40056 

99 

0. 77784 

16321 

67 

1. 00125 

42376 

80 

0.936 

1.21108 

93272 

10 

0.75235 

23463 

79 

0.  986 

1.  40326 

84832 

96 

0.  77834 

89347 

44 

1.00117 

03570 

52 

0.  937 

1.21394 

10524 

70 

0. 75288 

51022 

96 

0.  987 

1. 40937 

59766 

46 

0. 77885 

57303 

23 

1. 00108 

65143 

98 

0.  938 

1.  21681 

47598 

22 

0.  75341 

73268 

49 

0.988 

1. 41572 

16538 

31 

0.  77936 

20194 

04 

1. 00100 

27096 

82 

0.939 

1.21971 

09898 

74 

0.  75394 

90205 

30 

0.989 

1.42233 

60557 

98 

0. 77986 

78024 

85 

1. 00091 

89428 

72 

0.  940 

1.  22263 

03055 

22 

0.  75448 

01838 

34 

0.  990 

1.  42925 

68534 

70 

0. 78037 

30800 

67 

1. 00083 

52139 

33 

0.  941 

1.  22557 

32932 

59 

0.  75501 

08172 

55 

0.  991 

1. 43653 

14207 

77 

0. 78087 

78526 

49 

1.  00075 

15228 

31 

0.  942 

1.  22854 

05645 

81 

0.75554 

09212 

86 

0.  992 

1. 44422 

07408 

32 

0.  78138 

21207 

32 

1.00066 

78695 

32 

0.  943 

1.23153 

27575 

05 

0.  75607 

04964 

22 

0.  993 

1.45240 

56012 

67 

0. 78188 

58848 

15 

1.  00058 

42540 

02 

0.  944 

1.  23455 

05382 

02 

0. 75659 

95431 

57 

0.  994 

1. 46119 

69689 

63 

0. 78238 

91453 

98 

1.  00050 

06762 

08 

0.  945 

1.  23759 

46027 

74 

0. 75712 

80619 

86 

0.995 

1. 47075 

46131 

83 

0.  78289 

19029 

81 

1.  00041 

71361 

15 

0.  946 

1.  24066 

56791 

62 

0.  75765 

60534 

05 

0.996 

1. 48132 

37665 

90 

0. 78339 

41580 

64 

1. 00033 

36336 

91 

0.  947 

1.  24376 

45292 

24 

0.  75818 

35179 

08 

0.  997 

1. 49331 

72818 

71 

0. 78389 

59111 

47 

1. 00025 

01689 

01 

0.  948 

1.  24689 

19509 

90 

0.75871 

04559 

90 

0.  998 

1.50754 

02279 

20 

0.  78439 

71627 

31 

1.  00016 

67417 

11 

0.  949 

1.  25004 

87811 

06 

0. 75923 

68681 

48 

0.  999 

1. 52607 

12396 

26 

0. 78489 

79133 

14 

1. 00008 

33520 

89 

0.  950 

1.25323 

58975 

03 

0.75976 

27548 

76 

1.  000 

1. 57079 

63267 

95 

0. 78539 

81633 

97 

1.00000 

00000 

00 

m 

m 

[<- 

n 

For  arctan  r,  .(.>1  see  Example  22. 

arcsin  .i=g-[2(l -x)]l/(x)  ^=1.57079  63267  95 
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HYPERBOLIC  FUNCTIONS  Table  4.15 


X 

sinh 

X 

cosh  x 

tanh 

X 

coth  x 

0.  00 

0.  00000 

0000 

1.  00000 

0000 

0.00000 

000 

00 

0.01 

0.  01000 

0167 

1.00005 

0000 

0. 00999 

967 

100.  00333 

33 

0.02 

0.  02000 

1333 

1.  00020 

0007 

0.  01999 

733 

50.  00666 

65 

0.  03 

0.  03000 

4500 

1.  00045 

0034 

0. 02999 

100 

33. 34333 

27 

0.  04 

0.  04001 

0668 

1. 00080 

0107 

0. 03997 

868 

25. 01333 

19 

0.05 

0. 05002 

0836 

1.00125 

0260 

0. 04995 

838 

20.  01666 

39 

0.  06 

0.  06003 

6006 

1. 00180 

0540 

0.  05992 

810 

16. 68666 

19 

0.  07 

0.  07005 

7181 

1. 00245 

1001 

0.  06988 

589 

14. 30904 

00 

0.08 

0.  08008 

5361 

1.  00320 

1707 

0.  07982 

977 

12. 52665 

53 

0.  09 

0.  09012 

1549 

1.  00405 

2734 

0. 08975 

779 

11. 14109 

49 

0.10 

0.10016 

6750 

1.  00500 

4168 

0.  09966 

800 

10.  03331 

11 

0.11 

0. 11022 

1968 

1.  00605 

6103 

0.  10955 

847 

9.12754 

62 

0. 12 

0.  12028 

8207 

1.00720 

8644 

0. 11942 

730 

8.  37329 

50 

0. 13 

0.  13036 

6476 

1.  00846 

1907 

0. 12927 

258 

7.  73559 

23 

0. 14 

0. 14045 

7782 

1.  00981 

6017 

0.  13909 

245 

7. 18946 

29 

0.15 

0.  15056 

3133 

1.  01127 

1110 

0.  14888 

503 

6.  71659 

18 

0. 16 

0. 16068 

3541 

1.  01282 

7330 

0. 15864 

850 

6.  30324 

25 

0.17 

0. 17082 

0017 

1.  01448 

4834 

0. 16838 

105 

5. 93891 

07 

0.18 

0.  18097 

3576 

1.  01624 

3787 

0. 17808 

087 

5. 61542 

64 

0.19 

0. 19114 

5232 

1. 01810 

4366 

0. 18774 

621 

5.  32633 

93 

0.20 

0.20133 

6003 

1.  02006 

6756 

0. 19737 

532 

5. 06648 

96 

0.21 

0.21154 

6907 

1.  02213 

1153 

0.  20696 

650 

4.  83169 

98 

0.22 

0.22177 

8966 

1.  02429 

7764 

0.21651 

806 

4.  61855 

23 

0.23 

0.23203 

3204 

1.  02656 

6806 

0.  22602 

835 

4.  42422 

37 

0.  24 

0. 24231 

0645 

1.  02893 

8506 

0.  23549 

575 

4.  24636 

11 

0.25 

0.  25261 

2317 

1. 03141 

3100 

0.  24491 

866 

4.  08298 

82 

0.26 

0.26293 

9250 

1.03399 

0836 

0.25429 

553 

3.  93243 

24 

0.27 

0.  27329 

2478 

1.  03667 

1973 

0.  26362  '484 

3.  79326 

93 

0.28 

0.  28367 

3035 

1. 03945 

6777 

0.  27290 ' 

508 

3.  66427 

77 

0.29 

0.29408 

1960 

1.  04234 

5528 

0.28213 

481 

3. 54440 

49 

0.30 

0.  30452 

0293 

1. 04533 

8514 

0.29131 

261 

3.  43273 

84 

0.31 

0.  31498 

9079 

1.  04843 

6035 

0. 30043 

710 

3.  32848 

38 

0.  32 

0.  32548 

9364 

1.  05163 

8401 

0.  30950 

692 

3.  23094 

55 

0.  33 

0.  33602 

2198 

1.  05494 

5931 

0.  31852 

078 

3. 13951 

26 

0.  34 

0.  34658 

8634 

1.  05835 

8957 

0.  32747 

740 

3.  05364 

59 

0.35 

0.  35718 

9729 

1.  06187 

7819 

0.33637 

554 

2.  97286 

77 

0.36 

0.  36782 

6544 

1.  06550 

2870 

0.  34521 

403 

2.  89675 

36 

0.37 

0. 37850 

0142 

1.  06923 

4473 

0.  35399 

171 

2.  82492 

49 

0.  38 

0.  38921 

1590 

1.  07307 

2999 

0.  36270 

747 

2.  75704 

28 

0.  39 

0. 39996 

1960 

1.  07701 

8834 

0.  37136 

023 

2. 69280 

32 

0.  40 

0. 41075 

2326 

1.  08107 

2372 

0.  37994 

896 

2. 63193 

24 

0.  41 

0.  42158 

3767 

1.  08523 

4018 

0.  38847 

268 

2.  57418 

36 

0.  42 

0.  43245 

7368 

1.  08950 

4188 

0.  39693 

043 

2.51933 

32 

0.  43 

0. 44337 

4214 

1.  09388 

3309 

0.  40532 

131 

2. 46717 

85 

0.  44 

0.  45433 

5399 

1.  09837 

1820 

0.  41364 

444 

2.41753 

52 

0. 45 

0.  46534 

2017 

1.  10297 

016^ 

0.  42189 

901 

2.  37023 

55 

0.46 

0.  47639 

5170 

1. 10767 

8815 

0.  43008 

421 

2. 32512 

60 

0.  47 

0.  48749 

5962 

1.11249 

8231 

0.  43819 

932 

2.  28206 

66 

0.  48 

0.  49864 

5505 

1. 11742 

8897 

0.  44624 

361 

2.  24092 

84 

0.  49 

0.  50984 

4913 

1. 12247 

1307 

0.  45421 

643 

2.20159 

36 

0.50 

0.  52109 

5305 

1.  12762 

5965 

0.  46211 

716 

2. 16395 

34 

r(-6)6] 

L 4 J 

re-5)1! 

L 4 J 

r(-6)9i 
L 4 J 

For  coth  x,  x < .1  use  4.5.67. 


Compilation  of  tanh  x and  coth  x from  National  Bureau  of  Standards,  Table 
of  circular  and  hyperbolic  tangents  and  cotangents  for  radian  arguments,  2d 
printing.  Columbia  Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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Table  4.15 


HYPERBOLIC  FUNCTIONS 


X 

sinh  x 

cosh  x 

tanh  x 

0.50 

0.52109  5305 

1.  12762  5965 

0.46211  716 

2. 

0.51 

0.53239  7808 

1.13289  3387 

0.46994  520 

2. 

0.  52 

0.54375  3551 

1.13827  4099 

0.47770  001 

2. 

0.  53 

0.55516  3669 

1. 14376  8639 

0.48538  109 

2. 

0.  54 

0.56662  9305 

1.14937  7557 

0.49298  797 

2. 

0.  55 

0.57815  1604 

1.15510  1414 

0.50052  021 

1. 

0.  56 

0.58973  1718 

1.16094  0782 

0.50797  743 

1. 

0.  57 

0.60137  0806 

1.  16689  6245 

0.51535  928 

1. 

0.  58 

0.61307  0032 

1.17296  8399 

0.52266  543 

1. 

0.59 

0.62483  0565 

1.  17915  7850 

0.52989  561 

1. 

0.  60 

0.63665  3582 

1.18546  5218 

0.53704  957 

1. 

0.  61 

0.64854  0265 

1.19189  1134 

0.54412  710 

1. 

0.  62 

0.  66049  1802 

1.19843  6240 

0.55112  803 

1. 

0.  63 

0.67250  9389 

1.20510  1190 

0.55805  222 

1. 

0.  64 

0.68459  4228 

1.21188  6652 

0.56489  955 

1. 

0.  65 

0.69674  7526 

1.21879  3303 

0.57166  997 

1. 

0.  66 

0.70897  0500 

1.22582  1834 

0.57836  341 

1. 

0.  67 

0.72126  4371 

1.23297  2949 

0.58497  988 

1. 

0.  68 

0.73363  0370 

1.24024  7362 

0.59151  940 

1. 

0. 69 

0.74606  9732 

1.24764  5801 

0.59798  200 

1. 

0.70 

0.75858  3702 

1.25516  9006 

0.  60436  778 

1. 

0.71 

0.77117  3531 

1.26281  7728 

0.61067  683 

1. 

0. 72 

0.78384  0477 

1.27059  2733 

0.61690  930 

1. 

0.  73 

0.79658  5809 

1.27849  4799 

0.62306  535 

1. 

0.  74 

0.80941  0799 

1.28652  4715 

0.62914  516 

1. 

0.  75 

0.82231  6732 

1.29468  3285 

0.63514  895 

1. 

0.  76 

0.83530  4897 

1.30297  1324 

0.64107  696 

1. 

0.  77 

0.84837  6593 

1.31138  9661 

0.64692  945 

1. 

0.  78 

0.86153  3127 

1.31993  9138 

0.65270  671 

1. 

0.  79 

0.87477  5815 

1.32862  0611 

0.65840  904 

1. 

0.  80 

0.88810  5982 

1.33743  4946 

0.66403  677 

1. 

0.  81 

0.90152  4960 

1.34638  3026 

0.66959  026 

1. 

0.  82 

0.91503  4092 

1.35546  5746 

0.67506  987 

1. 

0.  83 

0.92863  4727 

1.36468  4013 

0.68047  601 

1. 

0.  84 

0.  94232  8227 

1.37403  8750 

0.68580  906 

1. 

0.  85 

0.95611  5960 

1.  38353  0892 

0.69106  947 

1. 

0.  86 

0.96999  9306 

1.39316  1388 

0.69625  767 

1. 

0.  87 

0.98397  9652 

1.40293  1201 

0.70137  413 

1. 

0.  88 

0.99805  8397 

1.41284  1309 

0.70641  932 

1. 

0.  89 

1.01223  6949 

1.42289  2702 

0.71139  373 

1. 

0.90 

1.02651  6726 

1.43308  6385 

0.71629  787 

1. 

0.91 

1.04089  9155 

1.44342  3379 

0.72113  225 

1. 

0.  92 

1.05538  5674 

1.45390  4716 

0.72589  742 

1. 

0.  93 

1.06997  7734 

1.46453  1444 

0.73059  390 

1. 

0.94 

1.08467  6791 

1.47530  4627 

0.73522  225 

1. 

0.  95 

1.09948  4318 

1.48622  5341 

0.73978  305 

1. 

0.96 

1.11440  1794 

1.49729  4680 

0.74427  687 

1. 

0.  97 

1.12943  0711 

1.50851  3749 

0.74870  429 

1. 

0.  98 

1.14457  2572 

1.51988  3670 

0.75306  591 

1. 

0.  99 

1.15982  8891 

1.53140  5582 

0.75736  232 

1. 

1.  00 

1.  17520  1194 

1.54308  0635. 

0.76159  416 

1. 

[(-5)11  R- 5)21  [“(-6)91 

_ 4 J L 4 J L 4 J 


coth  x 

16395  34 
12790  77 
09336  40 
06023  68 
02844  71 

99792  13 
96859  14 
94039  39 
91326  98 
88716  42 

86202  55 
83780  59 
81446  04 
79194  70 
77022  62 

74926  10 
72901  67 
70946  05 
69056  16 
67229  11 

65462  16 
63752  73 
62098  38 
60496  81 
58945  83 

57443  38 
55987  51 
54576  36 
53208  17 
51881  27 

50594  07 
49345  06 
48132  81 
46955  95 
45813  18 

44703  25 
43624  99 
42577  26 
41558  98 
40569  13 

39606  73 
38670  82 
37760  51 
36874  95 
36013  29 

35174  76 
34358  60 
33564  08 
32790  50 
32037  20 

31303  53 
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HYPERBOLIC  FUNCTIONS 


x 


sinh  x 


cosh  x 


tanh  x 


1.  00 
1.  01 
1.  02 
1.  03 
1.  04 


1.  17520  1194 
1.  19069  1018 
1.20629  9912 
1.22202  9437 
1.23788  1166 


1.54308  0635 
1.55490  9997 
1.56689  4852 
1.57903  6398 
1.59133  5848 


0.76159  416 
0.76576  202 
0.76986  654 
0.77390  834 
0.77788  807 


1.  05 
1.  06 
1.  07 
1.  08 
1.  09 


1.25385  6684 
1.26995  7589 
1.28618  5491 
1.30254  2013 
1.31902  8789 


1.60379  4434 
1.61641  3400 
1.  62919  -4009 
1.64213  7538 
1.65524  5283 


0.78180  636 
0.78566  386 
0.78946  122 
0.79319  910 
0.79687  814 


1.10 
1.11 
1. 12 

1. 13 

1.14 


1.33564  7470 
1.35239  9717 
1.36928  7204 
1.38631  1622 
1.40347  4672 


1.66851  8554 
1.68195  8678 
1.69556  6999 
1.70934  4878 
1.72329  3694 


0.80049  902 
0.80406  239 
0.80756  892 
0.81101  926 
0.81441  409 


1. 15 

1. 42077 

8070 

1.16 

1.  43822 

3548 

1.17 

1.  45581 

2849 

1. 18 

1. 47354 

7732 

1.19 

1. 49142 

9972 

1.73741  4840 
1.75170  9728 
1.76617  9790 
1.78082  6471 
1.79565  1236 


0.81775  408 
0.82103  988 
0.82427  217 
0.82745  161 
0.83057  887 


1.20 
1.21 
1.  22 

1.23 

1.24 


1.50946  1355 
1.52764  3687 
1.54597  8783 
1.56446  8479 
1.58311  4623 


1.81065  5567 
1.82584  0966 
1.84120  8950 
1.85676  1057 
1.87249  8841 


0.83365  461 
0.83667  949 
0.83965  418 
0.84257  933 
0.  84545  560 


1.  25 

1. 60191 

9080 

1.26 

1.  62088 

3730 

1.27 

1.  64001 

0470 

1.28 

1.  65930 

1213 

1.  29 

1. 67875 

7886 

L.  30 

1.  69838 

2437 

tL.  31 

1.  71817 

6828 

1.  32 

1. 73814 

3038 

1.  33 

1.  75828 

3063 

1.  34 

1. 77859 

8918 

1.88842  3877 
1.90453  7757 
1.92084  2092 
1.93733  8513 
1.95402  8669 

1.97091  4230 
1.98799  6884 
2.00527  8340 
2.02276  0324 
2.04044  4587 


0.84828  364 
0.85106  411 
0.85379  765 
0.85648  492 
0.85912  654 

0.86172  316 
0.86427  541 
0.86678  393 
0.86924  933 
0.87167  225 


1.  35 
1.  36 
1.37 
1.  38 
1.  39 


1.79909  2635 
1.81976  6262 
1.84062  1868 
1.86166  1537 
1.88288  7374 


2.05833  2896 
2.07642  7039 
2.09472  8828 
2.11324  0090 
2.13196  2679 


0.87405  329 
0.87639  307 
0.87869  219 
0.88095  127 
0.88317  089 


1.  40 
1.  41 
1.42 
1.  43 
1.  44 


1.90430  1501 

2. 15089 

8465 

0.  88535 

165 

1.92590  6060 

2. 17004 

9344 

0. 88749 

413 

1.94770  3212 

2. 18941 

7229 

0. 88959 

892 

1.96969  5135 

2.20900 

4057 

0. 89166 

660 

1. 99188  4029 

2. 22881 

1788 

0.  89369 

773 

1.45 

2.  01427 

2114 

2. 24884 

2402 

1.  46 

2. 03686 

1627 

2.26909 

7902 

1.  47 

2. 05965 

4828 

2.  28958 

0313 

1. 48 

2.  08265 

3996 

2. 31029 

1685 

1.  49 

2. 10586 

1432 

2.  33123 

4087 

0.89569  287 
0.89765  260 
0.89957  745 
0.90146  799 
0.90332  474 


1.  50 


2.12927  9455 


[~( — 5)31 


2.35240  9615 


[■(-5)31 


0.90514  825 

r(-6)8T 


Table  4.15 


coth  x 

1.31303  53 
1.30588  87 
1.29892  64 
1.29214  27 
1.28553  20 

1.27908  91 
1.27280  90 
1.26668  67 
1.26071  75 
1.25489  70 

1.24922  08 
1.24368  46 
1.23828  44 
1.23301  63 
1.22787  66 

1.22286  15 
1.21796  76 
1.21319  15 
1.20852  99 
1.20397  96 

1.19953  75 
1.19520  08 
1.19096  65 
1.18683  19 
1.18279  42 

1.17885  10 
1.17499  96 
1.17123  77 
1.16756  29 
1.16397  29 

1.16046  55 
1.15703  86 
1.15369  01 
1.15041  79 
1.14722  02 

1.14409  50 
1.14104  05 
1.13805  50 
1.13513  66 
1.13228  37 

1.12949  47 
1.12676  80 
1.12410  21 
1.12149  54 
1.11894  66 

1.11645  41 
1.11401  67 
1.11163  30 
1.10930  17 
1.10702  16 

1.10479  14 

r(-5)2l 
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ELEMENTARY  TRANSCENDENTAL  FUNCTIONS 


Table  4.15 


HYPERBOLIC  FUNCTIONS 


X 

sinh : 

r 

cosh 

tanh  x 

1.50 

2. 12927 

9455 

2.  35240 

9615 

0.  90514 

825 

1.51 

2. 15291 

0408 

2. 37382 

0386 

0.  90693 

905 

1. 52 

2. 17675 

6654 

2. 39546 

8541 

0.  90869 

766 

1.  53 

2.  20082 

0577 

2. 41735 

6245 

0.  91042 

459 

1.  54 

2.  22510 

4585 

2.  43948 

5686 

0. 91212 

037 

1.  55 

2.  24961 

1104 

2.  46185 

9078 

0.  91378 

549 

1.56 

2. 27434 

2587 

2.  48447 

8658 

0.  91542 

046 

1.57 

2. 29930 

1506 

2.50734 

6688 

0.  91702 

576 

1.  58 

2. 32449 

0357 

2. 53046 

5455 

0.  91860 

189 

1.  59 

2. 34991 

1658 

2.  55383 

7270 

0.  92014 

933 

1.  60 

2. 37556 

7953 

2.  57746 

4471 

0. 92166 

855 

1.  61 

2. 40146 

1807 

2.  60134 

9421 

0. 92316 

003 

1.  62 

2.  42759 

5809 

2. 62549 

4508 

0.  92462 

422 

1.  63 

2.  45397 

2572 

2. 64990 

2146 

0.  92606 

158 

1.  64 

2.  48059 

4735 

2.  67457 

4777 

0.  92747 

257 

1.  65 

2.  50746 

4959 

2. 69951 

4868 

0.  92885 

762 

1.  66 

2.  53458 

5932 

2.  72472 

4912 

0. 93021 

718 

1.  67 

2. 56196 

0366 

2.  75020 

7431 

0. 93155 

168 

1.  68 

2. 58959 

0998 

2. 77596 

4974 

0.  93286 

155 

1.  69 

2.  61748 

0591 

2. 80200 

0115 

0. 93414 

721 

1.  70 

2.  64563 

1934 

2. 82831 

5458 

0. 93540 

907 

1.  71 

2. 67404 

7843 

2.  85491 

3635 

0. 93664 

754 

1. 72 

2.70273 

1158 

2. 88179 

7306 

0.  93786 

303 

1.  73 

2.  73168 

4749 

2. 90896 

9159 

0.  93905 

593 

1.  74 

2.  76091 

1511 

2. 93643 

1912 

0.  94022 

664 

1.  75 

2.  79041 

4366 

2. 96418 

8310 

0. 94137 

554 

1.  76 

2.  82019 

6265 

2. 99224 

1129 

0.  94250 

301 

1. 77 

2.  85026 

0186 

3.02059 

3175 

0. 94360 

942 

1.  78 

2. 88060 

9136 

3.  04924 

7283 

0.  94469 

516 

1.  79 

2.  91124 

6148 

3.  07820 

6318 

0.  94576 

057 

1.  80 

2.  94217 

4288 

3. 10747 

3176 

0. 94680 

601 

1.  81 

2. 97339 

6648 

3. 13705 

0785 

0. 94783 

185 

1.  82 

3.  00491 

6349 

3. 16694 

2100 

0.  94883 

842 

1.  83 

3.  03673 

6545 

3. 19715 

0113 

0. 94982 

608 

1.  84 

3.  06886 

0417 

3. 22767 

7844 

0.  95079 

514 

1.  85 

3. 10129 

1178 

3. 25852 

8344 

0.  95174 

596 

1.  86 

3. 13403 

2071 

3.  28970 

4701 

0. 95267 

884 

1.  87 

3. 16708 

6369 

3.  32121 

0031 

0. 95359 

412 

1.  88 

3.  20045 

7378 

3.  35304 

7484 

0.  95449 

211 

1.  89 

3.  23414 

8436 

3.  38522 

0245 

0.  95537 

312 

1.90 

3.  26816 

2912 

3.  41773 

1531 

0.  95623 

746 

1.91 

3.  30250 

4206 

3. 45058 

4593 

0.  95708 

542 

1.  92 

3.  33717 

5754 

3.  48378 

2716 

0. 95791 

731 

1. 93 

3.  37218 

1022 

3.  51732 

9220 

0.  95873 

341 

1.  94 

3.  40752 

3510 

3.  55122 

7460 

0.  95953 

401 

1.  95 

3.  44320 

6754 

3.  58548 

0826 

0.96031 

939 

1.  96 

3.  47923 

4322 

3.  62009 

2743 

0.96108 

983 

1. 97 

3.  51560 

9816 

3.  65506 

6672 

0.  96184 

561 

1.  98 

3.  55233 

6874 

3.  69040 

6111 

0.  96258 

698 

1.  99 

3.  58941 

9168 

3.  72611 

4594 

0.  96331 

422 

2.  00 

3.  62686 

0408 

3.  76219 

5691 

0. 96402 

758 

m 


(-5)51 

L 5 J 


[“(-6)41 

4 


coth  x 

1.10479  14 
1.10260  99 
1.10047  60 
1.09838  86 
1.09634  65 

1.  09434  87 
1.09239  42 
1.09048  19 
1.08861  09 
1.08678  01 

1.08498  87 
1.08323  58 
1.08152  04 
1.07984  18 
1.07819  90 

1.07659  13 
1.07501  78 
1.07347  77 
1.07197  04 
1.07049  51 

1.06905  10 
1.06763  75 
1.06625  38 
1.06489  93 
1.06357  34 

1.06227  53 
1.06100  46 
1.05976  05 
1.05854  25 
1.05735  01 

1.05618  26 
1.05503  95 
1.  05392  02 
1.05282  43 
1.05175  13 

1.  05070  05 
1.04967  17 
1.04866  42 
1.04767  76 
1.04671  15 

1.04576  53 
1.04483  88 
1.04393  14 
1.04304  28 
1.04217  25 

1.04132  02 
1.04048  55 
1.03966  79 
1.03886  72 
1.03808  29 

1.03731  47 

[<-6, 6] 
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HYPERBOLIC  FUNCTIONS  Table  4.15 


X 

sinh 

X 

cosh  x 

tanh  x 

coth 

X 

2.0 

3. 62686 

0408 

3. 76219 

5691 

0.  96402 

75801 

1.  03731 

47207 

2.1 

4. 02185 

6742 

4. 14431 

3170 

0.97045 

19366 

1.  03044 

77350 

2.2 

4.  45710 

5171 

4.  56790 

8329 

0.  97574 

31300 

1.  02485 

98932 

2.3 

4.93696 

1806 

5. 03722 

0649 

0.  98009 

63963 

1.  02030 

78022 

2.4 

5. 46622 

9214 

5. 55694 

7167 

0.  98367 

48577 

1.  01659 

60756 

2.5 

6.  05020 

4481 

6. 13228 

9480 

0.98661 

42982 

1.  01356 

73098 

2.6 

6. 69473 

2228 

6.  76900 

5807 

0.  98902 

74022 

1.01109 

43314 

2.7 

7.  40626 

3106 

7. 47346 

8619 

0.  99100 

74537 

1.  00907 

41460 

2.8 

8. 19191 

8354 

8. 25272 

8417 

0.  99263 

15202 

1.  00742 

31773 

2.9 

9. 05956 

1075 

9. 11458 

4295 

0.  99396 

31674 

1. 00607 

34973 

3.0 

10. 01787 

4927 

10.  06766 

1996 

0.99505 

47537 

1.  00496 

98233 

3.1 

11. 07645 

1040 

11. 12150 

0242 

0.  99594 

93592 

1.  00406 

71152 

3.2 

12. 24588 

3997 

12.28664 

6201 

0.  99668 

23978 

1.  00332 

86453 

3.3 

13. 53787 

7877 

13.57476 

1044 

0.  99728 

29601 

1.  00272 

44423 

3.4 

14. 96536 

3389 

14.  99873 

6659 

0.  99777 

49279 

1. 00223 

00341 

3.5 

16.  54262 

7288 

16.  57282 

4671 

0.  99817 

78976 

1.  00182 

54285 

3.6 

18. 28545 

5361 

18. 31277 

9083 

0.  99850 

79423 

1.  00149 

42872 

3.7 

20.21129 

0417 

20.23601 

3943 

0.  99877 

82413 

1.  00122 

32532 

3.8 

22. 33940 

6861 

22.  36177 

7633 

0.  99899 

95978 

1.  00100 

14040 

3.9 

24.  69110 

3597 

24.71134 

5508 

0.  99918 

08657 

1.  00081 

98059 

4.0 

27.28991 

7197 

27. 30823 

2836 

0.  99932 

92997 

1.  00067 

11504 

4.1 

30.16185  7461 

30. 17843 

0136 

0.  99945 

08437 

1.  00054 

94581 

4.2 

33.  33566 

7732 

33.35066 

3309 

0.  99955 

03665 

1.  00044 

98358 

4.3 

36. 84311 

2570 

36.  85668 

1129 

0.  99963 

18562 

1.  00036 

82794 

4.4 

40.  71929 

5663 

40.  73157 

3002 

0.  99969 

85793 

1.00030 

15116 

4.5 

45.  00301 

1152 

45. 01412 

0149 

0.  99975 

32108 

1.  00024 

68501 

4.6 

49.  73713 

1903 

49. 74718 

3739 

0.  99979 

79416 

1. 00020 

20992 

4.7 

54.  96903 

8588 

54. 97813 

3865 

0.  99983 

45656 

1.00016 

54618 

4.8 

60.  75109 

3886 

60. 75932 

3633 

0.  99986 

45517 

1. 00013 

54666 

4.9 

67. 14116 

6551 

67. 14861 

3134 

0.  99988 

91030 

1. 00011 

09093 

5.0 

74.20321 

0578 

74.  20994 

8525 

0.  99990 

92043 

1.00009 

08040 

5.1 

82.  00790 

5277 

82.  01400 

2023 

0.  99992 

56621 

1.  00007 

43434 

5.2 

90.  63336 

2655 

90. 63887 

9220 

0. 99993 

91369 

1.  00006 

08668 

5.3 

100.16590 

9190 

100. 17090 

0784 

0.  99995 

01692 

1.  00004 

98333 

5.4 

110.  70094 

9812 

110.  70546 

6393 

0.  99995 

92018 

1.  00004 

07998 

5.5 

122.  34392 

2746 

122.  34800 

9518 

0.  99996 

65972 

1.  00003 

34040 

5.6 

135. 21135 

4781 

135.  21505 

2645 

0.  99997 

26520 

1.00002 

73488 

5.7 

149.43202 

7501 

149.  43537 

3466 

0.  99997 

76093 

1.  00002 

23912 

5.8 

165. 14826 

6177 

165. 15129 

3732 

0.  99998 

16680 

1.  00001 

83323 

5.9 

182. 51736 

4210 

182. 52010 

3655 

0.  99998 

49910 

1.  00001 

50092 

6.0 

201. 71315 

7370 

201. 71563 

6122 

0.  99998 

77117 

1.  00001 

22885 

k 
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HYPERBOLIC  FUNCTIONS 


Table  4.15 


X 

sinh  x 

cosh  x 

tanh  x 

6.0 

201.  71315 

7370 

201. 71563 

6122 

0.  99998 

77117 

6.1 

222.  92776 

3607 

222. 93000 

6475 

0.  99998 

99391 

6.2 

246.  37350 

5831 

246. 37553 

5262 

0.  99999 

17629 

6.3 

272.28503 

6911 

272. 28687 

3215 

0.  99999 

32560 

6.4 

300.92168 

8157 

300.  92334 

9715 

0. 99999 

44785 

6.5 

332.  57006 

4803 

332. 57156 

8242 

0. 99999 

54794 

6.  6 

367. 54691 

4437 

367.  54827 

4805 

0.  99999 

62988 

6.7 

406.  20229 

7128 

406.  20352 

8040 

0. 99999 

69697 

6.8 

448.  92308 

8938 

448. 92420 

2713 

0.  99999 

75190 

6.9 

496.  13685 

3910 

496. 13786 

1695 

0.  99999 

79687 

7.0 

548.  31612 

3273 

548. 31703 

5155 

0.  99999 

83369 

7.1 

605.  98312 

4694 

605.98394 

9799 

0.  99999 

86384 

7.2 

669.71500 

8904 

669.  71575 

5490 

0.  99999 

88852 

7.3 

740. 14962 

6023 

740. 15030 

1562 

0.  99999 

90873 

7.4 

817.  99190 

9372 

817. 99252 

0624 

0.  99999 

92527 

7.5 

904. 02093 

0686 

904. 02148 

3770 

0.  99999 

93882 

7.6 

999.  09769 

7326 

999. 09819 

7778 

0.  99999 

94991 

7.7 

1104. 17376 

9530 

1104. 17422 

2357 

0.  99999 

95899 

7.8 

1220. 30078 

3945 

1220.  30119 

3680 

0.  99999 

96642 

7.9 

1348. 64097 

8762 

1348.  64134 

9506 

0.  99999 

97251 

8.  0 

1490.  47882 

5790 

1490.  47916 

1252 

0.  99999 

97749 

8.1 

1647.  23388 

5872 

1647.  23418 

9411 

0.  99999 

98157 

8.2 

1820. 47501 

6339 

1820.  47529 

0993 

0.  99999 

98491 

8.3 

2011.93607 

2653 

2011. 93632 

1170 

0.  99999 

98765 

8.4 

2223. 53326 

1416 

2223.  53348 

6284 

0.  99999 

98989 

8.5 

2457. 38431 

8415 

2457.  38452 

1884 

0.  99999 

99172 

8.6 

2715. 82970 

3629 

2715. 82988 

7734 

0.  99999 

99322 

8.7 

3001.  45602 

5338 

3001. 45619 

1923 

0.  99999 

99445 

8.8 

3317. 12192 

7772 

3317. 12207 

8505 

0.  99999 

99546 

8.9 

3665. 98670 

1384 

3665.  98683 

7772 

0.  99999 

99628 

9.0 

4051. 54190 

2083 

4051. 54202 

5493 

0.  99999 

99695 

9.1 

4477. 64629 

5908 

4477. 64640 

7574 

0.  99999 

99751 

9.2 

4948.  56447 

8852 

4948. 56457 

9892 

0.  99999 

99796 

9.3 

5469.  00955 

8370 

5469. 00964 

9795 

0.  99999 

99833 

9.4 

6044. 19032 

3746 

6044. 19040 

6471 

0.  99999 

99863 

9.5 

6679. 86337 

7405 

6679. 86345 

2257 

0.  99999 

99888 

9.6 

7382. 39074 

8924 

7382. 39081 

6653 

0.  99999 

99908 

9.7 

8158. 80356 

8366 

8158. 80362 

9649 

0.  99999 

99925 

9.8 

9016.  87243 

6188 

9016.  87249 

1640 

0.  99999 

99939 

9.9 

9965. 18519 

4028 

9965. 18524 

4202 

0. 99999 

99950 

10.0 

11013.23287 

4703 

11013.23292 

0103 

0.  99999 

99959 

(-8)51 

5 


For  x>>0,  sinh  x~cosh  ex.  For  x>10,  tanh  x~l  — 2e~2x,  coth  x~l+2e 


coth  x 

1.00001  22885 
1.  00001  00610 

1.00000  82372 

1.00000  67441 

1.00000  55216 

1.00000  45207 

1.00000  37012 

1.00000  30303 

1.00000  24810 

1.00000  20313 

1.00000  16631 
1.  00000  13616 

1.00000  11148 

1.00000  09127 

1.00000  07473 

1.00000  06118 

1.00000  05009 

1.00000  04101 

1.00000  03358 

1.00000  02749 

1.00000  02251 

1.00000  01843 

1.00000  01509 

1.00000  01235 

1.00000  01011 

1.00000  00828 

1.00000  00678 

1.00000  00555 
1.  00000  00454 
1.  00000  00372 

1.00000  00305 

1.00000  00249 

1.00000  00204 
1.  00000  00167 

1.00000  00137 

1.00000  00112 

1.00000  00092 

1.00000  00075 

1.00000  00061 

1.00000  00050 

1.00000  00041 
r(-8)71 


2x  to  10D. 


♦See  page  n. 
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EXPONENTIAL  AND  HYPERBOLIC  FUNCTIONS  FOR  THE  ARGUMENT  *x  Table  4.16 

x eTX  e~’x  sinh  irx  eosh  irx  tanh  irx 


0.  00 

1.  00000 

00000 

1.00000 

00000 

0.  00000 

00000 

1.00000 

00000 

0.  00000 

00000 

0.01 

1.  03191 

46153 

0. 96907 

24263 

0. 03142 

10945 

1. 00049 

35208 

0.  03140 

55952 

0.  02 

1.  06484 

77733 

0.  93910 

13674 

0.  06287 

32029 

1. 00197 

45704 

0.  06274 

93000 

0.  03 

1.  09883 

19803 

0.  91005 

72407 

0. 09438 

73698 

1.  00444  46105 

0.  09396 

97111 

0.  04 

1. 13390 

07803 

0. 88191 

13783 

0. 12599 

47010 

1. 00790 

60793 

0. 12500 

63906 

0.  05 

1. 17008 

87875 

0. 85463 

59992 

0. 15772 

63942 

1. 01236 

23933 

0.  15580 

03292 

0.  06 

1.  20743 

17210 

0.  82820 

41813 

0. 18961 

37699 

1. 01781 

79512 

0. 18629 

43856 

0.  07 

1.  24596 

64399 

0.  80258 

98355 

0.22168 

83022 

1.  02427 

81377 

0.  21643 

36952 

0.  08 

1. 28573 

09795 

0. 77776 

76792 

0. 25398 

16502 

1. 03174 

93294 

0.  24616 

60434 

0.  09 

1.  32676 

45892 

0.  75371 

32120 

0.  28652 

56886 

1.  04023 

89006 

0.  27544 

21974 

0.10 

1.  36910 

77706 

0. 73040 

26910 

0.  31935 

25398 

1. 04975 

52308 

0.  30421 

61929 

0.11 

1.  41280 

23184 

0.  70781 

31080 

0.  35249 

46052 

1. 06030 

77132 

0.  33244 

55730 

0.12 

1. 45789 

13610 

0. 68592 

21659 

0.  38598 

45975 

1.  07190 

67634 

0.  36009 

15776 

0.13 

1.  50441 

94029 

0.  66470 

82576 

0.  41985 

55727 

1. 08456 

38303 

0.  38711 

92833 

0. 14 

1.55243 

23694 

0.  64415 

04440 

0. 45414 

09627 

1. 09829 

14067 

0.  41349 

76928 

0. 15 

1.  60197 

76513 

0.  62422 

84336 

0.  48887 

46088 

1. 11310 

30425 

0. 43919 

97777 

0.16 

1.  65310 

41518 

0.  60492 

25628 

0.  52409 

07945 

1. 12901 

33573 

0.  46420 

24748 

0. 17 

1.  70586 

23348 

0.  58621 

37756 

0.  55982 

42796 

1. 14603 

80552 

0.  48848 

66406 

0. 18 

1.  76030 

42750 

0.  56808 

36059 

0.  59611 

03346 

1.16419 

39405 

0.  51203 

69673 

0. 19 

1.  81648 

37088 

0. 55051 

41583 

0.  63298 

47753 

1. 18349 

89335 

0.  53484 

18637 

0.20 

1.  87445 

60876 

0.53348 

80911 

0. 67048 

39982 

1.20397 

20893 

0.  55689 

33069 

0.  21 

1.93427 

86325 

0.51698 

85988 

0.  70864 

50169 

1.  22563 

36157 

0.  57818 

66683 

0.  22 

1. 99601 

03910 

0.  50099 

93958 

0.  74750 

54976 

1. 24850 

48934 

0.  59872 

05188 

0.23 

2.  05971 

22948 

0.  48550 

47001 

0.  78710 

37973 

1.27260 

84975 

0.  61849 

64181 

0.24 

2. 12544 

72203 

0.  47048 

92177 

0.  82747 

90013 

1. 29796 

82190 

0.  63751 

86920 

0.  25 

2. 19328 

00507 

0.45593 

81278 

0.  86867 

09615 

1.  32460 

90893 

0. 65579 

42026 

0.26 

2.  26327 

77398 

0.  44183 

70677 

0.  91072 

03361 

1.  35255 

74038 

0.  67333 

21140 

0.  27 

2.  33550 

93782 

0.  42817 

21192 

0.  95366 

86295 

1.  38184 

07487 

0.  69014 

36583 

0.28 

2.  41004 

62616 

0.  41492 

97945 

0.  99755 

82336 

1. 41248 

80280 

0.  70624 

19035 

0.  29 

2.  48696 

19609 

0. 40209 

70227 

1.  04243 

24691 

1.  44452 

94918 

0.  72164 

15276 

0.  30 

2. 56633 

23952 

0.  38966 

11374 

1.  08833 

56289 

1.  47799 

67663 

0.  73635 

85995 

0.  31 

2.  64823 

59064 

0.  37760 

98638 

1. 13531 

30213 

1.  51292 

28851 

0. 75041 

03695 

0.  32 

2.73275 

33366 

0.  36593 

13069 

1. 18341 

10148 

1.  54934 

23218 

0.  76381 

50706 

0.  33 

2.  81996 

81081 

0. 35461 

39395 

1.  23267 

70843 

1.  58729 

10238 

0.  77659 

17313 

0.  34 

2.  90996 

63054 

0.  34364 

65907 

1.  28315 

98573 

1.  62680 

64481 

0.  78876 

00021 

0.  35 

3.  00283 

67606 

0.  33301 

84355 

1.  33490 

91626 

1.  66792 

75980 

0.  80033 

99933 

0.  36 

3.  09867 

11407 

0.  32271 

89833 

1.  38797 

60787 

1.  71069 

50620 

0.  81135 

21279 

0.  37 

3. 19756 

40381 

0.  31273 

80681 

1.  44241 

29850 

1.  75515 

10531 

0.  82181 

70068 

0.  38 

3.  29961 

30643 

0.  30306 

58385 

1. 49827 

36129 

1. 80133 

94514 

0.  83175 

52873 

0.  39 

3.  40491 

89460 

0.29369  27474 

1. 55561 

30993 

1. 84930 

58467 

0.  84118 

75743 

0.40 

3.  51358 

56243 

0.28460  95433 

1. 61448 

80405 

1.  89909 

75838 

0.  85013 

43239 

0.  41 

3.  62572 

Q3579 

0.  27580 

72607 

1.  67495 

65486 

1. 95076 

38093 

0.  85861 

57589 

0.  42 

3.  74143 

38283 

0.26727  72113 

1.  73707 

83085 

2.  00435 

55198 

0.  86665 

17947 

0.  43 

3.  86084 

02496 

0.25901 

09757 

1. 80091 

46370 

2.  05992 

56127 

0.  87426 

19762 

0.  44 

3. 98405 

74810 

0. 25100 

103946 

1. 86652 

85432 

2.11752 

89378 

0.  88146 

54241 

0.  45 

4.11120 

71429 

0. 24323 

75614 

1. 93398 

47907 

2.17722 

23522 

0.  88828 

07899 

0.  46 

4.  24241 

47373 

0. 23571 

48138 

2. 00334 

99617 

2.23906 

47756 

0.  89472 

62194 

0.  47 

4.  37780 

97717 

0. 22842 

47266 

2. 07469 

25226 

2. 30311 

72491 

0.  90081 

93236 

0.  48 

4.  51752 

58864 

0. 22136 

01040 

2. 14808 

28912 

2. 36944 

29952 

0.  90657 

71557 

0.  49 

4.  66170 

09873 

0. 21451 

39731 

2. 22359 

35071 

2.  43810 

74802 

0.  91201 

61950 

0.  50 

4.  81047 

73810 

0. 20787 

95764 

2. 30129 

89023 

2.  50917 

84787 

0.  91715 

23357 

[(-4,e]  ^-4,.]  [<-4>3]  [(-.,3]  [<-5,9] 

Compiled  from  British  Association  for  the  Advancement  of  Science,  Mathematical  Tables,  vol.  I.  Circular  and 


hyperbolic  functions,  exponential,  sine  and  cosine  integrals,  factorial  ftmction  and  allied  functions,  Hermitian 
probability  functions,  3d  ed.  Cambridge  Univ.  Press,  Cambridge,  England,  1951  (with  permission).  Known 
errors  have  been  corrected. 
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Table  4.16  EXPONENTIAL  AND  HYPERBOLIC  FUNCTIONS  FOR  THE  ARGUMENT 

x e™  e~TX  sinh  *x  cosh  *x  tanh  *x 


0.50 

4. 81047 

73810 

0.20787 

95764 

2 

0.51 

4. 96400 

19160 

0.20145 

03654 

2 

0.  52 

5. 12242 

61276 

0.19521 

99944 

2 

0.53 

5.28590 

63869 

0. 18918 

23136 

2 

0.54 

5.45460 

40558 

0. 18333 

13637 

2 

0.55 

5. 62868 

56460 

0.17766 

13694 

2, 

0.56 

5.80832 

29831 

0.17216 

67343 

2 

0.  57 

5. 99369 

33767 

0. 16684 

20350 

2 

0.  58 

6.  18497 

97951 

0. 16168 

20156 

3 

0.  59 

6.  38237 

10460 

0.15668 

15832 

3 

0.  60 

6.  58606 

19627 

0.15183 

58020 

3 

0.  61 

6.79625 

35967 

0.14713 

98890 

3 

0.  62 

7.01315 

34158 

0.14258 

92093 

3 

0.  63 

7.23697 

55091 

0.13817 

92710 

3 

0.  64 

7. 46794 

07985 

0.13390 

57214 

3, 

0.  65 

7. 70627 

72563 

0. 12976 

43423 

3, 

0.  66 

7. 95222 

01304 

0.12575 

10461 

3 

0.  67 

8.20601 

21768 

0.12186 

18713 

4 

0.  68 

8.  46790 

38986 

0.11809 

29793 

4 

0.  69 

8. 73815 

37941 

0.11444 

06500 

4 

0.  70 

9.01702 

86109 

0.11090 

12784 

4, 

0.  71 

9.  30480 

36103 

0.  10747 

13709 

4, 

0.  72 

9.60176 

28381 

0.10414 

75422 

4, 

0.73 

9.90819 

94054 

0.  10092 

65114 

4, 

0.  74 

10.22441 

57779 

0.  09780 

50993 

5, 

0.  75 

10.  55072 

40742 

0.  09478 

02248 

5, 

0.  76 

10.  88744 

63743 

0.09184 

89025 

5, 

0.  77 

11. 23491 

50371 

0.08900 

82388 

5 

0.  78 

11.59347 

30285 

0. 08625 

54299 

5 

0.  79 

11.  96347 

42604 

0.08358 

77587 

5, 

0.  80 

12. 34528 

39392 

0.08100 

25922 

6, 

0.  81 

12.73927 

89270 

0.  07849 

73785 

6, 

0.  82 

13. 14584 

81133 

0.  07606 

96451 

6 

0.  83 

13.  56539 

27988 

0.  07371 

69955 

6, 

0.  84 

13.99832 

70916 

0.  07143 

71077 

6 

0.  85 

14. 44507 

83157 

0.  06922 

77313 

7, 

0.  86 

14.90608 

74333 

0.06708 

66855 

7, 

0.  87 

15. 38180 

94795 

0.  06501 

18571 

7 

0.  88 

15. 87271 

40119 

0.  06300 

11981 

7 

0.  89 

16.  37928 

55735 

0.06105 

27239 

8 

0.90 

16.90202 

41717 

0.  05916 

45113 

8 

0.91 

17. 44144 

57711 

0.05733 

46965 

8, 

0.  92 

17.  99808 

28034 

0.  05556 

14735 

8 

0.93 

18.  57248 

46925 

0.  05384 

30919 

9 

0.  94 

19.16521 

83968 

0.  05217 

78557 

9 

0.  95 

19. 77686 

89693 

0.  05056 

41212 

9 

0.96 

20.  40804 

01345 

0.  04900 

02956 

10 

0.97 

21.  05935 

48847 

0.  04748 

48354 

10 

0.  98 

21.73145 

60946 

0.04601 

62446 

10 

0.  99 

22. 42500 

71560 

0.  04459 

30738 

11 

1.  00 

23. 14069 

26328 

0.04321 

39183 

11 

r(-3)3i 

[-(- 

5)31 

6 

j 

. 

5 

30129 

89023 

2.50917 

84787 

0.91715 

23357 

38127 

57753 

2.58272 

61407 

0.  92200 

08803 

46360 

30666 

2. 65882 

30610 

0.  92657 

65378 

54836 

20366 

2. 73754 

43503 

0.  93089 

34251 

63563 

63461 

2. 81896 

77098 

0.  93496 

50714 

72551 

21383 

2.90317 

35077 

0.  93880 

44259 

81807 

81244 

2. 99024 

48587 

0.  94242 

38675 

91342 

56709 

3.08026 

77058 

0.  94583 

52160 

01164 

88897 

3. 17333 

09054 

0.  94904 

97460 

11284 

47314 

3.26952 

63146 

0.  95207 

82009 

21711 

30804 

3. 36894 

88823 

0.  95493 

08086 

32455 

68538 

3. 47169 

67428 

0.  95761 

72978 

43528 

21032 

3. 57787 

13125 

0.96014 

69151 

54939 

81191 

3.  68757 

73901 

0.  96252 

84417 

66701 

75386 

3.80092 

32600 

0.  96477 

02118 

78825 

64570 

3.91802 

07993 

0.  96688 

01293 

91323 

45422 

4. 03898 

55883 

0.  96886 

56859 

04207 

51527 

4. 16393 

70240 

0.97073 

39783 

17490 

54597 

4. 29299 

84390 

0.  97249 

17255 

31185 

65720 

4. 42629 

72220 

0.  97414 

52857 

45306 

36663 

4. 56396 

49447 

0.  97570 

06726 

59866 

61197 

4.70613 

74906 

0.97716 

35718 

74880 

76480 

4.85295 

51901 

0.  97853 

93563 

90363 

64470 

5.  00456 

29584 

0.  97983 

31019 

06330 

53393 

5.16111 

04386 

0.  98104 

96015 

22797 

19247 

5. 32275 

21495 

0.98219 

33800 

39779 

87359 

5. 48964 

76384 

0.  98326 

87071 

57295 

33992 

5. 66196 

16379 

0.  98427 

96111 

75360 

87993 

5. 83986 

42292 

0.  98522 

98912 

93994 

32508 

6.  02353 

10095 

0.  98612 

31297 

13214 

06735 

6.21314 

32657 

0.  98696 

27033 

33039 

07743 

6. 40888 

81528 

0.  98775 

17946 

53488 

92341 

6. 61095 

88792 

0.  98849 

34022 

74583 

79017 

6.  81955 

48972 

0.  98919 

03509 

96344 

49919 

7. 03488 

20996 

0.  98984 

53014 

18792 

52922 

7.25715 

30235 

0.  99046 

07591 

41950 

03739 

7. 48658 

70594 

0.  99103 

90830 

65839 

88112 

7.  72341 

06683 

0. 99158 

24938 

90485 

64069 

7.96785 

76050 

0.  99209 

30818 

15911 

64248 

8.  22016 

91487 

0.  99257 

28142 

42142 

98302 

8. 48059 

43415 

0.99302 

35419 

69205 

55373 

8.  74939 

02338 

0.  99344 

70066 

97126 

06650 

9. 02682 

21384 

0.  99384 

48468 

25932 

08003 

9. 31316 

38922 

0.  99421 

86036 

55652 

02706 

9. 60869 

81263 

0.99456 

97268 

86315 

24240 

9. 91371 

65453 

0.  99489 

95797 

17951 

99195 

10. 22852 

02151 

0.  99520 

94443 

50593 

50247 

10.55341 

98601 

0.  99550 

05263 

84271 

99250 

10. 88873 

61696 

0.  99577 

39591 

19020 

70411 

11.23480 

01149 

0.  99603 

08084 

54873 

93573 

11. 59195 

32755 

0.  99627 

20762 

[-(— 3)1“|  f( -3)n  |"(-5)4-| 
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INVERSE  HYPERBOLIC  FUNCTIONS  Table  4.17 


X 

arcsinh  x 

arctanh  x 

X 

arcsinh  x 

arctanh  x 

0.00 

0.  00000 

0000 

0.  00000 

0000 

0.50 

0. 48121 

1825 

0.  54930 

6144 

0.01 

0.  00999 

9833 

0.01000 

0333 

0.51 

0. 49013 

8161 

0.  56272 

9769 

0. 02 

0.  01999 

8667 

0.  02000 

2667 

0.  52 

0. 49902 

8444 

0.  57633 

9754 

0.  03 

0.  02999 

5502 

0.  03000 

9004 

0.53 

0.  50788 

2413 

0. 59014 

5160 

0.  04 

0.  03998 

9341 

0.  04002 

1353 

0. 54 

0.  51669 

9824 

0.  60415 

5603 

0.  05 

0.  04997 

9190 

0.  05004 

1729 

0.55 

0. 52548 

0448 

0.  61838 

1313 

0.  06 

0.  05996 

4058 

0.  06007 

2156 

0. 56 

0. 53422 

4074 

0.  63283 

3186 

0.  07 

0.  06994 

2959 

0.  07011 

4671 

0.57 

0.  54293 

0505 

0.  64752 

2844 

0.  08 

0.  07991 

4912 

0. 08017 

1325 

0. 58 

0.  55159 

9562 

0.  66246 

2707 

0.09 

0. 08987 

8941 

0.  09024 

4188 

0.59 

0.  56023 

1077 

0.  67766 

6068 

0.10 

0.  09983 

4079 

0. 10033 

5347 

0.  60 

0.  56882 

4899 

0.  69314 

7180 

0. 11 

0. 10977 

9366 

0.11044 

6915 

0.61 

0. 57738 

0892 

0. 70892 

1359 

0. 12 

0. 11971 

3851 

0. 12058 

1028 

0.  62 

0.  58589 

8932 

0.  72500 

5087 

0. 13 

0. 12963 

6590 

0. 13073 

9850 

0.  63 

0.  59437 

8911 

0.  74141 

6144 

0. 14 

0.  13954 

6654 

0. 14092 

5576 

0. 64 

0.  60282 

0733 

0.  75817 

3745 

0.15 

0. 14944 

3120 

0. 15114 

0436 

0.  65 

0.  61122 

4314 

0.  77529 

8706 

0. 16 

0. 15932 

5080 

0. 16138 

6696 

0. 66 

0.  61958 

9584 

0.  79281 

3631 

0.17 

0. 16919 

1636 

0. 17166 

6663 

0.  67 

0. 62791 

6485 

0. 81074 

3125 

0.18 

0. 17904 

1904 

0. 18198 

2689 

0.  68 

0.  63620 

4970 

0.  82911 

4038 

0.19 

0. 18887 

5015 

0. 19233 

7169 

0.  69 

0.  64445 

5005 

0.  84795 

5755 

0.20 

0. 19869 

0110 

0. 20273 

2554 

0. 70 

0. 65266 

6566 

0. 86730 

0527 

0.21 

0. 20848 

6350 

0. 21317 

1346 

0.  71 

0.  66083 

9641 

0.  88718 

3863 

0.22 

0. 21826 

2908 

0.  22365 

6109 

0.  72 

0.  66897 

4227 

0.  90764 

4983 

0.23 

0.  22801 

8972 

0.  23418 

9466 

0.  73 

0.  67707 

0332 

0.  92872 

7364 

0.  24 

0. 23775 

3749 

0. 24477 

4112 

0.  74 

0.  68512 

7974 

0. 95047 

9381 

0.25 

0.  24746 

6462 

0. 25541 

2812 

0. 75 

0.  69314 

7181 

0. 97295 

5074 

0.26 

0.  25715 

6349 

0.26610 

8407 

0. 76 

0.  70112 

7988 

0.  99621 

5082 

0.27 

0. 26682 

2667 

0.  27686 

3823 

0. 77 

0. 70907 

0441 

1.  02032 

7758 

0.28 

0.  27646 

4691 

0.  28768 

2072 

0.  78 

0. 71697 

4594 

1.  04537 

0548 

0.29 

0.  28608 

1715 

0. 29856 

6264 

0. 79 

0.  72484 

0509 

1.  07143 

1684 

0.  30 

0.  29567 

3048 

0.  30951 

9604 

0. 80 

0. 73266 

8256 

1.  09861 

2289 

0.  31 

0.  30523 

8020 

0.  32054 

5409 

0.  81 

0. 74045 

7912 

1. 12702 

9026 

0.  32 

0.  31477 

5980 

0.  33164 

7108 

0. 82 

0.  74820 

9563 

1. 15681 

7465 

0.  33 

0.  32428 

6295 

0.  34282 

8254 

0. 83 

0.  75592 

3300 

1. 18813 

6404 

0.  34 

0.  33376 

8352 

0. 35409 

2528 

0. 84 

0.  76359 

9222 

1.22117 

3518 

0.  35 

0.  34322 

1555 

0.  36544 

3754 

0.  85 

0.  77123 

7433 

1.  25615 

2811 

0.  36 

0.  35264 

5330 

0.  37688 

5901 

0.  86 

0.  77883 

8046 

1.  29334 

4672 

0.  37 

0.  36203 

9121 

0.  38842 

3100 

0. 87 

0. 78640 

1177 

1.  33307 

9629 

0.38 

0.  37140 

2391 

0.  40005 

9650 

0.  88 

0. 79392 

6950 

1.  37576 

7657 

0.  39 

0.  38073 

4624 

0. 41180 

0034 

0.  89 

0.  80141 

5491 

1. 42192 

5871 

0.  40 

0.  39003 

5320 

0. 42364 

8930 

0.  90 

0.  80886 

6936 

1.  47221 

9490 

0.  41 

0.  39930 

4001 

0.  43561 

1223 

0.91 

0.  81628 

1421 

1.  52752 

4425 

0.  42 

0.  40854 

0208 

0.  44769 

2023 

0. 92 

0. 82365 

9091 

1. 58902 

6915 

0.  43 

0.  41774 

3500 

0. 45989 

6681 

0.93 

0.  83100 

0091 

1.  65839 

0020 

0.  44 

0. 42691 

3454 

0. 47223 

0804 

0. 94 

0.  83830 

4575 

1.  73804 

9345 

0.  45 

0.  43604 

9669 

0. 48470 

0279 

0.  95 

0.  84557 

2697 

1.  83178 

0823 

0.46 

0.  44515 

1759 

0. 49731 

1288 

0.  96 

0.  85280 

4617 

1. 94591 

0149 

0.  47 

0. 45421 

9359 

0.  51007 

0337 

0.  97 

0.  86000 

0498 

2.  09229 

5720 

0.  48 

0.  46325 

2120 

0.  52298 

4278 

0.98 

0. 86716 

0507 

2. 29755 

9925 

0. 49 

0. 47224 

9713 

0.  53606 

0337 

0. 99 

0.  87428 

4812 

2.  64665 

2412 

0.50 

0. 48121 

1825 

0. 54930 

6144 

1.  00 

0.  88137 

3587 

00 

r(-6)5] 
4 J 


For  use  of  the  table  see  Examples  26-28. 


Qo(x)  (Legendre  Function — Second  Kind)  =arctanh  x( 

=arccoth  x( 


\x 

*1 


<1) 

>1) 


Compiled  from  Harvard  Computation  Laboratory,  Tables  of  inverse  hyperbolic 
functions.  Harvard  Univ.  Press,  Cambridge,  Mass.,  1949  (with  permission). 
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Table  4.17 


INVERSE  HYPERBOLIC  FUNCTIONS 

arccosh  x 


X 

arcsinh  x 

(x2— 1)£ 

X 

arcsinh  x 

1.  00 

0.88137  3587 

1.  00000  000 

1.50 

1.19476  3217 

1.01 

0.88842  7007 

0.99667  995 

1.51 

1.20029  7449 

1.  02 

0.89544  5249 

0.99338  621 

1.  52 

1.20580  6263 

1.  03 

0.90242  8496 

0.99011  848 

1.53 

1.21128  9840 

1.  04 

0.90937  6928 

0.98687  641 

1. 54 

1.21674  8362 

1.05 

0.91629  0732 

0.98365  968 

1.  55 

1.22218  2008 

1.  06 

0.92317  0094 

0.98046  798 

1.56 

1.22759  0958 

1.  07 

0.93001  5204 

0.97730  099 

1.57 

1.23297  5390 

1.08 

0.93682  6251 

0.97415  841 

1.58 

1.23833  5478 

1.  09 

0.94360  3429 

0.97103  994 

1.59 

1.24367  1400 

1.10 

0.95034  6930 

0.96794  529 

1.60 

1.24898  3328 

1.11 

0.95705  6950 

0.96487  415 

1. 61 

1.25427  1436 

1.12 

0.96373  3684 

0.96182  625 

1.62 

1.25953  5895 

1.13 

0.97037  7331 

0.95880  131 

1.63 

1.26477  6877 

1.14 

0.97698  8088 

0.95579  904 

1.  64 

1.26999  4549 

1.15 

0.98356  6154 

0.95281  918 

1.65 

1.27518  9081 

1.16 

0.99011  1729 

0.94986  146 

1.66 

1.28036  0639 

1.17 

0.99662  5013 

0.94692  561 

1.  67 

1.28550  9389 

1. 18 

1.00310  6208 

0.94401  139 

1.  68 

1.29063  5495 

1. 19 

1.00955  5514 

0.94111  853 

1.69 

1.29573  9120 

1.20 

1.  01597  3134 

0.93824  678 

1.70 

1.30082  0427 

1. 21 

1.  02235  9270 

0.93539  589 

1. 71 

1.30587  9576 

1. 22 

1.02871  4123 

0.93256  563 

1.  72 

1.31091  6727 

1.23 

1.03503  7896 

0.92975  576 

1.73 

1.31593  2038 

1.24 

1.04133  0792 

0.92696  604 

1.  74 

1.32092  5666 

1.  25 

1.04759  3013 

0.92419  624 

1.  75 

1.32589  7767 

1.26 

1.05382  4760 

0.92144  613 

1.  76 

1.33084  8496 

1.27 

1.06002  6237 

0.91871  550 

1.77 

1.33577  8006 

1.28 

1.06619  7645 

0.91600  411 

1.78 

1.34068  6450 

1.29 

1.07233  9185 

0.91331  175 

1.79 

1.34557  3978 

1.30 

1.07845  1059 

0.91063  821 

1. 80 

1.35044  0740 

1.  31 

1.  08453  3467 

0.90798  328 

1.81 

1.35528  6886 

1.  32 

1.09058  6610 

0.90534  676 

1. 82 

1.36011  2562 

1.33 

1.09661  0688 

0.90272  843 

1.83 

1.36491  7914 

1.  34 

1.10260  5899 

0.90012  810 

1.84 

1.36970  3089 

1.  35 

1.10857  2442 

0.89754  557 

1. 85 

1.37446  8228 

1.  36 

1.11451  0515 

0.89498  064 

1.86 

1.37921  3477 

1.  37 

1.  12042  0317 

0.89243  313 

1.  87 

1.38393  8975 

1.  38 

1.12630  2042 

0.88990  284 

1.88 

1.38864  4863 

1.  39 

1.13215  5887 

0.88738  959 

1.89 

1.39333  1280 

1.  40 

1.13798  2046 

0.88489  320 

1.90 

1.39799  8365 

1.41 

1.14378  0715 

0.88241  348 

1. 91 

1.40264  6254 

1. 42 

1.14955  2086 

0.87995  026 

1. 92 

1.40727  5083 

1.43 

1.15529  6351 

0.87750  336 

1.93 

1.41188  4987 

1.  44 

1.16101  3703 

0.87507  261 

1.94 

1.41647  6099 

1.  45 

1.16670  4331 

0.87265  784 

1.95 

1.42104  8552 

1.  46 

1.17236  8425 

0.87025  888 

1. 96 

1.42560  2476 

1. 47 

1.17800  6174 

0.86787  557 

1. 97 

1.43013  8002 

1. 48 

1.18361  7765 

0.86550  774 

1. 98 

1.43465  5259 

1.  49 

1.18920  3384 

0.86315  523 

1. 99 

1.43915  4374 

1. 50 

1.19476  3217 

0.86081  788 

2.00 

1.44363  5475 

“I 


-6)4" 

4 


"( 


-6)3“ 

4 


r 


(r] 


arccosh  x 
{x2—  1)* 

0.86081  788 
0.85849  554 
0.85618  806 
0.85389  528 
0.85161  706 

0.  84935  324 
0.  84710  368 
0.84486  823 
0.84264  676 
0.84043  913 

0.83824  520 
0.83606  483 
0.83389  788 
0.83174  424 
0.82960  376 

0.82747  632 
0.82536  179 
0.  82326  005 
0.82117  097 
0.81909  443 

0.81703  032 
0.81497  850 
0.81293  888 
0.81091  132 
0.80889  572 

0.  80689  197 
0.80489  994 
0.80291  954 
0.80095  066 
0.79899  318 

0.79704  701 
0.  79511  203 
0.79318  816 
0.79127  527 
0.78937  328 

0.78748  209 
0.78560  160 
0.78373  170 
0.78187  231 
0.78002  334 

0.77818  468 
0.77635  625 
0.77453  796 
0.  77272  971 
0.77093  142 

0.76914  300 
0.76736  437 
0.76559  544 
0.76383  612 
0.  76208  633 

0.76034  600 

r<ri 
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INVERSE  HYPERBOLIC  FUNCTIONS  Table  4.17 


x~ 1 

arcsinh  x— In  x 

I N V Kill 

arccosh  x— In  x 

SEj  1111 

<x> 

. JUllJUPV/UAVI  JL  ^ A N 

x~l 

A m W A 1 

arcsinh  x— In  x 

arccosh ; 

x— In  x 

<x> 

0.50 

0.  75048 

82946 

0.  62381 

07164 

2 

0.  25 

0. 70841 

81861 

0. 67714 

27078 

4 

0.  49 

0. 74839 

16011 

0.  62685 

90940 

2 

0.24 

0.  70724 

57326 

0. 67842 

57947 

4 

0.  48 

0.  74632 

48341 

0.  62981 

77884 

2 

0.23 

0. 70611 

72820 

0.  67965 

18411 

4 

0.  47 

0.  74428 

85962 

0. 63268 

90778 

2 

0.22 

0.70503 

32895 

0. 68082 

14660 

5 

0.46 

0.  74228 

34908 

0. 63547 

51194 

2 

0.21 

0.  70399 

41963 

0.  68193 

52541 

5 

0.  45 

0.  74031 

01215 

0.63817 

79566 

2 

0.  20 

0.  70300 

04288 

0. 68299 

37571 

5 

0.  44 

0.  73836 

90921 

0. 64079 

95268 

2 

0.19 

0. 70205 

23983 

0.  68399 

74947 

5 

0.43 

0.  73646 

10057 

0. 64334 

16670 

2 

0.18 

0.70115 

05002 

0. 68494 

69555 

6 

0.  42 

0.73458 

64641 

0.  64580 

61207 

2 

0.17 

0.  70029 

51134 

0.  68584 

25981 

6 

0.  41 

0.73274 

60676 

0. 64819 

45429 

2 

0.16 

0.  69948 

66000 

0. 68668 

48518 

6 

0.  40 

0. 73094 

04145 

0. 65050 

85051 

3 

0. 15 

0.  69872 

53043- 

0.  68747 

41175 

7 

0.39 

0.72917 

01001 

0.65274 

95004 

3 

0.14 

0. 69801 

15527 

0. 68821 

07683 

7 

0.  38 

0. 72743 

57167 

0. 65491 

89477 

3 

0.13 

0.  69734 

56533 

0.  68889 

51504 

8 

0.37 

0.  72573 

78524 

0. 65701 

81952 

3 

0.12 

0.  69672 

78946 

0. 68952 

75836 

8 

0.  36 

0.72407 

70912 

0. 65904 

85249 

3 

0.11 

0. 69615 

85462 

0. 69010 

83616 

9 

0.  35 

0.  72245 

40117 

0.  66101 

11555 

3 

0.10 

0.  69563 

78573 

0.  69063 

77531 

10 

0.34 

0.  72086 

91873 

0.  66290 

72458 

3 

0.  09 

0. 69516 

60572 

0.  69111 

60018 

11 

0.  33 

0.  71932 

31846 

0. 66473 

78974 

3 

0.08 

0. 69474 

33542 

0.  69154 

33269 

13 

0.  32 

0.71781 

65636 

0.  66650 

41577 

3 

0.07 

0.  69436 

99357 

0.  69191 

99235 

14 

0.31 

0. 71634 

98766 

0. 66820 

70226 

3 

0.  06 

0. 69404 

59680 

0. 69224 

59631 

17 

0.30 

0. 71492 

36678 

0.  66984 

74382 

3 

0.05 

0. 69377 

15954 

0.  69252 

15938 

20 

0.  29 

0.  71353 

84725 

0.  67142 

63038 

3 

0.  04 

0.  69354 

69408 

0. 69274 

69403 

25 

0.28 

0.71219 

48165 

0. 67294 

44732 

4 

0.03 

0. 69337 

21047 

0.  69292 

21046 

33 

0.27 

0.71089 

32154 

0. 67440 

27575 

4 

0.  02 

0.  69324 

71656 

0. 69304 

71656 

50 

0.26 

0.  70963 

41742 

0.  67580 

19258 

4 

0.  01 

0.  69317 

21796 

0. 69312 

21796 

100 

0.25 

0.  70841 

81861 

0. 67714 

27078 

4 

0.  00 

0. 69314 

71806 

0.  69314 

71806 

00 

[(- 

n 

</>~ 

[<-, 

nearest  integer  to  ,v. 

n 

* re 

I’7] 

ROOTS  x„.  OF  cos  x„  cosh  *„=  1 


Table  4.18 


n Xn 

1 4.73004  07 

2 7.85320  46 

3 10.99560  78 

4 14.13716  55 

5 17.27875  96 

For  //> 5,  ,vn=\  [2//+1]*- 


ROOTS  xn  OF  cos  xn  cosh  xu=  — l 
n xn 

1 1.  87510  41 

2 4.69409  11 

3 7.85475  74 

4 10.99554  07 

5 14.  13716  84 


For  //> 5,  .o,=4  [2//— 1]tt 


♦See  page  II. 
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Table  4.19  ROOTS  X nOF  tan  X n ■■  \Xti 


-x 

XI 

X2 

X3 

&*4 

X5 

£6 

X7 

xs 

X9 

0.00 

3.14159 

6.28319 

9.42478 

12.56637 

15.70796 

18.84956 

21.99115 

25.13274 

28.27433 

0.05 

2.99304 

5.99209 

9.00185 

12.02503 

15.06247 

18.11361 

21.17717 

24.25156 

27.33519 

0.10 

2.86277 

5.76056 

8.70831 

11.70268 

14.73347 

17.79083 

20.86724 

23.95737 

27.05755 

0.15 

2.75032 

5.58578 

8.51805 

11.52018 

14.56638 

17.64009 

20.73148 

23.83468 

26.94607 

0.20 

2.65366 

5.45435 

8.39135 

11.40863 

14.46987 

17.55621 

20.65782 

23.76928 

26.88740 

0.25 

2.57043 

5.35403 

8.30293 

11.33482 

14.40797 

17.50343 

20.61203 

23.72894 

26.85142 

0.30 

2.49840 

5.27587 

8.23845 

11.28284 

14.36517 

17.46732 

20.58092 

23.70166 

26.82716 

0.35 

2.43566 

5.21370 

8.18965 

11.24440 

14.33391 

17.44113 

20.55844 

23.68201 

26.80971 

0.40 

2.38064 

5.16331 

8.15156 

11.21491 

14.31012 

17.42129 

20.54146 

23.66719 

26.79656 

0.45 

2.33208 

5.12176 

8.12108 

11.19159 

14.29142 

17.40574 

20.52818 

23.65561 

26.78631 

0.50 

2.28893 

5.08698 

8.09616 

11.17271 

14.27635 

17.39324 

20.51752 

23.64632 

26.77809 

0.55 

2.25037 

5.05750 

8.07544 

11.15712 

14.26395 

17.38298 

20.50877 

23.63871 

26.77135 

0.60 

2.21571 

5.03222 

8.05794 

11.14403 

14.25357 

17.37439 

20.50147 

23.63235 

26.76572 

0.65 

2.18440 

5.01031 

8.04298 

11.13289 

14.24475 

17.36711 

20.49528 

23.62697 

26.76096 

0.70 

2.15598 

4.99116 

8.03004 

11.12330 

14.23717 

17.36086 

20.48996 

23.62235 

26.75688 

0.75 

2.13008 

4.97428 

8.01875 

11.11496 

14.23059 

17.35543 

20.48535 

23.61834 

26.75333 

0.80 

2.10638 

4.95930 

8.00881 

11.10764 

14.22482 

17.35068 

20.48131 

23.61483 

26.75023 

0.85 

2.08460 

4.94592 

7.99999 

11.10116 

14.21971 

17.34648 

20.47774 

23.61173 

26.74749 

0.90 

2.06453 

4.93389 

7.99212 

11.09538 

14.21517 

17.34274 

20.47457 

23.60897 

26.74506 

0.95 

2.04597 

4.92303 

7.98505 

11.09021 

14.21110 

17.33939 

20.47172 

23.60651 

26.74288 

1.00 

2.02876 

4.91318 

7.97867 

11.08554 

14.20744 

17.33638 

20.46917 

23.60428 

26.74092 

x-1 

XI 

X2 

xz 

*£4 

X5 

XQ 

X7 

xs 

X9 

1.00 

2.02876 

4.91318 

7.97867 

11.08554 

14.20744 

17.33638 

20.46917 

23.60428 

26.74092 

0.95 

2.01194 

4.90375 

7.97258 

11.08110 

14.20395 

17.33351 

20.46673 

23.60217 

26.73905 

0.90 

1.99465 

4.89425 

7.96648 

11.07665 

14.20046 

17.33064 

20.46430 

23.60006 

26.73718 

0.85 

1.97687 

4.88468 

7.96036 

11.07219 

14.19697 

17.32777 

20.46187 

23.59795 

26.73532 

0.80 

1.95857 

4.87504 

7.95422 

11.06773 

14.19347 

17.32490 

20.45943 

23.59584 

26.73345 

-0.75  1.93974  4.86534  7.94807  11.06326  14.18997  17.32203  20.45700  23.59372  26.73159 

-0.70  1.92035  4.85557  7.94189  11.05879  14.18647  17.31915  20.45456  23.59161  26.72972 

-0.65  1.90036  4.84573  7.93571  11.05431  14.18296  17.31628  20.45212  23.58949  26.72785 

-0.60  1.87976  4.83583  7.92950  11.04982  14.17946  17.31340  20.44968  23.58738  26.72598 

-0.55  1.85852  4.82587  7.92329  11.04533  14.17594  17.31052  20.44724  23.58526  26.72411 

-0.50  1.83660  4.81584  7.91705  11.04083  14.17243  17.30764  20.44480  23.58314  26.72225 

-0.45  1.81396  4.80575  7.91080  11.03633  14.16892  17.30476  20.44236  23.58102  26.72038 

-0.40  1.79058  4.79561  7.90454  11.03182  14.16540  17.30187  20.43992  23.57891  26.71851 

-0.35  1.76641  4.78540  7.89827  11.02730  14.16188  17.29899  20.43748  23.57679  26.71664 

-0.30  1.74140  4.77513  7.89198  11.02278  14.15835  17.29610  20.43503  23.57467  26.71477 

-0.25  1.71551  4.76481  7.88567  11.01826  14.15483  17.29321  20.43259  23.57255  26.71290 

-0.20  1.68868  4.75443  7.87936  11.01373  14.15130  17.29033  20.43014  23.57043  26.71102 

-0.15  1.66087  4.74400  7.87303  11.00920  14.14777  17.28744  20.42769  23.56831  26.70915 

-0.10  1.63199  4.73351  7.86669  11.00466  14.14424  17.28454  20.42525  23.56619  26.70728 

-0.05  1.60200  4.72298  7.86034  11.00012  14.14070  17.28165  20.42280  23.56407  26.70541 

0.00  1.57080  4.71239  7.85398  10.99557  14.13717  17.27875  20.42035  23.56194  26.70354 

0.05  1.53830  4.70176  7.84761  10.99102  14.13363  17.27586  20.41790  23.55982  26.70166 

0.10  1.50442  4.69108  7.84123  10.98647  14.13009  17.27297  20.41545  23.55770  26.69979 

0.15  1.46904  4.68035  7.83484  10.98192  14.12655  17.27007  20.41300  23.55558  26.69792 

0.20  1.43203  4.66958  7.82844  10.97736  14.12301  17.26718  20.41055  23.55345  26.69604 

0.25  1.39325  4.65878  7.82203  10.97279  14.11946  17.26428  20.40810  23.55133  26.69417 

0.30  1.35252  4.64793  7.81562  10.96823  14.11592  17.26138  20.40565  23.54921  26.69230 

0.35  1.30965  4.63705  7.80919  10.96366  14.11237  17.25848  20.40320  23.54708  26.69042 

0.40  1.26440  4.62614  7.80276  10.95909  14.10882  17.25558  20.40075  23.54496  26.68855 

0.45  1.21649  4.61519  ^ 7.79633  10.95452  14.10527  17.25268  20.39829  23.54283  26.68668 

0.50  1.16556  4.60422  7.78988  10.94994  14.10172  17.24978  20.39584  23.54071  26.68480 

0.55  1.11118  4.59321  7.78344  10.94537  14.09817  17.24688  20.39339  23.53858  26.68293 

0.60  1.05279  4.58219  7.77698  10.94079  14.09462  17.24398  20.39094  23.53646  26.68105 

0.65  0.98966  4.57114  7.77053  10.93621  14.09107  17.24108  20.38848  23.53433  26.67918 

0.70  0.92079  4.56007  7.76407  10.93163  14.08752  17.23817  20.38603  23.53221  26.67730 

0.75  0.84473  4.54899  7.75760  10.92704  14.08396  17.23527  20.38357  23.53008  26.67543 

0.80  0.75931  4.53789  7.75114  10.92246  14.08041  17.23237  20.38112  23.52796  26.67355 

0.85  0.66086  4.52678  7.74467  10.91788  14.07686  17.22946  20.37867  23.52583  26.67168 

0.90  0.54228  4.51566  7.73820  10.91329  14.07330  17.22656  20.37621  23.52370  26.66980 

0.95  0.38537  4.50454  7.73172  10.90871  14.06975  17.22366  20.37376  23.52158  26.66793 

1.00  0.00000  4.49341  7.72525  10.90412  14.06619  17.22075  20.37130  23.51945  26.66605 

For  x=0,  see  jj.  g of  Table  10.6.  <x>=nearest  integer  to  x. 
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ROOTS  Xn  OF  cot  Xn  =x*n 


Table  4.20 


X xx  x2 

0.00  1.57080  4.71239 
0.05  1.49613  4.49148 
0.10  1.42887  4.30580 
0.15  1.36835  4.15504 
0.20  1.31384  4.03357 


xz 

7.85398 

7.49541 

7.22811 

7.04126 

6.90960 


x4 

10.99557 

10.51167 

10.20026 

10.01222 

9.89275 


*5 

14.13717 

13.54198 

13.21418 

13.03901 

12.93522 


xR 

17.27876 

16.58639 

16.25936 

16.10053 

16.01066 


X’j 

20.42035 

19.64394 

19.32703 

19.18401 

19.10552 


23.56194 

22.71311 

22.41085 

22.28187 

22.21256 


x9 

26.70354 

25.79232 

25.50638 

25.38952 

25.32765 


0.25  1.26459 
0.30  1.21995 
0.35  1.17933 
0.40  1.14223 
0.45  1.10820 


3.93516  6.81401 
3.85460  6.74233 
3.78784  6.68698 
3.73184  6.64312 
3.68433  6.60761 


9.81188 

9.75407 

9.71092 

9.67758 

9.65109 


12.86775 

12.82073 

12.78621 

12.75985 

12.73907 


15.95363 

15.91443 

15.88591 

15.86426 

15.84728 


19.05645 

19.02302 

18.99882 

18.98052 

18.96619 


22.16965 

22.14058 

22.11960 

22.10377 

22.09140 


25.28961 

25.26392 

25.24544 

25.23150 

25.22062 


0.50  1.07687 
0.55  1.04794 
0.60  1.02111 
0.65  0.99617 
0.70  0.97291 


3.64360  6.57833 
3.60834  6.55380 
3.57756  6.53297 
3.55048  6.51508 
3.52649  6.49954 


9.62956 

9.61173 

9.59673 

9.58394 

9.57292 


12.72230 

12.70847 

12.69689 

12.68704 

12.67857 


15.83361 

15.82237 

15.81297 

15.80500 

15.79814 


18.95468 

18.94523 

18.93734 

18.93065 

18.92490 


22.08147 

22.07333 

22.06653 

22.06077 

22.05583 


25.21190 

25.20475 

25.19878 

25.19373 

25.18939 


0.75  0.95116  3.50509 
0.80  0.93076  3.48590 
0.85  0.91158  3.46859 
0.90  0.89352  3.45292 
0.95  0.87647  3.43865 


6.48593 

6.47392 

6.46324 

6.45368 

6.44508 


9.56331 

9.55486 

9.54738 

9.54072 

9.53473 


12.67121 

12.66475 

12.65904 

12.65395 

12.64939 


15.79219 

15.78698 

15.78237 

15.77827 

15.77459 


18.91991 

18.91554 

18.91168 

18.90825 

18.90518 


22.05154 

22.04778 

22.04447 

22.04151 

22.03887 


25.18563 

25.18234 

25.17943 

25.17684 

25.17453 


1.00  0.86033  3.42562  6.43730 


9.52933  12.64529  15.77128  18.90241 


22.03650  25.17245 


x 


XI  X2  Z3 


24  25 


26  27 


28  29  <\> 


1.00  0.86033 
0.95  0.84426 
0.90  0.82740 
0.85  0.80968 
0.80  0.79103 


3.42562  6.43730 
3.41306  6.42987 
3.40034  6.42241 
3.38744  6.41492 
3.37438  6.40740 


9.52933 

9.52419 

9.51904 

9.51388 

9.50871 


12.64529 

12.64138 

12.63747 

12.63355 

12.62963 


15.77128 

15.76814 

15.76499 

15.76184 

15.75868 


18.90241 

18.89978 

18.89715 

18.89451 

18.89188 


22.03650 

22.03424 

22.03197 

22.02971 

22.02745 


25.17245 

25.17047 

25.16848 

25.16650 

25.16452 


1 

1 

1 

1 

1 


0.75  0.77136 
0.70  0.75056 
0.65  0.72851 
0.60  0.70507 
0.55  0.68006 


3.36113  6.39984 
3.34772  6.39226 
3.33413  6.38464 
3.32037  6.37700 
3.30643  6.36932 


9.50353 

9.49834 

9.49314 

9.48793 

9.48271 


12.62570 

12.62177 

12.61784 

12.61390 

12.60996 


15.75553 

15.75237 

15.74921 

15.74605 

15.74288 


18.88924 

18.88660 

18.88396 

18.88132 

18.87868 


22.02519 

22.02292 

22.02066 

22.01839 

22.01612 


25.16254 

25.16055 

25.15857 

25.15659 

25.15460 


0.50  0.65327 
0.45  0.62444 
0.40  0.59324 
0.35  0.55922 
0.30  0.52179 


3.29231  6.36162 
3.27802  6.35389 
3.26355  6.34613 
3.24891  6.33835 
3.23409  6.33054 


9.47749 

9.47225 

9.46700 

9.46175 

9.45649 


12.60601 

12.60206 

12.59811 

12.59415 

12.59019 


15.73972 

15.73655 

15.73338 

15.73021 

15.72704 


18.87604 

18.87339 

18.87075 

18.86810 

18.86546 


22.01386 

22.01159 

22.00932 

22.00705 

22.00478 


25.15262 

25.15063 

25.14864 

25.14666 

25.14467 


0.25  0.48009 
0.20  0.43284 
0.15  0.37788 
0.10  0.31105 
0.05  0.22176 


3.21910  6.32270 
3.20393  6.31485 
3.18860  6.30696 
3.17310  6.29906 
3.15743  6.29113 


9.45122 

9.44595 

9.44067 

9.43538 

9.43008 


12.58623 

12.58226 

12.57829 

12.57432 

12.57035 


15.72386 

15.72068 

15.71751 

15.71433 

15.71114 


18.86281 

18.86016 

18.85751 

18.85486 

18.85221 


22.00251 

22.00024 

21.99797 

21.99569 

21.99342 


25.14268 

25.14070 

25.13871 

25.13672 

25.13473 


10 

20 


0.00  0.00000 

* 


3.14159 

r(-5)2i 


6.28319  9.42478  12.56637  15.70796 

[,-/"]  t'-,"1]  [(tu] 


<X>  = nearest  integer  to  X. 


18.84956  21.99115 

m m 


25.13274 


00 


For  X-1  > .20,  the  maximum  error  in  linear  interpolation  is  (—4)7;  five-point  interpolation  gives  5D. 


For  X"1  ^ .20, 


X\ 


11 


360X 


432X 


3 + . 


*See  page  n. 
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5.  Exponential  Integral  and  Related  Functions 

Mathematical  Properties 


5.1.  Exponential  Integral 


Explicit  Expressions  for  an  (z)  and  /3„(z) 


Definitions 


5.1.1 

t 

- dt  (|arg  s|<tt) 

5.1.2 

Ei(x) 

-t  px  pt 

— dt=-y  — dt  (z>0) 

t J _oo  * 

5.1.3 

II 

^ £ 
H 

S 

-Ei(ln  x)  0*C>1) 

5.1.4 

En(z) 

-f.  -dt 

(n=0, 1,2,..  .;  <^2>0) 

5.1.5 

a„(z)  = 

/*  CO 

=J  tne~udt 

(n=0,  1,2,...;  ^2>0) 

5.1.6 

fin(z)=fi  tne~ 

udt  (n=0,  1,2,...) 

In  5.1.1  it  is  assumed  that  the  path  of  integration 
excludes  the  origin  and  does  not  cross  the  negative 
real  axis. 

Analytic  continuation  of  the  functions  in  5.1.1, 
5.1.2,  and  5.1.4  for  n^> 0 yields  multi-valued  func- 
tions with  branch  points  at  2=0  and  2=00. 3 
They  are  single-valued  functions  in  the  2-plane 
cut  along  the  negative  real  axis.4  The  function 
li(2),  the  logarithmic  integral,  has  an  additional 
branch  point  at  2=1. 

Interrelations 

5.1.7 

Ei  (—  x ± iO)  = — Ei  ( x ) T iir, 

— Ei(x)=%[Ei(— x+iO)+Ei(— z— i0)]  (z>0) 


8 Some  authors  [5.14],  [5.16]  use  the  entire  function 


— e~1)dt/t  as  the  basic  function  and  denote  it  by 


Ein(z).  We  have  Ein(z)  = 2?i(z)+ln  z+y. 


4 Various  authors  define  the 


integral  J* 2 (e  VO  dt 


in  the 


2-plane  cut  along  the  positive  real  axis  and  denote  it  also 
by  Ei(2).  For  z=x>  0 additional  notations  such  as  Ei(x) 
(e.g.,  in  [5.10],  [5.25]),  E*(x)  (in  [5.2]),  Ei*(s)  (in  [5.6])  are 
then  used  to  designate  the  principal  value  of  the  integral. 
Correspondingly,  E\(x)  is  often  denoted  by  — Ei(— x). 


2 ft 

5.1.8  a„(z)=n\z  n 1e  1 (l-J-s-l-gj-j-  . . . 

5.1.9 

Pn(z)  =n\z~n~l{e*  [1— 2+^j—  . . . +(— 

~e~‘  (1+s+||+  • • • +Jj)} 


y 


Figube  5.1.  y=’Ei(x)  and  y=Ei(x). 


y 


Figube  5.2.  y=En(x ) 

n=0,  1,  2,  3,  5,  10 
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Figure  5.4.  y=pn(x) 

n= 0,  1,  2,  5,  10,  15 

Series  Expansions 


00  Xn 


5.1.10  EiW^+lnx+g^, 


(*>0) 


- ( — l)n2n 
■y— In  z— — 

n=l  7l7h\ 


(|arg  z\<w) 


(-z) 


m 


5.1.11 

E>(z)= 

5.1.12 

£-(z)=^nr[-'n 

m^n—l 

(|arg  e|<») 

(»>  1) 

7=. 57721  56649  ...  is  Euler’s  constant. 


m=o  (m— n+l)m! 


’/'(!)=— 7,  4>(n)=— 7+  S ~ 

m=l  «l 


Symmetry  Relation 


5.1.13 


5.1.14 


En(z)=En(z) 

Recurrence  Relations 


En+1(z)=-[e~t—zEn(z)]  (n=l,2, 3, . . .) 


5.1.15  zan(z)=e~z-\-nan-i(z)  (n= 1,2,3,...) 

5.1.16 

e0»(e)  = (.—l)ne'—e-*+npn-i(z)  (»= 1,2,3 , . . .) 

Inequalities  [5.8],  [5.4] 


5.1.17 

71 — 1 


En (x) <En+l (x) < En (x)  (*>0;ti=1, 2, 3, . . .) 


n 

5.1.18 

E%{x)<En-x{x)En+l{x) 

5.1.19 

1 <e*En( x)  < 1 


(*>0; »=1,2, 3, . . .) 


x-\-n 

5.1.20 


x+n— 1 


(*>0;n=l,2,3, . . .) 


h In  (l+|)<«*^(a5)<ln  (l+i)  (*>0) 


5.1.21 


d r En(x)  i 
dxi'En^x)] 


>0  (*>0;  »=1,2, 3, .. .) 


Continued  Fraction 


5.1.22 

En(z)- 


C I 141  141  I • • • I 


\2+l+S+  1+  Z+ 


(|arg  z\<v) 


Special  Values 


5.1.23 

5.1.24 

Ea(z)=- 

5.1.25 

c*o(z)=^—>  Po(z) 

(»>i) 


Z 


2 . 

: — Sll 

z 
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Derivatives 


5.1.26  ^^=-^.,(2)  (71=1,2,3,...) 


5.1.27 

£.le-Km 


+ 


(-!)»(»-!)! 


,n 


(fl,=  l,2,3,  . . .) 


Definite  and  Indefinite  Integrals 

(For  more  extensive  tables  of  integrals  see 
[5.3],  [5.6],  [5.11],  [5.12],  [5.13].  For  integrals 
involving  En(x)  see  [5.9].) 


5.1.28 


5.1.29 


x 


« e-at 

o b-\-t 


dt=eabEi(ab ) 


x 


® giat 


o b-\-t 


dt=e~iabEl(—iab ) (a>0,  &>0) 


5.1.30 


x 


00 


t-ib 
t*+b 2 


emdt=eabEi(ab)  (a>0, 6>0) 


5.1.31 


Jo“  e«“dt=e-°\-m<ib)+iT) 


*2+62 


(a>0, 6>0) 


5.1.32 


X 


a<=ln  - 

o t a 


5.1.33 


5.1.34 


f Ei(t)dt= 2 In  2 


X 


6 aiEn(t)dt= 


( — 1^**  ^ S"**l  ( — 1^/y^ 

[In  (l+a)+S  M+l  («>-D 

a ifc=i  Ac 


a 

5.1.35 
T1  6a‘  sin 

Jo  * 


dt=v— arctan  - -\-SEi(—a-\-ib) 


(a>0, 6>0) 


5.1.36 
r1  e~a<  sin 

Jo  < 


eft = arc  tan  ^ +*/jE',(a+i6) 


(a>0,  b real) 


5.1.37 


cos  6<)  , 1 


t 


dt — g (l 


-\-3&E\{— a-\-ib)  (a  >0,6  real) 


5.1.38 


X 


1 e a*(l — cos  bt) 
t 


<ft=iln(l+g) 

-f-  £%Ei  (a-\-ib) 


Eiia) 

(a  >0,6  real) 


5.1.39 


X'L 


t 


dt=El(z)-\-]n  z+y 


5.1.40  f ^—r~-  dt=E\  (a;)—  In  x— y (x>0) 

Jo  t 


5.1.41 


x 


>ix 


p n 

af+tf  dx=2 a [e~aEi(—a—ix)—eaE1(a—ix)] 


+ const. 


5.1.42 


X 


xe 


ix 


a2+i? 


dx= 


2 [e~aEx(— a— ix)+eaEi(a—ix)] 


+const. 


5.1.43 


x 


6 dx=— - S(eiaEi(— r+ia)) +const.  (a>0) 


a2+x2 


a 


5.1.44 


X 


xe 3 


a2+a^ 


dx=  — <%(eiaEi(— x+ia))  +const.  (a>0) 


Relation  to  Incomplete  Gamma  Function  (see  6.5) 


5.1.45 

5.1.46 


En(z)  = 2n“1r(l-7l,  z) 

a»(s)  = 3-"-1r(7i+l,  s) 


5.1.47  /3tt(s) = 2-tt-1[r(n+ 1,  — «)— r(n+l,  z)\ 

Relation  to  Spherical  Bessel  Functions  (see  10.2) 

5.1.48  «» (3)=-^ Kite),  /i(3) 

5.1.49  «i(3)=-J— ^3/2(3),  ft  (2) = — I312 C2) 
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Number-Theoretic  Significance  of  li  ( x ) 

(Assuming  Riemann’s  hypothesis  that  all  non- 
real  zeros  of  f (z)  have  a real  part  of  §) 


5.1.50  li  (x)  - tt(x)  = 0(Vz  In  x) 


(x-^co) 


t(x)  is  the  number  of  primes  less  than  or  equal 
to  x. 


5.1.51 

En(z)' 


Figure  5.5.  y=li(x)  and  y=w(x) 

Asymptotic  Expansion 

e~*fl  n I ^+1)  n(n-\-l)(n+2)  . 

Z 1 3*1"  Z 2 S3  " ’ ‘ 

(|arg  2|<fjr) 

Representation  of  En(x)  for  Large  n 


5.1.52 

En(x)= 


,—X 


x+n 


{!■+ 


n . n(n—2x) 


!+ 


(x+7l)2  (x+7l)4 

n{$x2— Snx+n2) 


+ 


(*+») 


6 


\-R(n,  x) } 


-.36 n-'KRfa,  x)  <(l +g+^_  t)  n~*  (x>0) 

Polynomial  and  Rational  Approximations  5 

5.1.53  0<*<l 

£i(x)+ln  x=a0+OiX+a2X2+o3x34-a4*4+Os»5+«(a:) 

[e(x)|<2X10-7 


6 The  approximation  5.1.53  is  from  E.  E.  Allen,  Note 
169,  MTAC  8,  240  (1954);  approximations  5.1.54  and 
5.1.56  are  from  C.  Hastings,  Jr.,  Approximations  for  digital 
computers,  Princeton  Univ.  Press,  Princeton,  N.J.,  1955; 
approximation  5.1.55  is  from  C.  Hastings,  Jr.,  Note  143, 
MTAC  7,  68  (1953)  (with  permission). 


OfQ 

-.57721  566 

o3= 

.05519  968 

«1  = 

.99999  193 

o4= 

—.00976  004 

02  = 

-.24991  055 

05= 

.00107  857 

5.1.54 


1<£<00 
«(x)|<5X10-6 


02 


2.334733 

.250621 


5, =3.330657 
b2= 1.681534 


5.1.55 


10<X<^  00 


xexE  (x)  __x2+alx+a2  ( ) 

xe  l{x)  x*+blx+b2+{) 
e(x)\<lQ-7 


ax =4.03640 
fl2=  1.15198 


6x= 5.03637 
62=4.19160 


5.1.56 


xexE1(x) 


l<x<^°° 

x*+aiXz-\-a2x2+azX +o4 


x4 -f  bxxz + b2x2 + b2x + 
€(a;)|<2X10-8 


f«(*) 


a,=  8.57332  87401 
02=18.05901  69730 
03=  8.63476  08925 
a4=  .26777  37343 


5,=  9.57332  23454 
62=25.63295  61486 
53=21.09965  30827 
64=  3.95849  69228 


5.2.1 

5.2.2  • 

Ci(2) 

5.2.3  7 
5.2.4 7 
Chi(s) 


5.2.  Sine  and  Cosine  Integrals 
Definitions 
sin  t 


t 


dt 


7+ln  z+ J*  — - dt 


t 


(|arg  z\<ir) 


Shi(2)=  f 


* sinh  t 
t 


dt 


7+ln2+£‘  52**=!* 


t 


(|arg  g|<ir) 


8 Some  authors  [5.14],  [5.16]  use  the  entire  function 

J**(l— cos  t)dt/t  as  the  basic  function  and  denote  it  by 

Cin(z).  We  have 

Cin(z)  = --Ci(z)+ln  2+7. 

7 The  notations  Sih(s)=J*  sinh  t dtjt, 

Cinh (z)=J*  (cosh  t—l)cU/t  have  also  been  proposed  [5.14.] 
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5.2.5 


5.2.6 

5.2.7 


si(z)=Si(z)-| 

Auxiliary  Functions 
f(z)=Ci(z)  sin  z— si(s)  cos  z 
g(z)=—Ci(z)  cos  z— si (z)  sin  z 


Sine  and  Cosine  Integrals  in  Terms  of  Auxiliary 

Functions 


x 


5.2.8  Si(z)=2—  /(2)  cos  s~9(s)  sin  2 


5.2.9 


Ci(z)=/(z)  sin  z—g(z ) cos  z 

Integral  Representations 


5.2.10  si 


i(*)=-  f 

Jo 


e ZC08t  cos  (z  sin  t)dt 


T 

2 


5.2.11  Ci(z)+£'i(z)=J  e~*coal  sin  (zsin  t)dt 

5.2.12  J(z)=j°s^ldt=£  f^dt  <&z>0) 


5.2.13  0(z)=f 


t + z 

00  cos  t 
t -\-z 


dt 


= rm  te~n 

Jo  t2+ 1 


dt  (&z>0) 


* X 


5.2.14 


5.2.15 


Si(2)=S 


Series  Expansions 

(_!)n22n+l 


n=0  (2n  + l)(2/i+l)! 

Si  (s)=*gj*+i(!) 


00 


5.2.16  Ci(z)=7+ln  z+S 


(— 1)V* 


2n(2n)\ 


5.2.17 


oo 


Shi(z)=S 


,2n+l 


71=0  (271  + 1)  (271+1)! 


5.2.18  Chi(2)=7+ln  z+y ^ 


oo 


2n(2n) ! 
Symmetry  Relations 


5.2.19 

5.2.20 


Si(— z)  =— Si(z),  Si(z)=Si(z) 


Ci(— z)=Ci(z)— iir  (0<arg  z<Cj) 


Ci(z)=Ci(z) 

Relation  to  Exponential  Integral 


5.2.21 


S i(^)=^  E^i(iz)— iz)]+| 


(|arg  z |<|) 


5.2.22  Si(ia:)=2  [Ei(*)+-Ei(a;)]  (a:>0) 


5.2.23 

Ci(z)=-i  [E^+Eri-iz)]  (|arg  z|<|) 


5.2.24  Ci(iz)=i[Ei(x)-.E,1(2:)]+i|  (x>0) 


Value  at  Infinity 


5.2.25 


7T 


lim  Si(x)=- 


Z— >00 


Integrals 


(For  more  extensive  tables  of  integrals  see 
[5.3],  [5.6],  [5.11],  [5.12],  [5.13].) 


1.2.26  f ^7-^  dt=— si  (z) 


1.2.27  f 

1.2.28  f 


oo 


t 

COS  t 

t 


(|arg  z|<ir) 


dt=—Ci{z)  ([arg  z|<7r) 


e °‘Ci  (t)dt=—  ■%-  ln(l+a2)  (,^a> 0) 

0 


1.2.29  f 

1.2.30  f 


e si  (<)</< = — i arc  tan  a (^a>0) 


oo 


cos  £ Ci 


i (0^=r  si 


sin  t si  ( t)dt=  — 


x 


♦See  page  u. 
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5.2.31  f Ci 2{t)dt=^  si 2 (t)dt=^ 


5.2.32 


5.2.33 


/*  oo 

Jo 


Ci  (0  si  (t)dt=  In  2 


/. 


1 (1  — e at)  cos  bt 
t 


dt~ ^ In  ^1+^  +Ci  (6) 

-j- &E\ (cl-\-  ib)  {cl  real,  6^>0) 


Asymptotic  Expansions 


5.2.34 

m 

5.2.35 


K 


1—^1+^!—^+.  . .)  (|arg  2|<7t) 


Z*~^~  ZA  z 6 


• •)  (larg  2\<T) 


5.2.36 


Rational  Approximations  8 
1 <£<  oo 


|«(a:)|<2X10-4 

o,=7.241163  6,=9.068580 

02=2.463936  62=7.157433 


5.2.37 


1 <X<  oo 


x4+o,a:24-02\  , 
x*+bl3*+bj+'{r) 


|t(x)|<10-4 

ax  = 7.547478  bx  = 12.723684 

a2=  1.564072  b2=  15.723606 


* 

* 


5.2.38  l<x<^oo 

1 / a58+a,x6+02X4+03X2+04\  /N 

/(x)  =i  V+61x6+62x4+63x2+6j+ t(x) 


e(x)|<5X10-7 


Oj=  38.027264 
02=265.187033 
a3=335.677320 
a4=  38.102495 


&!=  40.021433 
62= 322.624911 
63= 570.236280 
64=157.105423 


5.2.39  1 <x<[  00 


X8+OlX6+g2^4+C3X2+ffl4 
x8+ 6jX6+ 6224+ 63x2+  64 


|e(x)!<3X10-7 


Oi=  42.242855 
02=302.757865 
o3=352.018498 
a4=  21.821899 


bi=  48.196927 
62=  482.485984 
63= 11 14.978885 
64=  449.690326 


Numerical  Methods 


5.3.  Use  and  Extension  of  the  Tables 


Example  1.  Compute  Ci  (.25)  to  5D. 
From  Tables  5.1  and  4.2  we  have 


Ci  (.25)—  ln(.25)— 7 
(,25)2 


=-.249350, 


Ci  (.25)  = (.25)2(- .249350)  + (- 1 .38629) 

+ .577216= -.82466. 


Example  2.  Compute  Ei  (8)  to  5S. 

From  Table  5.1  we  have  xe-IEi  (x)  = 1.18185  for 
x=8.  From  Table  4.4,  e8=2.98096X103.  Thus 
Ei  (8)  =440.38. 


*See  page  II. 

8 From  C.  Hastings,  Jr.,  Approximations  for  digital 
computers,  Princeton  Univ.  Press,  Princeton,  N.J.,  1955 
(with  permission). 


Example  3.  Compute  Si  (20)  to  5D. 

Since  1/20  = .05  from  Table  5.2  we  find 
/(20)  = .049757,  g{ 20)  = .002464.  From  Table  4.8, 
sin  20  = .912945,  cos  20  = .408082.  Using  5.2.8 


Si (20)  =7^— /(20)  cos  20— #(20)  sin  20 

= 1 .570796  - .022555  = 1 .54824. 

Example  4.  Compute  En(x ),  7i=l(l)iV,  to  5S 
for  x=  1.275,  AT=10. 

If  x is  less  than  about  five,  the  recurrence 
relation  5.1.14  can  be  used  in  increasing  order  of  n 
without  serious  loss  of  accuracy. 

By  quadratic  interpolation  in  Table  5.1  we  get 
Ei  (1.275)  = .1408099,  and  from  Table  4.4,  e~i  m 
= .2794310.  The  recurrence  formula  5.1.14  then 
yields 
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n 

E.( 1.275) 

£,(1.275) 

1 

.1408099 

6 

.0430168 

2 

.0998984 

7 

.0374307 

3 

.0760303 

8 

.0331009 

4 

.0608307 

9 

.0296534 

5 

.0504679 

10 

.0268469 

Interpolating  directly  in  Table  5.4  for  n=10 
we  get  Eio(l. 275)  = .0268470  as  a check. 

Example  5.  Compute  En(x)y  7i=l(l)A£  to  5S 
for  3=10,  iV=10. 

If,  as  in  this  example,  x is  appreciably  larger 
than  five  and  N<x,  then  the  recurrence  relation 
5.1.14  may  be  safely  used  in  decreasing  order  of 


w([5.5]).  From 

Table  5.5 

for  arl=.l  we  get 

(aH~  10)ezEw(x)  = 

1.02436  so  that  ^(lO)  =2.32529 

Xio-6.  Using  this  as  the  initial  value  we  obtain 

column  (2). 

105£,(10) 

105£,(10) 

n 

(1) 

(2) 

1 

.41570 

.41570 

2 

.38300 

.38302 

3 

.35500 

.35488 

4 

.33000 

.33041 

5 

.31000 

.30898 

6 

.28800 

.29005 

7 

.27667 

.27325 

8 

.25333 

.25822 

9 

.25084 

.24472 

10 

.22573 

.23253 

From  Table  5.2  we  get  xexEi(x)  = .915633  so 
that  JEl (10) =4. 15697 X10*"6  as  a check.  Forward 
recurrence  starting  with  Ex  (10) =4. 1570  X 10~6 
yields  the  values  in  column  (1).  The  underlined 
figures  are  in  error. 

Example  6.  Compute  En(x)y  n=l(l)N,  to  5S 
for  3=12.3,  iV=20. 

If  N is  appreciably  larger  than  3,  and  x appre- 
ciably larger  than  five,  then  the  recurrence  rela- 
tion 5.1.14  should  be  used  in  the  backward  direc- 
tion to  generate  En(x)  for  n<ji0y  and  in  the  forward 
direction  to  generate  En(x)  for  n^>n0,  where 
n0—(x). 

From  5.1.52,  with  n0=12,  3=12.3,  we  have 

__12  3 

EnAx)  = ^r-r  (1 + .02032  - .00043  - .0000 1 ) 

z*-6  = 1.91038  X10"7. 

Using  the  recurrence  relation  5.1.14,  as  indicated, 
we  get 


n 

106JE’a(12.3) 

106Sb(12.3) 

n 

12 

. 191038 

. 191038 

12 

11 

. 199213 

. 183498 

13 

10 

. 208098 

. 176516 

14 

9 

. 217793 

. 170042 

15 

8 

. 228406 

. 164015 

16 

7 

. 240073 

. 158397 

17 

6 

. 252951 

. 153144 

18 

5 

. 267234 

. 148226 

19 

4 

. 283155 

. 143608 

20 

3 

. 300998 

2 

.321117 

1 

. 343953 

From  Tables  5.2  and  5.5  we  find  2?i(12.3)  = .343953 
X10"*6,  2?2o(12.3)  = .143609X10“°  as  a check. 
Example  7.  Compute  an( 2)  to  6S  for  n=  1 (1)5. 
The  recurrence  formula  5.1.15  can  be  used  for 
all  3>0  in  increasing  order  of  n without  loss  of 

accuracy.  From  5.1.25  we  have  a0(2)=^ 

= .0676676,  so  we  get 

n «,(  2) 

0 .0676676 

1 .101501 

2 .169169 

3 .321421 

4 .710510 

5 1.84394 

Independent  calculation  with  5.1.8  yields  the 
same  result  for  a5( 2). 

The  functions  a0(x)  and  «i(a:)  can  be  obtained 
from  Table  10.8  using  5.1.48,  5.1.49. 

Example  8.  Compute  /3„ (x) , n=0(l)N  to  6S 
for  x—l,  N=  5. 

Use  the  recurrence  relation  5.1.16  in  increasing 
order  of  n if 


x>  .368 N+ . 184  In  N+  .82 1 

and  in  decreasing  order  of  n otherwise  [5.5]. 

From  5.1.9  with  n—5  we  get  j8s(l)=— .324297 
correctly  rounded  to  6D.  Using  the  recurrence 
formula  5.1.16  in  decreasing  order  of  n and 
carrying  9D  we  get  the  values  in  column  (2). 


0,(1) 

n (1) 

0 2.35040  2 

1 -.73575  9269. 

2 .87888  3849 

3 —.44950  9722 

4 .55236  3499 

5 —.32434  3774 


0»(1) 

(2) 

2.35040  2389 
-.73575  8880 
.87888  4629 
-.44950  7383 
.55237  2854 
—.32429  7 


Using  forward  recurrence  instead,  starting  with 
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ft,(l)=2  sinh  1=2.350402  and  again  carrying  9D, 
we  obtain  column  (1).  The  underlined  figures 
are  in  error.  The  above  shows  that  three  signifi- 
cant figures  are  lost  in  forward  recurrence,  whereas 
about  three  significant  figures  are  gained  in  back- 
ward recurrence! 

An  alternative  procedure  is  to  start  with  an 
arbitrary  value  for  n sufficiently  large  (see  also 
[5.1]).  To  illustrate,  starting  with  the  value 
zero  at  n=  11  we  get 


n 

jSn(l)  » 

£»(1) 

11 

0.  5 

— .324297 

10 

.280560  4 

.552373 

9 

-.206984  3 

-.449507 

8 

.319908  2 

.878885 

7 

—.253812  1 

-.735759 

6 

.404621  0 

2.350402 

The  functions  p0(x)  and  ft  (x)  can  be  obtained 
from  Table  10.8  using  5.1.48,  5.1.49. 

Example  9.  Compute  Ex(z)  for  2=3.2578 
+6.8943i. 

From  Table  5.6  we  have  for  z0=x0+iy0=3+7i 

z^Ex  (z0) = .934958 + .095598 i, 

e**Ex  (z0)  = .059898-  .107895i. 

From  Taylor’s  formula  with  f(z)=e  zEi  (z)  we  have 
/ (2)  =f(z0+Az)  =/(Zo)  a 3 

(Ag)2+  . . . 


with  A z— z—za—  .2578 — . 1057i.  Thus  with  5.1.27 
we  get 


k 

/<«(2o)/fc! 

(A*)y<»(*o/jfc! 

0 

. 059898  -.  107895Z 

. 059898 

-. 107895* 

1 

. 008174  +.  012795* 

. 003460 

+.  002435* 

2 

-.  001859  +.  000155* 

-.  000094 

+.  000110* 

3 

. 000088  -.  000212* 

-.  000003 

-.  000004* 

/(z)=. 063261  -.105354i 

e~*=  .031510  -.022075i 
E (z) = - .000332  - .0047 16i 

Repeating  the  calculation  with  20=3+6i  and 
A0=.2578+.8943i  we  get  the  same  result. 

An  alternative  procedure  is  to  perform  bivariate 
interpolation  in  the  real  and  imaginary  parts  of 
zezEi(z). 

Example  10.  Compute  Ex(z)  for  z—  —4.2 
+ 12.7  i. 

Using  the  formula  at  the  bottom  of  Table  5.6 

tw{  ^ .711093 

e Et(z)  « _3  784225 -|-i2.7i 

.278518  .010389 

+ - 1 .90572+ 12.7ii'2.0900+ 12.7i 

= - .0184106-. 0736698i 
Et(a)  - -1.87133-4.70540i. 
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Table  5.1 


SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS 


X 

x~'Si(x) 

x-2[Ci(x)- 

-In  x — y ] 

0.00 

1. 00000 

00000 

-0.  25000 

00000 

0.  01 

0.  99999 

44444 

-0.  24999 

89583 

0.  02 

0. 99997 

77781 

-0.  24999 

58333 

0.  03 

0. 99995 

00014 

-0. 24999 

06250 

0.  04 

0.  99991 

11154 

-0. 24998 

33339 

0.  05 

0.  99986 

11215 

-0.  24997 

39598 

0.  06 

0.  99980 

00216 

-0.  24996 

25030 

0. 07 

0.  99972 

78178 

-0.  24994 

89639 

0.  08 

0.  99964 

45127 

-0.  24993 

33429 

0.09 

0.  99955 

01094 

-0.  24991 

56402 

0.10 

0. 99944 

46111 

-0.  24989 

58564 

0.11 

0. 99932 

80218 

-0.  24987 

39923 

0. 12 

0.99920 

03455 

-0.  24985 

00480 

0.13 

0.  99906 

15870 

-0.  24982 

40244 

0. 14 

0.  99891 

17512 

-0.  24979 

59223 

0. 15 

0.99875 

08435 

-0.  24976 

57422 

0.16 

0.  99857 

88696 

-0.  24973 

34850 

0.17 

0.  99839 

58357 

-0.  24969 

91516 

0.18 

0.  99820 

17486 

-0.  24966 

27429 

0.19 

0.  99799 

66151 

-0.  24962 

42598 

0.20 

0.  99778 

04427 

-0.  24958 

37035 

0.21 

0.  99755 

32390 

-0.  24954 

10749 

0. 22 

0.  99731 

50122 

-0. 24949 

63752 

0.23 

0. 99706 

57709 

-0.  24944 

96056 

0.24 

0.  99680 

55242 

-0.  24940 

07674 

0.25 

0.  99653 

42813 

-0.  24934 

98618 

0.  26 

0.  99625 

20519 

-0.  24929 

68902 

0. 27 

0.  99595 

88464 

-0.  24924 

18540 

0.28 

0.  99565 

46750 

-0.  24918 

47546 

0.29 

0. 99533 

95489 

-0.  24912 

55938 

0.  30 

0.  99501 

34793 

-0.  24906 

43727 

0.31 

0. 99467 

64779 

-0.  24900 

10933 

0. 32 

0. 99432 

85570 

-0. 24893 

57573 

0.  33 

0.  99396 

97288 

-0.  24886 

83662 

0. 34 

0.  99360 

00064 

-0.  24879 

89219 

0.  35 

0.  99321 

94028 

-0. 24872 

74263 

0.36 

0.  99282 

79320 

-0. 24865 

38813 

0.  37 

0. 99242 

56078 

-0.  24857 

82887 

0.  38 

0.  99201 

24449 

-0. 24850 

06507 

0.  39 

0.  99158 

84579 

-0.  24842 

09693 

0.  40 

0. 99115 

36619 

-0. 24833 

92466 

0.41 

0.  99070 

80728 

-0. 24825 

54849 

0. 42 

0.  99025 

17063 

-0. 24816 

96860 

0.  43 

0. 98978 

45790 

-0. 24808 

18528 

0.  44 

0.  98930 

67074 

-0. 24799 

19870 

0.  45 

0.  98881 

81089 

-0. 24790 

00913 

0.  46 

0.  98831 

88008 

-0. 24780 

61685 

0. 47 

0. 98780 

88010 

-0. 24771 

02206 

0. 48 

0.  98728 

81278 

-0. 24761 

22500 

0. 49 

0.  98675 

67998 

-0.  24751 

22600 

0.50 

0.  98621 

48361 

-0. 24741 

02526 

rc-em 

[■(-7)31 

4 

L 4 

1 

x~*[Ei(x)  — In  x— 7] 

1.  00000  0000 
1.00250  5566 
1.00502  2306 
1.00755  0283 
1.01008  9560 

1.01264  0202 
1.01520  2272 
1.01777  5836 
1.02036  0958 
1.02295  7705 

1.02556  6141 
1.02818  6335 
1.03081  8352 
1.03346  2259 
1.03611  8125 

1.03878  6018 
1.04146  6006 
1.04415  8158 
1.04686  2544 
1.04957  9234 

1.05230  8298 
1.05504  9807 
1.05780  3833 
1.06057  0446 
1.06334  9719 

1.06614  1726 
1.06894  6539 
1.07176  4232 
1.07459  4879 
1.07743  8555 

1.08029  5334 
1.08316  5293 
1.08604  8507 
1.08894  5053 
1.09185  5008 

1.09477  8451 
1.09771  5458 
1.10066  6108 
1.10363  0481 
1.10660  8656 

1.10960  0714 
1.  11260  6735 
1.11562  6800 
1.11866  0991 
1.12170  9391 

1.12477  2082 
1. 12784  9147 
1.13094  0671 
1.13404  6738 
1.13716  7432 

1.14030  2841 

r(-6)2-| 


See  Examples  1-2 


7 =0.57721  56649 


x_1[fii(x)+ln  x+7] 

1.00000  00000 
0.99750  55452 
0.99502  21392 
0.99254  97201 
0.99008  82265 

0.98763  75971 
0.98519  77714 
0.98276  86889 
0.98035  02898 
0.97794  25142 

0.97554  53033 
0.97315  85980 
0.97078  23399 
0.96841  64710 
0.96606  09336 

0.96371  56702 
0.96138  06240 
0.95905  57383 
0.95674  09569 
0.95443  62237 

0.95214  14833 
0.94985  66804 
0.94758  17603 
0.94531  66684 
0.94306  13506 

0.94081  57528 
0.93857  98221 
0.93635  35046 
0.93413  67481 
0.93192  94997 

0.92973  17075 
0.92754  33196 
0.92536  42845 
0.92319  45510 
0.92103  40684 

0.91888  27858 
0.91674  06533 
0.91460  76209 
0.91248  36388 
0.91036  86582 

0.90826  26297 
0.90616  55048 
0.90407  72350 
0.90199  77725 
0.89992  70693 

0.89786  50778 
0.89581  17511 
0.89376  70423 
0.89173  09048 
0.88970  32920 

0.88768  41584 

r(-6)2i 
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SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS 


X 

Si(z) 

Ci(x) 

Ei(*) 

0.50 

0.  49310 

74180 

-0. 17778 

40788 

0.  45421 

9905 

0. 

0.51 

0. 50268 

77506 

-0. 16045 

32390 

0.  48703 

2167 

0. 

0.  52 

0.51225 

15212 

-0. 14355 

37358 

0.  51953 

0633 

0. 

0.  53 

0.52179 

84228 

-0. 12707 

07938 

0. 55173 

0445 

0. 

0.54 

0.  53132 

81492 

-0. 11099 

04567 

0.  58364 

5931 

0. 

0.  55 

0.  54084 

03951 

-0.  09529 

95274 

0.  61529 

0657 

0. 

0.  56 

0.  55033 

48563 

-0.  07998 

55129 

0.  64667 

7490 

0. 

0.  57 

0.  55981 

12298 

-0.  06503 

65744 

0.  67781 

8642 

0. 

0.58 

0.  56926 

92137 

-0.  05044 

14815 

0.70872 

5720 

0. 

0. 59 

0.  57870 

85069 

-0.  03618 

95707 

0.  73940 

9764 

0. 

0.  60 

0.  58812 

88096 

-0.  02227 

07070 

0.  76988 

1290 

0. 

0.  61 

0.59752 

98233 

-0. 00867 

52486 

0. 80015 

0320 

0. 

0.  62 

0.  60691 

12503 

+0.00460 

59849 

0. 83022 

6417 

0. 

0.  63 

0.  61627 

27944 

0.  01758 

17424 

0.  86011 

8716 

0. 

0.  64 

0.  62561 

41603 

0.  03026 

03686 

0.  88983 

5949 

0. 

0.  65 

0.  63493 

50541 

0.  04264 

98293 

0.91938 

6468 

0. 

0.  66 

0.  64423 

51831 

0.  05475 

77343 

0.  94877 

8277 

0. 

0.  67 

0.  65351 

42557 

0.  06659 

13594 

0. 97801 

9042 

0. 

0.  68 

0.  66277 

19817 

0.  07815 

76659 

1.00711 

6121 

0. 

0.  69 

0.  67200 

80721 

0.  08946 

33195 

1.  03607 

6576 

0. 

0.70 

0.  68122 

22391 

0.  10051 

47070 

1.  06490 

7195 

0. 

0.  71 

0.  69041 

41965 

0. 11131 

79525 

1.  09361 

4501 

0. 

0.  72 

0.  69958 

36590 

0. 12187 

89322 

1.12220 

4777 

0. 

0. 73 

0.  70873 

03430 

0.  13220 

32879 

1. 15068 

4069 

0. 

0.  74 

0.  71785 

39660 

0. 14229 

64404 

1.  .179  05 

8208 

0. 

0.  75 

0.  72695 

42472 

0. 15216 

36010 

1.20733 

2816 

0. 

0. 76 

0.  73603 

09067 

0. 16180 

97827 

1.23551 

3319 

0. 

0.  77 

0.  74508 

36664 

0. 17123 

98110 

1.  26360 

4960 

0. 

0.  78 

0.  75411 

22494 

0. 18045 

83335 

1.29161 

2805 

0. 

0.  79 

0.  76311 

63804 

0. 18946 

98290 

1.  31954 

1753 

0. 

0.  80 

0. 77209 

57855 

0. 19827 

86160 

1.  34739 

6548 

0. 

0.  81 

0.  78105 

01921 

0.  20688 

88610 

1.  37518 

1783 

0. 

0.  82 

0.  78997 

93293 

0.  21530 

45859 

1. 40290 

1910 

0. 

0. 83 

0.  79888 

29277 

0.  22352 

96752 

1. 43056 

1245 

0. 

0. 84 

0.  80776 

07191 

0.23156 

78824 

1. 45816 

3978 

0. 

0.  85 

0.  81661 

24372 

0.  23942 

28368 

1.  48571 

4176 

0. 

0. 86 

0. 82543 

78170 

0.  24709 

80486 

1. 51321 

5791 

0. 

0. 87 

0.  83423 

65953 

0. 25459 

69153 

1. 54067 

2664 

0. 

0.  88 

0.  84300 

85102 

0.  26192 

27264 

1. 56808 

8534 

0. 

0.  89 

0.  85175 

33016 

0.  26907 

86687 

1. 59546 

7036 

0. 

0.90 

0.  86047 

07107 

0.  27606 

78305 

1. 62281 

1714 

0. 

0.91 

0. 86916 

04808 

0. 28289 

32065 

1. 65012 

6019 

0. 

0. 92 

0.  87782 

23564 

0.  28955 

77018 

1.  67741 

3317 

0. 

0. 93 

0.  88645 

60839 

0.  29606 

41358 

1. 70467 

6891 

0. 

0. 94 

0.  89506 

14112 

0.  30241 

52458 

1.73191 

9946 

0. 

0.95 

0.  90363 

80880 

0.  30861 

369i3 

1.75914 

5612 

0. 

0.96 

0.  91218 

58656 

0.  31466 

20547 

1. 78635 

6947 

0. 

0.  97 

0. 92070 

44970 

0. 32056 

28495 

1.  81355 

6941 

0. 

0.  98 

0. 92919 

37370 

0.  32631 

85183 

1. 84074 

8519 

0. 

0. 99 

0. 93765 

33420 

0.  33193 

14382 

1. 86793 

4543 

0. 

1.  00 

0.  94608 

30704 

0.  33740 

39229 

1. 89511 

7816 

0. 

["(-6)4-1  r(-5)5l  ["(-5)4-1 
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Table  5.1 

Ei{x) 

55977  3595 
54782  2352 
53621  9798 
52495  1510 
51400  3886 

50336  4081 
49301  9959 
48296  0034 
47317  3433 
46364  9849 

45437  9503 
44535  3112 
43656  1854 
42799  7338 
41965  1581 

41151  6976 
40358  6275 
39585  2563 
38830  9243 
38095  0010 

37376  8843 
36675  9981 
35991  7914 
35323  7364 
34671  3279 

34034  0813 
33411  5321 
32803  2346 
32208  7610 
31627  7004 

31059  6579 
30504  2539 
29961  1236 
29429  9155 
28910  2918 

28401  9269 
27904  5070 
27417  7301 
26941  3046 
26474  9496 

26018  3939 
25571  3758 
25133  6425 
24704  9501 
24285  0627 

23873  7524 
23470  7988 
23075  9890 
22689  1167 
22309  9826 

21938  3934 

m 
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Table  5.1  SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS 


X 

Si(x) 

Ci(x) 

Ei(x) 

Ei(x) 

1.00 

0.  94608 

30704 

0.  33740 

39229 

1. 89511 

7816 

0. 21938 

3934 

1.  01 

0.  95448 

26820 

0.  34273 

82254 

1. 92230 

1085 

0.21574 

1624 

1.  02 

0.  96285 

19387 

0.  34793 

65405 

1. 94948 

7042 

0.21217 

1083 

1.  03 

0.  97119 

06039 

0.  35300 

10067 

1.97667 

8325 

0.  20867 

0559 

1.  04 

0. 97949 

84431 

0.  35793 

37091 

2.  00387 

7525 

0.20523 

8352 

1.  05 

0.  98777 

52233 

0.  36273 

66810 

2. 03108 

7184 

0.20187 

2813 

1.  06 

0.  99602 

07135 

0.  36741 

19060 

2.  05830 

9800 

0. 19857 

2347 

1.  07 

1.  00423 

46846 

0.  37196 

13201 

2.  08554 

7825 

0. 19533 

5403 

1.  08 

1. 01241 

69091 

0.  37638 

68132 

2.11280 

3672 

0.19216 

0479 

1.  09 

1.  02056 

71617 

0.  38069 

02312 

2. 14007 

9712 

0. 18904 

6118 

1.10 

1.  02868 

52187 

0.  38487 

33774 

2. 16737 

8280 

0. 18599 

0905 

1.11 

1.  03677 

08583 

0.  38893 

80142 

2. 19470 

1672 

0. 18299 

3465 

1. 12 

1.  04482 

38608 

0.  39288 

58645 

2.22205 

2152 

0. 18005 

2467 

1. 13 

1.  05284 

40082 

0.  39671 

86134 

2.  24943 

1949 

0. 17716 

6615 

1. 14 

1. 06083 

10845 

0.  40043 

79090 

2.27684 

3260 

0. 17433 

4651 

1.15 

1.  06878 

48757 

0. 40404 

53647 

2.  30428 

8252 

0.17155 

5354 

1.16 

1.  07670 

51696 

0.  40754 

25593 

2.33176 

9062 

0. 16882 

7535 

1. 17 

1.  08459 

17561 

0.  41093 

10390 

2.  35928 

7800 

0. 16615 

0040 

1.18 

1.  09244 

44270 

0.  41421 

23185 

2.  38684 

6549 

0. 16352 

1748 

1. 19 

1.10026 

29760 

0.  41738 

78816 

2. 41444 

7367 

0. 16094 

1567 

1.20 

1.10804 

71990 

0.  42045 

91829 

2.44209 

2285 

0. 15840 

8437 

1.  21 

1.11579 

68937 

0. 42342 

76482 

2. 46978 

3315 

0. 15592 

1324 

1. 1:2 

1. 12351 

18599 

0.  42629 

46760 

2. 49752 

2442 

0. 15347 

9226 

1.23 

1. 13119 

18994 

0.42906 

16379 

2.  52531 

1634 

0. 15108 

1164 

1.24 

1. 13883 

68160 

0.  43172 

98802 

2. 55315 

2836 

0. 14872 

6188 

1.25 

1. 14644 

64157 

0.  43430 

07240 

2. 58104 

7974 

0. 14641 

3373 

1.26 

1. 15402 

05063 

0.  43677 

54665 

2.  60899 

8956 

0. 14414 

1815 

1.27 

1. 16155 

88978 

0.  43915 

53815 

2.  63700 

7673 

0. 14191 

0639 

1.28 

1.16906 

14023 

0.  44144 

17205 

2.66507 

5997 

0.13971 

8989 

1.29 

1. 17652 

78340 

0.  44363 

57130 

2.  69320 

5785 

0. 13756 

6032 

1.30 

1. 18395 

80091 

0.  44573 

85675 

2.  72139 

8880 

0. 13545 

0958 

1.31 

1.19135 

17459 

0.  44775 

14723 

2.  74965 

7110 

0.13337 

2975 

1.  32 

1.19870 

88649 

0. 44967 

55955 

2. 77798 

2287 

0. 13133 

1314 

1.33 

1.20602 

91886 

0. 45151 

20863 

2.  80637 

6214 

0. 12932 

5224 

1.  34 

1.21331 

25418 

0.  45326 

20753 

2. 83484 

0677 

0. 12735 

3972 

1.  35 

1. 22055 

87513 

0.  45492 

66752 

2. 86337 

7453 

0. 12541 

6844 

1.  36 

1.22776 

76460 

0. 45650 

69811 

2.  89198 

8308 

0. 12351 

3146 

1.37 

1.  23493 

90571 

0.  45800 

40711 

2.  92067 

4997 

0. 12164 

2198 

1.38 

1.24207 

28180 

0.  45941 

90071 

2. 94943 

9263 

0. 11980 

3337 

1.39 

1.  24916 

87640 

0.  46075 

28349 

2.  97828 

2844 

0.11799 

5919 

1.40 

1.25622 

67328 

0.  46200 

65851 

3.  00720 

7464 

0. 11621 

9313 

1.  41 

1.  26324 

65642 

0.  46318 

12730 

3.  03621 

4843 

0. 11447 

2903 

1.42 

1.27022 

81004 

0.  46427 

78995 

3.  06530 

6691 

0. 11275 

6090 

1.43 

1.27717 

11854 

0. 46529 

74513 

3.  09448 

4712 

0. 11106 

8287 

1.  44 

1.  28407 

56658 

0. 46624 

09014 

3. 12375 

0601 

0.10940 

8923 

1.45 

1.29094 

13902 

0. 46710 

92094 

3. 15310 

6049 

0. 10777 

7440 

1.46 

1. 29776 

82094 

0.  46790 

33219 

3. 18255 

2741 

0.10617 

3291 

1.  47 

1.  30455 

59767 

0.  46862 

41732 

3.21209 

2355 

0. 10459 

5946 

1. 48 

1.31130 

45473 

0.  46927 

26848 

3. 24172 

6566 

0. 10304 

4882 

1.  49 

1.  31801 

37788 

0. 46984 

97667 

3. 27145 

7042 

0.10151 

9593 

1.  50 

1.  32468 

35312 

0.  47035 

63172 

3.  30128 

5449 

0.10001 

9582 

r(- 

6)51 

r(- 

5)21 
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SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS  Table  5.1 


X 

Si(x) 

Ci(x) 

Ei(x) 

E\(x) 

1.50 

1.  32468 

35312 

0.  47035 

63172 

3.30128 

5449 

0.10001 

9582 

1.51 

1.  33131 

36664 

0.  47079 

32232 

3.  33121 

3449 

0.  09854 

4365 

1.  52 

1.  33790 

40489 

0.47116 

13608 

3.36124 

2701 

0.  09709 

3466 

1.  53 

1.  34445 

45453 

0. 47146 

15952 

3.  39137 

4858 

0.  09566 

6424 

1.  54 

1.  35096 

50245 

0.  47169 

47815 

3.  42161 

1576 

0.  09426 

2786 

1.55 

1.35743 

53577 

0.  47186 

17642 

3.45195 

4503 

0.  09288 

2108 

1.  56 

1.  36386 

54183 

0. 47196 

33785 

3.  48240 

5289 

0.  09152 

3960 

1.  57 

1.  37025 

50823 

0.  47200 

04495 

3.51296 

5580 

0.  09018 

7917 

1.58 

1.  37660 

42275 

0.  47197 

37932 

3.54363 

7024 

0.08887 

3566 

1.59 

1. 38291 

27345 

0.  47188 

42164 

3.  57442 

1266 

0.  08758 

0504 

1.60 

1. 38918 

04859 

0.  47173 

25169 

3.  60531 

9949 

0.  08630 

8334 

1.  61 

1. 39540 

73666 

0.  47151 

94840 

3.  63633 

4719 

0.  08505 

6670 

1.  62 

1.40159 

32640 

0.  47124 

58984 

3.  66746 

7221 

0.  08382 

5133 

1.  63 

1. 40773 

80678 

0.  47091 

25325 

3.  69871 

9099 

0.  08261 

3354 

1.  64 

1. 41384 

16698 

0. 47052 

01507 

3.  73009 

1999 

0.  08142 

0970 

1.  65 

1.  41990 

39644 

0. 47006 

95096 

3.  76158 

7569 

0.  08024 

7627 

1.  66 

1.  42592 

48482 

0.  46956 

13580 

3. 79320 

7456 

0.  07909 

2978 

1.  67 

1.  43190 

42202 

0.  46899 

64372 

3.  82495 

3310 

0.  07795 

6684 

1.  68 

1.  43784 

19816 

0.  46837 

54812 

3. 85682 

6783 

0.  07683 

8412 

1. 69 

1.  44373 

80361 

0.  46769 

92169 

3.  88882 

9528 

0.07573 

7839 

1.70 

1.  44959 

22897 

0. 46696 

83642 

3.  92096 

3201 

0.  07465 

4644 

1. 71 

1.45540 

46507 

0. 46618 

36359 

3.  95322 

9462 

0.  07358 

8518 

1.  72 

1.46117 

50299 

0.  46534 

57385 

3. 98562 

9972 

0.  07253 

9154 

1.73 

1.  46690 

33404 

0. 46445 

53716 

4.  01816 

6395 

0.  07150 

6255 

1.  74 

1. 47258 

94974 

0. 46351 

32286 

4.  05084 

0400 

0.  07048 

9527 

1.75 

1.47823 

34189 

0. 46251 

99967 

4.  08365 

3659 

0.  06948 

8685 

1.76 

1.  48383 

50249 

0.  46147 

63568 

4. 11660 

7847 

0.  06850 

3447 

1.77 

1.  48939 

42379 

0.  46038 

29839 

4.14970 

4645 

0.  06753 

3539 

1.78 

1. 49491 

09830 

0. 45924 

05471 

4. 18294 

5736 

0.  06657 

8691 

1.79 

1.50038 

51872 

0. 45804 

97097 

4.  21633 

2809 

0.06563 

8641 

1.80 

1. 50581 

67803 

0. 45681 

11294 

4.  24986 

7557 

0.  06471 

3129 

1.  81 

1.51120 

56942 

0.  45552 

54585 

4.28355 

1681 

0. 06380 

1903 

1.82 

1.  51655 

18633 

0. 45419 

33436 

4.  31738 

6883 

0.  06290 

4715 

1. 83 

1.52185 

52243 

0. 45281 

54262 

4.  35137 

4872 

0.  06202 

1320 

1.  84 

1.  52711 

57165 

0. 45139 

23427 

4.  38551 

7364 

0.  06115 

1482 

1.  85 

1.53233 

32813 

0. 44992 

47241 

4. 41981 

6080 

0.06029 

4967 

1.  86 

1. 53750 

78626 

0. 44841 

31966 

4.  45427 

2746 

0.  05945 

1545 

1. 87 

1.  54263 

94066 

0.  44685 

83813 

4.  48888 

9097 

0.  05862 

0994 

1.  88 

1. 54772 

78621 

0. 44526 

08948 

4. 52366 

6872 

0.  05780 

3091 

1. 89 

1.  55277 

31800 

0.44362 

13486 

4. 55860 

7817 

0.  05699 

7623 

1.90 

1. 55777 

53137 

0. 44194 

03497 

4. 59371 

3687 

0.  05620 

4378 

1.  91 

1.  56273 

42192 

0. 44021 

85005 

4.  62898 

6242 

0.  05542 

3149 

1.  92 

1.  56764 

98545 

0.  43845 

63991 

4. 66442 

7249 

0.  05465 

3731 

1.  93 

1.  57252 

21801 

0. 43665 

46388 

4.70003 

8485 

0. 05389 

5927 

1.  94 

1.57735 

11591 

0.  43481 

38088 

4.73582 

1734 

0.  05314 

9540 

1.95 

1.58213 

67567 

0.  43293 

44941 

4.77177 

8785 

0.05241 

4380 

1.96 

1.  58687 

89407 

0.  43101 

72752 

4.80791 

1438 

0.  05169 

0257 

1.  97 

1.  59157 

76810 

0. 42906 

27288 

4.  84422 

1501 

0.  05097 

6988 

1.98 

1.  59623 

29502 

0.  42707 

14273 

4.  88071 

0791 

0.  05027 

4392 

1. 99 

1.  60084 

47231 

0.  42504 

39391 

4.91738 

1131 

0.  04958 

2291 

2.  00 

1.  60541 

29768 

0.  42298 

08288 

4. 95423 

4356 

0. 04890 

0511 

"(-6)51  r(-6)91  ["(-5)21  ["(-6)31 
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Table  5.1  SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS 


X 

Si(a:) 

Ci(x) 

xe~xEi{x) 

xexE\(x) 

2.0 

1. 60541 

29768 

0.  42298 

08288 

1.  34096 

5420 

0.  72265 

7234 

2.1 

1. 64869 

86362 

0. 40051 

19878 

1. 37148 

6802 

0.  73079 

1502 

2.2 

1. 68762 

48272 

0.37507 

45990 

1. 39742 

1992 

0. 73843 

1132 

2.3 

1. 72220 

74818 

0.  34717 

56175 

1. 41917 

1534 

0. 74562 

2149 

2.4 

1. 75248 

55008 

0.  31729 

16174 

1. 43711 

8315 

0.  75240 

4829 

2.5 

1. 77852 

01734 

0. 28587 

11964 

1. 45162 

5159 

0.  75881 

4592 

2.6 

1. 80039 

44505 

0.  25333 

66161 

1.  46303 

3397 

0. 76488 

2722 

2.7 

1. 81821 

20765 

0. 22008 

48786 

1.  47166 

2153 

0. 77063 

6987 

2.8 

1. 83209 

65891 

0. 18648 

83896 

1.  47780 

8187 

0. 77610 

2123 

2.9 

1. 84219 

01946 

0. 15289 

53242 

1. 48174 

6162 

0. 78130 

0252 

3.0 

1. 84865 

25280 

0. 11962 

97860 

1.  48372 

9204 

0.  78625 

1221 

3.1 

1.  85165 

93077 

0.  08699 

18312 

1.  48398 

9691 

0. 79097 

2900 

3.2 

1.  85140 

08970 

0. 05525 

74117 

1. 48274 

0191 

0.  79548 

1422 

3.3 

1. 84808 

07828 

+0.  02467 

82846 

1. 48017 

4491 

0. 79979 

1408 

3.4 

1. 84191 

39833 

-0.  00451 

80779 

1. 47646 

8706 

0.  80391 

6127 

3.5 

1. 83312 

53987 

-0.  03212 

85485 

1. 47178 

2389 

0.  80786 

7661 

3.6 

1.  82194 

81156 

-0.  05797 

43519 

1.  46625 

9659 

0. 81165 

7037 

3.7 

1. 80862 

16809 

-0.  08190 

10013 

1.  46003 

0313 

0. 81529 

4342 

3.8 

1. 79339 

03548 

-0. 10377 

81504 

1. 45321 

0902 

0. 81878 

8821 

3.9 

1. 77650 

13604 

-0. 12349 

93492 

1. 44590 

5765 

0.  82214 

8967 

4.0 

1. 75820 

31389 

-0. 14098 

16979 

1.  43820 

8032 

0. 82538 

2600 

4.1 

1. 73874 

36265 

-0. 15616 

53918 

1. 43020 

0557 

0.  82849 

6926 

4.2 

1.  71836 

85637 

-0. 16901 

31568 

1. 42195 

6813 

0. 83149 

8602 

4.3 

1. 69731 

98507 

-0. 17950 

95725 

1. 41354 

1719 

0.  83439 

3794 

4.4 

1. 67583 

39594 

-0. 18766 

02868 

1.40501 

2424 

0. 83718 

8207 

4.5 

1. 65414 

04144 

-0. 19349 

11221 

1. 39641 

9030 

0.  83988 

7144 

4.6 

1. 63246 

03525 

-0. 19704 

70797 

1. 38780 

5263 

0. 84249 

5539 

4.7 

1. 61100 

51718 

-0. 19839 

12468 

1. 37920 

9093 

0.  84501 

7971 

4.8 

1. 58997 

52782 

-0. 19760 

36133 

1. 37066 

3313 

0.  84745 

8721 

4.9 

1.  56955 

89381 

-0. 19477 

98060 

1.  36219 

6054 

0. 84982 

1778 

5.0 

1.  54993 

12449 

-0. 19002 

97497 

1. 35383 

1278 

0.  85211 

0880 

5.1 

1.53125 

32047 

-0. 18347 

62632 

1. 34558 

9212 

0. 85432 

9519 

5.2 

1.51367 

09468 

-0. 17525 

36023 

1. 33748 

6755 

0.  85648 

0958 

5.3 

1. 49731 

50636 

-0. 16550 

59586 

1. 32953 

7845 

0. 85856 

8275 

5.4 

1.  48230 

00826 

-0. 15438 

59262 

1.  32175 

3788 

0.  86059 

4348 

5.5 

1. 46872 

40727 

-0. 14205 

29476 

1. 31414 

3566 

0.  86256 

1885 

5.6 

1. 45666 

83847 

-0. 12867 

17494 

1. 30671 

4107 

0. 86447 

3436 

5.7 

1. 44619 

75285 

-0. 11441 

07808 

1. 29947 

0536 

0.  86633 

1399 

5.8 

1.  43735 

91823 

-0.  09944 

06647 

1.  29241 

6395 

0. 86813 

8040 

5.9 

1.  43018 

43341 

-0.  08393 

26741 

1. 28555 

3849 

0.  86989 

5494 

6.0 

1. 42468 

75513 

-0.  06805 

72439 

1.  27888 

3860 

0. 87160 

5775 

6.1 

1. 42086 

73734 

-0.  05198 

25290 

1. 27240 

6357 

0.  87327 

0793 

6.2 

1. 41870 

68241 

-0.  03587 

30193 

1. 26612 

0373 

0. 87489 

2347 

6.3 

1.  41817 

40348 

-0.  01988 

82206 

1.26002 

4184 

0.  87647 

2150 

6.4 

1. 41922 

29740 

-0.  00418 

14110 

1.  25411 

5417 

0. 87801 

1816 

6.5 

1. 42179 

42744 

+0.01110 

15195 

1. 24839 

1155 

0. 87951 

2881 

6. 6 

1. 42581 

61486 

0.  02582 

31381 

1. 24284 

8032 

0.  88097 

6797 

6.7 

1. 43120 

53853 

0. 03985 

54400 

1.  23748 

2309 

0.  88240 

4955 

6.8 

1.43786 

84161 

0.  05308 

07167 

1.  23228 

9952 

0. 88379 

8662 

6.9 

1.  44570 

24427 

0. 06539 

23140 

1.  22726 

6684 

0. 88515 

9176 

7.0 

1. 45459 

66142 

0. 07669 

52785 

1. 22240 

8053 

0. 88648 

7675 
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SINE,  ( 

COSINE 

AND  EXPONENTIAL  INTEGRALS 

Table  5.1 

X 

Si(.r) 

Ci(z) 

a;e-«Ei(a;) 

xe*E\  (x) 

7.0 

1. 45459 

66142 

0. 07669 

52785 

1. 22240 

8053 

0. 88648 

7675 

7.1 

1. 46443 

32441 

0. 08690 

68881 

1.  21770 

9472 

0. 88778 

5294 

7.2 

1. 47508 

90554 

0. 09595 

70643 

1.21316 

6264 

0. 88905 

3119 

7.3 

1. 48643 

64451 

0.10378 

86664 

1. 20877 

3699 

0.  89029 

2173 

7.4 

1.  49834 

47533 

0. 11035 

76658 

1. 20452 

7026 

0. 89150 

3440 

7.5 

1.51068 

15309 

0.11563 

32032 

1. 20042 

1500 

0. 89268 

7854 

7.6 

1. 52331 

37914 

0. 11959 

75293 

1. 19645 

2401 

0.  89384 

6312 

7.7 

1.  53610 

92381 

0. 12224 

58319 

1. 19261 

5063 

0.  89497 

9666 

7.8 

1.  54893 

74581 

0. 12358 

59542 

1. 18890 

4881 

0. 89608 

8737 

7.9 

1.  56167 

10702 

0. 12363 

80071 

1. 18531 

7334 

0. 89717 

4302 

8.0 

1.  57418 

68217 

0. 12243 

38825 

1. 18184 

7987 

0. 89823 

7113 

8.1 

1.  58636 

66225 

0. 12001 

66733 

1. 17849 

2509 

0. 89927 

7888 

8.2 

1.  59809 

85106 

0. 11644 

00055 

1. 17524 

6676 

0. 90029 

7306 

8.3 

1. 60927 

75419 

0. 11176 

72931 

1. 17210 

6376 

0.  90129 

6033 

8.4 

1.  61980 

65968 

0. 10607 

09196 

1. 16906 

7617 

0. 90227 

4695 

8.5 

1. 62959 

70996 

0.  09943 

13586 

1. 16612 

6526 

0.90323 

3900 

8.6 

1. 63856 

96454 

0. 09193 

62396 

1. 16327 

9354 

0. 90417 

4228 

8.7 

1. 64665 

45309 

0.  08367 

93696 

1. 16052 

2476 

0. 90509 

6235 

8.8 

1. 65379 

21861 

0.  07475 

97196 

1. 15785 

2390 

0. 90600 

0459 

8.9 

1. 65993 

35052 

0. 06528 

03850 

1.15526 

5719 

0. 90688 

7415 

9.0 

1. 66504 

00758 

0. 05534 

75313 

1. 15275 

9209 

0. 90775 

7602 

9.1 

1. 66908 

43056 

0. 04506 

93325 

1. 15032 

9724 

0. 90861 

1483 

9.2 

1.  67204 

94480 

0. 03455 

49134 

1. 14797 

4251 

0. 90944 

9530 

9.3 

1. 67392 

95283 

0.  02391 

33045 

1. 14568 

9889 

0.91027 

2177 

9.4 

1. 67472 

91725 

0.  01325 

24187 

1. 14347 

3855 

0. 91107 

9850 

9.5 

1.  67446 

33423 

+0.  00267 

80588 

1. 14132 

3476 

0. 91187 

2958 

9.6 

1. 67315 

69801 

-0. 00770 

70361 

1.13923 

6185 

0.91265 

1897 

9.7 

1.  67084 

45697 

-0.  01780 

40977 

1. 13720 

9523 

0. 91341 

7043 

9.8 

1. 66756 

96169 

-0. 02751 

91811 

1.13524 

1130 

0. 91416 

8766 

9.9 

1.  66338 

40566 

-0.  03676 

39563 

1. 13332 

8746 

0.91490 

7418 

10.0 

1.  65834 

75942 

-0.  04545 

64330 

1. 13147 

0205 

0.91563 

3339 

m 

m 

ra 

Table  5.2 


SINE,  COSINE  AND  EXPONENTIAL  INTEGRALS  FOR  LARGE  ARGUMENTS 


x.f  (x) 

x?g(x) 

xe~ aEi(a?) 

xo%E  i (x) 

<x> 

0.100 

0.98191  0351 

0.94885  39 

1.13147  021 

0.91563  33394 

10 

0.  095 

0.98353  4427 

0.95323  18 

1.12249  671 

0.91925  68286 

11 

0.090 

0.98509  9171 

0. 95748  44 

1.11389  377 

0.92293  15844 

11 

0.  085 

0.98660  1776 

0.96160  17 

1.10564  739 

0.92665  90998 

12 

0.  080 

0.98803  9405 

0.96557  23 

1.  09773  775 

0.93044  09399 

13 

0.075 

0.98940  9188 

0.96938  56 

1.  09014  087 

0.93427  87466 

13 

0.070 

0.99070  8244 

0.97302  98 

1.08283  054 

0.93817  42450 

14 

0.  065 

0.99193  3695 

0.97649  35 

1.  07578  038 

0.94212  92486 

15 

0.  060 

0.99308  2682 

0.97976  47 

1.06896  548 

0.94614  56670 

17 

0.055 

0.99415  2385 

0.98283  17 

1.06236  365 

0.95022  55126 

18 

0.  050 

0.  99514  0052 

0.98568  24 

1.05595  591 

0.95437  09099 

20 

0.045 

0.99604  3013 

0.98830  52 

1.04972  640 

0.95858  41038 

22 

0.  040 

0.  99685  8722 

0.99068  81 

1.04366  194 

0.96286  74711 

25 

0.035 

0.99758  4771 

0.99282  12 

1.03775  135 

0.96722  35311 

29 

0.  030 

0.99821  8937 

0.99469  37 

1.  03198  503 

0.97165  49596 

33 

0.  025 

0.99875  9204 

0.99629  57 

1.  02635  451 

0.97616  46031 

40 

0.  020 

0.99920  3795 

0.99761  89 

1.02085  228 

0.98075  54965 

50 

0.  015 

0.99955  1207 

0.99865  60 

1.  01547  157 

0.98543  08813 

67 

0.  010 

0.99980  0239 

0.99940  12 

1.01020  625 

0.99019  42287 

100 

0.  005 

0.99995  0015 

0.99985  01 

1.00505  077 

0.99504  92646 

200 

0.  000 

1.00000  0000 

1.  00000  00 

1.00000  000 

1.00000  00000 

oo 

> 

i 1 

T— 1 

LO 

1 1 

m 

[■(-5)51 

L 6 J 

SiW-g- 

/(.)■)  cos  x-g(x)  sin  .<■ 

Ci  (./■)=/(.?;)  sin , 

r — £/(•»')  COS  r 

2 -1.57079  63268  < / >=nearest  integer  to  .»•. 

See  Example  3. 
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Table  5.3  SINE  AND  COSINE  INTEGRALS  FOR  ARGUMENTS  tx 


X 

Si  (*x 

) 

Cin(*\T) 

X 

Si(^a: 

) 

Cin(*x) 

0.0 

0.  00000 

00 

0.00000 

00 

5.0 

1.  63396 

48 

3.32742  23 

0.1 

0.  31244 

18 

0.  02457 

28 

5.1 

1. 63088 

98 

3.36670  50 

0.2 

0.  61470 

01 

0.  09708 

67 

5.2 

1.  62211 

92 

3.40335  81 

0.3 

0.  89718 

92 

0.  21400 

75 

5.3 

1.  60871 

21 

3.43582  68 

0.4 

1.15147 

74 

0.  36970 

10 

5.4 

1. 59212 

99 

3.46297  82 

0.5 

1.37076 

22 

0.  55679 

77 

5.5 

1.  57408 

24 

3.48419  47 

0.6 

1.55023 

35 

0.  76666 

63 

5.6 

1. 55635 

75 

3.49941  45 

0.7 

1.  68729 

94 

0.  98995 

93 

5.7 

1. 54064 

82 

3.50911  89 

0.8 

1.  78166 

12 

1.  21719 

42 

5.8 

1.  52839 

53 

3.51426  89 

0.9 

1.83523 

65 

1.  43932 

68 

5.9 

1. 52065 

96 

3.51619  81 

1.0 

1.  85193 

70 

1.  64827 

75 

6.0 

1.51803 

39 

3.51647  44 

1.1 

1.  83732 

28 

1.  83737 

48 

6.1 

1.52060 

20 

3.51674  38 

1.2 

1.  79815 

90 

2.  00168 

51 

6.2 

1. 52794 

77 

3.51857  25 

1.3 

1.74191 

10 

2. 13821 

22 

6.3 

1.53921 

04 

3.52330  06 

1.4 

1. 67621 

68 

2.  24595 

41 

6.4 

1. 55318 

17 

3.53192  30 

1.5 

1. 60837 

27 

2.  32581 

82 

6.5 

1. 56843 

12 

3.54500  55 

1.6 

1. 54487 

36 

2.  38040 

96 

6.  6 

1. 58344 

97 

3.56264  55 

1.7 

1.49103 

51 

2.  41370 

98 

6.7 

1. 59679 

62 

3.58447  72 

1.8 

1. 45072 

37 

2. 43067 

75 

6.8 

1.  60723 

30 

3.60972  10 

1.9 

1. 42621 

05 

2. 43680 

30 

6.9 

1. 61383 

85 

3.63727  15 

2.0 

1.41815 

16 

2.  43765 

34 

7.0 

1.  61608 

55 

3.66581  26 

2.1 

1.  42569 

13 

2. 43844 

23 

7.1 

1.  61388 

08 

3.69395  05 

2.2 

1.  44667 

38 

2.  44365 

73 

7.2 

1. 60756 

18 

3.72034  97 

2.3 

1.  47794 

03 

2.  45676 

95 

7.3 

1. 59785 

21 

3.74385  98 

2.4 

1.51568 

40 

2.  48004 

47 

7.4 

1. 58578 

13 

3.76362  13 

2.5 

1. 55583 

10 

2. 51446 

40 

7.5 

1. 57257 

88 

3.77914  01 

2.6 

1. 59441 

60 

2.  55975 

53 

7.6 

1. 55954 

96 

3.79032  64 

2.7 

1. 62792 

16 

2.  61452 

59 

7.7 

1. 54794 

81 

3.79749  22 

2.8 

1.65355 

62 

2. 67647 

93 

7.8 

1. 53885 

84 

3.80131  21 

2.9 

1.  66945 

05 

2.  74269 

41 

7.9 

1.  53309 

50 

3.80274  91 

3.0 

1.  67476 

18 

2. 80993 

76 

8.0 

1.53113 

13 

3.80295  56 

3.1 

1.  66968 

11 

2.  87498 

49 

8.1 

1.  53306 

26 

3.80315  83 

3.2 

1.  65535 

02 

2. 93491 

77 

8.2 

1. 53860 

67 

3.80453  88 

3.3 

1.  63369 

82 

2.  98737 

63 

8.3 

1. 54713 

99 

3.80812  16 

3.4 

1.  60721 

88 

3.  03074 

73 

8.  4- 

1.55776 

52 

3.81467  97 

3.5 

1.57870 

92 

3. 06427 

25 

8.5 

1.56940 

54 

3.82466  68 

3.6 

1.  55099 

62 

3.  08807 

51 

8.6 

1.  58091 

06 

3.83818  15 

3.7 

1.52667 

49 

3. 10310 

38 

8.7 

1. 59117 

06 

3.85496  61 

3.8 

1.50788 

19 

3.11100 

53 

8.8 

1. 59922 

11 

3.87444  05 

3.9 

1.49612 

20 

3.11393 

95 

8.9 

1. 60433 

29 

3.89576  52 

4.0 

1.49216 

12 

3.11435 

65 

9.0 

1.  60607 

69 

3.91792  84 

4.1 

1.49599 

24 

3. 11475 

82 

9.1 

1.  60435 

85 

3.93984  77 

4.2 

1.50687 

40 

3. 11746 

60 

9.2 

1. 59942 

00 

3.96047  61 

4.3 

1.52343 

40 

3. 12441 

61 

9.3 

1.  59180 

91 

3.97890  22 

4.4 

1.54382 

74 

3. 13699 

91 

9.4 

1. 58232 

00 

3.99443  58 

4.5 

1.56593 

04 

3.15595 

79 

9.5 

1. 57191 

16 

4.00666  94 

4.6 

1. 58755 

15 

3. 18134 

84 

9.6 

1. 56161 

12 

4.01551  22 

4.7 

1. 60664 

04 

3.21256 

74 

9.7 

1.55241 

46 

4.  02119  22 

4.8 

1.62147 

45 

3.  24843 

85 

9.8 

1.  54519 

00 

4.02422  80 

4.9 

1. 63080 

69 

3.  28734 

92 

9.9 

1.  54059 

74 

4.02537  29 

5.0 

1.  63396 

48 

3.  32742 

23 

10.0 

1. 53902 

91 

4.02553  78 

m 

m 

r(-4)7i 

L 7 J 

[(T] 

Ci  («,•)= 

7+ln  *-+ln  .T-Cin(«) 

■v+ln  *=1.72194  55508 

Si  (titt 

) are  maximum  values  of  Si  (a?) 

if  n>Q 

is  odd,  and  minimum  values  if  ™>0  is  even. 

Ci[( 

n+g)  * ,are  maximum  values  of  Ci(x)  if  n>0  is  even. 

, and  minimum  values  if  ^>0  is 

odd. 

We  have 

Si(»*)~g-- 

-D^i. 

nr 

2!  4! 

7&2  tj-2  7i4tt4 

. .J  (n— »a>) 
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EXPONENTIAL  INTEGRALS  £„(*)  Table  5.4 


X 

E2(x)—x  In  x 

E$(x) 

Ea(x) 

E\$(x) 

Ew(x) 

0.00 

1.  00000 

00 

0.50000 

00 

0. 33333 

33 

o.  mu 

11 

0.  05263 

16 

0.01 

0. 99572 

22 

0. 49027 

66 

0.  32838 

24 

0. 10986 

82 

0.  05207 

90 

0.  02 

0.  99134 

50 

0. 48096 

83 

0.  32352 

64 

0. 10863 

95 

0.  05153 

21 

0.  03 

0. 98686 

87 

0. 47199 

77 

0. 31876 

19 

0. 10742 

46 

0. 05099 

11 

0.  04 

0.  98229 

39 

0.  46332 

39 

0. 31408 

55 

0. 10622 

36 

0.  05045 

58 

0.05 

0.  97762 

11 

0. 45491 

88 

0.  30949 

45 

0. 10503 

63 

0.  04992 

60 

0.06 

0.  97285 

08 

0.  44676 

09 

0.  30498 

63 

0.10386 

24 

0. 04940 

19 

,0.07 

0.  96798 

34 

0.  43883 

27 

0.  30055 

85 

0. 10270 

18 

0.  04888 

33 

‘0.  08 

0.  96301 

94 

0. 43111 

97 

0. 29620 

89 

0. 10155 

44 

0.  04837 

02 

0.  09 

0.  95795 

93 

0.  42360 

96 

0. 29193 

54 

0. 10042 

00 

0. 04786 

24 

0.10 

0.  95280 

35 

0. 41629 

15 

0.  28773 

61 

0.  09929 

84 

0.  04736 

00 

0.11 

0. 94755 

26 

0.  40915 

57 

0. 28360 

90 

0. 09818 

96 

0.  04686 

29 

0.12 

0.  94220 

71 

0.  40219 

37 

0. 27955 

24 

0.  09709 

34 

0. 04637 

10 

0.13 

0. 93676 

72 

0.  39539 

77 

0. 27556 

46 

0.  09600 

95 

0.  04588 

43 

0. 14 

0. 93123 

36 

0.  38876 

07 

0. 27164 

39 

0. 09493 

80 

0.  04540 

27 

0.15 

0.  92560 

67 

0.  38227 

61 

0. 26778 

89 

0.  09387 

86 

0.  04492 

62 

0.16 

0. 91988 

70 

0. 37593 

80 

0. 26399 

79 

0. 09283 

12 

0.  04445 

47 

0.17 

0.  91407 

48 

0.  36974 

08 

0.  26026  96 

0.  09179 

56 

0. 04398 

82 

0. 18 

0.  90817 

06 

0. 36367 

95 

0. 25660 

26 

0. 09077 

18 

0.  04352 

66 

0.19 

0. 90217 

50 

0.  35774 

91 

0.  25299 

56 

0.  08975 

95 

0. 04306 

98 

0.20 

0.  89608 

82 

0.  35194 

53 

0. 24944 

72 

0. 08875 

87 

0.  04261 

79 

0.21 

0.  88991 

09 

0.  34626 

38 

0. 24595 

63 

0.  08776 

93 

0.  04217 

07 

0.  22 

0.  88364 

33 

0.  34070 

05 

0. 24252 

16 

0.  08679 

10 

0.  04172 

82 

0.23 

0. 87728 

60 

0.  33525 

18 

0.  23914 

19 

0.  08582 

38 

0.  04129 

03 

0.  24 

0.  87083 

93 

0.  32991 

42 

0. 23581 

62 

0.  08486 

75 

0.  04085 

71 

0.25 

0.  86430 

37 

0.  32468 

41 

0. 23254 

32 

0.  08392 

20 

0. 04042 

85 

0.26 

0. 85767 

97 

0.  31955 

85 

0. 22932 

21 

0.  08298 

72 

0.  04000 

43 

0.  27 

0.  85096 

76 

0.  31453 

43 

0.  22615 

17 

0.  08206 

30 

0.  03958 

46 

0.  28 

0. 84416 

78 

0.  30960 

86 

0. 22303 

11 

0.  08114 

92 

0.  03916 

93 

0.  29 

0. 83728 

08 

0.30477  87 

0.  21995 

93 

0.  08024 

57 

0.  03875 

84 

0.  30 

0.  83030 

71 

0. 30004 

18 

0.21693  52 

0.  07935 

24 

0.  03835 

18 

0.31 

0.  82324 

69 

0. 29539 

56 

0. 21395 

81 

0.  07846 

93 

0.  03794 

95 

0.  32 

0.  81610 

07 

0.  29083 

74 

0. 21102 

70 

0.  07759 

60 

0.  03755 

15 

0.  33 

0.  80886 

90 

0. 28636 

52 

0. 20814 

11 

0.  07673 

27 

0.  03715 

76 

0.  34 

0.  80155 

21 

0.  28197 

65 

0. 20529 

94 

0.  07587 

90 

0.  03676 

78 

0.35 

0.  79415 

04 

0. 27766 

93 

0. 20250 

13 

0.  07503 

50 

0.  03638 

22 

0.  36 

0. 78666 

44 

0. 27344 

16 

0. 19974 

58 

0.  07420 

06 

0. 03600 

06 

0.  37 

0.  77909 

43 

0.  26929 

13 

0. 19703 

22 

0.  07337 

55 

0.  03562 

31 

0.  38 

0.  77144 

07 

0.  26521 

65 

0. 19435 

97 

0.  07255 

97 

0.  03524 

95 

0.  39 

0.  76370 

39 

0.26121 

55 

0. 19172 

76 

0.  07175 

31 

0. 03487 

98 

0. 40 

0.  75588 

43 

0.  25728 

64 

0. 18913 

52 

0.  07095 

57 

0.  03451 

40 

0.  41 

0. 74798 

23 

0. 25342 

76 

0. 18658 

16 

0.  07016 

71 

0.  03415 

21 

0. 42 

0.  73999 

82 

0.  24963 

73 

0. 18406 

64 

0.  06938 

75 

0.  03379 

39 

0.  43 

0.  73193 

24 

0. 24591 

41 

0. 18138 

87 

0.  06861 

67 

0.  03343 

96 

0.  44 

0. 72378 

54 

0.  24225 

63 

0. 17914 

79 

0.  06785 

45 

0.  03308 

89 

0. 45 

0.  71555 

75 

0.  23866 

25 

0. 17674 

33 

0.  06710 

09 

0.  03274 

20 

0.  46 

0.  70724 

91 

0. 23513 

13 

0. 17437 

44 

0.  06635 

58 

0.  03239 

87 

0. 47 

0. 69886 

05 

0.  23166 

12 

0. 17204 

05 

0.  06561 

91 

0.  03205 

90 

0. 48 

0.  69039 

21 

0. 22825 

08 

0. 16974 

10 

0.  06489 

07 

0.  03172 

29 

0.  49 

0.  68184 

43 

0. 22489 

90 

0. 16747 

53 

0.  06417 

04 

0. 03139 

03 

0.50  0.67321  75  0.22160  44  0.16524  28  0.06345  83  0.03106  12 

[(-»>]  [<-«*]  [(-•»]  [<-«2]  [<t)7] 

See  Examples  4 — 6. 
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Table  5.4 

EXPONENTIAL  INTEGRALS  E„(x) 

X 

E2(x) 

Ei(x) 

Ea(x) 

Eio(x) 

E2o(x) 

0.50 

0.  32664 

39 

0.22160  44 

0. 16524 

28 

0.  06345 

83 

0.03106 

12 

0.51 

0.  32110 

62 

0.21836  57 

0. 16304 

30 

0.  06275 

42 

0.  03073 

56 

0.  52 

0.  31568 

63 

0.21518  18 

0. 16087 

53 

0.  06205 

80 

0.  03041 

,34 

0.53 

0.  31038 

07 

0.21205  16 

0. 15873 

92 

0.  06136 

96 

0.  03009 

46 

0.  54 

0.  30518 

62 

0.20897  39 

0. 15663 

41 

0.  06068 

89 

0.  02977 

91 

0.  55 

0.  30009 

96 

0.20594  75 

0. 15455 

96 

0.  06001 

59 

0.  02946 

70 

0.56 

0.  29511 

79 

0.20297  15 

0. 15251 

50 

0.  05935 

05 

0.  02915 

81 

0.57 

0.29023 

82 

0.20004  48 

0. 15050 

00 

0.  05869 

25 

0.  02885 

25 

0.  58 

0.  28545 

78 

0.19716  64 

0. 14851 

39 

0.  05804 

19 

0.  02855 

01 

0.  59 

0.  28077 

39 

0.19433  53 

0. 14655 

65 

0.  05739 

86 

0.  02825 

08 

0.  60 

0.  27618 

39 

0.19155  06 

0. 14462 

71 

0.  05676 

26 

0.  02795 

48 

0.61 

0.  27168 

55 

0.18881  14 

0. 14272 

53 

0.  05613 

36 

0-.  02766 

18 

0.  62 

0.  26727 

61 

0.18611  66 

0. 14085 

07 

0.05551 

18 

0.  02737 

19 

0.  63 

0.  26295 

35 

0.18346  56 

0. 13900 

28 

0.  05489 

69 

0.  02708 

50 

0.  64 

0.  25871 

54 

0.18085  73 

0. 13718 

13 

0.  05428 

89 

0.  02680 

12 

0.  65 

0.  25455 

97 

0.17829  10 

0. 13538 

55 

0.  05368 

77 

0.  02652 

04 

0.  66 

0.  25048 

44 

0.17576  58 

0. 13361 

53 

0.  05309 

33 

0.  02624 

25 

0.  67 

0.  24648 

74 

0.17328  10 

0. 13187 

01 

0.  05250 

55 

0.  02596 

75 

f 

0.  68 

0.  24256 

67 

0.17083  58 

0. 13014 

95 

0.  05192 

43 

0. 02569 

54 

0.  69 

0.  23872 

06 

0.16842  94 

0. 12845 

33 

0.  05134 

97 

0.  02542 

62 

0.  70 

0.  23494 

71 

0.16606  12 

0. 12678 

08 

0.  05078 

15 

0.  02515 

98 

0.  71 

0.  23124 

46 

0.16373  03 

0. 12513 

19 

0.  05021 

96 

0.  02489 

62 

0.  72 

0.  22761 

14 

0.16143  60 

0. 12350 

61 

0.  04966 

40 

0.  02463 

53 

0.  73 

0.  22404 

57 

0. 15917  78 

0. 12190 

31 

0.  04911 

47 

0.  02437 

72 

0. 74 

0.  22054 

61 

0.15695  49 

0. 12032 

24 

0.  04857 

15 

0.  02412 

19 

0.  75 

0.21711 

09 

0.15476  67 

0. 11876 

38 

0.  04803 

44 

0.  02386 

92 

0.  76 

0.  21373 

88 

0.  15261  25 

0. 11722 

70 

0.  04750 

33 

0.  02361 

91 

0.  77 

0.  21042 

82 

0.15049  17 

0. 11571 

15 

0.  04697 

81 

0.  02337 

17 

0. 78 

0.  20717 

77 

0.14840  37 

0. 11421 

70 

0. 04645 

88 

0.  02312 

69 

0.  79 

0.  20398 

60 

0.14634  79 

0. 11274 

33 

0.  04594 

53 

0.  02288 

46 

0.  80 

0.  20085 

17 

0.14432  38 

0. 11129 

00 

0.  04543 

76 

0.  02264 

49 

0.  81 

0. 19777 

36 

0.14233  07' 

0. 10985 

67 

0.  04493 

56 

0.  02240 

78 

0.  82 

0. 19475 

04 

0.14036  81 

0. 10844 

33 

0. 04443 

91 

0.  02217 

31 

0.  83 

0. 19178 

10 

0.13843  55 

0. 10704 

93 

0.  04394 

82 

0.  02194 

08 

0.  84 

0. 18886 

41 

0.13653  24 

0. 10567 

44 

0.  04346 

28 

0. 02171 

11 

0.  85 

0. 18599 

86 

0.13465  81 

0. 10431 

85 

0.  04298 

29 

0.  02148 

37 

0.  86 

0. 18318 

33 

0.13281  22 

0. 10298 

12 

0. 04250 

82 

0.  02125 

87 

0.  87 

0. 18041 

73 

0.13099  43 

0. 10166 

22 

0.  04203 

89 

0.  02103 

61 

0.  88 

0. 17769 

94 

0.12920  37 

0. 10036 

12 

0. 04157 

49 

0.  02081 

58 

0. 89 

0. 17502 

87 

0.12744  01 

0.  09907 

80 

0.  04111 

60 

0.  02059 

78 

0.90 

0. 17240 

41 

0.12570  30 

0.  09781 

23 

0.  04066 

22 

0.  02038 

21 

0.91 

0. 16982 

47 

0.12399  19 

0.  09656 

39 

0. 04021 

35 

0. 02016 

87 

0.  92 

0. 16728 

95 

0.12230  63 

0. 09533 

24 

0.  03976 

98 

0.  01995 

75 

0. 93 

0. 16479 

77 

0. 12064  59 

0.  09411 

77 

0.  03933 

11 

0.  01974 

86 

0. 94 

0. 16234 

82 

0.11901  02 

0. 09291 

94 

0.  03889 

73 

0.  01954 

18 

0. 95 

0. 15994 

04 

0.11739  88 

0. 09173 

74 

0.  03846 

83 

0.  01933 

72 

0. 96 

0. 15757 

32 

0.11581  13 

0.  09057 

13 

0.  03804 

41 

0.  01913 

47 

0.97 

0. 15524 

59 

0.11424  72 

0.  08942 

11 

0. 03762 

46 

0.  01893 

44 

0. 98 

0. 15295 

78 

0.11270  63 

0.  08828 

63 

0.  03720 

98 

0.  01873 

62 

0. 99 

0. 15070 

79 

0.11118  80 

0.  08716 

69 

0.  03679 

96 

0.  01854 

01 

1. 00 

0. 14849 

55 

0.10969  20 

0.  08606 

25 

0.  03639 

40 

0.  01834 

60 

r(-5)n 

r(-6)7T 

r(-6)4T 

r(-»m 

R— 7)41 

L 4 

j 

L 3 J 

L 3 

j 

L 3 

j 

L 3 

j 
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EXPONENTIAL  INTEGRALS  En(x ) Table  5.4 


X 

H 2 fa) 

^io(a 

') 

i?20(*) 

1.00 

0. 14849 

55 

0. 10969 

20 

0.  08606 

25 

0.  03639 

40 

0.  01834 

60 

1.01 

0. 14631 

99 

0. 10821 

79 

0.  08497 

30 

0. 03599 

29 

0.01815 

39 

1.  02 

0. 14418 

04 

0. 10676 

54 

0. 08389 

81 

0.  03559 

63 

0.  01796 

39 

1.  03 

0. 14207 

63 

0. 10533 

42 

0.  08283 

76 

0.  03520 

41 

0.  01777 

59 

1.  04 

0. 14000 

68 

0. 10392 

38 

0.  08179 

13 

0.  03481 

63 

0.  01758 

98 

1.05 

0.  13797 

13 

0.  10253 

39 

0.  08075 

90 

0.  03443 

28 

0.01740 

57 

1.  06 

0.  13596 

91 

0.10116 

43 

0. 07974 

06 

0.  03405 

35 

0.  01722 

35 

1.  07 

0.  13399 

96 

0.  09981 

45 

0.  07873 

57 

0. 03367 

85 

0.01704 

33 

1.  08 

0. 13206 

22 

0.  09848 

42 

0. 07774 

42 

0.  03330 

77 

0.  01686 

49 

1.  09 

0. 13015 

62 

0.  09717 

31 

0. 07676 

59 

0.  03294 

10 

0.  01668 

84 

1.10 

0.  12828 

11 

0. 09588 

09 

0.  07580 

07 

0. 03257 

84 

0.  01651 

37 

1.11 

0. 12643 

62 

0.  09460 

74 

0.  07484 

83 

0. 03221 

98 

0.  01634 

09 

1. 12 

0. 12462 

10 

0. 09335 

21 

0.  07390 

85 

0.03186 

52 

0.  01616 

99 

1.13 

0. 12283 

50 

0.  09211 

49 

0.  07298 

12 

0. 03151 

45 

0.  01600 

07 

1. 14 

0. 12107 

75 

0.  09089 

53 

0.07206 

61 

0.03116 

78 

0.01583 

33 

1.15 

0. 11934 

81 

0.  08969 

32 

0.  07116 

32 

0.  03082 

49 

0.  01566 

76 

1. 16 

0. 11764 

62 

0.  08850 

83 

0. 07027 

22 

0.  03048 

58 

0.01550 

37 

1.17 

0.11597 

14 

0.  08734 

02 

0.  06939 

30 

0.03015 

05 

0.  01534 

14 

1. 18 

0. 11432 

31 

0.  08618 

88 

0. 06852 

53 

0.  02981 

89 

0.01518 

09 

1. 19 

0. 11270 

08 

0. 08505 

37 

0.  06766 

91 

0.  02949 

10 

0.01502 

21 

1.20 

0. 11110 

41 

0. 08393 

47 

0.  06682 

42 

0.  02916 

68 

0.  01486 

49 

1.  21 

0. 10953 

25 

0.  08283 

15 

0.  06599 

04 

0.  02884 

61 

0.  01470 

94 

1.22 

0.  10798 

55 

0. 08174 

39 

0.  06516 

75 

0. 02852 

90 

0. 01455 

55 

1.23 

0. 10646 

27 

0.  08067 

17 

0.  06435 

55 

0.  02821 

55 

0.  01440 

32 

1.24 

0. 10496 

37 

0.  07961 

46 

0. 06355 

40 

0. 02790 

54 

0.  01425 

26 

1.25 

0. 10348 

81 

0. 07857 

23 

0.  06276 

31 

0.  02759 

88 

0.  01410 

35 

1.26 

0. 10203 

53 

0. 07754 

47 

0. 06198 

25 

0.  02729 

55 

0.  01395 

59 

1.27 

0. 10060 

51 

0.  07653 

16 

0.  06121 

22 

0.  02699 

57 

0.  01381 

00 

1.28 

0.  09919 

70 

0.  07553 

26 

0.  06045 

19 

0.  02669 

91 

0.01366 

55 

1.  29 

0.  09781 

06 

0.  07454 

76 

0. 05970 

15 

0.  02640 

59 

0.  01352 

26 

1.30 

0.  09644 

55 

0.  07357 

63 

0.  05896 

09 

0.02611 

59 

0.  01338 

11 

1.31 

0.09510 

15 

0. 07261 

86 

0. 05822 

99 

0.  02582 

91 

0.01324 

12 

1.  32 

0.  09377 

80 

0. 07167 

42 

0.  05750 

85 

0.  02554 

55 

0.  01310 

27 

1.33 

0.  09247 

47 

0. 07074 

29 

0.  05679 

64 

0.02526 

51 

0.  01296 

57 

1.  34 

0. 09119 

13 

0.  06982 

46 

0.  05609 

36 

0.  02498 

78 

0.  01283 

01 

1.35 

0.  08992 

75 

0.  06891 

91 

0. 05539 

98 

0.  02471 

35 

0.01269 

59 

1.  36 

0.  08868 

29 

0. 06802 

60 

0. 05471 

51 

0.  02444 

23 

0.01256 

31 

1.  37 

0.  08745 

71 

0.  06714 

53 

0. 05403 

93 

0.  02417 

41 

0.  01243 

17 

1.  38 

0.  08624 

99 

0.  06627 

68 

0. 05337 

22 

0. 02390 

88 

0.  01230 

17 

1.  39 

0.  08506 

10 

0. 06542 

03 

0. 05271 

37 

0. 02364 

65 

0.  01217 

31 

1.  40 

0.  08388 

99 

0. 06457 

55 

0.  05206 

37 

0.  02338 

72 

0.  01204 

58 

1.41 

0.  08273 

65 

0.  06374 

24 

0.  05142 

22 

0. 02313 

06 

0.01191 

98 

1.  42 

0.  08160 

04 

0. 06292 

07 

0.  05078 

89 

0.  02287 

70 

0.  01179 

52 

1.  43 

0.  08048 

13 

0.  06211 

04 

0.  05016 

37 

0.  02262 

61 

0.01167 

19 

1.  44 

0.  07937 

89 

0.  06131 

11 

0.  04954 

66 

0.  02237 

80 

0.  01154 

99 

1.  45 

0.  07829 

30 

0. 06052 

27 

0.  04893 

74 

0.  02213 

27 

0.  01142 

91 

1.46 

0.  07722 

33 

0.  05974 

52 

0.  04833 

61 

0.  02189 

01 

0. 01130 

96 

1.  47 

0.  07616 

94 

0.  05897 

82 

0.  04774 

25 

0.  02165 

01 

0.  01119 

14 

1.48 

0.  07513 

13 

0.  05822 

17 

0. 04715 

65 

0.02141 

28 

0.01107 

44 

1.  49 

0.  07410 

85 

0. 05747 

55 

0. 04657 

80 

0. 02117 

82 

0.  01095 

86 

1.50 

0.  07310 

08 

0. 05673 

95 

0.  04600 

70 

0.02094 

61 

0.  01084 

40 

1.51 

0.  07210 

80 

0. 05601 

35 

0.  04544 

32 

0.  02071 

67 

0.01073 

07 

1.52 

0.  07112 

98 

0.  05529 

73 

0. 04488 

67 

0. 02048 

97 

0.  01061 

85 

1.53 

0.  07016 

60 

0.  05459 

08 

0.  04433 

72 

0. 02026 

53 

0.  01050 

75 

1.54 

0.  06921 

64 

0. 05389 

39 

0. 04379 

48 

0. 02004 

33 

0.  01039 

77 

1.  55 

0.  06828 

07 

0. 05320 

64 

0. 04325 

93 

0. 01982 

38 

0.  01028 

90 

1.56 

0.  06735 

87 

0.  05252 

83 

0.  04273 

07 

0.01960 

67 

0.  01018 

15 

1.  57 

0.  06645 

02 

0.  05185 

92 

0.  04220 

87 

0.  01939 

21 

0.  01007 

50 

1.58 

0.  06555 

49 

0.  05119 

92 

0.  04169 

35 

0.  01917 

98 

0.  00996 

97 

1.  59 

0.  06467 

26 

0. 05054 

81 

0.  04118 

47 

0. 01896 

98 

0.  00986 

56 

1.  60 

0.  06380 

32 

0.  04990 

57 

0. 04068 

25 

0.  01876 

22 

0.  00976 

24 

[<i  j 

r (-6)3] 

L 3 J 

r(-6)2] 

L 3 J 

m 

r(-7)8i 
L 3 J 
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Table  5.4  EXPONENTIAL  INTEGRALS  Ea(x) 


X 

E2{x) 

£:)(■<') 

E*(x) 

E\o(x) 

E2o(x) 

1.  60 

0.  06380 

32 

0. 04990 

57 

0. 04068  25 

0. 01876 

22 

0.  00976  24 

1.61 

0. 06294 

64 

0. 04927 

20 

0. 04018 

66 

0. 01855 

68 

0. 00966 

04 

1.  62 

0.  06210 

20 

0. 04864 

67 

0. 03969 

70 

0. 01835 

38 

0. 00955 

95 

1.  63 

0.  06126 

98 

0. 04802 

99 

0. 03921 

36 

0. 01815 

30 

0. 00945 

96 

1.  64 

0. 06044 

97 

0. 04742 

13 

0. 03873 

64 

0.01795 

43 

0.00936  07 

1.  65 

0. 05964 

13 

0. 04682 

09 

0. 03826 

52 

0. 01775 

79 

0. 00926 

29 

1.  66 

0.  05884 

46 

0. 04622 

84 

0.03779  99 

0. 01756 

37 

0.  00916 

61 

1.  67 

0. 05805 

94 

0. 04564 

39 

0. 03734 

06 

0.  01737 

16 

0. 00907 

03 

1.  68 

0.  05728 

54 

0. 04506 

72 

0. 03688 

70 

0.  01718 

16 

0.  00897 

56 

1.69 

0.  05652 

26 

0. 04449 

82 

0.  03643 

92 

0.  01699 

37 

0.  00888 

18 

1.  70 

0.  05577 

06 

0. 04393 

67 

0. 03599 

70 

0. 01680 

79 

0.  00878 

90 

1.71 

0. 05502 

94 

0. 04338 

27 

0. 03556 

04 

0. 01662 

42 

0.  00869 

72 

1.  72 

0.  05429 

88 

0. 04283 

61 

0. 03512 

93 

0.  01644 

24 

0. 00860 

63 

1. 73 

0. 05357 

86 

0. 04229 

67 

0. 03470 

37 

0.  01626 

27 

0.  00851 

64 

1. 74 

0.  05286 

86 

0.  04176 

45 

0. 03428 

34 

0. 01608 

50 

0.  00842 

74 

1.  75 

0. 05216 

87 

0. 04123 

93 

0. 03386 

84 

0. 01590 

92 

0.  00833 

94 

1.  76 

0.  05147 

88 

0. 04072 

11 

0. 03345 

86 

0. 01573 

54 

0.  00825 

22 

1.  77 

0. 05079 

86 

0. 04020 

97 

0. 03305 

39 

0. 01556 

34 

0.  00816 

60 

1. 78 

0.05012 

81 

0. 03970 

51 

0. 03265 

44 

0. 01539 

34 

0. 00808 

07 

1.  79 

0. 04946 

70 

0. 03920 

71 

0. 03225 

98 

0. 01522 

53 

0. 00799 

63 

1.  80 

0.  04881 

53 

0. 03871 

57 

0. 03187 

02 

0. 01505 

90 

0.  00791 

28 

1.  81 

0.  04817 

27 

0.  03823 

08 

0. 03148 

55 

0. 01489 

45 

0.  00783 

02 

1.  82 

0.  04753 

92 

0. 03775 

22 

0. 03110 

56 

0. 01473 

18 

0.  00774 

84 

1.  83 

0.  04691 

46 

0.  03728 

00 

0. 03073 

04 

0. 01457 

10 

0.  00766 

74 

1.  84 

0.  04629 

87 

0. 03681 

39 

0. 03035 

99 

0. 01441 

19 

0.  00758 

74 

1.  85 

0.  04569 

15 

0. 03635 

40 

0. 02999 

41 

0. 01425 

46 

0. 00750 

81 

1. 86 

0.  04509 

28 

0. 03590 

01 

0. 02963 

28 

0. 01409 

90 

0. 00742 

97 

1.  87 

0.  04450 

24 

0.  03545 

21 

0. 02927 

61 

0. 01394 

51 

0. 00735 

21 

1. 88 

0.  04392 

03 

0. 03501 

00 

0. 02892 

38 

0.  01379 

29 

0.  00727 

53 

1.  89 

0.  04334 

63 

0. 03457 

37 

0. 02857 

59 

0.01364 

24 

0.  00719 

93 

1.  90 

0. 04278 

03 

0.  03414 

30 

0. 02823 

23 

0.01349 

35 

0.  00712 

42 

1.  91 

0.  04222 

22 

0.  03371 

80 

0. 02789 

30 

0. 01334 

63 

0.  00704 

98 

1.  92 

0.  04167 

18 

0. 03329 

86 

0. 02755 

79 

0. 01320 

07 

0.  00697 

62 

1.93 

0.  04112 

91 

0.03288  46 

0.  02722 

70 

0. 01305 

67 

0.  00690 

33 

1.  94 

0. 04059 

38 

0. 03247 

59 

0. 02690 

02 

0.  01291 

43 

0.  00683 

12 

1.  95 

0.  04006 

60 

0.  03207 

27 

0.  02657 

75 

0.  01277 

34 

0.  00675 

99 

1.  96 

0.  03954 

55 

0.  03167 

46 

0. 02625 

87 

0.  01263 

41 

0.  00668 

93 

1. 97 

0.03903  22 

0. 03128 

17 

0. 02594 

40 

0. 01249 

64 

0.  00661 

95 

1.  98 

0.  03852 

59 

0.  03089 

39 

0.  02563  31 

0.  01236 

01 

0.  00655 

04 

1.  99 

0. 03802 

67 

0. 03051 

12 

0. 02532 

61 

0. 01222 

54 

0.  00648 

20 

2.  00 

0.  03753 

43 

0.  03013 

34 

0. 02502 

28 

0.  01209 

21 

0. 00641 

43 

ra 

ra 

m 

m 

ra 

Table  5.5  EXPONENTIAL  INTEGRALS  £„(*)  FOR  LARGE  ARGUMENTS 


a?-1 

(x+2)exE2(x) 

(x-\-S)exE^(x) 

(x+4)exE±(x) 

(*+10 )exEl0(x)  (x+20)exE20(x) 

<*> 

0.  50 

1. 10937 

1. 11329 

1. 10937 

1. 07219 

1. 04270 

2 

0. 45 

1.  09750 

1. 10285 

1.10071 

1. 06926 

1. 04179 

2 

0.40 

1. 08533 

1. 09185 

1. 09136 

1. 06586 

1. 04067 

3 

0.35 

1.  07292 

1.  08026 

1. 08125 

1. 06187 

1. 03932 

3 

0.30 

1.  06034 

1. 06808 

1. 07031 

1. 05712 

1. 03762 

3 

0.25 

1.  04770 

1. 05536 

1. 05850 

1. 05138 

1. 03543 

4 

0.20 

1.  03522 

1.  04222 

1. 04584 

1.  04432 

1. 03249 

5 

0.15 

1. 02325 

1. 02895 

1. 03247 

1. 03550 

1. 02837 

7 

0.10 

1. 01240 

1.  01617 

1. 01889 

1. 02436 

1. 02222 

10 

0.09 

1. 01045 

1. 01377 

1. 01624 

1. 02182 

1. 02060 

11 

0.08 

1.  00861 

1.  01147 

1. 01366 

1. 01917 

1. 01883 

13 

0.07 

1.  00688 

1.  00927 

1. 01116 

1. 01642 

1. 01688 

14 

0. 06 

1. 00528 

1.  00721 

1. 00878 

1. 01360 

1. 01472 

17 

0.05 

1. 00384 

1.  00531 

1. 00654 

1. 01074 

1. 01234 

20 

0.04 

1. 00258 

1.  00361 

1. 00451 

1. 00790 

1. 00973 

25 

0.03 

1. 00152 

1.00217 

1.  00275 

1. 00516 

1. 00692 

33 

0. 02 

1.  00071 

1. 00103 

1.  00133 

1. 00271 

1.  00401 

50 

0. 01 

1.  00019 

1. 00027 

1.  00036 

1. 00081 

1. 00137 

100 

0. 00 

1. 00000 
ra 

1. 00000 
ra 

1.  00000 
ra 

1. 00000 
ra 

1. 00000 
ra 

00 

< i>  “nearest  integer  to  x. 
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EXPONENTIAL  INTEGRAL  FOR  COMPLEX  ARGUMENTS  Table  5.6 


./ 

J 

zezE\  (z) 

0 ./ 

0 

J 

J 

y\x 

-19 

-18 

-17 

-16 

-15 

0 

1.059305 

0.000000 

1.063087 

0.000001 

1.067394 

0.000002 

1.072345 

0.000006 

1.078103 

0.000014 

1 

1.059090 

0.003539 

1.062827 

0.004010 

1.067073 

0.004584 

1.071942 

0.005296 

1.077584 

0.006195 

2 

1.058456 

0.007000 

1.062061 

0.007918 

1.066135 

0.009032 

1.070774 

0.010403 

1.076102 

0.012118 

3 

1.057431 

0.010310 

1.060829 

0.011633 

1.064636 

0.013226 

1.068925 

0.015172 

1.073783 

0.017579 

4 

1.056058 

0.013410 

1.059190 

0.015079 

1.062657 

0.017075 

1.066508 

0.019486 

1.070793 

0.022432 

5 

1.054391 

0.016252 

1.057215 

0.018202 

1.060297 

0.020512 

1.063659 

0,023272 

1.067318 

0.026598 

6 

1.052490 

0.018806 

1.054981 

0.020969 

1.057655 

0.023505 

1.060510 

0.026499 

1.063538 

0.030055 

7 

1.050413 

0.021055 

1.052565 

0.023364 

1.054829^ 

0.026044 

1.057187 

0.029167 

1.059610 

0.032823 

8 

1.048217 

0.022996 

1.050037 

0.025391 

1.051905 

0.028141 

1.053795 

0.031306 

1.055664 

0.034957 

9 

1.045956 

0.024637 

1.047458 

0.027066 

1.048958 

0.029824 

1.050421 

0.032960 

1.051797 

0.036527 

10 

1.043672 

0.025993 

1.044880 

0.028412 

1.046045 

0.031130 

1.047129 

0.034183 

1.048081 

0.037609 

11 

1.041402 

0.027086 

1.042345 

0.029461 

1.043212 

0.032102 

1.043967 

0.035034 

1.044559 

0.038282 

12 

1.039177 

0.027940 

1.039882 

0.030245 

1.040490 

0.032781 

1.040965 

0.035567 

1.041259 

0.038616 

13 

1.037018 

0.028581 

1.037515 

0.030796 

1.037901 

0.033211 

1.038140 

0.035836 

1.038192 

0.038677 

14 

1.034942 

0.029034 

1.035259 

0.03.1148 

1.035456 

0.033431 

1.035501 

0.035888 

1.035359 

0.038520 

15 

1.032959 

0.029326 

1.033123 

0.031330 

1.033162 

0.033476 

1.033049 

0.035765 

1.032754 

0.038193 

16 

1.031076 

0.029477 

1.031110 

0.031368 

1.031019 

0.033377 

1.030780 

0.035502 

1.030365 

0.037735 

17 

1.029296 

0.029511 

1.029222 

0.031288 

1.029025 

0.033162 

1.028685 

0.035129 

1.028180 

0.037179 

18 

1.027620 

0.029445 

1.027456 

0.031110 

1.027174 

0.032855 

1.026756 

0.034672 

1.026183 

0.036552 

19 

1.026046 

0.029296 

1.025809 

0.030854 

1.025459 

0.032474 

1.024981 

0.034150 

1.024360 

0.035873 

20 

1.024570 

0.029080 

1.024275 

0.030534 

1.023872 

0.032037 

1.023349 

0.033582 

1.022695 

0.035160 

y\x 

-14 

-13 

-12 

-li 

-10 

0 

1.084892 

0.000037 

1.093027 

0.000092 

1.102975 

0.000232 

1.115431 

0.000577 

1.131470 

0.001426 

1 

1.084200 

0.007359 

1.092067 

0.008913 

1.101566 

0.011063 

1.113230 

0.014169 

1.127796 

0.018879 

2 

1.082276 

0.014306 

* 1.089498 

0.017161 

1.098025 

0.020981 

1.108170 

0.026241 

1.120286 

0.033700 

3 

1.079313 

0.020604 

1.085635 

0.024471 

1.092873 

0.029507 

1.101137 

0.036189 

1.110462 

0.045218 

4 

1.075560 

0.026075 

1.080853 

0.030637 

1.086686 

0.036422 

1.093013 

0.043843 

1.099666 

0.053451 

5 

1.071279 

0.030642 

1.075522 

0.035599 

1.079985 

0.041724 

1.084526 

0.049336 

1.088877 

0.058817 

6 

1.066708 

0.034303 

1.069960 

0.039405 

1.073185 

0.045552 

1.076197 

0.052967 

1.078701 

0.061886 

7 

1.062046 

0.037117 

1.064412 

0.042169 

1.066578 

0.048115 

1.068350 

0.055093 

1.069450 

0.063225 

8 

1.057448 

0.039174 

1.059054 

0.044041 

1.060352 

0.049644 

1.061159 

0.056057 

1.061235 

0.063322 

9 

1.053021 

0.040580 

1.053997 

0.045176 

1.054606 

0.050359 

1.054687 

0.056158 

1.054046 

0.062566 

10 

1.048834 

0.041444 

1.049303 

0.045719 

1.049380 

0.050452 

1.048933 

0.055640 

1.047807 

0.061249 

11 

1.044928 

0.041867 

1.044997 

0.045801 

1.044674 

0.050084 

1.043853 

0.054695 

1.042417 

0.059584 

12 

1.041320 

0.041938 

1.041080 

0.045531 

1.040464 

0.049384 

1.039389 

0.053465 

1.037766 

0.057719 

13 

1.038010 

0.041734 

1.037537 

0.044999 

1.036713 

0.048452 

1.035473 

0.052056 

1.033752 

0.055758 

14 

1.034989 

0.041321 

1.034344 

0.044277 

1.033378 

0.047365 

1.032040 

0.050547 

1.030282 

0.053773 

15 

1.032241 

0.040751 

1.031474 

0.043422 

1.030414 

0.046180 

1.029026 

0.048991 

1.027274 

0.051808 

16 

1.029747 

0.040066 

1.028895 

0.042477 

1.027781 

0.044941 

1.026377 

0.047428 

1.024658 

0.049894 

17 

1.027486 

0.039301 

1.026579 

0.041475 

1.025438 

0.043679 

1.024043 

0.045883 

1.022375 

0.048049 

18 

1.025437 

0.038481 

1.024499 

0.040444 

1.023352 

0.042417 

1.021981 

0.044374 

1.020375 

0.046282 

19 

1.023580 

0.037629 

1.022628 

0.039401 

1.021489 

0.041170 

1.020155 

0.042912 

1.018617 

0.044599 

20 

1.021896 

0.036759 

1.020942 

0.038361 

1.019824 

0.039950 

1.018533 

0.041505 

1.017066 

0.043001 

y\x 

— 

9 

— 

8 

— 

7 

— 

6 

5 

0 

1.152759 

0.003489 

1.181848 

0.008431 

1.222408 

0.020053 

1.278884 

0.046723 

1.353831 

0.105839 

1 

1.146232 

0.026376 

1.169677 

0.038841 

1.199049 

0.060219  , 

1.233798 

0.097331 

1.268723 

0.160826 

2 

1.134679 

0.044579 

1.151385 

0.060814 

1.169639 

0.085335 

1.186778 

0.122162 

1.196351 

0.175646 

3 

1.120694 

0.057595 

1.131255 

0.074701 

1.140733 

0.098259 

1.146266 

0.130005 

1.142853 

0.170672 

4 

1.106249 

0.065948 

1.111968 

0.082156 

1.115404 

0.102861 

' 1.114273 

0.128440 

1.105376 

0.158134 

5 

1.092564 

0.070592 

1.094818 

0.085055 

1.094475 

0.102411 

1.089952 

0.122397 

1.079407 

0.143879 

6 

1.080246 

0.072520 

1.080188 

0.084987 

1.077672 

0.099188 

1.071684 

0.114638 

1.061236 

0.130280 

7 

1.069494 

0.072580 

1.067987 

0.083120 

1.064339 

0.094618 

1.057935 

0.106568 

1.048279 

0.118116 

8 

1.060276 

0.071425 

1.057920 

0.080250 

1.053778 

0.089537 

1.047493 

0.098840 

1.038838 

0.107508 

9 

1.052450 

0.069523 

1.049645 

0.076885 

1.045382 

0.084405 

1.039464 

0.091717 

1.031806 

0.098337 

10 

1.045832 

0.067197 

1.042834 

0.073340 

1.038659 

0.079462 

1.033205 

0.085271 

1.026459 

0.090413 

11 

1.040241 

0.064664 

1.037210 

0.069803 

1.033231 

0.074821 

1.028260 

0.079488 

1.022317 

0.083544 

12 

1.035508 

0.062063 

1.032539 

0.066381 

1.028808 

0.070524 

1.024300 

0.074315 

1.019052 

0.077561 

13 

1.031490 

0.059482 

1.028638 

0.063128 

1.025171 

0.066576 

1.021090 

0.069688 

1.016439 

0.072320 

14 

1.028065 

0.056975 

1.025359 

0.060070 

1.022152 

0.062962 

1.018458 

0.065542 

1.014319 

0.067702 

15 

1.025132 

0.054573 

1.022583 

0.057215 

1.019626 

0.059658 

1.016277 

0.061817 

1.012577 

0.063610 

16 

1.022608 

0.052291 

1.020219 

0.054559 

1.017494 

0.056638 

1.014452 

0.058460 

1.011130 

0.059962 

17 

1.020426 

0.050135 

1.018192 

0.052094 

1.015681 

0.053874 

1.012912 

0.055424 

1.009915 

0.056694 

18 

1.018530 

0.048106 

1.016444 

0.049806 

1.014129 

0.051341 

1.011600 

0.052670 

1.008887 

0.053752 

19 

1.016874 

0.046201 

1.014929 

0.047684 

1.012790 

0.049015 

1.010476 

0.050161 

1.008009 

0.051092 

20 

1.015422 

0.044413 

1.013607 

0.045714 

1.011629 

0.046875 

1.009505 

0.047870 

1.007254 

0.048675 

For 

z >4,  linear  interpolation  will  yield 

about  four  decimals,  eight-point  interpolation  will 

yield  about  six  decimals. 


See  Examples  9 -10. 
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Table  5.6  EXPONENTIAL  INTEGRAL  FOR  COMPLEX  ARGUMENTS 


zezE{  (z) 


& 

91 

J 

9t 

J 

91 

J 

91 

J 

- 

4 

- 

3 

-2 

> 

4 

— 

1 

0 

0 

1.438208 

0.230161 

1.483729 

0.469232 

1.340965 

0.850337 

0.697175 

1.155727 

0,577216 

0.000000 

1 

1.287244 

0.263705 

1.251069 

0.410413 

1.098808 

0.561916 

0.813486 

0.578697 

0.621450 

0.343378 

2 

1.185758 

0.247356 

1.136171 

0.328439 

1.032990 

0.388428 

0.896419 

0.378838 

0.798042 

0.289091 

3 

1.123282 

0.217835 

1.080316 

0.262814 

1.013205 

0.289366 

0.936283 

0.280906 

0.875873 

0.237665 

4 

1.085153 

0.189003 

1.051401 

0.215118 

1.006122 

0.228399 

0.957446 

0.222612 

0.916770 

0.198713 

5 

1.061263 

0.164466 

1.035185 

0.180487 

1.003172 

0.187857 

0.969809 

0.183963 

0.940714 

0.169481 

6 

1.045719 

0.144391 

1.025396 

0.154746 

1.001788 

0.159189 

0.977582 

0.156511 

0.955833 

0.147129 

7 

1.035205 

0.128073 

1.019109 

0.135079 

1.001077 

0.137939 

0.982756 

0.136042 

0.965937 

0.129646 

8 

1.027834 

0.114732 

1.014861 

0.119660 

1.000684 

0.121599 

0.986356 

0.120218 

•0.972994 

0.115678 

9 

1.022501 

0.103711 

1.011869 

0.107294 

1.000454 

0.108665 

0.988955 

0.107634 

0.978103 

0.104303 

10 

1.018534 

0.094502 

1.009688 

0.097181 

1.000312 

0.098184 

0.990887 

0.097396 

0.981910 

0.094885 

11 

1.015513 

0.086718 

1.008052 

0.088770 

1.000221 

0.089525 

0.992361 

0.088911 

0.984819 

0.086975 

12 

1.013163 

0.080069 

1.006795 

0.081673 

1.000161 

0.082255 

0.993508 

0.081769 

0.987088 

0.080245 

13 

1.011303 

0.074333 

1.005809 

0.075609 

1.000119 

0.076067 

0.994418 

0.075676 

0.988891 

0.074457 

14 

1.009806 

0.069340 

1.005022 

0.070371 

1.000090 

0.070738 

0.995151 

0.070419 

0.990345 

0.069429 

15 

1.008585 

0.064959 

1.004384 

0.065803 

1.000070 

0.066102 

0.995751 

0.065838 

0.991534 

0.065024 

16 

1.007577 

0.061086 

1.003859 

0.061786 

1.000055 

0.062032 

0.996246 

0.061812 

0.992518 

0.061135 

17 

1.006735 

0.057640 

1.003423 

0.058227 

1.000043 

0.058432 

0.996661 

0.058246 

0.993342 

0.057677 

18 

1.006025 

0.054555 

1.003057 

0.055052 

1.000035 

0.055224 

0.997011 

0.055066 

0.994038 

0.054583 

19 

1.005420 

0.051779 

1.002747 

0.052202 

1.000028 

0.052349 

0.997309 

0.052214 

0.994631 

0.051801 

20 

1.004902 

0.049267 

1.002481 

0.049631 

1,000023 

0.049757 

0.997565 

0.049640 

0.995140 

0.049284 

y\* 

1 

2 

3 

4 

5 

0 

0.596347 

0.000000 

0.722657 

0.000000 

0.786251 

0.000000 

0.825383 

0.000000 

0.852111 

0.000000 

1 

0.673321 

0.147864 

0.747012 

0.075661 

0.797036 

0.045686 

0.831126 

0.030619 

0.855544 

0.021985 

2 

0.777514 

0.186570 

0.796965 

0.118228 

0.823055 

0.078753 

0.846097 

0.055494 

0.864880 

0.040999 

3 

0.847468 

0.181226 

0.844361 

0.132252 

0.853176 

0.096659 

0.865521 

0.072180 

0.877860 

0.055341 

4 

0.891460 

0.165207 

0.881036 

0.131686 

0.880584 

0.103403 

0.885308 

0.081408 

0.892143 

0.064825 

5 

0.919826 

0.148271 

0.907873 

0.125136 

0.903152 

0.103577 

0.903231 

0.085187 

0.906058 

0.070209 

6 

0.938827 

0.132986 

0.927384 

0.116656 

0.921006 

0.100357 

0.918527 

0.085460 

0.918708 

0.072544 

7 

0.952032 

0.119807 

0.941722 

0.107990 

0.934958 

0.095598 

0.931209 

0.083666 

0.929765 

0.072792 

8 

0.961512 

0.108589 

0.952435 

0.099830 

0.945868 

0.090303 

0.941594 

0.080755 

0.939221 

0.071700 

9 

0.968512 

0.099045 

0.960582 

0.092408 

0.954457 

0.084986 

0.950072 

0.077313 

0.947219 

0.069799 

10 

0.973810 

0.090888 

0.966885 

0.085758 

0.961283 

0.079898 

0.957007 

0.073688 

0.953955 

0.067447 

11 

0.977904 

0.083871 

0.971842 

0.079836 

0.966766 

0.075147 

0.962708 

0.070080 

0.959626 

0.064878 

12 

0.981127 

0.077790 

0.975799 

0.074567 

0.971216 

0.070769 

0.967423 

0.066599 

0.964412 

0*062242 

13 

0.983706 

0.072484 

0.979000 

0.069873 

0.974865 

0.066762 

0.971351 

0.063300 

0.968464 

0.059630 

14 

0.985799 

0.067822 

0.981621 

0.065679 

0.977888 

0.063104 

0.974646 

0.060206 

0.971911 

0.057096 

15 

0.987519 

0.063698 

0.983791 

0.061921 

0.980414 

0.059767 

0.977430 

0.057322 

0.974858 

0.054671 

16 

0.988949 

0.060029 

0.985606 

0.058539 

0.982544 

0.056723 

0.979799 

0.054644 

0.977391 

0.052371 

17 

0.990149 

0.056745 

0.987138 

0.055485 

0.984353 

0.053941 

0.981827 

0.052162 

0.979579 

0.050200 

18 

0.991167 

0.053792 

0.988442 

0.052717 

0.985902 

0.051394 

0.983574 

0.049861 

0.981478 

0.048160 

19 

0.992036 

0.051122 

0.989561 

0.050199 

0.987237 

0.049057 

0.985089 

0.047728 

0.983135 

0.046245 

20 

0.992784 

0.048699 

0.990527 

0.047900 

0.988395 

0.046909 

0.986410 

0.045749 

0.984587 

0.044449 

y\x 

1 

6 

\ 

/ 

7 

8 

9 

10 

0 

0.871606 

0.000000 

0.886488 

0.000000 

0.898237 

0.000000 

0.907758 

0.000000 

0.915633 

0.000000 

1 

0.873827 

0.016570 

0.888009 

0.012947 

0.899327 

0.010401 

0.908565 

0.008543 

0.916249 

0.007143 

2 

0.880023 

0.031454 

0.892327 

0.024866 

0.902453 

0.020140 

0.910901 

0.016639 

0.918040 

0.013975 

3 

0.889029 

0.043517 

0.898793 

0.034995 

0.907236 

0.028693 

0.914531 

0.023921 

0.920856 

0.020230 

4 

0.899484 

0.052380 

0.906591 

0.042967 

0.913167 

0.035755 

0.919127 

0.030145 

0.924479 

0.025717 

5 

0.910242 

0.058259 

0.914952 

0.048780 

0.919729 

0.041242 

0.924336 

0.035208 

0.928664 

0.030334 

6 

0.920534 

0.061676 

0.923283 

0.052667 

0.926481 

0.045242 

0.929836 

0.039123 

0.933175 

0.034063 

7 

0.929945 

0.063220 

0.931193 

0.054971 

0.933096 

0.047942 

0.935365 

0.041986 

0.937807 

0.036944 

8 

0.938313 

0.063425 

0.938469 

0.056047 

0.939359 

0.049570 

0.940731 

0.043936 

0.942398 

0.039060 

9 

0.945629 

0.062714 

0.945023 

0.056211 

0.945154 

0.050349 

0.945812 

0.045128 

0.946833 

0.040514 

10 

0.951965 

0.061408 

0.950850 

0.055725 

0.950427 

0.050481 

0.950535 

0.045711 

0.951035 

0.041413 

11 

0.957427 

0.059735 

0.955987 

0.054790 

0.955176 

0.050135 

0.954870 

0.045818 

0.954959 

0.041861 

12 

0.962128 

0.057855 

0.960495 

0.053560 

0.959421 

0.049444 

0.958814 

0.045563 

0.958586 

0.041948 

13 

0.966178 

0.055877 

0.964444 

0.052146 

0.963201 

0.048514 

0.962379 

0.045038 

0.961913 

0.041755 

14 

0.969673 

0.053874 

0.967903 

0.050627 

0.966559 

0.047425 

0.965591 

0.044319 

0.964949 

0.041347 

15 

0.972699 

0.051894 

0.970935 

0.049062 

0.969539 

0.046236 

0.968477 

0.043463 

0.967710 

0.040780 

16 

0.975326 

0.049966 

0.97359/ 

0.047489 

0.972185 

0.044992 

0.971067 

0.042516 

0.970214 

0.040095 

17 

0.977617 

0.048109 

0.975940 

0.045935 

0.974538 

0.043724 

0.973393 

0.041512 

0.972484 

0.039329 

18 

0.979622 

0.046332 

0.978009 

0.044419 

0.976&32 

0.042456 

0.975481 

0.040477 

0.974540 

0.038508 

19 

0.981384 

0.044641 

0.979839 

0.042951 

0.978500 

0.041205 

0.977357 

0.039431 

0.976402 

0.037653 

20 

0.982938 

0.043036 

0.981465 

0.041538 

0.980169 

0.039980 

0.979047 

0.038388 

0.978090 

0.036781 

If  *>10  or  y>10  then  (see  [5.15]) 


«,,,  0.711093  0.278518  0.010389  . 

* 2+0.415775 +z+2.29428+ z+6.2900 + ' 


<3xl0-6. 


E\(iy) — Ci(y)+t  si(y)  (y  real) 


♦See  page  n. 
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EXPONENTIAL  INTEGRAL  FOR  COMPLEX  ARGUMENTS  Table  5.6 


zezE\(z) 


& 

J 

J 

J 

J 

J 

y\x 

11 

12 

13 

14 

15 

0 

0.922260 

0.000000 

0.927914 

0.000000 

0.932796 

0.000000 

0.937055 

0.000000 

0.940804 

0.000000 

1 

0.922740 

0.006063 

0.928295 

0.005212 

0.933105 

0.004528 

0.937308 

0.003972 

0.941014 

0.003512 

2 

0.924143 

0.011902 

0.929416 

0.010258 

0.934013 

0.008932 

0.938055 

0.007847 

0.941636 

0.006949 

3 

0.926370 

0.017321 

0.931205 

0.014991 

0.935473 

0.013098 

0.939261 

0.011540 

0.942643 

0.010242 

4 

0.929270 

0.022171 

0.933560 

0.019295 

0.937408 

0.016934 

0.940870 

0.014974 

0.943994 

0.013331 

5 

0.932672 

0.026361 

0.936356 

0.023091 

0.939729 

0.020373 

0.942816 

0.018095 

0.945640 

0.016169 

6 

0.936400 

0.029857 

0.939462 

0.026339 

0.942338- 

0.023378 

0.945024 

0.020867 

0.947522 

0.018725 

7 

0.940297 

0.032670 

0.942757 

0.029036 

0.945140 

0.025934 

0.947419 

0.023273 

0.949582 

0.020980 

8 

0.944229 

0.034847 

0.946132 

0.031205 

0.948047 

0.028Q52 

0.949933 

0.025315 

0.951765 

0.022931 

9 

0.948093 

0.036453 

0.949500 

0.032887 

0.950985 

0.029756 

0.952502 

0.027004 

0.954018 

0.024582 

10 

0.951816 

0.037566 

0.952792 

0.034134 

0.953895 

0.031081 

0.955075 

0.028365 

0.956296 

0.025949 

11 

0.955347 

0.038261 

0.955958 

0.035004 

0.956729 

0.032068 

0.957610 

0.029426 

0.958563 

0.027052 

12 

0.958659 

0.038612 

0.958968 

0.035552 

0.959454 

0.032761 

0.960073 

0.030221 

0.960787 

0.027915 

13 

0.961739 

0.038684 

0.961800 

0.035833 

0.962049 

0.033201 

0.962443 

0.030781 

0.962947 

0.028564 

14 

0.964583 

0.038534 

0.964447 

0.035893 

0.964499 

0.033428 

0.964702 

0.031140 

0.965026 

0.029024 

15 

0.967199 

0.038211 

0.966907 

0.035775 

0.966799 

0.033479 

0.966843 

0.031327 

0.967011 

0.029320 

16 

0.969597 

0.037756 

0.969184 

0.035515 

0.968947 

0.033384 

0.968860 

0.031370 

0.968897 

0.029476 

17 

0.971789 

0.037200 

0.971285 

0.035144 

0.970946 

0.033172 

0.970752 

0.031293 

0.970680 

0.029512 

18 

0.973792 

0.036572 

0.973220 

0.034687 

0.972802 

0.032865 

0.972521 

0.031117 

0.972359 

0.029448 

19 

0.975621 

0.035893 

0.974999 

0.034166 

0.974521 

0.032485 

0.974172 

0.030862 

0.973936 

0.029301 

20 

0.977290 

0.035179 

0.976634 

0.033597 

0.976112 

0.032049 

0.975709 

0.030542 

0.975414 

0.029086 

y\x 

16 

17 

18 

19 

20 

0 

0.944130 

0.000000 

0.947100 

0.000000 

0.949769 

0.000000 

0.952181 

0.000000 

0.954371 

0.000000 

1 

0.944306 

0.003128 

0.947250 

0.002804 

0.949897 

0.002527 

0.952291 

0.002290 

0.954467 

0.002085 

2 

0.944829 

0.006196 

0.947693 

0.005560 

0.950277 

0.005016 

0.952619 

0.004549 

0.954752 

0.004144 

3 

0.945678 

0.009150 

0.948416 

0.008223 

0.950898 

0.007430 

0.953156 

0.006745 

0.955219 

0.006151 

4 

0.946824 

0.011940 

0.949395 

0.010754 

0.951741 

0.009735 

0.953887 

0.008853 

0.955856 

0.008084 

5 

0.948226 

0.014529 

0.950600 

0.013121 

0.952782 

0.011904 

0.954793 

0.010847 

0.956650 

0.009922 

6 

0.949842 

0.016886 

0.951995 

0.015296 

0.953995 

0.013916 

0.955853 

0.012709 

0.957581 

0.011649 

7 

0.951624 

0.018994 

0.953545 

0.017265 

0.955349 

0.015753 

0.957043 

0.014425 

0.958631 

0.013253 

8 

0.953527 

0.020847 

0.955212 

0.019019 

0.956815 

0.017409 

0.958337 

0.015986 

0.959779 

0.014723 

9 

0.955509 

0.022445 

0.956960 

0.020555 

0.958363 

0.018878 

0.959712 

0.017387 

0.961004 

0.016056 

10 

0.957530 

0.023797 

0.958758 

0.021878 

0.959966 

0.020163 

0.961144 

0.018628 

0.962288 

0.017250 

11 

0.959559 

0.024917 

0.960576 

0.022998 

0.961598 

0.021270 

0.962612 

0.019712 

0.963611 

0.018305 

12 

0.961568 

0.025823 

0.962391 

0.023927 

0.963238 

0.022207 

0.964097 

0.020645 

0.964956 

0.019227 

13 

0.963534 

0.026534 

0.964181 

0.024679 

0.964868 

0.022984 

0.965582 

0.021436 

0.966310 

0.020021 

14 

0.965443 

0.027070 

0.965931 

0.025271 

0.966472 

0.023616 

0.967052 

0.022094 

0.967658 

0.020694 

15 

0.967280 

0.027453 

0.967628 

0.025720 

0.968039 

0.024114 

0.968496 

0.022629 

0.968990 

0.021255 

16 

0.969038 

0.027700 

0.969264 

0.026041 

0.969558 

0.024493 

0.969906 

0.023052 

0.970297 

0.021712 

17 

0.970712 

0.027831 

0.970832 

0.026249 

0.971023 

0.024765 

0.971273 

0.023375 

0.971571 

0.022075 

18 

0.972300 

0.027862 

0.972328 

0.026361 

0.972430 

0.024943 

0.972594 

0.023607 

0.972808 

0.022352 

19 

0.973800 

0.027809 

0.973751 

0.026388 

0.973775 

0.025038 

0.973863 

0.023760 

0.974004 

0.022552 

20 

0.975215 

0.027685 

0.975099 

0.026343 

0.975057 

0.025062 

0.975079 

0.023842 

0.975155 

0.022684 

EXPONENTIAL  INTEGRAL  FOR  SMALL  COMPLEX  ARGUMENTS  Table  5.7 

ezE\(z) 

-/ 

9? 

./ 

-/ 

J 

J 

y\x  -4.0  -3.5  -3.0  -2.5  -2.0 

0.0  -0.359552  -0.057540  -0.420509  -0.094868  -0.494576  -0.156411  -0.580650  -0.257878  -0.670483  -0.425168 
0.2  -0.347179  -0.078283  -0.400596  -0.119927  -0.462493  -0.185573  -0.528987  -0.289009  -0.587558  -0.451225 
0.4  -0.333373  -0.096648  -0.379278  -0.141221  -0.429554  -0.208800  -0.478303  -0.310884 

0.6  -0.318556  -0.112633  -0.357202  -0.158890  -0.396730  -0.226575  -0.429978  -0.324774  -0.441128  -0.464163 
0.8  -0.303109  -0.126301  -0.334923  -0.173169  -0.364785  -0.239500  -0.384941  -0.332047  -0.380013  -0.457088 
1.0  -0.287369  -0.137768  -0.312894  -0.184355  -0.334280  -0.248231  -0.343719  -0.334043  -0.327140  -0.444528 


y\x  -2.0  -1.5 

0.0  -4.261087  0.000000  -2.895820  0.000000 

0.2  -4.219228  0.636779  -2.867070  0.462804 

0.4  -4.094686  1.260867  -2.781497  0.917127 

0.6  -3.890531  1.859922  -2.641121  1.354712 

0.8  -3.611783  2.422284  -2.449241  1.767748 

1.0  -3.265262  2.937296  -2.210344  2.149077 


E](z)+ In  z 

-1.0  -0.5 

-1.895118  0.000000  -1.147367  0.000000 

-1.875155  0.342700  -1.133341  0.258840 

-1,815717  0.679691  -1.091560  0.513806 

-1.718135  1.005410  -1.022911  0.761122 

-1.584591  1.314586  -0.928842  0.997200 

-1.418052  1.602372  -0.811327  1.218731 


0 

-0.577216  0.000000 

-0.567232  0.199556 

-0.537482  0.396461 

-0.488555  0.588128 

-0.421423  0.772095 

-0.337404  0.946083 


y\x  0.5  1.0  1.5  2.0 

0 0 -0.133374  0.000000  0.219384  0.000000  0.505485  0.000000  0.742048  0.000000 

0I2  -0.126168  0.157081  0.224661  0.126210  0.509410  0.103432  0.745014  0.086359 

0.4  -0.104687  0.312331  0.240402  0.251143  0.521123  0.205962  0.753871  0.172075 

0.6  -0.069328  0.463961  0.266336  0.373547  0.540441  0.306707  0.768490  0.256515 

0.8  -0.020743  0.610264  0.302022  0.492229  0.567061  0.404823  0.788664  0.339075 

1.0  +0.040177  0.749655  0.346856  0.606074  0.600568  0.499516  0.814107  0.419185 


2.5 

0.941206  0.000000 

0.943484  0.073355 

0.950289  0.146246 

0.961532  0.218215 

0.977068  0.288822 

0.996699  0.357653 
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Mathematical  Properties 


6.1.  Gamma  (Factorial)  Function 
Euler’s  Integral 


6.1.1 


(&2>0) 


r (z)=Jo  t ‘-1 

=1^ tl~xe~u dt  (@z>0,  m>0) 


6.1.2 


Euler’s  Formula 
ft!  ft2 


T(z)  = \im  - ^ - — v 1,-2,  . . .) 

v z(z+ 1)  . . . ( z+n ) 


Euler’s  Infinite  Product 


6.1.S  ^-^[(ih-0  (|»|<.) 

7"  “S  [* +5+5+i+  • ■ ' +4-ta  m] 

= .57721  56649.  . . 

y is  known  as  Eulers  constant  and  is  given  to  25 
decimal  places  in  chapter  1.  r(s)  is  single  valued 
and  analytic  over  the  entire  complex  plane,  save 
for  the  points  z=—n(n= 0,  1,  2,  ...  ) where  it 
possesses  simple  poles  with  residue  (— 1 )n/nl  Its 
reciprocal  1/r  ( z ) is  an  entire  function  possessing 
simple  zeros  at  the  points  z=—  ft(ft=0,  1,  2,  . . .). 


6.1.4 


Hankel’s  Contour  Integral 

r krrjc(-ty'*"dt 


(MO) 


The  path  of  integration  C starts  at  + » on  the 
real  axis,  circles  the  origin  in  the  counterclockwise 
direction  and  returns  to  the  starting  point. 


6.1.5 


Factorial  and  n Notations 

n(2)=2!=r(2+i) 


Integer  Values 

6.1.6  r(ft+l)  = 1-2-3  . . . (ft—  l)n=n\ 


6.1.7 

lim 


2— >71 


r(— s) 


o= 


6.1.8 


(— n— 1)! 

Fractional  Values 


(ft=0,  1,  2,  . . .) 


r*  co  — — 

r(|)=2j  «-‘*<fc=x*=  1.77245  38509  . . . = (—§)! 


y 


Figure  6.1.  Gamma  function . 
, 2/=r(z),  , y=l/T(x) 


6.1.9  r (3/2) = f x .88622  69254  . . . = ($)! 

6.1.10  r(n+|)=1-5:9-13  r(i) 


r(i) =3.62560  99082  . . . 

6.1.11  r(«,+l)=1'4'7'10  -3V  (3/l~2)-r(i) 

r(|)=2.67893  85347  . . . 

6.1.12  r(7t+§)  = 1'3'5'7  ’ *2n~1)  r(§) 

6.1.13  r(nH-f)=2‘5‘8 11  (3”~--r(f) 

r(f)= 1.35411  79394  . . . 

6.1.14  r(«,+f)=3‘7'n'15  • (4w,~1)  r(f) 


r(|)  = 1.22541  67024  . . . 


♦See  page  xz. 
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Recurrence  Formulas 


6.1.15  T(z+l)  = zT(z)  — zl—z(z—l)l 


6.1.16 

T(n-}-z) 


= {n—  \-\-z)(n— 2+z) 
= (n-l-{-z)\ 

= in—  1 + z)  (n— 2+ z) 


(i+z)r(i+z) 


(1+2)2! 


Reflection  Formula 


6.1.17  r(s)r(l— z)  = — zT(—  z)T(z)=ft  CSC  itz 

“ t*~x 

WUL'  

0 1 + 2 


dt  (0<^s<l) 


Duplication  Formula 

6.1.18  r(2s)  = (2^)7^  22‘~*  r(2)  r(s+i) 

Triplication  Formula 

6.1.19  t(3z)=(2t)~1  33*-^  r(2)r(2+i)r(2+|) 

Gauss9  Multiplication  Formula 

6.1.20  T(nz)= (2T)i(1-n)n.BI-i  Vr(^2+->) 

/c=o  \ ny 


Binomial  Coeflicient 


6.1.21  (z\-  s!  - r(s+1) 

\wj  w\(z—w)\  T(w+l)T(z- 


w+1) 


Pochhammer’s  Symbol 

6.1.22 

(2)0=1, 

(z)„=z(z+l)(z+2)  . . . (z+n-l)  = T(£^ 


Gamma  Function  in  the  Complex  Plane 


6.1.23 


r(2)=r(2);  in  r(2)=in  r(2) 


6.1.24  arg  T(2+l)=arg  r(2)+arctan- 

X 


6.1.25 


6.1.26 

6.1.27 


T{x+iy) 

T(x) 


\ co  r* 

= n 

71=0  Ly 


l+^-T1 

^(X+7J.)2J 


|r(x+iy)|<|r(x)| 


arg  T(x+iy)=yt(x)+ib  (^^-arctan 


x+n, 

(x-j-iy 7^0,— 1, — 2,  . . . ) 


where 

6.1.28 


*(z)=r'(z)/r(z) 

T(l+iy)=iy  T(iy) 


6.1.29  r(iy)r(-t2/)=|r(iy)|' 


7 r 


y sinh  7 ry 


6.1.30  r (*+■%)  r (i-iy) = I r a+iy)  |2=^£ 


iry 


6.1.31  r(i+i2/)r(i-iy)=|r(i+iy)|2= 

if 


6.1.33 

Power  Series 

6.1.33 

In  r(l+2)= — ln(l+2)+2(l — ■y) 


iry 


CD 


+S  (— l)"[f(»)  — l]z”M  (|2|<2) 

71  = 2 

f (w)  is  the  Riemann  Zeta  Function  (see  chapter 

23). 


Series  Expansion2  for  1/T(z) 


00 


6.1.34 


r(2) 


k 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 


ckzk 

k= 1 
Ch 

1.00000  00000 
0.57721  56649 
-0.65587  80715 
-0.  04200  26350 
0. 16653  86113 
-0.04219  77345 
-0.00962  19715 
0.00721  89432 
-0.00116  51675 
-0.00021  52416 
0.00012  80502 
-0.00002  01348 
■0.00000  12504 
0.00000  11330 
■0.00000  02056 
0.00000  00061 
0.00000  00050 
-0.00000  00011 
0.00000  00001 
0.00000  00000 
-0. 00000  00000 
0.00000  00000 
-0.00000  00000 
-0.00000  00000 
0.00000  00000 
0.00000  00000 


(MO) 


000000 

015329 

^02538 

340952 

822915 

555443 

278770 

466630 

918591 

741149 

823882 

547807 

934821 

272320 

338417 

160950 

020075 

812746 

043427 

077823 

036968 

005100 

000206 

000054 

000014 

000001 


2 The  coefficients  c&  are  from  H.  T.  Davis,  Tables  of 
higher  mathematical  functions,  2 vols.,  Principia  Press, 
Bloomington,  Ind.,  1933,  1935  (with  permission) ; with 
corrections  due  to  H.  E.  Salzer. 
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Polynomial  Approximations 3 

6.1.35  0<z<l 

T(a:+ 1)  =z!=  1 + + a2x2 + + a4x4 + a6xs  + t(x) 

|«(x)|<5XK)-6 

«!=-.  57486  46  a4=  .42455  49 

a2—  .95123  63  as=— . 10106  78 

a3=_.  69985  88 

6.1.36  0<x<l 

r(x+l)=a:!=l+&ia:+622:2+  • • • +68z8+«0c) 

|«(a:)|<3X10-7 


6t= 

-.57719  1652 

bt= 

-.75670  4078 

62= 

.98820  5891 

66= 

.48219  9394 

II 

00 

-.89705  6937 

b7= 

-.  19352  7818 

64= 

.91820  6857 

6g= 

. 03586  8343 

Stirling’s  Formula 


6.1.37 


T(z)~e~lz1!-^(2ir)n  1+- - — I — - 
K J K ’ L 123^288 


139 


571 


248832034 


+ 


] 


288z2  518403s 


(z— >oo  in  |arg  z\<Cjr) 


6.1.38 


x!=V2ir  xI+*exp(— x+ jA) 


(*>0,  O<0<1) 


Asymptotic  Formulas 

6.1.39 

r(d3+6)  ~V2ire-<K(a3)tt2+6-^  (|arg  z\<^i r,  a>0) 

6.1.40 

In  r(s)  ~(2— In  z—z+%  In  (2x) 

oo  D 

£>2m 


+ S 


=i  2m(2m~l)z2m~l 

For  Bn  see  chapter  23 


(z->cq  in  |arg  z\<Cj) 


6.1.41 

In  T(z)^(z- 
1 


*) In  °~‘+i  ln  (2',+IS-3» 


1260z6  1680s7 


+ 


(z-* 00  in  |arg  s|<» 


3 From  C.  Hastings,  Jr.,  Approximations  for  digital 
computers,  Princeton  Univ.  Press,  Princeton,  N.J.,  1955 
(with  permission) . 


Error  Term  for  Asymptotic  Expansion 


6.1.42 


If 


Rn(z)—  ln  T (z)—(z—%)  In  2+2— £ ln  (2x) 

\ 

B2m 


n 

-2 


m 


2m  (2771— 1)2  2m~1 


then 


where 


I R (2) I < \^2n+2\K(z) 

(2n+l)(2n+2)\z\2n+1 


K(z) =upper  bound|22/(^2+22)| 
«>o 


For  z real  and  positive,  Rn  is  less  in  absolute  value 
than  the  first  term  neglected  and  has  the  same 
sign. 

6.1.43 

^ln  T(iy)  = <%\n  r(— iy) 

=i  ln  ( — ^ 

\y  smh  7 ryj 

In  (2t)  — iry— ^ln  y,  (?/-»+ 00 ) 

6.1.44 

c/ln  r(i7/)=arg  T(iy)  =— arg  T(—iy) 

= — yin  T(—iy) 

~y  In  y-y- br-±  (_1)""1  B» 


£=i(2n—l)(2n)y2n-1 

(y^+  00 ) 


6.1.45  lim(2x)-^|r(a:+M/)|e^r|I'l|y|^-*=l 

|y|— >00 


lim  nb~tt 

nmw  r(»+6) 


71— >00 


6.1.46 


6.1.47 

-6-a  T (2+a)  _ . . (a— 6)(a+6— 1) 

T(3+6)~  "*■  23 

12(^2  (^3(ct+6 — l)2 — a+6 — ' • ‘ 

as  2— >00  along  any  curve  joining  2=0  and  2=<», 
providing  z?*  —a,  —a— l,  . . . ; 25^  —6,  —6—1, 


• • • • 
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Continued  Fraction 


6.1.48 

In  T(z)+z— (z— J)  In  z— Jin  (2i r) 
flt)  #1  0/2  o$  o±  Os 


(®Z>  0) 


1 1 53  195 

a°~  12’  0,1  30’  ®2  210’  37l’ 

22999  29944523  109535241009 

®4  22737’ ®5  19733142’ ®6  48264275462 


Wallis’  Formula4 

6.1.49 


2 

T 


x dx= 


1-3-5  ■ . . (2n—  1) 
2-4-6  . . . (2 n) 


(2n) ! _ 1 /2n\_  r(n+*) 
22B(»!)2  22B\7t/  xlr  («,+!) 


1 

7+7+ 


1 


_ -I 

128ft* 


6.1.50 


Some  Definite  Integrals 


Figure  6.2.  Psi  function. 
y=yp(x)=d  In  T(x)/dx 


Integer  Values 


«*>°> 

= 0s  ~£)  ln  z+i  In  2tt 

+2/;  •y_<;w  it  <a*>0) 

6.2.  Beta  Function 

6.2.1 


6.3.2  Ml)  = — 7.  \l/(ri)=—y+  'Y'.  k_1  (n> 2) 

*=•1 

Fractional  Values 

6.3.3 

rl/(i)  = —y—2  In  2= -1.96351  00260  21423  . . . 


B(z,w)=fi  t1'1  (1— t)w~l  dt=  f 

Jo  Jo 


00 


0-1 


10+tfl 


o (1  + ^)S 

=2  I (sin  £)2Z_1  (cos  ^)2W"1  cfa 

(5?2  > 0,  <3?w>0) 


6.2.2  B(3,w)=^^^=5(w,2) 

6.3.  Psi  (Digamma)  Function  6 

\ 

6.3.1  'l'(z)=d[  In  r(0)]/c?s=r'(0)/r(0) 

4 Some  authors  employ  the  special  double  factorial  nota- 
tion as  follows: 

(2 n)  ! ! =2*4.6  . . . (2n)=2"n  ! 

(2n— 1)  ! ! =1.3.5  . . . (2n-l)  = 7r-i  2n  r(n-H) 

d 

5 Some  authors  write  \J/(z)  =^  In  r(z+ 1)  and  similarly  for 
the  polygamma  functions. 


6.3.4 


«»+*)“-7-2ln2+2  (l+|  + ••  • +^Zi) 

(n>  1) 


Recurrence  Formulas 

6.3.5  *(.+  l)=*(.)  + l 

6.3.6 


rf/(n+z)  = 


i I i 4 

(ft— l)+2T(ft— 2)+2T 


1 +^+*(1+*) 


2+2 ‘ 1+2 
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6.3.7 


Reflection  Formula 


^(1  — z)=\I/(z)  + tt  cot  7 rz 

Duplication  Formula 


6.3.8  *(2g)=4tf(«)+W(g+i)  +ln  2 


Psi  Function  in  the  Complex  Plane 


6.3.9 


6.3.10 

3$\p(iy)  = &iK—iy) = +iy) = ^^(1 —iy) 

6.3.11  coth  vy 


6.3.12 


J'4,(i+iy)=iir  tanh  try 


6.3.13  J ^(1 + iy)  = — - — \-  \ 7r  coth  7 vy 

* y 


00 


=yS  («-*+?/*) _1 

71=1 

Series  Expansions 

6.3.14  ^(l+2)=-7+S(-l)"f(7i)s»-1  (|z|<l) 

71  = 2 

6.3.15 

^(l  + z)=$2_1— %v  cot  7r2— (1— 22)-1+l— 7 

— 2lf(2»+l)  — l]z2"  (M<2) 

71=1 

6.3.16 


co 


^(l+z)  = — 7+2 


71 


=1  n(n+s) 


(Zt£  1,  2j — 3,  . . . ) 


6.3.17 


+ iy)  = 1 — ■ 7- 


l+2/! 


co 


+2  (-l)"+1[f(2»+l)-%2» 

B=1 


(M<2) 


co 


= — 7+t/2  Xj  ^“1(^2+2/2)“_1 

71  = 1 

(—  °°<2/<  °°) 


Asymptotic  Formulas 


6.3.18 

^(z)  ~ln  2 


1 A B2n 


2z  2«z2n 

! 11,1 

=ln  2—- — 


i+ . . . 


22  12z2  1 120z4  252z6 

(z— »»  in  |arg2|<ir) 


6.3.19 

1 1 , 1 , 1 , 

1 y+12yi+120yi+252yi+ ' ’ ' 

(y-> 00 ) 

Extrema6  of  T(x)  — Zeros  of  ^(x) 


T'(x„)=ip(xn)=0 


n 

Xn 

r(*„) 

0 

+ 1.462 

+0.  886 

1 

-0.  504 

-3.  545 

2 

-1.573 

+2.  302 

3 

-2.611 

-0.  888 

4 

-3.  635 

+0.  245 

5 

-4.  653 

-0.  053 

6 

-5.  667 

+0.  009 

7 

-6.  678 

-0.  001 

a;0=1.46163  21449  68362 
r(*0)=  .88560  31944  10889 


6.3.20  *B=— n+(ln  rt)_1+o[(ln  n)-2] 


Definite  Integrals 

6.3.21 

w-xir-iS.]*  <^>°> 

-n-^]T 

, _l 9 f 

2z  Jo  (<2+22)(e2T,-l) 

(|arg  2|< 


6.3.22 


6 From  W.  Sibagaki,  Theory  and  applications  of  the 
gamma  function,  Iwanami  Syoten,  Tokyo,  Japan,  1952 
(with  permission) . 
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6.4.  Polygamma  Functions7 


6.4.1 

*(s)==<fe+"1  ln  r(3) 

(n=  1,2,3,  . . . ) 
=(-i  y+'Cp^-dt  (@z>  0) 

* */o  l — e 

^(n)(2),(ft=0,l,  . . .),  is  a single  valued  analytic 
function  over  the  entire  complex  plane  save  at 
the  points  z=—  m(m=0,l,2,  . . . ) where  it  pos- 
sesses poles  of  order  (n+1). 


Integer  Values 

6.4.2 

*<">(1)  = (-1)"+Wn+1)  (n=l,2,3,  . .) 

6.4.3 

^<m)(7i+l)=(— l)mrn!  I~—  f(m+l)+l 

+_L+  +JL1 

• 2 m+l  i * * * 
Fractional  Values 

6.4.4 

^(">(i)  = (— l)n+,7i!(2B+l— l)f(n+l) 

(ti=1,2,  . . . ) 

6.4.5  t'(n+i) S (2fc-  1)  “2 

k=l 

Recurrence  Formula 


Series  Expansions 

6.4.9 

tw(l+z)=(-l)n+'  £«!$■(»+ 1) 

_(7^f(n+2)2+(r^!f(w+3)22_  . . .] 

(HO) 

6.4.10  t 


^('»(3)  = (_1)«+iw!2  (2+jt)-"-1 

k=Q 


(25*^0,  — 1,-2,  . . .) 


Asymptotic  Formulas 

6.4.11 

+g  g7*((2^!g»+n!]  (2  » in  | arg  2 | <») 

6.4.12 

4*  (2)  ~2"i"23J"^633  30z5^"4227  30s9^" 


6.4.13 

r&' 


(z — > 00  in  | arg  2|<V) 

111.1  1 1 3 5 . 

Z*  Z 3 224+62#  628"*”  10310  62l*+  • • • 


(z—>  00  in  | arg  z | <tr) 


6.4.14 

^,(3)  (2) 


2_._3.2_ 1 _4 _3_  , 10 

23_7"34  ' 2*  37  ' 32*  211  ' 213 


(2->oo  in  | arg  2 | <ir) 


6.4.6  ^<B)  (3+1 ) =i/'(n)  (z)  + (—  1 )B7J,!3-B-1 

Reflection  Formula 

6.4.7 

^<B)  (l  -2) + (-i)n+y>  (2)=(_i)  v£l  cot  ir2 

Multiplication  Formula 

6.4.8 

1 m—l  / l>\ 

* 4,™(mz)=8\n  m+^+i  g *<B)  U+-) 

/ 

5=1,  7i=0 
5=0,  »>0 

7 is  known  as  the  trigamma  function.  ^(3),  ^(4)  nre 

the  tetra-,  penta-,  and  hexagamma  functions  respectively. 
Some  authors  write  ^(z)  = d[ln r(z-f  l)]/dzf  and  similarly 
for  the  polygamma  functions. 

♦See  page  11. 


6.5.  Incomplete  Gamma  Function 
(see  also  26.4) 

6.5.1 

P(a,  x)  = f e~‘ta~l  dt  (2ta>0) 

6.5.2 

y(a,  x)  —P(a,  x)  T(a) = J dt  (^a> 01 

6.5.3 

/»  co 

r(a,  x)  = r(a)— y(a,  x)  = J e~Ha~ldt 

6.5.4 

y*(a,  x)  = x-*P(a,  x)  = rj^y  (a,  x) 

7*  is  a single  valued  analytic  function  of  a and 
x possessing  no  finite  singularities. 
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a 


-3-2-1  0 I 2 3 4 


Figure  6.3.  Incomplete  gamma  Junction, 

y*(a’x)=^)iz0e~Ha~ldt 

From  F.  G.  Tricomi,  Sulla  funzione  gamma  incompleta,  Annali  di  Matematiea,  IV,  33,  1950  (with  permission). 


*See  page  n. 
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6.5.5 
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Probability  Integral  of  the  x2-Distribution 

P(x2\v)  = Vx 

2*T  (|)  Jo 


6.5.6 


(Pearson’s  Form  of  the  Incomplete  Gamma  Function) 


(i+Tj  d> 


=P(p+ 1,  Uhjp  + l) 


f*  00 

6.5.7  C(x,a)= J ta~l  cos  t dt 

f*  00 

6.5.8  S(x,a)=  I t a"1  sin  t dt 

Jx 


(0ta<  1) 


(^a<  1) 


6.5.9 


E„(x)=  f 


00 


e~xtt~ndt=xn~lT(l—n,x) 


6.5.10 


(*)  = f 


00 


6.5.11 


« ^ 


e»(a;)=S  7, 

I=o 


Incomplete  Gamma  Function  as  a Confluent 
Hypergeometric  Function  (see  chapter  13) 


6.5.12  y(a,x)=a,-1xae-xM(l,  1 +a,x) 


=ar1xa  M(a,  1 +a,—x) 


Special  Values 


6.5.13 


P (n,x)=l-(l+x+^+  . . . +^Zi)!) 


,—X 


1 &n—  1 (jfc)  6 

For  relation  to  the  Poisson  distribution,  see 
26.4. 


6.5.14 


y *(—n,  x)—xn 


00 

6.5.15  r (0,  x)=\  e~H~1dt=Ei(x) 


6.5.16  7 (§,  x2)=2^  e *2  dt=-^/r  erf  x 

6.5.17  T(iyx2)=2j  e"t2dt=^/r  erfc  x 

6.5.18  bf*  X Y*(i,~z2)=  fV^ 


6.5.19  r(— n,x) 


6.5.20  T(a,ix)=e%iria  [C(Xja)—iS(x,a)] 


Recurrence  Formulas 


6.5.21  P(a+1,  x)=P(a,  x) 


xae~x 


T(a+l) 


6.5.22 


6.5.23 


7 (a + 1 ,x)  = ay  (a,x) — xae 


y*(a—l,x)=xy  *(a,yx) 


—X 


,-x 


r (a) 


Derivatives  and  Differential  Equations 


6.5.24 


/cv;\ f* 

\ 5o!/  a>0  Jx 


00 


e~*dt 

t 


■In  x=—Ei(x)—  In  x 


6.5.25  

OX  ox 


6.5.26 


dre 


6.5.27 


^ [»"ar(a,a;)]=(— l)na;~a“nr(a+7i,a;) 

(7i=0, 1, 2,  . . .) 


dn 


da; 


- [exxay*  (a,x)]=exxa~ny*(a—n,  x) 


(7i=0, 1,  2, . . .) 


6.5.28  s^+(o+l+a;)^+aY*=0 


Series  Developments 


6.5.29 


*/  N -2^  2" 1 “ (~ g)" 

7 e S r(a+7i+l)  T(a)  S (a+«-)n! 


(NO) 
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6.5.30 

y(a,  x+y)—y(a,  x) 

(a—  l)(a— 2) . . . ( a—n ) 


=e  zxa  1 2 

72—0 


X 


n 


[l—e  veK(y)] 

(M<M) 


Continued  Fraction 


6.5.31 


Y(a,x)=e 


1 1 — a 1 2 — a 2 
x-f  1+  x+  1+  x-\- 


(x>0,|a|<oo) 


Asymptotic  Expansions 


6.5.32 

r(o,  z) 


f~xe~z  r 


1 


a— l , (a—  l)(a—  2) 


(z-> 00  in  |arg  2|<y^ 


Suppose  Itn(a,z)=u„+i(a,z)+  ...  is  the  re- 
mainder after  n terms  in  this  series.  Then  if  a,z 
are  real,  we  have  for  n^>a— 2 


!^?n(a,2)!<|^ii+l(a,3)| 

and  sign  /?w(a,2)  = sign 


00 


6.5.33  y(a.z)~'y'. 


(—l)nza+n 


( a+n)n\ 


6.5.34  Iim^^=-i 


0 for  a>l 
| for  a=l 

1 for  0<a<l 


(a-»+  oo ) 


6.5.35 

T(z+1’z)~e-!zz(^lzi+l+^  Ji+-  ■ ■) 


(z— »co  in  | arg  2|<^?r) 


6.5.36 


Definite  Integrals 


(a+c) 


& 


(^(a+c)>0,^6>-l) 


6.5.37 


ta~lY{b,t)  dt= 


T(a+b) 

d 


(@(a+b)>  0,  @a>0) 


6.6.  Incomplete  Beta  Function 

6.6.1  Bx(a,b)= j ta~l(\—ty~ldt 

6.6.2  Ix(a,b)=Bx(a,b)/B(a,b) 

For  statistical  applications,  see  26.5. 

Symmetry 

6.6.3  Ix(a,b)  = l—Il-x(b,a) 

Relation  to  Binomial  Expansion 

6.6.4  Ip(a,n—a+l)='^l(j^pi(l—p)n~i 
For  binomial  distribution,  see  26.1. 

Recurrence  Formulas 

6.6.5  Iz(a,b)=xlx(a— -1,6)  + (1— x)Ix(ayb’—  1) 

6.6.6  (a+b— dx)Ix(d,b)  * 

=ci(l — x)Ix(d-{-l,b — 1)  1) 

6.6.7  (a- f-  b)Ix(dfb)  —dIx(d-\-  1 >b)  -\-bIx(dyb  -f- 1) 

Relation  to  Hyper  geo  me  trie  Function 

6.6.8  Bx{a,b)=d~1xaF(d,l  — b;  a+1;  x) 


Numerical  Methods 


6.7.  Use  and  Extension  of  the  Tables 

Example  1.  Compute  r(6.38)  to  8S.  Using 
the  recurrence  relation  6.1.16  and  Table  6.1  we 
have, 

r(6.38)  = [(5.38)  (4.38)  (3.38)  (2.38)  (1 .38)]r(1.38) 
= 232.43671. 

Example  2.  Compute  In  T(56.38),  using  Table 
6.4  and  linear  interpolation  in/2.  We  have 

In  T(56.38)  = (56.38—^)  In  (56.38)  - (56.38) 

+/2(56.38) 


The  error  of  linear  interpolation  in  the  table  of 
the  function  j2  is  smaller  than  10“7  in  this  region. 
Hence, /2(56.38)  = . 92041  67  and  In  T(56.38)  = 
169.85497  42. 

Direct  interpolation  in  Table  6.4  of  logi0  T(n) 
eliminates  the  necessity  of  employing  logarithms. 
However,  the  error  of  linear  interpolation  is  .002  so 
that  logio  r(n)  is  obtained  with  a relative  error 
of  10-5. 


♦See  page  ii. 
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Example  3.  Compute  ^(6.38)  to  8S.  Using  the 
recurrence  relation  6.3.6  and  Table  6.1. 


6.8.  Summation  of  Rational  Series  by  Means 
of  Polygamma  Functions 


^6-38')  5.38+4.38+3.38+2.38+1.38+^1’38^ 


=1.77275  59. 


Example  4.  Compute  ^(56.38).  Using  Table 
6.3  we  have  ^(56.38)  =ln  56.38 -/3(56.38). 

The  error  of  linear  interpolation  in  the  table  of 
the  function  /3  is  smaller  than  8X10"7  in  this 
region.  Hence, /3(56. 38)  = .00889  53  and  ^(56.38)  = 
4.023219. 

Example  5.  Compute  In  r(l— i).  From  the 
reflection  principle  6.1.23  and  Table  6.7, 

In  r(l-i)=lnr(l+i)  = -.6509+.3016i. 


An  infinite  series  whose  general  term  is  a ra- 
tional function  of  the  index  may  always  be  reduced 
to  a finite  series  of  psi  and  polygamma  functions. 
The  method  will  be  illustrated  by  writing  the  ex- 
plicit formula  when  the  denominator  contains  a 
triple  root. 

Let  the  general  term  of  an  infinite  series  have 
the  form 


where 


_ P(n) 
n di(n)d2(n)dz(n) 


dl{n)  = {n+al) (n+a2)  . . . (n+am) 


Example  6.  Compute  In  r(^+^i).  Taking 
the  logarithm  of  the  recurrence  relation  6.1.15  we 
have, 


d2(n)==(n+l31)2(n+p2)2  . . . (n+pr)2 
dz(ri)  = (n+y1)3(n+y2)3  . . . (n+ys)3 


In  r(-g— f— %i) — In  r(f— |— Ji)  In  (J— |—i4) 

= -.23419+.03467i 
— (£  In  £+i  arctan  1) 

= .11239-.75073i 


where  p(n)  is  a polynomial  of  degree  m+2r+3s— 2 
at  most  and  where  the  constants  aif  and  yt  are 
distinct.  Expand  un  in  partial  fractions  as  follows 


The  logarithms  of  complex  numbers  are  found 
from  4.1.2. 


m 

nn:==^  I 


ak 


4-S 


b 


2k 


fc=l  (71+0:*)  k=  1 (ft'+Afc)  (77+ftfe)2 


Example  7.  Compute  In  r(3+7i)  using  the 
duplication  formula  6.1.18.  Taking  the  logarithm 
of  6.1.18,  we  have 

— g-  In  2tt=—  .91894 
(f+7i)  In  2=  1.73287+  4.85203i 
In  r(f+fi)  =— 3.31598+  2.32553 i 
In  r(2+£i)  = -2.66047+  2.93869i 

In  r(3+7i)  = — 5. 16252+ 10.1 1625i 


I x~~\  @lk  i C2]c I Czk 

(»+?0  t»+7*)®~f’(»+7*)8 

m r s 

2 ^*+2  *+2  ^i*=0. 

k=l  k=l  k = 1 

CO 

Then,  we  may  express  23  un  in  terms  of  the 

71=1 

constants  appearing  in  this  partial  fraction  expan- 
sion as  follows 


Example  8.  Compute  In  r(3+7i)  to  5D  using 
the  asymptotic  formula  6.1.41.  We  have 

In  (3 +7i) =2.03022  15+1.16590  45i. 

Then, 

(2.5+7i)  In  (3+7i)  =— 3.  0857779+ 17. 1263119i 
- (3 + 7i)  = - 3.  0000000 - 7.  OOOOOOOi 
i In  (2ir)  = .9189385 

[12(3 + 7i)]— 1 = . 0043103-  . 0100575i 

— [360(3+7i)3]-1=  .0000059-  . 0000022i 


In  r(3+7i)  =— 5.  16252  +10.  11625i 


oo  m 

2 ^n=~2 
71=1  1=1 

~“2  &u^(l+&)+2  b2j\l/'( l+/3y) 

i= i i 

-“•2  cu^(i+^)+23  c2j^'i  i+^) 

J=1  1 

*"(i+7,). 

j= l 

Higher  order  repetitions  in  the  denominator  are 
handled  similarly.  If  the  denominator  contains 
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only  simple  or  double  roots,  omit  the  correspond- 
ing lines. 

Example  9.  Find 

00  l 

(^+l)(2n  + l)(4Wr+l) 

Since 

1 ■§■  1 . •§ 

(7i+l)(2rfc+l)(4n+l)"~^+l  n+\* 

we  have 

oi i=l,  «2— fli=='|j  d2= — 1,  &3=f* 

Thus, 

s=  - i^(2)  + ^(1  *)  ■ - #(1  J) = .047198. 
Example  10. 

CO  2 

Find  5=  S ”275 — TT\2# 

^i7t2(8n+l)2 

q.  1 16  16  , 1 , 1 
Ce  7i2(87i+l)2_“  n ^n+yn^tn+l)*’ 

we  have, 

& — 0,  p2=ij  ^11—  — 10,  &12—  16,  &21—  1>  ^22==:  !• 


Therefore 

*=160(1) 


160(l|)+0'(l)+0'(li)  = .O13499. 


Example  11. 


00 


Evaluate  s= T}  (see  also  6.3.13) . 

^1  (78.2+l)(7l2+4) 


We  have, 


(»2+l)(n2+4) 


=1  J_A 

6 vH-i  n— i/ 

_i_  /_i L_\ 

12  \n+2i  n-2i) 


TT  ^ ^ ^ ^ 

Hence,  (&!=->  a2=-g->  ^=^-1 


«i=i,  0:2= — i,  «3=2 i,  a4= — 2i, 


and  therefore 


«■— g*  ^(l+t^-^(l-i)H~  [*(l+2i)-*(l-2i)]. 


By  6*3.9,  this  reduces  to 

«=|  y^(i+t)-J  y^(i+2t). 

From  Table  6.8,  s=. 13876. 
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GAMMA,  DIGAMMA  AND  TRIGAMMA  FUNCTIONS  Table  6.1 


X 

I 

'(x) 

In  r(x) 

t(x) 

(x) 

1.000 

1.00000 

00000 

0.00000 

00000 

-0.57721 

56649 

1.64493 

40668 

0.000 

1.005 

0.99713 

85354 

-0.00286 

55666 

-0.56902 

09113 

1.63299 

41567 

0.005 

1.010 

0.99432 

58512 

-0.00569 

03079 

-0.56088 

54579 

1.62121 

35283 

0.010 

1.015 

0.99156 

12888 

-0.00847 

45187 

-0.55280 

85156 

1.60958 

91824 

0.015 

1.020 

0.98884 

42033 

-0.01121 

84893 

-0.54478 

93105 

1.59811 

81919 

0.020 

1.025 

0.98617 

39633 

-0.01392 

25067 

-0.53682 

70828 

1.58679 

76993 

0.025 

1.030 

0.98354 

99506 

-0.01658 

68539 

-0.52892 

10873 

1.57562 

49154 

0.030 

1.035 

0.98097 

15606 

-0.01921 

18101 

-0.52107 

05921 

1.56459 

71163 

0.035 

1.040 

0.97843 

82009 

-0.02179 

76511 

-0.51327 

48789 

1.55371 

16426 

0.040 

1.045 

0.97594 

92919 

-0.02434 

46490 

-0.50553 

32428 

1.54296 

58968 

0.045 

1.050 

0.97350 

42656 

-0.02685 

30725 

-0.49784 

49913 

1.53235 

73421 

0.050 

1.055 

0.97110 

25663 

-0.02932 

31868 

-0.49020 

94448 

1.52188 

35001 

0.055 

1.060 

0.96874 

36495 

-0.03175 

52537 

-0.48262 

59358 

1.51154 

19500 

0.060 

1.065 

0.96642 

69823 

-0.03414 

95318 

-0.47509 

38088 

1.50133 

03259 

0.065 

1.070 

0.96415 

20425 

-0.03650 

62763 

-0.46761 

24199 

1.49124 

63164 

0.070 

1.075 

0.96191 

83189 

-0.03882 

57395 

-0.46018 

11367 

1.48128 

76622 

0.075 

1.080 

0.95972 

53107 

-0.04110 

81702 

-0.45279 

93380 

1.47145 

21556 

0.080 

1.085 

0.95757 

25273 

-0.04335 

38143 

-0.44546 

64135 

1.46173 

76377 

0.085 

1.090 

0.95545 

94882 

-0.04556 

29148 

-0.43818 

17635 

1.45214 

19988 

0.090 

1.095 

0.95338 

57227 

-0.04773 

57114 

-0.43094 

47988 

1.44266 

31755 

0.095 

1.100 

0.95135 

07699 

-0.04987 

24413 

-0.42375 

49404 

1.43329 

91508 

0.100 

1.105 

0.94935 

41778 

-0.05197 

33384 

-0.41661 

16193 

1.42404 

79514 

0.105 

1.110 

0.94739 

55040 

-0.05403 

86341 

-0.40951 

42761 

1.41490 

76482 

0.110 

1.115 

0.94547 

43149 

-0.05606 

85568 

-0.40246 

23611 

1.40587 

63535 

0.115 

1.120 

0.94359 

01856 

-0.05806 

33325 

-0.39545 

53339 

1.39695 

22213 

0.120 

1.125 

0.94174 

26997 

-0.06002 

31841 

-0.38849 

26633 

1.38813 

34449 

0.125 

1.130 

0.93993 

14497 

-0.06194 

83322 

-0.38157 

38268 

1.37941 

82573 

0.130 

1.135 

0.93815 

60356 

-0.06383 

89946 

-0.37469 

83110 

1.37080 

49288 

0.135 

1.140 

0.93641 

60657 

-0.06569 

53867 

-0.36786 

56106 

1.36229 

17670 

0.140 

1.145 

0.93471 

11562 

-0.06751 

77212 

-0.36107 

52291 

1.35387 

71152 

0.145 

1.150 

0.93304 

09311 

-0.06930 

62087 

-0.35432 

66780 

1.34555 

93520 

0.150 

1.155 

0.93140 

50217 

-0.07106 

10569 

-0.34761 

94768 

1.33733 

68900 

0.155 

1.160 

0.92980 

30666 

-0.07278 

24716 

-0.34095 

31528 

1.32920 

81752 

0.160 

1.165 

0.92823 

47120 

-0.07447 

06558 

-0.33432 

72413 

1.32117 

16859 

0.165 

1.170 

0.92669 

96106 

-0.07612 

58106 

-0.32774 

12847 

1.31322 

59322 

0.170 

1.175 

0.92519 

74225 

-0.07774 

81345 

-0.32119 

48332 

1.30536 

94548 

0.175 

1.180 

0.92372 

78143 

-0.07933 

78240 

-0.31468 

74438 

1.29760 

08248 

0.180 

1.185 

0.92229 

04591 

-0.08089 

50733 

-0.30821 

86809 

1.28991 

86421 

0.185 

1.190 

0.92088 

50371 

-0.08242 

00745 

-0.30178 

81156 

1.28232 

15358 

0.190 

1.195 

0.91951 

12341 

-0.08391 

30174 

-0.29539 

53259 

1.27480 

81622 

0.195 

1.200 

0.91816 

87424 

-0.08537 

40900 

-0.28903 

98966 

1.26737 

72054 

0.200 

1.205 

0.91685 

72606 

-0.08680 

34780 

-0.28272 

14187 

1.26002 

73755 

0.205 

1.210 

0.91557 

64930 

-0.08820 

13651 

-0.27643 

94897 

1.25275 

74090 

0.210 

1.215 

0.91432 

61500 

-0.08956 

79331 

-0.27019 

37135 

1.24556 

60671 

0.215 

1.220 

0.91310 

59475 

-0.09090 

33619 

-0.26398 

37000 

1.23845 

21360 

0.220 

1.225 

0.91191 

56071 

-0.09220 

78291 

-0.25780 

90652 

1.23141 

44258 

0.225 

1.230 

0.91075 

48564 

-0.09348 

15108 

-0.25166 

94307 

1.22445 

17702 

0.230 

1.235 

0.90962 

34274 

-0.09472 

45811 

-0.24556 

44243 

1.21756 

30254 

0.235 

1.240 

0.90852 

10583 

-0.09593 

72122 

-0.23949 

36791 

1.21074 

70707 

0.240 

1.245 

0.90744 

74922 

-0.09711 

95744 

-0.23345 

68341 

1.20400 

28063 

0.245 

1.250 

0.90640 

24771 

-0.09827 

18364 

-0.22745 

35334 

1.19732 

91545 

0.250 

y 

t 

• 

ln^! 

d 2 , . 

dy^y- 

y 

m [<n  m m 


For  x>2  see  Examples  1-4. 


logic  e=0.43429  44819 


Compiled  from  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  2 vols.  (Principia 
Press,  Bloomington,  Ind.,  1933, 1935)  (with  permission).  Known  error  has  been  corrected. 
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GAMMA  FUNCTION  AND  BELATED  FUNCTIONS 


Table  6.1  GAMMA,  DIGAMMA  AND  TRIGAMMA  FUNCTIONS 


X 

t(x) 

In  r(x) 

t'i x ) 

1.250 

0.90640 

24771 

-0.09827 

18364 

-0.22745 

35334 

1.19732 

91545 

0.250 

1.255 

0.90538 

57663 

-0.09939 

41651 

-0.22148 

34266 

1.19072 

50579 

0.255 

1.260 

0.90439 

71178 

-0.10048 

67254 

-0.21554 

61686 

1.18418 

94799 

0.260 

1.265 

0.90343 

62946 

-0.10154 

96809 

-0.20964 

14193 

1.17772 

14030 

0.265 

1.270 

0.90250 

30645 

-0.10258 

31932 

-0.20376 

88437 

1.17131 

98301 

0.270 

1.275 

0.90159 

71994 

-0.10358 

74224 

-0.19792 

81118 

1.16498 

37821 

0.275 

1.280 

0.90071 

84765 

-0.10456 

25269 

-0.19211 

88983 

1.15871 

22990 

0.280 

1.285 

0.89986 

66769 

-0.10550 

86634 

-0.18634 

08828 

1.15250 

44385 

0.285 

1.290 

0.89904 

15863 

-0.10642 

59872 

-0.18059 

37494 

1.14635 

92764 

0.290 

1.295 

0.89824 

29947 

-0.10731 

46519 

-0.17487 

71870 

1.14027 

59053 

0.295 

1.300 

0.89747 

06963 

-0.10817 

48095 

-0.16919 

08889 

1.13425 

34350 

0.300 

1.305 

0.89672 

44895 

-0.10900 

66107 

-0.16353 

45526 

1.12829 

09915 

0.305 

1.310 

0.89600 

41767 

-0.10981 

02045 

-0.15790 

78803 

1.12238 

77175 

0.310 

1.315 

0.89530 

95644 

-0.11058 

57384 

-0.15231 

05782 

1.11654 

27706 

0.315 

1.320 

0.89464 

04630 

-0.11133 

33587 

-0.14674 

23568 

1.11075 

53246 

0.320 

1.325 

0.89399 

66866 

-0.11205 

32100 

-0.14120 

29305 

1.10502 

45678 

0.325 

1.330 

0.89337 

80535 

-0.11274 

54356 

-0.13569 

20180 

1.09934 

97037 

0.330 

1.335 

0.89278 

43850 

-0.11341 

01772 

-0.13020 

93416 

1.09372 

99497 

0.335 

1.340 

0.89221 

55072 

-0.11404 

75756 

-0.12475 

46279 

1.08816 

45379 

0.340 

1.345 

0.89167 

12485 

-0.11465 

77697 

-0.11932 

76069 

1.08265 

27136 

0.345 

1.350 

0.89115 

14420 

-0.11524 

08974 

-0.11392 

80127 

1.07719 

37361 

0.350 

1.355 

0.89065 

59235 

-0.11579 

70951 

-0.10855 

55827 

1.07178 

68773 

0.355 

1.360 

0.89018 

45324 

-0.11632 

64980 

-0.10321 

00582 

1.06643 

14226 

0.360 

1.365 

0.88973 

71116 

-0.11682 

92401 

-0.09789 

11840 

1.06112 

66696 

0.365 

1.370 

0.88931 

35074 

-0.11730 

54539 

-0.09259 

87082 

1.05587 

19286 

0.370 

1.375 

0.88891 

35692 

-0.11775 

52707 

-0.08733 

23825 

1.05066 

65216 

0.375 

1.380 

0.88853 

71494 

-0.11817 

88209 

-0.08209 

19619 

1.04550 

97829 

0.380 

1.385 

0.88818 

41041 

-0.11857 

62331 

-0.07687 

72046 

1.04040 

10578 

0.385 

1.390 

0.88785 

42918 

-0.11894 

76353 

-0.07168 

78723 

1.03533 

97036 

0.390 

1.395 

0.88754 

75748 

-0.11929 

31538 

-0.06652 

37297 

1.03032 

50881 

0.395 

1.400 

0.88726 

38175 

-0.11961 

29142 

-0.06138 

45446 

1.02535 

65905 

0.400 

1.405 

0.88700 

28884 

-0.11990 

70405 

-0.05627 

00879 

1.02043 

36002 

0.405 

1.410 

0.88676 

46576 

-0.12017 

56559 

-0.05118 

01337 

1.01555 

55173 

0.410 

1.415 

0.88654 

89993 

-0.12041 

88823 

-0.04611 

44589 

1.01072 

17518 

0.415 

1.420 

0.88635 

57896 

-0.12063 

68406 

-0.04107 

28433 

1.00593 

17241 

0.420 

1.425 

0.88618 

49081 

-0.12082 

96505 

-0.03605 

50697 

1.00118 

48640 

0.425 

1.430 

0.88603 

62361 

-0.12099 

74307 

-0.03106 

09237 

0.99648 

06113 

0.430 

1.435 

0.88590 

96587 

-0.12114 

02987 

-0.02609 

01935 

0.99181 

84147 

0.435 

1.440 

0.88580 

50635 

-0.12125 

83713 

-0.02114 

26703 

0.98719 

77326 

0.440 

1.445 

0.88572 

23397 

-0.12135 

17638 

-0.01621 

81479 

0.98261 

80318 

0.445 

1.450 

0.88566 

13803 

-0.12142 

05907 

-0.01131 

64226 

0.97807 

87886 

0.450 

1.455 

0.88562 

20800 

-0.12146 

49657 

-0.00643 

72934 

0.97357 

94874 

0.455 

1.460 

0.88560 

43364 

-0.12148 

50010 

-0.00158 

05620 

0.96911 

96215 

0.460 

1.465 

0.88560 

80495 

-0.12148 

08083 

+0.00325 

39677 

0.96469 

86921 

0.465 

1.470 

0.88563 

31217 

-0.12145 

24980 

0.00806 

64890 

0.96031 

62091 

0.470 

1.475 

0.88567 

94575 

-0.12140 

01797 

0.01285 

71930 

0.95597 

16896 

0.475 

1.480 

0.88574 

69646 

-0.12132 

39621 

0.01762 

62684 

0.95166 

46592 

0.480 

1.485 

0.88583 

55520 

-0.12122 

39528 

0.02237 

39013 

0.94739 

46509 

0.485 

1.490 

0.88594 

51316 

-0.12110 

02585 

0.02710 

02758 

0.94316 

12052 

0.490 

1.495 

0.88607 

56174 

-0.12095 

29852 

0.03180 

55736 

0.93896 

>38700 

0,495 

1.500 

0.88622 

69255 

-0.12078 

22376 

0.03648 

99740  > 

0.93480 

22005 

0.500 

In  ?/! 


* 


u 


log10  e=0.43429  44819 


i*  See  page  n. 
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GAMMA,  DIGAMMA  AND  TRIGAMMA  FUNCTIONS  Table  6.1 


X 

r(V) 

In  r(j-) 

^(.r) 

+'  (*) 

1.500 

0.88622  69255 

-0.12078 

22376 

0.03648 

99740 

0.93480 

22005 

0.500 

1.505 

0.88639  89744 

-0.12058 

81200 

0.04115 

36543 

0.93067 

57588 

0.505 

1.510 

0.88659  16850 

-0.12037 

07353 

0.04579 

67896 

0.92658 

41142 

0.510 

1.515 

0.88680  49797 

-0.12013 

01860 

0.05041 

95527 

0.92252 

68425 

0.515 

1.520 

0.88703  87833 

-0.11986 

65735 

0.05502 

21146 

0.91850 

35265 

0.520 

1.525 

0.88729  30231 

-0.11957 

99983 

0.05960 

46439 

0.91451 

37552 

0.525 

1.530 

0.88756  76278 

-0.11927 

05601 

0.06416 

73074 

0.91055 

71245 

0.530 

1.535 

0.88786  25287 

-0.11893 

83580 

0.06871 

02697 

0.90663 

32361 

0.535 

1.540 

0.88817  76586 

-0.11858 

34900 

0.07323 

36936 

0.90274 

16984 

0.540 

1.545 

0.88851  29527 

-0.11820 

60534 

0.07773 

77400 

0.89888 

21253 

0.545 

1.550 

0.88886  83478 

-0.11780 

61446 

0.08222 

25675 

0.89505 

41371 

0.550 

1.555 

0.88924  37830 

-0.11738 

38595 

0.08668 

83334 

0.89125 

73596 

0.555 

1.560 

0.88963  91990 

-0.11693 

92928 

0.09113 

51925 

€.88749 

14249 

0.560 

1.565 

0.89005  45387 

-0.11647 

25388 

0.09556 

32984 

0.88375 

59699 

0.565 

1.570 

0.89048  97463 

-0.11598 

36908 

0.09997 

28024 

0.88005 

06378 

0.570 

1.575 

0.89094  47686 

-0.11547 

28415 

0.10436 

38544 

0.87637 

50766 

0.575 

1.580 

0.89141  95537 

-0.11494 

00828 

0.10873 

66023 

0.87272 

89402 

0.580 

1.585 

0.89191  40515 

-0.11438 

55058 

0.11309 

11923 

0.86911 

18871 

0.585 

1.590 

0.89242  82141 

-0.11380 

92009 

0.11742 

77690 

0.86552 

35815 

0.590 

1.595 

0.89296  19949 

-0.11321 

12579 

0.12174 

64754 

0.86196 

36921 

0.595 

1.600 

0.89351  53493 

-0.11259 

17657 

0.12604 

74528 

0.85843 

18931 

0.600 

1.605 

0.89408  82342 

-0.11195 

08127 

0.13033 

08407 

0.85492 

78630 

0.605 

1.610 

0.89468  06085 

-0.11128 

84864 

0.13459 

67772 

0.85145 

12856 

0.610 

1.615 

0.89529  24327 

-0.11060 

48737 

0.13884 

53988 

0.84800 

18488 

0.615 

1.620 

0.89592  36685 

-0.10990 

00610 

0.14307 

68404 

0.84457 

92455 

0.620 

1.625 

0.89657  42800 

-0.10917 

41338 

0.14729 

12354 

0.84118 

31730 

0.625 

1.630 

0.89724  42326 

-0.10842 

71769 

0.15148 

87158 

0.83781 

33330 

0.630 

1.635 

0.89793  34930 

-0.10765 

92746 

0.15566 

94120 

0.83446 

94315 

0.635 

1.640 

0.89864  20302 

-0.10687 

05105 

0.15983 

34529 

0.83115 

11790 

0.640 

1.645 

0.89936  98138 

-0.10606 

09676 

0.16398 

09660 

0.82785 

82897 

0.645 

1.650 

0.90011  68163 

-0.10523 

07282 

0.16811 

20776 

0.82459 

04826 

0.650 

1.655 

0.90088  30104 

-0.10437 

98739 

0.17222 

69122 

0.82134 

74802 

0.655 

1.660 

0.90166  83712 

-0.10350 

84860 

0.17632 

55933 

0.81812 

90092 

0.660 

1.665 

0.90247  28748 

-0.10261 

66447 

0.18040 

82427 

0.81493 

48001 

0.665 

1.670 

0.90329  64995 

-0.10170 

44301 

0.18447 

49813 

0.81176 

45875 

0.670 

1.675 

0.90413  92243 

-0.10077 

19212 

0.18852 

59282 

0.80861 

81094 

0.675 

1.680 

0.90500  10302 

-0.09981 

91969 

0.19256 

12015 

0.80549 

51079 

0.680 

1.685 

0.90588  18996 

-0.09884 

63351 

0.19658 

09180 

0.80239 

53282 

0.685 

1.690 

0.90678  18160 

-0.09785 

34135 

0.20058 

51931 

0.79931 

85198 

0.690 

1.695 

0.90770  07650 

-0.09684 

05088 

0.20457 

41410 

0.79626 

44350 

0.695 

1.700 

0.90863  87329 

-0.09580 

76974 

0.20854 

78749 

0.79323 

28302 

0.700 

1.705 

0.90959  57079 

-0.09475 

50552 

0.21250 

65064 

0.79022 

34645 

0.705 

1.710 

0.91057  16796 

-0.09368 

26573 

0.21645 

01462 

0.78723 

61012 

0.710 

1.715 

0.91156  66390 

-0.09259 

05785 

0.22037 

89037 

0.78427 

05060 

0.715 

1.720 

0.91258  05779 

-0.09147 

88929 

0.22429 

28871 

0.78132 

64486 

0.720 

1.725 

0.91361  34904 

-0.09034 

76741 

0.22819 

22037 

0.77840 

37011 

0.725 

1.730 

0.91466  53712 

-0.08919 

69951 

0.23207 

69593 

0.77550 

20396 

0.730 

1.735 

0.91573  62171 

-0.08802 

69286 

0.23594 

72589 

0.77262 

12424 

0.735 

1.740 

0.91682  60252 

-0.08683 

75466 

0.23980 

32061 

0.76976 

10915 

0.740 

1.745 

0.91793  47950 

-0.08562 

89203 

0.24364 

49038 

0.76692 

13714 

0.745 

1.750 

0.91906  25268 

-0.08440 

11210 

0.24747 

24535 

0.76410 

18699 

0.750 

yl 

In  2/! 

l'”! 

da  , . 

dy2  ln?/! 

y 

[{T] 

[(-6)8] 

TH 
L 4 

5)31 

r(- 

j 

i 

6)41 

5 
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Table  6.1  GAMMA,  DIGAMMA  AND  TRIGAMMA  FUNCTIONS 


X 

r(*) 

In  r(x) 

(x) 

1.750 

0.91906 

25268 

-0.08440 

11210 

0.24747 

24535 

0.76410 

18699 

0.750 

1.755 

0.92020 

92224 

-0.08315 

42192 

0.25128 

59559 

0.76130 

23773 

0.755 

1.760 

0.92137 

48846 

-0.08188 

82847 

0.25508 

55103 

0.75852 

26870 

0.760 

1.765 

0.92255 

95178 

-0.08060 

33871 

0.25887 

12154 

0.75576 

25950 

0.765 

1.770 

0.92376 

31277 

-0.07929 

95955 

0.26264 

31686 

0.75302 

19003 

0.770 

1.775 

0.92498 

57211 

-0.07797 

69782 

0.26640 

14664 

0.75030 

04040 

0.775 

1.780 

0.92622 

73062 

-0.07663 

56034 

0.27014 

62043 

0.74759 

79107 

0.780 

1.785 

0.92748 

78926 

-0.07527 

55386 

0.27387 

74769 

0.74491 

42268 

0.785 

1.790 

0.92876 

74904 

-0.07389 

68509 

0.27759 

53776 

0.74224 

91617 

0.790 

1.795 

0.93006 

61123 

-0.07249 

96070 

0.28129 

99992 

0.73960 

25271 

0.795 

1.800 

0.93138 

37710 

-0.07108 

38729 

0.28499 

14333 

0.73697 

41375 

0.800 

1.805 

0.93272 

04811 

-0.06964 

97145 

0.28866 

97707 

0.73436 

38093 

0.805 

1.810 

0.93407 

62585 

-0.06819 

71969 

0.29233 

51012 

0.73177 

13620 

0.810 

1.815 

0.93545 

11198 

-0.06672 

63850 

0.29598 

75138 

0.72919 

66166 

0.815 

1.820 

0.93684 

50832 

-0.06523 

73431 

0.29962 

70966 

0.72663 

93972 

0.820 

1.825 

0.93825 

81682 

-0.06373 

01353 

0.30325 

39367 

0.72409 

95297 

0.825 

1.830 

0.93969 

03951 

-0.06220 

48248 

0.30686 

81205 

0.72157 

68426 

0.830 

1.835 

0.94114 

17859 

-0.06066 

14750 

0.31046 

97335 

0.71907 

11662 

0.835 

1.840 

0.94261 

23634 

-0.05910 

01483 

0.31405 

88602 

0.71658 

23333 

0.840 

1.845 

0.94410 

21519 

-0.05752 

09071 

0.31763 

55846 

0.71411 

01788 

0.845 

1.850 

0.94561 

11764 

-0.05592 

38130 

0.32119 

99895 

0.71165 

45396 

0.850 

1.855 

0.94713 

94637 

-0.05430 

89276 

0.32475 

21572 

0.70921 

52546 

0.855 

1.860 

0.94868 

70417 

-0.05267 

63117 

0.32829 

21691 

0.70679 

21650 

0.860 

1.865 

0.95025 

39389 

-0.05102 

60260 

0.33182 

01056 

0.70438 

51138 

0.865 

1.870 

0.95184 

01855 

-0.04935 

81307 

0.33533 

60467 

0.70199 

39461 

0.870 

1.875 

0.95344 

58127 

-0.04767 

26854 

0.33884 

00713 

0.69961 

85089 

0.875 

1.880 

0.95507 

08530 

-0.04596 

97497 

0.34233 

22577 

0.69725 

86512 

0.880 

1.885 

0.95671 

53398 

-0.04424 

93824 

0.34581 

26835 

0.69491 

42236 

0.885 

1.890 

0.95837 

93077 

-0.04251 

16423 

0.34928 

14255 

0.69258 

50790 

0.890 

1.895 

0.96006 

27927 

-0.04075 

65875 

0.35273 

85596 

0.69027 

10717 

0.895 

1.900 

0.96176 

58319 

-0.03898 

42759 

0.35618 

41612 

0.68797 

20582 

0.900 

1.905 

0.96348 

84632 

-0.03719 

47650 

0.35961 

83049 

0.68568 

78965 

0.905 

1.910 

0.96523 

07261 

-0.03538 

81118 

0.36304 

10646 

0.68341 

84465 

0.910 

1.915 

0.96699 

26608 

r-0.03356 

43732 

0.36645 

25136 

0.68116 

35696 

0.915 

1.920 

0.96877 

43090 

-0.03172 

36054 

0.36985 

27244 

0.67892 

31293 

0.920 

1.925 

0.97057 

57134 

-0.02986 

58646 

0.37324 

17688 

0.67669 

69903 

0.925 

1.930 

0.97239 

69178 

-0.02799 

12062 

0.37661 

97179 

0.67448 

50194 

0.930 

1.935 

0.97423 

79672 

-0.02609 

96858 

0.37998 

66424 

0.67228 

70846 

0.935 

1.940 

0.97609 

89075 

-0.02419 

13581 

0.38334 

26119 

0.67010 

30559 

0.940 

1.945 

0.97797 

97861 

-0.02226 

62778 

0.38668 

76959 

0.66793 

28044 

0.945 

1.950 

0.97988 

06513 

-0.02032 

44991 

0.39002 

19627 

0.66577 

62034 

0.950 

1.955 

0.98180 

15524 

-0.01836 

60761 

0.39334 

54805 

0.66363 

31270 

0.955 

1.960 

0.98374 

25404 

-0.01639 

10621 

0.39665 

83163 

0.66150 

34514 

0.960 

1.965 

0.98570 

36664 

-0.01439 

95106 

0.39996 

05371 

0.65938 

70538 

0.965 

1.970 

0.98768 

49838 

-0.01239 

14744 

0.40325 

22088 

0.65728 

38134 

0.970 

1.975 

0.98968 

65462 

-0.01036 

70060 

0.40653 

33970 

0.65519 

36104 

0.975 

1.980 

0.99170 

84087 

-0.00832 

61578 

0.40980 

41664 

0.65311 

63266 

0.980 

1.985 

0.99375 

06274 

-0.00626 

89816 

0.41306 

45816 

0.65105 

18450 

0.985 

1.990 

0.99581 

32598 

-0.00419 

55291 

0.41631 

47060 

0.64900 

00505 

0.990 

1.995 

0.99789 

63643 

-0.00210 

58516 

0.41955 

46030 

0.64696 

08286 

0.995 

2.000 

1.00000 

00000 

0.00000 

00000 

0.42278 

43351 

0.64493 

40668 

1.000 

In?/! 
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TETRAGAMMA  AND  PENTAGAMMA  FUNCTIONS  Table  6.2 


*"(.r) 

^ (•*)(.?■) 

./■ 

*"(.r) 

(x) 

1.00 

-2.40411 

38063 

6.49393  94023 

0.00 

1.50 

-0.82879  66442 

1.40909  10340 

0.50 

1.01 

-2.34039 

86771 

6.25106  18729 

0.  01 

1.51 

-0.81487  76121 

1.37489  70527 

0.  51 

1.02 

-2.27905 

42052 

6.01969  49890 

0.02 

1.52 

-0.80129  51399 

1.34177  21104 

0.  52 

1.03 

-2.21996 

85963 

5.79918  38573 

0.  03 

1.53 

-0.78803  87419 

1.30967  56244 

0.53 

1.04 

-2.16303 

63855 

5.58891  68399 

0.  04 

1.54 

-0.77509  83287 

1.27856  88154 

0.  54 

1.05 

-2.10815 

80219 

5.38832  23132 

0.  05 

1.55 

-0.76246  41904 

1.24841  46160 

0.  55 

1.06 

-2.05523 

94833 

5.19686  56970 

0.  06 

1.56 

-0.75012  69793 

1.21917  75841 

0.  56 

1.07 

-2.00419 

19194 

5.01404  67303 

0.  07 

1.57 

-0.73807  76946 

1.19082  38216 

0.  57 

1.08 

-1.95493 

13213 

4.83939  69702 

0.  08 

1.58 

-0.72630  76669 

1.16332  08979 

0.  58 

1.09 

-1.90737 

82154 

4.67247  74947 

0.  09 

1.59 

-0.71480  85441 

1.13663  77770 

0.  59 

1.10 

-1.86145 

73783 

4.51287  67903 

0.10 

1.60 

-0.70357  22779 

1.11074  47490 

0.  60 

1.11 

-1.81709 

75731 

4.36020  88083 

0.11 

1.61 

-0.69259  11105 

1.08561  33658 

0.  61 

1.12 

-1.77423 

13035 

4.21411  11755 

0. 12 

1.62 

-0.68185  75627 

1.06121  63792 

0.  62 

1.13 

-1.73279 

45852 

4.07424  35447 

0.13 

1.63 

-0.67136  44220 

1.03752  76835 

0.  63 

1.14 

-1.69272 

67342 

3.94028  60737 

0. 14 

1.64 

-0.66110  47316 

1.01452  22608 

0.  64 

1.15 

-1.65397 

01677 

3.81193  80220 

0. 15 

1.65 

-0.65107  17793 

0.99217  61290 

0.  65 

1.16 

-1.61647 

02206 

3.68891  64540 

0.16 

1.66 

-0.64125  90881 

0.97046  62927 

0.  66 

1.17 

-1.58017 

49731 

3.57095  50416 

0.17 

1.67 

-0.63166  04061 

0.94937  06973 

0.  67 

1.18 

-1.54503 

50903 

3.45780  29554 

0.18 

1.68 

-0.62226  96973 

0.92886  81843 

0.  68 

1.19 

-1.51100 

36723 

3.34922  38402 

0.19 

1.69 

-0.61308  11332 

0.90893  84502 

0.  69 

1.20 

-1.47803 

61144 

3.24499  48647 

0.20 

1.70 

-0.60408  90841 

0.88956  20066 

0.  70 

1.21 

-1.44608 

99765 

3.14490  58422 

0.21 

1.71 

-0.59528  81112 

0.87072  01433 

0.  71 

1.22 

-1.41512 

48602 

3.04875  84139 

0.22 

1.72 

-0.58667  29593 

0.85239  48922 

0.  72 

1.23 

-1.38510 

22950 

2.95636  52925 

0.23 

1.73 

-0.57823  85490 

' 0.83456  89940 

0.73 

1.24 

-1.35598 

56308 

2.86754  95589 

0.24 

1.74 

-0.56997  99702 

0.81722  58660 

0.  74 

1.25 

-1.32773 

99375 

2.78214  40092 

0.25 

1.75 

-0.56189  24756 

0.80034  95719 

0. 75 

1.26 

-1.30033 

19112 

2.69999  05478 

0.  26 

1.76 

-0.55397  14738 

0.78392  47929 

0.  76 

1.27 

-1.27372 

97857 

2.62093  96227 

0.27 

1.77 

-0.54621  25238 

0.76793  68005 

0. 77 

1.28 

-1.24790 

32496 

2.54484  97000 

0.  28 

1.78 

-0.53861  13291 

0.75237  14300 

0.  78 

1.29 

-1.22282 

33691 

2.47158  67746 

0.  29 

1.79 

-0.53116  37320 

0.73721  50564 

0.  79 

1.30 

-1.19846 

25147 

2.40102  39143 

0.  30 

1.80 

-0.52386  57084 

0.72245  45705 

0.  80 

1.31 

-1.17479 

42923 

2.33304  08348 

0.  31 

1.81 

-0.51671  33630 

0.70807  73565 

0.  81 

1.32 

-1.15179 

34794 

2.26752  35032 

0.  32 

1.82 

-0.50970  29242 

0.69407  12710 

0.  82 

1.33 

-1.12943 

59642 

2.20436  37678 

0.  33 

1.83 

-0.50283  07396 

0.68042  46226 

0.  83 

1.34 

-1.10769 

86881 

2.14345  90132 

0.  34 

1.84 

-0.49609  32712 

0.66712  61527 

0.  84 

1.35 

-1.08655 

95925 

2.08471  18367 

0.  35 

1.85 

-0.48948  70921 

0.65416  50169 

0. 85 

1.36 

-1.06599 

75682 

2.02802  97472 

0.  36 

1.86 

-0.48300  88813 

0.64153  07680 

0.86 

1.37 

-1.04599 

24073 

1.97332  48830 

0.  37 

1.87 

-0.47665  54207 

0.62921  33389 

0.  87 

1.38 

-1.02652 

47586 

1.92051  37473 

0.  38 

1.88 

-0.47042  35909 

0.61720  30270 

0.88 

1.39 

-1.00757 

60850 

1.86951  69616 

0.  39 

1.89 

-0.46431  03677 

0.60549  04793 

0.  89 

1.40 

-0.98912 

86236 

1.82025  90339 

0.40 

1.90 

-0.45831  28188 

0.59406  66772 

0.  90 

1.41 

-0.97116 

53479 

1.77266  81419 

0.  41 

1.91 

-0.45242  81007 

0.58292  29238 

0.  91 

1.42 

-0.95366 

99322 

1.72667  59295 

0.  42 

1.92 

-0.44665  34549 

0.57205  08299 

0.  92 

1.43 

-0.93662 

67177 

1.68221  73161 

0.43 

1.93 

-0.44098  62055 

0.56144  23020 

0.93 

1.44 

-0.92002 

06808 

1.63923  03178 

0.  44 

1.94 

-0.43542  37563 

0.55108  95304 

0.  94 

1.45 

-0.90383 

74031 

1.59765  58792 

0.  45 

1.95 

-0.42996  35876 

0.54098  49774 

0.  95 

1.46 

-0.88806 

30426 

1.55743  77157 

0.  46 

1.96 

-0.42460  32537 

0.53112  13668 

0.96 

1.47 

-0.87268 

43070 

1.51852  21649 

0.  47 

1.97 

-0.41934  03805 

0.52149  16733 

0.  97 

1.48 

-0.85768 

84281 

1.48085  80478 

0.  48 

1.98 

-0.41417  26631 

0.51208  91127 

0.  98 

1.49 

-0.84306 

31376 

1.44439  65370 

0.  49 

1.99 

-0.40909  78630 

0.50290  71324 

0.  99 

1.50 

-0.82879 

66442 

1.40909  10340 

0.50 

2.00 

-0.40411  38063 

0.49393  94023 

1.00 

apto»' 

d*  , f 
dy*  y‘ 

y 

wlayl 

d 4 . . 

dP  ln  Vl 

y 

m 

1 1 

1—1 

CO  ^ 

lZZI i 

i 1 

T 

Oi  Oi 
1 1 

Compiled  from  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  2 vols.  (Principia  Press, 


Bloomington,  Ind.,  1933,  1935)  (with  permission). 


•See  page  n. 
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Table  6.3  GAMMA  AND  DIGAMMA  FUNCTIONS  FOR  INTEGER  AND  HALF-INTEGER  VALUES 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 


r(/,) 

0)1.00000  00000 
0 1.00000  00000 

0)2.00000  00000 
0)6.00000  00000 

1) 2.40000  00000 

2) 1.20000  00000 

2) 7.20000  00000 

3) 5.04000  00000 
4|  4.03200  00000 


6) 3.62880  00000 

7) 3.99168  00000 
8 4.79001  60000 
9)6.22702  08000 

(10)8.71782  91200 

(12) 1.30767  43680 

(13) 2.09227  89888 

(14) 3.55687  42810 

(15) 6.40237  37057 

(17) 1.21645  10041 

(18) 2.43290  20082 

(19) 5.10909  42172 

(21) 1.12400  07278 

(22) 2.58520  16739 

(23) 6.20448  40173 

(25) 1.55112  10043 

(26) 4.03291  46113 
(28)1.08888  69450 
(29  3.04888  34461 
(30)8.84176  19937 

(32)2.65252  85981 
33)8.22283  86542 
35  2.63130  83693 
36)8.68331  76188 
(38)2.95232  79904 

(40) 1.03331  47966 

(41) 3.71993  32679 

(43) 1.37637  53091 

(44) 5.23022  61747 

(46) 2.03978  82081 

(47) 8.15915  28325 
49)3.34525  26613 

51) 1.40500  61178 

52) 6.04152  63063 
(54)2.65827  15748 

56) 1.19622  22087 

57) 5.50262  21598 
59) 2.58623  24151 

(61) 1.24139  15593 

(62) 6.08281  86403 

(64)3.04140  93202 
(”-!)! 


(- 

(- 

(- 

<- 

l- 


( 5)3.62880  00000  (- 


0)1.00000  000 
0)1.00000  000 

1)5.00000  000 

1) l.66666  667 

2) 4.16666  667 

3) 8.33333  333 

3) 1.38888  889 

4) 1.98412  698 

5) 2.48015  873 

6) 2.75573  192 


(-  7)2.75573  192 
(-  8)2.50521  084 
(-  9)2.08767  570 
(-10)1.60590  438 
(-11)1.14707  456 

(-13)7.64716  373 
(-14)4.77947  733 
(-15)2.81145  725 
(-16)1.56192  070 
(-18)8.22063  525 

(-19)4.11031  762 
(-20)1.95729  411 
(-22)8.89679  139 
(-23)3.86817  017 
(-24)1.61173  757 

(-26)6.44695  029 
(-27)2.47959  626 
(-29)9.18368  986 
1-30)3.27988  924 
'-3l)  1.13099  629 

(-33)3.76998  763 
(-34)1.21612  504 
(-36)3.80039  076 
(-37)1.15163  356 
(-39)3.38715  754 

.-41)9.67759  296 
(-42)2.68822  027 
(-44)7.26546  018 
(-45)1.91196  320 
(-47)4.90246  976 

(-48)1.22561  744 
(-50)2.98931  083 
(-52)7.11740  673 
(-53)1.65521  087 
( -55)  3.76184  288 

(-57)8.35965  084 
-58)1.81731  540 
-60)3.86662  851 
-62)8.05547  607 
(-63)1.64397  471 

(-65)3.28794  942 

!/(«-!)! 


r(»  + i) 

-1)8.86226  93 
0)1.32934  04 

0) 3.32335  10 

1)  1.16317  28 

1) 5.23427  78 

2) 2.87885  28 

3) 1.87125  43 

4) 1.40344  07 

5) 1.19292  46 

6) 1.13327  84 

( 7)1.18994  23 

8) 1.36843  37 

9) 1.71054  21 

10) 2.30923  18 

11) 3.34838  61 

12) 5.18999  85 

13) 8.56349  74 

15) 1.49861  21 

16) 2.77243  23 
(17)5.40624  30 

(19)1.10827  98 

20) 2.38280  16 

21) 5.36130  36 
23)1.25990  63 

(24) 3.08677  05 

(25) 7.87126  49 

27) 2.08588  52 

28) 5.73618  43 

30)  1.63481  25 

31) 4.82269  69 

(33)1.47092  26 
34)4.63340  61 

36) 1.50585  70 

37) 5.04462  09 
(39)1.74039  42 

40)6.17839  94 

42) 2.25511  58 

43) 8.45668  42 
45)3.25582  34 

(47)  1.28605  02 

48)5.20850  35 

50) 2.16152  90 

51) 9.18649  81 
53)3.99612  67 
55)1.77827  64 

(56)8.09115  74 
58)3.76238  82 

60)  1.78713  44 

61) 8.66760  18 
(63)4.29046  29 

(65)2.16668  38 

(«-»! 


H») 

/ 1 (h 

') 

) 

-0.57721 

56649 

1.08443 

755 

0.57721 

566 

+0.42278 

43351 

1.04220 

712 

0.27036 

285 

0.92278 

43351 

1.02806 

452 

0.17582 

795 

1.25611 

76684 

1.02100 

830 

0.13017 

669 

1.50611 

76684 

1.01678 

399 

0.10332 

024 

1.70611 

76684 

1.01397 

285 

0.08564 

180 

1.87278 

43351 

1.01196 

776 

0.07312 

581 

2.01564 

14780 

1.01046 

565 

0.06380 

006 

2.14064 

14780 

1.00929 

843 

0.05658 

310 

2.25175 

25891 

1.00836 

536 

0.05083 

250 

2.35175 

25891 

1.00760 

243 

0.04614 

268 

2.44266 

16800 

1.00696 

700 

0.04224 

497 

2.52599 

50133 

1.00642 

958 

0.03895 

434 

2.60291 

80902 

1.00596 

911 

0.03613 

924 

2.67434 

66617 

1.00557 

019 

0.03370 

354 

2.74101 

33283 

1.00522 

124 

0.03157 

539 

2.80351 

33283 

1.00491 

343 

0.02970 

002 

2.86233 

68577 

1.00463 

988 

0.02803 

490 

2.91789 

24133 

1.00439 

519 

0.02654 

657 

2.97052 

39922 

1.00417 

501 

0.02520 

828 

3.02052 

39922 

1.00397 

584 

0.02399 

845 

3.06814 

30399 

1.00379 

480 

0.02289 

941 

3.11359 

75853 

1.00362 

953 

0.02189 

663 

3.15707 

58462 

1.00347 

806 

0.02097 

798 

3.19874 

25129 

1.00333 

872 

0.02013 

331 

3.23874 

25129 

1.00321 

011 

0.01935 

403 

3.27720 

40513 

1.00309 

105 

0.01863 

281 

3.31424 

10884 

1.00298 

050 

0.01796 

342 

3.34995 

53741 

1.00287 

758 

0.01734 

046 

3.38443 

81327 

1.00278 

154 

0.01675 

925 

3.41777 

14660 

1.00269 

170 

0.01621 

574 

3.45002 

95305 

1.00260 

748 

0.01570 

637 

3.48127 

95305 

1.00252 

837 

0.01522 

803 

3.51158 

25608 

1.00245 

392 

0.01477 

796 

3.54099 

43255 

1.00238 

372 

0.01435 

374 

3.56956 

57541 

1.00231 

744 

0.01395 

318 

3.59734 

35319 

1.00225 

474 

0.01357 

438 

3.62437 

05589 

1.00219 

534 

0.01321 

560 

3.65068 

63484 

1.00213 

899 

0.01287 

530 

3.67632 

73740 

1.00208 

546 

0.01255 

208 

3.70132 

73740 

1.00203 

455 

0.01224 

469 

3.72571 

76179 

1.00198 

606 

0.01195 

200 

3.74952 

71417 

1.00193 

983 

0.01167 

297 

3.77278 

29557 

1.00189 

570 

0.01140 

668 

3.79551 

02284 

1.00185 

354 

0.01115 

226 

3.81773 

24506 

1.00181 

321 

0.01090 

895 

3.83947 

15811 

1.00177 

460 

0.01067 

602 

3.86074 

81768 

1.00173 

759 

0.01045 

283 

3.88158 

15102 

1.00170 

210 

0.01023 

879 

3.90198 

96734 

1.00166 

803 

0.01003 

333 

3.92198 

7 

96734 

1.00163 

530 

0.00983 

596 

-j-  ln(n- 
an 

-1)!  * 

?/!=(27r)^''+^-''/i00  r(//)  = (27r) V'  <P(n)=\n  "-/*(»)  (2tt) 5 =2.50662  82746  31001 

*00  compiled  from  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  2 vols.  (Principia  Press, 
Bloomington,  Ind.,  1933,  1935)  (with  permission). 


*See  page  II. 
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GAMMA  AND  DIGAMMA  FUNCTIONS  FOR  INTEGER  AND  HALF-INTEGER  VALUES  Tal>lo  6.3 


v r (//)  l/r(")  r (ii  + i)  *(//)  ,f\{n)  M") 

51  ( 64)3.04140  93202  (-  65)3.28794  942  ( 65)2.16668  38  3.92198  96734  1.00163  530  0.00983  596 

52  ( 66)1.55111  87533  (-  67)6.44695  964  ( 67)1.11584  21  3.94159  75166  1.00160  383  0.00964  620 

53  ( 67)8.06581  75171  (-  68)1-23979  993  ( 68)5.85817  12  3.96082  82858  1.00157  355  0.00946  363 

54  ( 69)4.27488  32841  (-  70)2.33924  515  ( 70)3.13412  16  3.97969  62103  1.00154  438  0.00928  784 

55  ( 71)2.30843  69734  (-  72)4.33193  547  ( 72)1.70809  63  3.99821  47288  1.00151  628  0.00911  846 

56  ( 73)1.26964  03354  (-  74)7.87624  631  ( 73)9.47993  44  4.01639  65470  1.00148  919  0.00895  514 

57  ( 74)7.10998  58780  (-  75)1.40647  255  ( 75)5.35616  29  4.03425  36899  1.00146  304  0.00879  758 

58  ( 76)4.05269  19505  (-  77)2.46749  571  ( 77)3.07979  37  4.05179  75495  1.00143  780  0.00864  546 

59  ( 78)2.35056  13313  (-  79)4.25430  295  ( 79)  1.80167  93  4.06903  89288  1.00141  341  0.00849  852 

60  ( 80)1.38683  11855  (-  81)7.21068  296  ( 8l)  1.07199  92  4.08598  80814  1.00138  984  0.00835  648 

61  ( 81)8.32098  71127  82)1.20178  049  ( 82)6.48559  51  4.10265  47481  1.00136  704  0.00821  912 

62  ( 83)5.07580  21388  (-  84)  1.97013  196  ( 84)3.98864  10  4.11904  81907  1.00134  498  0.00808  619 

63  ( 85)3.14699  73260  (-  86)3.17763  219  ( 86)2.49290  06  4.13517  72229  1.00132  362  0.00795  750 

64  ( 87)1.98260  83154  (-  88)5.04386  062  ( 88)  1.58299  19  4.15105  02388  1.00130  292  0.00783  284 

65  ( 89)1.26886  93219  (-  90) 7.88103  221  ( 90)  1.02102  98  4.16667  52388  1.00128  286  0.00771  203 

66  ( 90)8.24765  05921  (-  91)1.21246  649  ( 91)6.68774  50  4.18205  98542  1.00126  341  0.00759  489 

67  ( 92)5.44344  93908  (-  93)  1.83707  044  ( 93)4.44735  04  4.19721  13693  1.00124  455  0.00748  125 

68  ( 94)3.64711  10918  (-  95)2.74189  619  ( 95)3.00196  15  4.21213  67425  1.00122  623  0.00737  096 

69  ( 96)2.48003  55424  (-  97)4.03220  028  ( 97)2.05634  36  4.22684  26248  1.00120  845  0.00726  388 

70  ( 98)1.71122  45243  (-  99)5.84376  852  ( 99)  1.42915  88  4.24133  53785  1.00119  118  0.00715  986 

71  (100)1.19785  71670  (-101)8.34824  074  (101)1.00755  70  4.25562  10927  1.00117  439  0.00705  878 

72  (101)8.50478  58857  (-102)1.17580  856  (102)7.20403  24  4.26970  55998  1.00115  807  0.00696  052 

73  (103)6.12344  58377  (-104)1.63306  744  (104)5.22292  35  4.28359  44887  1.00114  220  0.00686  495 

74  (105)4.47011  54615  (-106)2.23707  868  ( 106)  3.83884  87  4.29729  31188  1.00112  675  0.00677  197 

75  (107)3.30788  54415  (-108)3.02307  930  (108)2.85994  23  4.31080  66323  1.00111  172  0.00668  148 

76  (109)2.48091  40811  (-110)4.03077  240  (110)2.15925  64  4.32413  99657  1.00109  709  0.00659  337 

77  (ill)  1.88549  47017  (-112)5.30364  789  ( 112)  1.65183  12  4.33729  78604  1.00108  283  0.00650  756 

78  (113)1.45183  09203  (-114)6.88785  441  ( 114)  1.28016  92  4.35028  48734  1.00106  894  0.00642  395 

79  (115)1.13242  81178  (-116)8.83058  257  ( 116)  1.00493  28  4.36310  53862  1.00105  540  0.00634  247 

80  (116)8.94618  21308  (-117)1.11779  526  (117)7.98921  57  4.37576  36140  1.00104  220  0.00626  302 

81  (118)7.15694  57046  (-119)1.39724  408  (119)6.43131  87  4.38826  36140  1.00102  933  0.00618  554 

82  (120)5.79712  60207  (-121)1.72499  269  (l2l)  5.24152  47  4.40060  92931  1.00101  677  0.00610  995 

83  (122)4.75364  33370  (-123)2.10364  962  (123)4.32425  79  4.41280  44150  1.00100  452  0.00603  619 

84  (124)3.94552  39697  (-125)2.53451  761  (125)3.61075  53  4.42485  26078  1.00099  255  0.00596  419 

85  (126)3.31424  01346  (-127)3.01728  287  ( 127)  3.05108  83  4.43675  73697  1.00098  087  0.00589  389 

86  (128)2.81710  41144  (-129)3.54974  456  (129)2.60868  05  4.44852  20756  1.00096  946  0.00582  522 

37  (130)2.42270  95384  (-131)4.12760  995  ( 131)2.25650  86  4.46014  99825  1.00095  831  0.00575  814 

88  (132)2.10775  72984  (-133)4.74437  926  ( 133)  1.97444  50  4.47164  42354  1.00094  741  0.00569  258 

89  (134)1.85482  64226  (-135)5.39134  006  ( 135)  1.74738  38  4.48300  78718  1.00093  676  0.00562  850 

90  ( 136)  1.65079  55161  (-137)6.05768  546  ( 137)  1.56390  85  4.49424  38268  1.00092  635  0.00556  584 

91  (138)1.48571  59645  (-139)6.73076  163  (139)1.41533  72  4.50535  49379  1.00091  617  0.00550  457 

92  (l40)l.35200  15277  (-141)7.39644  134  (l4l)  1.29503  36  4.51634  39489  1.00090  620  0.00544  463 

93  (142)1.24384  14055  (-143)8.03961  016  ( 143)  1.19790  60  4.52721  35142  1.00089  646  0.00538  598 

94  (144)1.15677  25071  (-145)8.64474  211  ( 145)  1.12004  22  4.53796  62023  1.00088  691  0.00532  858 

95  (146)1.08736  61567  (-147)9.19653  415  (147)1.05843  98  4.54860  45002  1.00087  757  0.00527  239 

96  (148)1.03299  78488  (-149)9.68056  227  (149)1.01081  00  4.55913  08160  1.00086  843  0.00521  738 

97  (149)9.91677  93487  ( -150)  1.00839  190  ( 150)9.75431  69  4.56954  74827  1.00085  947  0.00516  350 

98  (151)9.61927  59682  (-152)1.03957  928  ( 152)  9.51045  90  4.57985  67610  1.00085  070  0.00511  072 

99  (153)9.42689  04489  (-154)1.06079  519  ( 154)  9.36780  21  4.59006  08426  1.00084  210  0.00505  901 

100  (155)9.33262  15444  (-156)1.07151  029  ( 156)  9.32096  31  4.60016  18527  1.00083  368  0.00500  833 

101  (157)9.33262  15444  (-158)1.07151  029  (158)9.36756  79  4.61016  18527  1.00082  542  0.00495  866 

("-!)!  l/(«-D •'  («-»)!  * [("P2]  [(_46)1] 

//!=(27t)V'+^->'/i(>/)  r(>/)  = (27r)V'”V-''/i  (>/)  ^(>/)=ln  »-/:*(")  (2*^=2.50662  82746  31001 


*See  page  n. 
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Table  6.4  LOGARITHMS  OF  THE  GAMMA  FUNCTION 


71 

logic  r 0) 

log10  r (n+ j) 

logio  r O+i) 

log10  r (n+i) 

/2(m) 

1 

0.00000  000 

-0.04915  851 

-0.05245  506 

-0.04443  477 

1.00000  000 

2 

0.00000  000 

+0.07578  023 

+0.12363  620 

+0.17741  398 

0.96027  923 

3 

0.30103  000 

0.44375  702 

0.52157  621 

0.60338  271 

0.94661  646 

4 

0.77815  125 

0.96663  576 

1.06564  43 

1.16765  41 

0.93972  921 

5 

1.38021  1? 

1.60345  79 

1.71885  68 

1.83666  09 

0.93558  323 

6 

2.07918  12 

2.33045  66 

2.45921  95 

2.58998  86 

0.93281  466 

7 

2.85733  25 

3.13208  89 

3.27213  28 

3.41389  73 

0.93083  524 

8 

3.70243  05 

3.99739  04 

4.-14719  41 

4.29850  39 

0.92934  980 

9 

4.60552  05 

4.91820  91 

5.07661  30 

5.23635  60 

0.92819  400 

10 

5.55976  30 

5.88824  59 

6.05433  66 

6.22163  27 

0.92726  910 

11 

6.55976*30 

6.90248  63 

7.07552  59 

7.24966  15 

0.92651  221 

12 

7.60115  57 

7.95684  40 

8.13622  37 

8.31660  83 

0.92588  137 

13 

8.68033  70 

9.04792  45 

9.23313  38 

9.41927  06 

0.92534  753 

14 

9.79428  03 

10.17286  3 

10.36346  8 

10.55493  3 

0.92488  990 

15 

10.94040  8 

11.32921  0 

11.52483  6 

11.72126  5 

0.92449  327 

16 

12.116500 

12.514847 

12.715167 

12.916241 

0.92414  619 

17 

13.320620 

13.727922 

13.932651 

14.138090 

0.92383  993 

18 

14.551069 

14.966804 

15.175689 

15.385245 

0.92356  769 

19 

15.806341 

16.230045 

16.442861 

16.656311 

0.92332  409 

20 

17.085095 

17.516352 

17.732896 

17.950042 

0.92310  485 

21 

18.386125 

18.824561 

19.044649 

19.265313 

0.92290  649 

22 

19.708344 

20.153619 

20.377088 

20.601105 

0.92272  615 

23 

21.050767 

21.502573 

21.729270 

21.956492 

0.92256  149 

24 

22.412494 

22.870550 

23.100338 

23.330629 

0.92241  055 

25 

23.792706 

24.256751 

24.489504 

24.722740 

0.92227  169 

26 

25.190646 

25.660444 

25.896045 

26.132109 

0.92214  350 

27 

26.605619 

27.080949 

27.319290 

27.558078 

0.92202  481 

28 

28.036983 

28.517642 

28.758623 

29.000035 

0.92191  460 

29 

29.484141 

29.969940 

30.213468 

30.457412 

0.92181  198 

30 

30.946539 

31.437301 

31.683290 

31.929681 

0.92171  621 

31 

32.423660 

32.919221 

33.167590 

33.416347 

0.92162  661 

32 

33.915022 

34,415228 

34.665900 

34.916950 

0.92154  262 

33 

35.420172 

35.924878 

36.177784 

36.431055 

0.92146  371 

34 

36.938686 

37.447757 

37.702829 

37.958255 

0.92138  944 

35 

38.470165 

38.983473 

39.240648 

39.498167 

0.92131  942 

36 

40.014233 

40.531658 

40.790876 

41.050429 

0.92125  329 

37 

41.570535 

42.091963 

42.353169 

42.614701 

0.92119  073 

38 

43.138737 

43.664060 

43.927200 

44.190658 

0.92113  146 

39 

44.718520 

45.247636 

45.512661 

45.777995 

0.92107  524 

40 

46.309585 

46.842397 

47.109258 

47.376420 

0.92102  182 

41 

47.911645 

48.448061 

48.716713 

48.985659 

0.92097  101 

42 

49.524429 

50.064362 

50.334761 

50.605448 

0.92092  262 

43 

51.147678 

51.691044 

51.963150 

52.235536 

0.92087  648 

44 

52.781147 

53.327866 

53.601639 

53.875686 

0.92083  244 

45 

54.424599 

54.974597 

55.249999 

55.525670 

0.92079  035 

46 

56.077812 

56.631014 

56.908011 

57.185269 

0.92075  010 

47 

57.740570 

58.296908 

58.575464 

58.854276 

0.92071  156 

48 

59.412668 

59.972075 

60.252157 

60.532491 

0.92067  462 

49 

61.093909 

61.656322 

61.937899 

62.219723 

0.92063  919 

50 

62.784105 

63.349462 

63.632504 

63.915788 

0.92060  518 

51 

64.483075 

65.051318 

65.335796 

65.620510 

0.92057  250 

log10  (n-1)! 

logl0  0-1) ! 

log10  (*-i) ! 

H— * 

O 

OQ 

H— * 

O 

"5s 

i 

wp- 

In  v(n)=\n  (n 

-1)  !=0”i)  In  n 

-n+f2(n) 

In  10=2.30258  509299 

logio  r(n)  compiled  from  E.  S.  Pearson,  Table  of  the  logarithms  of  the  complete  r-function,  arguments 
2 to  1200.  Tracts  for  Computers  No.  VIII  (Cambridge  Univ.  Press,  Cambridge,  England,  1922)  (with 
permission). 
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LOGARITHMS 

OF  THE  GAMMA 

FUNCTION 

Table  6.4 

n 

log10  r (n) 

log10  r (w+ j) 

log10  r (n+ j) 

log10  r 

/2(n) 

51 

64.483075 

65.051318 

65.335796 

65.620510 

0.92057  250 

52 

66.190645 

66.761717 

67.047603 

67.333720 

0.92054  108 

53 

67.906648 

68.480496 

68.767762 

69.055256 

0.92051  084 

54 

69.630924 

70.207494 

70.496116 

70.784961 

0.92048  173 

55 

71.363318 

71.942561 

72.232512 

72.522683 

0.92045  367 

56 

73.103681 

73.685548 

73.976805 

74.268279 

0.92042  661 

57 

74.851869 

75.436313 

75.728854 

76.021606 

0.92040  051 

58 

76.607744 

77.194720 

77.488522 

77.782531 

0.92037  530 

59 

78.371172 

78.960637 

79.255677 

79.550922 

0.92035  095 

60 

80.142024 

80.733936 

81.030194 

81.326654 

0.92032  741 

61 

81.920175 

82.514493 

82.811950 

83.109604 

0.92030  464 

62 

83.705505 

84.302190 

84.600825 

84.899655 

0.92028  261 

63 

85.497896 

86.096910 

86.396705 

86.696691 

0.92026  127 

64 

87.297237 

87.898542 

88.199479 

88.500604 

0.92024  061 

65 

89.103417 

89.706978 

90.009038 

90.311284 

0.92022  057 

66 

90.916330 

91.522113 

91.825280 

92.128629 

0.92020  115 

67 

92.735874 

93.343845 

93.648101 

93.952538 

0.92018  231 

68 

94.561949 

95.172075 

95.477405 

95.782913 

0.92016  401 

69 

96.394458 

97.006708 

97.313096 

97.619659 

0.92014  625 

70 

98.233307 

98.847650 

99.155080 

99.462684 

0.92012  900 

71 

100.07841 

100.69481 

101.00327 

101.31190 

0.92011  223 

72 

101.92966 

102.54810 

102.85758 

103.16722 

0.92009  593 

73 

103.78700 

104.40744 

104.71791 

105.02855 

0.92008  008 

74 

105.65032 

106.27274 

106.58420 

•106.89582 

0.92006  465 

75 

107.51955 

108.14393 

108.45636 

108.76895 

0.92004  964 

76 

109.39461 

110.02091 

110.33430 

110.64785 

0.92003  502 

77 

111.27543 

111.90363 

112.21797 

112.53246 

0.92002  078 

78 

113.16192 

113.79200 

114.10727 

114.42269 

0.92000  690 

79 

115.05401 

115.68594 

116.00214 

116.31848 

0.91999  338 

80 

116.95164 

117.58540 

117.90250 

118.21976 

0.91998  019 

81 

118.85473 

119.49029 

119.80830 

120.12646 

0.91996  733 

82 

120.76321 

121.40056 

121*71946 

122.03850 

0.91995  479 

83 

122.67703 

123.31614 

123.63591 

123.95583 

0.91994  254 

84 

124.59610 

125.23696 

125.55760 

125.87838 

0.91993  059 

85 

126.52038 

127.16296 

127.48445 

127.80610 

0.91991  892 

86 

128.44980 

129.09407 

129.41642 

129.73891 

0.91990  752 

87 

130.38430 

131.03025 

131.35344 

131.67676 

0.91989  638 

88 

132.32382 

132.97143 

133.29545 

133.61959 

0.91988  550 

89 

134.26830 

134.91756 

135.24239 

135.56735 

0.91987  486 

90 

136.21769 

136.86857 

137.19421 

137.51999 

0.91986  446 

91 

138.17194 

138.82442 

139.15086 

139.47743 

0.91985  428 

92 

140.13098 

140.78505 

141.11228 

141.43964 

0.91984  433 

93 

142.09477 

142.75041 

143.07842 

143.40657 

0.91983  459 

94 

144.06325 

144.72044 

145.04923 

145.37815 

0.91982  505 

95 

146.03638 

146.69511 

147.02467 

147.35435 

0.91981  572 

96 

148.01410 

148.67435 

149.00467 

149.33511 

0.91980  659 

97 

149.99637 

150.65813 

150.98920 

151.32039 

0.91979  764 

98 

151.98314 

152.64639 

152.97820 

153.31013 

0.91978  887 

99 

153.97437 

154.63909 

154.97164 

155.30430 

0.91978  028 

100 

155.97000 

156.63619 

156.96946 

157.30285 

0.91977  186 

101 

157.97000 

158.63763 

158.97163 

159.30574 

0.91976  361 

log10  (n-!)! 

* 

O 

29 

o 

1 

w|to 

• 

logio  (n”i) ! 

logio  (w-i) ! 

r(-«7)2i 

In  r (n)= 

=ln  (n-1)  !=(«-{)  In 

n-n+h{n) 

In  10=2.30258  509299  L J 
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Table  6.5  AUXILIARY  FUNCTIONS  FOR  GAMMA  AND  DIGAMMA  FUNCTIONS 


X -1 

/iW 

h (x) 

h(x) 

<x> 

0.015 

1.00125  077 

0.92018  852 

0.  00751  875 

67 

0.014 

1.  00116  735 

0.92010  519 

0.  00701  633 

71 

0.  013 

1.00108  391 

0.92002  186 

0.00651  408 

77 

0.  012 

1.  00100  050 

0.91993  853 

0.  00601  200 

83 

0.011 

1.00091  708 

0.91985  520 

0.00551  008 

91 

0.010 

1.00083  368 

0.91977  186 

0.00500  833 

100 

0.009 

1.  00075  028 

0.91968  853 

0.00450  675 

111 

0.  008 

1.00066  689 

0.91960  520 

0.00400  533 

125 

0.  007 

1.00058  350 

0.91952  187 

0.00350  408 

143 

0.  006 

1.  00050  012 

0.91943  853 

0.00300  300 

167 

0.005 

1.00041  675 

0.91935  52C 

0.00250  208 

200 

0.  004 

1.00033  339 

0.91927  187 

0.00200  133 

250 

0.  003 

1.00025  003 

0.91918  853 

0.00150  075 

333 

0.  002 

1.00016  668 

0.91910  520 

0.  00100  033 

500 

0.  001 

1.00008  334 

0.91902  187 

0.00050  008 

1000 

0.  000 

1.  00000  000 

0.91893  853 

0.00000  000 

00 

[-(-8)11 

2 


xl=(2ir)i3^+h~xfl(x) 


[(-8)21 

3 


r (x) = (2ir)  - ie  ~xfi  (x) 


In  r(x)=ln  (x—  l)!=(x—  §)  In x— x+f2(x) 


<P(x)  =ln  x—fz(x) 
(2x)i=2.50662  82746  31001 
<x>= nearest  integer  to  x. 


Table  6.6 


FACTORIALS  FOR  LARGE  ARGUMENTS 


n 

100 

( 157) 

9. 3326 

200 

( 374) 

7.  8865 

300 

( 614) 

3. 0605 

400 

( 868) 

6.  4034 

500 

(1134 

1.  2201 

n\ 

21544  39441  52682 
78673  64790  50355 
75122  16440  63604 
52284  66238  95262 
36825  99111  00687 
r(n+l) 


n 

600 

(1408) 

1.2655 

700 

(1689 

2.4220 

800 

(1976 

7.7105 

900 

(2269 

6.  7526 

1000 

(2567 

4.  0238 

n\ 

72316  22543  07425 
40124  75027  21799 
30113  35386  00414 
80220  96458  41584 
72600  77093  77354 

r(rH-l) 


Compiled  from  Ballistic  Research  Laboratory,  A table  of  the  factorial  numbers  and  their  reciprocals 
from  1!  to  1000!  to  20  significant  digits,  Technical  Note  No.  381,  Aberdeen  Proving  Ground,  Md.(1951) 
(with  permission) . 
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Table  6.7 


£=1.0 


y 

^ln  r(z) 

J In  r(z) 

y 

^ln  r(z) 

yinr(z) 

0.0 

0.00000  00000  00 

0.00000  00000  00 

5.0 

- 6. 13032  41445  53 

3.  81589  85746  15 

0.1 

— 

0. 00819  77805  65 

- 0.05732  29404  17 

5.1 

- 6.27750  24635  84 

3. 97816  38691  88 

0.2 

— 

0.03247  62923  18 

- 0.11230  22226  44 

5.2 

- 6. 42487  30533  35 

4. 14237  74050  86 

0.3 

— 

0. 07194  62509  00 

- 0.16282  06721  68 

5.3 

- 6.57242  85885  29 

4.30850  21885  83 

0.4 

— 

0.12528  93748  21 

- 0.20715  58263  16 

5.4 

- 6.72016  21547  03 

4.47650  25956  68 

0.5 

0. 19094  54991  87 

- 0.  24405  82989  05 

5.5 

- 6.86806  72180  48 

4.  64634  42978  70 

0.6 

— 

0.  26729  00682  14 

- 0..27274  38104  91 

5.6 

- 7.  01613  75979  76 

4. 81799  41933  05 

0.7 

— 

0. 35276  86908  60 

- 0.29282  63511  87 

5.7 

- 7.16436  74421  06 

4.99142  03424  89 

0.8 

— 

0.44597  87835  49 

- 0.30422  56029  76 

5.8 

- 7.31275  12034  30 

5. 16659  19085  37 

0.9 

— 

0.54570  51286  05 

- 0.30707  43756  42 

5.9 

- 7.46128  36194  29 

5.34347  91013  53 

1.0 

_ 

0.65092  31993  02 

- 0.30164  03204  68 

6.0 

- 7.60995  96929  51 

5.52205  31255  15 

1.1 

— 

0.  76078  39588  41 

- 0. 28826  66142  39 

6.1 

- 7.75877  46746  55 

5.70228  61315  35 

1.2 

— 

0.87459  04638  95 

- 0.26733  05805  81 

6.2 

- 7.90772  40468  98 

5.  88415  11702  39 

1.3 

0.99177  27669  59 

- 0.  23921  67844  65 

6.3 

- 8. 05680  35089  04 

6.  06762  21500  13 

1.4 

— 

1.11186  45664  26 

- 0.20430  07241  49 

6.4 

- 8.20600  89631  00 

6.  25267  37967  05 

1.5 

__ 

1.23448  30515  47 

- 0.16293  97694  80 

6.5 

- 8. 35533  65025  11 

6. 43928  16159  76 

1.6 

— 

1.  35931  22484  65 

- 0.11546  87935  89 

6. 6 

- 8.50478  23991  25 

6.  62742  18579  12 

1.7 

— 

1.48608  96127  57 

- 0. 06219  86983  29 

6.7 

- 8.65434  30931  23 

6.  81707  14837  44 

1.8 

— 

1.61459  53960  00 

- 0.00341  66314  77 

6.8 

- 8.80401  51829  10 

7.  00820  81345  02 

1.9 

- 

1.74464  42761  74 

+ 0.06061  28742  95 

6.9 

- 8.95379  54158  79 

7.20081  01014  93 

2.0 

1. 87607  87864  31 

0. 12964  63163  10 

7.0 

- 9. 10368  06798  32 

7.39485  62984  36 

2.1 

— 

2.00876  41504  71 

0. 20345  94738  33 

7.1 

- 9. 25366  79950  15 

7. 59032  62351  84 

2.2 

— 

2.14258  42092  96 

0.28184  56584  26 

7.2 

- 9.40375  45067  08 

7. 78719  99928  77 

2.3 

— 

2.27743  81922  04 

0.36461  40489  50 

7.3 

- 9.55393  74783  21 

7.98545  82004  68 

2.4 

— 

2.41323  81411  84 

0.45158  81524  41 

7.4 

- 9.70421  42849  72 

8.18508  20125  03 

2.5 



2. 54990  68424  95 

0.54260  44058  52 

7.5 

- 9.85458  24074  86 

8. 38605  30880  89 

2.6 

— 

2.68737  61537  50 

0.63751  09190  46 

7.6 

-10.00503  94267  90 

8. 58835  35709  62 

2.7 

— 

2.82558  56411  91 

0.73616  63516  79 

7.7 

-10.15558  30186  86 

8.79196  60705  87 

2.8 

— 

2.96448  14617  89 

0.83843  89130  96 

7.8 

-10.30621  09489  48 

8.99687  36442  29 

2.9 

— 

3.10401  54399  01 

0.94420  54730  39 

7.9 

-10.45692  10687  39 

9. 20305  97799  25 

3.0 



3.24414  42995  90 

1.05335  07710  69 

8.0 

-10.60771  13103  15 

9.  41050  83803  12 

3.1 

— 

3.38482  90223  77 

1.16576  67132  86 

8.1 

-10.75857  96829  95 

9.61920  37472  42 

3.2 

— 

3.52603  43067  09 

1.28135  17459  32 

8.2 

-10.90952  42693  78 

9.  82913  05671  62 

3.3 

— 

3.66772  81104  88 

1.40001  02965  76 

8.3 

-11.06054  32217  92 

10.  04027  38971  80 

3.4 

— 

3.80988  12618  23 

1.52165  22746  73 

8.4 

-11.21163  47589  48 

10.25261  91518  09 

3.5 

__ 

3.95246  71261  89 

1. 64619  26242  69 

8.5 

-11.36279  71628  04 

10.  46615  20903  24 

3.6 

— 

4.09546  13204  51 

1.77355  09225  91 

8.6 

-11.51402  87756  02 

10.  68085  88047  12 

3.7 

— 

4.  23884  14660  71 

1.90365  10190  19 

8.7 

-11.66532  79970  81 

10.89672  57081  77 

3.8 

— 

4.38258  69752  28 

2.03642  07096  93 

8.8 

-11.81669  32818  48 

11.11373  95241  57 

3.9 

— 

4.52667  88647  16 

2.17179  14436  05 

8.9 

-11.96812  31369  01 

11.33188  72758  53 

4.0 

— 

4.67109  95934  09 

2.30969  80565  73 

9.0 

-12.11961  61192  81 

11.55115  62762  02 

4.1 

— 

4.81583  29197  96 

2.45007  85299  47 

9.1 

-12.27117  08338  67 

11.77153  41183  09 

4 4.  2 

— 

4.96086  37766  87 

2.59287  37713  19 

9.2 

-12.42278  59312  81 

11.99300  86662  85 

4.3 

— 

5.10617  81606  63 

2.73802  74148  20 

9.3 

-12.57446  01059  08 

12.21556  80464  79 

4.4 

— 

5.25176  30342  30 

2.88548  56389  27 

9.4 

-12.72619  20940  29 

12.  43920  06390  90 

4.5 

_ 

5. 39760  62389  84 

3.03519  69999  22 

9.5 

-12.87798  06720  44 

12.66389  50701  28 

4.6 

— 

5.54369  64183  04 

3. 18711  22793  89 

9.6 

-13.02982  46547  89 

12.88964  02037  08 

4.7 

— 

5.69002  29483  73 

3.34118  43443  27 

9.7 

-13.18172  28939  51 

13.11642  51346  66 

4.8 

- 

5.83657  58764  54 

3.49736  80186  15 

9.8 

-13.33367  42765  47 

13.34423  91814  77 

4.9 

— 

5.98334  58655  32 

3.65561  99647  12 

9.9 

-13.48567  77234  95 

13.57307  18794  55 

5.0 

— 

6. 13032  41445  53 

3.81589  85746  15 

10.0 

-13.63773  21882  47 

13.  80291  29742  30 

Linear  interpolation  will  yield  about  three  figures;  eight-point  interpolation  will  yield  about  eight  figures. 
For  2 outside  the  range  of  the  table,  see  Examples  5-8. 

^ln  r(z)=ln  |r(z)| 


tyin  r(z)=arg  r(z) 
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Table  6.7  GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


*=1.1 


y 

Min  T{z) 

J In  r(z) 

y 

& In  T(z) 

^lnr(z) 

0.0 

_ 

0. 04987  24412  60 

0.00000  00000  00 

5.0 

- 5.96893  91493  52 

3.96198  63258  60 

0.1 

— 

0.05702  02290  38 

- 0.04206  65443  76 

5.1 

- 6.11415  43840  05 

4. 12446  68364  90 

0.2 

— 

0.07824  35801  68 

- 0.08230  97383  98 

5.2 

- 6. 25959  93585  61 

4.  28888  73284  80 

0.3 

— 

0.11291  43470  17 

- 0.11905  06275  18 

5.3 

- 6.40526  53566  40 

4.  45521  12743  47 

0.4 

— 

0.16008  21257  99 

- 0. 15086  79240  09 

5.4 

- 6.55114  41480  20 

4.  62340  34819  04 

0.5 

0. 21858  96764  09 

- 0.17666  11398  43 

5.5 

- 6.69722  79531  89 

4.  79343  00232  04 

0.6 

— 

0. 28718  99839  43 

- 0. 19566  16788  64 

5.6 

- 6.84350  94110  69 

4.96525  81683  67 

0.7 

— 

0. 36464  38731  53 

- 0.20740  35526  60 

5.7 

- 6.98998  15495  70 

5. 13885  63238  91 

0.8 

— 

0.44978  83131  87 

- 0.21167  10325  55 

5.8 

- 7. 13663  77586  96 

5.31419  39750  77 

0.9 

— 

0.54157  54093  11 

- 0.  20843  91333  00 

5.9 

- 7. 28347  17659  19 

5.49124  16322  40 

1.0 

0.63908  78153  48 

- 0. 19781  78257  67 

6.0 

- 7.43047  76136  25 

5.66997  07803  94 

1.1 

— 

0.74153  80620  74 

- 0.18000  55175  74 

6.1 

- 7.57764  96383  95 

5.85035  38321  46 

1.2 

— 

0. 84825  85646  26 

- 0.15525  33222  12 

6.2 

- 7.72498  24519  72 

6.  03236  40835  50 

1.3 

— 

0.95868  73364  97 

- 0.12383  93047  38 

6.3 

- 7.87247  09237  38 

6.21597  56726  90 

1.4 

- 

1.07235  26519  67 

- 0.08605  08957  00 

6.4 

- 8.02011  01645  61 

6.  40116  35407  92 

1.5 

_ 

1. 18885  84815  22 

- 0.04217  34907  11 

6.5 

- 8.16789  55118  88 

6. 58790  33956  67 

1.6 

— 

1.30787  15575  95 

+ 0.00751  65191  79 

6. 6 

- 8. 31582  25159  69 

6.77617  16773  32 

1.7 

— 

1.42911  03402  04 

0.06275  56777  30 

6.7 

- 8.46388  69271  17 

6.96594  55256  30 

1.8 

— 

1.55233  58336  11 

0. 12329  53847  15 

6.8 

- 8.61208  46838  95 

7. 15720  27497  24 

1.9 

— 

1.67734  40572  49 

0.18890  25358  69 

6.9 

- 8.76041  19021  72 

7. 34992  17993  20 

2.0 

1. 80395  99248  63 

0. 25935  93780  23 

7.0 

- 8. 90886  48649  60 

7.54408  17375  09 

2.1 

— 

1.93203  22878  13 

0. 33446  29085  79 

7.1 

- 9. 05744  00129  63 

7.73966  22151  13 

2.2 

— 

2. 06142  99239  46 

0.41402  40321  50 

7.2 

- 9.20613  39357  92 

7. 93664  34464  25 

2.3 

— 

2. 19203  82866  29 

0. 49786  66085  82 

7.3 

- 9.35494  33637  73 

8.13500  61862  70 

2.4 

- 

2. 32375  68617  01 

0.58582  64745  04 

7.4 

- 9.50386  51603  25 

8.33473  17082  71 

2.5 

_ 

2. 45649  70097  26 

0. 67775  04868  09 

7.5 

- 9.65289  63148  29 

8.  53580  17842  76 

2.6 

— 

2.59018  01959  43 

0. 77349  56148  91 

7.6 

- 9.80203  39359  83 

8. 73819  86648  33 

2.7 

— 

2. 72473  65306  67 

0. 87292  80949  66 

7.7 

- 9.95127  52455  81 

8.94190  50606  84 

2.8 

— 

2.86010  35591  81 

0.97592  26515  07 

7.8 

-10.10061  75726  94 

9. 14690  41251  84 

2.9 

- 

2.99622  52529  98 

1.08236  17859  08 

7.9 

-10.  25005  83482  21 

9.35317  94376  01 

3.0 

3. 13305  11644  50 

1.19213  51297  05 

8.0 

-10.39959  50997  80 

9. 56071  49872  49 

3.1 

— 

3. 27053  57144  30 

1.30513  88581  77 

8.1 

-10.54922  54469  17 

9. 76949  51583  85 

3.2 

— 

3. 40863  75892  32 

1.42127  51595  43 

8.2 

-10.69894  70966  06 

9.  97950  47158  43 

3.3 

— 

3.54731  92273  03 

1.54045  17547  76 

8.3 

-10.84875  78390  24 

10. 19072  87913  49 

3.4 

— 

3. 68654  63804  17 

1. 66258  14631  94 

8.4 

-10.99865  55435  72 

10. 40315  28704  84 

3.5 

3. 82628  77368  25 

1. 78758  18092  68 

8.5 

-11.14863  81551  38 

10.61676  27802  52 

3.6 

— 

3.96651  45962  20 

1.91537  46664  26 

8.6 

-11.29870  36905  72 

10. 83154  46772  22 

3.7 

— 

4. 10720  05882  64 

2. 04588  59340  24 

8.7 

-11.44885  02353  71 

11.  04748  50362  14 

3.8>< 

— 

4. 24832  14278  81 

2. 17904  52440  32 

8.8 

-11.59907  59405  42 

11. 26457  06394  86 

3.9 

- 

4. 38985  47017  40 

2.31478  56943  26 

8.9 

-11. 74937  90196  53 

11. 48278  85664  18 

4.0 

4. 53177  96812  84 

2. 45304  36058  25 

9.0 

-11.89975  77460  43 

11.70212  61836  32 

4.1 

— 

4. 67407  71584  70 

2.59375  83010  13 

9.1 

-12.05021  04501  83 

11. 92257  11355  62 

4.2 

— 

4.81672  93009  83 

2.73687  19016  54 

9.2 

-12.20073  55171  88 

12. 14411  13354  15 

4.3 

— 

4.95971  95242  44 

2.88232  91437  48 

9.3 

-12.35133  13844  58 

12. 36673  49565  33 

4.4 

- 

5. 10303  23779  21 

3. 03007  72080  09 

9.4 

-12.50199  65394  43 

12.59043  04241  06 

4.5 

5. 24665  34450  28 

3.  18006  55643  29 

9.5 

-12.65272  95175  33 

12.  81518  64072  43 

4.6 

— 

5.39056  92519  72 

3.  33224  58288  43 

9.6 

-12.80352  89000  52 

13. 04099  18113  65 

4.7 

— 

5.53476  71881  64 

3.  48657  16324  07 

9.7 

-12.95439  33123  60 

13. 26783  57709  12 

4.8 

— 

5. 67923  54339  89 

3.  64299  84993  84 

9.8 

-13.10532  14220  44 

13. 49570  76423  49 

4.9 

- 

5. 82396  28961  29 

3.  80148  37357  79 

9.9 

-13.25631  19372  14 

13. 72459  69974  44 

5.0 

_ 

5.96893  91493  52 

3.96198  63258  60 

10.0 

-13.40736  36048  74 

13. 95449  36168  27 
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GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS  Table  6.7 

x=1.2 


y 

^ln 

r(z) 

J In 

r(z) 

y 

at  In  r(z) 

Jin 

T(z) 

0.0 

_ 

0.08537 

40900 

03 

0.00000 

00000 

00 

5.0 

- 5.80731 

52672 

85 

4. 10609 

64053 

70 

0.1 

— 

0. 09169 

75124 

13 

— 

0.02865 

84973 

21 

5.1 

- 5.95057 

66519 

39 

4. 26883 

00575 

53 

0.2 

— 

0.11050 

89067 

86 

— 

0.05586 

39903 

67 

5.2 

- 6.09410 

47211 

91 

4. 43349 

40204 

01 

0.3 

— 

0.14135 

09532 

62 

— 

0.08025 

91592 

09 

5.3 

- 6.23788 

94064 

81 

4.60005 

23089 

91 

0.4 

— 

0.18352 

07443 

57 

— 

0.10066 

05658 

03 

5.4 

- 6.38192 

11972 

10 

4. 76847 

02339 

50 

0.5 

__ 

0.23614 

32688 

51 

_ 

0.11610 

77219 

87 

5.5 

- 6.52619 

11003 

82 

4. 93871 

43339 

56 

0.6 

— 

0.29824 

98509 

35 

— 

0.12588 

00935 

13 

5.6 

- 6.67069 

06038 

24 

5.11075 

23127 

64 

0.7 

— 

0. 36884 

83560 

49 

— 

0.12948 

68069 

28 

5.7 

- 6.81541 

16425 

98 

5. 28455 

29803 

68 

0.8 

— 

0.44697 

73864 

90 

— 

0.12663 

80564 

16 

5.8 

- 6.96034 

65682 

97 

5.46008 

61980 

02 

0.9 

— 

0.53174 

22756 

96 

— 

0.11720 

77278 

71 

5.9 

- 7.10548 

81209 

15 

5. 63732 

28266 

55 

1.0 

__ 

0.62233 

46814 

87 

_ 

0.10119 

48344 

90 

6.0 

- 7.25082 

94030 

54 

5.81623 

46788 

41 

1.1 

— 

0.71803 

95313 

44 

— 

0.07868 

85726 

52 

6.1 

- 7.39636 

38562 

29 

5. 99679 

44733 

73 

1.2 

— 

0.81823 

34133 

20 

— 

0. 04983 

92764 

14 

6.2 

- 7.54208 

52390 

70 

6. 17897 

57929 

16 

1.3 

— 

0.92237 

79303 

78 

— 

0.01483 

57562 

65 

6. 3 

- 7.68798 

76072 

47 

6.36275 

30441 

11 

1.4 

— 

1.03001 

06294 

86 

+ 

0.02611 

15201 

47 

6.4 

- 7.83406 

52949 

57 

6.54810 

14200 

83 

1.5 

_ 

1.14073 

52341 

62 

0.07278 

23932 

61 

6.5 

- 7.98031 

28978 

26 

6. 73499 

68651 

55 

1.6 

— 

1.25421 

22047 

39 

0.12495 

51937 

38 

6. 6 

- 8.12672 

52570 

99 

6. 92341 

60416 

24 

1.7 

— 

1.37015 

01536 

37 

0. 18241 

21090 

01 

6.7 

- 8.27329 

74450 

10 

7.11333 

62984 

34 

1.8 

— 

1.48829 

83245 

09 

0. 24494 

25273 

48 

6.8 

-^.42002 

47512 

17 

7.30473 

56416 

32 

1.9 

- 

1.60844 

01578 

57 

0.31234 

49712 

35 

6.9 

- 8.56690 

26702 

20 

7. 49759 

27064 

69 

2.0 



1.73038 

78680 

93 

0. 38442 

80719 

73 

7.0 

- 8.71392 

68896 

74 

7. 69188 

67310 

43 

2.1 

— 

1.85397 

79144 

87 

0.46101 

09100 

87 

7.1 

- 8.86109 

32795 

24 

7. 88759 

75313 

86 

2.2 

— 

1.97906 

72374 

32 

0.54192 

29484 

31 

7.2 

- 9.00839 

78818 

89 

8. 08470 

54778 

77 

2.3 

— 

2.10553 

01371 

17 

0.62700 

37140 

16 

7.3 

- 9.15583 

69016 

37 

8. 28319 

14729 

22 

2.4 

— 

2.23325 

56848 

33 

0.71610 

23338 

39 

7.4 

- 9.30340 

66975 

98 

8. 48303 

69297 

94 

2.5 

__ 

2.36214 

55727 

43 

0.80907 

69945 

69 

7.5 

- 9.45110 

37743 

60 

8. 68422 

37525 

82 

2.6 

— 

2.49211 

23232 

46 

0.90579 

43715 

71 

7.6 

- 9.59892 

47746 

01 

8. 88673 

43171 

55 

2.7 

— 

2.62307 

77928 

95 

1.00612 

90561 

43 

7.7 

- 9.74686 

64719 

23 

9. 09055 

14530 

96 

2.8 

— 

2. 75497 

19177 

39 

1.10996 

29987 

33 

7.8 

- 9.89492 

57641 

38 

9. 29565 

84265 

39 

2.9 

— 

2. 88773 

16568 

77 

1.21718 

49784 

62 

7.9 

-10.04309 

96669 

84 

9.50203 

89238 

50 

3.0 

3.02130 

00992 

07 

1. 32769 

01044 

18 

8.0 

-10.19138 

53082 

31 

9.70967 

70361 

08 

3.1 

— 

3.15562 

57049 

65 

1.44137 

93510 

29 

8.1 

-10.33977 

99221 

46 

9. 91855 

72443 

36 

3.2 

— 

3.29066 

16590 

00 

1.55815 

91278 

68 

8.2 

-10.48828 

08443 

04 

10.12866 

44054 

34 

3.3 

— 

3. 42636 

53170 

56 

1. 67794 

08829 

56 

8.3 

-10.63688 

55067 

01 

10.33998 

37387 

77 

3.4 

— 

3.56269 

77297 

54 

1.80064 

07379 

67 

8.4 

-10.78559 

14331 

66 

10.55250 

08134 

40 

3.5 



3.69962 

32317 

85 

1.92617 

91533 

49 

8.5 

-10.93439 

62350 

38 

10.76620 

15360 

05 

3.6 

— 

3.83710 

90860 

24 

2. 05448 

06211 

84 

8.6 

-11.08329 

76070 

93 

10. 98107 

21389 

38 

3.7 

— 

3.97512 

51741 

07 

2. 18547 

33836 

08 

8.7 

-11. 23229 

33237 

11 

11. 19709 

91694 

76 

3.8 

— 

4.11364 

37264 

61 

2.31908 

91746 

67 

8.8 

-11.38138 

12352 

53 

11. 41426 

94790 

19 

3.9 

— 

4. 25263 

90859 

57 

2.45526 

29835 

70 

8.9 

-11. 53055 

92646 

46 

11. 63257 

02129 

90 

4.0 

_ 

4. 39208 

75003 

42 

2. 59393 

28374 

55 

9.0 

-11.67982 

54041 

57 

11. 85198 

88011 

32 

4.1 

— 

4. 53196 

69393 

70 

2.73503 

96019 

03 

9.1 

-11. 82917 

77123 

44 

12.07251 

29482 

35 

4.2 

— 

4.67225 

69332 

23 

2. 87852 

67976 

01 

9.2 

-11.97861 

43111 

70 

12.29413 

06252 

48 

4.3 

— 

4.81293 

84293 

30 

3.02434 

04316 

86 

9.3 

-12.12813 

33832 

78 

12. 51683 

00607 

77 

4.4 

— 

4.95399 

36651 

50 

3.17242 

88424 

26 

9.4 

-12.27773 

31694 

04 

12. 74059 

97329 

36 

4.5 

5.09540 

60548 

36 

3.32274 

25560 

43 

9.5 

-12.42741 

19659 

29 

12.96542 

83615 

35 

4.6 

— 

5. 23716 

00880 

20 

3. 47523 

41545 

72 

9.6 

-12.57716 

81225 

64 

13. 19130 

49005 

92 

4.7 

— 

5. 37924 

12391 

93 

3.62985 

81537 

79 

9.7 

-12.72700 

00401 

42 

13. 41821 

85311 

47 

4.8 

— 

5.52163 

58863 

97 

3.78657 

08902 

31 

9.8 

-12.87690 

61685 

35 

13. 64615 

86543 

64 

4.9 

— 

5. 66433 

12381 

00 

3.94533 

04167 

32 

9.9 

-13.02688 

50046 

68 

13.87511 

48849 

16 

5.0 

_ 

5. 80731 

52672 

85 

4. 10609 

64053 

70 

10.0 

-13.17693 

50906 

38 

14. 10507 

70446 

23 
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Table  6.7  GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


*-1.3 


y 

&\nT(z) 

S In  T(z) 

y 

^lnr(z) 

J In  T(z) 

0.0 

— 

0.10817  48095  08 

0.00000  00000  00 

5.0 

- 5.64541  41381  33 

4.24823  90621  27 

0.1 

— 

0.11383  61080  85 

- 0.01671  99199  34 

5.1 

- 5.78673  23355  37 

4.41126  31957  95 

0.2 

— 

0.13070  20636  90 

- 0.03225  84033  35 

5.2 

- 5.92835  35606  66 

4.57620  66023  67 

0.3 

- 

0.15843  10081  49 

- 0.04549  95427  81 

5.3 

- 6.07026  64370  51 

4.74303  39118  17 

0.4 

— 

0. 19649  12771  78 

- 0.05544  82296  06 

5.4 

- 6.21246  02140  03 

4.91171  10050  12 

0.5 

_ 

0. 24420  93680  45 

- 0.06126  78750  55 

5.5 

- 6.35492  47217  66 

5.  08220  49501  77 

0.6 

— 

0.30082  34434  02 

- a.  06229  79103  48 

5.6 

- 6.49765  03305  97 

5.25448  39434  72 

0.7 

— 

0.36553  39002  19 

- 0.05805  28252  04 

5.7 

- 6.64062  79133  72 

5.42851  72533  50 

0.8 

— 

0.43754  53407  27 

- 0.04820  73993  35 

5.8 

- 6.78384  88113  55 

5.60427  51684  12 

0.9 

— 

0.51609  74046  40 

- 0.03257  37450  94 

5.9 

- 6.92730  48028  21 

5.78172  89485  09 

1.0 

_ 

0.60048  45154  05 

- 0.01107  52190  48 

6.0 

- 7.07098  80742  52 

5.96085  07788  45 

1.1 

— 

0.69006  62005  12 

+ 0.01627  90894  04 

6.1 

- 7.21489  11938  62 

6.14161  37268  52 

1.2 

— 

0.78427  03001  02 

0.04941  70710  23 

6.2 

- 7.35900  70872  13 

6.32399  17016  49 

1.3 

— 

0.88259  13601  03 

0.08822  25250  96 

6.3 

- 7.50332  90147  58 

6.  50795  94158  99 

1.4 

— 

0.98458  61322  90 

0.13255  01649  50 

6.4 

- 7.64785  05510  98 

6. 69349  23498  81 

1.5 

_ 

1.08986  76158  16 

0.18223  70479  17 

6.5 

- 7.79256  55658  27 

6.88056  67176  38 

1.6 

— 

1.19809  86148  04 

0.23711  09920  47 

6. 6 

- 7.93746  82058  02 

7.  06915  94350  45 

1.7 

— 

1.30898  54162  82 

0.29699  65855  44 

6.7 

- 8.08255  28787  24 

7.  25924  80896  76 

1.8 

— 

1.42227  19237  14 

0.36171  93463  93 

6. 8 

- 8. 22781  42379  13 

7.45081  09123  38 

1.9 

— 

1.53773  44011  63 

0.43110  85022  51 

6.9 

- 8.37324  71681  76 

7.64382  67501  64 

2.0 

_ 

1.65517  68709  10 

0.50499  87656  67 

7.0 

- 8.51884  67726  68 

7.83827  50411  67 

2.1 

— 

1.77442  71431  91 

0.58323  13926  09 

7.1 

- 8.66460  83606  78 

8.03413  57901  50 

2.2 

— 

1.89533  34239  28 

0.66565  47394  67 

7.2 

- 8.81052  74362  48 

8.23138  95458  91 

2.3 

— 

2.01776  14331  34 

0.75212  44759  30 

7.3 

- 8.95659  96875  66 

8.43001  73795  19 

2.4 

— 

2.14159  19646  87 

0.84250  35670  42 

7.4 

- 9.10282  Q9770  73 

8. 63000  08640  04 

2.5 

_ 

2.26671  88222  04 

0.93666  21049  03 

7.5 

- 9.24918  73322  19 

8.83132  20546  97 

2.6 

— 

2.39304  70725  18 

1. 03447  70464  53 

7.6 

- 9.39569  49368  29 

9.03396  34708  43 

2.7 

— 

2. 52049  15659  37 

1.13583  18965  15 

7.7 

- 9.54234  01230  14 

9. 23790  80780  23 

2.8 

— 

2.64897  56799  18 

1.24061  63628  56 

7.8 

- 9.68911  93636  11 

9.44313  92714  58 

2.9 

— 

2.77843  02497  03 

1.34872  60013  87 

7.9 

- 9.83602  92650  88 

9.64964  08601  22 

3.0 

_ 

2.90879  26554  06 

1.46006  18633  96 

8.0 

- 9.98306  65608  89 

9.85739  70516  25 

3.1 

— 

3.04000  60402  26 

1.57453  01525  07 

8.1 

-10.13022  81051  96 

10.  06639  24378  12 

3.2 

— 

3.17201  86387  60 

1.69204  18960  57 

8.2 

-10.27751  08670  60 

10.27661  19810  47 

3.3 

— 

3.30478  31979  94 

1.81251  26335  69 

8.3 

-10.42491  19248  88 

10.48804  10011  24 

3.4 

— 

3.43825  64765  05 

1.93586  21235  97 

8.4 

-10.57242  84612  54 

10.70066  51627  91 

3.5 

_ 

3.57239  88099  07 

2.06201  40693  37 

8.5 

-10.72005  77580  15 

10.91447  04638  39 

3. 6 

— 

3.70717  37325  19 

2.19089  58627  45 

8.6 

-10.86779  71917  09 

11. 12944  32237  30 

3.7 

— 

3.84254  76469  59 

2.32243  83465  44 

8.7 

-11.01564  42292  16 

11.34557  00727  24 

3.8 

— 

3.97848  95346  95 

2.45657  55932  86 

8.8 

-11.16359  64236  64 

11.56283  79415  00 

3.9 

— 

4.11497  07016  98 

2.59324  47004  59 

8.9 

-11.31165  14105  63 

11.78123  40512  20 

4.0 

4.25196  45543  18 

2.73238  56006  34 

9.0 

-11.45980  69041  59 

12.00074  59040  23 

4.1 

— 

4.38944  64012  12 

2.87394  08855  80 

9.1 

-11.60806  06939  74 

12.22136  12739  31 

4.2 

— 

4.52739  32778  30 

3.01785  56433  48 

9.2 

-11.75641  06415  49 

12.44306  81981  38 

4.3 

— 

4. 66578  37904  84 

3.16407  73073  22 

9.3 

-11.90485  46773  52 

12.  66585  49686  64 

4.4 

— 

4. 80459  79774  65 

3.31255  55163  23 

9.4 

-12.05339  07978  49 

12.88971  01243  51 

4.5 

4.94381  71850  33 

3.46324  19848  78 

9.5 

-12.20201  70627  34 

13. 11462  24431  99 

4.6 

— 

5. 08342  39564  42 

3.61609  03828  59 

9.6 

-12.35073  15923  02 

13.34058  09350  03 

4.7 

— 

5.22340  19323  94 

3.77105  62237  32 

9.7 

-12.49953  25649  49 

13.56757  48342  95 

4.8 

— 

5.36373  57615  52 

3.92809  67607  19 

9.8 

-12.64841  82148  10 

13. 79559  35935  62 

4.9 

- 

5.50441  10199  31 

4.08717  08902  55 

9.9 

-12.79738  68295  12 

14.02462  68767  33 

5.0 

_ 

5.64541  41381  33 

4.24823  90621  27 

10.0 

-12.94643  67480  34 

14.25466  45529  28 
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GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


r=1.4 


y 

£01nr(z) 

J In  r(z) 

y 

& In  T(z) 

0.0 



0.11961 

29141 

72 

0.00000  00000 

00 

5.0 

- 5.48319  80511  50 

0.1 

— 

0.12473 

21357 

76 

- 0.00597  40017 

43 

5.1 

- 5.62258  51037  75 

0.2 

— 

0.14000 

01552 

88 

- 0.01097  08056 

66 

5.2 

- 5.76231  08530  59 

0.3 

— 

0.16515 

59551 

89 

- 0.01405  93840 

03 

5.3 

- 5.90236  26637  68 

0.4 

— 

0. 19978 

93616 

12 

- 0.01439  47989 

49 

5.4 

- 6.04272  85898  90 

0.5 



0.24337 

34438 

09 

- 0.01124  72025 

18 

5.5 

- 6. 18339  73257  62 

0.6 

— 

0.29530 

16779 

62 

- 0.00401  77865 

38 

5.6 

- 6.32435  81614  11 

0.7 

— 

0.35492 

46161 

10 

+ 0.00775  78473 

84 

5.7 

- 6.46560  09417  01 

0.8 

— 

0.42158 

20669 

55 

0.02441  65124 

32 

5.8 

- 6.60711  60288  99 

0.9 

— 

0.49462 

85345 

46 

0.04618  11610 

42 

5.9 

- 6.74889  42683  24 

1.0 



0.57345 

12921 

03 

0.07317  82199 

73 

6.0 

- 6.89092  69567  80 

1.1 

— 

0.65748 

16506 

41 

0.10545  58409 

92 

6.1 

- 7.03320  58135  18 

1.2 

— 

0.74620 

06322 

98 

0.14300  11986 

37 

6.2 

- 7.17572  29534  78 

1.3 

— 

0.83914 

04638 

04 

0.18575  57618 

52 

6.3 

- 7.31847  08625  98 

1.4 

— 

0.93588 

32199 

21 

0.23362  80933 

40 

6.4 

- 7.46144  23750  25 

1.5 

1.03605 

77156 

27 

0.28650  41540 

26 

6.5 

- 7.60463  06520  25 

1.6 

— 

1.13933 

54742 

88 

0.34425  53337 

92 

6. 6 

- 7.74802  91624  64 

1.7 

— 

1.24542 

63479 

49 

0.40674  45404 

87 

6.7 

- 7.89163  16647  23 

1.8 

— 

1.35407 

41615 

64 

0.47383  07041 

21 

6.8 

- 8.03543  21899  02 

1.9 

— 

1.46505 

26007 

14 

0.54537  20299 

26 

6.9 

- 8.17942  50262  34 

2.0 

_ 

1.57816 

14562 

85 

0.62122  82885 

81 

7.0 

- 8.32360  47045  82 

2.1 

— 

1.69322 

32702 

19 

0.70126  23803 

49 

7.1 

- 8.46796  59849  44 

2.2 

— 

1.81008 

03838 

54 

0.78534  13608 

50 

7.2 

- 8.61250  38438  82 

2.3 

— 

1.92859 

23663 

09 

0.87333  70735 

61 

7.3 

- 8.75721  34627  90 

2.4 

— 

2.04863 

37884 

08 

0.96512  64991 

00 

7.4 

- 8.90209  02169  54 

2.5 

— 

2.17009 

23032 

73 

1.06059  19035 

92 

7.5 

- 9.04712  96653  17 

2.6 

— 

2.29286 

69947 

17 

1.15962  08468 

95 

7.6 

- 9.19232  75409  21 

2.7 

— 

2.41686 

69570 

58 

1.26210  60952 

18 

7.7 

- 9.33767  97419  53 

2.8 

— 

2.54201 

00734 

84 

1.36794  54704 

02 

7l8 

- 9.48318  23233  58 

2.9 

— 

2.66822 

19640 

86 

1.47704  16591 

47 

7.9 

- 9. 62883  14889  78 

3.0 

_ 

2.79543 

50784 

95 

1.58930  19987 

43 

8.0 

- 9.77462  35841  76 

3.1 

— 

2.92358 

79116 

75 

1.70463  82510 

60 

8.1 

- 9.92055  50889  05 

3.2 

— 

3.05262 

43245 

92 

1.82296  63729 

35 

8.2 

-10.06662  26112  05 

3.3 

— 

3. 18249 

29542 

71 

1.94420  62885 

89 

8.3 

-10.21282  28810  76 

3.4 

— 

3.31314 

67001 

61 

2.06828  16678 

10 

8.4 

-10.35915  27447  20 

3.5 

__ 

3.44454 

22757 

38 

2. 19511  97123 

13 

8.5 

-10.50560  91591  10 

3.6 

— 

3.57663 

98160 

21 

2.32465  09517 

70 

8.6 

-10.65218  91868  81 

3.7 

— 

3. 70940 

25331 

00 

2.45680  90502 

77 

8.7 

-10.79888  99915  05 

3.8 

— 

3.84279 

64130 

02 

2.59153  06235 

98 

8.8 

-10.94570  88327  39 

3.9 

— 

3.97678 

99482 

49 

2.72875  50671 

88 

8.9 

-11.09264  30623  27 

4.0 

_ 

4.11135 

39012 

79 

2.86842  43947 

56 

9.0 

-11.23969  01199  39 

4.1 

— 

4.24646 

10946 

69 

3.01048  30870 

18 

9.1 

-11.38684  75293  27 

4.2 

— 

4.38208 

62246 

51 

3.15487  79501 

77 

9.2 

-11.53411  28946  97 

4.3 

— 

4.51820 

56949 

47 

3.30155  79836 

24 

9.3 

-11.68148  38972  65 

4.4 

— 

4. 65479 

74683 

75 

3.45047  42563 

18 

9.4 

-11.82895  82920  01 

4.5 

_ 

4. 79184 

09340 

18 

3.60157  97913 

33 

9.5 

-11.97653  39045  38 

4.6 

— 

4.92931 

67880 

70 

3.75482  94580 

13 

9.6 

-12.12420  86282  47 

4.7 

— 

5.06720 

69267 

30 

3.91017  98712 

52 

9.7 

-12.27198  04214  52 

4.8 

— 

5.20549 

43497 

23 

4.06758  92973 

81 

9.8 

-12.41984  73048  02 

4.9 

— 

5.34416 

30732 

30 

4.22701  75662 

27 

9.9 

-12.56780  73587  55 

5.0 

_ 

5.48319 

80511 

50 

4.38842  59888 

87 

10.0 

-12.71585  87212  03 

Table  6.7 


J In  T(z) 

4.38842  59888  87 
4. 55177  72808  10 
4.71703  54898  14 
4.88416  59286  80 
5.05313  51119  86 

5.22391  06968  84 
5.39646  14275  35 
5.57075  70829  41 
5.  74676.84279  33 
5*.  92446  71670  92 

6. 10382  59013  94 
6.28481  80874  01 
6. 46741  79988  09 
6.65160  06901  96 
6.83734  19628  28 

7.02461  83323  73 
7. 21340  69984  03 
7.40368  58155  67 
7.59543  32663  20 
7.78862  84351  12 

7. 98325  09839  40 
8. 17928  11291  83 
8.  37669  96196  29 
8.  57548  77156  28 
8.  77562  71692  98 

8.97710  02057  23 
9.17988  95050  80 
9. 38397  81856  34 
9.58934  97875  68 
9.79598  82575  76 

10.00387  79341  91 
10.  21300  35337  97 
10.42335  01372  94 
10.63490  31773  72 
10.84764  84263  58 

11.06157  19846  19 
11.27666  02694  74 
11.49290  00045  92 
11.71027  82098  57 
11.92878  21916  70 

12. 14839  95336  59 
12.36911  80877  89 
12.59092  59658  40 
12.81381  15312  39 
13.03776  33912  29 

13.26277  03893  53 
13.48882  15982  45 
13.71590  63127  03 
13.94401  40430  46 
14. 17313  45087  16 

14.40325  76321  42 
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Table  6.7  GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


x=1.5 


y 

$ In  r ( z ) 

•f  In  r(z) 

y 

In  r(z) 

J In  r(z) 

0.0 



0.12078  22376  35 

0.00000  00000  00 

5.0 

- 5.32063  00229  09 

4.52667  02683  19 

0.1 

— 

0.12545  03928  11 

0.00378  68415  10 

5.1 

- 5.45809  92990  12 

4.69038  46594  51 

0.2 

— 

0.13938  53175  79 

0,00839  39012  17 

5.2 

- 5.59594  21987  69 

4. 85599  23475  89 

0.3 

— 

0.16238  37050  76 

0.01460  80536  11 

5.3 

- 5.73414  48816  77 

5.02345  93914  30 

0.4 

— 

0.19412  35254  45 

0.02315  34211  15 

5.4 

- 5.87269  42552  05 

5. 19275  29984  42 

0.5 

_ 

0.23418  63474  70 

0.03466  89612  75 

5.5 

- 6.01157  79223  61 

5.36384  14702  24 

0.6 

— 

0.28208  36136  63 

0.04969  46638  36 

5.6 

- 6.15078  41337  33 

5.  53669  41510  65 

0.7 

— 

0.33728  34790  33 

0.06866  64150  66 

5.7 

- 6.29030  17435  55 

5.71128  13794  95 

0.8 

— 

0.39923  54301  20 

0.09191  83319  43 

5.8 

- 6.43012  01693  96 

5.88757  44426  18 

0.9 

— 

0.46739  08704  08 

0.11969  06415  60 

5.9 

- 6.57022  93551  39 

6.06554  55330  63 

1.0 

_ 

0.54121  88685  47 

0.15214  09934  52 

6.0 

- 6.71061  97369  14 

6.24516  77083  65 

1.1 

— 

0.62021  70896  71 

0.18935  73091  01 

6.1 

- 6.85128  22117  36 

6.  42641  48526  40 

1.2 

— 

0.70391  84698  97 

0.23137  07067  73 

6.2 

- 6.99220  81085  67 

6. 60926  16403  83 

1.3 

— 

0.79189  44573  28 

0.27816  75270  32 

6.3 

- 7.13338  91616  09 

6. 79368  35022  65 

1.4 

- 

0.88375  56946  74 

0.32969  99180  52 

6.4 

- 7.27481  74856  07 

6.97965  65928  01 

1.5 

0.97915  09391  81 

0.38589  47712  67 

6.5 

- 7.41648  55529  97 

7. 16715  77597  60 

1.6 

— 

1.07776  48736  47 

0.44666  10201  49 

6. 6 

- 7.55838  61727  29 

7.35616  45152  22 

1.7 

— 

1.17931  53061  81 

0.51189  54441  75 

6.7 

- 7.70051  24706  26 

7. 54665  50081  65 

1.8 

— 

1.28355  01134  19 

0.58148  71805  09 

6.8 

- 7.84285  78711  49 

7.73860  79984  87 

1.9 

— 

1.39024  41643  92 

0.65532  11610  93 

6.9 

- 7.98541  60804  40 

7.93200  28323  86 

2.0 



1.49919  63725  85 

0.73328  06816  91 

7.0 

- 8.12818  10705  51 

8. 12681  94190  02 

2.1 

— 

1.61022  69592  23 

0.81524  92850  60 

7.1 

- 8.27114  70647  52 

8.32303  82082  45 

2.2 

— 

1.72317  49667  28 

0.90111  21116  92 

7.2 

- 8.41430  85238  40 

8.52064  01697  48 

2.3 

— 

1.83789  60327  96 

0.99075  68430  94 

7.3 

- 8.55766  01333  52 

8.71960  67728  67 

2.4 

— 

1.95426  04180  71 

1.08407  43370  92 

7.4 

- 8.70119  67916  34 

8.91991  99676  60 

2.5 

2.07215  12706  83 

1.18095  90329  08 

7.5 

- 8.84491  35986  81 

9.12156  21668  12 

2.6 

— 

2.19146  31061  38 

1.28130  91860  05 

7.6 

- 8.98880  58456  98 

9.32451  62284  17 

2.7 

— 

2.31210  04795  77 

1.38502  69784  97 

7.7 

- 9.13286  90053  22 

9.52876  54395  97 

2.8 

— 

2.43397  68277  27 

1.49201  85397  98 

7.8 

- 9.27709  87224  65 

9.  73429  35008  92 

2.9 

— 

2.55701  34593  17 

1.60219  39035  70 

7.9 

- 9.42149  08057  13 

9.94108  45113  82 

3.0 

2.68113  86746  74 

1.71546  69204  67 

8.0 

- 9.56604  12192  67 

10.14912  29545  01 

3.1 

— 

2.80628  69972  89 

1.83175  51411  18 

8.1 

- 9.71074  60753  60 

10. 35839  36845  06 

3.2 

— 

2.93239  85022  62 

1.95097  96800  61 

8.2 

- 9.85560  16271  36 

10.56888  19135  53 

3.3 

— 

3.05941  82284  63 

2.07306  50684  28 

8.3 

-10.00060  42619  46 

10.78057  31993  69 

3.4 

— 

3.18729  56630  57 

2.19793  91011  06 

8.4 

-10.14575  04950  41 

10.99345  34334  60 

3.5 

3.31598  42885  64 

2.32553  26824  38 

8.5 

-10.29103  69636  22 

11.20750  88298  51 

3.6 

— 

3.44544  11840  65 

2.45577  96733  92 

8.6 

-10.43646  04212  40 

11.42272  59143  12 

3.7 

— 

3.57562  66733  10 

2.58861  67421  82 

8.7 

-10.58201  77325  09 

11. 63909  15140  53 

3.8 

— 

3.70650  40135  44 

2.72398  32197  35 

8.8 

-10.72770  58681  09 

11. 85659  27478  60 

3.9 

— 

3.83803  91197  27 

2.86182  09608  36 

8.9 

-10.87352  19000  77 

12.07521  70166  56 

4.0 

_ 

3.97020  03195  93 

3.00207  42115  08 

9.0 

-11.01946  29973  44 

12.29495  19944  46 

4.1 

— 

4.10295  81356  26 

3.14468  94828  47 

9.1 

-11.16552  64215  28 

12.51578  56196  58 

4.2 

— 

4.23628  50905  75 

3.28961  54314  23 

9.2 

-11.31170  95229  33 

12. 73770  60868  20 

4.3 

— 

4.37015  55336  09 

3.43680  27461  51 

9.3 

-11.45800  97367  84 

12.96070  18385  99 

4.4 

— 

4.50454  54845  89 

3.58620  40415  07 

9.4 

-11.60442  45796  38 

13. 18476  15581  47 

4.5 

_ 

4.63943  24943  00 

3.73777  37568  62 

9.5 

-11.75095  16459  94 

13.  40987  41617  61 

4.6 

— 

4.77479  55187  51 

3.89146  80616  79 

9.6 

-11.89758  86050  76 

13. 63602  87918  31 

4.7 

— 

4.91061  48059  11 

4. 04724  47663  05 

9.7 

-12.04433  31977  78 

13. 86321  48100  75 

4.8 

— 

5. 04687  17934  63 

4.20506  32380  55 

9.8 

-12.19118  32337  59 

14.09142  17910  27 

4.9 

- 

5.18354  90163  32 

4.36488  43223  09 

9.9 

-12.33813  65886  95 

14.32063  95157  82 

5.0  - 5.32063  00229  09 


4.52667  02683  19  10.0  -12.48519  12016  51  14.55085  79659  84 
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^=1.6 


y 

y#  in  r(z) 

J In  r(s) 

y 

£%  In  r(z) 

0.0 

0.11259  17656  97 

0.00000  00000  00 

5.0 

- 5.15767 

38696 

89 

4, 

0.1 

— 

0.11687  93076  07 

0.01272  17953  11 

5.1 

- 5.29324 

00046 

70 

4, 

0.2 

— 

0.12968  70233  13 

0.02614  08547  67 

5.2 

- 5.42921 

38858 

50 

4, 

0.3 

— 

0.15085  38452  14 

0.04092  98346  69 

5.3 

- 5.56558 

05247 

67 

5, 

0.4 

— 

0.18012  29875  82 

0.05771  47266  93 

5.4 

- 5.70232 

57347 

10 

5, 

0.5 

0.21715  76591  72 

0.07705  74009  90 

5.5 

- 5.83943 

60752 

49 

5, 

0. 6 

— 

0.26155  99560  50 

0.09944  39491  75 

5.6 

- 5.97689 

88014 

04 

5, 

0.7 

— 

0.31289  07142  69 

0.12527  90746  90 

5.7 

- 6.11470 

18170 

24 

5, 

0.8 

— 

0.37068  83847  40 

0. 15488  59553  99 

5.8 

- 6.25283 

36319 

59 

6, 

0.9 

— 

0.43448  55339  80 

0.18851  04588  87 

5.9 

- 6.39128 

33226 

66 

6, 

1.0 

0.  50382  21960  58 

0.22632  83631  44 

6.0 

- 6.53004 

04959 

33 

6, 

1.1 

0.  57825  58588  66 

0. 26845  42738  89 

6.1 

- 6.66909 

52554 

28 

6, 

1.2 

_ 

0.  65736  82809  44 

0.31495  11405  00 

6.2 

- 6.80843 

81708 

20 

6, 

1.3 



0.  74076  95833  61 

0.36583  95580  78 

6.3 

- 6.94806 

02492 

33 

6 

1.4 

— 

0.82810  01661  20 

0.42110  63293  75 

6.4 

- 7.08795 

29088 

41 

7 

1.5 

0.91903  10002  05 

0.48071  20031  31 

6.5 

- 7.22810 

79544 

00 

7 

1.6 

— 

1.01326  27864  52 

0.54459  72874  22 

6. 6 

- 7.36851 

75545 

64 

7, 

1.7 

— 

1.11052  43845  66 

0.61268  83586  73 

6.7 

- 7.50917 

42208 

19 

7 

1.8 



1.21057  08228  70 

0.68490  11588  51 

6.8 

- 7.65007 

07879 

17 

7 

1.9 

— 

1.31318  11150  50 

0.76114  48080  60 

6.9 

- 7.79120 

03956 

68 

8 

2.0 

1.41815  60399  85 

0.84132  42695  09 

7.0 

- 7.93255 

64719 

90 

8, 

2.1 

— 

1.52531  59861  47 

0.92534  23984  61 

7.1 

- 8.07413 

27171 

08 

8 

2.2 

— 

1.63449  89215  98 

1.01310  14934  56 

7.2 

- 8.21592 

30888 

20 

8 

2.3 

— 

1.74555  85219  99 

1.10450  44515  88 

7.3 

- 8.35792 

17887 

32 

8 

2.4 

— 

1.85836  24696  22 

1.19945  56127  07 

7.4 

- 8.50012 

32493 

99 

9 

2.5 

1.97279  09238  15 

1.29786  13618  36 

7.5 

- 8.  64252 

21222 

97 

9 

2.6 

— 

2.08873  51557  24 

1.39963  05453  39 

7.6 

- 8.78511 

32665 

62 

9 

2.7 

— 

2.20609  63358  10 

1.50467  47448  81 

7.7 

- 8.92789 

17384 

38 

9 

2.8 

— 

2.32478  44606  95 

1.61290  84436  93 

7.8 

- 9.  07085 

27813 

87 

9 

2.9 

- 

2.44471  74052  94 

1.72424  91120  48 

7.9 

- 9.21399 

18168 

02 

10 

3.0 

2.56582  00865  46 

1.83861  72327  21 

8.0 

- 9.35730 

44352 

92 

10 

3.1 

— 

2.68802  37258  40 

1.95593  62824  65 

8.1 

- 9.50078 

63884 

89 

10 

3.2 

— 

2.81126  51983  53 

2.07613  26817  55 

8.2 

- 9.64443 

35813 

39 

10 

3.3 

— 

2.93548  64586  59 

2.19913  57221  55 

8.3 

- 9.78824 

20648 

48 

10 

3.4 

- 

3.06063  40331  69 

2.32487  74784  17 

8.4 

- 9.93220 

80292 

58 

11 

3.5 

3. 18665  85710  48 

2.45329  27106  82 

8.5 

-10.07632 

77975 

98 

11 

3.6 

— 

3.31351  44463  00 

2.58431  87608  00 

8.6 

-10.22059 

78196 

20 

11 

3.7 

— 

3.44115  94046  31 

2.  71789  54457  96 

8.7 

-10.36501 

46660 

67 

11 

3.8 

— 

3. 56955  42495  22 

2.85396  49506  80 

8.8 

-10.50957 

50232 

55 

12 

3.9 

— 

3. 69866  25626  62 

2.99247  17222  46 

8.9 

-10. 65427 

56879 

66 

12 

4.0 

3.82845  04545  47 

3. 13336  23649  89 

9.0 

-10.79911 

35626 

11 

12 

4.1 

— 

3.95888  63415  67 

3. 27658  55399  89 

9.1 

-10.94408 

56506 

53 

12 

4.2 

— 

4. 08994  07464  23 

3.42209  18672  73 

9.2 

-11.08918 

90522 

76 

12 

4.3 

— 

4.22158  61190  90 

3.56983  38320  36 

9.3 

-11. 23442 

09602 

86 

13, 

4.4 

— 

4.35379  66759  32 

3.71976  56948  92 

9.4 

-11.37977 

86562 

21 

13 

4.5 

m m 

4.48654  82548  65 

3.87184  34062  62 

9.5 

-11.52525 

95066 

64 

13 

4.6 

— 

4.61981  81847  38 

4.02602  45248  92 

9.6 

-11.67086 

09597 

45 

13 

4.7 

— 

4.75358  51673  33 

4.18226  81404  46 

9.7 

-11.81658 

05418 

21 

14 

4.8 

— 

4.88782  91705  81 

4.34053  48000  81 

9.8 

-11.96241 

58543 

24 

14 

4.9 

- 

5.02253  13317  74 

4. 50078  64388  72 

9.9 

-12.10836 

45707 

60 

14 

5.0 

5. 15767  38696  89 

4.66298  63139  40 

10.0 

-12.25442 

44338 

60 

14 

Table  6.7 


J lnr(z) 

66298  63139  40 
82709  89421  23 
99309  00410  26 
16092  64732  77 
33057  61938  29 

50200  82001  33 
67519  24850  30 
85009  99922  08 
02670  25740  71 
20497  29518  79 

38488  46780  37 
56641  21003  90 
74953  03284  11 
93421  52011  79 
12044  32570  25 

30819  17047  52 
49743  83963  44 
68816  18010  64 
88034  09808  67 
07395  55670  43 

26898  57380  27 
46541  21983  05 
66321  61583  45 
86237  93155  10 
06288  38358  78 

26471  23369  30 
46784  78710  61 
67227  39098  48 
87797  43290  61 
08493  33943  44 

29313  57475  61 
50256  63937  51 
71321  06886  60 
92505  43268  31 
13808  33302  08 

35228  40372  42 
56764  30924  55 
78414  74364  58 
00178  42963  80 
22054  11767  06 

44040  58504  89 
66136  63509  22 
88341  09632  56 
10652  82170  40 
33070  68786  75 

55593  59442  57 
78220  46327  06 
00950  23791  60 
23781  88286  23 
46714  38298  57 

69746  74295  03 
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Table  6.7  GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


*=1.7 


y 

^lnr(z) 

J In  r(z) 

y 

^lnr(z) 

J In  r(z) 

0.0 

0.09580  76974  07 

0.00000  00000  00 

5.0 

- 4.99429  42740  24 

4.79738  98064  85 

0.1 

— 

0.09977  01624  55 

0.02095  53101  47 

5.1 

- 5.12797  31077  01 

4.96193  49448  28 

0.2 

— 

0.11161  35203  43 

0. 04250  99781  99 

5.2 

- 5.26209  29486  79 

5. 12834  25830  88 

0.3 

— 

0.13120  82417  20 

0.06524  48506  20 

5.3 

- 5.39663  77210  79 

5.  29658  04404  97 

0.4 

- 

0. 15834  67099  43 

0. 08970  54480  34 

5.4 

- 5.53159  21994  12 

5.46661  72692  91 

0.5 



0. 19275  44989  43 

0.11638  82473  83 

5.5 

- 5.66694  19505  53 

5.  63842  28098  55 

0.6 

- 

0.23410  41754  11 

0. 14573  09476  06 

5.6 

- 5.80267  32805  14 

5.81196  77481  03 

0.7 

— 

0.28203  01468  30 

0.17810  70108  82 

5.7 

- 5.93877  31855  28 

5. 98722  36749  88 

0.8 

— 

0.33614  32007  35 

0.21382  42284  85 

5.8 

- 6.07522  93070  61 

6.16416  30480  45 

0.9 

— 

0.39604  36829  33 

0.25312  66649  29 

5.9 

- 6.21202  98903  76 

6*34275  91548  66 

1.0 

_ 

0.46133  26441  19 

0.29619  91243  57 

6.0 

- 6.34916  37463  25 

6.52298  60784  05 

1.1 

— 

0.53162  06562  78 

0.34317  32455  42 

6.1 

- 6.48662  02160  75 

6.  70481  86640  24 

1.2 

— 

0.60653  43029  30 

0.39413  44205  39 

6.2 

- 6.62438  91385  04 

6. 88823  24881  89 

1.3 

— 

0.68572  05552  37 

0.44912  88915  80 

6.3 

- 6.76246  08200  42 

7. 07320  38287  20 

1.4 

— 

0.76884  93610  19 

0.50817  05624  82 

6.4 

- 6.90082  60067  27 

7. 25970  96365  25 

1.5 

_ 

0.85561  48134  32 

0.57124  72307  84 

6.5 

- 7.03947  58582  98 

7.  44772  75087  22 

1.6 

— 

0.94573  52538  42 

0.63832  60866  03 

6.6 

- 7.17840  19241  47 

7. 63723  56630  84 

1.7 

— 

1.03895  26210  76 

0.70935  84280  02 

6.7 

- 7.31759  61209  77 

7. 82821  29137  39 

1.8 

— 

1.13503  13039  83 

0. 78428  36123  89 

6.8 

- 7.45705  07120  18 

8.  02063  86480  35 

1.9 

— 

1.23375  66975  90 

0.86303  23052  04 

6.9 

- 7.59675  82876  82 

8.21449  28045  37 

2.0 

1.33493  36116  09 

0.94552  91079  51 

7.0 

- 7.73671  17475  34 

8.40975  58520  62 

2.1 

— 

1.43838  46369  05 

1.03169  46541  37 

7.1 

- 7.87690  42834  81 

8. 60640  87697  25 

2.2 

— 

1.54394  85411  53 

1.12144  72591  94 

7.2 

- 8.01732  93640  69 

8.  80443  30279  13 

2.3 

— 

1.65147  87389  10 

1.21470  42030  73 

7.3 

- 8. 15798  07198  22 

9.  00381  05701  63 

2.4 

— 

1.76084  18623  15 

1.31138  27144  41 

7.4 

- 8.29885  23295  23 

9.20452  37958  73 

2.5 

_ 

1.87191  64452  44 

1.41140  07152  26 

7.5 

- 8.43993  84073  80 

9.40655  55438  14 

2.6 

— 

1.98459  17246  80 

1.51467  73744  45 

7.6 

- 8.58123  33910  02 

9.60988  90763  93 

2.7 

— 

2.09876  65571  99 

1.62113  35114  76 

7.7 

- 8.72273  19301  22 

9. 81450  80646  38 

2.8 

— 

2.21434  84448  82 

1.73069  18813  34 

7.8 

- 8.86442  88760  30 

10. 02039  65738  46 

2.9 

— 

2.33125  26629  53 

1.84327  73680  71 

7.9 

- 9.00631  92716  38 

10.  22753  90498  84 

3.0 

_ 

2.44940  14805  61 

1.95881  71071  34 

8.0 

- 9.14839  83421  51 

10.43592  03060  85 

3.1 

— 

2.56872  34658  89 

2.07724  05531  98 

8.1 

- 9.29066  14862  98 

10.64552  55107  28 

3.2 

— 

2.68915  28670  03 

2. 19847  95064  74 

8.2 

- 9.43310  42680  75 

10.  85634  01750  59 

3.3 

— 

2.81062  90603  59 

2.32246  81077  41 

8.3 

- 9.57572  24089  73 

11.06835  01418  23 

3.4 

— 

2.93309  60594  79 

2.44914  28100  87 

8.4 

- 9.71851  17806  54 

11.28154  15743  00 

3.5 

3.05650  20770  24 

2.57844  23336  16 

8.5 

- 9.86146  83980  47 

11. 49590  09457  89 

3.6 

— 

3.18079  91341  33 

2.71030  76079  67 

8.6 

-10.00458  84128  32 

11.71141  50295  52 

3.7 

— 

3.30594  27115  93 

2.84468  17064  22 

8.7 

-10.14786  81072  85 

11.92807  08891  58 

3.8 

— 

3.43189  14379  84 

2.98150  97744  80 

8.8 

-10.29130  38884  74 

12.14585  58692  46 

3.9 

— 

3.55860  68105  24 

3.12073  89551  42 

8.9 

-10.43489  22827  58 

12.36475  75866  47 

4.0 

_ 

3.68605  29448  47 

3.26231  83125  99 

9.0 

-10.57862  99305  96 

12.58476  39218  81 

4.1 

— 

3.81419  63503  82 

3.40619  87555  93 

9.1 

-10.72251  35816  27 

12.80586  30109  93 

4.2 

— 

3.94300  57284  13 

3.55233  29614  33 

9.2 

-10.86654  00900  14 

13.02804  32377  08 

4.3 

— 

4.07245  17902  59 

3.70067  53013  46 

9.3 

-11.01070  64100  32 

13.25129  32259  06 

4.4 

— 

4.20250  70933  22 

3.85118  17677  02 

9.4 

-11.15500  95918  83 

13. 47560  18323  86 

4.5 

_ 

4.33314  58930  01 

4.00380  99034  45 

9.5 

-11.29944  67777  28 

13.70095  81399  16 

4.6 

— 

4.46434  40087  52 

4.15851  87339  90 

9.6 

-11.44401  51979  25 

13. 92735  14505  47 

4.7 

— 

4.59607  87027  47 

4.31526  87017  23 

9.7 

-11.58871  21674  47 

14. 15477  12791  90 

4.8 

— 

4.72832  85697  79 

4.47402  16031  94 

9.8 

-11.73353  50824  91 

14.  38320  73474  23 

4.9 

— 

4.86107  34372  26 

4.63474  05290  18 

9.9 

-11.87848  14172  43 

14. 61264  95775  51 

5.0 

4.99429  42740  24 

4. 79738  98064  85 

10.0 

-12.02354  87208  09 

14. 84308  80868  68 
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cc=1.8 


y 

^lnr(z) 

y In  r(z) 

y 

y In  T(z) 

y lnr(z) 

0.0 

_ 

0.07108  38729  14 

0.00000  00000  00 

5.0 

- 4.83045  68451  13 

4.92989  76263  84 

0.1 

— 

0.07476  57386  86 

0.02858  63331  36 

5.1 

- 4.96226  53555  54 

5.  09490  86275  80 

0.2 

— 

0.08577  55297  09 

0.05769  29209  31 

5.2 

- 5.09454  72216  70 

5.26176  50781  04 

0.3 

— 

0.10400  76857  32 

0.08782  58538  91 

5.3 

- 5.22728  53433  89 

5.43043  56009  62 

0.4 

— 

0.12929  22486  30 

0.11946  40495  57 

5.4 

- 5.36046  35143  73 

5.60088  97905  12 

0.5 

__ 

0.16140  31015  52 

0.15304  83729  82 

5.5 

- 5.49406  63619  68 

5.77309  81726  78 

0.6 

— 

0.20006  82029  53 

0. 18897  35429  70 

5.6 

- 5.62807  92920  13 

5.94703  21669  16 

0.7 

— 

0.24498  08149  51 

0.22758  31014  17 

5.7 

- 5.  76248  84380  56 

6.12266  40498  86 

0.8 

— 

0.29581  07721  71 

0.26916  73612  58 

5.8 

- 5.89728  06145  63 

6.29996  69207  68 

0.9 

— 

0.35221  50054  25 

0.31396  39650  50 

5.9 

- 6.03244  32737  64 

6.47891  46681  58 

1.0 



0.41384  67690  74 

0.36216  05120  09 

6.0 

- 6.16796  44658  02 

6. 65948  19384  99 

1.1 

— 

0.48036  32669  52 

0.41389  86472  00 

6.1 

- 6.  30383  28019  05 

6.84164  41059  65 

1.2 

— 

0.55143  15880  74 

0.46927  90315  88 

6.2 

- 6.44003  74202  92 

7.02537  72437  42 

1.3 

— 

0.62673  30272  43 

0.52836  66950  54 

6. 3 

- 6.57656  79546  04 

7.21065  80966  53 

1.4 

- 

0.70596  59713  03 

0.59119  63857  23 

6.4 

- 6.71341  45046  23 

7.39746  40550  43 

1.5 



0.78884  75850  80 

0.65777  76436  65 

6.5 

- 6.85056  76090  92 

7.58577  31298  85 

1.6 

— 

0.87511  45440  57 

0.72809  94297  11 

6. 6 

- 6.98801  82204  65 

7.77556  39290  39 

1.7 

— 

0.96452  30468  26 

0.80213  42229  48 

6.7 

- 7.12575  76814  17 

7.96681  56346  11 

1.8 

— 

1.05684  83111  80 

0.87984  15616  08 

6.8 

- 7.26377  77029  87 

8. 15950  79813  46 

1.9 

- 

1.15188  37223  02 

0.96117  10434  30 

6.9 

- 7.40207  03441  98 

8.35362  12360  30 

2.0 

_ 

1.  24943  97659  29 

1.04606  48267  65 

7.0 

- 7.54062  79930  63 

8.54913  61778  15 

2.1 

— 

1. 34934  28469  99 

1.13445  96865  98 

7.1 

- 7.  67944  33488  49 

8.  74603  40794  54 

2.2 

— 

1.45143  40669  35 

1.22628  86841  72 

7.2 

- 7.81850  94055  06 

8.  94429  66893  74 

2.3 

- 

1.55556  80105  11 

1.32148  25078  65 

7.3 

- 7.95781  94361  78 

9. 14390  62145  64 

2.4 

— 

1.66161  15761  22 

1.41997  05387  49 

7.4 

- 8.  09736  69787  03 

9.34484  53042  25 

2.5 

_ 

1.76944  28703  84 

1.52168  16884  90 

7.5 

- 8.23714  58220  35 

9.54709  70341  42 

2.6 

— 

1.87895  01786  38 

1.62654  50508  69 

7.6 

- 8.37714  99935  16 

9.  75064  48917  54 

2.7 

— 

1.99003  10163  61 

1.73449  04020  35 

7.7 

- 8.51737  37469  39 

9.95547  27618  74 

2.8 

— 

2.10259  12619  95 

1.84544  85788  28 

7.8 

- 8.65781  15513  42 

10.  16156  49130  30 

2.9 

— 

2.21654  43688  12 

1.95935  17594  45 

7.9 

- 8.  79845  80804  75 

10.36890  59844  02 

3.0 

— 

2.33181  06516  27 

2.07613  36663  29 

8.0 

- 8.93930  82029  08 

10.57748  09733  12 

3.1 

- 

2.44831  66432  13 

2.19572  97074  49 

8.1 

- 9.08035  69727  14 

10.78727  52232  56 

3.2 

— 

2. 56599  45147  78 

2.31807  70690  52 

8.2 

- 9.22159  96207  08 

10.99827  44124  32 

3.3 

— 

2.68478  15548  41 

2.44311  47704  17 

8.3 

- 9.36303  15461  81 

11.21046  45427  62 

3.4 

— 

2.80461  97009  53 

2.57078  36890  62 

8.4 

- 9.50464  83091  20 

11.42383  19293  59 

3.5 

— 

2.92545  51190  19 

2.70102  65631  50 

8.5 

- 9.64644  56228  63 

11.63836  31904  38 

3.6 

— 

3. 04723  78253  42 

2.83378  79764  90 

8.6 

- 9.78841  93471  63 

11.854(54  5 2 3 7 6 37 

3.7 

— 

3.16992  13469  31 

2.96901  43304  05 

8.7 

- 9.93056  54816  43 

12.  07086  52667  34 

3.8 

— 

3.29346  24159  89 

3.10665  38058  79 

8.8 

-10.07288  01596  06 

12.28881  07487  37 

3.9 

— 

3.41782  06949  39 

3.24665  63186  51 

8.9 

-10.21535  96421  85 

12.50786  94213  31 

4.0 

— 

3.54295  85286  89 

3.38897  34693  93 

9.0 

-10.35800  03128  01 

12.72802  92806  69 

4.1 

— 

3.66884  07212  13 

3.53355  84906  21 

9.1 

-10.50079  86719  24 

12.94927  85734  79 

4.2 

— 

3.79543  43338  26 

3.68036  61916  47 

9.2 

-10.64375  13321  05 

13.17160  57894  90 

4.3 

— 

3.92270  85028  21 

3.82935  29025  75 

9.3 

-10.78685  50132  67 

13.39499  96541  43 

4.4 

— 

4.05063  42744  24 

3.98047  64181  31 

9.4 

-10.93010  65382  43 

13.61944  91215  87 

4.5 

— 

4.17918  44552  05 

4. 13369  59419  14 

9.5 

-11.07350  28285  39 

13.  84494  33679  42 

4.6 

— 

4.30833  34763  48 

4.28897  20315  17 

9.6 

-11.21704  09003  12 

14.07147  17848  17 

4.7 

— 

4.43805  72703  06 

4.44626  65448  66 

9.7 

-11.36071  78605  47 

14.29902  39730  75 

4.8 

— 

4.56833  31585  96 

4.60554  25879  92 

9.8 

-11.50453  09034  33 

14.52758  97368  21 

4.9 

— 

4.69913  97495  61 

4.76676  44644  38 

9.9 

-11.64847  73069  06 

14.75715  90776  29 

5.0  - 4.83045  68451  13 


4.92989  76263  84 


10.0  -11.79255  44293  69 


14.98772  21889  61 
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Table  6.7  GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


*=1.9 


y 

^lnr(z) 

J In  r(z) 

y 

y#  in  r(z) 

J lnr(z) 

0.0 

— 

0.03898  42759  23 

0.00000  00000  00 

5.0 

- 4.66612 

81728 

77 

5.06052 

77830  38 

0.1 

— 

0.04242  16648  18 

0.03569  47077  36 

5.1 

- 4.79608 

44074 

24 

5.22603 

70297  75 

0.2 

— 

0.05270  43596  13 

0.07184  49288  73 

5.2 

- 4.92654 

53878 

64 

5.  39337 

36626  27 

0.3 

— 

0.06974  53071  16 

0.10889  51730  33 

5.3 

- 5.05749 

30552 

47 

5.56250 

72499  47 

0.4 

— 

0.09340  38158  25 

0.14726  87453  39 

5.4 

- 5.18891 

02823 

51 

5.  73340 

82679  93 

0.5 

_ 

0.12349  16727  26 

0.18735  90383  60 

5.5 

- 5.32078 

08121 

05 

5.90604 

80662  49 

0.6 

— 

0.15978  08372  30 

0.22952  28050  02 

5.6 

- 5.45308 

92008 

98 

6. 08039 

88340  38 

0.7 

— 

0.20201  20244  82 

0.27407  56544  06 

5.7 

- 5.58582 

07663 

21 

6.  25643 

35684  02 

0.8 

— 

0.24990  35004  09 

0.32128  97690  64 

5.8 

- 5.71896 

15389 

41 

6. 43412 

60432  49 

0.9 

- 

0.30315  95035  34 

0.37139  36389  55 

5.9 

- 5.85249 

82177 

50 

6.  61345 

07797  49 

1.0 

_ 

0.36147  78527  10 

0.42457  34706  81 

6.0 

- 5.98641 

81289 

78 

6.79438 

30179  35 

1.1 

— 

0.42455  64621  11 

0.48097  58618  37 

6.1 

- 6.12070 

91879 

56 

6.  97689 

86894  96 

1.2 

- 

0.49209  86372  39 

0.54071  13247  70 

6.2 

- 6.25535 

98637 

85 

7. 16097 

43917  16 

1.3 

- 

0.56381  71504  20 

0.60385  82827  52 

6. 3 

- 6.39035 

91465 

66 

7.34658 

73625  14 

1.4 

— 

0.63943  71834  98 

0.67046  72268  81 

6.4 

- 6.52569 

65169 

71 

7.53371 

54565  59 

1.5 

_ 

0.71869  82795  42 

0.74056  47971  47 

6.5 

- 6. 66136 

19179 

75 

7.72233 

71224  13 

1.6 

- 

0.80135  54698  30 

0.81415  76239  52 

6.  6 

- 6.79734 

57285 

54 

7. 91243 

13806  57 

1.7 

- 

0.88717  97447  03 

0.89123  58296  55 

6.7 

- 6.93363 

87392 

01 

8. 10397 

78029  64 

1.8 

- 

0.97595  80247  42 

0.97177  61401  47 

6.8 

- 7.07023 

21291 

12 

8.  29695 

64920  80 

1.9 

— 

1.  06749  27687  53 

1.05574  45936  43 

6.9 

- 7.20711 

74449 

04 

8.  49134 

80626  65 

2.0 

_ 

1.16160  13318  68 

1.14309  88592  34 

7.0 

- 7.34428 

65807 

56 

8.  68713 

36229  72 

2.1 

- 

1.25811  51641  83 

1.23379  01934  57 

7.1 

- 7.48173 

17598 

49 

8.  88429 

47573  07 

2.2 

— 

1.35687  89195  14 

1.32776  50714  39 

7.2 

- 7.61944 

55170 

18 

9.08281 

35092  45 

2.3 

— 

1.45774  95259  72 

1.42496  65323  75 

7.3 

- 7.75742 

06825 

11 

9.  28267 

23655  74 

2.4 

— 

1.56059  52554  63 

1.52533  52787  28 

7.4 

- 7.89565 

03667 

87 

9.  48385 

42409  11 

2.5 

1.66529  48176  11 

1.62881  05662  06 

7.5 

- 8.03412 

79462 

62 

9.  68634 

24629  88 

2.6 

— 

1.77173  64947  51 

1.73533  09179  80 

7.6 

- 8.17284 

70499 

43 

9.89012 

07585  45 

2.7 

— 

1.87981  73280  p0 

1. 84483  46926  69 

7.7 

- 8.31180 

15468 

79 

10. 09517 

32398  33 

2.8 

— 

1.98944  23595  80 

1.95726  05315  67 

7.8 

- 8.45098 

55343 

75 

10. 30148 

43916  76 

2.9 

- 

2.10052  39332  16 

2.07254  77068  08 

7.9 

- 8.59039 

33269 

14 

10.50903 

90590  64 

3.0 

_ 

2.21298  10520  42 

2.19063  63887  13 

8.0 

- 8.73001 

94457 

32 

10.71782 

24352  78 

3.1 

— 

2.32673  87919  77 

2.31146  78475  36 

8.1 

- 8.86985 

86090 

10 

10.92782 

00504  91 

3.2 

- 

2.44172  77675  72 

2.43498  46022  00 

8.2 

- 9.00990 

57226 

31 

11. 13901 

77608  39 

3.3 

— 

2.55788  36468  15 

2.56113  05263  98 

8.3 

- 9.15015 

58714 

69 

11.35140 

17379  39 

3.4 

— 

2.67514  67111  48 

2.68985  09205  60 

8.4 

- 9.29060 

43111 

75 

11.56495 

84588  29 

3.5 

— 

2. 79346  14569  24 

2.82109  25566  19 

8.5 

- 9.43124 

64604 

23 

11.77967 

46963  13 

3.6 

— 

2.91277  62346  38 

2.95480  37012  40 

8.6 

- 9.57207 

78935 

85 

11.  99553 

75096  87 

3.7 

— 

3.03304  29224  14 

3.09093  41220  91 

8.7 

- 9.71309 

43338 

13 

12.21253 

42358  42 

3.8 

— 

3.15421  66305  10 

3.22943  50808  91 

8.8 

- 9.85429 

16464 

97 

12. 43065 

24807  06 

3.9 

— 

3.27625  54337  96 

3.37025  93162  16 

8.9 

- 9.99566 

58330 

75 

12. 64988 

OHIO  27 

4.0 

3.39912  01294  42 

3.51336  10185  24 

9.0 

-10.13721 

30251 

72 

12.87020 

52464  75 

4.1 

- 

3.52277  40173  08 

3.  65869  57993  21 

9.1 

-10.27892 

94790 

52 

13. 09161 

62520  42 

4.2 

— 

3.64718  27007  49 

3. 806?2  06560  50 

9.2 

-10.42081 

15703 

58 

13.31410 

17307  41 

4.3 

- 

3.77231  39057  84 

3.95589  39339  63 

9.3 

-10.56285 

57891 

26 

13. 53765 

05165  78 

4.4 

- 

3.89813  73167  71 

4.10767  52859  66 

9.4 

-10.70505 

87350 

54 

13. 76225 

16677  85 

4.5 

4.02462  44269  53 

4.26152  56312  41 

9.5 

-10.84741 

71130 

08 

13. 98789 

44603  16 

4.6 

— 

4. 15174  84023  59 

4.  41740  71132  72 

9.6 

-10.98992 

77287 

64 

14.21456 

83815  73 

4.7 

— 

4.27948  39577  56 

4.57528  30577  67 

9.7 

-11.13258 

74849 

48 

14. 44226 

31243  75 

4.8 

— 

4.40780  72434  44 

4.73511  79308  60 

9.8 

-11.27539 

33771 

93 

14. 67096 

85811  36 

4.9 

- 

4.53669  57418  38 

4.89687  72979  01 

9.9 

-11.41834 

24904 

66 

14.90067 

48382  65 

5.0 

_ 

4.66612  81728  77 

5.06052  77830  38 

10.0 

-11.56143 

19955 

88 

15.13137 

21707  60 
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GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS  Table  6.7 


•>'=2.0 


y 

y#  In  r(z) 

J In  r(z) 

y 

sflnr(z) 

J\nT(z) 

0.0 

0.00000  00000  00 

0.00000  00000  00 

5.0 

- 4.50127  58755  42 

5. 18929  93415  60 

0.1 

— 

0.00322  26151  39 

0.04234  57120  74 

5.1 

- 4.  62939  88796  82 

5.35533  82031  27 

0.2 

— 

0.01286  59357  41 

0.08509  33372  06 

5.2 

- 4.75805  70222  52 

5. 52318  54439  62 

0.3 

— 

0. 02885  74027  79 

0.12863  61223  10 

5.3 

- 4.88723  13522  76 

5.69281  16137  11 

0.4 

- 

0.05107  93722  62 

0.17335  05507  97 

5.4 

- 5. 01690  38831  33 

5.86418  81052  00 

0.5 



0.07937  37235  30 

0.21958  93100  95 

5.5 

- 5. 14705  75299  57 

6.  03728  71248  73 

0.6 

— 

0.11354  77183  40 

0.26767  56897  80 

5.6 

- 5.  27767  60518  81 

6. 21208  16640  30 

0.7 

— 

0. 15338  06308  81 

0.31789  96132  02 

5.7 

- 5.40874  39987  03 

6.  38854  54709  43 

0.8 

— 

0. 19863  06626  31 

0.37051  53392  47 

5.8 

- 5.54024  66615  82 

6.56665  30238  56 

0.9 

— 

0. 24904  17059  66 

0.42574  07261  44 

5.9 

- 5.67217  00274  24 

6.  74637  95048  97 

1.0 

_ 

0. 30434  96090  22 

0. 48375  78429  30 

6.0 

- 5. 80450  07366  29 

6.  92770  07748  95 

1.1 

— 

0.36428  77010  76 

0.54471  46524  35 

6.1 

- 5.93722  60439  25 

7. 11059  33491  13 

1.2 

— 

0.42859  14442  42 

0.60872  74700  17 

6.2 

- 6.07033  37820  31 

7.  29503  43738  76 

1.3 

- 

0.49700  21701  52 

0.67588  39160  88 

6.3 

- 6.20381  23278  98 

7.48100  16040  81 

1.4 

— 

0.56926  99322  58 

0.74624  61166  63 

6.4 

- 6.33765  05713  36 

7. 66847  33815  76 

1.5 

— 

0.  64515  55533  76 

0.81985  39537  67 

6.5 

- 6.47183  78858  22 

7. 85742  86143  76 

1.6 

— 

0. 72443  19760  33 

0.89672  82178  63 

6. 6 

- 6. 60636  41013  16 

8.  04784  67567  00 

1.7 

— 

0.80688  50339  42 

0.97687  35612  07 

6.7 

- 6.74121  94789  19 

8.  23970  77898  07 

1.8 

— 

0.89231  37613  78 

1.06028  11909  26 

6. 8 

- 6.87639  46872  45 

8. 43299  22035  86 

1.9 

— 

0.98053  03476  69 

1.14693  12720  53 

6.9 

- 7.01188  07803  50 

8. 62768  09788  99 

2.0 

1.07135  98302  14 

1.23679  50341  04 

7.0 

- 7.14766  91771  18 

8.  82375  55706  27 

2.1 

— 

1. 16463  96040  42 

1.32983  65907  26 

7.1 

- 7. 28375  16419  82 

9.  02119  78914  05 

2.2 

— 

1.26021  88108  76 

1.42601  44920  94 

7.2 

- 7.42012  02668  81 

9. 21999  02960  14 

2.3 

— 

1.35795  76568  48 

1.52528  30352  04 

7.3 

- 7. 55676  74543  62 

9.42011  55664  09 

2.4 

— 

1.45772  66961  57 

1.62759  33595  36 

7.4 

- 7.69368  59017  46 

9. 62155  68973  45 

2.5 

— 

1.55940  61080  61 

1.73289  43555  35 

7.5 

- 7. 83086  85862  69 

9. 82429  78825  87 

2.6 

— 

1. 66288  49866  52 

1.84113  34120  22 

7.6 

- 7.96830  87511  38 

10. 02832  25016  83 

2.7 

- 

1.76806  06566  17 

1.95225  70264  63 

7.7 

- 8. 10599  98924  36 

10.23361  51072  54 

2.8 

- 

1. 87483  80234  65 

2.06621  12994  71 

7.8 

- 8.  24393  57468  08 

10.44016  04128  09 

2.9 

— 

1.98312  89631  02 

2.18294  23322  91 

7.9 

- 8.38211  02798  83 

10. 64794  34810  35 

3.0 

_ 

2.09285  17530  93 

2. 30239  65434  67 

8.0 

- 8.52051  76753  67 

10.85694  97125  60 

3.1 

— 

2. 20393  05460  64 

2.42452  09185  18 

8.1 

- 8. 65915  23247  82 

11.  06716  48351  59 

3.2 

— 

2. 31629  48844  77 

2.54926  32043  52 

8.2 

- 8. 79800  88177  87 

11.  27857  48933  86 

3.3 

— 

2.42987  92551  37 

2.67657  20582  60 

8.3 

- 8. 93708  19330  47 

11.49116  62386  10 

3.4 

— 

2.54462  26813  03 

2.80639  71597  50 

8.4 

- 9. 07636  66296  28 

11.70492  55194  45 

3.5 

— 

2. 66046  83499  73 

2.93868  92920  59 

8.5 

- 9.21585  80388  55 

11.  91983  96725  52 

3.6 

— 

2.77736  32717  84 

3.07340  03990  47 

8.6 

- 9. 3555£  14566  37 

12. 13589  59137  86 

3.7 

— 

2.  89525  79709  78 

3.21048  36221  88 

8.7 

- 9.49544  23361  92 

12.35308  17297  01 

3.8 

— 

3.01410  62029  30 

3.34989  33215  16 

8.8 

- 9.63552  62811  84 

12.57138  48693  62 

3.9 

— 

3. 13386  46968  42 

3.49158  50837  57 

8.9 

- 9. 77579  90392  11 

12.  79079  33364  76 

4.0 

_ 

3.25449  29213  81 

3.63551  57202  41 

9.0 

- 9.91625  64956  49 

13.  01129  53818  23 

4.1 

— 

3.37595  28711  45 

3.78164  32567  78 

9.1 

-10.05689  46678  12 

13. 23287  94<759  63 

4.2 

— 

3.49820  88720  59 

3.92992  69172  45 

9.2 

-10.19770  96994  20 

13.  45553  44022  19 

4.3 

— 

3.62122  74039  03 

4.08032  71023  23 

9.3 

-10.33869  78553  49 

13.67924  90499  21 

4.4 

— 

3. 74497  69383  89 

4.23280  53645  81 

9.4 

-10.47985  55166  49 

13.90401  26078  95 

4.5 



3. 86942  77912  99 

4. 38732  43808  43 

9.5 

-10.62117  91758  12 

14. 12981  44581  93 

4.6 

— 

3.99455  19873  65 

4.54384  79226  20 

9.6 

-10.76266  54322  81 

14.35664  41900  46 

4.7 

— 

4.12032  31366  90 

4.70234  08252  48 

9.7 

-10.90431  09881  75 

14. 58449  15940  42 

4.8 

- 

4.24671  63216  20 

4.86276  89562  20 

9.8 

-11.04611  26442  29 

14.81334  66565  09 

4.9 

- 

4.37370  79930  87 

5.02509  91831  32 

9.9 

-11.18806  72959  27 

15.  04319  95540  92 

5.0 

_ 

4.50127  58755  42 

5. 18929  93415  60 

10.0 

-11.33017  19298  27 

15. 27404  06485  34 
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Table  6.8  DIGAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 

.t=1.0 


y 

-^V(z) 

./V(z) 

y 

Jt(z) 

0.0 

-0.57721  56649 

0.00000 

5.0 

1.61278  48446 

1.47080 

0.1 

-0.56529  77902 

0.16342 

5.1 

1.63245  69889 

1.47276 

0.2 

-0.53073  04055 

0.32064 

5.2 

1.65175  20861 

1.47464 

0.3 

-0.47675  48934 

0.46653 

5.3 

1.67068  42228 

1.47646 

0.4 

-0.40786  79442 

0.59770 

5.4 

1.68926  67162 

1.47820 

0.5 

-0.32888  63572 

0.71269 

5.5 

1.70751  21687 

1.47989 

0.6 

-0.24419  65809 

0.81160 

5.6 

1.72543  25175 

1.48151 

0.7 

-0.15733  61258 

0.89563 

5.7 

1.74303  90807 

1.48308 

0.8 

-0.07088  34022 

0.96655 

5.8 

1.76034  25988 

1.48459 

0.9 

+0.01345  20154 

1.02628 

5.9 

1.77735  32733 

1.48605 

1.0 

0.09465  03206 

1.07667 

6.0 

1.79408  08018 

1.48746 

1.1 

0.17219  05426 

1.11938 

6.1 

1.81053  44105 

1.48883 

1.2 

0.24588  65515 

1.15580 

6.2 

1.82672  28842 

1.49015 

1.3 

0.31576  20906 

1.18707 

6.3 

1.84265  45939 

1.49143 

1.4 

0.38196  28134 

1.21413 

6.4 

1.85833  75219 

1.49267 

1.5 

0.44469  79402 

1.23772 

6.5 

1.87377  92858 

1.49387 

1.6 

0.50420  34618 

1.25843 

6.6 

1.88898  71602 

1.49504 

1.7 

0.56072  00645 

1.27675 

6.7 

1.90396  80964 

1.49617 

1.8 

0.61448  06554 

1.29306 

6.8 

1.91872  87422 

1.49727 

1.9 

0.66570  39172 

1.30766 

6.9 

1.93327  54582 

1.49833 

2.0 

0.71459  15154 

1.32081 

7.0 

1.94761  43346 

1.49937 

2.1 

0.76132  74328 

1.33271 

7.1 

1.96175  12062 

1.50037 

2.2 

0.80607  84807 

1.34353 

7.2 

1.97569  16663 

1.50135 

2.3 

0.84899  54079 

1.35341 

7.3 

1.98944  10799 

1.50230 

2.4 

0.89021  42662 

1.36246 

7.4 

2.00300  45959 

1.50323 

2.5 

0.92985  78387 

1.37080 

7.5 

2.01638  71585 

1.50413 

2.6 

0.96803  70243 

1.37849 

7.6 

2.02959  35177 

1.50501 

2.7 

1.00485  21252 

1.38561 

7.7 

2.04262  82397 

1.50586 

2.8 

1.04039  40175 

1.39222 

7.8 

2.05549  57159 

1.50669 

2.9 

1.07474  51976 

1.39838 

7.9 

2.06820  01717 

1.50751 

3.0 

1.10798  07107 

1.40413 

8.0 

2.08074  56749 

1.50830 

3.1 

1.14016  89703 

1.40951 

8.1 

2.09313  61434 

1.50907 

3.2 

1.17137  24783 

1,41455 

8.2 

2.10537  53524 

1.50982 

3.3 

1.20164  84581 

1.41928 

8.3 

2.11746  69410 

1.51056 

3.4 

1.23104  94107 

1.42374 

8.4 

2.12941  44191 

1.51127 

3.5 

1.25962  36033 

1.42794 

8.5 

2.14122  11731 

1.51197 

3.6 

1.28741  54995 

1.43191 

8.6 

2.15289  04718 

1.51266 

3.7 

1.31446  61381 

1.43566 

8.7 

2.16442  54716 

1.51332 

3.8 

1.34081  34679 

1.43922 

8.8 

2.17582  92217 

1.51398 

3.9 

1.36649  26435 

1.44259 

8.9 

2.18710  46687 

1.51462 

4.0 

1.39153  62879 

1.44580 

9.0 

2.19825  46616 

1.51524 

4.1 

1.41597  47255 

1.44885 

9.1 

2.20928  19555 

1.51585 

4.2 

1.43983  61892 

1.45175 

9.2 

2.22018  92160 

1.51645 

4.3 

1.46314  70060 

1.45452 

9.3 

2.23097  90229 

1.51703 

4.4 

1.48593  17620 

1.45716 

9.4 

2.24165  38740 

1.51760 

4.5 

1.50821  34505 

1.45969 

9.5 

2.25221  61882 

1.51816 

4.6 

1.53001  36052 

1.46210 

9.6 

2.26266  83093 

1.51871 

4.7 

1.55135  24197 

1.46441 

9.7 

2.27301  25085 

1.51925 

4.8 

1.57224  88550 

1.46663 

9.8 

2.28325  09877 

1.51978 

4.9 

1.59272  07370 

1.46876 

9.9 

2.29338  58823 

1.52029 

5.0 

1.61278  48446 

1.47080 

10.0 

2.30341  92637 

1.52080 

,/^(l+iyHxcoth?ry-2y 

*{z)  to  5D,  computed  by  M.  Goldstein,  Los  Alamos  Scientific  Laboratory. 


[(-3)21 

[(-5)51 

[(-5)11 

5 J 

4 

L 6 J 

L 2 J 

AUXILIARY  FUNCTION  FOR  ^(1+iy) 


y~l 

My) 

<y> 

y-1 

My) 

<y> 

0.11 

0.00100  956 

9 

0.05 

0.00020  839 

20 

0.10 

0.00083  417 

10 

0.04 

0.00013  335 

25 

0.09 

0.00067  555 

11 

0.03 

0.00007  501 

33 

0.08 

0.00053  368 

13 

0.02 

0.00003  333 

50 

0.07 

0.00040  853 

14 

0.01 

0.00000  833 

100 

0.06 

0.00030  011 

17 

0.00 

0.00000  000 

00 

t(l+iy) =ln  y+My) 

[(-6)21 

L 3 J 

<y>=nearest  integer  to  y. 

3 
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DIGAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS  Table  6.8 


* = 1-1  x = 1.2 


y 

Jyp(z) 

y 

m(z) 

y 

'fyp(z) 

y 

<fyp(z) 

0.0 

-0.42375 

0.00000 

5.0 

1.61498 

1.45097 

0.0 

-0.28904 

0.00000 

5.0 

1.61756 

1.43125 

0.1 

-0.41451 

0.14258 

5.1 

1.63457 

1.45332 

0.1 

-0.28169 

0.12620 

5.1 

1.63705 

1.43396 

0.2 

-0.38753 

0.28082 

5.2 

1.65378 

1.45557 

0.2 

-0.26014 

0.24926 

5.2 

1.65617 

1.43658 

0.3 

-0.34490 

0.41099 

5.3 

1.67264 

1.45774 

0.3 

-0.22578 

0.36640 

5.3 

1.67494 

1.43910 

0.4 

-0.28961 

0.53042 

5.4 

1.69115 

1.45983 

0.4 

-0.18064 

0.47552 

5.4 

1.69336 

1.44152 

0.5 

-0.22498 

0.63764 

5.5 

1.70933 

1.46184 

0.5 

-0.12710 

0.57530 

5.5 

1.71146 

1.44386 

0.6 

-0.15426 

0.7*3229 

5.6 

1.72718 

1.46378 

0.6 

-0.06753 

0.66517 

5.6 

1.72924 

1.44612 

0.7 

-0.08023 

0.81484 

5.7 

1.74473 

1.46565 

0.7 

-0.00412 

0.74519 

5.7 

1.74672 

1.44829 

0.8 

-0.00509 

0.88630 

5.8 

1.76197 

1.46746 

0.8 

+0.06130 

0.81589 

5.8 

1.76390 

1.45039 

0.9 

+0.06954 

0.94792 

5.9 

1.77893 

1.46921 

0.9 

0.12730 

0.87806 

5.9 

1.78079 

1.45243 

1.0 

0.14255 

1.00102 

6.0 

1.79561 

1.47090 

1.0 

0.19280 

0.93260 

6.0 

1.79740 

1.45439 

1.1 

0.21327 

1.04687 

6.1 

1.81201 

1.47253 

1.1 

0.25707 

0.98046 

6.1 

1.81375 

1.45629 

1.2 

0.28131 

1.08660 

6.2 

1.82815 

1.47411 

1.2 

0.31960 

1.02252 

6.2 

1.82983 

1.45813 

1.3 

0.34649 

1.12119 

6.3 

1.84404 

1.47565 

1.3 

0.38012 

1.05960 

6.3 

1.84567 

1.45991 

1.4 

0.40880 

1.15146 

6.4 

1.85968 

1.47713 

1.4 

0.43846 

1.09240 

6.4 

1.86126 

1.46164 

1.5 

0.46829 

1.17810 

6.5 

1.87508 

1.47857 

1.5 

0.49459 

1.12153 

6.5 

1.87661 

1.46331 

1.6 

0.52507 

1.20169 

6.6 

1.89025 

1.47996 

1.6 

0.54851 

1.14752 

6.6 

1.89173 

1.46493 

1.7 

0.57930 

1.22269 

6.7 

1.90519 

1.48132 

1.7 

0.60028 

1.17082 

6.7 

1.90663 

1.46651 

1.8 

0.63111 

1.24148 

6.8 

1.91992 

1.48263 

1.8 

0.64999 

1.19179 

6.8 

1.92132 

1.46803 

1.9 

0.68067 

1.25839 

6.9 

1.93443 

1.48391 

1.9 

0.69774 

1.21074 

6.9 

1.93579 

1.46952 

2.0 

0.72813 

1.27368 

7.0 

1.94874 

1.48515 

2.0 

0.74362 

1.22794 

7.0 

1.95006 

1.47096 

2.1 

0.77363 

1.28755 

7.1 

1.96284 

1.48635 

2.1 

0.78775 

1.24362 

7.1 

1.96413 

1.47236 

2.2 

0.81730 

1.30021 

1.2 

1.97675 

1.48752 

2.2 

0.83022 

1.25796 

7.2 

1.97800 

1.47372 

2.3 

0.85928 

1.31179 

7.3 

1.99047 

1.48866 

2.3 

0.87114 

1.27112 

7.3 

1.99169 

1.47505 

2.4 

0.89967 

1.32243 

7.4 

2.00401 

1.48977 

2.4 

0.91060 

1.28323 

7.4 

2.00519 

1.47634 

2.5 

0.93858 

1.33224 

7.5 

2.01736 

1.49085 

2.5 

0.94868 

1.29442 

7.5 

2.01852 

1.47760 

2.6 

0.97610 

1.34131 

7.6 

2.03054 

1.49190 

2.6 

0.98546 

1.30478 

7/6 

2.03167 

1.47882 

2.7 

1.01234 

1.34972 

7.7 

2.04356 

1.49292 

2.7 

1.02103 

1.31441 

7.7 

2.04465 

1.48001 

2.8 

1.04736 

1.35753 

7.8 

2.05640 

1.49392 

2.8 

1.05546 

1.32337 

7.8 

2.05746 

1.48117 

2.9 

1.08124 

1.36482 

7.9 

2.06908 

1.49489 

2.9 

1.08881 

1.33173 

7.9 

2.07012 

1.48230 

3.0 

1.11405 

1.37162 

8.0 

2.08160 

1.49584 

3.0 

1.12113 

1.33955 

8.0 

2.08262 

1.48341 

3.1 

1.14586 

1.37800 

8.1 

2.09397 

1.49676 

3.1 

1.15250 

1.34688 

8.1 

2.09496 

1.48448 

3.2 

1.17671 

1.38398 

8.2 

2.10619 

1.49767 

3.2 

1.18295 

1.35377 

8.2 

2.10716 

1.48553 

3.3 

1.20667 

1.38960 

8.3 

2.11826 

1.49855 

3.3 

1.21254 

1.36024 

8.3 

2.11921 

1.48656 

3.4 

1.23578 

1.39489 

8.4 

2.13019 

1.49940 

3.4 

1.24132 

1.36635 

8.4 

2.13111 

1.48756 

3.5 

1.26409 

1.39989 

8.5 

2.14198 

1.50024 

3.5 

1.26932 

1.37211 

8.5 

2.14288 

1.48853 

3.6 

1.29164 

1.40461 

8.6 

2.15363 

1.50106 

3.6 

1.29659 

1.37756 

8.6 

2.15451 

1.48949 

3.7 

1.31847 

1.40907 

8.7 

2.16515 

1.50186 

3.7 

1.32315 

1.38272 

8.7 

2.16601 

1.49042 

3.8 

1.34461 

1.41331 

8.8 

2.17654 

1.50265 

3.8 

1.34905 

1.38761 

8.8 

2.17738 

1.49133 

3.9 

1.37010 

1.41732 

8.9 

2.18780 

1.50341 

3.9 

1.37432 

1.39226 

8.9 

2.18862 

1.49222 

4.0 

1.39496 

1.42114 

9.0 

2.19893 

1.50416 

4.0 

1.39898 

1.39667 

9.0 

2.19973 

1.49310 

4.1 

1.41924 

1.42478 

9.1 

2.20995 

1.50489 

4.1 

1.42306 

1.40088 

9.1 

2.21073 

1.49395 

4.2 

1.44294 

1.42824 

9.2 

2.22084 

1.50561 

4.2 

1.44659 

1.40489 

9.2 

2.22160 

1.49478 

4.3 

1.46611 

1.43154 

9.3 

2.23161 

1.50631 

4.3 

1.46959 

1.40871 

9.3 

2.23236 

1.49560 

4.4 

1.48876 

1.43469 

9.4 

2.24228 

1.50699 

4.4 

1.49209 

1.41236 

9.4 

2.24301 

1.49640 

4.5 

1.51092 

1.43771 

9.5 

2.25283 

1.50766 

4.5 

1.51410 

1.41586 

9.5 

2.25354 

1.49718 

4.6 

1.53261 

1.44059 

9.6 

2.26326 

1.50832 

4.6 

1.53565 

1.41920 

9.6 

2.26397 

1.49794 

4.7 

1.55384 

1.44335 

9.7 

2.27360 

1.50896 

4.7 

1.55676 

1.42240 

9.7 

2.27429 

1.49869 

4.8 

1.57463 

1.44600 

9.8 

2.28382 

1.50960 

4.8 

1.57743 

1.42547 

9.8 

2.28450 

1.49943 

4.9 

1.59501 

1.44854 

9.9 

2.29395 

1.51021 

4.9 

1.59769 

1.42842 

9.9 

2.29461 

1.50015 

5.0 

1.61498 

1.45097 

10.0 

2.30397 

1.51082 

5.0 

1.61756 

1.43125 

10.0 

2.30462 

1.50085 

m 

i 1 

T 

cn  oo 
to 

1 1 

m 

[(T] 

[(T] 

[(T] 

i 1 

T 

to^n 

H— 1 

1 1 
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DIGAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


x=  1.3  x = lA 


y 

P(z) 

y 

m{z) 

Jt(z) 

y 

m(z) 

y 

m(z) 

J*(z) 

0.0 

-0.16919 

0.00000 

5.0 

1.62052 

1.41163 

0.0 

-0.06138 

0.00000 

5.0 

1.62386 

1.39213 

0.1 

-0.16323 

0.11303 

5.1 

1.63990 

1.41472 

0.1 

-0.05646 

0.10223 

5.1 

1.64311 

1.39559 

0.2 

-0.14567 

0.22372 

. 5.2 

1.65891 

1.41769 

0.2 

-0.04192 

0.20269 

5.2 

1.66200 

1.39891 

0.3 

-0.11748 

0.32997 

5.3 

1.67758 

1.42055 

0.3 

-0.01844 

0.29974 

5.3 

1.68055 

1.40211 

0.4 

-0.08009 

0.43011 

5.4 

1.69591 

1.42331 

0.4 

+0.01295 

0.39204 

5.4 

1.69878 

1.40519 

0.5 

-0.03520 

0.52298 

5.5 

1.71392 

1.42597 

0.5 

0.05100 

0.47862 

5.5 

1.71668 

1.40817 

0.6 

+0.01541 

0.60796 

5.6 

1.73161 

1.42853 

0.6 

0.09436 

0.55886 

5.6 

1.73428 

1.41103 

0.7 

0.07003 

0.68491 

5.7 

1.74900 

1.43101 

0.7 

0.14171 

0.63250 

5.7 

1.75158 

1.41380 

0.8 

0.12718 

0.75404 

5.8 

1.76611 

1.43340 

0.8 

0.19183 

0.69957 

5.8 

1.76860 

1.41648 

0.9 

0.18561 

0.81582 

5.9 

1.78292 

1.43571 

0.9 

0.24367 

0.76033 

5.9 

1.78533 

1.41907 

1.0 

0.24434 

0.87085 

6.0 

1.79947 

1.43794 

1.0 

0.29635 

0.81517 

6.0 

1.80180 

1.42157 

1.1 

0.30262 

0.91983 

6.1 

1.81575 

1.44011 

1.1 

0.34918 

0.86457 

6.1 

1.81800 

1.42399 

1.2 

0.35994 

0.96341 

6.2 

1.83177 

1.44220 

1.2 

0.40163 

0.90903 

6.2 

1.83395 

1.42634 

1.3 

0.41593 

1.00227 

6.3 

1.84754 

1.44423 

1.3 

0.45331 

0.94907 

6.3 

1.84966 

1.42861 

1.4 

0.47035 

1.03698 

6.4 

1.86308 

1.44619 

1.4 

0.50395 

0.98517 

6.4 

1.86513 

1.43081 

1.5 

0.52310 

1.06809 

6.5 

1.87837 

1.44810 

1.5 

0.55336 

1.01778 

6.5 

1.88036 

1.43294 

1.6 

0.57409 

1.09605 

6.6 

1.89344 

1.44995 

1.6 

0.60144 

1.04730 

6.6 

1.89537 

1.43502 

1.7 

0.62333 

1.12126 

6.7 

1.90829 

1.45174 

1.7 

0.64811 

1.07409 

6.7 

1.91017 

1.43702 

1.8 

0.67084 

1.14409 

6.8 

1.92293 

1.45348 

1.8 

0.69337 

1.09849 

6.8 

1.92475 

1.43898 

1.9 

0.71667 

1.16483 

6.9 

1.93735 

1.45517 

1.9 

0.73722 

1.12075 

6.9 

1.93912 

1.44087 

2.0 

0.76087 

1.18373 

7.0 

1.95158 

1.45681 

2.0 

0.77968 

1.14113 

7.0 

1.95330 

1.44271 

2.1 

0.80353 

1.20102 

7.1 

1.96560 

1.45841 

2.1 

0.82078 

1.15984 

7.1 

1.96727 

1.44450 

2.2 

0.84470 

1.21688 

7.2 

1.97944 

1.45996 

2.2 

0.86058 

1.17707 

7.2 

1.98106 

1.44625 

2.3 

0.88447 

1.23148 

7.3 

1.99309 

1.46147 

2.3 

0.89913 

1.19296 

7.3 

1.99467 

1.44794 

2.4 

0.92290 

1.24495 

7.4 

2.00655 

1.46294 

2.4 

0.93647 

1.20768 

7.4 

2.00809 

1.44959 

2.5 

0.96007 

1.25743 

7.5 

2.01984 

1.46438 

2.5 

0.97265 

1.22133 

7.5 

2.02134 

1.45119 

2.6 

0.99604 

1.26900 

7.6 

2.03296 

1.46577 

2.6 

1.00775 

1.23402 

7.6 

2.03442 

1.45276 

2.7 

1.03088 

1.27976 

7.7 

2.04591 

1.46713 

2.7 

1.04179 

1.24585 

7.7 

2.04733 

1.45428 

2.8 

1.06464 

1.28980 

7.8 

2.05869 

1.46845 

2.8 

1.07484 

1.25689 

7.8 

2.06008 

1.45576 

2.9 

1.09739 

1.29918 

7.9 

2.07131 

1.46974 

2.9 

1.10693 

1.26723 

7.9 

2.07267 

1.45721 

3.0 

1.12917 

1.30797 

8.0 

2.08378 

1.47100 

3.0 

1.13813 

1.27693 

8.0 

2.08510 

1.45862 

3.1 

1.16004 

1.31621 

8.1 

2.09610 

1.47223 

3.1 

1.16846 

1.28604 

8.1 

2.09739 

1.46000 

3.2 

1.19005 

1.32396 

8.2 

2.10827 

1.47342 

3.2 

1.19797 

1.29461 

8.2 

2.10952 

1.46134 

3.3 

1.21923 

1.33126 

8.3 

2.12029 

1.47459 

3.3 

1.22670 

1.30269 

8.3 

2.12151 

1.46266 

3.4 

1.24763 

1.33814 

8.4 

2.13217 

1.47573 

3.4 

1.25469 

1.31032 

8.4 

2.13337 

1.46394 

3.5 

1.27529 

1.34464 

8.5 

2.14391 

1.47685 

3.5 

1.28196 

1.31753 

8.5 

2.14508 

1.46519 

3.6 

1.30223 

1.35080 

8.6 

2.15552 

1.47794 

3.6 

1.30855 

1.32436 

8.6 

2.15666 

1.46641 

3.7 

1.32851* 

1.35663 

8.7 

2.16700 

1.47900 

3.7 

1.33450 

1.33084 

8.7 

2.16811 

1.46760 

3.8 

1.35413 

1.36216 

8.8 

2.17834 

1.48004 

3.8 

1.35983 

1.33699 

8.8 

2.17943 

1.46877 

3.9 

1.37915 

1.36742 

8.9 

2.18956 

1.48106 

3.9 

1.38456 

1.34283 

8.9 

2.19063 

1.46991 

4.0 

1.40357 

1.37242 

9.0 

2.20066 

1.48205 

4.0 

1.40873 

1.34840 

9.0 

2.20170 

1.47103 

4.1 

1.42744 

1.37718 

9.1 

2.21163 

1.48302 

4.1 

1.43235 

1.35370 

9.1 

2.21265 

1.47212 

4.2 

1.45077 

1.38172 

9.2 

2.22249 

1.48397 

4.2 

1.45546 

1.35876 

9.2 

2.22349 

1.47319 

4.3 

1.47358 

1.38606 

9.3 

2.23323 

1.48490 

4.3 

1.47806 

1.36359 

9.3 

2.23421 

1.47423 

4.4 

1.49590 

1.39020 

9.4 

2.24386 

1.48582 

4.4 

1.50019 

1.36821 

9.4 

2.24481 

1.47525 

4.5 

1.51775 

1.39416 

9.5 

2.25437 

1.48671 

4.5 

1.52185 

1.37263 

9.5 

2.25531 

1.47626 

4.6 

1.53914 

1.39795 

9.6 

2.26478 

1.48758 

4.6 

1.54307 

1.37686 

9.6 

2.26570 

1.47724 

4.7 

1.56010 

1.40158 

9.7 

2.27508 

1.48844 

4.7 

1.56387 

1.38092 

9.7 

2.27598 

1.47820 

4.8 

1.58064 

1.40507 

9.8 

2.28528 

1.48927 

4.8 

1.58425 

1.38481 

9.8 

2.28616 

1.47914 

4.9 

1.60078 

1.40841 

9.9 

2.29537 

1.49010 

4.9 

1.60425 

1.38854 

9.9 

2.29623 

1.48006 

5.0 

1.62052 

1.41163 

10.0 

2.30537 

1.49090 

5.0 

1.62386 

1.39213 

10.0 

2.30621 

1.48096 

[(-3)21  f(-3)n  [(-5)51  [(-5)21  [(-3)H  [(-4)81  [(-5)51  [(-5)21 

5 5 3 3 4 4 3 3 
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£ = 1.5 

£=1.6 

y 

y 

2#\p{z) 

J$(z) 

y 

J$(z) 

y 

y#\p(z) 

J+{z) 

0.0 

0.03649 

0.00000 

5.0 

1.62756 

1.37278 

0.0 

0.12605 

0.00000 

5.0 

1.63162 

1.35357 

0.1 

0.04062 

0.09325 

5.1 

1.64667 

1.37658 

0.1 

0.12955 

0.08566 

5.1 

1.65057 

1.35773 

0.2 

0.05284 

0.18511 

5.2 

1.66543 

1.38025 

0.2 

0.13995 

0.17023 

5.2 

1.66919 

1.36173 

0.3 

0.07266 

0.27432 

5.3 

1.68386 

1.38378 

0.3 

0.15687 

0.25268 

5.3 

1.68748 

1.36558 

0.4 

0.09932 

0.35978 

5.4 

1.70196 

1.38719 

0.4 

0.17976 

0.33214 

5.4 

1.70546 

1.36930 

0.5 

0.13189 

0.44066 

5.5 

1.71976 

1.39047 

0.5 

0.20790 

0.40789 

5.5 

1.72313 

1.37289 

0.6 

0.16935 

0.51640 

5.6 

1.73725 

1.39364 

0.6 

0.24050 

0.47942 

5.6 

1.74051 

1.37635 

0.7 

0.21064 

0.58668 

5.7 

1.75445 

1.39670 

0.7 

0.27674 

0.54642 

5.7 

1.75760 

1.37969 

0.8 

0.25479 

0.65144 

5.8 

1.77137 

1.39965 

0.8 

0.31581 

0.60875 

5.8 

1.77441 

1.38293 

0.9 

0.30091 

0.71078 

5.9 

1.78801 

1.40251 

0.9 

0.35697 

0.66642 

5.9 

1.79095 

1.38605 

1.0 

0.34824 

0.76494 

6.0 

1.80439 

1.40528 

1.0 

0.39957 

0.71957 

6.0 

1.80724 

1.38908 

1.1 

0.39614 

0.81424 

6.1 

1.82051 

1.40796 

1.1 

0.44305 

0.76840 

6.1 

1.82327 

1.39200 

1.2 

0.44411 

0.85907 

6.2 

1.83638 

1.41055 

1.2 

0.48692 

0.81319 

6.2 

1.83906 

1.39484 

1.3 

0.49175 

0.89980 

6.3 

1.85201 

1.41306 

1.3 

0.53082 

0.85423 

6.3 

1.85460 

1.39759 

1.4 

0.53878 

0.93684 

6.4 

1.86741 

1.41549 

1.4 

0.57445 

0.89183 

6.4 

1.86992 

1.40025 

1.5 

0.58497 

0.97054 

6.5 

1.88258 

1.41786 

1.5 

0.61757 

0.92629 

6.5 

1.88501 

1.40284 

1.6 

0.63018 

1.00127 

6.6 

1.89752 

1.42015 

1.6 

0.66001 

0.95790 

6.6 

1.89989 

1.40534 

1.7 

0.67432 

1.02932 

6.7 

1.91225 

1.42237 

1.7 

0.70167 

0.98693 

6.7 

1.91455 

1.40778 

1.8 

0.71732 

1.05500 

6.8 

1.92677 

1.42453 

1.8 

0.74244 

1.01363 

6.8 

1.92900 

1.41014 

1.9 

0.75916 

1.07855 

6.9 

1.94109 

1.42663 

1.9 

0.78228 

1.03824 

6.9 

1.94326 

1.41244 

2.0 

0.79983 

1.10020 

7.0 

1.95521 

1.42866 

2.0 

0.82115 

1.06096 

7.0 

1.95731 

1.41467 

2.1 

0.83935 

1.12015 

7.1 

1.96914 

1.43065 

2.1 

0.85905 

1.08197 

7.1 

1.97118 

1.41684 

2.2 

0.87772 

1.13857 

7.2 

1.98287 

1.43257 

2.2 

0.89597 

1.10144 

7.2 

1.98487 

1.41895 

2.3 

0.91499 

1.15563 

7.3 

1.99643 

1.43445 

2.3 

0.93193 

1.11953 

7.3 

1.99837 

1.42101 

2.4 

0.95118 

1.17146 

7.4 

2.00981 

1.43628 

2.4 

0.96694 

1.13635 

7.4 

2.01169 

1.42301 

2.5 

0.98634 

1.18618 

7.5 

2.02301 

1.43805 

2.5 

1.00102 

1.15204 

7.5 

2.02485 

1.42496 

2.6 

1.02050 

1.19990 

7.6 

2.03604 

1.43978 

2.6 

1.03421 

1.16668 

7.6 

2.03784 

1.42686 

2.7 

1.05370 

1.21271 

7.7 

2.04891 

1.44147 

2.7 

1.06653 

1.18039 

7.7 

2.05066 

1.42871 

2.8 

1.08598 

1.22469 

7.8 

2.06162 

1.44312 

2.8 

1.09801 

1.19324 

7.8 

2.06332 

1.43051 

2.9 

1.11738 

1.23592 

7.9 

2.07417 

1.44472 

2.9 

1.12867 

1.20530 

7.9 

2.07583 

1.43227 

3.0 

1.14794 

1.24647 

8.0 

2.08657 

1.44628 

3.0 

1.15856 

1.21664 

8.0 

2.08819 

1.43398 

3.1 

1.17769 

1.25639 

8.1 

2.09882 

1.44781 

3.1 

1.18770 

1.22733 

8.1 

2.10040 

1.43565 

3.2 

1.20667 

1.26574 

8.2 

2.11092 

1.44930 

3.2 

1.21611 

1.23741 

8.2 

2.11246 

1.43728 

3.3 

1.23491 

1.27457 

8.3 

2.12288 

1.45075 

3.3 

1.24383 

1.24693 

8.3 

2.12439 

1.43888 

3.4 

1.26245 

1.28290 

8.4 

2.13470 

1.45217 

3.4 

1.27089 

1.25594 

8.4 

2.13617 

1.44043 

3.5 

1.28931 

1.29080 

8.5 

2.14638 

1.45355 

3.5 

1.29731 

1.26448 

8.5 

2.14782 

1.44195 

3.6 

1.31552 

1.29828 

8.6 

2.15794 

1.45491 

3.6 

1.32311 

1.27257 

8.6 

2.15934 

1.44344 

3.7 

1.34112 

1.30537 

8.7 

2.16936 

1.45623 

3.7 

1.34833 

1.28026 

8.7 

2.17073 

1.44489 

3.8 

1.36612 

1.31212 

8.8 

2.18065 

1.45753 

3.8 

1.37297 

1.28757 

8.8 

2.18199 

1.44631 

3.9 

1.39055 

1.31853 

8.9 

2.19182 

1.45879 

3.9 

1.39707 

1.29454 

8.9 

2.19313 

1.44770 

4.0 

1.41443 

1.32464 

9.0 

2.20286 

1.46003 

4.0 

1.42065 

1.30117 

9.0 

2.20415 

1.44905 

4.1 

1.43779 

1.33047 

9.1 

2.21379 

1.46124 

4.1 

1.44373 

1.30750 

9.1 

2.21504 

1.45038 

4.2 

1.46065 

1.33603 

9.2 

2.22460 

1.46242 

4.2 

1.46632 

1.31354 

9.2 

2.22583 

1.45168 

4.3 

1.48302 

1.34134 

9.3 

2.23530 

1.46358 

4.3 

1.48844 

1.31932 

9.3 

2.23650 

1.45295 

4.4 

1.50493 

1.34642 

9.4 

2.24588 

1.46471 

4.4 

1.51012 

1.32485 

9.4 

2.24706 

1.45420 

4.5 

1.52639 

1.35128 

9.5 

2.25635 

1.46582 

4.5 

1.53136 

1.33014 

9.5 

2.25751 

1.45542 

4.6 

1.54742 

1.35594 

9.6 

2.26672 

1.46691 

4.6 

1.55219 

1.33522 

9.6 

2.26785 

1.45661 

4.7 

1.56804 

1.36041 

9.7 

2.27698 

1.46798 

4.7 

1.57262 

1.34009 

9.7 

2.27809 

1.45778 

4.8 

1.58826 

1.36470 

9.8 

2.28714 

1.46902 

4.8 

1.59265 

1.34476 

9.8 

2.28822 

1.45892 

4.9 

1.60810 

1.36882 

9.9 

2.29720 

1.47004 

4.9 

1.61232 

1.34925 

9.9 

2.29826 

1.46005 

5.0 

1.62756 

1.37278 

10.0 

2.30716 

1.47105 

5.0 

1.63162 

1.35357 

10.0 

2.30820 

1.46115 

r(-3)n 

rc-4)7-i 

R -5)4-1 

r(-5)2l 

[(-4)61 

r(_o5)4i 

r(_,5)2i 

L 4 J 

L 4 J 

L 3 J 

L 3 J 

L 4 J 

L 4 J 

L 3 J 

L 3 J 

./>(!• 5 +W) 

2"  wy  A 2.i 
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Table  6.8  DIGAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


y 

y 

Jyp(z) 

y 

m{z) 

J^(z) 

y 

Jyp(z) 

0.0 

0.20855 

0.00000 

5.0 

1.63603 

1.33453 

0.0 

0.28499 

0.00000 

5.0 

1.64078 

1.31566 

0.1 

0.21156 

0.07918 

5.1 

1.65482 

1.33902 

0.1 

0.28760 

0.07358 

5.1 

1.65939 

1.32048 

0.2 

0.22050 

0.15747 

5.2 

1.67328 

1.34335 

0.2 

0.29537 

0.14644 

5.2 

1.67769 

1.32513 

0.3 

0.23511 

0.23407 

5.3 

1.69142 

1.34752 

0.3 

0.30809 

0.21792 

5.3 

1.69567 

1.32961 

0.4 

0.25494 

0.30824 

5.4 

1.70926 

1.35154 

0.4 

0.32541 

0.28740 

5.4 

1.71336 

1.33393 

0.5 

0.27945 

0.37937 

5.5 

1.72680 

1.35543 

0.5 

0.34693 

0.35437 

5.5 

1.73076 

1.33810 

0.6 

0.30803 

0.44701 

5.6 

1.74405 

1.35918 

0.6 

0.37215 

0.41842 

5.6 

1.74787 

1.34213 

0.7 

0.34001 

0.51086 

5.7 

1.76102 

1.36280 

0.7 

0.40053 

0.47928 

5.7 

1.76472 

1.34603 

0.8 

0.37474 

0.57074 

5.8 

1.77772 

1.36630 

0.8 

0.43155 

0.53675 

5.8 

1.78130 

1.34979 

0.9 

0.41161 

0.62661 

5.9 

1.79416 

1.36969 

0.9 

0.46469 

0.59076 

5.9 

1.79762 

1.35344 

1.0 

0.45005 

0.67852 

6.0 

1.81034 

1.37297 

1.0 

0.49947 

0.64131 

6.0 

1.81369 

1.35697 

1.1 

0.48957 

0.72661 

6.1 

1.82627 

1.37614 

1.1 

0.53546 

0.68847 

6.1 

1.82952 

1.36038 

1.2 

0.52973 

0.77107 

6.2 

1.84196 

1.37922 

1.2 

0.57226 

0.73237 

6.2 

1.84511 

1.36369 

1.3 

0.57018 

0.81211 

6.3 

1.85742 

1.38220 

1.3 

0.60955 

0.77316 

6.3 

1.86047 

1.36690 

1.4 

0.61063 

0.84996 

6.4 

1.87266 

1.38509 

1.4 

0.64706 

0.81103 

6.4 

1.87561 

1.37001 

1.5 

0.65085 

0.88488 

6.5 

1.88767 

1.38789 

1.5 

0.68455 

0.84617 

6.5 

1.89053 

1.37303 

1.6 

0.69065 

0.91710 

6.6 

1.90246 

1.39061 

1.6 

0.72184 

0.87877 

6.6 

1.90525 

1.37596 

1.7 

0.72990 

0.94685 

6.7 

1.91705 

1.39326 

1.7 

0.75879 

0.90903 

6.7 

1.91975 

1.37881 

1.8 

0.76849 

0.97436 

6.8 

1.93143 

1.39582 

1.8 

0.79528 

0.93713 

6.8 

1.93406 

1.38158 

1.9 

0.80636 

0.99982 

6.9 

1.94562 

1.39832 

1.9 

0.83122 

0.96326 

6.9 

1.94817 

1.38426 

2.0 

0.84345 

1.02342 

7.0 

1.95961 

1.40074 

2.0 

0.86655 

0.98757 

7.0 

1.96210 

1.38688 

2.1 

0.87973 

1.04533 

7.1 

1.97342 

1.40310 

2.1 

0.90123 

1.01022 

7.1 

1.97583 

1.38942 

2.2 

0.91519 

1.06570 

7.2 

1.98704 

1.40539 

2.2 

0.93523 

1.03136 

7.2 

1.98939 

1.39189 

2.3 

0.94981 

1.08468 

7.3 

2.00048 

1.40762 

2.3 

0.96853 

1.05110 

7.3 

2.00277 

1.39430 

2.4 

0.98362 

1.10238 

7.4 

2.01375 

1.40980 

2.4 

1.00111 

1.06957 

7.4 

2.01598 

1.39664 

2.5 

1.01661 

1.11893 

7.5 

2.02685 

1.41191 

2.5 

1.03299 

1.08687 

7.5 

2.02903 

1.39892 

2.6 

1.04879 

1.13441 

7.6 

2.03979 

1.41398 

2.6 

1.06416 

1.10310 

7.6 

2.04191 

1.40115 

2.7 

1.08020 

1.14893 

7.7 

2.05256 

1.41599 

2.7 

1.09463 

1.11836 

7.7 

2.05463 

1.40332 

2.8 

1.11084 

1.16257 

7.8 

2.06518 

1.41794 

2.8 

1.12442 

1.13270 

7.8 

2.06719 

1.40543 

2.9 

1.14075 

1.17539 

7.9 

2.07764 

1.41986 

2.9 

1.15353 

1.14622 

7.9 

2.07960 

1.40749 

3.0 

1.16993 

1.18747 

8.0 

2.08996 

1.42172 

3.0 

1.18200 

1.15898 

8.0 

2.09187 

1.40950 

3.1 

1.19842 

1.19886 

8.1 

2.10212 

1.42354 

3.1 

1.20982 

1.17103 

8.1 

2.10399 

1.41146 

3.2 

1.22625 

1.20962 

8.2 

2.11415 

1.42531 

3.2 

1.23703 

1.18243 

8.2 

2.11597 

1.41338 

3.3 

1.25342 

1.21981 

8.3 

2.12603 

1.42704 

3.3 

1.26363 

1.19322 

8.3 

2.12781 

1.41525 

3.4 

1.27997 

1.22945 

8.4 

2.13778 

1.42874 

3.4 

1.28965 

1.20345 

8.4 

2.13952 

1.41708 

3.5 

1.30592 

1.23859 

8.5 

2.14939 

1.43039 

3.5 

1.31511 

1.21317 

8.5 

2.15109 

1.41886 

3.6 

1.33129 

1.24727 

8.6 

2.16087 

1.43200 

3.6 

1.34003 

1.22241 

8.6 

2.16253 

1.42061 

3.7 

1.35610 

1.25553 

8.7 

2.17222 

1.43358 

3.7 

1.36441 

1.23119 

8.7 

2.17385 

1.42231 

3.8 

1.38037 

1.26338 

8.8 

2.18345 

1.43513 

3.8 

1.38829 

1.23956 

8.8 

2.18504 

1.42398 

3.9 

1.40413 

1.27087 

8.9 

2.19456 

1.43664 

3.9 

1.41168 

1.24754 

8.9 

2.19611 

1.42561 

4.0 

1.42738 

1.27800 

9.0 

2.20555 

1.43811 

4.0 

1.43459 

1.25516 

9.0 

2.20707 

1.42720 

4.1 

1.45015 

1.28481 

9.1 

2.21642 

1.43956 

4.1 

1.45704 

1.26243 

9.1 

2.21790 

1.42876 

4.2 

1.47246 

1.29132 

9.2 

2.22717 

1.44097 

4.2 

1.47904 

1.26939 

9.2 

2.22862 

1.43029 

4.3 

1.49432 

1.29755 

9.3 

2.23781 

1.44235 

4.3 

1.50062 

1.27605 

9.3 

2.23923 

1.43178 

4.4 

1.51574 

1.30351 

9.4 

2.24834 

1.44371 

4.4 

1.52178 

1.28242 

9.4 

2.24974 

1.43324 

4.5 

1.53675 

1.30922 

9.5 

2.25877 

1.44503 

4.5 

1.54254 

1.28854 

9.5 

2.26013 

1.43468 

4.6 

1.55736 

1.31470 

9.6 

2.26908 

1.44633 

4.6 

1.56292 

1.29440 

9.6 

2.27042 

1.43608 

4.7 

1.57758 

1.31996 

9.7 

2.27930 

1.44760 

4.7 

1.58291 

1.30004 

9.7 

2.28061 

1.43745 

4.8 

1.59742 

1.32501 

9.8 

2.28941 

1.44885 

4.8 

1.60255 

1.30545 

9.8 

2.29069 

1.43880 

4.9 

1.61690 

1.32986 

9.9 

2.29942 

1.45007 

4.9 

1.62183 

1.31065 

9.9 

2.30068 

1.44012 

5.0 

1.63603 

1.33453 

10.0 

2.30933 

1.45127 

5.0 

1.64078 

1.31566 

10.0 

2.31057 

1.44142 

f(— 4)71  r(-4)51 
4 J L 4 

[<-««] 

[(-r] 

♦See  page  n. 
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DIGAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS  Table  6.8 


y 

JyP{z) 

x = 1.9 
V 

y 

^V(z) 

J${z) 

o 

II 

R 

®\ p(z) 

Jt(z) 

0.0 

0.35618 

0.00000 

5.0 

1.64585 

1.29698 

0.0 

0.42278 

0.00000 

5.0 

1.65125 

1.27849 

0.1 

0.35847 

0.06870 

5.1 

1.66428 

1.30212 

0.1 

0.42480 

0.06441 

5.1 

1.66948 

1.28394 

0.2 

0.36528 

0.13681 

5.2 

1.68240 

1.30707 

0.2 

0.43081 

0.12833 

5.2 

1.68742 

1.28919 

0.3 

0.37644 

0.20377 

5.3 

1.70022 

1.31185 

0.3 

0.44068 

0.19130 

5.3 

1.70506 

1.29426 

0.4 

0.39169 

0.26908 

5.4 

1.71775 

1.31647 

0.4 

0.45420 

0.25288 

5.4 

1.72242 

1.29916 

0.5 

0.41071 

0.33229 

5.5 

1.73500 

1.32092 

0.5 

0.47111 

0.31269 

5.5 

1.73951 

1.30389 

0.6 

0.43309 

0.39306 

5.6 

1.75197 

1.32522 

0.6 

0.49110 

0.37042 

5.6 

1.75633 

1.30846 

0.7 

0.45842 

0.45110 

5.7 

1.76868 

1.32938 

0.7 

0.51380 

0.42583 

5.7 

1.77290 

1.31288 

0.8 

0.48625 

0.50624 

5.8 

1.78513 

1.33341 

0.8 

0.53887 

0.47874 

5.8 

1.78921 

1.31715 

0.9 

0.51614 

0.55838 

5.9 

1.80133 

1.33730 

0.9 

0.56594 

0.52904 

5.9 

1.80528 

1.32129 

1.0 

0.54770 

0.60749 

6.0 

1.81728 

1.34107 

1.0 

0.59465 

0.57667 

6.0 

1.82111 

1.32530 

1.1 

0.58053 

0.65359 

6.1 

1.83300 

1.34473 

1.1 

0.62468 

0.62165 

6.1 

1.83671 

1.32918 

1.2 

0.61431 

0.69677 

6.2 

1.84848 

1.34827 

1.2 

0.65572 

0.66400 

6.2 

1.85208 

1.33295 

1.3 

0.64872 

0.73714 

6.3 

1.86374 

1.35170 

1.3 

0.68751 

0.70380 

6.3 

1.86723 

1.33660 

1.4 

0.68351 

0.77483 

6.4 

1.87878 

1.35503 

1.4 

0.71980 

0.74116 

6.4 

1.88217 

1.34015 

1.5 

0.71846 

0.80999 

6.5 

1.89361 

1.35826 

1.5 

0.75239 

0.77618 

6.5 

1.89690 

1.34358 

1.6 

0.75338 

0.84278 

6.6 

1.90824 

1.36140 

1.6 

0.78510 

0.80899 

6.6 

1.91143 

1.34692 

1.7 

0.78814 

0.87335 

6.7 

1.92266 

1.36445 

1.7 

0.81779 

0.83973 

6.7 

1.92576 

1.35017 

1.8 

0.82261 

0.90188 

6.8 

1.93688 

1.36741 

1.8 

0.85033 

0.86853 

6.8 

1.93990 

1.35332 

1.9 

0.85669 

0.92851 

6.9 

1.95092 

1.37029 

1.9 

0.88262 

0.89551 

6.9 

1.95385 

1.35639 

2.0 

0.89031 

0.95338 

7.0 

1.96476 

1.37308 

2.0 

0.91459 

0.92081 

7.0 

1.96761 

1.35937 

2.1 

0.92342 

0.97664 

7.1 

1.97843 

1.37581 

2.1 

0.94617 

0.94454 

7.1 

1.98120 

1.36227 

2.2 

0.95598 

0.99840 

7.2 

1.99192 

1.37846 

2.2 

0.97731 

0.96681 

7.2 

1.99462 

1.36509 

2.3 

0.98795 

1.01879 

7.3 

2.00523 

1.38104 

2.3 

1.00798 

0.98775 

7.3 

2.00786 

1.36784 

2.4 

1.01932 

1.03792 

7.4 

2.01838 

1.38355 

2.4 

1.03814 

1.00743 

7.4 

2.02094 

1.37052 

2.5 

1.05008 

1.05588 

7.5 

2.03136 

1.38599 

2.5 

1.06779 

1.02597 

7.5 

2.03385 

1.37313 

2.6 

1.08022 

1.07278 

7.6 

2.04418 

1.38838 

2.6 

1.09690 

1.04344 

7.6 

2.04661 

1.37567 

2.7 

1.10975 

1.08868 

7.7 

2.05684 

1.39070 

2.7 

1.12548 

1.05992 

7.7 

2.05921 

1.37815 

2.8 

1.13867 

1.10367 

7.8 

2.06935 

1.39297 

2.8 

1.15352 

1.07548 

7.8 

2.07167 

1.38056 

2.9 

1.16698 

1.11782 

7.9 

2.08171 

1.39518 

2.9 

1.18102 

1.09020 

7.9 

2.08397 

1.38292 

3.0 

1.19470 

1.13119 

8.0 

2.09393 

1.39734 

3.0 

1.20798 

1.10413 

8.0 

2.09613 

1.38522 

3.1 

1.22184 

1.14384 

8.1 

2.10600 

1.39944 

3.1 

1.23442 

1.11733 

8.1 

2.10815 

1.38746 

3.2 

1.24841 

1.15583 

8.2 

2.11793 

1.40149 

3.2 

1.26034 

1.12985 

8.2 

2.12003 

1.38966 

3.3 

1.27442 

1.16719 

8.3 

2.12973 

1.40350 

3.3 

1.28575 

1.14174 

8.3 

2.13178 

1.39180 

3.4 

1.29990 

1.17798 

•8.4 

2.14139 

1.40546 

3.4 

1.31067 

1.15304 

8.4 

2.14339 

1.39389 

3.5 

1.32485 

1.18823 

8.5 

2.15292 

1.40738 

3.5 

1.33510 

1.16379 

8.5 

2.15487 

1.39593 

3.6 

1.34929 

1.19798 

8.6 

2.16432 

1.40925 

3.6 

1.35905 

1.17403 

8.6 

2.16623 

1.39793 

3.7 

1.37324 

1.20727 

8.7 

2.17560 

1.41108 

3.7 

1.38254 

1.18379 

8.7 

2.17746 

1.39988 

3.8 

1.39670 

1.21613 

8.8 

2.18675 

1.41286 

3.8 

1.40558 

1.19310 

8.8 

2.18858 

1.40179 

3.9 

1.41970 

1.22458 

8.9 

2.19778 

1.41461 

3.9 

1.42818 

1.20200 

8.9 

2.19957 

1.40366 

4.0 

1.44226 

1.23265 

9.0 

2.20870 

1.41632 

4.0 

1.45036 

1.21050 

9.0 

2.21045 

1.40548 

4.1 

1.46437 

1.24037 

9.1 

2.21950 

1.41800 

4.1 

1.47212 

1.21864 

9.1 

2.22121 

1.40727 

4.2 

1.48606 

1.24775 

9.2 

2.23019 

1.41964 

4.2 

1.49348 

1.22643 
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2.23187 

1.40902 

4.3 

1.50734 

1.25482 
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2.24077 

1.42124 
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1.51446 

1.23389 
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2.24241 

1.41074 

4.4 

1.52822 

1.26160 
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2.25124 

1.42281 

4.4 

1.53505 

1.24105 
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2.25284 

1.41241 

4.5 

1.54872 

1.26810 
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2.26160 

1.42435 
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1.55527 

1.24792 
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2.26318 

1.41406 
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1.56885 

1.27434 

9.6 

2.27186 

1.42586 
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1.57514 

1.25452 

9.6 

2.27340 

1.41566 
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1.58861 

1.28033 
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2.28202 

1.42733 

4.7 

1.59466 

1.26086 
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2.28353 

1.41724 

4.8 

1.60803 

1.28610 
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2.29207 

1.42878 

4.8 

1.61385 

1.26696 

9.8 

2.29356 

1.41879 

4.9 

1.62710 

1.29164 

9.9 

2.30203 

1.43020 
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1.63270 

1.27283 
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2.30349 

1.42030 
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1.64585 

1.29698 
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7.  Error  Function  and  Fresnel  Integrals 

Mathematical  Properties 


7.1.  Error  Function 


7.1.1 


Definitions 


e t2dt 


7.1.2  erfc  z ■ 


-if-' 


dt=l— erf  z 


7.1.3  et2dtj=e~*2 e rfc  (—iz) 


In  7.1.2  the  path  of  integration  is  subject  to  the 
restriction  arg  t->a  with  |a|<^  as  £— »co  along  the 

7T 

path.  (a=-  is  permissible  if  &t2  remains  bounded 
to  the  left.) 


Integral  Representation 


7.1.4 


2 iz  P”  e~,2dt 
IT  jo  22—  t2 


(Jz>  0) 


Series  Expansions 


7.1.5 

O CO 

erf  2=4  22 

Y fl*  77=0 

( J^»g2n+1 

7i!(2n+l) 

7.1.6 

2 _22 
-fr6 

co  on 

w=o  1*3  ..  . (2n+l) 

7.1.7 

— V5  S ( — l)n[^2n+l/2(22)  I2 

n=0 

7.1.8 

w{z)' 

11 

SM- 

Mis'  g 

For  In. 

_*(z),see  chapter  10. 

Symmetry  Relations 

7.1.9 

erf  (— 2)  =— erf  z 

7.1.10 

erf  2= erf  z 

7.1.11 

w(—z)—2e~z2—w(z) 

7.1.12 

w(z)=w(—z) 

y 


P /.  CO  p 

Figure  7.1.  2/=/  I eft. 

Jz 

p=2(l)6 


Figure  7.2. 


£ dt. 


p=2(l)6 
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7.1.15 


1.0  1.4  1.8  2.2  2.6  3. 


11/2  1 3/2  2 
2—  2—  2—  2—  Z — 

1 ,.  ^ Hp 

—~r-  hm  s — u 
-y7T  »->»  k=l  2 SJ* 


(Sz^O) 


%P  and  HP  are  the  zeros  and  weight  factors  of 
the  Hermite  polynomials.  For  numerical  values 
see  chapter  25. 

Value  at  Infinity 

7.1.16  erf  z— >1  ^ 2— >oo  in  |ar g 

Maximum  and  Inflection  Points  for  Dawson’s 

Integral  [7.31] 


F(x)=e  **  J ev 


7.1.17  ^(.92413  88730  . . . ) = .54104  42246  . 

7.1.18  F(l. 50197  52682  . . . ) = . 42768  66160 


7.1.19 


Derivatives 


120°  +180°  -120°  -60°  0°  60*  120°  +180°  *120°  -60°  0°  60°  120* 


dn+1  2 9 

g^n+l  erf  2=(— l)n  -q=  H„(z)e~^  (»=0,1,2,  . . .) 

7.1.20 

w(n+2)  (2)  -f  2zwin+1)  ( z ) +2(n+l)w(n)  (z) =0 

(n=0, 1,2,  . . .) 


Figure  7.3.  Altitude  Chart  of  w(z). 


Inequalities  [7.11],  [7.17] 


x+<}/xi+2 


x+ 


(x>0) 


wim(z)=w(z),  w'(z)=-2zw(z)-{—= 

yTT 

(For  the  Hermite  polynomials  Hn(z)  see  chapter 

22.) 


Relation  to  Confluent  Hypergeometric  Function  (see 

chapter  13) 

erf  z-sm(-2-  I I .■) 


(For  other  inequalities  see  [7.2].) 


Continued  Fractions 


The  Normal  Distribution  Function  With  Mean  m and 
Standard  Deviation  a (see  chapter  26) 


7.1.22 


i rx 

J2tt  J - 


x — 


(£—77l)2 


(*+«<( 


x—m 


e-’dt-±  if  jL  ff  ± ■ ■ • (*2>  0) 


Asymptotic  Expansion 

7.1.23 

z_  ,3  . „ , “ . iN_h3...  (2m— 1) 

erfcs~l+Si  (—1)  


z— >00 


, |arg  z\<  ^) 
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If  Rn(z)  is  the  remainder  after  n terms  then 


7.1.24 


e=L  e_,(i+^) 


dt 


\9\<1 


(Wg  2|<|) 

(|arg  a|<|) 


For  x real,  Rn(x)  is  less  in  absolute  value  than 
the  first  neglected  term  and  of  the  same  sign. 


Rational  Approximations  2 (0  <£<  00  ) 

7.1.25 

erf  x=l—(ait-\-a2t2+aztz)e~x2-{-6(x)j 


t= 


1 


1 -\-px 


(z)|<2.5X10 


-5 


p=. 47047  fl!=. 34802  42  a2=  -.09587  98 

a3=. 74785  56 

7.1.26 

erf  z=  1 — ( axt  +a2t2+a3t3+a4tt*+a5t5)e~x2+e(x) , 

1+px 

|«(*)|<1.5X10~7 

p=. 32759  11  (h=. 25482  9592 

a2=  — . 28449  6736  a3=  1.42141  3741 

a4=  — 1.45315  2027  a*=  1.06140  5429 

7.1.27 

erf  x—  1 ji^.aia.^_a2a52^.asa5 34-a4x4]4"^"€^ 

l«(a:)|<5X10-4 


ax = .278393  a2=  .230389 

a3=  .000972  a4=  .078108 


7.1.28 

erf  x=l 


[\+aiX-\-(hx?-\-  • • • +a3a;a]16 
[e(as)  J <3X  10— 7 


+«(*) 


C!=. 07052  30784  a2=  .04228  20123 

a3=  .00927  05272  a4=  .00015  20143 

a5=  .00027  65672  a8=  .00004  30638 


2 Approximations  7.1.25-7.1 .28  are  from  C.  Hastings,  Jr., 
Approximations  for  digital  computers.  Princeton  Univ. 
Press,  Princeton,  N.  J.,  1955  (with  permission). 


Infinite  Series  Approximation  for  Complex  Error 

Function  [7.19] 

7.1.29 


_*2 


erf  (x+iy)=  erf  x 


+-  e~*  2 


7T 


2ttX 

n^i  n2+4x2 


00  p~  iw2 


[(1— cos  2 xy)+i  sin  2 xy\ 


Un  (x,  y)  +ign  (x,  y)  ]+«(&,  y) 


where 


jn(X)  y)—  2x—2x  cosh  ny  cos  2xy+n  sinh  ny  sin  2 xy 

gn(x,  y)— 2%  cosh  ny  sin  2 xy+n  sinh  ny  cos  2 xy 

\*(x,y)\  «10“16|  erf  (x-\-iy)\ 


7.2.  Repeated  Integrals  of  the  Error  Function 


Definition 


7.2.1 

in  erfc  z- 


/»  GO 

1 i'“ 


erfc  t dt 


(n= 0, 1,2, . . .) 


7.2.2 


i-1  erfc  z=—j=-  e z2,  i°  erfc  2= erfc  z 
Differential  Equation 

S+215 

y=Ain  erfc  z+B in  erfc  (—2) 


(A  and  B are  constants.) 


Expression  as  a Single  Integral 


7.2.3 


in  erfc  z 


r 

Vtt  J Z 


OO 


(*-«)* 


^7T  J 2 

Power  Series  3 


6 * 


CO 


(— l)*s* 


7.2.4  i“  erfc  3=S 


t=°  2»-*£!r(l+^) 


7.2.5 

in  erfc  z- 


Recurrence  Relations 


•-  in_1  erfc  2+-^-  in  2 erfc  z 
n 2 n 


(71=1,2,3, . . .) 


7.2.6 


1 


2(ft+l)  (n+2)in+2  erfc  z 

= (271+1  +2z2)in  erfc  2—^  in~2  erfc  2 

(n=l,2,3,  . . .) 


3 The  terms  in  this  series  corresponding  to  k— n+2, 
n-f  4,  w+6,  . . . are  understood  to  be  zero. 
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Value  at  Zero 


7.2.7 

in  erfc  0= 


:t  (5+l) 


(»=— 1,0,1,2,  . . .) 


Figure  7.4.  Repeated  Integrals  of  the  Error  Function. 

y= 2nr^-y+l)  inerfcz 
«=0, 1,  2,  4,  8, 14,  22 


Derivatives 


d 


7.2.8  ^ ira  erfc  z=  — i”-1  erfc  z (n= 0, 1,2,...) 

7.2.9 

( ez 2 erfc  2)  = (--l)n2n7&!e22in  erfc  z 

(t&=0,  1,2,  . . .) 


7.2.10 


Relation  to  Hhn(z)  (see  19.14) 

i“  erfc  g=(2Jffi  Hhn(^2z) 


Relation  to  Hermite  Polynomials  (see  chapter  22) 


n 


7.2.11  (— l)"i*erfc  s+itterfc  (—  z)=2„_^Hn{iz) 


Relation  to  the  Confluent  Hypergeometric  Function 

(see  chapter  13) 

7.2.12 


in  erfc  z—e~z'1 


1 


:-r(5+1) 


M 


fn+l  1 A 

V 2 ’2  ) 


2-,r  (»±i) 


M 


Relation  to  Parabolic  Cylinder  Functions  (see 

chapter  19) 


7.2.13 


,-hz2 


7.2.14 

in  erfc  z 


in  erfc  2=^-V)l  #-n-i(zV2) 

Asymptotic  Expansion 


2 6 


— Z2  oo 


/■v/ 


(— l)w(2m+r&) ! 


V?  (2z)n+1  izdo  n\m\(2z) 


2m 


( 


2^oo,  |arg  2|<f) 


7.3.1 


7.3:2 


7.3.  Fresnel  Integrals 
Definition 

C(z)  = J cos  ^ £2^ 
S(z) — J*  sin  ^ dt 


The  following  functions  are  also  in  use: 
7.3.3 

a 


1 Cx  cos  t , . 
coS<^,<72(x)-^Jo  -jfdt 


7.3.4 


Auxiliary  Functions 


7.3.5 


/(2)=[j-S(2)J  cos  22)-jj-C'(2)]sin  22) 


7.3.6 


C0S  (l  ^ **) 


Interrelations 


7.3.7 


C(x)=C1(z^lj=C2(^x^ 
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7.3.8 


S(x)=Sl  s2  (| z2) 


7.3.9  C'(2)=i+/(s)  sin  (|  z^—g{z)  cos  (|  z 2) 

7.3.10  S(z)=~j(z)  cos  (|  z^—giz)  sin  (|  22) 


7.3.11 


7.3.12 


Series  Expansions 


(J(z) — V'  ( 1)”(7t/2)2”  4n+1 

(2»)!(4»+l)  2 


\ /V  2^^  (—1  )v2n 

(7(2)  =COS  ( ^ 22  ) S ro ~Ta TT\  2 

\2  /if=ol  • 3 . . . (4w+l) 


— 1 ^ «/B-2n+ 1 


,4n-f-3 


(4n+3) 


7.3.13 


S(;)-f'  (-^g^/2)8B+1  -4^ 
n»0  (27|r— f-1)  !(472p— |— 3) 


Figure  7.5.  Fresnel  Integrals. 
v=C(x)ty=S(x) 


7.3.14 


S(2)  = -COs(f22)f)-Xil 

V*  / »=0  1 • O . . . 


(—  l)Vn+l 


+““  (1 *')  S nr^ 


(4^+3) 

' — 1 )n7r2n 

(4^+1)  ' 

7.3.15  ^2(^)=«/l/2(2)+«75/2(2)+t79/2(2)+  . . . 

7.3.16  $2(2)  =<73/2(2) -\~J7/2(z) ~h  • • • 
For  Bessel  functions  Jn+m(z)  see  chapter  10. 

Symmetry  Relations 

7.3.17  C(-z)  = -C(z),  S(-z)=-S(z) 

7.3.18  / C(iz)=iC(z),  S(iz)  = -iS(z) 


>4«+3 


»4n+l 


7.3.19 


<7(2) =<7(2),  S(z)=S(z) 


Value  at  Infinity 


7.3.20 


<7(*)^±, 


S(x) 


(x—>co) 


Derivatives 


7.3.21 


dj(x) 

dx 


—Txg(x), 


dg(x) 

dx 


'•Trxj(x)  — 1 


Relation  to  Error  Function  (see  7.1.1,  7.1.3) 


7.3.22 

C(z)  +iS ( 2 ) erf 


[f  o-»] 


• ff  A 
*77  22 


1—6  2 w 


[f 


7.3.23  0(*)=#/i±± 

1+t 


[f  (1+i)*]} 

7.3.24  /(x)=^i±^W[^(l  +*)*]} 

Relation  to  Confluent  Hypergeometric  Function  (see 

chapter  13) 

7.3.25 

<7(2)+;S(2)  = 2M  (i,  |,  i | 22) 

*?z27i>r/i  ^ . 7T  2\ 

= 26  2 

Relation  to  Spherical  Bessel  Functions  (see  chapter  10) 

7.3.26  Ci(s)  =|  J_4(()^,S2(2)=iJJ  Jj(«)<ft 
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7.3.27 


T3/(*)~l+S  (—  1) 

771  = 1 


Asymptotic  Expansions 

1 • 3 . . . (4m— 1) 


(t T32)2m 

^2  > oo , |arg  2|<0 


7.3.28 


oo 


7 rzg(z)~  S (—1) 

771=0 


m 


1*3...  (4m+l) 


(ir28)2m+1 

|arg2|<|j 


If  R(nf)(z),  R„)  (z)  are  the  remainders  after  n terms 
in  7.3.27,  7.3.28,  respectively,  then 


7.3.29 

^/,(2)  = (-Dn 


1 • 3 . . . 


(4»~  !).(/> 

\2n  v > 


e<» 1_  r 

r(2n+|)  J0 


(• irz2)2n 
e-‘t2n-l 


• >+<£) 


dt 


(|arg  z|<f) 


7.3.30 

Rp&=(- i)B 


1 • 3 . . . 


(4ra+l)  (g) 

!\  2n  w y 


e(g) 


r (271+f)  j0 


(• H-22)2" 

“ e-«t2n+J 


^<(|arg2|<^ 


7.3.31  |0(/'|<1,  |ff»|<l 


(|aig 


zl< 


For  x real,  RhT)  (x)  and  R(ng}  (x)  are  less  in  absolute 
value  than  the  first  neglected  term  and  of  the 
same  sign. 

Rational  Approximations 4 (0<x<  =>) 

7.3.32 

l+.926x 


/(*) 

7.3.33 

g(x)= 


'2+1.792x+3.104r! 


1 


+«(*) 


!(*)|<2X10 


-3 


2+4.142a:+3.492z2+6.670z3 


t(x) 

!«(*)!  <2X10-® 


(For  more  accurate  approximations  see  [7.1].) 

7.4.  Definite  and  Indefinite  Integrals 

For  a more  extensive  list  of  integrals  see  [7.5], 
[7  8],  [7.15], 


7.4.1 


/»  oo 

J e-Ht 


l~ 

*V7 r 


4 Approximations  7.3.32,  7.3.33  are  based  on  those  given 
in  C.  Hastings,  Jr.,  Approximations  for  calculating  Fresnel 
integrals,  Approximation  Newsletter,  April  1956,  Note  10. 
[See  also  MTAC  10,  173,  1956.] 


7.4.2 


/»  00 

Jo  *“ 


7.4.3 


(a<2+26(+c)^ 


1 /jT 

~2  Va 


6^— ac  f) 


e “ erfc  ~ (^a>0) 


/»  oo 

Jo 


e~at2~*dt 


(^a> 0,  £f6>0) 


7.4.4 


f t**e-<**dt= — -3  ' ' ‘ jfnn 

Jo  2 B+la" 

_r(»+i) 


-1) 


2aB+i 


(^a>0;  7i=0, 1,2,...) 


7.4.5 


X 


00 


t2n+'  = 

0 2aB+1 


(^?a>0;n=0, 1, 2, . . .) 


7.4.6 


/»  oo 

Jo  e" 


042  cos  (2 xt)dt 


1 -d 

2\  a6 


(^a>  0) 


7.4.7 


f e-at2  sin  (2xt)dt=-^  e-z2/a  et2dt 

Jo  ija  Jo 


(^a>0) 


7.4.8 


f e. — — =^l- eaz2  erfc  V«2  (^?a>0,  ^?2>0) 

Jo  +i+22  \a 


7.4.9 


X 


oo 


e 7r 


r =-=.  eaz  erfc  Va2 
0 -ft{t+z)  -Jz 


{0ta> 0,  2 7*0,|arg  2|<ir) 


7.4.10 


X 


oo 


e at2dt 
t+x 


—ax* 


[V?£V“  Ei(ax2)] 


(a>0,  x>0) 


7.4.11 


X 


oo 


e at2dt  7r  ^-2 


=^-  e 


ax* 


0 t2+7?  2x 


erfc  V ax  (a>  0,  z>0) 


’.4.12  fl 


e-<“  dt  7r 


<2  + l 4 


=T  e°[  1 — (erf  V®) 2]  (a>0) 


7.4.13 


fw  ye~'2dt 

J..,  (x—t)2+y 


2 , „,2— ' *•  &h»(x+iy) 


(x  real,y>0) 


•See  page  n. 
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7.4.14 

f"  (x—t)e~‘2dt 

J-„  (x—t)2+y 


2 , „.2  —irSw(x+iy) 


(x  real,  y^>  0) 


7.4.15 


X 


GO 


[t2—  (x2— y2)]e~,2dt  t „w(x+iy) 


o £4— 2(z2— y2)t2+(x2+y2)2  2 y—ix 


(x  real,  0) 


7.4.16 


f 00  2 xye  *2dt _7r  ^wjx+iy) 

Jo  t*—2(x*—y2)t2+(x2+y2)2~~2^  y—ix 


(x  real,  0) 


7.4.17 


/»  00 
Jo 


1 — 

erf  e462  erfc 

a 2b 


(@a> 0,  |arg  6|<|) 


7.4.18 


f sin  (2 at)  erfc  bt  dt—~  [1— c~<o/w2](a>0,5?6>0) 
Jo  2(fc 


7.4.19 


X 


GO 


e-<“  erf 


i m 

a\l  a+b 


(J%(a-\-b)  >0) 


7.4.20 

e~at  erfc 


/»  oo 

Jo 


7.4.21 


'Jjdt—-  e~ 
\ t a 


2^  (@d>  0,  ^6>0) 


X e“ 


7.4.22 


-b)t 


erfc 


(WD 


(^6>0,  ^c>0) 


X 


00 


e at  cos 


«^=V1{[5-s(IV!)]-<C> 

4)_0(iVj)]sKt)}  (*o>0) 


7.4.23 


X e'“  ™ <,’)*“Vl{G-c,(lV;)] cos  (?) 

+[§-*  (I Vt)]  ain  (0}  (*“>o> 


7.4.24 


X 


oo 


-0,  sin  ( t 2) 
t 


dt=ilh0($S] 

+l  [I— 5 (I  VDJ  <*■»> 


7.4.25 


X 


V? 


*M-&2 


dt=*y/l  { Q“KV^)]C0S  (aJ) 


+Q— S’  sin  («&)  ^ (5?a>0,  ^6>0) 


7.4.26 


X 


e “‘d# 


o -Jt(t2+b2) 


=f 4 {[KV¥)>  <-> 

sin  («*) } (^«>0,  M>0) 


7.4.27 


X%-0«*-i{[i-S(2)]co»(g) 


7.4.28 


-D-0©]™©)}  <*‘>o) 


X'  {[1-00)1  ~ (£) 


+ 


[H©]™©)}  (<*„>„> 


7.4.29 


X'  °-<S) 


dt 


1 


2d(^jd2-\-\  — o,)^  V®2”(“1 


7.4.30 


(^a>  0) 


x 


00 


e-8,S 


(VD 


dt 


1 


2d  (^d2- (-1  ^ -\/ OE-2— f- 1 


(^a>0) 


UM  X*{G-c<,,T+G-s(,)T}"-i 


7.4.32 


_ ^ 2 

Jg-(ax2+26x+c)^;=:f o erf  ^V®2;+^^+const. 


(d  7*0) 
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7.4.33 

-tflaf— 


fe<IfX>  lJ^x==4^  £ ^ er^ 

("HD] 


+e“2a&  erf 


+const.  (a  7*^0) 


7.4.34 


/ 


e-^'dx- 


.VE  e-«’ 

4a  e 


,2+xt  L (^-Haz) 


+w  (— —+•  iax)]+ const.  (a  5^0) 


.4.35  J 


7 

7.4.36 

e®*  erf  focfc 


1 


erf  xdx—x  erf  z+4=  e *2+const. 


v? 


/ 


=ir 

a L 


03 


eax  erf  bx—eib2  erf  ( ft# 


0-3)1 


+const.  (a  XO) 


7.4.37 


Je«erf^|dc=i{e«erf^ 


+5 


[w(v55+i  ^J)+to  (-V5*+*  VO]} 

+ const.  (a  XO) 


7.4.38 


/ 


cos  (ax2+2bx+c)dx 


-vs  {c°s  i^yy £ <“+s)] 

+sin  (^KV 1 «“+»!} +“nst 


7.4.39 


J 


sin  (az2+2&x+c)da; 


"V£  {C0S(^r!2)s[V«(“+t)] 

_sin  (nr5)  C[V1  (“+0]}+const. 

7.4.40  J* C(x)dx—xC(x)—  ^ sin  ^ £2^+const. 

7.4.41  J*5r(a;)cZa;=a;Sr(x)+i  cos  ^ x2^+const. 


Numerical  Methods 


7.5.  Use  and  Extension  of  the  Tables 

Example  1.  Compute  erf  .745  and  6-(,746)2 
using  Taylor’s  series. 

With  the  aid  of  Taylor’s  theorem  and  7.1.19 
it  can  be  shown  that 

erf  (x04*M)=erf  x0 

+J=  e“^pA^l--pAxo+|p2A2(2xg“l)J+€ 

0-(xO+pft>2_0-s§  j^l_2p^a;0_)--p2^2  (2x*—  1) 

— | p3h?Xo(23%— 3)  1+7/ 

where  |e|<1.2X10-10,  |jj|<3.2X10-10  if  A=10“2, 
\p\  ^ With  *0=.74,  p=. 5 and  using  Table  7.1 


erf  .745 =.70467  80779 +(.5)  (.00652  58247)  X 
[1  - (.005)  (.74)  + (.00000  83333)  (.0952)] 

= .70792  8920 

e- (.745)2=^  (.65258  24665)  [1-.0074 
2 

+ (.000025)  (.0952)  + (.00000  00833)  (.74)  (1 .9048) ] 

= .57405  7910. 

As  a check  the  computation  was  repeated  with 
x0=.75,  p=  — .5. 

Example  2.  Compute  erfc  x to  5S  for  z=4.8. 
We  have  l/z2=. 0434028.  With  Table  7.2  and 
linear  interpolation  in  Table  7.3,  we  obtain 

erfc  4.8=A  (1.11253)  (10"10)  (.552669)  ^ 

= (1.1352)10-“. 
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Example  3.  Compute  e x2j  elidt  to  5S  for 
z=6.5. 

With  l/22=. 0236686  and  linear  interpolation 

in  Table  7.5 


>— (6. 


*"f 


et*dt=  (.506143) /(6.5)  = .077868. 


Example  4.  Compute  i2  erfc  1.72  using  the 
recurrence  relation  and  Table  7.1. 

By  7.2.1,  using  Table  7.1, 

i^erfc  1.72  = .05856  50. 

Using  the  recurrence  relation  7.2.5  and  Table  7.1 

i erfc  1.72=  — (1.72) (.01499  72) + (.5) (.05856  50) 
= .0034873 

i2  erfc  1.72  = - (.86)  (.0034873) + (.25)  (.01499  72) 
= .0007502. 

Note  the  loss  of  two  significant  digits. 

Example  5.  Compute  ik  erfc  1.72  for  lc= 1,  2,  3 
by  backward  recurrence. 

Let  the  sequence  w™(x)(fx=m,  m— 1,  . . .,  1,  0, 
— 1)  be  generated  by  backward  use  of  the  recur- 
rence relation  7.2.5  starting  with  w£+2=0,  w£+1=1. 
Then,  for  any  fixed  k,  (see  [7.7]), 


lim  e*2i*  erfc  a:  (x>0) 

m->„  w”i(x)  2 


With  x=1.72,  m= 15  we  obtain 


2 , 

From  Table  7.1  we  have  e_(1-72>  =.058565. 

\ir 

Thus, 

i erfc  1.72  « (.058565)  (6.0064  X10ll)/1. 0087  X1013 

=3.4873X10“3 

12  erfc  1.72«(.058565)(1.2920X10U)/1.0087X1013 

=7.5013X10"4 

13  erfc  1.72  « (.058565)  (2.6031  X 1010)/1.0087X  1013 

= 1.5114X10-4. 

J'  t 

Example  6.  Compute  C(8.65)  using  Table  7.8. 
With  2=8.65,  1/2=. 115607  we  have  from  Table 
7.8  by  linear  interpolation 

/(8.65)  = .036797,  g(8.65)  = .000159. 

From  Table  4.6 

sin  x2)=— .961382,  cos  x2)=-.275218. 
Using  7.3.9 

(7(8.65)  = .5+  (.036797)  (-  .961382) 

- (.000159)  (-  .275218)  = .46467. 

Example  7.  Compute  /Si  (1.1)  to  10D. 

Using  7.3.8  and  7.3.10  we  obtain  by  6-pt  inter- 
polation in  Table  7.8 


$(1.1  )=s  (l.l  -^) 


=$(.87767  30169)  = . 31865  57172. 

Example  8.  Compute  $2(5.24)  to  6D. 

Enter  Table  7.7  in  the  column  headed  by  u • 
Using  Ait  ken’s  scheme  of  interpolation 


Si(u) 


5. 20310  68  . 43280  06 
6.31808  80  . 41673  97 
6. 08938  01  . 46093  88 
6.43432  70  . 39999  44 
4.97691  11  .46990  94 


03689  42 

07808  80  . 42732  63 

16061  99  691  63  . 42718  63 

19432  70  766  60  6 62 

26308  89  674  79  9 39 


6 62  . 42717  71 
9 39  61 


. 42717  67 


tt?  If  (1.72) 


0 

1 

8 44 

(1)  4!  3834 

(2)  2.6399 


10  jf  (1.72) 


(3)  2.1011 

(4)  1.3831 

(4)  9.8005 

(5)  6.4143 

(6)  4.1666 


10  If  (1.72) 


(7>  2.6879 
(8)  1.5569 

(8)  8.9787 

(9)  4.9570 
(10)  2.6031 


n 


10  If  (1.72) 


(11)  1.2920 

(11)  6.0064 

(12)  2.5830 

(13)  1.0087 


$2(5.24)  = .427177 

Example  9.  Compute  $2(5.24)  using  Taylor’s 
series  and  Table  7*8. 

Using  7.3.21  we  can  write  Taylor’s  series  for  j2  (u) 
—j  and  g2  (u)=g  in  the  form 
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/2(u)=C0+Ci(^— ^0)+^  (^— ^o)2+^  (U— ^o)3+  • • •> 

Qi  {v)  = — £ci+C2  ^0) 

+|y  (U— ^o)2+^  ^o)3+  • • -J’ 

where 


By  numerical  integration,  using  Table  9.1, 
f10  dt 

J F0(Oj=.41826  00. 

Using  the  fact  that  the  remainder  terms  of  the 
asymptotic  expansion  are  less  in  absolute  value 
than  the  first  neglected  terms,  we  can  estimate 


Co — f2  (^0)  > Ci 
C*-f-2=  — ^A;+  ( — 1) 


1 « 3 . . . (2k— l) 


- y/2TTU0(2u0)k 


(k= 0,  1,  2,  . . .) 


Consulting  Table  7.8  we  chose  ^o=l/*lS5638 
=5.386819,  thus  having  u— 5.386819 
= — .146819.  From  Table  7.8 


j2(uo)  = .168270,  g2(u0)  = .014483. 

Hence,  applying  the  series  above, 

/2(5. 24)  = .170436,  £2(5.24)  = .015030. 

Using  the  4th  formula  at  the  bottom  of  Table  7.8 

$2(5.24)  = .5-  (.170436)  (.503471) 

- (.015030)  (-  .864012)  = .42718. 

Example  10.  Compute  $2(2)  using  7.3.16. 
Generating  the  values  of  «/»+*( 2)  as  described 
in  chapter  10  we  find 

$2(2)=«73/2(2) +<77/2(2) +«7ii/2(2)+e7i5/2(2)+  . . . 

= .49129  + .06852  + .00297  + .00006 = .56284. 

r®  y (t) 

Example  11.  Compute!  J dt  by  numerical 

integration  using  Tables  9.1  and  7.8.  [F0(£)  is  the 
Bessel  function  of  thesecond  kind  defined  in  9.1.16.] 
We  decompose  the  integral  into  three  parts 


J”  F0«)  y = J"  70(t)  y+J”  [YoW-YS)]  J 

+ JT Ut)  * 

where 


represents  the  first  two  terms  of  the  asymptotic 
expansion  9.2.2. 


QO 


10 


11/2 


+ 


32  • 52  • 72  • 92 


216  • 5! 


- r13/2l 


Finally, 


J 


di=7.33X10-7. 


/»  00 

J10 


F°«)  f+||fV5[l-G(10)-&(10)] 

5953819  cos  10— sin  10 


2688000 


VIOtt 

23107  cos  10+sin  10 


2150400 


-y/lOir 


= — .02298  78, 


using  Tables  7.8  and  4.8.  Hence 


/»»  Jj 

J Y0(t)-j=  .41826  00- .02298  78=.39527  22. 


The  answer  correct  to  8D  is  .39527  290  (Table 

11.2). 

Example  12.  Compute  w(.44  + .67£)  using  bi- 
variate linear  interpolation. 

By  linear  interpolation  in  Table  7.9  along  the 
^-direction  at  y=  .6  and  y=  .7 


w(.44 + .6*) « .6  (.522246 + .167880 *)  + .4  (.49859 1 

+ .202666*)  = .512784 + .181794* 


w(.44  + .7 *) « .6 (.487556  + . 147975*)  + .4  (.46752 1 

+ .179123*)  = .479542  + .160434*. 


By  linear  interpolation  along  the  ^-direction  at 
z=.44 

w(. 44 + .67*) « .3  (.512784  + .181794*)  + .7  (.479542 

+ . 160434*)  = .489515  + .166842*. 

The  correct  answer  is  .489557 +.166889*. 

Example  13.  Compute  <%w(z)  for  2=.44+.61*. 
Bivariate  linear  interpolation,  as  described  in 
Example  12,  is  most  accurate  if  z lies  near  the 
center  or  along  a diagonal  of  one  of  the  squares 
of  the  tabular  grid  [7.6].  It  is  not  as  accurate  for 
z near  the  midpoint  of  a side  of  a square,  as  in  this 
example.  However,  we  may  introduce  an  auxil- 
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iary  square  (see  diagram)  which  contains  z close 
to  its  center.  Bivariate  linear  interpolation  can 
then  be  applied  within  this  auxiliary  square. 

The  values  of  w(z)  needed  at  2=  fi,  and  z=f 2 
are  easily  approximated  by  the  average  of  the  four 
neighboring  tabular  values.  Furthermore  the 
parts  to  be  used  are  given  by 


where  z=Zo+.l(p1+ip2).  Thus,  with  z<>=.4+.6i, 
L=.45+.65i,  f2=.45+.55i,  pi=.4,  p2=.  1,  we  get 
from  Table  7.9 

#w(Ji)«1(.522240+.498591  + .487556+.407521) 

= .493979 

^w(fa) « £(.522246  + .49859 1 + .56 1252  + .533157) 

= .528812 

#w(z) « [1  - (.4 + .1)]  { [1  - (.4 - .1)].522246 

+ (.4-.l).528812}  + (.4+.l)X 
{ [1— (.4— .1)]  .493979 + (.4-.  1). 49859 1 } = .509789. 

The  correct  answer  is  .509756.  Straightforward 
bivariate  interpolation  gives  .509460. 

Example  14.  Compute  ./m>(.39+.61  i)  to  6D 
using  Taylor’s  series. 

Let  z = .39+.61i,  Zo  = .4+.6i.  From  7.1.20, 
and  using  Table  7.9,  we  have 

w(zo) = .522246 + . 167880i 

w' (20) =-.21634+ ,36738i,  s— z0=  (- 1 +i)  10“2 
W'(z 6) = — .2 15 — . 185i,  (z— z0)2=  —2 iX  10“4 

Jw{z) = .167880  - .0021634 — .0036738 

+ .0000430=. 162086. 

Example  15.  Compute  w{A—  1 .3 i) . 

From  7.1.11,  7.1.12 

w>(.4— 1.3i) =w(— .4— 1.3i)  

— i»(.4+1.3i). 

Using  Tables  7.9,  4.4  and  4.6 

w(.4-1.3i)=4.33342+8.04201i. 


Example  16.  Compute  w(7+2 i). 

Using  the  second  formula  at  the  end  of  Table  7.9 

w(7+2i)=(— 2+7t)  (44  72474+28l 

+423SSwi)-021853  + 075010t 

Example  17.  Compute  erf  (2+i). 

From  7.1.3,  7.1.12  we  have 

erf  z=  l—e~z2w(iz)  = l—ev2~x2(cos  2 xy 

— i sin  2 xy)w(y+ix)  ( z=x+iy ). 

Using  Tables  7.9,  4.4,  4.6 

erf  (2+i)  = l — e“3  (cos  4 —i  sin  4)w(l+2i) 

= 1.003606-. 01 12590i. 


Example  18.  Compute  Si  V2^* 

From  7.3.22,  7.3.8,  7.3.18  we  have 


Si(z)=~ 


1 -i 


eiz2w 


[<i+i>  it\ 


_i+i [(i-D 

Setting  2=Q-H^  V2  and  making  use  of  7.1.11, 
7.1.12,  and  Table  7.9 

Si  (G+0  ^)= 

i 1 —i  _„  / 3 . . 3\  /I  . 3 A 

~2  4~  6 { C0S  2~%  Sm  a)  W (2+2  V 


1+* 


i 2 ( 3 . . . 3\  /3  . 1 A 

- e2  ^cos  -+i  sin 


-. 990734- .681619L 


Example  19.  Compute  J e~(1  /4)‘2  3tcos(2t)dt 
using  Table  7.9. 

Setting  6=2/+i#,  c=0  in  7.4.2  and  using  7.1.3, 
7.1.12  we  find 


,—at2—2yt 


cos  (2 xt)dt=\  ijl  (^) 


Hence  from  Table  7.9 


(a>0,  a,  2/ real). 


g—(i/4)fa— 3<  cos  (2^=V5:^(2+3i)  = .231761. 
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Table  7.1  ERROR  FUNCTION  AND  ITS  DERIVATIVE 


X 

2 

— e 

yTT 

-X2 

erf 

X 

X 

2 

— e 

a7T 

-x2 

erf 

X 

0.  00 

1. 12837 

91671 

0.  00000 

00000 

0.50 

0. 87878 

25789 

0.  52049 

98778 

0.  01 

1.  12826 

63348 

0.  01128 

34156 

0.51 

0. 86995 

15467 

0.  52924 

36198 

0.  02 

1. 12792 

79057 

0.02256 

45747 

0.52 

0.  86103 

70343 

0.  53789 

86305 

0.  03 

1. 12736 

40827 

0.  03384 

12223 

0.53 

0.  85204 

34444 

0.  54646 

40969 

0.  04 

1. 12657 

52040 

0.  04511 

11061 

0.  54 

0.  84297 

51813 

0.  55493 

92505 

0.  05 

1.  12556 

17424 

0.  05637 

19778 

0.55 

0. 83383 

66473 

0.  56332 

33663 

0.  06 

1. 12432 

43052 

0.  06762 

15944 

0.  56 

0.  82463 

22395 

0.  57161 

57638 

0.  07 

1.12286 

36333 

0.  07885 

77198 

0.57 

0.  81536 

63461 

0.  57981 

58062 

0.  08 

1. 12118 

06004 

0.  09007 

81258 

0.58 

0.  80604 

33431 

0.  58792 

29004 

0.  09 

1.11927 

62126 

0. 10128 

05939 

0.  59 

0.  79666 

75911 

0.  59593 

64972 

0.10 

1. 11715 

16068 

0.  11246 

29160 

0.  60 

0.  78724 

34317 

0.  60385 

60908 

0.11 

1.11480 

80500 

0. 12362 

28962 

0.  61 

0.  77777 

51846 

0.  61168 

12189 

0. 12 

1. 11224 

69379 

0. 13475 

83518 

0.  62 

0.  76826 

71442 

0.  61941 

14619 

0. 13 

1. 10946 

97934 

0. 14586 

71148 

0.  63 

0.  75872 

35764 

0.  62704 

64433 

0. 14 

1.10647 

82654 

0.  15694 

70331 

0.  64 

0.  74914 

87161 

0.  63458 

58291 

0. 15 

1.  10327 

41267 

0.  16799 

59714 

0.  65 

0.  73954 

67634 

0.  64202 

93274 

0.16 

1. 09985 

92726 

0.17901 

18132 

0.  66 

0.  72992 

18814 

0.  64937 

66880 

0.17 

1. 09623 

57192 

0.  18999 

24612 

0.67 

0.  72027 

81930 

0.  65662 

77023 

0.18 

1.  09240 

56008 

0.  20093 

58390 

0.  68 

0.  71061 

97784 

0.  66378 

22027 

0. 19 

1.  08837 

11683 

0.  21183 

98922 

0.  69 

0.70095 

06721 

0.  67084 

00622 

0.20 

1.  08413 

47871 

0.  22270 

25892 

0.  70 

0.  69127 

48604 

0.  67780 

11938 

0.21 

1.  07969 

89342 

0.  23352 

19230 

0.71 

0.  68159 

62792 

0.  68466 

55502 

0.22 

1.  07506 

61963 

0.  24429 

59116 

0.72 

0.  67191 

88112 

0.  69143 

31231 

0.23 

1. 07023 

92672 

0.  25502 

25996 

0.  73 

0.  66224 

62838 

0.  69810 

39429 

0.24 

1.  06522 

09449 

0.  26570 

00590 

0.  74 

0. 65258 

24665 

0.  70467 

80779 

0.25 

1. 06001 

41294 

0.  27632 

63902 

0.75 

0. 64293 

10692 

0.71115 

56337 

0.26 

1. 05462 

18194 

0.  28689 

97232 

0.  76 

0. 63329 

57399 

0.  71753 

67528 

0.27 

1. 04904 

71098 

0.  29741 

82185 

0.  77 

0.  62368 

00626 

0.  72382 

16140 

0.28 

1. 04329 

31885 

0.  30788 

00680 

0.78 

0.  61408 

75556 

0.73001 

04313 

0.29 

1. 03736 

33334 

0.  31828 

34959 

0.  79 

0.  60452 

16696 

0.  73610 

34538 

0.  30 

1.03126 

09096 

0.  32862 

67595 

0.80 

0.  59498 

57863 

0.74210 

09647 

0.31 

1.  02498 

93657 

0.  33890 

81503 

0.81 

0.  58548 

32161 

0.  74800 

32806 

0.  32 

1.01855 

22310 

0.  34912 

59948 

0.  82 

0.  57601 

71973 

0.  75381 

07509 

0.  33 

1.01195 

31119 

0.  35927 

86550 

0.  83 

0.  56659 

08944 

0.  75952 

37569 

0.  34 

1.  00519 

56887 

0.  36936 

45293 

0.  84 

0.  55720 

73967 

0.  76514 

27115 

0.  35 

0.  99828 

37121 

0.  37938 

20536 

0.  85 

0.  54786 

97173 

0.  77066 

80576 

0.  36 

0.  99122 

10001 

0.  38932 

97011 

0.  86 

0. 53858 

07918 

0.77610 

02683 

0.  37 

0.  98401 

14337 

0.  39920 

59840 

0.  87 

0.  52934 

34773 

0.  78143 

98455 

0.  38 

0.  97665 

89542 

0.  40900 

94534 

0.  88 

0.  52016 

05514 

0.  78668 

73192 

0.  39 

0.96916 

75592 

0.  41873 

87001 

0.  89 

0.51103 

47116 

0.79184 

32468 

0.  40 

0.  96154 

12988 

0.  42839 

23550 

0.  90 

0.50196 

85742 

0.  79690 

82124 

0.  41 

0.  95378 

42727 

0.  43796 

90902 

0.  91 

0.  49296 

46742 

0.  80188 

28258 

0.  42 

0.  94590 

06256 

0.  44746 

76184 

0.  92 

0.  48402 

54639 

0.  80676 

77215 

0.  43 

0.  93789 

45443 

0.  45688 

66945 

0.93 

0.  47515 

33132 

0.  81156 

35586 

0.  44 

0.  92977 

02537 

0.  46622 

51153 

0.  94 

0.  46635 

05090 

0.  81627 

10190 

0.  45 

0.  92153 

20130 

0.  47548 

17198 

0.95 

0.  45761 

92546 

^ 0.  82089 

08073 

0.  46 

0.  91318 

41122 

0.  48465 

53900 

0.  96 

0.  44896 

16700 

0.  82542 

36496 

0.  47 

0.  90473 

08685 

0.  49374 

50509 

0.97 

0.  44037 

97913 

0.  82987 

02930 

0.  48 

0.  89617 

66223 

0.  50274 

96707 

0.  98 

0.  43187 

55710 

0.  83423 

15043 

0.  49 

0.  88752 

57337 

0.  51166 

82612 

0.  99 

0.  42345 

08779 

0.  83850 

80696 

0.50 

0.  87878 

25789 

0.  52049 

98778 

1.00 

0.  41510 

74974 

0.  84270 

07929 

[■(-5)31 
L 5 J 

r(-5)n 

L 5 J 

L J 

m 

See  Example  1. 

erf  r= jl  JoJ r-  tldi  ^=0.88622  69255 
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Table  7.1 

X 

2 . 

— e~x 
Jr 

erf  x 

X 

2 

— e—J? 

\ir 

erf  x 

1.  00 

0.  41510  74974 

0.  84270  07929 

1.50 

0.11893  02892 

0.96610  51465 

1.  01 

0.  40684  71315 

0.84681  04962 

1.51 

0. 11540  38270 

0.96727  67481 

1.02 

0.39867  13992 

0.  85083  80177 

1.  52 

0.  11195  95356 

0.96841  34969 

1.  03 

0.  39058  18368 

0.  85478  42115 

1.53 

0.10859  63195 

0.96951  62091 

1.  04 

0.38257  98986 

0.85864  99465 

1.54 

0.  10531  30683 

0.97058  56899 

1.  05 

0.37466  69570 

0.86243  61061 

1.55 

0.10210  86576 

0.  97162  27333 

1.  06 

0.36684  43034 

0.86614  35866 

1.56 

0.  09898  19506 

0.  97262  81220 

1.  07 

0.  35911  31488 

0.86977  32972 

1.57 

0.09593  17995 

0.97360  26275 

1.08 

0.35147  46245 

0.  87332  61584 

1.58 

0.09295  70461 

0.97454  70093 

1.  09 

0.  34392  97827 

0.  87680  31019 

1.  59 

0.09005  65239 

0.97546  20158 

1.10 

0.  33647  95978 

0.88020  50696 

1.  60 

0.08722  90586 

0.97634  83833 

1.11 

0.  32912  49667 

-0.  88353  30124 

1.  61 

0.  08447  34697 

0.97720  68366 

1. 12 

0.  32186  67103 

0.88678  78902 

1.  62 

0.08178  85711 

0.97803  80884 

1.13 

0.31470  55742 

0.  88997  06704 

1.  63 

0.07917  31730 

0.97884  28397 

1.14 

0.  30764  22299 

0.  89308  23276 

1.  64 

0.  07662  60821 

0.97962  17795 

1.15 

0.  30067  72759 

0.  89612  38429 

1.  65 

0.07414  61034 

0.98037  55850 

1.16 

0.  29381  12389 

0.  89909  62029 

1.66 

0.  07173  20405 

0.98110  49213 

1.17 

0.28704  45748 

0.  90200  03990 

1.  67 

0.06938  26972 

0.98181  04416 

1. 18 

0.28037  76702 

0.90483  74269 

1.  68 

0.  06709  68781 

0.98249  27870 

1.19 

0.27381  08437 

0.90760  82860 

1.  69 

0.06487  33895 

0.98315  25869 

1.20 

0.  26734  43470 

0.  91031  39782 

1.70 

0.  06271  10405 

0.98379  04586 

1.21 

0.26097  83664 

0.91295  55080 

1.71 

0.06060  86436 

0.98440  70075 

1.  22 

0.25471  30243 

0.  91553  38810 

1.72 

0.05856  50157 

0.98500  28274 

1.23 

0.24854  83805 

0.91805  01041 

1.73 

0.05657  89788 

0.98557  84998 

1.24 

0.24248  44335 

0.92050  51843 

1.74 

0.  05464  93607 

0.98613  45950 

1.25 

0.23652  11224 

0.92290  01283 

1.  75 

0.05277  49959 

0.98667  16712 

1.  26 

0.23065  83281 

0.92523  59418 

1.76 

0.05095  47262 

0.98719  02752 

1.27 

0.22489  58748 

0.  *92751  36293 

1.77 

0.04918  74012 

0.98769  09422 

1.28 

0.21923  35317 

0.92973  41930 

1.  78 

0.  04747  18791  • 

0.98817  41959 

1.29 

0.21367  10145 

0.  93189  86327 

1.79 

0.  04580  70274 

0.98864  05487 

1.  30 

0.  20820  79868 

0.93400  79449 

1.  80 

0.  04419  17233 

0.98909  05016 

1.  31 

0.20284  40621 

0.93606  31228 

1.  81 

0.04262  48543 

0.98952  45446 

1.  32 

0.19757  88048 

0.  93806  51551 

1.  82 

0.04110  53185 

0.98994  31565 

1.  33 

0.  19241  17326 

0.94001  50262 

1.  83 

0.03963  20255 

0.99034  68051 

1.34 

0.  18734  23172 

0.94191  37153 

1.  84 

0.  03820  38966 

0.99073  59476 

1.  35 

0.  18236  99865 

0.94376  21961 

1.  85 

0.  03681  98653 

0.  99111  10301 

1.  36 

0.  17749  41262 

0.94556  14366 

1.  86 

0.03547  88774 

0.99147  24883 

1.37 

0.17271  40811 

0.  94731  23980 

1.  87 

0.03417  98920 

0.99182  07476 

1.  38 

0.  16802  91568 

0.94901  60353 

1.  88 

0.03292  18811 

0.99215  62228 

1.  39 

0.16343  86216 

0.95067  32958 

1.  89 

0.03170  38307 

0.99247  93184 

1.  40 

0.  15894  17077 

0.95228  51198 

1.90 

0.  03052  47404 

0.99279  04292 

1.  41 

0.  15453  76130 

0.95385  24394 

1.91 

0.  02938  36241 

0.99308  99398 

1.  42 

0.  15022  55027 

0.95537  61786 

1.  92 

0.  02827  95101 

0.99337  82251 

1.  43 

0.14600  45107 

0.95685  72531 

1.93 

0.02721  14412 

0.99365  56502 

1.  44 

0.14187  37413 

0.95829  65696 

1.  94 

0.02617  84752 

0.99392  25709 

1.  45 

0.  13783  22708 

0.95969  50256 

1.95 

0.02517  96849 

0.99417  93336 

1.46 

0.13387  91486 

0.96105  35095 

1.96 

0.  02421  41583 

0.99442  62755 

1.  47 

0.13001  33993 

0.96237  28999 

1.97 

0. 02328  09986 

0.99466  37246 

1.  48 

0.12623  40239 

0.96365  40654 

1.  98 

0.  02237  93244 

0.99489  20004 

1.  49 

0.  12254  00011 

0.96489  78648 

1.99 

0.  02150  82701 

0.99511  14132 

1.50 

0.  11893  02892 

0.96610  51465 

2.  00 

0.02066  69854 

0.99532  22650 

m 

m 

[(-?‘] 

[(T] 

r~ 
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ERROR  FUNCTION  AND  FRESNEL  INTEGRALS 


DERIVATIVE  OF  THE  ERROR  FUNCTION 


(j  — f* 


2 ^ 


O — x 


-yTT 

2.00  (-  2)2.0666  985 

2.01  (-  2 1.9854  636 

2.02  (-  2)1.9070  402 

2.03  (-  2)1.8313  482 

2.04  (-  2)1.7583  088 

2.05  (-  2)1.6878  448 

2.06  (-  2)1.6198  806 

2.07  (-  2)1.5543  422 

2.08  (-  2)1.4911  571 

2.09  (-  2)1.4302  545 

2.10  (-  2)  1.3715  650 

2.11  (-  2)1.3150  207 

2.12  (-  2)1.2605  554 

2.13  (-  2)1.2081  043 

2.14  (-  2)1.1576  041 

2.15  (-  2)1.1089  930 

2.16  I-  2)1.0622  108 

2.17  (-  2)1.0171  986 

2.18  (-  3)9.7389  910 

2.19  (-  3)9.3225  623 

2.20  (-  3)8.9221  551 

2.21  (-  3)8.5372  378 

2.22  (-  3)8.1672  930 

2.23  (-  3)7.8118  164 

2.24  (-  3)7.4703  176 

2.25  (-  3)7.1423  190 

2.26  (-  3)6.8273  562 

2.27  (-  3)6.5249  776 

2.28  (-  3)6.2347  440 

2.29  (-  3)5.9562  287 

2.30  (-  3)5.6890  172 

2.31  (-  3)5.4327  069 

2.32  (-  3)5.1869  067 

2.33  (-  3)4.9512  374 

2.34  (-  3)4.7253  306 

2.35  (-  3)4.5088  292 

2.36  (-  3)4.3013  869 

2.37  i — 3)  4.1026  681 

2.38  (-  3)3.9123  473 

2.39  (-  3)3.7301  092 

2.40  (-  3)3.5556  487 

2.41  (-  3)3.3886  700 

2.42  (-  3)3.2288  871 

2.43  (-  3)3.0760  230 

2.44  (-  3)2.9298  098 

2.45  (-  3)2.7899  886 

2.46  (-  3)2.6563  089 

2.47  (-  3)2.5285  285 

2.48  (-  3)2.4064  136 

2.49  (-  3)2.2897  383 


V7T 

2.50  (-  3)2.1782  842 

2.51  (-  3)2.0718  409 

2.52  (-  3)1.9702  048 

2.53  (-  3)1.8731  800 

2.54  (-  3)1.7805  771 

2.55  (-  3)1.6922  136 

2.56  - 3)1.6079  137 

2.57  (-  3)1.5275  078 

2.58  (-  3)1.4508  325 

2.59  (-  3)1.3777  304 

2.60  (-  3)  1.3080  500 

2.61  (-  3)1.2416  455 

2.62  (-  3)1.1783  764 

2.63  (-  3)1.1181  075 

2.64  (-  3)1.0607  090 

2.65  (-  3)1.0060  558 

2.66  (-  4)9.5402  778 

2.67  (-  4)9.0450  949 

2.68  (-  4)8.5738  992 

2.69  (-  4)8.1256  247 

2.70  (-  4)7.6992  476 

2.71  (-  4)7.2937  850 

2.72  (-  4)6.9082  932 

2.73  (-  4)6.5418  671 

2.74  (-  4)6.1936  378 

2.75  (-  4)5.8627  725 

2.76  (-  4)5.5484  722 

2.77  (-  4)5.2499  713 

2.78  (-  4)4.9665  360 

2.79  (•-  4)4.6974  632 

2.80  (-  4)4.4420  794 

2.81  (-  4)4.1997  400 

2.82  (-  4)3.9698  274 

2.83  (-  4)3.7517  508 

2.84  (-  4)3.5449  449 

2.85  (-  4)3.3488  688 

2.86  (-  4)3.1630  053 

2.87  (-  4)2.9868  598 

2.88  (-  4)2.8199  597 

2.89  (-  4)2.6618  533 

2.90  (~  4)2.5121  089 

2.91  (-  4)2.3703  144 

2.92  (-  4)2.2360  761 

2.93  (-  4)2.1090  184 

2.94  (-  4)1.9887  824 

2.95  (-  4)1.8750  262 

2.96  (-  4)1.7674  231 

2.97  (-  4)1.6656  619 

2.98  (-  4)1.5694  459 

2.99  (-  4)1.4784  919 


T 

3.00  (-  4)1.3925  305 

3.01  (-  4 1.3113  047 

3.02  - 4 1.2345  698 

3.03  (-  4)1.1620  929 

3.04  (-  4)1.0936  521 

3.05  (-  4)1.0290  362 

3.06  (-  5)9.6804  434 

3.07  (-  5)9.1048  542 

3.08  (-  5)8.5617  765 

3.09  (-  5)8.0494  817 

3.10  (-  5)7.5663  267 

3.11  (-  5)7.1107  499 

3.12  (-  5)6.6812  674 

3.13  (-  5)6.2764  699 

3.14  (-  5)5.8950  187 

3.15  (-  5)5.5356  429 

3.16  (-  5)5.1971  360 

3.17  (-  5)4.8783  532 

3.18  (-  5)4.5782  082 

3.19  (-  5)4.2956  707 

3.20  (-  5)4.0297  636 

3.21  (-  5)3.7795  604 

3.22  (-  5)3.5441  831 

3.23  (-  5)3.3227  997 

3.24  (-  5)3.1146  217 

3.25  (-  5)2.9189  025 

3.26  (-  5)2.7349  351 

3.27  f-  5)2.5620  500 

3.28  5)2.3996  135 

3.29  (-  5)2.2470  263 

3.30  (-  5)2.1037  210 

3.31  (-  5)1.9691  613 

3.32  (-  5)1.8428  397 

3.33  (-  5)1.7242  768 

3.34  (-  5)1.6130  192 

3.35  (-  5)  1.5086  387 

3.36  (-  5)1.4107  306 

3.37  (-  5)1.3189  127 

3.38  (-  5)1.2328  243 

3.39  (-  5)1.1521  246 

3.40  (-  5)1.0764  921 

3.41  (-  5)1.0056  235 

3.42  (-  6)9.3923  243 

3.43  (-  6)8.7704  910 

3.44  (-  6)8.1881  894 

3.45  (-  6)7.6430  199 

3.46  (-  6)7.1327  211 

3.47  (-  6)6.6551  620 

3.48  (-  6)6.2083  353 

3.49  (-  6)5.7903  5Q3 


V7T 

3.50  (-  6)5.3994  268 

3.51  (-  6)5.0338  887 

3.52  (-  6)4.6921  589 

3.53  (-  6)4.3727  530 

3.54  (-  6)4.0742  749 

3.55  (-  6)3.7954  113 

3.56  (-  6)3.5349  275 

3.57  (-  6)3.2916  626 

3.58  (-  6)3.0645  257 

3.59  (-  6)2.8524  914 

3.60  (-  6)2.6545  968 

3.61  (-  6)2.4699  374 

3.62  (-  6)2.2976  636 

3.63  (-  6)2.1369  782 

3.64  (-  6)1.9871  328 

3.65  (-  6)1.8474  250 

3.66  (-  6)1.7171  961 

3.67  (-  6)1.5958  281 

3.68  (-  6)1.4827  416 

3.69  (-  6)1.3773  933 

3.70  (-  6)1.2792  741 

3.71  (-  6)1.1879  068 

3.72  (-  6)1.1028  445 

3.73  (-  6)1.0236  686 

3.74  (-  7)9.4998  679 

3.75  (-  7)8.8143  219 

3.76  (-  7)8.1766  120 

3.77  (-  7)7.5835  232 

3.78  (-  7)7.0320  473 

3.79  (-  7)6.5193  709 

3.80  (-  7)6.0428  629 

3.81  (-  7)5.6000  632 

3.82  (-  7)5.1886  725 

3.83  (-  7)4.8065  419 

3.84  (-  7)4.4516  637 

3.85  (-  7)4.1221  624 

3.86  (-  7)3.8162  867 

3.87  (-  7)3.5324  013 

3.88  (-  7)3.2689  796 

3.89  (-  7)3.0245  971 

3.90  (-  7)2.7979  245 

3.91  (-  7)2.5877  218 

3.92  (-  7)2.3928  327 

3.93  (-  7)2.2121  788 

3.94  (-  7)2.0447  548 

3.95  (-  7)1.8896  240 

3.96  (-  7)1.7459  135 

3.97  (-  7)1.6128  098 

3.98  (-  7)1.4895  557 

3.99  '(-  7)1.3754  458 


2.50  (-  3)2.1782  842  3.00  (-  4)1.3925  305  3.50  (-  6)5.3994  268  4.00  (-  7)1.2698  235 
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DERIVATIVE  OF  THE  ERROR  FUNCTION  Table  7.2 

2 2 2 2 . 

a-  -=  e—*  x — e— -f  J!  — e x x -=  e & 

A7r  V7 r V7*-  V71" 

4.00  (-  7)1.2698  235  4.50  (-  9)1.8113  059  5.00  (-11)1.5670  866  5.50  (-14)8.2233  160 

4.01  (-  7)1.1720  776  4.51  (-  9)1.6552  434  5.01  (-11)1.4178  169  5.51  (-14)7.3659  906 

4.02  (-  7)1.0816  394  4.52  (-  9)1.5123  248  5.02  (-11)1.2825  089  5.52  (-14)6.5967  265 

4.03  (-  8)9.9797  993  4.53  (-  9)1.3814  699  5.03  (-11)1.1598  820  5.53  (-14)5.9066  187 

4.04  (-  8)9.2060  694  4.54  (-  9)1.2616  849  5.04  (-11)1.0487  702  5.54  (-14)5.2876  480 


4.05  (-  8)8.4906  281 

4.06  (-  8)7.8292  207 

4.07  (-  8)7.2178  923 

4.08  (-  8)6.6529  674 

4.09  (-  8)6.1310  313 

4.10  (-  8)5.6489  121 

4.11  (-  8)5.2036  639 

4.12  (-  8)4.7925  517 

4.13  (-  8)4.4130  364 

4.14  (-  8)4.0627  618 

4.15  (-  8)3.7395  414 

4.16  (-  8)3.4413  471 

4.17  (-  8)3.1662  977 

4.18  (-  8)2.9126  490 

4.19  (-.8)2.6787  841 

4.20  (-  8)2.4632  041 

4.21  (-  8)2.2645  204 

4.22  (-  8)2.0814  463 

4.23  (-  8)1.9127  901 

4.24  (-  8)1.7574  484 

4.25  (-  8)1.6143  994 

4.26  (-  8)1.4826  974 

4.27  (-  8)1.3614  673 

4.28  (-  8)1.2498  993 

4.29  (-  8)1.1472  445 

4.30  (-  8)1.0528  102 

4.31  (-  9)9.6595  598 

4.32  (-  9)8.8608  977 

4.33  (-  9)8.1266  442 

4.34  (-  9)7.4517  438 

4.35  (-  9)6.8315  260 

4.36  (-  9)6.2616  772 

4.37  (-  9)5.7382  144 

4.38  (-  9)5.2574  603 

4.39  (-  9)4.8160  210 

4.40  (-  9)4.4107  647 

4.41  (_  9)4.0388  018 

4.42  (-  9)3.6974  673 

4.43  (-  9)3.3843  033 

4.44  (-  9)3.0970  439 


4.55  (-  9)1.1520  559 

4.56  (-  9)1.0517  423 

4.57  (-10)9.5997  127 

4.58  (-10)8.7603  264 

4.59  (-10)7.9927  363 

4.60  (-10)7.2909  450 

4.61  (-10)6.6494  435 

4.62  (-10)6.0631  724 

4.63  (-10)5.5274  864 

4.64  (-10)5.0381  209 

4.65  (-10)4.5911  621 

4.66  (-10)4.1830  187 

4.67  (-10)3.8103  962 

4.68  (-10)3.4702  727 

4.69  (-10)3.1598  772 

4.70  (-10)2.8766  694 

4.71  (-10)2.6183  207 

4.72  (-10)2.3826  973 

4.73  (-10)2.1678  441 

4.74  (-10)1.9719  702 

4.75  (-10)1.7934  357 

4.76  (-10)1.6307  388 

4.77  (ilO)  1.4825  049 

4.78  (-10)1.3474  759 

4.79  (-10)1.2245  007 

4.80  (-10)1.1125  261 

4.81  (-10)1.0105  888 

4.82  (-11)9.1780  821 

4.83  (-11)8.3337  894 

4.84  (-11)7.5656  500 

4.85  (-11)6.8669  377 

4.86  (-11)6.2315  074 

4.87  (-11)5.6537  456 

4.88  (-11)5.1285  259 

4.89  (-11)4.6511  675 

4.90  (-11)4.2173  976 

4.91  (-11)3.8233  166 

4.92  (-11)3.4653  660 

4.93  (-11)3.1402  998 

4.94  (-11)2.8451  570 


5.05  (-12)9.4811  285 

5.06  (-12)8.5694  483 

5.07  (-12)7.7438  839 

5.08  (-12)6.9964  533 

5.09  (-12)6.3198  998 

5.10  (-12)5.7076  270 

5.11  (-12)5.1536  405 

5.12  (-12)4.6524  937 

5.13  (-12)4.1992  391 

5.14  (-12)3.7893  835 

5.15  (-12)3.4188  470 

5.16  (-12)3.0839  257 

5.17  (-12)2.7812  580 

5.18  (-12)2.5077  937 

5.19  (-12)2.2607  652 

5.20  (-12)2.0376  626 

5.21  (-12)1.8362  094 

5.22  (-12)1.6543  420 

5.23  (-12)1.4901  896 

5.24  (-12)1.3420  568 

5.25  (-12)1.2084  075 

5.26  (-12)1.0878  501 

5.27  (-13)9.7912  433 

5.28  (-13)8.8108  899 

5.29  (-13)7.9271  093 

5.30  (-13)7.1305  505 

5.31  (-13)6.4127  516 

5.32  (-13)5.7660  568 

5.33  (-13)5.1835  412 

5.34  (-13)4.6589  423 

5.35  (-13)4.1865  979 

5.36  (-13)3.7613  895 

5.37  (-13)3.3786  913 

5.38  (-13)3.0343  233 

5.39  (-13)2.7245  096 

5.40  (-13)2.4458  396 

5.41  (-13)2.1952  336 

5.42  (-13)1.9699  112 

5.43  (-13)1.7673  627 

5.44  (-13)1.5853  234 


5.55  (-14)4.7325  943 

5.56  (-14)4.2349  585 

5.57  (-14)3.7888  917 

5.58  (-14)3.3891  310 

5.59  (-14)3.0309  422 

5.60  (-14)2.7100  675 

5.61  (-14)2.4226  780 

5.62  (-14)2.1653  317 

5.63  (-14)1.9349  346 

5.64  (-14)1.7287  067 

5.65  (-14)1.5441  499 

5.66  (-14)1.3790  206 

5.67  (-14)1.2313  037 

5.68  (-14)1.0991  900 

5.69  (-15)9.8105  529 

5.70  (-15)8.7544  193 

5.71  (-15)7.8104  192 

5.72  (-15)6.9668  183 

5.73  (-15)6.2130  917 

5.74  (-15)5.5398  013 

5.75  (-15)4.9384  851 

5.76  (-15)4.4015  583 

5.77  (-15)3.9222  232 

5.78  (-15)3.4943  893 

5.79  (-15)3.1126  008 

5.80  (-15)2.7719  710 

5.81  (-15)2.4681  247 

5.82  (-15)2.1971  447 

5.83  (-15)1.9555  249 

5.84  (-15)1.7401  279 

5.85  (-15)1.5481  468 

5.86  (-15)1.3770  708 

5.87  (-15)1.2246  543 

5.88  (-15)1.0888  898 

5.89  (-16)9.6798  241 

5.90  (-16)8.6032  817 

5.91  (-16)7.6449  380 

5.92  (-16)6.7919  883 

5.93  (-16)6.0329  959 

5.94  (-16)5.3577  479 


4.45  (-  9)2.8336  002 

4.46  (-  9)2.5920  474 

4.47  (-  9)2.3706  118 

4.48  (-  9)2.1676  596 

4.49  (-  9)1.9816  862 

4.50  (-  9)1.8113  059 


4.95  (-11)2.5772  379 

4.96  (-11)2.3340  811 

4.97  (-11)2.1134  428 

4.98  ( -11) 1.9132  785 

4.99  (-11)1.7317  254 

5.00  (-11)1.5670  866 


5.45  (-13)1.4217  499 

5.46  (-13)1.2747  989 

5.47  (-13)1.1428  081 

5.48  (-13)1.0242  785 

5.49  (-14)9.1785  895 

5.50  (-14)8.2233  160 

5 69255 


5.95  (-16)4.7571  261 

5.96  (-16)4.2229  913 

5.97  (-16)3.7480  801 

5.98  (-16)3.3259  113 

5.99  (-16)2.9507  038 

6.00  (-16)2.6173  012 
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/ j—  v 

6.00  (-16)2.6173  012 

6.01  (-16)2.3211  058 

6.02  (-16)2.0580  187 

6.03  (-16)1.8243  864 

6.04  (-16)1.6169  533 

6.05  (-16)1.4328  188 

6.06  (-16)1.2693  992 

6.07  (-16)1.1243  934 

6.08  (-17)9.9575  277 

6.09  (-17)8.8165  340 

6.10  (-17)7.8047  211 

6.11  (-17)6.9076  453 

6.12  (-17)6.1124  570 

6.13  (-17)5.4077  268 

6.14  (-17)4.7832  911 

6.15  (-17)4.2301  135 

6.16  (-17)3.7401  616 

6.17  (-17)3.3062  970 

6.18  ( -17)  2.9221  768 

6.19  (-17)  2.5821  666 

6.20  (-17)2.2812  620 

6.21  (-17)2.0150  194 

6.22  (-17)1.7794  936 

6.23  (-17)1.5711  830 

6.24  (-17)1.3869  801 

6.25  (-17)1.2241  281 

6.26  (-17)1.0801  812 

6.27  (-18)9.5297  064 

6.28  (-18)8.4057  325 

6.29  (-18)7.4128  421 

6.30  (-18)6.5359  252 

6.31  (-18)5.7615  925 

6.32  (-18)5.0779  819 

6.33  (-18)4.4745  863 

6.34  (-18)3.9421  013 

6.35  (-18)3.4722  886 

6.36  (-18)3.0578  557 

6.37  (-18)2.6923  486 

6.38  (-18)2.3700  568 

6.39  (-18)2.0859  281 

6.40  (-18)1.8354  945 

6.41  (-18)1.6148  045 

6.42  (-18)1.4203  650 

6.43  (-18)1.2490  883 

6.44  (-18)1.0982  455 

6.45  (-19)9.6542  574 

6.46  (-19)8.4849  924 

6.47  (-19)7.4558  503 

6.48  (-19)6.5502  224 

6.49  (-19)5.7534  461 

6.50  (-19)5.0525  800 


V* 

6.50  (-19)5.0525  800 

6.51  (-19)4.4362  038 

6.52  (-19)3.8942  418 

6.53  (-19)3.4178  066 

6.54  (-19)2.9990  603 

6.55  (-19)2.6310  921 

6.56  (-19)2.3078  100 

6.57  (-19)2.0238  447 

6.58  (-19)1.7744  651 

6.59  (-19)1.5555  031 

6.60  (-19)1.3632  874 

6.61  (-19)1.1945  852 

6.62  (-19)1.0465  500 

6.63  (-20)9.1667  618 

6.64  (-20)8.0275  879 

6.65  (-20)7.0285  758 

6.66  ( -20)'6.1526  575 

6.67  (-20)5.3848  212 

6.68  (-20)4.7118  664 

6.69  (-20)4.1221  880 

6.70  (-20)3.6055  852 

6.71  (-20)3.1530  937 

6.72  (-20)2.7568  372 

6.73  (-20)2.4098  972 

6.74  (-20)2.1061  973 

6.75  (-20)1.8404  021 

6.76  (-20)1.6078  278 

6.77  (-20)1.4043  634 

6.78  (-20)1.2264  013 

6.79  (-20)1.0707  765 

6.80  (-21)9.3471  286 

6.81  (-21)8.1577  565 

6.82  (-21)7.1183  018 

6.83  (-21)6.2100  515 

6.84  (-21)5.4166  048 

6.85  (-21)4.7235  904 

6.86  (-21)4.1184  183 

6.87  (-21)3.5900  610 

6.88  (-21)3.1288  615 

6.89  (-21)2.7263  649 

6.90  (-21)2.3751  704 

6.91  (-21)2.0688  010 

6.92  (-21)  1.8015  892 

6.93  (-21)1.5685  776 

6.94  (-21)1.3654  297 

6.95  (-21)1.1883  540 

6.96  (-21)1.0340  356 

6.97  (-22)8.9957  684 

6.98  (-22)7.8244  565 

6.99  (-22)6.8042  967 


— ~ 

V7T 

7.00  (-22)5.9159  630 

7.01  (-22)5.1425  768 

7.02  (-22)4.4694  005 

7.03  (-22)3.8835  679 

7.04  (-22)3.3738  492 

7.05  (-22)2.9304  450 

7.06  (-22)2.5448  057 

7.07  (-22)2.2094  736 

7.08  (-22)1.9179  450 

7.09  (-22)1.6645  491 

7.10  (-22)1.4443  426 

7.11  (-22)1.2530  171 

7.12  (-22)1.0868  181 

7.13  (-23)9.4247  516 

7.14  (-23)8.1713  928 

7.15  (-23)7.0832  963 

7.16  (-23)6.1388  620 

7.17  (-23)5.3192  876 

7.18  (-23)4.6082  095 

7.19  (-23)3.9913  893 

7.2(T  (-23)3.4564  408 

7.21  (-23)2.9925  904 

7.22  (-23)2.5904  701 

7.23  (-23)2.2419  351 

7.24  (-23)1.9399  057 

7.25  (-23)1.6782  295 

7.26  (-23)1.4515  608 

7.27  (-23)1.2552  558 

7.28  (-23)1.0852  815 

7.29  (-24)9.3813  574 

7.30  (-24)8.1077  830 

7.31  (-24)7.0057  026 

7.32  (-24)6.0522  159 

7.33  (-24)5.2274  546 

7.34  (-24)4.5141  841 

7.35  (-24)3.8974  577 

7.36  (-24)3.3643  153 

7.37  (-24)2.9035  220 

7.38  (-24)2.5053  400 

7.39  (-24)2.1613  315 

7.40  (-24)1.8641  859 

7.41  (-24)1.6075  712 

7.42  (-24)1.3860  036 

7.43  (-24)1.1947  351 

7.44  (-24)1.0296  557 

7.45  (-25)8.8720  826 

7.46  (-25)7.6431  480 

7.47  (-25)6.5831  250 

7.48  (-25)5.6689  820 

7.49  (-25)4.8808  021 


7.50  (-25)4.2013  654 

7.51  (-25)3.6157  871 

7.52  (-25)3.1112  033 

7.53  (-25)2.6764  989 

7.54  (-25)2.3020  719 

7.55  (-25)1.9796  292 

7.56  (-25)1.7020  094 

7.57  (-25)1.4630  299 

7.58  (-25)1.2573  541 

7.59  (-25)1.0803  765 

7.60  (-26)9.2812  353 

7.61  (-26)7.9716  752 

7.62  (-26)6.8455  216 

7.63  (-26)5.8772  834 

7.64  (-26)5.0449  849 

7.65  (-26)4.3296  844 

7.66  (-26)3.7150  594 

7.67  (-26)3.1870  466 

7.68  (-26)2.7335  323 

7.69  (-26)2.3440  839 

7.70  (-26)2.0097  185 

7.71  (-26)1.7227  031 

7.72  (-26)1.4763  822 

7.73  (-26)1.2650  285 

7.74  (-26)1.0837  147 

7.75  (-27)9.2820  251 

7.76  (-27)7.9484  723 

7.77  (-27)6.8051  505 

7.78  (-27)5.8251  209 

7.79  (-27)4.9852  310 

7.80  (-27)4.2655  868 

7.81  (-27)3.6490  970 

7.82  (-27)3.1210  820 

7.83  (-27)2.6689  356 

7.84  (-27)2.2818  346 

7.85  (-27)1.9504  883 

7.86  (-27)1.6669  236 

7.87  (-27)1.4242  990 

7.88  (-27)1.2167  456 

7.89  (-27)1.0392  297 

7.90  (-28)8.8743  478 

7.91  (-28)7.5766  022 

7.92  (-28)6.4673  396 

7.93  (-28)5.5193  762 

7.94  (-28)4.7094  204 

7.95  (-28)4.0175  202 

7.96  (-28)3.4265  874 

7.97  (-28)2.9219  899 

7.98  (-28)2.4912  008 

7.99  (-28)2.1234  982 

8.00  (-28)1.8097  068 


7.00  (-22)5.9159  630  7.50  (-25)4.2013  654 

^=0.88622  69255 
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x 


2 


e~x 


2 


8.00  ( -28)  1.8097  068 

8.01  (-28)1.5419  762 

8.02  (-28)1.3135  913 

8.03  (-28)1.1188  091 

8.04  (-29)9.5271  911 


8.05  (-29)8.1112  334 

8.06  (-29)6.9043  382 

8.07  (-29)5.8758  453 

8.08  (-29)4.9995  601 

8.09  (-29)4.2531  077 


8.10  (-29)3.6173  797 

8.11  (-29)3.0760  612 

8.12  (-29)2.6152  245 

8.13  (-29)2.2229  829 

8.14  (-29)1.8891  933 


8.15  (-29)1.6052  025 

8.16  (-29)1.3636  296 

8.17  (-29)1.1581  801 

8.18  (-30)9.8348  778 

8.19  (-30)8.3497  786 


8.20  (-30)7.0875  167 

8.21  (-30)6.0148  717 

8.22  (-30)5.1035  431 

8.23  (-30)4.3294  262 

8.24  (-30)3.6719  947 


8.25  (-30)3.1137  725 

8.26  (-30)2.6398  841 

8.27  (-30)2.2376  697 

8.28  (-30)1.8963  577 

8.29  (-30)1.6067  846 


8.30  (-30)1.3611  569 

8.31  (-30)1.1528  476 

8.32  (-31)9.7622  228 

8.33  (-31)8.2649  206 

8.34  (-31)6.9958  710 


8.35  (-31)5.9204  954 

8.36  (-31)5.0094  199 

8.37  (-31)4.2376  977 

8.38  (-31)3.5841  456 

8.39  (-31)3.0307  803 


8.40  (-31)2.5623  380 

8.41  (-31)2.1658  657 

8.42  (-31)1.8303  736 

8.43  (-31)1.5465  399 

8.44  (-31)1.3064  586 

8.45  (-31)1.1034  263 

8.46  (-32)9.3176  012 

8.47  (-32)7.8664  369 

8.48  (-32)6.6399  552 

8.49  (-32)5.6035  774 

8.50  (-32)4.7280  139 


x 

8.50 

8.51 

8.52 

8.53 

8.54 

8.55 

8.56 

8.57 

8.58 

8.59 

8.60 
8.61 
8.62 

8.63 

8.64 

8.65 

8.66 

8.67 

8.68 

8.69 

8.70 

8.71 

8.72 

8.73 

8.74 

8.75 

8.76 

8.77 

8.78 

8.79 

8.80 
8.81 
8.82 

8.83 

8.84 

8.85 

8.86 

8.87 

8.88 

8.89 

8.90 

8.91 

8.92 

8.93 

8.94 

8.95 

8.96 

8.97 

8.98 

8.99 

9.00 


1-32)4.7280  139  9.00  ( 

-32)3.9884  601  9.01  ( 

-32)3.3639  141  9.02  ( 

-32)2.8365  973  9.03  ( 

-32)2.3914  628  9.04  ( 

1-32)2.0157  780  9.05  ( 

-32)1.6987  713  9.06  ( 

-32)1.4313  316  9.07  ( 

-32)1.2057  541  9.08  ( 

-32)1.0155  245  9.09  ( 


(-33)8.5513 
(-33)  7.1993 
(-33)  6.0598 
(-33)  5.0997 
(-33)4.2908 

1-33)3.6095 
-33)  3.0358 
-33)2.5527 
-33)2.1461 
-33)1.8039 

(-33)1.5160 
(-33)1.2737 
(-33)1.0700 
(-34)  8.9869 
(-34)  7.5464 

(-34)  6.3355 
(-34) 5.3178 
(-34)4.4627 
(-34)  3.7444 
(-34)  3.1411 

(-34)2.6344 
(-34)2.2090 
(-34)  1.8520 
(-34)1.5523 
(-34)  1.3009 


598  9.10  ( 

468  9.11  ( 

819  9.12  ( 

438  9.13  ( 

734  9.14  ( 

760  9.15  ( 

465  9.16  ( 

988  9.17  ( 

817  9.18  ( 

709  9.19  ( 

228  9.20  ( 

818  9.21  ( 

339  9.22  ( 

668  9.23  ( 

360  9.24  ( 

422  9.25  ( 

836  9.26  ( 

957  9.27  ( 

525  9.28  ( 

074  9.29  ( 

525  9.30  ( 

784  9.31  ( 

172  9.32  ( 

585  9.33  ( 

248  9.34  ( 


(-34)1.0899  975  9.35  ( 

(-35)9.1308  655  9.36  ( 

(-35)7.6473  600  9.37  ( 

(-35)6.4036  010  *.38  ( 

(-35)5.3610  534  9.39  ( 

1-35)4.4873  418  9.40  ( 

-35)3.7552  711  9.41  ( 

-35)3.1420  030  9.42  ( 

-35)2.6283  611  9.43  ( 

-35)2.1982  476  9.44  ( 

1-35)1.8381  516  9.45  ( 

-35)1.5367  357  9.46  ( 

-35)1.2844  884  9.47  ( 

-35)1.0734  315  9.48  ( 

-36)8.9687  435  9.49  ( 

(-36)7.4920  734  9.50  ( 


£ = 0.88622  69255 


-36)7.4920  734 
-36)6.2572  800 
-36)5.2249  519 
-36)4.3620  651 
-36)3.6409  535 

-36)3.0384  441 
-36)2.5351  317 
-36)2.1147  690 
-36)1.7637  559 
-36)1.4707  105 

-36)1.2261  088 
-36)1.0219  837 
-37)8.5167  148 
-37)7.0959  960 
-37)5.9110  925 

-37)4.9230  619 
-37)4.0993  592 
-37)3.4127  918 
-37)2.8406  437 
-37)2.3639  423 

-37)1.9668  449 
-37)1.6361  251 
-37)1.3607  427 
-37)1.1314  847 
-38)9.4066  395 

-38)7.8186  802 
-38)6.4974  888 
-38)5.3984  710 
-38)4.4844  496 
-38)3.7244  373 

-38)3.0926  112 
-38)2.5674  566 
-38)2.1310  520 
-38)1.7684  718 
-38)1.4672  880 

-38)1.2171  545 
-38)1.0094  602 
-39)8.3703  932 
-39^)  6.9392  997 
-39)5.7517  311 

-39)4.7664  456 
-39)3.9491  520 
-39)3.2713  439 
-39)2.7093  286 
-39)2.2434  186 

-39)1.8572  574 
-39)1.5372  589 
-39)1.2721  404 
-39)1.0525  343 
-40)8.7066  400 

-40)7.2007  555 


9.50  (-40)7.2007  555 

9.51  (-40)5.9541  351 

9.52  (-40)4.9223  495 

9.53  (-40)4.0685  471 

9.54  (-40)3.3621  678 

9.55  (-40)2.7778  742 

9.56  (-40)2.2946  629 

9.57  (-40)1.8951  272 

9.58  (-40)1.5648  437 

9.59  (-40)1.2918  638 

9.60  (-40)1.0662  907 

9.61  (-41)8.7992  901 

9.62  (-41)7.2599  363 

9.63  (-41)5.9886  802 

9.64  (-41)4.9390  403 

9.65  (-41)4.0725  570 

9.66  (-41)3.3574  141 

9.67  (-41)2.7672  971 

9.68  (-41)2.2804  460 

9.69  (-41)1.8788  710 

9.70  (-41)1.5477  017 

9.71  (-41V1.2746  493 

9.72  (-41)1.0495  600 

9.73  (-42)8.6404  628 

9.74  (-42)7.1118  055 

9.75  (-42)5.8524  252 

9.76  (-42)4.8150  968 

9.77  (-42)3.9608  401 

9.78  (-42)3.2574  873 

9.79  (-42)2.6784  979 

9.80  (-42)2.2019  782 

9.81  (-42)1.8098  720 

9.82  (-42)1.4872  907 

9.83  (-42)1.2219  600 

9.84  (-42)1.0037  632 

9.85  (-43)8.2436  338 

9.86  (-43)6.7689  179 

9.87  (-43)5.5569  047 

9.88  (-43)4.5609  970 

9.89  (-43)3.7428  271 

9.90  (-43)3.0708  096 

9.91  (-43)2.5189  477 

9.92  (-43)2.0658  489 

9.93  (-43)1.6939  130 

9.94  (-43)1.3886  628 

9.95  (-43)1.1381  922 

9.96  (-44)9.3271  204 

9.97  ( -44)  7.6417  477 

9.98  (-44)6.2596  629 

9.99  (-44)5.1265  162 

10.00  (-44)4.1976  562 
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x~ 2 

are1 2 erfc  x 

<x> 

X-2 

xe*2  erfc  x 

<x> 

0.250 

0.51079 

14 

2 

0. 125 

0.53406  72 

3 

0.245 

0.51163 

07 

2 

0.120 

0.53511  47 

3 

0.  240 

0.  51247 

67 

2 

0.115 

0.53617  29 

3 

0.235 

0.  51332 

94 

2 

0.110 

0.53724  20 

3 

0.  230 

0.  51418 

90 

2 

0.105 

0.  53832  23 

3 

0.225 

0.  51505 

55 

r 2 ~ 

0. 100 

0.53941  41 

3 

0.  220 

0.  51592 

92 

2 

0.  095 

0.54051  76 

3 

0.215 

0.  51681 

01 

2 

0.090 

0.54163  32 

3 

0.210 

0.51769 

83 

2 

0.  085 

0.54276  11 

3 

0.205 

0.  51859 

40 

2 

0.080 

0.54390  16 

4 

0.200 

0.  51949 

74 

2 

0.  075 

0.54505  51 

4 

0.195 

0.  52040 

85 

2 

0.  070 

0.54622  19 

4 

0.190 

0.  52132 

75 

2 

0.065 

0.54740  24 

4 

0.185 

0.52225 

45 

2 

0.060 

0.54859  69 

4 

0.180 

0.  52318 

98 

2 

0.055 

0.54980  58 

4 

0.175 

0.  52413 

33 

2 

0.050 

0.55102  95 

4 

0.170 

0.52508 

55 

2 

0.045 

0.55226  85 

5 

0.165 

0.  52604 

63 

2 

0.040 

0.  55352  32 

5 

0.160 

0.52701 

59 

3 

0.035 

0.55479  41 

5 

0.155 

0.  52799 

46 

3 

0.030 

0.55608  17 

6 

0.150 

0. 52898 

25 

3 

0.025 

0.55738  65 

6 

0. 145 

0.52997 

98 

3 

0.020 

0.55870  90 

7 

0. 140 

0.  53098 

67 

3 

0.015 

0.56005  00 

8 

0.135 

0.  53200 

35 

3 

0.  010 

0.56140  99 

10 

0.130 

0.  53303 

02 

3 

0.005 

0.56278  96 

14 

0.125  0.53406 

[(T 

See  Example  2. 

72 

] 

3 

0.  000 

0.56418  96 

ra 

00 

<x>  = nearest  integer  to  x. 


n erfc  ^nir 

1 0.01218  88821  84803 

2 0.00039  27505  88282 

3 0.00001  41444  02689 

4 0.00000  05351  64662 

5 0.00000  00208  26552 

erfc  x = -V=  f 
V? r Jx 


n erfc  \n~ 

b 0.00000  00008  25422 

7 0.00000  00000  33136 

8 0.00000  00000  01343 

9 0.00000  00000  00055 

10  0.00000  00000  00002 

e~t2dt  = 1— erf  x 


erfc  V»ir  compiled  from  O.  Emersleben,  Numerische  Werte  des  Fehlerintegrals  fur  V^, 
Z.  Angew.  Math.  Mech.  31,393-394,  1951  (with  permission) . 
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REPEATED  INTEGRALS  OF  THE  ERROR  FUNCTION 


X 

n - 1 

0.0 

1.  00000 

0.1 

( - 1) 

1 8. 32738 

0.2 

( - lj 

1 6.  85245 

0.3 

( - lj 

1 5.  56938 

0.4 

\ lj 

14.46884 

2nr(i+1)i"erfcr 


n =2 

1.  00000 

- 1)7.93573 

- 1)6.22654 

- 1)4.82842 

- 1 3.69906 


n =3 

1.  00000 

- 1)7.62409 

- 1)5.  74882 

- 1)4.  28565 

- 1)3.15756 


0.  5 (-  1)3.  53855 

0.6  (-  1)2.76388 

0.  7 (-  1)2.12869 

0.8  (-  1)1.61601 

0.9  (-  1)1.  20884 


I-  1)2.  79859 
- 1)2.-09021 
- 1)1.54061 
- 1)1.12021 
- 2)8.  03288 


1)  2.29846 
1)1.  65244 

1) 1.17295 

2) 8.21802 
2)5.  68138 


1.  0 (-  2)8.  90739 

1.  1 (-  2)6.46332 

1.2  (-  2)4.61706 

1.3  (-  2)3.24613 

1.4  (-  2)2.24570 


(-  2)5.67901 
(-  2)3.95711 
(-  2)2.71686 
(-  2)1.83748 
(-  2)1.22388 


2)  3.  87449 
2)2.  60573 
2)1.  72776 

2) 1.12918 

3)  7.27211 


1.  5 (-  2)1.52836 

1.6  (-  2)1.  02305 

1.7  (-  3)6.73408 

1.  8 (-  3)4.35805 

1.  9 (-  3)2.  77245 


!-  3)8.  02626 
- 3)5.18140 
- 3)3.29192 
- 3)2.05795 
- 3)  1.  26566 


3)4.  61400 
3)  2.  88347 
3)1.  77452 

3) 1.07519 

4) 6.  41281 


2.  0 (-  3)1.  73350 

2.  1 (-  3)1.  06515 

2.2  (-  4)6.43074 

2.3  (-  4)3.81436 

2.4  (-  4)2.  22250 


4)  7.  65644 
4)4.55498 
4)  2.  66457 

4)  1.53245 

5) 8.  66372 


I-  4)3.76431 
- 4)2.17431 
- 4)1.23562 
- 5)6.90731 
- 5)3.  79773 


2.5  (-  4)1.27195 

2.6  (-  5)7.  14929 

2.7  (-  5)3.94619 

2.  8 (-  5)2.13882 

2.9  (-  5)1.  13820 


5)4.  81417 
5)2.  62896 

5)  1.  41072 

6)  7.  43784 
6)  3.  85260 


5)2.  05339 

5) 1.  09167 

6)  5.70591 
6)  2.93172 
6)  1.48058 


3.  0 (-  6)5.  94664 

3.  1 (-  6)3.  05003 

3.2  (-  6)1.  53562 

3.3  (-  7)7.  58899 

3.4  (-  7)3.68109 


6) 1.96029 

7)  9.  79725 
7)  4.  80916 
7)  2.31835 
7)1.  09748 


(-  7)7.34867 
(-  7)3.58429 
(-  7)1.71780 
(-  8)8.08871 
(-  8)3.74180 


3.5  (-  7)1.75241 

3.6  (-  8)8.18726 

3.  7 (-  8)3.  75373 

3.  8 (-  8)1.  68883 

3.9  (-  9)7.45575 

4.  0 (-  9)3.22966 

4.1  (-  9)1.37267 

4.2  (-10)5.  72405 

4.3  (-10)^.34181 

4.4  (-11)9.  39929 


4.5  (-11)3.70102 

4.6  (-11)1.42960 

4.7  (-12)5.41708 

4.8  (-12)2.01353 

4.9  (-13)7.34149 


5.  0 (-13)2.  62561 


(-1)5.64189  58355 
See  Examples  4 and  5. 


I-  8)5.10148 
- 8)2.32831 
- 8)1.  04329 
- 9)4.58945 
- 9)1.98190 

(-10)  8.40124 
(-10)3.49560 
(-10)1.42757 
(-11)  5.  72196 
(-11)2.25085 

(-12) 8. 68930 
(-12)3.29184 
(-12)1.  22375 
(-13)  4.  46407 
(-13)  1.  59785 


I-  8)1.  70036 
- 9)7.58967 
- 9)3.32733 
- 9)1.43260 
-10)6.  05736 

1-10)  2.51501 
-10)  1.  02533 
-11)4.10427 
-11)1.  61297 
-12)6.  22316 

1-12)  2.35705 
-13)  8.  76348 
-13)3.  19826 
-13)1.  14567 
-14)4. 02809 

w1 


(-14)5.61169  (-14)1.  38998 


(-1)2.50000  00000  (-2)9.40315  97258 


Table  7.4 


n=  4 

1.  00000 
(-  1)7.36220 
(-  1)5.36163 
(-  1 3.86125 
(-  1)2.74894 

!-  1)1.93408 
- 1)1.34438 
- 2)9.22962 
- 2)6.25650 
- 2)4.  18643 

I-  2)2.76442 
- 2)1.  80092 
- 2)1.  15720 
- 3)7.  33229 
- 3)4.58017 

(-  3)2.81992 
(-  3)1.71085 
(-  3)1.02261 
(-  4)6.02074 
(-  4)3.49094 

(-  4)1.99301 
(-  4)1.12014 
(-  5)6.19670 
(-  5)3.37364 
(-  5)1.80727 

(-  6)9.52500 
(-  6)4.93818 
(-  6)2.51807 
(-  6)1.26274 
(-  7)6.22654 

!-  7)3.01870 
- 7)1.43874 
- 8)6.  74044 
- 8)3.  10379 
- 8)1.40460 

i-  9)6.24636 
- 9)2.  72947 
- 9)1.17184 
-10)4. 94271 
-10)2.  04800 

(-11)8.  33554 
(-11)3.  33230 
(-11)1.30837 
(-12)  5.  04508 
(-12)1. 91041 

(-13)7.10366 
(-13)  2.59364 
(-14)  9.29786 
(-14)  3.27252 
(-14)1.  13080 

(-15)3.  83592 


(-2)3.12500 
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Table  7.4- 


REPEATED  INTEGRALS  OF  THE  ERROR  FUNCTION 


2”r  (s+i)  *"  erfc  x 


x 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 


JL. 

1)7. 
1)5. 
1 3. 
1)2. 


n=  5 

1.  00000 
13475 
03608 
51572 
42671 


- 1)1.65569 

- 1)1.11630 

- 2)7.43528 

- 2)4.89121 

- 2)3.  17704 


(- 

(- 


2)2.  03707 

2) 1.28901 

3) 8.  04765 
3)4.  95614 
3)3.  01008 


3)1.80252 

3) l.  06403 

4) 6.  19032 

$ 


[j  3.  54870 
\)  2.  00419 


(- 


4) 1.11492 

5) 6.10810 
5)3.29497 

5)  1.  74988 

6)  9. 14767 

6)4.70641 
6)2.  38278 

6) 1.  18695 

7) 5.  81672 
7)2.  80391 

7)  1.  32935 

8) 6.  19798 

8) 2.  84151 
8)1.  28082 

9)  5.  67576 


- 9)2.47236 

- 9)1.  05855 
-10)  4.  45435 
-10)1. 84200 
-11)7.48503 

-11)2. 98854 
-11)1.  17234 
-12)4.51802 
-12)1.71044 
-13)  6.  36069 

-13)2. 32332 
-14)  8.33482 
-14)  2.  93656 
-14)1. 01604 
-15)3.45215 


5.0 


(-15)1.15173 


(-3)9.  40315  97258 


n =6 

1.  00000 
(-  4)6.93283 
(-  1)4.  75548 
(-  1)3.22652 
(-  1)2.  16478 

(-  1)1.  43588 
(-  2)9.41309 
(-  2)6.  09742 
(-  2)3.90166 
(-  2)2.46567 

(-  2)1.  53850 
(-  3)9.  47623 
(-  3)5.  76033 
(-  3)3.45489 
(-  3)2.  04411 

(-  3)1.19278 
(-  4)6.  86307 
(-  4)3.  89303 
(-  4)2.  17663 
(-  4)1.19930 

1-  5)6.51088 
- 5)3.48211 
- 5)1.83427 
- 6)9.51547 
- 6)4.86044 

(-  6)2.44418 
(-  6)1.20988 
(-  7)5.  89435 
- 7)2.82592 
- 7)1.  33308 

I-  8)6.18684 
- 8)2.82454 
- 8)1.26835 
- 9)5.60145 
- 9)2.43265 

(-  9)1.03880 
(-10)  4.  36132 
(-10)1.  80009 
(-11)7.30331 
(-11)2.  91245 

! -11)  1.14149 
-12)4. 39668 
-12)1.66412 
-13)6.18894 
-13)  2.26147 

(-14)  8.11851 
(-14)2.  86315 
(-15)9.91898 
(-15)  3.  37534 
(-15)1.12815 

(-16)  3.  70336 


n =10 

1.  00000 
r (-  1)6.28971 
(-  1)3.91490 

- 1)2.41089 

- 1)1.46861 

- 2)8.  84744 

- 2)5.27007 
(-  2)3.  10323 
(-  2)1.  80600 
(-  2)1.  03859 

!-  3)5.  90062 
- 3)3.31130 
- 3)1.83510 
- 3)1.  00415 
- 4)5.42413 

(-  4)2.89186 
(-  4)1.52145 
(-  5)7.  89765 
(-  5)4.  04407 
(-  5)2.04244 

I-  5)1.01722 
- 6)4.99509 
- 6)2.41807 
- 6)1.  15378 
- 7)5.42553 

!-  7)2.51397 
- 7)1.14766 
- 8)5.16116 
- 8)2.28612 
- 9)9.97266 

1-  9)4.28380 
- 9)1.81176 
-10)  7.  54345 
-10)3.  09165 
-10)1.  24712 

!— 11)  4.  95086 
-11)  1.93401 
-12)7.  43354 
-12)2.  81094 
-12)  1.  04564 

(-13)3.  82601 
(-13)1.  37691 
(-14)4. 87328 
(-14)1. 69612 
(-15)5.  80461 

1-15)1.95316 
-16)  6.46126 
-16)  2.10125 
-17)  6.  71719 
-17)2. 11065 

(-18)6.  51829 


-1 


(-3)2.  60416  66667  (-6)8.  13802  08333 


n = 11 


1.00000 
(-  1)6.15727 
(-  1)3.75188 
(-  1)2.  26201 
(-  1)1.34906 

(-  2)7.95749 
(-  2)4.64127 
(-  2)2.  67626 
(-  2)1.  52533 
(-  3)8.59126 

(-  3)4.78106 
(-  3)2.62835 
(-  3)1.42708 
(-  4)7.65146 
(-  4)4.  05030 

(-  4)2.11641 
(-  4)1.09146 
(-  5)5.55435 
(-  5)2.  78871 
(-  5)1.38116 

(-  6)6.74666 
(-  6)3.24987 
(-  6)1.54350 
(-  7)7.  22681 
(-  7)3.  33519 

(-  7)1.51693 
(-  8)6.79864 
(-  8)3.00212 
(-  8)1.  30595 
(-  9)5.59577 

(-  9)2.36143 
(-10)  9.  81330 
(-10)4.01541 
(-10)1.  61759 
(-11)6.  41479 

(-11)2.50393 
(-12)9.  61928 
(-12)3.  63661 
(-12)1.  35283 
(-13)  4.95149 

(-13)1.  78294 
(-14)  6.  31544 
(-14)2.  20038 
(-15)  7.  54020 
(-15)2.  54109 

(-16)  8.  42124 
(-16)2. 74419 
(-17)  8.  79230 
(-17)  2.  76954 
(-18)  8.57626 

(-18)  2.  61062 


(-6)1.69609  66316 
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DAWSON’S  INTEGRAL  Table  7.5 


a 

e-*2r 

Jo 

f Alt 

X 

Jo 

el  dt 

x 2 

-x2Cx 
xe  x I 

Jo 

et  dt 

<x> 

0.00 

0.  00000 

00000 

1.  00 

0.53807 

95069 

0.  250 

0.  60268 

0777 

2 

0.  02 

0.  01999 

46675 

1.  02 

0.  53637 

44359 

0.  245 

0.  60046 

6027 

2 

0.  04 

0.  03995 

73606 

1.  04 

0.53431 

71471 

0.  240 

0.  59819 

8606 

2 

0.  06 

0.  05985 

62071 

1.  06 

0.  53192 

50787 

0.  235 

0.  59588 

1008 

2 

0.  08 

0.  07965 

95389 

1.  08 

0.52921 

57454 

0.230 

0.  59351 

6018 

2 

0.10 

0.  09933 

59924 

1.10 

0.52620 

66800 

0.225 

0.  59110 

6724 

2 

0.12 

0. 11885 

46083 

1.12 

0.52291 

53777 

0.220 

0.  58865 

6517 

2 

0.14 

0. 13818 

49287 

1. 14 

0.51935 

92435 

0.215 

0.58616 

9107 

2 

0.16 

0.15729 

70920 

1.16 

0.51555 

55409 

0.210 

0.58364 

8516 

2 

0.18 

0.17616 

19254 

1.18 

0.  51152 

13448 

0.205 

0.58109 

9080 

2 

0.20 

0.19475 

10334 

1.20 

0.  50727 

34964 

0.200 

0.  57852 

5444 

2 

0.  22 

0.  21303 

68833 

1.22 

0.50282 

85611 

0.195 

0.  57593 

2550 

2 

0.  24 

0.  23099 

28865 

1.24 

0.  49820 

27897 

0.190 

0.57332 

5618 

2 

0.26 

0.  24859 

34747 

1.26 

0.  49341 

20827 

0.185 

0.  57071 

0126 

2 

0.28 

0.26581 

41727 

1.28 

0.  48847 

19572 

0.180 

0.  56809 

1778 

2 

0.30 

0.  28263 

16650 

1.30 

0.48339 

75174 

0.175 

0.  56547 

6462 

2 

0.32 

0.  29902 

38575 

1.32 

0.  47820 

34278 

0.170 

0.  56287 

0205 

2 

0.  34 

0.  31496 

99336 

1.34 

0.  47290 

38898 

0.165 

0.  56027 

9114 

2 

0.36 

0.  33045 

04051 

1.36 

0.  46751 

26208 

0.160 

0.  55770 

9305 

3 

0.38 

0.  34544 

71562 

1.38 

0.  46204 

28368 

0.155 

0.  55516 

6829 

3 

0.40 

0.  35994 

34819 

1.40 

0.  45650 

72375 

0.150 

0.  55265 

7582 

3 

0.42 

0.  37392 

41210 

1.  42 

0.  45091 

79943 

0.145 

0.  55018 

7208 

3 

0.  44 

0.  38737 

52812 

1.  44 

0.  44528 

67410 

0.140 

0.  54776 

0994 

3 

0.46 

0.40028 

46599 

1.46 

0.  43962 

45670 

0.135 

0.  54538 

3766 

3 

0.48 

0.  41264 

14572 

1.  48 

0.43394 

20135 

0.130 

0.  54305 

9774 

3 

0.50 

0.  42443 

63835 

1.50 

0.  42824 

90711 

0.125 

0.  54079 

2591 

3 

0.52 

0.  43566 

16609 

1.52 

0.  42255 

51804 

0.120 

0.  53858 

5013 

3 

0.  54 

0.  44631 

10184 

1.  54 

0.  41686 

92347 

0.115 

0.  53643 

8983 

3 

0.56 

0.45637 

96813 

1.56 

0.  41119 

95842 

0.110 

0.  53435 

5529 

3 

0.58 

0.  46586 

43551 

1.58 

0.40555 

40424 

0.105 

0.53233 

4747 

3 

0.  60 

0.  47476 

32037 

1.  60 

0.  39993 

98943 

0.100 

0.  53037 

5810 

3 

0.  62 

0.  48307 

58219 

1.  62 

0.  39436 

39058 

0.  095 

0.  52847 

7031 

3 

0.  64 

0.  49080 

32040 

1.  64 

0.  38883 

23346 

0.  090 

0.  52663 

5967 

3 

0.  66 

0.  49794 

77064 

1.  66 

0.  38335 

09429 

0.  085 

0.  52484 

9575 

3 

0.  68 

0.  50451 

30066 

1.  68 

0.  37792 

50103 

0.  080 

0.52311 

4393 

4 

0.70 

0.51050 

40576 

1.70 

0.  37255 

93490 

0.  075 

0.  52142 

6749 

4 

0.72 

0.  51592 

70382 

1.72 

0.  36725 

83182 

0.  070 

0.  51978 

2972 

4 

0.  74 

0.  52078 

93010 

1.  74 

0.  36202 

58410 

0.065 

0.51817 

9571 

4 

0.76 

0.52509 

93152 

1.76 

0.  35686 

54206 

0.060 

0.51661 

3369 

4 

0.78 

0.  52886 

66089 

1.78 

0.  35178 

01580 

0.  055 

0.51508 

1573 

4 

0.80 

0.53210 

17071 

1.80 

0.  34677 

27691 

0.  050 

0.  51358 

1788 

4 

0.  82 

0.  53481 

60684 

1.82 

0.  34184 

56029 

0.  045 

0.  51211 

1971 

5 

0.  84 

0.  53702 

20202 

1.  84 

0.33700 

06597 

0.  040 

0.51067 

0372 

5 

0.86 

0.  53873 

26921 

1.  86 

0.  33223 

96091 

0.  035 

0.50925 

5466 

5 

0.  88 

0.53996 

19480 

1.  88 

0.  32756 

38080 

0.  030 

0.50786 

5903 

6 

0.90 

0.  54072 

43187 

1.90 

0.  32297 

43193 

0.  025 

0.  50650 

0473 

6 

0.92 

0.  54103 

49328 

1.92 

0.  31847 

19293 

0.  020 

0.50515 

8078 

7 

0.  94 

0.  54090 

94485 

1.94 

0.31405 

71655 

0.  015 

0.50383 

7717 

8 

0.96 

0.  54036 

39857 

1.96 

0.30973 

03141 

0.  010 

0.  50253 

8471 

10 

0.98 

0.  53941 

50580 

1.98 

0.  30549 

14372 

0.  005 

0.50125 

9494 

14 

1.  00 

0.53807 

95069 

2.  00 

0.30134 

03889 

0.000 

0.50000 

0000 

OO 

-(-5)7J  [(_4)4]  [( ~6 )8] 


See  Example  3.  <x*>  =nearest  integer  to  x. 

Compiled  from  J.  B.  Rosser,  Theory  and  application  of  e~x2dx  and  J*  e~^dy  ^ p~~/2d.r. 

Mapleton  House,  Brooklyn,  N.Y.,  1948;  and  B.  Lohmander  and  S.  Rittsten,  Table  of  the 
function  y=e~x2j*pt2dt, Kungl.  Fysiogr.  Sallsk.  i Lund  Forh.  28, 45-52, 1958  (with  permission). 
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ERROR  FUNCTION  AND  FRESNEL  INTEGRALS 


Table  7.6 


X 

/1\  J0  e dt 

X 

Tid 

0.  00 

0.00000  00 

0.70 

0.  02 

0.  02239  69 

0.  72 

0.  04 

0.04479  31 

0.74 

0.  06 

0.06718  72 

0.  76 

0.  08 

0.08957  63 

0.  78 

0.10 

0.11195  67 

0.80 

0.12 

0.13432  36 

0.  82 

0.14 

0.15667  11 

0.  84 

0.16 

0.17899  22 

0.  86 

0.18 

0.20127  90 

0.  88 

0.20 

0.22352  24 

0.90 

0.  22 

0.24571  24 

0.  92 

0.  24 

0.26783  80 

0.94 

0.26 

0.28988  71 

0.  96 

0.28 

0.31184  70 

0.98 

0.30 

0.33370  37 

1.00 

0.  32 

0.35544  26 

1.02 

0.  34 

0.37704  82 

1.04 

0.  36 

0.39850  45 

1.  06 

0.  38 

0.41979  45 

1.08 

0.40 

0.44090  07 

1.10 

0.  42 

0.46180  52 

1.12 

0.44 

0.48248  96 

1.14 

0.  46 

0.50293  51 

1.16 

0.48 

0.52312  25 

1.18 

0.50 

0.54303  28 

1.20 

0.  52 

0.56264  66 

1.22 

0.  54 

0.58194  46 

1.24 

0.  56 

0.60090  80 

1.26 

0.58 

0.61951  78 

1.28 

0.  60 

0.63775  57 

1.30 

0.  62 

0.65560  39 

1.32 

0.  64 

0.  67304  52 

1.34 

0.  66 

0.69006  30 

1.36 

0.  68 

0.70664  18 

1.38 

0.70 

0.72276  69 

1.40 

3 Cx  _ 

m L e 

i*dt 

3 r x . 
/1\  e 

t3dt 

© 

X 

r©Jo 

0.  72276 

69 

1.40 

0. 98973 

54 

0.73842 

49 

1.  42 

0.99109 

36 

0.75360 

34 

1.44 

0. 99229 

70 

0.  76829 

12 

1.46 

0.99335 

97 

0. 78247 

88 

1.48 

0.  99429 

49 

0. 79615 

78 

1.50 

0.99511 

49 

0. 80932 

16 

1.  52 

0.  99583 

14 

0.82196 

48 

1.  54 

0. 99645 

52 

0. 83408 

41 

1.56 

0.  99699 

62 

0. 84567 

73 

1.58 

0. 99746 

38 

0. 85674 

42 

1.  60 

0. 99786 

63 

0. 86728 

62 

1.  62 

0. 99821 

16 

0. 87730 

62 

1.64 

0.  99850 

65 

0. 88680 

89 

1.  66 

0. 99875 

75 

0.89580 

05 

1.68 

0. 99897 

03 

0. 90428 

86 

1.70 

0. 99914 

99 

0. 91228 

25 

0.91979 

27 

0.92683 

11 

0. 93341 

06 

0. 93954 

56 

1.70 

0.99914 

99 

0.  94525 

09 

1.74 

0. 99942 

75 

0.95054 

27 

1.78 

0. 99962 

05 

0.95543 

76 

1.  82 

0.  99975 

26 

0.95995 

30 

1.86 

0. 99984 

14 

0.  96410 

64 

1.90 

0.  99990 

01 

0. 96791 

62 

1.94 

0.99993 

82 

0. 97140 

05 

1.  98 

0. 99996 

24 

0. 97457 

79 

2.  02 

0. 99997 

76 

0. 97746 

66 

2.06 

0.  99998 

69 

0.98008 

48 

2.10 

0. 99999 

25 

0. 98245 

07 

2.14 

0. 99999 

57 

0. 98458 

18 

2.18 

0.99999 

77 

0. 98649 

52 

2.22 

0.  99999 

87 

0. 98820 

77 

2.26 

0. 99999 

93 

0.98973 

54 

2.30 

0.  99999 

97 

Compiled  from  M.  Abramowitz,  Table  of  the  integral  j*e  u*du,  J.  Math.  Phys.  30, 162-163, 1951 
(with  permission) . 
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FRESNEL  INTEGRALS  Table  7.7 


c (■<■)= jo  cos 

(H 

dt 

rcos'*= 

4 

n 

«W=Jo  sin 

(H 

dt 

ru  sin  t u 

— ( it =■ 
'o  -\t 

s(v 

f) 

X 

7T 

w=2  7 

2 

C(r)=C2(«) 

S(r)=S2(u) 

X 

M==  2x2 

C(r)=C2(«) 

.S(.r)=.V2(«) 

0.00 

0.  00000 

00 

0.  00000 

00 

0.  00000 

00 

1.00 

1.57079  63 

0.  77989 

34 

0.  43825 

91 

0.02 

0.  00062 

83 

0.  02000 

00 

0. 00000 

42 

1.  02 

1.63425  65 

0.  77926 

11 

0.  45824 

58 

0.  04 

0. 00251 

33 

0.  04000 

00 

0.  00003 

35 

1.04 

1.69897  33 

0.  limb 

01 

0.  47815 

08 

0.  06 

0.00565 

49 

0. 05999 

98 

0. 00011 

31 

1.06 

1.76494  68 

0.  77414 

34 

0. 49788 

84 

0.08 

0.01005 

31 

0.  07999 

92 

0.00026 

81 

1.08 

1.83217  68 

0.  76963 

03 

0.51736 

86 

0.10 

0.  01570 

80 

0. 09999 

75 

0.  00052 

36 

1.10 

1.90066  36 

0.  76380 

67 

0.  53649 

79 

0.12 

0. 02261 

95 

0. 11999 

39 

0.  00090 

47 

1.12 

1.97040  69 

0.75667 

60 

0.55517 

92 

0.14 

0.  03078 

76 

0.  13998 

67 

0.  00143 

67 

1.14 

2.04140  69 

0.  74824 

94 

0.  57331 

28 

0. 16 

0.  04021 

24 

0.  15997 

41 

0.  00214 

44 

1.16 

2.  11366  35 

0.  73854 

68 

0.  59079 

66 

0.18 

0.05089 

38 

0.  17995 

34 

0.  00305 

31 

1.18 

2.  18717  68 

0.  72759 

68 

0.  60752 

74 

0.20 

0.  06283 

19 

0. 19992 

11 

0.  00418 

76 

1.20 

2.26194  67 

0.71543 

77 

0.  62340 

09 

0.22 

0. 07602 

65 

0.21987 

29 

0.  00557 

30 

1.22 

2.  33797  33 

0.70211 

76 

0.  63831 

34 

0.24 

0.  09047 

79 

0.23980 

36 

0.  00723 

40 

1.24 

2.  41525  64 

0.  68769 

47 

0. 65216 

19 

0.26 

0. 10618 

58 

0.25970 

70 

0.  00919 

54 

1.26 

2.49379  62 

0.  67223 

78 

0.  66484 

56 

0.28 

0. 12315 

04 

0.27957 

56 

0.  01148 

16 

1.28 

2.57359  27 

0.  65582 

63 

0.  67626 

72 

0.  30 

0. 14137 

17 

0.  29940 

10 

0. 01411 

70 

1.30 

2.  65464  58 

0. 63855 

05 

0. 68633 

33 

0.  32 

0.  16084 

95 

0. 31917 

31 

0.  01712 

56 

1.32 

2.73695  55 

0.  62051 

11 

0. 69495 

62 

0.  34 

0. 18158 

41 

0. 33888 

06 

0. 02053 

11 

1.34 

2.  82052  19 

0.  60181 

95 

0.  70205 

50 

0.  36 

0.20357 

52 

0. 35851 

09 

0.  02435 

68 

1.36 

2.90534  49 

0.  58259 

73 

0.  70755 

67 

0.  38 

0.  22682 

30 

0.  37804 

96 

0.  02862 

55 

1.38 

2.99142  45 

0.  56297 

59 

0.71139 

77 

0.  40 

0.  25132 

74 

0.  39748 

08 

0.  03335 

94 

1.40 

3.  07876  08 

0.  54309 

58 

0.  71352 

51 

0.  42 

0. 27708 

85 

0. 41678 

68 

0.  03858 

02 

1.42 

3.  16735  37 

0.52310 

58 

0.  71389 

77 

0.  44 

0.  30410 

62 

0.  43594 

82 

0.  04430 

85 

1.44 

3.  25720  33 

0.50316 

23 

0.  71248 

78 

0.  46 

0. 33238 

05 

0.  45494 

40 

0.05056 

42 

1.46 

3.  34830  95 

0.  48342 

80 

0. 70928 

16 

0.  48 

0.  36191 

15 

0.  47375 

10 

0.  05736 

63 

1.48 

3.44067  23 

0.  46407 

05 

0.  70428 

12 

0.50 

0.  39269 

91 

0. 49234 

42 

0.  06473 

24 

1.50 

3.53429  17 

0.  44526 

12 

0.  69750 

50 

0.  52 

0.  42474 

33 

0.  51069 

69 

0.  07267 

89 

1.52 

3.62916  78 

0.  42717 

32 

0.  68898 

88 

0.54 

0.  45804 

42 

0.  52878 

01 

0.  08122 

06 

1.54 

3.  72530  06 

0.40997 

99 

0.  67878 

67 

0.56 

0.  49260 

17 

0.  54656 

30 

0.  09037 

08 

1.56 

3.82268  99 

0.  39385 

29 

0.  66697 

13 

0.58 

0.  52841 

59 

0. 56401 

31 

0.10014 

09 

1.58 

3.92133  60 

0.  37895 

96 

0.  65363 

46 

0.  60 

0.  56548 

67 

0.58109 

54 

0. 11054 

02 

1.60 

4.02123  86 

0.  36546 

17 

0.  63888 

77 

0.  62 

0.  60381 

41 

0.  59777 

37 

0. 12157 

59 

1.62 

4.12239  79 

0.  35351 

20 

0.  62286 

07 

0.  64 

0.  64339 

82 

0.  61400 

94 

0.  13325 

28 

1.64 

4.22481  38 

0.  34325 

29 

0.  60570 

26 

0.  66 

0.  68423 

89 

0. 62976 

25 

0.  14557 

29 

1.66 

4.  32848  64 

0.  33481 

32 

0.  58758 

04 

0.  68 

0. 72633 

62 

0.  64499 

12 

0.  15853 

54 

1.68 

4.43341  56 

0.  32830 

61 

0.  56867 

83 

0.  70 

0.  76969 

02 

0.  65965 

24 

0.17213 

65 

1.70 

4.53960  14 

0.  32382 

69 

0.  54919 

60 

0.  72 

0.  81430 

08 

0.  67370 

12 

0. 18636 

89 

1.72 

4.64704  39 

0.  32145 

02 

0.  52934 

73 

0.  74 

0.  86016 

81 

0.  68709 

20 

0.20122 

21 

1.  74 

4.75574  30 

0.  32122 

83 

0.50935 

84 

0.76 

0.90729 

20 

0.  69977 

79 

0.21668 

16 

1.76 

4.86569  87 

0.  32318 

87 

0. 48946 

49 

0.78 

0.  95567 

25 

0.  71171 

13 

0.  23272 

88 

1.  78 

4.97691  11 

0.  32733 

25 

0.  46990 

94 

0.  80 

1.  00530 

96 

0.  72284 

42 

0.24934 

14 

1.80 

5.08938  01 

0.  33363 

29 

0.  45093 

88 

0.  82 

1.  05620 

35 

0.  73312 

83 

0.  26649 

22 

1.82 

5.20310  58 

0.  34203 

39 

0. 43280 

06 

0.  84 

1.  10835 

39 

0.  74251 

54 

0.  28414 

98 

1.84 

5.31808  80 

0.  35244 

96 

0.41573 

97 

0.  86 

1.16176 

10 

0. 75095 

79 

0.  30227 

80 

1.86 

5.43432  70 

0.  36476 

35 

0.  39999 

44 

0.  88 

1.  21642 

47 

0.  75840 

90 

0.  32083 

55 

1.88 

5.55182  25 

0.  37882 

93 

0.  38579 

25 

0.  90 

1.  27234 

50 

0.  76482 

30 

0.  33977 

63 

1.90 

5.67057  47 

0.  39447 

05 

0.  37334 

73 

0.92 

1.  32952 

20 

0.  77015 

63 

0.  35904 

93 

1.92 

5.79058  36 

0.41148 

24 

0.  36285 

37 

0.  94 

1.  38795 

56 

0.  77436 

72 

0.  37859 

81 

1.94 

5.91184  91 

0.  42963 

33 

0.  35448 

37 

0.96 

1. 44764 

59 

0.  77741 

68 

0.  39836 

12 

1.96 

6.03437  12 

0.  44866 

69 

0. 34838 

30 

0.98 

1. 50859 

28 

0.  77926 

95 

0.41827 

21 

1.98 

6.15814  99 

0.  46830 

56 

0.  34466 

65 

1.00 

1.57079 

63 

0.  77989 

34 

0.  43825 

91 

2.00 

6.28318  53 

0.  48825 

34 

0.  34341 

57 

r(-4)2i 
L 3 J 

r(-4)2i 
L 5 J 

f(-5)8-| 

L 5 J 

m 

’] 

[<■? 

'] 

See  Example  8. 
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Table  7.7  FRESNEL  INTEGRALS 


C(,)=J0*  cos  (f<a)  dt  sin  (gi»)  dt 


X 

2.  00 

C(x) 

0.  48825 

34 

S(x) 

0. 34341 

57 

X 

3.  00 

C(x) 

0. 60572 

08 

S(x) 

0.  49631 

30 

X 

4.00 

C(x) 

0.  49842 

60 

S(x) 

0. 42051 

58 

2.  02 

0.  50820 

04 

0.  34467 

48 

3.  02 

0.  60383 

73 

0.  51619 

42 

4.  02 

0.51821 

54 

0.  42301 

99 

2.  04 

0.  52782 

73 

0. 34844 

87 

3.  04 

0.  59823 

78 

0.  53536 

29 

4.  04 

0.  53675 

05 

0.43039 

00 

2.  06 

0. 54681 

06 

0. 35470 

04 

3.06 

0.  58910 

11 

0.55311 

95 

4.06 

0.  55284 

04 

0. 44217 

81 

2.  08 

0.  56482 

79 

0. 36334 

98 

3.  08 

0. 57674 

01 

0.  56880 

28 

4.  08 

0.  56543 

47 

0. 45764 

45 

2.10 

0.  58156 

41 

0. 37427 

34 

3.10 

0.56159 

39 

0.  58181 

59 

4.10 

0.  57369 

56 

0.  47579 

83 

2.12 

0.  59671 

75 

0. 38730 

37 

3.12 

0. 54421 

58 

0.  59165 

11 

4.12 

0.  57705 

88 

0.  49545 

71 

2. 14 

0.  61000 

60 

0. 40223 

09 

3.14 

0.  52525 

53 

0.59791 

29 

4.14 

0.  57527 

76 

0.  51532 

14 

2. 16 

0.  62117 

32 

0.41880 

45 

3. 16 

0.  50543 

56 

0. 60033 

66 

4.16 

0.  56844 

74 

0.  53405 

87 

2.18 

0. 62999 

53 

0.  43673 

63 

3.18 

0. 48552 

76 

0. 59880 

34 

4.18 

0.  55700 

75 

0. 55039 

41 

2.20 

0.  63628 

60 

0.45570 

46 

3.20 

0. 46632 

03 

0.59334 

95 

4.20 

0.  54171 

92 

0.56319 

89 

2.  22 

0.  63990 

31 

0. 47535 

85 

3.22 

0.  44858 

96 

0.  58416 

97 

4.22 

0.  52362 

06 

0.  57157 

23 

2.  24 

0.  64075 . 

25 

0.  49532 

41 

3.24 

0.  43306 

55 

0.  57161 

47 

4.24 

0.  50396 

08 

0.57491 

03 

2.26 

0.  63879 

28 

0.51521 

11 

3.26 

0.  42040 

05 

0.  55618 

06 

4.26 

0.  48411 

63 

0.57295 

47 

2.28 

0.  63403 

83 

0. 53462 

03 

3.28 

0.41113 

97 

0.  53849 

35 

4.28 

0.  46549 

61 

0.  56582 

05 

2.30 

0.  62656 

17 

0.55315 

16 

3.30 

0. 40569 

44 

0.51928 

61 

4.  30 

0.  44944 

12 

0.  55399 

59 

2.  32 

0.  61649 

45 

0.  57041 

28 

3.  32 

0. 40431 

99 

0.  49936 

95 

4.  32 

0.  43712 

50 

0. 53831 

55 

2.34 

0.  60402 

69 

0.  58602 

84 

3.  34 

0. 40709 

96 

0. 47960 

04 

4.  34 

0.  42946 

40 

0.51990 

77 

2.  36 

0.  58940 

65 

0.  59964 

89 

3.36 

0.41393 

66 

0.  46084 

46 

4.  36 

0.  42704 

39 

0.50011 

73 

2.  38 

0.  57293 

44 

0. 61095 

96 

3.38 

0.  42455 

18 

0.  44393 

82 

4.  38 

0.  43006 

79 

0.  48041 

08 

2.  40 

0.  55496 

14 

0. 61969 

00 

3.40 

0.  43849 

17 

0.  42964 

95 

4.  40 

0.43833 

29 

0.46226 

80 

2.  42 

0.  53588 

11 

0.  62562 

11 

3.  42 

0. 45514 

37 

0. 41864 

11 

4.  42 

0.  45123 

59 

0.  44707 

06 

2.  44 

0.51612 

29 

0. 62859 

38 

3.  44 

0. 47375 

96 

0.41143 

69 

4.  44 

0.  46781 

05 

0.  43599 

33 

2.  46 

0.  49614 

28 

0. 62851 

43 

3.  46 

0.  49348 

70 

0.  40839 

28 

4.  46 

0.  48679 

41 

0.  42990 

86 

2.  48 

0.  47641 

35 

0.  62535 

98 

3.  48 

0.  51340 

62 

0.  40967 

54 

4.  48 

0.  50671 

95 

0.  42931 

16 

2.50 

0.  45741 

30 

0.  61918 

18 

3.50 

0.  53257 

24 

0.  41524 

80 

4.50 

0.  52602 

59 

0.  43427 

30 

2.  52 

0.  43961 

32 

0. 61010 

76 

3.52 

0.  55006 

11 

0. 42486 

72 

4.  52 

0.54318 

11 

0.  44442 

34 

2.  54 

0.  42346 

72 

0.  59834 

06 

3.  54 

0. 56501 

32 

0.  43808 

83 

4.54 

0.  55680 

46 

0.  45897 

36 

2.56 

0.  40939 

65 

0.  58415 

75 

3.56 

0.  57668 

02 

0. 45428 

17 

4.56 

0.  56578 

27 

0. 47676 

89 

2.58 

0.  39777 

91 

0.56790 

42 

3.58 

0.  58446 

43 

0.  47265 

92 

4.58 

0.  56936 

57 

0. 49637 

56 

2.  60 

0.  38893 

75 

0.  54998 

93 

3.60 

0. 58795 

33 

0.49230 

95 

4.  60 

0.56723 

67 

0.  51619 

23 

2.  62 

0.  38312 

73 

0.53087 

53 

3.  62 

0.  58694 

64 

0.51224 

12 

4.  62 

0.  55954 

81 

0.  53457 

97 

2.  64 

0.  38052 

80 

0.  51106 

79 

3.  64 

0.  58147 

10 

0.  53143 

21 

4.  64 

0.  54691 

86 

0.  54999 

67 

2.  66 

0.  38123 

50 

0. 49110 

35 

3.  66 

0.  57178 

75 

0.  54888 

15 

4.  66 

0.53039 

13 

0.  56113 

28 

2.  68 

0.  38525 

32 

0.  47153 

52 

3.  68 

0.  55838 

18 

0. 56366 

38 

4.  68 

0.51135 

38 

0.  56702 

44 

2.70 

0. 39249 

40 

0. 45291 

75 

3.  70 

0.  54194 

57 

0.  57498 

04 

4.70 

0.  49142 

65 

0.  56714 

55 

2.  72 

0.  40277 

39 

0.  43578 

98 

3.  72 

0. 52334 

49 

0.  58220 

56 

4.  72 

0.  47232 

71 

0.56146 

19 

2.  74 

0.  41581 

68 

0.  42066 

03 

3.  74 

0.  50357 

70 

0.  58492 

61 

4.74 

0.  45572 

30 

0.  55044 

52 

2.  76 

0.  43125 

85 

0.  40798 

90 

3.  76 

0.  48371 

94 

0.58296 

92 

4.76 

0.  44308 

30 

0.  53504 

16 

2.  78 

0.  44865 

46 

0. 39817 

24 

3.  78 

0. 46487 

19 

0. 57641 

91 

4.78 

0.  43554 

28 

0. 51659 

82 

2.  80 

0.  46749 

17 

0. 39152 

84 

3.80 

0. 44809 

49 

0.  56561 

87 

4.  80 

0.  43379 

66 

0.  49675 

02 

2.  82 

0.  48720 

04 

0. 38828 

41 

3.  82 

0.  43434 

86 

0.55115 

74 

4.  82 

0.  43802 

47 

0.  47728 

00 

2.  84 

0.  50717 

21 

0.  38856 

43 

3.  84 

0.  42443 

43 

0. 53384 

32 

4.  84 

0.  44786 

69 

0.  45995 

75 

2.  86 

0.  52677 

66 

0. 39238 

50 

3.  86 

0.41894 

43 

0.51466 

22 

4.  86 

0.  46244 

40 

0.  44637 

74 

2.  88 

0.  54538 

21 

0. 39964 

80 

3.  88 

0. 41822 

16 

0. 49472 

45 

4.  88 

0.  48042 

90 

0.  43780 

82 

2.90 

0.  56237 

64 

0.  41014 

06 

3.90 

0. 42233 

27 

0.  47520 

24 

4.  90 

0.  50016 

10 

0.43506 

74 

2.  92 

0.57718 

78 

0. 42353 

87 

3.  92 

0.43105 

68 

0. 45726 

13 

4.92 

0.  51979 

51 

0.43843 

48 

2.  94 

0.  58930 

60 

0. 43941 

39 

3.  94 

0.  44389 

17 

0.  44198 

92 

4.  94 

0.  53747 

34 

0.  44761 

56 

2.  96 

0.  59830 

19 

0.  45724 

45 

3.96 

0.46007 

70 

0. 43032 

79 

4.96 

0.55150 

25 

0.  46175 

67 

2.98 

0.  60384 

56 

0. 47643 

06 

3.98 

0.  47863 

51 

0.  42301 

17 

4.98 

0.  56051 

94 

0.  47951 

78 

3.00 

0. 60572 

08 

0. 49631 

30 

4.  00 

0. 49842 

60 

0. 42051 

58 

5.  00 

0.  56363 

12 

0.  49919 

14 

m 

m 

FT] 

sin  / T o\ 

m 

COS  (w 

m 

,.2\ 

[<n 

For 

,•>5  C(x)  - 
>b  S (x) 

= 0.5±(0.3183099- 

o 

« © 
CD 
Ci 
00 

cos  \2  ‘ ) 

X 

-( 

0.10132  0,Jf4) 

sin  \2 

X 3 

.it  I 

— +€(®) 

€1 

(.r)|<3xl0- 

-7 

For  39 


C'2(tt) 

So  (it) 


:(°. 


0.5  ± 0.3989423- 


0.3\ 

w2 ; 


sm 

cos 


(u) 


(°. 


- 0.19947- 


0.748 

?/2 


) 


COS 

sin 


(«) 


?/A/w 


+c  (m)  e(z/)|<3xl0 


-7 
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AUXILIARY  FUNCTIONS  Table  7.8 


X 

IT  o 
“=2( 

II 

ii 

to 

0.00 

0.00000 

00000 

00000 

0.50000 

00000 

00000 

0.50000 

00000 

00000 

0.  02 

0. 00062 

83185 

30718 

0.49969 

41196 

39303 

0.48031 

40626 

54163 

0.  04 

0.00251 

32741 

22872 

0. 49880 

88057 

20520 

0.46125 

51239 

79101 

0.06 

0.00565 

48667 

76462 

0.49739 

07811 

66949 

0. 44281 

99356 

00196 

0.08 

0.01005 

30964 

91487 

0. 49548 

44294 

00553 

0.42500 

33536 

38036 

0.10 

0.01570 

79632 

67949 

0.  49313 

18256 

06624 

0.40779 

85545 

29930 

0. 12 

0. 02261 

94671 

05847 

0. 49037 

27777 

82254 

0. 39119 

72364 

96391 

0. 14 

0.03078 

76080 

05180 

0.48724 

48761 

11561 

0.37518 

98069 

99885 

0.16 

0. 04021 

23859 

65949 

0. 48378 

35493 

31728 

0.35976 

55566 

09573 

0.18 

0.05089 

38009 

88155 

0.48002 

21268 

70713 

0. 34491 

28197 

39391 

0.  20 

0.06283 

18530 

71796 

0.47599 

19056 

49140 

0.33061 

91227 

69034 

0.22 

0.  07602 

65422 

16873 

0.47172 

22205 

45221 

0. 31687 

13200 

89318 

0.24 

0.  09047 

78684 

23386 

0.46724 

05176 

22164 

0. 30365 

57186 

36191 

0.26 

0.10618 

58316 

91335 

0. 46257 

24293 

12303 

0.29095 

81914 

92531 

0.28 

0.12315 

04320 

20720 

0.45774 

18508 

40978 

0.27876 

42811 

44593 

0.  30 

0.14137 

16694 

11541 

0. 45277 

10172 

56087 

0. 26705 

92929 

81728 

0.  32 

0. 16084 

95438 

63797 

0. 44768 

05805 

06203 

0.25582 

83796 

24420 

0.  34 

0. 18158 

40553 

77490 

0. 44248 

96860 

81319 

0.24505 

66166 

57772 

0.  36 

0.20357 

52039 

52619 

0. 43721 

60487 

95888 

0. 23472 

90703 

35799 

0.  38 

0.22682 

29895 

89183 

0. 43187 

60273 

53913 

0.22483 

08578 

07150 

0.  40 

0.25132 

74122 

87183 

0. 42648 

46973 

90789 

0.21534 

72003 

95520 

0.  42 

0.27708 

84720 

46620 

0. 42105 

59227 

36507 

0.20626 

34704 

48744 

0.  44 

0.30410 

61688 

67492 

0. 41560 

24246 

90070 

0.19756 

52322 

49727 

0.  46 

0. 33238 

05027 

49800 

0.41013 

58491 

35691 

0.18923 

82774 

60398 

0.  48 

0. 36191 

14736 

93544 

0. 40466 

68313 

67950 

0.18126 

86555 

47172 

0.50 

0. 39269 

90816 

98724 

0. 39920 

50585 

25702 

0. 17364 

26996 

13238 

0.52 

0. 42474 

33267 

65340 

0. 39375 

93295 

63563 

0. 16634 

70480 

39628 

0.  54 

0.  45804 

42088 

93392 

0. 38833 

76127 

15400 

0. 15936 

86623 

13733 

0.56 

0.49260 

17280 

82880 

0. 38294 

71004 

26771 

0. 15269 

48414 

00876 

0.58 

0.  52841 

58843 

33803 

0. 37759 

42617 

52882 

0. 14631 

32329 

91905 

0.  60 

0.56548 

66776 

46163 

0. 37228 

48922 

35620 

0. 14021 

18419 

37684 

0.  62 

0.  60381 

41080 

19958 

0. 36702 

41612 

87842 

0. 13437 

90361 

59907 

0.  64 

0.  64339 

81754 

55190 

0. 36181 

66571 

25476 

0. 12880 

35503 

06985 

0.  66 

0. 68423 

88799 

51857 

0. 35666 

64292 

98472 

0. 12347 

44874 

03863 

0.  68 

0.72633 

62215 

09960 

0. 35157 

70288 

80259 

0.11838 

13187 

25611 

0.  70 

0.76969 

02001 

29499 

0. 34655 

15463 

82434 

0.11351 

38821 

06517 

0.  72 

0.81430 

08158 

10474 

0. 34159 

26474 

67053 

0. 10886 

23788 

79214 

0.  74 

0.86016 

80685 

52885 

0.  33670 

26065 

33192 

0. 10441 

73696 

22082 

0.  76 

0.90729 

19583 

56732 

0.  33188 

33382 

57734 

0.10016 

97688 

77848 

0.78 

0.95567 

24852 

22015 

0.  32713 

64271 

72503 

0.09611 

08389 

91866 

0.  80 

1.00530 

96491 

48734 

0.  32246 

31553 

61284 

0.09223 

21832 

05037 

0.  82 

1.05620 

34501 

36888 

0.31786 

45283 

60796 

0.  08852 

57381 

23702 

0.  84 

1. 10835 

38881 

86479 

0.  31334 

12993 

49704 

0. 08498 

37656 

77045 

0.  86 

1.16176 

09632 

97506 

0.  30889 

39917 

09068 

0.  08159 

88446 

61614 

0.  88 

1.21642 

46754 

69968 

0.  30452 

29200 

36579 

0. 07836 

38619 

62362 

0.  90 

1.27234 

50247 

03866 

0.30022 

82096 

95385 

0. 07527 

20035 

30280 

0.  92 

1.32952 

20109 

99200 

0.29600 

98149 

76518 

0.  07231 

67451 

87932 

0.  94 

1. 38795 

56343 

55971 

0.29186 

75359 

51781 

0. 06949 

18433 

26312 

0.96 

1. 44764 

58947 

74177 

0.28780 

10340 

91658 

0.  06679 

13255 

49021 

0.  98 

1.50859 

27922 

53819 

0.  28380 

98467 

20271 

0.  06420 

94813 

13093 

1.00  . 

1. 57079 

63267 

94897 

0.  27989 

34003 

76823 

0.06174 

08526 

09645 

[■(-4)21  [(-5)71  [(-5)8-1 

L 3 J 10  J 10  J 


See  Examples  6.  7,  and  9. 

CW=2+/(X)  sin 


(ix2)~^( 3!)  cos  (ix2)  <M«)-Z+>W«)  s*n  cos  u 
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Table  7.8  AUXILIARY  FUNCTIONS 


x~l 

u 

7T'f 

» 

1 

2 

/0r)  = /2(«) 

9(x)=g2(v) 

<x> 

<u> 

1.00 

0.  63661 

97723 

67581 

0. 27989 

34003 

76823 

0. 06174 

08526 

09645 

1 

2 

0.  98 

0.  61140 

96293 

81825 

0.  27597 

33733 

36442 

0. 05933 

31378 

64174 

1 

2 

0.  96 

0.  58670 

87822 

13963 

0.27197 

11505 

76851 

0.  05693 

89827 

01255 

1 

2 

0.  94 

0.  56251 

72308 

63995 

0.  26788 

56989 

47656 

0.  05456 

06112 

91100 

1 

2 

0.  92 

0.  53883 

49753 

31921 

0.26371 

60682 

37287 

0. 05220 

03510 

52931 

1 

2 

0.90 

0.  51566 

20156 

17741 

0.25946 

14023 

65674 

0.  04986 

06317 

93636 

1 

2 

0.  88 

0.  49299 

83517 

21455 

0.25512 

09512 

80091 

0. 04754 

39838 

94725 

1 

2 

0.  86 

0.  47084 

39836 

43063 

0.25069 

40835 

25766 

0.  04525 

30354 

03048 

1 

2 

0.  84 

0.  44919 

89113 

82565 

0.24618 

02994 

44393 

0.  04299 

05078 

69390 

1 

2 

0.  82 

0.  42806 

31349 

39962 

0.24157 

92449 

31459 

0. 04075 

92107 

68723 

1 

2 

0.  80 

0.40743 

66543 

15252 

0.23689 

07256 

57089 

0. 03856 

20343 

27312 

1 

2 

0.  78 

0.38731 

94695 

08436 

0.  23211 

47216 

24632 

0.  03640 

19405 

75704 

1 

3 

0.76 

0.36771 

15805 

19515 

0.  22725 

14019 

06110 

0. 03428 

19524 

44132 

1 

3 

0.  74 

0.  3486i 

29873 

48488 

0.22230 

11393 

53995 

0.  03?20 

51407 

19129 

1 

3 

0.  72 

0.  33002 

36899 

95354 

0.21726 

45250 

44609 

0.  03017 

46086 

88637 

1 

3 

0.  70 

0.31194 

36884 

60115 

0.21214 

23821 

60229 

0.  02819 

34743 

19381 

1 

3 

0.  68 

0.29437 

29827 

42770 

0.20693 

57789 

65521 

0.02626 

48498 

36510 

1 

3 

0.  66 

0.27731 

15728 

43318 

0.20164 

60404 

80635 

0.02439 

18186 

13588 

2 

4 

0.  64 

0.26075 

94587 

61761 

0.19627 

47584 

00004 

0.02257 

74093 

32978 

2 

4 

0.  62 

0.24471 

66404 

98098 

0.19082 

37987 

55563 

0.  02082 

45674 

44482 

2 

4 

0.  60 

0.  22918 

31180 

52329 

0.18529 

53067 

79209 

0.  01913 

61240 

35536 

2 

4 

0.58 

0.21415 

88914 

24454 

0. 17969 

17083 

86674 

0. 01751 

47623 

30357 

2 

5 

0.56 

0.  19964 

39606 

14474 

0.17401 

57076 

89207 

0.01596 

29821 

58470 

2 

5 

0.54 

0.  18563 

83256 

22387 

0.  16827 

02799 

47273 

0.  01448 

30628 

73722 

2 

5 

0.52 

0.17214 

19864 

48194 

0. 16245 

86594 

19322 

0.01307 

70253 

60097 

2 

6 

0.50 

0.15915 

49430 

91895 

0.15658 

43216 

36302 

0. 01174 

65939 

24659 

2 

6 

0.48 

0. 14667 

71955 

53491 

0.  15065 

09597 

56320 

0.01049 

31590 

42015 

2 

7 

0.  46 

0.13470 

87438 

32980 

0. 14466 

24548 

29603 

0.  00931 

77420 

66589 

2 

7 

0.  44 

0.  12324 

95879 

30364 

0. 13862 

28400 

34552 

0. 00822 

09631 

52815 

2 

8 

0.  42 

0. 11229 

97278 

45641 

0.13253 

62592 

29647 

0. 00720 

30137 

00215 

2 

9 

0.  40 

0.10185 

91635 

78813 

0. 12640 

69204 

94864 

0.  00626 

36346 

49122 

3 

10 

0.38 

0.09192 

78951 

29879 

0. 12023 

90456 

93806 

0.00540 

21018 

72942 

3 

11 

0.36 

0.08250 

59224 

98839 

0.11403 

68174 

47880 

0. 00461 

72197 

27002 

3 

12 

0.34 

0.  07359 

32456 

85692 

0. 10780 

43252 

41741 

0.  00390 

73235 

12822 

3 

14 

0.  32 

0.  06518 

98646 

90440 

0.10154 

55126 

32988 

0.  00327 

02912 

03254 

3 

15 

0.30 

0.  05729 

57795 

13082 

0. 09526 

41276 

74844 

0.  00270 

35642 

68526 

3 

17 

0.28 

0.04991 

09901 

53618 

0.  08896 

36786 

39974 

0. 00220 

41768 

84885 

4 

20 

0.26 

0.  04303 

54966 

12048 

0.  08264 

73969 

33180 

0. 00176 

87922 

53708 

4 

23 

0.24 

0. 03666 

92988 

88373 

0.  07631 

82087 

00913 

0.  00139 

37442 

77909 

4 

27 

0.22 

0.  03081 

23969 

82591 

0. 06997 

87161 

16730 

0.  00107 

50825 

02743 

5 

32 

0.20 

0.  02546 

47908 

94703 

0.  06363 

11887 

04012 

0.  00080 

86180 

82883 

5 

39 

0. 18 

0.  02062 

64806 

24710 

0. 05727 

75644 

30652 

0. 00058 

99686 

10701 

6 

48 

0.16 

0.01629 

74661 

72610 

0.  05091 

94597 

59575 

0.  00041 

45999 

18234 

6 

61 

0. 14 

0.01247 

77475 

38405 

0.  04455 

81874 

32960 

0.  00027 

78633 

97799 

7 

80 

0. 12 

0.  00916 

73247 

22093 

0.  03819 

47805 

44642 

0. 00017 

50279 

00844 

8 

109 

0.10 

0.00636 

61977 

23676 

0.03183 

00214 

15118 

0. 00010 

13057 

94484 

10 

157 

0.  08 

0.  00407 

43665 

43153 

0.  02546 

44738 

95252 

0.  00005 

18732 

17470 

13 

245 

0.  06 

0.  00229 

18311 

80523 

0.  01909 

85179 

38105 

0. 00002 

18849 

44630 

17 

436 

0.  04 

0. 00101 

85916 

35788 

0.01273 

23855 

39770 

0.00000 

64845 

30524 

25 

982 

0.  02 

0. Q0025 

46479 

08947 

0.  00636 

61974 

14061 

0.00000 

08105 

69272 

50 

3927 

0.00 

0.  00000 

00000 

00000 

0. 00000 

00000 

00000 

0.  00000 

00000 

00000 

00 

00 

m 

1 / \ 

[ 

‘(-5)1- 
12  _ 

['-if1] 

f '(■>■)=  2+ j('x)  sin  (g®2) 

-<?(.!•)  COS 

x?j 

1 

2 

4-/2 (w)  sin  u 

~<J2(u)  COS  U 

/Or)  COS  (p)- 

-y(x)  sin 

x2\ 

So  (u)  = 

1 

2 

-Ji  (u)  cos  u 

~92(n)  sin  n 

nearest  integer  to  *. 
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ERROR  FUNCTION  FOR  COMPLEX  ARGUMENTS  Table  7.9 


w(z)=e~ 

z2  erfc  (-iz)  z= 

x+iy 

0tw{z)  Jw(z) 

&w(z)  Jw(z) 

&w(z)  Jw(z) 

0tw(z)  Jw(z) 

£ftw{z) 

■ ?w(z) 

y 

*= 

=0 

*=0.1 

*= 

=0.2 

x= 

=0.3 

*= 

=0.4 

0.0 

1.000000 

0.000000 

0.990050  0.112089 

0.960789 

0.219753 

0.913931 

0.318916 

0.852144 

0.406153 

0.1 

0.896457 

0.000000 

0.888479  0.094332 

0.864983 

0.185252 

0.827246 

0.269600 

0.777267 

0.344688 

0.2 

0.809020 

0.000000 

0.802567  0.080029 

0.783538 

0.157403 

0.752895 

0.229653 

0.712146 

0.294653 

0.3 

0.734599 

0.000000 

0.729337  0.068410 

0.713801 

0.134739 

0.688720 

0.197037 

0.655244 

0.253613 

0.4 

0.670788 

0.000000 

0.666463  0.058897 

0.653680 

0.116147 

0.632996 

0.170203 

0.605295 

0.219706 

0.5 

0.615690 

0.000000 

0.612109  0.051048 

0.601513 

0.100782 

0.584333 

0.147965 

0.561252 

0.191500 

0.6 

0.567805 

0.000000 

0.564818  0.044524 

0.555974 

0.087993 

0.541605 

0.129408 

0.522246 

0.167880 

0.7 

0.525930 

0.000000 

0.523423  0.039064 

0.515991 

0.077275 

0.503896 

0.113821 

0.487556 

0.147975 

0.8 

0.489101 

0.000000 

0.486982  0.034465 

0.480697 

0.068235 

0.470452 

0.100647 

0.456579 

0.131101 

0.9 

0.456532 

0.000000 

0.454731  0.030566 

0.449383 

0.060563 

0.440655 

0.089444 

0.428808 

0.116714 

1.0 

0.427584 

0.000000 

0.426044  0.027242 

0.421468 

0.054014 

0.413989 

0.079864 

0.403818 

0.104380 

1.1 

0.401730 

0.000000 

0.400406  0.024392 

0.396470 

0.048393 

0.390028 

0.071628 

0.381250 

0.093752 

1.2 

0.378537 

0.000000 

0.377393  0.021934 

0.373989 

0.043542 

0.368412 

0.064510 

0.360799 

0.084547 

1.3 

0.357643 

0.000000 

0.356649  0.019805 

0.353691 

0.039336 

0.348839 

0.058329 

0.342206 

0.076538 

1.4 

0.338744 

0.000000 

0.337876  0.017951 

0.335294 

0.035671 

0.331054 

0.052936 

0.325248 

0.069538 

1.5 

0.321585 

0.000000 

0.320825  0.016329 

0.318561 

0.032463 

0.314839 

0.048210 

0.309736 

0.063393 

1.6 

0.305953 

0.000000 

0.305284  0.014905 

0.303290 

0.029643 

0.300009 

0.044051 

0.295506 

0.057978 

1.7 

0.291663 

0.000000 

0.291072  0.013648 

0.289309 

0.027154 

0.286406 

0.040377 

0.282417 

0.053186 

1.8 

0.278560 

0.000000 

0.278035  0.012536 

0.276470 

0.024948 

0.273892 

0.037118 

0.270346 

0.048931 

1.9 

0.266509 

0.000000 

0.266042  0.011547 

0.264648 

0.022987 

0.262350 

0.034217 

0.259186 

0.045139 

2.0 

0.255396 

0.000000 

0.254978  0.010664 

0.253732 

0.021236 

0.251677 

0.031626 

0.248844 

0.041748 

2.1 

0.245119 

0.000000 

0.244745  0.009874 

0.243628 

0.019669 

0.241783 

0.029304 

0.239239 

0.038706 

2.2 

0.235593 

0.000000 

0.235256  0.009165 

0.234251 

0.018260 

0.232592 

0.027217 

0.230300 

0.035968 

2.3 

0.226742 

0.000000 

0.226438  0.008526 

0.225531 

0.016991 

0.224033 

0.025335 

0.221963 

0.033498 

2.4 

0.218499 

0.000000 

0.218224  0.007949 

0.217404 

0.015845 

0.216047 

0.023633 

0.214172 

0.031263 

2.5 

0.210806 

0.000000 

0.210557  0.007427 

0.209813 

0.014806 

0.208582 

0.022090 

0.206879 

0.029234 

2.6 

0.203613 

0.000000 

0.203387  0.006952 

0.202710 

0.013862 

0.201589 

0.020687 

0.200039 

0.027389 

2.7 

0.196874 

0.000000 

0.196668  0.006520 

0.196050 

0.013002 

0.195028 

0.019409 

0.193613 

0.025706 

2.8 

0.190549 

0.000000 

0.190360  0.006125 

0.189796 

0.012216 

0.188861 

0.018241 

0.187566 

0.024168 

2.9 

0.184602 

0.000000 

0.184429  0.005764 

0.183912 

0.01149** 

0.183056 

0.017172 

0.181868 

0.022759 

3.0 

0.179001 

0.000000 

0.178842  0.005433 

0.178368 

0.010839 

0.177581 

0.016192 

0.176491 

0.021466 

y 

X = 

0.5 

*=0.6 

*= 

=0.7 

*= 

=0.8 

*= 

0.9 

0.0 

0.778801 

0.478925 

0.697676  0.535713 

0.612626 

0.576042 

0.527292 

0.600412 

0.444858 

0.610142 

0.1 

0.717588 

0.408474 

0.651076  0.459665 

0.580698 

0.497744 

0.509299 

0.522932 

0.439421 

0.536087 

0.2 

0.663223 

0.350751 

0.608322  0.396852 

0.549739 

0.432442 

0.489710 

0.457569 

0.430271 

0.472773 

0.3 

0.614852 

0.303124 

0.569238  0.344645 

0.520192 

0.377688 

0.469480 

0.402194 

0.418736 

0.418491 

0.4 

0.571717 

0.263563 

0.533581  0.300989 

0.492289 

0.331535 

0.449244 

0.355082 

0.405763 

0.371813 

0.5 

0.533157 

0.230488 

0.501079  0.264268 

0.466127 

0.292432 

0.429418 

0.314828 

0.392021 

0.331544 

0.6 

0.498591 

0.202666 

0.471453  0.233206 

0.441712 

0.259136 

0.410264 

0.280290 

0.377977 

0.296692 

0.7 

0.467521 

0.179123 

0.444434  0.206787 

0.418998 

0.230646 

0.391936 

0.250532 

0.363957 

0.266427 

0.8 

0.439512 

0.159087 

0.419766  0.184200 

0.397906 

0.206155 

0.374518 

0.224789 

0.350182 

0.240057 

0.9 

0.414191 

0.141945 

0.397216  0.164793 

0.378341 

0.185005 

0.358043 

0.202429 

0.336799 

0.217004 

1.0 

0.391234 

0.127202 

0.376571  0.148036 

0.360200 

0.166660 

0.342511 

0.182932 

6.323899 

0.196783 

1.1 

0.370363 

0.114460 

0.357637  0.133501 

0.343375 

0.150681 

0.327900 

0.165868 

0.311537 

0.178990 

1.2 

0.351335 

0.103395 

0.340241  0.120838 

0.327766 

0.136706 

0.314176 

0.150877 

0.299741 

0.163281 

1.3 

0.333942 

0.093744 

0.324229  0.109759 

0.313273 

0.124435 

0.301294 

0.137661 

0.288519 

0.149370 

1.4 

0.318001 

0.085288 

0.309463  0.100026 

0.299804 

0.113620 

0.289208 

0.125971 

0.277865 

0.137012 

1.5 

0.303355 

0.077851 

0.295820  0.091443 

0.287274 

0.104054 

0.277869 

0.115594 

0.267766 

0.126002 

1.6 

0.289866 

0.071283 

0.283192  0.083845 

0.275602 

0.095563 

0.267228 

0.106355 

0.258203 

0.116164 

1.7 

0.277412 

0.065461 

0.271479  0.077096 

0.264718 

0.088001 

0.257237 

0.098103 

0.249151 

0.107348 

1.8 

0.265890 

0.060283 

0.260598  0.071081 

0.254554 

0.081245 

0.247851 

0.090710 

0.240586 

0.099427 

1.9 

0.255205 

0.055661 

0.250469  0.065701 

0.245050 

0.075190 

0.239027 

0.084068 

0.232482 

0.092291 

2.0 

0.245276 

0.051521 

0.241025  0.060876 

0.236152 

0.069748 

0.230724 

0.078085 

0.224813 

0.085845 

2.1 

0.236031 

0.047804 

0.232204  0.056534 

0.227810 

0.064842 

0.222905 

0.072680 

0.217552 

0.080009 

2.2 

0.227407 

0.044454 

0.223952  0.052617 

0.219978 

0.060409 

0.215535 

0.067785 

0.210676 

0.074712 

2.3 

0.219347 

0.041428 

0.216219  0.049073 

0.212616 

0.056391 

0.208581 

0.063342 

0.204160 

0.069894 

2.4 

0.211800 

0.038686 

0.208961  0.045859 

0.205686 

0.052741 

0.202013 

0.059298 

0.197982 

0.065500 

2.5 

0.204723 

0.036196 

0.202139  0.042936 

0.199155 

0.049417 

0.195804 

0.055610 

0.192120 

0.061486 

2.6 

0.198074 

0.033929 

0.195717  0.040271 

0.192992 

0.046384 

0.189928 

0.052238 

0.186554 

0.057811 

2.7 

0.191818 

0.031859 

0.189664  0.037836 

0.187170 

0.043608 

0.184362 

0.049150 

0.181265 

0.054439 

2.8 

0.185924 

0.029966 

0.183950  0.035607 

0.181662 

0.041064 

0.179084 

0.046315 

0.176237 

0.051339 

2.9 

0.180361 

0.028231 

0.178549  0.033561 

0.176447 

0.038728 

0.174074 

0.043708 

0.171452 

0.048485 

3.0 

0.175105 

0.026636 

0.173437  0.031680 

0.171502 

0.036577 

0.169315 

0.041306 

0.166895 

0.045851 

See  Examples  12-19. 

w(x)= 

2 2 i - 

■e~xZ+-=e 

\7T 

x2So  e*dt 

w(-x+iy)=w(x+iy)  w(x-iy)= 2ev2~x2  (cos  2 xy+i  sin  2 xy)-w(x+iy) 


w(iy)-ev2  erfc  y 


w[(  1 + i)  u] = e - 2>«2  j 1 + (i  - 1)  [C(^f) + iS(2u  j]  } 


'N 


I 


326 


ERROR  FUNCTION  AND  FRESNEL  INTEGRALS 


Table  7.9  ERROR  FUNCTION  FOR  COMPLEX  ARGUMENTS 


w(z)=e~ 

z2  erfc  (-; 

iz)  z= 

x+iy 

$tfw(z)  Jw{z) 

y#w(z)  Jw{z) 

8#w(z)  Jw(z) 

&w(z) 

?;w(z) 

&w(z)  Jw(z) 

y 

*=1.0 

*= 

1.1 

*= 

1.2 

*= 

1.3 

*= 

1.4 

0.0 

0.367879  U.607158 

0.298197 

0.593761 

0.236928 

0.572397 

0.184520 

0.545456 

0.140858 

0.515113 

0.1 

0.373170  0.538555 

0.312136 

0.532009 

0.257374 

0.518283 

0.209431 

0.499216 

0.168407 

0.476535 

0.2 

0.373153  0.478991 

0.319717 

0.477439 

0.270928 

0.469488 

0.227362 

0.456555 

0.189247 

0.440005 

0.3 

0.369386  0.427225 

0.322586 

0.429275 

0.279199 

0.425667 

0.239793 

0.417491 

0.204662 

0.405823 

0.4 

0.363020  0.382166 

0.321993 

0.386777 

0.283443 

0.386412 

0.247908 

0.381908 

0.215711 

0.374110 

0.5 

0.354900  0.342872 

0.318884 

0.349266 

0.284638 

0.351299 

0.252654 

0.349611 

0.223262 

0.344868 

0.6 

0.345649  0.308530 

0.313978 

0.316128 

0.283540 

0.319910 

0.254784 

0.320368 

0.228026 

0.318022 

0.7 

0.335721  0.278445 

0.307816 

0.286815 

0.280740 

0.291851 

0.254895 

0.293927 

0.230578 

0.293453 

0.8 

0.325446  0.252024 

0.300807 

0.260847 

0.276693 

0.266757 

0.253461 

0.270040 

0.231385 

0.271015 

0.9 

0.315064  0.228759 

0.293259 

0.237800 

0.271752 

0.244295 

0.250858 

0.248462 

0.230826 

0.250549 

1.0 

0.304744  0.208219 

0.285402 

0.217306 

0.266189 

0.224168 

0.247381 

0.228967 

0.229205 

0.231897 

1.1 

0.294606  0.190036 

0.277407 

0.199046 

0.260213 

0.206108 

0.243266 

0.211343 

0.226767 

0.214902 

1.2 

0.284731  0.173896 

0.269401 

0.182742 

0.253985 

0.189878 

0.238695 

0.195398 

0.223710 

0.199416 

1.3 

0.275174  0.159531 

0.261476 

0.168151 

0.247628 

0.175271 

0.233813 

0.180957 

0.220192 

0.185299 

1.4 

0.265967  0.146712 

0.253697 

0.155066 

0.241233 

0.162100 

0.228733 

0.167863 

0.216340 

0.172423 

1.5 

0.257128  0.135242 

0.246112 

0.143305 

0.234870 

0.150205 

0.223542 

0.155975 

0.212253 

0.160668 

1.6 

0.248665  0.124954 

0.238752 

0.132711 

0.228592 

0.139441 

0.218309 

0.145167 

0.208014 

0.149927 

1.7 

0.240578  0.115702 

0.231635 

0.123147 

0.222436 

0.129684 

0.213086 

0.135326 

0.203684 

0.140103 

1.8 

0.232861  0.107361 

0.224775 

0.114495 

0.216428 

0.120822 

0.207912 

0.126353 

0.199315 

0.131106 

1.9 

0.225503  0.099824 

0.218176 

0.106650 

0.210587 

0.112760 

0.202818 

0.118158 

0.194947 

0.122858 

2.0 

0.218493  0.092998 

0.211839 

0.099523 

0.204926 

0.105411 

0.197827 

0.110662 

0.190608 

0.115286 

2.1 

0.211816  0.086801 

0.205760 

0.093035 

0.199452 

0.098700 

0.192953 

0.103795 

0.186324 

0.108325 

2.2 

0.205457  0.081162 

0.199935 

0.087116 

0.194166 

0.092562 

0.188208 

0.097495 

0.182112 

0.101919 

2.3 

0.199402  0.076021 

0.194356 

0.081706 

0.189072 

0.086936 

0.183599 

0.091706 

0.177985 

0.096015 

2.4 

0.193634  0.071324 

0.189014 

0.076753 

0.184165 

0.081773 

0.179131 

0.086378 

0.173954 

0.090567 

2.5 

0.188139  0.067024 

0.183901 

0.072208 

0.179444 

0.077024 

0.174805 

0.081467 

0.170024 

0.085532 

2.6 

0.182903  0.063080 

0.179008 

0.068031 

0.174903 

0.072651 

0.170623 

0.076933 

0.166201 

0.080873 

2.7 

0.177910  0.059456 

0.174324 

0.064186 

0.170538 

0.068617 

0.166582 

0.072742 

0.162487 

0.076557 

2.8 

0.173147  0.056118 

0.169840 

0.060639 

0.166342 

0.064890 

0.162681 

0.068863 

0.158883 

0.072553 

2.9 

0.168602  0.053041 

0.165546 

0.057363 

0.162310 

0.061440 

0.158916 

0.065266 

0.155389 

0.068834 

3.0 

0.164261  0.050197 

0.161434 

0.054331 

0.158435 

0.058243 

0.155285 

0.061926 

0.152005 

0.065375 

y 

*=1.5 

*= 

1.6 

*= 

1.7 

*= 

1.8 

*= 

1.9 

0.0 

0.105399  0.483227 

0.077305 

0.451284 

0.055576 

0.420388 

0.039164 

0.391291 

0.027052 

0.364437 

0.1 

0.134049  0.451763 

0.105843 

0.426168 

0.083112 

0.400743 

0.065099 

0.376214 

0.051038 

0.353066 

0.2 

0.156521  0.421076 

0.128895 

0.400837 

0.105929 

0.380161 

0.087090 

0.359721 

0.071811 

0.340004 

0.3 

0.173865  0.391665 

0.147272 

0.375911 

0.124612 

0.359313 

0.105522 

0.342479 

0.089592 

0.325873 

0.4 

0.186984  0.363828 

0.161702 

0.351803 

0.139717 

0.338676 

0.120793 

0.324985 

0.104641 

0.311161 

0.5 

0.196636  0.337720 

0.172820 

0.328777 

0.151751 

0.318584 

0.133288 

0.307609 

0.117233 

0.296240 

0.6 

0.203461  0.313397 

0.181177 

0.306990 

0.161171 

0.299261 

0.143369 

0.290613 

0.127644 

0.281392 

0.7 

0.207990  0.290847 

0.187245 

0.286517 

0.168379 

0.280846 

0.151366 

0.274180 

0.136134 

0.266823 

0.8 

0.210664  0.270016 

0.191423 

0.267378 

0.173725 

0.263418 

0.157578 

0.258431 

0.142949 

0.252681 

0.9 

0.211846  0.250823 

0.194049 

0.249556 

0.177513 

0.247012 

0.162268 

0.243439 

0.148310 

0.239067 

1.0 

0.211837  0.233171 

0.195407 

0.233009 

0.180002 

0.231630 

0.165667 

0.229244 

0.152418 

0.226046 

1.1 

0.210881  0.216954 

0.195734 

0.217678 

0.181414 

0.217253 

0.167977 

0.215857 

0.155452 

0.213656 

1.2 

0.209182  0.202067 

0.195228 

0.203494 

0.181938 

0.203847 

0.169373 

0.203272 

0.157569 

0.201914 

1.3 

0.206902  0.188403 

0.194053 

0.190384 

0.181733 

0.191366 

0.170003 

0.191471 

0.158906 

0.190821 

1.4 

0.204177  0.175862 

0.192347 

0.178275 

0.180933 

0.179762 

0.169997 

0.180425 

0.159585 

0.180367 

1.5 

0.201115  0.164349 

0.190222 

0.167092 

0.179651 

0.168980 

0.169465 

0.170099 

0.159709 

0.170534 

1.6 

0.197806  0.153773 

0.187772 

0.156765 

0.177983 

0.158969 

0.168500 

0.160457 

0.159369 

0.161300 

1.7 

0.194320  0.144054 

0.185073 

0.147226- 

0.176008 

0.149674 

0.167183 

0.151458 

0.158641 

0.152637 

1.8 

0.190717  0.135113 

0.182189 

0.138412 

0.173792 

0.141045 

0.165579 

0.143063 

0.157593 

0.144516 

1.9 

0.187043  0.126883 

0.179172 

0.130262 

0.171390 

0.133033 

0.163746 

0.135234 

0.156282 

0.136908 

2.0 

0.183335  0.119298 

0.176064 

0.122723 

0.168849 

0.125590 

0.161733 

0.127931 

0.154757 

0.129781 

2.1 

0.179623  0.112302 

0.172901 

0.115744 

0.166206 

0.118674 

0.159580 

0.121118 

0.153059 

0.123108 

2.2 

0.175930  0.105842 

0.169710 

0.109277 

0.163493 

0.112243 

0.157320 

0.114761 

0.151224 

0.116858 

2.3 

0.172276  0.099870 

0.166513 

0.103280 

0.160737 

0.106260 

0.154982 

0.108827 

0.149281 

0.111003 

2.4 

0.168674  0.094343 

0.163330 

0.097713 

0.157958 

0.100689 

0.152591 

0.103285 

0.147256 

0.105519 

2.5 

0.165136  0.089222 

0.160175 

0.092541 

0.155175 

0.095499 

0.150165 

0.098107 

0.145172 

0.100378 

2.6 

0.161669  0.084472 

0.157060 

0.087732 

0.152402 

0.090660 

0.147722 

0.093265 

0.143045 

0.095558 

2.7 

0.158281  0.080061 

0.153993 

0.083254 

0.149649 

0.086143 

0.145274 

0.088735 

0.140892 

0.091037 

2.8 

0.154975  0.075960 

0.150981 

0.079082 

0.146927 

0.081925 

0.142834 

0.084493 

0.138725 

0.086794 

2.9 

0.151753  0.072142 

0.148030 

0.075191 

0.144243 

0.077982 

0.140411 

0.080519 

0.136555 

0.082809 

3.0 

0.148618  0.068585 

0.145144 

0.071558 

0.141602 

0.074293 

0.138012 

0.076794 

0.134391 

0.079065 

o # 

See  Examples  12-19.  w(x)=e~x2+  J^e  x2jxet2dt 


w(-x+iy)=---w(x+iy)  w(x-iy)=2ey2~x2  (cos  2 xy+i  sin  2 xy)-w(x+iy) 

w(iy)=ey2  erfcy  w[(l+0M]=e_2iw2|l+(^_l)[^(“f)+^(^)]} 
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ERROR  FUNCTION  FOR  COMPLEX  ARGUMENTS  Table  7.9 


w(z)=e~z2  erfc  (- iz ) z-=x+iy 


&w(z)  .fw(z) 

&w(z) 

■ ?w(z) 

^iw(z) 

Jw(z) 

0tw(z)  Jw(z) 

0£w(z)  Jw(z ) 

v 

x= 

2.0 

x= 

2.1 

x= 

2.2 

x= 

2.3 

x= 

2.4 

0.0 

0.018316 

0.340026 

0.012155 

0.318073 

0.007907 

0.298468 

0.005042 

0.281026 

0.003151 

0.265522 

0.1 

0.040201 

0.331583 

0.031936 

0.311886 

0.025678 

0.293982 

0.020958 

0.277795 

0.017397 

0.263201 

0.2 

0.059531 

0.321332 

0.049726 

0.303894 

0.041927 

0.287771 

0.035728 

0.272968 

0.030792 

0.259435 

0.3 

0.076396 

0.309831 

0.065521 

0.294574 

0.056586 

0.280232 

0.049248 

0.266865 

0.043211 

0.254478 

0.4 

0.090944 

0.297529 

0.079385 

0.284327 

0.069655 

0.271710 

0.061473 

0.259775 

0.054585 

0.248566 

0.5 

0.103359 

0.284786 

0.091422 

0.273482 

0.081182 

0.262499 

0.072408 

0.251953 

0.064890 

0.241914 

0.6 

0.113836 

0.271881 

0.101765 

0.262308 

0.091245 

0.252844 

0.082092 

0.243617 

0.074132 

0.234714 

0.7 

0.122574 

0.259031 

0.110558 

0.251016 

0.099943 

0.242947 

0.090585 

0.234952 

0.082345 

0.227129 

0.8 

0.129768 

0.246396 

0.117948 

0.239772 

0.107383 

0.232968 

0.097963 

0.226111 

0.089576 

0.219302 

0.9 

0.135600 

0.234096 

0.124081 

0.228703 

0.113679 

0.223037 

0.104309 

0.217219 

0.095884 

0.211349 

1.0 

0.140240 

0.222213 

0.129097 

0.217904 

0.118941 

0.213253 

0.109709 

0.208376 

0.101336 

0.203368 

1.1 

0.143840 

0.210805 

0.133125 

0.207442 

0.123277 

0.203692 

0.114251 

0.199660 

0.105999 

0.195438 

1.2 

0.146541 

0.199904 

0.136286 

0.197366 

0.126788 

0.194410 

0.118019 

0.191133 

0.109942 

0.187620 

1.3 

0.148466 

0.189529 

0.138689 

0.187705 

0.129570 

0.185446 

0.121092 

0.182840 

0.113232 

0.179965 

1.4 

0.149725 

0.179687 

0.140432 

0.178478 

0.131709 

0.176827 

0.123548 

0.174814 

0.115935 

0.172510 

1.5 

0.150415 

0.170371 

0.141604 

0.169691 

0.133284 

0.168569 

0.125454 

0.167078 

0.118109 

0.165281 

1.6 

0.150622 

0.161572 

0.142283 

0.161343 

0.134367 

0.160680 

0.126877 

0.159646 

0.119812 

0.158299 

1.7 

0.150418 

0.153274 

0.142540 

0.153429 

0.135021 

0.153161 

0.127873 

0.152526 

0.121096 

0.151576 

1.8 

0.149870 

0.145457 

0.142434 

0.145938 

0.135305 

0.146009 

0.128495 

0.145721 

0.122010 

0.145120 

1.9 

0.149032 

0.138100 

0.142021 

0.138855 

0.135269 

0.139217 

0.128792 

0.139229 

0.122597 

0.138933 

2.0 

0.147953 

0.131180 

0.141347 

0.132164 

0.134959 

0.132773 

0.128805 

0.133045 

0.122897 

0.133015 

2.1 

0.146675 

0.124674 

0.140453 

0.125849 

0.134414 

0.126667 

0.128574 

0.127161 

0.122945 

0.127363 

2.2 

0.145234 

0.118558 

0.139375 

0.119891 

0.133669 

0.120885 

0.128130 

0.121569 

0.122773 

0.121972 

2.3 

0.143660 

0.112810 

0.138145 

0.114272 

0.132755 

0.115413 

0.127506 

0.116258 

0.122411 

0.116834 

2.4 

0.141982 

0.107408 

0.136789 

0.108973 

0.131699 

0.110236 

0.126726 

0.111218 

0.121884 

0.111942 

2.5 

0.140220 

0.102329 

0.135331 

0.103977 

0.130524 

0.105339 

0.125814 

0.106436 

0.121215 

0.107286 

2.6 

0.138395 

0.097554 

0.133791 

0.099265 

0.129252 

0.100709 

0.124792 

0.101901 

0.120424 

0.102858 

2.7 

0.136523 

0.093062 

0.132187 

0.094822 

0.127900 

0.096330 

0.123676 

0.097601 

0.119530 

0.098648 

2.8 

0.134619 

0.088837 

0.130533 

0.090631 

0.126483 

0.092189 

0.122484 

0.093523 

0.118548 

0.094646 

2.9 

0.132693 

0.084859 

0.128842 

0.086677 

0.125016 

0.088273 

0.121229 

0.089658 

0.117492 

0.090842 

3.0 

0.130757 

0.081113 

0.127125 

0.082944 

0.123510 

0.084568 

0.119922 

0.085992 

0.116375 

0.087227 

y 

.j 

x- 

2.5 

X 

2.6 

x= 

2.7 

X= 

2.8 

X= 

2.9 

0.0 

0.001930 

0.251723 

0.001159 

0.239403 

0.000682 

0.228355 

0.000394 

0.218399 

0.000223 

0.209377 

0.1 

0.014698 

0.250050 

0.012635 

0.238187 

0.011037 

0.227458 

0.009778 

0.217722 

0.008769 

0.208854 

0.2 

0.026841 

0.247092 

0.023653 

0.235838 

0.021057 

0.225569 

0.018918 

0.216181 

0.017134 

0.207577 

0.3 

0.038226 

0.243042 

0.034087 

0.232504 

0.030626 

0.222800 

0.027707 

0.213858 

0.025225 

0.205607 

0.4 

0.048773 

0.238092 

0.043849 

0.228337 

0.039656 

0.219268 

0.036064 

0.210843 

0.032967 

0.203014 

0.5 

0.058437 

0.232420 

0.052885 

0.223482 

0.048090 

0.215093 

0.043930 

0.207232 

0.040304 

0.199873 

0.6 

0.067205 

0.226190 

0.061167 

0.218077 

0.055890 

0.210387 

0.051264 

0.203119 

0.047194 

0.196262 

0.7 

0.075088 

0.219546 

0.068691 

0.212247 

0.063043 

0.205258 

0.058046 

0.198594 

0.053611 

0.192256 

0.8 

0.082112 

0.212614 

0.075467 

0.206103 

0.069548 

0.199804 

0.064266 

0.193741 

0.059543 

0.187927 

0.9 

0.088317 

0.205504 

0.081521 

0.199744 

0.075416 

0.194111 

0.069927 

0.188638 

0.064986 

0.183344 

1.0 

0.093751 

0.198307 

0.086885 

0.193255 

0.080670 

0.188258 

0.075043 

0.183354 

0.069944 

0.178568 

1.1 

0.098466 

0.191099 

0.091598 

0.186707 

0.085338 

0.182311 

0.079632 

0.177950 

0.074431 

0.173654 

1.2 

0.102518 

0.183943 

0.095702 

0.180163 

0.089451 

0.176328 

0.083718 

0.172480 

0.078462 

0.168651 

1.3 

0.105960 

0.176889 

0.099243 

0.173670 

0.093044 

0.170357 

0.087328 

0.166990 

0.082059 

0.163603 

1.4 

0.108848 

0.169977 

0.102264 

0.167270 

0.096155 

0.164438 

0.090492 

0.161519 

0.085245 

0.158547 

1.5 

0.111233 

0.163237 

0.104811 

0.160996 

0.098820 

0.158604 

0.093239 

0.156099 

0.088044 

0.153515 

1.6 

0.113165 

0.156692 

0.106925 

0.154872 

0.101076 

0.152882 

0.095601 

0.150758 

0.090482 

0.148534 

1.7 

0.114690 

0.150359 

0.108647 

0.148918 

0.102957 

0.147292 

0.097608 

0.145518 

0.092584 

0.143625 

1.8 

0.115851 

0.144249 

0.110016 

0.143147 

0.104498 

0.141851 

0.099288 

0.140395 

0.094376 

0.138807 

1.9 

0.116689 

0.138368 

0.111067 

0.137569 

0.105730 

0.136571 

0.100671 

0.135403 

0.095882 

0.134094 

2.0 

0.117239 

0.132720 

0.111834 

0.132191 

0.106683 

0.131459 

0.101783 

0.130553 

0.097127 

0.129498 

2.1 

0.117534 

0.127305 

0.112347 

0.127015 

0.107386 

0.126522 

0.102649 

0.125851 

0.098133 

0.125027 

2.2 

0.117606 

0.122121 

0.112635 

0.122042 

0.107864 

0.121762 

0.103293 

0.121303 

0.098922 

0.120688 

2.3 

0.117481 

0.117164 

0.112723 

0.117271 

0.108140 

0.117180 

0.103737 

0.116911 

0.099513 

0.116484 

2.4 

0.117184 

0.112428 

0.112633 

0.112699 

0.108238 

0.112775 

0.104002 

0.112676 

0.099925 

0.112419 

2.5 

0.116737 

0.107909 

0.112389 

0.108322 

0.108177 

0.108546 

0.104105 

0.108597 

0.100177 

0.108493 

2.6 

0.116160 

0.103597 

0.112008 

0.104136 

0.107975 

0.104489 

0.104066 

0.104674 

0.100284 

0.104707 

2.7 

0.115471 

0.099487 

0.111508 

0.100133 

0.107648 

0.100601 

0.103898 

0.100905 

0.100261 

0.101058 

2.8 

0.114685 

0.095570 

0.110904 

0.096309 

0.107213 

0.096876 

0.103617 

0.097284 

0.100122 

0.097546 

2.9 

0.113816 

0.091838 

0.110210 

0.092657 

0.106682 

0.093310 

0.103236 

0.093810 

0.099879 

0.094168 

3.0 

0.112878 

0.088283 

0.109439 

0.089170 

0.106067 

0.089898 

0.102767 

0.090479 

0.099544 

0.090921 

See  Examples  12-19.  w(x)=e-^+^e-x2^e^dt 


w(-x+iy)=--w(x+iy)  w(x-iy)=2ey2~x2  (cos  2 xy+i  sin  2xy)-w(x +iy) 

w(iy^=ev2  erfc  y w;[(l+i)a]=e-2<w2/l+(i-l)|^Cp^+iS^24 


328 


ERROR  FUNCTION  AND  FRESNEL  INTEGRALS 


Table  7.9  ERROR  FUNCTION  FOR  COMPLEX  ARGUMENTS 


w(z)=e~ 

:2  erfc  (- 

ii 

• ** 

x+iy 

&w(z)  </w(z) 

£#w(z)  Jw(z) 

Plw(z)  Jw(z) 

r/w(z) 

&w(z) 

' ,fw(z) 

y 

X -- 

3.0 

X 

3.1 

X 

3.2 

X 

3.3 

x= 

3.4 

0.0 

0.000123 

0.201157 

0.000067 

0.193630 

0.000036 

0.186704 

0.000019 

0.180302 

0.000010 

0.174362 

0.1 

0.007943 

0.200742 

0.007254 

0.193292 

0.006670 

0.186421 

0.006167 

0.180061 

0.005728 

0.174152 

0.2 

0.0]  5627 

0.199669 

0.014338 

0.192376 

0.013225 

0.185630 

0.012252 

0.179369 

0.011394 

0.173542 

0.3 

0.023095 

0.197980 

0.021250 

0.190915 

0.019639 

0.184354 

0.018222 

0.178245 

0.016966 

0.172545 

0.4 

0.030279 

0.195732 

0.027929 

0.188951 

0.025862 

0.182626 

0.024032 

0.176715 

0.022403 

0.171181 

0.5 

0.037126 

0.192984 

0.034328 

0.186532 

0.031849 

0.180484 

0.029643 

0.174808 

0.027670 

0.169475 

0.6 

0.043598 

0.189798 

0.040407 

0.183709 

0.037565 

0.177970 

0.035022 

0.172560 

0.032738 

0.167455 

0.7 

0.049665 

0.186239 

0.046141 

0.180534 

0.042983 

0.175128 

0.040144 

0.170006 

0.037582 

0.165151 

0.8 

0.055311 

0.182368 

0.051509 

0.177061 

0.048083 

0.172003 

0.044989 

0.167184 

0.042185 

0.162596 

0.9 

0.060529 

0.178243 

0.056501 

0.173340 

0.052854 

0.168637 

0.049544 

0.164132 

0.046532 

0.159821 

1.0 

0.065318 

0.173918 

0.061114 

0.169418 

0.057289 

0.165072 

0.053801 

0.160886 

0.050615 

0.156858 

1.1 

0.069685 

0.169445 

0.065350 

0.165339 

0.061387 

0.161349 

0.057757 

0.157480 

0.054428 

0.153738 

1.2 

0.073641 

0.164866 

0.069216 

0.161145 

0.065151 

0.157502 

0.061413 

0.153948 

0.057971 

0.150490 

1.3 

0.077202 

0.160223 

0.072722 

0.156872 

0.068589 

0.153567 

0.064773 

0.150320 

0.061246 

0.147141 

1.4 

0.080385 

0.155551 

0.075883 

0.152553 

0.071711 

0.149572 

0.067844 

0.146623 

0.064258 

0.143717 

1.5 

0.083210 

0.150880 

0.078712 

0.148217 

0.074529 

0.145545 

0.070636 

0.142882 

0.067012 

0.140239 

1.6 

0.085697 

0.146236 

0.081229 

0.143888 

0.077055 

0.141510 

0.073158 

0.139120 

0.069518 

0.136731 

1.7 

0.087870 

0.141640 

0.083450 

0.139588 

0.079306 

0.137488 

0.075423 

0.135357 

0.071785 

0.133209 

1.8 

0.089749 

0.137113 

0.085394 

0.135335 

0.081297 

0.133495 

0.077445 

0.131609 

0.073823 

0.129691 

1.9 

0.091355 

0.132667 

0.087080 

0.131146 

0.083044 

0.129548 

0.079236 

0.127892 

0.075646 

0.126192 

2.0 

0.092711 

0.128317 

0.088525 

0.127031 

0.084562 

0.125660 

0.080811 

0.124219 

0.077263 

0.122723 

2.1 

0.093835 

0.124071 

0.089749 

0.123003 

0.085867 

0.121840 

0.082182 

0.120600 

0.078687 

0.119296 

2.2 

0.094748 

0.119936 

0.090767 

0.119068 

0.086974 

0.118099 

0.083364 

0.117045 

0.079930 

0.115919 

2.3 

0.095467 

0.115919 

0.091597 

0.115233 

0.087900 

0.114442 

0.084370 

0.113560 

0.081004 

0.112602 

2.4 

0.096010 

0.112023 

0.092255 

0.111503 

0.088657 

0.110875 

0.085213 

0.110153 

0.081921 

0.109349 

2.5 

0.096393 

0.108249 

0.092754 

0.107881 

0.089259 

0.107403 

0.085905 

0.106827 

0.082690 

0.106166 

2.6 

0.096632 

0.104600 

0.093110 

0.104370 

0.089719 

0.104027 

0.086458 

0.103586 

0.083324 

0.103057 

2.7 

0.096739 

0.101076 

0.093336 

0.100969 

0.090050 

0.100751 

0.086883 

0.100433 

0.083832 

0.100026 

2.8 

0.096729 

0.097674 

0.093442 

0.097680 

0.090263 

0.097575 

0.087190 

0.097369 

0.084225 

0.097073 

2.9 

0.096613 

0.094395 

0.093442 

0.094502 

0.090368 

0.094499 

0.087391 

0.094396 

0.084511 

0.094202 

3.0 

0.096402 

0.091236 

0.093345 

0.091434 

0.090375 

0.091523 

0.087493 

0.091513 

0.084700 

0.091413 

y 

x= 

3.5 

x= 

3.6 

3.7 

x= 

3.8 

X 

3.9 

0.0 

0.000005 

0.168830 

0.000002 

0.163662 

0.000001 

0.158821 

0.000001 

0.154273 

0.000000 

0.149992 

0.1 

0.005340 

0.168645 

0.004995 

0.163498 

0.004685 

0.158673 

0.004406 

0.154140 

0.004153 

0.149871 

0.2 

0.010633 

0.168102 

0.009952 

0.163011 

0.009339 

0.158235 

0.008786 

0.153743 

0.008282 

0.149510 

0.3 

0.015846 

0.167212 

0.014841 

0.162211 

0.013935 

0.157513 

0.013115 

0.153088 

0.012368 

0.148913 

0.4 

0.020944 

0.165990 

0.019632 

0.161111 

0.018446 

0.156516 

0.017370 

0.152183 

0.016389 

0.148088 

0.5 

0.025897 

0.164456 

0.024297 

0.159725 

0.022847 

0.155260 

0.021529 

0.151040 

0.020326 

0.147044 

0.6 

0.030677 

0.162633 

0.028812 

0.158075 

0.027118 

0.153760 

0.025574 

0.149672 

0.024162 

0.145792 

0.7 

0.035263 

0.160548 

0.033158 

0.156181 

0.031239 

0.152034 

0.029486 

0.148094 

0.027880 

0.144346 

0.8 

0.039637 

0.158227 

0.037316 

0.154066 

0.035195 

0.150102 

0.033253 

0.146324 

0.031469 

0.142721 

0.9 

0.043785 

0.155698 

0.041274 

0.151755 

0.038974 

0.147985 

0.036861 

0.144380 

0.034916 

0.140931 

1.0 

0.047698 

0.152988 

0.045023 

0.149271 

0.042565 

0.145703 

0.040301 

0.142279 

0.038212 

0.138993 

1.1 

0.051370 

0.150124 

0.048556 

0.146637 

0.045962 

0.143277 

0.043567 

0.140039 

0.041352 

0.136922 

1.2 

0.054798 

0.147132 

0.051869 

0.143878 

0.049161 

0.140727 

0.046653 

0.137680 

0.044328 

0.134735 

1.3 

0.057984 

0.144038 

0.054962 

0.141014 

0.052159 

0.138074 

0.049558 

0.135218 

0.047139 

0.132448 

1.4 

0.060928 

0.140862 

0.057835 

0.138067 

0.054958 

0.135336 

0.052279 

0.132671 

0.049783 

0.130076 

1.5 

0.063637 

0.137628 

0.060491 

0.135056 

0.057557 

0.132530 

0.054819 

0.130054 

0.052260 

0.127633 

1.6 

0.066116 

0.134354 

0.062936 

0.131999 

0.059962 

0.129674 

0.057179 

0.127384 

0.054572 

0.125133 

1.7 

0.068374 

0.131058 

0.065176 

0.128913 

0.062177 

0.126782 

0.059362 

0.124673 

0.056720 

0.122591 

1.8 

0.070419 

0.127755 

0.067217 

0.125812 

0.064206 

0.123869 

0.061374 

0.121935 

0.058708 

0.120016 

1.9 

0.072260 

0.124460 

0.069068 

0.122709 

0.066058 

0.120947 

0.063219 

0.119182 

0.060540 

0.117422 

2.0 

0.073908 

0.121185 

0.070736 

0.119617 

0.067738 

0.118027 

0.064903 

0.116425 

0.062222 

0.114817 

2.1 

0.075373 

0.117940 

0.072232 

0.116545 

0.069254 

0.115120 

0.066433 

0.113673 

0.063759 

0.112212 

2.2 

0.076666 

0.114735 

0.073563 

0.113503 

0.070615 

0.112234 

0.067815 

0.110935 

0.065156 

0.109614 

2.3 

0.077796 

0.111578 

0.074739 

0.110500 

0.071829 

0.109377 

0.069058 

0.108218 

0.066420 

0.107031 

2.4 

0.078774 

0.108474 

0.075770 

0.107540 

0.072902 

0.106556 

0.070166 

0.105530 

0.067556 

0.104469 

2.5 

0.079611 

0.105431 

0.076664 

0.104631 

0.073845 

0.103777 

0.071149 

0.102875 

0.068572 

0.101935 

2.6 

0.080316 

0.102451 

0.077430 

0.101777 

0.074663 

0.101044 

0.072013 

0.100260 

0.069474 

0.099433 

2.7 

0.080898 

0.099538 

0.078076 

0.098981 

0.075366 

0.098362 

0.072764 

0.097688 

0.070267 

0.096968 

2.8 

0.081366 

0.096696 

0.078612 

0.096247 

0.075961 

0.095734 

0.073411 

0.095163 

0.070959 

0.094543 

2.9 

0.081730 

0.093927 

0.079044 

0.093577 

0.076455 

0.093162 

0.073959 

0.092688 

0.071555 

0.092162 

3.0  0.081996  0.091230  0.079381  0.090973  0.076855  0.090649  0.074415  0.090265  0.072061  0.089826 

Tf_QG o / \ ■(  0.4613135  0.09999216  0.002883894 \ /N  , „ „ _ „ 

If  >3.9orj^3  w(z)  lz(vZ2_0-1901635+22_17844927+z2-5.5253437j+e(z)  €(z)l<2x10 

t c „ o , s ■ ( 0.5124242  0.05176536Y  , N 

If  *>6or j>6  w(z)  iz(z2_q.2752551  22-2.724745/  ^ lT>(z)l<1°  *see page  n. 


| — 6 * 


♦See  page  n. 


ERROR  FUNCTION  AND  FRESNEL  INTEGRALS 


COMPLEX  ZEROS  OF  THE  ERROR  FUNCTION 

erf  Zn  =0  Zn=Xn-\-i7/n 


l ITA  i\  ln(V2w's) 


(n>0) 


Table  7.10 


n 

Xn 

Vn 

71 

Xn 

Vn 

1 

1. 45061 

616 

1. 88094 

300 

6 

4. 15899 

840 

4.43557  144 

2 

2.  24465 

928 

2. 61657 

514 

7 

4.51631 

940 

4.78044  764 

3 

2. 83974 

105 

3. 17562 

810 

8 

4. 84797 

031 

5.10158  804 

4 

3. 33546 

074 

3. 64617 

438 

9 

5.15876 

791 

5.40333  264 

5 

3.  76900 

557 

4. 06069 

723 

10 

5.45219 

220 

5.68883  744 

erf 

zn=erf  ( 

-Zn)  =erf  Zn 

=erf  ( — zn)  — 0 

From  H.  E.  Salzer,  Complex  zeros  of  the  error  function,  J.  Franklin  Inst.  260, 209-211, 
1955  (with  permission). 


COMPLEX  ZEROS  OF  FRESNEL  INTEGRALS  Table  7.11 


C(zn)  — 0 Zn  — Xn  + IJJn 

b(zi i)  =0  zn  — Xn-\~h/n 


n 

Xn 

//« 

# 

X71 

0 

0. 0000 

0. 0000 

0.0000 

1 

1.  7437 

0.  3057 

2.  0093 

2 

2.  6515 

0.2529 

2. 8335 

3 

3.  3208 

0.  2239 

3.  4675 

4 

3.  8759 

0.2047 

4.0026 

5 

4.3611 

0. 1909 

4.  4742 

c 


c 


G’  C,  - 


c 


c. 


C,  -x  c,~ 


gi2™)  ~ Zn ) — S^Zri)  ~ S^~~Zn^  ~~ S^lZn^  ~ ~ lZn ^ ~ ~tZn)~ g(.tzn)  —0 


Vn 

0. 0000 
0. 2886 
0. 2443 
0.  2185 
0. 2008 

0. 1877 


•Tn~-\/4w  — 1 


ln(»-^4w  — l) 

7r2(4n -1)3/2 


Vn 


:ln(*V47t-l) 

4:71-1 


« 

Xn 


ln(2iV«) 

8t2»:V2 


* 


Vn 


ln(27rVr0 

2? v^7l 


(n>0) 


MAXIMA  AND  MINIMA  OF  FRESNEL  INTEGRALS  Table  7.12 


lfn=C(V4n+l) 

Wn=  C(^/4n  + 3) 

II 

S{^T2) 

mk  = S(^An  + 4) 

71 

Mn 

inn 

m 

nik 

0 

0. 779893 

0. 321056 

0.  713972 

0. 343415 

1 

0.  640807 

0.  380389 

0.  628940 

0. 387969 

2 

0. 605721 

0.  404260 

0. 600361 

0. 408301 

3 

0.  588128 

0. 417922 

0. 584942 

0. 420516 

4 

0.  577121 

0. 427036 

0. 574957 

0. 428877 

5 

0. 569413 

0. 433666 

0.  567822 

0. 435059 

A/n~ 

i 

ir2(4tt+ 1)2-3 

1 

071  „ /vy — . 

*2(471+3)2—3 

"2 

T3(4n+l)5/2 

,tn2 

t3(4»+3)S/2 

(7l-»a>) 

Wr 

1 

*■2(471+2)2-3 

vn  

16t2(«+1)2-3 

'2 

*-3(471+2)5/2 

mn  ^ 

32*3  («+ 1)5/2. 

From  G.  N.  Watson,  A treatise  on  the  theory  of  Bessel  functions,  2d  ed.  Cambridge  Univ. 
Press,  Cambridge,  England,  1958  (with  permission). 
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8.  Legendre  Functions 


Mathematical  Properties 


Notation 


The  conventions  used  are  z=xJr%y1  x,  y real, 
and  in  particular,  x always  means  a real  number 
in  the  interval  — 1<£<  + 1 with  cos  Q—x  where 
6 is  likewise  a real  number;  n and  m are  positive 
integers  or  zero;  v and  /z  are  unrestricted  except 
where  otherwise  indicated. 

Other  notations  are : 


Pn(x)  for 


n\P  n(x) 

(2ft— 1)!! 


Pnm(x)  for  (— 1 )mP%(x) 
T%(x)  for  (— l)mP%(x) 


<P?(z)  for  P?(z),  Q?(z)  for  Qi(z)  (0tz>  1) 

Q?(z)  for  e“TlQi(z) 

QS(z)  for  sin.fr+_u)7r  Qf(g) 


sm  V7T 


Various  other  definitions  of  the  functions  occur 
as  well  as  mixing  of  definitions. 


8.1.1 


8.1.  Differential  Equation 

2\  o d"W  , r / i i N M2  i n 

(1-2 } d*~2z  fc+[v{v+l)-T=^w=() 


Solutions 

(Degree  v and  order  /z  with  singularities  at 
z=±  1,  oo  as  ordinary  branch  points — /z,  v arbi- 
trary complex  constants.) 

( z ) , Qy(z)  — Associated  Legendre  F unctions  (Spher- 
ical Harmonics)  of  the  First  and  Second  Kinds  2 

|arg  (z±l)|<ir,  |arg  z\<w 

(z2— 1)*"=  (z—  l)i"(z+ 1)** 

(For  P?(z),  >x= 0,  Legendre  polynomials,  see 
chapter  22.) 

8.1.2 

*?) 

(1 1 — z|  <2) 

(For  F(a,  b;  c;  z)  see  chapter  15.) 


8.1.3  Qt(z)=e^ e—'-i(g*-i)yF(i+l+£,  |+|+|;  f+|;  p)  (k|>l) 

Alternate  Forms 

(Additional  forms  may  be  obtained  by  means  of  the  transformation  formulas  of  the  hyper- 
geometric function,  see  [8.1].) 


8.1.4  PZ(z)=2^(z2-l)-^l 


_tu  ) 2 2 2+2  2 2 V_2  ^\2  2 21+2  2 2 / 


lr(H-S)r(i+H)  rG+l-l)r(-H) 


8.1.5  P?(z) 


2-y-llr-iY(  — ^—v)z~"+>‘-1 

(z2-l)»‘/.2r(-r-M) 


F 


+ 


/i  . ^ M 
V2'r2  2’ 


2T(^+»»)z’+'‘ 


, i r ix.  3. 
1+2~2,V+2,Z  ' 


) 


(z2— i)»‘/2r(i+ 


8.1.6  e i>‘TQli(z) 


r(l+v+/x)r(— m)(2— 


2r(i+y- M) 


p(~  •'j  i+*s  i+m;  - 2~  ) 

(— i+»»;  l— ^2^)  (l1— 2K2) 


2 The  functions  Fn(0,  ^>)=C?S  m<p\  P”(cos  0)  called  surface  harmonics  of  the  first  kind,  tesseral  for  ra<n  and  sectoral 

sin  m<p\ 

for  m=n . With  O<0<7r,  0<^<27t,  they  are  everywhere  one  valued  and  continuous  functions  on  the  surface  of  the 
unit  sphere  z2 +2/2+  z2=  1 where  x = sin  0 cos  <p,  y=sind  sin  <p  and  z=cos  0. 


♦See  page  n. 
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8.1.7  e~tl‘rQS(z)=iri2>‘(z2—l)~ii‘ 


2T 


I;  22\ 

V 2 2 2'  2 2 2 J 


0+H) 

zr(1+2+2)e  FQ__v__!L,  §;  A 

T " ' \2  2 2 ~2  2 2 / 


\2^2  2) 


(|22l<i) 


8.1.8 


W{Pi(z),  Q?(2)}  = 


Wronskian 


e<MT22pr  ^ + M + p ^ 


(1-2 


,r(^)r  (:=£+!) 


8.1.9  W{Pn(z),Qn(z)}  = — (z2— 1)_1 

8.2.  Relations  Between  Legendre  Functions 

Negative  Degree 

8.2.1  P^1(z)=Pi(z) 

8.2.2 

Qtv-l{z)  = {—  7T6<mTCOS  vwF^(z) 

+Qt(z)  sin  [ir(i>+ji)]}/sin  [tt(v— /n)] 

Negative  Argument  z <0) 

8.2.3 

P?(-z)=e*t‘'TPi(z)--  e-^  sin  ]Q?(2) 

7 r 


8.2.4 

8.2.5 
P;'‘(2)= 

8.2.6 


Qi(,-z)  = -e±u*Qi{z) 

Negative  Order 

r(r-M+l) 

r(r+M+l) 

Q;“(z)=e-^  ??  «? («) 


[«(*)-! 

r(v-M+i) 


sin  (/nr)  Qi(z)\ 


8.2.7  P=-f  ( 

8.2.8 

Q-7-\  ( 


r(r+M+l) 

Degree  /i+  i and  Order  v+  § 

^2>0 

2 \ (z2—l)1/4e~il‘TQ!;(z) 


(2*_  i)w 


\ (£L- 

7 (IV 


)W2r(*r+'£+'i) 


■) 


8.3.1 


(22 — 1)1/2> 

=— i(j7r)1/2r(— v— m)  (22—l)1/46“<,,TPi;(2) 

8.3.  Values  on  the  Cut 

(— 1<X<1) 

Pi  (x)  = %[e*i,iTPi  (x +iO)+e  (x—iO)  ] 


(Upper  and  lower  signs  according  as  c/2<0.) 


8.3.2 


P 1 ( x)=  e±iifiirPi  (x  ± iO)  * 


8.3.3 


8.3.4 


* 


= iir” le  [ e ~ * *Mir  Qi  ( x + iO) 

— e^QHx— iO)] 


Qi(x)  = &-i*r[e-ti»rQl(x+iO)+e^rQ!(x-iQ)] 

(Formulas  for  Pi(x)  and  Qi(x)  are  obtained  with 
the  replacement  of  z—  1 by  (1—  x)e±i*1  (z2—  1)  by 
(1—  x2)e±ir,  2+1  by  £+1  for  z=x±iO.) 

8.4.  Explicit  Expressions 

(z=cos  0) 

8.4.1  Pq(z)  — 1 P0(x)  = l 

8.4.2 

=xF(\,  l;f;x2) 

8.4.3  Pi(z)=z  Pi(x)  =x=cos  6 

8.4.4 

e,w=H£0- 


1 


8.4.5 

P2(3)=l(322— 1) 

8.4.6 


P2(a:)  = 2(3a:2— 1) 

=J(3  cos  20+1) 


Qi(z)  =+2(2)  In  (|^y)  Q2&)  = 


32 

2 V 4 

8.5.  Recurrence  Relations 


/3x2— 1\.  /l+x\  3x 

mHsrr 


(Both  Pi  and  Qi  satisfy  the  same  recurrence 
relations.) 

Varying  Order 

8.5.1 

P?+1(z)  = (z2-!)-*  { (r-M)zP?(z)  - (p+rfPt-iiz) } 


♦See  page  n. 
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8.5.2 

(22_1)  (g)  — (y — M+l)  (Z2- 


dz 


—nzPliz) 


Varying  Degree 


8.5.3 

(f-M+1)P5+i(«)  = (2^  + 1)2P!;(2)-(|'+/*)«-i(2) 

8.5.4  (z2- 1)  ^p=vzP^(z)-(K+M)Pi;-i(2) 

Varying  Order  and  Degree 

8.5.5  P:+1(z)=P!l_1(z)  + (2v+l)(z2-l)iPr1(2) 

8.6.  Special  Values 

2=0 

8.6.1 

PJ(0) 

=2“ir-*  cos  [fir(i'+/t)]r(f»'+fM+f)/r(fi'— f/i+1) 
8.6.2 
Qti  o)= 

— 2*‘_1ir1  sin  [f  ir(«'+;u)]r(fj'4-fM+f)/r(fi'— f m+1) 

8.6.3 

pP?(x)1 

L dx  l.o 

2M+1ir-*  sin  [fir(r+/i)]  r(fi'4-f/i+l)/r(f(' — f/*+f) 

8.6.4 

[dQW]  _ 

L dx  1_0 

2Mir}  cos  [fir (v+/t)]  T(fi'+f/i+l)/r(fj' — f/t+f) 

8.6.5 

W(P“(x)  OHx) ) _22,ir(fy+fM+l)r(fv+fM+f) 

w { P,  (2) , q , (2)  I o r IM + i ) r ( f M+ 1) 


jt=m=l,  2,  3,  . . . 


8.6.6 


Pz*(z)=(z2-i)*m 


dmP,{z) 


dz 


m 


dmPv(x) 


dx 


m 


8.6.7 


Q?(z)=(z*- 1)*» 


dm&(z) 


dz 


m 


8.6.8 

P\{z) 


<R{x)  = (- l)m(l-22)im 
At=±f 

(z2- 1 ) - 1/4  (2ir)  ~ 1/2  { [z+  (z2- 1 ) */2]  -+1 

+[z+(z2-l)1/2]-'-i} 


8.6.9 


*<*>=© 


2\1/2  (z2— 1)_1/4 


2v+l 


{[z+(z2-l)1/2]I'+* 

-[z+(z2-l),/2]-'-i} 


8.6.10 


Qi(2)=i(IT)'/2(22-l)-V4[2+(22_1)l/2]-,-1 

8.6.11 

<27i(2)  = -i(2Tr)I/2  fe^'W^-l)1'2]-"-*  * 


2v+ 1 


8.6.12 


PJ(cos  0)  = (fi r)“*  (sin  0)_i  cos  [(v+f)0] 


8.6.13 

0(cos  0)  = — (fir)5  (sin  0)~*  sin  [O>+f)0] 

8.6.14 

P;}( cos  0)  = (fir)-}(p+f)_1(sin  0)-i  sin  [(K+f)0] 

8.6.15 

Qri(cos0)=(27r)  i(2y+l)-,(sin0)_i  cos  [(y+f)0] 


H——v 


8.6.16 


iV(2)  = 


2-"(z2— 1)*' 

r(*+i) 


8.6.17 


P„  "(cos  0)  = 


2 ""(sin  0) 

r(*+i) 


8.6.18 


li=Q,  v=n 
(Rodrigues9  Formula) 

p ,, 1 d”(z2- 1)” 

2"n!  dz” 


8.6.19  Qn(z)=^Pn(z)  In  j3|*-ir»_i(2) 
where 

W^-l(2)~=^  Pn-l(x)+^=|r  P-.(*) 


1 - 71 


3(ft— 1) 

2n— 9 
5(71, — 2) 


Pn— 5(2)  + 


= S ~T  Pm-l(*)P»-m(2) 

771=1 


TV-,(2)=0 


♦See  page  n. 
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v=0,l 


8.6.20  ["— ^=2  In  (cos  |0) 

8.6.21  ^QS  j =— tan  J0— 2 cot  §0  In  (cos  ^0) 


8 


.6.22  ^°S  ^ J =— § tan  ^0  sin2  ^0+sin  0 In  (cos  ^0) 

8.7.  Trigonometric  Expansions  (O~<^0<V) 


8.7.1  P?(cos  0)  = 7r-1/22,‘+1(sin  6)“  r^+1}  S (m+m¥'^+1)*  sin  [(,+M+2Ar+l)0] 

I>+f)  *=o  a:!  (v+f)* 

8.7.2  0r(cos  »)=,r>'*2>(sin  # )>  2 cos  [(r+g+2*+l)*] 


I>+f)  f=o  k\(u+ f)* 


8.7.3  jPn  (cos  0)  = 


22w+2(rd) 

7r(2n+l) 


j j^sin  (w+  l)0+2i 

22n+1(n')2r 

8.7.4  (cos  g)  = '(2^4-1)!  [_CQS  (7i+1)^+ 


• ~hl  • / i r>\ /j  , 1*3  (71+I) (n+2)  . ( , , 

— sill  (7i+3)0+-77T  /o^  , owor  7 -gTsm(^+o)0+ 


2 ! (2 71  -f-  3)  (2?i -f-  5) 


”+1  cos  (»+3)«+!^  i'tS  COS  (»+5)»+ 


2n+3 


2!  (2n+3)(2n+5) 


■] 

] 


8.8.  Integral  Representations 

(2  not  on  the  real  axis  between  —1  and  — 00) 


8.8.1  P*,(z)  = 


2--(22— 1)-1« 


r(-r-p)r(r+l) 


05?(-n)>afr>-l) 


8.8.2  $(2)  = 


r(y+M+l) 
r(M+!)  r(x — m+1) 


/» 00 

J (2+cosh  ty~v~l  (sinh  t)2v+ldt 

,/» 00 

(z2—  1)^  J [z-\-(z2—  1)*  cosh  <]“,/“/1“1(sinh  t)2fidt  (3l(v±fjL-\-  1)>0) 


8.8.3  (?n(2)=^J'i(2-<)-1PttWdi  = (-l)B+I(2re(-2) 
(For  other  integral  representations  see  [8.2].) 


8.9.  Summation  Formulas 


7? 


8.9.1  (Z—z)'H(2m+l)Pm(z)Pm(Z)  = (n+l)[P„+l(g)Pn(z)—Pn(Z)Pn+l(z)] 

771=0 


n 


8.9.2  ^-z)j:(2m+l)Pm(z)QM)  = l-(n+l)[Pn+i(z)Qn^)-Pn(e)Qn+1(i)} 


771=0 


8.10.  Asymptotic  Expansions 

For  fixed  z and  v and  3? 8.10.1-8.10.3  are  asymptotic  expansions  if  z is  not  on  the  real 
axis  between  — c°  and  —1  and  +00  and  +1.  (Upper  or  lower  signs  according  as  0.) 


8.10.1  Pi(z) 


r(y+M+i)rOi — v)  /2+iVm  . 


7jT0z+1) 


(l^l)  sin  hit  F(— v,  v+l)  1+g;  5+52) 


sin  vi r 

t ■■'■■■  1 ■ * 

sin  fxTr 


8.10.2  Qi(z)=ie^  rp(^|)1)  (j^f  r(g-r)  [>(-,,  r+l;  1+M;  i+l«) 


(“Ft^TT 


•See  page  II. 
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8.10.3  Q;»(z) 


e-‘'lTcsc[jr(»'— m)] 

2jrr(l+/i) 


(f^l)  V+1>  !+/*;  4"ig) 


(fqrj)  F(—v>  H-i;  !+/*;  1+Js)J 


With  fj,  replaced  by  — /x,  8.1.2  is  an  asymptotic  expansion  for  P^^iz)  for  fixed  z and  v and  0t  /x-»« 
if  z is  not  on  the  real  axis  between  — oo  and  —1. 

For  fixed  z and  /x  and  0tv-> oo,  8.10.4  and  8.10.6  are  asymptotic  expansions  if  z is  not  on  the  real 
axis  between  — oo  and  —1  and  +00  and  +1;  8.10.5  if  z is  not  on  the  real  axis  between  — oo  and  +1. 


8.10.4  Pt(g) = £2tt) -*(*2- 1) ■ -1/4  rr(T+f)1)  { [2+ (*2~ 4-/*;  i+v, 


+ie-^[z-(z2-m+iF(h+^,  h-»;i+r, 


} 


8.10.5  Quiz) ~ 1/4  T [z-(z°- l)‘]'+»^(i+M,  4-/*;t+»'; 


8.10.6  Qt,(z) 


e^dTy’iz2—!)-1'*  T(n+ 


sin  — i')]  T( 


/cos  nie+p-iW'-tFQ+nA-K  4+r; 


+iei‘”r  cos  inr[z— (z2— l)5]”  iF(§+ii,  §— ju;  %+v, 


z+(z‘ 


2(z*-iy 


'M 


The  related  asymptotic  expansion  for  P-V(z)  may  be  derived  from  8.10.4  together  with  8.2.1. 
8.10.7  Pi  (cos  fl) = r p^/|)1}  (4x  sin  fl)-»  cos  [(.+4)  e-\+^\+0{v-1) 


8.10.8  «(cos  [(>+W+f+?  ]+0(.-) 


(€<^<7T— €,  €>0) 


For  other  asymptotic  expansions,  see  [8.7]  and  [8.9]. 

8.11.  Toroidal  Functions  (or  Ring  Functions) 

(Only  special  properties  are  given  ; other  properties  and  representations  follow  from  the  earlier 
sections.) 


8.11.1  Pt-\($ osh  7?)  = [r(l—  /x)]_122^(l  — /x,  \+v— /x;  1 — 2/x;  1 — er2^ 


8.11.2  P^_i(cosh  rj)  = 


r(n+m+|)(sinh  r?) 


m 


4)  Jo 


(sin  (p)2md<p 


T(n—  m + ^)2mV^r(rn  + |)  J0  (cosh  77+cos  <p  sinh  7})n+m+i 


8.11.3  Q?_i(cosh  77)  = [r(l+^)]  V?r6</wT(i+j'+/x)(l  — e 211 )Me  (l,+^vP(i-j-fi,  I+p+m;  1 +?;  £ 2v) 


8.11.4  Qs_x(c osh  r?) 


(-l)wr(n+i) 


-v  r 

4)  Jo 


00 


cosh  mt  dt 


(cosh  ?7+cosh  t sinh  ri)n+* 


* 


(n>m) 


♦See  page  n. 
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8.12.  Conical  Functions 

CP^+tX(c os  0),  cos  0)) 

(Only  special  properties  are  given  as  other 
properties  and  representations  follow  from  earlier 
sections  with  (X,  a real  parameter)  and 

2=  cos  0.) 


8.12.1 


0 


P-\+t\  (cos  0)  = 1+4X2y-1-  sin2  - 

(4X2+l2)(4X2+32)  0 

• 2242  & 1 2 ' ' ’ * 


(O<0<^7r) 


P_i  + fx( COS  0)=P_i-:x( COS  0) 

cosh  X/rf£ 


8.12.2 

« i • - - * 

8.12.3  P_i+tx(eos0)=-  P- 

Tj  0 A 

8.12.4 

/»  oo 

(?_$=Fix(cos  0)=  ±i  sinh  X7r  j 

Jo  -y 


2 (cos  t— cos  0) 


cos  X£rf/ 


+ 


2(cosh  t+ cos  0) 
cosh  \tdt 


/»  00 

Jo  -y 


/2(cosh  t— cos  0) 


8.12.5 

P_J+ix(  — cos  0) 

cosh  Xir 


ir 


[<2_1+,x(cos  tf)+Q_J_<x(cos  0)] 


8.13.  Relation  to  Elliptic  Integrals 
(see  chapter  17) 


8.13.1  P_,(z) 


-;V:TTx(Vy) 


8.13.2  P_j(cosh  r;)=r^cosh  K (tanh 


8.13.3 

8.13.4 

8.13.5 


Q_§(cosh  77) =2 e“1,/2^^(6",,) 


2(z2-l)m 

Z+(Z2-1)1/2 


) 


8.13.6  P^cosh  *;)=-  e'^EUl-e-*) 

7 r 

8.13.7 


«‘«=2Vm*(ViTr) 


-[2(*+l)J»£ 


(—!<*<!) 


8.13.8 


(V&) 

8.13.9  P_j(cos  0)=^K  (sin 

8.13.11 

8.13.12  * 


8.13.10 


8.14.  Integrals 


(#p>#r>0) 


8.14.1  J P,(x)Q„(x)tfx=[(p— v)(p+i'+l)]-1 

rt  co 

8*14.2  ^(x)$p(x)Ja:=[(p— *i/)(p+i'+l)]“1[^(p+l)— ^(j'+l)]  (^P(p+v)>  — 1,  p+y+1^0; 

^ P7^-^l,  2,  3,  . . .) 

8.14.3  [Q„(x)]2Ja:=(2i/+l)“V,(*/+l)  (^v>  — J) 

J1  2 

Pv(x)Pp(x)dx=—z  [(p— j')(p  + j>+ 1)]~*  {2  sin7n/sin  irp[^(i/+ 1)  — ^(p+  l)]  + 7rsin  (wp—irv) } 

-1  7T 

(p+  1 5*^0) 

8.14.5  P [P,(x)]2c/x=-~2(sin  ,7^ 1}  * 

J-l  ^(^+2) 

8.14.6  J*  $p(x)Qp(x)rfa:=[(p— i/)(p+i/+ l)]”1{tl/,(I/'+' 1)"“^(p+ l)][f +cos  p7T  cos  |tt  sin  (i/7r— p7r)}  * 

(p+i/+l?*0;  y,  p7*  — 1,  —2,  —3,  . . .) 
8*14.7  J*  [Qv(x)]2rfx=(2i/+l)“1{  J7T2— ^'(»/+l)[l  + (cosi/7r)2] } (1/5^  — 1,  —2,  —3,  . . .) 

•See  page  n. 
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8.14.8  J*  Pr(x)Qp(x)dx=[(v—  p)(p+H-l)]-1  ^1— cos  (px— sin  jn»  cos  7n#(»»+l)— iKp+I)]^- 

(^>0,  ^p>0,  p^v’ 

8.14.9  f Pv(a:)Qi-(a:)^=— - (2»»+l)-1  sin  2vmf/'(v+l)  (Z%v>0] 

J-i  » 

(m,  n,  Z positive  integers) 


8.14,10 

8.14.13  f 

[i^(a:)]2d£=(7&+|)  ^n+m)!/^— m)! 

/_«(*)«(*)<&-(  1)- 

«/  ■ 

8.14.14 

8.14.11 

f P^(x)Pf(x)dx= 0 (Z  ?^n) 

£ a- 

- x 2)  “ ]2dx=  (w+  m)  !/m  (n— m) ! 

/»! 

8.14.15 

8.14.12 

j P?(*)Pi(*)(l-**)-Vfa=0  (Z^m) 

C*  t>  / \ oj  ^2  p 1 r ( 1 — |—  p) 

J.  P-Wa'*"r(i+lp-5,)r(Jp+J,+i) 

(«p>-d 

8.14.16 


“ lPr  M(cos  t )dt= 


2 <ivr(|c>!+|p)r(|«— ^p) 

r (■§ + §*0  r (§«— § v)  r ($p+ %v+ 1)  r (|p— §h-  I) 


(^(a±p)>0) 


8.14.17 


P^m(z)=(z‘—1)  • • • f P,(z)(dz)m 

P^(X) 


8.14.18 

Qr”(2)=(-l)m(2s-l)-}m  f“  • f *«;(«) (<fe)- 

J z J z 

For  other  integrals,  see  [8.2],  [8.4]  and  chapter 

22. 

Pn(cos0) 


Figure  8.1.  P»(co&0).  t&=0(1)3. 


Figure  8.2.  Pi(x) 


n=l(l)3,  x<l. 


LEGENDRE  FUNCTIONS 


Figure  8.3.  Pn(x).  n=0(l)3,  x>l. 


Figure  8.5.  Qn(x).  n=0(l)3,  s>l. 


Numerical  Methods 


Figure  8.4.  Q*(z).  n=0(l)3,  *<1. 


8.15.  Use  and  Extension  of  the  Tables 
Computation  of  Pn(x) 

For  all  values  of  x there  is  very  little  loss  of 
significant  figures  (except  at  zeros)  in  using  the 
recurrence  relation  8.5.3  for  increasing  values  of  n. 

Example  1.  Compute Pn(z)  forz=. 31415  92654 
ancLa;=2.6  for  2(1)8. 
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n P„(.31415  92654) 

0  1 

1 .31415  92654 

2 —.35195  59340 

3 -.39372  32064 

4 .04750  63122 

5 .34184  27517 

6 . 15729  86975 

7 -.2012339354 

8 -.2561729328 


P„(2.6) 

1 

2.6 
9.64 
40.04 
174.  952 
786. 74336 
3604.  350016 
16729.  51005 
78402.  55522 


Computing  Pg(x)  using  Table  22.9  carrying  ten 
significant  figures,  P8(. 31415  92654)=— .25617  2933 
and  P8(2.6)= 78402.55526. 


Computation  of 

For  £<0>  use  of  8.5.3  for  increasing  values  of  n 
leads  to  very  little  loss  of  significant  figures. 
However,  for  x^>l,  the  recurrence  relation  8.5.3 
should  be  used  only  for  decreasing  values  of  n , 
after  having  first  obtained  Qn  using  the  formulas 
in  terms  of  hypergeometric  functions. 

Example  2.  Compute  Qn(%)  for  x=  .3141 5 92654 
and  71=0(1)4. 

With  the  aid  of  8.4.2  and  8.4.4  we  obtain 


n Qn(. 31415  92654) 

0 . 32515  34813 

1 -.8978500212 

2 -.58567  85953 

3 .29190  60854 

4 . 59974  26989 

Using  the  results  of  Example  X together  with 

)-W3(x) 

where  T1T3=“  P3+|  Pi,  giving  Q4(. 31415  92654)  = 
.59974  26989. 


8.6.19,  we  find  Qi(x)  = %Pi(x) In  (73- 

\ 1 — X 


Example  3.  Compute  Qs(x)  for  a;=2.6. 

Ten  terms  in  the  series  for  F (v-^r->  -4) 

\ 2 2 2 Z v 

of  8.1.3  are  necessary  to  obtain  nine  significant 
figures  giving  #6(2.6)  =4.8182  4468  X10-5.  Using 
8.5.3  with  increasing  values  of  n carrying  ten 
significant  figures  we  obtain 

n Q»(2.6) 

0 .40546  51081 

1 . 05420  928 

2 . 00868  364 

3 . 00148  95 

4 . 00026  49 

5 .00004  81 

where  Q0  and  Qi  are  obtained  using  8.4.2  and  8.4.4. 

Computation  of  Pz Q±j(x) 

For  all  values  of  x,  P±$(x)  and  Q±$(x)  are  most 
easily  computed  by  means  of  8.13. 

Example  4.  Compute  Q-$(x)  for  £=2.6. 

Using  8.13.3  and  interpolating  in  Table  17.1  for 

K(.5),  we  find 

= (.74535  59925)  (1.90424  1417) 
= 1.41933  7751. 


On  the  other  hand,  at  least  nine  terms  in  the 

• 1?  T1  / V — |— 2 Jf-f-1.  . 3.  1\  A n T 0 

expansion  of  FI  — ? —g— > v+ig  ) of  8.1.3  are 

necessary  to  obtain  comparable  accuracy. 
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Table  8.1  LEGENDRE  FUNCTION— FIRST  KIND  P„(*) 


Po(x)  = 1 Pl(x)=x 


X 

arccos  x 

P2(x) 

Pz(x) 

P*(x) 

P io(x) 

0.00 

90. 00000 

00 

-0.  50000 

0.00000 

00 

0.  00000 

000 

-0.  24609 

37 

0.  01 

89.  42703 

26 

-0.  49985 

-0.  01499 

75 

0.  02457 

330 

-0.  24474 

14 

0.  02 

88.  85400 

80 

-0.  49940 

-0.  02998 

00 

0.  04893 

045 

-0.  24069 

84 

0.  03 

88.  28086 

87 

-0.  49865 

-0.  04493 

25 

0.  07285 

701 

-0.  23400 

69 

0.  04 

87.  70755 

72 

-0. 49760 

-0.  05984 

00 

0.  09614 

188 

-0.  22473 

64 

0.05 

87. 13401 

60 

-0.  49625 

-0.  07468 

75 

0. 11857 

899 

-0.  21298 

35 

0.  06 

86.  56018 

72 

-0.  49460 

-0.  08946 

00 

0.13996 

890 

-0. 19887 

11 

0.  07 

85.  98601 

28 

-0.  49265 

-0.10414 

25 

0.16012 

040 

-0.18254 

68 

0.  08 

85.  41143 

43 

-0.  49040 

-0. 11872 

00 

0. 17885 

206 

-0.16418 

20 

0.  09 

84.  83639 

29 

-0.  48785 

-0.13317 

75 

0.19599 

366 

-0. 14397 

02 

0.10 

84. 26082 

95 

-0.  48500 

-0. 14750 

00 

0.  21138 

764 

-0. 12212 

50 

0.11 

83.  68468 

44 

-0.48185 

-0. 16167 

25 

0.  22489 

042 

-0.  09887 

86 

0.12 

83. 10789 

74 

-0.  47840 

-0. 17568 

00 

0.  23637 

363 

-0.  07447 

93 

0. 13 

82.  53040 

77 

-0.  47465 

-0. 18950 

75 

0.  24572 

526 

-0.04918 

90 

0.14 

81. 95215 

37 

-0.  47060 

-0.  20314 

00 

0.25285 

070 

-0.  02328 

12 

0.15 

81.  37307 

34 

-0.  46625 

-0.  21656 

25 

0.  25767 

367 

+0.  00296 

18 

0.16 

80.  79310 

38 

-0.  46160 

-0. 22976 

00 

0.26013 

706 

0.  02925 

20 

0.17 

80.21218 

10 

-0.  45665 

-0.  24271 

75 

0.  26020 

358 

0. 05529 

81 

0.18 

79.  63024 

02 

-0.  45140 

-0.  25542 

00 

0.  25785 

632 

0.  08080 

85 

0.19 

79. 04721 

58 

-0.  44585 

-0.  26785 

25 

0.25309 

918 

0.10549 

42 

0.20 

78.  46304 

10 

-0.  44000 

-0.28000 

00 

0.  24595 

712 

0. 12907 

20 

0.  21 

77.  87764 

77 

-0.  43385 

-0.  29184 

75 

0.  23647 

631 

0.15126 

74 

0.  22 

77.  29096 

70 

-0.  42740 

-0.30338 

00 

0.  22472 

407 

0. 17181 

75 

0.  23 

76.  70292 

82 

-0.  42065 

-0.  31458 

25 

0.21078 

870 

0. 19047 

36 

0. 24 

76. 11345 

96 

-0. 41360 

-0.  32544 

00 

0.19477 

914 

0.20700 

49 

0.25 

75.  52248 

78 

-0.  40625 

-0. 33593 

75 

0.17682 

442 

0.22120 

02 

0. 26 

74.  92993 

79 

-0.  39860 

-0. 34606 

00 

0. 15707 

305 

0.  23287 

14 

0. 27 

74.  33573 

31 

-0.  39065 

-0.  35579 

25 

0. 13569 

215 

0.  24185 

52 

0.28 

73.  73979 

53 

-0.38240 

-0.  36512 

00 

0.11286 

642 

0.  24801 

62 

0.  29 

73. 14204 

40 

-0.  37385 

-0.  37402 

75 

0.  08879 

707 

0.  25124 

81 

0.30 

72. 54239 

69 

-0. 36500 

-0.  38250 

00 

0.  06370 

038 

0.25147 

63 

0.  31 

71.  94076 

95 

-0.  35585 

-0. 39052 

25 

0.  03780 

634 

0.  24865 

91 

0.32 

71. 33707 

51 

-0. 34640 

-0.  39808 

00 

+0.  01135 

691 

0.  24278 

89 

0. 33 

70. 73122 

45 

-0.  33665 

-0. 40515 

75 

-0.  01539 

566 

0.  23389 

37 

0.  34 

70.12312 

59 

-0. 32660 

-0. 41174 

00 

-0. 04219 

085 

0. 22203 

73 

0.35 

69.  51268 

49 

-0.  31625 

-0.  41781 

25 

-0.  06876 

185 

0.  20732 

00 

0. 36 

68.  89980 

39 

-0.30560 

-0.  42336 

00 

-0.  09483 

780 

0.18987 

83 

0. 37 

68.  28438 

27 

-0.  29465 

-0.  42836 

75 

-0. 12014 

608 

0.16988 

48 

0.38 

67. 66631 

73 

-0.  28340 

-0. 43282 

00 

-0. 14441 

472 

0.14754 

72 

0.39 

67. 04550 

06 

-0.27185 

-0.  43670 

25 

-0. 16737 

489 

0. 12310 

73 

0. 40 

66.  42182 

15 

-0.  26000 

-0. 44000 

00 

-0.18876 

356 

0.  09683 

91 

0. 41 

65.  79516 

52 

-0.  24785 

-0. 44269 

75 

-0.  20832 

609 

0.  06904 

71 

0.  42 

65. 16541 

25 

-0.  23540 

-0. 44478 

00 

-0.  22581 

900 

0.  04006 

39 

0. 43 

64. 53243 

99 

-0.  22265 

-0.  44623 

25 

-0. 24101 

269 

+0.  01024 

69 

0. 44 

63. 89611 

88 

-0.20960 

-0. 44704 

00 

-0.  25369 

426 

-0.  02002 

45 

0. 45 

63. 25631 

61 

-0. 19625 

-0. 44718 

75 

-0.  26367 

022 

-0.  05035 

30 

0. 46 

62.  61289 

25 

-0.18260 

-0.  44666 

00 

-0.  27076 

932 

-0.  08032 

72 

0.47 

61. 96570 

35 

-0.16865 

-0. 44544 

25 

-0.  27484 

521 

-0.10952 

64 

0. 48 

61. 31459 

80 

-0. 15440 

-0. 44352 

00 

-0.  27577 

908 

-0. 13752 

51 

0. 49 

60.  65941 

84 

-0. 13985 

-0. 44087 

75 

-0.  27348 

225 

-0.16389 

87 

0.  50 

60.  00000 

00 

-0. 12500 

-0. 43750 

00 

-0.  26789 

856 

-0.18822 

86 

R-4)5- 

1 

r(-5)41 

rc-5)9i 

n-4)4i 

r(-4)4i 

L 5 . 

J 

L 3 J 

L 4 

j 

L 6 

j 

L 6 

J 

P2(X)=  i(" 

1+3*2) 

P3(X) 

= | (-3+5*2) 

PfiW  = 4o  (1260 — 18480*2+ 72072*4 — 102960*6 + 48620*8) 

Djlu 


P\o{x) 


( - 252 + 13860*2  - 120120c4 + 360360*6  - 437580*8 + 184756x‘0) 


(n+l)Pn+i(x)  = (2n+l)xPn(x) -nPn- l(x) 
For  coefficients  of  other  polynomials,  see  chapter  22. 
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LEGENDRE  FUNCTION— FIRST  KIND  P„0)  Table  8.1 

Po(x)  = 1 Pl(*) -X 


X 

arccos  x 

P2(X) 

Pz(x) 

Pq(x) 

Pio(x) 

0.50 

60.00000  00 

-0.12500 

-0.43750  00 

-0. 26789 

856 

-0.18822  86 

0.  51 

59.33617  03 

-0.10985 

-0.43337  25 

-0.25900 

667 

-0.21010  83 

0.  52 

58.66774  85 

-0.  09440 

-0.42848  00 

-0. 24682 

215 

-0.22914  92 

0.  53 

57.99454  51 

-0.  07865 

-0.42280  75 

-0.  23139 

939 

-0.24498  73 

0.  54 

57.31636  11 

-0.  06260 

-0.41634  00 

-0.  21283 

321 

-0.25728  92 

0.  55 

56.63298  70 

-0.  04625 

-0.40906  25 

-0.19126 

025 

-0.26575  85 

0.  56 

55.94420  22 

-0.  02960 

-0.40096  00 

-0. 16686 

000 

-0.27014  28 

0.  57 

55.24977  42 

-0.  01265 

-0.39201  75 

-0. 13985 

552 

-0.27023  97 

0.  58 

54.54945  74 

+0.  00460 

-0.38222  00 

-0. 11051 

366 

-0.26590  30 

0.  59 

53.84299  18 

0.  02215 

-0.37155  25 

-0.  07914 

497 

-0.25704  92 

0.  60 

53.13010  24 

0.  04000 

-0.36000  00 

-0.  04610 

304 

-0.24366  27 

0.  61 

52.41049  70 

0.  05815 

-0.34754  75 

-0. 01178 

332 

-0.22580  16 

0.  62 

51.68386  55 

0. 07660 

-0.33418  00 

+0.  02337 

862 

-0.20360  19 

0.  63 

50.94987  75 

0.  09535 

-0.31988  25 

0.  05890 

951 

-0.17728  16 

0. 64 

50.20818  05 

0.11440 

-0.30464  00 

0. 09430 

141 

-0.14714  41 

0.65 

49.45839  81 

0. 13375 

-0.28843  75 

0. 12901 

554 

-0.11358  05 

0.  66 

48.70012  72 

0.15340 

-0.27126  00 

0.16248 

693 

-0.07707  01 

0.  67 

47.93293  52 

0.17335 

-0.25309  25 

0. 19412 

981 

-0.03818  08 

0.  68 

47.15635  69 

0.19360 

-0.23392  00 

0.  22334 

410 

+0.00243  30 

0.  69 

46.36989  11 

0.21415 

-0.21372  75 

0.  24952 

270 

0.04403  37 

0.70 

45.57299  60 

0.  23500 

-0.19250  00 

0.  27205 

993 

0.08580  58 

0.  71 

44.76508  47 

0.  25615 

-0.17022  25 

0.29036 

111 

0.12686  31 

0. 72 

43.94551  96 

0.  27760 

-0.14688  00 

0. 30385 

323 

0.16625  89 

0.  73 

43.11360  59 

0.  29935 

-0.12245  75 

0. 31199 

698 

0.20299  76 

0.  74 

42.26858  44 

0.32140 

-0.09694  00 

0.  31430 

004 

0.23605  08 

0.  75 

41.40962  21 

0. 34375 

-0.07031  25 

0.  31033 

185 

0.26437  45 

0.  76 

40.53580  21 

0. 36640 

-0.04256  00 

0.  29973 

981 

0.28693  19 

0.  77 

39.64611  11 

0. 38935 

-0.01366  75 

0.  28226 

712 

0.-30271  79 

0.  78 

38.73942  46 

0. 41260 

+0.  01638  00 

0. 25777 

224 

0.31078  93 

0.  79 

37.81448  85 

0.  43615 

0.04759  75 

0.  22625 

012 

0.31029  79 

0.  80 

36.86989  76 

0.  46000 

0.08000  00 

0.18785 

528 

0.30052  98 

0.  81 

35.90406  86 

0. 48415 

0.11360  25 

0. 14292 

678 

0.28094  87 

0.  82 

34.91520  62 

0. 50860 

0.14842  00 

0.  09201 

529 

0.25124  52 

0.  83 

33.90126  20 

0.  53335 

0.18446  75 

+0. 03591 

226 

0.21139  19 

0.  84 

32.85988  04 

0.  55840 

0.22176  00 

-0. 02431 

874 

0.16170  50 

0.  85 

31.78833  06 

0.  58375 

0.26031  25 

-0.  08730 

820 

0.10291  23 

0.  86 

30.68341  71 

0.  60940 

0.30014  00 

-0. 15134 

456 

+0.03622  91 

0.  87 

29.54136  05 

0. 63535 

0.34125  75 

-0. 21433 

544 

-0.03655  86 

0.  88 

28.35763  66 

0.  66160 

0.38368  00 

-0.  27376 

627 

-0.11300  29 

0.  89 

27.12675  31 

0.  68815 

0.42742  25 

-0. 32665 

610 

-0.18989  29 

0.  90 

25.84193  28 

0. 71500 

0.47250  00 

-0.36951 

049 

-0.26314  56 

0.  91 

24. 49464  85 

0.  74215 

0.51892  75 

-0. 39827 

146 

-0.32768  58 

0.  92 

23.07391  81 

0.  76960 

0.56672  00 

-0. 40826 

421 

-0.37731  58 

0.  93 

21.56518  50 

0.  79735 

0.61589  25 

-0. 39414 

060 

-0.40457  43 

0.  94 

19.94844  36 

0. 82540 

0.66646  00 

-0. 34981 

919 

-0.40058  29 

0.  95 

18.19487  23 

0.  85375 

0.71843  75 

-0.  26842 

182 

-0.35488  03 

0.  96 

16.26020  47 

0.  88240 

0.77184  00 

-0. 14220 

642 

-0.25524  34 

0.  97 

14.06986  77 

0.  91135 

0.82668  25 

+0.  03750 

397 

-0.08749  40 

0.  98 

11.47834  09 

0. 94060 

0.88298  00 

0. 28039 

609 

+0.16470  81 

0.  99 

8.10961  44 

0. 97015 

0.94074  75 

0.  59724 

553 

0.52008  90 

1.  00 

0.00000  00 

1. 00000 

1.00000  00 

1. 00000 

000 

1,00000  00 

r(-5)4i 

T(-4)2i 

r(-2)n 

L 3 J 

L 4 J 

L 7 

j 

L 7 J 

P2(X)=  h( 

— l+3x2)  Ps(x) 

= | (-3+5*2) 

P9(x)  ==JH  (1260  — 18480*2+72072*4 — 10296(te8+4862(te8) 


Pw(x)  = ( - 252+13860*2  - 120120x4  +360360*6  - 437580*®+ 184756*10) 

(n  + l)Pn+l(x)  = (2n+l)xPn(x) -nPn- l(x) 

For  coefficients  of  other  polynomials,  see  chapter  22. 


344 


LEGENDRE  FUNCTIONS 


Table  8.2 

DERIVATIVE  OF  THE 

LEGENDRE  FUNCTION— FIRST 

KIND  K{x) 

P'l(z)  = l 

P2(X)=SX 

X 

Ps(x) 

Pito 

Pg(z) 

Pio(x) 

0.00 

-1. 50000 

0. 00000 

00 

2. 46093 

75 

0.  00000 

00 

0.01 

-1. 49925 

-0. 07498 

25 

2. 45011 

64 

0.  27023 

41 

0.  02 

-1. 49700 

-0. 14986 

00 

2. 41773 

75 

0.  53765 

93 

0.  03 

-1. 49325 

-0. 22452 

75 

2. 36405 

34 

0.  79949 

17 

0.  04 

-1. 48800 

-0.29888 

00 

2. 28948 

35 

1. 05299 

82 

0.  05 

-1. 48125 

-0.37281 

25 

2. 19461 

13 

1. 29552 

05 

0.  06 

-1.47300 

-0. 44622 

00 

2. 08018 

11 

1. 52449 

98 

0.  07 

-1. 46325 

-0.  51899 

75 

1. 94709 

32 

1. 73750 

05 

0.  08 

-1. 45200 

-0. 59104 

00 

1. 79639 

87 

1. 93223 

25 

0.09 

-1. 43925 

-0. 66224 

25 

1. 62929 

31 

2.10657 

29 

0.10 

-1. 42500 

-0. 73250 

00 

1. 44710 

87 

2. 25858 

73 

0.11 

-1.  40925 

-0.  80170 

75 

1.25130 

64 

2. 38654 

80 

0.12 

-1.39200 

-0. 86976 

00 

1. 04346 

68 

2. 48895 

24 

0. 13 

-1. 37325 

-0. 93655 

25 

0.  82528 

00 

2. 56453 

90 

0. 14 

-1. 35300 

-1. 00198 

00 

0.  59853 

47 

2. 61230 

18 

0.15 

-1. 33125 

-1. 06593 

75 

0.36510 

73 

2.  63150 

28 

0. 16 

-1.  30800 

-1. 12832 

00 

+0. 12694 

88 

2.  62168 

25 

0.17 

-1.  28325 

-1. 18902 

25 

-0. 11392 

76 

2. 58266 

81 

0.18 

-1. 25700 

-1. 24794 

00 

-0.  35546 

01 

2. 51458 

04 

0.19 

-1. 22925 

-1.30496 

75 

-0.  59555 

27 

2. 41783 

68 

0.  20 

-1.20000 

-1.36000 

00 

-0.  83208 

96 

2. 29315 

33 

0.  21 

-1.16925 

-1. 41293 

25 

-1.  06295 

03 

2. 14154 

35 

0.22 

-1. 13700 

-1. 46366 

00 

-1.28602 

54 

1. 96431 

51 

0.  23 

-1.10325 

-1. 51207 

75 

-1. 49923 

18 

1.  76306 

37 

0.  24 

-1. 06800 

-1.  55808 

00 

-1. 70052 

94 

1. 53966 

43 

0.25 

-1.  03125 

-1. 60156 

25 

-1. 88793 

72 

1. 29625 

99 

0.26 

-0.  99300 

-1. 64242 

00 

-2. 05954 

92 

1. 03524 

77 

0.27 

-0.  95325 

-1. 68054 

75 

-2. 21355 

15 

0.  75926 

26 

0.28 

-0.  91200 

-1. 71584 

00 

-2. 34823 

78 

0.  47115 

77 

0.29 

-0.  86925 

-1. 74819 

25 

-2. 46202 

63 

+0. 17398 

30 

0.30 

-0.  82500 

-1.  77750 

00 

-2. 55347 

51 

-0. 12903 

87 

0.  31 

-0.  77925 

-1. 80365 

75 

-2. 62129 

80 

-0. 43453 

90 

0.  32 

-0.  73200 

-1. 82656 

00 

-2. 66437 

95 

-0.  73903 

23 

0.33 

-0.  68325 

-1. 84610 

25 

-2. 68178 

96 

-1. 03894 

72 

0. 34 

-0. 63300 

-1. 86218 

00 

-2.  67279 

74 

-1. 33065 

96 

0.35 

-0. 58125 

-1. 87468 

75 

-2.  63688 

47 

-1. 61052 

81 

0. 36 

-0. 52800 

-1. 88352 

00 

-2. 57375 

82 

-1.  87493 

10 

0.37 

-0. 47325 

-1. 88857 

25 

-2. 48336 

07 

-2. 12030 

43 

0.38 

-0. 41700 

-1.  88974 

00 

-2. 36588 

14 

-2. 34318 

21 

0.39 

-0.35925 

-1. 88691 

75 

-2. 22176 

52 

-2. 54023 

74 

0.40 

-0.30000 

-1.  88000 

00 

-2. 05172 

01 

-2. 70832 

36 

0.  41 

-0.  23925 

-1. 86888 

25 

-1. 85672 

35 

-2.  84451 

75 

0. 42 

-0. 17700 

-1. 85346 

00 

-1. 63802 

69 

-2. 94616 

13 

0.  43 

-0.11325 

-1.  83362 

75 

-1. 39715 

86 

-3. 01090 

51 

0.  44 

-0.  04800 

-1. 80928 

00 

-1. 13592 

50 

-3. 03674 

96 

0.45 

+0.  01875 

-1. 78031 

25 

-0.  85640 

91 

-3. 02208 

63 

0.  46 

0. 08700 

-1. 74662 

00 

-0. 56096 

76 

-2. 96573 

83 

0.  47 

0. 15675 

-1. 70809 

75 

-0. 25222 

53 

-2. 86699 

80 

0.48 

0. 22800 

-1. 66464 

00 

+0. 06693 

30 

-2. 72566 

30 

0. 49 

0. 30075 

-1. 61614 

25 

0. 39337 

29 

-2. 54206 

98 

0.50 

0.37500 

-1. 56250 

00 

0.  72372 

44 

-2. 31712 

34 

["(-4)2-1 

|-(-4)61 

r(-3)31 

r(-3)5T 

L 3 J 

L 4 

j 

L 6 

j 

L 6 

j 

Ps(*)  = 

=J(— 3+15*2) 

P'i(x)  = 

§(-60+140*2) 

O 

P®(*) = 512 

(1260  - 55440*2+360360*4- 

- 720720a:6 +437580#8) 

Pi°(x)  = (27720 -480480*^2162160^ -3500640*8 +1847560*8) 

P'n(x)  = [*P„(*)  -Pn+l(*)] 
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DERIVATIVE  OF  THE  LEGENDRE  FUNCTION— FIRST  KIND  P'„(* ) Table  8.2 

Pi  (*)  = 1 P'i(x)  — Zx 


X 

Pz{x) 

P*(x) 

P»(s) 

P'io(x) 

0.  50 

0.37500 

- 1.56250 

00 

0.  72372 

44 

- 2.31712 

34 

0.  51 

0. 45075 

- 1.50360 

75 

1. 05439 

75 

- 2.05232 

40 

0.  52 

0.  52800 

- 1.43936 

00 

1.38160 

24 

- 1.74978 

82 

0.  53 

0.  60675 

- 1.36965 

25 

1. 70137 

21 

- 1.41226 

67 

0.  54 

0. 68700 

- 1.29438 

00 

2.  00958 

86 

- 1.04315 

43 

0.55 

0.  76875 

- 1.21343 

75 

2.30201 

29 

- 0.64649 

54 

0.  56 

0.  85200 

- 1.12672 

00 

2. 57431 

87 

- 0.22698 

16 

0.57 

0.  93675 

- 1. 03412 

25 

2. 82213 

05 

+ 0.21005 

92 

0.  58 

1. 02300 

- 0.93554 

00 

3. 04106 

49 

0.  65868 

10 

0.59 

1.11075 

- 0.  83086 

75 

3. 22677 

77 

1.11234 

92 

0.  60 

1.20000 

- 0.72000 

00 

3.37501 

44 

1. 56397 

82 

0.  61 

1.29075 

- 0.60283 

25 

3.48166 

60 

2. 00598 

31 

0.  62 

1.38300 

- 0.47926 

00 

3. 54283 

00 

2. 4303* 

08 

0.  63 

1. 47675 

- 0.34917 

75 

3.  55487 

57 

2. 82866 

68 

0.  64 

1. 57200 

- 0.21248 

00 

3. 51451 

63 

3.19230 

45 

0.  65 

1. 66875 

- 0.06906 

25 

3. 41888 

50 

3. 51243 

07 

0.  66 

1. 76700 

+ 0.08118 

00 

3. 26561 

84 

3.78017 

74 

0.  67 

1. 86675 

0.  23835 

25 

3.  05294 

51 

3. 98677 

13 

0.  68 

1.96800 

0.40256 

00 

2.  77978 

03 

4. 12369 

16 

0.  69 

2. 07075 

0.57390 

75 

2.  44582 

82 

4. 18284 

84 

0.  70 

2.17500 

0.  75250 

00 

2.  05168 

93 

4. 15678 

18 

0.  71 

2. 28075 

0.  93844 

25 

1. 59897 

66 

4.  03888 

45 

0.  72 

2.38800 

1. 13184 

00 

1. 09043 

73 

3. 82364 

72 

0.  73 

2. 49675 

1.33279 

75 

+ 0.53008 

28 

3. 50693 

03 

0.  74 

2.60700 

1. 54142 

00 

- 0.07667 

36 

3. 08626 

20 

0.  75 

2.  71875 

1. 75781 

25 

- 0.72287 

14 

2. 56116 

49 

0.  76 

2. 83200 

1.98208 

00 

- 1.39984 

93 

1. 93351 

26 

0.  77 

2. 94675 

2. 21432 

75 

- 2.09708 

32 

1. 20791 

71 

0.  78 

3. 06300 

2.  45466 

00 

- 2. 80201 

52 

+ 0.39215 

05 

0.  79 

3.18075 

2.  70318 

25  ' 

- 3.49987 

45 

- 0.50239 

96 

0.  80 

3.30000 

2. 96000 

00 

- 4.17348 

81 

- 1.46023 

77 

0.  81 

3. 42075 

3. 22521 

75 

- 4.  80308 

26 

- 2.46122 

91 

0.  82 

3. 54300 

3. 49894 

00 

- 5.36607 

64 

- 3.48002 

97 

0.  83 

3. 66675 

3. 78127 

25 

- 5.83686 

10 

- 4.48547 

21 

0.  84 

3. 79200 

4. 07232 

00 

- 6.18657 

35 

- 5.43990 

91 

0.  85 

3.  91875 

4. 37218 

75 

- 6.38285 

68 

- 6.29851 

03 

0.  86 

4. 04700 

4.  68098 

00 

- 6.38961 

06 

- 7.00851 

07 

0.  87 

4. 17675 

4. 99880 

25 

- 6.16672 

97 

- 7.50840 

93 

0.  88 

4.30800 

5.32576 

00 

- 5.66983 

23 

- 7.72711 

51 

0.  89 

4. 44075 

5.  66195 

75 

- 4. 84997 

54 

- 7.58303 

90 

0.90 

4.  57500 

6.  00750 

00 

- 3.65335 

89 

- 6.98312 

79 

0.  91 

4. 71075 

6.  36249 

25 

- 2.02101 

73 

- 5.82184 

03 

0.  92 

4. 84800 

6.  72704 

00 

+ 0.11150 

20 

- 3.98006 

04 

0.  93 

4. 98675 

7.10124 

75 

2. 81447 

18 

- 1.32394 

73 

0.  94 

5.12700 

7. 48522 

00 

6. 16433 

35 

+ 2.29628 

14 

0. 95 

5. 26875 

7.  87906 

25 

10.  24405 

70 

7.  04763 

58 

0.  96 

5. 41200 

8. 28288 

00 

15.14351 

59 

13. 11571 

11 

0.  97 

5. 55675 

8.  69677 

75 

20.  95987 

66 

20.  70612 

01 

0.98 

5. 70300 

9.12086 

00 

27.  79800 

16 

30.  04600 

25 

0.  99 

5. 85075 

9.  55523 

25 

35.  77086 

77 

41. 38561 

43 

1.  00 

6.00000 

10.  00000 

00 

45. 00000 

00 

55. 00000 

00 

[■(-4)2-1 

n-3)n 

["(-1)2 

1 

["(-1)3 

1 

L 3 I 

4 

j 

L 7 

L 7 

J 

P3(z)  = K-3+15z2)  P'i(x)  = ~ (-60+140a:2) 

P'o(x)  = 5i2  (126°- 55440*2  +360360*4  - 720720*6  +437580*8) 
P'i°(*)  = (27720  - 480480*2+2162160*4 - 3500640*6 + 1847560*8) 

Pn(x)  = \xPn(x)  - Pn+ 1 (*)  ] 
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Table  8.3 

LEGENDRE 

FUNCTION— SECOND  KIND  <?„(*) 

X 

Qo(x) 

Qi(x) 

Q2(X) 

Qz{x) 

Q9(z) 

Qio(a;) 

0.00 

0.00000 

000 

-1.  00000 

000 

0.  00000 

000 

0.  66666 

667 

-0. 40634 

921 

0.  00000 

000 

0.  01 

0.  01000 

033 

-0.  99990 

000 

-0.  01999 

867 

0.  66626 

669 

-0.  40452 

191 

-0.  04056 

181 

0.  02 

0.  02000 

267 

-0. 99959 

995 

-0.  03998 

933 

0.  66506 

699 

-0.39905 

538 

-0.  08068 

584 

0.  03 

0.  03000 

900 

-0.  99909 

973 

-0. 05996 

399 

0.  66306 

829 

-0. 38999 

553 

-0. 11993 

860 

0.  04 

0.  04002 

135 

-0.  99839 

915 

-0.  07991 

463 

0. 66027 

179 

-0. 37741 

852 

-0.15789 

513 

0.  05 

0.  05004 

173 

-0.  99749 

791 

-0.  09983 

321 

0. 65667 

917 

-0. 36143 

026 

-0. 19414 

321 

0.  06 

0.  06007 

216 

-0.  99639 

567 

-0. 11971 

169 

0.  65229 

261 

-0. 34216 

562 

-0. 22828 

745 

0.  07 

0.  07011 

467 

-0.  99509 

197 

-0. 13954 

199 

0.  64711 

475 

-0. 31978 

750 

-0. 25995 

321 

0.08 

0.  08017 

133 

-0. 99358 

629 

-0. 15931 

602 

0. 64114 

873 

-0.  29448 

565 

-0.  28879 

038 

0.  09 

0.  09024 

419 

-0.  99187 

802 

-0. 17902 

563 

0.  63439 

817 

-0.  26647 

538 

-0.  31447 

701 

0.10 

0. 10033 

535 

-0.  98996 

647 

-0. 19866 

264 

0.  62686 

720 

-0.  23599 

595 

-0. 33672 

259 

0. 11 

0. 11044 

692 

-0.  98785 

084 

-0. 21821 

885 

0.  61856 

044 

-0.20330 

891 

-0. 35527 

122 

0.12 

0. 12058 

103 

-0.  98553 

028 

-0.  23768 

596 

0.  60948 

299 

-0.16869 

616 

-0. 36990 

435 

0. 13 

0. 13073 

985 

-0.  98300 

382 

-0.  25705 

567 

0.  59964 

048 

-0. 13245 

792 

-0. 38044 

330 

0.14 

0. 14092 

558 

-0.  98027 

042 

-0. 27631 

958 

0. 58903 

905 

-0.  09491 

050 

-0.  38675 

142 

0.15 

0.15114 

044 

-0.  97732 

893 

-0.  29546 

923 

0.  57768 

532 

-0.  05638 

395 

-0. 38873 

587 

0.16 

0. 16138 

670 

-0.  97417 

813 

-0.  31449 

610 

0. 56558 

646 

-0. 01721 

959 

-0.38634 

905 

0.17 

0. 17166 

666 

-0.  97081 

667 

-0. 33339 

158 

0.  55275 

016 

+0.  02223 

260 

-0.  37958 

962 

0.18 

0. 18198 

269 

-0.  96724 

312 

-0.  35214 

699 

0.  53918 

465 

0.  06161 

670 

-0. 36850 

308 

0.19 

0. 19233 

717 

-0.  96345 

594 

-0. 37075 

353 

0. 52489 

868 

0.10057 

361 

-0.35318 

198 

0.20 

0.20273 

255 

-0.  95945 

349 

-0.  38920 

232 

0.  50990 

155 

0. 13874 

395 

-0. 33376 

565 

0.21 

0.  21317 

135 

-0.  95523 

402 

-0. 40748 

439 

0. 49420 

314 

0. 17577 

093 

-0. 31043 

947 

0.22 

0.  22365 

611 

-0.  95079 

566 

-0. 42559 

062 

0. 47781 

388 

0. 21130 

336 

-0.  28343 

378 

0.  23 

0.  23418 

947 

-0.  94613 

642 

-0.  44351 

180 

0.  46074 

476 

0. 24499 

861 

-0.  25302 

221 

0.  24 

0.  24477 

411 

-0.  94125 

421 

-0. 46123 

857 

0. 44300 

738 

0.  27652 

557 

-0.  21951 

969 

0.25 

0.  25541 

281 

-0.  93614 

680 

-0.  47876 

145 

0. 42461 

393 

0.30556 

765 

-0. 18327 

994 

0.  26 

0.  26610 

841 

-0.  93081 

181 

-0. 49607 

081 

0. 40557 

719 

0.33182 

571 

-0. 14469 

251 

0.27 

0.  27686 

382 

-0.  92524 

677 

-0. 51315 

685 

0.  38591 

059 

0.35502 

089 

-0. 10417 

949 

0.28 

0.  28768 

207 

-0.  91944 

902 

-0. 53000 

962 

0.36562 

819 

0. 37489 

746 

-0.  06219 

173 

0.29 

0.  29856 

626 

-0.  91341 

578 

-0. 54661 

900 

0. 34474 

467 

0.39122 

551 

-0.  01920 

468 

0.30 

0.30951 

960 

-0.  90714 

412 

-0.  56297 

466 

0. 32327 

542 

0.40380 

351 

+0.  02428 

610 

0.  31 

0.  32054 

541 

-0.  90063 

092 

-0. 57906 

608 

0.30123 

647 

0.  41246 

080 

0.  06776 

975 

0. 32 

0.  33164 

711 

-0.  89387 

293 

-0.  59488 

256 

0. 27864 

459 

0.  41705 

981 

0. 11072 

534 

0. 33 

0.  34282 

825 

-0.  88686 

668 

-0.  61041 

313 

0.25551 

723 

0.  41749 

822 

0. 15262 

723 

0. 34 

0.  35409 

253 

-0.  87960 

854 

-0.  62564 

662 

0. 23187 

261 

0. 41371 

084 

0. 19295 

076 

0. 35 

0.  36544 

375 

-0.  87209 

469 

-0.  64057 

159 

0.20,772 

970 

0.40567 

128 

0. 23117 

811 

0.  36 

0.  37688 

590 

-0.  86432 

108 

-0.  65517 

633 

0. 18310 

825 

0.39339 

336 

0. 26680 

432 

0.37 

0.  38842 

310 

-0.  85628 

345 

-0.  66944 

887 

0.15802 

883 

0. 37693 

227 

0.  29934 

337 

0.38 

0.40005 

965 

-0.  84797 

733 

-0. 68337 

690 

0. 13251 

285 

0. 35638 

546 

0. 32833 

437 

0.  39 

0.  41180 

003 

-0.  83939 

799 

-0. 69694 

784 

0.10658 

256 

0.33189 

317 

0. 35334 

774 

0. 40 

0.  42364 

893 

-0.  83054 

043 

-0.  71014 

872 

0.  08026 

114 

0.30363 

867 

0. 37399 

123 

0. 41 

0. 43561 

122 

-0.  82139 

940 

-0. 72296 

624 

0.05357 

267 

0.  27184 

811 

0. 38991 

596 

0. 42 

0.  44769 

202 

-0.  81196 

935 

-0. 73538 

670 

+0.  02654 

221 

0.  23679 

006 

0.  40082 

218 

0. 43 

0.  45989 

668 

-0.  80224 

443 

-0.  74739 

600 

-0.  00080 

418 

0. 19877 

461 

0. 40646 

477 

0.  44 

0.  47223 

080 

-0.  79221 

845 

-0.  75897 

958 

-0.  02843 

939 

0. 15815 

208 

0.  40665 

845 

0.  45 

0. 48470 

028 

-0.  78188 

487 

-0.  77012 

243 

-0.  05633 

524 

0. 11531 

136 

0.40128 

259 

0. 46 

0.  49731 

129 

-0.  77123 

681 

-0. 78080 

904 

-0. 08446 

239 

0.  07067 

773 

0.39028 

551 

0.  47 

0.  51007 

034 

-0.  76026 

694 

-0.  79102 

336 

-0. 11279 

034 

+0.  02471 

030 

0.  37368 

827 

0.  48 

0.  52298 

428 

-0.  74896 

755 

-0.  80074 

877 

-0. 14128 

732 

-0.  02210 

100 

0.  35158 

779 

0.  49 

0.  53606 

034 

-0.  73733 

044 

-0.  80996 

804 

-0. 16992 

027 

-0.  06923 

897 

0. 32415 

933 

0.50 

0.  54930 

614 

-0.  72534 

693 

-0.  81866 

327 

-0.0.9865-  477 

-0.11616 

303 

0.  29165 

814 

n-5)2'l  r(-5)41  r(-5)7]  [(-4)1-1  r(-4)51  r(-4)7-] 

L 5 J L 5 J L 5 J L 5 J L 6 J |_  6 J 


Qo(a=)  = |ln(i±2)  Q1(X)=|1„(1±|)-1 

Q2(a=)=^  In  (g)-|  O.W-1  (5a:2  3)  In  (g)-f +| 

(w+l)Qn+i(x)  = (2n+l)xQn(x)  -nQn-i(x) 

Qo(x)  =arctanh  x (Table  4.17)  is  included  here  for  completeness. 
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LEGENDRE  FUNCTION— SECOND  KIND  Qn(x ) Table  8.3 


x Qo(x)  Qi(x)  Qi{x)  Qz( x)  Qg(x)  Qio(x) 


0.50 

0.  54930 

614 

-0.  72534 

693 

-0.  81866 

327 

-0. 19865 

477 

-0. 11616 

303 

+0.  29165 

814 

0.  51 

0.  56272 

977 

-0.  71300 

782 

-0.  82681 

587 

-0.  22745 

494 

-0.16231 

372 

0. 25442 

027 

0.52 

0.  57633 

975 

-0.  70030 

333 

-0. 83440 

647 

-0.25628 

339 

-0.  20711 

759 

0.21286 

243 

0.  53 

0.  59014 

516 

-0.  68722 

307 

-0. 84141 

492 

-0.  28510 

113 

-0.  24999 

263 

0. 16748 

087 

0.  54 

0.  60415 

560 

-0.  67375 

597 

-0.  84782 

014 

-0. 31386 

748 

-0.  29035 

406 

0.11884 

913 

0.  55 

0.  61838 

131 

-0. 65989 

028 

-0. 85360 

014 

-0. 34253 

994 

-0. 32762 

069 

0.  06761 

470 

0.  56 

0.  63283 

319 

-0. 64561 

342 

-0.  85873 

186 

-0.37107 

413 

-0. 36122 

172 

+0. 01449 

441 

0. 57 

0.  64752 

284 

-0.  63091 

198 

-0.  86319 

116 

-0. 39942 

362 

-0.  39060 

386 

-0. 03973 

144 

0.58 

0.  66246 

271 

-0.  61577 

163 

-0.  86695 

267 

-0. 42753 

983 

-0. 41523 

901 

-0.  09422 

630 

0.  59 

0.  67766 

607 

-0.  60017 

702 

-0.  86998 

970 

-0.45537 

186 

-0. 43463 

218 

-0.14810 

594 

0.60 

0.  69314 

718 

-0.  58411 

169 

-0.  87227 

411 

-0.  48286 

632 

-0. 44832 

986 

-0.  20044 

847 

0.  61 

0.  70892 

136 

-0.  56755 

797 

-0.  87377 

622 

-0.50996 

718 

-0.  45592 

864 

-0.  25030 

577 

0.  62 

0.  72500 

509 

-0.  55049 

685 

-0. 87446 

461 

-0.  53661 

553 

-0.45708 

410 

-0.  29671 

648 

0.  63 

0.  74141 

614 

-0.  53290 

783 

-0.  87430 

597 

-0.  56274 

938 

-0. 45151 

989 

-0. 33872 

031 

0.  64 

0.  75817 

374 

-0.  51476 

880 

-0.  87326 

492 

-0.58830 

338 

-0. 43903 

693 

-0. 37537 

391 

0.  65 

0.  77529 

871 

-0. 49605 

584 

-0. 87130 

380 

-0.  61320 

855 

-0. 41952 

271 

-0.  40576 

815 

0. 66 

0.  79281 

363 

-0.  47674 

300 

-0.  86838 

239 

-0.  63739 

196 

-0. 39296 

048 

-0. 42904 

673 

0.  67 

0.  81074 

313 

-0. 45680 

211 

-0.  86445 

768 

-0. 66077 

634 

-0.  35943 

834 

-0.  44442 

606 

0.68 

0.  82911 

404 

-0. 43620 

245 

-0.  85948 

352 

-0.  68327 

969 

-0. 31915 

810 

-0.  45121 

636 

0. 69 

0.  84795 

576 

-0.  41491 

053 

-0.  85341 

027 

-0.  70481 

480 

-0. 27244 

363 

-0.  44884 

377 

0.  70 

0.  86730 

053 

-0.  39288 

963 

-0.  84618 

438 

-0.  72528 

868 

-0. 21974 

878 

-0. 43687 

329 

0.  71 

0.  88718 

386 

-0.37009 

946 

-0.  83774 

785 

-0.  74460 

199 

-0. 16166 

443 

-0. 41503 

236 

0.  72 

0.  90764 

498 

-0. 34649 

561 

-0.  82803 

775 

-0.  76264 

823 

-0.  09892 

467 

-0. 38323 

471 

0. 73 

0.  92872 

736 

-0.  32202 

902 

-0.  81698 

546 

-0.  77931 

296 

-0.  03241 

178 

-0. 34160 

431 

0.  74 

0.  95047 

938 

-0.29664 

526 

-0.  80451 

593 

-0.  79447 

280 

+0.  03684 

038 

-0.  29049 

884 

0.  75 

0.  97295 

507 

-0.  27028 

369 

-0.  79054 

669 

-0.  80799 

424 

0.10764 

474 

-0.  23053 

218 

0.  76 

0.  99621 

508 

-0.  24287 

654 

-0.  77498 

679 

-0.  81973 

225 

0. 17866 

149 

-0. 16259 

543 

0.  77 

1.  02032 

776 

-0.  21434 

763 

-0.  75773 

539 

-0.  82952 

866 

0. 24840 

151 

-0. 08787 

565 

0.  78 

1.  04537 

055 

-0. 18461 

097 

-0.  73868 

Oil 

-0.  83721 

016 

0.  31523 

275 

-0.  00787 

146 

0. 79 

1.  07143 

168 

-0. 15356 

897 

-0.  71769 

507 

-0.  84258 

586 

0. 37739 

063 

+0. 07559 

560 

0.  80 

1. 09861 

229 

-0. 12111 

017 

-0.  69463 

835 

-0.  84544 

435 

0. 43299 

312 

0.16037 

522 

0.  81 

1.12702 

903 

-0.  08710 

649 

-0.  66934 

890 

-0.  84555 

002 

0.48006 

146 

0. 24398 

961 

0.  82 

1. 15681 

746 

-0.  05140 

968 

-0.  64164 

264 

-0.  84263 

849 

0.  51654 

781 

0. 32364 

357 

0.  83 

1. 18813 

640 

-0.  01384 

678 

-0.  61130 

745 

-0.  83641 

078 

0.  54037 

123 

0.  39624 

661 

0.  84 

1.22117 

352 

+0.  02578 

575 

-0. 57809 

671 

-0.  82652 

589 

0. 54946 

418 

0. 45844 

913 

0.  85 

1. 25615 

281 

0.  06772 

989 

-0.  54172 

080 

-0.  81259 

105 

0.  54183 

191 

0. 50669 

726 

0.  86 

1.  29334 

467 

0.11227 

642 

-0.  50183 

576 

-0.  79414 

886 

0.  51562 

828 

0.  53731 

190 

0.  87 

1. 33307 

963 

0.15977 

928 

-0. 45802 

786 

-0.  77065 

991 

0. 46925 

273 

0. 54659 

757 

0.  88 

1. 37576 

766 

0. 21067 

554 

-0.40979 

212 

-0. 74147 

880 

0. 40147 

508 

0.  53099 

253 

0.  89 

1. 42192 

587 

0.  26551 

403 

-0. 35650 

171 

-0.  70582 

022 

0.  31159 

776 

0. 48727 

156 

0.  90 

1. 47221 

949 

0.  32499 

754 

-0. 29736 

306 

-0. 66270 

962 

0. 19967 

037 

0. 41282 

291 

0. 91 

1.  52752 

443 

0.  39004 

723 

-0. 23134 

775 

-0.  61090 

890 

+0.  06677 

934 

0.30602 

901 

0. 92 

1.  53902 

692 

0. 46190 

476 

-0. 15708 

489 

-0.  54880 

000 

-0.  08454 

828 

+0. 16680 

029 

0.  93 

1.  65839 

002 

0. 54230 

272 

-0. 07268 

272 

-0. 47419 

336 

-0.  24975 

925 

-0.  00265 

428 

0. 94 

1.  73804 

934 

0.  63376 

638 

+0.  02458 

593 

-0.38399 

297 

-0. 42137 

701 

-0. 19666 

273 

0.95 

1.  83178 

082 

0.  74019 

178 

0. 13888 

288 

-0. 27356 

330 , 

-0. 58752 

240 

-0. 40421 

502 

0.  96 

1.  94591 

015 

0.  86807 

374 

0. 27707 

112 

-0. 13540 

204 

-0.  72921 

201 

-0. 60564 

435 

0. 97 

2.  09229 

572 

1. 02952 

685 

0. 45181 

370 

+0. 04408 

092 

-0.  81464 

729 

-0. 76587 

179 

0.  98 

2.  29755 

993 

1. 25160 

873 

0.  69108 

487 

0.  29436 

613 

-0. 78406 

452 

-0.  81720 

735 

0.  99 

2. 64665 

241 

1. 62018 

589 

1.  08264 

984 

0. 70624 

831 

-0. 48875 

677 

-0.  59305 

105 

1.00 

00 

00 

00 

00 

00 

00 

n , >.  3a:2  — 1 , /l+aj\  3a:  ~ / \ x ,r  o o\  i /l+£\  5a:2  . 2 

Q2{x)=^-  In  Q3(x)  = 3 (5^-3)  In 

(m+l)Qn+i(x)  = (2m+l)xQ»(x) -nQn-\(x) 
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Table  8.4  DERIVATIVE  OF  THE  LEGENDRE  FUNCTION— SECOND  KIND  Q'n(x ) 


X Qo(x)  Q\(x)  Qf2(x)  Qs(x)  Qg(x)  Qio(x) 


0.00 

1.  00000 

000 

0.00000 

000 

-2.  00000 

000 

0.  00000 

000 

0.  00000 

00 

-4. 06349 

21 

0.  01 

1. 00010 

001 

0.  02000 

133 

-1.  99959 

998 

-0.  07999 

200 

0.36520 

25 

-4. 04156 

71 

0.  02 

1.  00040 

016 

0.  04001 

067 

-1.  99839 

968 

-0. 15993 

599 

0.  72733 

83 

-3. 97600 

70 

0.  03 

1. 00090 

081 

0.  06003 

603 

-1.  99639 

838 

-0.  23978 

392 

1.08336 

24 

-3. 86745 

44 

0.  04 

1.  00160 

256 

0.  08008 

546 

-1.  99359 

487 

-0.31948 

767 

1.43027 

23 

-3. 71697 

43 

0.05 

1. 00250 

627 

0.10016 

704 

-1.  98998 

747 

-0.  39899 

900 

1.  76512 

98 

-3. 52604 

61 

0.  06 

1.  00361 

301 

0.12028 

894 

-1. 98557 

401 

-0. 47826 

951 

2. 08508 

14 

-3. 29655 

13 

0.07 

1. 00492 

413 

0.14045 

936 

-1.  98035 

179 

-O'.  55725 

060 

2.  38737 

90 

-3. 03075 

84 

0.08 

1.  00644 

122 

0.16068 

662 

-1.  97431 

766 

-0.  63589 

347 

2.  66939 

94 

-2.  73130 

45 

0.09 

1.  00816 

615 

0.18097 

914 

-1.  96746 

792 

-0.  71414 

899 

2.  92866 

44 

-2. 40117 

40 

0.10 

1.01010 

101 

0.  20134 

545 

-1.  95979 

839 

-0.  79196 

777 

3. 16285 

86 

-2.  04367 

37 

0.11 

1. 01224 

820 

0.  22179 

422 

-1.  95130 

431 

-0.  86930 

001 

3.36984 

76 

-1. 66240 

59 

0.12 

1. 01461 

039 

0.  24233 

428 

-1.  94198 

044 

-0.  94609 

554 

3.  54769 

49 

-1. 26123 

82 

0.13 

1.01719 

052 

0.  26297 

462 

-1.  93182 

094 

-1. 02230 

373 

3. 69467 

78 

-0.  84427 

11 

0. 14 

1. 01999 

184 

0.  28372 

443 

-1.  92081 

942 

-1.  09787 

345 

3. 80930 

18 

-0. 41580 

27 

0.15 

1.  02301 

790 

0.30459 

312 

-1.  90896 

890 

-1. 17275 

302 

3. 89031 

48 

+0.  01970 

77 

0.16 

1.02627 

258 

0.32559 

031 

-1.  89626 

181 

-1. 24689 

019 

3.  93671 

92 

0.  45767 

92 

0.17 

1. 02976 

007 

0.  34672 

587 

-1.  88268 

994 

-1.32023 

203 

3.  94778 

25 

0.  89344 

90 

0.18 

1.  03348 

491 

0.  36800 

997 

-1.  86824 

444 

-1.  39272 

496 

3. 92304 

76 

1.32231 

56 

0.19 

1.  03745 

202 

0.38945 

305 

-1. 85291 

580 

-1.  46431 

458 

3. 86234 

02 

1.  73958 

08 

0.20 

1.  04166 

667 

0.  41106 

589 

-1.  83669 

380 

-1. 53494 

573 

3. 76577 

54 

2. 14059 

45 

0.21 

1. 04613 

453 

0.  43285 

960 

-1.  81956 

752 

-1. 60456 

234 

3.  63376 

26 

2.  52079 

94 

0.22 

1.05086 

171 

0. 45484 

568 

-1.  80152 

526 

-1. 67310 

742 

3.46700 

84 

2. 87577 

54 

0.  23 

1.  05585 

471 

0.  47703 

605 

-1.  78255 

455 

-1. 74052 

294 

3.26651 

77 

3.20128 

51 

0.24 

1. 06112 

054 

0.  49944 

304 

-1.  76264 

210 

-1. 80674 

982 

3.  03359 

33 

3. 49331 

81 

0.25 

1. 06666 

667 

0.  52207 

948  ^ 

-1.  74177 

372 

-1.  87172 

780 

2.  76983 

31 

3.  74813 

48 

0.26 

1.  07250 

107 

0.  54495 

869 

-1.  71993 

437 

-1. 93539 

537 

2.  47712 

56 

3.96230 

97 

0.27 

1. 07863 

229 

0.  56809 

454 

-1.  69710 

801 

-1.  99768 

972 

2.15764 

35 

4. 13277 

26 

0.28 

1.08506 

944 

0.  59150 

152 

-1.  67327 

761 

-2. 05854 

661 

1.  81383 

48 

4.  25684 

84 

0.29 

1.  09182 

225 

0.  61519 

472 

-1.  64842 

510 

-2.11790 

027 

1. 44841 

22 

4.  33229 

46 

0.30 

1. 09890 

110 

0.  63918 

993 

-1.  62253 

126 

-2. 17568 

334 

1. 06434 

02 

4. 35733 

72 

0.  31 

1.10631 

707 

0.  66350 

370 

-1.  59557 

570 

-2. 23182 

672 

0.  66482 

02 

4.  33070 

22 

0.32 

1.11408 

200 

0.  68815 

335 

-1. 56753 

678 

-2.  28625 

944 

+0.  25327 

32 

4.  25164 

55 

0.33 

1.12220 

851 

0.  71315 

706 

-1.  53839 

152 

-2. 33890 

860 

-0. 16667 

95 

4.11997 

79 

0.  34 

1. 13071 

009 

0.  73853 

396 

-1.  50811 

553 

-2. 38969 

914 

-0. 59123 

78 

3.  93608 

76 

0.35 

1.13960 

114 

0.  76430 

415 

-1. 47668 

292 

-2. 43855 

378 

-1.  01644 

63 

3. 70095 

66 

0.36 

1. 14889 

706 

0.  79048 

884 

-1. 44406 

617 

-2. 48539 

281 

-1. 43822 

04 

3. 41617 

42 

0.37 

1.15861 

430 

0.  81711 

039 

-1. 41023 

606 

-2. 53013 

394 

-1. 85237 

43 

3. 08394 

42 

0.38 

1. 16877 

045 

0.  84419 

242 

-1. 37516 

155 

-2.  57269 

210 

-2. 25465 

05 

2.70708 

74 

0.39 

1.17938 

436 

0.  87175 

994 

-1. 33880 

960 

-2.  61297 

926 

-2.  64075 

25 

2.  28903 

82 

0.40 

1.19047 

619 

0.  89983 

941 

-1.30114 

509 

-2. 65090 

420 

-3.  00637 

81 

1.  83383 

54 

0.  41 

1.20206 

756 

0.  92845 

892 

-1. 26213 

064 

-2. 68637 

229 

-3. 34725 

61 

1.34610 

61 

0.  42 

1.21418 

164 

0.  95764 

831 

-1. 22172 

641 

-2.  71928 

520 

-3. 65918 

35 

0.  83104 

35 

0.  43 

1.  22684 

333 

0. 98743 

931 

-1. 17988 

995 

-2.  74954 

067 

-3. 93806 

51 

+0.  29437 

81 

0.  44 

1.24007 

937 

1.  01786 

572 

-1. 13657 

597 

-2.  77703 

216 

-4.17995 

45 

-0. 25765 

92 

0.  45 

1. 25391 

850 

1. 04896 

360 

-1.  09173 

613 

-2.  80164 

855 

-4.38109 

69 

-0.  81838 

00 

0.  46 

1.26839 

168 

1.08077 

146 

-1. 04531 

874 

-2. 82327 

375 

-4.  53797 

26 

-1. 38069 

01 

0.47 

1.28353 

228 

1.11333 

051 

-0. 99726 

854 

-2. 84178 

630 

-4. 64734 

21 

-1.  93714 

78 

0.48 

1.  29937 

630 

1. 14668 

490 

-0.  94752 

634 

-2.  85705 

896 

-4.  70629 

25 

-2.  48003 

04 

0.49 

1. 31596 

263 

1.18088 

202 

-0.  89602 

868 

-2.  86895 

817 

-4. 71228 

35 

-3.  00140 

86 

0.  50 

1.  33333 

333 

1.21597  281 

-0.  84270 

745 

-2.  87734 

353 

-4. 66319 

54 

-3. 49322 

79 
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DERIVATIVE  OF  THE  LEGENDRE  FUNCTION— SECOND  KIND  Q&x)  Table  8.4 


X 

Qo(z) 

Qi(x) 

Qkx) 

Qkx) 

Qkx ) 

Qio(x) 

0.50 

1.33333 

333 

1.21597 

281 

- 0.  84270 

74 

- 2.87734 

35 

- 4.66319 

54 

- 3.493228 

0.  51 

1.35153 

399 

1.25201 

210 

- 0.78748 

95 

- 2.88206 

72 

- 4.55737 

62 

- 3.947399 

0.  52 

1.37061 

403 

1.28905 

905 

- 0.73029 

59 

- 2.88297 

33 

- 4.39368 

94 

- 4.355894 

0.  53 

1.39062 

717 

1.32717 

756 

- 0.67104 

20 

- 2.87989 

70 

- 4. 17156 

11 

- 4.710854 

0.  54 

1.41163 

185 

1. 36643 

680 

- 0.60963 

61 

- 2.87266 

39 

- 3.89102 

65 

- 5.004695 

0.55 

1. 43369 

176 

1.  40691 

178 

- 0.54597 

91 

- 2.86108 

89 

- 3.55277 

54 

- 5.230233 

0.  56 

1.  45687 

646 

1. 44868 

400 

- 0.47996 

38 

- 2.84497 

53 

- 3.15819 

61 

- 5.380807 

0.57 

1.48126 

204 

1.  491*84 

220 

- 0.41147 

39 

- 2.82411 

36 

- 2.70941 

73 

- 5.450406 

0.58 

1. 50693 

189 

1.  53648 

320 

- 0.34038 

30 

- 2.79828 

02 

- 2.  20934 

79 

- 5.433812 

0.59 

1.  53397 

760 

1.  58271 

285 

- 0.26655 

35 

- 2.76723 

56 

- 1.66171 

26 

- 5.326732 

0.60 

1.  56250 

000 

1.  63064 

718 

- 0.18983 

51 

- 2.73072 

34 

- 1.  07108 

51 

- 5.125950 

0.  61 

1. 59261 

029 

1.  68041 

364 

- 0.11006'  36 

- 2.68846 

75 

- 0.44291 

60 

- 4.829465 

0.  62 

1. 62443 

145 

1.  73215 

259 

- 0.02705 

91 

- 2.64017 

05 

+ 0.21644 

47 

- 4.436645 

0. 63 

1. 65809 

982 

1.  78601 

903 

+ 0.  05937 

63 

- 2.58551 

08 

0.  89973 

10 

- 3.948368 

0. 64 

1. 69376 

694 

1.  84218 

458 

0. 14946 

05 

- 2.52414 

00 

1.  59875 

12 

- 3.367169 

0.65 

1.  73160 

173 

1.  90083 

983 

0. 24343 

42 

- 2.45567 

92 

2.30438 

77 

- 2.697375 

0.  66 

1.  77179 

305 

1. 96219 

705 

0. 34156 

40 

- 2.37971 

49 

3.  00660 

55 

- 1.945245 

0.67 

1. 81455 

271 

2.  02649 

344 

0. 44414 

64 

- 2.29579 

49 

3.  69447 

22 

- 1.119087 

0.68 

1. 86011 

905 

2. 09399 

499 

0.  55151 

17 

- 2.20342 

26 

4.35619 

14 

- 0.229371 

0.  69 

1.90876 

121 

2.16500 

099 

0.  66402 

96 

- 2.10205 

04 

4.  97914 

99 

+ 0.711177 

0.70 

1. 96078 

431 

2. 23984 

955 

0.  78211 

54 

- 1.99107 

23 

5.  54998 

34 

1. 687501 

0.  71 

2.  01653 

559 

2.31892 

413 

0.  90623 

72 

- 1.86981 

51 

6.  05466 

05 

2.  682165 

0.  72 

2. 07641 

196 

2.40266 

159 

1. 03692 

51 

- 1.73752 

72 

6.  47859 

09 

3.  675339 

0.  73 

2.14086 

919 

2.49156 

187 

1. 17478 

21 

- 1.59336 

54 

6.  80675 

90 

4.  644816 

0.  74 

2.  21043 

324 

2.  58619 

998 

1.32049 

75 

- 1.43637 

96 

7.  02388 

88 

5.  566082 

0.  75 

2. 28571 

429 

2.  68724 

079 

1.47486 

32 

- 1.26549 

27 

7. 11464 

51 

6. 412431 

0.  76 

2.36742 

424 

2. 79545 

751 

1.  63879 

46 

- 1.07947 

65 

7.  06387 

68 

7. 155161 

0.  77 

2.45639 

892 

2.  91175 

493 

1.  81335 

60 

- 0.87692 

20 

6.  85691 

02 

7.  763836 

0.  78 

2.  55362 

615 

3.  03719 

894 

1.  99979 

32 

- 0.65620 

16 

6. 47990 

33 

8.  206652 

0.  79 

2.  66028 

199 

3.17305 

446 

2.19957 

51 

- 0.41542 

09 

5.  92027 

14 

8.  450921 

0.  80 

2. 77777 

778 

3. 32083 

451 

2. 41444 

73 

- 0.15235 

72 

5. 16720 

18 

8.  463693 

0.  81 

2.  90782 

204 

3.48236 

488 

2. 64650 

26 

+ 0.13562 

04 

4.21227 

67 

8.212559 

0.  82 

3.05250 

305 

3. 65986 

997 

2.  89827 

40 

0. 45155 

68 

3.  05023 

28 

7.  666669 

0.  83 

3.21440 

051 

3.  85608 

883 

3.17286 

02 

0.  79955 

16 

1.  67989 

36 

6.  798024 

0.  84 

3. 39673 

913 

4. 07443 

439 

3. 47409 

64 

1. 18395 

08 

+ 0.10532 

57 

5.  583115 

0.  85 

3.  60360 

360 

4.  31921 

588 

3. 80679 

33 

1.  61061 

19 

- 1. 66270 

85 

4.  005017 

0.  86 

3. 84024 

578 

4. 59595 

604 

4. 17707 

50 

2.  08677 

72 

- 3.60489 

91 

+ 2.056070 

0.  87 

4.11353 

352 

4.  91185 

380 

4.  59287 

14 

2.  62171 

45 

- 5.69098 

02 

- 0.258625 

0.  88 

4.  43262 

411 

5.  27647 

688 

5. 06465 

07 

3.  22751 

63 

- 7.87652 

81 

- 2.916594 

0.  89 

4.  81000 

481 

5.  70283 

015 

5.  60654 

69 

3.  92032 

16 

-10.  09858 

18 

- 5.871760 

0.  90 

5.  26315 

789 

6.20906 

159 

6.  23815 

05 

4.  72224 

63 

-12.  26944 

98 

- 9.  045801 

0.  91 

5.  8jL733 

566 

6.  82129 

988 

6.  98747 

73 

5.  66456 

11 

-14.  26758 

89 

-12.315713 

0.  92 

6.  51041 

667 

7.  57861 

025 

7.  89613 

09 

6.  79318 

58 

-15.  92348 

54 

-15. 495090 

0.  93 

7. 40192 

450 

8.  54217 

980 

9.  02883 

27 

8. 17876 

62 

-16.  99643 

22 

-18.  304274 

0.  94 

8.59106 

529 

9.  81365 

072 

10.49236 

44 

9.  93658 

04 

-17. 13329 

84 

-20. 319071 

0.  95 

10.25641 

026 

11.57537 

057 

12. 47698 

56 

12. 26978 

50 

-15.  78782 

62 

-20. 873659 

0.  96 

12. 75510 

204 

14.19080 

811 

15.  35932 

33 

15.57616 

37 

-12.  04072 

38 

-18.  851215 

0.  97 

16.  92047 

377 

18.50515 

528 

20.00905 

43 

20.  76422 

38 

- 4.11777 

87 

-12. 140718 

0.  98 

25.25252 

525 

27.  04503 

467 

29.  00735 

14 

30.50045 

90 

+12.32933 

89 

+ 4.242107 

0.  99 

50.25125 

628 

52.39539 

613 

55.11181 

39 

57.  80864 

53 

54.  86521 

05 

49.  428990 

1.00 

00 

00 

00 

00 

00 

00 
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Table  8.5 


LEGENDRE  FUNCTION- 


x 

1.0 

1.2 

1.4 
1.6 
1.8 

2.0 

2.2 

2.4 
2.6 
2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

5.0 

5.2 

5.4 

5.6 

5.8 

6.0 

6.2 

6.4 
6.  6 

6.8 

7.0 

7.2 

7.4 

7.6 

7.8 

8.0 

8.2 

8.4 

8.6 

8.8  ^ 

9.0 

9.2 

9.4 
9.6 
9.8 


P2(x) 

1.  00 
1.  66 
2.  44 
3. 34 
4.36 

5.  50 

6.  76 
8.14 
9.  64 

11.  26 

13.  00 

14.  86 
16.  84 
18.  94 
21.16 

23.  50 
25.  96 
28.  54 
31.  24 
34.  06 

37.  00 
40.  06 
43.24 
46.  54 
49.  96 

53.  50 
57.16 
60.  94 
64.  84 
68.  86 

73.  00 
77.26 
81.  64 
86. 14 
90.  76 

95.50 
100.36 
105.  34 
110. 44 
115.  66 

121. 00 
126. 46 
132.  04 
137.  74 
143.  56 


Ps(*) 
1.  00 
2.  52 
4.  76 
7.  84 
11.  88 

17.00 
23.32 
30.96 
40.  04 
50.  68 

63.00 
77.12 
93.16 

111.  24 
131.48 

154. 00 
178.  92 
206.36 
236.  44 
269.28 

305.00 
343. 72 
385.  56 
430.  64 
479.  08 

531.  00 
586.  52 
645.  76 
708.  84 
775.  88 

847.  00 
922. 32 
1001.96 
1086.  04 
1174.  68 

1268.  00 
1366.12 
1469. 16 
1577. 24 
1690.48 

1809.00 
1932.  92 
2062. 36 
2197. 44 
2338.28 


Po(x)  = 1 

Pa(x) 

1. 00000 
4.  04700 
9.  83200 

1)1. 94470 

1)3. 41520 

1)5.  53750 

1) 8.47120 

2) 1. 23927 

2)1. 74952 

2)2.39887 

2)3. 21000 

2)4.20727 

2)5.  41672 

2)6.  8660'7 

2) 8.58472 

3) 1.06038 

3)1.29559 

3)1.56757 

3)1.  87991 

3)2. 23641 

3)2.  64100 

3)3.  09781 

3)3. 61111 

3)4.18537 

3)4.  82519 

3)5.  53538 

3)6.32087 

3)7.18681 

3)8.13847 

3) 9.18133 

4) 1. 03210 

4)1.15633 

4)1.29142 

4)1.43797 

4)1. 59663 

4)1. 76804 

4)1. 95286 

4)2.15176 

4)2.36546 
(4)2.  59466 


2.  84010 
3.10252 
3.38268 

3.  68137 
3. 99938 


FIRST  KIND  Pn(x) 

Pi(x)  =x 


Ps(x) 

1. 00000 

6.  72552 

1)2. 09686 

1) 4. 97354 

2) 1. 01148 

2)1.  85750 

2)3.16804 

2)5.10597 

2) 7. 86743 

3) 1.16849 

3)1. 68300 

3)2.36169 

3)3. 24050 

3)4.36022 

3)5.  76676 

3)7.  51150 

3) 9.  65154 

4) 1.22500 

4)1. 53765 

4)1. 91071 

4)2.35250 

4)2.  87205 

4)3. 47916 

4)4.18440 

4)4. 99917 

4)5.  93572 

4)7.  00717 

4)8.  22754 

4) 9. 61180 

5) 1.11759 

5)1. 29367 

5)1. 49122 

5)1. 71215 

5)1. 95846 

5)2.23227 

5)2. 53583 

5)2.  87149 

5)3.24171 

5)3. 64912 

5)4.  09643 

5)4.58649 

5)5.12230 

5)5.70699 

5)6.34383 

5)7.  03621 


P9(z) 

1.00000 

1) 6.  02754 

2) 5.  03668 

3) 2.45973 

3) 8.  97882 

4) 2.  71007 

4) 7.13591 

5) 1. 69353 

5)3.70173 

5) 7.  56647 

6) 1.46256 

6)2.  69625 

6)4. 77208 

6) 8.15181 

7) 1. 34978 

7)2.17406 

7)3.  41632 

7)5.25060 

7) 7.  90944 

8) 1.16994 

8)1. 70196 

8)2.  43839 

8)3. 44472 

8)4. 80363 

8)6.  61853 

8) 9.  01781 

9) 1. 21596 

9)1. 62372 

9)2.14858 

9)2.  81890 

9)3. 66876 

9)4.  73885 

9)6.07749 
9)7.  74185 
9)9.  79919 

10)1.23283 

10)1. 54212 

10)1.  91848 

10)2.  37430 

10)2.  92387 

10)3. 58363 

10)4.  37243 
10)5.  31184 
10)6.  42640 
10)7.  74404 


Pio(x) 

1. 00000 

2) 1. 06544 

3) 1.13789 

3) 6.  65436 

4) 2.  81110 

4) 9.  60605 

5) 2.  81929 

5) 7.37020 

6) 1.75809 

6)3. 89219 

6) 8.  09745 

7) 1.  59814 

7)3. 01437 

7)5.46578 

7) 9.  57313 

8) 1.  62597 

8)2.  68690 

8)4.  33189 

8) 6.  82993 

9) 1. 05524 

9)1. 60047 

9)2.38657 

9)3.50362 
9)5.  06985 
9)7.  23884 

10)1.  02082 

10)1. 42299 

10)1. 96229 

10)2. 67872 
10)3.  62216 

10)4.  85435 
10)6.  45123 

10) 8.50564 

11) 1.11305 

11)1. 44623 

11)1.  86653 

11)2.39363 

11)3. 05098 

11)3. 86641 

11)4.  87282 

11)6.10897 

11)7.  62030 

11) 9.45994 

12) 1.16898 

12)1. 43817 


10.0  149.50  2485.00  (4)4.33754  (5)7.78769  (10)9.29640  (12)1.76188 


From  National  Bureau  of  Standards,  Tables  of  associated  Legendre  functions.  Columbia  Univ.  Press,  New 
York,N.Y.,  1945  (with  permission). 
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DERIVATIVE  OF  THE  LEGENDRE  FUNCTION — FIR  ST  KIND  P'n(x)  Table  8.6 


Pl(z)  = l P'2(x)  = Sx 


Pz(x) 
6.000 
9.300 
1)1.320 
1)1. 770 
1)2.280 


Pa(x) 

1)1. 00000 

1)2.12400 
1)3. 75200 
1)5.  96800 
1)8.  85600 


pkx) 

1)1.  50000 

1) 4. 57230 

2) 1.  01688 
2)1. 92723 
2)3.30168 


P${x) 

1) 4. 50000 

2) 7. 77587 

3) 4.50787 

4) 1.  74282 
4)5.  33445 


2.0  (1)2.850  (2)1.25000  (2)5.26875  ( 5)1.39531 

2.2  (1)3.480  (2)1.69840  (2)7.97208  ( 5)3.25362 

2.4  (1)4.170  (2)2.23920  (3)1.15704  ( 5)6.94480 

2.6  (1)4.920  (2)2.88080  (3)1.62377  ( 6)1.38132 

2.8  (1)5.730  (2)3.63160  (3)2.21628  ( 6)2.59296 


5) 5.50068 

6) 1. 42939 
6)3.36028 

6) 7.29317 

7) 1.48267 


3.  0 (1)6.600  (2)4.50000  (3)2.95500  ( 6)4.63721 

3.2  (1)7.530  (2)5.49440  (3)3.86184  ( 6)7.95819 

3.4  (1)8.520  (2)6.62320  (3)4.96025  ( 7)1.31805 

3.6  (1)9.570  (2)7.89480  (3)6.27516  ( 7)2.11632 

3.8  (2)1.068  (2)9.31760  (3)7.83305  ( 7)3.30652 


7)2.  85372 
7)5.  24287 

7) 9.25345 

8) 1. 57706 
8)2.  60626 


4.  0 (2)1.185  (3)1.09000  (3)9.66187  ( 7)5.04229 

4.2  (2)1.308  (3)1.26504  (4)1.17911  ( 7)7.52431 

4.4  (2)1.437  (3)1.45772  (4)1.42518  ( 8)1.10110 

4.6  (2)1.572  (3)1.66888  (4)1.70764  ( 8)1.58313 

4.8  (2)1.713  (3)1.89936  (4)2.02990  ( 8)2.23988 


8)4.19097 

8) 6.  57653 

9) 1. 00955 
9)1. 51918 
9)2. 24508 


5.  0 (2)1.860  (3)2.15000  (4)2.39550 

5.2  (2)2.013  (3)2.42164  (4)2.80816 

5.4  (2)2.172  (3)2.71512  (4)3.27172 

5.6  (2)2.337  (3)3.03128  (4)3.79020 

5.8  (2)2.508  (3)3.37096  (4)4.36775 


8)3.12290 
8)4.29574 
8)5.  83620 

8) 7.  83868 

9) 1. 04169 


1 9)3.26340 
9)4.  67217 
9)6.59627 
9)9.19329 
10)1.26604 


6.  0 (2)2.685  (3)3.73500  (4)5.  00869 

6.2  (2)2.868  (3)4.12424  (4)5.71746 

6.4  (2)3.057  (3)4.53952  (4)6.49870 

6.6  (2)3.252  (3)4.98168  (4)7.35714 

6.8  (2)3.453  (3)5.45156  (4)8.29772 


9)1.37071 
9)1.  78712 
9)2.  31006 
9)2. 96206 
9)3.  76947 


110)1.  72421 
10)2.32397 
10)3.10217 
10)4.10354 
10)5.38214 


7.  0 (2)3.660  (3)5.95000  (4)9.32550  ( 9)4.76295 

7.2  (2)3.873  (3)6.47784  (5)1.04457  ( 9)5.97809 

7.4  (2)4.092  (3)7.03592  (5)1.16637  ( 9)7.45591 

7.6  (2)4.317  (3)7.62508  (5)1.29849  ( 9)9.24362 

7.8  (2)4.548  (3)8.24616  (5)1.44152  (10)1.13953 


110)7.  00283 
10)9.  04307 
11)1.15949 
11)1.47670 
11)1. 86875 


8.  0 (2)4.785  (3)8.90000  (5)1.59602  (10)1.39725 

8.2  (2)5.028  (3)9.58744  (5)1.76260  (10)1.70455 

8.4  (2)5.277  (4)1.  03093  (5)1.94187  (10)2.06937 

8.6  (2)5.532  (4)1.10665  (5)2.13445  (10)2.50070 

8.8  (2)5.793  (4)1.18598  (5)2.34099  (10)3.  00866 


i 11)2. 35063 
11)2. 93985 
11)3. 65675 
11)4.  52490 
11)5.57149 


9.  0 (2)6.  060  (4)1.26900  (5)2.56215  (10)3.60463 

9.2  (2)6.333  (4)1.35580  (5)2.79860  (10)4.30137 

9.4  (2)6.612  (4)1.44647  (5)3.05102  (10)5.11311 

9.6  (2)6.897  (4)1.54109  (5)3.32013  (10)6.05576 

9.8  (2)7.188  (4)1.63974  (5)3.60663  (10)7.14698 


111)6.  82780 
11)8.  32969 
12)1. 01182 
12)1. 22399 
12)1. 47481 


10.0  (2)7.485  (4)1.74250  (5)3.91127  (10)8.40642  (12)1.77028 

From  National  Bureau  of  Standards,  Tables  of  associated  Legendre  functions.  Columbia  Univ.  Press, 
New  York,  N.Y.,  1945  (with  permission). 
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Table  8.7  LEGENDRE  FUNCTION— SECOND  KIND  Qn(x ) 


x Qo(x)  Qi(x) 

1.  0 00  00 

1.2  1.19895  ( -1)4.  38737 

1.4  (-1)8.95880  (-1)2.54232 

1.6  (-1)7.33169  (-1)1.73070 

1.8  (-1)6.26381  (-1)1.27487 

2.0  (-1)5.49306  (-2)9.86123 

2.2  (-1)4.90415  (-2)7.89122 

2.4  (-1)4.43652  (-2)6.47638 

2.6  (-1)4.05465  (-2)5.42093 

2.8  (-1)3.73607  (-2)4.61002 

3.  0 (-1)3.46574  (-2)3.97208 

3.2  (-1)3.23314  (-2)3.46035 

3.4  (-1)3.03068  (-2)3.  04309 

3.6  (-1)2.85272  (-2)2.69807 

3.8  (-1)2.69498  (-2)2.40934 

4.  0 (-1)2.55413  (-2)2.16512 

4.2  (-1)2.42754  (-2)1.95664 

4.4  (-1)2.31312  (-2)1.77717 

4.6  (-1)2.20916  (-2)1.62153 

4.8  (-1)2.11428  (-2)1.48564 

5.  0 (-1)2.  02733  (-2)1.36628 

5.2  (-1)1.94732  (-2)1.26084 

5.4  (-1)1.87347  (-2)1.16723 

5.6  (-1)1.  80507  (-2)1.  08374 

5.8  (-1)1.74153  (-2)1.  00894 

6.0  (-1)1.68236  (-3)9.41671 

6.2  (-1)1.62711  (-3)8.80944 

6.4  (-1)1.57541  (-3)8.25935 

6.6  (-1)1.52691  (-3)7.75944 

6.8  (-1)1.48133  (-3)7.30377 

7.  0 (-1)1.43841  (-3)6.88725 

7.2  (-1)1.  39792  (-3)6.50550 

7.4  (-1)1.35967  (-3)6.15475 

7.6  (-1)1.32346  (-3)  5^83171 

7.  8 (-1)1.28915  (-3)5.53353 

8.  0 (-1)1.25657  (-3)5.25771 

8.2  (-1)1.22561  (-3)5.  00208 

8.4  (-1)1.19615  (-3)4.76469 

8.6  (-1)1.16807  (-3)4.  54386 

8.8  (-1)1.14129  (-3)4.33807 


Q2(x)  Qz(x) 

00  00 

(-1)1.90253  (-2)8.80147 

(-2)8.59466  (-2)3.10542 

(-2)4.87829  (-2)1.47080 

(-2)3.10233  (-3)8.07870 

1-2)2.11838  (-3)4.87112 

-2)1.52029  (-3)3.13576 

-2)1.13240  (-3)2.12013 

-3)8.68364  (-3)1;  48960 

-3)6.81708  (-3)1.  07961 

1-3)5.45667  (-4)8.02854 

-3)4.43984  (-4)6.10146 

-3)3.66347  (-4)4.72397 
-3)3.05981  (-4)3.71695 

-3)2.58298  (-4)2.96625 

(-3)2.20108  (-4)2.39697 
-3)1.  89145  (-4)1.95866 

-3)1.63766  (-4)1.61661 

-3)1.42759  (-4)1.34641 
-3)1.25217  (-4)1.13061 

-3)1.10450  (-5)9.  56532 

-4)9.79278  (-5)8.14823 

(-4)8.72377  (-5)6.98500 
(-4)7.80551  (-5)6.  02278 

(-4)7.  01223  (-5)5.22117 

1-4)6.32330  (-5)4.54896 

-4)5.72204  (-5)3.98181 

-4)5.19491  (-5)3.50058 

-4)4.73078  (-5)3.  09006 

-4)4.32050  (-5)2.73812 

1-4)3.95644  (-5)2.43500 

-4)3.63228  (-5)2.17277 
-4)3.34266  (-5)1.94497 

-4)3.08311  (-5)1.74631 

-4)2.84980  (-5)1.57242 

1-4)2.63950  (-5)1.41968 

-4)2.44944  (-5)1.28507 

-4)2.27723  (-5)1.16606 

-4)2.12082  (-5)1.  06054 

-4)1.97844  (-6)9.66707 


Q9(x)  Qio(x) 

00  oo 

(-  3)1.32079  (-  4)6.75615 
(-  4)1.  06810  (-  5)4.27633 
(-  5)1.71471  (-  6)5.73368 

(-  6)3.91902  (-  6)1.13241 

i-  6)1.12179  (-  7)2.86313 
- 7)3.76522  (-  8)8.62195 

- 7)1.42488  (-  8)2.96212 
- 8)5.92566  (-  8)1.12879 

- 8)2.66020  (-  9)4.67876 

I-  8)1.27252  (-  9)2.  07945 

- 9)6.42269  (-10)9.  80358 

- 9)3.39441  (-10)4.86183 

- 9)1.86714  (-10)2.51945 

- 9)1.06372  (-10)1.35695 

1-10)6.25130  (-11)7.56235 
-10)3.77701  (-11)4.34493 

-10)2.  33956  ( -11)2.  56563 
-10)1.48213  (-11)1.55290 

-11)9.  58309  (-12)9.61271 

1-11)6.31274  (-12)6.  07362 

-11)4.23006  (-12)3.91025 
-11)2.87937  (-12)2.56132 

-11)1.98859  (-12)1.70471 

-11)1.39197  (-12)1.15147 

1-12)9.86572  (-13)7.88519 

-12)7.  07418  (-13)5.46920 

-12) 5. 12787  ( -13)3.  83900 

-12)3.  75499  (-13)2.  72499 

-12)2.77600  (-13)1.95462 

1-12)2.07071  (-13)1.41592 

-12)1.55770  (-13)1.03525 

-12)1.18115  (-14)7.63577 

-13)9.  02383  (-14)5.67877 

-13)6.94338  (-14)4.25654 

1-13)5.37876  (-14)3.21427 
-13)4. 19350  ( -14)2.  44439 

-13)3.28941  (-14)1.87141 

-13)2.59524  (-14)1.44191 

-13)2.05891  (-14)1.11775 


9.  0 (-1)1.11572  (-3)4.14598  (-4)1.84855  (-6)8.83037  (-13)1.64205 

9.2  (-1)1.  09127  (-3)3.96640  (-4)1.72979  (-6)8.08237  (-13)1.31620 

9.4  (-1)1.  06787  (-3)3.79827  (-4)1.62102  (-6)7.41202  (-13)1.06011 

9.6  (-1)1.  04546  (-3)3.64063  (-4)1.52119  (-6)6.  80982  (-14)8.57794 

9.8  (-1)1.02397  (-3)3.49262  (-4)1.42940  (-6)6.26763  (-14)6.97159 


1-15)8.  71513 
-15)6.  83294 
-15)5.38569 
-15)4.26656 
-15)3.39644 


10.  0 (-1)1.  00335  (-3)3.35348  (-4)1.34486  (-6)5.77839  (-14)5.69010  (-15)2.71639 

'From  National  Bureau  of  Standards,  Tables  of  associated  Legendre  functions.  Columbia  Univ.  Press,  New 
York,  N.Y.,  1945  (with  permission). 
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DERIVATIVE  OF  THE  LEGENDRE  FUNCTION— SECOND  KIND  Q'n(x)  Table  8.8 


x -Qo(x)  -Qi(z) 

1. 0 °o  00 

1.2  2.27273  1.  52833 

1.4  1.  04167  (-1)5.62454 

1.6  (-1)6.41026  (-1)2.92472 

1.8  (-1)4.46429  (-1)1.77190 

2.0  (-1)3.33333  (-1)1.17361 

2.2  (-1)2.60417  (-2)8.25020 

2.4  (-1)2.10084  (-2)6.05501 

2.6  (-1)1.73611  (-2)4.59238 

2.8  (-1)1.46199  (-2)3.57495 

3.  0 (-1)1.25000  (-2)2.84264 

3.2  (-1)1.  08225  (-2)2.30068 

3.4  (-2)9.46970  (-2)1.  89018 

3.6  (-2)8.36120  (-2)1.57309 

3.  8 (-2)7.44048  (-2)1.32398 


-Q2(x)  -Qf3(z) 

oo  oo 

(-1)9.56516  (-1)5.77060 

(-1)2.78972  (-1)1.32721 

(-1)1.21817  (-2)4.  85580 

(-2)6.39686  (-2)2.20736 

1-2)3.74965  (-2)1.14416 

-2)2.36801  (-3)6.48766 

-2)1.57925  (-3)3.  93006 

-2)1.09833  (-3)2.50557 

-3)7.  89834  (-3)1.66411 

1-3)5.  83769  (-3)1.14304 

-3)4.41472  (-4)8.07587 

-3)3.40437  (-4)5.84465 

-3)2.66980  (-4)4.31867 

-3)2.12471  (-4)3.24956 


— Qf9(x)  —Qio(x) 

00  00 

(-  2)2.  06667  (-  2)1.15922 

(-  3)1.11220  (-  4)4.88977 

(-  4)1.39114  (-  5)5.11106 

(-  5)2.64367  (-  6)8.39591 

(-  6)6.52419  (-  6)1.83053 

(-  6)1.93263  (-  7)4.86561 

(-  7)6.56197  (-  7)1.49994 

(-  7)2.47880  (-  8)5.19235 

(-  7)1.02057  (-  8)1.97390 

- 8)4.51200  (-  9)8.10849 

- 8)2.11821  (-  9)3.55578 

- 8)1.04686  (-  9)1.64904 

- 9)5.40951  (-10)8.02794 

- 9)2.90659  (-10)4.07799 


4.  0 (-2)6.66667  (-2)1.12539  (-3)1.71292  (-4)2.48459  (-  9)1.61660 

4.2  (-2)6.00962  (-3)9.64994  (-3)1.39691  (-4)1.  92694  (-10)9.27220 

4.4  (-2)5.44662  (-3)8.33966  (-3)1.15099  (-4)1.51364  (-10)5.46705 

4. 6 (-2)4.96032  (-3)7.25823  (-4)9.57184  (-4)1.20274  (-10)3.30481 

4.8  (-2)4.  53721  (-3)6.35742  (-4)8.  02725  (-5)9.65712  (-10)2.04345 


1-10)2.15091 
-10)1.17316 
-11)6.59413 
-11)3.  80849 
-11)2.25453 


5.0  (-2)4.16667  (-3)5.60078  (-4)6.78356 

5.2  (-2)3.84025  (-3)4.96040  (-4)5.77277 

5.4  (-2)3.55114  (-3)4.41464  (-4)4.94423 

5.6  (-2)3.29381  (-3)3.94656  (-4)4.25974 

5.  8 (-2)3.  06373  (-3)3.54273  (-4)3.69015 

6.  0 (-2)2.85714  (-3)3.19245  (-4)3.21299 

6.2  (-2)2.67094  (-3)2.88709  (-4)2.81078 

6.4  (-2)2.50250  (-3)2.61964  (•-4)2.46977 

6.6  (-2)2.34962  (-3)2.38436  (-4)2.17910 

6.8  (-2)2.21043  (-3)2.17655  (-4)1.93008 


1-5)7.  82792  (-10)1.  28985  (-11)1. 36497 

-5)6.  40058  ( -11)8.  29696  ( -12)8. 43598 

-5) 5.  27543  ( -11)5. 43056  ( -12)5.  31340 

-5)4.38019  (-11)3.61188  (-12)3.40566 

-5)3. 66172  ( -11 ) 2.  43819  ( -12)2. 21848 

( -5) 3.  08050  ( -11 ) 1.  66874  ( -12 ) 1. 46703 

(-5)2.  60683  (-11)1. 15686  (-13)9.  83782 

( -5)  2.  21813  ( -12)8. 11673  ( -13)6.  68395 

(-5)1.  89709  ( -12)5. 75903  ( -13)4.  59703 

(-5)1.  63035  ( -12)4. 12938  ( -13)3. 19817 


7.0  (-2)2.08333  (-3)1.99230  (-4)1.71573 

7.2  (-2)1.96696  (-3)1.82834  (-4)1.53040 

7.4  (-2)1.86012  (-3)1.68195  (-4)1.36949 

7.6  (-2)1.76180  (-3)1.55083  (-4)1.22923 

7.8  (-2)1.67112  (-3)1.43304  (-4)1.10651 

8.0  (-2)1.58730  (-3)1.32691  (-5)9.98765 

8.2  (-2)1.50966  (-3)1.23104  (-5)9.  03846 

8.4  (-2)1.43761  (-3)1.14421  (-5)8.19960 

8.6  (-2)1.37061  (-3)1.06538  (-5)7.45601 

8.8  (-2)1.30822  (-4)9.93646  (-5)6.79498 

9.  0 (-2)1.25000  (-4)9.28224  (-5)6.20573 

9.2  (-2)1.19560  (-4)8.68435  (-5)5.67908 

9.4  (-2)1.14469  (-4)8.13682  (-5)5.20722 

9.6  (-2)1.09697  (-4)7.63447  (-5)4.78344 

9.8  (-2)1.05219  (-4)7.17272  (-5)4.40196 


1-5)1.  40747  (-12)2.  99029  (-13)2.  24909 

-5)1.  22023  (-12)2. 18566  (-13)1.  59779 
-5)1. 06216  (-12)1.  61163  ( -13)1. 14602 

-6) 9.  28073  ( -12)1. 19826  ( -14)  8.  29452 

-6)  8. 13829  ( -13)8.  97939  ( -14)6.  05494 

1-6)7. 16078  (-13)6.  77915  (-14)4.  45610 

-6)6.  32104  (-13)5. 15433  ( -14)3. 30480 

-6) 5.  59691  ( -13 ) 3.  94535  ( -14) 2.  46898 

-6)4.  97021  ( -13)3. 03931  ( -14)1. 85745 

-6)4.  42597  (-13)2. 35565  (-14)1. 40670 

(-6)3.  95179  ( -13 ) 1.  83641  ( -14)1.  07211 

( -6)3.  53736  ( -13)1. 43959  ( -15) 8. 22064 

( -6) 3. 17406  ( -13)1. 13452  ( -15)6. 33995 

(-6)2.  85468  (-14)8.  98657  (-15)4.  91668 

( -6) 2.  57314  ( -14)7. 15298  (-15)3.  83321 


10.0  (-2)1.01010  (-4)6.74753  (-5)4.05782  (-6)2.32430  (-14)5.72014  (-15)3.00374 

From  National  Bureau  of  Standards,  Tables  of  associated  Legendre  functions.  Columbia  Univ.  Press,  New 
York,N.Y.,  1945  (with  permission). 
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9.  Bessel  Functions  of  Integer  Order 


Mathematical  Properties 


Notation 

The  tables  in  this  chapter  are  for  Bessel  func- 
tions of  integer  order;  the  text  treats  general 
orders.  The  conventions  used  are: 

z=x-\-iy;  Xj  y real. 
n is  a positive  integer  or  zero. 
v , n are  unrestricted  except  where  otherwise 
indicated ; v is  supposed  real  in  the  sections  devoted 
to  Kelvin  functions  9.9,  9.10,  and  9.11. 

The  notation  used  for  the  Bessel  functions  is 
that  of  Watson  [9.15]  and  the  British  Association 
and  Royal  Society  Mathematical  Tables.  The 
function  Yv(z)  is  often  denoted  N„(z)  by  physicists 
and  European  workers. 

Other  notations  are  those  of: 

Aldis,  Airey: 

6n(z)  for  —%TrYn(z),Kn(z)  for  (—)nKn(z)- 
Clifford: 

Cn(x)  for  x~h1tJn{ 2tJx). 

Gray,  Mathews  and  MacRobert  [9.9]: 

Yn(z)  for  i7rFn(2)  + (ln  2—y)Jn(z), 

Yv{z)  for  TtevVi  sec(^7r )Yv(z), 

Ov(z)  for  iH?\z). 

Jahnke,  Emde  and  Losch  [9.32]: 

A ,(z)  for  T(v+l)(§z)~vJv(z). 

Jeffreys: 

Hsv(z)  for  H?>(g),  Hiv(z)  for  2?<2)(0), 

Khv(z)  for  (2/tt)Kv(z). 

Heine: 

Kn(z)  for— \vYn(z). 

Neumann: 

Yn(z)  for  hrFn(2)  + (ln  2—y)Jn(z). 
Whittaker  and  Watson  [9.18]: 

Kv(z)  for  cos(j/7r)iiLv(2). 


Bessel  Functions  J and  Y 
9.1.  Definitions  and  Elementary  Properties 


9.1.1 


Differential  Equation 

d2w  , dw  , , « 


dz2 


+ z^+(*2-v2)w= 0 


Solutions  are  the  Bessel  functions  of  the  first  kind 
J±r(z),  of  the  second  kind  Yv(z)  (also  called 
Weber’s  function)  and  of  the  third  kind  H{vl)  (0),  H{2){z) 
(also  called  the  Hankel  functions).  Each  is  a 
regular  (holomorphic)  function  of  z throughout 
the  0-plane  cut  along  the  negative  real  axis,  and 
for  fixed  z(t* 0)  each  is  an  entire  (integral)  func- 
tion of  v . When  v=  ±n,  Jv(z)  has  no  branch  point 
and  is  an  entire  (integral)  function  of  0. 

Important  features  of  the  various  solutions  are 
as  follows:  Jv(z)(&v> 0)  is  bounded  as  z— >0  in 


any  bounded  range  of  arg  0.  Jv(z)  and  J-V(z) 
are  linearly  independent  except  when  v is  an 
integer.  Jv(z)  and  Yp(z)  are  linearly  independent 
for  all  values  of  v . 


Hyl){z)  tends  to  zero  as  |0|— >00  in  the  sector 
0<arg  0<7 r;  Hl2)(z)  tends  to  zero  as  \z\— >00  in  the 
sector  — 7r<arg  0<O.  For  all  values  of  v,  Hll)(z) 
and  Hl2){z)  are  linearly  independent. 


Relations  Between  Solutions 

9.1.2  y,{z)=j’{2)  cos 

sin  (W) 

The  right  of  this  equation  is  replaced  by  its 
limiting  value  if  v is  an  integer  or  zero. 

9.1.3 

H<»(z)=J,(z)+iY,(z) 

=i  csc(vr){e~yTiJ,(z)—J-,(z)} 

9.1.4 

H(»(z)=J,(z)-iY,(z) 

=i  C8,c(vir){J -,{z)—eVTtJ,(z)} 

9.1.5  J_„(s)  = (-)"Jre(2)  F_B(2)  = (-)BFn(2) 

9.1.6  m l}(z)=e’TiH™(z)  H(-}  (z)=e~'”r  iH?)  (z) 
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Figure  9.1.  J0(x),  F0( a;),  Jx(x),  Yt(x). 
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Figure  9.2.  Ji0(x),  Y10(x),  and 
Mw(x)=^ Jio  (x)  + Ff0  (x) . 
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Figure  9.3.  «/„(10)  and  F„(10). 
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Figure  9.4.  Contour  lines  of  the  modulus  and  phase  of  the  Hankel  Function  H^l)  (x + iy) = M0ei9o . From 
E.  Jahnke,  F.  Emde,  and  F.  Losch,  Tables  of  higher  functions,  McGraw-Hill  Book  Co.,  Inc.,  New 
York,  N.Y.,  1960  (with  permission) . 
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Limiting  Forms  for  Small  Arguments 

When  v is  fixed  and  2— >0 

9.1.7 

Jv(z)~(yy/T(v+ 1)  —2,  —3, . . .) 

9.1.8  F0(2)~  — iHkv(2)~iHk2)(z)~(2lir)hi  z 

9.1.9 


— v 


Y,{z)  — irn°  (2)  (2)  ~ - (l/x)  r W(i2) 

(^r>0) 

Ascending  Series 

9.1.10  jr(2)=(%zy  g 

9.1.11 

ir  / \ (§2)""^  (n—k—  1)!  2U 

Pn(g)=—  ~ 2J  Si “ (fg2)* 

7T  /c=0  Kl 

+-ln  (|2)J,(2) 

7 r 

Al  fl  ® ( i «2\Aj 

7T  S ^ ^ H“  + )}  &!  (n+A) ! 

where  ^(m)  is  given  by  6.3.2. 

1,2  /122\2  ('lg2')3 

9.1.12  jo(,)= inS^+W“W+**- 

9.1.13 

Fo(2)=r  {In  (i2)+7}  Jo(2)+z 


7T 


*■  1 (1!): 

CX22-v2  /i  p,2\: 

-d+l)  ^+<i+*+*)  {-0 


9.1.14 

J p(z)t7 u(g) 


(§2)^2 


(-)*T(H-/.+2fc+l)  (jg2)* 

^=4r(F+jfc+i)r0i+*+i)r(F+M+i+i)  A! 


9.1.15 


Wronskians 


W{Jr{z),  </-,(2)  } = J,+l(z)J-,(z)  + Jv(2)  J_(,+1,(2) 

= — 2 sin  ( vv)/(irz ) 

9.1.16 

W{  J,(g) , F,(2) } =J,+1  (2)  F,(s)  - J,(2)  F„+1  (2) 

=2/(ir2) 

9.1.17 

W{H?{z),  H?\z) } =H"Uz)H^ (2) - (2)ff«Al(2) 

= — 4i/(irz) 


9.1.18 


Integral  Representations 


1 rx  1 r* 

0(2)=-  I cos  (2  sin  d)dd=-  I cos  (2  cos  0)d0 
^ Jo  7T  Jo 


Jn{Z)—-  ( COS 
0 

9.1.19 

I7" o(^)  =— § I cos  (0  cos  e)  {7+ln  (20  sin2  0) } J0 

k Jo 


9.1.20 


Jv(z)~-i~^r t~i\  I cos (z  cos  0)  sin21'  Odd 

ir*r(y+7)J0 

- 2(^)’'  f1  (1  — «*)--*  COS  (2<)<«  (#*>-*) 

Jo 


^r(j/+ 


9.1.21 


r.(*)=J  p 

7T  Jo 


cos  (2  sin  $—nd)dd 


r ,<■ 

* Jo 


0080  cos  ( nQ)dd 


9.1.22 

1 CT 

Jv(z)=-  I cos (2  sin  0 — vd)dd 

ft  Jo 


sin(y7r) 


— 2 slnh  t — 


(|argz|<§7r) 


(ptt)  f “ 

* Jo 

F,(s)=-  f sin(2  sin  0— vd)dd 

7T  Jo 

— - f cos  (vir)}e~ZBiDhtdt  (|arg2|<§7r) 

7T  Jo 


9.1.23 


9.1.24 


2 f 

Jo(x)=-  I sin  (z  cosh  (x>0) 

n*  Jo 

F0(x) — 2 r 

^ Jo 


cos  (2  cosh  t)  dt  (z>0) 


F w<’,’z><S) 


Yr(x) 


9.1.25 


2{%x) 


1 f*co+rt 

i?«)(2)=Z  eZBlDht-‘’tdt  (|arg2|<^r) 


1 /»  00  — xi 

*■’<*>=- si. 


,z  fllnh  (|arg2|<27r) 


9.1.26 


1 C*° 

«-5HL 


1 r(— *)(i»),,+2‘ 


r(,+i+i)  dt  (^v>°>  x>°) 

In  the  last  integral  the  path  of  integration  must 
lie  to  the  left  of  the  points  t=0,  1,  2,  ...  . 
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Recurrence  Relations 

9.1.27 

9v 

*;  (2) 

& 

<if,-l(z)-<if,+i(z)=2&'r(z) 

3 

denotes  J,  Y,  H(1),  H(2)  or  any  linear  combina- 
tion of  these  functions,  the  coefficients  in  which 
are  independent  of  z and  v. 

9.1.28  J'0(z)=-J1(z)  Y’0(z)=-Y1(z) 

If  f,(z)=zv<%’r('Kzf‘)  where  p,  q,  X are  independent 
of  v,  then 


9.1.29 

j,- 1(2)  +f,+ 1(2)  = (2r/X)  z~aj,{z) 

(V+n)Jv- 1(2)  + CP— = (2vl\)z1~tfr(z) 
zf,(z)  =\qzajy-i(z)  + (p-  vq)jv{z) 
zfviz)  = — \qzQfv+1(z)  + (p+vq)f,(z) 

Formulas  for  Derivatives 

9.1.30 

(10f2’?’(3)}=2’'Y’-t(2) 

(*=0,1,2,...) 

9.1.31 

^*>(2)=i{^,_i(3)-0  ^,-*+2(2) 

+Q  ^-*+4(2)-  • • • +(-)*^+*(2)} 

(A:=0, 1,2, . . .) 

Recurrence  Relations  for  Gross-Products 

If 

4 

9.1.32 

P>=Jy(a)Yy(b)-Jy(b)Yy(a) 

q, =J  y(a)Y'p(b)  — J',(b)Y,(a ) 

r, =J'v(a)Y,(b)-Jp(b)Y'M 

s, =J',(a)Y'y(b)  —J'r(b)Y',(a) 

then 

9.1.33 

2v  2v 

Pr+l-Pv-^-—  Qy J-  ^ 

, ? p+1 

r,+l+q,=^pr — p,+ 1 

1 .1  r2 

s'=2P'+1+22,'-1“^^ 


and 

9.1.34  pySy— i”ry=z^T 


Analytic  Continuation 

In  9.1.35  to  9.1.38,  m is  an  integer. 

9.1.35  J,{zem*r)=em’'Ti  J,(z) 

9.1.36 


Y,(zemTi)=e  m‘‘riYy(z)-{-2i  sin(mvir)  cot(W)  Jv(z) 

9.1.37 


sin(vir)ff  i1’  (zemrt) 

9.1.38 


— sin  { (m— (2) 

—e~ni  sin  (mvir)Hl2)  (z) 


sin(vir  )H  i2)  (zemTi)  =sin  { (m+ Vjv-n-JH^  (z) 

-j-e’”ri  sm(mvTr)H(y1)  (2) 


9.1.39 


mi\ze-{)  = -e-^tH^(z) 
H™(ze-*t)  = -e"iH?)(z) 


9.1.40 


Jy(z)=Jy(z)  Y,(z)=Y,(z) 
m»(z)=WF(z)  H?\z)=HFTz)  (v  real) 


Generating  Function  and  Associated  Series 

9.1.41  S thJk(z)  (ir=0) 

k =*-*« 

9.1.42  cos  (2  sin  0)=Jo(2)+2  S «/2*(s)  cos  (2&0) 

fc= 1 

9.1.43  sin  (0  sin  0)=2  S J*k+i(z)  sin  { (2Ar+l)0} 

fc=0 

9.1.44 

cos  (0  cos  0)=Jo(^)+2  S (—)kJ2k(z)  cos  (2&0) 

ft=i 

9.1.45 

sin  (0  cos  0)=2  (—)kJ2k+i(z)  cos  {(2&+l)0} 

k=0 

9.1.46  1 = 1/0(0)  ~|“  2*72(0)  ~|“  21/4(0)  "I-  21/5(0)  “I-  • • • 

9.1.47 

cos  z=J0(z)  — 2J2(z)+2JA(z)  — 2J6(z)  + . . . 


9.1.48  sin  z=2Ji(z)— 2Jz(z) +2*/6(0)  — . . . 
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Other  Differential  Equations 

9.1.49  w' ' +^X2— — -2--)  w=0,  w=zicifr(\z) 

9.1.50  w=0> 

9.1.51  w"+\2zp-2w=0,  w=--z*<ifVp(2\zlp/p) 

9.1.52 

w''—^V  * w'+\21V= 0,  W=zv(ifr(kz) 

9.1.53 

z2w"  -\-(l—2p)zw'  Jr(\2g2z2,+p2—v2q2)w=0! 

w=zv(if,(\zq) 

9.1.54 

w"+(XV*-c2)a)=0,  w=<^‘  r{\e‘) 

9.1.55 

z‘(z‘—v2)u>"+z(z2—3v2)w' 

+ {(g2—  v2)2—  (22+y2)}w=0,  w=eif'y(z) 

9.1.56 

W(2n)  = ( — ) n\2nz~  nW,  W=zin(£n(2\azi) 

where  a is  any  of  the  2 n roots  of  unity. 
Differential  Equations  for  Products 

d 

In  the  following  #= z and  ^,(2),  @?(z)  are  any 
cylinder  functions  of  orders  v , respectively. 

9.1.57 

{#4 — 2(i'2+/x2)#2+(p2 — y?)2}w 

+422(#+ 1)  (#+2)w=0,  w=ctfv(z)^lx(z) 

9.1.58 

t?(t?2 — 4^2)w-f-4s2(t^+ 1)^=0,  v(z)@  v(z) 

9.1.59 

s3w/"  + 2(422+l— •4v2)t^,  + (4^2— l)w=0, 

w=z^v{z)S}v{z) 

Upper  Bounds 

9.1.60  |J„(a:)|<l  (j»>0),  \J,(x)\<l/^  (v>l) 

9.1.61  0<J,(.)<pj^p  (r>0) 

9.1.62  |t7>(s)|<IM^iT.  („>-*) 


9.1.63 


\Jn(nz)\< 


g”  exp  fftV(l — g2)} 

{1+V(1— s2)}” 


Derivatives  With  Respect  to  Order 

9.1.64 

^ J,(z)=J,(z)  In  (%z) 


9.1.65 


k=0 


,\k  Wv+fc+l)  (Is2)* 

K 1 r(y+*+l)  A! 


l;  Y,  (g)  =COt  (VW)  { I;  J,  (g)  -TrF,  (g)  } 

— CSC  (vtt)  J-,(z)  — IT  Jr  (g) 

(rs^O,  ±2,  . . . ) 


9.1.66 


■ w!(jg)  "’fi1  (\z)*Jk(z) 

r 2 w (71— &)&! 


9.1.67 


(|g)*r,(g) 

(»— k)k\ 


9.1.68 


Expressions  in  Terms  of  Hypergeometric  Functions 

9.1.69 

J'(s)==rf+I)oFl(,'+1;  _is2) 

= <~r(y+l)'  2k+1, 2ig) 

9.1.70 

j'(s)=fH+i)  UmF(x'"i  ,,+ii  ~£d 

as  X,  /i— ><»  through  real  or  complex  values;  2,  v 
being  fixed. 

(0Fi  is  the  generalized  hypergeometric  function. 
For  M(a,  b , z)  and  F(a}  b;  c;  z)  see  chapters  13  and 

15.) 

Connection  With  Legendre  Functions 

If  fi  and  x are  fixed  and  through  real 

positive  values 

9.1.71 

lim  {v^P,1*  ^cos  =Jn(x)  (x>0) 


♦See  page  n. 
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9.1.72 

lim  {v^Q^  ^cos  =—?7 rFM(x)  (z>0) 


In  9.1.79  and  9.1.80, 

w=j(u2+v2—2uv  cos  a), 

u—v  cos  a=w  cos  X,  0 sin  a=w  sin  X 


For  PrM  and  QrM,  see  chapter  8. 

Continued  Fractions 

9.1.73 

J,(z)  1 1 1 

2 vz~l—  2(v+l)s-1—  2(r+2)s-1— 

W"  j22/ {’'(>'+ !)}  ib2/{(H-i)(H-2)} 

■ ' ' ' ■ »'■  ■ '■  — • « • 

l-  l-  l- 


9.1.74 


Multiplication  Theorem 


00 


k=*  0 


(=F)*(X*-1)*(§*)* 

it! 


^r±*(2) 

(|x2-i|<D 


If  ^ =J  and  the  upper  signs  are  taken,  the  restric- 
tion  on  X is  unnecessary. 

This  theorem  will  furnish  expansions  of  v(reie ) 
in  terms  of  ^v^r). 


Neumann’s 


Addition  Theorems 


9.1.75  <£,(u±v)=  23  <£'^k(u)Jk(v)  (|o|<|u|) 

k=  — co 

The  restriction  is  unnecessary  when 

&= J and  v is  an  integer  or  zero.  Special  cases  are 


the  branches  being  chosen  so  that  w->u  and  X->0 
as  C7(*)(cos  a)  is  Gegenbauer's  polynomial 

(see  chapter  22). 


Gegenbauer’ 8 addition  theorem . 


If  u,  v are  real  and  positive  and  0 <a  < it,  then  w,  X 
are  real  and  non-negative,  and  the  geometrical 
relationship  of  the  variables  is  shown  in  the  dia- 
gram. 

The  restrictions  |v6±fa|<C  \u\  are  unnecessary  in 
9.1.79  when  ^=<7  and  v is  an  integer  or  zero,  and 
in  9.1.80  when  ^=<7. 

Degenerate  Form  (u=  co): 

9.1.81 

eil  008  °=r(r)  X (v+k)ikJ,+k(v)Civ) (cos  a) 

k= o 

(V9*0,  — 1,  . . .) 

Neumann’s  Expansion  of  an  Arbitrary  Function  in  a 

Series  of  Bessel  Functions 


9.1.76  l=J»(a)+2S«JJ(8) 

&=1 

9.1.77 

2 n co 

0=S(  )fc«7*(3)t72»-*(3)4-2]2  Jk(z)  J2n+k(z)  1) 

k=0  ft=l 

9.1.78 

Jn(2z)=±, 

k=0  k=l 

Graf’s 


9.1.79 

V,{w)C2vX=  s ^+k(u)Jk(v)  ka(\ve±ia\<\u\) 

Bill  k=  — oo  Sill 


Gegenbauer’s 


9.1.80 

^V{W) 


wv 


=2”T(v)  £ (v+k)  M (cos  a 


_) 

%’  v”  ~ * ’ 

(r^O,— 1, . . |»e±<0|<M) 


9.1.82  j(z)=OvJ0(z)+2  £ akJk(z)  (M<c) 

k=l 


where  c is  the  distance  of  the  nearest  singularity 
of  f(z)  from  2=0, 

9.1.83  e,MOt(t)dt  (0 <c'<c) 

and  0k(t)  is  Neumann's  polynomial.  The  latter 
is  defined  by  the  generating  function 

9.1.84 


7±-=M2)O0(t)+2  £ Jk(z)0k(t)  (M<|*|) 

t—Z  k=l 


0n(t)  is  a polynomial  of  degree  n-\- 1 in  1 \t;  0o(t)  = l/t, 


9.1.85 

^g^ar- 


(»=1,2,.  . .) 


The  more  general  form  of  expansion 
9.1.86  j(z)  =a0J,(z)  +2  £ a*J ,+*(2) 

k=*  1 
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also  called  a Neumann  expansion,  is  investigated 
in  [9.7]  and  [9.15]  together  with  further  generaliza- 
tions. Examples  of  Neumann  expansions  are 
9.1.41  to  9.1.48  and  the  Addition  Theorems.  Other 
examples  are 


9.1.87 


«,)-£  W-y+q  J.M*) 

k= 0 


9.1.88 


1,  2, . . .) 


»!(!«)-“  (I 

r”W—  r fy  (n-k)k\ 

+-  [In  (§2)—  p(n+l)}Jn(z) 


_2  “ , Y(n+2k)Jn+2k(z) 
nh i ' k(n+k) 

where  'Pin)  is  given  by  6.3.2. 

9.1.89 

Y0(z)=z  {ln(|2)+7}J0(z)-^2  (_)*^1 


7T 


7T  /c=l 


9.2.  Asymptotic  Expansions  for  Large 

Arguments 

Principal  Asymptotic  Forms 

When  v is  fixed  and  |s| — 


9.2.1 

Jv{z) 

9.2.2 


tJ2/(itz)  {cos  (z— \vr— |7r)+e'~^2,0(|2|  *)} 

(|arg  z\<w) 


Yv(z)=tJ2/(ttz)  {sin  (s— 


9.2.3 


H?\z)~^2j(i rz)eHz-t'T-*T) 


9.2.4 


v)+el^'0(|2|-‘)} 
(|arg  2|<tt) 

(— ?r<aig  2<2ir) 


fl]2)  (2)  ~ V2/(7 rz)  e - ( — 2ir<arg  2<» 


Hankel’s  Asymptotic  Expansions 

When  r is  fixed  and  I si — >«> 


9.2.5 


Jv(z)=yl2/(ivz) {P{v,  z)  cos X—Q(v,  z)  sinx] 

(|arg  2|<tt) 


9.2.6 


Y„(z)=-\!2/(tz){P(v,  z)  sinX+QO'.  z)  cosx] 

(|arg  z|<» 

9.2.7 

(2)  =V2/ (irz) [P(v,  z)+iQ{v,  z)}eix 

(— 7r<args<2ir) 

9.2.8 


Hi2){z)—-y/2/{irz){P(v,  z)—iQ(v,  z)}e  ix 

(— 2v<arg  z<ir) 

where  X=2— (|i<+f)7rand,  with  4v2  denoted  by  p., 

9.2.9 


co 


P(v  s)~S  (— )*  ^,2-^=l— ^ 

’ fiT  } (22)“  2! (82) 2 


9.2.10 


(a»— 1)(m~ 9)(ja— 25)(m~ 49) 
4!  (82) 4 


M — 1 (m—  1)(m — 9)0*— 25)  . 

82  3!  (8s) 3 ^ ’ 

If  v is  real  and  non-negative  and  z is  positive,  the 
remainder  after  k terms  in  the  expansion  of  P( v,  z) 
does  not  exceed  the  (&+l)th  term  in  absolute 
value  and  is  of  the  same  sign,  provided  that 
k^>\v—\.  The  same  is  true  of  Q(v,z)  provided 
that  v—\. 

Asymptotic  Expansions  of  Derivatives 

With  the  conditions  and  notation  of  the  pre- 
ceding subsection 

9.2.11 


Jl(z)=-\2f{vz){—R(v)  2)  sinx— S(v,  z)  cosx] 

(|arg  z|0) 

9.2.12 


Y',(z)  =V2/(tt2) { R (v,  z)  cos  X—S(v,  2)  sin  x] 

(|arg  z|<ir) 

9.2.13 

H?y(z)  = j2l(^z){iR(v,  z)—S(v,  z)}eix 

(— 7r<arg  z<2ir) 

9.2.14 


Hi2)'(z)=^2l(irz){-iR(v,  z)—S(v,  z)}e~ix 

(— 2ir<arg  z<» 
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9.2.15 


co 


(-)* 

k= 0 


4r2+16fc2 — 1 (v,  2k) 
4r2— (4&— l)2  (2 s)2* 


9.2.16 


(m-1)(m+16) 
2!  (8s)2 


CO 


(-)* 

k=0 


4r2+4(2/t+l)2-l 

4r2-(4fc+l)2 


(y,2fe+l) 

(22)M+1 


m+3  (M-l)Q»-9)(ft+35) 
82  3!(82)3 


Modulus  and  Phase 
For  real  v and  positive  x 

9.2.17 

6, = arg  Hp  (x) = arctan  { Y,  ( x)/J,  (x) } 

9.2.18 

N,=  | H<» ' (x)  I = V{  J:  2(x)  + r,  2(x) } 

¥>,=arg  Hiv'(x)  = arctan  { Y'y(x)jJ',(x) } 

9.2.19  Jv(x)=Mv  cos  0„,  Yp(x)=M,  sin  0„, 

9.2.20  J',(x)=Ny  cos  Yy(x)—Ny  sin  ip„. 

In  the  following  relations,  primes  denote  differ- 
entiations with  respect  to  x. 

9.2.21  M%= 2/(«)  NM=2(a?-ifi)l(ira?) 

9.2.22  Nl=M',2-\-J\^8'2=M'y2-\-4:l(irxMy)2 

9.2.23  (x2-i/2)M,M^+r!AI,Ai;+xA^=0 

9.2.24 

tan  (^>„ 6y)  = M y6y  I M'y—2/  (TXMyM'y) 

MyNySm  (<Py  — 9y)=  2/(tx) 

9.2.25  a?M" +xM;+  (a?  - ^)My-4/(^M3y) = 0 

9.2.26 

a?w'"+a;(4a?+l— 4y2)w'+(4i'2— 1)«>=0,  w—xMl 


9.2.27 


Asymptotic  Expansions  of  Modulus  and  Phase 


When  v is  fixed,  x is  large  and  positive,  and  m= 4v2 

9.2.28 


2 



7 rX 


1 J U — 1 

2(2xp 


1-3  Q*— 1)0*— 9) 
2 • 4 (2a:)4 


1- 3-5  6*— 1)0*-9)0*-25) 

2- 4-6  (2  a:)6 


} 


9.2.29 


0,~x-(^+iV+|^ 

(/*—!)(/*— 25)  Qt-1)  (j**2— 114^+1073) 

6(4x)3  5 (4a:) 5 

(ju-1)  (5m3- 1535^+54703^-375733) 
+ 14  (4a:) 7 '+ 


9.2.30 

>73-  2 fi  1 M— 3 1 • 1 (m— 1)(m— 45)  , 

' txX  2 (2a:)2  2-4  (2a:)4  ' ' ’ ] 

The  general  term  in  the  last  expansion  is  given  by 

1 • 1 • 3 . . . (2k— 3) 

2 • 4 • 6 . . . (2*) 

Qt— l)Qt— 9).  ■ .{m— (2fr— 3)2}{m—  (2fr+l)(2fr-l)2} 

(2a:)2* 

9.2.31 


x-fiv-i)  x+m±3  ^,+46^63 

* U 4'  +2(4a:)+  6(4a:)3 


M3+185m2-2053m+1899 
+ 5 (4a:)5  + ’ 

If  v > 0,  the  remainder  after  k terms  in  9.2.28  does 
not  exceed  the  (Ar+l)th  term  in  absolute  value 
and  is  of  the  same  sign,  provided  that  k^v—\. 


9.3.  Asymptotic  Expansions  for  Large  Orders 

Principal  Asymptotic  Forms 

In  the  following  equations  it  is  supposed  that 
p — > oo  through  real  positive  values,  the  other  vari- 
ables being  fixed. 


9.3.1 


ez\ 

V2™  V2^/ 


Yy(z) 


l2_  (ezST’ 

Vir  v\2v) 


9.3.2 


Jy(v  sech  a) 


,j;(taiih  a— a) 


— - 

tJ2kv  tanh  a 


Yv  ( v sech  a) 


,v(a~  tanh  a) 


Vi ttv  tanh  a 


(«>0) 

(o:>0) 


♦See  page  ii. 
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9.3.3 

J,  (v  sec  0)  = 

ij2/ (irv  tan  0)  {cos  (rtan/3— v0— \ir)-\-0  ( v _r)} 

(O<0<§tt) 

Yy(v  sec  0)  = 

■^2/  (irv  tan  0)  {sin  (v  tan  0—v0—\ir)JrO(v~l) } 

(o</J<M 


9.3.4 


Jv(v + gp») = 2H„-H  Ai(—2Hz)  + 0(v~l) 
Y,(v+evW=- Bi(-2 *z)  + 0(v~l) 


9.3.5 


J,  « 


2^  1 

3^r(f)  ^ 


2»  1 
3»r(}) 


9.3.6 


w„W  4f  \X/AiW) 

J'(w) _U_2V  * ^ 

I exp  (-§»$*)  n/_l_v 

Fr,-v  / 4f  \MfBi(p«r) 

r,(,2) — {-pr- 

exp  |^(fi>rH)l  (7^  1 Y 
1-  l+„M|f|H  U\vh)s 


(|arg  2|<7r) 


(|arg  2|<7r) 


In  the  last  two  equations  f is  given  by  9.3.38  and 
9.3.39  below. 


Debye’s  Asymptotic  Expansions 

(i)  If  a is  fixed  and  positive  and  v is  large  and 
positive 

9.3.7 

V 2irv  tanh  a £={  ir 


9.3.8 


Y,(v  sech  a) 


g.(<»— tanh  a)  %(cothtt), 

/%irv  tan  ha  if^i  ' r* 


where 


9.3.9 

w0(0=l 

v1(0  = (3t-5f}/24 

«2  (i)  = (8 1 i2 — 462<4 + 385«6)/ 1 1 52 

«3(0  = (30375<3— 3 69603ts+7  65765f7 

-4  25425i9)/4  14720 

u4(t)  = ( 44  65125i4— 941  21676i6+3499  2243028 

-4461  85740P+1859  10725<12)/398  13120 

For  v5(t)  and  u6(t)  see  [9.4]  or  [9.21]. 

9.3.10 

«*+! 0) = it2(l ~ t2K ( t ) +|  f (1  -5 t2)uk(t)dt 

(k= 0,  1,...) 

Also 

9.3.11 

J'yiv  sech  a)  ~ 

sinh  2a  ^tanh  a_a)  ^ Vk  (co^  a)  i 
4irv  1 r* 

9.3.12 

Y'y(v  sech  a) 

,(a-tanha){1+^  ( )k  (C0^  Q)  j 

k= 1 v 

where 

9.3.13 

®o(0  = l 

»1(*'l  = (-9i+7«3)/24 

v2(t)  = (-  135«2  + 594t4-455<6)/l  152 

v3(t)  = (-42525t3+4  51737<5— 8 83575<7 

+4  75475t9)/4  14720 

9.3.14 

Vk(t)=  Uk (t)-\-t(t2  — 1 ) { §«*-! (0+  tUk -l(t)  } 

(*=1,2,  . . .) 

(ii)  If  0 is  fixed,  0<j3<§ir  and  v is  large  and 
positive 

9.3.15 

Jy(v  sec  p)  = ^2 /(irv  tan  P){L(v,  0)  cos  ^ 

+M(v,  0)  sin 

9.3.16 

Yy( v sec  p)  = ^2/(irv  tan  P){L(v,  P)  sin  \I> 

—M(v,  P)  cos 

where  ^=^(tan  0— 0)— J7r 

9.3.17 

r / ^2 cot  0) 

M*'*  0)  ~ 2-/ ^ 

j&0  p** 

, 81  cot2  0+462  cot4  0+385  cot6  0 . 

"_1  1152?2 


V" 


sinh  2a 
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9.3.18 


M(v,  0) 


00 


/■V/ 


k=0 


un+1(i  cot  0) 


M+l 


3 cot  /3+5  cot3  P 
: 2Av 


Also 


9.3.19 

J'v(y  sec  P)  — V(sin  2p)l{irv){—N{v1  P)  sin  ^ 

— 0( v,  P)  cos 

9.3.20 


Y'v(v  sec  ]8)=V( sin  2p)K'wv){N(v)  p)  cos 

— 0{y,  P)  sin  >£} 

where 


9.3.21 


00 


N(  v,  0}  ~ 2 


v2k  (i  cot  0) 


,2k 


=i 


t=o  r 

135  cot2  0+594  cot4  0+455  cot6  0 


1152*^ 


9.3.22 


oo 


Q\  • ^~\  ^2fc+i(^  cot  p)  9 cot  P~\~ 7 cot3  p 

^ = 24v 


Asymptotic  Expansions  in  the  Transition  Regions 
When  z is  fixed,  |j>|  is  large  and  |arg  v\<C_*pr 
9.3.23 


J,{v+Zvv*)J^  Ai  (-21'3*)  {l+±f-M} 


k=l  V 


■f — Ai'  (-2  y»g)  fj  ^ 


t=o  y 


9.3.24 


r,(r+2^6) g Bi  (_2>/32) 


* = 1 


•—  Bi'  (— 21/32)  S 


Jfc=0 


where 

9.3.25 


1 


j1(z)  = -^Z 
Mz)=— ioos5+3532 


jiiz)= 


957 


a 173  , 1 

28—  ^-=rr23 


225 

27  u 23573  Tl  5903  .. 

J4\2/  OrtrtrtA  2 1 , f7Ann  2 I , nn/nn  3 + 


947 


20000 


147000  1 138600  1 346500 


9.3.26 


0o(2) = 


10 


0i  (2)  = 


17  3 . 1 

— 23 


70 


70 


02(2)  = 

03(2) 


9 


611 


37 


3150 


1000 

549  _8  110767  _5 
28000  2 693000  2 


3150 

79 

12375 


The  corresponding  expansions  for  H^iv+zv*1*) 
and  Hi2)(v-\-zv1/s)  are  obtained  by  use  of  9.1.3 
and  9.1.4;  they  are  valid  for  — §7r<arg  ^<f7r  and 
— §-7T<arg  v<^\i r,  respectively. 


9.3.27 


Jv(v-\-ZVl,Z) 


02/3 

•is  Ai'  (■ 


■21/3*)  {!+£%& 

It  "■  X ^ 

21/3  Ai  (-21/32)  TJ  lM 


,4/3 


fc=0  ^ 


9.3.28 


Fi(^+2^1/3) 


02/3 

ira Bi'  <■ 


•2^){i+zjW} 


fc  = l V 

Z Bi  (-2W.)  £ ^ 


*=o  v 


where 

9.3.29 

k(z)  = 
Jh(z)  = 
h3(z) = 
A4(2) = 

9.3.30 

lo(z)= 

U(z)  = 

h{z)  = 


4 

— z 

5 


- 9 23+5Z  + 

100  “ 1 70 

699  2617  _8 

23 

3500  2 3150  2 + 

3150 

27  _w  46631 

. , 3889 

20000  “ 147000 

1 4620 

1159 


115500 


3 3 1 
— z° — 

5 5 

131  « , 1 
140  +5 


9 _8  5437 
500  2 +4500 


593 


7 t \_  3®® 

hiz)  7000  2 


fl  999443  . . 

9 26-} 


693000 


3150 
31727 

"173250  “ 1 346500 


23+; 


947 
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9.3.31  J,<?)  ~-U3.{l+S  %}  “373  S 

K ft  — 1 ^ 


ft 


vi/3  u 5 V2k 


9.3.32  F.(i') 


31/2a 


oo 


/></ 


r -i  i l 31/26  Pk 

1/3  l ..2*1 


* = 1 V 


V[ 5/3 


9.3.33  </;(,)  ~-g-8  {1+2  5} - S 3 


fc=i  ? 


? ' fc=0  V 


9.3.34  1+gJ) 

where 


31/2a 


* ft 

4/3  AJ  „2* 


S V 


ouz 

a=F¥(|)=-44730  73184’ 


22/3 

31/3r(i) 


=.41085  01939, 


3%=  .77475  90021 
3*6=.  71161  34101 


«o=l, 


a2= .00069  3735  . . .,  £*3=  — .00035  38  . . 


^=^=.01428  57143  . . ., 


A 


1213 


10  23750 


-.00118  48596  . . ., 


A=. 00043  78  . . .,  03=— .00038  . . . 

OQ 

7o=l,  Tl=3lfo=-00730  15873  ' • •’ 

y2=— .00093  7300  . . .,  73=  .00044  40  . . . 

1 947 

«o=£>  3i=— 3 ^g-gQQ  .00273  30447..., 

S2=  .00060  47  . . .,  S3=  — .00038  . . . 


Uniform  Asymptotic  Expansions 

These  are  more  powerful  than  the  previous  ex- 
pansions of  this  section,  save  for  9.3.31  and  9.3.32, 
but  their  coefficients  are  more  complicated.  They 
reduce  to  9.3.31  and  9.3.32  when  the  argument 
equals  the  order. 


9.3.35 

Jv(yz ) 


4f  V'4,Aifr»'3f) 
1 — z2)  vm 


, AiW)  - 

' „5/3  -A 


Mr)  1 

/ 


9.3.36 

Yy(vZ)  ~ 


Bi(^3f) 

yl/3 


^ g>(f) 
« *2* 

BiV/3f) 


„«/3 


9.3.37 


OO 


e2Ti/3Ai/(e2rt/3(<2/3f)  ^ 

* -5/3  2/  2*  J 


k—0  V 


When  >+  00 , these  expansions  hold  uniformly 
with  respect  to  z in  the  sector  |arg  2|<7r— e,  where 
e is  an  arbitrary  positive  number.  The  corre- 
sponding expansion  for  Hl2)(vz)  is  obtained  by 
changing  the  sign  of  % in  9.3.37. 

Here 


9.3.38 

| f3/2=Jz1  dt= In  1+Vl-^VI^ 

equivalently, 

9.3.39 

| (_f)3/2=J^  V^^=A/i2lTi_arccos  0 

the  branches  being  chosen  so  that  f is  real  when 
z is  positive.  The  coefficients  are  given  by 

9.3.40 

2k 

®*(f)=S  m.£"8*/2«2*-.{(1— S2)"*} 


2ft+l 

Mr)=-r* 2 xtr8f/2^t-.+i{(i-^)"1} 

3=0 

where  % is  given  by  9.3.9  and  9.3.10,  X0=/z0=l 
and 

9.3.41 

x (2s+l)  (2s+3)  • • • (0s — 1)  6s+l  > 

s!  (144)s  ’ Ms  6s- 1 As 

Thus  a0(?)  = l, 


9.3.42 

l 5 I 1 f 5 1 , 

MD  48f2+f*124(l-32)3'2  8(1— 32)* 

— - | i — f § 1 „„} 

48f2^(-f)i124(32-l)3/2^8(32-l)^ 

Tables  of  the  early  coefficients  are  given  below. 
For  more  extensive  tables  of  the  coefficients  and 
for  bounds  on  the  remainder  terms  in  9.3.35  and 
9.3.36  see  [9.38]. 
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Uniform  Expansions  of  the  Derivatives 

With  the  conditions  of  the  preceding  subsection 


9.3.43 

J'M)  ~ 


2 

2 


/i— g2V  f Ai  (++)  .a  c*(r) 
\ 4f  / 1 vi/3  ho  v* 

. Ai'  (+3f) 

■r  „2/3 


S 

k= 0 


For  f>10  use 

J0(f)~^r}-.io4r2,  o1(r)=.oo3, 

Cb(f)~^f*+.146r1,  4(f)  = .003. 

For  10  use 


9.3.44 

& 

+Bi 

1 1 vi/3  f=i  r2* 

9.3.45 

, Bi'  („2'3f)  ^ 4(f) 

1 r2'3  i f=i  ** 

ff‘»'(«)~ 

£e2Ti/3/ 

z V 

1 — s2\l  fAi  (e2lr4/V/3f)  A ck( f) 
4f  / vi/3  f^o  v* 

e2x</3  Ai'  (e2wi/3v2,3£)  ^ 4(f) 

where 

1 v313  t=i>  r2* 

9.3.46 

&o(f)~^r2,  oI(r)=.ooo> 

«»(f)~  -J2  r1-  1.33(-f)-"*,  4(f)  = -000. 

Maximum  values  of  higher  coefficients: 
|6i(f)|=.003,  |a*(f)|  = .0008,  |4(f)|  = .001 

|c1(f)|=.008  (f<10),  Cl(f) .003f»  as  f^+co. 

9.4.  Polynomial  Approximations  2 

9.4.1  — 3<x<3 


2k+l 

C*(f)  = — f*  S Ms?_3S/2»2t-s+l  { (1  — 22)  -i} 

s=0 

2k 

4(f)=S 

»=0 


and  is  given  by  9.3.13  and  9.3.14.  For  bounds 
on  the  remainder  terms  in  9.3.43  and  9.3.44  see 
[9.38]. 


f 

fc(f) 

at  (?) 

J 

co(r) 

4(f) 

0 

0.  0180 

-0.  004 

0.  1587 

0.  007 

1 

. 0278 

-.  004 

. 1785 

. 009 

2 

. 0351 

-.  001 

. 1862 

. 007 

3 

. 0366 

+.  002 

. 1927 

. 005 

4 

. 0352 

. 003 

. 2031 

. 004 

5 

. 0331 

. 004 

. 2155 

. 003 

6 

. 0311 

. 004 

. 2284 

. 003 

7 

. 0294 

. 004 

. 2413 

. 003 

8 

. 0278 

. 004 

. 2539 

. 003 

9 

. 0265 

. 004 

. 2662 

. 003 

10 

. 0253 

. 004 

. 2781 

. 003 

-r 

6o(f) 

«i(?) 

Co(f) 

4(f) 

0 

0.  0180 

-0.  004 

0.  1587 

0.  007 

i 

. 0109 

-.  003 

. 1323 

. 004 

2 

. 0067 

-.  002 

. 1087 

. 002 

3 

. 0044 

-.  001 

. 0903 

. 001 

4 

. 0031 

-.  001 

. 0764 

. 001 

5 

. 0022 

-.  000 

. 0658 

. 000 

6 

. 0017 

-.  000 

. 0576 

. 000 

7 

. 0013 

-.  000 

. 0511 

. 000 

8 

. 0011 

-.  000 

. 0459 

. 000 

9 

. 0009 

-.  000 

. 0415 

. 000 

10 

. 0007 

-.  000 

. 0379 

. 000 

J0(x)  = 1—2.24999  97(z/3)2+ 1.26562  08(x/3)4 
-.31638  66(aj/3)6+. 04444  79(x/3)8 

— .00394  44(x/3)10+.00021  00(a;/3)12+« 

|«|<5X10-8 

9.4.2  0<x<3 

Y0(x)  = (2/ir)  ln(§a;)Jo(a:) + .36746  691 

+ .60559  366(x/3)2- .74350  384(x/3)4 
+.25300  117(x/3)6— .04261  2 14  (ck/3)  8 

+ .00427  916(a;/3)10-. 00024  846(z/3)I2+e 

|e|<  1.4X  10~ 8 

9.4.3  3 <x<  oo 

J0(x)  =x~if0  cos  0Q  Y0(x)=x~iJ, o sin  60 

/o= -79788  456-. 00000  077 (3/a:)-. 00552  740(3/a:)2 

— .00009  512(3/z)3+. 00137  237(3/a:)4 
— .00072  805(3/a:)5+.00014  476(3/z)6+€ 

|e|<  1.6X  10-8 

2 Equations  9.4.1  to  9.4.6  and  9.8.1  to  9.8.8  are  taken 
from  E.  E.  Allen,  Analytical  approximations,  Math.  Tables 
Aids  Comp.  8,  240-241  (1954),  and  Polynomial  approxi- 
mations to  some  modified  Bessel  functions,  Math.  Tables 
Aids  Comp.  10,  162-164  (1956) (with  permission).  They 
were  checked  at  the  National  Physical  Laboratory  by 
systematic  tabulation;  new  bounds  for  the  errors,  e,  given 
here  were  obtained  as  a result. 
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0o=x- .78539  816— .04166  397(3/x) 

— .00003  954  (3/x)2+. 00262  573  (3/x)3 
-.00054  125  (3/x)4 -.00029  333(3 /x)5 

+ .00013  558(3/x)6+« 

|e|<7X10"8 

9.4.4  —3  <x<3 

x-1  Jj(x)=|-.56249  985(x/3)2+. 21093  573(x/3)4 

-.03954  289(x/3)6+ .00443  319(x/3)8 
-.00031  761  (x/3)10+. 00001  109(x/3)12+« 

|e|<1.3X10-8 

9.4.5  0<x<3 

xFi(x)  = (2/ir)xln(|x)Ji(x)  — .63661  98 

+ .22120  91  (x/3)2+2. 16827  09(x/3)4 
-1.31648  27(x/3)a+. 31239  51(x/3)8 
-.04009  76(x/3)10+ .00278  73(x/3)I2+e 

|«|<1.1X10-7 

9.4.6  3 <x<  a> 

Jri(x)=x~i/1  cos  0i,  F1(x)=x~i/i  sin  8X 

/!=. 79788  456+. 00000  156(3/x)  + .01659  667(3/x)2 
+ .00017  105(3/x)3-. 00249  511(3/x)4 

+ .00113  653  (3/x)6- .00020  033(3/x)6+« 

|e|<4  X 10— 8 

0t=x— 2.35619  449+. 12499  612(3/x) 

+ .00005  650(3/x)2— .00637  879(3/x)3 
+ .00074  348 (3/x)4+ .00079  824(3 /x)8 

-.00029  166(3/x)8+e 

|«|  <9X  10“ 8 

For  expansions  of  «70(x),  Y0(x),  J\(x),  and  F(x) 
in  series  of  Chebyshev  polynomials  for  the  ranges 
0<x<8  and  0<8/x<l,  see  [9.37]. 

9.5.  Zeros 
Real  Zeros 

When  v is  real,  the  functions  Jv(z),  J'v(z),  Tv(z) 
and  Yl{z)  each  have  an  infinite  number -of  real 
zeros,  all  of  which  are  simple  with  the  possible 
exception  of  2=0.  For  non-negative  v the  sth 
positive  zeros  of  these  functions  are  denoted  by 
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jv.s,  ju,s , yv.s  and  y'VtS  respectively,  except  that  2=0 
is  counted  as  the  first  zero  of  J'0(z ).  Since 
— it  follows  that 

9.5.1  ;o,i  = 0,  joi,=iii,-i  0=2,  3,  . . .) 
The  zeros  interlace  according  to  the  inequalities 

9.5.2 

h, i^.jv+1, i<Ci*'.2<Ci>'+i.2<Ci»', 3<C  • • • 

yr.i^yv+i.i^yv^^yv+i^^yv.d^  • • • 
v<jfv,  i <yv,  i <yl,  i <jv,  i <jv,  2 

2<C2/i',  2<0*f,  2<0*f,  • • • 

The  positive  zeros  of  any  two  real  distinct  cylinder 
functions  of  the  same  order  are  interlaced,  as  are 
the  positive  zeros  of  any  real  cylinder  function 
viz) , defined  as  in  9.1.27,  and  the  contiguous 
function  <^7y+1(2). 

If  pv  is  a zero  of  the  cylinder  function 

9.5.3  *i£v(z)=Jv(z)  cos(Trt) + F„(2)  sin(7r£) 
where  t is  a parameter,  then 

9.5.4  ^(Pf)=^f-i(Pf)  = ~^f+i(Pf) 

If  <jv  is  a zero  of  (2)  then 

9.5.5  ^f»(av)=— 

V V 

The  parameter  t may  be  regarded  as  a continuous 
variable  and  p„,  <r,  as  functions  pv(t ),  crv(t)  of  t.  If 
these  functions  are  fixed  by 

9.5.6  Pv(0) =0,  (r,(0)=j'Vti 

then 

9.5.7 

j v Pf($) y 2/f,s=Pf(s  j?)  (s=l,  2,  . . .) 

9.5.8 

J„t5=0’J,(S  1),  2/f,5==0’f(^  !?)  ("®  1 ) • * •) 

9.5.9  wpj+f  £)■*,  tr 

Infinite  Products 

9.5. !0  u(l-£) 

9.5. U  5 (l-g-)  (.>0) 
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McMahon’s  Expansions  for  Large  Zeros 
When  v is  fixed,  $»v  and  m=4k2 


9.5.12 

M— 1 4(#t— l)(7ji— 31)  32(m-1)(83m2-982m+3779) 

8/3  , 3 (8/3) 3 15(8/3)s 

64  (/i—  1)  (6949m3—  1 53855/x2+15  85743m- 62  77237) 

105(8j8)7 

where  |3=(s+fK— |)v  for  >,S)  /3=(s+£k— f)ir  for  y„,s.  With  /3=(<+|v— j)t,  the  right  of  9.5.12  is  the 
asymptotic  expansion  of  p„(<)  for  large  t. 


9.5.13 

, ' m+3  4(7m2+82m-9)  32(83m8+2075m2-3039m+3537) 

8j3/  3(8/3')3  15  (80') 6 

64(6949m4+2  96492m3-12  48002m2 +74  14380m-58  53627) 

105(8/3')7 


9.5.12  and  9.5.13  see  [9.4]  or  [9.40]. 

Asymptotic  Expansions  of  Zeros 
and  Associated  Values  for  Large  Orders 

9.5.14 

>4~k+1.85575  7 1«1/3+ 1.03315  0k"1/3 

-. 00397.--1-. 0908k"5/3+.043k"7/3+  . . . 

9.5.15 

yr,i~v+. 93157  68k1/3+.26035  1k"i/3 

+ .0 1 1 98k"1 — .0060k"5/3 — .00 1 k"7/3  + . . . 

9.5.16 

i».i~i'+. 80861  65k1/3+.07249  0k"1/3 

-. 05097k'1 +.0094k"5/3+  . . . 

9.5.17 

j/m~k+1.82109  80k1/3+. 94000  7v~m 

-. 05808k"1  ~.0540k"6/3+  . . . 

9.5.18 

i) 1.11310  28k"2/3/(1  + 1.48460  6k"2/3 

+ .43294k"4/3  — . 1 943 k-2 + .0 1 9k"8/3  + . . .) 

9.5.19 

^(y,,i)~.95554  86k“2/3/(1  + .74526  1k"2/3 

+ . 10910k“4/8-. 0185k"2-. 003k-8/8+ . . .) 

9.5.20 

J,0'I.i)~ -67488  51k"1/3(1-.  16172  3k"2/8 

+ .02918k"4/3-.0068k"2+  . . .) 

9.5.21 

y.(^.i)~.57319  40k"1/3(1 -.36422  0k"2/3 

+ . 09077k"4/3+. 0237k"2  + . . .) 

Corresponding  expansions  for  s=2,  3 are  given 
in  [9.40].  These  expansions  become  progressively 
weaker  as  s increases;  those  which  follow  do  not 
suffer  from  this  defect. 


9.5.22  >,»~K2tt)+S'48  with  f=K  ma, 

k=l  V 

9.5.23 


with  £=K"2/3a, 

9.5.24  j^-K^rt+gl®  with  f=K"2/3a' 

9.5.25 

J.O-',s)~Ai(aO  {1+2  ^#1  With  f=K"2%: 

v k=l  r 

where  aSJ  aj  are  the  sth  negative  zeros  of  Ai(z), 
Ai'(^)  (see  10.4),  z=z(£)  is  the  inverse  function 
defined  implicitly  by  9.3.39,  and 

9.5.26 

Mf)  = {4f/(l-s2)}* 

th(n=irl*mKt))W) 

where  &0(f)>  0o(f)  appear  in  9.3.42  and  9.3.46. 
Tables  of  the  leading  coefficients  follow.  More  ex- 
tensive tables  are  given  in  [9.40]. 

The  expansions  of  y„tS , Y'y(yVfS),  y'Vt8  and  Yv(y'v,s) 
corresponding  to  9.5.22  to  9.5.25  are  obtained  by 
changing  the  symbols  j,  J , Ai,  Ai',  as  and  <l's  to 
y,  Y,  — Bi,  — Bi',  bs  and  b's  respectively. 


where  p'=(8+%v—  |)tt  for  j'VtS,  P'=(s+%v—l)Tr  for  y',s,  /3'=  (£+§*'+ i)?r  for  av(t).  For  higher  terms  in 
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-r 

«(f) 

A(f) 

/:(» 

Fx( f) 

(-f)ffl(f) 

(-f)sfl-2(f) 

(-fwtt) 

0.  0 

1.  000000 

1.  25992 

0.  0143 

-0.  007 

-0.  1260 

-0.  010 

0.  000 

0.  2 

1.  166284 

1.  22076 

. 0142 

005 

-.  1335 

010 

. 002 

0.  4 

1.  347557 

1.  18337 

.0139 

004 

-.  1399 

009 

. 004 

0.  6 

1.  543615 

1.  14780 

. 0135 

-.  003 

-.  1453 

009 

. 005 

0.8 

1.  754187 

1.  11409 

. 0131 

003 

-.  1498 

008 

. 006 

1.  0 

1.  978963 

1.  08220 

0.  0126 

-0.  002 

-0.  1533 

-0.  008 

0.  006 

-r 

2(f) 

h(i) 

Mi) 

^(f) 

si(f) 

02(f) 

aid) 

1.  0 

1.  978963 

1.  08220 

0.  0126 

-0.  002 

-0.  1533 

-0.  008 

0.  006 

1.  2 

2.  217607 

1.  05208 

. 0121 

-.  002 

-. 1301 

-.  004 

. 004 

1.  4 

2.  469770 

1.  02367 

. 0115 

-.  001 

-.  1130 

-.  002 

. 003 

1.  6 

2.  735103 

0.  99687 

. 0110 

001 

-.  0998 

001 

. 002 

1.  8 

3.  013256 

. 97159 

. 0105 

001 

0893 

001 

. 002 

2.0 

3.  303889 

0.  94775 

0.  0100 

-0.  001 

-0.  0807 

-0.  001 

0.  001 

2.  2 

3.  606673 

. 92524 

.0095 

-0.  001 

-.  0734 

. 001 

2.  4 

3.  921292 

. 90397 

. 0091 

-.  0673 

. 001 

2.  6 

4.  247441 

. 88387 

. 0086 

-.  0619 

. 001 

2.  8 

4.  584833 

. 86484 

.0082 

-.  0573 

0.001 

3.  0 

4.  933192 

0.  84681 

0.  0078 

-0.  0533 

3.  2 

5.  292257 

. 82972 

. 0075 

-.  0497 

3.  4 

5.  661780 

. 81348 

.0071 

-.  0464 

3.  6 

6.  041525 

. 79806 

. 0068 

0436 

3.  8 

6.  431269 

. 78338 

. 0065 

-.  0410 

4.  0 

6.  830800 

0.  76939 

0.  0062 

-0.  0386 

4.  2 

7.  239917 

. 75605 

. 0060 

-.  0365 

4.  4 

7.  658427 

. 74332 

. 0057 

-.  0345 

4.  6 

8.  086150 

. 73115 

. 0055 

-.  0328 

4.  8 

8.  522912 

. 71951 

.0052 

0311 

5.  0 

8.  968548 

0.  70836 

0.  0050 

-0.  0296 

5.  2 

9.  422900 

. 69768 

. 0048 

-.  0282 

5.  4 

9.  885820 

. 68742 

. 0047 

-.  0270 

5.  6 

10.  357162 

. 67758 

. 0045 

-.  0258 

5.  8 

10.  836791 

. 66811 

. 0043 

0246 

6.  0 

11.  324575 

0.  65901 

0.  0042 

-0.  0236 

6.  2 

11.  820388 

. 65024 

. 0040 

-.  0227 

6.  4 

12.  324111 

. 64180 

. 0039 

-.  0218 

6.  6 

12.  835627 

. 63366 

. 0037 

-.  0209 

6.  8 

13.  354826 

. 62580 

. 0036 

-.  0201 

7.0 

13.  881601 

0.  61821 

0.  0035 

-0.  0194 

(-f)-i 

«(f)-K-f)* 

(-f)»(f) 

Mi) 

01  (f) 

0.  40 

1.  528915 

1.  62026 

0.  0040 

-0.  0224 

. 35 

1.  541532 

1.  65351 

. 0029 

-.  0158 

. 30 

1.  551741 

1.  68067 

. 0020 

-.  0104 

. 25 

1.  559490 

1.  70146 

.0012 

-.  0062 

. 20 

1.  564907 

1.  71607 

. 0006 

-.  0033 

0.  15 

1.  568285 

1.  72523 

0.  0003 

-0.  0014 

. 10 

1.  570048 

1.  73002 

. 0001 

-.  0004 

. 05 

1.  570703 

1.  73180 

.0000 

-.  0001 

.00 

1.  570796 

1.  73205 

. 0000 

-.  0000 

Maximum  Values  of  Higher  Coefficients 

l/.(r)l=.ooi,  \F2(t)  | = .0004  (o  <—{•<») 

|ft(f)|=.001,  |fli(f)|  = .0007  (1<— fO) 

I (- r)6<fe(f)  I = .002,  |(- f ) I = .0007 

(o<-r<i) 


Complex  Zeros  of  Jv(z) 

When  v>  — 1 the  zeros  of  Jv(z)  are  all  real.  If 
v<i  — 1 and  v is  not  an  integer  the  number  of  com- 
plex zeros  of  Jv{z)  is  twice  the  integer  part  of 
( — v);  if  the  integer  part  of  (— v)  is  odd  two  of 

these  zeros  he  on  the  imaginary  axis. 

; 

If  p>0,  all  zeros  of  J'v(z)  are  real. 


Complex  Zeros  of  Y,(») 

When  v is  real  the  pattern  of  the  complex  zeros  of 
Yv{z)  and  Y'v(z)  depends  on  the  non-integer  part 
of  v.  Attention  is  confined  here  to  the  case  v=n , 
a positive  integer  or  zero. 
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Figure  9.5.  Zeros  of  Yn(z)  and  Y'n(z)  . . . 

|arg2|<7r. 

Figure  9.5  shows  the  approximate  distribution 
of  the  complex  zeros  of  Yn(z)  in  the  region 
|arg  z\  <7r.  The  figure  is  symmetrical  about  the 
real  axis.  The  two  curves  on  the  left  extend  to 
infinity,  having  the  asymptotes 

^z—  i ^ In  3 = i .54931  . . . 

There  are  an  infinite  number  of  zeros  near  each  of 
these  curves. 

The  two  curves  extending  from  z=—n  to  z=n 
and  bounding  an  eye-shaped  domain  intersect 
the  imaginary  axis  at  the  points  ±i(na+b), 
where 

a=V*o-l  = .66274  . . . 

6=IVl” ^o2  In  2=. 19146  . . . 

and  *o=1.19968  ...  is  the  positive  root  of  coth  t 
=*.  There  are  n zeros  near  each  of  these  curves. 
Asymptotic  expansions  of  these  zeros  for  large  n 


are  given  by  the  right  of  9.5.22  with  v=n  and 

f = =n~2lzfis  or  n~2/zpsj  where  &,  0,  are  the  complex 
zeros  of  Bi (z)  (see  10.4). 

Figure  9.5  is  also  applicable  to  the  zeros  of 
Y'n(z).  There  are  again  an  infinite  number  near 
the  infinite  curves,  and  n near  each  of  the  finite 
curves.  Asymptotic  expansions  of  the  latter  for 
large  n are  given  by  the  right  of  9.5.24  with 

p=7i  and  f =n~2/z&  or  where  # and  Jt's  are 

the  complex  zeros  of  Bi '(z). 

Numerical  values  of  the  three  smallest  com- 
plex zeros  of  Y0(z),  Yfz)  and  Y[{z)  in  the  region 
0<  arg  z<7r  are  given  below. 

For  further  details  see  [9.36]  and  [9.13].  The 
latter  reference  includes  tables  to  facilitate 
computation. 

Complex  Zeros  of  the  Hankel  Functions 

The  approximate  distribution  of  the  zeros  of 
H^(z)  and  its  derivative  in  the  region  |arg  z\<tt 
is  indicated  in  a similar  manner  on  Figure  9.6. 


cut  ~n  I o n 


Figure  9.6.  Zeros  of  H^l){z)  and  H^l)f{z)  . . . 

| arg  z\<tt. 

The  asymptote  of  the  solitary  infinite  curve  is 
given  by 

t#z——\ In  2 = — .34657  . . . 


Zeros  of  Y0(z)  and  Values  of  Yfz)  at  the  Zerosz 
Zero  Yi 

Real  Imag.  Real  Imag. 

-2.40301  6632  +.53988  2313  +.10074  7689  -.88196  7710 

-5.51987  6702  +.54718  0011  —.02924  6418  +.58716  9503 

-8.65367  2403  +.  54841  2067  ‘ +.  01490  8063  -.46945  8752 

Zeros  of  Yfz)  and  Values  of  Y0(z)  at  the  Zeros 
Zero  Fo 


Real  Imag.  Real  Imag. 

—0.50274  3273  +.78624  3714  -.45952  7684  +1.31710  1937 

-3.  83353  5193  +.  56235  6538  +.  04830  1909  -0.  69251  2884 

-7.01590  3683  +.55339  3046  -.02012  6949  +0.51864  2833 

Zeros  of  Y[(z)  and  Values  of  Yx(z)  at  the  Zeros 
Zero  Y\ 

Real  Imag.  Real  Imag . 

+ 0.  57678  5129  +.  90398  4792  -.  76349  7088  +.  58924  4865 

-1.94047  7342  +.72118  5919  +.16206  4006  -.95202  7886 

-5.33347  8617  +.56721  9637  -.03179  4008  +.59685  3673 

3 From  National  Bureau  of  Standards,  Tables  of  the  Bessel  functions  Y0(z)  and  Yx(z)  for  complex  arguments, 
Columbia  Uni v.  Press,  New  York,  N.Y.,  1950  (with  permission). 
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There  are  n zeros  of  each  function  near  the 
finite  curve  extending  from  z=—n  to  z—n;  the 
asymptotic  expansions  of  these  zeros  for  large  n 
are  given  by  the  right  side  of  9*5.22  or  9.5.24 
with  v=n  and  £=e~2ril3n~2l3a8  or  £—e~2ri/3n~2lza's. 

Zeros  of  Cross-Products 

If  v is  real  and  X is  positive,  the  zeros  of  the 
function 

9.5.27  Jv(z)  Yv(\z)  - Jv(\z ) Yv(z) 

are  real  and  simple.  If  X>1,  the  asymptotic 
expansion  of  the  sth  zero  is 

9.5.28  0+f+irf+r-4yi+V+  . . . 


where  with  4V2  denoted  by  ft, 

9.5.29 

. M-l  _ (m  1)(m  25)  (X3  1) 

P 8X  ’ 2 6(4X)3(\— 1) 

(#i-l)  (/i2-114M+1073)  (X5-l) 

T 5(4X)5(X— 1) 

The  asymptotic  expansion  of  the  large  positive 
zeros  (not  necessarily  the  sth)  of  the  function 

9.5.30  Y'r(\z)  —J'r(\z)  Y'p(z)  (X>1) 

is  given  by  9.5.28  with  the  same  value  of  j3,  but 
instead  of  9.5.29  we  have 

9.5.31 

_ m+3  (m2+46/j— 63)  (X3— 1) 

P 8X  ’ 2 6(4X)3(X— 1) 

(/i3+185/i2— 2053^+1899)  (X6-l) 
r 5(4X)3(X-1) 

The  asymptotic  expansion  of  the  large  positive 
zeros  of  the  function 

9.5.32  J'r(z)Y„(\z)—Y'r(z)J,(\z) 
is  given  by  9.5.28  with 

9.5.33 

P=(s— §)t/(X—  1) 

(/f+3)X — (ft—  1) 

P~  8X(X— 1) 

(m2+46m-63)  X3-  (m-  1)  (m- 25) 

2 6(4X)3(X— 1) 

5 (4X)8(X- l)r  = (m3 + 1 85/xs-2053fi+ 1 899)  X6 

— (m— 1)  (m2-114m+1073) 


Modified  Bessel  Functions  / and  K 
9.6.  Definitions  and  Properties 


9.6.1 


Differential  Equation 


{z2-\-v2)w— 0 


Solutions  are  I±v(z)  and  Kv(z).  Each  is  a regular 
function  of  z throughout  the  2-plane  cut  along  the 
negative  real  axis,  and  for  fixed  2(5^0)  each  is  an 
entire  function  of  v . When  v=±n,  Iv{z)  is  an 
entire  function  of  2. 

Iv(z)  (@v>0)  is  bounded  as  2— >0  in  any  bounded 
range  of  arg  2.  Iv(z)  and  I-V(z)  are  linearly  inde- 
pendent except  when  v is  an  integer.  Kv{z)  tends 
to  zero  as  \z\-*<x>  in  the  sector  |arg  2|<?7r, 
and  for  all  values  of  v,  Iv(z)  and  Kv(z)  are  linearly 
independent.  IP(z),  Kv{z)  are  real  and  positive 
when  1 and  2>0. 


Figure  9.7.  Io(x),  K0(x),  Ii(x)  and  Ki(x). 
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9.6.5 

r,(s«*rt) =e^+l)rlI,(z)  - (2Jr)e-**K,(g) 

(— 5r<arg  s<|tt) 

9.6.6  I.tt(z)=In(z),K.f(z)=Kr(z) 

Most  of  the  properties  of  modified  Bessel 
functions  can  be  deduced  immediately  from  those 
of  ordinary  Bessel  functions  by  application  of 
these  relations. 

Limiting  Forms  for  Small  Arguments 
When  v is  fixed  and  z— >0 


Figure  9.8.  e~xIQ(x), e~xIi (x),eTK0(x)  and  exKi(x). 


Figure  9.9.  /„(5)  and  Kv{b). 


Relations  Between  Solutions 

9.6.2  g>(2)=|7r/-(2)~/>(2) 

sin  (vr) 

The  right  of  this  equation  is  replaced  by  its 
limiting  value  if  v is  an  integer  or  zero. 


9.6.7 

4(z)~(§z)Vr(H-i)  0^-1,  -2, . . .) 

9.6.8  -KoC^^—ln  z 

9.6.9  K,(z)~hT  {?)&)-'  (Stvy 0) 


Ascending  Series 

{\z2)* 


/»(«)=(!*)' S 


9.6.10  fcjifc!r(F+4+i) 

9.6.11 

x.(«)=l(i*)-"2  (— i^2)* 

k=0  tCl 

+ (-)B+1  In  miniz) 


00 


(is2)* 


+(  ) ?(?  ) S {*K  + )+^(  +^+  )} 

k\{n+k)\ 

where  \p(n)  is  given  by  6.3.2. 


T 1 I ^g2)2  I 1 

J-0\Z)  1 l" /i  |\2  ‘ /Of \ 2 T"  /o»\2  I • • • 


(l!)2  1 (2!)2  ' (3!): 


9.6.12 

9.6.13 

JK0(S)=-{ln(|«)+7}/o(a)+7? 


1*2 


(l!)2 

/ 1 *2\  2 /1~2\3 

+(i+i)  "^2~+(i+i+i)  (3!)2  +•  • 


9.6.3 

I,(z)=e~*,rtJ,(zeiri)  (— 7r<arg  2<iir) 

I,{z)=e2vTi/2Jv(ze~3Tt/2)  (i7r<arg  z<tt) 

9.6.4 

K,(z)=TSiriei‘,xiH yi:> (zeiTi)  (— «-<[arg  2<2ir) 

•K»(2) =—\irie,~'t"iH  i2)  (ze~iTi)  (— §?r<arg  2 <2r) 


9.6.14 


Wronskians 


TF{/„(2),  7_f(2)  } =/,(2)/_<r+1)(2)-/.+1(2)/-.(2) 

= — 2 sin  (i'7r)/(ir2) 

9.6.15 

HW(«),  !,(*)  } = J,(2)K,+1  (2)  + /h.1(2)X,(2)  = 1/2 
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Integral  Representations 


9.6.16 

/0(2)=-  fT  e±z  008  e dd=-  |T  cosh  (2  cos  0)d0 

9.6.17  Ko(z)=-~  r e±z 0009  fr+ln  (2 2 sin2  0)}d0 

7T  Jo 


9.6.18 

/,(3)  = 


(|g)-  r 

ir1I'(i'+f)  Jo 

(W  r 

irJrO>+§)  J_ 


e±z  cos«gin2»  0 d$ 


9.6.19 

9.6.20 


qjjyJ*  (1— t^^e^dt  |) 

\{z)=-  \ ezcoae  cos  («0)d0 
7T  Jo 


■(*)“;  f 

7T  Jo 


,2  C08 0 


COS  (j/0)J0 


sin  (inr)  C' 

7T  Jo 


— 2 cosh  t — vt 


(|arg  2|<§ir) 


9.6.21 


K0(x)=  f cos  (a:  sinh  t)dt=  f cos  ^ 

*/  0 fc/0  -y 


9.6.22 


(x>0) 


/i  co 

Kv(x)=sec  (%vw)  J cos  ( x sinh  t)  cosh  (vt)dt 

/»  CO 

=csc  (Jht)  I sin  ( x sinh  t)  sinh  (vt)dt 

cm<i,  x>o) 


9.6.23 


K,(z)=i-^\X<  f”e-zcoehI  sinh*'<  dt 

r(H-i)  Jo 

— 11  f e-ztn 2 1)1.—* 

r(r+§)  Ji  e W 1}  * 


9.6.24  if, 


(JV>— |arg  2|<2ir) 

I 

g — 2cosbt c0sj^  (vt)dt  (|arg  z\<Chr) 


9.6.2S 

Ky(XZ)  = 


r(j'+i)(22)"  f “ cos  ( xt)dt 


TT^X1 


'0  (t2+z2y+* 

h x>0,  |arg  z\<&r)* 


9.6.26 


Recurrence  Relations 


z 

2T,{z)  = %,-x{z)-v-  %,(z) 

z 

gr,-l(z)+$rr+1{z)=22rt(z) 


^(2)  = ^,+1(2)+j  &,(Z) 


.ST,,  denotes  /„  e^K,  or  any  linear  combination  of 
these  functions,  the  coefficients  in  which  are 
independent  of  2 and  v. 

9.6.27  ij(2)=/1(2)>  K'0(z)  = -K1(z) 

Formulas  for  Derivatives 

9.6.28 

(i  £j {z~y£K{z)]  =z~v~k^^z)  (*=0,1,2, . . .) 

9.6.29 

ir<*>(2)=^  {ir,-*(2)+(*)ir,W2) 

H"^)  ^ »-*+*( s)  4"  . . . + 2? »+k(z)  } 

(fc=0,l,2, . . .) 

Analytic  Continuation 

9.6.30  Iv(zemTi)=emvviIv(z)  (m  an  integer) 

9.6.31 

Kv(zemiri)=e^mviriKy(z)— iri  sin  ( mvir ) esc  ( vw)Iv(z ) 

(m  an  integer) 

9.6.32  Iv(z)=Iv(z),  Kv(z)=Kv(z)  (v  real) 

Generating  Function  and  Associated  Series 

9.6.33  «»««+»/»=  22  <»/4(a)  (<t^0) 

* = — 00 

9.6.34  e2  008  «=/0(2)  +2  X)  /*(«)  cos(*0) 

4=1 

9.6.35 

e28ln8=/0(2)+2  2 (-)*/„+,(«)  sin{(2fc+l)0} 

*=o 

+2  ^ 1 ( — )kl2 k(z)  cos(2 kff) 

k= 1 

9.6.36  1=I0(z)-2I2(z)+2Uz)-2I6(z)+  . . . 

9.6.37  e*=I0(z)+2I1(z)+2I2(z)+2Iz(z)  + . . . 

9.6.38  e~z=I0(z)-2I1(z)+2I2(z)--2Iz(z)  + . . . 

9.6.39 

cosh  z=I0(z)+2I2(z)+2Ia(z)  +2I6(z)+  . . . 

9.6.40  sinh  z=2I1(z)+2Iz(z)+2I5(z)  + . . . 


♦See  page  u. 
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Other  Differential  Equations 

The  quantity  X2  in  equations  9.1.49  to  9.1.54 
and  9.1.56  can  be  replaced  by  —X2  if  at  the  same 
time  the  symbol  in  the  given  solutions  is 
replaced  by  i2?. 

9.6.41 

z2w” + z(l  ±2  z)wf  + ( ± z— v2)w= 0, 


Differential  equations  for  products  may  be 
obtained  from  9.1.57  to  9.1.59  by  replacing  z by 
iz. 

Derivatives  With  Respect  to  Order 

9.6.42 


£/,(*)=/,(*)  Mfc) -(**)'  S 

OV  k=0 


t(v+k-\- 1)  (\z2Y 

rw-i+i)  k\ 


9.6.43 

cscM  JF(a)} 

—ir  COt(vr)Ky(z)  (r^0,±l,±2,  . . .) 

9.6.44 


= n 


9.6.45 


-Kn(z) 


n\($z)~n 

2 


S(-)* 


k=Q 


(I  8)»/.(8) 

(n—k)kl 


n\{\z)~n 


2 


71—1 

S 

0 


(\z)kKk(z) 

(n—k)k\ 


9.6.46 


Expressions  in  Terms  of  Hypergeometric  Functions 

9.6.47 

7,(s)=r{f+I)  ^ i®2) 

_($z)ve  z , , , . , a~\—z~iM0tP(2z) 

TCr+1)^  ^+1.2«)-2lr+»rfr+1) 


9.6.48 


K^bs(0w^) 


(o^i  is  the  generalized  hypergeometric  function. 
For  M(a,  6,  2),  M0tV(z)  and  W0tV(z)  see  chapter  13.) 

Connection  With  Legendre  Functions 

If  fx  and  z are  fixed,  3%z^> 0,  and  v—^co  through 
real  positive  values 

9.6.49  lim  { ipP"*1  ^cosh  ^ } =/M(^) 


9.6.50  lim  { v~H  ~»Ti  Qt  (cosh  0 } =K^z) 

For  the  definition  of  P~*  and  Qt,  see  chapter  8. 


Multiplication  Theorems 

9.6.51 

&r(\z)=\*’±  ox*— ii<i) 

k=0  tC\ 

If  3f=I  and  the  upper  signs  are  taken,  the  re- 
striction on  X is  unnecessary. 

9.6.52 

Iv(z)~y^-T^Jv+]c(z)j  Jp(z)  = ^Ej  ( )k  11 1 »+k(z) 

k=0  ICl  k=0  /Cl 


Neumann  Series  for  Kn(z) 

9.6.53 

X»(3)=(-)tt-1{ln  (%z)-t(n+l)}In(z) 

. rc!(§g)~”  ^ ,_v*  (Whiz) 

2 ’ (n—k)k! 

■ / sn  (n+2k)I n+tk(z) 

+ l ' hi  k(n+k ) 

9.6.54  K0(z)=- {In  ($z)+y}Uz)+2  ± ^ 

k=l  K 

Zeros 

Properties  of  the  zeros  of  Iv(z)  and  Kv(z)  may 
be  deduced  from  those  of  Jv(z)  and  flj1}  ( z ) respec- 
tively, by  application  of  the  transformations 

9.6.3  and  9.6.4. 

For  example,  if  v is  real  the  zeros  of  Iv(z)  are  all 
complex  unless  — 2Ar<j/<—(2ifc---l)  for  some  posi- 
tive integer  k,  in  which  event  Iv(z)  has  two  real 
zeros. 

The  approximate  distribution  of  the  zeros  of 
Kn(z)  in  the  region  — f7r<arg  z<\ir  is  obtained  on 
rotating  Figure  9.6  through  an  angle  — so  that 
the  cut  lies  along  the  positive  imaginary  axis. 
The  zeros  in  the  region  — -|7r<arg  z<%w  are  their 
conjugates.  Kn(z ) has  no  zeros  in  the  region 
|arg  z\  <%tt;  this  result  remains  true  when  n is 
replaced  by  any  real  number  v . 


9.7.  Asymptotic  Expansions 
Asymptotic  Expansions  for  Large  Arguments 

When  v is  fixed,  \z\  is  large  and  p=A i? 


9.7.1 

Mz) 


e‘  , . m—  1 ■ Qt— 1)0*— 9) 
V2^il  8 2 + 2!  (82) 2 

(m— 1)(m— 9)G»— 25)  , 

3! (8s)3 


(iarg  s|<4sr) 
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9.7.2 


/\  l — * r i | M 1 i (m  1)Cm  *0 

(s)~V2iC  {1+“8i"+  2!(8s)2 


\2z  1 1 8z  ^ 2 \(Sz)2 

+ (m-  1 ) (m-9)  (^25)  + J (|arg  s|<f^r) 


9.7.3 

to- 


e*  , j /i+3  Qt—  1)(m+15) 

^ I7L 1 • Of  / Qn\  2 


-fthrz 


2!  (82) 


9.7.4 


-^1=1^+...)  N.KH 


V£e"U+ 


M+3  - Qx— 1)(m+15) 
82  "r  2!  (82) 2 


+ (/*— 1)0*~9)0t+35)+  | 

The  general  terms  in  the  last  two  expansions 
can  be  written  down  by  inspection  of  9.2.15  and 
9.2.16. 

If  v is  real  and  non-negative  and  z is  positive 
the  remainder  after  k terms  in  the  expansion 
9.7.2  does  not  exceed  the  (&+l)th  term  in  absolute 
value  and  is  of  the  same  sign,  provided  that 
k>v — 

9.7.5 


.1-3  Qn— 1 )(m- 
'2  • 4 (2 2)4 


9.7.6 

1 • 1 Qn— 1)(m~ 45)  . 

2 . 4 "r  • 


(|arg  2|<^r) 


(22) 


(|arg  2|0) 


The  general  terms  can  be  written  down  by 
inspection  of  9.2.28  and  9.2.30. 

Uniform  Asymptotic  Expansions  for  Large  Orders 


9.7.7  I,(vz) 


^2wv  (1+22) 


GV1>  ( 1 I V~\  ^hif) 

_^2M/4li"l"  * i 

1 * 


9.7.8 


KM) 


4 


1(^(1+ g<- 


^*(0 
/ -Jb 


9.7.9  IM)~~k=  g2)1/<  e^l+S  t-} 

■J2irv  z 1 k=i  v*  s 


9.7.10 


(1+gg2)1/4  e"”  { 1 +£(-)*  ^} 

2 j&i  ' v* 


When  ?-»+  00 , these  expansions  hold  uniformly 
with  respect  to  2 in  the  sector  |arg  2|<§ir— «, 
where  t is  an  arbitrary  positive  number.  Here 


9.7.11  t— l/VT-j-ii2*  r)=  Vl+22+ln 


l+Vl+22 


and  uk(t),  vk{t)  are  given  by  9.3.9,  9.3.10,  9.3.13 
and  9.3.14.  See  [9.38]  for  tables  of  17,  uk(t), 
vk{t),  and  also  for  bounds  on  the  remainder 
terms  in  9.7.7  to  9.7.10. 

9.8.  Polynomial  Approximations  4 
In  equations  9.8.1,  to  9.8.4,  t=xj 3.75. 


9.8.1 

Io(x)  = 


-3.75  <x  <3.75 

1 + 3 .5 1 562  29f2+ 3 .08994  24? + 1 .20674  92<6 
+.26597  32f8+. 03607  68f1#+. 00458  13f12+« 

|e|<1.6X10-7 


9.8.2 


xh~xI0(x)  = 


3.75<r<co 

.39894  228 +.01328  592f~1 
+.00225  319r2- .00157  565r3 
+.00916  28ir4— .02057  706r8 
+.02635  537r6-. 01647  633 r 7 

+ .00392  377r8+e 

H<1.9X10~7 


9.8.3 


x~1I1(x)  = 


-3.75  <x  <3.75 

§+.87890  594f2+  .51498  869<4 
+.15084  934f6  +.02658  733<8 
+ .00301  532P+.00032  411f12+« 

|e|<8X10-9 


9.8.4 


xie~xI1(x)  = 


3.75  <r<oo 

.39894  228— .03988  024r‘ 
-.00362  018r2+ .00163  80ir3 
-.01031  555r4+. 02282  967r5 
-.02895  312r6+.01787  654r7 

-.00420  059f"8+e 

|«|<2.2X10-7 


4 See  footnote  2,  section  9.4. 
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9.8.5  0<x<2 

Zo(z)  = -ln  (x/2)/0(x)-. 57721  566 

+.42278  420(x/2)2+. 23069  756  (x/2)4 
+.03488  590(x/2)8+. 00262  698(x/2)8 
+.00010  750(x/2)10+ .00000  740(x/2)12+e 

|«[<1X  io-8 

9.8.6  2<x<«° 

xVKo(*)= 1.25331  414-. 07832  358(2 /x) 

+.02189  568(2/x)2- .01062  446(2 /x)8 
+.00587  872(2/x)4-. 00251  540(2/x)6 

+ .00053  208(2/x)6+6 

|e|<1.9X10-7 

9.8.7  0<x<2 

xKi(x)=x  In  (x/2)J1(x)  + l+. 15443  144(x/2)2 
-.67278  579(x/2)4-. 18156  897(x/2)6 
-.01919  402 (x/2)8—  .001 10  404(x/2)10 

-.00004  686(x/2)12+« 

|e|<8X10-9 

9.8.8  2<x<«° 

xVKi(x)  = 1.25331  414+.23498  619(2/x) 

—.03655  620 (2/x)2+ .0 1 504  268(2/x)3 
-.00780  353(2/x)4+. 00325  614(2/x)6 

-.00068  245(2/x)*+« 

[«|<2.2X  10“ 7 

For  expansions  of  70(x),  K0(x),  7(x),  and  i^i(x) 
in  series  of  Chebyshev  polynomials  for  the  ranges 
0^x<8  and  0<8/x<l,  see  [9.37]. 


Kelvin  Functions 

9.9.  Definitions  and  Properties 

In  this  and  the  following  section  v is  real,  x is 
real  and  non-negative,  and  n is  again  a positive 
integer  or  zero. 


Definitions 

9.9.1 

her,  x+i  bei,  x=J,(xe?Tm)=ePTiJ,(xe~*i,i) 

=ei"r  *Jr  (xer  i/i)=eSr*  i,2I„  (xe~s* t/v) 


9.9.2 

ker,  x+i  kei,  x=e~ipTtK,(xevi/t) 

= hriHl"  (xe8T</4) = - frrie-^H™  (xe~Tt/i) 

When  v=0,  suffices  are  usually  suppressed. 


Differential  Equations 

9.9.3 

x2w"+xwf—  (io*2+j/2)^=0, 

w=ber„  x+i  bei„  x , ber_„  x+i  bei_„  x , 

ker„  x+i  kei„  x,  ker_„  x+i  keL„  x 

9.9.4 

x*wiv + 2 %zw' " — ( 1 + 2 v2)  (x2w'  '—xw') 

+ (v*—4v2+x*)w=0j 

^=ber±v  x,  bei±„  x , ker±„  x , kei±„  x 


Relations  Between  Solutions 

9.9.5 

ber__„  a;=cos(i/7r)  ber„  a^sinO^)  bei,  x 

+ (2/w ) sin(i>7r)  ker„  x 

bei_„  x——  sin(i/7r)  ber„  x+cos(vtt)  bei„  x 

+ (2/ir)  sm(vTr)  kei„  x 


9.9.6 


ker_„  x=cos(vt)  ker„  x—sm(vw)  kei„a’ 
kei_v  ar=sin(y7r)  ker„  x+cos(i/tt)  keiy  x 

9.9.7  ber_n  a>=(— )nbern  ar,  bei_n  ar=(— )n  bei»a? 

9.9.8  ker _n  x=  (— )n  ker„  ar,  kei_n  ar=  (— )n  kei„  x 


Ascending  Series 


9.9.9 


ber„  x— 


/irVv'cosKf>,+£fc)v}  rir*\* 
{lX)  h k\v(v+k+i)  ; 


i • /i  \ 'A  sin{(t^+|A:)7r}  2\k 

bei,  x-(5x)'g  jAT{p+k+l)  * 


9.9.10 


her  x=l 


(jx2)2  (jx2)4 

(2!)2  ^ (4!)2 


bei  x=|x2 


(lx2)8  (Jsfl? 
(3!)2  "*■  (5!)2 


• • • 


9.9.11 

kern  ar=|(|a;)"n  XJ  cos 

k=0 

X^r1)!  (l*2)*— In  (1*)  bern  x+1*  bei„  x 

+1(1*)”  S COS{(f7l+li)v} 
fc=0 

„ ,M(AH-l)+lM»+&+l)} 

X Hw  U -1 
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kei„  x=— £($x)  n X!  sin  { (fw+2&)ir} 

*= 0 

X ftp-  - (lx2)*— In  (|x)  bei„  x— |tt  ber„  x 

+|(|a:)n  S sin  { (fra+|£)ir} 

vWfc+l) +#&+&+!)} 

* *!(»+*)!  U ' 

where  ^(re)  is  given  by  6.3.2. 


9.9.12 


ker  x=— In  (|x)  ber  x+|v  bei  x 


i ,v->  ( 1) 

) { (2Ar) ! } 2 


(|x2)“ 


kei  x=—  In  (|x)  bei  x— %ir  ber  x 


i 5^  ( \*  '{'(2k-\-2) 

N&T  ' {(2&+1)!}2 


(JX2)»+1 


Functions  of  Negative  Argument 

In  general  Kelvin  functions  have  a branch 
point  at  x=0  and  individual  functions  with  argu- 
ments xe±vt  are  complex.  The  branch  point  is 
absent  however  in  the  case  of  ber,  and  bei„  when  v 
is  an  integer,  and 


9.9.13 


bern(— x)  = (— ) n bern  x,  bein(— 2)  = (— ) n bein  x 


Recurrence  Relations 


9.9.14 


/.+I+/.-1 (Jr~9>) 


2V2 


(Jv + 1 + 9 v + 1 —fv - 1 ~~  Qv - 1 ) 


(A+l  + flk+1 ) 

— j|  (f’-i+g>-i) 


where 


/„=bei„  x 
gv=—bery  x 

/„=kei „ x 
gy=—kery  x 


9.9.16 

^2  ber'  »=ber1  z+beii  x 
V2  bei'  z=— ber2  as+bei!  x 

9.9.17 

V2  ker'  cc=ker!  aj+ke^  x 
V2  kei'  £=— kerx  as+keii  x 

Recurrence  Relations  for  Cross-Products 

If 

9.9.18 

py= berj  #+bei2  x 
gp=ber„  x bei'  x— berj  x bei,  x 
r„=ber„  x ber,  a+bei,  x bei'v  x 
s„=berj2  2+bei'2  x 

then 

9.9.19 

Pv  + l Pv  — 1 ~ TV 

X 

q,+i=~  p,+r,= — 2r, 

X 

M _ O'+I)  _ , „ 

?v+l  ^ Vv+llQy 

1 .1  V 2 

2 Pv+1  *2  aj2  ^ v 

and 

9.9.20  p„s„=r2+< fv 

The  same  relations  hold  with  ber,  bei  replaced 
throughout  by  ker,  kei,  respectively. 

Indefinite  Integrals 

In  the  following  gv  are  any  one  of  the  pairs 
given  by  equations  9.9.15  and  /?,  g*  are  either  the 
same  pair  or  any  other  pair. 

9.9.21 

f X1+Vf4x ^ (f„+1-gv+l)=-x1+>  (j;  g,-gty 

9.9.22 

Jx1  vJvdx—  (y.-i  Qv—li—X1  " gr~\~9y^ 

9.9.23 

J x(f,gt—gj*)dx=£j=  {jt(f,+i+g,+i) 

—gt(f,+i—gy+i)—Mft+i+9*+i)+9-’U*+i—9*+i)} 


9.9.15 
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9.9.24 

J x(j,g*+gjt)dx==~  xi{2j,g*—j,.lg*+l 

—j,+itfP-i+2g,J%—g,-ij’i+i—g,+ifl-i) 

9.9.25 

J x(Jl+gl)dx=x(frgp—fpgP) 

= (ay\/2)  (fj,+i+g,g,+i  J vQ  v+\9v) 

9.9.26 

xj,gdx=-^  x^(2fvg„  J v—\9v-\-\  jv+\9v— i) 

9.9.27 

J z(/?— gl)dx=^  x?{fi—Jv-if,+i—gl+gv-igv+i) 

Ascending  Series  for  Cross-Products 

9.9.28 

ber l z+bei*  x= 

CO  "I 

w hi  r(i»+*+i)r(y+2*+i)  k\ 


Zeros  of  Functions  of  Order  Zero  5 


ber  x 

i 

bei  x 

ker  x 

kei  x 

1st  zero 

2.  84892 

5.  02622 

1.  71854 

3.  91467 

2nd  zero 

7.  23883 

9.  45541 

6.  12728 

8.  34422 

3rd  zero 

11.  67396 

13.  89349 

10.  56294 

12.  78256 

4th  zero 

16.  11356 

18.  33398 

15.  00269 

17.  22314 

5th  zero 

20.  55463 

22.  77544 

19.  44381 

21.  66464 

ber'  x 

bei'  x 

ker'  x 

kei'  x 

1st  zero 

6.  03871 

3.  77320 

2.  66584 

4.  93181 

2nd  zero 

10.  51364 

8.  28099 

7.  17212 

9.  40405 

3rd  zero 

14.  96844 

12.  74215 

11.  63218 

13.  85827 

4th  zero 

19.  41758 

17.  19343 

16.  08312 

18.  30717 

5th  zero 

23.  86430 

21.  64114 

20.  53068 

22.  75379 

9.10.  Asymptotic  Expansions 

Asymptotic  Expansions  for  Large  Arguments 

When  v is  fixed  and  x is  large 

9.10.1 

g:r/V2 

ber„  x=-j={fv(x)  cos  a+gv(x)  sin  a} 
y2irx 


9.9.29 

ber„  x bei*  x— ber*  x bei„  x 


CO 


-(H2'+1  s 


(|a:2)2i 


t=i  r(»-+A:+l)r(r+2A:+2)  £! 


9.9.30 

ber,  x ber'  a:+bei,.  x bei'  x 


l 


Qj.2\2t 

f=i  r(p+*+i)r(i»+2i)-4F 


9.9.31 


ber'2  x+bei'2  x 


— - {sin  (2vir)  ker„  x+cos  (2j»ir)  kei„  x] 
7 r 

9.10.2 

bei„  x=^==.{fv(x)  sin  a—gv(x)  cos  a} 
v2wx 


H — {cos  (2vtt)  ker„  a;— sin  (2vw)  kei„;z} 

7 r 


9.10.3 

ker,  a:=Var/(2a:)e_l/v2{/.(— a:)  cos  f)—gP(—x)  sin  /3} 

9.10.4 

kei.  x=-yjir/(2x)e~xl^{—j,(—x)  sin/3—gp(—x)  cos/3} 


= /irxfc-,  (2fc2+2„fr+|y2)  (la:2)2* 

KW  &r(p+*+l)r(p+2it+l)  /t! 

Expansions  in  Series  of  Bessel  Functions 


9.9.32 


co  >j(3p+A;)ir 


i,ia?Jp+k(x) 


ber„  x+i  bei,  2i*  k\ 

_ ^ C(3-+»'</V/I+t(l) 

hi  21*  it! 


9.9.33 


ber„(xv^)=  2 (-)re+*JK+2)t(a;)/2J;(x) 

k=  — co 


bein(x^2) — ( )n+kJn+2k+i(x)^2k+i(x) 

It  = — CO 


where 


9.10.5- 


a=(x/V2)+(|v— |)7T,  /3=(a;/V2)+(|r+|)7r=a+|7r 

and,  with  4tr  denoted  by  p. 


9.10.6 


/■v/ 


1+S(=F) 

k=l 


k(ji—l)(p—9) . . .{m—  (2A:—  l)2 

it!  (8a:)* 


5 From  British  Association  for  the  Advancement  of 
Science,  Annual  Report  (J.  R.  Airey),  254  (1927)  with 
permission.  This  reference  also  gives  5-decimal  values  of 
the  next  five  zeros  of  each  function. 
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9.10.7 


9.10.16 


0p(±a 0 


oo 


(T)‘ 

k=l 


px— l)Qx— 9)  . . .{fi—(2k—  l)2} 
&!(8z)* 


The  terms6  in  ker„a?  and  kei„x  in  equations  9.10.1 
and  9.10.2  are  asymptotically  negligible  compared 
with  the  other  terms,  but  their  inclusion  in  numeri- 
cal calculations  yields  improved  accuracy. 

The  corresponding  series  for  ber'v  x , b ei'  x,  ker'  x 
and  keij  x can  be  derived  from  9.2.11  and  9.2.13 
with  z=xeZri/ 4;  the  extra  terms  in  the  expansions 
of  ber£  x and  bei£  x are  respectively 


ilfo — COS  ( $i  — do — £7t) 

6'o= (Mi/Mo)  sin  (0i— 0o — iir) 


9.10.17 

d(xMX)/dx=xM?.,  x2M'v'+xM'v  - v2Mv=x2Mvd’y2 

9.10.18 

iV,,=V(kerJa+kei?a;),  0p=arctan  (kei„;r/ker„a?) 

9.10.19  kery  x=Nv  cos  <t>v,  kei,  x= N„  sin  <j>v 


— (l/7r){sin(2j/7r)kerJ  a;+cos(2j/7r)kei£  x} 

and 

(l/7r){cos(2j/7r)kerJ  x— sin(2*/7r)kei£  x}. 

Modulus  and  Phase 

9.10.8 

Mv— V(berJ  x +beij  x) , 0,= arctan  (bei„  x/berv  x) 

9.10.9  ber vx—Mv  cos  0„  bei vx=Mv  sin  0, 

9.10.10  M-n=Mn,  0_n=0n— 717T 

9.10.11 

ber'  x=%Mv+i  cos  (0y+i— |7r)— \ M„_i  cos  (0„_i— In) 
= ( vjx)Mv  cos  6V+MV+ ! cos  (0p+i— \tt) 

= — ( v/x)Mv  cos  0„— M„_!  cos  (0v_i— It) 

9.10.12 

beii  x=?Mv+ x sin  (0„+i— — §M„_i  sin  (0„_i — i^r) 
= ( v/x)Mv  sin  8v-\-Mv+1  sin  (0„+i— |7r) 

= — (vjx)Mv  sin  dv—Mv_i  sin  (0„_i— |7r) 

9.10.13 

ber'  x = Mi  cos  (0i — | w) , bei'  a = Mx  sin  (0X — |tt) 

9.10.14 

Rdv=:{ylx)Rdv~ f" -^fp+i  cos  (0j>-fi  0y 

= — (v/x)Mv—Mv__i  cos  (0v_i— 0„— |7r) 

9.10.15 

d'v=(Mv+ilMv)  sin  (0y+i— 0„— |7r) 

= — sin  (0v«i— 0„— J7r) 


Figure  9.10.  ber  bei  x,  ker  $ and  kei  x. 


Figure  9.11.  in  M0(x),  60(x)y  In  N0(x)  and  <l>o(x). 


Equations  9.10.11  to  9.10.17  hold  with  the  symbols 
b,  M , 0 replaced  throughout  by  k,  N,  <t> , respectively. 
In  place  of  9.10.10 

N-V  = Ny, 


6 The  coefficients  of  these  terms  given  in  [9.17]  are  in- 
correct. The  present  results  are  due  to  Mr.  G.  F.  Miller. 
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Asymptotic  Expansions  of  Modulus  and  Phase 
When  v is  fixed,  x is  large  and  ju= 4^ 


9.10.21 

exlV2 


M.= 


f i 1 1 I (m~  l)2  1 

1 1 0/0  „ T 


•v'&rx  8V2  x 256  x? 

(m-1)(m2+14m-399)  \ n /1A. 
6144V2  x3"1"  Vx4/1 


9.10.22 


i_  ^ / * ii.  /o_v.\  /*  1 1 0*  1)0*  25)  1 

In  ^>-^  5 In  (2**)— ^ ^ 


0*— 1)0*— 13)  I , „/±\ 

128  x4+°A?/ 


9.10.23 

x , /I  1\  I /* — 1 1 i /* — 1 1 
8/  W'"8j2  x"^  16~  ? 

0*— 1)0*— 25)  i „ / r \ 
384V2  x3"*"  \x6/ 

9.10.24 


Vs 


, (/*—  1)  Q*2+ 14/4— 399)  J_  n /IV 
r 6144V2  x3+  VW1 


9.10.25 

ln2V.= 


^ l i in  \ | M 1 1 | 0*  1)0*  25)  1 

•y/2  ' 2 1 \2x/ ‘ 8V2  x'1'  384V2  x3 


(/*—!)(/*— 13)  1 
128 


?+0  (?) 


9.10.26 


<t>, 


V2  V.2  r8/  8V2  x+  16  x 


+ 


7? 

0*-l)0*-25)  1 


384V2 


?+0 (?) 


Asymptotic  Expansions  of  Cross-Products 
If  x is  large 

9.10.27 

her2  x+bei2  x~- — ( 14--—  — U—  -5 

2ttx  \ ^4V2  x 64  x2 


33  1 1797  1_ 

«4T  • 


256V2  x3  8192  x4 


) 


9.10.28 

ber  x bei'  x— ber'  x bei  x 


e*V2  / 1 . 1 1 

r ■■  ■■■■  1 ,■ 

2irx 


( _L  1 i i 

42+8  x 


, 9_1,  39  1 

> BA  IC%  .21 


75  1 


64V2  x2 '512  x3 ' 8192V2  x4 


+ • 


) 


9.10.29 

ber  x ber'  x+bei  x bei'  x 


>*V2 


/J__  31 
27rx  \V2  8 x 


15  1 45  1 


315 


64V2  x2  512  x3  1 8192V2  x4 


— j_ 

„4~ 


■) 


9.10.30 

ber'2  z+bei'2  — ( 1 


2irx 


c 


3 1.91 

i n A 


+ 


4>/2  x 64  x2 
75 


1 ,24751, 

• oi  on  —A  I 


256V2  x3  1 8192  x4 


) 


9.10.31 


ker2  x+kei2  x~^e“lV2("l-  . „ . 2 

2x  \ 4y2  x 64  x2 


11,11 

T 


33  1 1797  1 


256/2  x3  8192  x4 


+ 


■) 


9.10.32 

ker  x kei'  x— ker'  x kei  x 


9 1 


w 


/X/  ■ 


1— J?V2 


2a; 


+ 


39  1 . 
~3+l 


64V2x2  512  x3  8192/2 


( 1 11 

\/2  8 x 

?+•••) 


9.10.33 

ker  a;  ker'  a;+kei  a:  kei'  a; 


7T 


/v 


2x 


e-lV2 


15  1 . 45  1 315 

Tpift  — a“T 


64V2  x2  1 512  x3  8192/2 


fall 
?+  • • ) 


9.10.34 


ker'2  x+kei'2  +££ 


75  1 . 2475  1 

_3  + 


256/2  ?^8192 


?+•’•) 


Asymptotic  Expansions  of  Large  Zeros 


Let 

9.10.35 


m 


/*— 1 ■ M— 1 ■ 0*' 
165  3252 


■1)(5m+19)  , 3(m-1)2  ■ 

512  S1  ^ 


153653 


where  ^=4+  Then  if  s is  a large  positive  integer 


9.10.36 

Zeros  of  ber,  x~V2 {5-/(5)},  5=(s 

Zeros  of  bei,  x~ V2{5— /(5) },  5=(s- 

Zeros  of  ker,  x~V2{5+/(— 5) },  5=(s- 

Zeros  of  kei,  x~V2{5+/(— 5) },  5=  (s- 


f)ir 

ir+Dir 

f)ir 
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For  y=0  these  expressions  give  the  sth  zero  of 
each  function;  for  other  values  of  v the  zeros 
represented  may  not  be  the  sth. 

Uniform  Asymptotic  Expansions  for  Large  Orders 

When  v is  large  and  positive 

9.10.37 


9.11.3  0<x<8 

ker  x=  — In  (§x)  her  x+Jt  bei  a;— .57721  566 

-59.05819  744(x/8)4+ 171.36272  133(x/8)8 
-60.60977  451(x/8)12+5.65539  121(a:/8)16 
— .19636  347 (x/8)20+. 00309  699(x/8)24 

-.00002  458(x/8)2S+« 


ber,(vx)+i  bei,(»>x) 


/X/ 


e-f  / xeZTi,i\v , ^ ^(r1) 

) {1+S  »* 


■J2irv%  V l+{ 


} 


9.10.38 

ker,  (yx)Jci  kei,  (vx) 


/X/ 


Vsi e (th)  fl+£(-) 


9.10.39 

berj  {vx)  +i  beij  {vx) 


/X/ 


[Y  e’t  /xeM/i\ , ^ »*(r‘)  i 

^2*v  x \ l+l)  {1+§  r*  } 


9.10.40 

kerj  (vx)  +i  keii  (vx) 


/x/ 


/tt{  e~v(  / xe3*i,i\~'’  n ■ ^ / 

“VsTu+ev  {1+S(' 


where 


9.10.41  £=Vl  +ix® 

and  «*(<),  c*(<)  are  given  by  9.3.9  and  9.3.13.  All 
fractional  powers  take  their  principal  values. 

9.11.  Polynomial  Approximations 


9.11.1  — 8<x<8 

her  x = 1 - 64  (x/8)  4 + 1 1 3.77777  774 (x/8) 8 

-32.36345  652(x/8)12+2.64191  397 (x/8) 16 
-.08349  609(x/8)2°+. 00122  552 (x/8)24 

-.00000  901(x/8)28+« 

|«|<ixio-9 


9.11.2  — 8<x<8 

bei  x=16(x/8)2— 113.77777  774(x/8)6 

+72.81777  742(x/8)10— 10.56765  779(x/8)14 
+.52185  615(a/8)18— .01103  667(x/8)22 

+.00011  346(x/8)26+e 
|e|  <6  X 10“ 9 


«|<1X10-8 


9.11.4  0<x<8 

keix=— ln(§x)beix— her  x+6.76454  936('x/8)2 
-142.91827  687 (x/8)6+ 124.23569  650(x/8)10 
-21.30060  904 (x/8) 14 +1.1 7509  064  (x/8) 18 
-.02695  875 (x/8) 22 +.00029  532 (x/8) 26 +e 

M<3X10-9 


9.11.5  — 8<x<8 

her'  x=x[-4(x/8)2+ 14.22222  222(x/8)6 

-6.06814  810(x/8)10+. 66047  849(x/8)14 
-.02609  253 (x/8)  18+. 00045  957(x/8)22 

-.00000  394(x/8)28]+« 

|ej  <2.1  X 10“ 8 


9.11.6  — 8<x<8 

bei'  x=x[|- 10.66666  666(x/8)4 

+ 11.37777  772(x/8)8— 2.31167  514(x/8)12 
+.14677  204(x/8)16— .00379  386(x/8)2# 

+.00004  609(x/8)24]+e 

|«|<7X  10— 8 


9.11.7  0<x<8 

ker'  x=— In  (|x)  her'  x— x_1  her  x+ Jir  bei'  x 

+x[— 3.69113  734(x/8)2+21. 42034  017(x/8)6 
-11.36433  272  (x/8)  10+ 1.4 1384  780  (x/8) 14 
-.06136  358(x/8)  18+ .00116  137(x/8)22 

-.00001  075(x/8)26]+« 

|e|  <8X  10— 8 
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9.11.8  0<a:<8 

kei'  x=  — In  (^x)  bei'  a:— a:-1  bei  x—\ie  ber'  x ~ 
+x[.21139  217-13.39858  846(x/8)4 
+ 19.41182  758(x/8)8— 4.65950  823(a:/8)12 
+.33049  424 (x/8) l6—  .00926  707(x/8)2° 

+ .00011  997(x/8)24]+« 

|e|  <7  X 10— 8 

9.11.9  8<x+  °° 

ker  x+i  kei  x=jix)  (1 +ei) 

i{x)~  Vs 6xp  [-^r I+,<_:')] 

hKixio-7 

9.11.10  8<x<oo 

ber  x+i  bei  x — (ker  x+i  kei  x)=g(x)(l+e2) 

7 r 

exp  *+9W] 
|*|<3X10-7 


where 

9.11.11 

6(x)  = (.00000  00— .39269  91i) 

+ (.01104  86— .01104  85i)(8/x) 

+ (.00000  00 -.00097  65i)(8/x)2 
+ (-.00009  06— .00009  01i)(8/x)3 
+ (-.00002  52 +.00000  00i)(8/x)4 
+ (-.00000  34 +.00000  51i)(8/x)6 

+ (.00000  06 +.00000  19i)(8/x)6 

9.11.12  8<x<  co 

ker'  x+i  kei'  x=  —f(x)<t>(—x)  (1+63) 

|e3|<2X10-7 

9.11.13  8<x<  <» 

ber'  x+i  bei'  x — (ker'  x+i  kei'  x)  =g(x)<t>[x)  (1 +e4) 

7 r 

|€4|<3X10~7 

where 

9.11.14 

0(a>)  = (.70710  68+.70710  68 i) 

+ (—.06250  01 -.00000  01i)(8/s) 

+ (-.00138  13  + .00138  Hi) (8/a;)2 
+ (.00000  05 + .00024  52i)(8/x)s 
+ (.00003  46 + .00003  38i)(8/x)4 
+ (.00001  17— .00000  24i)(8/z)5 

+ (.00000  16-. 00000  32i)(8/xY 


Numerical  Methods 


9.12.  Use  and  Extension  of  the  Tables 

Example  1.  To  evaluate  «7n(1.55),  n— 0,  1,  2, 
. .,  each  to  5 decimals. 

The  recurrence  relation 

+ J n+i  (+)  = (2  n/x)Jn(x) 

can  be  used  to  compute  Jo(x),  J\{x)y  J2(x),  . . 
successively  provided  that  n<Cx , otherwise  severe 
accumulation  of  rounding  errors  will  occur. 
Since,  however,  Jn(x)  is  a decreasing  function  of  n 
when  n^>x,  recurrence  can  always  be  carried  out 
in  the  direction  of  decreasing  n . 

Inspection  of  Table  9.2  shows  that  Jn(1.55) 
vanishes  to  5 decimals  when  w>7.  Taking  arbi- 
trary values  zero  for  JQ  and  unity  for  J8,  we  compute 
by  recurrence  the  entries  in  the  second  column  of 
the  following  table,  rounding  off  to  the  nearest 
integer  at  each  step. 


n 

Trial  values 

Jn(im 

9 

0 

. 00000 

8 

1 

. 00000 

7 

10 

. 00003 

6 

89 

. 00028 

5 

679 

. 00211 

4 

4292 

. 01331 

3 

21473 

. 06661 

2 

78829 

. 24453 

1 

181957 

. 56442 

0 

155954 

. 48376 

We  normalize  the  results  by  use  of  the  equation 
9.1.46,  namely 

Jo(x)  +2e/2(#)  +2j±{x)  + ...  =1 

This  yields  the  normalization  factor 
1/322376 =.00000  31019  7 


386 


BESSEL  FUNCTIONS  OF  INTEGER  ORDER 


and  multiplying  the  trial  values  by  this  factor  we 
obtain  the  required  results,  given  in  the  third 
column.  As  a check  we  may  verify  the  value  of 
e/0(1.55)  by  interpolation  in  Table  9.1. 

Remarks,  (i)  In  this  example  it  was  possible 

to  estimate  immediately  the  value  of  n=N,  say, 

at  which  to  begin  the  recurrence.  This  may  not 

* 

always  be  the  case  and  an  arbitrary  value  of  N may 
have  to  be  taken.  The  number  of  correct  signifi- 
cant figures  in  the  final  values  is  the  same  as  the 
number  of  digits  in  the  respective  trial  values. 
If  the  chosen  N is  too  small  the  trial  values  will 
have  too  few  digits  and  insufficient  accuracy  is 
obtained  in  the  results.  The  calculation  must 
then  be  repeated  taking  a higher  value.  On  the 
other  hand  if  N were  too  large  unnecessary  effort 
would  be  expended.  This  could  be  offset  to  some 
extent  by  discarding  significant  figures  in  the  trial 
values  which  are  in  excess  of  the  number  of 
decimals  required  in  Jn . 

(ii)  If  we  had  required,  say,  «70(1.55),  Ji(1.55), 
. . .,  J10(1.55),  each  to  5 significant  figures,  we 
would  have  found  the  values  of  «710(1.55)  and 
«7n(1.55)  to  5 significant  figures  by  interpolation 
in  Table  9.3  and  then  computed  by  recurrence 
Jo,  J8,  . . .,  J0,  no  normalization  being  required. 

Alternatively,  we  could  begin  the  recurrence  at 
a higher  value  of  N and  retain  only  5 significant 
figures  in  the  trial  values  for  7i<  10. 

(iii)  Exactly  similar  methods  can  be  used  to 
compute  the  modified  Bessel  function  In(x)  by 
means  of  the  relations  9.6.26  and  9.6.36.  If  x is 
large,  however,  considerable  cancellation  will 
take  place  in  using  the  latter  equation,  and  it  is 
preferable  to  normalize  by  means  of  9.6.37. 

Example  2.  To  evaluate  Yn(  1.55),  n= 0,  1,  2, 
. . .,  10,  each  to  5 significant  figures. 

The  recurrence  relation 


Yn-i(x)  + Yn+i(x)  = (2  n/x)  Yn(x) 


can  be  used  to  compute  Yn(x)  in  the  direction  of 
increasing  n both  for  n<Cx  and  n^>x,  because  in 
the  latter  event  Yn(x)  is  a numerically  increasing 
function  of  n. 

We  therefore  compute  F0(1.55)  and  Fx(1.55)  by 
interpolation  in  Table  9.1*  generate  F2(1.55), 
F3(1.55),  . . .,  FX0(1.55)  by  recurrence  and  check 
F10(1.55)  by  interpolation  in  Table  9.3. 


n Yn(lM) 

0 + 0. 40225 

1 -0. 37970 

2 -0. 89218 

3 - 1.  9227 

4 -6. 5505 

5 -31.886 


n Yn(1.55 ) 

6 -1. 9917X102 

7 -1. 5100X103 

8 -1. 3440X104 

9 -1. 3722X105 

10  -1. 5801X10® 


Remarks,  (i)  Am  alternative  way  of  computing 
Y0(x),  should  J0(x),  J2(x),  J4(x),  . . .,  be  avail- 
able (see  Example  1),  is  to  use  formula  9.1.89. 
The  other  starting  value  for  the  recurrence, 
Yi(x),  can  then  be  found  from  the  Wronskian 
relation  Ji(x)Yo(x)—Jo(x)Y1(x)=2I(ttx).  This  is  a 
convenient  procedure  for  use  with  an  automatic 
computer. 

(ii)  Similar  methods  can  be  used  to  compute  the 
modified  Bessel  function  Kn{x)  by  means  of  the 
recurrence  relation  9.6.26  and  the  relation  9.6.54, 
except  that  if  x is  large  severe  cancellation  will 
occur  in  the  use  of  9.6.54  and  other  methods  for 
evaluating  Ko(x)  may  be  preferable,  for  example, 
Use  of  the  asymptotic  expansion  9.7.2  or  the  poly- 
nomial approximation  9.8.6. 

Example  3.  To  evaluate  J0(. 36)  and  F0(.36) 
each  to  5 decimals,  using  the  multiplication 
theorem. 

From  9.1.74  we  have 

^o(Xs)  where ak  = (~)*(X2~1)*(^)* • 

k=0  fcl 

We  take  z=A.  Then  X=.9,  (X2— 1)(§2)  = — .038, 
and  extracting  the  necessary  values  of  Jk(A)  and 
Yk{A)  from  Tables  9.1  and  9.2,  we  compute  the 
required  results  as  follows: 


k 

ak 

0>kJ  k(-4) 

o>kY  k{A) 

0 

+ 1.0 

+ .96040 

- .60602 

1 

+0.038 

+ .00745 

- .06767 

2 

+ 0.7220  X10-3 

+ .00001 

- .00599 

3 

+0.914X10"6 

- .00074 

4 

+0.87X10"7 

-.00011 

5 

+ 0.7X10“® 

- .00002 

Jo(*36)  = + .96786  F0(.36)  = - .68055 

Remark.  This  procedure  is  equivalent  to  inter- 
polating by  means  of  the  Taylor  series 

CO  fok 

fc= 0 /Cl 

at  z=A , and  expressing  the  derivatives  *ifok)(z)  in 
terms  of  k{z)  by  means  of  the  recurrence  rela- 
tions and  differential  equation  for  the  Bessel 
functions. 

Example  4.  To  evaluate  Jv(x),  J'v(x),  Yv(x) 
and  Y'v{x)  for  v=50,  x=75,  each  to  6 decimals. 

We  use  the  asymptotic  expansions  9.3.35,  9.3.36, 
9.3.43,  and  9.3.44.  Here  z=x/v= 3/2.  From  9.3.39 
we  find 

| (— £)3/2=i  V5— arccos  |= + .2769653. 
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Hence 

f=  -.5567724  and 
Next, 

Vv 8 = 3 .68403 1 , vmK  = -7.556562. 

Interpolating  in  Table  10.11,  we  find  that 

Ai(y2/af)  = + .299953,  Ai  V/3f)  = + .451441, 

Bi(i^/8f)  = - .160565,  Bi  V/3f)  = + .819542. 

As  a check  on  the  interpolation,  we  may  verify 

that  AiBi'-Ai'Bi=l/7r. 

Interpolating  in  the  table  following  9.3.46  we 

obtain 

6o(f)  = + .0136,  c0(f)  = + .1442. 

The  contributions  of  the  terms  involving  di(f) 
and  are  neghgible,  and  substituting  in  the 
asymptotic  expansions  we  find  that 

J60(75)  = + 1 .155332(50“1/3X  .299953 

+50"5/3X  .451441 X .0136)  = + .094077 , 

JU 75)  = - (4/3)  (1 .155332)-1(50-4/3X  .299953 

X .1442 +50”2/3X  .451441)  = - .038658, 

^6o(75)  = — 1.155332  (—50“1/3X. 160565 

+50"6/3X.819542X.0136)  = + .050335, 

^60(75)  = + (4/3)  (1.155332)“1(—50“4/3X. 160565 

X .1442 +50“2/3X  .819542)  = + .069543. 

As  a check  we  may  verify  that 

JY'-J'Y=  2/(75tt). 

Remarks.  This  example  may  also  be  computed 
using  the  Debye  expansions  9.3.15,  9.3.16,  9.3.19, 
and  9.3.20.  Four  terms  of  each  of  these  series  are 
required,  compared  with  two  in  the  computations 
above.  The  closer  the  argument-order  ratio  is  to 
unity,  the  less  effective  the  Debye  expansions 
become.  In  the  neighborhood  of  unity  the  expan- 
sions 9.3.23,  9.3.24,  9.3.27,  and  9.3.28  will  furnish 
results  of  moderate  accuracy;  for  high-accuracy 
work  the  uniform  expansions  should  again  be  used. 

Example  5.  To  evaluate  the  5th  positive  zero 
of  Jio(x)  and  the  corresponding  value  of  J[ 0(z), 
each  to  5 decimals. 

We  use  the  asymptotic  expansions  9.5.22  and 
9.5.23  setting  r=10,  s=5.  From  Table  10.11 


4f  V _ 
1-z2)  ~ 


+ 1.155332. 


we  find 

a5=  -7.944134,  Ai'(a5)  = + .947336. 

Hence 

f=  10-2%5=  .21544347a6=  - 1 .71 151 18. 

Interpolating  in  the  table  following  9.5.26  we 
obtain 

s(f)  = +2.888631 , h(  f)  = + .98259, 

/i(f)  = + .0107,  ^(f)  = -.001. 

The  bounds  given  at  the  foot  of  the  table  show 
that  the  contributions  of  higher  terms  to  the 
asymptotic  series  are  negligible.  Hence 

iio. 5=28.88631  + .00107  + . . . =28.88738, 

r r v 2 .947336 

^ioUio. 5)  102/3  2.888631  X .98259 

X(l-. 00001+  . . .)  = -.14381. 

Example  6.  To  evaluate  the  first  root  of 

J0(x)Yq(\x) — Yq(x)Jq('\x)=0  for  \=f  to  4 signifi- 
cant figures. 

Let  ap  denote  the  root.  Direct  interpolation 
in  Table  9.7  is  impracticable  owing  to  the 
divergence  of  the  differences.  Inspection  of 
9.5.28  suggests  that  a smoother  function  is 
(X— l)aiu.  Using  Table  9.7  we  compute  the  fol- 
lowing values 


l/X 

8 

82 

0.4 

3. 110 

+21 

0.6 

3. 131 

+9 

— 12 

0.  8 

3.140 

+2 

— 7 

1.0 

3. 142  (-nr) 

Interpolating  for  l/\=.667,  we  obtain 
(X— l)^  =3.134  and  thence  the  required  root 
<*$=6,268. 

Example  7.  To  evaluate  bern  1.55,  beire  1.55, 
n= 0,  1,2,...,  each  to  5 decimals. 

We  use  the  recurrence  relation 

Jn-l(x^/4)+Jn-H^63^/4) 

X 

taking  arbitrary  values  zero  for  J9(xeZTil*)  and 
l+0i  for  Js(xeZTi/A)  (see  Example  1). 
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n 

Real 

trial  values 

Imag. 

trial  values 

berna; 

bei„# 

9 

0 

0 

. 00000 

. 00000 

8 

+ 1 

0 

. 00000 

. 00000 

7 

-7 

-7 

-.  00002 

-.  00003 

6 

-1 

+ 89 

-.  00003 

+.  00030 

5 

+ 500 

-475 

+.  00181 

-.  00148 

4 

-4447 

-203 

-.  01494 

-.  00180 

3 

+ 14989 

+ 17446 

+.  04614 

+ . 06258 

2 

+ 11172 

-88578 

+.  05994 

-.  29580 

1 

-197012 

+ 123804 

-.  69531 

+ . 36781 

0 

+ 281539 

+ 155373 

+ . 91004 

+.  59461 

2 

+ 106734 

+ 207449 

+.  30763 

+.  72619 

The  values  of  bernx  and  beinx  are  computed  by 
multiplication  of  the  trial  values  by  the  normal- 
izing factor 


1/ (294989—2201  li)  = (.337119  + .025155i)  X 10“5, 
obtained  from  the  relation 

J0(*e3T</4)+2J2^^  ...  =1. 

Adequate  checks  are  furnished  by  interpolating 
in  Table  9*12  for  ber  1.55  and  bei  1.55,  and  the 
use  of  a simple  sum  check  on  the  normalization. 

Should  kernz  and  keinx  be  required  they  can  be 
computed  by  forward  recurrence  using  formulas 
9.9.14,  taking  the  required  Starting  values  for 
n=0  and  1 from  Table  9.12  (see  Example  2).  If 
an  independent  check  on  the  recurrence  is  required 
the  asymptotic  expansion  9.10.38  can  be  used. 
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Table  9.1  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


M-v)  J\  (.»)  J 2 (x) 


0.0 

1.  00000 

00000 

00000 

0.  00000 

00000 

0.  00000 

00000 

0.1 

0.  99750 

15620 

66040 

0. 04993 

75260 

0.  00124 

89587 

0.2 

0. 99002 

49722 

39576 

0.  09950 

08326 

0.  00498 

33542 

0.3 

0.  97762 

62465 

38296 

0. 14831 

88163 

0.  01116 

58619 

0.4 

0.  96039 

82266 

59563 

0. 19602 

65780 

0.  01973 

46631 

0.5 

0.  93846 

98072 

40813 

0.  24226 

84577 

0. 03060 

40235 

0.6 

0.  91200 

48634 

97211 

0.  28670 

09881 

0.  04366 

50967 

0.7 

0.  88120 

08886 

07405 

0.  32899 

57415 

0.  05878 

69444 

0.8 

0. 84628 

73527 

50480 

0.  36884 

20461 

0.  07581 

77625 

0.9 

0.  80752 

37981 

22545 

0.  40594 

95461 

0.  09458 

63043 

1.0 

0.  76519 

76865 

57967 

0.  44005 

05857 

0. 11490 

34849 

1.1 

0.  71962 

20185 

27511 

0.  47090 

23949 

0. 13656 

41540 

1.2 

0.  67113 

27442 

64363 

0.  49828 

90576 

0. 15934 

90183 

1.3 

0.  62008 

59895 

61509 

0. 52202 

32474 

0. 18302 

66988 

1.4 

0.  56685 

51203 

74289 

0.  54194 

77139 

0.  20735 

58995 

1.5 

0. 51182 

76717 

35918 

0.  55793 

65079 

0.  23208 

76721 

1.6 

0.45540 

21676 

39381 

0.  56989 

59353 

0.  25696 

77514 

1.7 

0.  39798 

48594 

46109 

0.  57776 

52315 

0.28173 

89424 

1.8 

0.  33998 

64110 

42558 

0.  58151 

69517 

0.  30614 

35353 

1.9 

0.  28181 

85593 

74385 

0.  58115 

70727 

0.  32992 

57277 

2.0 

0.  22389 

07791 

41236 

0.  57672 

48078 

0.  35283 

40286 

2.1 

0.16660 

69803 

31990 

0.  56829 

21358 

0.  37462 

36252 

2.2 

0.11036 

22669 

22174 

0.  55596 

30498 

0.  39505 

86875 

2.3 

0.  05553 

97844 

45602 

0.  53987 

25326 

0.  41391 

45917 

2.4 

+0.  00250 

76832 

97244 

0.  52018 

52682 

0.  43098 

00402 

2.5 

-0.  04838 

37764 

68198 

0.  49709 

41025 

0.  44605 

90584 

2.6 

-0.  09680 

49543 

97038 

0.  47081 

82665 

0.  45897 

28517 

2.7 

-0. 14244 

93700 

46012 

0.  44160 

13791 

0.  46956 

15027 

2.8 

-0. 18503 

60333 

64387 

0.  40970 

92469 

0.  47768 

54954 

2.9 

-0.  22431 

15457 

91968 

0.  37542 

74818 

0.  48322 

70505 

3.0 

-0.  26005 

19549 

01933 

0.  33905 

89585 

0.  48609 

12606 

3.1 

-0.  29206 

43476 

50698 

0.  30092 

11331 

0.  48620 

70142 

3.2 

-0.  32018 

81696 

57123 

0.  26134 

32488 

0.  48352 

77001 

3,3 

-0.  34429 

62603 

98885 

0.  22066 

34530 

0. 47803 

16865 

3.4 

-0.  36429 

55967 

62000 

0. 17922 

58517 

0.  46972 

25683 

3.5 

-0.  38012 

77399 

87263 

0. 13737 

75274 

0.  45862 

91842 

3.6 

-0. 39176 

89837 

00798 

0.  09546 

55472 

0.  44480 

53988 

3.7 

-0.  39923 

02033 

71191 

0.  05383 

39877 

0.  42832 

96562 

3.8 

-0.  40255 

64101 

78564 

+0.  01282 

10029 

0.40930 

43065 

3.9 

-0.  40182 

60148 

87640 

-0. 02724  40396 

0.  38785 

47125 

4.0 

-0. 39714 

98098 

63847 

-0.  06604 

33280 

0.  36412 

81459 

4.1 

-0.  38866 

96798 

35854 

-0. 10327 

32577 

0.  33829 

24809 

4.2 

-0. 37655 

70543 

67568 

-0. 13864 

69421 

0.  31053 

47010 

4.3 

-0.  36101 

11172 

36535 

-0. 17189 

65602 

0.28105 

92288 

4.4 

-0.  34225 

67900 

03886 

-0.  20277 

55219 

0.  25008 

60982 

4.5 

-0. 32054 

25089 

85121 

-0. 23106 

04319 

0.  21784 

89837 

4.6 

-0.  29613 

78165 

74141 

-0.  25655 

28361 

0. 18459 

31052 

4.7 

-0.  26933 

07894 

19753 

-0.  27908 

07358 

0. 15057 

30295 

4.8 

-0.  24042 

53272 

91183 

-0. 29849 

98581 

0. 11605 

03864 

4.9 

-0. 20973 

83275 

85326 

-0.  31469 

46710 

0.  08129 

15231 

5.0 

-0. 17759 

67713 

14338 

-0.  32757 

91376 

0.  04656 

51163 

['If6]  m ['-,«*] 

9« 

«/n+l(®)=—  Jn(x)-Jn-\(x) 

Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  func- 


tions, Part  II.  Functions  of  positive  integer  order,  Mathematical  Tables,  vol.  X 
(Cambridge  Univ.  Press,  Cambridge,  England,  1952)  and  Harvard  Computation 
Laboratory,  Tables  of  the  Bessel  functions  of  the  first  kind  of  orders  0 through 
135,  vols.  3-14  (Harvard  Univ.  Press,  Cambridge,  Mass.,  1947-1951)  (with  per- 
mission). 
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BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


x 


Yo(x) 


Fi(a;) 


0.0 

— 00 

— 00 

— 

0.1 

-1. 53423 

86514 

-6. 45895 

10947 

— [ 

L27. 

0.2 

-1.  08110 

53224 

-3.  32382 

49881 

— 

32. 

0.3 

-0.  80727 

35778 

-2.29310 

51384 

— 

14. 

0.4 

-0.  60602 

45684 

-1.  78087 

20443 

— 

8. 

0.5 

-0.  44451 

87335 

-1.  47147 

23927 

5. 

0.6 

-0.  30850 

98701 

-1.26039 

13472 

— 

3. 

0.7 

-0.  19066 

49293 

-1.10324 

98719 

— 

2. 

0.8 

-0.  08680 

22797 

-0.  97814 

41767 

— 

2. 

0.9 

+0.  00562 

83066 

-0.  87312 

65825 

— 

1. 

1.0 

0.  08825 

69642 

-0.  78121 

28213 

1. 

1.1 

0.16216 

32029 

-0.  69811 

95601 

— 

1. 

1.2 

0.  22808 

35032 

-0.  62113 

63797 

— 

1. 

1.3 

0.  28653 

53572 

-0.  54851 

97300 

— 

1. 

1.4 

0.  33789 

51297 

-0.  47914 

69742 

— 

1. 

1.5 

0. 38244 

89238 

-0.  41230 

86270 

0. 

1.6 

0.  42042 

68964 

-0.  34757 

80083 

— 

0. 

1.7 

0.45202 

70002 

-0.  28472 

62451 

— 

0. 

1.8 

0.47743 

17149 

-0.  22366 

48682 

— 

0. 

1.9 

0.  49681 

99713 

-0. 16440 

57723 

— 

0. 

2.0 

0.  51037 

56726 

-0.10703 

24315 

0. 

2.1 

0.  51829 

37375 

-0.  05167 

86121 

— 

0. 

2.2 

0.  52078 

42854 

+0.  00148 

77893 

— 

0. 

2.3 

0.  51807 

53962 

0.  05227 

73158 

— 

0. 

2.4 

0.  51041 

47487 

0. 10048 

89383 

0. 

2.5 

0.  49807 

03596 

0. 14591 

81380 

0. 

2.6 

0.  48133 

05906 

0. 18836 

35444 

— 

0. 

2.7 

0.46050 

35491 

0. 22763 

24459 

— 

0. 

2.8 

0.  43591 

59856 

0.  26354 

53936 

— 

0. 

2.9 

0.  40791 

17692 

0.  29594 

00546 

- 

0. 

3.0 

0.  37685 

00100 

0.  32467 

44248 

0. 

3.1 

0.  34310 

28894 

0. 34962 

94823 

— 

0. 

3.2 

0.  30705 

32501 

0.  37071 

13384 

~ 

0. 

3.3 

0.26909 

19951 

0.  38785 

29310 

— 

0. 

3.4 

0.  22961 

53372 

0.  40101 

52921 

+ 

0. 

3.5 

0. 18902 

19439 

0.  41018 

84179 

0. 

3.6 

0. 14771 

00126 

0.  41539 

17621 

0. 

3.7 

0.  10607 

43153 

0.  41667 

43727 

0. 

3.8 

0.  06450 

32467 

0.  41411 

46893 

0. 

3.9 

+0.  02337 

59082 

0.  40782 

00193 

0. 

4.0 

-0.01694 

07393 

0.  39792 

57106 

0. 

4.1 

-0.  05609 

46266 

0. 38459 

40348 

0. 

4.2 

-0.  09375 

12013 

0. 36801 

28079 

0. 

4.3 

-0.12959 

59029 

0.  34839 

37583 

0. 

4.4 

-0. 16333 

64628 

0.  32597 

06708 

0. 

4.5 

-0. 19470 

50086 

0.  30099 

73231 

0. 

4.6 

-0.  22345 

99526 

0.  27374 

52415 

0. 

4.7 

-0. 24938 

76472 

0. 24450 

12968 

0. 

4.8 

-0.  27230 

37945 

0.  21356 

51673 

0. 

4.9 

-0.  29205 

45942 

0. 18124 

66920 

0. 

5.0 

-0.  30851 

76252 

0. 14786 

31434 

0. 

Yn+1(x)=—  Yn(x)-Yn-i{x) 

X 


Table  9.1 


Y2(x) 


64478  324 
15714  456 
48009  401 
29833  565 

44137  084 
89279  462 
96147  756 
35855  816 
94590  960 

65068  261 
43147  149 
26331  080 
13041  186 
02239  081 

93219  376 
85489  941 
78699  905 
72594  824 
66987  868 

61740  810 
56751  146 
51943  175 
47261  686 
42667  397 

38133  585 
33643  556 
29188  692 
24766  928 
20381  518 

16040  039 
11753  548 
07535  866 
03402  961 
00627  601 

04537  144 
08306  319 
11915  508 
15345  185 
18576  256 

21590  359 
24370  147 
26899  540 
29163  951 
31150  495 

32848  160 
34247  962 
35343  075 
36128  928 
36603  284 

36766  288 


x 
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Table  9.1 

BESSEL  FUNCTIONS— ORDERS  0,  1 

AND 

X 

Jo(x) 

Jl(x) 

5.0 

-0. 17759 

67713 

14338 

-0.32757 

91376 

0. 

5.1 

-0.14433 

47470 

60501 

-0.  33709 

72020 

+0. 

5.2 

-0.11029 

04397 

90987 

-0.  34322 

30059 

-0. 

5.3 

-0.  07580 

31115 

85584 

-0.  34596 

08338 

-0. 

5.4 

-0.  04121 

01012 

44991 

-0.  34534 

47908 

-0. 

5.5 

-0.  00684 

38694 

17819 

-0.  34143 

82154 

-0. 

5.6 

+0.  02697 

08846 

85114 

-0.  33433 

28363 

-0. 

5.7 

0.  05992 

00097 

24037 

-0.  32414 

76802 

-0. 

5.8 

0. 09170 

25675 

74816 

-0.  31102 

77443 

-0. 

5.9 

0.12203 

33545 

92823 

-0.  29514 

24447 

-0. 

6.0 

0.15064 

52572 

50997 

-0.  27668 

38581 

-0. 

6.1 

0.  17729 

14222 

42744 

-0.  25586 

47726 

-0. 

6.2 

0.20174 

72229 

48904 

-0.23291 

65671 

-0. 

6.3 

0.  22381 

20061 

32191 

-0.20808 

69402 

-0. 

6.4 

0.  24331 

06048 

23407 

-0.18163 

75090 

-0. 

6.5 

0.26009 

46055 

81606 

-0. 15384 

13014 

-0. 

6.  6 

0.  27404 

33606 

24146 

-0.12498 

01652 

-0. 

6.7 

0.  28506 

47377 

10576 

-0.  09534 

21180 

-0. 

6.8 

0.  29309 

56031 

04273 

-0.  06521 

86634 

-0. 

6.9 

0.29810 

20354 

04820 

-0.  03490 

20961 

-0. 

7.0 

0.  30007 

92705 

19556 

-0.  00468 

28235 

-0. 

7.1 

0.29905 

13805 

01550 

+0.02515 

32743 

-0. 

7.2 

0.  29507 

06914 

00958 

0.  05432 

74202 

-0. 

7.3 

0.  28821 

69476 

35014 

0.  08257 

04305 

-0. 

7.4 

0.27859 

62326 

57478 

0. 10962 

50949 

-0. 

7.5 

0.  26633 

96578 

80378 

0.13524 

84276 

-0. 

7.6 

0.25160 

18338 

49976 

0. 15921 

37684 

-0. 

7.7 

0.  23455 

91395 

86464 

0. 18131 

27153 

-0. 

7.8 

0.  21540 

78077 

46263 

0.20135 

68728 

-0. 

7.9 

0.  19436 

18448 

41278 

0.  21917 

93999 

-0. 

8.0 

0.17165 

08071 

37554 

0.  23463 

63469 

-0. 

8.1 

0. 14751 

74540 

44378 

0.  24760 

77670 

-0. 

8.2 

0.  12221 

53017 

84138 

0.  25799 

85976 

-0. 

8.3 

0.  09600 

61008 

95010 

0.  26573 

93020 

-0. 

8.4 

0.  06915 

72616 

56985 

0.  27078 

62683 

-0. 

8.5 

0.  04193 

92518 

42935 

0.27312 

19637 

+0. 

8.6 

+0.  01462 

29912 

78741 

0.  27275 

48445 

0. 

8.7 

-0.  01252 

27324 

49665 

0.  26971 

90241 

0. 

8.8 

-0.  03923 

38031 

76542 

0.  26407 

37032 

0. 

8.9 

-0.  06525 

32468 

51244 

0.  25590 

23714 

0. 

9.0 

-0.  09033 

36111 

82876 

0.  24531 

17866 

0. 

9.1 

-0. 11423 

92326 

83199 

0.  23243 

07450 

0. 

9.2 

-0. 13674 

83707 

64864 

0.21740 

86550 

0. 

9.3 

-0.15765 

51899 

43403 

0.  20041 

39278 

0. 

9.4 

-0. 17677 

15727 

51508 

0.18163 

22040 

0. 

9.5 

-0.19392 

87476 

87422 

0.16126 

44308 

0. 

9.6 

-0.  20897 

87183 

68872 

0.13952 

48117 

0. 

9.7 

-0.  22179 

54820 

31723 

0. 11663 

86479 

0. 

9.8 

-0.23227 

60275 

79367 

0.  09284 

00911 

0. 

9.9 

-0.24034 

11055 

34760 

0.  06836 

98323 

0. 

10.  0 

-0.24593 

57644 

51348 

0.  04347 

27462 

0. 

r 

‘(-4)41 

r(-4)4i 

L 

11 

L 8 

j 

Jn+l(x)  =—  Jn(x)-Jn-l(x) 
X 

2 


J 2 Or) 

04656  51163 
01213  97659 
02171  84086 
05474  81465 
08669  53768 

11731  54816 
14637  54691 
17365  60379 
19895  35139 
22208  16409 

24287  32100 
26118  15116 
27688  15994 
28987  13522 
30007  23264 

30743  03906 
31191  61379 
31352  50715 
31227  75629 
30821  85850 

30141  72201 
29196  59511 
27997  97413 
26559  49119 
24896  78286 

23027  34105 
20970  34737 
18746  49278 
16377  78404 
13887  33892 

11299  17204 
08637  97338 
05928  88146 
03197  25341 
00468  43406 

02232  47396 
04880  83679 
07452  71058 
09925  05539 
12275  93977 

14484  73415 
16532  29129 
18401  11218 
20075  49594 
21541  67225 

22787  91542 
23804  63875 
24584  46878 
25122  29849 
25415  31929 

25463  03137 
[(-4,4] 
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BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


x 


Yo(x) 


Y i(a) 


5.0 

-0.  30851 

76252 

5.1 

-0.  32160 

24491 

5.2 

-0.  33125 

09348 

5.3 

-0.  33743 

73011 

5.4 

-0.  34016 

78783 

5.5 

-0.  33948 

05929 

5.6 

-0.  33544 

41812 

5.7 

-0.  32815 

71408 

5.8 

-0.  31774 

64300 

5.9 

-0.  30436 

59300 

6.0 

-0.  28819 

46840 

6.1 

-0.26943 

49304 

6.2 

-0.  24830 

99505 

6.3 

-0.22506 

17496 

6.4 

-0. 19994 

85953 

6.5 

-0. 17324 

24349 

6.6 

-0.14522 

62172 

6.7 

-0.11619 

11427 

6.8 

-0.  08643 

38683 

6.9 

-0.  05625 

36922 

7.0 

-0.  02594 

97440 

7.1 

+0.  00418 

17932 

7.2 

0.  03385 

04048 

7.3 

0.  06277 

38864 

7.4 

0.  09068 

08802 

7.5 

0.11731 

32861 

7.6 

0. 14242 

85247 

7.7 

0.16580 

16324 

7.8 

0. 18722 

71733 

7.9 

0.  20652 

09481 

8.0 

0.22352 

14894 

8.1 

0.  23809 

13287 

8.2 

0.25011 

80276 

8.3 

0.25951 

49638 

8.4 

0.  26622 

18674 

8.5 

0.27020 

51054 

8.6 

0.  27145 

77123 

8.7 

0. 26999 

91703 

8.8 

0.  26587 

49418 

8.9 

0.  25915 

57617 

9.0 

0.  24993 

66983 

9.1 

0.  23833 

59921 

9.2 

0.  22449 

36870 

9.3 

0.  20857 

00676 

9.4 

0. 19074 

39189 

9.5 

0. 17121 

06262 

9.6 

0.15018 

01353 

9.7 

0. 12787 

47920 

9.8 

0.10452 

70840 

9.9 

0.  08037 

73052 

10.0 

0.  05567 

11673 

["(-4)41 

8 J 


0. 14786 

31434 

0 

0.11373 

64420 

0, 

0.07919 

03430 

0, 

0.  04454 

76191 

0 

+0.  01012 

72667 

0, 

-0.  02375 

82390 

0, 

-0.  05680 

56144 

0 

-0.  08872 

33405 

0, 

-0. 11923 

41135 

0, 

-0.14807 

71525 

0, 

-0.17501 

03443 

0, 

-0. 19981 

22045 

0 

-0.  22228 

36406 

0 

-0.  24224 

95005 

0 

-0.  25955 

98934 

0, 

-0.  27409 

12740 

0 

-0.  28574 

72791 

0, 

-0.  29445 

93130 

+0, 

-0.  30018 

68758 

-0 

-0.  30291 

76343 

-0, 

-0.  30266 

72370 

-0, 

-0.  29947 

88746 

-0, 

-0.  29342 

25939 

-0, 

-0.  28459 

43719 

-0 

-0.27311 

49598 

-0, 

-0.  25912 

85105 

-0, 

-0. 24280 

10021 

-0 

-0. 22431 

84743 

-0, 

-0.  20388 

50954 

-0, 

-0. 18172 

10773 

-0, 

-0. 15806 

04617 

-0, 

-0. 13314 

87960 

-0, 

-0. 10724 

07223 

-0, 

-0.  08059 

75035 

-0, 

-0.  05348 

45084 

-0, 

-0.  02616 

86794 

-0, 

+0.  00108 

39918 

-0 

0.  02801 

09592 

-0, 

0.  05435 

55633 

-0( 

0.  07986 

93974 

-0 

0. 10431 

45752 

-0, 

0. 12746 

58820 

-0, 

0. 14911 

27879 

-0, 

0. 16906 

13071 

-0, 

0. 18713 

56847 

-0, 

0.20317 

98994 

-0 

0.  21705 

89660 

-0, 

0.  22866 

00298 

-0, 

0.  23789 

32421 

-0 

0.  24469 

24113 

-0, 

0.24901  54242 

[in 

-0, 

OiM 

Yn+i(x)=—Yn(x)—Yn- 

l(») 

i 


Table  9.1 


Y 2(x) 

36766  288 
36620  498 
36170  876 
35424  772 
34391  872 

33084  123 
31515  646 
29702  614 
27663  122 
25417  029 

22985  790 
20392  273 
17660  555 
14815  715 
11883  613 

08890  666 
05863  613 
02829  284 
00185  639 
03154  852 

06052  661 
08854  204 
11535  668 
14074  495 
16449  573 

18641  422 
20632  353 
22406  617 
23950  540 
25252  628 

26303  660 
27096  757 
27627  430 
27893  605 
27895  627 

27636  244 
27120  562 
26355  987 
25352  140 
24120  758 

22675  568 
21032  151 
19207  786 
17221  280 
15092  782 

12843  591 
10495  952  j 
08072  839 
05597  744  I 
03094  449 

00586  808 
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Table  9.1  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


X Jo(x)  J\(x)  J 2(x) 


10.0 

-0.  24593 

57644 

51348 

0. 04347 

27462 

0.  25463 

03137 

10.1 

-0.  24902 

96505 

80910 

+0.  01839 

55155 

0.  25267 

23269 

10.2 

-0. 24961 

70698 

54127 

-0.  00661 

57433 

0.  24831 

98653 

10.3 

-0.  24771 

68134 

82244 

-0.  03131 

78295 

0.24163 

56815 

10.4 

-0.24337 

17507 

14207 

-0.  05547 

27618 

0.  23270 

39119 

10.5 

-0.  23664 

81944 

62347 

-0.  07885 

00142 

0.22162 

91441 

10.6 

-0.  22763 

50476 

20693 

-0.10122 

86626 

0.20853 

53000 

10.7 

-0.  21644 

27399 

23818 

-0.12239 

94239 

0.19356 

43429 

10.8 

-0.  20320 

19671 

12039 

-0.14216 

65683 

0.17687 

48248 

10.9 

-0.18806 

22459 

63342 

-0.16034 

96867 

0. 15864 

02851 

11.0 

-0.17119 

03004 

07196 

-0. 17678 

52990 

0. 13904 

75188 

11.1 

-0.  15276 

82954 

35677 

-0.19132 

82878 

0.11829 

47301 

11.2 

-0.  13299 

19368 

59575 

-0.  20385 

31459 

0.  09658 

95894 

11.3 

-0.11206 

84561 

09807 

-0.  21425 

50262 

0.  07414 

72125 

11.4 

-0.  09021 

45002 

47520 

-0.  22245 

05864 

0.  05118 

80816 

11.5 

-0.  06765 

39481 

11665 

-0.  22837 

86207 

0.  02793 

59271 

11.6 

-0.  04461 

56740 

94438 

-0.23200 

04746 

+0.  00461 

55923 

11.7 

-0.  02133 

12813 

88500 

-0.23330 

02408 

-0.  01854 

91017 

11.8 

+0.  00196 

71733 

06740 

-0.23228 

47343 

-0. 04133 

74673 

11.9 

0.  02504 

94416 

99590 

-0.  22898 

32497 

-0.  06353 

40215 

12.0 

0.  04768 

93107 

96834 

-0.  22344 

71045 

-0.  08493 

04949 

12.1 

0.  06966 

67736 

06807 

-0.  21574 

89734 

-0.  10532 

77609 

12.2 

0.  09077 

01231 

70505 

-0.  20598 

20217 

-0. 12453 

76677 

12.3 

0. 11079 

79503 

07585 

-0. 19425 

88480 

-0. 14238 

47549 

12.4 

0.12956 

10265 

17502 

-0. 18071 

02469 

-0.15870 

78405 

12.5 

0. 14688 

40547 

00421 

-0. 16548 

38046 

-0. 17336 

14634 

12.6 

0.  16260 

72717 

45511 

-0. 14874 

23434 

-0. 18621 

71675 

12.7 

0.17658 

78885 

61499 

-0.13066 

22290 

-0. 19716 

46175 

12.8 

0.18870 

13547 

80683 

-0. 11143 

15593 

-0. 20611 

25359 

12.9 

0. 19884 

24371 

36331 

-0. 09124 

82522 

-0.  21298 

94530 

13.0 

0.20692 

61023 

77068 

-0.  07031 

80521 

-0.  21774 

42642 

13.1 

0.  21288 

81975 

22060 

-0.  04885 

24733 

-0.  22034 

65904 

13.2 

0.21668 

59222 

58564 

-0.  02706 

67028 

-0.  22078 

69378 

13.3 

0.  21829 

80903 

19277 

-0.  00517 

74806 

-0.  21907 

66588 

13.4 

0.21772 

51787 

31184 

+0.  01659 

90199 

-0.  21524 

77131 

13.5 

0.  21498 

91658 

80401 

0.  03804 

92921 

-0.  20935 

22337 

13.6 

0.21013 

31613 

69248 

0.  05896 

45572 

-0.  20146 

19030 

13.7 

0.  20322 

08326 

33007 

0.  07914 

27651 

-0.19166 

71443 

13.8 

0. 19433 

56352 

15629 

0.  09839 

05167 

-0. 18007 

61400 

13.9 

0. 18357 

98554 

57870 

0.11652 

48904 

-0. 16681 

36842 

14.0 

0.17107 

34761 

10459 

0.13337 

51547 

-0.15201 

98826 

14.1 

0. 15695 

28770 

32601 

0. 14878 

43513 

-0. 13584 

87137 

14.2 

0. 14136 

93846 

57129 

0. 16261 

07342 

-0. 11846 

64643 

14.3 

0.12448 

76852 

83919 

0. 17472 

90520 

-0. 10005 

00556 

14.4 

0. 10648 

41184 

90342 

0.18503 

16616 

-0.  08078 

52766 

14.5 

0.  08754 

48680 

10376 

0. 19342 

94636 

-0.  06086 

49420 

14.6 

0.  06786 

40683 

23379 

0. 19985 

26514 

-0.  04048 

69928 

14.7 

0.  04764 

18459 

01522 

0.20425 

12683 

-0.  01985 

25577 

14.8 

0.  02708 

23145 

85872 

0.  20659 

55672 

+0.  00083 

60053 

14.9 

+0.  00639 

15448 

90853 

0.20687 

61718 

0.  02137 

70688 

15.0 

-0.  01422 

44728 

26781 

0.20510 

40386 

0.  04157 

16780 

[(-f]  [(—4,3]  [,-4,3] 

Jn+l(x)  =—  Jn(x)—Jn-l(x) 

X 
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BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


Table  9.1 


x 


Yo(x) 


Yi(x) 


Y 2(x) 


10.0 

0.  05567 

11673 

0.  24901 

54242 

-0.  00586 

808 

10.1 

0.  03065 

73806 

0.  25084 

44363 

+0.  01901 

478 

10.2 

+0.  00558 

52273 

0.25018 

58292 

0.  04347 

082 

10.3 

-0.  01929 

78497 

0.  24706 

99395 

0.  06727 

260 

10.4 

-0.  04374 

86190 

0.  24155 

05610 

0.  09020 

065 

10.5 

-0.  06753 

03725 

0.23370 

42284 

0. 11204 

546 

10.6 

-0.  09041 

51548 

0.  22362 

92892 

0. 13260 

936 

10.7 

-0.11218 

58897 

0.  21144 

47763 

0.15170 

828 

10.8 

-0.13263 

83844 

0. 19728 

90905 

0. 16917 

340 

10.9 

-0.15158 

31932 

0. 18131 

85097 

0. 18485 

264 

11.0 

-0.16884 

73239 

0. 16370 

55374 

0.19861 

197 

11.1 

-0. 18427 

57716 

0. 14463 

71102 

0.  21033 

651 

11.2 

-0.19773 

28675 

0.12431 

26795 

0.  21993 

156 

11.3 

-0.20910 

34295 

0.  10294 

21889 

0.  22732 

329 

11.4 

-0.  21829 

37073 

0.  08074 

39654 

0.  23245 

932 

11.5 

-0.22523 

21117 

0.  05794 

25471 

0.  23530 

908 

11.6 

-0.22986 

97260 

0.  03476 

64663 

0.  23586 

394 

11.7 

-0.23218 

05930 

+0.  01144 

60113 

0.  23413 

718 

11.8 

-0.23216 

17790 

-0.  01178 

90120 

0.23016 

364 

11.9 

-0.  22983 

32139 

-0.  03471 

14983 

0.  22399 

935 

12.0 

-0.  22523 

73126 

-0.  05709 

92183 

0.  21572 

078 

12.1 

-0.21843 

83806 

-0.  07873 

69315 

0.  20542 

401 

12.2 

-0.20952 

18128 

-0.  09941 

84171 

0. 19322 

371 

12.3 

-0. 19859 

30946 

-0. 11894 

84033 

0.  17925 

189 

12.4 

-0.18577 

66153 

-0.13714 

43766 

0. 16365 

655 

12.5 

-0.17121 

43068 

-0. 15383 

82565 

0. 14660 

019 

12.6 

-0.15506 

41238 

-0.16887 

79186 

0. 12825 

810 

12.7 

-0.13749 

83780 

-0. 18212 

85528 

0. 10881 

672 

12.8 

-0.11870 

19463 

-0. 19347 

38454 

0.  08847 

166 

12.9 

-0.  09887 

03702 

-0.  20281 

69743 

0.  06742 

588 

13.0 

-0.  07820 

78645 

-0.21008 

14084 

0.  04588 

765 

13.1 

-0.  05692 

52568 

-0.  21521 

15060 

0.  02406 

854 

13.2 

-0.  03523 

78771 

-0.21817 

29066 

+0.  00218 

138 

13.3 

-0.  01336 

34191 

-0.  21895 

27145 

-0.  01956 

180 

13.4 

+0.  00848 

02072 

-0.  21755 

94728 

-0.  04095 

177 

13.5 

0.  03007 

70090 

-0.  21402 

29303 

-0.  06178 

411 

13.6 

0.  05121 

50115 

-0.  20839 

36044 

-0.  08186 

113 

13.7 

0.  07168 

83040 

-0.  20074 

21453 

-0. 10099 

373 

13.8 

0.  09129 

90143 

-0. 19115 

85095 

-0.11900 

315 

13.9 

0.10985 

91895 

-0. 17975 

09511 

-0. 13572 

264 

14.0 

0. 12719 

25686 

-0. 16664 

48419 

-0.15&99 

897 

14.1 

0.14313 

62286 

-0.15198 

13335 

-0. 16469 

386 

14.2 

0.15754 

20895 

-0. 13591 

58742 

-0. 17668 

517 

14.3 

0.17027 

82640 

-0. 11861 

65967 

-0.18686 

800 

14.4 

0. 18123 

02411 

-0.10026 

25924 

-0. 19515 

560 

14.5 

0.19030 

18912 

-0.  08104 

20909 

-0.  20148 

011 

14.6 

0. 19741 

62858 

-0.  06115 

05609 

-0.  20579 

307 

14.7 

0.20251 

63238 

-0.  04078 

87536 

-0.  20806 

581 

14.8 

0.20556 

51604 

-0.  02016 

07059 

-0.  20828 

958 

14.9 

0.  20654 

64347 

+0.  00052 

82751 

-0.  20647 

553 

15.0 

0.  20546 

42960 

0.  02107 

36280 

-0.  20265 

448 

Yn+l(x)  = 


2 n 
x 


Yn(x)-Yn-l(x) 
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Table  9.1  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


X 

Jo(x) 

Jl  (x) 

Mx) 

15.0 

-0.  01422 

44728 

26781 

0.  20510 

40386 

0. 04157 

16780 

15.1 

-0.  03456 

18514 

55565 

0. 20131 

02204 

0.  06122 

54568 

15.2 

-0.  05442 

07968 

44039 

0. 19554 

54359 

0.  08015 

04595 

15.3 

-0.  07360 

75449 

51123 

0. 18787 

94498 

0.  09816 

69502 

15.4 

-0.  09193 

62278 

62321 

0. 17840 

02717 

0.11510 

50943 

15.5 

-0. 10923 

06509 

00050 

0. 16721  31804 

0. 13080 

65451 

15.6 

-0.12532 

59640 

22481 

0.15443 

95871 

0. 14512 

59111 

15.7 

-0.14007 

02118 

29049 

0. 14021 

57469 

0. 15793 

20904 

15.8 

-0. 15332 

57477 

60686 

0. 12469 

13334 

0.16910 

94608 

15.9 

-0. 16497 

04994 

85671 

0.10802 

78901 

0. 17855 

89133 

16.0 

-0.17489 

90739 

83629 

0.  09039 

71757 

0. 18619 

87209 

16.1 

-0. 18302 

36924 

65310 

0.  07197 

94186 

0.19196 

52352 

16.2 

-0. 18927 

49469 

77945 

0.  05296 

14991 

0. 19581 

34037 

16.3 

-0. 19360 

23723 

28377 

0.  03353 

50765 

0. 19771 

71056 

16.4 

-0.19597 

48287 

91007 

+0.  01389 

46807 

0. 19766 

93020 

16.5 

-0. 19638 

06929 

36861 

-0. 00576 

42137 

0. 19568 

20004 

16.6 

-0. 19482 

78558 

05566 

-0.  02524 

71116 

0.19178 

60351 

16.7 

-0. 19134 

35295 

25189 

-0. 04436 

24008 

0. 18603 

06671 

16.8 

-0. 18597 

38653 

47601 

-0. 06292 

32177 

0. 17848 

30061 

16.9 

-0. 17878 

33878 

91219 

-0.  08074 

92543 

0. 16922 

72631 

17.0 

-0. 16985 

42521 

51184 

-0.  09766 

84928 

0. 15836 

38412 

17.1 

-0. 15928 

53315 

32265 

-0. 11351 

88483 

0. 14600 

82733 

17.2 

-0. 14719 

11467 

66030 

-0. 12814 

97057 

0. 13229 

00182 

17.3 

-0. 13370 

06470 

75764 

-0. 14142 

33355 

0.11735 

11285 

17.4 

-0. 11895 

58563 

36348 

-0.15321 

61760 

0. 10134 

48016 

17.5 

-0.10311 

03982 

28686 

-0. 16341 

99694 

0.  08443 

38303 

[•if]  m m 

Jn+l(x)=— 

X 


Table  9.1  BESSEL  FUNCTIONS— MODULUS  AND  PHASE  OF  ORDERS  0,  1 AND  2 


Jn(x)=Mn(x)  cos 

x~l 

X*J/o(x) 

6o(x)~ 

-x 

0.10 

0. 79739 

375 

-0. 79783 

499 

0.  09 

0. 79748 

584 

-0.  79660 

186 

0.  08 

0.  79756 

868 

-0.  79536 

548 

0.  07 

0.  79764 

214 

-0. 79412 

617 

0.06 

0. 79770 

609 

-0.  79288 

426 

0.  05 

0. 79776 

040 

-0.  79164 

009 

0.  04 

0. 79780 

498 

-0.  79039 

402 

0.03 

0.  79783 

975 

-0.  78914 

641 

0.  02 

0.  79786 

463 

-0. 78789 

764 

0.  01 

0.  79787 

957 

-0.  78664 

810 

0.  00 

0. 79788 

456 

-0.  78539 

816 

[■(-6)11  [(-7)41 

4 J 4 J 


Qn(x) 

x*M\(x)  di(x)—x 

0.79936  575  -2.31885  508 

0.79908  654  -2.32256  201 

0.79883  586  -2.32627  732 

0.79861  398  -2.33000  016 

0.79842  116  -2.33372  965 

0. 79825  761  -2. 33746  488 

0.79812  353  -2.  34120  495 

0.79801  908  -2.34494  891 

0.79794  438  -2.34869  580 

0.79789  952  -2.35244  465 

0.79788  456  -2.35619  449 

[<T]  [<T] 

<z>= nearest  integer  to  x. 


(x)==Mn(x)  sin  on(x) 


to 

h(x)- 

■X 

<x> 

0.  80542 

555 

-3. 73985 

605 

10 

0.  80398 

367 

-3. 75850 

527 

11 

0.  80269 

711 

-3. 77717 

539 

13 

0.  80156 

472 

-3. 79586 

377 

14 

0.  80058 

549 

-3. 81456 

786 

17 

0.  79975 

851 

-3.  83328 

521 

20 

0.  79908 

299 

-3.  85201 

346 

25 

0.  79855 

829 

-3. 87075 

034 

33 

0.  79818 

387 

-3.  88949 

363 

50 

0.  79795 

937 

-3. 90824 

117 

100 

0.  79788 

456 

-3.  92699 

082 

00 

i i 

<M 

ill i 

i 1 

00 
i i 
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BESSEL  FUNCTIONS- 

-ORDERS  0,  1 AND  2 

Table  9.1 

X 

T0(r) 

Ti(x) 

Y2(x) 

15.0 

0.20546  42960 

0.  02107  36280 

-0.20265  448 

15.1 

0.20234  32292 

0.  04127  35340 

-0.19687  654 

15.2 

0.19722  76821 

0.  06093  08736 

-0.18921  046 

15.3 

0.19018  15001 

0.  07985  51269 

-0.17974  292 

15.4 

0.18128  71741 

0.09786  41973 

-0.16857  754 

15.5 

0.17064  49112 

0.11478  61425 

-0.15583  380 

15.6 

0.15837  15368 

0.13046  07959 

-0.14164  579 

15.7 

0.14459  92412 

0.14474  12638 

-0.12616  086 

15.8 

0.12947  41833 

0.15749  52835 

-0.10953  807 

15.9 

0.11315  49657 

0.16860  64314 

-0.09194  661 

16.0 

0.  09581  09971 

0.17797  51689 

-0.  07356  410 

16.1 

0.  07762  07587 

0.18551  97173 

-0.  05457  483 

16.2 

0.  05876  99918 

0.  19117  67538 

-0.  03516  792 

16.3 

0.  03944  98249 

0.19490  19240 

-0.  01553  548 

16.4 

0.01985  48596 

0.19667  01648 

+0.  00412  931 

16.5 

+0.  00018  12325 

0.19647  58378 

0.  02363  402 

16.6 

-0.01937  53254 

0.19433  26715 

0.  04278  890 

16.7 

-0.03862  14147 

0.19027  35142 

0.  06140  866 

16.8 

-0.05736  78596 

0.18434  99015 

0.  07931  428 

16.9 

-0.  07543  15476 

0.17663  14431 

0.  09633  468 

17.0 

-0.  09263  71984 

0.16720  50361 

0.  11230  838 

17.1 

-0.10881  90473 

0.15617  39131 

0.12708  500 

17.2 

-0.  12382  24237 

0.14365  65362 

0.14052  667 

17.3 

-0.  13750  52134 

0.12978  53467 

0.  15250  930 

17.4 

-0.14973  91883 

0.11470  53859 

0.16292  372 

17.5 

-0.16041  11925 

0.  09857  27987 

0.17167  666 

i 1 

<M 

1 1 

m 

Yn+1(x)  = ^f  7n(x)-Tn-l(x) 

Table  9.1 

BESSEL  FUNCTIONS— AUXILIARY  TABLE  FOR  SMALL  ARGUMENTS 


X 

/i  (x) 

h{x) 

X 

M*) 

fc(x) 

0.  0 

-0.  07380  430 

-0.63661  977 

1.0 

0.08825  696 

-0.78121  282 

0.1 

-0.  07202  984 

-0.  63857  491 

1.1 

0.11849  917 

-0.79936  142 

0.2 

-0.  06672  574 

-0.64437  529 

1.2 

0.15018  546 

-0.81476  705 

0.3 

-0.05794  956 

-0.65382  684 

1.3 

0.18296  470 

-0.82642  473 

0.4 

-0.04579  663 

-0.66660  964 

1.4 

0.21647  200 

-0.83332  875 

0.5 

-0.  03039  904 

-0.  68228  315 

1.5 

0.25033  233 

-0.83449  074 

0.6 

-0.  01192  435 

-0.70029  342 

1.6 

0.28416  437 

-0.82895  780 

0.7 

+0.00942  612 

-0.71998  221 

1.7 

0.31758  436 

-0.81583  036 

0.8 

0.  03341  927 

-0.74059  789 

1.8 

0.  35020  995 

-0.79427  978 

0.9 

0.05979  263 

-0.76130  792 

1.9 

0.38166  415 

-0.76356  508 

1.0 

0.08825  696 

-0.78121  282 

2.0 

0.41157  912 

-0.72304  896 

m 

m 

m 

m 

ro(*)=/i(*)+ 

- Jo(x)  In  x 

7 r 

Yi(x^f2(x)+^Jl(x)  In  z 
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Table  9.2 


BESSEL  FUNCTIONS— ORDERS  3-9 


X 

J 3 (x) 

J 4 (x) 

0.0 

0.0000 

0.0000 

0.2 

(-4)1.6625 

(-6)4.1583 

0.4 

(-3)1.3201 

(-5)6.6135 

0.6 

(-3)4.3997 

(-4)3.3147 

0.8 

(-2)1.0247 

(-3)1.0330 

Mx) 

0.0000 
-8)  8.3195 
-6) 2.6489 
-5)  1.9948 
-5)  8.3084 


J 6 (ft) 

0.0000 

-9)1.3869 

-8)8.8382 

-7)9.9956 

-6)5.5601 


M*) 

0.0000 
(-11)1.9816 
(-  9)2.5270 

- 8)4.2907 

- 7)3.1864 


Js(x) 

0.0000 
-13)2.4774 
-11)6.3210 
(-  9)1.6110 
(-  8)1.5967 


Jv(x) 

0.0000 
(-15)2.7530 
(-12)1.4053 
-11)5.3755 
-10)  7.1092 


1.0  (-2)1.9563 

1.2  (-2)3.2874 

1.4  -2)5.0498 

1.6  (-2)7.2523 

1.8  (-2)9.8802 


(-3)2.4766  (-4) 

(-3)5.0227  (-4) 

(-3)9.0629  (-3) 

(-2)1.4995  (-3) 

( -2)2.3197  (-3) 


2.4976  (-5)2.0938 

6.1010  (-5)6.1541 

1.2901  (-4)1.5231 

2.4524  (-4)3.3210 

4.2936  (-4)6.5690 


6)1.5023  (-  8)9.4223 

6)5.3093  (-  7)4.0021 

5)1.5366  (-  6)1.3538 

5)3.8397  (-  6)3.8744 

5)8.5712  (-  6)9.7534 


9)5.2493 
8)2.6788 
7)1.0587 
7) 3.4687 
7)9.8426 


2.0 

2.2 

2.4 

2.6 

2.8 


0.12894 

(-2 

>3.3996 

0.16233 

(-2 

4.7647 

0.19811 

(-2 

>6.4307 

0.23529 

(-2 

>8.4013 

0.27270 

( -1 

>1.0667 

!-3)  7.0396 
-2) 1.0937 
-2)1.6242 
-2) 2.3207 
-2)  3.2069 


! -3)  1.2024 
-3)2.0660 
-3)3.3669 
-3) 5.2461 
-3) 7.8634 


4)1.7494 
4) 3.3195 
4)  5.9274 
3)1.0054 
3)1.6314 


5)2.2180  (-  6)2.4923 

5)4.6434  (-  6)5.7535 

5)9.0756  (-  5)1.2300 

4)1.6738  (-  5)2.4647 

4)2.9367  (-  5)4.6719 


3.0  0.30906 

3.2  0.34307 

3.4  0.37339 

3.6  0.39876 

3.8  0.41803 


0.13203  (-2)4.3028 

0.15972  (-2)5.6238 

0.18920  (-2)7.1785 

0.21980  (-2)8.9680 

0.25074  (-1)1.0984 


-2)  1.1394 
-2) 1.6022 
(-2)2.1934 
(-2)2.9311 
(-2)3.8316 


(-  3)2.5473 
(-  3)3.8446 
(-  3)5.6301 

- 3)8.0242 

- 2)1.1159 


4)4.9344  (-  5)8.4395 

4)7.9815  (-  4)1.4615 

3)1.2482  (-  4)2.4382 

3)1.8940  (-  4)3.9339 

3)2.7966  (-  4)6.1597 


4.0 

0.43017 

0.28113 

4.2 

0.43439 

0.31003 

4.4 

0.43013 

0.33645 

4.6 

0.41707 

0.35941 

4.8 

0.39521 

0.37796 

0.13209 

(-2) 

4.9088 

0.15614 

(-2) 

6.1725 

0.18160 

(-2 

7.6279 

0.20799 

(-2) 

9.2745 

0.23473 

( -l) 

1.1105 

2)1.5176 

2)2.0220 

2)2.6433 

2)3.3953 

2)4.2901 


3)4.0287 

3)5.6739 

3)7.8267 

2)1.0591 

2)1.4079 


4) 9.3860 
3)1.3952 
3)2.0275 
3)2.8852 
3)  4.0270 


5.0 

0.36483 

0.39123 

0.26114 

5.2 

0.32652 

0.39847 

0.28651 

5.4 

0.28113 

0.39906 

0.31007 

5.6 

0.22978 

0.39257 

0.33103 

5.8 

0.17382 

0.37877 

0.34862 

0.13105  (- 

0.15252  (- 

0.17515  (- 

0.19856  (- 

0.22230  (- 


2)5.3376 

2)6.5447 

2)7.9145 

2)9.4455 

1)1.1131 


- 2)1.8405 

- 2)2.3689 

- 2)3.0044 

- 2)3.7577 

- 2)4.6381 


- 3)5.5203 

- 3)7.4411 

- 3)9.8734 

- 2)1.2907 

- 2)1.6639 


6.0 

0.11477 

0.35764 

6.2 

+0.05428 

0.32941 

6.4 

-0.00591 

0.29453 

6.6 

-0.06406 

0.25368 

6.8 

-0.11847 

0.20774 

0.36209 

0.37077 

0.37408 

0.37155 

0.36288 


0.24584 

0.26860 

0*28996 

0.30928 

0.32590 


0.12959  (-  2)5.6532 

0.14910  (-  2)6.8077 

0.16960  (-  2)8.1035 

0.19077  (-  2)9.5385 

0.21224  (-  1)1.1107 


2)2.1165 

2)2.6585 

2)3.2990 

2)4.0468 

2)4.9093 


7.0 

-0.16756 

0.15780 

0.34790 

7.2 

-0.20987 

0.10509 

0.32663 

7.4 

-0.24420 

+0.05097 

0.29930 

7.6 

-0.26958 

-0.00313 

0.26629 

7.8 

-0.28535 

-0.05572 

0.22820 

0.33920 

0.23358 

0.12797 

(-  2)5.8921 

0.34857 

0.25432 

0.14594 

(-  2)6.9987 

0.35349 

0.27393 

0.16476 

(-  2)8.2300 

0.35351 

0.29188 

0.18417 

(-  2)9.5839 

0.34828 

0.30762 

0.20385 

(-  1)1.1054 

8.0 

-0.29113 

-0.10536 

0.18577 

0.33758 

0.32059 

0.22345 

8.2 

-0.28692 

-0.15065 

0.13994 

0.32131 

0.33027 

0.24257 

8.4 

-0.27302 

-0.19033 

0.09175 

0.29956 

0.33619 

0.26075 

8.6 

-0.25005 

-0.22326 

+0.04237 

0.27253 

0.33790 

0.27755 

8.8 

-0.21896 

-0.24854 

-0.00699 

0.24060 

0.33508 

0.29248 

0.12632 

0.14303 

0.16049 

0.17847 

0.19670 


9.0 

-0.18094 

-0.26547 

-0.05504 

0.20432 

0.32746 

0.30507 

9.2 

-0.13740 

-0.27362 

-0.10053 

0.16435 

0.31490 

0.31484 

9.4 

-0.08997 

-0.27284 

-0.14224 

0.12152 

0.29737 

0.32138 

9.6 

-0.04034 

-0.26326 

-0.17904 

0.07676 

0.27499 

0.32427 

9.8 

+0.00970 

-0.24528 

-0.20993 

+0.03107 

0.24797 

0.32318 

0.21488 

0.23266 

0.24965 

0.26546 

0.27967 


10.0 


0.05838 


-0.21960 


-0.23406 


-0.01446 


0.21671 


0.31785 


0.29186 


Compiled  from  British  Association  for  the  Advancement  of  Science,  Bjessel  functions,  Part  II.  Func- 
tions of  positive  integer  order,  Mathematical  Tables,  vol.  X (Cambridge  Univ.  Press,  Cambridge,  Eng- 
land, 1952)  and  Mathematical  Tables  Project,  Table  of  fn{r)=n\{%x)-njn(x).  J.  Math.  Phys.  23,  45-60 
(1944)  (with  permission). 
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BESSEL  FUNCTIONS— ORDERS  3-9 


Table  9.2 


Yz(x) 


2) -6.3982 
1) -8.1202 
1) -2.4692 
1) -1.0815 

-5.8215 

-3.5899 

-2.4420 

-1.7897 

-1.3896 

-1.1278 

-0.94591 

-0.81161 

-0.70596 

-0.61736 

-0.53854 

-0.46491 

-0.39363 

-0.32310 

-0.25259 

-0.18202 

-0.11183 

-0.04278 

+0.02406 

0.08751 

0.14627 

0.19905 

0.24463 

0.28192 

0.31001 

0.32825 

0.33622 

0.33383 

0.32128 

0.29909 

0.26808 

0.22934 

0.18420 

0.13421 

0.08106 

+0.02654 

-0.02753 

-0.07935 

-0.12723 

-0.16959 

-0.20509 

-0.23262 

-0.25136 

-0.26079 

-0.26074 

-0.25136 


Y*(x) 

— 00 

(4) -1.9162 

(3) -1.2097 

(2) -2.4302 

(1) -7.8751 

(1) -3.3278 
(1) -1.6686 
-9.4432 
-5.8564 
-3.9059 

-2.7659 

-2.0603 

-1.6024 

-1.2927 

-1.0752 

-0.91668 

-0.79635 

-0.70092 

-0.62156 

-0.55227 

-0.48894 

-0.42875 

-0.36985 

-0.31109 

-0.25190 

-0.19214 

-0.13204 

-0.07211 

-0.01310 

+0.04407 

0.09839 

0.14877 

0.19413 

0.23344 

0.26576 

0.29031 

0.30647 

0.31385 

0.31228 

0.30186 

0.28294 

0.25613 

0.22228 

0.18244 

0.13789 

0.09003 

+0.04037 

-0.00951 

-0.05804 

-0.10366 

-0.14495 


Yt(x) 

— 00 

(5) -7.6586 

(4)  -2.4114 

(3) -3.2156 

(2) -7.7670 

I 2) -2.6041 

2) -1.0765 

1) -5.1519 

1) -2.7492 
1) -1.5970 

-9.9360 

-6.5462 

-4.5296 

-3.2716 

-2.4548 

-1.9059 

-1.5260 

-1.2556 

-1.0581 

-0.91009 

-0.79585 

-0.70484 

-0.62967 

-0.56509 

-0.50735 

-0.45369 

-0.40218 

-0.35146 

-0.30063 

-0.24922 

-0.19706 

-0.14426 

-0.09117 

-0.03833 

+0.01357 

0.06370 

0.11119 

0.15509 

0.19450 

0.22854 

0.25640 

0.27741 

0.29104 

0.29694 

0.29495 

0.28512 

0.26773 

0.24326 

0.21243 

0.17612 

0.13540 


r6(x) 

— 00 

(7) -3.8274 

(5)  -6.0163 

(4) -5.3351 

(3)  -9.6300 

(3)  -2.5708 
(2) -8.8041 
(2) -3.5855 
(2) -1.6597 
(1) -8.4816 

(1) -4.6914 
(1) -2.7695 
(1)  -1.7271 
(1) -1.1290 
-7.6918 

-5.4365 

-3.9723 

-2.9920 

-2.3177 

-1.8427 

-1.5007 

-1.2494 

-1.0612 

-0.91737 

-0.80507 

-0.71525 

-0.64139 

-0.57874 

-0.52375 

-0.47377 

-0.42683 

-0.38145 

-0.33658 

-0.29151 

-0.24581 

-0.19931 

-0.15204 

-0.10426 

-0.05635 

-0.00886 

+0.03756 

0.08218 

0.12420 

0.16284 

0.19728 

0.22677 

0.25064 

0.26830 

0.27932 

0.28338 

0.28035 


Y 7(s) 

— 00 

(9) -2.2957 
(7)  -1.8025 

(6)  -1.0638 

(5) -1.4367 

i 4) -3.0589 

3) -8.6964 

3) -3.0218 
3) -1.2173 

2) -5.4947 

I 2) -2.7155 

2) -1.4452 
1) -8.1825 
1) -4.8837 
1) -3.0510 

(1) -1.9840 
(1) -1.3370 
-9.3044 
-6.6677 
-4.9090 

-3.7062 

-2.8650 

-2.2645 

-1.8281 

-1.5053 

-1.2629 

-1.0780 

-0.93462 

-0.82168 

-0.73099 

-0.65659 

-0.59403 

-0.53992 

-0.49169 

-0.44735 

-0.40537 

-0.36459 

-0.32416 

-0.28348 

-0.24217 

-0.20006 

-0.15716 

-0.11361 

-0.06973 

-0.02593 

+0.01724 

0.05920 

0.09925 

0.13672 

0.17087 

0.20102 


Ys(x) 

— OO 

(11) -1.6066 
( 8) -6.3027 
( 7) -2.4769 
( 6) -2.5046 

I 5) -4.2567 
5) -1.0058 

4)  -2.9859 

4) -1.0485 

3) -4.1889 

( 3) -1.8539 
( 2) -8.9196 
( 2) -4.6004 
( 2) -2.5168 
( 2) -1.4486 

11) -8.7150 
1) -5:4522 
1) -3.5320 
1) -2.3612 
1) -1.6243 

( 1) -1.1471 
-8.3005 
-6.1442 
-4.6463 
-3.5855 

-2.8209 

-2.2608 

-1.8444 

-1.5304 

-1.2907 

-1.1052 

-0.95990 

-0.84450 

-0.75147 

-0.67521 

-0.61144 

-0.55689 

-0.50902 

-0.46585 

-0.42581 

-0.38767 

-0.35049 

-0.31355 

-0.27635 

-0.23853 

-0.19995 

-0.16056 

-0.12048 

-0.07994 

-0.03928 

+0.00108 


F 0(x) 

— 00 

(13) -1.2850 
(10)  -2.5193 
( 8) -6.5943 
( 7) -4.9949 

1 6)  -6.7802 
6) -1.3323 

5) -3.3823 

5) -1.0364 

4) -3.6685 

14) -1.4560 

3)  -6.3425 
3) -2.9851 
3)  -1.5000 
2) -7.9725 

! 2)  -4.4496 
2) -2.5924 
2) -1.5691 
1) -9.8275 
1) -6.3483 

II) -4.2178 
1) -2.8756 
1) -2.0078 
1) -1.4333 
1) -1.0446 

-7.7639 

-5.8783 

-4.5302 

-3.5510 

-2.8295 

-2.2907 

-1.8831 

-1.5713 

-1.3301 

-1.1414 

-0.99220 

-0.87293 

-0.77643 

-0.69726 

-0.63128 

-0.57528 

-0.52673 

-0.48363 

-0.44440 

-0.40777 

-0.37271 

-0.33843 

-0.30433 

-0.26995 

-0.23499 

-0.19930 
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BESSEL  FUNCTIONS— ORDERS  3-9 


X 

Mx) 

Mx) 

J 5 (x) 

Mx) 

Ji(x) 

Mx) 

10.0 

0.05838 

-0.  21960 

-0.  23406 

-0.  01446 

0.21671 

0.  31785 

10.2 

0.10400 

-0.18715 

-0.  25078 

-0.05871 

0. 18170 

0.  30811 

10.4 

0. 14497 

-0. 14906 

-0.  25964 

-0.10059 

0. 14358 

0.  29386 

10.6 

0. 17992 

-0. 10669 

-0.  26044 

-0.13901 

0.  10308 

0.27515 

10.8 

0.  20768 

-0.  06150 

-0.  25323 

-0. 17297 

0.  06104 

0.  25210 

0. 

0. 

0, 

0. 

0. 


11.0 

0.22735 

-0.  01504 

-0.  23829 

-0.20158 

+0.  01838 

0.  22497 

11.2 

0.  23835 

+0.  03110 

-0.  21614 

-0.  22408 

-0.  02395 

0. 19414 

11.4 

0.  24041 

0.  07534 

-0. 18754 

-0.23985 

-0.  06494 

0.16010 

11.6 

0.  23359 

0. 11621 

-0. 15345 

-0. 24849 

-0. 10361 

0. 12344 

11.8 

0.21827 

0.15232 

-0.11500 

-0.  24978 

-0.13901 

0.  08485 

0 

0. 
0. 
0. 
0. 


12.0  0.19514 

12.2  0.16515 

12.4  0.12951 

12.  6 0.  08963 

12.  8 0.  04702 


0.18250 
0.20576 
0.22138 
0.22890 
0.  22815 


-0. 07347 
-0.  03023 
+0.  01331 
0.  05571 
0.  09557 


-0. 24372 
-0.23053 
-0.  21064 
-0. 18469 
-0. 15349 


-0.17025 
-0. 19653 
-0.21716 
-0.23160 
-0.  23947 


0.  04510 
+0.  00501 
-0.  03453 
-0.  07264 
-0. 10843 


0. 

0. 

0. 

0. 

0. 


13.  0 +0.  00332 

13. 2 -0.  03984 

13. 4 -0.  08085 

13.  6 -0. 11822 

13.8  -0.15059 


0.  21928 

0. 13162 

-0. 11803 

-0.  24057 

-0. 14105 

0 

0.  20268 

0. 16267 

-0.  07944 

-0.  23489 

-0.16969 

+0, 

0. 17905 

0.18774 

-0.  03894 

-0.  22261 

-0. 19364 

-0 

0. 14931 

0.  20605 

+0.00220 

-0.  20411 

-0.  21231 

-0, 

0. 11460 

0.21702 

0.  04266 

-0. 17993 

-0.  22520 

-0, 

14.0 

-0. 17681 

0.  07624 

0.  22038 

14.2 

-0.19598 

+0.  03566 

0.  21607 

14.4 

-0.  20747 

-0.  00566 

0.  20433 

14.6 

-0.  21094 

-0.  04620 

0. 18563 

14.8 

-0.  20637 

-0.  08450 

0. 16069 

0.  08117 

-0.15080 

-0.23197 

-0, 

0.11650 

-0. 11762 

-0.  23246 

-0 

0. 14756 

-0.  08136 

-0.  22666 

-0 

0.17335 

-0.  04315 

-0.  21472 

-0 

0. 19308 

-0.  00415 

-0.19700 

-0, 

15.0 

-0. 19402 

-0.11918 

0. 13046 

15.2 

-0. 17445 

-0. 14901 

0.  09603 

15.4 

-0. 14850 

-0. 17296 

0.  05865 

15.6 

-0.11723 

-0. 19021 

+0.  01968 

15.8 

-0.  08188 

-0.20020 

-0.  01949 

0.  20615 

+0.  03446 

-0. 17398 

-0, 

0.  21219 

0.  07149 

-0. 14634 

-0, 

0.  21105 

0.10580 

-0. 11487 

-0 

0.  20283 

0.  13634 

-0.  08047 

-0 

0. 18787 

0. 16217 

-0.  04417 

-0 

16.0 

-0.  04385 

-0.  20264 

16.2 

-0.  00461 

-0. 19752 

16.4 

+0.  03432 

-0. 18511 

16.6 

0.  07146 

-0. 16596 

16.8 

0. 10542 

-0. 14083 

-0.  05747  0. 16672 

-0.  09293  0. 14016 

-0. 12462  0. 10913 

-0. 15144  0.  07473 

-0. 17248  0.  03817 


0. 18251 

-0.00702 

-0 

0. 19675 

+0.  02987 

-0, 

0.  20447 

0.  06542 

-0 

0.  20546 

0.  09855 

-0, 

0. 19974 

0.12829 

-0 

17.0 

0.13493 

-0. 11074 

17.2 

0. 15891 

-0.  07685 

17.4 

0.17651 

-0.  04048 

17.6 

0. 18712 

-0;  00300 

17.8 

0. 19041 

+0.  03417 

-0. 18704  +0.  00072 

-0. 19466  -0.  03632 

-0. 19512  -0.  07166 

-0. 18848  -0. 10410 

-0.17505  -0.13251 


0. 18755  0. 15374  -0 

0. 16932  0. 17414  -0 

0. 14570  0.  18889  +0, 

0. 11751  0. 19757  0 

0. 08571  0. 19993  0 


18.0 

0. 18632 

0.  06964 

-0. 15537 

-0. 15596 

0.  05140 

18.2 

0.17510 

0.  10209 

-0. 13022 

-0.17364 

+0.  01573 

18.4 

0.15724 

0.13033 

-0. 10058 

-0. 18499 

-0.  02007 

18.6 

0. 13351 

0. 15334 

-0.  06756 

-0. 18966 

-0.  05481 

18.8 

0. 10487 

0.17031 

-0.  03240 

-0. 18755 

-0.  08731 

0. 19593  0 

0.18574  0. 

0. 16972  0 

0. 14841  0. 

0. 12253  0 


19.  0 0.  07249 

19.  2 0.  03764 

19.4  +0.00170 

19.  6 -0.  03395 

19.  8 -0.  06791 


0. 18065 

+0.  00357 

-0. 17877 

-0.11648 

0.  09294 

0. 18403 

0. 03904 

-0. 16370 

-0. 14135 

0.  06063 

0. 18039 

0.  07269 

-0. 14292 

-0.16110 

+0.  02667 

0. 16994 

0. 10331 

-0. 11723 

-0. 17508 

-0.  00783 

0. 15313 

0. 12978 

-0.  08759 

-0. 18287 

-0.  04171 

20.0  -0.  09890  0.13067 

[(-53>1]  [(-53)'] 


0. 15117  -0. 05509  -0. 18422  -0.  07387  0, 

m m m m t 


Jg(x) 

29186 

30161 

30852 

31224 

31244 

30886 

30130 

28964 

27388 

25407 

23038 

20310 

17260 

13935 

10393 

06698 

02921 

00860 

04567 

08117 

11431 

14432 

17048 

19216 

20883 

22005 

22553 

22514 

21888 

20690 

18953 

16725 

14065 

11047 

07756 

04286 

00733 

02799 

06210 

09400 

12276 

14756 

16766 

18247 

19159 

19474 

19187 

18309 

16869 

14916 

12513 

-4)81 
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BESSEL  FUNCTIONS— ORDERS  3-9 

Table  9.2 

X 

Y3(x) 

F4(x) 

Yb(x) 

Fe(x) 

Yy(x) 

Ya(x) 

r9(x) 

10.0 

-0.  25136 

-0. 14495 

0. 13540 

0.  28035 

0.  20102 

0.  00108 

-0. 19930 

10.2 

-0.  23314 

-0. 18061 

0.  09148 

0.27030 

0.  22652 

0.  04061 

-0. 16282 

10.4 

-0.  20686 

-0.  20954 

+0.  04567 

0.  25346 

0. 24678 

0.  07874 

-0. 12563 

10.6 

-0. 17359 

-0.23087 

-0.  00065 

0.23025 

0.26131 

0. 11488 

-0.  08791 

10.8 

-0. 13463 

-0.  24397 

-0.  04609 

0.20130 

0.26975 

0. 14838 

-0.  04993 

11.0 

-0.  09148 

-0.  24851 

-0.  08925 

0. 16737 

0.  27184 

0. 17861 

-0.  01205 

11.2 

-0.  04577 

-0.  24445 

-0. 12884 

0. 12941 

0.  26750 

0.  20496 

+0.  02530 

11.4 

+0.00082 

-0.23203 

-0. 16365 

0. 08848 

0.  25678 

0.  22687 

0.  06163 

11.6 

0.  04657 

-0.21178 

-0.19262 

0.  04573 

0.  23992 

0.  24384 

0.  09640 

11.8 

0.  08981 

-0. 18450 

-0.  21489 

+0.  00238 

0. 21732 

0.  25545 

0.12906 

12.0 

0. 12901 

-0. 15122 

-0.  22982 

-0.  04030 

0. 18952 

0.  26140 

O'.  15902 

12.2 

0. 16277 

-0.11317 

-0.  23698 

-0.  08107 

0. 15724 

0.  26151 

0. 18573 

12.4 

0. 18994 

-0.  07175 

-0.  23623 

-0. 11875 

0.12130 

0.  25571 

0.  20865 

12.6 

0.  20959 

-0.  02845 

-0.  22766 

-0. 15223 

0.  08268 

0.  24409 

0.  22728 

12.8 

0.  22112 

+0.  01518 

-0.  21163 

-0.18052 

0.  04240 

0.  22689 

0.24122 

13.0 

0.  22420 

0.  05759 

-0. 18876 

-0.  20279 

+0.  00157 

0.  20448 

0.25010 

13.2 

0.  21883 

0.  09729 

-0. 15987 

-0.21840 

-0.  03868 

0. 17738 

0.  25369 

13.4 

0.  20534 

0. 13289 

-0.12600 

-0. 22692 

-0.  07722 

0. 14625 

0. 25184 

13.6 

0.18432 

0. 16318 

-0.  08833 

-0.  22813 

-0. 11296 

0. 11185 

0.  24454 

13.8 

0.15666 

0. 18712 

-0.  04819 

-0. 22204 

-0. 14489 

0.  07505 

0.  23190 

14.0 

0.12350 

0.20393 

-0.  00697 

-0. 20891 

-0. 17209 

+0.  03682 

0.21417 

14.2 

0.  08615 

0.  21308 

+0.  03390 

-0. 18921 

-0. 19380 

-0.  00186 

0.19170 

14.4 

0.  04605 

0.  21434 

0.  07303 

-0. 16363 

-0.  20939 

-0.  03994 

0.16501 

14.6 

+0.  00477 

0.  20775 

0.10907 

-0. 13305 

-0.  21842 

-0.  07640 

0. 13470 

14.8 

-0.  03613 

0. 19364 

0. 14080 

-0.  09850 

-0.  22067 

-0.11024 

0. 10149 

15.0 

-0.  07511 

0.17261 

0.16717 

-0.  06116 

-0. 21610 

-0. 14053 

0.06620 

15.2 

-0. 11072 

0. 14550 

0. 18730 

-0.  02228 

-0.  20489 

-0. 16644 

+0.  02969 

15.4 

-0.14165 

0.11339 

0.  20055 

+0.  01684 

-0. 18743 

-0.  18723 

-0.  00710 

15.6 

-0. 16678 

0.  07750 

0.  20652 

0.  05489 

-0. 16430 

-0.20234 

-0.  04322 

15.8 

-0. 18523 

+0.  03920 

0.20507 

0.  09059 

-0. 13627 

-0.  21134 

-0.  07775 

16.0 

-0. 19637 

-0.  00007 

0.  19633 

0. 12278 

-0. 10425 

-0. 21399 

-0. 10975 

16.2 

-0. 19986 

-0.  03885 

0.18067 

0.15038 

-0.  06928 

-0.  21025 

-0. 13838 

16.4 

-0. 19566 

-0.  07571 

0. 15873 

0. 17250 

-0.  03251 

-0.20025 

-0.16286 

16.6 

-0. 18402 

-0.10930 

0.13135 

0. 18843 

+0.  00487 

-0. 18432 

-0. 18253 

16.8 

-0. 16547 

-0. 13841 

0.  09956 

0. 19767 

0.  04164 

-0. 16297 

-0. 19685 

17.0 

-0.  14078 

-0.16200 

0.  06455 

0. 19996 

0.  07660 

-0. 13688 

-0.  20543 

17.2 

-0.11098 

-0. 17924 

+0.  02761 

0. 19529 

0. 10864 

-0. 10686 

-0.20805 

17.4 

-0.  07725 

-0. 18956 

-0.  00990 

0. 18387 

0, 13671 

-0.  07387 

-0.  20464 

17.6 

-0.  04094 

-0. 19265 

-0.  04663 

0. 16616 

0. 15991 

-0.  03895 

-0. 19533 

17.8 

-0.  00347 

-0. 18846 

-0.  08123 

0. 14282 

0. 17752 

-0. 00320 

-0.  18039 

18.0 

+0.  03372 

-0. 17722 

-0. 11249 

0.11472 

0.18897 

+0.  03225 

-0. 16030 

18.2 

0.  06920 

-0. 15942 

-0.13928 

0.  08289 

0. 19393 

0.  06629 

-0. 13566 

18.4 

0.10163 

-0. 13580 

-0.16067 

0.  04848 

0. 19229 

0.  09782 

-0. 10722 

18.6 

0. 12977 

-0. 10731 

-0. 17593 

+0.  01272 

0. 18414 

0.  12587 

-0.  07586 

18.8 

0.15261 

-0.  07506 

-0.  18455 

-0.  02310 

0. 16980 

0. 14955 

-0.  04252 

19.0 

0.16930 

-0.  04031 

-0. 18628 

-0.  05773 

0. 14982 

0. 16812 

-0.  00824 

19.2 

0.17927 

-0.  00440 

-0. 18111 

-0.  08993 

0.12490 

0.18100 

+0.  02593 

19.4 

0. 18221 

+0.03131 

-0. 16930 

-0.11857 

0.  09595 

0. 18782 

0.  05895 

19.6 

0.17805 

0.  06546 

-0.15134 

-0. 14267 

0.  06399 

0. 18838 

0.  08979 

19.8 

0.  16705 

0.  09678 

-0. 12794 

-0. 16139 

+0.  03013 

0.18270 

0. 11750 

20.0 

0. 14967 

0. 12409 

-0.10004 

-0. 17411 

-0.  00443 

0. 17101 

0. 14124 

r(-3)n 

[■(-3)11 

f(-3)n 

r(-4)9i 

r(-4)9i 

[(-4)8-1 

r(-4)8i 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

L 5 J 
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Table  9.3  BESSEL  FUNCTIONS— ORDERS  10,  11,  20  AND  21 


X 

1010ar~  10«/io(#)  10n.T  nJ\l(x) 

10-9.r10  Y io(r)  1025*— 20  J20(x)  1027X-21  J2l  (x)  10-23*20  F20(x) 

0.0 

2. 69114 

446 

1.22324 

748 

-0. 11828 

049 

3.  91990 

9. 33311 

-0.  406017 

0.1 

2.  69053 

290 

1.22299 

266 

-0. 11831 

335 

3. 91944 

9. 33205 

-0.  406071 

0.2 

2. 68869 

898 

1.22222 

850 

-0. 11841 

200 

3. 91804 

9. 32886 

-0.  406231 

0.3 

2.  68564 

500 

1.22095 

588 

-0. 11857 

661 

3.  91571 

9. 32357 

-0. 406499 

0.4 

2.  68137 

477 

1.21917 

626 

-0. 11880 

750 

3. 91244 

9.  31615 

-0. 406873 

0.5 

2. 67589 

362 

1. 21689 

169 

-0. 11910 

510 

3.  90825 

9. 30663 

-0.  407355 

0.6 

2.  66920 

838 

1.21410 

481 

-0. 11946 

998 

3.90314 

9. 29500 

-0.  407945 

0.7 

2.  66132 

738 

1.21081 

883 

-0. 11990 

282 

3. 89710 

9. 28128 

-0. 408644 

0.8 

2.  65226 

043 

1.20703 

750 

-0. 12040 

444 

3.  89015 

9. 26546 

-0. 409452 

0.9 

2.  64201 

878 

1.20276 

518 

-0. 12097 

581 

3.  88228 

9. 24758 

-0.  410369 

1.0 

2. 63061 

512 

1.19800 

675 

-0.12161 

801 

3. 87350 

9.22762 

-0.  411397 

1.1 

2. 61806 

358 

1.19276 

764 

-0. 12233 

229 

3. 86383 

9. 20562 

-0.  412536 

1.2 

2. 60437 

963 

1. 18705 

385 

-0. 12312 

002 

3.  85325 

9. 18157 

-0;  413788 

1.3 

2.  58958 

012 

1.18087 

185 

-0. 12398 

273 

3. 84179 

9.15550 

-0.  415153 

1.4 

2.  57368 

323 

1.17422 

867 

-0. 12492 

212 

3. 82945 

9. 12743 

-0.  416632 

1.5 

2.  55670 

842 

1.16713 

182 

-0. 12594 

004 

3.  81624 

9. 09737 

-0.  418228 

1.6 

2.  53867 

639 

1.15958 

931 

-0. 12703 

852 

3. 80216 

9. 06534 

-0.  419940 

1.7 

2.  51960 

907 

1.15160 

961 

-0. 12821 

977 

3. 78723 

9. 03137 

-0.  421771 

1.8 

2.  49952 

955 

1.14320 

168 

-0. 12948 

616 

3. 77146 

8.  99546 

-0. 423722 

1.9 

2.  47846 

207 

1.13437 

488 

-0.13084 

030 

3.  75485 

8.  95766 

-0.  425795 

2.0 

2.  45643 

192 

1.12513 

904 

-0. 13228 

497 

3.73742 

8.  91797 

-0. 427992 

2.1 

2. 43346 

545 

1.11550 

438 

-0. 13382 

319 

3.  71918 

8. 87643 

-0. 430315 

2.2 

2. 40959 

000 

1.10548 

152 

-0. 13545 

821 

3. 70015 

8. 83306 

-0. 432764 

2.3 

2.  38483 

384 

1. 09508 

144 

-0. 13719 

351 

3.  68032 

8. 78790 

-0.  435344 

2.4 

2.  35922 

612 

1. 08431 

551 

-0. 13903 

284 

3. 65973 

8. 74096 

-0.  438056 

2.5 

2.  33279 

682 

1. 07319 

540 

-0. 14098 

022 

3.  63837 

8. 69228 

-0.  440902 

2.6 

2. 30557 

673 

1. 06173 

312 

-0. 14303 

997 

3.  61627 

8.  64189 

-0.  443885 

2.7 

2.  27759 

732 

1. 04994 

098 

-0. 14521 

672 

3. 59344 

8. 58981 

-0.  447007 

2.8 

2. 24889 

074 

1. 03783 

155 

-0. 14751 

543 

3. 56989 

8.53609 

-0. 450272 

2.9 

2. 21948 

976 

1. 02541 

767 

-0. 14994 

141 

3.  54564 

8.  48076 

-0.  453682 

3.0 

2. 18942 

770 

1. 01271 

242 

-0. 15250 

037 

3. 52071 

8.  42385 

-0.  457241 

3.1 

2. 15873 

836 

0. 99972 

906 

-0.15519 

840 

3. 49510 

8. 36539 

-0. 460951 

3.2 

2. 12745 

598 

0. 98648 

108 

-0. 15804 

206 

3. 46885 

8. 30542 

-0.  464816 

3.3 

2. 09561 

517 

0. 97298 

213 

-0.16103 

836 

3.  44195 

8.  24397 

-0.  468840 

3.4 

2. 06325 

085 

0. 95924 

599 

-0.16419 

482 

3. 41444 

8.18110 

-0.  473027 

3.5 

2. 03039 

820 

0. 94528 

659 

-0. 16751 

951 

3. 38633 

8. 11682 

-0.  477379 

3.6 

1.  99709 

260 

0. 93111 

794 

-0. 17102 

110 

3. 35763 

8.  05119 

-0.  481902 

3.7 

1.  96336 

956 

0. 91675 

415 

-0. 17470 

889 

3.  32837 

7.  98424 

-0.  486600 

3.8 

1.  92926 

467 

0. 90220 

939 

-0. 17859 

286 

3. 29855 

7.  91600 

-0.  491476 

3.9 

1.  89481 

352 

0. 88749 

785 

-0. 18268 

376 

3.  26821 

7.  84653 

-0. 496537 

4.0 

1.  86005 

168 

0.  87263 

375 

-0. 18699 

314 

3.  23736 

7. 77586 

-0.  501786 

4.1 

1.  82501 

462 

0. 85763 

130 

-0. 19153 

346 

3. 20601 

7.70403 

-0.  507229 

4.2 

1. 78973 

765 

0. 84250 

469 

-0. 19631 

812 

3. 17419 

7.  63108 

-0.  512872 

4.3 

1.  75425 

588 

0. 82726 

806 

-0.  20136 

159 

3.14192 

7. 55707 

-0.  518719 

4.4 

1. 71860 

416 

0. 81193 

548 

-0.  20667 

950 

3. 10921 

7. 48202 

-0.  524777 

4.5 

1.  68281 

701 

0. 79652 

093 

-0. 21228 

873 

3. 07608 

7. 40598 

-0.531051 

4.6 

1.  64692 

860 

0. 78103 

829 

-0. 21820 

757 

3.  04256 

7.  32900 

-0.  537549 

4.7 

1.  61097 

267 

0. 76550 

130 

-0. 22445 

582 

3. 00866 

7.25112 

-0.  544276 

4.8 

1.  57498 

249 

0. 74992 

357 

-0.  23105 

498 

2.  97440 

7.17238 

-0.  551240 

4.9 

1. 53899 

084 

0. 73431 

852 

-0. 23802 

840 

2. 93981 

7.  09282 

-0. 558448 

5.0 

1. 50302 

991 

0. 71869 

942 

-0. 24540 

147 

2. 90490 

7.  01250 

-0. 565907 

i 1 

1 1 

[ 5 J 

m 

m 

i 1 

oo 

1 1 

ra 

Jn+i(x)=^-Jn(x)-J,.-i(x)  r„+i(x)=—  Yn(x)-Yn- i(x) 

Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  functions,  Part  II.  Functions 
of  positive  integer  order,  Mathematical  Tables,  vol.  X (Cambridge  Univ.  Press,  Cambridge,  England, 
1952),  L.  Fox,  A short  table  for  Bessel  functions  of  integer  orders  and  large  arguments.  Royal  Society 
Shorter  Mathematical  Tables  No.  3 (Cambridge  Univ.  Press,  Cambridge,  England,  1954),  and  Mathe- 
matical Tables  Project,  Table  of  fn(r)=nl(hx)-njn(x).  J.  Math.  Phys.  23,  45-60  (1944)  (with  per- 
mission). 
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BESSEL  FUNCTIONS— ORDERS  10,  11,  20  AND  21  Table  9.3 


X 

lO10#-10  J\o(x) 

1011#- n(#) 

10-9x10Fio(z) 

1025x-20  J2o(x)  1027X  2lJ2l(x)  10~23£20F2o(£) 

5.0 

1.  50302 

991 

0.  71869 

942 

-0.  24540 

147 

2.90490 

7.  01250 

-0.  565907 

5.1 

1.46713 

132 

0.70307 

931 

-0.  25320 

186 

2. 86969 

6.93145 

-0.  573626 

5.2 

1.43132 

603 

0.  68747 

104 

-0.26145 

975 

2.83421 

6.  84971 

-0.  581612 

5.3 

1.  39564 

431 

0.  67188 

722 

-0.  27020 

813 

2. 79846 

6.  76734 

-0.  589875 

5.4 

1.  36011 

571 

0.  65634 

019 

-0.  27948 

304 

2.76248 

6.  68437 

-0.  598423 

5.5 

1.  32476 

904 

0.  64084 

205 

-0.  28932 

400 

2.72628 

6.  60085 

-0.  607266 

5.6 

1.  28963 

229 

0.  62540 

463 

-0.  29977 

431 

2. 68988 

6.  51682 

-0.  616414 

5.7 

1.  25473 

264 

0.  61003 

945 

-0.  31088 

154 

2.65330 

6.  43233 

-0.  625876 

5.8 

1.  22009 

642 

0.  59475 

774 

-0.  32269 

795 

2.  61656 

6.  34742 

-0.  635663 

5.9 

1.  18574 

907 

0.  57957 

041 

-0.  33528 

105 

2.  57967 

6.26213 

-0.  645788 

6.0 

1.15171 

513 

0.  56448 

805 

-0.  34869 

413 

2.54267 

6. 17651 

-0.  656261 

6.1 

1.11801 

822 

0.  54952 

091 

-0.  36300 

693 

2.50556 

6.  09059 

-0.  667094 

6.2 

1.  08468 

098 

0.  53467 

890 

-0.  37829 

631 

2. 46837 

6.  00443 

-0.  678301 

6.3 

1.  05172 

510 

0.51997 

158 

-0.  39464 

698 

2.43111 

5.  91806 

-0.  689895 

6.4 

1.  01917 

129 

0.50540 

814 

-0.  41215 

232 

2. 39381 

5.  83152 

-0.  701890 

6.5 

0.98703 

926 

0.  49099 

740 

-0.  43091 

524 

2. 35647 

5.  74485 

-0.  714300 

6.  6 

0.  95534 

769 

0.  47674 

781 

-0.45104 

907 

2.31913 

5.  65810 

-0.  727140 

6.7 

0.  92411 

427 

0.46266 

745 

-0.  47267 

855 

2.28179 

5.  57131 

-0.  740427 

6.8 

0.  89335 

563 

0.  44876 

400 

-0.  49594 

084 

2. 24448 

5.  48451 

-0.  754178 

6.9 

0.  86308 

740 

0.  43504 

477 

-0.  52098 

648 

2.20721 

5.  39775 

-0.  768410 

7.0 

0.  83332 

414 

0.  42151 

665 

-0.  54798 

051 

2.17000 

5.  31106 

-0.  783140 

7.1 

0.  80407 

941 

0.  40818 

616 

-0.  57710 

346 

2.13286 

5.  22448 

-0. 798389 

7.2 

0.  77536 

570 

0.  39505 

943 

-0.  60855 

234 

2. 09582 

5. 13805 

-0.  814177 

7.3 

0.  74719 

450 

0.  38214 

216 

-0.  64254 

159 

2. 05888 

5.  05181 

-0.  830524 

7.4 

0.  71957 

626 

0.36943 

970 

-0.  67930 

390 

2. 02206 

4.  96579 

-0. 847452 

7.5 

0.  69252 

040 

0.  35695 

696 

-0.  71909 

088 

1.98539 

4. 88002 

-0.  864985 

7.6 

0.  66603 

536 

0.  34469 

850 

-0.  76217 

356 

1. 94887 

4. 79455 

-0.  883147 

7.7 

0.  64012 

854 

0.  33266 

845 

-0.  80884 

258 

1.91252 

4.  70940 

-0.  901963 

7.8 

0.  61480 

640 

0.  32087 

058 

-0.  85940 

807 

1. 87635 

4.  62461 

-0.  921460 

7.9 

0.  59007 

439 

0. 30930 

826 

-0.  91419 

914 

1.84038 

4.  54021 

-0.  941665 

8.0 

0.  56593 

704 

0.  29798 

448 

-0.  97356 

279 

1. 80462 

4.  45624 

-0.  962608 

8.1 

0.  54239 

791 

0.  28690 

187 

-1. 03786 

231 

1.76908 

4. 37272 

-0.  984319 

8.2 

0.  51945 

967 

0.  27606 

265 

-1. 10747 

485 

1.73378 

4.  28968 

-1. 006831 

8.3 

0.  49712 

408 

0.  26546 

873 

-1.18278 

826 

1. 69874 

4.  20716 

-1. 030178 

8.4 

0.  47539 

201 

0.25512 

162 

-1.  26419 

685 

1. 66395 

4.12518 

-1. 054394 

8.5 

0.  45426 

352 

0.  24502 

250 

-1.  35209 

608 

1. 62944 

4.  04377 

-1.  079518 

8.6 

0.  43373 

779 

0.23517 

220 

-1.  44687 

598 

1.59521 

3.  96296 

-1. 105589 

8.7 

0.  41381 

323 

0.  22557 

121 

-1.  54891 

312 

1.56128 

3.  88277 

-1. 132647 

8.8 

0.  39448 

748 

0. 21621 

969 

-1.  65856 

097 

1. 52765 

3.  80323 

-1. 160736 

8.9 

0fc  37575 

740 

0.20711 

750 

-1.  77613 

854 

1. 49434 

3.  72436 

-1. 189902 

9.0 

0.  35761 

917 

0. 19826 

418 

-1.90191 

706 

1.46136 

3.  64619 

-1.  220192 

9.1 

0.  34006 

823 

0.18965 

897 

-2. 03610 

452 

1.42872 

3.  56873 

-1.  251657 

9.2 

0.  32309 

939 

0.18130 

082 

-2. 17882 

801 

1. 39641 

3.  49201 

-1.  284351 

9.3 

0.  30670 

683 

0.17318 

839 

-2.  33011 

366 

1. 36447 

3.  41606 

-1.  318328 

9.4 

0.  29088 

411 

0. 16532 

010 

-2.  48986 

396 

1.33288 

3.  34088 

-1. 353647 

9.5 

0.27562 

422 

0. 15769 

409 

-2.  65783 

251 

1.30166 

3.  26651 

-1. 390372 

9.6 

0.  26091 

963 

0.  15030 

825 

-2.  83359 

602 

1.27082 

3. 19294 

-1.  428567 

9.7 

0.  24676 

227 

0.14316 

025 

-3.  01652 

353 

1.24036 

3.12022 

-1. 468301 

9.8 

0.23314 

362 

0. 13624 

751 

-3.  20574 

283 

1.21029 

3.  04834 

-1. 509646 

9.9 

0.22005 

470 

0. 12956 

726 

-3.  40010 

421 

1.18061 

2. 97733 

-1. 552680 

LO.O 

0.  20748 

611 

0.12311 

653 

-3.  59814 

152 

1.15134 

2.90720 

-1. 597484 

[•(-5)81  R-5)3!  R-3)1!  R-s)5l  r(-4)n  rc— 4)2- 
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BESSEL  FUNCTIONS  OF  INTEGER  ORDER 


Table  9.3  BESSEL  FUNCTIONS— ORDERS  10,  11,  20  AND  21 


X 

J io(z) 

J u(x) 

Fio(z) 

102h-,x>J2o(x)  1027z-21  J2i(x) 

10-23*20720(3) 

10.0 

0.  20748 

611 

0.12311 

653 

-0.  35981 

415 

1.151337 

2.907199 

- 1.59748 

10.1 

0.  21587 

417 

0. 13041 

285 

-0.  34383 

078 

1.122469 

2. 837961 

- 1.64414 

10.2 

0.  22413 

707 

0.13787 

866 

-0.  32793 

809 

1.094012 

2.769629 

- 1.69275 

10.3 

0.23223 

256 

0. 14549 

509 

-0.  31207 

433 

1.065970 

2.702215 

- 1.74339 

10.4 

0.24011 

699 

0.15324 

123 

-0.  29618 

615 

1. 038347 

2. 635729 

- 1.79618 

10.5 

0.  24774 

554, 

0.16109 

407 

-0.  28022 

819 

1. 011148 

2. 570182 

- 1.85121 

10.6 

0.25507 

240 

0. 16902 

861 

-0.26416 

276 

0. 984374 

2. 505582 

- 1.90861 

10.7 

0.26205 

109 

0.17701 

780 

-0.  24795 

949 

0.958030 

2. 441939 

- 1.96848 

10.8 

0.  26863 

466 

0. 18503 

266 

-0.  23159 

513 

0.932118 

2. 379259 

- 2.03097 

10.9 

0.  27477 

603 

0.19304 

230 

-0.  21505 

324 

0.  906639 

2.  317550 

- 2.09619 

11.  0 

0.  28042 

823 

0.20101 

401 

-0. 19832 

403 

0.  881596 

2.256817 

- 2.16430 

11.1 

0.  28554 

479 

0.  20891 

340 

-0. 18140 

409 

0.  856989 

2.197065 

- 2.23544 

11.2 

0.29007 

999 

0.  21670 

446 

-0. 16429 

620 

0.  832821 

2. 138299 

- 2.30977 

11.3 

0.  29398 

925 

0.22434 

974 

-0. 14700 

917 

0.  809092 

2. 080523 

- 2.38746 

11.4 

0.  29722 

944 

0.23181 

048 

-0.12955 

753 

0.  785801 

2. 023738 

- 2.46870 

11.5 

0.29975 

923 

0.23904 

680 

-0.11196 

142 

0.  762950 

1. 967947 

- 2.55367 

11.6 

0.30153 

946 

0.  24601 

789 

-0.  09424 

628 

0. 740539 

1.913152 

- 2.64257 

11.7 

0.  30253 

345 

0.25268 

218 

-0.  07644 

263 

0.  718565 

1.859352 

- 2.73563 

11.8 

0.  30270 

737 

0.25899 

761 

-0.  05858 

580 

0.  69702^9 

1. 806548 

- 2.83307 

11.9 

0.  30203 

061 

0.  26492 

183 

-0.  04071 

566 

0. 675930 

1. 754740 

- 2.93513 

12.0 

0.  30047 

604 

0.  27041 

248 

-0.  02287 

631 

0.  655266 

1.703925 

- 3.04208 

12.1 

0.29802 

036 

0.  27542 

744 

-0.  00511 

577 

0. 635035 

1.654102 

- 3.15419 

12.2 

0.  29464 

445 

0.  27992 

508 

+0.  01251 

441 

0. 615236 

1. 605267 

- 3.27175 

12.3 

0.29033 

357 

0. 28386 

459 

0.  02995 

946 

0.  595866 

1.557418 

- 3.39509 

12.4 

0.28507 

771 

0.  28720 

623 

0.  04716 

182 

0.576923 

1.510551 

- 3.52453 

12.5 

0.  27887 

175 

0.  28991 

166 

0.  06406 

154 

0.  558403 

1. 464660 

- 3.66044 

12.6 

0.  27171 

575 

0.  29194 

422 

0.  08059 

668 

0. 540305 

1.419743 

- 3.80321 

12.7 

0.  26361 

509 

0.29326 

923 

0.  09670 

381 

0.522625 

1. 375791 

- 3.95323 

12.8 

0.  25458 

064 

0.  29385 

431 

0.11231 

845 

0.505359 

1.332800 

- 4.11095 

12.9 

0.  24462 

889 

0.  29366 

968 

0. 12737 

554 

0. 488504 

1.290762 

- 4.27684 

13.0 

0.23378 

201 

0.  29268 

843 

0. 14180 

995 

0. 472056 

1. 249671 

- 4.45140 

13.1 

0.  22206 

793 

0.  29088 

684 

0.15555 

698 

0. 456011 

1.209520 

- 4.63518 

13.2 

0.20952 

032 

0. 28824 

464 

0. 16855 

286 

0.  440365 

1.170299 

- 4. 82874 

13.3 

0.19617 

859 

0.  28474 

526 

0. 18073 

529 

0.425114 

1.132001 

- 5.03272 

13.4 

0. 18208 

776 

0.28037 

612 

0. 19204 

392 

0.  410252 

1. 094617 

- 5.24778 

13.5 

0. 16729 

840 

0.  27512 

884 

0.  20242 

090 

0.  395776 

1. 058137 

- 5.47464 

13.6 

0.15186 

646 

0.26899 

942 

0.  21181 

137 

0.  381681 

1.022552 

- 5.71407 

13.7 

0.  13585 

302 

0.26198 

851 

0.  22016 

393 

0.  367961 

0. 987853 

- 5.96691 

13.8 

0.11932 

411 

0.25410 

149 

0.  22743 

118 

0. 354612 

0.  954028 

- 6.23405 

13.9 

0.  10235 

036 

0. 24534 

866 

0.23357 

014 

0.341628 

0.  921067 

- 6.51646 

14.0 

0.  08500 

671 

0.23574 

535 

0.  23854 

273 

0. 329005 

0. 888960 

- 6.81520 

14.1 

0.  06737 

200 

0.  22531 

197 

0.  24231 

614 

0. 316736 

0.  857694 

- 7.13138 

14.2 

0.  04952 

862 

0.21407 

407 

0.  24486 

329 

0.304816 

0.  827260 

- 7.46624 

14.3 

0.  03156 

199 

0.20206 

238 

0.  24616 

313 

0.  293240 

0. 797644 

- 7.82110 

14.4 

+0.  01356 

013 

0. 18931 

275 

0.  24620 

100 

0.  282001 

0.  768835 

- 8.19739 

14.5 

-0.  00438 

689 

0.17586 

611 

0.  24496 

888 

0.271095 

0. 740821 

- 8.59667 

14.6 

-0.  02218 

745 

0. 16176 

836 

0.  24246 

568 

0.  260516 

0. 713590 

- 9.  02062 

14.7 

-0.  03974 

898 

0.14707 

028 

0.  23869 

741 

0.250257 

0. 687129 

- 9.47109 

14.8 

-0.  05697 

854 

0. 13182 

729 

0.  23367 

730 

0.240312 

0.  661426 

- 9.95006 

14.9 

-0.  07378 

344 

0.11609 

931 

0.  22742 

597 

0.230676 

0.  636467 

-10.  45971 

15.  0 -0.  09007  181  0.09995  048  0.21997  141  0.221343  0.612240  -11.00239 
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BESSEL  FUNCTIONS— ORDERS  10,  11,  20  AND  21  Table  9.3 


X 

J io(z) 

J ii(z) 

Fio(x) 

1025£  20 J 2o(x) 

1027 X~21  J2l(x) 

10  - 23x20  Y2o(x) 

15.0 

-0.  09007 

181 

0.  09995 

048 

0.  21997 

141 

0.22134 

33 

0.  61224 

04 

- 11.  0024 

15.1 

-0.10575 

330 

0.  08344 

886 

0.21134 

904 

0.21230 

71 

0. 58873 

25 

- 11.  5807 

15.2 

-0.12073 

964 

0.  06666 

618 

0.20160 

159 

0.20356 

16 

0. 56593 

06 

- 12.1974 

15.3 

-0. 13494 

535 

0.  04967 

738 

0. 19077 

902 

0.19510 

08 

0. 54382 

12 

- 12.8555 

15.4 

-0.14828 

828 

0.  03256 

035 

0. 17893 

834 

0.18691 

87 

0.  52239 

14 

- 13.5585 

15.5 

-0. 16069 

032 

+0.  01539 

539 

0. 16614 

338 

0.17900 

91 

0.50162 

76 

- 14.3098 

15.6 

-0.  17207 

791 

-0.  00173 

513 

0.15246 

453 

0.17136 

62 

0.  48151 

66 

- 15.1136 

15.7 

-0. 18238 

269 

-0.  01874 

731 

0. 13797 

838 

0.16398 

38 

0.46204 

52 

- 15.9742 

15.8 

-0. 19154 

204 

-0.  03555 

621 

0.12276 

733 

0.15685 

60 

0.44319 

99 

- 16.8962 

15.9 

-0. 19949 

958 

-0.  05207 

632 

0. 10691 

918 

0.14997 

67 

0.42496 

74 

- 17.8849 

16.0 

-0.20620 

569 

-0.  06822 

215 

0.  09052 

660 

0.14334 

00 

0. 40733 

43 

- 18.9460 

16.1 

-0.  21161 

797 

-0.  08390 

874 

0.  07368 

666 

0.13694 

00 

0.39028 

75 

- 20.  0855 

16.2 

-0.  21570 

160 

-0.  09905 

224 

0.  05650 

016 

0.13077 

08 

0.  37381 

35 

- 21.3104 

16.3 

-0. 21842 

977 

-0.11357 

046 

0.  03907 

110 

0.12482 

65 

0. 35789 

93 

- 22.  6279 

16.4 

-0.  21978 

394 

-0. 12738 

344 

0.  02150 

600 

0.11910 

14 

0.34253 

16 

- 24.  0462 

16.5 

-0.21975 

411 

-0. 14041 

403 

+0.00391 

319 

0.11358 

96 

0. 32769 

75 

- 25.5740 

16.6 

-0.21833 

905 

-0. 15258 

841 

-0.  01359 

786 

0.10828 

55 

0.  31338 

39 

- 27.  2209 

16.7 

-0.21554 

637 

-0. 16383 

668 

-0.  03091 

729 

0.10318 

34 

0.29957 

78 

- 28.9975 

16.8 

-0.21139 

267 

-0. 17409 

338 

-0. 04793 

557 

0. 09827 

77 

0.28626 

66 

- 30.9150 

16.9 

-0.20590 

350 

-0. 18329 

797 

-0.  06454 

431 

0.  09356 

30 

0. 27343 

76 

- 32.  9859 

17.0 

-0.19911 

332 

-0. 19139 

539 

-0.  08063 

696 

0. 08903 

37 

0.26107 

81 

- 35.  2237 

17.1 

-0.19106 

538 

-0. 19833 

646 

-0.  09610 

960 

0. 08468 

45 

0.24917 

57 

- 37.6429 

17.2 

-0. 18181 

155 

-0.  20407 

831 

-0. 11086 

170 

0. 08051 

02 

0.23771 

82 

- 40.2594 

17.3 

-0.17141 

203 

-0.  20858 

485 

-0. 12479 

683 

0. 07650 

53 

0.22669 

32 

- 43. 0904 

17.4 

-0. 15993 

505 

-0.  21182 

701 

-0. 13782 

343 

0.  07266 

49 

0.21608 

89 

- 46.1543 

17.5 

-0. 14745 

649 

-0.  21378 

318 

-0.14985 

544 

0. 06898 

37 

0.  20589 

33 

- 49.4711 

17.6 

-0. 13405 

943 

-0.  21443 

935 

-0. 16081 

304 

0.  06545 

69 

0. 19609 

48 

- 53.  0622 

17.7 

-0.11983 

363 

-0.  21378 

944 

-0. 17062 

321 

0. 06207 

96 

0.18668 

17 

- 56.9506 

17.8 

-0. 10487 

499 

-0.  21183 

538 

-0. 17922 

038 

0. 05884 

68 

0. 17764 

27 

- 61.1611 

17.9 

-0.  08928 

492 

-0.  20858 

727 

-0. 18654 

691 

0. 05575 

39 

0. 16896 

66 

- 65.7197 

18.0 

-0.  07316 

966 

-0.20406 

341 

-0.  19255 

365 

0.  05279 

63 

0.16064 

24 

- 70.  6543 

18.1 

-0.  05663 

961 

-0. 19829 

032 

-0. 19720 

030 

0.  04996 

93 

0.15265 

91 

- 75.9946 

18.2 

-0.  03980 

852 

-0.19130 

265 

-0.20045 

582 

0.  04726 

85 

0.14500 

62 

- 81.7717 

18.3 

-0.  02279 

278 

-0. 18314 

307 

-0.20229 

875 

0. 04468 

96 

0.13767 

32 

- 88.0182 

18.4 

-0.  00571 

052 

-0.17386 

213 

-0.20271 

742 

0. 04222 

83 

0.13064 

97 

- 94.7683 

18.5 

+0.  01131 

917 

-0. 16351 

793 

-0.  20171 

Oil 

0. 03988 

04 

0.12392 

57 

-102. 0574 

18.6 

0.  02817 

711 

-0.15217 

591 

-0. 19928 

520 

0. 03764 

17 

0.11749 

14 

-109.  9219 

18.7 

0.  04474 

490 

-0. 13990 

845 

-0. 19546 

113 

0.  03550 

84 

0.11133 

69 

-118.  3992 

18.8 

0.  06090 

579 

-0.  12679 

446 

-0. 19026 

637 

0. 03347 

64 

0.10545 

28 

-127.  5270 

18.9 

0.  07654 

556 

-0. 11291 

893 

-0. 18373 

930 

0. 03154 

21 

0.  09982 

98 

-137. 3432 

19.0 

0.  09155 

333 

-0.  09837 

240 

-0. 17592 

797 

0. 02970 

16 

0. 09445 

89 

-147.8850 

19.1 

0.10582 

247 

-0.  08325 

039 

-0. 16688 

985 

0. 02795 

15 

0.  08933 

10 

-159.1885 

19.2 

0.11925 

134 

-0.  06765 

283 

-0. 15669 

143 

0.  02628 

80 

0. 08443 

76 

-171.  2882 

19.3 

0.13174 

416 

-0.  05168 

334 

-0. 14540 

785 

0.02470 

79 

0.  07977 

01 

-184.2155 

19.4 

0. 14321 

168 

-0.  03544 

863 

-0. 13312 

231 

0. 02320 

78 

0. 07532 

03 

-197. 9980 

19.5 

0.15357 

193 

-0.  01905 

771 

-0. 11992 

560 

0.  02178 

44 

0.  07108 

01 

-212. 6582 

19.6 

0.16275 

089 

-0.  00262 

120 

-0.10591 

538 

0.02043 

46 

0.  06704 

16 

-228. 2122 

19.7 

0.17068 

305 

+0.  01374 

948 

-0.  09119 

555 

0.  01915 

54 

0.  06319 

71 

-244.  6678 

19.8 

0. 17731 

198 

0.  02994 

285 

-0.  07587 

548 

0.  01794 

37 

0.  05953 

92 

-262. 0226 

19.9 

0.18259 

079 

0. 04584 

818 

-0.  06006 

922 

0.  01679 

67 

0.  05606 

06 

-280.  2622 

20.0 

0. 18648 

256 

0.  06135 

630 

-0.  04389 

465 

0.01571 

16 

0.  05275 

42 

-299. 3574 

'(-4)21  r(-4)21  f(  — 4)2“|  f(-5)41  ["(-5)91  r(  — 1)1" 

6 J L 6 J L 6 J L 4 J L 4 J 5 . 
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Table  9.3 

BESSEL  FUNCTIONS— MODULUS  AND  PHASE  OF  ORDERS  10,  11,  20  AND  21 

Jn(x)=Mn{r)  COS  &n(x)  Yn(x)=Mn(x)  S1U  0n(r) 


x~ 1 

,T'ilflo(x) 

010(2)-# 

x^Mn(x) 

*ii  (a) -a 

<x> 

0.  050 

0.85676  701 

-13. 94798  864 

0.87222  790 

-14.96758  686 

20 

0.  048 

0.85136  682 

-14.05389  581 

0.86513  271 

-15.09771  672 

21 

0.  046 

0.84633  336 

-14.15926  984 

0.85857  314 

-15.22701  466 

22 

0.  044 

0.84164  245 

-14.26413  968 

0.85250  587 

-15.35552  901 

23 

0.  042 

0.83727  251 

-14.36853  333 

0.84689  281 

-15.48330  635 

24 

0. 040 

0.83320  419 

-14.47247  807 

0.84170  044 

-15.61039  144 

25 

0.  038 

0.82942  012 

-14.57600  035 

0.83689  917 

-15.73682  771 

26 

0. 036 

0.82590  472 

-14.67912  589 

0.83246  283 

-15.86265  679 

28 

0.  034 

0.82264  403 

-14.78187  967 

0.82836  826 

-15.98791  896 

29 

0.  032 

0.81962  546 

-14.88428  611 

0.82459  496 

-16.11265  291 

31 

0. 030 

0.81683  775 

-14.98636  880 

0.82112  469 

-16.23689  620 

33 

0. 028 

0.81427  076 

-15.08815  085 

0.81794  133 

-16.36068  504 

36 

0. 026 

0.81191  546 

-15.18965  477 

0.81503  056 

-16.48405  469 

38 

0.  024 

0.80976  370 

-15.29090  253 

0.81237  970 

-16.60703  912 

42 

0.022 

0.80780  825 

-15.39191  569 

0.80997  751 

-16.72967  149 

45 

0.  020 

0.80604  267 

-15.49271  527 

0.80781  410 

-16.85198  406 

50 

0.  018 

0.80446  127 

-15.59332  192 

0.80588  079 

-16.97400  835 

56 

0. 016 

0.80305  902 

-15.69375  598 

0.80416  997 

-17.09577  505 

63 

0.  014 

0.80183  156 

-15.79403  741 

0.80267  505 

-17.21731  438 

71 

0.  012 

0.80077  512 

-15.89418  589 

0.80139  036 

-17.33865  590 

83 

0.  010 

0.79988  647 

-15.99422  093 

0.80031  114 

-17.45982  880 

100 

0.008 

0.79916  297 

-16.09416  168 

0.79943  341 

-17.58086  166 

125 

0.  006 

0.79860  244 

-16.19402  726 

0.79875  398 

-17.70178  301 

167 

0.  004 

0.79820  323 

-16.29383  652 

0.79827  039 

-17.82262  084 

250 

0.  002 

0.79796  417 

-16.39360  832 

0.79798  093 

-17.94340  316 

500 

0.  000 

0.79788  456 

m 

-16.49336  143 

m 

0.79788  456 

m 

-18.06415  776 

00 

x— 1 

X^  M2q(x) 

02o(x)~X 

x^  M21  (x) 

021  (x)—x 

<r> 

0.  050 

1.  474083 

-21.  047407 

1. 791133 

-21.  290925 

20 

0. 048 

1. 320938 

-21. 606130 

1. 525581 

-21. 927545 

21 

0.  046 

1.211667 

-22. 149524 

1. 347435 

-22. 550032 

22 

0.  044 

1. 131459 

-22. 676802 

1. 224460 

-23. 154248 

23 

0.  042 

1. 070845 

-23. 188535 

1. 136653 

-23. 738936 

24 

0.  040 

1. 023762 

-23. 685951 

1. 071741 

-24. 304948 

25 

0. 038 

0.986284 

-24.170500 

1. 022171 

-24. 853951 

26 

0.036 

0. 955823 

-24.  643620 

0. 983229 

-25. 387848 

28 

0.  034 

0. 930635 

-25.106640 

0. 951902 

-25. 908478 

29 

0.  032 

0. 909513 

-25.  560748 

0. 926211 

-26. 417500 

31 

0. 030 

0. 891605 

-26.  006988 

0. 904821 

-26. 916369 

33 

0.028 

0. 876293 

-26. 446280 

0. 886799 

-27. 406346 

36 

0.  026 

0. 863121 

-26. 879433 

0. 871483 

-27. 888527 

38 

0. 024 

0. 851743 

-27.  307159 

0. 858385 

-28. 363869 

42 

0.  022 

0. 841895 

-27. 730098 

0. 847145 

-28. 833211 

45 

0. 020 

0. 833375 

-28. 148822 

0. 837487 

-29. 297299 

50 

0.018 

0. 826019 

-28.  563847 

0. 829198 

-29. 756800 

56 

0.016 

0.  819702 

-28. 975650 

0. 822114 

-30. 212318 

63 

0.  014 

0. 814321 

-29.  384666 

0. 816105 

-30. 664405 

71 

0. 012 

0. 809796 

-29.  791303 

0. 811069 

-31. 113569 

83 

0.  010 

0. 806062 

-30. 195941 

0. 806925 

-31. 560285 

100 

0. 008 

0. 803071 

-30.  598942 

0. 803612 

-32. 005000 

125 

0.  006 

0. 800781 

-31.  000652 

0. 801081 

-32. 448139 

167 

0. 004 

0. 799165 

-31. 401404 

0. 799297 

-32. 890109 

250 

0.  002 

0. 798204 

-31.  801522 

0. 798237 

-33.  331307 

500 

0.000 

( j O 

, 1 sO 
CO««i 

1 

-32. 201325 

m 

0. 797885 

m 

-33. 772121 

Ft2] 

00 

<£>= nearest  integer  to  x. 


Compiled  from  L.  Fox,  A short  table  for  Bessel  functions  of  integer  orders  and  large  arguments. 
Royal  Society  Shorter  Mathematical  Tables  No.  3 (Cambridge  Univ.  Press,  Cambridge,  England, 
1954)  (with  permission). 
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BESSEL  FUNCTION S — VARIOU S ORDERS  Table  9.4 


n Jn(  1) 

0 (-  1)7.65197  6866 

1 (_  1)4.40050  5857 

2 (-  1)1.14903  4849 

3 (-  2)1.  95633  5398 

4 (_  3)2.47663  8964 


Jn{  2) 

(-  1)2.23890  7791 

(-  1)5.76724  8078 

(-  1)3.52834  0286 

(-  1)1.28943  2495 
(-  2)3.39957  1981 


J n(5) 

(-  1) -1.  77596  7713 

(-  1) -3.  27579  1376 

(-  2) +4.  65651  1628 

(-  1)  3.  64831  2306 
(-  1)  3.  91232  3605 


5 (-  4)2.49757  7302 

6 (-  5)2.  09383  3800 

7 (-  6)1.  50232  5817 

8 (-  8)9.42234  4173 

9 (-  9)5.24925  0180 


3)7.  03962  9756 

3) 1.  20242  8972 

4) 1.74944  0749 

5) 2.  21795  5229 

6) 2.49234  3435 


(-  1)  2.  61140  5461 

(-  1)  1.31048  7318 

(-  2)  5.  33764  1016 

(-  2)  1.  84052  1665 

(-  3)  5.  52028  3139 


10 

11 

12 

13 

14 


10) 2.  63061  5124 

11) 1.19800  6746 

13) 4.  99971  8179 

14) 1.  92561  6764 
16)6.88540  8200 


(-  7)2.  51538  6283 

(-  8)2.30428  4758 

(-  9)1.93269  5149 

(-  10)1.49494  2010 
(-  11)1.  07294  6448 


3)  1.46780  2647 

4)  3.  50927  4498 

5)  7.  62781  3166 

5)  1.  52075  8221 

6)  2.  80129  5810 


15 

16 

17 

18 
19 


17)2.29753  1532 

19) 7.18639  6587 

20) 2.11537  5568 

22) 5.88034  4574 

23) 1.54847  8441 


I-  13)7.18301  6356 
- 14)4.50600  5896 
- 15)2.65930  7805 
- 16)1.48173  7249 
- 18)7.  81924  3273 


I-  7)  4.  79674  3278 

- 8)  7.  67501  5694 

- 8)  1.  15266  7666 

- 9)  1.63124  4339 
- 10)  2.18282  5842 


20 

30 

40 

50 


25)3.87350  3009 
42)3.48286  9794 
60)1.  10791  5851 
80)2.90600  4948 


(-  19)3.91897  2805 
(-  33)3.65025  6266 
(-  48)1.  19607  7458 
(-  65)3.22409  5839 


- 11) 

2.  77033 

0052 

- 21) 

2.  67117 

7278 

- 33) 

8.  70224 

1617 

- 45) 

2.  29424 

7616 

100  (-189)8.43182  8790 


-158)1.  06095  3112 


(-119)  6.26778  9396 


n 


Jn(  10) 


J n(50) 


Jn(  100) 


0 (-  1) -2.  45935  7645 

1 (-  2) +4.  34727  4617 

2 ( - 1) +2.  54630  3137 

3 (-  2) +5.  83793  7931 

4 (-  1) -2. 19602  6861 


2) +5.  58123  2767 
2) -9.  75118  2813 
2) -5.  97128  0079 
2) +9.  27348  0406 
2) +7. 08409  7728 


I -2) +1.99858  5030 
-2)  -7.  71453  5201 
-2) -2. 15287  5734 
-2) +7.  62842  0172 
-2) +2.  61058  0945 


5 (-  1) -2.  34061  5282 

6 (-  2) -1.44588  4208 

7 (-  l)+2. 16710  9177 

8 (-  1)  3.17854  1268 

9 (-1)  2.91855  6853 


2) -8. 14002  4770 
2) -8.  71210  2682 
2) +6.  04912  0126 

1)  +1.  04058  5632 

2)  -2.  71924  6104 


(-2) -7.  41957  3696 
(-2) -3.  35253  8314 
(-2) +7.  01726  9099 
(-2) +4.  33495  5988 
(-2) -6.  32367  6141 


10 

(-  1) 

2.  07486 

1066 

11 

1.23116 

5280 

12 

(-  2) 

6.  33702 

5497 

13 

(-  2) 

2.  89720 

8393 

14 

(-  2) 

1.  19571 

6324 

1)  -1.13847  8491 

2)  -1.83466  7862 

1)  +1.  05775  3106 

2)  +6.  91188  2768 
2) -6.  98335  2016 


1-2) -5.  47321  7694 
-2)+5.  22903  2602 
-2) +6.  62360  4866 
-2) -3.  63936  7434 
-2) -7.  56984  0399 


15 

( - 3) 

4.  50797 

3144 

16 

(-3) 

1.  56675 

6192 

17 

(-  4) 

5.  05646 

6697 

18 

(-  4) 

1.  52442 

4853 

19 

f — 5) 

4.  31462 

7752 

1) -1.  08225  5990 
3) +4.  89816  0778 

1)  +1.11360  4219 

2)  +7.  08269  2610 
2) -6.  03650  3508 


-2) +1.51981  2122 
-2) +8.  02578  4036 
-2) +1.  04843  8769 
-2) -7.  66931  4854 
-2) -3.  80939  2116 


20 

(-  5) 

1.15133 

6925 

30 

(-12) 

1.55109 

6078 

40 

(-21) 

6.  03089 

5312 

50 

(-30) 

1.  78451 

3608 

1)  -1.16704  3528 

2)  +4.  84342  5725 
1) -1.38176  2812 
1)+1.  21409  0219 


(-2) +6.  22174  5850 
(-2) +8. 14601  2958 
(-2)  +7.  27017  5482 
(-2) -3.  86983  3973 


100  (-89)  6.59731  6064 


-21) +1.11592  7368 


(-2) +9.  63666  7330 


408 


BESSEL  FUNCTIONS  OF  INTEGER  ORDER 


Table  9.4 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
30 
40 
50 

100 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
30 
40 
50 

100 


BESSEL  FUNCTIONS— VARIOUS  ORDERS 


Yn(  1) 

- 2)4  8.  82569  6422 

- 1)  -7.  81212  8213 

( 0) -1.  65068  2607 

( 0) -5.  82151  7606 

( 1) -3. 32784  2303 

( 2) -2.  60405  8666 

( 3) -2.  57078  0243 

( 4) -3.  05889  5705 

( 5) -4.  25674  6185 

( 6) -6.  78020  4939 

( 8) -1.21618  0143 

( 9) -2.  42558  0081 

( 10) -5. 32411  4376 
( 12) -1.  27536  1870 
( 13) -3.  31061  6748 

( L4) -9.  25697  3276 
( 16) -2.  77378  1366 
( 17) -8.  86684  3398 
' 19) -3.  01195  2974 

21)  -1.  08341  6386 

22)  -4. 11397  0315 
39) -3.  04812  8783 
57) -7. 18487  4797 
77) -2. 19114  2813 

(185) -3.  77528  7810 


Fn(10)* 

(-2)+5.  56711  6728 
(-1)4-2.49015  4242 
(-3)  -5.  86808  2442 
(-1) -2.  51362  6572 
(-1) -1.  44949  5119 

1-1) +1.  35403  0477 
-l)+2.  80352  5596 
-l)+2.  01020  0238 
-3)+l.  07547  3734 
-1) -1.99299  2658 

(-1) -3.  59814  1522 
( -1) -5.  20329  0386 
(-1) -7.  84909  7327 
( 0)  -1.36345  4320 
( 0) -2.  76007  1499 

( 0) -6.  36474  5877 
( 1) -1.  63341  6613 
( 1) -4. 59045  8575 
( 2) -1.  39741  4254 
( 2) -4.  57164  5457 

( 3) -1.59748  3848 
( 9) -7.  25614  2316, 
(18) -1.  36280  3297 
(27) -3. 64106  6502 

(85) -4. 84914  8271 


Yn(  2) 

(-  1) +5. 10375  6726 
(-  1) -1.  07032  4315 
(-  1) -6. 17408  1042 
( 0) -1.12778  3777 

( 0) -2.  76594  3226 

( 0) -9.  93598  9128 

( 1) -4.  69140  0242 

( 2) -2.  71548  0254 

( 3) -1.85392  2175 

( 4) -1.45598  2938 

( 5) -1.29184  5422 

( 6) -1.27728  5593 

( 7) -1.  39209  5698 

( 8) -1.65774  1981 

( 9) -2. 14114  3619 

I 10) -2.  98102  3646 
11)  -4. 45012  4034 
12) -7.  09038  8217 
14) -1.20091  5873 
15) -2. 15455  8183 

( 16) -4.  08165  1389 
( 30) -2. 91322  3848 
( 45) -6.  66154  1235 
( 62) -1.97615  0576 

(155) -3.  00082  6049 


F„(50)* 

- 2) -9.  80649  9547 

- 2) -5.  67956  6856 
(-  2)  +9.  57931  6873 
(-  2)+6.  44591  2206 
(-  2) -8.  80580  7408 

(-  2) -7.  85484  1391 
(-  21+7.23483  9130 
(-  2) +9.  59120  2782 
(-  2) -4.  54930  2351 
(-  1) -1.10469  7953 

(-  3) +5.  72389  7182 
(-  11+1. 12759  3542 
(-  2)+4. 38902  1867 
(-  2)-9.  16920  4926 
(-  2) -9. 15700  8429 

(-  2) +4.  04128  0205 
(-  1)+1. 15817  7655 
(-  2)+3.  37105  6788 
(-  2) -9.  28945  7936 
(-  1) -1.  00594  ,6650 

- 2)+l.  64426  3395 

- 1 -1.16457  2349 

- 2) -4.  53080  1120 

- 1) -2. 10316  5546 

(+18) -3. 29380  0188 


Y „(5) 

(-  1) -3.  08517  6252 
(-  1) +1.  47863  1434 
(-  1)  +3.  67662  8826 
(-  1)+1.  46267  1627 
(-  1) -1.92142  2874 

(-  1) -4.  53694  8225 
(-  1)  -7.  15247  3576 
( 0) -1.26289  8836 

( 0) -2.  82086  9383 

( 0) -7.  76388  3188 

11) -2.  51291  1010 
1) -9.  27525  5719 
2)  -3.  82982  1416 
3) -1.74556  1722 
3) -8.  69393  8814 

( 4) -4.  69404  9564 

( 51-2.  72949  0350 

( 6) -1.  69993  3328 

( 71-1.12865  9760 

( 7) -7.  95635  6938 

( 8) -5.  93396  5297 

( 181-4.  02856  8418 
( 291-9.21681  6571 
( 42) -2.  78883  7017 

(115) -5.  08486  3915 


F»(100f 

(-2) -7.  72443  1337 
(-2)  -2.  03723  1200 
(-2) +7.  68368  6713 
(-2)+2.  34457  8669 
(-2) -7.  54301  1992 

(-2) -2.  94801  9628 
(-21+7.24821  0030 
(-21+3.81780  4832 
(-2) -6.  71371  7353 
(-2) -4.  89199  9608 

( -2)+5.  83315  7424 
(-21+6.05863  1093 
(-2) -4.  50025  8583 
(-2)-7.  13869  3153 
(-2) +2.  64419  8363 

(-2) +7.  87906  8695 
(-3) -2.  80477  7550 
(-21-7.96882  1576 
(-21-2.42892  1581 
(-2) +7.  09440  9807 

(-2) +5. 12479  7308 
(-31+6.13883  9212 
( -21+4.  07468  5217 
( -2)+7.65052  6394 

(-1) -1.  66921  4114 


♦See  page  n. 
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Table  9.5 

ZEROS  AND  ASSOCIATED  VALUES  OF  BESSEL  FUNCTIONS  AND  THEIR  DERIVATIVES 


s 

Jo, 

s 

J'oUo,  s) 

Jl,S 

J 1 Ohs) 

J2,s 

J'2(j2,s) 

1 

2. 40482 

55577 

-0. 51914 

74973 

3. 83171 

-0. 40276 

5.13562 

-0. 33967 

2 

5. 52007 

81103 

+0. 34026 

48065 

7. 01559 

+0.  30012 

8. 41724 

+0.  27138 

3 

8. 65372 

79129 

-0. 27145 

22999 

10. 17347 

-0. 24970 

11. 61984 

-0. 23244 

4 

11. 79153 

44391 

+0.  23245 

98314 

13.  32369 

+0. 21836 

14. 79595 

+0.  20654 

5 

14. 93091 

77086 

-0. 20654 

64331 

16. 47063 

-0. 19647 

17. 95982 

-0. 18773 

6 

18. 07106 

39679 

+0. 18772 

88030 

19. 61586 

+0.18006 

21.11700 

+0.17326 

7 

21.21163 

66299 

-0. 17326 

58942 

22. 76008 

-0. 16718 

24.27011 

-0. 16170 

8 

24. 35247 

15308 

+0.16170 

15507 

25. 90367 

+0. 15672 

27. 42057 

+0. 15218 

9 

27. 49347 

91320 

-0. 15218 

12138 

29. 04683 

-0. 14801 

30. 56920 

-0. 14417 

10 

30.  63460 

64684 

+0. 14416 

59777 

32. 18968 

+0. 14061 

33. 71652 

+0. 13730 

11 

33. 77582 

02136 

-0. 13729 

69434 

35. 33231 

-0. 13421 

36. 86286 

-0. 13132 

12 

36.  91709 

83537 

+0.13132 

46267 

38. 47477 

+0. 12862 

40.00845 

+0. 12607 

13 

40. 05842 

57646 

-0. 12606 

94971 

41. 61709 

-0. 12367 

43. 15345 

-0.12140 

14 

43. 19979 

17132 

+0. 12139 

86248 

44. 75932 

+0. 11925 

46. 29800 

+0. 11721 

15 

46. 34118 

83717 

-0. 11721 

11989 

47. 90146 

-0. 11527 

49. 44216 

-0. 11343 

16 

49. 48260 

98974 

+0. 11342 

91926 

51. 04354 

+0. 11167 

52. 58602 

+0.10999 

17 

52. 62405 

18411 

-0. 10999 

11430 

54. 18555 

-0. 10839 

55. 72963 

-0.10685 

18 

55. 76551 

07550 

+0. 10684 

78883 

57. 32753 

+0.10537 

58. 87302 

+0. 10396 

19 

58. 90698 

39261 

-0. 10395 

95729 

60. 46946 

-0. 10260 

62. 01622 

-0. 10129 

20 

62. 04846 

91902 

+0. 10129 

34989 

63. 61136 

+0. 10004 

65. 15927 

+0.  09882 

s 

h,s 

J’zih  s) 

74,8 

JU(ks) 

75,8 

J's{h,s) 

1 

6. 38016 

-0.  29827 

7. 58834 

-0. 26836 

8. 77148 

-0.  24543 

2 

9. 76102 

+0. 24942 

11. 06471 

+0. 23188 

12. 33860 

+0. 21743 

3 

13. 01520 

-0. 21828 

14.  37254 

-0.  20636 

15.70017 

-0. 19615 

4 

16. 22347 

+0. 19644 

17. 61597 

+0. 18766 

18.  98013 

+0. 17993 

5 

19. 40942 

-0. 18005 

20.  82693 

-0. 17323 

22. 21780 

-0. 16712 

6 

22. 58273 

+0. 16718 

24. 01902 

+0. 16168 

25. 43034 

+0. 15669 

7 

25. 74817 

-0. 15672 

27. 19909 

-0. 15217 

28.  62662 

-0. 14799 

8 

28. 90835 

+0. 14801 

30. 37101 

+0. 14416 

31. 81172 

+0. 14059 

9 

32. 06485 

-0. 14060 

33.  53714 

-0. 13729 

34. 98878 

-0.13420 

10 

35.  21867 

+0.13421 

36. 69900 

+0. 13132 

38. 15987 

+0. 12861 

11 

38. 37047 

-0. 12862 

39. 85763 

-0. 12607 

41. 32638 

-0. 12366 

12 

41. 52072 

+0. 12367 

43. 01374 

+0. 12140 

44. 48932 

+0. 11925 

13 

44. 66974 

-0. 11925 

46. 16785 

-0. 11721 

47.  64940 

-0. 11527 

14 

47. 81779 

+0. 11527 

49. 32036 

+0. 11343 

50.  80717 

+0. 11167 

15 

50. 96503 

-0. 11167 

52. 47155 

-0.10999 

53. 96303 

-0. 10838 

16 

54. 11162 

+0. 10839 

55. 62165 

+0.10685 

57. 11730 

+0.10537 

17 

57. 25765 

-0. 10537 

58. 77084 

-0. 10396 

60.  27025 

-0. 10260 

18 

60. 40322 

+0. 10260 

61. 91925 

+0.10129 

63.42205 

+0. 10003 

19 

63. 54840 

-0. 10004 

65. 06700 

-0.  09882 

66. 57289 

-0. 09765 

20 

66.  69324 

+0. 09765 

68. 21417 

+0.  09652 

69.  72289 

+0. 09543 

s 

jo,  s 

J'o(jo,s) 

31,8 

J'lUl,s) 

38,8 

<^8 (78,  *) 

1 

9. 93611 

-0. 22713 

11. 08637 

-0. 21209 

12.22509 

-0. 19944 

2 

13. 58929 

+0. 20525 

14. 82127 

+0. 19479 

16.  03777 

+0. 18569 

3 

17. 00382 

-0. 18726 

18. 28758 

-0. 17942 

19. 55454 

-0. 17244 

4 

20. 32079 

+0.17305 

21.  64154 

+0. 16688 

22. 94517 

+0. 16130 

5 

23. 58608 

-0.16159 

24. 93493 

-0. 15657 

26.26681 

-0.15196 

6 

26. 82015 

+0. 15212 

28. 19119 

+0. 14792 

29. 54566 

+0. 14404 

7 

30. 03372 

-0. 14413 

31. 42279 

-0. 14055 

32. 79580 

-0. 13722 

8 

33. 23304 

+0. 13727 

34. 63709 

+0. 13418 

36.  02562 

+0. 13127 

9 

36. 42202 

-0.13131 

37. 83872 

-0. 12859 

39. 24045 

-0. 12603 

10 

39. 60324 

+0. 12606 

41. 03077 

+0. 12365 

42. 44389 

+0.12137 

11 

42. 77848 

-0. 12139 

44.21541 

-0. 11924 

45.  63844 

-0. 11719 

12 

45. 94902 

+0.11721 

47. 39417 

+0. 11526 

48. 82593 

+0. 11342 

13 

49. 11577 

-0. 11343 

50. 56818 

-0. 11166 

52. 00769 

-0. 10998 

14 

52. 27945 

+0. 10999 

53. 73833 

+0. 10838 

55. 18475 

+0. 10684 

15 

55. 44059 

-0. 10685 

56. 90525 

-0. 10537 

58. 35789 

-0.10395 

16 

58. 59961 

+0. 10396 

60. 06948 

+0.10260 

61. 52774 

+0. 10129 

17 

61. 75682 

-0.10129 

63. 23142 

-0. 10003 

64. 69478 

-0. 09882 

18 

64. 91251 

+0.  09882 

66.  39141 

+0. 09765 

67. 85943 

+0. 09652 

19 

68. 06689 

-0.  09652 

69. 54971 

-0. 09543 

71. 02200 

-0. 09438 

20 

71. 22013 

+0.  09438 

72. 70655 

+0. 09336 

74. 18277 

+0. 09237 
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Table  9.5 


ZEROS 

AND  ASSOCIATED  VALUES  OF 

BESSEL  FUNCTIONS 

AND  THEIR  DERIVATIVES 

s 

yo,  s 

Y'o(»o, .) 

y\,s 

F'lO/i ,.) 

2/2,  8 

Yf2(y2,s) 

1 

0.  89357 

697 

+0.  87942 

080 

2. 19714 

+0. 52079 

3. 38424 

+0. 39921 

2 

3. 95767 

842 

-0.40254 

267 

5. 42968 

-0. 34032 

6. 79381 

-0. 29992 

3 

7. 08605 

106 

+0.  30009 

761 

8. 59601 

+0. 27146 

10. 02348 

+0. 24967 

4 

10. 22234 

504 

-0. 24970 

124 

11. 74915 

-0. 23246 

13.20999 

-0.  21835 

5 

13.  36109 

747 

+0. 21835 

830 

14. 89744 

+0.20655 

16.  37897 

+0. 19646 

6 

16. 50092 

244 

-0. 19646 

494 

18. 04340 

-0. 18773 

19. 53904 

-0. 18006 

7 

19. 64130 

970 

+0.18006 

318 

21.18807 

+0.17327 

22. 69396 

+0. 16718 

8 

22. 78202 

805 

-0.16718 

450 

24. 33194 

-0. 16170 

25. 84561 

-0. 15672 

9 

25. 92295 

765 

+0.15672 

493 

27. 47529 

+0. 15218 

28.  99508 

+0. 14801 

10 

29. 06403 

025 

-0. 14801 

108 

30. 61829 

-0. 14417 

32. 14300 

-0. 14061 

11 

32.  20520 

412 

+0.14060 

578 

33. 76102 

+0. 13730 

35.28979 

+0. 13421 

12 

35. 34645 

231 

-0. 13421 

123 

36. 90356 

-0.13132 

38. 43573 

-0. 12862 

13 

38. 48775 

665 

+0. 12861 

661 

40. 04594 

+0.12607 

41. 58101 

+0. 12367 

14 

41.  62910 

447 

-0.12366 

795 

43. 18822 

-0. 12140 

44. 72578 

-0. 11925 

15 

44. 77048 

661 

+0. 11924 

981 

46. 33040 

+0.11721 

47. 87012 

+0.11527 

16 

47. 91189 

633 

-0.11527 

369 

49. 47251 

-0.11343 

51. 01413 

-0. 11167 

17 

51. 05332 

855 

+0.11167 

049 

52. 61455 

+0.10999 

54. 15785 

+0. 10839 

18 

54. 19477 

936 

-0.10838 

535 

55. 75654 

-0.10685 

57. 30135 

-0. 10537 

19 

57. 33624 

570 

+0.10537 

405 

58.  89850 

+0.10396 

60.  44464 

+0. 10260 

20 

60.  47772 

516 

-0.10260 

057 

62. 04041 

-0.10129 

63. 58777 

-0.  10004 

s 

Z/3,  s 

Y'3(ys,s) 

2/4,  s 

Y'tfas) 

?/5,  8 

Y'5(y5,s) 

1 

4. 52702 

+0.  33256 

5. 64515 

+0.28909 

6.  74718 

+0. 25795 

2 

8. 09755 

-0. 27080 

9. 36162 

-0. 24848 

10.  59718 

-0. 23062 

3 

11. 39647 

+0.23232 

12.73014 

+0.  21805 

14. 03380 

+0.  20602 

4 

14.  62308 

-0. 20650 

15. 99963 

-0. 19635 

17.  34709 

-0. 18753 

5 

17.  81846 

+0. 18771 

19. 22443 

+0. 18001 

20.  60290 

+0. 17317 

6 

20.  99728 

-0.17326 

22. 42481 

-0.16716 

23.  82654 

-0. 16165 

7 

24. 16624 

+0. 16170 

25. 61027 

+0.15671 

27.03013 

+0.15215 

8 

27.  32880 

-0.15218 

28. 78589 

-0. 14800 

30. 22034 

-0. 14415 

9 

30.  48699 

+0.14416 

31. 95469 

+0.14060 

33.40111 

+0. 13729 

10 

33. 64205 

-0.13730 

35. 11853 

-0. 13421 

36.  57497 

-0.13132 

11 

36. 79479 

+0.13132 

38. 27867 

+0. 12861 

39. 74363 

+0.12606 

12 

39. 94577 

-0.12607 

41. 43596 

-0. 12367 

42.90825 

-0. 12140 

13 

43.  09537 

+0.12140 

44. 59102 

+0.11925 

46.  06968 

+0. 11721 

14 

46. 24387 

-0.11721 

47. 74429 

-0. 11527 

49. 22854 

-0.11343 

15 

49. 39150 

+0.11343 

50. 89611 

+0.11167 

52. 38531 

+0.10999 

16 

52. 53840 

-0. 10999 

54. 04673 

-0. 10838 

55. 54035 

-0. 10685 

17 

55. 68470 

+0.10685 

57. 19635 

+0.10537 

58. 69393 

+0. 10396 

18 

58. 83049 

-0. 10396 

60.34513 

-0.10260 

61. 84628 

-0. 10129 

19 

61. 97586 

+0.10129 

63. 49320 

+0.10003 

64. 99759 

+0. 09882 

20 

65. 12086 

-0. 09882 

66. 64065 

-0.  09765 

68. 14799 

-0. 09652 

s 

Z/6,  s 

yi,s 

F'7(?/7,s.) 

?/8,  s 

Y'siys,  s) 

1 

7. 83774 

+0.  23429 

8. 91961 

+0.  21556 

9. 99463 

+0.  20027 

2 

11. 81104 

-0.  21591 

13. 00771 

-0.  20352 

14. 19036 

-0. 19289 

3 

15. 31362 

+0. 19571 

16. 57392 

+0.18672 

17. 81789 

+0. 17880 

4 

18.  67070 

-0. 17975 

19. 97434 

-0. 17283 

21.26093 

-0. 16662 

5 

21. 95829 

+0. 16703 

23. 29397 

+0. 16148 

24.  61258 

+0. 15643 

6 

25. 20621 

-0. 15664 

26. 56676 

-0.15206 

27. 91052 

-0. 14785 

7 

28.  42904 

+0. 14796 

29. 80953 

+0. 14409 

31.17370 

+0. 14051 

8 

31. 63488 

-0.14058 

33.  03177 

-0. 13725 

34. 41286 

-0. 13415 

9 

34. 82864 

+0.13419 

36.  23927 

+0.13130 

37. 63465 

+0. 12857 

10 

38. 01347 

-0. 12860 

39.  43579 

-0. 12605 

40. 84342 

-0. 12364 

11 

41.19152 

+0.12366 

42.  62391 

+0.12138 

44.  04215 

+0. 11923 

12 

44. 36427 

-0. 11924 

45.  80544 

-0.11720 

47.  23298 

-0. 11526 

13 

47. 53282 

+0.11527 

48.98171 

+0. 11342 

50.  41746 

+0. 11166 

14 

50. 69796 

-0.11167 

52.15369 

-0. 10999 

53. 59675 

-0. 10838 

15 

53. 86031 

+0.10838 

55. 32215 

+0. 10684 

56.  77177 

+0.10537 

16 

57. 02034 

-0. 10537 

58. 48767 

-0.10396 

59. 94319 

-0. 10260 

17 

60. 17842 

+0.10260 

61. 65071 

+0. 10129 

63.11158 

+0. 10003 

18 

63. 33485 

-0. 10003 

64. 81164 

-0. 09882 

66. 27738 

-0.  09765 

19 

66.  48986 

+0. 09765 

67. 97075 

+0. 09652 

69. 44095 

+0.  09543 

20 

69. 64364 

-0.  09543 

71. 12830 

-0. 09438 

72. 60259 

-0. 09336 
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Table  9.5 

ZEROS  AND  ASSOCIATED  VALUES  OF  BESSEL  FUNCTIONS  AND  THEIR  DERIVATIVES 


s 

3 o, « 

■Wo,.) 

MM 

.7  2,  .V 

MM 

1 

0.00000  00000 

+1.00000  00000 

1.84118 

+0.58187 

3.05424 

+0.48650 

2 

3.83170  59702 

-0.40275  93957 

5.33144 

-0.34613 

6.70613 

-0.31353 

3 

7.01558  66698 

+0.30011  57525 

8.53632 

+0.27330 

9.96947 

+0.25474 

4 

10.17346  81351 

-0.24970  48771 

11.70600 

-0.23330 

13.17037 

-0.22088 

5 

13.32369  19363 

+0.21835  94072 

14.86359 

+0.20701 

16.34752 

+0.19794 

6 

16.47063  00509 

-0.19646  53715 

18.01553 

-0.18802 

19.51291 

-0.18101 

7 

19.61585  85105 

+0.18006  33753 

21.16437 

+0.17346 

22.67158 

+0.16784 

8 

22.76008  43806 

-0.16718  46005 

24.31133 

-0.16184 

25.82604 

-0.15720 

9 

25.90367  20876 

+0.15672  49863 

27.45705 

+0.15228 

28.97767 

+0.14836 

10 

29.04682  85349 

-0.14801  11100 

30.60192 

-0.14424 

32.12733 

-0.14088 

11 

32.18967  99110 

+0.14060  57982 

33.74618 

+0.13736 

35.27554 

+0.13443 

12 

35.33230  75501 

-0.13421  12403 

36.88999 

-0.13137 

38.42265 

-0.12879 

13 

38.47476  62348 

+0.12861  66221 

40.03344 

+0.12611 

41.56893 

+0.12381 

14 

41.61709  42128 

-0.12366  79608 

43.17663 

-0.12143 

44.71455 

-0.11937 

15 

44.75931  89977 

+0.11924  98120 

46.31960 

+0.11724 

47.85964 

+0.11537 

16 

47.90146  08872 

-0.11527  36941 

49.46239 

-0.11345 

51.00430 

-0.11176 

17 

51.04353  51836 

+0.11167  04969 

52.60504 

+0.11001 

54.14860 

+0.10846 

18 

54.18555  36411 

-0.10838  53489 

55.74757 

-0.10687 

57.29260 

-0.10544 

19 

57.32752  54379 

+0.10537  40554 

58.89000 

+0.10397 

60.43635 

+0.10266 

20 

60.46945  78453 

-0.10260  05671 

62.03235 

-0.10131 

63.57989 

-0.10008 

s 

V 

3 3,  * 

MM 

3 4,  x 

MM 

V 

J •">,  x 

Mfs, «) 

1 

4.20119 

+0.43439 

5.31755 

+0.39965 

6.41562 

+0.37409 

2 

8.01524 

-0.29116 

9.28240 

-0.27438 

10.51986 

-0.26109 

3 

11.34592 

+0.24074 

12.68191 

+0.22959  ' 

13.98719 

+0.22039 

4 

14.58585 

-0.21097 

15.96411 

-0.20276 

17.31284 

-0.19580 

5 

17.78875 

+0.19042 

19.19603 

+0.18403 

20.57551 

+0.17849 

6 

20.97248 

-0.17505 

22.40103 

-0.16988 

23.80358 

-0.16533 

7 

24.14490 

+0.16295 

25.58976 

+0.15866 

27.01031 

+0.15482 

8 

27.31006 

-0.15310 

28.76784 

-0.14945 

30.20285 

-0.14616 

9 

30.47027 

+0.14487 

31.93854 

+0.14171 

33.38544 

+0.13885 

10 

33.62695 

-0.13784 

35.10392 

-0.13509 

36.56078 

-0.13256 

11 

36.78102 

+0.13176 

38.26532 

+0.12932 

39.73064 

+0.12707 

12 

39.93311 

-0.12643 

41.42367 

-0.12425 

42.89627 

-0.12223 

13 

43.08365 

+0.12169 

44.57962 

+0.11973 

46.05857 

+0.11790 

14 

46.23297 

-0.11746 

47.73367 

-0.11568 

49.21817 

-0.11402 

15 

49.38130 

+0.11364 

50.88616 

+0.11202 

52.37559 

+0.11049 

16 

52.52882 

-0.11017 

54.03737 

-0.10868 

55.53120 

-0.10728 

17 

55.67567 

+0.10700 

57.18752 

+0.10563 

58.68528 

+0.10434 

18 

58.82195 

-0.10409 

60.33677 

-0.10283 

61.83809 

-0.10163 

19 

61.96775 

+0.10141 

63.48526 

+0.10023 

64.98980 

+0.09912 

20 

65.11315 

-0.09893 

66.63309 

-0.09783 

68.14057 

-0.09678 

s 

A x 

Mf*,  ft) 

V 

3 7,  X 

'h{3  7,  s) 

3 s,  n 

'As  (j  8,  .s) 

1 

7.50127 

+0.35414 

8.57784 

+0.33793 

9.64742 

+0.32438 

2 

11.73494 

-0.25017 

12.93239 

-0.24096 

14.11552 

-0.23303 

3 

15.26818 

+0.21261 

16.52937 

+0.20588 

17.77401 

+0.19998 

4 

18.63744 

-0.18978 

19.94185 

-0.18449 

21.22906 

-0.17979 

5 

21.93172 

+0.17363 

23.26805 

+0.16929 

24.58720 

+0.16539 

6 

25.18393 

-0.16127 

26.54503 

-0.15762 

27.88927 

-0.15431 

7 

28.40978 

+0.15137 

29.79075 

+0.14823 

31.15533 

+0.14537 

8 

31.61788 

-0.14317 

33.01518 

-0.14044 

34.39663 

-0.13792 

9 

34.81339 

+0.13623 

36.22438 

+0.13381 

37.62008 

+0.13158 

10 

37.99964 

-0.13024 

39.42227 

-0.12808 

40.83018 

-0.12608 

11 

41.17885 

+0.12499 

42.61152 

+0.12305 

44.03001 

+0.12124 

12 

44.35258 

-0.12035 

45.79400 

-0.11859 

47.22176 

-0.11695 

13 

47.52196 

+0.11620 

48.97107 

+0.11460 

50.40702 

+0.11309 

14 

50.68782 

-0.11246 

52.14375 

-0.11099 

53.58700 

-0.10960 

15 

53.85079 

+0.10906 

55.31282 

+0.10771 

56.76260 

+0.10643 

16 

57.01138 

-0.10596 

58.47887 

-0.10471 

59.93454 

-0.10352 

17 

60.16995 

+0.10311 

61.64239 

+0.10195 

63.10340 

+0.10084 

18 

63.32681 

-0.10049 

64.80374 

-0.09940 

66.26961 

-0.09837 

19 

66.48221 

+0.09805 

67.96324 

+0.09704 

69.43356 

+0.09607 

20 

69.63635 

-0.09579 

71.12113 

-0.09484 

72.59554 

-0.09393 

412 
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Table  9.5 

ZEROS  AND  ASSOCIATED  VALUES  OF  BESSEL  FUNCTIONS  AND  THEIR  DERIVATIVES 


s 

y o, « 

Wo,*) 

y l,* 

IWi.-) 

//  2,  * 

Y2(y'  2,. 

1 

2.19714  133 

+0.52078  641 

3.68302 

+0.41673 

5.00258 

+0.36766 

2 

5.42968  104 

-0.34031  805 

6.94150 

-0.30317 

8.35072 

-0.27928 

3 

8.59600  587 

+0.27145  988 

10.12340 

+0.25091 

11.57420 

+0.23594 

4 

11.74915  483 

-0.23246  177 

13.28576 

-0.21897 

14.76091 

-0.20845 

5 

14.89744  213 

+0.20654  711 

16.44006 

+0.19683 

17.93129 

+0.18890 

6 

18.04340  228 

-0.18772  909 

19.59024 

-0.18030 

21.09289 

-0.17405 

7 

21.18806  '893 

+0.17326  604 

22.73803 

+0.16735 

24.24923 

+0.16225 

8 

24.33194  257 

-0.16170  163 

25.88431 

-0.15684 

27.40215 

-0.15259 

9 

27.47529  498 

+0.15218  126 

29.02958 

+0.14810 

30.55271 

+0.14448 

10 

30.61828  649 

-0.14416  600 

32.17412 

-0.14067 

33.70159 

-0.13754 

11 

33.76101  780 

+0.13729  696 

35.31813 

+0.13427 

36.84921 

+0.13152 

12 

36.90355  532 

-0.13132  464 

38.46175 

-0.12866 

39.99589 

-0.12623 

13 

40.04594  464 

+0.12606  951 

41.60507 

+0.12370 

43.14182 

+0.12153 

14 

43.18821  810 

-0.12139  863 

44.74814 

-0.11928 

46.28716 

-0.11732 

15 

46.33039  925 

+0.11721  120 

47.89101 

+0.11530 

49.43202 

+0.11352 

16 

49.47250  568 

-0.11342  920 

51.03373 

-0.11169 

52.57649 

-0.11007 

17 

52.61455  077 

+0.10999  115 

54.17632 

+0.10840 

55.72063 

+0.10692 

18 

55.75654  488 

-0.10684  789 

57.31880 

-0.10539 

58.86450 

-0.10402 

19 

58.89849  617 

+0.10395  957 

60.46118 

+0.10261 

62.00814 

+0.10135 

20 

62.04041  115 

-0.10129  350 

63.60349 

-0.10005 

65.15159 

-0.09887 

6* 

y 3,  * 

Ws,.) 

y 4,  x 

.7'r>,  * 

Ts(y\9) 

1 

6.25363 

+0.33660 

7.46492 

+0.31432 

8.64956 

+0.29718 

2 

9.69879 

-0.26195 

11.00517 

-0.24851 

12.28087 

-0.23763 

3 

12.97241 

+0.22428 

14.33172 

+0.21481 

15.66080 

+0.20687 

4 

16.19045 

-0.19987 

17.58444 

-0.19267 

18.94974 

-0.18650 

5 

19.38239 

+0.18223 

20.80106 

+0.17651 

22.19284 

+0.17151 

6 

22.55979 

-0.16867 

23.99700 

-0.16397 

25.40907 

-0.15980 

7 

25.72821 

+0.15779 

27.17989 

+0.15384 

28.60804 

+0.15030 

8 

28.89068 

-0.14881 

30.35396 

-0.14543 

31.79520 

-0.14236 

9 

32.04898 

+0.14122 

33.52180 

+0.13828 

34.97389 

+0.13559 

10 

35.20427 

-0.13470 

36.68505 

-0.13211 

38.14631 

-0.12973 

11 

38.35728 

+0.12901 

39.84483 

+0.12671 

41.31392 

+0.12458 

12 

41.50855 

-0.12399 

43.00191 

-0.12193 

44.47779 

-0.12001 

13 

44.65845 

+0.11952 

46.15686 

+0.11765 

47.63867 

+0.11591 

14 

47.80725 

-0.11550 

49.31009 

-0.11380 

50.79713 

-0.11221 

15 

50.95515 

+0.11186 

52.46191 

+0.11031 

53.95360 

+0.10885 

16 

54.10232 

-0.10855 

55.61257 

-0.10712 

57.10841 

-0.10578 

17 

57.24887 

+0.10552 

58.76225 

+0.10420 

60.26183 

+0.10295 

18 

60.39491 

-0.10273 

61.91110 

-0.10151 

63.41407 

-0.10035 

19 

63.54050 

+0.10015 

65.05925 

+0.09901 

66.56530 

+0.09793 

20 

66.68571 

-0.09775 

68.20679 

-0.09669 

69.71565 

-0.09568 

.V 

//'a,  * 

1!  7,  * 

Yiiy’i,*) 

//  x,  * 

W 8,*) 

1 

9.81480 

+0.28339 

10.96515 

+0.27194 

12.10364 

+0.26220 

2 

13.53281 

-0.22854 

14.76569 

-0.22077 

15.98284 

-0.21402 

3 

16.96553 

+0.20007 

18.25012 

+0.19414 

19.51773 

+0.18891 

4 

20.29129 

-0.18111 

21.61275 

-0.17634 

22.91696 

-0.17207 

5 

23.56186 

+0.16708 

24.91131 

+0.16311 

26.24370 

+0.15953 

6 

26.79950 

-0.15607 

28.17105 

-0.15269 

29.52596 

-0.14962 

7 

30.01567 

+0.14709 

31.40518 

+0.14417 

32.77857 

+0.14149 

8 

33.21697 

-0.13957 

34.62140 

-0.13700 

36.01026 

-0.13463 

9 

36.40752 

+0.13313 

37.82455 

+0.13085 

39.22658 

+0.12874 

10 

39.59002 

-0.12753 

41.01785 

-0.12549 

42.43122 

-0.12359 

11 

42.76632 

+0.12260 

44.20351 

+0.12076 

45.62678 

+0.11904 

12 

45.93775 

-0.11822 

47.38314 

-0.11654 

48.81512 

-0.11497 

13 

49.10528 

+0.11428 

50.55791 

+0.11275 

51.99761 

+0.11131 

14 

52.26963 

-0.11072 

53.72870 

-0.10931 

55.17529 

-0.10798 

15 

55.43136 

+0.10748 

56.896|19 

+0.10618 

58.34899 

+0.10494 

16 

58.59089 

-0.10451 

60.06092 

-0.10330 

61.51933 

-0.10216 

17 

61.74857 

+0.10177 

63.22331 

+0.10065 

64.68681 

+0.09958 

18 

64.90468 

-0.09925 

66.38370 

-0.09820 

67.85185 

-0.09720 

19 

68.05943 

+0.09690 

69.54237 

+0.09592 

71.01478 

+0.09498 

20 

71.21301 

-0.09471 

72.69955 

-0.09379 

74.17587 

-0.09291 
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BESSEL  FUNCTIONS— Table  9.6 


X 

J o(io,ix) 

J o(  ^0,2*^) 

J o(io,3X) 

v, 

o 

O 

Mb,**) 

0.  00 

1.00000 

1.00000 

1.  00000 

1.  00000 

1.  00000 

0.  02 

0. 99942 

0.  99696 

0.99253 

0.  98614 

0.97783 

0.04 

0.  99769 

0.  98785 

0.97027 

0.  94515 

0.91280 

0.  06 

0.99480 

0.97276 

0.  93373 

0.  87872 

0.  80920 

0.08 

0.  99077 

0.  95184 

0.  88372 

0.  78961 

0.  67388 

0.10 

0.  98559 

0.  92526 

0.  82136 

0.  68146 

0.51568 

0.12 

0.97929 

0.  89328 

0.  74804 

0.  55871 

0.  34481 

0.14 

0.  97186 

0.  85617 

0.  66537 

0.  42632 

0.17211 

0.16 

0.96333 

0. 81429 

0.  57518 

0.28958 

+0. 00827 

0.18 

0.95370 

0.76800 

0.  47943 

0.15386 

-0.  13693 

0.20 

0.  94300 

0.  71773 

0.  38020 

+0.  02438 

-0.25533 

0.  22 

0.93124 

0.  66392 

0.27960 

-0.  09404 

-0.  34090 

0,  24 

0.  91844 

0.  60706 

0. 17976 

-0. 19716 

-0.  39013 

0.26 

0.90463 

0.  54766 

+0.  08277 

-0.  28155 

-0.  40225 

0.28 

0. 88982 

0.  48623 

-0.  00942 

-0.  34466 

-0.  37917 

0.  30 

0.  87405 

0. 42333 

-0.  09498 

-0.  38498 

-0.  32527 

0.  32 

0.  85734 

0.  35950 

-0.  17226 

-0.40207 

-0.  24698 

0.  34 

0.  83972 

0.29529 

-0.  23986 

-0.  39653 

-0.15223 

0.36 

0.82122 

0.23126 

-0.  29664 

-0.  36998 

-0.  04980 

0.  38 

0.  80187 

0. 16795 

-0. 34171 

-0.  32493 

+0. 05137 

0.40 

0. 78171 

0.10590 

-0. 37453 

-0.  26467 

0. 14293 

0.  42 

0. 76077 

+0.  04562 

-0. 39482 

-0.  19304 

0.21767 

0.  44 

0.  73908 

-0.01240 

-0.40264 

-0. 11431 

0.27011 

0.  46 

0.71669 

-0.  06769 

-0.  39835 

-0.  03289 

0.  29684 

0.  48 

0.  69362 

-0. 11983 

-0.  38259 

+0.  04684 

0.  29671 

0.50  0.  66993  -0.16840  -0.  35628  0.12078  0.27086 

0. 52  0. 64565  -0. 21306  -0. 32056  0. 18527  0. 22252 

0,54  0.62081  -0.25349  -0.27678  0.23725  0.15667 

0, 56  0. 59547  -0. 28941  -0. 22648  0.  27445  +0.  07960 

0.  58  0.56967  -0.  32062  -0.17130  0.  29541  -0.00168 

0.60  0.54345  -0.34692  -0.11295  0.29959  -0.  08007 

0.  62  0.51685  -0.36821  -0.  05320  0.28731  -0.14891 

0.64  0.48992  -0.38441  +0.  00622  0.25977  -0.20259 

0.  66  0.46270  -0.39551  0.06363  0.  21892  -0.23697 

0.68  0.43524  -0.40152  0.11745  0.16735  -0.24965 

0.70  0.40758  -0.40255  0.16625  0.10814  -0.24019 

0.72  0.37977  -0.39871  0.20878  +0.04470  -0.21003 

0.  74  0.35186  -0.  39019  0.24399  -0.  01945  -0.16237 

0.76  0.32389  -0.37721  0.27107  -0.  08082  -0.10179 

0.78  0.29591  -0.  36003  0.28945  -0.13618  -0.  03389 

0. 80  0. 26796  -0. 33896  0. 29882  -0. 18270  +0.  03525 

0.  82  0.24009  -0.31433  0.29915  -0.21808  0.09960 

0.84  0.21234  -0.  28652  0.29063  -0.24067  0.15369 

0.86  0.18476  -0.25591  0.27374  -0.24957  0.19306 

0.88  0.15739  -0.  22293  0.24914  -0.24461  0.21464 

0.90  0.13027  -0.  18800  0.21774  -0.22637  0.21694 

0.92  0.  10346  -0.15157  0.18059  -0.19613  0.20021 

0.94  0.07698  -0.11411  0.13891  -0.15580  0.16630 

0.96  0.  05089  -0.07605  0.  09399  -0.10779  0.11854 

0. 98  0.  02521  -0.  03787  0.04722  -0.  05486  0.  06138 

1.  00  0.  00000  0.  00000  0.  00000  0.  00000  0.  00000 

m m m m m 

From  E.  T.  Goodwin  and  J.  Staton,  Table  of  Jo(jo,nr),  Quart.  J.  Mech.  Appl. 
Math.  1,  220-224  (1948)  (with  permission). 
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Table  9.7  BESSEL  FUNCTIONS— MISCELLANEOUS  ZEROS 

sth  Zero  of  xJ\  (x)  — xJo  (x) 


X\s 

1 

2 

3 

4 

5 

0.  00 

0.  0000 

3.  8317 

7.  0156 

10.1735 

13.  3237 

0.  02 

0.1995 

3. 8369 

7.  0184 

10.1754 

13.  3252 

0.  04 

0.2814 

3.  8421 

7.  0213 

10.1774 

13.  3267 

0.  06 

0.  3438 

3.  8473 

7. 0241 

10.1794 

13.  3282 

0.  08 

0.  3960 

3.  8525 

7.  0270 

10.1813 

13.  3297 

0.10 

0.  4417 

3.  8577 

7.  0298 

10.1833 

13. 3312 

0.20 

0.  6170 

3.  8835 

7. 0440 

10.1931 

13. 3387 

0.40 

0.  8516 

3. 9344 

7.  0723 

10.2127 

13.  3537 

0.  60 

1.  0184 

3.  9841 

7.1004 

10.  2322 

13.  3686 

0.  80 

1.1490 

4. 0325 

7.1282 

10.2516 

13.  3835 

1.  00 

1.2558 

4.  0795 

7. 1558 

10.  2710 

13.  3984 

X-!\S 

1 

2 

3 

4 

5 

<x> 

1.  00 

1.2558 

4.  0795 

7. 1558 

10.2710 

13. 3984 

1 

0.  80 

1.3659 

4. 1361 

7. 1898 

10.2950 

13.  4169 

1 

0.  60 

1.5095 

4.  2249 

7.  2453 

10.  3346 

13.  4476 

2 

0.  40 

1.7060 

4.  3818 

7.  3508 

10.  4118 

13. 5079 

3 

0.20 

1.9898 

4.  7131 

7.  6177 

10.-6223 

13.  6786 

5 

0.10 

2.1795 

5.  0332 

7.  9569 

10.  9363 

13. 9580 

10 

0.  08 

2.  2218 

5.1172 

8.  0624 

11. 0477 

14.  0666 

13 

0.  06 

2.2656 

5.  2085 

8. 1852 

11.1864 

14.2100 

17 

0.  04 

2.  3108 

5.  3068 

8.  3262 

11. 3575 

14. 3996 

25 

0.  02 

2.  3572 

5.  4112 

8.  4840 

11.5621 

14.  6433 

50 

0.00 

2.  4048 

5.  5201 

8.  6537 

11.7915 

14. 9309 

00 

sth 

Zero  of  J i (x)—\xJo (x) 

X\s 

1 

2 

3 

4 

5 

0.5 

0. 0000 

5.1356 

8. 4172 

11.6198 

14.  7960 

0.6 

1.1231 

5.2008 

8.  4569 

11.6486 

14. 8185 

0.7 

1.4417 

5.  2476 

8. 4853 

11.  6691 

14.  8346 

0.8 

1.6275 

5.2826 

8.5066 

11. 6845 

14.  8467 

0.9 

1.7517 

5.  3098 

8.  5231 

11.6964 

14.  8561 

1.0 

1.8412 

5.  3314 

8.5363 

11.7060 

14. 8636 

X~!\S 

1 

2 

3 

4 

5 

<x> 

1.  00 

1. 8412 

5.  3314 

8.  5363 

11.7060 

14. 8636 

1 

0.  80 

1. 9844 

5.  3702 

8.  5600 

11.7232 

14.  8771 

1 

0.  60 

2.1092 

5.  4085 

8.  5836 

11.7404 

14.  8906 

2 

0.  40 

2.2192 

5.  4463 

8.  6072 

11. 7575 

14. 9041 

3 

0.20 

2.  3171 

5.  4835 

8.  6305 

11.7745 

14. 9175 

5 

0.10 

2. 3621 

5.5019 

8.  6421 

11.7830 

14. 9242 

10 

0.  08 

2. 3709 

5.  5055 

8.  6445 

11.7847 

14.  9256 

13 

0.06 

2.  3795 

5.  5092 

8.  6468 

11. 7864 

14. 9269 

17 

0.  04 

2.  3880 

5.  5128 

8.  6491 

11.7881 

14. 9282 

25 

0.  02 

2.  3965 

5.  5165 

8.  6514 

11.7898 

14.  9296 

50 

0.  00 

2.4048 

5.  5201 

8.  6537 

11.7915 

14. 9309 

00 

<x> 

= nearest  integer  to  X. 

Compiled  from  H.  S.  Carslaw  and  J.  C.  Jaeger,  Conduction  of  heat  in  solids  (Oxford 
Univ.  Press,  London,  England,  1947)  and  British  Association  for  the  Advancement 
of  Science,  Bessel  functions,  Part  I.  Functions  of  orders  zero  and  unity,  Math- 
ematical Tables,  vol.  VI  (Cambridge  Univ.  Press,  Cambridge,  England,  1950)(with 
permission). 
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BESSEL  FUNCTIONS— MISCELLANEOUS  ZEROS  Table  9.7 


sth  Zero  of  Jo  (x)  Ko(Xa;)  — ToM  Jo  (Xi) 


X-x\S 

1 

2 

3 

4 

m 

O 

<x> 

0.  80 

12. 55847  031 

25.12877 

37.  69646 

50.26349 

62.  83026 

1 

0.  60 

4.69706  410 

9. 41690 

14.13189 

18.  84558 

23.  55876 

2 

0.40 

2.07322  886 

4.17730 

6.27537 

8.  37167 

10.  46723 

3 

0.20 

0.76319  127 

1.  55710 

2.  34641 

3.13403 

3.  92084 

5 

0.10 

0.33139  387 

0.  68576 

1.  03774 

1. 38864 

1.73896 

10 

0.08 

0.25732  649 

0.53485 

0.  81055 

1.  08536 

1. 35969 

13 

0.  06 

0.18699  458 

0.  39079 

0.  59334 

0.  79522 

0. 99673 

17 

0.  04 

0.12038  637 

0.25340 

0.  38570 

0.51759 

0.  64923 

25 

0.  02 

0.05768  450 

0.12272 

0.18751 

0.25214 

0.  31666 

50 

0.  00 

0.  00000  000 

0.  00000 

0.  00000 

0.00000 

0.00000 

00 

sth  Zero  of  (x)  Yx  (Xx)  — 

Y\(x)J\  (Xx) 

x-1\s 

1 

2 

3 

4 

5 

<x> 

0.  80 

12.59004 

151 

25.14465 

37.70706 

50.27145 

62. 83662 

1 

0.  60 

4. 75805 

426 

9.44837 

14.15300 

18.  86146 

23.57148 

2 

0.  40 

2.15647 

249 

4.22309 

6.  30658 

8.  39528 

10.48619 

3 

0.20 

0.  84714 

961 

1.61108 

2.  38532 

3.16421 

3.  94541 

5 

0.10 

0.  39409 

416 

0.  73306 

1.  07483 

1.41886 

1. 76433 

10 

0.  08 

0.  31223 

576 

0.  57816 

0.  84552 

1.  11441 

1.  38440 

13 

0.  06 

0.23235 

256 

0.  42843 

0. 62483 

0.  82207 

1.02001 

17 

0.  04 

0.15400 

729 

0.  28296 

0. 41157 

0.  54044 

0.  66961 

25 

0.  02 

0.  07672 

788 

0. 14062 

0.  20409 

0.  26752 

0.  33097 

50 

0.  00 

0.  00000 

000 

0.  00000 

0. 00000 

0.00000 

0.00000 

oo 

sth  Zero  of  J 1 (x)  Fo  (Xx)  — ! 

Fi  (x)Jo(Xx) 

X- *\s 

1 

2 

3 

4 

5 

<X> 

0.  80 

6.56973  310 

18.  94971 

31.47626 

44.  02544 

56. 58224 

1 

0.  60 

2.60328  138 

7.16213 

11.  83783 

16.  53413 

21. 23751 

2 

0.40 

1.24266  626 

3.22655 

5.  28885 

7. 36856 

9. 45462 

3 

0.20 

0.51472  663 

1.24657 

2. 00959 

2. 78326 

3. 56157 

5 

0.10 

0.24481  004 

0.  57258 

0.90956 

1.25099 

1. 59489 

10 

0.  08 

0.19461  772 

0.45251 

0.  71635 

0. 98327 

1.  25203 

13 

0.  06 

0.14523  798 

0.33597 

0.  53005 

0.  72594 

0.  92301 

17 

0.  04 

0.09647  602 

0.22226 

0. 34957 

0.  47768 

0.  60634 

25 

0.  02 

0.04813  209 

0.11059 

0.17353 

0.  23666 

0.  29991 

50 

0.00 

0.  00000  000 

0.00000 

0.00000 

0.00000 

0.  00000 

00 

<X>  =nearest  integer  to  X. 


Compiled  from  British  Association  for  the  Advancement  of  Scienfce,  Bessel  func- 
tions, Part  I.  Functions  of  orders  zero  and  unity,  Mathematical  Tables,  vol.VI 
(Cambridge  Univ.  Press,  Cambridge,  England,  1950)  (with  permission). 


♦See  page  n. 
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Table  9.8  MODIFIED  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


X 

e~xIo(x) 

e~xI\  (x) 

X~2l2  (x) 

0.0 

1.  00000 

00000 

0. 00000 

00000 

0.12500 

00000 

0.1 

0.  90710 

09258 

0. 04529 

84468 

0.12510 

41992 

0.2 

0. 82693 

85516 

0. 08228 

31235 

0. 12541 

71878 

0.3 

0. 75758 

06252 

0.11237 

75606 

0.12594 

01407 

0.4 

0. 69740 

21705 

0.  13676 

32243 

0.12667 

50222 

0.5 

0. 64503 

52706 

0.  15642 

08032 

0.12762 

45967 

0.6 

0. 59932 

72031 

0.17216 

44195 

0. 12879 

24416 

0.7 

0. 55930 

55265 

0. 18466 

99828 

0.13018 

29658 

0.8 

0.  52414 

89420 

0. 19449 

86933 

0.13180 

14318 

0.9 

0. 49316 

29662 

0.20211 

6531)9 

0.  13365 

39819 

1.0 

0.46575 

96077 

0.20791 

04154 

0. 13574 

76698 

1.1 

0. 44144 

03776 

0.21220 

16132 

0.13809 

04952 

1.2 

0. 41978 

20789 

0.21525 

68594 

0.14069 

14455 

1.3 

0.  40042 

49127 

0.21729 

75878 

0.14356 

05405 

1.4 

0. 38306 

25154 

0. 21850 

75923 

0.  14670 

88837 

1.5 

0. 36743 

36090 

0.21903 

93874 

0.15014 

87192 

1.6 

0. 35331 

49978 

0.21901 

94899 

0. 15389 

34944 

1.7 

0.  34051 

56880 

0.  21855 

28066 

0.15795 

79288 

1.8 

0. 32887 

19497 

0.  21772 

62788 

0.16235 

80900 

1.9 

0. 31824 

31629 

0. 21661 

19112 

0.16711 

14772 

2.0 

0. 30850 

83225 

0.  21526 

92892 

0.17223 

71119 

2.1 

0.  29956 

30945 

0.21374 

76721 

0.17775 

56370 

2.2 

0.29131 

73331 

0.21208 

77328 

0. 18368 

94251 

2.3 

0. 28369 

29857 

0.21032 

30051 

0.19006 

26964 

2.4 

0. 27662 

23231 

0. 20848 

10887 

0.19690 

16460 

2.5 

0.27004 

64416 

0.  20658 

46495 

0.20423 

45837 

2.6 

0. 26391 

39957 

0.  20465 

22544 

0.21209 

20841 

2.7 

0.  25818 

01238 

0.  20269 

90640 

0.22050 

71509 

2.8 

0.25280 

55337 

0.20073 

74113 

0.22951 

53938 

2.9 

0. 24775 

57304 

0.19877 

72816 

0.23915'  52213 

3.0 

0.  24300 

03542 

0. 19682 

67133 

0. 24946 

80490 

3.1 

0.23851 

26187 

0.19489 

21309 

0. 26049 

85252 

3.2 

0. 23426 

88316 

0. 19297 

86229 

0. 27229 

47757 

3.3 

0.23024 

79845 

0.19109 

01727 

0. 28490 

86686 

3.4 

0.22643 

14011 

0. 18922 

98511 

0. 29839 

61010 

3.5 

0. 22280 

24380 

0.18739 

99766 

0. 31281 

73100 

3.6 

0.21934 

62245 

0.18560 

22484 

0. 32823 

72078 

3.7 

0. 21604 

94417 

0. 18383 

78580 

0. 34472 

57467 

3.8 

0.21290 

01308 

0.18210 

75810 

0. 36235 

83128 

3.9 

0.20988 

75279 

0. 18041 

18543 

0. 38121 

61528 

4.0 

0.20700 

19211 

0.17875 

08394 

0.40138 

68359 

4.1 

0.20423 

45274 

0. 17712 

44763 

0. 42296 

47539 

4.2 

0.20157 

73840 

0. 17553 

25260 

0.44605 

16629 

4.3 

0.19902 

32571 

0. 17397 

46091 

0. 47075 

72701 

4.4 

0.  19656 

55589 

0. 17245 

02337 

0. 49719 

98689 

4.5 

0. 19419 

82777 

0.  17095 

88223 

0. 52550 

70272 

4.6 

0.19191 

59151 

0. 16949 

97311 

0. 55581 

63319 

4.7 

0.18971 

34330 

0.16807 

22681 

0. 58827 

61978 

4.8 

0.18758 

62042 

0.16667 

57058 

0.62304 

67409 

4.9 

0.  18552 

99721 

0. 16530 

92936 

0. 66030 

07270 

5.0 

0. 18354 

08126 

0.16397 

22669 

0.70022 

45988 

m [‘i’1]  m 

2n 

4i+l  (a?)  In  (x)  +In- 1 (%) 

J / 


Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel 
functions,  Part  I. Functions  of  orders  zero  and  unity,  Mathematical  Tables, 
vol.  VI  , Part  II.  Functions  of  positive  integer  order,  Mathematical  Tables, 
vol.  X (Cambridge  Univ.  Press,  Cambridge,  England,  1950,  1952)  and  L.  Fox, 
A short  table  for  Bessel  functions  of  integer  orders  and  large  arguments.  Royal 
Society  Shorter  Mathematical  Tables  No.  3 (Cambridge  Univ.  Press,  Cam- 
bridge, England,  1954)  (with  permission). 
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MODIFIED  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 Table  9.8 


X 

e*Ko  (x) 

e*K\ 

(x) 

X2K2  (x) 

0.  0 

00 

00 

2.  00000 

0000 

0.1 

2.  68232 

61023 

10.  89018 

2683 

1.  99503 

9646 

0.2 

2.  14075 

73233 

5.  83338 

6037 

1.  98049 

7172 

0.3 

1.  85262 

73007 

4.12515 

7762 

1. 95711 

6625 

0.4 

1. 66268 

20891 

3.  25867 

3880 

1. 92580 

8202 

0.5 

1.  52410 

93857 

2.73100 

97082 

1.  88754 

5888 

0.6 

1.41673 

76214 

2. 37392 

00376 

1.  84330 

9881 

0.7 

1. 33012 

36562 

2.11501 

13128 

1. 79405 

1681 

0.8 

1.25820 

31216 

1.91793 

02990 

1. 74067 

2762 

0.9 

1.19716 

33803 

1.76238 

82197 

1. 68401 

1992 

1.0 

1. 14446 

30797 

1. 63615 

34863 

1.  62483 

8899 

1.1 

1. 09833 

02828 

1.53140 

37541 

1.  56385 

0953 

1.2 

1.  05748 

45322 

1. 44289 

75522 

1.  50167 

3576 

1.3 

1.  02097 

31613 

1.36698 

72841 

1.  43886 

2011 

1.4 

0.  98806 

99961 

1.30105 

37400 

1. 37590 

4446 

1.5 

0.  95821 

00533 

1.24316 

58736 

1.  31322 

5917 

1.6 

0.  93094 

59808 

1.19186 

75654 

1.  25119 

2681 

1.7 

0.90591 

81386 

1.14603 

92462 

1.19011 

6819 

1.8 

0. 88283 

35270 

1.10480 

53726 

1.13026 

0897 

1.9 

0.  86145 

06168 

1. 06747 

09298 

1.  07184 

2567 

2.0 

0. 84156 

82151 

1. 03347 

68471 

1. 01503 

9018 

2.1 

0.  82301 

71525 

1. 00236 

80527 

0. 95999 

1226 

2.2 

0. 80565 

39812 

0.  97377 

01679 

0.  90680 

7952 

2.3 

0.  78935 

61312 

0.  94737 

22250 

0. 85556 

9487 

2.4 

0.  77401 

81407 

0. 92291 

36650 

0.  80633 

1113 

2.5 

0.  75954 

86903 

0.90017 

44239 

0. 75912 

6289 

2.6 

0.  74586 

82430 

0.  87896 

72806 

0.71396 

9565 

2.7 

0.  73290 

71515 

0.  85913 

18867 

0.  67085 

9227 

2.8 

0.  72060 

41251 

0.  84053 

00604 

0.  62977 

9698 

2.9 

0.70890 

49774 

0.  82304 

20403 

0.  59070 

3688 

3.0 

0.  69776 

15980 

0.  80656 

34800 

0.55359 

4126 

3.1 

0.  68713 

11010 

0.  79100 

30157 

0.  51840 

5885 

3.2 

0.  67697 

51139 

0. 77628 

02824 

0. 48508 

7306 

3.3 

0.  66725 

91831 

0.  76232 

42864 

0.  45358 

1550 

3.4 

0. 65795 

22725 

0.  74907 

20613 

0.  42382 

7789 

3.5 

0.  64902 

63377 

0.  73646 

75480 

0.  39576 

2241 

3.6 

0. 64045 

59647 

0.  72446 

06608 

0.  36931 

9074 

3.7 

0. 63221 

80591 

0.  71300 

65010 

0.  34443 

1194 

3.8 

0.  62429 

15812 

0.  70206 

46931 

0.  32103 

0914 

3.9 

0.  61665 

73147 

0.  69159 

88206 

0.  29905 

0529 

4.0 

0.  60929 

76693 

0.  68157 

59452 

0.  27842 

2808 

4.1 

0.  60219 

65064 

0.  67196 

61952 

0.  25908 

1398 

4.2 

0.  59533 

89889 

0.  66274 

24110 

0.  24096 

1165 

4.3 

0.  58871 

14486 

0.  65387 

98395 

0.  22399 

8474 

4.4 

0.  58230 

12704 

0.  64535 

58689 

0.20813 

1411 

4.5 

0.  57609 

67897 

0. 63714 

97988 

0.19329 

9963 

4.6 

0.  57008 

72022 

0.  62924 

26383 

0. 17944 

6150 

4.7 

0.  56426 

24840 

0.  62161 

69312 

0.16651 

4127 

4.8 

0.  55861 

33194 

0.  61425 

66003 

0. 15445 

0249 

4.9 

0.  55313 

10397 

0.60714 

68131 

0.14320 

3117 

5.0 

0. 54780 

75643 

0.  60027 

38587 

0. 13272 

3593 

Kn+l  (*)  Kn  {x)+Kn-V  (x) 

»C 
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Table  9.8  MODIFIED  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


x e~xI  o(x)  e~xI\(x)  e~xl2{x) 


5.0 

0.18354 

08126 

0. 16397 

22669 

0.11795 

1906 

5.1 

0. 18161 

51021 

0. 16266 

38546 

0.11782 

5355 

5.2 

0.17974 

94883 

0.16138 

32850 

0.11767 

8994 

5.3 

0. 17794 

08646 

0.16012 

97913 

0. 11751 

4528 

5.4 

0. 17618 

63475 

0. 15890 

26150 

0. 11733 

3527 

5.5 

0. 17448 

32564 

0. 15770 

10090 

0. 11713 

7435 

5.6 

0. 17282 

90951 

0. 15652 

42405 

0. 11692 

7581 

5.7 

0. 17122 

15362 

0.15537 

15922 

0. 11670 

5188 

5.8 

0.16965 

84061 

0. 15424 

23641 

0. 11647 

1384 

5.9 

0.16813 

76726 

0.15313 

58742 

0. 11622 

7207 

6.  0 

0.16665 

74327 

0.15205 

14593 

0.11597 

3613 

6.1 

0.16521 

59021 

0.15098 

84754 

0. 11571 

1484 

6.2 

0. 16381 

14064 

0. 14994 

62978 

0. 11544 

1633 

6.3 

0. 16244 

23718 

0. 14892 

43212 

0.11516 

4809 

6.4 

0.16110 

73175 

0. 14792 

19595 

0. 11488 

1705 

6.5 

0. 15980 

48490 

0. 14693 

86457 

0. 11459 

2958 

6.  6 

0.15853 

36513 

0.14597 

38314 

0. 11429 

9157 

6.7 

0.  15729 

24831 

0. 14502 

69866 

0.11400 

0845 

6.8 

0. 15608 

01720 

0. 14409 

75991 

0. 11369 

8525 

6.9 

0. 15489 

56090 

0. 14318 

51745 

0. 11339 

2660 

7.0 

0.  15373 

77447 

0. 14228 

92347 

0.11308 

3678 

7.1 

0.15260 

55844 

0. 14140 

93186 

0. 11277 

1974 

7.2 

0.15149 

81855 

0. 14054 

49809 

0. 11245 

7913 

7.3 

0. 15041 

46530 

0. 13969 

57915 

0. 11214 

1833 

7.4 

0. 14935 

41371 

0.13886 

13353 

0. 11182 

4046 

7.5 

0. 14831 

58301 

0. 13804 

12115 

0.11150 

4840 

7.6 

0. 14729 

89636 

0.13723 

50333 

0. 11118 

4481 

7.7 

0.  14630 

28062 

0. 13644 

24270 

0.11086 

3215 

7.8 

0. 14532 

66611 

0. 13566 

30318 

0.11054 

1268 

7.9 

0. 14436 

98642 

0. 13489 

64995 

0.11021 

8852 

8.0 

0.14343 

17818 

0.13414 

24933 

0. 10989 

6158 

8.1 

0. 14251 

18095 

0. 13340 

06883 

0.10957 

3368 

8.2 

0. 14160 

93695 

0. 13267 

07705 

0.10925 

0645 

8.3 

0. 14072 

39098 

0. 13195 

24362 

0. 10892 

8142 

8.4 

0. 13985 

49027 

0.13124 

53923 

0. 10860 

6000 

8.5 

0. 13900 

18430 

0.13054 

93551 

0. 10828 

4348 

8.6 

0.13816 

42474 

0. 12986 

40505 

0. 10796 

3305 

8.7 

0. 13734 

16526 

0.12918 

92134 

0. 10764 

2983 

8.8 

0.13653 

36147 

0.12852 

45873 

0. 10732 

3481 

8.9 

0.13573 

97082 

0. 12786 

99242 

0. 10700 

4894 

9.0 

0.13495 

95247 

0.12722 

49839 

0. 10668 

7306 

9.1 

0. 13419 

26720 

0.12658 

95342 

0. 10637 

0796 

9.2 

0.13343 

87740 

0. 12596 

33501 

0. 10605 

5437 

9.3 

0. 13269 

74691 

0. 12534 

62139 

0. 10574 

1294 

9.4 

0.13196 

84094 

0. 12473 

79145 

0. 10542 

8428. 

9.5 

0.13125 

12609 

0.12413 

82477 

0. 10511 

6893 

9.6 

0.13054 

57016 

0.12354 

70154 

0. 10480 

6740 

9.7 

0.12985 

14223 

0.12296 

40258 

0. 10449 

8015 

9.8 

0.12916 

81248 

0.12238 

90929 

0. 10419 

0759 

9.9 

0. 12849 

55220 

0.12182 

20364 

0. 10388 

5010 

10.0 

0. 12783 

33371 

0. 12126 

26814 

0. 10358 

0801 

r(-6)8i  r(-6)3i  r(-6)2i 
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MODIFIED  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 Table  9.8 


X 

exi£o(z) 

exK\(x) 

exK.2{x ) 

5.0 

0. 54780 

75643 

0. 60027 

38587 

0. 78791 

711 

5.1 

0. 54263 

53519 

0. 59362 

50463 

0. 77542 

949 

5.2 

0. 53760 

73540 

0. 58718 

86062 

0. 76344 

913 

5.3 

0. 53271 

69744 

0.  58095 

36085 

0. 75194 

475 

5.4 

0. 52795 

80329 

0. 57490 

98871 

0. 74088 

762 

5.5 

0. 52332 

47316 

0. 56904 

79741 

0.  73025 

127 

5.6 

0.  51881 

16252 

0. 56335 

90393 

0. 72001 

128 

5.7 

0. 51441 

35938 

0.  55783 

48348 

0.  71014 

511 

5.8 

0. 51012 

58183 

0. 55246 

76495 

0. 70063 

190 

5.9 

0. 50594 

37583 

0. 54725 

02639 

0. 69145 

232 

6.  0 

0.50186 

31309 

0. 54217 

59104 

0. 68258 

843 

6.1 

0. 49787 

98929 

0.53723 

82386 

0.  67402 

358 

6.2 

0.  49399 

02237 

0. 53243 

12833 

0. 66574 

225 

6.3 

0.  49019 

05093 

0. 52774 

94344 

0. 65773 

001 

6.4 

0.  48647 

73291 

0.  52318 

74101 

0. 64997 

339 

6.5 

0. 48284 

74413 

0. 51874 

02336 

0. 64245 

982 

6.  6 

0.  47929 

77729 

0. 51440 

32108 

0. 63517 

753 

6.7 

0. 47582 

54066 

0. 51017 

19097 

0. 62811 

553 

6.8 

0. 47242 

75723 

0. 50604 

21421 

0. 62126 

350 

6.9 

0. 46910 

16370 

0.50200 

99471 

0. 61461 

177 

7.0 

0. 46584 

50959 

0. 49807 

15749 

0. 60815 

126 

7.1 

0. 46265 

55657 

0. 49422 

34737 

0.  60187 

345 

7.2 

0. 45953 

07756 

0.  49046 

22755 

0. 59577 

030 

7.3 

0.  45646 

85618 

0. 48678 

47842 

0. 58983 

426 

7.4 

0.  45346 

68594 

0. 48318 

79648 

0. 58405 

820 

7.5 

0. 45052 

36991 

0. 47966 

89336 

0. 57843 

541 

7.6 

0. 44763 

71996 

0. 47622 

49486 

0. 57295 

955 

7.7 

0. 44480 

55636 

0. 47285 

33995 

0.  56762 

463 

7.8 

0. 44202 

70724 

0. 46955 

18010 

0. 56242 

497 

7.9 

0. 43930 

00819 

0. 46631 

77847 

0. 55735 

522 

8.0 

0. 43662 

30185 

0. 46314 

90928 

0. 55241 

029 

8.1 

0. 43399 

43754 

0. 46004 

35709 

0. 54758 

538 

8.2 

0. 43141 

27084 

0. 45699 

91615 

0. 54287 

592 

8.3 

0. 42887 

66329 

0. 45401 

39001 

0. 53827 

757 

8.4 

0.  42638 

48214 

0.  45108 

59089 

0. 53378 

623 

8.5 

0. 42393 

59993 

0. 44821 

33915 

0. 52939 

797 

8.6 

0.  42152 

89433 

0. 44539 

46295 

0. 52510 

909 

8.7 

0. 41916 

24781 

0. 44262 

79775 

0. 52091 

604 

8.8 

0. 41683 

54743 

0.  43991 

18594 

0.  51681 

544 

8.9 

0. 41454 

68462 

0. 43724 

47648 

0. 51280 

410 

9.0 

0. 41229 

55493 

0. 43462 

52454 

0. 50887 

894 

9.1 

0.  41008 

05783 

0. 43205 

19116 

0. 50503 

704 

9.2 

0. 40790 

09662 

0. 42952 

34301 

0. 50127 

562 

9.3 

0. 40575 

57809 

0. 42703 

85204 

0. 49759 

202 

9.4 

0. 40364 

41245 

0. 42459 

59520 

0. 49398 

369 

9.5 

0. 40156 

51322 

0. 42219 

45430 

0. 49044 

819 

9.6 

0. 39951 

79693 

0. 41983 

31565 

0.  48698 

321 

9.7 

0.  39750 

18313 

0. 41751 

06989 

0.  48358 

651 

9.8 

0. 39551 

59416 

0. 41522 

61179 

0.  48025 

597 

9.9 

0. 39355 

95506 

0. 41297 

84003 

0. 47698 

953 

10.0 

0. 39163 

19344 

0. 41076 

65704 

0. 47378 

525 
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Table  9.8 


10.0 

10.2 

10.4 
10.6 
10.8 

11.0 

11.2 

11.4 
11.6 
11.8 

12.0 

12.2 

12.4 
12.6 
12.8 

13.0 

13.2 

13.4 

13.6 

13.8 

14.0 

14.2 

14.4 

14.6 

14.8 

15.0 

15.2 

15.4 

15.6 

15.8 

16.0 

16.2 

16.4 

16.6 

16.8 

17.0 

17.2 

17.4 

17.6 

17.8 

18.0 

18.2 

18.4 

18.6 

18.8 

19.0 
19.2 

19.4 
19.6 
19.8 

20.0 


MODIFIED  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 


e~xIo(x) 

0.12783  33371 
0.12653  91639 
0.12528  35822 
0.12406  47082 
0.12288  07840 

0.12173  01682 
0.12061  13250 
0.11952  28165 
0.11846  32942 
0.11743  14923 

0.11642  62212 
0.11544  63616 
0.11449  08594 
0.11355  87206 
0.11264  90074 

0.11176  08338 
0.11089  33621 
0.11004  57995 
0.10921  73954 
0.10840  74378 

0.10761  52517 
0.10684  01959 
0.10608  16613 
0.10533  90688 
0.10461  18671 

0.10389  95314 
0.10320  15618 
0.10251  74813 
0.10184  68351 
0.10118  91887 

0.10054  41273 
0.09991  12544 
0.09929  01906 
0.09868  05729 
0.09808  20539 

0.09749  43005 
0.  09691  69938 
0.09634  98277 
0.09579  25085 
0.09524  47546 

0.09470  62952 
0.09417  68703 
0.09365  62299 
0.09314  41336 
0.09264  03503 

0.09214  46572 
0.  09165  68400 
0.09117  66923 
0.09070  40151 
0.09023  86167 

0.08978  03119 

[‘-e6’5] 


e~xI  \(x) 

0.12126  26814 
0.12016  64024 
0.11909  89584 
0.11805  91273 
0.11704  57564 

0.11605  77582 
0.11509  41055 
0.11415  38276 
0.11323  60059 
0.11233  97710 

0.11146  42993 
0.11060  88096 
0.10977  25611 
0.10895  48501 
0.10815  50080 

0.10737  23993 
0.10660  64190 
0.10585  64916 
0.10512  20685 
0.10440  26267 

0.10369  76675 
0.10300  67148 
0.10232  93142 
0.10166  50311 
0.10101  34506 

0.10037  41751 
0.09974  68245 
0.09913  10348 
0.09852  64572 
0.09793  27574 

0.09734  96147 
0.09677  67216 
0.09621  37828 
0.09566  05145 
0.09511  66444 

0.09458  19107 
0.09405  60614 
0.09353  88542 
0.09303  00560 
0.09252  94423 

0.09203  67968 
0.09155  19113 
0.09107  45848 
0.09060  46237 
0.09014  18411 

0.08968  60569 
0.08923  70968 
0.08879  47929 
0.08835  89829 
0.08792  95099 

0.08750  62222 

r(-6Hi 


e~xh{x) 

0.10358  0801 
0.10297  7124 
0.10237  9936 
0.10178  9401 
0.10120  5644 

0.10062  8758 
0.10005  8806 
0.09949  5829 
0.09893  9845 
0.  09839  0853 

0.09784  8838 
0.09731  3770 
0.09678  5608 
0.09626  4300 
0.09574  9787 

0.  09524  2003 
0.09474  0874 
0.09424  6323 
0.09375  8268 
0.09327  6622 

0.09280  1299 
0.09233  2208 
0.09186  9257 
0.09141  2352 
0.09096  1401 

0.09051  6308 
0.  09007  6980 
0.08964  3321 
0.08921  5238 
0.08879  2637 

0.  08837  5426 
0.08796  3511 
0.  08755  6802 
0.08715  5210 
0.08675  8644 

0.08636  7017 
0.08598  0242 
0.08559  8235 
0.08522  0911 
0.08484  8188 

0.08447  9984 
0.08411  6221 
0.08375  6819 
0.08340  1701 
0.  08305  0793 

0.08270  4020 
0.  08236  1309 
0.08202  2590 
0.08168  7792 
0.08135  6848 

0.08102  9690 

r(-7)9-i 
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MODIFIED  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 Table  9.8 


x exKo(x)  exK\(x)  exK2(x) 


10.0 

0. 39163 

19344 

0. 41076 

65704 

0. 47378 

525 

10.2 

0. 38786 

02539 

0. 40644 

68479 

0. 46755 

571 

10.4 

0. 38419 

55846 

0. 40225 

98277 

0.  46155 

324 

10.6 

0. 38063 

29549 

0. 39819 

88825 

0. 45576 

482 

10.8 

0. 37716 

77125 

0. 39425 

78391 

0. 45017 

842 

11.0 

0. 37379 

54971 

0. 39043 

09362 

0. 44478 

294 

11.2 

0.  37051 

22156 

0. 38671 

27920 

0. 43956 

807 

11.4 

0. 36731 

40243 

0. 38309 

83725 

0. 43452 

427 

11.6 

0. 36419 

73076 

0. 37958 

29618 

0. 42964 

265 

11.8 

0. 36115 

86616 

0.  37616 

21391 

0. 42491 

496 

12.0 

0. 35819 

48784 

0. 37283 

17534 

0. 42033 

350 

12.2 

0. 35530 

29318 

0. 36958 

79032 

0. 41589 

111 

12.4 

0.  35247 

99643 

0. 36642 

69191 

0. 41158 

108 

12.6 

0.  34972 

32746 

0. 36334 

53438 

0. 40739 

714 

12.8 

0. 34703 

03081 

0. 36033 

99192 

0. 40333 

342 

13.0 

0. 34439 

86455 

0. 35740 

75702 

0. 39938 

443 

13.2 

0.  34182 

59943 

0. 35454 

53922 

0. 39554 

499 

13.4 

0. 33931 

01806 

0. 35175 

06397 

0. 39181 

028 

13.6 

0.33684 

91405 

0. 34902 

07143 

0. 38817 

572 

13.8 

0. 33444 

09142 

0. 34635 

31558 

0. 38463 

702 

14.0 

0. 33208 

36383 

0. 34374 

56322 

0. 38119 

016 

14.2 

0. 32977 

55402 

0. 34119 

59314 

0.  37783 

131 

14.4 

0. 32751 

49332 

0. 33870 

19539 

0. 37455 

687 

14.6 

0. 32530 

02091 

0. 33626 

17039 

0. 37136 

346 

14.8 

0. 32312 

98364 

0. 33387 

32858 

0. 36824 

785 

15.0 

0. 32100 

23534 

0. 33153 

48949 

0. 36520 

701 

15.2 

0. 31891 

63655 

0. 32924 

48132 

0. 36223 

805 

15.4 

0. 31687 

05405 

0. 32700 

14043 

0. 35933 

826 

15.6 

0. 31486 

36051 

0. 32480 

31080 

0. 35650 

503 

15.8 

0. 31289 

43424 

0. 32264 

84361 

0. 35373 

592 

16.0 

0. 31096 

15880 

0. 32053 

59682 

0. 35102 

858 

16.2 

0. 30906 

42269 

0. 31846 

43471 

0. 34838 

081 

16.4 

0.  30720 

11919 

0. 31643 

22766 

0. 34579 

049 

16.6 

0. 30537 

14592 

0. 31443 

85164 

0. 34325 

562 

16.8 

0. 30357 

40487 

0. 31248 

18807 

0. 34077 

427 

17.0 

0.  30180 

80193 

0. 31056 

12340 

0. 33834 

464 

17.2 

0. 30007 

24678 

0.  30867 

54888 

0. 33596 

497 

17.4 

0. 29836 

65276 

0. 30682 

36027 

0. 33363 

361 

17.6 

0.29668 

93657 

0. 30500 

45765 

0. 33134 

898 

17.8 

0. 29504 

01817 

0. 30321 

74518 

0. 32910 

956 

18.  0 

0.  29341 

82062 

0. 30146 

13089 

0. 32691 

391 

18.2 

0. 29182 

26987 

0. 29973 

52642 

0. 32476 

064 

18.4 

0.  29025 

29472 

0. 29803 

84697 

0. 32264 

843 

18.6 

0. 28870 

82654 

0. 29637 

01096 

0. 32057 

602 

18.8 

0. 28718 

79933 

0. 29472 

94003 

0.  31854 

218 

19.0 

0.  28569 

14944 

0. 29311 

55877 

0.  31654 

577 

19.2 

0.  28421 

81554 

0.29152 

79458 

0.  31458 

565 

19.4 

0. 28276 

73848 

0. 28996 

57766 

0. 31266 

076 

19.6 

0. 28133 

86117 

0. 28842 

84068 

0.  31077 

008 

19.8 

0. 27993 

12862 

0. 28691 

51886 

0. 30891 

262 

20.0 

0.27854 

48766 

0.  28542 

54970 

0. 30708 

743 

[■(-5)11  r(-5)21  r(-5)31 

L 6 J L 6 J LsJ 
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Table  9.8  MODIFIED  BESSEL  FUNCTIONS— AUXILIARY  TABLE  FOR  LARGE  ARGUMENTS 


x~l 

0 

•"H 

H 

1 

He* 

x2e~xI\  (z) 

x2e~xl2(x ) 

t~1x2  ex  Kq(x) 

T~lx2exKi  (x) 

7r~  1x2exK2(x) 

<x> 

0.050 

0.40150 

9761 

0.  39133 

9722 

0. 36237 

579 

0.  39651 

5620 

0. 40631 

0355 

0.43714 

666 

20 

0.  048 

0.40140 

4058 

0. 39164 

8743 

0. 36380 

578 

0. 39661 

0241 

0.  40601 

9771 

0.  43558 

814 

21 

0.  046 

0.40129 

8619 

0.  39195 

7336 

0. 36523 

854 

0.  39670 

5057 

0.40572 

8854 

0.  43403 

211 

22 

0.044 

0. 40119 

3443 

0. 39226 

5502 

0.  36667 

408 

0. 39680 

0069 

0. 40543 

7604 

0.  43247 

858 

23 

0.  042 

0.40108 

8526 

0. 39257 

3245 

0. 36811 

237 

0. 39689 

5278 

0.40514 

6017 

0.43092 

754 

24 

0.  040 

0.  40098 

3868 

0. 39288 

0567 

0. 36955 

342 

0. 39699 

0686 

0. 40485 

4094 

0. 42937 

901 

25 

0.  038 

0. 40087 

9466 

0.  39318 

7470 

0. 37099 

722 

0.  39708 

6293 

0. 40456 

1832 

0. 42783 

299 

26 

0.  036 

0. 40077 

5319 

0. 39349 

3958 

0.  37244 

375 

0. 39718 

2101 

0.40426 

9230 

0.42628 

949 

28 

0.  034 

0.40067 

1424 

0.  39380 

0032 

0. 37389 

302 

0.  39727 

8110 

0.40397 

6286 

0.  42474 

850 

29 

0.032 

0.40056 

7781 

0. 39410 

5695 

0.  37534 

502 

0. 39737 

4322 

0.  40368 

2998 

0. 42321 

003 

31 

0.030 

0. 40046 

4387 

0.  39441 

0950 

0. 37679 

973 

0.  39747 

0738 

0.40338 

9365 

0. 42167 

410 

33 

0.  028 

0. 40036 

1241 

0. 39471 

5798 

0. 37825 

716 

0. 39756 

7359 

0. 40309 

5386 

0. 42014 

070 

36 

0.  026 

0.40025 

8340 

0.  39502 

0243 

0. 37971 

729 

0. 39766 

4186 

0. 40280 

1058 

0. 41860 

984 

38 

0.  024 

0.  40015 

5684 

0. 39532 

4286 

0.  38118 

012 

0. 39776 

1221 

0. 40250 

6380 

0.  41708 

153 

42 

0.  022 

0. 40005 

3270 

0.  39562 

7929 

0. 38264 

564 

0.  39785 

8465 

0.40221 

1349 

0.41555 

576 

45 

0.  020 

0. 39995 

1098 

0.  39593 

1176 

0.  38411 

385 

0. 39795 

5918 

0. 40191 

5965 

0.  41403 

256 

50 

0.  018 

0. 39984 

9164 

0.  39623 

4028 

0. 38558 

474 

0.  39805 

3583 

0. 40162 

0226 

0. 41251 

191 

56 

0.  016 

0. 39974 

7469 

0. 39653 

6487 

0.  38705 

830 

0.39815 

1460 

0.40132 

4130 

0. 41099 

383 

63 

0.014 

0. 39964 

6009 

0. 39683 

8556 

0. 38853 

453 

0.  39824 

9551 

0.40102 

7674 

0.40947 

833 

71 

0.  012 

0. 39954 

4785 

0.  39714 

0236 

0.  39001 

342 

0. 39834 

7857 

0.  40073 

0858 

0. 40796 

540 

83 

0.  010 

0. 39944 

3793 

0.  39744 

1530 

0. 39149 

496 

0.  39844 

6379 

0.40043 

3679 

0. 40645 

505 

100 

0.  008 

0. 39934 

3033 

0.  39774 

2440 

0. 39297 

915 

0. 39854 

5119 

0.40013 

6136 

0. 40494 

730 

125 

0.006 

0. 39924 

2503 

0.  39804 

2968 

0. 39446 

599 

0. 39864 

4077 

0. 39983 

8226 

0.  40344 

214 

167 

0.004 

0. 39914 

2202 

0.  39834 

3116 

0.39595 

546 

0.  39874 

3256 

0. 39953 

9949 

0.40193 

958 

250 

0.  002 

0. 39904 

2128 

0.  39864 

2886 

0. 39744 

756 

0.  39884 

2657 

0.  39924 

1300 

0. 40043 

962 

500 

0.  000 

0. 39894 

2280 

0. 39894 

2280 

0. 39894 

228 

0.  39894 

2280 

0.  39894 

2280 

0. 39894 

228 

oo 

r(-8)3T 

r(-8)5i 

r(-7)3i 

r(-8)3i 

r(-8)5i 

R— 7)31 

L 3 

j 

L 3 

j 

L 3 

j 

i 

-i)  =x2e 

L 3 

j 

L 3 

j 

L 3 

j 

For  interpolating 

near  x_1  = 

=0  note  that  if  fn(x~ 

~xIn(x)  then fn(—x 

-i)=7r-ixViir„(x). 

<x>  = nearest  integer  to  x. 


Compiled  from  L.  Fox,  A short  table  for  Bessel  functions  of  integer  orders  and  large  arguments.  Royal 
Society  Shorter  Mathematical  Tables  No.  3 (Cambridge  Univ.  Press,  Cambridge,  England,  1954)  (with 
permission). 

MODIFIED  BESSEL  FUNCTIONS— AUXILIARY  TABLE  FOR  SMALL  ARGUMENTS 


X 

i£o(x)+/o(a;)  In  x 

x[Ki(x)-h(x)  Ins] 

X 

Ko(x)  +/o(z)  In  x 

x[K i(x)—Ii {x)  In x] 

0.0 

0.  11593  152 

1.  00000  000 

1.0 

0.42102  444 

0.  60190  723 

0.1 

0.11872  387 

0.99691  180 

1.1 

0.49199  896 

0.49390  093 

0.2 

0.12713  128 

0.98754  448 

1.2 

0.57261  444 

0.36514  944 

0.3 

0.  14124  511 

0.97158  819 

1.3 

0.66373  364 

0.21236  381 

0.4 

0.16121  862 

0.94852  090 

1.4 

0.76632  938 

+0.  03176  677 

0.5 

0.18726  857 

0.91759  992 

1.5 

0.88149  436 

-0.  18096  553 

0.6 

0.21967  734 

0.87784  980 

1.6 

1.  01045  200 

-0.43076  964 

0.7 

0.25879  579 

0.82804  659 

1.7 

1.15456  879 

-0.  72326  976 

0.8 

0.30504  682 

0.  76669  810 

1.8 

1.31536  786 

-1.06486  242 

0.9 

0.35892  957 

0.69201  997 

1.9 

1.49454  429 

-1.46281  214 

1.0 

0.42102  444 

0.60190  723 

2.0 

1.69398  200 

-1.92535  914 

■(-3)11  f(  — 3)21  [(-3)3]  [(-3)8] 


X 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 
1.6 
1.8 

2.0 

2.2 

2.4 
2.6 
2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

5.0 

5.2 

5.4 

5.6 

5.8 

6.0 

6.2 

6.4 

6.6 

6.8 

7.0 

7.2 

7.4 

7.6 

7.8 

8.0 

8.2 

8.4 

8.6 

8.8 

9.0 

9.2 

9.4 
9.6 
9.8 

10.0 

10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 
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MODIFIED  BESSEL  FUNCTIONS— ORDERS  3-9 


Tahir  9.9 


e~*h(x) 

0.0000 

(-4)1.3680 

(-4)9.0273 

(-3)2.5257 

(-3)4.9877 

(-3)8.1553 

(-2)1.1855 

(-2)1.5911 

(-2)2.0168 

(-2)2.4495 

(-2)2.8791 
(-2)3.2978 
| -2) 3.7001 

(-2 


> — x 


4.0823 

4.4421 


(-2)4.7783 

(-2)5.0907 

(-2)5.3795 

(-2)5.6454 

(-2)5.8893 

-2)6.1124 

-2)6.3161 

-2)6.5015 

(-2)6.6699 

(-2)6.8227 

-2)6.9611 
-2)7.0861 
-2)7.1989 
(-2  7.3005 
(-2)7.3917 

(-2)7.4736 
-2)7.5468 
-2)  7*.6121 
-2)7.6702 
(-2)7.7216 

(-2)7.7670 
(-2)7.8068 


(-2)7.8416 

(-2  7. 

(-2)7. 


8717 

8975 


-2)7.9194 
-2)7.9378 
-2)7.9528 
-2)7.9649 
-2)7.9741 

(-2)7.9808 
-2)7.9852 
-2)7.9875 
-2)7.9878 
(-2)7.9862 


-2)7.9687 

-2)7.9465 

-2)7.9182 

(-2)7.8848 

(-2)7.8474 

-2)7.8067 

-2)7.7635 

-2)7.7183 

-2)7.6716 

-2)7.6236 


U') 
0.0000 
(-6)3.4182 
(-5)4.5047 
(-4)1.8858 
(-4)4.9483 


(-3)1.0069 
(-3)1.7471 
-3)2.7189 


( 

(-3)3.9110 

(-3)5.3023 

-3)6.8654 

-3)8.5701 

-2)1.0386 

-2)1.2283 

(-2)1.4234 

(-2)1.6216 
(-2)1.8206 
(-2)2.0188 
(-2)2.2145 
( -2)  2.4065 


f: 


-2)2.5940 

-2)2.7761 

-2)2.9523 

(-2)3.1221 

(-2)3.2854 


( 


(-2)3.4419 

(-2)3.5916 

(-2)3.7346 

(-2)3.8708 

(-2)4.0005 


(-2)4.1238 
-2)4.2408 
-2)4.3518 
(-2)4.4570 
(-2)4.5567 

-2)4.6509 

-2)4.7401 

-2)4.8244 

(-2)4.9040 

(-2)4.9791 

(-2)  5.0500 
-2)5.1169 
-2)5.1800 
-2)5.2395 
-2)5.2954 

(-2)5.3482 
(-2)5.3978 
(-2)5.4445 
-2)5.4883 
-2  5.5296 


o-rh(x) 

0.0000 
(-8)6.8341 
(-6)1.7995 
(-5)1.1281 
(-5)  3.9377 

(-5)9.9866 
(-4)2.0719 
(-4)3.7459 
(-4)6.1288 
(-4)9.2978 

(-3)1.3298 
-3)1.8142 
(-3)2.3819 
(-3)  3.0293 
(-3)3.7511 

-3)4.5409 
-3)5.3913 
-3)6.2947 
-3)7.2431 
-3)8.2288 

-3)9.2443 
-2)1.0283 
-2)1.1337 
(-2)1.2402  ( 

(-2)1.3471  ( 


-2)1.4540 

-2)1.5605 

-2)1.6662 

-2)1.7707 

-2)1.8738 

(-2)1.9752 
(-2)2.0747 
(-2)2.1723 
-2)2.2677 
-2)2.3608 

(-2)2.4516 

(-2)2.5401 

(-2)2.6261 

(-2)2.7096 

(-2)2.7907 


-2) 

-2) 

(-2 

-2 

-2 


2.8694 

2.9456 

3.0195 

3.0909 

3.1601 


(- 


( 

(- 


-2)3.2269 
-2)3.2915 
-2)3.3539 
-2)  3.4141 
-2)3.4723 


r--*7r,(.v) 

0.0000 

(-9)1.1388 

(-8)5.9925 

(-7)5.6286 

(-6)2.6152 

(-6)  8.2731 
(-5)2.0544 
(-5)4.3203 
(-5)  8.0504 
(-4)1.3686 

-4)2.1656 
-4)3.2349 
-4)4.6097 
(-4)  6.3166 
(-4)8.3747 


-3)1.0796 

-3)1.3584 

-3)1.6738 

-3)2.0249 

-3)2.4106 

(-3)2.8291 

(-3)3.2785 

(-3)3.7566 

-3)4.2609 

-3)4.7890 


(-3)5.3384 

(-3)5.9065 

(-3)6.4909 

(-3)7.0892 

(-3)7.6990 

-3)8.3181 

-3)8.9445 

-3)9.5763 

(-2)1.0212 

(-2)1.0849 

(-2)1.1486 
-2)1.2122 
-2)1.2756 
-2)1.3387 
-2S 1.4012 

(-2)1.4633 

(-2)1.5247 

-2)1.5854 

-2)1.6453 

-2)1.7045 

-2)1.7627 
-2)1.8201 
-2) 1.8765 
-2)1.9319 
-2) 1.9864 


e--r/7(.v) 

0.0000 

-11)1.6265 

- 9)1.7109 

- 8)2.4084 
(-  7)1.4902 

(-  7)5.8832 
(-  6)1.7497 
(-  6)4.2831 
(-  6)9.0974 
(-  5)1.7349 


(-  5)3.0402 
(-  5)4.9776 
- 5)7.7080 
.1395 
.6197 


V 

I: !!!:! 


- 4)2.2265 

- 4)2.9735 

- 4)3.8725 
.9334 
.1640 


v 

- 4 4< 
(-  4)6.] 


4)7.5698 
4)9.1545 
3)1.0919 
3)1.2864 

- 3)1.4986 

- 3)1.7282 

- 3)1.9747 

- 3)2.2374 
(-  3)2.5157 
(-  3)2.8087 

(-  3)3.1156 

- 3)3.4355 

- 3)3.7674 

- 3)4.1105 

- 3)4.4637 


(-  3)4.8261 
(-  3)5.1969 

- 3)5.5750 

- 3)5.9596 

- 3)6.3499 

3)6.7449 
3)7.1440 
3)7.5464 
3)7.9513 
3)8.3582 

(-  3)8.7663 
(-  3)9.1750 

- 3)9.5839 

- 3)9.9924 

- 2)1.0400 


f>-J7s(.v) 

0.0000 
(-13)2.0328 
(-11)4.2750 
(-10)9.0201 
(-  9)7.4343 

(-  8)3.6643 
(-  7)1.3058 
- 7S 3.7225 
.0178 
.9302 

6)3.7487 
6)6.7325 
5)1.1339 
5)1.8099 
5)2.7609 


5)4.0512 
5)  5.7482 
5)7.9208 
4)1.0638 
4)1.3965 

- 4)1.7968 

- 4)2.2703 

- 4)2.8224 
.4578 
.1806 


(-  4)3.< 
(-  4)4.] 


- 4)4.9939 

- 4)5.9005 

- 4)6.9020 

- 4)7.9996 

- 4)9.1937 

3)1.0484 
3)1.1870 
3)1.3351 
3)1.4924 
3)*1.6587 


(- 


(- 


v 

I: 


1.8337 
2.0172 
2.2089 
2.4084 
2.6152 

2.8292 
3.0497 
3.2766 
3.5093 
3.7475 

3)3.9907 

3)4.2386 

3)4.4908 

3)4.7470 

3)5.0066 


(-2)5.6549 

(-2)5.7284 

(-2)5.7905 

(-2)5.8425 

(-2)5.8857 

-2)5.9211 
-2)  5.9497 
-2)5.9723 
-2)5.9896 
-2)6.0022 


-2)3.6602 

-2)3.7804 

-2)3.8900 

-2)3.9898 

-2)4.0805 

-2)4.1630 

-2)4.2378 

-2)4.3056 

-2)4.3670 

-2)4.4225 


-2)2.1690 

-2)2.2916 

(-2)2.4078 

(-2)2.5176 

(-2)2.6212 

-2)2.7188 

-2)2.8106 

-2)2.8969 

-2)2.9779 

-2)3.0538 


2)1.1814 

2)1.2805 

2)1.3775 

2)1.4722 

2)1.5642 

2)1.6533 

2)1.7394 

2)1.8225 

2)1.9025 

2)1.9794 


(-  3)5.9380 
(-  3)6.6192 

- 3)7.3082 

- 3)8.0010 

- 3)8.6939 

(-  3)9.3836 

- 2)1.0068 

- 2)1.0744 

- 2)1.1410 

- 2)1.2064 


P~xIt)(x) 

0.0000 

(-15)2.2585 

(-13)9.4957 

(-11)3.0037 

(-10)3.2983 

(-  9)2.0301 
(-  9)8.6707 
(-  8)2.8797 

- 8)7.9596 
(-  7)1.9131 

- 7)4.1199 

- 7)8.1206 

- 6)1.4883 

- 6)2.5669 
!-  6)4.2048 

6)6.5905 
6)9.9425 
5) 1.4507 
5)2.0556 
5)2.8380 

(-  5)3.8284 
(-  5)5.0587 
(-  5)6.5607 
(-  5)8.3667 
(-  4)1.0508 

(-  4)1.3015 
(-  4)1.5916 
(-  4)1.9240 
(-  4 2.3010 
(-  4)2.7249 


(- 


I: 

I: 

(- 


4)3.1978 
4)  3.7214 
4) 4.2971 
4)4.9261 
4)5.6094 

4)6.3475 
4)  7.1409 
7.9897 
8.8937 
9.8527 

1.0866 
1.1933 
1.3053 
1.4224 
1.5446 


(-  3)1.6716 
(-  3)1.8035 
(-  3 1.9399 
(-  3)2.0808 
(-  3)2.2260 


(-2)7.9830  (-2)5.5683  (-2)3.5284  (-2)2.0398  (-  2)1.0806  (-  3)5.2694  (-  3)2.3753 


(-  3)2.7653 
(-  3 3.1769 

- 3)3.6073 

- 3)4.0537 

- 3)4.5134 

(-  3)4.9837 

- 3)5.4622 

- 3)5.9469 

- 3)6.4354 

- 3)6.9260 


(-2)7.5749 

(-2)7.5256 

(-2)7.4759 

(-2)7.4260 

(-2)7.3761 


(-2)6.0106 

(-2)6.0155 

(-2)6.0170 

(-2)6.0158 

(-2)6.0119 


(-2)4.4726 

(-2)4.5179 

(-2)4.5585 

(-2)4.5951 

(-2)4.6278 


i -2)  3.1251 
-2)3.1918 
-2)3.2543 
-2)3.3128 
-2)3.3675 


1-  2)2.0532 
- 2)2.1240 
- 2)2.1918 
- 2)2.2567 
- 2) 2.3187 


I-  2)1.2705 
- 2)1.3333 
- 2)1.3946 
- 2)1.4543 
- 2)1.5125 


3)7.4171 
3)7.9071 
3 8.3947 
3)  8.8788 
3) 9.3584 


(-2)7.3263 

(-2)7.2768 

(-2)7.2275 

(-2)7.1785 

(-2)7.1300 


-2)6.0059 

-2)5.9978 

(-2)5.9880 

(-2)5.9767 

(-2)5.9640 


1-2)4.6571 
-2)4.6831 
-2)4.7062 
-2)4.7266 
-2)4.7444 


1-2)3.4186 
-2)3.4664 
-2)3.5111 
-2)3.5528 
-2)3.5917 


I-  2)2.3780 
- 2)2.4346 
- 2)2.4886 
- 2)2.5402 
- 2)2.5894 


I-  2)1.5691 
- 2)1.6240 
- 2)1.6774 
- 2)1.7291 
- 2)1.7792 


3)9.8324 

2)1.0300 

2)1.0761 

2)1.1215 

2)1.1661 


Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  func- 
tions, Part  II.  Functions  of  positive  integer  order,  Mathematical  Tables,  vol. 
X (Cambridge  Univ.  Press,  Cambridge,  England,  1952)  (with  permission). 
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424 


BESSEL  FUNCTIONS  OF  INTEGER  ORDER 


Table  9.9 


MODIFIED  BESSEL  FUNCTIONS— ORDERS  3-9 


x exKs(x)  ePK^x)  exK$(x)  e?K.Q(x)  ePKfa)  exKg(x) 


o.o 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 
1.6 
1.8 

2.0 

2.2 

2.4 
2.6 
2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

5.0 

5.2 

5.4 

5.6 

5.8 

6.0 

6.2 

6.4 

6.6 

6.8 

7.0 

7.2 

7.4 

7.6 

7.8 

8.0 

8.2 

8.4 

8.6 

8.8 

9.0 

9.2 

9.4 
9.6 
9.8 


10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


3] 

2 

i 

i 

i 

o°: 

o: 

°l 

0 

0 

0 

0 


oo 

1.2153 

1.8282 

6.4573 

3.2183 

1.9303 

1.2984 

9.4345 

7.2438 

5.7946 

4.7836 

4.0481 

3.4948 

3.0667 

2.7276 


0O 


0)2.4539 
0)2.2290 
2.0415 
1.8833 
1.7482 


0) 

0 

0 

0 

0 


1.6317 

1.5303 

1.4414 

1.3629 

1.2931 


0)1.2306 

0)1.1745 

0)1.1237 

0)1.0777 

0)1.0357 


1)9.9723 

1)9.6194 

1)9.2942 

1)8.9936 

1)8.7149 


1 
1 
1 
1' 
1' 

I 

1 


8.4559 

8.2145 

7.9890 

7.7778 

7.5797 

7.3935 

7.2182 

7.0527 

6.8963 

6.7483 

6.6079 

6.4746 

6.3480 

6.2274 

6.1125 


-1] 

i 

-l 

l' 

l’ 

l' 

i; 

i 

i‘ 

i' 

i 

i 


5.7493 

5.5217 

5.3161 

5.1294 

4.9591 

4.8030 

4.6593 

4.5266 

4.4036 

4.2892 

4.1826 

4.0829 

3.9895 

3.9017 

3.8191 


4)  3.6520 
3)2.7602 
2)6.5506 
2)2.4743 

2)1.2024 


i 

i 

i 

i 

o°: 

s: 

o' 

o' 

o: 

°1 

0 

0 

0 

0] 

0) 

o 

0 
0 
0) 

0 

f 

0 

o: 

0 

1 

o: 

0 

0 

o' 

0 

-1 

-1 

-1 


6.8382 

4.3280 

2.9585 

2.1426 

1.6226 

1.2731 

1.0280 

8.4989 

7.1659 

6.1432 

5.3415 

4.7013 

4.1817 

3.7541 

3.3976 

3.0971 

2.8412 

2.6213 

2.4309 

2.2646 

2.1186 

1.9895 

1.8746 

1.7720 

1.6798 

1.5967 

1.5213 

1.4528 

1.3902 

1.3329 

1.2803 

1.2318 

1.1870 

1.1455 

1.1069 

1.0710 

1.0376 

1.0062 

9.7693 

9.4941 

9.2354 

8.9918 

8.7620 

8.5449 


1 

2) 

2 

ij 

2 

2) 

! 

i: 

I 

0) 

0 

0 

o 

0 


1 

0 


oo 

1.4620 

5.5388 

8.7987 

2.5064 

9.8119 

4.6886 

2.5675 

1.5517 

1.0102 

6.9687 

5.0344 

3.7762 

2.9217 
2.3202 

1.8836 

1.5583 

1.3103 

1.1176 

9.6515 

8.4268 

7.4295 

6.6072 

5.9217 
5.3445 


0)4.8540 
0)  4.4338 
4.0711 
3.7557 
3.4798 


0 

0 

0 


3.2370 

3.0221 

2.8311 

2.6603 

2.5071 


0)2.3689 

0)2.2440 

0)2.1306 

0)2.0273 

0)1.9328 


0) 

0 

0 

o 

0) 

0) 

0 

0 

0 

0 


1.8463 

1.7667 

1.6934 

1.6257 

1.5629 

1.5047 

1.4505 

1.4001 

1.3529 

1.3088 


7] 

6 

5 

4) 

i 

2) 

2 

2 

2 

l! 

1 

1' 

1' 

1 

i: 

i 

i 

0 

o' 

o: 


f 

0] 

0 

o 

0 

0 


00 

7.3138 

1.3875 

1.4730 

3.1578 

9.9322 

3.9756 

1.8772 

9.9939 

5.8265 

3.6466 

2.4157 

1.6762 

1.2087 

9.0029 

6.8929 

5.4037 

4.3240 

3.5226 

2.9153 

2.4465 

2.0786 

1.7858 

1.5495 

1.3565 

1.1973 

1.0645 

9.5285 

8.5813 

7.7717 


0)7.0748 
0) 6.4711 
5.9448 
5.4835 


0)5.0771 


0)4.7171 
0)4.3970 
4.1110 
3.8544 


0)3.6235 


3.4148 

3.2256 

3.0535 

2.8966 

2.7530 

2.6213 

2.5002 

2.3886 

2.2855 

2.1900 


9] 

7 

6 

5) 

! 

3 

2 

2 

2 

21 

21 

2 

2] 

I 

I 

1) 

1 

1 

1 

1 


OO 

4.3897 

4.1679 

2.9548 

4.7618 

1.2017 

4.0225 

I. 6347 
7.6506 
3.9853 

2.2576 

II. 3680 
8.7586 
5.8709 
4.0904 

2.9455 

2.1822 

1.6572 

1.2860 

1.0171 

8.1821 

6.6819 

5.5310 

4.6342 

3.9258 

3.3589 

2.9000 

2.5245 

2.2144 

1.9559 

1.7387 

1.5547 

1.3978 

1.2630 

1.1467 


oi 


1.0455 
9.5723 
0)8.7970 
0)8.1132 
7.5074 


0) 

0 

0 

0 

o; 

0) 

0 

0 

0 

0 


6.9684 

6.4871 

6.0556 

5.6674 

5.3170 

4.9998 

4.7117 

4.4493 

4.2098 

3.9904 


1)  3.7411 
1)3.6674 
1)3.5976 
1)3.5313 
1)3.4684 


i 

-i 

-i 

-i 

-i 

:i 

-1 

-1 

-1 

-1 

-1 

-1 

-1 

=i 

-1 


7.8717 

7.4597 

7.0942 

6.7680 

6.4751 

6.2106 

5.9706 

5.7519 

5.5517 

5.3678 

5.1982 

5.0414 

4.8959 

4.7605 

4.6343 

4.5162 

4.4055 

4.3015 

4.2037 

4.1114 


0 

J 

-1' 

I 

1 

i 


1.1747 

1.0947 

1.0251 

9.6415 

9.1031 

8.6249 

8.1974 

7.8133 

7.4666 

7.1520 

6.8656 

6.6036 

6.3633 

6.1420 

5.9376 

5.7483 

5.5725 

5.4087 

5.2559 

5.1130 


f 

S 

0) 

0 

0 

0 

o) 

1 

1 

1 

1 

1 


1.9059 

1.7411 

1.6008 

1.4803 

1.3758 

1.2845 

1.2043 

1.1333 

1.0701 

1.0136 

9.6276 

9.1686 

8.7524 

8.3734 

8.0272 

7.7097 

7.4176 

7.1482 

6.8990 

6.6679 


0 

O' 

5 

! 

0) 

0 

0 

0 

0] 

°) 

:}l 

-ii 


3.3529 

2.9941 

2.6956 

2.4444 

2.2310 

2.0482 

1.8902 

1.7527 

1.6323 

1.5261 

1.4319 

1.3480 

1.2729 

1.2053 

1.1442 

1.0838 

1.0384 

9.9234 

9.5015 

9.1137 


111 

9 

7 

6) 

6) 

5 

5 

4 

4] 

4) 

3 

3 

3 

3) 

3) 

3 

2 

1 

ii 

2 
2 
2) 

I 

1] 

1 

1 

1 

1) 

ij 

l 

l 

l] 

i; 

i 

i 

i 

ij 

0 

o 

0 

0 


oo 

3.0735 

1.4602 

6.9092 

8.3647 

1.6923 

4.7326 

1.6535 

6.7942 

3.1580 

1.6168 

8.9469 

5.2768 

3.2821 

2.1352 

1.4435 

1.0088 

7.2560 

5.3532 

4.0388 

3.1084 

2.4352 

1.9384 

1.5654 

1.2807 

1.0602 

8.8721 

7.4980 

6.3942 

5.4983 

4.7644' 

4.1577 

3.6521 

3.2275 

2.8685 

2.5628 

2.3010 

2.0754 

1.8800 

1.7098 

1.5610 

1.4301 

1.3146 

1.2123 

1.1212 

1.0399 

9.6702 

9.0153 

8.4247 

7.8906 


10.0  (-1)6.0028  (-1)8.3395  ( 0)1.2674  ( 0)2.1014  ( 0)3.7891  ( 0)7.4062 


0) 

0 

0 

0 

0] 

0) 

0 

o 

0 

0) 

0] 

0 

0 

0 

o) 

0) 

0 

0 

0 

0 


6.3764 

5.5518 

4.8824 

4.3321 

3.8745 

3.4902 

3.1645 

2.8860 

2.6461 

2.4379 

2.2561 

2.0964 

1.9552 

1.8299 

1.7181 

1.6178 

1.5276 

1.4460 

1.3721 

1.3048 


&K§(x) 

00 

(13)2.4593 
(10)5.8448 
( 9)1.8454 
( 8)1.6777 

i 7)2.7197 
6)  6.3504 
6)1.9061 
5)6.8707 
5)2.8469 

15)1.3160 
4)  6.6436 
4)  3.6055 
4)2.0785 
4)1.2610 

13) 7.9932 
3)5.2620 
3)  3.5803 
3)2.5078 
3)1.8023 

13)1.3252 
2)9.9450 
2)7.6019 
2)5.9082 
2)4.6615 

i 2)3.7285 
2)3.0199 
2)2.4741 
2)2.0483 
2)1.7124 

i 2)1.4444 
2)1.2284 
2)1.0528 
1)9.0873 
1)7.8960 

i 1)6.9034 
1)6.0705 
1)5.3671 
1)4.7692 
1)4.2581 

11)3.8188 
1)3.4392 
1)3.1096 
1)2.8221 
1)2.5702 

11) 2.3486 
1)2.1529 
1)1.9794 
1)1.8251 
1)1.6873 

( 1)1.5639 

11)1.3069 
1)1.1070 
0)  9.4885 
0)8.2205 
0)7.1904 

! 0)  6.3439 
0)5.6407 
0)5.0510 
0)  4.5521 
0)4.1265 

1 0)3.7608 
0)  3.4444 
0)3.1689 
0)2.9275 
0)2.7150 

1 0)2.5269 
0) 2.3595 
0)2.2100 
0)2.0759 
0)1.9552 
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MODIFIED  BESSEL  FUNCTIONS — ORDERS  10,  11,  20  AND  21  Table  9.10 


X 

109.r-10/ioOc) 

101 1a;— 1 !/i  i (a;) 

10-8xi0^i0(.r) 

1024r-2O/2O(T)  1026r-21/21(z)  10 

1 

to 

to 

o 

to 

o 

0.0 

0.26911 

445 

1.22324 

748 

1.85794 

560 

0.391990  0.933311 

6.37771 

0.2 

0.26935 

920 

1.22426 

724 

1.85588 

251 

0.392177  0.933736 

6.37435 

0.4 

0.27009 

468 

1.22733 

125 

1.84970 

867 

0.392738  0.935008 

6.36429 

0.6 

0.27132 

457 

1.23245 

366 

1.83947 

021 

0.393674  0.937136 

6.34757 

0.8 

0.27305 

504 

1.23965 

820 

1.82524 

326 

0.394988  0.940123 

6.32424 

1.0 

0.27529 

480 

1.24897 

831 

1.80713 

290 

0.396684  0.943974 

6.29437 

1.2 

0.27805 

517 

1.26045 

740 

1.78527 

169 

0.398766  0.948703 

6.25807 

1.4 

0.28135 

012 

1.27414 

918 

1.75981 

781 

0.401239  0.954321 

6.21545 

1.6 

0.28519 

648  ' 

1.29011 

798 

1.73095 

297 

0.404112  0.960843 

6.16665 

1.8 

0.28961 

396 

1.30843 

932 

1.69887 

992 

0.407392  0.968285 

6.11184 

2.0 

0.29462 

538 

1.32920 

036 

1.66381 

982 

0.411087  0.976669 

6.05118 

2.2 

0.30025 

682 

1.35250 

061 

1.62600 

944 

0.415209  0.986016 

5.98488 

2.4 

0.30653 

784 

1.37845 

262 

1.58569 

822 

0.419768  0.996351 

5.91314 

2.6 

0.31350 

170 

1.40718 

285 

1.54314 

529 

0.424778  1.007703 

5.83620 

2.8 

0.32118 

565 

1.43883 

260 

1.49861 

645 

0.430253  1.020101 

5.75428 

3.0 

0.32963 

121 

1.47355 

907 

1.45238 

126 

0.436209  1.033581 

5.66764 

3.2 

0.33888 

455 

1.51153 

657 

1.40471 

020 

0.442662  1.048178 

5.57655 

3.4 

0.34899 

681 

1.55295 

782 

1.35587 

192 

0.449632  1.063935 

5.48128 

3.6 

0.36002 

459 

1.59803 

551 

1.30613 

075 

0.457139  1.080893 

5.38210 

3.8 

0.37203 

039 

1.64700 

388 

1.25574 

432 

0.465205  1.099102 

5.27932 

4.0 

0.38508 

316 

1.70012 

064 

1.20496 

150 

0.473853  1.118613 

5.17321 

4.2 

0.39925 

889 

1.75766 

896 

1.15402 

052 

0.483111  1.139481 

5.06408 

4.4 

0.41464 

125 

1.81995 

978 

1.10314 

736 

0.493006  1.161768 

4.95224 

4.6 

0.43132 

237 

1.88733 

435 

1.05255 

442 

0.503569  1.185538 

4.83797 

4.8 

0.44940 

362 

1.96016 

700 

1.00243 

944 

0.514832  1.210861 

4.72159 

5.0 

0.46899 

655 

2.03886 

82 

0.95298 

465 

0.526830  1.237813 

4.60339 

5.2 

0.49022 

387 

2.12388 

83 

0.90435 

626 

0.539601  1.266475 

4.48367 

5.4 

0.51322 

061 

2.21572 

08 

0.85670 

405 

0.553186  1.296933 

4.36272 

5.6 

0.53813 

536 

2.31490 

71 

0.81016 

129 

0.567630  1.329281 

4.24084 

5.8 

0.56513 

169 

2.42204 

09 

0.76484 

483 

0.582979  1.363622 

4.11830 

6.0 

0.59438 

965 

2.53777 

36 

0.72085 

532 

0.599284  1.400061 

3.99537 

6.2 

0.62610 

759 

2.66282 

00 

0.67827 

767 

0.616599  1.438715 

3.87234 

6.4 

0.66050 

400 

2.79796 

48 

0.63718 

161 

0.634984  1.479709 

3.74945 

6.6 

0.69781 

972 

2.94406 

93 

0.59762 

235 

0.654501  1.523176 

3.62695 

6.8 

0.73832 

033 

3.10208 

00 

0.55964 

137 

0.675219  1.569259 

3.50507 

7.0 

0.78229 

881 

3.27303 

69 

0.52326 

729 

0.697210  1.618113 

3.38405 

7.2 

0.83007 

854 

3.45808 

34 

0.48851 

672 

0.720554  1.669904 

3.26411 

7.4 

0.88201 

663 

3.65847 

74 

0.45539 

529 

0.745333  1.724808 

3.14543 

7.6 

0.93850 

764 

3.87560 

29 

0.42389 

854 

0.771639  1.783016 

3.02821 

7.8 

0.99998 

773 

4.11098 

38 

0.39401 

295 

0.799570  1.844734 

2.91264 

8.0 

1.06693 

936 

4.36629 

90 

0.36571 

690 

0.829231  1.910180 

2.79887 

8.2 

1.13989 

641 

4.64339 

88 

0.33898 

159 

0.860735  1.979593 

2.68705 

8.4 

1.21945 

007 

4.94432 

35 

0.31377 

202 

0.894204  2.053225 

2.57733 

8.6 

1.30625 

534 

5.27132 

42 

0.29004 

783 

0.929769  2.131351 

2.46983 

8.8 

1.40103 

829 

5.62688 

64 

0.26776 

418 

0.967571  2.214264 

2.36466 

9.0 

1.50460 

429 

6.01375 

48 

0.24687 

251 

1.007764  2.302281 

2.26193 

9.2 

1.61784 

713 

6.43496 

31 

0.22732 

134 

1.050510  2.395741 

2.16172 

9.4 

1.74175 

933 

6.89386 

57 

0.20905 

690 

1.095988  2.495011 

2.06411 

9.6 

1.87744 

369 

7.39417 

36 

0.19202 

382 

1.144389  2.600488 

1.96916 

9.8 

2.02612 

620 

7.93999 

51 

0.17616 

568 

1.195919  2.712593 

1.87692 

10.0 

2.18917 

062 

8.53588 

02 

0.16142 

553 

1.250800  2.831786 

1.78744 

m 

m 

i i 

i i 

T 

oo  1 

4i+i(.r) 

“ r ^n(x)  +In- 

l(x) 

Kn+i(x)J^Kn(x)+Kn- 

l(x) 

Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  functions,  Part  II.  Func- 
tions of  positive  integer  order,  Mathematical  Tables,  vol.  X (Cambridge  Univ.  Press,  Cambridge,  Eng- 
land, 1952)  and  L.  Fox,  A short  table  for  Bessel  functions  of  integer  orders  and  larga  arguments.  Royal 
Society  Shorter  Mathematical  Tables  No.  3 (Cambridge  Univ.  Press,  Cambridge,  England,  1954)  (with 
permission). 
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Table  9.10 
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MODIFIED  BESSEL  FUNCTIONS— ORDERS  10,  11,  20  AND  21 


X 

e~xho(x) 

e~xI  n(x) 

exK  io(x) 

102^-20/20(3.) 

10 26z-21/21(z)  10 

1—22^20^20(3:) 

10.0 

0.00099 

38819 

0.00038 

75284 

35.55633 

91 

1.25080 

2.83179 

1.787443 

10.2 

0.00107 

29935 

0.00042 

45861 

32.60759 

68 

1.30927 

2.95856 

1.700753 

10.4 

0.00115 

52835 

0.00046 

37417 

29.98423 

91 

1.37160 

3.09345 

1.616873 

10.6 

0.00124 

06973 

0.00050 

50080 

27.64297 

29 

1.43806 

3.23703 

1.535814 

10.8 

0.00132 

91744 

0.00054 

83934 

25.54714 

23 

1.50895 

3.38992 

1.457578 

11.0 

0.00142 

06490 

0.00059 

39013 

23.66558 

79 

1.58462 

3.55278 

1.382160 

11.2 

0.00151 

50508 

0.00064 

15309 

21.97172 

20 

1.66540 

3.72634 

1.309546 

11.4 

0.00161 

23051 

0.00069 

12768 

20.44277 

46 

1.75169 

3.91139 

1.239714 

11.6 

0.00171 

23339 

0.00074 

31298 

19.05917 

72 

1.84390 

4.10876 

1.172637 

11.8 

0.00181 

50559 

0.00079 

70766 

17.80405 

56 

1.94249 

4.31937 

1.108279 

12.0 

0.00192 

03870 

0.00085 

31003 

16.66281 

24 

2.04795 

4.54421 

1.046601 

12.2 

0.00202 

82412 

0.00091 

11805 

15.62277 

97 

2.16080 

4.78434 

0.987556 

12.4 

0.00213 

85303 

0.00097 

12937 

14.67293 

16 

2.28162 

5.04093 

0.931095 

12.6 

0.00225 

11650 

0.00103 

34132 

13.80364 

34 

2.41105 

5.31521 

0.877164 

12.8 

0.00236 

60548 

0.00109 

75097 

13.00649 

01 

2.54975 

5.60856 

0.825703 

13.0 

0.00248 

31086 

0.00116 

35512 

12.27407 

71 

2.69846 

5.92244 

0.776652 

13.2 

0.00260 

22347 

0.00123 

15035 

11.59989 

74 

2.85799 

6.25845 

0.729947 

13.4 

0.00272 

33415 

0.00130 

13301 

10.97821 

07 

3.02921 

6.61832 

0.685520 

13.6 

0.00284 

63375 

0.00137 

29926 

10.40394 

07 

3.21306 

7.00393 

0.643305 

13.8 

0.00297 

11314 

0.00144 

64509 

9.87258 

79 

3.41058 

7.41731 

0.603230 

14.0 

0.00309 

76327 

0.00152 

16634 

9.38015 

52 

3.62289 

7.86068 

0.565225 

14.2 

0.00322 

57518 

0.00159 

85870 

8.92308 

36 

3.85121 

8.33644 

0.529218 

14.4 

0.00335 

53999 

0.00167 

71776 

8.49819 

79 

4.09686 

8.84722 

0.495137 

14.6 

0.00348 

64894 

0.00175 

73898 

8.10265 

95 

4.36131 

9.39585 

0.462910 

14.8 

0.00361 

89341 

0.00183 

91776 

7.73392 

53 

4.64613 

9.98543 

0.432464 

15.0 

0.00375 

26491 

0.00192 

24942 

7.38971 

31 

4.95305 

10.61932 

0.403728 

15.2 

0.00388 

75510 

0.00200 

72921 

7.06797 

04 

5.28394 

11.30119 

0.376630 

15.4 

0.00402 

35583 

0.00209 

35235 

6.76684 

87 

5.64087 

12.03503 

0.351101 

15.6 

0.00416 

05908 

0.00218 

11403 

6.4846-7 

94 

6.02608 

12.82520 

0.327070 

15.8 

0.00429 

85705 

0.00227 

00942 

6.21995 

46 

6.44202 

13.67643 

0.304470 

16.0 

0.00443 

74209 

0.00236 

03366 

5.97130 

87 

6.89137 

14.59389 

0.283235 

16.2 

0.00457 

70675 

0.00245 

18192 

5.73750 

35 

7.37705 

15.58322 

0.263299 

16.4 

0.00471 

74378 

0.00254 

44936 

5.51741 

43 

7.90228 

16.65059 

0.244598 

16.6 

0.00485 

84612 

0.00263 

83118 

5.31001 

78 

8.47055 

17.80271 

0.227071 

16.8 

0.00500 

00690 

0.00273 

32259 

5.11438 

19 

9.08571 

19.04691 

0.210658 

17.0 

0.00514 

21947 

0.00282 

91884 

4.92965 

63 

9.75197 

20.39124 

0.195301 

17.2 

0.00528 

47735 

0.00292 

61523 

4.75506 

40 

10.47392 

21.84444 

0.180944 

17.4 

0.00542 

77427 

0.00302 

40709 

4.58989 

42 

11.25663 

23.41611 

0.167532 

17.6 

0.00557 

10418 

0.00312 

28982 

4.43349 

60 

12.10562 

25.11674 

0.155012 

17.8 

0.00571 

46119 

0.00322 

25887 

4.28527 

20 

13.02697 

26.95781 

0.143336 

18.0 

0.00585 

83964 

0.00332 

30977 

4.14467 

40 

14.02734 

28.95188 

0.132454 

18.2 

0.00600 

23403 

0.00342 

43808 

4.01119 

75 

15.11406 

31.11272 

0.122321 

18.4 

0.00614 

63909 

0.00352 

63948 

3.88437 

85 

16.29515 

33.45541 

0.112891 

18.6 

0.00629 

04971 

0.00362 

90969 

3.76378 

89 

17.57946 

35.99648 

0.104124 

18.8 

0.00643 

46098 

0.00373 

24450 

3.64903 

41 

18.97668 

38.75407 

0.095978 

19.0 

0.00657 

86817 

0.00383 

63982 

3.53974 

93 

20.49749 

41.74804 

0.088414 

19.2 

0.00672 

26672 

0.00394 

09161 

3.43559 

74 

22.15363 

45.00024 

0.081397 

19.4 

0.00686 

65226 

0.00404 

59590 

3.33626 

62 

23.95803 

48.53460 

0.074892 

19.6 

0.00701 

02059 

0.00415 

14885 

3.24146 

65 

25.92489 

52.37745 

0.068865 

19.8 

0.00715 

36768 

0.00425 

74667 

3.15093 

00 

28.06989 

56.55768 

0.063285 

20.0 

0.00729 

68965 

0.00436 

38567 

3.06440 

75 

30.41029 

61.10706 

0.058124 

r(-7)4"|  [-(-7)3-1  f(- 2)4-1  r(-2)21  r(-2)5l  r(-4)4' 

_ 5 J L 5 J L 8 J L 5 J L 5 J L 4 _ 
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MODIFIED  BESSEL  FUNCTIONS— AUXILIARY  TABLE  FOR  LARGE  ARGUMENTS  Table  9.10 


1 1 L L I L 

1 In  [x^e~ xIio(x)]  In  [x2e~ */ii(:e)]  In  [tt~1x2 e^K\Q{x)1  In  \x2e~ */2o(®)]  In  \x2e~ */2i(a?)]  In  [tt— i^2exX2o(^)] 


0.050 

-3.42244  002 

-3.93653  292 

1.47299 

048 

— 

10.434749 

-11.346341 

8.250182 

20 

0.049 

-3.37318  689 

-3.87762  888 

1.42771 

939 

— 

L0.263511 

-11.160467 

8.088946 

20 

0.048 

-3.32386  306 

-3.81861  524 

1.38232 

785 

— 

10.091302 

-10.973471 

7.926737 

21 

0.047 

-3.27447  055 

-3.75949  454 

1.33681 

644 

— 

9.918126 

-10.785351 

7.763551 

21 

0.046 

-3.22501  139 

-3.70026  938 

1.29118 

575 

— 

9.743983 

-10.596108 

7.599386 

22 

0.045 

-3.17548  766 

-3.64094  242 

1.24543 

642 

9.568876 

-10.405744 

7.434240 

22 

0.044 

-3.12590  147 

-3.58151  639 

1.19956 

910 

— 

9.392809 

-10.214259 

7.268110 

23 

0.043 

-3.07625  496 

-3.52199  408 

1.15358 

449 

— 

9.215785 

-10.021658 

7.100994 

23 

0.042 

-3.02655  033 

-3.46237  835 

1.10748 

332 

— 

9.037810 

- 9.827944 

6.932893 

24 

0.041 

-2.97678  979 

-3.40267  211 

1.06126 

635 

— 

8.858889 

- 9.633121 

6.763806 

24 

0.040 

-2.92697  559 

-3.34287  833 

1.01493 

437 

8.679029 

- 9.437195 

6.593733 

25 

0.039 

-2.87711  002 

-3.28300  006 

0.96848 

822 

— 

8.498236 

- 9.240173 

6.422673 

26 

0.038 

-2.82719  539 

-3.22304  039 

0.92192 

874 

— 

8.316519 

- 9.042063 

6.250630 

26 

0.037 

-2.77723  405 

-3.16300  246 

0.87525 

686 

— 

8.133888 

- 8.842873 

6.077603 

27 

0.036 

-2.72722  837 

-3.10288  949 

0.82847 

349 

— 

7.950352 

- 8.642612 

5.903597 

28 

0.035 

-2.67718  076 

-3.04270  472 

0.78157 

961 

7.765923 

- 8.441293 

5.728614 

29 

0.034 

-2.62709  365 

-2.98245  146 

0.73457 

624 

— 

7.580613 

- 8.238927 

5.552659 

29 

0.033 

-2.57696  948 

-2.92213  308 

0.68746 

441 

— 

7.394434 

- 8.035529 

5.375732 

30 

0.032 

-2.52681  074 

-2.86175  298 

0.64024 

520 

— 

7.207403 

- 7.831113 

5.197843 

31 

0.031 

-2.47661  992 

-2.80131  461 

0.59291 

975 

- 

7.019533 

- 7.625695 

5.018998 

32 

0.030 

-2.42639  955 

-2.74082  147 

0.54548 

920 

6.830842 

- 7.419294 

4.839203 

33 

0.029 

-2.37615  216 

-2.68027  709 

0.49795 

475 

— 

6.641348 

- 7.211929 

4.658466 

34 

0.028 

-2.32588  032 

-2.61968  504 

0.45031 

764 

— 

6.451070 

- 7.003620 

4.476796 

36 

0.027 

-2.27558  659 

-2.55904  894 

0.40257 

915 

— 

6.260027 

- 6.794389 

4.294202 

37 

0.026 

-2.22527  356 

-2.49837  243 

0.35474 

059 

- 

6.068243 

- 6.584261 

4.110696 

38 

0.025 

-2.17494  384 

-2.43765  918 

0.30680 

331 

mmm 

5.875738 

- 6.373261 

3.926290 

40 

0.024 

-2.12460  002 

-2.37691  291 

0.25876 

871 

— 

5.682539 

- 6.161416 

3.740995 

42 

0.023 

-2.07424  475 

-2.31613  733 

0.21063 

822 

— 

5.488669 

- 5.948754 

3.554826 

43 

0.022 

-2.02388  063 

-2.25533  620 

0.16241 

332 

— 

5.294155 

- 5.735305 

3.367799 

45 

0.021 

-1.97351  031 

-2.19451  329 

0.11409 

551 

- 

5.099025 

- 5.521102 

3.179929 

48 

0.020 

-1.92313  643 

-2.13367  239 

0.06568 

636 

4.903309 

- 5.306177 

2.991233 

50 

0.019 

-1.87276  162 

-2.07281  731 

+0.01718 

745 

— 

4.707035 

- 5.090565 

2.801730 

53 

0.018 

-1.82238  853 

-2.01195  186 

-0.03139 

959 

— 

4.510235 

- 4.874302 

2.611440 

56 

0.017 

-1.77201  979 

-1.95107  986 

-0.08007 

306 

— 

4.312943 

- 4.657427 

2.420383 

59 

0.016 

-1.72165  806 

-1.89020  514 

-0.12883 

128 

— 

4.115190 

- 4.439978 

2.228582 

63 

0.015 

-1.67130  595 

-1.82933  153 

-0.17767 

247 

3.917011 

- 4.221995 

2.036059 

67 

0.014 

-1.62096  610 

-1.76846  286 

-0.22659 

485 

— 

3.718443 

- 4.003521 

1.842840 

71 

0.013 

-1.57064  113 

-1.70760  295 

-0.27559 

659 

— 

3.519520 

- 3.784599 

1.648949 

77 

0.012 

-1.52033  365 

-1.64675  564 

-0.32467 

581 

— 

3.320281 

- 3.565272 

1.454415 

83 

0.011 

-1.47004  626 

-1.58592  472 

-0.37383 

061 

— 

3.120763 

- 3.345586 

1.259264 

91 

0.010 

-1.41978  154 

-1.52511  400 

-0.42305 

904 

2.921004 

- 3.125587 

1.063526 

100 

0.009 

-1.36954  207 

-1.46432  725 

-0.47235 

911 

— 

2.721043 

- 2.905322 

0.867231 

111 

0.008 

-1.31933  040 

-1.40356  824 

-0.52172 

881 

— 

2.520921 

- 2.684838 

0.670412 

125 

0.007 

-1.26914  908 

-1.34284  072 

-0.57116 

608 

— 

2.320676 

- 2.464184 

0.473099 

143 

0.006 

-1.21900  063 

-1.28214  841 

-0.62066 

881 

— 

2.120350 

- 2.243408 

0.275328 

167 

0.005 

-1.16888  754 

-1.22149  499 

-0.67023 

489 

1.919982 

- 2.022558 

+0.077133 

200 

0.004 

-1.11881  229 

-1.16088  414 

-0.71986 

215 

— 

1.719613 

- 1.801685 

-0.121451 

250 

0.003 

-1.06877  735 

-1.10031  949 

-0.76954 

839 

— 

1.519284 

- 1.580838 

-0.320388 

333 

0.002 

-1.01878  514 

-1.03980  463 

-0.81929 

138 

— 

1.319036 

- 1.360065 

-0.519640 

500 

0.001 

-0.96883  808 

-0.97934  314 

-0.86908 

886 

- 

1.118907 

- 1.139416 

-0.719170 

1000 

0.000 

-0.91893  853 

m 

m i 1 

O0 1-1 

mio  ^ 
O | 

00 

1 

0s 

• 

o 

1 

-0.91893  853  - 0.918939 

m m 

<£>= nearest  integer  to  x. 

- 0.918939 

m 

-0.918939 

m 

00 

Compiled  from  L.  Fox,  A short  table  for  Bessel  functions  of  integer  orders  and  large  arguments.  Royal 
Society  Shorter  Mathematical  Tables  No.  3 (Cambridge  Univ.  Press,  Cambridge,  England,  1954)  (with 
permission). 
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BESSEL  FUNCTIONS  OF  INTEGER  ORDER 


Table  9.11 


MODIFIED  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


n 

0 

1 

2 

3 

4 


In(  1) 

0) 1.26606  5878 

1) 5.65159  1040 

1) 1.35747  6698 

2) 2.21684  2492 

3) 2.73712  0221 


In(  2) 

0)2.27958  5302 

0) 1.59063  6855 

1) 6.88948  4477 

1) 2.12739  9592 

2) 5.07285  6998 


In(  5) 

1)2.72398  7182 
1)2.43356  4214 
1)1.75056  1497 
1)1.03311  5017 
0)5.10823  4764 


5 

6 

7 

8 
9 


4) 2.71463  1560 

5) 2.24886  6148 

6) 1.59921  8231 

8) 9.96062  4033 

9) 5.51838  5863 


3)9.82567  9323 

3) 1.60017  3364 

4) 2.24639  1420 

5) 2.76993  6951 

6) 3.04418  5903 


0) 2.15797  4547 

1) 7.92285  6690 

1) 2.56488  9417 

2) 7.41166  3216 

2)1.93157  1882 


10 

11 

12 

13 

14 


10) 2.75294  8040 

11) 1.24897  8308 

13) 5.19576  1153 

14) 1.99563  1678 
16)7.11879  0054 


7) 3.01696  3879 

8) 2.72220  2336 

9) 2.25413  0978 

10) 1.72451  6264 

11) 1.22598  3451 


3) 4.58004  4419 

4) 9.95541  1401 

4) 1.99663  4027 

5) 3.  71568  0720 

6) 6.44800  5272 


15 

16 

17 

18 
19 


17)2.37046  3051 

19) 7.40090  0286 

20) 2.17495  9747 

22)  6.  03714  4636 

23) 1.58767  8369 


I-  13)8.13943  2531 
- 14)5.06857  1401 
- 15)2.97182  8970 
- 16)1.64621  5204 
- 18)8.64160  3385 


6) 1.  04797  7675 

7) 1.60139  2190 

8) 2.30866  7371 

9) 3.14983  7806 
10)4.07841  5017 


20 

30 

40 

50 


25)3.96683  5986 
42)3.53950  0588 
60)1.12150  9741 
80)2.93463  5309 


19)4.31056  0576 
33)3.89351  9664 
48)1.25586  9192 
65)3.35304  2830 


(-  11)5.02423  9358 
(-  21)3.99784  4971 
(-.32)1.18042  6980 
(-  45)2.93146  9647 


100 


-189)8.47367  4008 


(-158)1.08217  1475  (-119)7.09355  1489 


n 

0 

1 

2 

3 

4 


/n(10) 

3)2.81571  6628 

3)2.67098  8304 
3)2.28151  8968 
3)1.75838  0717 
3)1.22649  0538 


In  (50) 

( 20)2.93255  378 
( 20)2.90307  859 
( 20)2.81643  064 
( 20)2.67776  414 
( 20)2.49509  894 


In(100) 

142)1.07375  171 
42)1.  06836  939 
42)1.05238  432 
42)1.02627  402 
41)9.90807  878 


5 

6 

7 

8 
9 


2)7.77188  2864 
2)4.49302  2514 
2)2.38025  5848 
2)1.16066  4327 
1)5.23192  9250 


1 20)2.27854  831 
20)2.  03938  928 
20)1.78909  488 
20)1.53844  272 
20)1.29679  321 


141)9.47009  387 
41)8.96106  940 
41)8.39476  555 
41)7.78580  222 
41)7.14903  719 


10 

11 

12 

13 

14 


1 1)2.18917  0616 

0)8.53588  0176 
0)3.11276  9776 
0)1.  06523  2713 
- 1)3.43164  7223 


20)1.07159  716 
19)8.68154  347 
19)6.89609  247 
19)5.37141  909 
19)4.10295  454 


(41)6.49897  552 
(41)5.84924  209 
(41)5.21214  227 
(41)4.59832  794 
(41)4.01657  700 


15  (-  1)1.04371  4907 

16  (-  2)3.00502  5016 

17  (-  3)8.21069  0206 

18  (-  3)2.13390  3457 

19  (-  4)5.28637  7589 


19)  3.  07376  455 
19)2.25869  581 
19)1.62819  923 
19)1.15152  033 
18)7.99104  593 


141)3.47368  638 
41)2.97447  109 
41)2.52185  563 
41)2.11704  017 
41)1.75972  117 


20 

(-  4 

30 

(-12 

40 

(-20 

50 

(-30 

1.25079  9736 
7.78756  9783 
2.04212  3274 
4.75689  4561 


( 18)5.44200  840 
( 16)4.27499  365 
( 13)6.00717  897 
(+10)1.76508  024 


(41)1.44834  613 
(40)1.20615  487 
(38)3.84170  550 
(36)4.82195  809 


100  (-88)1.08234  4202 


(-16)2.72788  795 


(21)4.64153  494 
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MODIFIED  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


n 

0 

1 

2 

3 

4 


Kn(  1) 

I-  1)4.21024  4382 
- 1)6.  01907  2302 
0)1.62483  8899 
0)7.10126  2825 
1)4.42324  1585 


Kn(  2) 

-1)1.13893  8728 
-1)1.  39865  8818 
-1)2.53759  7546 
-1)6.47385  3909 
0)2.19591  5927 


-3)  3 
-3)4 
-3)5 
-3)8 
-2)1 


5 ( 2)3.  60960  5896 

6 ( 3)3.65383  8312 

7 ( 4)4.42070  2033 

8 ( 5)6.22552  1230 

9 ( 7)1.  00050  4099 


0) 9.43104  9101 

1) 4.93511  6143 

2) 3.  05538  0177 

3) 2.18811  7285 

4) 1.78104  7630 


-2)3 

-2)8 

-1)2 

-1)7 

0)2 


10 

11 

12 

13 

14 


8) 1.80713  2899 

9) 3.62427  0839 
10)7.99146  7175 

12) 1.92157  6393 

13) 5.  00409  0088 


5) 1.62482  4040 

6) 1.64263  4516 

7) 1.82314  6208 

8) 2.  20420  1795 

9) 2.88369  3795 


0)9 

14. 

2)1 

2) 9 

3) 5. 


15 

( 15 

16 

( 16 

17 

( 18 

18 

( 19 

19 

( 21 

1.40306  6801 
4.21420  4494 
1.34994  8505 
4.  59403  9121 
1.65520  4032 


( 10)4.  05921  3332 
( 11)6.11765  6935 
( 12)9.82884  3230 
( 14)1.  67702  1006 
( 15)3.  02846  6654 


4)3. 
5 1. 
6)1. 
6)  8. 
7)6. 


20 

30 

40 

50 


22)6.29436  9360  ( 16 

39)4.70614  5527  ( 30 

58)1.11422  0651  ( 45 

77)3.40689  6854  ( 62 


5. 77085 

6853 

( 8)4. 

4.  27112 

5755 

( 18)4 

9.  94083 

9886 

( 30)1 

2. 97998 

1740 

( 42)3 

100 


(185)5.90033  3184 


(155)4.61941  5978 


(115)7. 


n 

0 

1 

2 

3 

4 


' tfn(10) 

! -5)  1.77800  6232 
-5)1.86487  7345 
-5)2.15098  1701 
-5)2.72527  0026 
-5)3.78614  3716 


Kn(50) 

1-23)3.41016  774 
-23)3.44410  222 
-23)3.54793  183 
-23)3.72793  677 
-23)3.99528  424 


( -45)  4 
(-45)4 
( -45)  4 
(-45)4. 
( -45) 5 


5 

6 

7 

8 
9 


1-5)5.75418  4999 
-5)9.  54032  8715 
-4)1.72025  7946 
-4)3.36239  3995 
-4)7.10008  8338 


1-23)4.  36718  224 
-23)4.  86872  069 
-23)5.53567  521 
-23)6.41870  975 
-23)7.58966  233 


( -45) 5. 
( -45)  5. 
( -45)  5. 
( -45)  6. 
(-45)6. 


10 

11 

12 

13 

14 


1-3)1.61425  5300 
-3)3.93851  9435 
-2)1.02789  9806 
-2)2.86081  1477 
-2)8.46600  9646 


! -23)  9. 15098  819 
-22)1.12500  576 
-22)1.41010  135 
-22)1.80185  441 
-22)2.34706  565 


( ~45)  7. 
( -45) 8. 
( -45)  9. 
( -44) 1. 
(-44)  1. 


15 

16 

17 

18 
19 


(-1)2.65656  3849 
(-1)8.81629  2510 
( 0)3.08686  9988 
( 1)1.13769  8721 
( 1)4.40440  2395 


1-22)3.11621  117 
-22)4.21679  235 
-22)5.81495  828 
-22)8.17096  398 
-21)1.16980  523 


( -44)  1. 
( -44) 1. 
( -44)  1. 
( -44)  2. 
( -44)  2. 


20 

30 

40 

50 


( 2)1.78744  2782 
( 9)2.03024  7813 
(17)5.93822  4681 
(27)2.06137  3775 


(-21)1.70614  838 
(-19)2.00581  681 
(-16)1.29986  971 
(-13)4.00601  347 


a 3. 

3. 

1. 

9. 


100 


(85)4.59667  4084 


(+13)1.63940  352 


(-25)7. 


Table  9.11 

Kn(5) 

69109  8334 
04461  3445 
30894  3712 
29176  8415 
52590  6581 

27062  7371 
06716  1323 
26318  1455 
14362  4206 
51227  7891 

75856  2829 
15465  2921 
92563  2913 
65850  3277 
21498  4995 

01697  6630 
86233  5828 
22206  4696 
49627  3517 
23952  3402 

82700  0521 
11213  2063 
05075  6722 
39432  2243 

03986  0193 


tfn(100) 

65662  823 
67985  373 
75022  530 
86986  274 
04241  707 

27325  611 
56974  268 
94162  523 
40157  021 
96587  646 

65542  797 
49696  206 
52475  963 
07829  044 
23283  148 

42348  325 
65987  645 
95464  371 
32445  531 
79144  763 

38520  541 
97060  205 
20842  080 
27452  265 

61712  963 
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Table  9.12  KELVIN  FUNCTIONS — ORDERS  0 AND  1 


X 

ber  x 

bei  x, 

ben  r 

beii  x 

0.0 

1.  00000  00000 

0.00000 

00000 

0.00000  00000 

0.  00000  00000 

0.1 

0.99999  84375 

0. 00249 

99996 

-0.03539  95148 

0.03531  11265 

0.2 

0.99997  50000 

0. 00999 

99722 

-0.  07106  36418 

0.  07035  65360 

0.3 

0.99987  34379 

0.  02249 

96836 

-0.10725  47768 

0.10486  83082 

0.4 

0.99960  00044 

0. 03999 

82222 

-0.14423  08645 

0.13857  41359 

0.5 

0.99902  34640 

0. 06249 

32184 

-0.18224  31238 

0.17119  51797 

0.6 

0.99797  51139 

0. 08997 

97504 

-0.22153  37177 

0.20244  39824 

0.7 

0.99624  88284 

0. 12244 

89390 

-0.26233  33470 

0.23202  24623 

0.8 

0.99360  11377 

0. 15988 

62295 

-0.  30485  87511 

0.25962  00070 

0.9 

0.  98975  13567 

0.  20226 

93635 

-0.34931  01000 

0.28491  16898 

1.0 

0.  98438  17812 

0. 24956 

60400 

-0. 39586  82610 

0.  30755  66314 

1.1 

0.97713  79732 

0.  30173 

12692 

-0.44469  19268 

0.32719  65305 

1.2 

0.96762  91558 

0. 35870 

44199 

-0.49591  45913 

0.  34345  43903 

1.3 

0.95542  87468 

0. 42040 

59656 

-0.54964  13636 

0.  35593  34649 

1.4 

0.94007  50567 

0.  48673 

39336 

-0.  60594  56099 

0.36421  64560 

1.5 

0.92107  21835 

0. 55756 

00623 

-0,66486  54180 

0.36786  49890 

1.6 

0.89789  11386 

0.  63272 

56770 

-0.72639  98786 

0.36641  93986 

1.7 

0.  86997  12370 

0.  71203 

72924 

-0.  79050  51846 

0.35939  88584 

1.8 

0.  83672  17942 

0. 79526 

19548 

-0.85709  05470 

0.  34630  18876 

1.9 

0.  79752  41670 

0. 88212 

23406 

-0.92601  39357 

0.32660  72722 

2.0 

0.  75173  41827 

0. 97229 

16273 

-0.99707  76519 

0.29977  54370 

2.1 

0.69868  50014 

1. 06538 

81608 

-1.07002  37462 

0.26525  03092 

2.2 

0.63769  04571 

1.16096 

99438 

-1.14452  92997 

0.22246  17120 

2.3 

0.  56804  89261 

1.25852 

89751 

-1.22020  15903 

0.17082  83322 

2.4 

0.48904  77721 

1. 35748 

54765 

-1.29657  31717 

0.  10976  13027 

2.5 

0.39996  84171 

1.45718 

20442 

-1.37309  68976 

+0.03866  84440 

2.6 

0.30009  20903 

1. 55687 

77737 

-1.44914  09315 

-0.04304  07916 

2.7 

0.18870  63040 

1. 65574 

24073 

-1.52398  37854 

-0.13594  96285 

2.8 

+0.06511  21084 

1.  75285 

05638 

-1.59680  94413 

-0.24062  74875 

2.9 

-0.  07136  78258 

1.84717 

61157 

-1.66670  26139 

-0.35762  26713 

3.0 

-0.22138  02496 

1. 93758 

67853 

-1.73264  42211 

-0.48745  41770 

3.1 

-0.38553  14550 

2.02283 

90420 

-1.  79350  71373 

-0.63060  25952 

3.2 

-0.56437  64305 

2.10157 

33881 

-1.84805  23125 

-0.78750  00586 

3.3 

-0.  75840  70121 

2.17231 

01315 

-1.89492  53482 

-0.95851  92089 

3.4 

-0.96803  89953 

2. 23344 

57503 

-1.93265  36306 

-1.14396  11510 

3.5 

-1.19359  81796 

2. 28324 

99669 

-1.95964  41313 

-1.34404  23731 

3.6 

-1.43530  53217 

2. 31986 

36548 

-1.97418  19924 

-1.55888  06139 

3.7 

-1.69325  99843 

2. 34129 

77145 

-1.97443  00262 

-1.78847  96677 

3.8 

-1.96742  32727 

2. 34543 

30614 

-1.95842  92665 

-2.  03271  31257 

3.9 

-2.25759  94661 

2.  33002 

18823 

-1.92410  07174 

-2.  29130  70630 

4.0 

-2.56341  65573 

2. 29269 

03227 

-1.86924  84590 

-2.  56382  16886 

4.1 

-2.88430  57320 

2.23094 

27803 

-1.79156  42730 

-2.84963  19932 

4.2 

-3.21947  98323 

2. 14216 

79867 

-1.68863  39648 

-3.14790  74393 

4.3 

-3.  56791  08628 

2. 02364 

70694 

-1.55794  55649 

-3.45759  07560 

4.4 

-3.92830  66215 

1. 87256 

37958 

-1.39689  95997 

-3.77737  59182 

4.5 

-4.29908  65516 

1. 68601 

72036 

-1.20282  16315 

-4.10568  54084 

4.6 

-4.67835  69372 

1.46103 

68359 

-0.97297  72697 

-4.44064  68813 

4.7 

-5.06388  55867 

1. 19460 

07968 

-0.70458  98649 

-4.78006  93721 

4.8 

-5.45307  61749 

0. 88365 

68537 

-0.39486  10961 

-5.12141  92170 

4.9 

-5.84294  24419 

0.  52514 

68109 

-0.04099  46681 

-5.46179  58790 

5.0 

-6.23008  24787 

0. 11603 

43816 

+0.35977  66668 

-5.79790  79018 

m 

r(-3)6i 

L 8 J 

m 

[(-f,2i 

KELVIN  FUNCTIONS— AUXILIARY 

TABLE  FOR  SMALL  ARGUMENTS 

x. 

ker  i -t-ber  x In  x 

kei  r+bei 

x In  ./• 

r(ken  r+ben  x In  .»•) 

r(keii  <*+beii  x In 

0.0 

0.11593  1516 

-0. 78539 

8163 

-0.70710  6781 

-0.70710  6781 

0.1 

0.11789  2485 

-0. 78260 

7108 

-0.70651  7131 

-0.70215  4903 

0.2 

0.12374  5076 

-0. 77421 

9267 

-0.70486  2164 

-0.68733  0339 

0.3 

0.13339  8210 

-0. 76019 

0919 

-0.  70248  3157 

-0.66272  8003 

0.4 

0.14669  9682 

-0. 74045 

0212 

-0.69994  6658 

-0.  62851  1738 

0.5 

0.16343  5574 

-0. 71489 

8693 

-0.69804  1049 

-0.58492  2770 

[(1>53 

m 

m 

Compiled  from  National  Bureau  of  Standards,  Tables  of  the  Bessel  functions  J<\(z)  and  J\{z)  for  complex 
arguments,  2d  ed.  (Columbia  Univ.  Press,  New  York,  N.Y.,  1947)  and  National  Bureau  of  Standards, 
Tables  of  the  Bessel  functions  I'o(r)  and  Yi(~)  for  complex  arguments  (Columbia  Univ.  Press,  New  York, 
N.Y.,  1950)  (with  permission). 
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KELVIN 

FUNCTIONS—' 

ORDERS  0 AND  1 

Table  9.12 

x 

ker 

X 

kei 

r 

ker! 

X 

kei! 

X 

0.0 

00 

-0.  78539 

8163 

— OO 

— OO 

0.1 

2.  42047 

3980 

-0.  77685 

0646 

-7. 14668 

1711 

-6. 94024 

2153 

0.2 

1. 73314 

2752 

-0.  75812 

4933 

-3.  63868 

3342 

-3. 32341 

7218 

0.3 

l.,33721 

8637 

-0.  73310 

1912 

-2.  47074 

2357 

-2. 08283 

4751 

0.4 

1.  06262 

3902 

-0.  70380 

0212 

-1. 88202 

4050 

-1. 44430 

5150 

0.5 

0.  85590 

5872 

-0.  67158 

1695 

-1. 52240 

3406 

-1. 05118 

2085 

0.6 

0. 69312 

0695 

-0.  63744 

9494 

-1. 27611 

7712 

-0. 78373 

8860 

0.7 

0.56137 

8274 

-0.  60217 

5451 

-1. 09407 

2943 

-0.  59017 

5251 

0.8 

0. 45288 

2093 

-0.  56636 

7650 

-0. 95203 

2751 

-0. 44426 

9985 

0.9 

0.  36251 

4812 

-0.  53051 

1122 

-0. 83672 

7829 

-0. 33122 

6820 

1.0 

0. 28670 

6208 

-0. 49499 

4636 

-0. 74032 

2276 

-0. 24199 

5966 

1.1 

0.  22284 

4513 

-0.  46012 

9528 

-0. 65791 

0729 

-0. 17068 

4462 

1.2 

0. 16894 

5592 

-0.  42616 

3604 

-0. 58627 

4386 

-0.11325 

6800 

1.3 

0. 12345 

5395 

-0.  39329 

1826 

-0.  52321 

5989 

-0. 06683 

2622 

1.4 

0. 08512 

6048 

-0.  36166 

4781 

-0.  46718 

3076 

-0. 02928 

3749 

1.5 

0.05293 

4915 

-0.  33139 

5562 

-0.  41704 

4285 

+0. 00100 

8681 

1.6 

0.  02602 

9861 

-0.  30256 

5474 

-0.  37195 

1238 

0.  02530 

6776 

1.7 

+0. 00369 

1104 

-0.  27522 

8834 

-0. 33125 

0485 

0. 04461 

5190 

1.8 

-0.  01469 

6087 

-0. 24941 

7069 

-0. 29442 

5803 

0. 05974 

7779 

1.9 

-0. 02966 

1407 

-0.  22514 

2235 

-0.  26105 

9495 

0.  07137 

3592 

2.0 

-0.  04166 

4514 

-0. 20240 

0068 

-0. 23080 

5929 

0.  08004 

9398 

2.1 

-0.  05110 

6500 

-0. 18117 

2644 

-0. 20337 

3135 

0.  08624 

3202 

2.2 

-0.  05833 

8834 

-0. 16143 

0701 

-0. 17850 

9812 

0. 09035 

1619 

2.3 

-0.  06367 

0454 

-0. 14313 

5677 

-0. 15599 

6054 

0.  09271 

2940 

2.4 

-0.  06737 

3493 

-0. 12624 

1488 

-0. 13563 

6638 

0.  09361 

7161 

2.5 

-0.  06968 

7972 

-0. 11069 

6099 

-0. 11725 

6136 

0.  09331 

3788 

2.6 

-0.  07082 

5700 

-0.  09644 

2891 

-0.10069 

5314 

0. 09201 

8037 

2.7 

-0.  07097 

3560 

-0.  08342 

1858 

-0.  08580 

8451 

0. 08991 

5810 

2.8 

-0.  07029 

6321 

-0.  07157 

0648 

-0.  07246 

1339  . 

0.  08716 

7762 

2.9 

-0.  06893 

9052 

-0.  06082 

5473 

-0. 06052 

9755 

0. 08391 

2666 

3.0 

-0.  06702 

9233 

-0. 05112 

1884 

-0.  04989 

8308 

0.  08027 

0223 

3.1 

-0.  06467 

8610 

-0.  04239 

5446 

-0.  04045 

9533 

0.  07634 

3451 

3.2 

-0.  06198 

4833 

-0.  03458 

2313 

-0.  03211 

3183 

0. 07222 

0724 

3.3 

-0.  05903 

2916 

-0. 02761 

9697 

-0.  02476 

5662 

0.  06797 

7529 

3.4 

. -0.05589 

6550 

-0.  02144 

6287 

-0.  01832 

9556 

0.  06367 

7999 

3.5 

-0. 05263 

9277 

-0.  01600 

2568 

-0. 01272 

3249 

0.  05937 

6256 

3.6 

-0.  04931 

5556 

-0. 01123 

1096 

-0.  00787 

0585 

0. 05511 

7592 

3.7 

-0.  04597 

1723 

-0.  00707. 

6704 

-0.  00370 

0576 

0.  05093 

9514 

3.8 

-0. 04264 

6864 

-0.  00348 

6665 

-0.  00014 

7138 

0. 04687 

2681 

3.9 

-0.  03937 

3608 

-0.  00041 

0809 

+0.  00285 

1155 

0.  04294 

1728 

4.0 

-0.  03617 

8848 

+0.  00219 

8399 

0. 00535 

1296 

0.  03916 

6011 

4.1 

-0.  03308 

4395 

0. 00438 

5818 

0.  00740 

6063 

0.  03556 

0272 

4.2 

-0.  03010 

7574 

0. 00619 

3613 

0.  00906 

4226 

0.  03213 

5235 

4.3 

-0. 02726 

1764 

0. 00766 

1269 

0.  01037 

0752 

0. 02889 

8142 

4.4 

-0. 02455 

6892 

0.  00882 

5624 

0.  01136 

6998 

0. 02585 

3229 

4.5 

-0.  02199 

9875 

0.  00972 

0918 

0. 01209 

0904 

0.  02300 

2160 

4.6 

-0.  01959 

5024 

0.  01037 

8865 

0. 01257 

7182 

0.  02034 

4409 

4.7 

-0.  01734 

4409 

0. 01082 

8725 

0. 01285 

7498 

0.  01787 

7607 

4.8 

-0.  01524 

8188 

0. 01109 

7399 

0. 01296 

0651 

0.  01559 

7847 

4.9 

-0.  01330 

4899 

0.  01120 

9526 

0.  01291 

2753 

0.  01349 

9960 

5.0 

-0.  01151 

1727 

0.  01118 

7587 

0. 01273 

7390 

0.  01157 

7754 

X 

KELVIN  FUNCTIONS— AUXILIARY 
ker  J rber  x In  x kei  i+bei  x In  x 

TABLE  FOR  SMALL  ARGUMENTS 
®(keri  a +beri  x In  .<■)  x(keii  .r+beii  x In 

0.5 

0.16343  5574 

-0.71489  8693 

-0.69804  1049 

-0.58492  2770 

0.6 

0.18332  9435 

-0.68341  3456 

-0.69777  1567 

-0.53229  1460 

0.7 

0.20604  1279 

-0.64584  9920 

-0.70035  3648 

-0.47105  2294 

0.8 

0.23116  6407 

-0.60204  5231 

-0.70720  4389 

-0.40176  2012 

0.9 

0.25823  4099 

-0.55182  2327 

-0.71993  1903 

-0.32512  0736 

1.0 

0.28670  6208 

-0.49499  4636 

-0.74032  2276 

-0.24199  5966 

i 1 

^i> 
i i 

i 1 

00 

1  i 

i 1 

T— 1 
00 

i i 

[<-?»] 
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Table  9.12  KELVIN  FUNCTIONS— MODULUS  AND  PHASE 


ber . 

l>=J/o(*)  COS  00  (•*') 

ben  .r 

COS  01  (r) 

bei  x=Mo(x)  sin  0oM 

beii  x 

= Jfi  (x)  sin  0i  (.r) 

X 

J/oM 

0o(-r) 

iJ/lOO 

0.  0 

1. 000000 

0. 000000 

0. 000000 

2. 356194 

0.2 

1. 000025 

0.  010000 

0.100000 

2. 361194 

0.4 

1. 000400 

0. 039993 

0.200013 

2. 376194 

0.6 

1. 002023 

0.  089919 

0.  300101 

2. 401189 

0.8 

1. 006383 

0.159548 

0.  400427 

2. 436166 

1.0 

1. 015525 

0. 248294 

0.  501301 

2.481086 

1.2 

1. 031976 

0. 354999 

0. 603235 

2. 535872 

1.4 

1. 058608 

0. 477755 

0. 706982 

2. 600386 

1.6 

1. 098431 

0. 613860 

0.  813585 

2. 674406 

1.8 

1.154359 

0. 759999 

0. 924407 

2. 757605 

2.0 

1.229006 

0. 912639 

1. 041167 

2. 849536 

2.2 

1. 324576 

1. 068511 

1. 165949 

2. 949617 

2.4 

1. 442891 

1.225011 

1.301211 

3.  057139 

2.6 

1. 585536 

1. 380379 

1. 449780 

3.171285 

2.8 

1. 754059 

1. 533667 

1. 614838 

3. 291160 

3.  0 

1.950193 

1. 684559 

1. 799908 

3.415839 

3.2 

2.176036 

1. 833156 

2. 008844 

3. 544415 

3.4 

2.434210 

1. 979784 

2. 245840 

3. 676044 

3.6 

2. 727979 

2. 124854 

2. 515453 

3. 809981 

3.8 

3. 061341 

2. 268771 

2. 822653 

3. 945601 

4.0 

3. 439118 

2. 411887 

3. 172896 

4. 082407 

4.2 

3. 867032 

2. 554483 

3.  572227 

4.  220023 

4.4 

4.  351791 

2. 696771 

4. 027393 

4. 358179 

4.  6 

4. 901189 

2. 838893 

4. 545990 

4. 496691 

4.8 

5. 524209 

2. 980942 

5. 136619 

4. 635441 

5.  0 

6. 231163 

3. 122970 

5. 809060 

4.  774362 

5.2 

7. 033841 

3. 265002 

6. 574474 

4.  913417 

5.4 

7. 945700 

3. 407044 

7. 445618 

5. 052589 

5.6 

8.  982083 

3. 549094 

8. 437083 

5. 191872 

5.8 

10. 160473 

3. 691142 

9. 565568 

5. 331267 

6.  0 

11.500794 

3. 833179 

10. 850182 

5. 470772 

6.2 

13.  025757 

3. 975197 

12. 312791 

5. 610390 

6.4 

14.761257 

4.117190 

13. 978402 

5.750117 

6.6 

16.  736836 

4. 259152 

15. 875614 

5.  889950 

6.8 

18. 986208 

4. 401083 

18. 037122 

6. 029884 

7.0 

21. 547863 

4.  54,2982 

20. 500302 

6. 169913 

m 

m 

[(T] 
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x-l 

x$e-*I^Mo(x) 

0O(.r)-(tf/\/2) 

x\e  XN% M\  (x) 

®i(*)-(*/V2) 

<•'•> 

0.15 

0. 40418 

-0. 40758 

0. 38359 

1. 22254 

7 

0.14 

0. 40383 

-0. 40644 

0. 38457 

1. 21922 

7 

0.13 

0. 40349 

-0. 40534 

0. 38556 

1. 21598 

8 

0. 12 

0. 40315 

-0. 40427 

0. 38655 

1.21280 

8 

0. 11 

0. 40281 

-0. 40323 

0. 38755 

1. 20968 

9 

0.10 

0. 40246 

-0. 40221 

0. 38856 

1. 20660 

10 

0.  09 

0. 40211 

-0.  40119 

0. 38957 

1.20356 

11 

0.  08 

0. 40176 

-0.  40019 

0. 39060 

1.20057 

13 

0.  07 

0. 40141 

-0. 39921 

0. 39162 

1.19762 

14 

0.  06 

0. 40106 

-0.  39824 

0. 39266 

1. 19471 

17 

0.05 

0. 40071 

-0.  39728 

0. 39369 

1.19184 

20 

0.  04 

0. 40035 

-0.  39634 

0. 39474 

1. 18901 

25 

0.  03 

0. 40000 

-0. 39541 

0. 39578 

1. 18622 

33 

0.  02 

0. 39965 

-0.  39449 

0. 39683 

1. 18348 

50 

0.01 

0. 39930 

-0. 39359 

0. 39789 

1.18077 

100 

0.  00 

0. 39894 

-0. 39270 

0. 39894 

1. 17810 

CO 

m 

m 

[(T] 

[‘f1] 

<.r>=nearest  integer  to  x. 


BESSEL  FUNCTIONS  OF  INTEGER  ORDER 


KELVIN  FUNCTIONS — MODULUS  AND  PHASE  Table  9.12 


ker 

X=Nq(x)  COS  00  (x) 

kerx  .i 

c =Ni  (x)  COS  01  (x) 

kei  x=Nq  (x)  sin  <f> o(x) 

ii 

0) 

■-Ni  (x)  sin  01  (z) 

X 

N0(x) 

4>o(x) 

Ni  (x) 

01  (a?) 

0.0 

00 

0.  000000 

00 

-2.  356194 

0.2 

1.891702 

-0.  412350 

4.  927993 

-2. 401447 

0.4 

1.274560 

-0. 584989 

2. 372347 

-2. 487035 

0.6 

0. 941678 

-0.  743582 

1. 497572 

-2. 590827 

0.8 

0. 725172 

-0.  896284 

1. 050591 

-2. 704976 

1.0 

0.  572032 

-1. 045803 

0. 778870 

-2. 825662 

1.2 

0.  458430 

-1. 193368 

0.  597114 

-2. 950763 

1.4 

0.  371548 

-1. 339631 

0.  468100 

-3. 078993 

1.6 

0. 303683 

-1. 484977 

0.  372811 

-3. 209526 

1.8 

0.  249850 

-1. 629650 

0. 300427 

-3. 341804 

2.0 

0.  206644 

-1.  773813 

0. 244293 

-3. 475437 

2.2 

0.171649 

-1. 917579 

0.  200073 

-3.  610143 

2.4 

0. 143095 

-2. 061029 

0. 164807 

-3. 745715 

2.6 

0.119656 

-2.204225 

0. 136407 

-3. 881994 

2.8 

0.100319 

-2.  347212 

0. 113353 

-4. 018860 

3.0 

0. 084299 

-2.  490025 

0. 094515 

-4. 156217 

3.2 

0.  070979 

-2.  632692 

0.  079039 

-4. 293990 

3.4 

0. 059870 

-2.  775236 

0.  066264 

-4. 432118 

3.6 

0.  050578 

-2.  917672 

0.  055677 

-4. 570551 

3.8 

0.  042789 

-3.  060017 

0.  046873 

-4. 709250 

4.0 

0. 036246 

-3. 202283 

0.  039530 

-4. 848179 

4.2 

0. 030738 

-3. 344478 

0.  033389 

-4. 987312 

4.4 

0.  026095 

-3. 486612 

0.  028242 

-5. 126623 

4.6 

0. 022174 

-3.  628692 

0.  023918 

-5.  266093 

4.8 

0. 018859 

-3.  770724 

0.  020280 

-5. 405705 

5.0 

0.016052 

-3. 912712 

0.  017213 

-5. 545443 

5.2 

0. 013674 

-4. 054662 

0.  014624 

-5. 685295 

5.4 

0. 011656 

-4. 196576 

0.  012435 

-5.  825250 

5.6 

0. 009942 

-4.  3,38460 

0.  010583 

-5. 965298 

5.8 

0. 008485 

-4. 480314 

0. 009013 

-6. 105430 

6.0 

0. 007246 

-4.  622142 

0.  007682 

-6. 245638 

6.2 

0. 006191 

-4. 763947 

0. 006551 

-6.  385917 

6.4 

0. 005292 

-4. 905730 

0.  005590 

-6.  526260 

6.6 

0.  004526 

-5. 047493 

0.  004773 

-6.  666662 

6.8 

0.  003872 

-5. 189238 

0. 004077 

-6.  807119 

7.0 

0. 003315 

-5. 330966 

0. 003485 

-6.  947625 

KELVIN  FUNCTIONS — MODULUS  AND  PHASE  FOR  LARGE  ARGUMENTS 


x—1 

xh*^N0(x) 

0 o(z)  + (z/V2) 

xh*I^Ni  (x) 

0i(z)  + (z/V2) 

<%> 

0.15 

1. 23695 

-0. 38070 

1. 30377 

-1.  99943 

7 

0. 14 

1. 23802 

-0.  38142 

1. 30039 

-1.  99725 

7 

0.13 

1. 23909 

-0.  38217 

1.29701 

-1. 99505 

8 

0.12 

1.24017 

-0.  38291 

1. 29363 

-1. 99281 

8 

0.11 

1. 24125 

-0.  38367 

1. 29024 

-1. 99055 

9 

0.10 

1.  24233 

-0.  38444 

1. 28687 

-1. 98825 

10 

0.  09 

1. 24342 

-0.  38522 

1. 28349 

-1.  98592 

11 

0.  08 

1. 24451 

-0. 38600 

1. 28012 

-1.  98357 

13 

0.  07 

1. 24560 

-0.  38680 

1. 27675 

-1. 98118 

14 

0.  06 

1. 24670 

-0.  38761 

1. 27339 

-1. 97876 

17 

0.  05 

1. 24779 

-0.  38843 

1. 27002 

-1.  97630 

20 

0.  04 

1. 24889 

-0.  38926 

1. 26667 

-1.  97381 

25 

0.  03 

1.25000 

-0.  39010 

1. 26332 

-1. 97128 

33 

0.  02 

1. 25110 

-0.  39096 

1.  25998 

-1. 96872 

50 

0.  01 

1. 25221 

-0.  39182 

1.25664 

-1. 96613 

100 

0.  00 

1. 25331 

-0.  39270 

1. 25331 

-1.  96350 

00 

m 

m 

m 

<a;>=nearest  integer  to  x. 
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jn(x),  Vn(x) 

71=3(1)8;  x=0(.l)10,  5S 
x~njn(x),  xn+1yn(x) 

n=9,  10;  x=0(.l)10,  7-8S 

Table  10.3.  Spherical  Bessel  Functions — Orders  20  and  21  (0< x < 25)  . 463 

arn  exp  (x2/(4n+2))jn(x) 
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71=20,  21 ; z=0(.5)25,  6-8S 
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V|roMn+i(x),  dn+i(x)—x  where 
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Vn(x) = V hnlxMn+i  (x)  sin  0n+t(x) 

71=9,  10;  x-^.H-. 005)0,  8D 
71=20,  21;  x-^Mi-. 002)0,  8D 

Table  10.5.  Spherical  Bessel  Functions — Various  Orders  (0<7i<100)  . 465 

jn(x),  yn(x) 
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®=1,  2,  5,  10,  50,  100,  10S 
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Table  10.8.  Modified  Spherical  Bessel  Functions — Orders  0,  1 and  2 
(0<*<5) 

■y/$ir/zln+ j(x),  "JfarjxKn+ j(x) 
n=0,  1,  2;  x=0(.l)5,  4-9D 

Table  10.9.  Modified  Spherical  Bessel  Functions — Orders  9 and  10 

(0<x<~) 

x-nJbrJxI„+ j(x),  xB+I  V hir/xKn+i (x) 
n= 9,  10;  sc=0(.l)5,  7-8S 
e~xIn+\{x),  (2/T)exKn+i(x) 
n= 9,  10;  x=5(.l)10,  6S 

V 2vic  exp  [—x+n(n+l)/(2x)]I„+i(z) 

■yj2x/*  exp  [x— n(»+  l)/(2x)]Kn+i(x) 

»=9,  10;  ar^.K— .005)0,  7-8S 

. Table  10.10.  Modified  Spherical  Bessel  Functions — Various  Orders 

(0<»<100) 

ijbr/xln+i(x),  VW*+lW 
»=0(1)20,  30,  40,  50,  100 
x=l,  2,  5,  10,  50,  100,  10S 

Tablel0.ll.  Airy  Functions  (0<x<») 

Ai(x),  Ai'(x),  Bi(*),  Bi'(x) 
x=0(.01)l,  8D 

Ai(— x),  Ai'(— x),  Bi(— a:),  Bi'(— x) 
x=0(.01)l(.l)10,  8D 

Auxiliary  Functions  for  Large  Positive  Arguments 
Ai(x) =\x~llie~ij(— £) ; Bi(x)  =x_1/4e{/(£) 

Ai'(x)  =—$x1/4e~  *</(—£) ; Bi'(x)  =x1He(g(£) 

M&,  g(±Qi  €=1^,  r1=1.5(--l).5(-.05)0,  6D 

Auxiliary  Functions  for  Large  Negative  Arguments 
Ai(— x)  =ar1/4[/i  (£)  cos  (+MQ  sin  $] 

Bi(— x)=x-1/4[/2(|)  cos  sin  $] 

Ai'(— x)=x1/4[^({)  sin  £—&($)  cos  £] 

Bi'(—x)=x1/4[gr2(£)  sin  cos  f] 

f-i=.05(-.01)0,  6-7D 

Table  10.12.  Integrals  of  Airy  Functions  (0<x<10) 

r Ai©*,  »-0(.l)7.5;  f*Ai(— 0<ft,  *=0(.1)10,  7D 
Jo  Jo 

f Bi(f)df;  x=0(.l)2;  f Bi(— t)dt,  x=0(.l)10,  7D 
Jo  Jo 

Table  10.13.  Zeros  and  Associated  Values  of  Airy  Functions  and  Their 

Derivatives  (1  <s<  10) 

Zeros  a„  a'„  b„  V,  of  Ai(x),  Ai'(x),  Bi(x),  Bi'(x)  and  values  of  Ai '(a,), 
Ai(a0,  Bi'(5,),  Bi(j;>  s=l(l)10,  8D 
Complex  Zeros  and  Associated  Values  of  Bi(g)  and  Bi'(2) 
(l<s<5) 

Modulus  and  Phase  of  e~r</af}'„  Bi'(/3,),  Bi(/3j)  s= 1 (1)5,  3D 

The  author  acknowledges  the  assistance  of  Bertha  H.  Walter  and  Ruth  Zucker 
preparation  and  checking  of  the  tables  and  graphs. 
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10,  Bessel  Functions  of  Fractional  Order 


Mathematical  Properties 

10.1.  Spherical  Bessel  Functions 
Definitions 
Differential  Equation 


10.1.1 

z2w" +2zw' +[z2— ft(ft+l)]w=0 

(ft=0,:fcl,  ±2,  . . .) 

Particular  solutions  are  the  Spherical  Bessel 
junctions  of  the  first  kind 


jni.z)  V ^jzJ  n+j(^)  y 

the  Spherical  Bessel  junctions  oj  the  second  kind 

Vn{z)  = 4^zY 

and  the  Spherical  Bessel  junctions  oj  the  third 
kind 


W W =*.(*)  +iyn(z) = , 

h™  ( 2 ) =jn(z)  — = VWsfl’»+i(s)  • 

The  pairs  jn(z),  y„(z)  and  (z) , A®(g)  are 
linearly  independent  solutions  for  every  n . For 
general  properties  see  the  remarks  after  9.1.1. 


10.1.2 

jn(z) = 


Ascending  Series  (See  9.1.2,  9.1.10) 


1-3-5  . . . (2?i+l) 


{ 


+ 


l!(2n+3) 


10.1.3 

y«  («)= 


2!  (2ft+3)  (2ft-{-5) 


■■■} 


1-3-5  . . . (2ti—l) 


#wHhl 


{ 


\z 


2 


l!(l— 2ft) 

(W 


2!(1— 2*i)(3— 2*i) 

(*i=0,  1,  2,  . . .) 

Limiting  Values  as  2— >0 

10.1.4  s— 5 1 (20+1) 

10.1.5 

zn+%{z)^— 1-3-5  . . . (2*i—l)  (*i=0,  1,  2,  . . .) 


Wronskians 

W{Uz),  y„(z)}=z- 2 


10.1.6 

10.1.7 

W{h™(z),  h™(z)}=—2iz~2 


(*i=0,  1,  2,  . . .) 


Representations  by  Elementary  Functions 

10.1.8 

jn(z)=z~l[P(n+h,  z)  sin  {z—\m) 

z)  c®s  (.Z — 2*lir)] 

10.1.9 

yn(z)  = (— l)B+12-I[P(*l4-|,  z)  COS  (2+§*Itt) 

— Q(»+§»  z)  sin  (z+%m)] 

(*i+2) ! 


P (*l+£>  2)=1 


2!r(*i— i) 


(2  z) 


-4 


(2g)~4- 


4!r(*i-3) 
=2  (-!)•(»+*,  2fc)(2s)-» 


Q(*i+|,  z)= 


(2S)--=S^  (2*)-’ 


i!r(*i) 


4 


3!r(*i— 2) 
(*1+5) ! 


(2  z) 


-8 


5!r(*i— 4) 

Bte-i)] 

■ S (-l)‘(»+i,  2£+l)(22)-2*-1 
0 

(»=0, 1,2,  . . .) 

(»-H,  *)"*ir(»tfc+i) 


1 

2 

3 

4 

5 

1 

2 

2 

6 

12 

3 

12 

60 

120 

4 

20 

180 

840 

1680 

5 

30 

420 

3360 

15120 

30240 
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10.1.10 

jn(z)=fn(z)  sin  2+(— l)n+1/-n-l(z)  COS  Z 

/0(3)  = 2-\  /|(3)  = 3_,i 

/»-i(2)_t_/»+i  (z)=(2n-\-l)s  ’/»(2) 

(7i=0,  ±1,  ±2,  . . 

The  Functions  j»(2),  yn(z)  for  n=0,  1,  2 


yn  (x) 


V--**  n®2 

A )c\n=3 
\ / \ \ 


lo.i.ii  io(2)= 


sm  z 


. , . sin  z cos  z 
h(z>=—2 ~ 

i2(2)=(|4)sin2_; 


cos  z 


\ -f 
\ 

\ 

\J 


\ \ / 
\/  X 


10.1.12 


y<>(z)=— i~i(^)= 


cos  z 


yi(z)=j-2(z) 


cos  z sm  z 


Figure  10.2.  yn(x).  n— 0(1)3. 


U » \"*3 


l f i v 

\/  V / 

A-'' w 


\ I2X 

/ V 


\ / 


Figure  10.1.  jn(x).  n=0(l)3. 


♦See  page  n. 
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Spherical  Bessel  Functions  of  the  Second  and  Third 

Kind 


10.1.15 

y»(2)=(— (71=0,  ±1,  ±2, . . .) 

10.1.16 

A.-)('g)==-i~n~1z~  V2y"l  (»+§,  k)  (—2iz)  ~k 

0 

10.1.17 

A®  (s) =*«+>g- (n+i»  &)  (2is)  "*  * 

0 

10.1.18 

h-n- 1 (2) =»(—  1)  “A, ' (S) 

AL2>_1(2)=-i(-l)nA®(s)  (n=0,  1,  2, . . .). 

Elementary  Properties 
Recurrence  Relations 

(n=0,  ±1,  ±2,  . . .) 

10.1.19  /._,(«)  +/»+i(2)  = (2»+1)2-1/„(2) 

10.1.20  nfn-iiz)— (ti+1)/b+1(z)=(2»+1)  ^ /„(z) 

10.1.21  5±1  /.(g)  /.(g)  =/»_1(2) 

(See  10.1.23.) 

10.1.22  (*)=/.+t(«) 

(See  10.1.24.) 

Differentiation  Formulas 


/n(z)  :i»(z),  2/n(z),  h™(z),  h®>(z) 

(t&=0,  ±1,  ±2,  . . .) 

10.1.23  (1 0V+yn(2)]  = 2B-m+7»-m(z) 

10.1.24  (i  4)”l2"tt/’,(^=(~1)’"2'a~,n/,,+m(z) 

(771=1,  2,  3,  . . .) 


Rayleigh’s  Formulas 


10.1.25 


i„(z)=2 


n 


/_1  d\B  sin  z 
\ z dzj  z 


10.1.26 


/_1  AB  COS  g 

\ z dz)  z 


(»=0, 1,  2,  . . .) 


Modulus  and  Phase 

i„(g)=VWzMn+}(g)  cos  0n+i (z), 

!/«(2)=VW zMn+ i (2)  sin  0n+J(2) 
(See  9.2.17.) 

10.1.27 


(i  »/*)  M2+}(z)=4  ± ! (2z)«-2» 


22  0 


£![(»-£)  !]2 


(See  9.2.28.) 


10.1.28  (Ws)M?/2(2)=ig(2)+2/?(2)=2-2 

10.1.29 

(k /z)Ml,2  (z)  = j?  (2)  +yf  (2) =z~2+z~* 


10.1.30 


(%ir/z)Mi/2(z)  =il  (2)  +2/1  (2)  = 2_2+3z-4+92-# 

Cross  Products 

10.1.31  jn(z)y«-l(z:)—jn-l(z)yn(z)  = Z-* 

10.1.32 

jn+i(z)yn-i(z)  —jn-i(z)yn+1  (2) = (271+ 1)  2~3 

10.1.33 

jo(z)j»(z)  +2/o(z)2/n(z) 

=2"2  S (— l)*2B_2t  ^ 2«-" 

(»=0, 1,  2, . . .) 

Analytic  Continuation 

10.1.34  jn(zemii)=emnTijn(z) 

10.1.35  yn(zemri) = (-l)memBTl?/n(2) 

10.1.36  A«>  (zeiim+x>Tt) = (— 1)BA»2)  (2) 

10.1.37  A®  (2«s(2m+1)T<) = (— 1)BA«>  (2) 

10.1.38  A<‘)(2e2mT<)=W)(z) 

(Z=l,  2;  m,  7i=0, 1,2,.. .) 

Generating  Functions 

10.1.39 

1 sinViH:2i7=S  *.-»(*)  (2|*|<M) 

2 q 7h\ 

10.1*40  - cos  *Jz2—2zt=yy.  K i»-i(s) 

2 0 


*See  page  n. 
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Derivatives  With  Respect  to  Order 

10.1.41 

=(hir/x)  (Ci(2a:)  sin  x— Si(2a:)  cos  x] 

10.1.42 

[A  j,(x) J =($t/x) {Ci(2x)  cos  z+Si(2a:)  sin  x} 

10.1.43 

[A-  2/„(x)J  =(^7r/x)  { Ci(2x)  cos  a;+ [Si(2a;) — ir]  sin  x } 

10.1.44 

(%ir/x)  {Ci(2z)  sin  a;— [Si(2:r)  — w]  cos  x} 
Addition  Theorems  and  Degenerate  Forms 
r,  p,  0,  X arbitrary  complex;  R=j(r2+p2—2rp  cos  0) 

10.1.45  (2«+l)j»(Xr)  jB(Xp)P„(cos  6) 

*10.1.46 {2n-\-\)jn (Xr) yn (X p)P„ (cos  9) 

|;r6±4*K|p| 

10.1.47  008  (2n+l)e*nTi  jn(2)Pn(cos  0) 

0 

10.1.48 

® (2n)1 

«7 0(s  sin  0)=S  (4»+l)  jan  (2)^2*  (cos  0) 

Duplication  Formula 

10.1.49 

in  (2  2)  = 

Some  Infinite  Series  Involving 

10.1.50  S (2»+l)i*(2)=l 

0 

10.1.51  S (_i)»(2»+i)j*(2)=!A|? 

10.1.52 


Fresnel  Integrals 

10.1.53 

C(i/2xfc)=l£  J-h(t)dt 

=V2[COS  ix  S)  (— l)n«/2n+}(^x) 

0 

CO 

+sin  \x  2 (— 1)V  2»+3/2(l^)] 
0 

10.1.54 

=V2[sin  Jif;  (— l)nJ2n+i(§2:) 

0 

OO 

—cos  %x  s (— l)V2n+3/2(&r)]. 
0 

(See  also  11.1.1,  11.1.2.) 

Zeros  and  Their  Asymptotic  Expansions 

The  zeros  of  jn(x)  and  yn(x)  are  the  same  as  the 
zeros  of  Jn+i(x)  and  Fn+*(x)  and  the  formulas  for 
j,,8  and  y¥t8  given  in  9.5  are  applicable  with 
v=n+$.  There  are,  however,  no  simple  relations 
connecting  the  zeros  of  the  derivatives.  Ac- 
cordingly, we  now  give  formulas  for  a'nt8i  b'n,s , the 
5-th  positive  zero  of  j'n(z),  yh(z),  respectively; 
2=0  is  counted  as  the  first  zero  of  j'0(z). 

(Tables  of  a'n,8)  b'nt8>  yn(b'n,8)  are  given  in 

[10.31].) 

Elementary  Relations 

Uz)  =in(s)  cos  t t+yn(z)  sin  vt 

(i t a real  parameter,  0 <£<1) 
If  rB  is  a zero  oifn(z)  then 

10.1.55  /»(rB) =[r„/(n+ 1)] 

(See  10.1.21.) 

10.1.56  = (r  n!ri)j n+l  (t  n) 

(See  10.1.22.) 

10.1.57  * 


♦See  page  n. 
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McMahon’s  Expansions  for  n Fixed  and  s Large 

10.1.58 

a'„,„  (M+7X8/3)-1 

-|  (7m2+154m+95)(8/3)"3 
QO 

-^(85m8+3535m2+3561m+6133)(8/3)-s 

64 

-jOg  (6949m4 + 474908m3 + 330638m2 

+9046780m- 5075147)  (8/3)  ~7-  . . . 

0=tt(s+§»—  I)  for  a'n,,,  /3=ir(s+§77)  for  6'  ,; 

M=(2ra+1)2 

Asymptotic  Expansions  of  Zeros  and  Associated  Values 

for  n Large 

10.1.59 

i ~ (w+ h) + • 80861 65 (77+  $) 1/3 — .236680 (ra+ ?) - 1/3 
— .20736(»+§)-I-f-.0233(ft+£)-6'3+  . . . 

10.1.60 

&»,i~(ft'+i)+1.8210980(n+f)1/3 

+ • 80272 8 (»+ 1)  ~ 1 73 - . 1 1 740 (tj, + f)  - 1 

+.0249(77+$)~6'3+  . . . 

10.1.61 

J.«i)  8458430 (n+|)-6/6  { 1-. 566032(«,+ 1)-2'3 

+.38081  (»+f)-4/3-.2203(7t+|)-2+  . . .} 

10.1.62 

Vn(  K , i)  ~ -71 83921  (n + $) -6'8  { 1 - 1 . 274769(77 + §)  "2/3 

+ 1 .23038  (71+  J)  ~4/3— 1 .007 0 (71+  J) _2  + . . .} 

See  [10.31]  for  corresponding  expansions  for 
8=2,  3. 


Uniform  Asymptotic  Expansions  of  Zeros  and 
Associated  Values  for  n Large 

10.1.63 

\ 

a»..~(«+l){2[(«+|)-2/3a,'] 

+2  ^(n+tt^Kn+i)-*} 

k=l 

10.1.64 

K..~(n+$){z[(n+h)-"3b:] 

+S  kKn+tt-^Kn+J)-*} 

k= 1 

10.1.65 

in  (®n.  »)  ~Vl’rAi(ffl,')  (77+§)  ~5/6 

M(»+i)  -2/8®.1  («[(n+i)  -2%.'])-1/2 

{1+S  Hk[(n+h)-2lza[]{n+\)-^} 

k=l 

10.1.66 

yn(b’„„) VkBi(6:)(7i+J)-5« 

h [(77+ 1) -*Wt\  (g [ (77+ 1)  — 2/36'])~ 1/2 

{l+i)H*[(^+«-2/36.'](r7+|)-2*} 

4=1 

h(£),  2(1)  are  defined  as  in  9.5.26,  9.3.38,  9.3.39. 
a'„  V,  s-th  (negative)  real  zero  of  Ai'(s),  Bi'Os) 
(see  10.4.95,  10.4.99.) 

Complex  Zeros  of  hftKz),  Ui)f{z) 

h^iz)  and  Ai1)(se2mT<),  m any  integer,  have  the 
same  zeros. 

h ( z ) has  n zeros,  symmetrically  distributed  with 
respect  to  the  imaginary  axis  and  lying  approxi- 
mately on  the  finite  arc  joining  z=—n  and  z=n 
shown  in  Figure  9.6.  If  n is  odd,  one  zero  lies  on 
the  imaginary  axis. 

h ' (z)  has  7i+l  zeros  lying  approximately  on  the 
same  curve.  If  n is  even,  one  zero  lies  on  the 
imaginary  axis. 
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-r 

(— r)Ai(r) 

(-r)Mr) 

(-f)Wr) 

(-f)2«i(  r) 

(-{moo 

-.  4409724 

-.  122500 

-.  06806 

. 000000 

.0000 

-.  4572444 

-.  114201 

-.  05986 

. 027518 

.0023 

-.  4702250 

-.  107243 

-.  05279 

. 049069 

.0043 

0.  6 

-.  4802184 

-.  101318 

-.  04674 

. 065677 

.0061 

0.  8 

-.  4875705 

-.  096159 

-.  04160 

. 078255 

. 01983 

.0075 

1.0 

-.  4926355 

-.  091561 

-.  03725 

. 087587 

. 02290 

.0085 

-r 

*i(r) 

A*(  f) 

H.(f) 

w2(f) 

1.0 

-.  4926355 

-.  09156 

HI 

. 087587 

.0229 

1.  2 

-.  4131280 

. 065507 

.0121 

1.  4 

-.  3551700 

. 050524 

.0070 

1.6 

-.  3108548 

^bh 

-.003 

. 039890 

.0042 

1.  8 

-.  2757704 

-.  01310 

-.001 

. 032085 

.0027 

2.0 

-.  2472521 

-.  00914 

. 026206 

.0018 

2.  2 

-.  2235898 

-.  00658 

. 021682 

.0012 

2.  4 

-.  2036314 

-.  00485 

. 018141 

.0008 

2.  6 

-.  1865701 

00366 

. 015326 

. 0006 

2.8 

-.  1718217 

-.  00280 

. 013061 

.0004 

3.0 

-.  1589519 

-.  00219 

.011217 

.0003 

3.2 

-.  1476304 

-.  00173 

. 009701 

.0002 

3.  4 

-.  1376005 

-.  00138 

. 008443 

.0002 

3.  6 

-.  1286601 

-.  00112 

. 007391 

.0001 

3.8 

-.  1206469 

-.  00091 

. 006505 

.0001 

4.0 

-.  1134296 

-.  00075 

. 005753 

4.  2 

-.  1069004 

-.  00062 

. 005111 

4.  4 

-.  1009699 

-.  00052 

. 004560 

4.  6 

-.  0955634 

-.  00044 

. 004085 

4.8 

-.  0906180 

-.  00037 

. 003672 

5.0 

-.  0860804 

-.  00032 

. 003313 

5.  2 

-.  0819049 

-.  00027 

. 002998 

5.  4 

-.  0780523 

-.  00023 

. 002722 

5.  6 

-.  0744888 

-.  00020 

. 002478 

5.  8 

-.  0711850 

-.  00018 

. 002262 

6.0 

-.  0681152 

-.  00015 

. 002070 

6.2 

-.  0652570 

-.  00013 

. 001899 

6.4 

-.  0625905 

-.  00012 

. 001746 

6.  6 

-.  0600985 

-.  00010 

. 001609 

6.  8 

-.  0577653 

-.  00009 

. 001486 

7.0 

-.  0555773 

-.  00008 

. 001375 

Hw 

1 

1 

*»«•) 

m) 

flitt) 

0.  40 

-.  0645731 

-.  00013 

. 001859 

. 36 

-.  0487592 

-.  00005 

. 001056 

.32 

-.  0352949 

-.  00002 

. 000551 

.28 

-.  0242415 

-.  00001 

. 000259 

. 24 

-.  0155683 

. 000106 

. 20 

-.  0091416 

'.  000037 

. 16 

-. 0047276 

. 000010 

. 12 

-. 0020068 

. 000002 

.08 

-.  0005965 

.04 

-.  0000747 

.00 

-.  0000000 
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10.2.  Modified  Spherical  Bessel  Functions 

Definitions 


Differential  Equation 


10.2.1 


Z 2wf  ' +2  zw' — [ 22+7fc(ft+ 1)  ]w= 0 

(71=0,  ±1,  ±2,  . . .) 

Particular  solutions  are  the  Modified  Spherical 
Bessel  junctions  oj  the  first  kind , 

10.2.2 


^Jzln+i(s)=e-nrmjn(zerm)  (— r<arg  z<iir) 

—eZnTi/2jn(ze~z*i/2)  (§7r<arg  2<ir) 

oj  the  second  kind , 

10.2.3 


ViS/S/— *00 = e“n+"*myn{ze*m) 

(— 7r<arg  2<^7r) 
=e~  (ze  ~3l(/2) 

(^7r<arg  z<ir) 

0/  the  Hmd, 

10.2.4 


The  pairs 


and 


VWi/n+»(s),  ih^TzI -n-h(.s) 

V§7r/z/„+}(z),  -</&r/sKn+i(z) 


are  linearly  independent  solutions  for  every  n . 

Most  properties  of  the  Modified  Spherical 
Bessel  functions  can  be  derived  from  those  of  the 
Spherical  Bessel  functions  by  use  of  the  above 
relations. 


10.2.5 


Ascending  Series 


Vwi/n+i(z)  ! . 3 . 5 (2»+l) 

, (|z*)* 


{ 


!■+ 


\z 2 


l!(2»+3)  1 2!(2ra+3)(2n+5) 


+ 


} 


10.2.6 

VWz/-  n-i(z) 


{ 


H 


^1  • 3 • 5 . . . (2n— 1) 

(£z2)2 


iz2 


+ 


•} 


1!(1 — 2ti)  1 2!(1— 2ra)(3— 2n) 

(»=0, 1,2,...) 


Wronskians 


10.2.7 


W{JfrTzIn+i(z),  tMzI -.-*(*)  } = (-l)»+IZ-2 


10.2.8 


TF(VWi/n+J(z) , J&r/zKn+i  (z) } = — %kz  2 


Representations  by  Elementary  Functions 


10.2.9 


VWz/B+j(z)  = (2z) ->[B  (»+ 1 z)  e4 

— (— l)nR(n+hz)e~*] 

10.2.10 


V|t/2L,.i(2)  = (23)-1[B(»+|-0)«‘ 

+(— l)nR(n+%,z)e~‘] 

10.2.11 

«(»+*,  z)=l+ft±^  (2z)-‘ 


l!r(n) 


f 2ir(«-i) { 2)  + • 


71 


=2j  (w+I>  k)(2z) 
0 


-* 


(See  10.1.9.) 

10.2.12 


(»=0, 1,  2, . . .) 


y§ir/z/„+j(z) 

flfo(z) 

pn_,(z) — fif»+x(z) 


:0„(z)  sinh  z+sr_n_i(z)  cosh  z 

z~S  ffi(z)=— s-2 

:(2»+l)g-10„(z) 

(ti=0,  ±1,  ±2,  . 


.) 


The  Functions  V §7r/z/±  (»+})  (z) , 7J=0,  1,  2 • 


10.2.13 


tIWzIM — 


sinh  z 


y|7r/z/3/2(2)  = 


sinh  z , cosh  z 


^5/2(2)=^+^  sinh  z-p  cosh  z 


10.2.14 


y^ir/z/_i/2(z)= 


cosh  2 


VWi/  - 3/2  (2)  — 


sinh  2 cosh  2 


Vi^/_5/2(2)=-|  sinh  c+(fs+J)  cosh 


♦See  page  n. 
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Modified  Spherical  Bessel  Functions  of  Jhe  Third  Kind 

10.2.15 

■4WzKn+h(z)=h^n+lumh^  {ze**) 

(— ir<arg  z<\i r) 

= - fate- <"+  v Ti/2K2)  (ze-*ri) 

($ir<arg  z < w) 

=(%ir/z)e~*  S (»+4,  k)(2z)~* 

o 

10.2.16 

Kn+i(z)=K-n-i(e)  (»= o,  1,2,...) 

The  Functions  y^wJzKn+^(z) ,n=0,  1,  2 

10.2.17  ■Ji‘ir/zKi/2(z)=(fyrlz)e~* 

V \-kIzKV2  {z)  = {%irlz)e-*(\+z-'L) 

■J^ir/zK i/i  (z) = (§7r/z)e-*(l +3z-1+3z-2) 

Elementary  Properties 
Recurrence  Relations 

/»(«):  -Jfajzl n+k(jt) , (— l)n+1jhir/zKn+i(z) 

(n=0,  ±1,  ±2, . . .) 

10.2.18  f„-1(z)-fn+l(z)  = (2n+l)z-%(z) 

10.2.19  nf„-1(z)  + (n+l)fn+1(z)  = (2n+l)£f„(z) 

10.2.20  fn(z)  fn(z)  =/„_!  (*) 

(See  10.2.22.) 

10.2.21  ~-2  Uz)  +J-zJn{z)  =Jn+l(z) 

(See  10.2.23.) 

Differentiation  Formulas 

/»(*):  V5i7i/n+i (*),  (-l)n+1JfrTzKn+i(z) 

(ti=0,  ±1,  ±2,  . . . ) 

10.2.22  (J  ^)m[2n+1/„(3)]=2”-m+!/„-ffl(z) 

10.2.23  (i  ^)m[3-nyn(2)]  = 2-’t-m/n+m(2) 

(m= 1,  2,  3, ...  ) 


FRACTIONAL  ORDER 
y 


Figure  10.5.  ^/^ /„+}(*),  K„+§(x).  x=10. 
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Formulas  of  Rayleigh’s  Type 

10.2.21  V55*r.«W-*-(i  1)*^ 

10.2.25 

(1  £)'  ^ 

(n= 0, 1, 2, ... ) 


Formulas  for  In+i(z)  — /-n-J  ( Z ) 


10.2.26 


(W*)[/s»+i(*)-/2-»-i(s)] 

L y-'  / i\m-i  (2n  ® ~ (2n  /ozl 

~22  V ' *![(n-*)  !]2 


2*-2n 


(fi=0, 1, 2, . . .) 


10.2.27  (hr jz)  [Pm(z)  -P.m  (z)]=-  z~2 

10.2.28  (h rjz)  [/i/2  (z)  —P-m  ( z)\ = z~2—z~* 

10.2.29 

(W«)  [Pm(z)  — P-m(z)]= — 2~2+32"4— 92"® 


Generating  Functions 

10.2.30 

isinhV22-2t2«=S  [Jhrfzl-n+hiz)] 

10.2.31 

i cosh  JP+2tet=±  M!  [VWi/a_i(2)] 

Derivatives  With  Respect  to  Order 

10.2.32 

/>>(sO]i>=}==  [Ei(2x)e  1 Ei(  2x)c*] 

10.2.33 

[^4(x)l. -r^Tx [Ei(2a:)  e ~X+Ei  (~2*w 

10.2.34  Jj^i£,,(a:)J  = T-y/ir/2xEi(— 2x)ex 

For  E1(x)  and  Ei(x),  see  5.1.1,  5.1.2. 


Addition  Theorems  and  Degenerate  Forms 

r,  p,  6,  X arbitrary  complex;  R=-Jia+p2— 2rp  cos  0 

10.2.35 

p “XB  O co  < 

(2n+l)  l^[fr]\rIn+i(\r)) 


[vWXp^n+i(Xp)]P„(cos  0) 


10.2.36 

eZC08#=S  (2?H-1)  [Vl7r/i/»+i(s)]P»(cos  ») 
o 


10.2.37 

e-«.8(=2  (— l)n(2n+l)U%ir/zItt+i(z)]Pn(cos  0) 
0 


Duplication  Formula 

10.2.38 

Kn+i(2z)  = 


nhr  izn+l 


(— l)*(2m— 2JH-1) 

k\(2n-k+l)\ 


K2n-k+i(z) 


10.3.  Riccati-Bessel  Functions 
Differential  Equation 

10.3.1 

&V)"  + [#—71(71+  l)]w=0 
(n= 0,  ±1,  ±2,  . . .) 

Pairs  of  linearly  independent  solutions  are 

zjn(z),  zyn{z) 
zhp(z),  zh™  (z) 

All  properties  of  these  functions  follow  directly 
from  those  of  the  Spherical  Bessel  functions. 

The  Functions  ej „(«),  zy„(z),  n=0,  1,  2 

10.3.2 

2/0(2)  =sin  2,  zji(z)—z~l  sin  2— cos  z 

^ji(z)=(3z~2— 1)  sin  2— 32_1  cos  2 

10.3.3 

22/0(2)  = — cos  2,  22/1(2)  = — sin  2— 2-1  cos  2 

22/2(2)  = — 32_1  sin  2— (32-2— 1)  cos  2 


Wronskians 

10.3.4  W { zjn(z),  zy„(z) } = 1 

10.3.5  W{  zhp (2),  2A®  (2) } = -2i 

(n=0,  1,  2,  . . .) 


*See  page  n. 


446 


BESSEL  FUNCTIONS  OF  FRACTIONAL  ORDER 


10.4.  Airy  Functions 
Definitions  and  Elementary  Properties 
Differential  Equation 


10.4.1  w" — zw=0 

Pairs  of  linearly  independent  solutions  are 
Ai  (z),  Bi  ( 2 ), 

Ai  (s),  Ai  (ze2*i/3), 

Ai  ( 2 ),  Ai  {ze~2ri'3). 


Ascending  Series 

10.4.2  Ai  (.z)=clf(z)—c2g{z) 

10.4.3  Bi  (z)=S[cJ(z)+c2g(z)] 


1 


1-4 


/(2)=1+3js34  j 


-5  3‘  (I), 


Z 
,3  k 


6. 


1 ‘4*7 
9! 


z9+  . 


(3*)! 


/\  i 2 4 2 • 5 7 , 2*5*8  10l 
g(s)=z+^  24+^j-  2 +^oj-  2 + • 


00 


=E3* 


0 


(I) 


,3Jfc+l 


k (3&+1)! 


1 


3*(a+0=(3«+l)(3a+4)  . . . (3a+3£-2) 

(a  arbitrary;  k=  1,  2,  3, 

(See  6.1.22.) 


•) 


10.4.4 

Ci=Ai  (0)=Bi  (0)  /V3= 3 -2/3/r  (2/3) 

=.35502  80538  87817 

10.4.5 

c2=— Ai'  (0)  =Bi'  (0)/V3=3-I/3/r(l/3) 

=.25881  94037  92807 


Relations  Between  Solutions 

10.4.6  Bi  (z)—eTt/3  Ai  (zeM/3)+e~ri/3  Ai  (ze~2*t/3) 

10.4.7 

Ai  (z)+eM*  Ai  (ze2Tt/3)+e~2ri/3  Ai  (se-2ir</3)=0 


10.4.8 

Bi  (s)+e2r</3  Bi  (2e2ir</3)+e-2'<'3  Bi  (2e-2'*/3)=0 

10.4.9  Ai  (3e±2T</3)=je±,r</3[Ai  (2)  Ti  Bi  (2)] 

Wronskians 

10.4.10  W{Ai  (2),  Bi  (2) } =ir~1 

10.4.11  W{  Ai  (2),  Ai  (ze2li/a) } =|t-1«-*/6 


10.4.12  TF{ Ai  (2) , Ai  (ze~2*m) } =§71- V</6 

10.4.13  W{Ai  (ze2ri,a),  Ai  (ze~MI3) } =#*-» 
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Representations  in  Terms  of  Bessel  Functions 

£=§23/2 

10.4.14 

Ai(2)=iVi[/-./,(f)-/./3(f)]=ir-1V^/3ii:./3(f) 

10.4.15 

Ai  ( z)  uz{%)  -\-  <^-i/3(i’)l 

= ) + e-^Hm)  ] 

10.4.16 

* - Ai'  (2)  = |2[/_2/3(f) -/2/3(f)]  = ^1(2/V3)^2/3(f) 

10.4.17 

Ai'  (— z)  = — \z[J-m({)— 

10.4.18  Bi  (z) = V2/3[7-i/3(f) +/i/3(f)] 

10.4.19 

Bi  ( 2) = V 2/3[J _i/3(f) — t/i/3(f)] 

10.4.20  Bi'  (2;  = (s/V3)[/_2/3(f) +/2/3(f)] 

10.4.21 

Bi'  (-2)  = (2/V3)[J-2/3(f)  + J2/3(f)] 

= ^(2/V3)[e-'1/8^}Uf)  -^^(f )] 

Representations  of  Bessel  Functions  in  Terms  of  Airy 

Functions 

/3  A2/3 
2=\2  0 

10.4.22  J±i/3(f)=W3MV3  Ai  (-2)=FBi  (-2)] 
*10.4.23  #21/3(r)  =«^</6V3/2[Ai  (- 2)  -i  Bi  (- 2)] 

10.4.24  H21/3(f)=e±'</8V37i[Ai  (-«)+»  Bi  (-2)] 

10.4.25  /±,/3(f)=§V3/2[q=  V3  Ai  (2) +Bi  (2)] 

10.4.26  -Kii/^f)  =W3/2  Ai  (2) 

10.4.27  «7±2/3(f)=(V5/22)[± V5  Ai'  (-2)+Bi'  (-2)] 

10.4.28 

=c’r</6(V5/2)[Ai'  ( 2)  — i Bi'  (-2)] 

10.4.29 

^Kf)=e2"/3H«>/3(f) 

=e_rt/8(V5/2)[Ai'  (— 2)  +i  Bi'  (-2)] 


10.4.30  /±2/3(r)  = (V3/22)[±V3  Ai'  («)+Bi'  (2)] 

10.4.31  K±2/3(£)  = —7 t(V5/2)  Ai'  (2) 


Integral  Representations 


10.4.32 


10.4.34 


(3a)  ,/3ir  Ai  [±(3a)-,/3a;]= J*  cos  (at3±xt)dt 

10.4.33 

(3a)-1/3jrBi  [±(3a)-1/3a:] 

/»  00 

=J  [exp  (— a£3±atf) +sin  (atz±xt)]dt 

The  Integrals  f Ai  ( ± t)dt,  f Bi  ( ± t)dt 

Jo  Jo 

r=fs3/2 

Ai  (t)dt=—  J*  [/-  1/3W — I\iz(f)]dt 

10.4.35  £ Ai  £ [j- 1/3(0  +Ji/3(<)]^ 

10.4.36  £ Bi  (t)dt  ~ £ [I.  m(t)  +/,/*(*)  ]rf< 

10.4.37  Bi  £ U-m(t) ~Jm(t)]dt 

Ascending  Series  for  f Ai(±0<&>  f Bi(±0<# 

Jo  Jo 

10.4.38  £ Ai  (t)dt=CiF(z) -C2G(z) 

(See  10.4.2.) 

10.4.39  pAi  (-t)dt=-clF(-z)+ciG(-z) 

10.4.40  £ Bi  (t)dt=^[ctF(z)  +c2G(z ) ] 

(See  10.4.3.) 


10.4.41 


J Bi(—t)dt=—Tf3[ciF(—z)+c2G(’—z)] 
F(z)=z+1 j 24+^r  g7+1  10!  7 sl0+  • • • 


-$ 31  (0, 


,3Jfc+l 


<?(*)= 


* (3fc+l)! 


1 2 1 2 Sl2-5  2 • 5 • 8 11( 

2i2+5i2+-8r2+-nr3  + 


. z 


3Jfc+2 


\ (3£+2)! 

The  constants  cl9  c2  are  given  in  10.4.4,  10.4.5. 


•See  page  n. 
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10.4.42 


Tbe  Functions  Gi(z),  Hi(z) 


Gi  (z)=r~1  f sin  ^t3+gt^dt 

=|Bi  (z)  + P[Ai  (2)  Bi  («)-Ai  (0  Bi  (z)]dt 

O Jo 


10.4.43 


Gi'  (gJ-iBi'  (g)  + f*[Ai'(s)  Bi  (<)-Ai  (<)  Bi'(s)]^ 

O Jo 


10.4.44 


Hi(s)  = ir-1  J*  exp^— | t3+zt^  dt 

=|Bi  (2)+f[Ai  (<)  Bi  (z)-Ai(z)  Bi (t)]dt 


10.4.45 


Hi'(2)=§Bi'  (g)+  fZ[Ai  (t)  Bi'(s)— Ai'(s)  Bi  (t)]dt 

o Jo 


10.4.46 


Gi  (z)  + Hi  (z)=Bi  (z) 


Representations  of  f Ai(±<)^i  I Bi(±0(ft 

Jo  Jo 

by  Gi  ( ±z ),  Hi  (±z) 

10.4.47 

f Ai  (*)<W=»|+ir[Ai'  (s)Gi(z)— Ai  (s)Gi'(2)] 


10.4.48 


=— g— ir[Ai'  (g)  Hi  (z)  - Ai  (g)  Hi'  (g)] 


10.4.49 


f*Ai  (— f)d£=— 7r[Ai'  (- g ) Gi  (-g) 


•Ai  (-s)  Gi'  (-2)] 


10.4.50 


=|+7T[Ai'  (-2)  Hi  (-2) 


-Ai  ( — g)Hi'( — 2)] 


10.4.51 


f*  Bi  (0^=7r[Bi'  (2)  Gi  (2)— Bi  (2)  Gi'  (2)] 


10.4.52  = - 7r[Bi'  (2)  Hi  (2)  - Bi  (2)  Hi'  (2)  ] 

10.4.53 

pBi  ( — t)dt— — 7r[Bi'  (-2)  Gi  (-2) 

-Bi  (-2)  Gi'  (-2)] 
=ir[Bi'  (-2)  Hi  (-2) 

-Bi  (-2)  Hi'  (-2)] 


Differential  Equations  for  Gi  (2),  Hi  (2) 


10.4.55 


w" —zw——Tr~l 


w{ 0)=i  Bi  (0)=-^=  Ai  (0)  = . 20497  55424  78 


w'(0)  = 


|Bi'  (0)=-^Ai'  (0) 
10(2) =Gi  (2) 


.14942  94524  49 


10.4.56 


1V"  — ZW=TT~1 


w(0)=|  Bi  (0)=J=  Ai  (0)=. 40995  10849  56 

w'(0)=|  Bi'  (0)=--^  Ai'  (0) =.29885  89048  98 

w(z)=m  (z) 

Differential  Equation  for  Products  of  Airy  Functions 


10.4.57 


w' ' ' —4zw'—2w=0 


Linearly  independent  solutions  are  Ai2  (z), 
Ai  (z)  Bi  (z),  Bi2  (z). 

Wronskian  for  Products  of  Airy  Functions 

10.4.58  W{Ai2  (2) , Ai  (2)  Bi  (2) , Bi2  (2) } =2ir"3 


Asymptotic  Expansions  for  | z | Large 


Cq — 1,  Cj; — 


r(3^-h^)  (2&-f“l)  (2&-J-3)  . . . ( fik — 1) 


54*&!r(&+§) 


* , . 6fe+l 

do — 1 > d/c fi^— T C* 


216%! 


(k=l,  2,  3,  . . .) 


_ ,3/2 


10.4.59 

Ai  (2)~5  7r-1/22-l/4e-r  S (— 1)%?'*  (|arg  s|<x) 

0 

10.4.60 

Ai  (-2)~7r->'22-1/4  [sin  (f+|)  S 


-cos  (r +|)  ± (-D^+ir*-1 


(|  arg  2 1 <f  ir) 


10.4.61 


Ai'(s) 


.fr-uagv*e-r£  (-1  ydkr* 

0 


10.4.54 


(|  arg  2 1 <ir) 
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10.4.62 

Ai'  (-2) x-»s*  [cos  (r+l)  S (-1  )*tf*r* 

+Sin  (r+|)  ± (-i)*4+.ra-1] 

(|arg  2|<fir) 

10.4.63 

Bi  (2)~3r~*2_ler  2 c*f~*  (|arg  2|<|ir) 

o 

10.4.64 

Bi  (— g)~7T-*3-1  [cos  S (— l)*c2*f_2* 

+sin  (f +|)  £ (-l)*c*+1r“->] 

(larg  s|<f  tt) 

10.4.65 

Bi  (ze±Til3) 

~V2/«!=t’ri/6z~l  [sin  +^1  In  2^2  (— l)*«2*f-2* 

-cos  In  2)  2 (— l)*c2*+1r-J*-,[] 

(|arg  s|<f  ir) 

10.4.66 

Bi'  (z)~ir~hief  2 d*f“*  (|arg  z|<$7r) 

0 

10.4.67 

Bi'  (— 2)  ~ T~h*  [sin  (j 2 (— l)*<4*f-2* 

-cos(r+^f:  c-i^+.r2*-1] 

(|arg  2|<f  ir) 

10.4.68 

Bi'  (ze±,r</3) 

~V§ MeT^/62»  [cos  (f+^  In  2)  2 (-l)*^"2* 

+sin  ( S+\t\ In  2)  ± (-l)^^-2*-] 

(|arg  2|<f  7r) 

Modulus  and  Phase 

10.4.69 

Ai  (—x)=M(x)  cos d(x),  Bi  (—x)=M(x)  sin  6(x) 

M{x)^[ Ai2  (-— x)+Bi2  (-*)], 

0(z)=arctan  [Bi  (—x)/Ai  (— - x)] 


10.4.70 


Ai'  (— x)—N(x ) cos  <t>(x),  Bi'  (—x)=N(x)  sin <l>(x) 

N(x)  = V[Ai'2  (-x)+Bi'2  (— x)], 

0(x)=arctan  [Bi'  (— x)/Ai'  ( — x)] 

Differential  Equations  for  Modulus  and  Phase 
Primes  denote  differentiation  with  respect  to  x 

10.4.71  M,9’=-t-1,N*4>'=-t-1x 

10.4.72  Ni=M'2+Mt6't=M'2  + Tr-2M ~2  * 

10.4.73  NN'=—xMM' 

10.4.74 


tan  =M8'/M'=-  (tMM')-1, 
MN  sin  (<t>—8)=w~1 

10.4.75  M"+xM—ir~2M~3=0 

10.4.76  (M2)'"+4a:(M2)'-2Ms=0 

10.4.77  0'2+!(0'"/0')-!(0'7 ey=x 


Asymptotic  Expansions  of  Modulus  and  Phase  for 

Large  x 

10.4.78  M\x)  x-l'2±  ^ 23*  (^(2*) -» 

10.4.79 


6 


82825 

128 


12820  31525 
14336 


10.4.80 


N2(x)/^'-xi 
7 r 


(— 1)*+I6*+1 
12**!  6*— 1 


-3* 


10.4.81 


<t>(x) 


§ir_?a;3/2 

4 3 

495271 


[l+|  (2x) 


-3. 


1463 


+ 


640 


(2x) 


-9. 


96 

2065  30429 
2048 


(2x) 


-6 


(2x)-12+  . . .] 


Asymptotic  Forms  of  I Ai  ( ± t)dt,  I Bi  ( ± t)dt  for  Larger 

Jo  Jo 

10.4.82  f Ai  (t)dt~~^ir~mx~3/i  exp  |x3/2^ 

10.4.83 

f*Ai  (-t)dt~^-Tr-'l2x-3,i  cos  (| x3/2+^) 


♦See  page  II. 
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10.4.84  Bi  (t)dt~T 


-l/2x-Z/4:  eXp 
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10.4.104 


(i 


10.4.85  J"  Bi  (-t)dt~ir-l/2x-3/i  sin  0 x3/24~) 

Asymptotic  Forms  of  Gi  (±z),  Gi'  (ire),  Hi  (±z),Hi'  (±®) 

for  Large  x 


10.4.86 

Gi  (x)~7r_1x_1 

10.4.87 

Gi  (— z)~7T"'1/2ar1/4  cos  a:3/2+^ 

10.4.88 

Gi' (x)~  7 TT-1*-2 

10.4.89 

Gi'  (— x)  ~7t-1/22i/4  sin  (|  x3'2+£) 

10.4.90 

Hi  (x)~7r-1/2x-1/4  exp  (fx3/2) 

10.4.91 

Hi  ( — X) 

10.4.92 

Hi'  (z)~7r~1/221/4  exp  (§a:3/2) 

10.4.93 

Hi'  (-x) 

Zeros  and  Their  Asymptotic  Expansions 

Ai  ( z ),  Air  ( z ) have  zeros  on  the  negative  real 
axis  only.  Bi  ( z ),  Bi'  (z)  have  zeros  on  the  nega- 
tive real  axis  and  in  the  sector  ^x<|  arg 
aS}  bs,  b't  s-th  (real)  negative  zero  of  Ai  ( z), 

Ai'  (z);  Bi  (z),  Bi'  (z),  respectively,  ft,  ft';  ft,  ft 
s-th  complex  zero  of  Bi  (z),  Bi'  (z)  in  the  sectors 
|7r<arg  z<5ir,  — 57r<arg  z<— fir,  respectively. 

10.4.94  a,=  — /[3ir(4s— 1)/8] 

10.4.95  ft=  — gf[37r(4s— 3)/8] 

10.4.96  Ai'  (a»)=(—  l)*-,/1[3ir(4s- 1)/8] 

10.4.97  Ai  (ft)  = (-  l)s-1<7i[37r(4s— 3)/8] 

10.4.98  ft=  — /[3ir(4s— 3)/8] 

10.4.99  6,'= — gf[3x(4s— 1)/8] 

10.4.100  Bi'  (ft)  = (-  l)s-l/i[3ir(4s— 3)/8] 

10.4.101  Bi  (ft)  = (-  l)*ft [3*(4 s- 1)/8] 

10.4.102  ft = e*</3/  ^ (4s- 1)  +j  In  2] 

10.4.103  &,=e*mg  |”y  (4s-3)  +j  In  2] 


Bi'  (ft)=(-l [y  (4s-l)+|  In  2] 


10.4.105 


Bi  (ft)  = (-l y-^e^g,  [y  (4s-3)+|  In  2] 


\z\  sufficiently  large 
/(z)~z2/3(n  5 5 ' 77125 


_5  _2 5_  _4 

48  36  3 ' 1 82944 

1080  56875 
69  67296  2 

16  23755  96875 


» — 6 


+ 


,-10 


flf(z)~z2/3  (l— ^ 2~24 


3344  30208 

35  __4  181223 
288  2 207360 


,-6 


186  83371 
12  44160  2 

9 11458  84361 
1911  02976  2 + 

{Jz\~Tr-VizW  ( 1±1  ^.—2 — 1525  4 

Jm  IT  z ^l+482  4608  2 

. 23  97875 
+ 6 63552  2 


) 


gi{z)~T  1/22  1/6(!-^ 


7 _2  . 1673  _4 

96  '6144 


843  94709  __6 
'265  42080  2 + 


Formal  and  Asymptotic  Solutions  of  Ordinary  Differ- 
ential Equations  of  Second  Order  With  Turning 
Points 

An  equation 

10.4.106  W"+a(z,  \)W'+b(z,  \)W=0 

in  which  X is  a real  or  complex  parameter  and, 
for  fixed  X,  a(z , X)  is  analytic  in  z and  b(z,  X)  is 
continuous  in  z in  some  region  of  the  2-plane,  may 
be  reduced  by  the  transformation 

10.4.107  W(z)=w(z)  exp  ^ J*  a(t,  \)dt^ 

to  the  equation 

10.4.108 

w"-\-<p(z,  \)w= 0 


<p(z,  X)=6(z,  X)— i a2(z,  X) 


-1 4 «<*,  x) 


♦See  page  u. 
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If  <p(z , X)  can  be  written  in  the  form 


10.4.109  <p(zf  X) —\2p{z)  + q(z,  X) 

where  q{zy  X)  is  bounded  in  a region  R of  the  z - 
plane,  then  the  zeros  of  p(z)  in  R are  said  to  be 
turning  points  of  the  equation  10.4.108. 

The  Special  Case  u>"-|-[X23-f  g(z,  X)]w=0 

Let  X=|X|c<w  vary  over  a sectorial  domain  S : 

|X|>Xo(>0),  co!<w<w2,  and  suppose  that  q(z,  X)  is 

continuous  in  z for  \z\<Cr  and  X in  S , and  q(z,  X) 
00 

qn(z)\~n  as  X~>o6  in  S. 
o 

Formal  Series  Solution 

10.4.110 

w{z)=u(z)  S <p„(s)\~n+\~1u' (z)  S^»(2)^_n 

0 0 

u"+\2zu= 0 


^0(2)  =c0,  (z)  = z~*Ci , c0,  cx  constants 

^n+l(^)=  2^/0  2»-*(0Ak(0^ 

*.(2)=g  2-*  J2  <-»  [*>"(*) +2  <Z«-*(0?*(0] 

(n=0, 1,2,..  .) 

Uniform  Asymptotic  Expansions  of  Solutions 
For  z real,  i.e.  for  the  equation 


10.4.114 

2/0(z)=Ai  (— X2/3x)[l  + 0QC1)] 

2/i(z)=Bi  ( — Xa/Bx) [1 + 0(X-1)]  (|X|— >00) 

For  further  representations  and  details,  we  refer 
to  [10.4]. 

When  z is  complex  (bounded  or  unbounded), 
conditions  under  which  the  formal  series  10.4.110 
yields  a uniform  asymptotic  expansion  of  a solu- 
tion are  given  in  [10.121  if  q(zy  X)  is  independent 
of  X and  |X|-><»  with  fixed  <0,  and  in  |10.14]  if  X 
lies  in  any  region  of  the  complex  plane.  Further 
references  are  [10.2;  10.9;  10.10]. 

The  General  Case  t4i"+[X2p(3) X)]w=0 

Let  X=|X|c<w  where  |X|>Xo(>0)  and  — 7r<coS^; 
suppose  that  p(z)  is  analytic  in  a region  R and  has 
a zero  z=z0  in  Ry  and  that,  for  fixed  X,  q(z,  X)  is 
analytic  in  z for  z in  R.  The  transformation 
€=£(2),  [i>(^)/€]1/4w(^),  where  £ is  defined  as 

the  (unique)  solution  of  the  equation 

10.4.115  * (J)2=p(2), 
yields  the  special  case 

10.4.116  fg+[x^+/($,X)]t;  = 0,  * 

y<t’x>-(l)  ’sfex)_(l)  * $ [(1)1 


10.4.111  y”+[\2x-\rq(xy  X)]y=0 

where  x varies  in  a bounded  interval  a<x<b  that 
includes  the  origin  and  where,  for  each  fixed  X in  S, 
q(xy  X)  is  continuous  in  x for  a < x <by  the  following 
asymptotic  representations  hold. 

(i)  If  X is  real  and  positive,  there  are  solutions 
2/o(z),  2/i (x)  such  that,  uniformly  in  x on  a<x< 0, 

10.4.112 

Vo(*)= Ai  (-X2%)[1  + 0(X“1)]  (X->oo) 

yi{x)=Bi  (-X2/3z)[l  + 0(X~1)] 
and,  uniformly  in  x on  0<x<b 

10.4.113 

y0(x)=Ai  ( — X2/3z) [1 + 0(X_1)] + Bi  (-X2%)0(X“1), 
yi(x)=Bi  (-X2/3a;)[l  + 0(X-1)]+Ai  (-X^Oft"1) 

(X— >») 

(ii)  If  ^X>0,  ^X5^0,  there  are  solutions 
2/o(z),  Vi{x)  such  that,  uniformly  in  x on  a<x<b , 


Example: 

Consider  the  equation 

10.4.117  yf ' + [X2—  (X2— -4-)  ar2]i/=0 

for  which  the  points  x=0y  <»  are  singular  points 
and  x=l  is  a turning  point.  It  has  the  functions 
a^Jx(Xx),  z*Fx(Xz)  as  particular  solutions  (see 

9.1.49). 

The  equation  10.4.115  becomes 


whence 

| (— £)3/2=  — \/l — 5c2+ln  ar^l+Vl-”^2) 

(0<z<l) 

f £3/2=tJx2—  1 — arccos  x~l  (1<3<C °°). 

Thus 

/x2—\\v* 

10.4.118  ®^)=(W)  V(X) 


*See  page  n. 
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10.4.119 


5 

16£2 


£2  z2($2+4)“" 
4 (z2— 1)3_ 


0=0 


which  is  of  the  form  10.4.111  with  x replaced  by  £ 
and  #(£,  X)  independent  of  X. 

Suppose  /X^ 0.  By  the  first  equation 

of  10.4.114  there  is  a solution  v0(£)  of  10.4.119, 
i.e.,  a solution  y0(x)  of  10.4.117  for  which  the 
representation 

10.4.120 

=(^i)V4  Vo(»)  =Ai(— X2/3£)[1+0(X-1)] 


holds  uniformly  in  a:  on  0<x<«»  as  |X|  — >oo . 

To  identify  y0(x)  in  terms  of  x*Y\(\x), 

restrict  x to  0<z<6<1  so  that  by  10.4.118  £ is 
negative,  and  replace  the  Airy  function  by  its 
asymptotic  representation  10.4.59.  This  yields 


10.4.121 

Vo(x) 

=(^?)"I/V"i/2x"i/6(-|)i,i  exp  (I  x<-*)3/2) 

[1 +0CX-1)] 

=b~1/2x~1/6  Qifyvi  exp  (l 

[l+0(\~1)] 

Let  now  X be  fixed  and  >0  in  10.4.121.  There 
results 


10.4.122  2/o(^)  7r~1/2X~1/6a:1/2  (|  z)x  ex. 


On  the  other  hand,  yo(x)  is  a solution  of  10.4.117 
and  therefore  it  can  be  written  in  the  form 

10.4.123  y0(x) =x1/2[c1Jx(\x)  +c2Yx(\x)  ] 

where,  from  9.1.7  for  X fixed  and 

T (\<A  (^Xa;)X 

*^x  x*)  r(x+i)’ 

•tr  ^ \ (|Xa:)x  A % (§Xx)_x  ^ 

Y r(x+i)  cot  Xy~r(i-x)  0130  Xir' 

Thus,  letting  x->0  in  10.4.123  and  comparing  the 
resulting  relation  with  10.4.122  one  finds  that 
c2=0  and 


10.4.124  y0(.x)  — iir-1/2X-x"1/Vr(X+l)z1/2Jx(Xx). 


It  follows  from  10.4.120  that  uniformly  in  a:  on 
0<^a;<^  oo 

10.4.125 

Jx(Xx) 

2^^1,2  /r2 1 \“1/4 

=r(^x  e~x~r)  M (-^[i+^x-1)] 

(|X| — >oo) 

Numerical  Methods 


10.5.  Use  and  Extension  of  the  Tables 


Spherical  Bessel  Functions 


To  compute  jn(x)y  yn(x ),  n= 0,  1,  2,  for  values  of 
x outside  the  range  of  Table  10.1,  use  formulas 
10.1.11,  10.1.12  and  obtain  values  for  the  circular 
functions  from  Tables  4.0-4.8. 

Example  1.  Compute  ji(x)  for  x=  1 1 .425. 

From  10.1.11,  *(*)  Hence,  using 

X X 

Tables  4.6  and  4.8, 


ii  (11-425)  = — 


.90920  500 
(11. 425) 2 


.41634  873 
11.425 


= -.00696  54535-. 03644  1902 


= -.04340  7356. 


To  compute  jn(x),  ll<w<20,  for  a value  of  x 
within  the  range  of  Table  10.3,  obtain  from  Table 
10.3,  directly  or  possibly  by  linear  interpolation, 
j2i(x),  j20(x)  and  use  these  as  starting  values  in  the 
recurrence  relation  10.1.19  for  decreasing  n. 

An  alternative  procedure  which  often  yields 
better  accuracy  and  which  also  applies  to  compu- 
tations of  jn(x ) when  both  n and  x are  outside  the 
range  of  Table  10.1  is  the  following  device  essen- 
tially due  to  J.  C.  P.  Miller  [9.20]. 

At  some  value  N larger  than  the  desired  value 
n , assume  tentatively  FN+i—0f  FN=  1 and  use 
recurrence  relation  10.1.19  for  decreasing  N to 
obtain  the  sequence  FN_U  . . .,  F0.  UN  was 
chosen  large  enough,  each  term  of  this  sequence 
up  to  Fn  is  proportional,  to  a certain  number  of 
significant  figures,  to  the  corresponding  term  in 
the  sequence  jN- i(x),  . . .,  j0(x)  of  true  values. 
The  factor  of  proportionality,  p,  may  be  obtained 
by  comparing,  say,  F0  with  the  true  value  j0(x) 
computed  separately.  The  terms  in  the  sequence 
pF0,  . . . pFn  are  then  accurate  to  the  number 
of  significant  figures  present  in  the  tentative 
values.  If  the  accuracy  obtained  is  not  sufficient, 
the  process  may  be  repeated  by  starting  from  a 
larger  value  N. 
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Example  2.  Compute  ,715(2)  for  ar=24.6. 
Interpolation  in  Table  10.3  yields  for  z=24.6 

x~21ec2/86j2i(x)  = ( — 28)3.934616 
x-20e*2'82j2o(x)  = (—27)9.48683 

whence 


j21  (24.6)  = .05604  29,  j20(24.6)  = . 03896  98. 


From  the  recurrence  relation  10.1.19  there 


results 

j10(24.6)  = .00890  67660 

j18(24.6)  = — .02484  93173 
j17(24.6)  = -.04628  17554 
jl6(24.6)  = -.04099  87086 
j1B(24.6)  = -.00871  65122 


[.00890  70] 
[-.02485  90] 
[-.04628  16] 
[-.04099  88] 
[-.00871  67] 


For  comparison,  the  correct  values,  are  shown  in 
brackets. 

To  compute  .715(2)  for  z=24.6  by  Miller’s  de- 
vice, take,  for  example,  N=  39  and  assume 
F40=0,  F39=l.  Using  10.1.19  with  decreasing  N, 
i.e.,  Ftf-.i=[(2N-\-l)/x]Fjy  F^+ 1,  iV=39,  38,  . . ., 
1,  0,  generate  the  sequence  FB8,  FZ7,  . . .,  Fu  F0j 
compute  from  Table  4.6,  j0(24.6)  = (sin  24.6)/24.6 
= — .02064  620296,  and  obtain  the  factor  of  pro- 
portionality 


p=j0(24:.6)/FQ=  .00000  03839  17642. 


Modified  Spherical  Bessel  Functions 

To  compute  Tj?ir/xln+i(x),  VI v/xK^x ),  n= 0, 
1,  2,  . . . for  values  of  x outside  the  range  of 
Table  10.8,  use  formulas  10.2.13,  10.2.14  together 
with  10.2.4  and  obtain  values  for  the  hyperbolic 
and  exponential  functions  from  Tables  4.4  and 

4.15.  In  those  cases  when  ^%w/xln+i(x)  and 

VW2/- 71-1(2)  are  nearly  equal,  i.e.,  when  x is 

sufficiently  large,  compute  ^%Tr/xKn+i(x)  from 
formula  10.2.15,  for  which  the  coefficients  (t&+§,  k ) 
are  given  in  10.1.9. 

Example  3.  Compute  ^ir/xl, 5/2(2),  ^tt/xK5/2(x) 
for  3=16.2. 

From  10.2.13,  V §7 r/xl5 /2 (2)  = (3 + x2)  sinh  x/t?— 
3 cosh  x/t?;  from  Table  4.4,  cosh  16.2=  (6)5.4267 
59950  and  this  equals  the  value  of  sinh  16.2  to  the 
same  number  of  significant  figures.  Hence 

VWl6.2/5/2(16.2)  = (.06243  402371 

-.01143  118427)[(6)5.4267  59950] 
= 338814.4594-62034.29298 
=276780.1664. 

To  compute  ^^tt/1Q.2K5/2(1Q.2)  use  10.2.17  and 
obtain 


The  value  pFib  equals  ji5 (24. 6)  to  8 decimals. 
The  final  part  of  the  computations  is  shown  in 
the  following  table,  in  which  the  correct  values 
are  given  for  comparison. 


N 

fn 

pFN 

M24.6) 

15 

-22704.71107 

-.00871  67391 

-.00871  674 

14 

+ 78178.  88236 

+ .03001  42522 

+.03001  425 

13 

+ 114866.  80811 

+ . 04409  93941 

+ . 04409  939 

12 

+ 47894.  44353 

+ .01838  75218 

+ .01838  752 

11 

-66193.  59317 

-.02541  28882 

-.02541  289 

10 

- 109782.  76234 

-.  04214  75392 

-.  04214  754 

9 

-27523.  39903 

-.  01056  67185 

-.  01056  672 

8 

+ 88524.  85252 

+ .03398  62526 

+.  03398  625 

7 

+ 88699.  11017 

+ .03405  31532 

+ . 03405  315 

6 

-34440.  02929 

-.  01322  21348 

01322  213 

5 

-106899.  12565 

-.  04104  04602 

-.  04104  046 

4 

-13360.  39272 

-.  00512  92905 

-.  00512  929 

3 

+ 102011.  17704 

+ .03916  38905 

+ .03916  389 

2 

+ 42387.  96341 

+ . 01627  34870 

+ .01627  349 

1 

-93395.  73728 

-.  03585  62712 

-.  03585  627 

0 

-53777.  68747 

-.  02064  62030 

-.  02064  620 

It  may  be  observed  that  the  normalization  of  the 
sequence  FN,  FN__  1,  . . .,  F0  can  also  be  obtained 
from  formula  10.1.50  by  computing  the  sum 

<r=]T)  (2k+l)Fl  and  finding  p=l/^J(r.  This 
0 

yields,  in  the  case  of  the  example,  p=  1/V<r= 
.00000  03839  177. 


V|tt/1  6.2if5/2(16.2) =*•«  162  [§2l+  (32.4)2+  (32.4)3] 

= (-7)2.8945  38069[.036932  60400] 
= (-8)1.0690  28283. 

To  compute  VI ~njxln+h(x),  3 <n<8,  for  a 
value  of  x within  the  range  of  Table  10.9,  obtain 

from  Table  10.9,  ^h^lxl^/2(x),  ^hTr/xI21/2(x)  for 
the  desired  value  of  x and  use  these  as  starting 
values  in  the  recurrence  relation  10.2.18  for 
decreasing  n.  

To  compute  VW2 Kn+\(x)  for  some  integer  n 
outside  the  range  of  Table  10.9,  obtain  from 

10.2.15  or  from  Table  10.8,  ^^tt/xK^x), 

t J%tt/xKZi2(x ) for  the  desired  value  of  2 and  use 
these  as  starting  values  in  the  recurrence  relation 
10.2.18  for  increasing  71.  If  x lies  within  the 
range  of  Table  10.9  and  ^>10,  the  recurrence 

may  be  started  with  aJ^IxKi9/2(x),  ^iTr/xK2i/2(x) 
obtained  from  Table  10.9. 

Example  4.  Compute  Vi tt/xKiu2(x ) for  3=3.6. 
Obtain  from  Table  10.8  for  3=3.6 

^?tIxKi/2(x)  = . 01192  222 

Vi^K3/2(2)  = .01523  3952 


1 
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The  recurrence  relation  10.2.18  yields  successively 
-VW3l^5/2(3.6)  = -.01192  222 

(.01523  3952) 
3.0 

= -.02461  718 
VW3^7/2(3.6)  = . 01523  3952 

(.02461  718) 

= .04942-  4480 
-VR/3l6if9/2(3.6)  = -.02461  718 

(.04942  4480) 

3.0 

= — .12072  034 

VW3^ifu/2(3.6)  = . 04942  4480 

+2~g  (.12072  034) 

= .35122  533. 

As  a check,  the  recurrence  can  be  carried  out  until 
n=9  and  the  value  of  VW3.6ifi9/2(3.6)  so  obtained 
can  be  compared  with  the  corresponding  value 
from  Table  10.9. 

To  compute  V§7r jxln+\(x)  when  both  n and  x 
are  outside  the  range  of  Table  10.9,  use  the  device 
described  in  [9.20]. 

Airy  Functions 

To  compute  Ai  (x),  Bi(z)  for  values  of  x beyond 
1,  use  auxiliary  functions  from  Table  10.11. 
Example  5.  Compute  Ai(z)  for  z=4.5. 

First,  for  z=4.5, 

£=  §z3/2=6.36396  1029,  r1==. 15713  48403. 

Hence,  from  Table  10.11,  /(—£)  = . 55848  24  and 
thus 

Ai  (4.5) 

=§(4.5)“1/4(. 55848  24)  exp  (-6.36396  1029) 
= §(.68658  905)  (.55848  24)  (.00172  25302) 

= .00033  02503. 

To  compute  the  zeros  c , c'  of  a solution  y(x)  of 
the  equation  y"—xy=0  and  of  its  derivative 


yf  (x),  respectively,  the  following  formulas  may  be 
used,  in  which  dy  df  denote  approximations  to  c,  c' 
and  u=y(d)!y'(d ),  v=y’ (d')ld’2y{df). 

c=d-u-2d  fJ+2  *-24*  * 

+88d  (88+720+)  ^ 

7/®  /t/9 

+5856d2g|-(16640d+40320d4)|j+  . . . 

c’=d'  { 1 -v~-  (3+2+3)^-  (15+10d,3)|j 

— (105+76d'3+24d'6)^r 

5! 

-(945+756d'3+272+6)|J-  . . . 

6! 

v'  (c) =yf  (d)  { 1 -d  |J+|-~3+  fj+ 14 d IJ 

ft fl/7 

-(14+45^)^+471^^ 

-(1432d+1575d4)|j+  . . A 

yifi')=y{dr ) -f  1-d'2  jjj-d'3  g-(3+3+30|J 

-(15+3+14+6)§J 

O! 

— (105d'3+ 101d'6+45d'4)^r—  . . . 

o! 

Example  6.  Compute  the  zero  of  7/(a:)=Ai(aO 
— Bi(a:)  near  d=— .4. 

From  Table  10.11, 

y(—. 4)  = .02420  467,  y\-A)  = -.71276  627 

whence  «=?/(— A)/y'(—  .4)  = — .03395  8776.  From 
the  above  formulas 

c=— .4+.03395  8776— .00000  5221 

+ .00000  01 11 +.00000  0001 
= -.36604  6333. 

j/'(c)  = (— .71276  627)  {1 +.00023  0640 

-.00000  6527 -.00000  0027 +.00000  0002} 
= (-.71276  627) (1.00022  4088) 

= -.71292  599! 
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SPHERICAL  BESSEL  FUNCTIONS— ORDERS  0.  1 AND  2 Table  10.1 


X 

h(x) 

h (x) 

J2(x) 

y0(x) 

Viix) 

y2ix) 

0.0 

1.00000 

000 

0.00000 

0000 

0.00000 

000000 

- 00 

- 00 

- 00 

0.1 

0.99833 

417 

0.03330 

0012 

0.00066 

619061 

-9.95004 

17 

-100.49875 

- 3005.0125 

0.2 

0.99334 

665 

0.06640 

0381 

0.00265 

90561 

-4.90033 

29 

-25.495011 

- 377.52483 

0.3 

0.98506 

736 

0.09910 

2888 

0.00596 

15249 

-3.18445 

50 

-11.599917 

-112.81472 

0.4 

0.97354 

586 

0.13121 

215 

0.01054 

5302 

-2.30265 

25 

--  6.73017 

71 

-48.173676 

0.5 

0.95885 

108 

0.16253 

703 

0.01637 

1107 

-1.75516 

51 

-4.46918 

13 

-25.059923 

0.6 

0.94107 

079 

0.19289 

196 

0.02338 

8995 

-1.37555 

94 

-3.23366 

97 

-14.792789 

0.7 

0.92031 

098 

0.22209 

828 

0.03153 

8780 

-1.09263 

17 

-2.48121 

34 

-9.54114 

00 

0.8 

0.89669 

511 

0.24998 

551 

0.04075 

0531 

-0.87088 

339 

-1.98529 

93 

-6.57398 

92 

0.9 

0.87036 

323 

0.27639 

252 

0.05094 

5155 

-0.69067 

774 

-1.63778 

29 

-4.76859 

87 

1.0 

0.84147 

098 

0.30116 

868 

0.06203 

5052 

-0.54030 

231 

-1.38177 

33 

-3.60501 

76 

1.1 

0.81018 

851 

0.32417 

490 

0.07392 

4849 

-0.41236 

Oil 

-1.18506 

13 

-2.81962 

54 

1.2 

0.77669 

924 

0.34528 

457 

0.08651 

2186 

-0.30196 

480 

-1.02833 

66 

-2.26887 

66 

1.3 

0.74119 

860 

0.36438 

444 

0.09968 

8571 

-0.20576 

833 

-0.89948 

193 

-1.86995 

92 

1.4 

0.70389 

266 

0.38137 

537 

0.11334 

028 

-0.12140 

510 

-0.79061 

059 

-1.57276 

05 

1.5 

0.66499 

666 

0.39617 

297 

0.12734 

928 

-0.04715 

8134 

-0.69643 

541 

-1.34571 

27 

1.6 

0.62473 

350 

0.40870 

814 

0.14159 

426 

+0.01824 

9701 

- 0.61332 

744 

-1.16823 

87 

1.7 

0.58333 

224 

0.41892 

749 

0.15595 

157 

0.07579 

0879 

-0.53874 

937 

-1.02652 

51 

1.8 

0.54102 

646 

0.42679 

364 

0.17029 

628 

0.12622 

339 

-0.47090 

236 

-0.91106 

065 

1.9 

0.49805 

268 

0.43228 

539 

0.18450 

320 

0.17015 

240 

-0.40849 

878 

-0.81515 

048 

2.0 

0.45464 

871 

0.43539 

778 

0.19844 

795 

0.20807 

342 

-0.35061 

200 

-0.73399 

142 

2.1 

0.41105 

208 

0.43614 

199 

0.21200 

791 

0.24040 

291 

- 0.29657 

450 

-0.66408 

077 

2.2 

0.36749 

837 

0.43454 

522 

0.22506 

330 

0.26750 

051 

-0.24590 

723 

-0.60282 

854 

2.3 

0.32421 

966 

0.43065 

030 

0.23749 

812 

0.28968 

523 

-0.19826 

956 

-0.54829 

769 

2.4 

0.28144 

299 

0.42451 

529 

0.24920 

113 

0.30724 

738 

- 0.15342 

325 

-0.49902 

644 

2.5 

0.23938 

886 

0.41621 

299 

0.26006 

673 

0.32045 

745 

-0.11120 

588 

-0.45390 

450 

2.6 

0.19826 

976 

0.40583 

020 

0.26999 

585 

0.32957 

260 

-0.07151 

1067 

-0.41208 

537 

2.7 

0.15828 

884 

0.39346 

703 

0.27889 

675 

0.33484 

153 

- 0.03427 

3462 

-0.37292 

316 

2.8 

0.11963 

863 

0.37923 

606 

0.28668 

572 

0.33650 

798 

+ 0.00054 

2796 

-0.33592 

641 

2.9 

0.08249 

9769 

0.36326 

136 

0.29328 

784 

0.33481 

31 

0.03295 

3045 

-0.30072 

380 

3.0 

0.04704 

0003 

0.34567 

750 

0.29863 

750 

0.32999 

750 

0.06295 

9164 

-0.26703 

834 

3.1 

+0.01341 

3117 

0.32662 

847 

0.30267 

895 

0.32230 

166 

0.09055 

5161 

-0.23466 

763 

3.2 

-0.01824 

1920 

0.30626 

652 

0.30536 

678 

0.31196 

712 

0.11573 

164 

-0.20346 

870 

3.3 

-0.04780 

1726 

0.28475 

092 

0.30666 

620 

0.29923 

629 

0.13847 

939 

-0.17334 

594 

3.4 

-0.07515 

9148 

0.26224 

678 

0.30655 

336 

0.28435 

241 

0.15879 

221 

-0.14424 

164 

3.5 

-0.10022 

378 

0.23892 

369 

0.30501 

551 

0.26755 

905 

0.17666 

922 

-0.11612 

829 

3.6 

-0.12292 

235 

0.21495 

446 

0.30205 

107 

0.24909 

956 

0.19211 

667 

-0.08900 

2337 

3.7 

-0.14319 

896 

0.19051 

380 

0.29766 

961 

0.22921 

622 

0.20514 

929 

-0.06287 

8964 

3.8 

-0.16101 

523 

0.16577 

697 

0.29189 

179 

0.20814 

940 

0.21579 

139 

-0.03778 

7773 

3.9 

-0.17635 

030 

0.14091 

846 

0.28474 

912 

0.18613 

649 

0.22407 

760 

-0.01376 

9102 

4.0 

-0.18920 

062 

0.11611 

075 

0.27628 

369 

0.16341 

091 

0.23005 

335 

+ 0.00912 

9107 

4.1 

-0.19957 

978 

0.09152 

2967 

0.26654 

781 

0.14020 

096 

0.23377 

514 

0.03085 

4018 

4.2 

-0.20751 

804 

0.06731 

9710 

0.25560 

355 

0.11672 

877 

0.23531 

060 

0.05135 

0236 

4.3 

-0.21306 

185 

0.04365 

9843 

0.24352 

220 

0.09320 

9110 

0.23473 

838 

0.07056 

1855 

4.4 

-0.21627 

320 

+0.02069 

5380 

0.23038 

368 

0.06984 

8380 

0.23214 

783 

0.08843 

4232 

4.5 

-0.21722 

892 

-0.00142 

95812 

0.21627 

586 

0.04684 

3511 

0.22763 

858 

0.10491 

554 

4.6 

-0.21601 

978 

-0.02257 

9838 

0.20129 

380 

0.02438 

0984 

0.22132 

000 

0.11995 

814 

4.7 

-0.21274 

963 

-0.04262 

9993 

0.18553 

900 

+ 0.00263 

5886 

0.21331 

046 

0.13351 

972 

4.8 

-0.20753 

429 

-0.06146 

5266 

0.16911 

850 

-0.01822 

8955 

0.20373 

659 

0.14556 

433 

4.9 

-0.20050 

053 

-0.07898 

2225 

0.15214 

407 

-0.03806 

3749 

0.19273 

242 

0.15606 

319 

5.0 

-0.19178 

485 

-0.09508 

9408 

0.13473 

121 

-0.05673 

2437 

0.18043 

837 

0.16499 

546 

m m m 


.?„(*) =-y y„(*) =^y^+i(x) = 

Compiled  from  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  functions,  vols.  I,  II.  Columbia 
Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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Table  10.1 


SPHERICAL  BESSEL  FUNCTIONS — ORDERS  0,  1 AND  2 


x 

5.0 

5.1 

5.2 

5.3 

5.4 


h(x) 

-1) -1.9178 
-l)-l.  8153 
-11-1.  6990 
-11-1.  5703 
-l)-l.  4310 


Ji(x) 

-2) -9.  5089 
-1) -1.  0971 
-11-1.  2277 
-11-1.  3423 
-1) -1.  4404 


i2(*) 

-1)  1.3473 
-1)  1.1700 
-2)  9.9065 
-2)  8.1054 
-2)  6.3084 


y0(x) 

-2)  “5.  6732 
-21-7.  4113 
-2)  -9.  0099 
-11-1. 0460 
-11-1.1754 


2^1  (*) 

-1)  1.8044 
-1)  1.6700 
-1)  1.5257 
-1)  1.3730 
-1)  1.2134 


5.5 

(-1) -1.2828 

5.6 

(-1) -1.1273 

5.7 

(-2) -9.  6611 

5.8 

(-2) -8.  0104 

5.9 

(-2) -6.  3369 

1-1)  -1.  5217 
-1)  -1.5862 
-1) -1. 6339 
-1) -1.  6649 
-1)-1.  6794 


1-2)  4.5277 
-2)  2.7749 
-21+1.  0617 
-3)  -6.  0100 
-2) -2.  2024 


1-1) -1.2885 
-11-1.  3849 
-11-1.  4644 
-1) -1.5268 
-1)-1.  5720 


1-1)  1.  0485 
-2)  8.7995 
-2)  7.  0920 
-21  5.3780 
-2)  3.6725 


6.0 

(-2) -4.  6569 

6.1 

(-2)  -2.  9863 

6.2 

( -2) -1.  3402 

6.3 

(-3) +2.  6689 

6.4 

(-2)  1.8211 

1-1)  -1.  6779 
-11-1.  6609 
-1) -1. 6289 
-11-1.  5828 
-1) -1.5234 


1-2)  -3.  7326 
-21-5.1819 
-2) -6.  5418 
-2) -7.  8042 
-2)  -8.9620 


(-1) -1.  6003 
(-11-1.  6119 
(-11  -1.  6073 
(-11-1.  5871 
(-l)-l.  5519 


1-2)  1.9898 
-31+3.  4379 
-2) -1.2523 
-2) -2.  7861 
-2)  -4.  2458 


6.5  (-2)  3.  3095  (-1) -1.4515 

6.6  (-2)  4.7203  (-1)  -1.3682 

6.7  (-2)  6.  0425  (-1)  -1.2746 

6.8  (-2)  7.2664  (-1) -1.1717 

6.9  (-2)  8.3832  (-1) -1.0607 


1-1) -1.  0009 
-11-1.  0940 
-1) -1.1750 
-1)  -1.  2435 
-1) -1. 2995 


1-1) -1.5024 
-1)“1.  4397 
-1) -I.  3648 
-1) “1.  2785 
-1)  -1.1822 


1-2)  -5.  6210 
-2)  -6.9018 
-2) -8. 0795 
-2) -9. 1466 
-1) -1.0097 


7.0  (-2)  9.3855 

7.1  (-1)  1.0267 

7.2  (-1)  1.1023 

7.3  (-1)  1.1650 

7.4  (-1)  1.2145 


(_2) -9. 4292  (-1 

(-2) -8. 1954  (-1 

(-2) -6.  9183  (-1 

(-2) -5.  6107  (-1 

( -2) -4.  2851  ( -1 


-1.  3427 

(-l)-l 

-1. 3730 

(-21-9 

-1. 3906 

(-  2)-8 

-1. 3956 

(-2) -7 

-1. 3882 

(“2)-5 

0770  (-1) -1.0924 

6415  (-1) -1.1625 

4493  (-1) -1.2197 

2065  (-1) -1.2637 

9263  (-1) -1.2946 


7.5  (-1)  1.2507 

7.6  (-1)  1.2736 

7.7  (-1)  1.2833 

7.8  (-1)  1.2802 

7.9  (-1)  1.2645 


(-2) -2.  9542  (-1 

(-2) -1.6303  (-1 

(-3) -3.  2520  (-1 

(-3) +9.  4953  (-1 

(-2)  2.1829  (-1 


-1.3688  ( -2)-4. 

-1.3379  (-2) -3. 

-1.2960  f “2)  — 1. 

-1.2437  (-3) -6. 

-1.1816  (“3) +5. 


6218 

(-l)-l.  3123 

3061 

(-1)  -1.  3171 

9919 

(-11-1.  3092 

9174 

(-1)  -1.  2891 

8231 

(-11-1.  2571 

8.0  (-1)  1.2367 

8.1  (-1)  1.1974 

8.2  (-1)  1.1472 

8.3  (-1)  1.  0870 

8.4  (-1)  1.0174 


(-2)  3.3646  (-1 

(-2)  4.4850  (-1 

( -2)  5. 5351  ( -2 

(-2)  6.5069  (-2 

(-2)  7.3932  (-2 


-1.1105  (-2) 

-1.0313  (-2) 

-9. 4473  ( -2) 

-8.5177  (-2) 

-7.5334  (-2) 


1.  8188 

(-1) -1.2140 

3.  0067 

(-1) -1.1603 

4. 1360 

(-11-1.  0968 

5. 1973 

( -1) -1.  0243 

6.1820 

( -2)  -9.  4378 

8.5  (-2)  9.3940 

8.6  (-2)  8.5395 

8.7  (-2)  7.6203 

8.8  (-2)  6.6468 

8.9  (-2)  5.6294 


(-2)  8.1877  (-2 

(-2)  8.8851  (-2 

(-2)  9.4810  (-2 

(-2)  9.9723  (-2 

(-1)  1.0357  (-2 


-6.5042  (-2) 

-5.4401  (-2) 

-4.3510  (-2) 

-3. 2471  ( -2) 

-2.1385  (-2) 


7.  0825 

(-2) -8.  5607 

7.  8921 

(-2) -7.  6218 

8. 6051 

(-2) -6.  6312 

9.  2170 

(-2) -5.  5994 

9.  7240 

( -2) -4.  5369 

9.0 

(-2) 

4. 5791 

9.1 

(-2 

3.  5066 

9.2 

(-2 

2. 4227 

9.3 

(-2 

1. 3382 

9.4 

(-3 

+2.  6357 

1-1)  1.0632 
-1)  1.0800 
-1)  1.0859 
-1)  1.0813 
-1)  1.0663 


I— 2)  -1.  0349 
-4) +5,  3818 
-2)  1. 1.184 
-2)  2.1498 
-2)  3.13^5 


1-1)  1.0124 
-1)  1.0415 
-1)  1.  0596 
-1)  1.0669 
-1)  1.0635 


1-2)  -3.  4542 
-2) -2.  3621 
-2) -1.2710 
-3)  -1.  9101 
-3)  +8.  6782 


9.5  (-3) -7.  9106 

9.  6 ( -2) -1.  8159 

9.7  (-2) -2.  8017 

9.8  (-2) -3.  7396 

9.9  (-2)  -4.  6216 


1-1)  1.0413 
-1)  1.0068 
-2)  9.6325 
-2)  9.1126 
-2)  8.5149 


1-2)  4.0795 
-2)  4.9622 
-2)  5.7808 
-2)  6.5291 
-2)  7.2018 


1-1)  1.0497 
-1)  1.0257 
-2)  9.9213 
-2)  9.4941 
-2)  8.9817 


1-2)  1.8960 
-2)  2.8844 
-2)  3.8245 
-2)  4.7084 
-2)  5.5288 


10.0  (-2) -5.  4402 


(-2)  7.8467  (-2)  7.7942 


(-2)  8.3907  (-2)  6.2793 


^)  = Y&rn+iW  = (-1)n+1^ 


y2(x) 

1-1)  1.6500 
-1)  1.7235 
-1)  1.7812 
-1)  1.8231 
-1)  1.8495 

1-1)  1.8604 
-1)  1.8563 
-1)  1.8377 
-1)  1.8049 
-1)  1.7587 

1-1)  1.6998 
-1)  1.6288 
-1)  1.5467 
-1)  1.4544 
-1)  1.  3528 

1-1)  1.2430 
-1)  1.1260 
-1)  1.  0030 
-2)  8.7500 
-2)  7.4323 

1-2)  6.  0883 
-2)  4.7295 
-2)  3.3674 
-2)  2.0132 
-3/+  6. 7812 

I -3) -6.  2736 
-21-1.  8929 
-2) -3. 1089 
-2) -4. 2662 
-2) -5.  3561 

!— 2)  —6.  3711 
-2) -7. 3040 
-2)-8. 1487 
-2) -8.  8997 
-2)-9.  5527 

1-1) -1.  0104 
-1)-1. 0551 
-11-1. 0892 
-11-1. 1126 
-1) -1.1253 

1-1) -1.1275 
-1) -1.1193 
-1)  -1.1011 
-11-1. 0731 
-1) -1. 0358 

I -2) -9. 8978 
-2) -9. 3558 
-2) -8. 7385 
-2) -8. 0528 
-2) -7.  3063 

(-2)  -6.5069 


/xj_(n+i)(x) 
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SPHERICAL  BESSEL  FUNCTIONS—ORDERS  3-10  Table  10.2 


x h(x)  h(x) 

0.0  0.0000  0.0000 

0.1  (-6)9.5185  (-7)1.0577 

0.2  (-5)7.6021  (-6)1.6900 

0.3  (-4)2.5586  (-6)8.5364 

0.4  (-4)6.0413  (-5)2.6894 

0.5  (-3)1.1740  (-5)6.5390 

0.6  (-3)2.0163  (-4)1.3491 

0.7  (-3)3.1787  (-4)2.4847 

0.8  (-3)4.7053  (-4)4.2098 

0.9  (-3)6.6361  (-4)6.6912 

1.0  (-3)9.0066  (-3)1.0110 

1.1  (-2)1.1847  (-3)1.4661 

1.2  (-2)1.5183  (-3)2.0546 

1.3  (-2)1.9033  (-3)2.7976 

1.4  (-2)2.3411  (-3)3.7164 

1.5  (-2)2.8325  (-3)4.8324 

1.6  (-2)3.3774  (-3)6.1667 

1.7  (-2)3.9754  (-3)7.7397 

1.8  (-2)4.6252  (-3)9.5709 

1.9  (-2)5.3249  (-2)1.1679 

2.0  (-2)6.0722  (-2)1.4079 

2.1  (-2)6.8639  (-2)1.6788 

2.2  (-2)7.6962  (-2)1.9817 

2.3  (-2)8.5650  (-2)2.3176 

2.4  (-2)9.4654  (-2)2.6872 

2.5  (-1)1.0392  (-2)3.0911 

2.6  (-1)1.1339  (-2)3.5292 

2.7  (-1)1.2301  (-2)4.0014 

2.8  (-1)1.3270  (-2)4.5071 

2.9  (-1)1.4241  (-2)5.0454 


J5(x)  h(x> 

0.0000  0.0000 
(-10)9.6163  (-12)7.3975 

(-  8)3.0737  (-10)4.7297 

(-  7)2.3296  (-  9)5.3784 

(-  7)9.7904  (-  8)3.0149 

1-  6)2.9775  (-  7)1.1467 

- 6)7.3776  (-  7)3.4113 

- 5)1.5866  (-  7)8.5649 

- 5)3.0755  (-  6)1.8989 

- 5)5.5059  (-  6)3.8277 

!-  5)9.2561  (-  6)7.1569 

- 4)1.4786  (-  5)1.2590 

- 4)2.2643  (-  5)2.1058 

- 4)3.3461  (-  5)3.3756 

- 4)4.7963  (-  5)5.2181 

!-  4)6.6962  (-  5)7.8174 

- 4)9.1354  (-  4)1.1395 

- 3)1.2212  (-  4)1.6212 

- 3)1.6031  (-  4)2.2577 

- 3)2.0705  (-  4)3.0840 

(-  3)2.6352  (-  4)4.1404 

(-  3)3.3094  (-  4)5.4720 

(-  3)4.1059  (-  4)7.1289 

- 3)5.0375  (-  4)9.1665 

- 3)6.1171  (-  3)1.1645 

I-  3)7.3576  (-  3)1.4630 

- 3)8.7717  (-  3)1.8192 

- 2)1.0372  (-  3)2.2404 

- 2)1.2169  (-  3)2.7345 

- 2)1.4174  (-  3)3.3096 


J7(x)  Js(x) 

0.0000  0.0000 
(-14)4.9319  (-16)2.9012 

(-12)6.3072  (-14)7.4212 

(-10)1.0761  (-12)1.8995 

(-10)8.0448  (-11)1.8938 

i-  9)3.8259  (-10)1.1261 

- 8)1.3665  (-10)4.8282 

- 8)4.0046  (-  9)1.6515 

- 7)1.0153  (-  9)4.7873 

- 7)2.3040  (-  8)1.2228 

1-  7)4.7901  (-  8)2.8265 

- 7)9.2769  (-  8)6.0254 

- 6)1.6942  (-  7)1.2013 

- 6)2.9451  (-  7)2.2640 

- 6)4.9082  (-  7)4.0669 

1-  6)7.8875  (-  7)7.0086 

- 5)1.2279  (-  6)1.1649 

- 5)1.8587  (-  6)1.8756 

- 5)2.7444  (-  6)2.9356 

- 5)3.9632  (-  6)4.4800 

i-  5)5.6097  (-  6)6.6832 

- 5)7.7975  (-  6)9.7670 

- 4)1.0661  (-  5)1.4009 

- 4)1.4358  (-  5 1.9754 

- 4)1.9071  (-  5)2.7420 

i-  4)2.5009  (-  5)3.7516 

- 4)3.2410  (-  5)5.0647 

- 4)4.1542  (-  5)6.7532 

- 4)5.2705  (-  5)8.9013 

- 4)6.6231  (-  4)1.1607 


109x~%(x)  10  Ux~10jl0(x) 

1.52734  93  7.27309  19 

1.52698  56  7.27151  10 

1.52589  53  7.26677  00 

1.52407  96  7.25887  47 

1.52154  09  7.24783  46 

1.51828  26  7.23366  29 

1.51430  88  7.21637  65 

1.50962  48  7.19599  61 

1.50423  66  7.17254  61 
1.49815  12  7.14605  44 

1.49137  65  7.11655  26 

1.48392  11  7.08407  57 

1.47579  48  7.04866  21 

1.46700  80  7.01035  39 

1.45757  18  6.96919  61 

1.44749  84  6.92523  71 

1.43680  05  6.87852  85 

1.42549  17  6.82912  49 

1.41358  63  6.77708  37 

1.40109  93  6.72246  53 

1.38804  63  6.66533  28 

1.37444  35  6.60575  19 

1.36030  78  6.54379  07 

1.34565  67  6.47951  98 

1.33050  81  6.41301  19 

1.31488  05  6.34434  22 

1.29879  28  6.27358  74 

1.28226  44  6.20082  63 

1.26531  50  6.12613  95 
1.24796  48  6.04960  91 


3.0  (-1)1.5205  (-2)5.6150 

3.1  (-1)1.6156  (-2)6.2142 

3.2  (-1)1.7087  (-2)6.8409 

3.3  (-1)1.7989  (-2)7.4929 

3.4  (-1)1.8857  (-2)8.1673 


- 2)1.6397  (-  3)3.9744  (-  4 

- 2)1.8848  (-  3)4.7374  (-  3 

- 2)2.1532  (-  3)5.6074  (-  3 

- 2)2.4457  (-  3)6.5935  (-  3 

- 2)2.7626  (-  3)7.7045  (-  3 


8.2484  (-  4)1.4983  1.23023  41 

1.0187  (-  4)1.9160  1.21214  38 

1.2481  (-  4)2.4283  1.19371  48 

1.5177  (-  4)3.0520  1.17496  82 

1.8326  (-  4)3.8056  1.15592  54 


5.97131  85 
5.89135  26 
5.80979  75 
5.72674  00 
5.64226  82 


3.5  (-1)1.9681  (-2)8.8610  (-  2)3.1042  (-  3)8.9491  (-  3)2.1980 

3.6  (-1)2.0456  (-2)9.5706  (-  2)3.4705  (-  2)1.0336  (-  3)2.6195 

3.7  (-1)2.1174  (-1)1.0292  (-  2)3.8614  (-  2)1.1873  (-  3)3.1030 

3.8  (-1)2.1829  (-1)1.1022  (-  2)4.2765  (-  2)1.3569  (-  3)3.6544 

3.9  (-1)2.2414  (-1)1.1756  (-  2)4.7151  (-  2)1.5429  (-  3)4.2801 


I-  4)4.l7098  1.13660  79  5.55647  05 

- 4)5.7875  1.11703  73  5.46943  61 

- 4)7.0639  1.09723  52  5.38125  47 

- 4)8.5665  1.07722  33  5.29201  62 

- 3)1.0325  1.05702  31  5.20181  05 


4.0  (-1)2.2924  (-1)1.2489  (-  2)5.1766  (-  2)1.7462  (-  3)4.9865  (-  3)1.2372  1.03665  63  5.11072  78 

4.1  (-1)2.3354  (-1)1.3217  (-  2)5.6596  (-  2)1.9673  (-  3)5.7801  (-  3)1.4743  1.01614  44  5.01885  80 

4.2  (-1)2.3697  (-1)1.3935  (-  2)6.1630  (-  2)2.2065  (-  3)6.6676  (-  3)1.7473  0.99550  88  4.92629  07 

4.3  (-1)2.3951  (-1)1.4637  (-  2)6.6851  (-  2)2.4645  (-  3)7.6554  (-  3)2.0603  0.97477  06  4.83311  51 

4.4  (-1)2.4110  (-1)1.5319  (-  2)7.2242  (-  2)2.7413  (-  3)8.7501  (-  3)2.4174  0.95395  10  4.73942  00 

4.5  (-1)2.4174  (-1)1.5976  (-  2)7.7780  (-  2)3.0371  (-  3)9.9581  (-  3)2.8229  0.93307  06  4.64529  34 

4.6  (-1)2.4138  (-1)1.6602  (-  2)8.3444  (-  2)3.3520  (-  2)1.1286  (-  3)3.2814  0.91215  01  4.55082  25 

4.7  (-1)2.4001  (-1)1.7193  (-  2)8.9207  (-  2)3.6857  (-  2)  1.2739  (-  3)3.7976  0.89120  97  4.45609  35 

4.8  (-1)2.3763  (-l)  1.7743  (-  2)9.5043  (-  2)4.0381  (-  2)  1.4322  (-  3)4.3763  0.87026  94  4.36119  18 

4.9  (-1)2.3423  (-l)  1.8247  (-  l)  1.0092  (-  2)4.4086  (-  2)  1.6042  (-  3)5.0226  0.84934  88  4.26620  13 

5.0  (-1)2.2982  (-1)1.8702  (-  1)1.0681  (-  2)4.7967  (-  2)1.7903  (-  3)5.7414  0.82846  70  4.17120  50 

[( 4)9]  [( 4)4] 

Compiled  from  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  functions,  vols.  I,  II.  Columbia 
Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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Table  10.2 


SPHERICAL  BESSEL  FUNCTIONS— ORDERS  3-10 


x y3(*) 

0.0  — oo 

0.1  ( 5) -1.5015 

0.2  ( 3) -9.4126 

0.3  ( 3)  -1.8686 

04  ( 2) -5.9544 


Vi(x) 

— 00 

7)  -1.0507 
5$  -3.2906- 

4)  -4.3489 

4)  -1.0372 


y5(x) 

( 8)  -9.4553 
( 7) -1.4798 
( 6) -1.3028 
( 5) -2.3278 


y$(x) 

— 00 

(11)  -1.0400 
8 -8.1359 
( 7S  -4.7726 
( 6 -6.3910 


0.5  ( 2) -2.4613 

0.6  ( 2) -1.2004 

0.7  ( 1)  -6.5670 

0.8  ( 1) -3.9102 
0.9  ( 1)  -2.4854 


3) -3.4208  ( 4) -6.1328 

3) -1.3857  ( 4) -2.0665 

2)  -6.4716  ( 3) -8.2549 

2) -3.3557  ( 3) -3.7361 

2) -1.8854  ( 3) -1.8606 


6)  -1.3458 

5)  -3.7747 

5)  -1.2907 
4\  -5.1035 

4)  -2.2552 


1.0  ( 1) -1.6643 

1.1  ( 1)  -1.1631 

1.2  ( 0 -8.4253 

1.3  ( 0) -6.2927 

1.4  ( 0) -4.8264 


2) -1.1290  ( 2) -9.9944 

1) -7.1198  ( 2) -5.7090 

1) -4.6879  ( 2) -3.4317 

1) -3.2014  ( 2) -2.1534 

1) -2.2559  ( 2) -1.4020 


4)  -1.0881 

3)  -5.6378 

3)  -3.0988 

3 )  -1.7901 
3)  -1.0790 


1.5 

1.6 

1.7 

1.8 
1.9 


0) -3.7893 

0) -3.0374 

0)  -2.4804 

0)  -2.0598 

0) -1.7366 


1 1)  -1.6338 
1) -1.2120 
0 -9.1871 
0 -7.0994 
0-5.5830 


il) -9.4236 

1) -6.5140 

1) -4.6157 

1) -3.3437 

1)  -2.4709 


2)  -6.7473 

2)  -4.3572 

2)  -2.8948 

2)  -1.9724 
2)  -1.3747 


2.0  ( 0) -1.4844 

2.1  ( 0) -1.2846 

2.2  ( 0) -1.1242 

2.3  (-1  -9.9368 

2.4  (-1) -8.8622 


0) -4.4613  ( 1) -1.8591 

0) -3.6178  ( 1) -1.4220 

0) -2.9740  ( 1)  -1.1042 

0) -2.4760  ( 0) -8.6948 

0) -2.0858  ( 0) -6.9354 


1)  -9.7792 
1 -7.0870 

1)  -5.2238 

l)  -3.9108 
1)  -2.9702 


2.5  (-1) -7.9660 

2.6  (-1) -7.2096 

2.7  (-1) -6.5632 

2.8  (-1) -6.0041 

2.9  (-1) -5.5144 


0) -1.7766 
0 -1.5290 

0) -1.3287 

0)  -1.1651 

0)  -1.0303 


0) -5.5991 
0)  -4.5716 
0) -3.7725 
0)  -3.1446 
0) -2.6462 


-2.2859 

-1.7812 

-1.4041 

-1.1189 

-9.0069 


3.0  (-1)  -5.0802 

3.1  (-1) -4.6905 

3.2  (-1) -4.3365 

3.3  -1) -4.0112 

3.4  (-1) -3.7091 


i_l)  -9.1835  ( 0) -2.2470 

-1)  -8.2448  ( 0) -1.9246 

-1) -7.4514  ( 0) -1.6621 

-1)  -6.7752  ( 0) -1.4467 

_1) -6.1940  ( 0) -1.2687 


0)  -7.3207 
0)  -6.0048 
0)  -4.9682 
0)  -4.1447 
0)  -3.4851 


3.5 

(-1) -3.4257 

3.6 

(-1-3.1573 

3.7 

(-1) -2.9012 

3.8 

-1) -2.6551 

3.9 

(-1) -2.4173 

1-1) -5.6901 
_1)  -5.2492 
-1) -4.8600 
_1) -4.5131 
_1  -4.2011 


i0)  -1.1206 
-1) -9.9657 
-1) -8.9204 
-1) -8.0339 
-1) -7.2774 


0)  -2.9528 
0)  -2.5201 
0)  -2.1660 
0 -1.8743 
0)  -1.6325 


4.0 

4.1 

4.2 

4.3 

4.4 


(-1) -2.1864 
(-1) -1.9615 
(-1) -1.7418 
-1) -1.5269 
-1) -1.3165 


|_l)  -3.9175 
-l) -3.6574 
-1)  -3.4165 
_1  -3.1913 
_1) -2.9788 


i-1) -6.6280 
-1) -6.0670 
-1) -5.5793 
-1) -5.1525 
-1) -4.7765 


( 0)  -1.4310 
) 0)  -1.2620 
( o)  -1.H96 
(_1)  -9.9895 
(_1) -8.9625 


y7(x ) 

- OO 

(13) -1.3519 
(10) -5.2868 
( 9) -2. 0668 
( 8) -2.0747 

1 7) -3.4929 

6) -8.1579 

6) -2.3888 

5)  -8.2559 
5) -3.2389 

1 5) -1.4045 

4) -6.6058 

4)  -3.3227 

4) -1.7686 

3)  -9.8790 

1 3)  -5.7534 

3)  -3.4751 

3) -2.1675 

3)  -1.3911 

2)  -9.1587 

12)  -6.1705 

2) -4.2450 

2) -2.9764 
2) -2.1235 
2) -1.5395 

12) -1.1327 

1)  -8.4491 

1) -6.3832 

1) -4.8802 

1) -3.7729 

il) -2.9476 
1) -2.3257 
1) -1.8521 
1) -1.4881 
1) -1.2057 

i0) -9.8471 
0)  -8.1040 
0) -6.7182 
0) -5.6086 
0)  -4.7139 

0) -3.9878 
0) -3.3947 
0)  -2.9075 
0) -2.5048 
0) -2.1704 


y8(x ) 

— 00 

(15) -2.0277 
(12) -3.9643 
(11) -1.0329 
( 9) -7.7739 

1 9) -1.0465 
8) -2.0357 

7)-5.1060 

7) -1.5429 

6) -5.3756 

1 6) -2.0959 

5) -8.9515 

5) -4.1224 

5) -2.0227 
5) -1.0477 

i 4) -5.6859 
4) -3.2143 

4) -1.8835 

4) -1.1395 

3) -7.0931 

i 3) -4.5301 
3)-2.9613 

3) -1.9771 

3) -1.3458 

2)-9.3247 

( 2)-6.5676 
( 2) -4.6963 
( 2) -3.4058 

2)-2.5025 

2) -1.8615 

12) —1.4006 

2)-1.0653 
1)-8.1850 
l)-6.3496 
1) -4.9707 

1 1)  — 3.9249 
1) -3.1246 
l)-2.5070 
l)-2.0265 
1) -1.6498 

( 1)-1.3523 
( 1) -1.1158 
( 0)-9.2642 
( 0)-7.7389 
( 0) -6.5027 


4.5 

(-1) -1.1107 

4.6 

(-2) -9.0931 

4.7 

(-2) -7.1268 

4.8 

(-2) -5.2107 

4.9 

(-2) -3.3484 

5.0 

(-2) -1.5443 

-1) -2.7768 
-1) -2.5833 
-1)  -2.3966 
_1) -2.2155 
_1) -2.0390 


i-1) -4.4430 
-1) -4.1450 
-1)  -3.8766 
-1) -3.6331 
-1) -3.4102 


-8.0839 

-7.3286 

-6.6763 

_l5  -6.1102 

_l)  -5.6166 


10) -1.8910 
0)  -1.6566 
0) -1.4590 
0) -1.2915 
0) -1.1491 


1 0) —5. 4951 
0) -4.6692 
0)-3.9887 
0)-3.4251 
0)-2.9560 


(-1)  -1.8662 


-1) -3.2047  (-1)  -5.1841  ( 0)-1.0274  ( 0)-2.5638 

yn(x)=-^*/*Yn+  } (*)  = (-1)"+ 1 -y/|V*'7-(n+i) (*) 


10  V°2/9(z) 

-0.34459  42 
-0.34469  56 
-0.34499  99 
-0.34550  77 
-0.34622  02 

-0.34713  86 
-0.34826  48 
-0.34960  12 
-0.35115  04 
-0.35291  56 

-0.35490  04 
-0.35710  89 
-0.35954  56 
-0.36221  57 
-0.36512  46 

-0.36827  87 
-0.37168  46 
-0.37534  96 
-0.37928  17 
-0.38348  96 

-0.38798  26 
-0.39277  08 
-0.39786  50 
-0.40327  71 
-0.40901  97 

-0.41510  62 
-0.42155  14 
-0.42837  10 
-0.43558  18 
-0.44320  20 

-0.45125  11 
-0.45975  01 
-0.46872  14 
-0.47818  95 
-0.48818  03 

-0.49872  20 
-0.50984  49 
-0.52158  17 
-0.53396  75 
-0.54704  05 

-0.56084  19 
-0.57541  63 
-0.59081  20 
-0.60708  14 
-0.62428  15 

-0.64247  43 
-0.66172  73 
-0.68211  42 
-0.70371  55 
-0.72661  94 

-0.75092  23 


10  9A10i 

(x) 

-0.65472 

90 

-0.65490 

14 

-0.65541 

86 

-0.65628 

18 

-0.65749 

23 

-0.65905 

23 

-0.66096 

47 

-0.66323 

28 

-0.66586 

06 

-0.66885 

29 

-0.67221 

50 

-0.67595 

30 

-0.68007 

37 

-0.68458 

47 

-0.68949 

42 

-0.69481 

14 

-0.70054 

60 

-0.70670 

90 

-0.71331 

20 

-0.72036 

75 

-0.72788 

93 

-0.73589 

19 

-0.74439 

11 

-0.75340 

38 

-0.76294 

81 

-0.77304 

34 

-0.78371 

06 

-0.79497 

18 

-0.80685 

08 

-0.81937 

31 

-0.83256 

59 

-0.84645 

82 

-0.86108 

11 

-0.87646 

78 

-0.89265 

39 

-0.90967 

72 

-0.92757 

84 

-Q.94640 

10 

-0.96619 

15 

-0.98699 

97 

-1.00887 

91 

-1.03188 

69 

-1.05608 

44 

-1.08153 

78 

-1.10831 

79 

-1.13650 

10 

-1.16616 

90 

-1.19741 

05 

-1.23032 

08 

-1.26500 

29 

-1.30156 

80 

m 
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SPHERICAL  BESSEL  FUNCTIONS— ORDERS  3-10  Table  10.2 


X 

j3(*) 

5.0 

(_1) 

2.2982 

5.1 

( -l) 

2.2441 

5.2 

( -l) 

2.1803 

5.3 

( -l) 

2.1069 

5.4 

(-l) 

2.0245 

hix) 

j#(*) 

-1) 

1.8702 

(_1) 

1.0681 

-l) 

1.9102 

1 -1) 

1.1268 

-l) 

1.9443 

1 -1) 

1.1849 

-l) 

1.9722 

1 -1) 

1.2421 

-l) 

1.9935 

( -1) 

1.2980 

jQ(x) 

-2)4.7967  (-2)1.7903 
-2)5.2015  (-2)1.9908 

-2)5.6221  (-2)2.2061 

-2)6.0573  (-2)2.4365 

-2)6.5057  (-2)2.6821 


(-3)5.7414 
(-3)  6.5379 
(-3)7.4172 
(-3)  8.3843 

(-3)9.4443 


10 *x-»Ux)  lO11^  10jlQ(x) 


0.82846  70 
0.80764  29 
0.78689  50 
0.76624  10 
0.74569  86 


4.17120  50 
4.07628  42 
3.98151  88 
3.88698  72 
3.79276  59 


5.5 

(-3.) 

1.9335 

5.6 

(-l) 

1.8340 

5.7 

( -1) 

1.7270 

5.8 

-1) 

1.6131 

5.9 

-1 

1.4928 

-i) 

2.0078 

(-1 

-l) 

2.0150 

(-1 

-l) 

2.0147 

(-1 

-1) 

2.0069 

(-1 

-1) 

1.9913 

(-1 

1.3522  (-2)6.9660 

1.4044  (-2)7.4364 

1.4542  (-2)7.9151 

1.5011  (-2)8.4000 

1.5448  (-2)8.8889 


1-2)2.9429 
-2)3.2191 
-2)3.5104 
-2)3.8166 
-2)4.1374 


1-2)1.0602 
-2)1.1862 
-2)1.3229 
-2)1.4707 
-2)1.6299 


0.72528  47 
0.70501  58 
0.68490  78 
0.66497  60 
0.64523  54 


3.69892  98 
3.60555  18 
3.51270  30 
3.42045  23 
3.32886  66 


6.0 

( -1) 

1.3669 

6.1 

(-l) 

1.2361 

6.2 

1.1014 

6.3 

(-2) 

9.6346 

6.4 

(-2) 

8.2324 

-1) 

1.9679 

( -1) 

1.5850 

-l) 

1.9367 

( -l) 

1.6213 

-l) 

1.8977 

( -1) 

1.6533 

-l) 

1.8509 

? -1) 

1.6807 

-l) 

1.7966 

( -1) 

1.7033 

(-2)9.3796 
( -2) 9^8696 
(-l)  1.0356 
(-l)  1.0837 
(-1)1.1309 


1-2)4.4722 
-2)4.8205 
-2)5.1815 
-2)5.5543 
-2)5.9379 


1-2)1.8010 
-2)1.9842 
-2)2.1797 
-2)2.3877 
-2)2.6084 


0.62570  01 
0.60638  37 
0.58729  93 
0.56845  94 
0.54987  57 


3.23801  06 
3.14794  66 
3.05873  50 
2.97043  34 
2.88309  73 


6.5 

(-2)  6.8161 

( -1) 

1.7349 

6.6 

(-2)  5.3947 

( -l) 

1.6661 

6.7 

(-2)  3.9773 

( -l) 

1.5905 

6.8 

(-2)  2.5729 

( -1) 

1.5084 

6.9 

(-2)+1.1905 

( -1) 

1.4203 

1-1)  1.7206  (-1)1.1769 
-l)  1.7325  (-l)l.2214 

-l)  1.7388  (-1)1.2642 

-l)  1.7391  (-l)  1.3049 

-l)  1.7335  (-l)l.3432 


1-2)6.3311 
-2)6.7327 
-2)7.1412 
-2)7.5551 
-2)7.9728 


1-2)2.8417 
-2)3.0876 
-2)3.3461 
-2)3.6168 
-2)3.8996 


0.53155  94  2.79677  98 

0.51352  10  2.71153  12 
0.49577  04  2.62739  98 

0.47831  68  2.54443  09 
0.46116  89  2.46266  76 


7.0 

(-3) -1.6120 

(-1) 

1.3265 

7.1 

(-2) -1.4736 

( -l) 

1.2277 

7.2 

(-2) -2.7385 

( -l) 

1.1243 

7.3 

(-2) -3.9479 

( -l) 

1.0170 

7.4 

(-2) -5.0945 

(-2) 

9.0628 

1-1)  1.7217  (-1)1.3789 

-l)  1.7036  (-1)1.4117 

-l)  1.6793  (-l)l.4412 

-l)  1.6486  (-1)1.4672 

-l)  1.6117  (-1)1.4895 


1-2)8.3923 
-2)8.8118 
-2)9.2292 
-2)9.6425 
-l)l.0049 


1-2)4.1940 
-2)4.4994 
-2)4.8154 
-2)5.1412 
-2)5.4759 


0.44433  45 
0.42782  11 
0.41163  52 
0.39578  30 
0.38026  97 


2.38215  03 
2.30291  70 
2.22500  27 
2.14844  05 
2.07326  03 


7.5 

(-2) -6.1713 

(-2) 

7.9285 

7.6 

(-2)  -7.1719 

(-2) 

6.7736 

7.7 

(-2) -8.0904 

(-2) 

5.6051 

7.8 

(-2) -8.9217 

(-2) 

4.4300 

7.9 

(-2) -9.6613 

(-2) 

3.2552 

(-1)  1.5685 
(-l)  1.5193 
(-l)  1.4642 
(-l)  1.4033 
(-l)  1.3370 


(-1)1.5077 
(-1)1.5217 
(-l)l.5312 
-l) 1.5360 
-l) 1.5361 


1-1)1.0448 
-l) 1.0835 
-l)l.l209 
-l) 1.1568 
-l) 1.1908 


(-2)5.8188 

(-2)6.1686 

(-2)6.5244 

(-2)6.8849 

(-2)7.2486 


0.36510  02 
0.35027  86 
0.33580  85 
0.32169  28 
0.30793  39 


1.99948  99 
1.92715  45 
1.85627  66 
1.78687  63 
1.71897  14 


8.0 

(-1) -1.0305 

8.1 

(-l) -1.0851 

8.2 

(-l) -1.1296 

8.3 

(-l) -1.1638 

8.4 

(-l) -1.1877 

(-2)  2.0880  ( 
(-3) +9.3549  ( 

(-3) -1.9533  ( 

(-2) -1.2975  ( 

(-2) -2.3644  ( 


-1) 

1.2654 

(-1 

-1) 

1.1890 

(-1 

-3.) 

1.1081 

(-1 

-l) 

1.0231 

(-1 

-2) 

9.3440 

(-1 

1.5312  (-1)1.2227 

1.5212  (-l)l.2524 

1.5060  <-l) 1.2795 

1.4857  (-l)l.3039 

1.4601  (-l)l.3252 


1-2)7.6143 
-2)7.9804 
-2)8.3451 
-2)8.7069 
-2)9.0640 


0.29453  36  1.65257  72 

0.28149  30  1.58770  64 
0.26881  29  1.52436  97 
0.25649  33  1.46257  53 
0.24453  39  1.40232  92 


8.5  (-1) -1.2014 

8.6  (-l) -1.2048 

8.7  (-l) -1.1982 

8.8  (-l) -1.1817 

8.9  (-1) -1.1558 


i -2) -3.3894 
-2) -4.3664 
-2) -5.2894 
-2) -6.1529 
-2) -6.9520 


1-2)  8.4249 
-2)  7.4784 
-2)  6.5099 
-2)  5.5245 
-2)  4.5278 


1-1)1.4292 
-l)l.3932 
-l)l.3520 
-l)l.3059 
-l) 1.2548 


1-1)1.3434 
-1)1.3581 
-l) 1.3693 
-l) 1.3767 
-l) 1.3801 


1-2)9.4145  0.23293  38 

-2)9.7564  0.22169  16 

-l)  1.0088  0.21080  54 
-l) 1.0407  0.20027  29 

-l)l.0712  0.19009  14 


1.34363  53 
1.28649  51 
1.23090  84 
1.17687  25 
1.12438  32 


9.0  (-1) -1.1207 

9.1  (-l) -1.0770 

9.2  (-1) -1.0252 

9.3  (-2)  -9.6572 

9.4  (-2) -8.9931 


! -2) -7.6819 
-2) -8.3387 
-2) -8.9186 
-2) -9.4187 
-2) -9.8365 


1-2)  3.5255 
-2)  2.5233 
-2)  1.5269 
-3) +5.4232 
-3) -4.2485 


1-1)1.1991 
-l) 1.1389 
-l)l.0744 
-l) 1.0060 
-2) 9.3394 


1-1)1.3795 
-l) 1.3746 
-l) 1.3655 
-l)l.3520 
-l)l.3341 


1-1)1.1000 
-1)1.1270 
-l)l.l520 
-l)l.l747 
-l)l.l949 


0.18025  78 
0.17076  84 
0.16161  93 
0.15280  62 
0.14432  46 


1.07343  42 
1.02401  72 
0.97612  24 
0.92973  83 
0.88485  16 


9.5 

(-2) -8.2662 

(-1) -1.0170 

9.6 

(-2) -7.4836 

(-1) -1.0419 

9.7 

(-2) -6.6527 

(-l) -1.0582 

9.8 

(-2) -5.7814 

(-l) -1.0659 

9.9 

(-2) -4.8776 

(-l) -1.0651 

I -2) -1.3689 

-2) -2.2842 
-2) -3.1654 
-2) -4.0072 
-2) -4.8048 


1-2)8.5853 
-2)7.8016 
-2)  6.9921 
-2)6.1608 
-2)5.3120 


1-1)1.3117 
-l) 1.2849 
-l) 1.2536 
-l) 1.2180 
-l) 1.1780 


1-1)1.2126 
-l)l.2275 
-l)l.2394 
-l) 1.2482 
-l)l.2537 


0.13616  93 
0.12833  53 
0.12081  68 
0.11360  83 
0.10670  35 


0.84144  75 
0.79950  99 
0.75902  10 
0.71996  20 
0.68231  26 


10.0  (-2)  -3.9496  (-1) -1.0559 


-2) -5.5535 


( -2)  4.4501  (-1) 1.1339  ( -1) 1.2558 

jn(x)=ylvlxJn+i(x) 


0.10009  64 


0.64605  15 
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Table  10.2  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  3-10 


x ys(x)  ?/4(x)  y$(x)  y6(x) 

5.0  (-2) -1.5443  (-1) -1.8662  (-1) -3.2047  (-1)-5.1841 

5.1  (-3) +1.9691  (-1) -1.6965  (-1) -3.0134  (-1) -4.8031 

5.2  (-2)  1.8700  (-1) -1.5295  (-1)-2.8341  (-l)-4.4658 

5.3  (-2)  3.4698  (-1)-1.3649  (-11-2.6647  (-11-4.1656 

5.4  (-2)  4.9908  (-1) -1.2025  (-1) -2.5033  (-1) -3.8967 

5.5  (-2)  6.4276  (-1)-1.0424  (-l)-2.3484  (-11-3.6545 

5.6  (-21  7.7750  (-21-8.8447  (-11-2.1990  (-11-3.4349 

5.7  (-2)  9.0279  (-21-7.2898  (-11-2.0538  (-11-3.2345 

5.8  (-1)  1.0182  (-21-5.7610  (-11-1.9121  (-11-3.0503 

5.9  (-1)  1.1232  (-21-4.2612  ( -1)  -1.7732  (-1) -2.8799 

6.0  (-1)  1.2175  (-21-2.7936  (-11-1.6365  (-1) -2.7210 

6.1  (-1)  1.3007  (-21-1.3619  (-11-1.5017  (-11-2.5717 

6.2  -1)  1.3726  (-41+2.9727  (-11-1.3683  (-11-2.4306 

6.3  (-1)  1.4329  (-2)  1.3770  (-11-1.2362  (-1) -2.2961 

6.4  (-1)  1.4815  (-2)  2.6754  ( -1) -1.1052  (-1J-2.1672 

6.5  (-1)  1.5183  (-2)  3.9204  (-2)-9.7544  (-l)-2.0428 

6.6  (-1)  1.5432  (-2)  5.1073  (-2) -8.4678  (-11-1.9220 

6.7  (-1)  1.5564  (-2)  6.2315  (-21-7.1937  (-11-1.8042 

6.8  (-1)  1.5580  (-2)  7.2886  (-21-5.9337  (-11-1.6887 

6.9  (-1)  1.5482  (-2)  8.2743  (-2) -4.6896  (-1) -1.5751 

7.0  (-1)  1.5273  (-2)  9.1846  (-21-3.4641  (-11-1.4628 

7.1  (-1)  1.4956  (-1)  1.0016  (-21-2.2599  (-11-1.3517 

7.2  (-1)  1.4535  (-1)  1.0764  (-21-1.0801  (-11-1.2414 

7.3  (-1)  1.4016  (-1)  1.1427  (-4)+7.1768  (-11-1.1319 

7.4  (-1)  1.3404  (-1)  1.2001  (-2)  1.1922  (-l)-1.0229 

7.5  (-1)  1.2705  (-1)  1.2485  (-2)  2.2774  (-21-9.1449 

7.6  (-1)  1.1925  (-1)  1.2877  (-2)  3.3235  (-21-8.0665 

7.7  (-1)  1.1073  (-1)  1.3176  (-21  4.3267  (-21-6.9945 

7.8  (-1)  1.0156  (-1)  1.3380  (-2)  5.2830  (-21-5.9299 

7.9  (-2)  9.1812  (-1)  1.3491  (-2)  6.1887  (-2) -4.8741 

8.0  (-2)  8.1577  (-1)  1.3509  (-2)  7.0400  (-21-3.8290 

8.1  (-2)  7.0941  (-1)  1.3435  (-2)  7.8334  (-21-2.7968 

8.2  (-2)  5.9992  (-1)  1.3270  (-2)  8.5654  (-21-1.7798 

8.3  (-2)  4.8821  (-1)  1.3017  (-2)  9.2329  (-31-7.8077 

8.4  (-2)  3.7517  (-1)  1.2679  (-2)  9.8330  (-3)4-1.9747 

8.5  (-2)  2.6172  (-1)  1.2259  (-1)  1.0363  (-2)  1.1519 

8.6  (-2)  1.4876  (-1)  1.1762  (-1)  1.0821  (-2)  2.0793 

8.7  (-31+3.7160  (-1)  1.1191  (-1)  1.1205  (-2)  2.9765 

8.8  (-31-7.2210  (-1)  1.0551  (-1)  1.1513  (-2)  3.8403 

8.9  ( -2) -1.7852  (-2)  9.8492  (-1)  1.1745  (-2)  4.6672 

9.0  (-2) -2.8097  (-2)  9.0898  (-1)  1.1899  (-2)  5.4540 

9.1  (-21-3.7880  (-21  8.2794  (-1)  1.1976  (-2)  6.1976 

9.2  (-21-4.7130  (-2)  7.4246  (-1)  1.1976  (-2)  6.8948 

9.3  (-21-5.5782  (-2)  6.5321  (-1)  1.1900  (-2)  7.5427 

9.4  (-2) -6.3774  (-2)  5.6089  (-1)  1.1748  (-2)  8.1384 

9.5  (-2) -7.1053  (-2)  4.6623  (-1)  1.1522  (-2)  8.6793 

9.6  (-21-7.7572  (-2)  3.6995  (-1)  1.1225  (-2)  9.1630 

9.7  (-21-8.3288  (-2)  2.7280  (-1)  1.0860  (-2)  9.5874 

9.8  (-21-8.8169  (-2)  1.7550  (-1)  1.0429  (-21  9.9507 

9.9  (-2) -9.2189  (-3) +7.8793  (-2)  9.9352  (-1)  1.0251 

10.0  (-2) -9.5327  (-3)-1.6599  (-2)  9.3834  (-1)  1.0488 

yn(x)=-^ |»/x5»+i(x) = 


y7(x)  yH(x)  io  Hxy^(x)  io  VV10(*) 

( 0) -1.0274  ( 0) -2.5638  -0.75092  23  -1.30156  80 

(-1) -9.2298  ( 0) -2.2343  -0.77673  01  -1.34013  68 

(-11-8.3305  ( 01  -1.9564  -0.80415  92  -1.38083  98 

(-11-7.5528  ( 01  -1.7210  -0.83333  74  -1.42381  86 

(-1)  -6.8777  ( 0)  -1.5208  -0.86440  56  -1.46922  70 

!-l) -6.2895  ( 0) -1.3499  -0.89751  90  -1.51723  25 

-11-5.7750  ( 01-1.2034  -0.93284  85  -1.56801  75 

-11-5.3232  ( 01  -1.0774  -0.97058  31  -1.62178  08 

-11-4.9248  (-11-9.6863  -1.01093  09  -1.67873  97 

-1)  -4.5723  (-1)  -8.7446  -1.05412  18  -1.73913  16 

i-1) -4.2589  (-1) -7.9262  -1.10040  93  -1.80321  67 

-11-3.9791  (-11-7.2128  -1.15007  32  -1.87128  02 

-1)  -3.7281  (-11  -6.5889  -1.20342  16  -1.94363  49 

-11-3.5018  (-11  -6.0416  -1.26079  38  -2.02062  45 

-1)  -3.2969  (-1)  -5.5598  -1.3225  6 26  - 2.10262  69 

1-1) -3.1101  (-1) -5.1344  -1.38913  71  -2.19005  78 

-11-2.9390  (-1) -4.7576  -1.46096  57  -2.28337  46 

-11-2.7813  (-11  -4.4227  -1.53853  78  -2.38308  14 

-11-2.6351  (-11  -4.1239  -1.62238  69  -2.48973  26 

-1) -2.4985  (-1) -3.8565  -1.71309  24  -2.60393  95 

(-1) -2.3703  (-1) -3.6163  -1.81128  11  -2.72637  44 

(-1) -2.2489  (-11  -3.3996  -1.91762  85  -2.85777  73 

(-1) -2.1334  (-11-3.2032  -2.03285  95  -2.99896  17 

(-11-2.0228  (-11  -3.0246  -2.15774  75  -3.15082  08 

(-11-1.9162  (-1) -2.8613  -2.29311  31  -3.31433  45 

(-1) -1.8129  (-1) -2.7112  -2.43982  13  -3.49057  53 

(-11-1.7122  (-11  -2.5726  -2.59877  67  -3.68071  56 

(-11-1.6136  (-11  -2.4439  -2.77091  77  -3.88603  37 

(-11-1.5166  (-11  -2.3236  -2.95720  73  -4.10791  96 

( -1) -1.4209  (-1) -2.2106  -3.15862  24  -4.34788  05 

1-1) -1.3262  (-1) -2.1038  -3.37613  93  -4.60754  55 

-11-1.2322  (-11  -2.0022  -3.61071  67  -4.88866  85 

-11-1.1387  (-1  -1.9050  -3.86327  49  -5.19312  95 

-11-1.0456  (-11  -1.8115  -4.13466  98  -5.52293  51 

-2) -9.5274  (-1)  -1.7211  -4.42566  38  -5.88021  45 

1-2) -8.6015  (-1) -1.6331  -4.73689  09  -6.26721  41 

-21-7.6780  (-11  -1.5471  -5.06881  69  -6.68628  70 

-21-6.7573  (-11  -1.4627  -5.42169  35  -7.13987  95 

-21-5.8403  (-11  -1.3795  -5.79550  68  -7.63051  13 

-2) -4.9278  (-1)  -1.2973  -6.18991  88  -8.16074  96 

I -2) -4.0214  (-1)  -1.2156  -6.60420  33  -8.73317  65 

-21-3.1227  (-1) -1.1345  -7.03717  50  -9.35034  96 

-21-2.2335  (-11  -1.0536  -7.48710  95  -10.01475  2 

-21-1.3560  (-21  -9.7298  -7.95166  19  -10.72873  2 

-3) -4.9250  (-2) -8.9243  -8.42777  38  -11.49443  4 

1-31+3.5462  (-2)  “8.1193  -8.91157  56  -12.31371  5 

-2)  1.1827  (-2)  "7.3150  -9.39828  63  -13.18805  0 

-2)  1.9892  (-2)  -6.5114  -9.88210  58  -14.11841  9 

-2)  2.7712  (-21  -5.7090  -10.35610  3 -15.10518  2 

-2)  3.5259  (-2)  "4.9088 -10.81210  4 -16.14793  9 

(-2)  4.2506  (-2)  -4.1117  -11.24057  9 -17.24536  7 
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SPHJERICAL  BESSEL  FUNCTIONS— ORDERS  20  AND  21  Table  10.3 


X 

1026/2o(x) 

10 ™Mx) 

1<T~02O(*) 

10  92i(*) 

0.0 

7.62597  90 

1.77348  35 

-0.31983  10 

-1.31130  70 

0.5 

7.62705  91 

1.77371  23 

-0.31988  11 

-1.31149  33 

1.0 

7.63028  29 

1.77439  56 

-0.32003  25 

-1.31205  61 

1.5 

7.63560  15 

1.77552  32 

-0.32028  86 

-1.31300  70 

2.0 

7.64293  25 

1.77707  85 

-0.32065  49 

-1.31436  61 

2.5 

7.65215  99 

1.77903  78 

-0.32113  96 

-1.31616  11 

3.0 

7.66313  22 

1.78137  03 

-0.32175  30 

-1.31842  87 

3.5 

7.67566  19 

1.78403  80 

-0.32250  82 

-1.32121  43 

4.0 

7.68952  28 

1.78699  49 

-0.32342  08 

-1.32457  29 

4.5 

7.70444  90 

1.79018  73 

-0.32450  98 

-1.32856  95 

5.0 

7.72013  23 

1.79355  29 

-0.32579  69 

-1.33328  02 

5.5 

7.73621  95 

1.79702  05 

-0.32730  79 

-1.33879  33 

6.0 

7.75231  00 

1.80050  95 

-0.32907  24 

-1.34521  03 

6.5 

7.76795  28 

1.80392  94 

-0.33112  44 

-1.35264  77 

7.0 

7.78264  38 

1.80717  91 

-0.33350  34 

-1.36123  89 

7.5 

7.7958?  23 

1.81014  64 

-0.33625  47 

-1.37113  69 

8.0 

7.80686  80 

1.81270  77 

-0.33943  07 

-1.38251  67 

8.5 

7.81509  84 

1.81472  70 

-0.34309  23 

-1.39557  96 

9.0 

7.81976  53 

1.81605  56 

-0.34731  02 

-1.41055  73 

9.5 

7.82005  32 

1.81653  14 

-0.35216  70 

-1.42771  82 

10.0 

7.815076 

1.815979 

-0.35776  04 

-1.447374 

10.5 

7.803876 

1.814208 

-0.36420  59 

-1.469891 

11.0 

7.785428 

1.811016 

-0.37164  20 

-1.495697 

11.5 

7.758627 

1.806185 

-0.38023  59 

-1.525305 

12.0 

7.722309 

1.799482 

-0.39019  23 

-1.559325 

12.5 

7.675238 

1.790664 

-0.40176  53 

-1.598497 

13.0 

7.616116 

1.779472 

-0.41527  46 

-1.643728 

13.5 

7.543601 

1.765639 

-0.43113  22 

-1.696143 

14.0 

7.456316 

1.748885 

-0.44987  76 

-1.757166 

14.5 

7.352841 

1.728929 

-0.47223  40 

-1.828625 

15.0 

7.231764 

1.705481 

-0.49918  70 

-1.912922 

15.5 

7.091689 

1.678251 

-0.53209  15 

-2.013273 

16.0 

6.931265 

1.646956 

-0.57279  98 

-2.134049 

16.5 

6.749220 

1.611324 

-0.62378  79 

-2.281228 

17.0 

6.544411 

1.571096 

-0.68821  72 

-2.462936 

17.5 

6.315851 

1.526041 

-0.76981  49 

-2.689957 

18.0 

6.062784 

1.475960 

-0.87240  01 

-2.975953 

18.5 

5.784739 

1.420698 

-0.99883  14 

-3.336925 

19.0 

5.481584 

1.360155 

-1.149171 

-3.789188 

19.5 

5.153621 

1.294299 

-1.317987 

-4.344958 

20.0 

4.801647 

1.223178 

-1.490982 

-5.004711 

20.5 

4.427041 

1.146936 

-1.641599 

-5.745922 

21.0 

4.031843 

1.065826 

-1.728777 

-6.508927 

21.5 

3.618830 

0.98022  63 

-1.697442 

-7.182333 

22.0 

3.191590 

0.89065  46 

-1.483467 

-7.592679 

22.5 

2.754567 

0.79/77  92 

-1.024223 

-7.504782 

23.0 

2.313103 

0.70243  25 

-0.274630 

-6.640003 

23.5 

1.873442 

0.60561  45 

+ 0.773430 

-4.717888 

24.0 

1.442686 

0.50849  80 

2.072631 

-1.52185 

24.5 

1.028721 

0.41242  27 

3.508629 

+3.01816 

25.0 

0.640055 

0.31888  30 

4.901591 

+8.74251 

m 

m 

exp  (- 

#2/471+ 2) 

yn(x)=9nx~(n+1)  exp  (z2/4«+2) 

Compiled  from  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  func- 
tions, vols.  I,  II. Columbia Univ.  Press,  New  York,  N.Y.,  1947 (with  permission). 
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Table  10.4 

SPHERICAL  BESSEL  FUNCTIONS— MODULUS  AND  PHASE— ORDERS  9,  10,  20  AND  21 


ii 

--^W/xMn  + $(x)  COS  Bn  + h(x) 

y (*)  = v Ix/xM n + j (x)  sin0„+ 

#) 

x~ 1 

t]%7CxMiM(x) 

O'Wfi- 

-x 

Vl irxM  % (x) 

6%(x)~ 

-X 

<x> 

0.100 

1.50513 

630 

1.  72311 

121 

1. 84157 

799 

1. 35401 

461 

10 

0.095 

1.41043 

073 

1.  44562 

029 

1. 65174 

534 

1. 00196 

372 

11 

0.  090 

1.33509 

121 

1.17232 

718 

1.50947 

539 

0.  65310 

249 

11 

0.  085 

1.27462 

197 

0.90378 

457 

1.40190 

550 

+0.  30984 

705 

12 

0.080 

1.22560 

809 

0.  64017 

615 

1.31955 

792 

-0. 02643 

915 

13 

0.075 

1.18548 

Oil 

0. 38142 

613 

1. 25559 

223 

-0.  35524 

574 

13 

0.  070 

1.  15231 

423 

+0.  12729 

416 

1.20514 

049 

-0.  67664 

889 

14 

0.065 

1.12467 

134 

-0.12255 

277 

1.16476 

186 

-0.  99107 

278 

15 

0.060 

1.10147 

221 

-0.  36849 

087 

1.13202 

416 

-1. 29911 

571 

17 

0.  055 

1. 08190 

340 

-0.  61090 

826 

1.10519 

883 

-1. 60143 

947 

18 

0.  050 

1. 06534 

781 

-0.  85018 

673 

1.  08304 

588 

-1. 89870 

678 

20 

0.045 

1. 05133 

389 

-1.  08669 

229 

1. 06466 

562 

-2. 19155 

009 

22 

0.  040 

1. 03949 

892 

-1. 32077 

114 

1. 04939 

746 

-2. 48055 

907 

25 

0.  035 

1.  02956 

235 

-1. 55274 

891 

1. 03675 

104 

-2. 76627 

814 

29 

0.  030 

1.02130 

658 

-1. 78293 

175 

1. 02635 

931 

-3.  04920 

936 

33 

0.025 

1.01456 

304 

-2. 01160 

832 

1. 01794 

637 

-3.  32981 

737 

40 

0.  020 

1. 00920 

210 

-2.23905 

224 

1.01130 

529 

-3.  60853 

532 

50 

0.  015 

1.  00512 

574 

-2.  46552 

469 

1.  00628 

277 

-3. 88577 

070 

67 

0.  010 

1. 00226 

240 

-2. 69127 

701 

1. 00276 

864 

-4.16191 

106 

100 

0.005 

1. 00056 

327 

-2.  91655 

326 

1. 00068 

866 

-4. 43732 

935 

200 

0.000 

1.  00000  000 
_ [(-93>2] 

-3.14159  265 
[(-/)6] 

1.00000  000 
[(T] 

-4.71238  898 

[‘in 

00 

x_1 

^liTTxMitdx) 

04H(z)  - 

-x 

TjiirxMty2(x) 

043/2(z)- 

-x 

<x> 

0.040 

1.31126 

605 

1.  12909 

207 

1. 37979 

868 

+0. 54348 

547 

25 

0.038 

1.25741 

042 

0.  61321 

135 

1.  30763 

025 

-0. 04056 

472 

26 

0.  036 

1.21433 

612 

+0.11048 

098 

1.25205 

767 

-0.  60729 

830 

28 

0.  034 

1.17917 

949 

-0.  38066 

745 

1.20806 

627 

-1. 15885 

172 

29 

0.032 

1.15001 

033 

-0.  86163 

915 

1.17245 

178 

-1. 69717 

688 

31 

0.  030 

1.12549 

256 

-1.  33366 

819 

1.14310 

153 

-2. 22398 

514 

33 

0.028 

1.10467 

736 

-1.  79783 

172 

1.11857 

851 

-2. 74075 

480 

36 

0.  026 

1. 08687 

488 

-2.25507 

118 

1.  09787 

629 

-3. 24876 

024 

38 

0.  024 

1.07157 

283 

-2.  70621 

373 

1. 08027 

122 

-3.  74910 

503 

42 

0.  022 

1. 05838 

371 

-3. 15199 

149 

1.  06523 

083 

-4. 24275 

239 

45 

0.020 

1. 04700 

987 

-3. 59305 

805 

1.  05235 

561 

-4. 73055 

105 

50 

0.  018 

1.03721 

972 

-4.  03000 

220 

1. 04134 

092 

-5. 21325 

651 

56 

0.  016 

1. 02883 

137 

-4.  46335 

928 

1.  03195 

154 

-5.  69154 

843 

63 

0.  014 

1. 02170 

104 

-4.  89362 

072 

1.  02400 

423 

-6. 16604 

479 

71 

0.  012 

1.01571 

485 

-5. 32124 

187 

1. 01735 

560 

-6.  63731 

350 

83 

0.  010 

1. 01078 

282 

-5.  74664 

872 

1.  01189 

351 

-7.10588 

196 

100 

0.  008 

1.00683 

452 

-6. 17024 

356 

1. 00753 

093 

-7.  57224 

522 

125 

0.006 

1.  00381 

592 

-6.  59240 

995 

1. 00420 

153 

-8.  03687 

285 

167 

0.  004 

1.00168 

705 

-7.  01351 

707 

1.  00185 

654 

-8.  50021 

498 

250 

0.002 

1. 00042 

044 

-7.  43392 

365 

1. 00046 

253 

-8. 96270 

770 

500 

0.000 

1.  00000 

000 

-7.85398 

164 

1.  00000 

000 

-9. 42477 

796 

00 

|-(-3)11  |"(-3)21  r(-3)21  r(-3)21 

L 9 J LoJ  L io  J 9 . 


<x>  = nearest  integer  to  x. 

Compiled  from  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  functions,  vols.  I,  II. 
Columbia  Univ.  Press , New  York,  N.Y.,  1947  (with  permission). 
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SPHERICAL  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


n 

0 

1 

2 

3 

4 


x = l 

1)8.41470  9848 

1) 3.  01168  6789 

2) 6.20350  5201 

3) 9.  00658  1117 
3)1.  01101  5808 


Ux) 


x = 2 

1)4.54648  7134 
1)4.  35397  7750 

1) 1.98447  9491 

2) 6.  07220  9766 
2)1.40793  9276 


5 

6 

7 

8 
9 


5) 9.25611  5861 

6) 7.  15693  6310 

7) 4.79013  4199 

8) 2.82649  8802 

9) 1.49137  6503 


(-  3)2.  63516  9770 

(-  4)4.14040  9734 

(-  5)5.  60965  5703 

- 6)6.  68320  4324 

- 7)7.10679  7192 


1)  1. 

2)  4. 

2)  1. 

3)  5. 
3)  1. 


10 

(-  11 

11 

(-  12 

12 

(-  13 

13 

(-  15 

14 

(-  16 

7.11655  2640 
3.  09955  1855 
1.24166  2597 
4.60463  7678 
1.58957  5988 


8) 6.  82530  0865 

9) 5.97687  1612 

10) 4.81014  8901 

11) 3.58145  1402 

12) 2.48104  9119 


4)  4. 

5)  9. 
5)  1. 
6 3. 
7)  6. 


15 

16 

17 

18 
19 


18) 5.13268  6115 

19) 1.55670  8271 

21) 4.45117  7504 

22) 1.20385  5742 
24)3.  08874  2364 


!-  13)1.  60698  2166 
- 15)9.  77323  7728 
- 16)5.  60205  9151 
- 17)3.  03657  8644 
- 18)1.  56113  3992 


7)  1. 

8)  1. 

9)  2. 

10)  3. 

11)  4. 


20 

(-  26)7.53779 

5722 

30 

(-  43)5.56683 

1267 

40 

(-  61)1.53821 

0374 

50 

(-  81)3.61527 

4717 

20)7.63264  1101  (-  12)  5. 

34)5.  83661  7888  (-  22)  4. 

49)1.66097  8779  (-  33)  1. 

66)4.  01157  5290  (-  46)  2. 


100  (-190)7.44472  7742 


(-160)9.  36783  2591 


-120)  5. 


n 


x = 10 


£ = 50 


0 

1 

2 

3 

4 


2) -5. 44021  1109 
2) +7.  84669  4180 
2) +7. 79421  9363 
2) -3.  94958  4498 
1) -1.  05589  2851 


(-  3)  -5.  24749 
(-  2) -1.94042 

- 3) +4.  08324 

- 2) +1.98125 
(-  3) -1.  30947 


7074 

(-3) -5 

7051 

( -3) “8 

0843 

( -3)  +4 

9460 

(-3) +8 

7600 

( -3) -4 

5 

6 

7 

8 
9 


(-  2) -5.  55345  1162 
(-  2) +4.  45013  2233 
(-  1)  1.  13386  2307 
(-  1)  1.25578  0236 
(-  1)  1.  00096  4095 


(-  2) -2.  00483  0056 
(-  3)  -3.  10114  8524 
(-  2) +1.92420  0195 
(-  3) +8.  87374  9108 
(-  2) -1.  62249  2725 


(-3)  -9. 
( -3) +3. 
(-3) +9. 
( -3)  -1. 
( -3) -9. 


10  (-  2) 

11  (-2) 

12  (-  2) 

13  (-3) 

14  (-3) 


6.46051  5449 
3.55744  1489 
1.72159  9974 
7.46558  4477 
2.94107  8342 


2)  -1.  50392  2146  < -4)  -1. 

3)  +9.  90845  4236  (-3)  +9. 

2) +1.95971  1041  (-3)  +2. 

4)  -1.  09899  0300  (-3)  -9. 

2) -1.96564  5589  (-3) -5. 


15 

16 

17 

18 
19 


3)  1.  06354  2715 

4)  3.55904  0735 

4)  1.10940  7280 

5)  3.23884  7439 

6)  8.  89662  7269 


(-  2) -1.  12908 
(-  2) +1.26561 
(-  2) +1.96438 
(-  3) +1.  09459 
(-  2) -1.88338 


4539 

( -3) 

i+7 

3175 

( -3] 

1+7 

9234 

( -3) 

i-5 

2888 

(-3 

1-9 

9360 

( -3) 

i+l 

20 

(-  6) 

2.30837 

1961 

30 

(-13 

2.  51205 

7385 

40 

(-22) 

8.  43567 

1634 

50 

(-31) 

2.23069 

6023 

2)  -1.  57850  2990  ( -2) +1. 

3)  -1.49467  3454  (~3)+8. 

2) -2.  60633  6952  (-2)+l. 

2) +1.  88291  0737  (-4)  +5. 


100  (-90)  5.83204  0182 


( -22)+l. 01901  2263 


(-2)+l. 


Table  10.5 


£ = 5 

91784  8549 
50894  0808 
34731  2101 
29820  6182 
87017  6553 

06811  1615 
79668  9986 
79027  7818 
74143  4675 
61809  9715 

07344  2442 
27461  1037 
92878  6347 
69320  6998 
55454  3131 

08428  0182 
67993  9976 
44802  0198 
36741  6303 
38678  6630 

42772  6761 
28273  0217 
21034  7583 
85747  9350 

53565  0303 


£ = 100 
06365  6411 
67382  5287 
80344  1652 
91399  7370 
17946  1837 

29014  8935 
15754  5454 
70062  9844 
70245  0977 
99004  6510 

95657  8597 
94895  8359 
48391  8282 
32797  8789 
00247  2555 

87726  1748 
44442  3697 
42060  1928 
34163  4372 
96419  7210 

01076  7128 
70062  8514 
04341  0851 
79714  0882 

08804  7701 
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Table 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
30 
40 
50 

100 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
30 
40 
50 

100 


10.5  SPHERICAL  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


x = 1 

( -l)-5.  40302  3059 
( 0)-l. 38177  3291 

( 0)-3.  60501  7566 

( 1)-1.  66433  1454 

( 2)-l.  12898  1842 

( 2) -9.  99440  3434 

( 4)-l.  08809  4559 

( 5)-l.  40452  8524 

( 6)-2.  09591  1840 

( 7)-3.  54900  4843 

( 8)-6.  72215  0083 

( 10)-1.  40810  2512 
( ll)-3.  23191  3629 
( 12)-8.  06570  3047 
( 14)-2. 17450  7909 

( 15)-6.  29800  7233 
( 17)-1. 95020  7734 
( 18) -6.  42938  7516 

20) -2.  24833  5423 

21) -8.  31241  1677 

( 23)-3.  23959  2219 
( 4Q)-2.  94642  8547 
( 58)-8.  02845  0851 
( 78)-2. 73919  2285 

(186) -6.  68307  9463 


* = 10 

(-2)4-8.  39071  5291 
(-2)4-6.27928  2638 
(-2)-6.  50693  0499 
(-2)-9.  53274  7888 
(-3)-l.  65993  0220 

1-2)4-9.38335  4168 
-1)4-1.  04876  8261 
-2)+4.  25063  3221 
-2)-4. 11173  2775 
-1)-1. 12405  7894 

i-l)-l.  72453  6721 
-l)-2. 49746  9220 
-l)-4.  01964  2485 
-l)-7.  55163  6993 
0)-l.  63697  7739 

1 0)  — 3.  99207  1745 
1) -1.07384  4467 
l)-3. 14447  9567 
l)-9. 93183  4017 
2)-3.  36033  0630 

( 3)-l. 21121  0605 
( 9)-6. 90831  8646 
( 181-1.  51030  4919 
(27)-4.  52822  7272 

(85)-8.  57322  6309 


yn(*) 


<c  — 2 

( - l)+2. 08073  4183 
( -l)-3.  50612  0043 
( -l)-7.  33991  4247 
( 0) -1.48436  6557 

( 0) -4.  46129  1526 

II) — 1. 85914  4531 
l)-9. 77916  5769 
2)-6. 17054  3296 
3)-4.  53011  5815 
4)-3.  78889  3009 

1 5)-3.  55414  7201 

6) -3.  69396  5631 
7)-4.  21251  9003 
8)-5.  22870  9098 
9)-7.  01663  2092 

ill)-l.  01218  2944 
12) -1.  56186  6932 
13)-2.  56695  8608 
14)-4.  47655  8894 
15)-8.  25596  4368 

( 17)-1.  60543  6493 
( 31) -1.40739  3871 
( 46) -3.  72092  9322 
( 63) -1.23502  1944 

(156) -2.  65595  5830 


* = 50 

I -2) -1.92993  2057 
-3)4-4.86151  0663 
-2)  + l.  95910  1121 
-3) -2.  90240  9542 
-2) -1.99973  4855 

I-4)-6.  97113  1965 
-2)4-1.98439  8364 
-3)4-5.85654  8943 
-21-1.  80870  1896 
-2)-l.  20061  3539 

( -2)4-1.35246  8751 
( -2)4-1.  76865  0414 
( -3) -5.  38889  5605 
( -2) -2. 03809  5195 
( -3) -5.  61681  8446 

! -2)  4-1.  71231  9725 
-2)4-1.62332  0074 
-3) -6.  40928  4759 
-2) -2.  07197  0007 
-3) -8.  92329  3294 

( -2)4-1.  37595  3130 
( -2) -2.  24122  6812 
( - 5)  f 4.  97879  7221 
( -2) -4. 19000  0150 

(+18)-1. 12569  2891 


* = 5 

( -2) -5.  67324  3709 
( -l) -41.  80438  3675 
( -l)  +1.64995  4576 
-2)-l.  54429  0991 
-1)~1.  86615  5315 

i- l)-3. 20465  0467 
-l) -5. 18407  5714 
0) -1.  02739  4639 
0) -2.  56377  6345 
0) -7.  68944  4934 

( 1) -2.  66561  1441 

( 2) -1.04266  2356 

( 2) -4.  52968  5692 

( 3) -2. 16057  6611 

( 4) -1.12141  4513 

( 4)  -6.  28814  6513 

( 5) -3. 78650  9387 

( 6) -2. 43621  4730 

( 71-1.  66748  5217 

( 8) -1.20957  6913 

( 8) -9.  26795  1403 

( 18) -7.  76071  7570 
( 30) -2. 05575  8716 
( 42) -6.  96410  9188 

(116)-1.  79971  3983 


* = 100 

I-3)-8.  62318  8723 
-3)4-4.97742  4524 
-3)4-8.  77251  1459 
-3)-4.  53879  8951 
-3)-9.  09022  7385 

1-3)4-3.  72067  8486 
-3)4-9.49950  2019 
-3)-2.  48574  3224 
-3)-9.  87236  3502 
-4)4-8.  07441  4285 

1-2)4-1.  00257  7737 
-3)4-1.  29797  1820 
-3)-9.  72724  3855 
-3)-3.  72978  2784 
-3)4-8.  72020  2503 

1-3)4-6.  25864  1510 
-3) -6.  78002  3635 
-3) -8.  49604  9309 
-3)4-3.  80640  6377 
-3)4-9.90441  9669 

(-5)4-5.  63172  9379 
(-3) -5.  41292  9349 
(-4) -7.  04842  0407 
(-2)4-1.  07478  2297 

(-2)-2. 29838  5049 
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1/2 


3/2 


5/2 


7/2 


9/2 


11/2 


13/2 


ZEROS  OF  BESSEL  FUNCTIONS  OF  HALF-INTEGER  ORDER  Table  10.6 

Yv(yvg)=0 


s 

JIU,,* 

) 

Vv,8  ( 

-i  )n+1m,s) 

p 

s 

8 

*:u9t 

,) 

( 

-Dn+1m,.) 

1 

3. 141593 

-0. 45015 

82 

1. 570796 

-0. 63661 

98 

15/2 

1 

11.  657032 

-0. 20550 

46 

9. 457882 

+0. 20754 

83 

2 

6. 283185 

+0. 31830 

99 

4. 712389 

+0. 36755 

26 

2 

15. 431289 

+0. 19008 

87 

13. 600629 

-0. 19801 

01 

3 

9. 424778 

-0. 25989 

89 

7. 853982 

-0. 28470 

50 

3 

18.  922999 

-0. 17582 

99 

17. 197777 

+0. 18264 

01 

4 

12. 566370 

+0.  22507 

91 

10. 995574 

+0.  24061 

97 

4 

22.  295348 

+0. 16402 

38 

20. 619612 

-0. 16964 

44 

5 

15. 707963 

-0.  20131 

68 

14. 137167 

-0. 21220 

66 

5 

23. 955267 

+0. 15890 

14 

6 

18. 849556 

+0. 18377 

63 

17. 278760 

+0. 19194 

81 

7 

21.991149 

-0. 17014 

38 

20. 420352 

-0.17656 

66 

8 

23. 561945 

+0. 16437 

45 

# 

17/2 

1 

12. 790782 

-0. 19382 

82 

10. 529989 

-0. 19361 

38 

2 

16.  641003 

+0. 18155 

15 

14.777175  +0.18810 

92 

3 

20.182471 

-0. 16922 

10 

18. 434529 

-0. 17517 

27 

1 

4.  493409 

-0. 36741 

35 

2. 798386 

+0.  44914 

84 

4 

23.  591275 

+0. 15870 

04 

21. 898570  +0. 16373 

75 

2 

7.  725252 

+0. 28469 

20 

6. 121250 

-0. 31827 

37 

3 

10.  904122 

-0. 24061 

69 

9. 317866 

+0. 25989 

33 

4 

14.  066194 

+0. 21220 

57 

12. 486454 

-0. 22507 

76 

5 

17.  220755 

-0. 19194 

77 

15. 644128 

+0.20131 

63 

19/2 

1 

13.  915823 

-0. 18376 

12 

11. 597038  +0. 18186 

42 

6 

20.  371303 

+0. 17656 

64 

18.  796404 

-0. 18377 

61 

2 

17.  838643 

+0. 17398 

80 

15. 942945 

-0. 17944 

10 

7 

23.  519452 

-0. 16437 

44 

21. 945613 

+0. 17014 

37 

3 

21.  428487 

-0. 16326 

17 

19. 658369  +0. 16849 

33 

4 

24.  873214 

+0. 15383 

84 

23. 163734 

-0. 15837 

45 

1 

5. 763459 

-0.  31710 

58 

3. 959528 

-0. 36184 

68 

21/2 

1 

15. 033469 

-0. 17496 

82 

12. 659840 

-0. 17179 

22 

2 

9. 095011 

+0. 25973 

30 

7. 451610 

+0. 28430 

75 

2 

19. 025854 

+0. 16722 

59 

17.099480  +0.17176 

97 

3 

12. 322941 

-0.  22503 

59 

10. 715647 

-0. 24053 

93 

3 

22. 662721 

-0. 15785 

09 

20.  870973 

-0. 16247 

13 

4 

15. 514603 

+0.  20130 

14 

13. 921686 

+0.21218 

15 

4 

24. 416749 

+0. 15347 

56 

5 

18. 689036 

-0. 18376 

96 

17.103359 

-0. 19193 

81 

6 

21.  853874 

+0. 17014 

05 

20.272369 

+0. 17656 

19 

7 

23. 433926 

-0. 16437 

21 

23/2 

1 

16. 144743 

-0. 16720 

39 

13.719013  +0.16304 

06 

2 

20. 203943 

+0.16113 

25 

18. 247994 

-0.16491 

86 

3 

23. 886531 

-0. 15290 

87 

22. 073692 

+0. 15700 

50 

1 

6.  987932 

-0. 28223 

71 

5. 088498 

+0. 30882 

36 

2 

10.  417119 

+0. 24019 

23 

8. 733710 

-0. 25896 

77 

3 

13.  698023 

-0.21208 

02 

12. 067544 

+0. 22485 

68 

25/2 

1 

17.250455 

-0. 16028 

44 

14. 775045 

-0. 15534 

97 

4 

16.  923621 

+0. 19189 

90 

15. 315390 

-0. 20124 

01 

2 

21. 373972 

+0. 15560 

47 

19. 389462 

+0. 15875 

20 

5 

20. 121806 

-0.17654 

40 

18.  525210 

+0. 18374 

36 

3 

23. 267630 

-0. 15201 

34 

6 

23.  304247 

+0. 16436 

28 

21. 714547 

-0. 17012 

77 

7 

24. 891503 

+0. 15914 

62 

27/2 

1 

18. 351261 

-0. 15406 

88 

15. 828325 

+0. 14852 

56 

2 

22. 536817 

+0. 15056 

00 

20. 524680 

-0. 15316 

36 

3 

24. 453705 

+0.14743 

15 

1 

8. 182561 

-0. 25620 

49 

6. 197831 

-0.  27236 

25 

2 

11. 704907 

+0. 22432 

53 

9. 982466 

+0.  23908 

76 

3 

15.  039665 

-0.20107 

12 

13. 385287 

-0. 21179 

27 

4 

18.  301256 

+0. 18367 

44 

16.  676625 

+0. 19179 

35 

29/2 

1 

19. 447703 

-0. 14844 

69 

16. 879170 

-0. 14242 

04 

5 

21.  525418 

-0. 17009 

46 

19. 916796 

-0. 17649 

69 

2 

23.  693208 

+0. 14593 

21 

21. 654309 

+0. 14806 

91 

6 

24.  727566 

+0. 15912 

86 

23. 128642 

+0. 16433 

89 

31/2 

1 

20. 540230 

-0. 14333 

12 

17. 927842 

+0. 13691 

88 

2 

24. 843763 

+0. 14166 

70 

22. 778902 

-0. 14340 

05 

1 

9.  355812 

-0.  23580 

60 

7. 293692 

+0. 24538 

14 

* 

2 

12.966530 

+0. 21109 

29 

11. 206497 

-0. 22293 

49 

3 

4 

5 

16.  354710 
19.  653152 
22.  904551 

-0. 19155 
+0. 17639 
-0. 16428 

58 

49 

83 

14. 676387 
18. 011609 
21. 283249 

+0. 20067 
-0. 18352 
+0. 17002 

86 

21 

38 

33/2 

1 

2 

21. 629221 

-0. 13865 

11 

18. 974562 
23. 898931 

-0. 13192 
+0.13910 

99 

20 

6 

24. 518929 

-0. 15909 

15 

35/2 

1 

22. 715002 

-0. 13434 

93 

20. 019515 

+0. 12738 

05 

1 

2 

10.  512835 
14. 207392 

-0. 21926 
+0. 19983 

48 

04 

8. 379626 
12. 411301 

-0. 22441 
+0. 20946 

70 

65 

37/2 

1 

23. 797849 

-0. 13037 

81 

21. 062860 

-0. 12321 

13 

3 

17.  647975 

-0. 18321 

82 

15. 945983 

-0.19106 

59 

4 

20.  983463 

+0.16988 

82 

19. 324820 

+0.17619 

60 

5 

24.  262768 

-0. 15902 

21 

22. 628417 

-0. 16419 

26 

39/2 

1 

24. 878005 

-0. 12669 

81 

22. 104735  +0. 11937 

34 

Values  to  greater  accuracy  and  over  a wider 

range  are 

given  in  [10.31]. 

From  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  functions,  vols.  I,  II.  Columbia  Univ. 


Press,  New  York,  N.Y.,  1947  (with  permission). 
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Table 

10. 

.7 

ZEROS  OF  THE  DERIVATIVE  OF  BESSEL  FUNCTIONS 

OF  HALF-INTEGER 

ORDER 

«/;o;s)=o  ym 

,.)-o 

V 

s 

fv,s 

y v,  s ( 

-1  )n+1YM,s)  ' 5 

7 v,  s 

JM,s) 

1/2 

1 

1.165561 

+0. 679192 

2. 975086 

-0. 456186  15/2  1 

9.113402 

+0. 330874 

2 

4.  604217 

-0. 369672 

6. 202750 

+0. 319331  2 

13.525575 

-0. 236854 

3 

7.  789884 

+0.  285287 

9. 371475 

-0.260267  3 

17.153587 

+0. 202841 

4 

10.  949944 

-0. 240870 

12. 526476 

+0.  225258  4 

20.587450 

-0. 182077 

5 

14.101725 

+0. 212340 

15. 676078 

-0.201419  5 

23. 929631 

+0. 167294 

6 

17.  249782 

-0. 192029 

18. 822999 

+0. 183841 

7 

20.  395842 

+0.176620 

21. 968393 

-0. 170188 

8 

23.  540708 

-0. 164412 

17/2  1 

10.  180054 

+0.  318378 

2 

14.“702493 

-0. 229449 

3 

18. 390930 

+0. 197291 

3/2 

4 

21. 866965 

-0. 177623 

1 

2.  460536 

+0.  525338 

4. 354435 

+0.  388891 

2 

6.  029292 

-0.  328062 

7.  655545 

-0.  290138 

3 

9.261402 

+0.  263295 

10.  856531 

+0.242910 

4 

5 

12. 445260 
15. 611585 

-0.  226711 
+0.  202245 

14.  029845 
17.191285 

—0.213417  l q /?  l 

+0.192678  i 

11.241675 

+0. 307606 
-0.222927 

. n i ooo o c 

6 

18. 769469 

-0. 184363 

20.  346496 

-0.  177046  t 

15. 868463 

m 4^  4 m m 4m  4m  mm 

7 

21.922619 

+0. 170542 

23.  498023 

+0. 164709  ' 

19. 615227 
23.  132584 

+0. 192335 
-0. 173605 

5/2 

1 

3. 632797 

+0.  457398 

5. 634297 

-0.  350669 

21/2 

1 

o 

12.299124 

4m  4m  4m  mm  4m 

+0.  298179 
-0. 217118 

2 

7.367009 

-0. 301449 

9. 030902 

+0.270006 

c 

17. 025072 

3 

10. 663561 

+0. 247304 

12.278863 

-0.  *?29783 

3 

A 

20. 828186 
A M 4%  A p A M 

+0* 187870 
-0. 169950 

4 

13.  883370 

-0. 215670 

15. 480655 

+0.203956 

4 

24. 385974 

5 

17. 072849 

+0. 194015 

18. 661309 

-0. 185432 

6 

20. 246945 

-0. 177917 

21.830390 

+0.171262 

7 

23. 412100 

+0. 165314 

24.992411 

-0.159953 

23/2 

1 

13.353045 

+0.289825 

2 

18.173567 

-0. 211893 

3 

22. 031181 

+0. 183813 

7/2 

1 

4.762196 

+0.  415533 

6. 863232 

+0.  324651 

2 

8. 653134 

-0.  282237 

10.  356373 

-0.  254849 

3 

12. 018262 

+0.  234875 

13. 656304 

+0.  219318 

25/2 

1 

14.403937 

+0. 282348 

4 

15.279081 

-0.  206685 

16.  891400 

-0. 196124 

2 

19. 314945 

-0.  207156 

5 

18. 496200 

+0.187103 

20.  095393 

+0.179270 

3 

23.225333 

+0. 180103 

6 

21. 690284 

-0. 172377 

23.281796 

-0. 166245 

7 

24. 870602 

+0. 160741 

27/2 

1 

15. 452196 

+0.275596 

2 

20. 450018 

-0. 202830 

3 

24. 411571 

+0. 176690 

9/2 

1 

5. 868420 

+0.  386006 

8. 060030 

-0.  305246 

2 

9.  904306 

-0.  267385 

11. 646354 

+0.  242810 

3 

4 

13. 337928 
16. 641787 

+0. 224788 
-0. 199151 

14. 999624 
18.270330 

-0.210673 
+0. 189472 

29/2 

1 

o 

16.  498138 

A4  p ««A  M P 

+0. 269455 
-0. 198856 

5 

19. 888934 

+0. 181169 

21.500029 

-0. 173929 

c 

21. 579459 

6 

23.105297 

-0. 167534 

24. 705942 

+0.161826 

31/2 

1 

17.542024 

+0. 263833 

2 

22. 703832 

-0. 195187 

11/2 

1 

6. 959746 

+0.  363557 

9. 234274 

+0.  289946 

2 

11.129856 

-0. 255385 

12.909478 

-0.  232895 

3 

14. 630406 

+0.  216349 

16. 315912 

+0.  203344 

33/2 

1 

18. 584071 

+0.  258658 

4 

17. 977886 

-0. 192692 

19. 623229 

-0.183714 

2 

23. 823614 

-0. 191783 

5 

21.256291 

+0. 175987 

22. 879980 

+0.169229 

6 

24. 496327 

-0. 163244 

35/2 

1 

19. 624460 

+0.  253871 

2 

24. 939214 

-0. 188612 

13/2 

1 

2 

8. 040535 
12. 335631 

+0.  345649 
-0. 245384 

10. 391621 
14. 151399 

-0.  277420 
+0.224513 

37/2 

1 

20. 663347 

+0. 249423 

3 

15.901023 

+0.209127 

17. 610124 

-0. 197009 

4 

19.291967 

-0. 187058 

20. 954335 

+0. 178651 

39/2 

5 

22.  602185 

+0. 171399 

24. 238863 

-0. 165043 

1 

21.700865 

+0.  245275 

Values  to  greater  accuracy  and  over  a wider  range  are  given  in  [10.31]. 

From  National  Bureau  of  Standards,  Tables  of  spherical  Bessel  functions,  vols.  I,  II. 
Press,  New  York,  N.Y.,  1947  (with  permission). 


(-1  r+lYM,s) 

11.  535731  +0. 266883 
15.  376058  -0.  217283 

18.  885886  +0. 191447 
22.  266861  -0. 174147 


12.  669130  -0.  257833 
16.586323  +0.210950 
20.145940  -0. 186505 

23. 563314  +0. 170098 


13.  793646  +0. 249935 
17. 784362  -0.  205332 

21. 392422  +0. 182067 

24.  845689  -0. 166427 


14.  910648  -0. 242951 

18. 971857  +0. 200296 
22. 627032  -0. 178048 


16.  021196  +0.  236710 
20.150142  -0.195742 

23. 851147  +0. 174383 


17.126125  -0.231081 

21. 320300  +0. 191594 


18.226109  +0.225965 
22. 483219  -0. 187792 


19.  321702  -0.  221286 
23. 639641  +0. 184287 


20.413362  +0.216981 
24. 790191  -0. 181040 


21.501477  -0.213000 


22.  586374  +0. 209303 


23. 668335  -0.  205855 


24.  747606  +0.  202629 


Columbia  Univ. 
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MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  0,  1 AND  2 Table  10.8 


X 

io(x) 

ii(x) 

12(X) 

ko(x) 

ki(x) 

k2(x) 

0.0 

1.00000  000 

0.00000 

000 

0.00000  0000 

00 

00 

00 

0.1 

1.00166  750 

0.03336 

668 

0.00066  7143 

14.21315  293 

156.344682 

4704.5536 

0.2 

1.00668  001 

0.06693 

370 

0.00267  4294 

6.43029  630 

38.58177  78 

585.15696 

0.3 

1.01506  764 

0.10090 

290 

0.00603  8668 

3.87891  513 

16.80863  22 

171.96524 

0.4 

1.02688  081 

0.13547 

889 

0.01078  9114 

2.63234  067 

9.21319  233 

71.731283 

0.5 

1.04219  061 

0.17087 

071 

0.01696  6360 

1.90547  226 

5.71641  679 

36.203973 

0.6 

1.06108  930 

0.20729 

319 

0.02462  3348 

1.43678  550 

3.83142  801 

20.593926 

0.7 

1.08369  100 

0.24496 

858 

0.03382  5678 

1.11433  482 

2.70624  170 

12.712514 

0.8 

1.11013  248 

0.28412 

808 

0.04465  2156 

0.88225  536 

1.98507  456 

8.32628 

49 

0.9 

1.14057  414 

0.32501 

361 

0.05719  5452 

0.70959  792 

1.49804  005 

5.70306 

48 

1.0 

1.17520  119 

0.36787 

944 

0.07156  2871 

0.57786  367 

1.15572  735 

4.04504 

57 

1.1 

1.21422  497 

0.41299 

416 

0.08787  7251 

0.47533  880 

0.90746  4974 

2.95024 

33 

1.2 

1.25788  446 

0.46064 

259 

0.10627  7995 

0.39426  230 

0.72281  4219 

2.20129 

78 

1.3 

1.30644  803 

0.51112 

785 

0.12692  2227 

0.32930  149 

0.58261  0332 

1.67378 

69 

1.4 

1.36021  536 

0.56477 

365 

0.14998  6112 

0.27668  115 

0.47431  0537 

1.29306 

09 

1.5 

1.41951  964 

0.62192 

665 

0.17566  6332 

0.23366  136 

0.38943  5596 

1.01253 

25 

1.6 

1.48472  997 

0.68295 

906 

0.20418  1728 

0.19821  144 

0.32209  3595 

0.80213 

693 

1.7 

1.55625  408 

0.74827 

140 

0.23577  5138 

0.16879  918 

0.26809  2818 

0.64190 

415 

1.8 

1.63454  127 

0.81829 

550 

0.27071  5433 

0.14425  049 

0.22438  9655 

0.51823 

325 

1.9 

1.72008  574 

0.89349 

778 

0.30929  9770 

0.12365  360 

0.18873  4440 

0.42165 

535 

2.0 

1.81343  020 

0.97438 

274 

0.35185  6089 

0.10629  208 

0.15943  8124 

0.34544 

927 

2.1 

1.91516  988 

1.06149 

681 

0.39874  5868 

0.09159  719 

0.13521  4906 

0.28476 

135 

2.2 

2.02595  690 

1.15543 

247 

0.45036  7165 

0.07911  327 

0.11507  3847 

0.23603 

215 

2.3 

2.14650  513 

1.25683 

283 

0.50715  7959 

0.06847  227 

0.09824  2824 

0.19661 

508 

2.4 

2.27759  551 

1.36639 

653 

0.56959  9849 

0.05937  476 

0.08411  4246 

0.16451 

757 

2.5 

2.42008  179 

1.48488 

308 

0.63822  2102 

0.05157  553 

0.07220  5736 

0.13822 

241 

2.6 

2.57489  701 

1.61311 

877 

0.71360  6125 

0.04487  256 

0.06213  1241 

0.11656 

246 

2.7 

2.74306  041 

1.75200 

304 

0.79639  0365 

0.03909  858 

0.05357  9539 

0.09863 

140 

2.8 

2.92568  513 

1.90251 

546 

0.88727  5704 

0.03411  437 

0.04629  8067 

0.08371 

944 

2.9 

3.12398  658 

2.06572 

335 

0.98703  1387 

0.02980  354 

0.04008  0625 

0.07126 

626 

3.0 

3.33929  164 

2.24279 

012 

1.09650  152 

0.02606  845 

0.03475  7931 

0.06082 

638 

3.1 

3.57304  872 

2.43498 

437 

1.21661  224 

0.02282  681 

0.03019  0302 

0.05204 

323 

3.2 

3.82683  875 

2.64368 

983 

1.34837  954 

0.02000  910 

0.02626  1944 

0.04462 

967 

3.3 

4.10238  723 

2.87041 

631 

1.49291  787 

0.01755  635 

0.02287  6452 

0.03835 

312 

3.4 

4.40157  747 

3.11681 

153 

1.65144  965 

0.01541  841 

0.01995  3243 

0.03302 

422 

3.5 

4.72646  494 

3.38467 

421 

1.82531  562 

0.01355  255 

0.01742  4712 

0.02848 

802 

3.6 

5.07929  316 

3.67596 

831 

2.01598  623 

0.01192  222 

0.01523  3952 

0.02461 

718 

3.7 

5.46251  092 

3.99283 

865 

2.22507  418 

0.01049  611 

0.01333  2903 

0.02130 

658 

3.8 

5.87879  128 

4.33762 

799 

2.45434  813 

0.00924  735 

0.01168  0862 

0.01846 

908 

3.9 

6.33105  220 

4.71289 

572 

2.70574  780 

0.00815  280 

0.01024  3262 

0.01603 

223 

4.0 

6.82247  930 

5.12143 

838 

2.98140  051 

0.00719  253 

0.00899  0668 

0.01393 

554 

4.1 

7.35655  060 

5.56631 

208 

3.28363  932 

0.00634  934 

0.00789  7961 

0.01212 

834 

4.2 

7.93706  374 

6.05085 

704 

3.61502  300 

0.00560  833 

0.00694  3650 

0.01056 

808 

4.3 

8.56816  571 

6.57872 

451 

3.97835  791 

0.00495  661 

0.00610  9316 

0.00921 

893 

4.4 

9.25438  538 

7.15390 

628 

4.37672  200 

0.00438  300 

0.00537  9136 

0.00805 

059 

4.5 

10.00066  914 

7.78076 

689 

4.81349  122 

0.00387  777 

0.00473  9498 

0.00703 

744 

4.6 

10.81241  998 

8.46407 

908 

5.29236  8*t0 

0.00343  248 

0.00417  8666 

0.00615 

769 

4.7 

11.69554  012 

9.20906 

250 

5.81741  513 

0.00303  975 

0.00368  6506 

0.00539 

284 

4.8 

12.65647  789 

10.02142 

620 

6.39308  652 

0.00269  318 

0.00325  4257 

0.00472 

709 

4.9 

13.70227  889 

10.90741 

515 

7.02426  961 

0.00238  716 

0.00287  4331 

0.00414 

695 

5.0 

14.84064  212 

11.87386 

128 

7.71632  535 

0.00211  679 

0.00254  0146 

0.00364 

088 

m 

I 7 I 

m 

in(x)  = -y/i  */xIn+i(?) 

kn(x)  = ^J1-,/xKn+i 

(*) 
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Table  10.9  MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  9 AND  10 


X 

109#  9Iq(x) 

1010#  1%o(®) 

10  7xl%(x) 

10  9.Tn^10(x*) 

0.0 

1.52734  93 

0.72730  92 

5.41287  38 

1.02844  60 

0.1 

1.  52771  30 

0.72746  73 

5.41128  21 

1.  02817  54 

0.2 

1.52880  46 

0.72794  19 

5.40650  99 

1.  02736  41 

0.3 

1.  53062  54 

0.72873  35 

5.39856  70 

1.02601  35 

0.4 

1.53317  79 

0.72984  30 

5.38746  92 

1.  02412  59 

0.5 

1.53646  54 

0.73127  18 

5.37323  85 

1.  02170  47 

0.6 

1.  54049  23 

0.73302  17 

5.35590  33 

1.01875  42 

0.7 

1.54526  36 

0.73509  47 

5.33549  79 

1. 01527  95 

0.8 

1.  55078  57 

0.73749  33 

5.  31206  23 

1.  01128  67 

0.9 

1.  55706  60 

0.74022  04 

5.28564  31 

1.  00678  27 

1.0 

1.  56411  27 

0.74327  93 

5.25629  13 

1.  00177  53 

1.1 

1.57193  49 

0.74667  38 

5.22406  45 

0.99627  31 

1.2 

1.58054  32 

0.75040  79 

5.18902  48 

0.99028  56 

1.3 

1.  58994  87 

0.75448  62 

5.15123  93 

0.  98382  30 

1.4 

1.60016  42 

0.75891  37 

5.11078  01 

0.97689  61 

1.5 

1.  61120  30 

0.76369  58 

5.06772  38 

0.96951  68 

1.6 

1.62308  02 

0.76883  83 

5.  02215  07 

0.96169  72 

1.7 

1.  63581  13 

0.77434  76 

4.97414  57 

0.95345  03 

1.8 

1.64941  38 

0.78023  05 

4.92379  68 

0.94478  97 

1.9 

1.  66390  60 

0.78649  43 

4.87119  57 

0.93572  94 

2.0 

1.67930  73 

0.79314  68 

4.81643  66 

0.92628  41 

2.1 

1.  69563  90 

0.80019  63 

4.75961  72 

0.91646  88 

2.2 

1.  71292  33 

0.80765  17 

4.70083  65 

0.90629  89 

2.3 

1.73118  39 

0.81552  21 

4.64019  67 

0.89579  04 

2.4 

1.75044  59 

0.82381  79 

4.57780  09 

0.88495  95 

2.5 

1.77073  63 

0.83254  94 

4.51375  41 

0.87382  25 

2.6 

1.79208  32 

0.84172  78 

4.44816  23 

0.86239  63 

2.7 

1.81451  64 

0.85136  49 

4.38113  22 

0.85069  78 

2.8 

1.83806  76 

0.86147  30 

4.31277  10 

0.83874  39 

2.9 

1.  86277  03 

0.87206  54 

4.24318  63 

0.82655  20 

3.0 

1.88865  96 

0.88315  57 

4.17248  53 

0.81413  92 

3.1 

1.91577  24 

0.89475  86 

4.10077  50 

0.80152  28 

3.2 

1.94414  79 

0.90688  95 

4.  02816  19 

0.78872  01 

3.3 

1.97382  74 

0.91956  42 

3.95475  12 

0.77574  83 

3.4 

2.  00485  39 

0.93279  97 

3.88064  76 

0.76262  45 

3.5 

2.  03727  33 

0.94661  40 

3.80595  33 

0.74936  56 

3.6 

2.  07113  33 

0.96102  55 

3.73076  99 

0.73598  84 

3.7 

2.10648  43 

0.97605  38 

3.65519  70 

0.72250  95 

3.8 

2.14337  94 

0.99171  97 

3.57933  16 

0.70894  53 

3.9 

2.18187  40 

1.  00804  44 

3.50326  88 

0.69531  19 

4.0 

2.22202  68 

1.02505  08 

3.42710  13 

0.68162  50 

4.1 

2.26389  90 

1.04276  26 

3,35091  95 

0.66790  02 

4.2 

2.30755  54 

1.06120  45 

3.27481  07 

0.65415  25 

4.3 

2.35306  35 

1.08040  28 

3.19885  96 

0.64039  66 

4.4 

2.40049  43 

1.10038  47 

3.12314  76 

0.62664  70 

4.5 

2.44992  27 

1.12117  91 

3.04775  39 

0.61291  75 

4.6 

2.50142  71 

1.14281  58 

2.97275  34 

0.59922  16 

4.7 

2.55508  99 

1.16532  63 

2.89821  88 

0.58557  24 

4.8 

2.61099  74 

1.18874  39 

2.82421  90 

0.57198  25 

4.9 

2.  66924  03 

1.21310  29 

2.75081  98 

0.55846  39 

5.0 

2.72991  40 

1.23843  97 

2.67808  38 

0.54502  82 

[(-44>1] 

['-I'7] 

in(x)  ~ ^2  kn(x)  2 


Compiled  from  C.  W.  Jones,  A short  table  for  the  Bessel  functions  / , (x)t  (2/*)K  (,/■) 

Cambridge  Univ.  Press,  Cambridge,  England,  1952  (with  permission;. 
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MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  9 AND  10  Table  10.9 


x 

5.0 

5.1 

5.2 

5.3 

5.4 


e Xlig(x) 

2 

( -5) 6. 40961 
(-5)7.16216 
(-5)  7. 97716 
( -5) 8.  85734 
(-5)9.  80541 


e Xl2i(x) 

2 

-5) 1.  45387 
-5)1.  65403 
( -5) 1. 87488 
(-5)2.11778 
(-5)2.  38413 


- e*KMx) 
* 2 

(2)4.  62276 
(2)4.11899 
(2)3.  68187 
(2)  3.  30123 
( 2) 2.  96863 


- SKnfr) 
* T 


(3)1.88159 
( 3) 1. 64774 
(3)l.  44818 
(3)  1.27719 
(3)1.13013 


5.5 

5.6 

5.7 

5.8 

5.9 


( -4) 1.  08240 
(-4)1.19157 
(-4)1.30831 
( -4) 1. 43285 
( -4) 1. 56545 


( -5) 2.  67535 
(-5)2.  99285 
(-5)3.  33809 
(-5)3.  71252 
(-5)  4. 11760 


(2)2.  67706 
(2)2.42066 
(2)2.19449 
(2)1.99441 
(2)1.  81692 


(3)1.00320 
(2)8.93250 
(2)7.  97686 
(2) 7. 14360 
( 2) 6. 41477 


6.0 

6.1 

6.2 

6.3 

6.4 


( -4) 1. 70632 
-4)1.85569 
-4)2.  01376 
-4)2.18075 
-4) 2.  35684 


( -5) 4.  55480 
(-5)5. 02559 
(-5)  5.53143 
(-5)  6.  07377 
( -5)  6.  65407 


(2)1.65905 
(2)l.  51825 
(2)l.  39236 
(2)1.27955 
(2)1.17821 


(2)5.  77537 
(2)5.  21281 
(2)4.  71647 
(2)4.27737 
(2)3.  88791 


6.5 

6.6 

6.7 

6.8 

6.9 


4)  2.  54221 
4)2. 73703 
4) 2.  94147 
4)  3.15568 
4) 3. 37978 


(-5)7. 27375 
(-5)7.93423 
( -5)  8.  63691 
(-5)  9.  38317 
(-4)1.01743 


(2)1.  08697 
(2)1.00464 
(1)9.30213 
(l)8.  62775 
(1)8.01557 


(2)3. 54160 
(2)  3.23292 
(2)2.  95714 
(2)2.  71019 
(2)2. 48857 


7.0  (-4)3.61391  (-4)1.10117 

7.1  (-4)3.85819  (-4)1.18967 

7.2  (-4)4.11271  (-4)1.28304 

7.3  (-4)4.37758  (-4)1.38142 

7. 4 ( _4) 4.  65288  ( -4) 1.  48492 


(1)7.  45880 
(l)6. 95148 
( l) 6. 48840 
(l)6.  06498 
(l)5. 67717 


(2)2.28926 
(2)2.10966 
(2)l.  94748 
(2)1.80076 
(2)l.  66777 


7.5 

( -4) 4.  93867 

( -4) 1. 59365 

7.  6 

(-4)5.23503 

(-4)1.70773 

7.7 

(-4) 5.  54199 

( -4) 1. 82727 

7.8 

( -4) 5.  85960 
( -4) 6. 18789 

(-4)1. 95236 

7.9 

(-4)2. 08311 

(1)5.  32140 
(l)4.  99452 
( l)  4.  69371 
(l)4. 41649 
( l) 4. 16065 


(2)1.54701 
(2)l.  43717 
(2)1.33708 
(2)l.  24573 
(2)1.16223 


8.0 

8.1 

8.2 

8.3 

8.4 


-4) 6.  52688 
-4)  6.  87657 
-4)  7. 23697 
-4) 7.  60807 
-4) 7. 98985 


( -4)  2. 21961 
(-4)2.  36195 
(-4)2.  51020 
-4)2.66447 
-4) 2.  82481 


(1)3.  92420 
(1)3.70539 
(1)3.50262 
l)3.  31448 
1)3.13970 


12)1.  08577 
2)l.  01566 
l)9. 51284 
l)8.  92076 
l)8.  37549 


8. 5 ( -4) 8. 38228  ( -4) 2. 99130 

8.6  (-4)8.78533  (-4)3.16400 

8.7  (-4)9.19895  (-4)3.34298 

8.  8 ( -4) 9.  62308  ( -4) 3. 52828 

8.9  (-3)1.00576  (-4)3.71997 


(1)2. 97713 
(l)2.  82574 
(l)2.  68460 
(l)2.  55287 
(l)2. 42979 


il) 7. 87266 
l) 7. 40835 
1)6.97906 
l)6.  58165 
1)6.21331 


9.0  (-3)1.05026  (-4)3.91809 

9.1  (-3)1.09579  (-4)4.12268 

9.2  (-3)1.14235  (-4)4.33377 

9.3  (-3)1.18991  (-4)4.55140 

9.4  (-3)1.23849  (-4)4.77560 


(1)2. 31467 
(1)2.20689 
(1)2.10586 
(l)2.  01109 
(l)l.  92209 


(1)5.87149 
(l)5.  55393 
(l)5.  25858 
(l)4.  98356 
(l)4. 72722 


9.5  (-3)1.28806  (-4)5.00639 

9.6  (-3)1.33861  (-4)5.24378 

9.7  (-3)1.39014  (-4)5.48779 

9. 8 ( -3)  1.  44263  ( -4)  5.  73844 

9.9  (-3)1.49607  (-4)5.99571 


(1)1.  83843 
(l)l.75973 
(l)l.  68563 
(l)l.  61578 
(l)l.  54991 


( 1)  4.  48802 
(l)4.  26461 
(l)4.  05572 
l)  3.  86022 
l)3.  67709 


10.0  (-3)1.55045  (-4)6.25963 


(1)1.48772 


(1)3.50537 


472 

Table  10.9 


BESSEL  FUNCTIONS  OF  FRACTIONAL  ORDER 


MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  9 AND  10 


X-1 

M*) 

/io(x) 

09(at) 

gio(z) 

<X> 

0.100 

1.10630  573 

1.21411  149 

0.65502  364 

0.56777  303 

10 

0.  095 

1. 08238  951 

1.17260  877 

0.68557  030 

0.60351  931 

11 

0.  090 

1.06167  683 

1.13650  462 

0.71563  676 

0.63926  956 

11 

0.  085 

1.04394  741 

1.10534  464 

0.74502  124 

0.67473  612 

12 

0.  080 

1.02899  406 

1.07872  041 

0.77352  114 

0.70961  813 

13 

0.  075 

1.01661  895 

1.05626  085 

0.80093  667 

0.74360  745 

13 

0.  070 

1.00662  998 

1.03762  412 

0.82707  483 

0.77639  538 

14 

0.065 

0.99883  728 

1.02248  982 

0.85175  354 

0.80768  018 

15 

0.060 

0.99304  985 

1.01055  159 

0.87480  587 

0.83717  510 

17 

0.  055 

0.98907  251 

1.00151  009 

0.89608  425 

0.86461  675 

18 

0.  050 

0.98670  320 

0.99506  643 

0.91546  455 

0.88977  340 

20 

0.  045 

0.98573  080 

0.99091  634 

0.93284  978 

0.91245  301 

22 

0.  040 

0.98593  357 

0.98874  519 

0.94817  344 

0.93251  041 

25 

0.  035 

0.98707  842 

0.98822  421 

0.96140  216 

0.94985  358 

29 

0.  030 

0.98892  100 

0.98900  824 

0.97253  769 

0.96444  830 

33 

0.  025 

0.99120  680 

0.99073  519 

0.98161  804 

0.97632  121 

40 

0.  020 

0.99367  323 

0.99302  746 

0.98871  764 

0.98556  077 

50 

0.  015 

0.99605  259 

0.99549  538 

0.99394  654 

0.99231  623 

67 

0.  010 

0.99807  595 

0.99774  259 

0.99744  863 

0.99679  434 

100 

0.  005 

0.99947  760 

0.99937  316 

0.99939  894 

0.99925  415 

200 

0.000 

1.00000  000 

1.00000  000 

1.00000  000 

1.00000  000 

00 

m 

V2irx/i9(a0  =/9(x)ex-45x  1 

2 


V2ttx/2i(x)  =/io(x)ex_55x  1 
2 


V2x/tEi9(*)  = ST9(a:)«-I+45!C'Jl 
2 

■J2x/ttK.2i(x)  = </lo(x)c-I+55l_  1 
2 


<x> = nearest  integer  to  x. 
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n 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
30 
40 
50 

100 


Table  10.10 


MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— VARIOUS  ORDERS 


X—  1 

1 0)1.17520  1194 

- 1)3.67879  4412 

- 2)7.15628  7013 
- 2)1.00650  9052 
- 3)1.10723  6461 


ir/x7n+i(x) 

X=2 

1 0)1.81343  0204 

- 1) 9. 74382  7436 
- 1)3.51856  0886 
- 2)9.47425  2220 
- 2)2.02572  6087 


x=5 

1)1.48406  4212 
1)1.18738  6128 
0)7.71632  5346 
0)4.15753  5935 
0)1.89577  5037 


I-  5)9.99623  7520 
- 6)  7.  65033  3778 
- 7)5.08036  0873 
- 8)2.97924  6909 
- 9)1.56411  2692 


3) 3.58484  8301 

4) 5.40595  2086 

5) 7.09794  4523 

6) 8.24936  9394 

7) 8.59805  3854 


1)7.45140  8690 

1) 2.56465  1251 

2) 7.83315  4364 

2) 2.14704  9422 

3) 5.33186  3294 


I-  11)7.43279  3549 
- 12)3.22604  7141 
- 13)1.28851  2381 
- 15)4.76618  7751 
- 16)1.  64168  8672 


!-  8)8.12182  3211 

- 9)7.01394  8275 

- 10)5.57826  9483 
- 11)4.11114  2138 
- 12)2.82275  9636 


3) 1.20941  3702 

4) 2.52325  7454 

5) 4.87152  7330 

6) 8.74937  8858 
6)1.46862  7470 


(-  18)5.29060  2725 
(-  19)1.60182  7153 
(-  21)4.57312  0086 
(-  22)1.23512  2995 
(-  24)3.16500  3796 

i-  26)7.71514  7565 
- 43)5.65589  8686 
- 61)1.55685  5122 
- 81)3.65054  5412 


I-  13)1.81406  6530 
- 14)1.09565  1449 
- 16)6.24163  9390 
- 17)3.36455  5792 
- 18)1.72111  7468 

(-  20)8.37672  8478 
(-  34)6.21921  4440 
(-  49)1.74298  6176 
(-  66)4.17042  9214 


(-  7)2.31339  5316 

(-  8)3.43223  7424 
(-  9)4.81186  1587 
(-  10)6.39343  1309 
(-  11)8.  07224  1852 

(-  12)9.70826  6441 
(-  22)6.36889  3001 
(-  33)1.63577  1994 
(-  46)3.64245  9664 


(-190)7.48149  1755 


(-160)9.55425  1030 


-120)6.26113  6933 


n 

0 

1 

2 

3 

4 


z=10 

3)1.10132  3287 
2)9.91190  9633 
2)8.03965  9985 
2)5.89207  9640 
2)3.91520  4237 


£=50 

( 19)5.18470  5529 
( 19)5.08101  1418 
( 19)4.87984  4844 
( 19)4.59302  6934 
( 19)4.23682  1073 


£=100 

! 41)  1.34405  8571 
4l)  1.33061  7985 
41)  1.30414  0031 
4l)  1.26541  0984 
4l)  1.21556  1262 


5 

6 

7 

8 
9 


2)2.36839  5827 
2)1.30996  8827 
1)6.65436  3519 
1)3.11814  2991 
1)1.35352  0435 


1 19)3.83039  9141 
19)3.39413  3262 
19)2.94792  4492 
19)2.50975  5914 
19)2.09460  7482 


(41)1.15601  0470 
(4l)  1.08840  0111 
(4l)  1.01451  8456 
(40)9.36222  3425 
(40)8.55360  6574 


10 

11 

12 

13 

14 


( 0)5.46454  1653 

( 0)2.05966  6874 

(-  1)7.27307  8439 
(-  1)2.41397  2641 
(-  2)7.55352  3093 


19)1.71380  5071 
19)1.37480  9352 
19)1.08139  2769 
18)8.34112  9672 
18)6.30971  7670 


(40)7.73703  8176 
(40)6.92882  8557 
(40)6.14340  7607 
(40)5.39297  6655 
(40)4.68730  3911 


15 

16 

17 

18 
19 


!-  2)2.23450  9437 
- 3)6.26543  8379 
- 3)1.66914  7720 
- 4)4.23421  3574 
- 4) 1.  02488  6979 


18)4.68149  3423 
18)3.40719  1747 
18)2.43274  6870 
18)1.70426  8938 
18)1.17158  7856 


140)4.03365  8521 
40)3.43686  9769 
40)2.89949  1497 
40)2.42204  7745 
40)2.00333  3832 


20 

30 

40 

50 


(-  5)2.37154  3577 
(-12)1.22928  4325 
(-21)2.81471  5830 
(-31)5.88991  6154 


( 17)7.90430  4104 
( 15)5.67659  3929 
( 12)7.34905  8082 
(+  9)2.00489  8633 


(40)1.64074  7551 
(39)  1.30147  2327 
(37)3.95371  9716 
(35)4.74095  0959 


100  (-90)9.54463  8661 


(-17)2.34189  3740 


(20)3.73598  8741 


474 


BESSEL  FUNCTIONS  OF  FRACTIONAL  ORDER 


Table  10.10 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
30 
40 
50 

100 


MODIFIED  SPHERICAL  BESSEL  FUNCTIONS 


X—1 

I-  1)5.77863  6749 
0)1.15572  7350 
0)4.04504  5724 
1)2.13809  5597 
2)1.53711  7375 

13)1.40478  6594 
4)1.56063  6427 
5)2.04287  5221 
6)3.07991  9195 
7)5.25629  1384 

1 9)1.00177  5282 

10)2.10898  4384 
11)4.86068  1836 
13)1.21727  9443 
14)3.29151  5179 

( 15)9.55756  6814 
( 17)2.96613  7227 
( 18)9.79781  0417 
( 20)3.43219  9783 
( 22)1.27089  3701 

[ 23)4.  95991  7633 
( 40)4.55045  5450 
( 59)1.24524  3351 
i 78)4.25947  0196 

C 87) 1. 04451  3645 


V S W/xKn+i  (X) 

x=2 

(-  1)1.06292  0829 
(-  1)1.59438  1243 
(-  1)3.45449  2694 
( 0)1.02306  1298 

( 0)3.92616  3812 

( 1)1.86907  9845 

( 2)1.  06725  5553 

( 2)7.12406  9079 

f 3)5.44977  7364 
( 4)4.70355  1451 

( 5)4.52287  1652 

( 6)4.79605  0749 

( 7)5.56068  7078 

( 8)  6.  99881  9354 

( 9)9.50401  2999 

( 11)1.38508  0704 
( 12)2.15637  9105 
( 13)3.57187  6330 
( 14)6.27234  7368 
( 16)1.16395  6139 

17)2:27598  6819 
31)2.06581  6824 
( 46)5.55624  8963 
l 63)1.86314  7755 

(•156)4.08894  4237 


n 

0 

1 

2 

3 

4 


*=10 

i-6)  7. 13140  4291 
-6)  7.  84454  4720 
-6)9.48476  7707 
-5)1.25869  2857 
-5)1.82956  1771 


a;=50 

(-24)6.05934  6353 
(-24)6.18053  3280 
(-24)6.43017  8350 
(-24)6.82355  1115 
(-24)7.38547  5506 


5 

6 

7 

8 
9 


!-l5)  2.  90529  8451 
-:5)  5.  02539  0067 
-5)9.43830  5538 
-4)1.91828  4837 
-4)4.20491  4777 


! -24) 8. 15293  6706 
-24)9.17912  1581 
-23)1.  05395  0832 
-23)1.23409  7408 
-23)1.47354  3950 


10 

11 

12 

13 

14 


1-4)9.90762  2914 
-3)2.50109  2290 
-3)6.74327  4558 
-2)1.93592  7868 
-2)5.90133  2701 


1-23)1.79404  4109 
-23)2.22704  2476 
-23)2.81848  3648 
-23)3.63628  4300 
-23)4.78207  7170 


15 

16 

17 

18 
19 


1-1)1.90497  9270 
-1)6.49556  9007 
j0)  2.  33403  5699 
0)  8.  81868  1848 
1)3.49631  5854 


1-23)6.40988  9058 
-23)8.75620  8386 
-22)1.21889  8659 
-22)1.72884  9900 
-22)2.49824  7585 


20 

30 

40 

50 


( 2)1.45175  0001 
( 9)1.99043  6138 
(17)6.68871  7408 
(27)2.59020  bblZ 


(-22)3.  67748  3017 
(-20)4.72460  0057 
(-17)3.32175  1557 
(-13)1.10246  0162 


100 


(85)8.14750  7624  (+12)5.97531  154* 


VARIOUS  ORDERS 


x=5 

I - 3)  2. 11678  8479 
- 3)2.54014  6175 
- 3)  3.  64087  6184 
- 3)6.18102  2359 
- 2)1.22943  0749 

1-  2)2.83107  7584 
- 2)7.45780  1433 
- 1)2.22213  6131 
- 1)7.41218  8536 
0)2.74235  7715 

11)1.11621  7817 
1)4.96235  0604 
j2)  2. 39430  3059 
3)1.24677  5036 
3)6.97201  5499 

14)4.16844  6493 
5)2.65415  6981 
6)1.79342  8072 
7)1.28194  1220 
7)9.66570  7838 

( 8T7.  66744  6235 

( 18)7.97979  3303 
( 30)2.35318  1718 
( 42)8.49795  8757 

(116)2.49323  8041 


^=100 

1-46)5.84348  1679 
-46)5.90191  6495 
-46)6.02053  9173 
-46)6.20294  3454 
-46)6.45474  5215 

(-46)6.78387  0523 
(-46)7.20097  0973 
(-46)7.71999  6750 
(-46)8.35897  0485 
(-46)9.14102  1732 

1-45)1.00957  6461 
-45)1.12611  3230 
-45)1.26858  2504 
-45)1.44325  8856 
-45) 1. 65826  2396 

1-45)1.92415  4951 
-45)2.25475  0430 
-45)2.66822  2593 
-45)3.18862  8338 
-45)3.84801  5078 

(-45)4.68935  4218 
(-44)5.77221  5084 
(-42)1.84121  2999 
(-40)1.47876  1633 

(-25)1.48279  6529 
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AIRY  FUNCTIONS  Table  10.11 


X 

Ai(x) 

Ai'(*) 

Bi(*) 

Bi'(*) 

X 

Ai(tf) 

Ai'(*) 

Bi(x) 

Bi’(x) 

0.00 

0.35502 

805 

-0.25881 

940 

0.61492 

663 

0.44828 

836 

0.50 

0.23169 

361 

-0.22491 

053 

0.85427 

704 

0.54457 

256 

0.01 

0.35243 

992 

-0.25880 

174 

0.61940 

962 

0.44831 

926 

0.51 

0.22945 

031 

-0.22374 

617 

0.85974 

431 

0.54890 

049 

0.02 

0.34985 

214 

-0.25874 

909 

0.62389 

322 

0.44841 

254 

0.52 

0.22721 

872 

-0.22257 

027 

0.86525 

543 

0.55334 

239 

0.03 

0.34726 

505 

-0.25866 

197 

0.62837 

808 

0.44856 

911 

0.53 

0.22499 

894 

-0.22138 

322 

0.87081 

154 

0.55789 

959 

0.04 

0.34467 

901 

-0.25854 

090 

0.63286 

482 

0.44878 

987 

0.54 

0.22279 

109 
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AIRY  FUNCTIONS— AUXILIARY  FUNCTIONS  FOR  LARGE  POSITIVE  ARGUMENTS 
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BESSEL  FUNCTIONS  OF  FRACTIONAL  ORDER 


Table  10.11 


AIRY  FUNCTIONS 


X 
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*) 
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x) 

X 
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x) 
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0.21418 

345 

0.56527 

745 

0.32 

0.43568 

747 

-0.23785 

851 

0.46851 

112 

0.47481 

405 

0.82 

0.52560 

557 

-0.09731 

134 

0.20852 

204 

0.56699 

994 

0.33 

0.43805 

900 

-0.23643 

865 

0.46375 

543 

0.47632 

895 

0.83 

0.52655 

703 

-0.09297 

113 

0.20284 

354 

0.56869 

679 

0.34 

0.44041 

607 

-0.23496 

718 

0.45898 

443 

0.47787 

450 

0.84 

0.52746 

479 

-0.08857 

055 

0.19714 

820 

0.57036 

671 

0.35 

0.44275 

817 

-0.23344,  368 

0.45419 

784 

0.47944 

970 

0.85 

0.52832 

824 

-0.08410 

979 

0.19143 

630 

0.57200 

845 

0.36 

0.44508 

477 

-0.23186 

773 

0.44939 

534 

0.48105 

354 

0.86 

0.52914 

678 

-0.07958 

904 

0.18570 

813 

0.57362 

071 

0.37 

0.44739 

535 

-0.23023 

893 

0.44457 

667 

0.48268 

500 

0.87 

0.52991 

982 

-0.07500 

854 

0.17996 

399 

0.57520 

220 

0.38 

0.44968 

937 

-0.22855 

687 

0.43974 

156 

0.48434 

307 

0.88 

0.53064 

676 

-0.07036 

852 

0.17420 

419 

0.57675 

165 

0.39 

0.45196 

631 

-0.22682 

116 

0.43488 

973 

0.48602 

670 

0.89 

0.53132 

700 

-0.06566 

925 

0.16842 

906 

0.57826 

777 

0.40 

0.45422 

561 

-0.22503 

141 

0.43002 

094 

0.48773 

486 

0.90 

0.53195 

995 

-0.06091 

100 

0.16263 

895 

0.57974 

926 

0.41 

0.45646 

675 

-0.22318 

723 

0.42513 

495 

0.48946 

652 

0.91 

0.53254 

502 

-0.05609 

407 

0.15683 

420 

0.58119 

484 

0.42 

0.45868 

918 

-0.22128 

826 

0.42023 

153 

0.49122 

062 

0.92 

0.53308 

163 

-0.05121 

879 

0.15101 

518 

0.58260 

321 

0.43 

0.46089 

233 

-0.21933 

412 

0.41531 

047 

0.49299 

611 

0.93 

0.53356 

920 

-0.04628 

549 

0.14518 

226 

0.58397 

309 

0.44 

0.46307 

567 

-0.21732 

447 

0.41037 

154 

0.49479 

193 

0.94 

0.53400 

715 

-0.04129 

452 

0.13933 

585 

0.58530 

317 

0.45 

0.46523 

864 

-0.21525 

894 

0.40541 

457 

0.49660 

702 

0.95 

0.53439 

490 

-0.03624 

628 

0.13347 

634 

0.58659 

217 

0.46 

0.46738 

066 

-0.21313 

721 

0.40043 

934 

0.49844 

031 

0.96 

0.53473 

189 

-0.03114 

116 

0.12760 

415 

0.58783 

879 

0.47 

0.46950 

119 

-0.21095 

893 

0.39544 

570 

0.50029 

070 

0.97 

0.53501 

754 

-0.02597 

957 

0.12171 

971 

0.58904 

174 

0.48 

0.47159 

965 

-0.20872 

379 

0.39043 

348 

0.50215 

713 

0.98 

0.53525 

129 

-0.02076 

197 

0.11582 

346 

0.59019 

973 

0.49 

0.47367 

548 

-0.20643 

147 

0.38540 

251 

0.50403 

850 

0.99 

0.53543 

259 

-0.01548 

880 

0.10991 

587 

0.59131 

145 

0.50 

0.47572 

809 

-0.20408 

167 

0.38035 

266 

0.50593 

371 

1.00 

0.53556 

088 

-0.01016 

057 

0.10399 

739 

0.59237 

563 

[1-6,8]  [(-6,2] 
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X 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

5.0 

5.1 

5.2 

5.3 

5.4 

5.5 


AIRY  FUNCTIONS 


Table  10.11 


Ai(-*)  Ai'(-x) 


Bi(-Ac)  x Ai(-x) 


Ai\-x)  Bi(-*)  Bi'(-*) 


0.53556  088 
0.53381  051 
0.52619  437 
0.51227  201 
0.49170  018 


-0.01016  057 
+0.04602  915 
0.10703  157 
0.17199  181 
0.23981  912 


+0.10399  739 
+0.04432  659 
-0.01582  137 
-0.07576  964 
-0.13472  406 


0.59237  563 
0.60011  970 
0.60171  016 
0.59592  975 
0.58165  624 


+0.01778  154 
-0.06833  070 
-0.15062  016 
-0.22435  192 
-0.28512  278 


5.5 

5.6 

5.7 

5.8 

5.9 


0.86419  722 
0.85003  256 
0.78781  722 
0.67943  152 
0.52962  857 


-0.36781  345 
-0.36017  223 
-0.33245  825 
-0.28589  021 
-0.22282  969 


+0.02511  158 
-0.17783  760 
-0.37440  903 
-0.55300  203 
-0.70247  952 


0.46425  658 
0.42986  298 
0.38860  704 
0.34076  156 
0.2Q680  006 

0.22740  743 
0.16348  451 
0.09614  538 
+0.02670  633 
-0.04333  414 


0.30918  697 
0.37854  219 
0.44612  455 
0.50999  763 
0.56809  172 

0.61825  902 
0.65834  069 
0.68624  482 
0.70003  366 
0.69801  760 


-0.19178  486 
-0.24596  320 
-0.29620  266 
-0.34140  583 
-0.38046  588 

-0.41230  259 
-0.43590  235 
-0.45036  098 
-0.45492  823 
-0.44905  228 


0.55790  810 
0.52389  354 
0.47906  134 
0.42315  137 
0.35624  251 

0.27879  517 
0.19168  563 
+0.09622  919 
-0.00581  106 
-0.11223  237 


6.0  -0.32914 

6.1  -0.35351 

6.2  -0.35642 

6.3  -0.33734 

6.4  -0.29713 

6.5  -0.23802 

6.6  -0.16352 

6.7  -0.07831 

6.8  +0.01210 

6.9  0.10168 


0.34593  549 
+0.13836  394 
-0.08106  856 
-0.29899  161 
-0.50147  985 

-0.67495  249 
-0.80711  925 
-0.88790  797 
-0.91030  401 
-0.87103  106 


-0.14669  838 
-0.06182  255 
+0.02679  081 
0.11373  701 
0.19354  136 

0.26101  266 
0.31159  995 
0.34172  774 
0.34908  418 
0.33283  784 


-0.81289  879 
-0.87622  530 
-0.88697  896 
-0.84276  110 
-0.74461  387 

-0.59717  067 
-0.40856  734 
-0.19009  878 
+0.04437  678 
0.27926’  391 


517 

168 

107 

765 

762 

030 

646 

247 

452 

800 


-0.11232  507 
-0.17850  243 
-0.24003  811 
-0.29509  759 
-0.34190  510 


0.67885  273 
0.64163  799 
0.58600  720 
0.51221  098 
0.42118  281 


-0.43242  247 
-0.40500  828 
-0.36709  211 
-0.31929  389 
-0.26258  500 


-0.22042  015 
-0.32739  717 
-0.42989  534 
-0.52445  040 
-0.60751  829 


7.0 

7.1 

7.2 

7.3 

7.4 


0.18428  084 
0.25403  633 
0.30585  152 
0.33577  037 
0.34132  375 


-0.77100  817 
-0.61552  879 
-0.41412  428 
-0.18009  580 
+0.07027  632 


0.29376  207 
0.23425  088 
0.15821  739 
+0.07087  411 
-0.02159  652 


0.49824  459 
0.68542  058 
0.82650  634 
0.90998  427 
0.92812  809 


-0.37881  429 
-0.40438  222 
-0.41744  342 
-0.41718  094 
-0.40319  048 


0.31458  377 
0.19482  045 
+0.06503  115 
-0.07096  362 
-0.20874  905 


-0.19828  963 
-0.12807  165 
-0.05390  576 
+0.02196  800 
0.09710  619 


-0.67561  122 
-0.72544  957 
-0.75412  455 
-0.75926  518 
-0.73920  163 


0.32177  572 
0.27825  023 
0.21372  037 
0.13285  154 
+0.04170  188 


7.5 

7.6 

7.7 

7.8 

7.9 


0.31880  951 
0.54671  882 
0.73605  242 
0.87115  540 
0.94004  300 


-0.11246  349 
-0.19493  376 
-0.26267  007 
-0.31030  057 
-0.33387  856 


0.87780  228 
0.76095  509 
0.58474  045 
0.36122  930 
+0.10670  215 


0.37553  382 
0.33477  748 
0.28201  306 
0.21885  598 
0.14741  991 


-0.34344  343 
-0.46986  397 
-0.58272  780 
-0.67688  257 
-0.74755  809 


0.16893  984 
0.23486  631 
0.29235  261 
0.33904  647 
0.37289  058 


-0.69311  628 
-0.62117  283 
-0.52461  361 
-0.40581  59? 
-0.26829  836 


8.0  -0.05270  505 

8.1  -0.14290  815 

8.2  -0.22159  945 

8.3  -0.28223  176 

8.4  -0.31959  219 


0.93556  094 
0.85621  859 
0.70659  870 
0.49727  679 
+0.24422  089 


0.33125  158 
0.30230  331 
0.24904  019 
0.17550  556 
0.08751  798 


-0.15945  050 
*-0.41615  664 
-0.64232  293 
-0.81860  044 
-0.92910  958 


-0.07026  553 
+0.00967  698 
0.08921  076 
0.16499  781 
0.23370  326 


-0.79062  858 
-0.80287  254 
-0.78221  561 
-0.72794  081 
-0.64085  018 


0.39223  471 
0.39593  974 
0.38346  736 
0.35494  906 
0.31122  860 


-0.11667  057 
+0.04347  872 
0.20575  691 
0.36320  468 
0.50858  932 


8.5  -0.33029  024 

8.6  -0.31311  245 

8.7  -0.26920  454 

8.8  -0.20205  445 

8.9  -0.11726  631 


-0.03231  335 
-0.30933  027 
-0.56297  685 
-0.77061  301 
-0.91289  276 


+0.00775  444 
0.10235  647 
0.18820  363 
0.25778  240 
0.30483  241 


-0.96296  917 
-0.91547  918 
-0.78882  623 
-0.59221  371 
-0.34136  475 


0.29215  278 
0.33749  598 
0.36736  748 
0.38003  668 
0.37453  635 


-0.52336  253 
-0.37953  391 
-0.21499  018 
-0.03676  510 
+0.14695  743 


0.25387  266 
0.18514  576 
0.10794  695 
+0.02570  779 
-0.05774  655 


0.63474  477 
0.73494  444 
0.80328  926 
0.83508  976 
0.82721  903 


9.0  -0.02213  372 

9.1  +0.07495  989 

9.2  0.16526  800 

9.3  0.24047  380 

9.4  0.29347  756 


-0.97566  398 
-0.95149  682 
-0.84067  107 
-0.65149  241 
-0.39986  237 


0.32494  732 
0.31603  471 
0.27858  425 
0.21570  835 
0.13293  876 


-0.05740  051 
+0.23484  379 
0.50894  402 
0.73928  028 
0.90348  537 


0.35076  101 
0.30952  600 
0.25258  034 
0.18256  793 
0.10293  460 


0.32719  282 
0.49458  600 
0.63990  517 
0.75457  542 
0.83122  307 


-0.13836  913 
-0.21208  913 
-0.27502  704 
-0.32371  608 
-0.35531  708 


0.77841  177  9.5 

0.68948  513  9.6 

0.56345  898  9.7 

0.40555  694  9.8 

0.22307  496  9.9 


0.31910  325 
0.31465  158 
0.28023  750 
0.21886  743 
0.13623  503 


-0.10809  532 
+0.19695  044 
0.48628  629 
0.73154  486 
0.90781  333 


+0.03778  543 
-0.06091  293 
-0.15379  421 
-0.23186  331 
-0.28738  356 


0.98471  407 
0.97349  918 
0.86898  388 
0.67936  774 
0.42147  209 


0.01778  154 


0.86419  722 


-0.36781  345 


0.02511  158  10.0 

r(-3)5i 


0.04024  124 


0.99626  504  -0.31467  983  0.11941  411 

m r(Ti  m 


AIRY  FUNCTIONS— AUXILIARY  FUNCTIONS  FOR  LARGE  NEGATIVE 


ARGUMENTS 

r"1 

X 

A(0 

/2(  0 

SiO) 

A 

A./) 

V 

0.05 

9.654894 

0.39752  21 

0.40028  87 

0.40092  31 

0.39704  87 

20 

0.04 

11.203512 

0.39781  14 

0.40002  58 

0.40052  06 

0.39741  99 

25 

0.03 

13.572088 

0.39809  83 

0.39975  97 

0.40012  11 

0.39779  49 

33 

0.02 

17.784467 

0.39838  24 

0.39949  03 

0.39972  48 

0.39817  37 

50 

0.01 

28.231081 

0.39866  38 

0.39921  79 

0.39933  19 

0.39855  62 

100 

0.00 

oo 

0.39894  23 

0.39894  23 

0.39894  23 

0.39894  23 

00 

r(-7)4i 

[(-'7)4-1 

1 

L 3 J 

L 3 J 

L 3 1 
_1 

1.3  J 

Ai(-x 

cos  r+ /2(r)  sin  r]  Bi(- 

-*)=*  4 [/2(0 

cos  r- /j(r)  sin  r] 

i 1 

Ai'(-*)-*4  [g,0)  sin  r-g2(r)  cos  f]  Bi'(-*)=*4  [^(r)  cos  t+g2(t)  sin  t ] 

3 


r= 


2 


<r>= nearest  integer  to  r 
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Table  10.12 


INTEGRALS  OF  AIRY  FUNCTIONS 


x 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 


0.00000 

0.03421 

0.06585 

0.09497 

0.12164 

0.14595 

0.16801 

0.18795 

0.20589 

0.22196 

0.23631 

0.24907 

0.26037 

0.27034 

0.27910 

0.28678 

0.29349 

0.29932 

0.30438 

0.30876 

0.31253 

0.31577 

0.31854 

0.32091 

0.32292 

0.32463 

0.32608 

0.32730 

0.32833 

0.32919 

0.32992 

0.33052 

0.33102 

0.33144 

0.33178 

0.33207 

0.33230 

0.33249 

0.33265 

0.33278 


00 

01 

15 

09 

06 

33 

79 
52 
45 
97 

73 
33 
12 
09 
66 

67 

24 

75 
82 
29 

28 

11 

43 

19 

74 

80 
57 
74 
55 
83 

04 

31 

49 

15 

65 

15 

63 

93 

76 
70 


0.33289  27 
0.33297  86 
0.33304 
0.33310 
0.33315 


84 

50 

07 


0.33318 

0.33321 

0.33324 

0.33326 

0.33327 


76 

73 

11 

02 

54 


o.oooor 

0.03679 

0.07615 

0.11802 

0.16229 

0.20880 

0.25736 

0.30768 

0.35944 

0.41225 

0.46567 

0.51918 

0.57224 

0.62421 

0.67447 

0.72232 

0.76709 

0.80807 

0.84459 

0.87602 

0.90177 

0.92135 

0.93435 

0.94050 

0.93967 

0.93187 

0.91730 

0.89633 

0.86951 

0.83758 

0.80146 

0.76220 

0.72100 

0.67915 

0.63802 

0.59897 

0.56335 

0.53242 

0.50730 

0.48892 

0.47800 

0.47496 

0.47992 

0.49268 

0.51269 

0.53908 

0.57068 

0.60606 

O. 64358 

P. 68146 


00 

54 

70 
51 
44 

95 

07 

05 

15 

56 

40 

94 

05 
79 

31 

88 

26 

24 

41 

06 

28 

09 

56 

97 

67 

78 
54 
20 
37 
77 

29 

32 
37 
91 
56 

71 
61 

25 
05 
77 

75 

79 

95 
51 
28 

35 

59 

63 

51 

70 


* Bi  (l)  dt 

Jl  Bi  ( ?)  dt 

*J 

!><-H 

f>(-V 

0.00000  00 

J 0.00000  00 

5.0 

0.33328  76 

0.71788  22 

0.15873 

09 

0.06373  67 

0.05924  87 

5.1 

0.33329  73 

0.75103  62 

0.14113 

39 

0.13199  45 

0.11398  10 

5.2 

0.33330  50 

0.77926  27 

0.11667 

30 

0.20487  68 

0.16411  57 

5.3 

0.33331  11 

0.80111  58 

0.08660 

41 

0.28256  70 

0.20952  89 

5.4 

0.33331  59 

0.81545  49 

0.05250 

03 

0.36533  85 

0.25006  28 

5.5 

0.33331  97 

0.82151  82 

+0.01617 

86 

0.45356  50 

0.28553  62 

5.6 

0.33332  27 

0.81897  90 

-0.02038 

99 

0.54773  36 

0.31575  56 

5.7 

0.33332  50 

0.80797  96 

-0.05518 

54 

0.64845  82 

0.34052  58 

5.8 

0.33332  69 

0.78914  06 

-0.08625 

18 

0.75649  64 

0.35966  27 

5.9 

0.33332  83 

0.76354  19 

-0.11181 

25 

0.87276  91 

0.37300  50 

6.0 

0,33332  95 

0.73267  53 

-0.13038 

11 

0.99838  41 

0.38042  77 

6.1 

0.33333  03 

0.69836  93 

-0.14086 

00 

1.13466  38 

0.38185  43 

6.2 

0.33333  10 

0.66268  96 

-0.14262 

05 

1.28318  00 

0.37726  99 

6.3 

0.33333  16 

0.62781  93 

-0.13555 

73 

1.44579  42 

0.36673  34 

6.4 

0.33333  20 

0.59592  62 

.0.12011 

15 

1.62470  81 

0.35038  81 

6.5 

0.33333  23 

0.56902  35 

-0.09726 

08 

1.82252  33 

0.32847  24 

6.6 

0.33333  25 

0.54883  59 

-0.06847 

29 

2.04231  52 

0.30132  67 

6.7 

0.33333  27 

0.53667  65 

-0.03562 

42 

2.28772  12 

0.26939  97 

6.8 

0.33333  29 

0.53334  74 

- 0.00088 

80 

2.56304  90 

0.23325  04 

6.9 

0.33333  30 

0.53906  98 

+ 0.03340 

40 

2.87340  83 

0.19354  74 

7.0 

0.33333  31 

0.55345  17 

0.06491 

67 

• 

0.15106  46 

7.1 

0.33333  31 

0.57549  72 

0.09147 

36 

• 

0.10667  18 

7.2 

0.33333  32 

0.60365  96 

0.11121 

47 

• 

0.06132  23 

7.3 

0.33333  32 

0.63593  60 

0.12273 

90 

• 

+0.01603  45 

7.4 

0.33333  33 

0.66999  96 

0.12521 

80 

• 

-0.02812  94 

7.5 

0.33333  33 

0.70336  19 

0.11847 

31 

• 

-0.07009  01 

7.6 

• 

0.73355  34 

0.10300 

57 

• 

-0.10878  06 

7.7 

• 

0.75830  99 

0.07997 

85 

• 

-0.14317  88 

7.8 

• 

0.77575  13 

0.05114 

35 

• 

-0.17234  20 

7.9 

• 

0.78453  65 

+0.01872 

22 

• 

-0.19544  25 

8.0 

• 

0.78398  26 

-0.01475 

64 

• 

-0.21180  21 

8.1 

• 

0.77413  57 

-0.04664 

84 

• 

-0.22092  49 

8.2 

• 

0.75578  55 

-0.07440 

43 

• 

-0.22252  61 

8.3 

• 

0.73041  93 

-0.09577 

87 

• 

-0.21655  57 

8.4 

• 

0.70011  70 

-0.10902 

22 

• 

-0.20321  50 

8.5 

• 

0.66739  21 

-0.11303 

86 

• 

-0.18296  47 

8.6 

• 

0.63499  08 

-0.10749 

35 

• 

-0.15652  33 

8.7 

• 

0.60566  32 

.0.09285 

98 

• 

-0.12485  43 

8.8 

• 

0.58192  70 

-0.07039 

64 

• 

-0.08914  28 

8.9 

• 

0.56584  22 

-0.04205 

63 

• 

-0.05076  01 

9.0 

• 

0.55881  97 

-0.01033 

04 

• 

-0.01121  78 

9.1 

• 

0.56148  12 

+0.02196 

26 

• 

♦0.02788  79 

9.2 

• 

0.57358  51 

0.05192 

24 

• 

0.06494  00 

9.3 

• 

0.59403  00 

0.07682 

93 

• 

0.09837  02 

9.4 

• 

0.62093  76 

0.09439 

87 

• 

0.12673  04 

9.5 

• 

0.65181  01 

0.10300 

27 

• 

0.14876  50 

9.6 

• 

0.68375  25 

0.10183 

70 

• 

0.16347  66 

9.7 

• 

0.71373  85 

0.09101 

44 

• 

0.17018  59 

9.8 

• 

0.73889  84 

0.07157 

33 

• 

0.16857  74 

9.9 

• 

0.75680  07 

0.04539 

57 

5.0  0.33328  76 

[<1>3] 


b.71788  22 

[<■?'] 


0.15873  09 

[‘I’1] 


10.0 


0.76569  84 

[(-3)1] 


0.01504  04 

[(-3)1] 


Table  10.13  ZEROS  AND  ASSOCIATED  VALUES  OF  AIRY  FUNCTIONS 


8 

1 

aa 

- 2.33810 

741 

Ai  (a,) 

+0.70121  082 

AND 

a'« 

- 1.01879  297 

THEIR 

Ai 

+0.53565 

DERIVATIVES 

-) 

666  - 1.17371  322 

+0.60195  789 

- 2.29443 

968 

Bi(6' 

-0.45494 

*) 

438 

2 

- 4.08794 

944 

-0.80311  137 

- 3.24819 

758 

-0.41901 

548 

- 3.27109 

330 

-0.76031 

014 

- 4.07315 

509 

+0.39652 

284 

3 

- 5.52055 

983 

+0.86520  403 

- 4.82009 

921 

+0.38040 

647 

- 4.83073 

784 

+0.83699 

101 

- 5.51239 

573 

-0.36796 

916 

4 

- 6.78670 

809 

-0.91085  074 

- 6.16330 

736 

-0.35790 

794 

- 6.16985 

213 

-0.88947 

990 

- 6.78129 

445 

+0.34949 

912 

5 

- 7.94413 

359 

+0.94733  571 

- 7.37217 

726 

+0.34230 

124 

- 7.37676 

208 

+0.92998 

364 

- 7.94017 

869 

-0.33602 

624 

6 

- 9.02265 

085 

-0.97792  281 

- 8.48848 

673 

-0.33047 

623 

- 8.49194 

885 

-0.96323 

443 

- 9.01958 

336 

+0.32550 

974 

7 

-10.04017 

434 

+1.00437  012 

- 9.53544 

905 

+0.32102 

229 

- 9.53819 

438 

+0.99158 

637 

-10.03769 

633 

-0.31693 

465 

8 

-11.00852 

430 

-1.02773  869 

-10.52766 

040 

-0.31318 

539 

-10.52991 

351 

-1.01638 

966 

-11.00646  267 

+0.30972 

594 

9 

-11.93601 

556 

+1.04872  065 

-11.47505 

663 

+0.30651 

729 

-11.47695 

355 

+1.03849 

429 

-11.93426 

165 

-0.30352 

766 

10 

-12.82877 

675 

-1.06779  386 

-12.38478 

837 

-0.30073 

083 

-12.38641 

714 

-1.05847 

184 

-12.82725 

831 

+0.29810 
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e~* 

dl3fi$ 

e~* 

W, 

Bi(d',) 

8 

Modulus 

Phase 

Modulus  Phase 

Modulus 

Phase 

Modulus  Phase 

1 

2.354 

0.095 

0.993  +2.641 

1.121 

0.331 " 

0.750  +0.466 

2 

4.093 

0.042 

1.136  -0.513 

3.257 

0.059 

0.592  -2.632 

3 

5.524 

0.027 

1.224  +2.625 

4.824 

0.033 

0.538  +0.515 

4 

6.789 

0.020 

1.288  -0.519 

6.166 

0.023 

0.506  -2.624 

5 

7.946 

0.015 

1.340  +2.622 

7.374 

0.017 

0.484  +0.519 

From  J.  C.  P.  Miller,  The  Airy  integral,  British  Assoc.  Adv.  Sci.  Mathematical 
Tables  Part-vol.  B.  Cambridge  Univ.  Press,  Cambridge,  England,  1946  and 
F.  W.  J.  Olver,  The  asymptotic  expansion  of  Bessel  functions  of  large  order. 
Philos.  Trans.  Roy.  Soc.  London  [A]  2479  328-368, 1954 (with  permission). 


♦See  page  ii 
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11.  Integrals  of  Bessel  Functions 


Mathematical  Properties 


11.1.  Simple  Integrals  of  Bessel  Functions 


11.1.1 


«(- !r1) 


V-M+l 


. (v+2k+i)r(^-p±+k) 

XS  /..  I _ I O \ J’+2k+l(z) 


*=°  r^f±|±3+Jfc^ 


(#G»+H-i)>0) 


11.1.2 


r J,(t)dt  — 2 2D  «A+2Jfc+l(2)(^V]> — 1) 

JO  k=0 

11.1.3  f*  J 2n(f)dt~  f*  J0(t)dt — 2 > Jot+iCz) 

Jo  Jo  k—0 

11.1.4  f*  J2n+l(t)dt  = l J0(z) — 2 ^ 1 J 

Jo  k=l 


J 2n+\(f')dt  — 1 J0{Z)  — 2 2D  Jvk(z) 

0 k=l 

Recurrence  Relations 


11.1.5 


11.1.6 


* f Ji(t)dt=l—JQ(z) 

J J0(t)dt,j Y0(t)dt,J I0(t)dt,J Ka(t)dt 


11.1.7 


J V«(«)tf =**«(*)  +iira:  { Ho(x)<^(z)  -H,C*)«S(*) } 

^(x) =A/,(x) +BF,(x),i»=0,l 
.4  and  £ are  constants. 


11.1.8 


f Z0(t)dt=xZQ(x)  +^ttx{—L0(x)Z1(x)  +Ll(x)Zn(x) } 

-Z,(x)  =AI,(x ) +5e‘,'T-K’v(x),i'=0,l 
^4  and  Z?  are  constants. 

Hr(x)  and  L v(x)  are  Struve  functions  (see 
chapter  12). 


11.1.9 


J^KoWt-  (7+ln*) *g  (*! 


(x/2)2* 


fel  (*!)2(2A+1) 

(x/2)2* 


4- XT' Kl'- 

+ ki  (k'.yw+iy 

-l_xy~> (x/2)2* / 

>+i-  (*!)2(2fc+l)  V 


(l  +1+  • • • +|) 


7 (Euler’s  constant)  = .57721  56649  . . . 

In  this  and  all  other  integrals  of  11.1,  x is  real 
and  positive  although  all  the  results  remain  valid 
for  extended  portions  of  the  complex  plane  unless 
stated  to  the  contrary. 

11.1.10 

r KS)dt=i  £ Mt)dt+i  \ £ Y0(t)dt 


\Jn+l{t)dt=  rjn-i(t)dt-2Jn(z)  (»>  0)  11.1.11 

Jo  Jo 


Asymptotic  Expansions 


£ [Jo(t)+iY0(t)]dt~(J£f 


" co 

: E(-) 

L*«o 


*a2*+iX_2*_1+i  S (— “ 

/c-0 


11.1.12 


11.1.13 


T(k+h)  ^ r(s+£) 
r(4)  £mir(i) 
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11.1.14 


OB 


I(,(t)dt~(2ir)~i  S akx~* 

k= 0 


where  the  ak  are  defined  as  in  11.1.12. 


11.1.18  7<3<oo 

a^e*  f K0(t)dt='%2  (—)%(x/7)~k+t(x) 

Jx  k= 0 


11.1.15  zV  f”  S 

where  the  a*  are  defined  as  in  11.1.12. 

Polynomial  Approximations  3 

11.1.16  8<z<co 

[«7o(0+£Fo(<)]<& 

(-)*a*(z/8)-2*-1 

L*=o 


|«(*)|  <2X10-7 

0 1.  25331*  414 

1 0.  11190  289 

2 .02576  646 

3 .00933  994 

4 . 00417  454 

5 . 00163  271 

6 .00033  934 

J0(t)dt  CY0(t)dt  CKo(t)dt 

t ’)  t ’ J t 

11.1.19 


+tS  (—)*h(x/8) 


k-0 


ri-=M>dt 

to  t 


|e(*)|  <2X10~® 


& 

ak 

b„ 

0 

. 06233  47304 

. 79788  45600 

1 

. 00404  03539 

. 01256  42405 

2 

. 00100  89872 

. 00178  70944 

3 

. 00053  66169 

. 00067  40148 

4 

. 00039  92825 

. 00041  00676 

5 

. 00027  55037 

. 00025  43955 

6 

. 00012  70039 

. 00011  07299 

7 

. 00002  68482 

. 00002  26238 

11.1.17  8<z<co 

x*e~z  f I0(t)dt='%2  dk{x/8)~k+e(x) 

Jo  *=0 

|e(z)|<2X10-# 

k dk 

0 . 39894  23 

1 . 03117  34 

2 .00591  91 

3 .00559  56 

4 -.01148  58 

5 . 01774  40 

6 -.  00739  95 

3 Approximation  11.1.16  is  from  A.  J.  M.  Hitchcock. 
Polynomial  approximations  to  Bessel  functions  of  order 
zero  and  one  and  to  related  , functions,  Math.  Tables  Aids 
Comp.  11,  86-88  (1957)  (with  permission). 


=2x~'  S (2*+3)[*(*+2)— *(1)]  J2k+3(x) 

k=0 

=l—2x~1J1  (x) 

+2x~ 1 £ (2£-f5)  — ^(1) — 1 ]«/ 2k+5(%) 

k=  0 


For  ^(2),  see  6.3. 

11.1.20 


x 


«|M!+T+ln  i 


-x 


[i-j0(t)]dt 

t 


<->*(!)” 


CO 


S 2 kW 


11.1.21 


X 


co 


Y0(t)dt 


t 


2k 

-{*H-l)+£-ln§} 


,2  ± 

""vi"  fci  2k(k\y 


11.1.22 


X 


K0(t)dt 

t 


7T2  72 

t-24+l 


5 (ta  §)*+*  in  | 

/jC\2* 

{*(*+!)  d-jj- 


•In 


i} 


11.1.23 


J -ix 


im  K0(t)dt  IT  Ca  J0(t)dt  7T  f Y0(t)dt 


t 


- wr  r 

“2"  Jx 


* 


X 


* 
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11.1.30  4<a;< « 


11.1.24  f 


where 


GO 


<%>(t)dt  _2gl(x)eifo(x)  g0{x)%{x) 


t 


7? 


X 


oo  / a»\ 

?.(x)~s(-)*(|)  (wr, 

oo  / o)»\  — 2* 

0i(*)~g(-)*(!)  *K*+1)1 


11.1.25 

11.1.26 

where 

11.1.27 


g0(x)=2xt  r 


00 


*3 


x®/2e 


1 


00 


g0(Q<ft  Mi 


*C*ar* 


Cq — 1 > Ci  — 


13 


8 


2(£+  l)c*+,=[3  (*+ l)2+i]  c*-(^+iJct_: 


1 


11.1.28  a?/2c-*  | 1 [Io(t\  l]dt~(2Tr)->±  ckx~* 

0 t k=0 


where  ck  is  defined  as  in  11.1.27. 


11.1.29 


Polynomial  Approximations 

5<cc<  00 


r %{t)dt ^gx{x)% (x)  gQ(x)%(x) 

Jx  t X2  X 


where 


x*e 


i 


-k 


+«(*) 


«(*)!<  6X10 


-» 


jfc 

0 

1 

2 

3 

4 

5 

6 


dk 

1.25331  41 
0.50913  39 
.32191  84 
. 26214  46 
.20601  26 
. 11103  96 
.02724  00 


11.1.31 


5<*<  “> 


xae 


c£iIo(t\  ($)* +•(*) 


«(*)!<  i.ixio 


-s 


k 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


fk 

0.39893  14 
. 13320  55 
-.  04938  43 
1. 47800  44 
-8.65560  13 
28. 12214  78 
—48.05241  15 
40. 39473  40 
-11.90943  95 
—3.  51950  09 
2. 19454  64 


11.2.  Repeated  Integrals  of  Jn{z)  and  Kq(z) 


0o(*)=2  (—)*<**(*/ 5)_2*+e(a:), 

*=o 

gi(x)=*11  (— )*6*(*/5)~“+e(*) 

k=0 


|«(a?)|<2X10-7 


A; 

A* 

j 

bk 

0 

1.0 

1.0 

1 

0.  15999  2815 

0.  31998  5629 

2 

. 10161  9385 

. 30485  8155 

3 

. 13081  1585 

. 52324  6341 

4 

. 20740  4022 

1.  03702  0112 

5 

. 28330  0508 

1.  69980  3050 

6 

. 27902  9488 

1.  95320  6413 

7 

. 17891  5710 

1.  43132  5684 

8 

. 06622  8328 

0.  59605  4956 

9 

. 01070  2234 

. 10702  2336 

Repeated  Integrals  of  Jn(z) 

Let 

11.2.1 

A n(^)  n(^)  y 

A»(s)  = f Jn(t)dt,  . . .,jr.n(z)  = f fr-l.n(t)dt 

Jo  Jo 

11.2.2 

Then 

11.2.3 

/,„(2)=^  Jo  (z—t)r~1Jn(t)dt  (^r> 0) 

11.2.4  /,  ,(a)  g «7„+f +2*(s) 
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11.2.5 


Recurrence  Relations 


r(r—  1 )/,+,.  n(z)=2(r—l)zfT.  n(z) 

— [(1 — r)2— n2+ Afr-i,  »(z) 

+ (2r—3)zfT-2,„(z)  — ^fT-3.  n(z) 

11.2.6 

rfr+i.  0 (z) = zfr,  o(z) — (r - l)/r-i.  o(z) + zft-2.  o(z) 

11.2.7  jfr+1,  n+1  (z)  —jfr+l,  »— l(z)  2/r.  n(z) 


Let 

11.2.8 


Repeated  Integrals  of  Kq(z) 


Ki0(z)—K(,(z), 

Ki ,(z)=  r W)*, 


. .,  Kir(z)=  f " Kir_,(<)^ 


11.2.9 

Then 

11.2.10 

Ki 


d’ 


Ki _,(z)=(-y  jjKoiz) 


» cosh  « ^ 


o cosh' t 


(@z> 0,  ^r>0,  5?2>0,  r=0) 


11.2.11 


Kir(z)  J“  (t-zy-'K0(t)dt 


(@z> 0,  ^r>0) 


11.2.12  Ki2,(0)  =rr((^(|>  (@r>  0) 


11.2.13  Ki2r+i(0)  == 


11.2.14 


\ r(r+§) 
r®r(r+i) 


rKif+i(2)  = — zKir(z)  + ( r — l)Kir_!(2) + zKi,_2(z) 

11.3.  Reduction  Formulas  for  Indefinite 

Integrals 

Let 


11.3.1 


(7m 


e ^Z^dt 


where  Zv(z)  represents  any  of  the  Bessel  functions 
of  the  first  three  kinds  or  the  modified  Bessel 
functions.  The  parameters  a and  b appearing  in 
the  reduction  formulae  are  associated  with  the 
particular  type  of  Bessel  function  as  delineated 
in  the  following  table. 


a 

1 

1 

1 


b 

1 

1 

1 


11.3.2  Z„(z) 

J, (z),  Y ,(z),  Hi»(z),  H™  (2) 

4(z) 

K, (z) 

11.3.3 

P9v.,  ,(z)=—e~p2z“Z,(z) 

+ y(z)—U9ii,v+ l(z) 

11.3.4 

pg».  ,+i(z)=—e-p*z>‘Zr+1(z) 

+ (m~  v—  1 )g^~i  ,„+1  (2) + bg„',(z) 

11.3.5 

(jf+ab)gfl,,(z)=ae~vtz>‘Z,+l(z) 

+ (fi—v—  1 )e~p‘zp~1Z,(s) —pe~tzzl‘Z,(z) 

+p(2n—l)gll-u,(z)  + [v2—(n—l)2]gfl-2'l,(z) 

11.3.6 

a{v—n)glt,r+i{z)=—2ve~plzpZ,{z)—2vpglt,,{z) 

-\-b(n-\-v)g„',-i(z) 


Case  1: 


p2+ab= 0,  v=±(fi— 1) 


11.3.7  g,_  ,(2) = / Zy(z)  -a-  Z,+1  (2)  y 

11.3.8  g.K  ,{z) ^ -1— I Z,{z)  +|  Z^(z)  | 


11.3.9 


euz,+1 


f0  ^‘WOdt- 2p+1 

11.3.10 


[Jy(z)—iJr+1(z)] 


fiZp—V+l 

J - 2^zr  [J,(z)+»J,-i(z)] 


+0^1 


2"-1(2v—1)T(v) 


11.3.11 


X 


euVY  ,{t)dt= 


euz’+1 

2H-1 


[F,(2)-iF,+1(2)] 


t2-+1r(v+l) 

7t(2p+1) 


11.3.12 


e±*z,+1 


Jo  e±,t,I’Wdt  2v+l 


[/,(2)=F/,+1(2)] 
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J*  e~‘I„(t)dt=ze  1/0(s)+Ii(*)] 


n— 1 


+n[e-i/0(s)-l]+2e-‘Z;  ( »-*)/,(« ) 

1 


11.3.14 


e±*s-r+l 

2r-l 


U,(*)=FJ,-i(s)] 


T o.— 


2»-‘(2v-l)r(>») 


11.3.15 


r 


e’k>tvK,(t)dt= 


e**z,+1 

2v+\ 


[K,(z)±K,+1(z)} 


=F 


2T(v+l) 

2»>+l 


(#»>-*) 


King’s  integral  (see  [11.5]) 

11.3.16  (1e,K0(t)dt=zel[Ko(s)+K1(z)] 
Jo 


11.3.17 


f eH~rK,(t)dt 


e‘z~,+l 


[K,(3)+K,_1(s)] 


2v—\ 

P=0,  H=±V 
bffp,p—i  (#)  = 2 vZp  ( 2) 

<Z0_ ,+i  (2)  = — z “ % (2) 

tvJv-i(t)dt  = 2vJv  (z)  O^C>0) 


Case  2: 

11.3.18 

11.3.19 

11.3.20  J 

11.3.21  |*  t " Jr+i(i)dt  o*r(»  | 1)~^  ^ ^ (^) 

11.3.22 

2n  P ^=1-?  S (2A-l)J2t_,(2) 

Jo  » 3*-i 


11.3.23 


=?  S (2*-l)J2*_1(3)  (a>0) 


(2n+l)  J#* 


11.3.24 


-Jx(.z)-\±hJik{z) 

Z k—1 


J t,Y,-i(f)dt—z,Y,(z ) 


2T(k) 


(^v>0) 


11.3.25  f* (t)dt=z’I,(z)  (@v>0) 


11.3.26  y 


11.3.27 


t~pI,+1(t)dt=z~,I,(z) 


2T(H-1) 


f t’’Kr-1(t)dt=—zpK,(z)+2’’-1T(v)  (^>0) 

11.3.28  f " t-’K,+1(t)dt=z~’K,(z) 

Indefinite  Integrals  of  Products  of  Bessel  Functions 

Let  2 ) and  Qfv{z)  denote  any  two  cylinder 

functions  of  orders  \i  and  v respectively. 

11.3.29 

f{  (P  V)t-^  t ^ } %(kt)  3>r(lt)dt 

=z{ktfll+i(kz)@,(lz)—l<£JJcz)3l,+i(lz)  } * 

— (j u.—v)e^ll(kz)  ^,(lz) 


11.3.30 


r 


r *- l%+i  (<)  ^„+i  (t)dt 

z~ 


2(/t+>'+l) 


{ %{z)  @,{z)  -\-%+i  ( z ) (2) } 


11.3.31 


g/i+F+2 


2(]u+i'+l) 


{ ^(2)  ^(2) +^+1(2)  ^,+1  (2) } 


11.3.32 


00 


f 2 2 (K+2t)j;+2t(2)  (^>0) 

Jo  fc*=0 


11.3.33 


J. 


*[  JU  (t)  - Jl+x(t)  }dt=2vJ%(z)  (^>0) 


11.3.34 


11.3.35 


j; 


25 


tjmdt=^[ji(z)+j\(s)) 


V Jn(t)Jn+l(t)dt=\  [1- JS(2)]-S  J2M 

Jo  ^ 


00 


= S Jliz) 

k—n+1 


•See  page  n. 
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11.3.36 


(jt+p)  V 

— ^ ®,+n(j£)dt 

=%(z)&(z)+%+n(z)&+n(z)  + 

A=1 


Convolution  Type  Integrals 


11,3.37 


f J,{t)Jv{z — t)dt — 2]2  ( — )kJ*i+v+2k+l(z) 

JO  k~  0 

1, 

11.3.38 

j J,(t)Ji-,(z—t)dt=Ja(z)—cosz  (—  1<^><C2) 


11.3.39 


J J,(t)J-y{z—t)  dt=$i 


sin  z 


(|0H<D 


11.3.40 


J„+,{z) 


[ 1 t~lMt)Mz-t)dt=^ 

Jo  M 


o,  -l) 


11.3.41 


x 


e7jj(^)e/y(3  t^dt 
£(2 — 0 


11.4.  Definite  Integrals 

Orthogonality  Properties  of  Bessel  Functions 

Let  %(z)  be  a cylinder  function  of  order  v. 
In  particular,  let 


11.4.1 


%{z)^AJv(z)+BY,(z) 


where  A and  B are  real  constants.  Then 
11.4.2 

j t‘ifr(\nt)<tf,(Kt)dt= 0 (m^n) 

(m=n)(0<a<6) 

provided  the  following  two  conditions  hold: 

1.  Xn  is  areal  zero  of 


11.4.3 


^iX^^.i(x6) — hqfiopiyj)) — o 


2.  There  must  exist  numbers  kx  and  k2  (both 
not  zero)  so  that  for  all  n 

11*4.4  ^lXn^F+i(Xnd) — &2<^?(X»C&)  —O 

In  connection  with  these  formulae,  see  11.3.29. 
If  a=0,  the  above  is,  valid  provided  J3=0.  This 
case  is  covered  by  the  following  result. 


11.4.5 


^|*  tJv(aJ)J¥(ant)dt 


0 *C>~1) 

= Me/:(«n)]2 

(m=n)b=0,v> 

=2 g[p+“1-I][-,-(“-)|! 


1) 


(m=n,  b 9*0,  v > — 1) 

ax,  a2,  . . . are  the  positive  zeros  of 

aJv  (x) + bxJl  (x)=0,  where  a and  b are  real  con- 
stants. 

11.4.6 


x 


t ^t/ »+2»+l  (0  (0^  — 0 


11.4.7 


2(2n+v+l) 
(m—n)  (p+7i+m> 

Definite  Integrals  Over  a Finite  Range 

J* 2 Jr2a(23  sin  t)dt= ^ Jl(z) 


-1) 


11,4,8  L 


J0(2z  sin  t)  cos  2ntdt=irJl(z) 


11.4.9  J*2  Y0(?z  sin  t)  cos  2 ntdt=^  Jn(z)Yn(z) 


11.4.10 


X 


J„(3  sin  t)  sm"+1£  cos2”+1  tdt 


2T(i>+1) 


,r+l 


P+M-l 


(2)  ^>-1) 


11.4.11 


X 


e/M(s  sin2  t)J9(z  cos2 1)  esc  2tdt 

=^r  (^>°,  ^>o> 
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Infinite  Integrals 


Integrals  of  the  Form  I e pttfiZy(t)dt 

o 


X 


00 


11.4.12 


Ji,r0‘+.) 


rCM+^r^-M) 


Jo  etttl,-1J'Mdt-e  r(i)£r(r-M+l) 


11.4.13 


r(M+v)r(§-M) 


Jo  «"‘<p'I/'(<)*-r^)2or(F-M+i) 


11.4.14 


cos  6<i?o(0^=/j_|_j2^ 


(I  Jb\<\) 


11.4.15 


sin bt (|  Jb\<\) 


11.4.16  f 


oo 


tpJv{t)dt^ 


» C-t41) 


^ (/i+ »»)  > — 1 , 


11.4.17 


11.4.18 


/*  oo 

J J,(t)dt= 


X 


[1 — Jo(0]* 


r (V) r (V) 


(1<^m<3) 


11.4.19 


jyy.m-%  r r (»-=|±l) 

X sin  | (ft— *0  1, 

/»  00 

11.4.20  J Yv(t)dt=— tan 


PIT 

T 


W<i) 


11.4.21 

11.4.22 


x 


F0(0^=0 


£W,(0<ff  r r (--j---) 


(«0.±r)>^i) 


11.4.23  f”Ko(<)<fc=£ 

Jo  * 

11.4.24  J"  «-«»« J.  (W2<1) 

=0(<o2>l) 

where  Tn( w)  is  the  Chebyshev  polynomial  of  the 
first  kind  (see  chapter  22). 

11.4.25 


t-le~iatJn{t)dt 


(-;)n(i 


— <J)*Un  _a  (w)  (w2<  1) 


=0(«2>1) 


where  is  the  Chebyshev  polynomial  of  the 

second  kind  (see  chapter  22). 

11.4.26 


r ic-*“‘JB+}(<)d<= (-i)-(2jr)iP„(«)  (<o2<l) 


=0(«2>1) 


where  P„(«)  is  the  Legendre  polynomial  (see 
chapter  22). 


11.4.27 

P e-4~1Ja[2(zt)W=%fi 

JO  S 


(^a> 0,  ^?s>0) 


where  7(0,  z)  is  the  incomplete  gamma  function 
(see  chapter  6). 


Integrals  of  the  Form  e~a2t2tftZriJbt)dt 


11.4.28 


X 


lJv(bt)dt 


iiMwv 

2arT(v+l)  \2  ^2 


JKjH-I, 


) 


4a2, 

(@(n+v)>0,  @a?>0) 


where  the  notation  M(a,  b,  z ) stands  for  the  con- 
fluent hypergeometric  function  (see  chapter  13). 


11.4.29 


e ~aH*t’+1J.(bt)dt 


b9 

~(2a2)'+1 


6* 


6 ^ 


^a2>0) 
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11.4.30 


I 


e~aW  Y2v(bt)dt 


6« 

**  e~^ 


2 a 


['•(£) 


tan  vw 


, x _ / b2 

H — Kv  i — i sec  w 


1 

7T 


\8a2 


sec  VW  ®<t>  o) 


11.4.31 


(5fc>— 1,  ^a2>0) 


11.4.32 


f*  oo 

J» 


e~aH‘ K0(bt)dt 


ri 


6* 


, -a2*2  tr  ^ g8®2 


4a 


-.(£) 


(^a2>0) 


Weber-  Schafheitlin  Type  Integrals 


11.4.33 


I 


JpiafyJvibfydt 


b’T  (M+y~X+l) 


( 


2V-^*r(,+i)r  (/t~y+x+1) 

/i+V — X+l  y M — X+l. 


ZP  / f*  I K I X K /*  /»  | X . , i 62\ 

x^i  ( — 2 — ’ — 2 — ’ "+1; 


(&(jx+p-\+1)>0,  m>-l,  0 <b<a) 


11.4.34 


/M±v-X±l\ 

Ca  JM)J'(bt)dt_  \ 2 ) 

Jo  *x 


2xjji-x+i  r (jt+ 1)  r ) 

w tp  /m+^— X+l  M ? X+l . , iBa2>\ 

X^1 1 2 ’ 2 ’ M+1'  Fj 

(#GH-i»-A+1)>0,  ^X>-1,  0<a<6) 
For  2^1,  see  chapter  15. 

Special  Cases  of  the  Discontinuous  Weber- Schafheitlin 

Integral 

11.4.35 

f"  J„(at)  sin  btdt  1 . T . 6“|  , , x 

I ^ =-  sin  Ip  arc  sm  - I (0<  b<a) 


u ■ *■/* 

o'*  sin 


m[6+(62-o2)M,‘ 


11.4.36 

J„(at)  cos  bt  dt  1 


(6>a>0) 

(«#•>-!) 


J. 


* 


- cos  fjb  arc  sin  - (0<  6<a) 

M L a J 


„ 7T/i 
O'*  COS 


M[6+(62-a2)*? 


(6>a>0) 


11.4.37 


/»  00 
Jo 


Jn(at)  cos  6$  <i£= 


r • 

cos  n arc  sm  - I 


(a2— 62)* 


—o'4  sm 


(0<b<^a) 


ir/i 


11.4.38 


/; 


Jp(at)  sin  (ft= 


(62— a2)*[6+(62- 

-o2)‘]“ 

(6>a>0) 

(<0P>-1) 

• r • fi 

sin  p arc  sin  - 1 

(0<6<o) 

1 

1 

O'* 

to 

fl  TTfJL 

(V1  cos 

11.4.39  f”eiJ\70 


(62-a2)*[6+(6*-o2)*P‘ 

(6>a>0)  (<£p>-2) 

1 


(at)dt 


11.4.40 

C emY0{at)dt- 


yrzwi  (0<b<a) 

:(J2_a2)l  (0<o<6) 


2t  . 6 

=-7-0 — Foxi  arc  sm  - 
ir(<r—  02)*  a 

-1  2i 

= (ft2— a2)*+ir(&2— a2)* 

^ 1 A A\ 


(0<6<a) 


11.4.41 


{tM}  «Ke<» 

11.4.41 

f (at)J,(bt)dt= 0 (0<6<a) 

2>.->+V(62— a2).-M-i 

6'r(v — p) 


(6>a>0) 

(^r>^p>- 1) 

11.4.42  fV*(oQJ*_i(6*)«ft=~ 

(0<K«) 

1 

26 

(0<6=a) 

=0 

(6>a>0) 

(^P>0) 

11.4.43  {1-J0(W)}^=0 

Jo  * 

(0<6<a) 

=ln 

£(6>a>0) 

488 


INTEGRALS  OF  BESSEL  FUNCTIONS 


Hankel-N icholson  Type  Integrals 


11.4.44 


f t"^ J \,(p£)dt qPz?  11  j^r  t„„\ 

Jo  (f+z2Y+l  ~&T{n+l)*,-AaZ) 


(a>0,  ^3>0,-1<^<2^m+|) 


11.4.45 


Jv(at)dt  T 


(a>  0,  ^?z>0, 


11.4.46 


f. 


Y0(at)dt_  K0(az) 
o t2-\-z2  z 


(a>0,  ^z^O) 


11.4.47 

K,(at)dt 
o f(t2+z2)'' 


f. 


:i^r-^—lH,(az)-r,(az)1 

(ma>0,  <S?z>0, 9tv<& 


11.4.48 


J. 


J,(at)dt 

o (£2+22)* 


■Iit($az)Ki,(§az) 


11.4.49 


/. 


J,(at)dt 
o r(t2+z2)v+i: 


(a>0,g?z>0,&p>-l) 


(^fYr(g+i) 

! r(2g+l) — I^^Kvihaz) 


(a> 0,  Stz~> 0,  <%v>— f) 


Numerical  Methods 


11.5.  Use  and  Extension  of  the  Tables 

r Mmt,  rYowt,  rmdt,  r Komt 

Jo «/0 v/0 J_x 

For  moderate  values  of  x,  use  11.1.2  and  11.1.7- 
11.1.10  as  appropriate.  For  x sufficiently  large, 
use  the  asymptotic  expansions  or  the  polynomial 
approximations  11.1.11-11.1.18. 

/*3.0B 

Example  1.  Compute  J J0(t)dt  to  5D. 

Using  11.1.2  and  interpolating  in  Tables  9.1  and 
9.2,  we  have 

/•3.05 

I J0(0^=2[.32019  09  + .31783  69+.04611  52 

+.  00283  19 + .00009  72  + .00000  21] 
= 1.37415 

/•3.05 

Example  2.  Compute  J J0(t)dt  to  5D  by 

interpolation  of  Table  11.1  using  Taylor’s  formula. 
We  have 

fx+h  px  jk2 

J Jo(<)^=Jo  Jo(.t)dt+hJo(x)-j  Mx) 

[«/2(x)-Jo(x)H-^  [3Ji(a:)— «73(a;)]+  . . . 
Then  with  $=3.0  and  h=. 05, 

J*3.05 


J0{t)dt=  1.387567+  (.05)  (-  .260052) 

— (.00125)  (.339059) 

+ (.000010)  (.746143)  = 1.37415 


This  value  is  readily  checked  using  x =3.1  and 
A=  — .05.  Now  |Jo(aO|<l  for  all  % and  \Jn(%)\ 
<[2“*,  n>\  for  all  x.  In  Table  11.1,  we  can 
always  choose  |A|  <.05.  Thus  if  all  terms  of  0(A4) 
and  higher  are  neglected,  then  a bound  for  the 
absolute  error  is  2*A4/48<.2.10~6  for  all  a?  if  | h) 
<.05.  Similarly,  the  absolute  error  for  quadratic 
interpolation  does  not  exceed 

h?  (2* + 2)  /24  < .2  • 1 0“+ 

/*x 

Example  3.  Interpolation  of  I J0(t)dt  using 
Simpson’s  rule.  We  have 

/*x+h  f*x  fx+h 

I tJo(t>)dt:=s  I e/o(Od^+  I tloifydt 
Jo  Jo  Jx 

J o(t)dt=Q  o(x)  +4J 0 (^+2)")"'^ J+i? 


B= 


A6 


Now 


2880 


«/o4)©,  x<£<x+h 


1 


JP(x)=^  [J4(x)-4J2(x)+3J0(x)] 

l^4)WK^I|^<-82 

and  with  |A|  <.05,  it  follows  that 

|22|<.9  • 10”10 
Thus  if  $=3.0  and  h=. 05 


j. 


3.05  ( AE\ 

J0(t)dt= 1.38756  72520+^p [-.26005  19549 
i o 

+4(-. 26841  13883) -.27653  49599] 

=1.37414  86481 
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which  is  correct  to  10D.  The  above  procedure 
gives  high  accuracy  though  it  may  be  necessary  to 

interpolate  twice  in  Jo(x)  to  compute 

and  J0(x+h).  A similar  technique  based  on  the 
trapezoidal  rule  is  less  accurate,  but  at  most  only 
one  interpolation  of  J0(x)  is  required. 

Example  4.  Compute  f J0(t)dt  and  f Y0(t)dt 

Jo  Jo 

to  5D  using  the  representation  in  terms  of  Struve 
functions  and  the  tables  in  chapters  9 and  12. 

For  3=3,  from  Tables  9.1  and  12.1 

J0=-.  260052  e/x=  .339059 

F0=  .376850  Fi=  .324674 

Ho=  .574306  Hx=l.  020110 

Using  11.1.7,  we  have 


3 

J0(t)dt=3(~. 260052)  [(.574306) (.339059) 

i & 

-(1.0201 10)  (-.260052)1 

=1.38757 


Similarly, 


r 


F0(*)<ft=.19766 


Using  11.1.8  and  Tables  9.8  and  12.1,  one  can 

/*X  /»! 

compute  I I0(t)dt  and  I K0(t)dt. 

Jo  Jo 

MMt  rYoWt  cxih(t)-m  rKoWdt 


j. 


t 


i 


t 


t 


i 


t 


For  moderate  values  of  x , use  11.1.19-11.1.23. 
For  a;  sufficiently  large,  use  the  asymptotic  ex- 
pansions or  the  polynomial  approximations 


11.1.24-11.1.31. 


The  recurrence  formula  gives 

/2=2(/i+/_1)  = 1.69809  10 

Similarly, 

/3=  1.20909  66, /4=. 62451  73, /6=. 25448  17 

When  3»r,  it  is  convenient  to  use  the  auxil- 
iary function 

= (r  — 1)  !arr+1/r(a?) 

This  satisfies  the  recurrence  relation 

x2gr+i(x)  =7?gr—  (r-  l)2gr-i(x) 

+ (r—  1)  (r—2)gr„2(x),  r> 3 

0i(*)=J  MW,  g2(x)=g1(x)—J1(x) 

gz(x)  = [x2g2(x)  —gi(x) +xJ0(x)]/x* 

Example  6.  Compute  gr(x)  to  5D  for  ar=  10 
and  r=0(l)6.  We  have  for  3=10, 

e70=“ .24593  58,  Jx ^.04347  27,  ^ = 1.06701  13 

Thus 

gr2=1.02353  86,  03=.98827  49 
and  the  forward  recurrence  formula  gives 
04 =.96867  36,  06=.94114  12,  06=.9O474  64 
For  tables  of  2~Tfr(x),  see  [11.16]. 

Repeated  Integrals  of  Kq(x) 

For  moderate  values  of  3,  use  the  recurrence 
formula  11.2.14  for  all  r. 

Example  7.  Compute  Kir(3)  to  5D  for  3=2 
and  r=0(l)5.  We  have 

rKir+i(3)  = — 3Kir(3)  + (r—  l)Kir_x(3) +3Kir_2(3) 


Repeated  Integrals  of  Jo(x) 

For  moderate  values  of  x and  r,  use  11.2.4. 
If  r=l,  see  Example  1.  For  moderate  values  of 
3,  use  the  recurrence  formula  11.2.5.  If  x is  large 
and  3»r,  see  the  discussion  below. 

Example  5.  Compute  jr%  o(x)=fr(x)  to  5D  for 
3=2  and  r=0(l)5  using  11.2.6.  We  have 

rjr+l  (x)  =xfr{x ) — (r—  l)fr-l(x)  +zfr-,  ( X ) 

J-i{x)  — Ji (x) , /o(z)  —*Jq{x) , ji(x)  — f tj q (^)  dt 

and  the  terms  on  this  last  line  are  tabulated.  Thus 
for  3=2, 

/_1= -.57672  48, /0=. 22389  08, /x= 1.42577 03 


Ki_x (x)  =i£x (x) , Ki0(3)  =K0(x) , Kix (3) = J K0(t)dt 

and  the  functions  on  this  last  line  are  tabulated 
Thus  for  3=2, 

#o=. 11389  39,  2£x  = . 13986  59,  Kix  = .09712  06 
and 

Ki2 = — 2E[ii + 2-Ki = .08549  06 

Similarly, 

Ki3=. 07696  36,  Ki4=. 07043  17,  Ki5=. 06525  22 

If  xjr  is  not  large  the  formula  can  still  be  used 
provided  that  the  starting  values  are  sufficiently 
accurate  to  offset  the  growth  of  rounding  error. 
For  tables  of  Kir(3),  see  [11.11]. 
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}m(x)=x-mVtmK&)dl 

Now 

/<>(*)=  f K0{t)dtJi(x)=[\—xKi{x) ]/x 

the  latter  following  from  11.3.27  with  v—1.  In 
11.3.5,  put  o=l,  b=  — 1,  p=0  and  v=0.  Let 
n=m.  Then 

fm(x)  = [(m—  l)%_2(x) —a?Ki  (x) 

—x(m—l)Ko(x)]/a?  (m>l) 


Apart  from  round-off  error,  the  value  of  r needed 
to  achieve  a stated  accuracy  for  given  x and  m 
can  be  determined  a priori.  Let 


Then 


«r=|Sfr-/r| 

_ X^€r 

«r-2*—  (r_ i)2(r_3)2  # _ (r— 2&+1)2 


€r  < [ V?KX  (x)  + x (r - 1 ) K0  (x)  ]/  (r  - 1 ) 2 

since  for  x fixed,  fT(x)  is  positive  and  decreases  as  r 
increases. 


Using  tabular  values  of/0  and/i,  one  can  compute 
in  succession  /2,  /3,  . . . provided  that  m]x  is  not 
large. 

Example  8.  Compute /m(x)  to  5D  for  x=5  and 
m=0(l)6.  We  have,  retaining  two  additional 
decimals 

K0=  .00369  11  Ki=.  00404  46 

/0=1.  56738  74  /x=.  19595  54 

Thus 

/2=. 05791  27, /4=. 01458  93, /6=. 00685  36 

Similarly  starting  with/x,  we  can  compute/3  and/5. 

If  m>2,  employ  the  recurrence  formula  in 
backward  form  and  write 

jm-2(x)  = [x?fm(x) +x*K1(x)+x(m—  l)K0(x)]/ (m—  l)2 

In  the  latter  expression,  replace  jn  by  gm.  Fix  x. 
Take  r>m  and  assume  gr= 0.  Compute  0r_2, 
flfr_4,  etc.  Then 

lim  gr-2k(x)=fm(x),  m—r—2k 

r->oo 


Example  9.  Compute  fm{x)  to  5D  for  x—S  and 
m=0(2)10.  We  have 

Ko=  .03473  95  ^l^.04015  64 

If  r=  16, 

€16<.86-10~2  ^o<1.4-10-# 

Taking  ^ie=0,  we  compute  the  following  values 
of  0i4,  012,  . . .,  0o  by  recurrence.  Also  recorded 
are  the  required  values  of/m  to  5D. 


m 

Qm 

ftn 

14 

. 00855  42 

12 

.01061  09 

10 

. 01325  05 

. 01325 

8 

.01751  39 

. 01751 

6 

. 02548  09 

. 02548 

4 

. 04447  31 

. 04447 

2 

. 11936  90 

. 11937 

0 

1.  53994  71 

1.  53995 

For  tables  of/m(»),  see  [11.21]. 
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Table  11.1  INTEGRALS  OF  BESSEL  FUNCTIONS 


X 

f0Jo  ( t)dt 

(0XYoWt 

e-*(XIo(t)<lt 

-to 

to 

O 

bj 

8 

0.0 

0. 00000 

00000 

0.  00000 

00000 

0.  00000 

00 

1. 57079 

63 

0.1 

0. 09991 

66979 

-0. 21743 

05666 

0. 09055 

92 

1. 35784 

82 

0.2 

0. 19933 

43325 

-0.  34570 

88380 

0. 16429 

28 

1. 25032 

54 

0.3 

0. 29775 

75802 

-0. 43928 

31758 

0. 22391 

79 

1.17280 

09 

0.4 

0. 39469 

85653 

-0. 50952 

48283 

0. 27172 

46 

1.11171 

28 

0.5 

0. 48968 

05066 

-0.  56179 

54559 

0. 30964 

29 

1.06127 

17 

0.6 

0.  58224 

12719 

-0.  59927 

15570 

0. 33929 

99 

1. 01836 

48 

0.7 

0. 67193 

68094 

-0.  62409 

96341 

0. 36206 

71 

0. 98109 

70 

0.8 

0. 75834 

44308 

-0.  63786 

88991 

0.  37910 

05 

0. 94821 

80 

0.9 

0.84106 

59149 

-0.  64184 

01770 

0. 39137 

42 

0. 91885 

56 

1.0 

0. 91973 

04101 

-0.  63706 

93766 

0. 39970 

88 

0. 89237 

52 

1.1 

0. 99399 

71082 

-0. 62447 

91607 

0. 40479 

52 

0. 86829 

97 

1.2 

1. 06355 

76711 

-0. 60490 

26964 

0. 40721 

52 

0. 84626 

10 

1.3 

1.12813 

83885 

-0. 57911 

12548 

0. 40745 

78 

0. 82596 

89 

1.4 

1.18750 

20495 

-0. 54783 

19295 

0. 40593 

39 

0. 80719 

04 

1.5 

1. 24144 

95144 

-0.  51175 

90340 

0.  40298 

85 

0. 78973 

57 

1.6 

1. 28982 

09734 

-0. 47156 

13039 

0. 39891 

09 

0. 77344 

80 

1.7 

1. 33249 

68829 

-0. 42788 

62338 

0.  39394 

29 

0. 75819 

62 

1.8 

1. 36939 

85727 

-0. 38136 

24134 

0. 38828 

68 

0. 74386 

97 

1.9 

1. 40048 

85208 

-0.  33260 

04453 

0. 38211 

11 

0.  73037 

44 

2.0 

1. 42577 

02932 

-0. 28219 

28501 

0.  37555 

57 

0. 71762 

95 

2.1 

1. 44528  81525 

-0.  23071 

32490 

0. 36873 

67 

0.70556 

50 

2.2 

1. 45912 

63387 

-0. 17871 

50399 

0. 36174 

98 

0. 69412 

02 

2.3 

1. 46740 

80303 

-0. 12672 

97284 

0. 35467 

38 

0.  68324 

16 

2.4 

1.47029 

39949 

-0.  07526 

50420 

0. 34757 

29 

0. 67288 

26 

2.5 

1. 46798 

09446 

-0.  02480 

29261 

0. 34049 

93 

0. 66300 

15 

2.6 

1.46069 

96081 

+0.  02420 

24953 

0. 33349 

48 

0. 65356 

16 

2.7 

1. 44871 

25408 

0.  07132 

69288 

0.  32659 

30 

0.  64452 

98 

2.8 

1.43231 

16899 

0.11617 

78353 

0.  31981 

99 

0.  63587 

68 

2.9 

1. 41181 

57386 

0. 15839 

62206 

0.  31319 

59 

0. 62757 

60 

3.0 

1. 38756 

72520 

0. 19765 

82565 

0. 30673 

62 

0. 61960 

34 

3.1 

1. 35992 

96508 

0.  23367 

66986 

0. 30045 

18 

0. 61193 

74 

3.2 

1. 32928 

40386 

0. 26620 

20748 

0. 29435 

04 

0. 60455 

84 

3.3 

1. 29602 

59125 

0.  29502 

36222 

0.  28843 

67 

0. 59744 

84 

3.4 

1.26056 

17835 

0.  31996 

99576 

0. 28271 

31 

0. 59059 

11 

3.5 

1.22330 

57382 

0. 34090 

94657 

0. 27718 

02 

0. 58397 

14 

3.6 

1. 18467 

59706 

0.  35775 

03989 

0. 27183 

70 

0. 57757 

57 

3.7 

1.14509 

13136 

0.  37044 

06831 

0.  26668 

11 

0. 57139 

13 

3.8 

1. 10496 

78009 

0.  37896 

74266 

0. 26170 

94 

0. 56540 

66 

3.9 

1. 06471 

52877 

0.  38335 

61369 

0. 25691 

78 

0.  55961 

09 

4.0 

1. 02473 

41595 

0.  38366 

96479 

0. 25230 

18 

0.  55399 

42 

4.1 

0. 98541 

21560 

0.  38000 

67672 

0. 24785 

61 

0. 54854 

72 

4.2 

0. 94712 

13375 

0.  37250 

06552 

0.  24357 

56 

0. 54326 

15 

4.3 

0. 91021 

52175 

0.  36131 

69475 

0. 23945 

46 

0. 53812y 91 

4.4 

0. 87502 

60866 

0.  34665 

16398 

0. 23548 

74 

0.53314 

x27 

4.5 

0. 84186 

25481 

0.  32872 

87513 

0.  23166 

83 

0.  52829 

52 

4.6 

0. 81100 

72858 

0. 30779 

77892 

0. 22799 

15 

0. 52358 

03 

4.7 

0. 78271 

50802 

0. 28413 

10351 

0. 22445 

13 

0. 51899 

19 

4.8 

0.  75721 

10902 

0. 25802 

06786 

0. 22104 

21 

0.  51452 

43 

4.9 

0. 73468 

94106 

0.  22977 

58227 

0.  21775 

83 

0.  51017 

24 

5.0 

0. 71531 

19178 

0. 19971 

93876 

0. 21459 

46 

0. 50593 

10 

r(-4)7i 
L 7 

r(-3)2] 

L 6 J 
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INTEGRALS  OF  BESSEL  FUNCTIONS  Table  11.1 


X 

(0XMt)dt 

j*Y0(t)dt 

e~xf  h<,t)dt 

ex  f Kq  ( t ) dt 

5.0 

0. 71531 

19178 

0.19971 

93876 

0.  21459 

46 

0.  50593 

10 

5.1 

0. 69920 

74098 

0. 16818 

49405 

0. 21154 

58 

0. 50179 

55 

5.2 

0. 68647 

10457 

0.13551 

34784 

0.20860 

68 

0. 49776 

16 

5.3 

0. 67716 

40870 

0.10205 

01932 

0. 20577 

28 

0. 49382 

50 

5.4 

0.  67131 

39407 

0.  06814 

12463 

0.  20303 

89 

0.  48998 

19 

5.5 

0. 66891 

44989 

0. 03413 

05806 

0.  20040 

08 

0.  48622 

86 

5.6 

0.  66992 

67724 

+0.  00035 

67983 

0. 19785 

40 

0.  48256 

16 

5.7 

0. 67427 

98068 

-0. 03284 

98697 

0. 19539 

44 

0. 47897 

75 

5.8 

0. 68187 

18713 

-0.  06517 

04775 

0. 19301 

81 

0. 47547 

34 

5.9 

0. 69257 

19078 

-0.  09630 

01348 

0. 19072 

13 

0. 47204 

60 

6.  0 

0. 70622 

12236 

-0.12595 

06129 

0. 18850 

02 

0. 46869 

29 

6.1 

0. 72263 

54100 

-0. 15385 

27646 

0. 18635 

16 

0.  46541 

11 

6.2 

0.  74160 

64692 

-0. 17975 

87372 

0. 18427 

20 

0. 46219 

83 

6.3 

0. 76290 

51256 

-0. 20344 

39625 

0. 18225 

84 

0. 45905 

20 

6.4 

0. 78628 

33012 

-0. 22470 

89068 

0. 18030 

78 

0.45596 

99 

6. 5 

0. 81147 

67291 

-0.  24338 

05692 

0. 17841 

74 

0. 45294 

98 

6.  6 

0. 83820 

76824 

-0. 25931 

37161 

0. 17658 

44 

0. 44998  ^97 

6.7 

0. 86618 

77897 

-0. 27239 

18447 

0. 17480 

64 

0.  44708 

76 

6.8 

0. 89512 

09137 

-0.  28252 

78684 

0. 17308 

09 

0. 44424 

15 

6.9 

0. 92470 

60635 

-0.  28966 

45218 

0. 17140 

55 

0. 44144 

97 

7.0 

0. 95464 

03155 

-0. 29377 

44843 

0. 16977 

82 

0. 43871 

05 

7.1 

0. 98462 

17153 

-0. 29486 

02239 

0. 16819 

68 

0. 43602 

22 

7.2 

1. 01435 

21344 

-0. 29295 

35658 

0. 16665 

93 

0.  43338 

34 

7.3 

1. 04354 

00558 

-0.  28811 

49927 

0. 16516 

39 

0. 43079 

23 

7.4 

1. 07190 

32638 

-0.  28043 

26862 

0. 16370 

89 

0. 42824 

76 

7.5 

1. 09917 

14142 

-0.  27002 

13202 

0. 16229 

24 

0. 42574 

81 

7.6 

1.12508 

84628 

-0. 25702 

06208 

0.16091 

30 

0. 42329 

20 

7.7 

1. 14941 

49299 

-0. 24159 

37080 

0. 15956 

91 

0. 42087 

86 

7.8 

1. 17192 

99830 

-0. 22392 

52368 

0. 15825 

93 

0. 41850 

63 

7.9 

1.19243 

33198 

-0.  20421 

93575 

0. 15698 

21 

0. 41617 

40 

8.0 

1.21074 

68348 

-0. 18269 

75150 

0. 15573 

64 

0. 41388 

07 

8.1 

1. 22671 

60587 

-0. 15959 

61109 

0. 15452 

08 

0. 41162 

52 

8.2 

1.24021 

13565 

-0. 13516 

40494 

0.15333 

42 

0. 40940 

65 

8.3 

1.25112 

88778 

-0. 10966 

01934 

0. 15217 

55 

0. 40722 

37 

8.4 

1. 25939 

12520 

-0.  08335 

07540 

0. 15104 

36 

0. 40507 

56 

8.5 

1. 26494 

80240 

-0.  05650 

66385 

0. 14993 

74 

0. 40296 

15 

8.6 

1. 26777 

58297 

-0.  02940 

07834 

0. 14885 

61 

0. 40088 

04 

8.7 

1. 26787 

83120 

-0.  00230 

54965 

0. 14779 

88 

0.  39883 

15 

8.8 

1. 26528 

57796 

+0. 02451 

01664 

0. 14676 

44 

0. 39681 

40 

8.9 

1.26005 

46162 

0. 05078 

29664 

0. 14575 

23 

0.  39482 

69 

9.0 

1.25226 

64460 

0.  07625 

79635 

0. 14476 

16 

0.  39286 

97 

9.1 

1. 24202 

70675 

0. 10069 

08937 

0. 14379 

16 

0.  39094 

15 

9.2 

1. 22946 

51666 

0. 12385 

04194 

0. 14284 

16 

0.  38904 

17 

9.3 

1.  21473 

08237 

0. 14552 

02334 

0. 14191 

08 

0. 38716 

95 

9.4 

1.19799 

38314 

0.16550 

09969 

0. 14099 

87 

0.  38532 

41 

9.5 

1. 17944 

18392 

0. 18361 

20962 

0. 14010 

46 

0.  38350 

53 

9.6 

1.15927 

83464 

0. 19969 

32017 

0.13922 

78 

0. 38171 

20 

9.7 

1. 13772 

05614 

0. 21360 

56169 

0. 13836 

79 

0.  37994 

39 

9.8 

1. 11499 

71504 

0. 22523 

34059 

0. 13752 

43 

0. 37820 

03 

9.9 

1. 09134 

58985 

0. 23448 

42919 

0. 13669 

65 

0. 37648 

06 

10.0 

1. 06701 

13040 

0.24129 

03183 

0. 13588 

40 

0.  37478 

43 
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Table  11.2  INTEGRALS  OF  BESSEL  FUNCTIONS 


X 

r1-^* 

JO  t 

rYfdi 

Jx  * 

e-*rIo(tV 

Jo  t 

— dt 

~j;  ¥ * 

0.0 

0.  00000 

000 

-CO 

0.  00000 

000 

0. 000000 

0.1 

0.  00124 

961 

-1. 34138 

382 

0. 00113 

140 

0. 368126 

0.2 

0.  00499 

375 

-0. 43423 

067 

0.  00409 

877 

0. 460111 

0.3 

0.  01121 

841 

-0. 05107 

832 

0.  00835 

768 

0.  506394 

0.4 

0.  01990 

030 

+0. 15238 

037 

0.  01347 

363 

0. 532910 

0.5 

0.  03100 

699 

0.  26968 

854 

0.  01910 

285 

0.  548819 

0.6 

0. 04449 

711 

0. 33839 

213 

0. 02497 

622 

0. 558366 

0.7 

0.  06032 

057 

0.  37689 

807 

0.  03088 

584 

0. 563828 

0.8 

0.  07841 

882 

0. 39543 

866 

0.  03667 

383 

0.  566545 

0.9 

0. 09872 

519 

0. 40022 

301 

0. 04222 

295 

0. 567355 

1.0 

0. 12116 

525 

0. 39527 

290 

0.  04744 

889 

0. 566811 

1.1 

0. 14565 

721 

0. 38332 

909 

0.  05229 

376 

0. 565291 

1.2 

0. 17211 

240 

0.  36633 

694 

0.  05672 

080 

0. 563058 

1.3 

0.  20043 

570 

0.  34572 

398 

0.  06070 

995 

0. 560302 

1.4 

0.  23052 

610 

0. 32256 

701 

0.  06425 

420 

0.  557163 

1.5 

0.  26227 

724 

0. 29769 

696 

0.  06735 

663 

0.  553745 

1.6 

0.  29557 

796 

0. 27176 

713 

0. 07002 

797 

0. 550126 

1.7 

0.  33031 

288 

0.  24529 

896 

0.  07228 

458 

0. 546364 

1.8 

0.  36636 

308 

0. 21871 

360 

0.  07414 

688 

0.  542506 

1.9 

0. 40360 

666 

0. 19235 

409 

0.  07563 

806 

0.  538587 

2.0 

0. 44191 

940 

0.16650 

135 

0. 07678 

298 

0.  534635 

2.1 

0.48117 

541 

0. 14138 

594 

0.  07760 

744 

0.  530670 

2.2 

0.  52124 

775 

0. 11719 

681 

0.  07813 

746 

0. 526711 

2.3 

0.  56200 

913 

0. 09408 

798 

0.  07839 

884 

0.  522768 

2.4 

0. 60333 

248 

0.  07218 

365 

0.  07841 

674 

0.  518854 

2.5 

0.  64509 

164 

0.05158 

229 

0.  07821 

544 

0. 514976 

2.6 

0.  68716 

194 

0. 03235 

987 

0.  07781 

809 

0. 511139 

2.7 

0.  72942 

081 

+0. 01457 

248 

0.  07724 

664 

0.  507350 

2.8 

0.  77174 

836 

-0. 00174 

144 

0.  07652 

168 

0.  503610 

2.9 

0. 81402 

795 

-0. 01655 

931 

0.  07566 

245 

0. 499924 

3.0 

0.  85614 

669 

-0. 02987 

272 

0.  07468 

681 

0. 496292 

3.1 

0.  89799 

596 

-0. 04168 

613 

0.  07361 

124 

0. 492717 

3.2 

0. 93947 

188 

-0. 05201 

554 

0. 07245 

090 

0.  489198 

3.3 

0.  98047 

571 

-0. 06088 

740 

0.  07121 

963 

0. 485736 

3.4 

1.  02091 

428 

-0. 06833 

756 

0. 06993 

006 

0. 482332 

3.5 

1.  06070 

032 

-0. 07441 

025 

0.  06859 

360 

0. 478984 

3.6 

1.  09975 

277 

-0. 07915 

722 

0.  06722 

060 

0. 475694 

3.7 

1. 13799 

707 

-0. 08263 

683 

0. 06582 

033 

0. 472459 

3.8 

1.17536 

536 

-0.  08491 

323 

0.  06440 

109 

0.  469280 

3.9 

1. 21179 

667 

-0. 08605 

553 

0.  06297 

029 

0. 466155 

4.0 

1.  24723 

707 

-0. 08613 

706 

0.  06153 

450 

0. 463085 

4.1 

1. 28163 

975 

-0. 08523 

459 

0.  06009 

952 

0. 460067 

4.2 

1. 31496 

504 

-0.  08342 

762 

0.  05867 

042 

0. 457100 

4.3 

1.  34718 

044 

-0. 08079 

769 

0.  05725 

166 

0. 454185 

4.4 

1. 37826 

060 

-0. 07742 

769 

0. 05584 

708 

0. 451320 

4.5 

1.  40818 

716 

-0. 07340 

123 

0.  05446 

000 

0. 448503 

4.6 

1.  43694 

870 

-0.  06880 

199 

0. 05309 

325 

0.  445734 

4.7 

1.  46454 

052 

-0. 06371 

317 

0.  05174 

921 

0. 443012 

4.8 

1.49096 

446 

-0. 05821 

690 

0.  05042 

989 

0. 440335 

4.9 

1. 51622 

864 

-0. 05239 

371 

0. 04913 

691 

0. 437703 

5.0 

1.  54034 

722 

-0. 04632 

205 

0. 04787 

161 

0. 435114 

f(-4)3] 
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Nn(x) 


Figure  12.3.  Struve  Junctions. 

H„(x),  x=3,  5 
Special  Properties 

12.1.14  H,(x)  > 0 (x>0  and  v>  \) 

12.1.15 

H_(B+})(3)=(— l)"J»+j(s)  (nan  integer>0) 

12.1.16  HJ(2)=QY  (1-cos  z) 

■*<*>-(£)'  (1+I)_(S)'  (sin  *+S2r) 

12.1.18  JS.,{zem't)=eml’+l)Ti'B.,{z)  (m  an  integer) 

(2) 


12.1.19 


U f 4 Jat+I1 

Ho(2)-;S^FPi 


12.1.20  H ,(2)=-—-  «/0(2)+-  £ 

v v ir  1 4Jr—  1 

« , n_  2(z/2),+l  p/,  3,  3.  2*\ 

12.1.21  H'(2)-^-p^_|_s)  l^2  V’  2+v>  2’  4) 

Integrals  (See  chapter  It) 

J]"  r>  Ho(t)d<=| 


12.1.22 


12.1.23 

*8 


12.1.24  f*  t-’  m+i(t)dt=-—~T-—- 2-'H.(2) 


12.1.25 


Struve’s  Integral 


- PV*H, (<)<**=—  H,(2)+-  f“r*  Ho(t)d< 

t Ji  7T2  r,/i 


12.1.26 


l2-3*-3 

+ 


l2-32-52-5 


] 


12.1.27 

Jo  r(v— tM+i) 

(|#mI<i,  I) 

If  /,(2)=J  H,(t)t'<£l 


12.1.28 

/,+1=(2v+l)/,(2)-2'+1H,(2) 


+ 


-2. +2 


12.1.29 


(i-+i)2'+lr(^)r(v+t) 

Asymptotic  Expansions  for  Large  |*| 

r(t+|) 


1 771—1 

H,(2)-F,(2)=i  S 


X *“°  r(v+*-fc)  (0 


m 


(|arg  2|<t) 


where  i?B,=0(|2|,-lm-1).  If  v is  real,  2 positive 
and  m+\—v> 0,  the  remainder  after  m terms  is 
of  the  same  sign  and  numerically  less  than  the 
first  term  neglected. 


12.1.30 


+ 


Is  • 3*  1* 


12.1.31 
H, 


• 3*  • 5*  "I 

27  ^ • • • J 

(|arg  2|<v) 


, s Tr  / v 2T,  , 1 1**3  , Is • 3s • 5 1 

(2)-F1(2)~-|_l+i5-— +^5 ...J 


12.1.32 


(|arg  2|<x) 


P [Ho«)-F0«)]d<--  [In  (2z)+y) 

Jo  » 


2^(-l)*+W(2fc-l)!  (|  ,<jr) 

rh 1 (Jfc!)*(2  2)»  Uarg2|<x; 


where  7=. 57721  56649  . . . is  Euler’s  constant. 
12.1.33 

r1  [Ho(<) 


X 


v mw,  2 -p  (— D*[(2^)n2 

r°  WJ<«~,r2  £.  (jtt)2(2/H-i)(22)» 

(jarg  2|<x) 


•See  page  n. 
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Asymptotic  Expansions  for  Large  Orders 

12.1.34 

jr  / \ XT'  /r\  k\bk 

H'(3)  Vir^+I)  S s*+1 

(|arg  z\<h*M<\z\) 

b0= 1,  6, =2v/z,  b2=6(v/z)*-h  b3=20(v/z)3-4(v/z) 

12.1.35 


H ,(z)+iJ,(z) 


^v- 

L 


2(13)' 


'Sfy  ^bk 


(M>M) 


v£i>+$)  2*+1 

12.2.  Modified  Struve  Function  L ,(z) 
Power  Series  Expansion 

ivr 

12.2.1  L ,{z)=-ie  * H ,(iz) 

= (i3)»+1  jh (g/2^* 

Ki)  &r(ft+t)r(t+H-#) 

Integral  Representations 
2(g/2)- 

Vjrr^+i) 


12.2.2  L,(g) 


12.2.3 

/-,(*) 


J sinh  (g  cos  6)  sin2”  Odd 


-L 


,(x)=  r^j2]  ,n  f sin  (ta)(l+<2)'  * c?< 
Virr O'+l)  Jo 

(@v<h,  *>0) 


12.2.4 

12.2.5 

ln<x) 


Recurrence  Relations 

1 I*  i i (^/^)r 

L'+1~3  L'+V^r(v+i) 


li,_i +L„+i=2L' 


(s/2)1 


V^i>+$) 


Figure  12.4.  Modified  Struve  functions. 

!'»(*),  ±»=0(l)5 


Asymptotic  Expansion  for  Large  | a { 

12.2.6  L,(g)-I_,(g) 


(-l)*+1r(ft+$)  . 


T*=or(H-2-ft)(0 


Integrals 


12.2.7 


,6 


l2  • 32  • 4_*"l2  • 32  • 52  • 6 


+ 


] 


12.2.8  f'  [/O(0-Lo(<)]d<“-  [In  (2g)+7] 
Jo  7T 


_2  a (2ft)!  (2ft— 1)! 
tt§  (ft!)2(2g)»  darg2l<27r) 


12.2.9 


f * Li(0*=I*(g)-- 

JO  7T 


Relation  to  Modified  Spherical  Bessel  Function 
12.2.10  L_(B+j)  (g)  =/(„+$)  (g)  (w  an  integer  >0) 

12.3.  Anger  and  Weber  Functions 
Anger’s  Function 


12.3.1 


12.3.2 


(S)4J 

7T  Jo 


cos  (vB—  z sin  B)  dB 


J»(s) = Jn  (2)  (n  an  integer) 

Weber’s  Function 

12.3.3  E „(s)=i-  f sin  (vB—z  sin  0) 

^ Jo 

Relations  Between  Anger’s  and  Weber’s  Function 

12.3.4  sin  (nr)  J„(g)=cos  (nr)  E,(g)  — E_„(g) 

12.3.5  sin  (nr)  E„(g)=J_„(g)— cos  (nr)  J,(g) 

Relations  Between  Weber’s  Function  and  Struve’s 

Function 


If  n is  a positive  integer  or  zero, 

fcW+jXjg)--*-1 


•H„(g) 


12.3.6  Ett(g)=^g  r(»+§-ft) 

12.3.7 

P M (— l)"+1^r(n-ft-^)(|g)-tt+2t+1  „ ... 

E_„(g) — g f(FF|) H-(2) 


*See  page  n. 
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Eo(z)=— Ho(2) 
12.3.9  Ei(s)=--Hi(z) 

IT 


12.3.10 


2e 

3tt 


-B,(b) 


Numerical  Methods 


12.4.  Use  and  Extension  of  the  Tables 

Example  1.  Compute  L0(2)  to  6D.  From 
Table  12.1  70(2)-L0(2)  = . 342 152;  from  Table  9.11 
we  have  70(2)= 2.279585  so  that  L0(2)= 1.937433. 


We  note  that  for  6 there  is  a rapid  loss  of 
significant  figures.  On  the  other  hand  using  12.1.3 
for  x=4  we  find  H, (4) =.0007935729,  H10(4)  = 
.00015447630  and  backward  recurrence  with  12.1.9 
gives 


Example  2.  Compute  Ho(10)  to  6D.  From 
Table  12.2  for  2-,=.l.  H0(10)-F0(10)=. 063072; 
from  Table  9.1  we  have  Fo(10)=. 055671.  Thus, 
Ho(10)=.  118743. 

Example  3.  Compute  J H0(<)d<  for  2=6  to 

5D.  Using  Tables  12.2,  11.1  and  4.2,  we  have 

J Bo(t)dt=  r Y0(t)dt-\ — In  6+/,  (6) 

Jo  Jo  w 

= - . 125951+ (.636620)  (1 .791759) 
+.816764 

= 1.83148 


Example  4.  Compute  H„(2)  for  2=4,  — n= 
0(1)8  to  6S.  From  Table  12.1  we  have  Ho(4)  = 
.1350146,  H,(4)  = 1.0697267.  Using  12.1.9  we  find 


H_!(4)  = -. 433107 
H_2(4)  = .240694 

H_3(4)  = .152624 

H_,(4)  = — .439789 


H_s(4)  = .689652 

H_6(4)  = - 1.21906 
H_7(4)=  2.82066 
H_8(4)  = -8.24933 


Example  5.  Compute  H„(2)  for  2=4,  n= 
0(1)10  to  7S.  Starting  with  the  values  of  Ho(4) 
and  Ht(4)  and  using  12.1.9  with  forward  recur- 
rence, we  get 


Ho(4)=  .13501  46 
Hj(4)  = 1.06972  67 
H2(4)  = 1.24867  51 
H3(4)  = .85800  95 
11,(4)  = .42637  41 
H3(4)  = .16719  87 


H6(4)  =.05433  54 
H7(4)  =.01510  37 
H8(4)  =.00367  S3 
H,(4)  =.00080  02 
H,0(4)  = .00018  25 


H8(4)  = .00367  1495 
H7(4) =.01510  315 
H„(4)  = .05433  519 
H5(4)  = . 16719  87 
H,(4)  = .42637  43 


H3(4)=  .85800  94 
H2(4) =1.24867  6 
H,(4)  = 1.06972  7 
Ho(4)=  .13501  4 


Example  6.  Compute  L„(.5)  for  71=0(1)5  to 
8S.  From  12.2.1  we  find  Ls(.5) =9.6307462  X 10"7, 
L,(.5)=2.1212342X10-5.  Then,  with  12.2.4  we 
get 

La(.5)  =3.82465  03X10-4  L+5)  = .05394  2181 

L2(.5)  =5.36867  34X10"3  Lo(.5) =.32724  068 


Example  7.  Compute  L„(.5)  for  — n=0(l)5 
to  6S.  From  Tables  12.1  and  9.8  we  find  Lq(.5)  = 
.327240,  L,  (.5)  = .053942.  Then  employing  12.2.4 
with  backward  recurrence  we  get 

L_,(.5)=  .690562  L_,(.5)  = -75.1418 

L_2(.5)  = -l.  16177  L_s(.5)  = 1056.92 

L_3(.5)=  7.43824 

Example  8.  Compute  L„(2)  for  2=6  and 
— n=0(l)6  to  8S.  From  Tables  12.2  and  9.8 
we  find  Lo(6) =67.124454,  L,(6)=60.725011. 

Using  12.2.4  we  get 

L_,(6) =61 .361631  L_,(6)  = 16.626028 

L_2(6)  =46.776680  L_6(6)=  7.984089 

L_3(6) =30.159494  Ll„(6)=  3.32780 

We  note  that  there  is  no  essential  loss  of  accuracy 
until  7i= — 6.  However,  if  further  values  were 
necessary  the  recurrence  procedure  becomes  un- 
stable. To  avoid  the  instability  use  the  methods 
described  in  Examples  5 and  6. 
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STRUVE  FUNCTIONS  Table  12.1 


X 

H0(x) 

Hi  (a) 

j;ho(o* 

I0(x)—Lo(x) 

/i(z)-Li(*) 

Mx) 

2f-H°(0rft 
rJx  t 

0.0 

0.00000 

00 

0. 00000 

00 

0. 000000 

1. 000000 

0. 000000 

0. 00000 

1. 000000 

0.1 

0.  06359 

13 

0. 00212 

07 

0. 003181 

0. 938769 

0.  047939 

0. 09690 

0. 959487 

0.2 

0. 12675 

90 

0. 00846 

57 

0. 012704 

0. 882134 

0. 091990 

0. 18791 

0.919063 

0.3 

0. 18908 

29 

0.  01898 

43 

0. 028505 

0. 829724 

0. 132480 

0. 27347 

0. 878819 

0.4 

0.25014 

97 

0. 03359 

25 

0.  050479 

0. 781198 

0. 169710 

0. 35398 

0.  838843 

0.5 

0. 30955 

59 

0. 05217 

37 

0. 078480 

0. 736243 

0. 203952 

0. 42982 

0.  799223 

0.6 

0. 36691 

14 

0. 07457 

97 

0. 112322 

0. 694573 

0. 235457 

0. 50134 

0. 760044 

0.7 

0.  42184 

24 

0. 10063 

17 

0. 151781 

0. 655927 

0. 264454 

0. 56884 

0. 721389 

0.8 

0. 47399 

44 

0. 13012 

25 

0. 196597 

0. 620063 

0. 291151 

0.  63262 

0. 683341 

0.9 

0. 52303 

50 

0.16281 

75 

0. 246476 

0. 586763 

0. 315740 

0. 69294 

0.  645976 

1.0 

0.  56865 

66 

0. 19845 

73 

0.301090 

0. 555823 

0. 338395 

0. 75005 

0. 609371 

1.1 

0.  61057 

87 

0. 23675 

97 

0.  360084 

0. 527058 

0. 359276 

0. 80418 

0.  573596 

1.2 

0. 64855 

00 

0.27742 

18 

0.  423074 

0.500300 

0. 378530 

0. 85553 

0.  538719 

1.3 

0.  68235 

03 

0. 32012 

31 

0.  489655 

0. 475391 

0. 396290 

0. 90430 

0.  504803 

1.4 

0.71179 

25 

0. 36452 

80 

0. 559399 

0. 452188 

0. 412679 

0. 95066 

0.  471907 

1.5 

0.  73672 

35 

0.41028 

85 

0.  631863 

0. 430561 

0. 427810 

0. 99479 

0.  440086 

1.6 

0. 75702 

55 

0.45704 

72 

0. 706590 

0. 410388 

0.441783 

1. 03682 

0. 409388 

1.7 

0.  77261 

68 

0.  50444 

07 

0.783111 

0. 391558 

0. 454694 

1.  07691 

0.  379857 

1.8 

0. 78345 

23 

0. 55210 

21 

0.  860954 

0. 373970 

0. 466629 

1.11518 

0.  351533 

1.9 

0. 78952 

36 

0. 59966 

45 

0.  939643 

0. 357530 

0. 477666 

1. 15174 

0.  324450 

2.0 

0.  79085 

88 

0. 64676 

37 

1.  018701 

0. 342152 

0.  487877 

1. 18672 

0.  298634 

2.1 

0. 78752 

22 

0. 69304 

18 

1.  097659 

0. 327756 

0. 497329 

1.22020 

0.  274109 

2.2 

0. 77961 

35 

0. 73814 

96 

1. 176053 

0. 314270 

0. 506083 

1.25230 

0. 250891 

2.3 

0.  76726 

65 

0. 78174 

98 

1.  253434 

0. 301627 

0. 514194 

1. 28309 

0.  228992 

2.4 

0. 75064 

85 

0. 82351 

98 

1.  329364 

0. 289765 

0.521712 

1. 31265 

0.  208417 

2.5 

0. 72995 

77 

0. 86315 

42 

1. 403427 

0. 278627 

0. 528685 

1. 34106 

0. 189168 

2.6 

0. 70542 

23 

0.90036 

74 

1. 475227 

0. 268162 

0. 535156 

1. 36840 

0. 171238 

2.7 

0.  67729 

77 

0. 93489 

57 

1.  544392 

0. 258319 

0. 541164 

1.  39472 

0. 154618 

2.8 

0.  64586 

46 

0. 96649 

98 

1.  610577 

0. 249056 

0. 546746 

1.42008 

0. 139293 

2.9 

0. 61142 

64 

0. 99496 

63 

1.  673465 

0.  240332 

0. 551933 

1. 44455 

0. 125242 

3.0 

0. 57430 

61 

1.  02010 

96 

1.  732773 

0.232107 

0. 556757 

1. 46816 

0.  112439 

3.1 

0.  53484 

44 

1. 04177 

30 

1. 788248 

0. 224348 

0. 561246 

1. 49098 

0. 100857 

3.2 

0.  49339 

57 

1. 05983 

03 

1. 839675 

0. 217022 

0. 565426 

1. 51305 

0.  090460 

3.3 

0.  45032 

57 

1.07418 

63 

1. 886873 

0.210099 

0. 569319 

1. 53440 

0. 081212 

3.4 

0.  40600 

80 

1. 08477 

74 

1. 929699 

0.  203553 

0. 572948 

1. 55508 

0. 073071 

3.5 

0.  36082 

08 

1. 09157 

23 

1. 968046 

0. 197357 

0. 576333 

1.57512 

0.  065992 

3.6 

0.  31514 

40 

1. 09457 

16 

2.  001847 

0. 191488 

0. 579492 

1. 59456 

0.  059928 

3.7 

0.  26935 

59 

1. 09380 

77 

2.  031071 

0. 185924 

0. 582442 

1. 61343 

0.  054829 

3.8 

0. 22382 

98 

1. 08934 

44 

2.  055726 

0. 180646 

0. 585199 

1. 63176 

0. 050642 

3.9 

0. 17893 

12 

1. 08127 

62 

2.  075858 

0. 175634 

0. 587776 

1. 64957 

0.  047311 

4.0 

0. 13501 

46 

1. 06972 

67 

2.  091545 

0. 170872 

0. 590187 

1. 66689 

0.  044781 

4.1 

0. 09242 

08 

1. 05484 

79 

2. 102905 

0. 166343 

0. 592445 

1. 68375 

0.  042994 

4.2 

0. 05147 

40 

1. 03681 

86 

2. 110084 

0. 162032 

0. 594560 

1. 70017 

0. 041891 

4.3 

+0. 01247 

93 

1. 01584 

22 

2. 113265 

0. 157926 

0. 596542 

1.71616 

0. 041414 

4.4 

-0.  02427 

98 

0. 99214 

51 

2. 112655 

0. 154012 

0. 598402 

1. 73176 

0.  041502 

4.5 

-0.  05854 

33 

0.96597 

44 

2. 108492 

0. 150279 

0. 600147 

1. 74697 

0.  042096 

4.6 

-0.  09007 

71 

0. 93759 

56 

2. 101037 

0. 146714 

0. 601787 

1. 76182 

0.  043139 

4.7 

-0. 11867 

42 

0. 90729 

01 

2.  090574 

0. 143309 

0. 603328 

1. 77632 

0.  044571 

4.8 

-0. 14415 

67 

0. 87535 

28 

2.  077406 

0. 140053 

0. 604777 

1. 79049 

0.  046335 

4.9 

-0. 16637 

66 

0.  84208 

90 

2.  061852 

0. 136938 

0. 606142 

1. 80434 

0.  048376 

5.0 

-0. 18521 

68 

0. 80781 

19 

2.  044244 

0. 133955 

0. 607426 

1. 81788 

0. 050640 

[( — 5)6" 

[<i,63 

T 

00 

ra 

[(-f] 

i i 

T 

^5 

[<-f] 

JoVo(0-I<>(0]*=/o(*) 


Ho(z),  Hi  (a),  Lo(x),  Li (x) , compiled  from  Mathematical  Tables  Project,  Table  of  tfie  Struve  functions 
L„(a;)  and  Hv(z),  J.  Math.  Phys.  25, 252-259, 1946  (with  permission). 

Cm) dt,  CuoW-ioitm  - r5#  dt,  compiled  from  M.  Abramowitz,  Tables  of  integrals  of  Struve 

JO  JO  , Jjp  t 

functions,  J.  Math.  Phys.  29, 49-51, 1950  (with  permission). 
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Table  12.2  STRUVE  FUNCTIONS  FOR  LARGE  ARGUMENTS 


X'1 

Ho(a0-yo(s) 

EMaO-Fito 

/i(*) 

J0(x)-Lo(x) 

h(x)-  L^x) 

/2O&) 

/*(*) 

<x> 

0.  20 

0. 123301 

0.  659949 

0. 819924 

0. 133955 

0. 607426 

0. 793280 

0. 125868 

5 

0.19 

0. 117449  i 

0.  657819 

0. 818935 

0. 126683 

0.  610467 

0. 794902 

0. 119694 

5 

0.18 

0. 111556 

0.  655774 

0. 817981 

0. 119468 

0. 613348 

0. 796448 

0. 113505 

6 

0.17 

0. 105625 

0. 653818 

0.  817062 

0.112319 

0. 616060 

0. 797910 

0. 107299 

6 

0. 16 

0. 099655 

0. 651952 

0. 816182 

0. 105242 

0. 618598 

0. 799279 

0. 101079 

6 

0.15 

0. 093647 

0. 650180 

0. 815341 

0. 098241 

0. 620955 

0. 800551 

0. 094843 

7 

0. 14 

0.  087602 

0.  648504 

0. 814541 

0. 091318 

0.  623129 

0.  801721 

0. 088593 

7 

0. 13 

0. 081521 

0.  646927 

0.  813785 

0.  084474 

0.  625119 

0. 802787 

0. 082328 

8 

0. 12 

0. 075404 

0.  645452 

0. 813074 

0.  077706 

0.  626927 

0. 803750 

0. 076051 

8 

0. 11 

0. 069254 

0.  644081 

0. 812411 

0.  071010 

0. 628558 

0. 804611 

0. 069761 

9 

0.10 

0. 063072 

0.  642817 

0. 811796 

0.  064379 

0. 630018 

0. 805374 

0. 063460 

10 

0.  09 

0.  056860 

0. 641663 

0. 811232 

0.  057805 

0.631315 

0. 806047 

0. 057147 

11 

0. 08 

0.  050620 

0.  640622 

0. 810722 

0.  051279 

0. 632457 

0. 806634 

0. 050824 

13 

0. 07 

0.  044354 

0. 639696 

0.  810266 

0. 044793 

0. 633450 

0. 807140 

0.  044492 

14 

0.  06 

0.  038064 

0.  638888 

0.  809866 

0.  038340 

0. 634302 

0. 807572 

0.  038152 

17 

0.  05 

0. 031753 

0.  638200 

0.  809525 

0. 031912 

0. 635016 

0.  807933 

0.  031805 

20 

0.  04 

0. 025425 

0. 637634 

0.  809244 

0. 025506 

0. 635596 

0. 808225 

0.  025451 

25 

0. 03 

0. 019082 

0. 637191 

0. 809023 

0. 019116 

0. 636045 

0. 808450 

0. 019093 

33 

0.  02 

0. 012727 

0. 636874 

0.  808865 

0. 012738 

0. 636365 

0. 808611 

0. 012731 

50 

0.  01 

0. 006366 

0. 636683 

0. 808770 

0. 006367 

0. 636556 

0. 808706 

0. 006366 

100 

0.  00 

0.  000000 

0.  636620 

0. 808738 

0. 000000 

0. 636620 

0. 808738 

0. 000000 

ao 

[■(-6)51 

r(-5)21 

r(~6)81 

r(-«n 

r(-5)2l 

r(-5)ri 

L 3 J 

L 3 J 

L 3 J 

L 3 J 

L 3 J 

L 3 J 

L 3 J 

1 

II 

3 IfcO 

lnx+/i(x) 

f[Lott)  -h(t)]dt  ==;  In  x+Ux) 

JO  * 


<x>  as  nearest  integer  tox. 

Starting  with  H0(x)  and  Hi(x),  recurrence  formula  12.1.9  may  be  used  to  generate  H„(x)  for  n<0.  As  long 
(approx.),  Hn(x)  may  be  generated  by  forward  recurrence.  When  w>x/2,  forward  recurrence  is  unstable, 
instability,  choose  n>  >x,  compute  H*(x)  and  H*+i(x)  with  12.1.3,  and  then  use  backward  recurrence  wit  • • * 
If  n> 0,  Ln(x)  must  be  generated  by  backward  recurrence.  If  w<0,  Ln(x)  may  be  generated  by  backwa 
as  long  as  Ln(x)  increases.  If  n<0  and  Ln(x)  is  decreasing,  forward  recurrence  should  be  used. 


See  Examples  4-8. 
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13.  Confluent  Hypergeometric  Functions 


Mathematical  Properties 


13.1.  Definitions  of  Kummer  and  Whittaker 

Functions 

Rummers  Equation 

_ , , <Pv) . /,  v dw 

1311  s d*+{b~z)  fc~aw=0 

It  has  a regular  singularity  at  2=0  and  an  irregular 
singularity  at  <» . 

Independent  solutions  are 


13.1.2 

M(a,  b,z ) 
where 


Kummer^  Function 


( a)2z 2 , L ( a)nzn_ L 

E r /r\  oiT  • • • “r  /ia  - • i • • 


6 1 (6)2  2! 


(6)„»! 


(o)»=o(o+l)(o+2)  . . . (o+n— 1),  (o)0=l, 

and 

13.1.3 

rr/_  i.  *"  r R£(Qf,  btz) 

U(a,  b,  2)-s.n  ^ { r(1+0_6)r(6) 


.-»M(l+g-6,2-6,2)1 

r(«)r(2-6)  ' 


(m,  n 

Parameters 
positive  integers) 

Af(o,  b,  z) 

bj^—n 

a — th 

a convergent  series  for 

by*—n 

a——m 

all  values  of  a,  b and  2 
a polynomial  of  degree  m 

b=—n 

ai£—m 

in  2 

b——n 

a=—rnt 

a simple  pole  at  6=  —n 

m^>n 

b=—n 

a=—m, 

undefined 

m<n 

U(a,  b,  z ) is  defined  even  when  6— »±» 
As  |s| — >00  , 

13.1.4 

M(a,  b’  3)=F(i  *W+°(\* I"1)] 
and 


(^s>  0) 


13.1.5 


r(6) 


M(a’b>Z)=W=j)  (-^-H+Odsl-1)]  (^2<0) 


Z7(o,  6,  2)  is  a many-valued  function.  Its  princi- 
pal branch  is  given  by  — *<arg  2<*\ 


13.1.6 


Logarithmic  Solution 


f— iiB+1  r 

U(a,n+1, 2)=Jr^a_^  |M(o,»H-1,2)  In  2 

+S  (J^i)fri  — ^(1+r)— ^(l+TO-hr)}^ 

(»-D!  -n 


+ 


r(o) 


z~nM(a—n, \—n,  z)n 


for  n= 0,  1,2,..  .,  where  the  last  function  is  the 
sum  to  n terms.  It  is  to  be  interpreted  as  zero 
when  n= 0,  and  i/(a)=T'(a)/T(a). 

13.1.7  U(a , 1 — 7i,  3)  = 2nE/(a+7k  1+ft,  2) 

As  &Z-+CO 

13.1.8  U(a,  b}  z)=z-a[l+0{\z\-1)] 

Analytic  Continuation 

M(b—a,  b,  2) 


13.1.9 


IT 


U(a,b,ze±Tt)=- — re'!(n,t  , 
v ’ smir6  lr(l+o— o)r(o) 

e±B<H-w2,-ftM(1-o)2-6,2) 


r(a)r(2— b) 


} 


where  either  upper  or  lower  signs  are  to  be  taken 
throughout. 

13.1.10 

U(a,  b,  2««-)=[l— «-*-«•]  M(a,  b,  z) 

+e~iritnU(a,b,z) 

Alternative  Notations 

1 Fi(a;  b;  z)  or  $(a;  b;  z)  for  M(a,  6,  z) 
z~a2F0(a,  1+a—b; 1/2)  or  ^r(a;  b;  z)  for  U(a,  b , z) 

Complete  Solution 

13.1.11  y=AM(a , 6,  z)+BU(a , 6,  2) 
where  A and  B are  arbitrary  constants,  b?*—n. 

Eight  Solutions 

13.1.12  yi=M(a,  b,  2) 

13.1.13  ya=zi~bM(l+a-b,  2-6,  z) 

13.1.14  y3=e*M(b—a,  b,  —2) 
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13.1.15  yi=zl~bezM(l—a,  2-6,  -z) 

13.1.16  Vi=U(a,  6,  z ) . 

13.1.17  yt=zi~bU(l+a—b,  2-6,  z) 

13.1.18  y7=elU(b-a,  6,  -z) 

13.1.19  ys=zi~betU(l—a,  2—6,  — z ) 

Wronskians 

If  W{m,  n}=yny'n—yny'm  and 

e —sgn  (</z)  = 1 if  J^z^>0, 

— — 1 if  Sz<0 

13.1.20 

W{1,  2}  = W{3,  4}  = W{1,  4}  = — W{2,  3} 

= (1— 6)g“V 

13.1.21 

IF{1,  3}  = IF{2,  4}  = TT{5,  6}  = W'{7,  8}=0 

13.1.22  IF{1,  5}  = — T(jb)z~bez/T(a) 

13.1.23  W{1,  7}  = T(b)e"tbz~bez/r(jb-a) 

13.1.24  TT{2,  5}  = -r(2-6)z-V/r(l+a-6) 

13.1.25  W{2,  7}  = -r(2-b)z~be‘/r(l-a) 

13.1.26  W{ 5,  7}=e«<(6-fl,2-6e‘ 

Kummer  Transformations 

13.1.27  M(a,  6,  z)=e*M(b—a,  6,  —2) 

13.1.28 

21-llM(l+a— 6,  2—6,  2)=21-VM(1  — a,  2—6,  —2) 

13.1.29  f7(o,  6,  2)  = 21~i’C/(l+a— 6,  2—6,  2) 

13.1.30 


elU(b—a,  6,  -2)=c"<<l-weV-ftf7(l-a,  2-6,  -2) 

Whittaker’s  Equation 


13.1.31 


d?w  . . 1 
d22"1"1  4 


22 


] w=0 


Solutions: 


Whittakers  Functions 

13.1.32  M,.M(2)=e-i*2i+'‘M(^+M— »c,  1+2/x,  2) 

13.1.33 

1+2m,  3) 

(— jr<arg  2<7r,  n=\b—a,  n=$b— §) 


13.1.34 


pp  (2)=  - (2\_i rflfoQ w / \ 


13.1.35 


(General  Confluent  Equation 


tt  1 r 2-A  1 c\xt  1 f 

W//+[“5T+2 / +“^ A'~ tt]^ 


A' 


4(^-1) 


z2 


+^+y,,+y,*-^]w=° 


06 


.2 


Solutions: 

13.1.36 


Z~Ae~nz)M(a,  6,  A(Z» 
13.1.37  Z~Ae~/(Z)U(a,  6,  A(Z)) 

13.2.  Integral  Representations 

^6>^a>0 


13.2.1 

r(6-a)r(a) 


r(6) 


M(a,  6, 2) 


t)b~a~ldt 


13.2.2 


13.2.3 


=2-eiTe-i— sin-6  cot6"2*  (\e)dJB 


13.2.4 


,—Az 


13.2.5 


fB  e “ (t—A)tt~1(B— t)  b~“~  ldt 

(A=B 

0,  ^?2>0 


-1) 


r(a)I7(o,  6, 2)=  J*  e_1d< 


13.2.6 


/»  00 

=e*J  c-z‘(t-l)°-l< 


— lub—a— 


ldt 


13.2.7 


:2‘-V2  f°°  e~*z  c08h  * sinh— 0 coth6-28 (bd)d$  * 


•See  page  n. 
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13.2.8  T(a)U(a,  b,  z) 


= eA+  e-‘,(t-A)tt-1(t+B)b-a~1dt 

(A=l-B) 

Similar  integrals  for  MKtll(z)  and  WK}li(z)  can 
be  deduced  with  the  help  of  13.1.32  and  13.1.33. 


13.2.9 


Barnes-type  Contour  Integrals 


r(q) 
r (6) 


C+<»  Tl/ 


i 00 


T(-s)T(a+s) 
T(b+s ) 


(— z)'ds 


for  |arg  (— z) |<£*r,  a , 6^0,  —1,  —2,  ....  The 
contour  must  separate  the  poles  of  r(— s)  from 
those  of  T(a+s);  c is  finite. 

13.2.10 

r(a)T(l+a— 6)3°Z7(a,  6,  z) 

i /»e+i® 

; I r(— $)r(a+s)r(l+a— 6+s)s”*d$ 

4TTI  Jc-ia» 


3w 


for  |arg  2|<y>  a?*0,  —1,  —2,  . . .,  6— <*5*1,  2, 

3,  . . . . The  contour  must  separate  the  poles  of 
r(— s)  from  those  of  r(a+s)  and  r(l+a— 6+s). 

13.3.  Connections  With  Bessel  Functions 

(see  chapters  9 and  10) 

Bessel  Functions  as  Limiting  Cases 
If  6 and  z are  fixed, 

13.3.1  lim  {M(a,  b,  z/a)/T(b ) } =z^Ib^{2^fz) 

a->® 

13.3.2  lim {M(a,  b,—z/a)/T(b) } —z^bJb^x^z) 

a-*® 

13.3.3 

lim  {r(l+a— 6)  U(a,  b,  zla)}=2zi-ibKb-1(2JZ) 

a->oo 

13.3.4 

lim{r(l+a— b)U(a,  b,  —z/a)} 


a— >» 


13.3.5 


= , (2yfz)  (,Jz>  0) 

=ivie~T,l’zl-V’H(l)2l1(2ifz)  («/g<  0) 

Expansions  in  Series 

13.3.6 

M(a,  6,  s)=c»*r  (6-a-§)(l2)°-*+* 

(26— 2a—  l)n(b— 2a)n(b  — a—  § + n) 

n!(6). 

(-1)»  /»_a_1+B(§z)  (6*0, -1,-2, . . .) 


2 

n»0 


13.3.7 

M(r(6)’g)==ei^2~gg)Hi> 

• 2 -4n(§z)|n(ft— 2a)~i*Jr»_i+n(V(226  — 4sa)) 

where 

^o—l,  -4i=0,  -42=§6, 

(»+l)-4«+i=(»+6— l).4„_,+(2a—  6).Ab_2, 

(a  real) 

13.3.8 

M(a,  6,  z) 

r(6) 

=«*'  2 asn(-^)»(1-»-»>^_1+n(2VF^j) 

n*0 

where 

Co=l,  Ci= — bh,  Ci— — §(26 — l)a+§6(6+l)A2, 

(»+ 1)C7„+1= [(1 — 2h)n— bh]Cn 
+[(l-2h)a-h(.h-l)(b+n-l))C„-1 

—h(h—l)aCn-i  (Areal) 

13.3.9  M(a,b,  z)=^Cn(a,b)In(z) 

71=0 

where 

(7o=l,  Ci(a,  b)=2a/b, 

On+i(a,  6)=2a(7n(a+l,  6+l)/6— (7n_i(a,  6) 

13.4.  Recurrence  Relations  and  Differential 

Properties 

13.4.1 

(6— a)Af(a— 1,  b , s)  + (2a— 6+2)M(u,  6,  2) 

-aM(a+l,  6,  2)=0 

13.4.2 

6(6— l)M(a,  6—1,  3)+6(l— 6— z)M(a,  6,  z) 

+2(6— a)M(a,  6+1,  2)=0 

13.4.3 

(1+a— b)M(a,  6,  2)— aM(a+l,  6,  2) 

+ (6— l)M(a,  6—1,  z)=0 

13.4.4 

bM(a , 6,  z)—bM(a—l}  6,  z)—zM(a,  6+1,  s)=0 

13.4.5 

b(a+z)M(a,  6,  2)+z(a— b)M(a,  6+1,  2) 

— a6M(a+l,  6,  2)=0 
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13.4.6 

(a— l+z)M(a,  6,  z)  + (b—a)M(a—l,  b,  z) 

+ (1  — b)M(a,  b— 1,  z)  = 0 


13.4.7 

6(1— b+z)M(a,  b,  z)+6(6— l)M(a—  1,  6—1,  z) 

— azM(a+ 1,  6+1,  z)  = 0 


13.4.8  M'(a,  6,  z)=rM(a+ 1,  6+1,  z) 


13.4.9  {M(a,  6,  M(a+n,  6+ji,  z) 


13.4.10  aM(a+ 1,  6,  z)=a,M(a,  6 , 2)+2M'(a,  6,  2) 

13.4.11 

(6— a)M(a— 1,  6,  z)  = (b—a—z)M(a,  b,  z) 

+zM'(a,  b , 


13.4.12 

(i b—a)M(a , 6+1,  z)=bM(a , 6,  z)—bM'(a , 6,  2) 


13.4.13 

(6— l)M(a,  6—1,  z)  = (b—l)M(a,  6,  2) 

+2M'(a,  6,  2) 

13.4.14 

(6— l)M(a—  1,  6—1,  z)  — (b— 1— z)M(a,  6,  2) 

+2M'(a,  6,  2) 

13.4.15 

£/(a—  1,  6,  2)  + (6— 2a— z)U(a,  6,  2) 

+<z(l+a— 6)Z7(a+l,  6,  2)=0 

13.4.16 

(6— a— l)E7(a,  6—1,  2)  + (1 — 6— z)U(a,  6,  2) 

+2?7(fl-,  6+1,  2)=0 

13.4.17 

U(a , 6,  2)— aZ7(a+l,  6,  z)  — U(a}  6—1,  2)=0 

13.4.18 

(6— a)U(a,  6,  2)  + ?7(a— 1,  6,  2) 

— 2?7(a,  6+1,  2) =0 


13.4.19 

(a+2)f7(a,  6,  2)— zU(a,  6+1,  2) 

+a(6— a— l)C7(a+l,  6,  2)=0 

13.4.20 

(a+z—l)U(a,  6,  2)  — ?7(a—  1,  6,  2) 

+ (l+d — 6)  U(a,  6 — 1,  2)=0 

13.4.21  Z7'(a,  6,  2)  = — a?7(a+l,  6+1,  2) 

13.4.22 

^ {E7(a,  6,  s)}=(— l)’*(a)„?7(a+w,  6+n,  z) 

13.4.23 

a(l+a— 6)?7(a+l,  6,  z)=aU(a,  6,  z) 

+zE7'(a,  6,  z) 

13.4.24 

(1+a— b)U(a,  6—1,  z)  = (l— b)U(a,  6,  z) 

—zU'(a,  6,  z) 

13.4.25  Z7(a,  6+1,  z)  = U{a,  6,  z)  — U'(a,  6,  z) 

13.4.26 

U(a—  1,  6,  z)  = (a— 6+z)?7(a,  6,  z)—zU'(a,  6,  z) 

13.4.27 

U(a—  1,  6—1,  z)  = (l-6+z)Z7(a,  6,  z) 

—zU'(a,  6,  z) 

13.4.28  „_j(z) — M(z) =2/iM«+),  M_i(z) 


13.4.29 


(1  +2/*+2k)  M,+i,i,(z)  — (1 +2/t — 2k)Mk~1'I,(z) 

=2(2  k—z)M,,„(z) 


13.4.30 


— 3 W«.M+i(2)  + («+M)Wr«-i./.(2)  =0 


13.4.31 

(2k— z)W.t  „(z)  +W«+i.  „(z) 

= (ft— K+^)(#t+K— i)TF«-i,M(z) 


13.4.32 

z M n (z) = (|z — k)  m (z) + (|+m+ «)  Mt+i,  n (z) 

13.4.33  zW’Ki  „(z) = {\z-k)W,.  „(z)-Wk+1,  „(z) 
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13.5*  Asymptotic  Expansions  and  Limiting 

Forms 


13.5.1 


For  |*|  large,  (a,  b fixed) 


e±i*as-*  (a)B(i-|-a— 6), 

r(6— o) 


(— z)-*+0(\z\-*)} 


+ w!s (t  a);i 1 a)‘  *-+o(i*i-» 

the  upper  sign  being  taken  if— lir<arg  2<fir,  the 
lower  sign  if  — f7r<arg  z<  — §ir. 

13.5.2 

CT(«, 6, z)  =z~‘{ S (a)'(1i?~6)"  (-2)'* 

n-0 

+0(M-*)}  (Hk<arg  2<fir) 

Converging  Factor,  for  the  Remainders 

13.5.3 

0(|2|-»)  = (g)g(1+a~6)R  (-2)"* 

Z 

and 

13.5.4 

0(|g|~s)= 

[l—b+2a+z—S+0(\z\-1)] 

where  the  i?’th  and  S’th  terms  are  the  smallest  in 
the  expansions  13.5.1  and  13.5.2. 

For  small  * (a,  b fixed) 

13.5.5  As|2|-»0,  M(a,  6,  0)=1,6^— » 


13.5.6  U(a,b,z)= 


r(o) 


21-*+0(|g|i*‘-*) 


(8lb>2,bj*2) 


13.5.7 


13.5.8 


(6=2) 


(1<#6<2) 


[In  2+^(a)+27] 


13.5.10  U(a,  b,  g)-f^+a-6)+Q(|g|1~  ^ 

(o<m<i) 

13.5.11  =r(lWM>(,*ln*l)  (i=0) 


“-5-12 

(^?6<0, 6^0) 

For  large  o (6, a fixed) 

13.5.13 

M(a,b,z)— 

T (6)e*‘(162— o2)*“**Jr»_1  (y/(2bz—4az)) 

[l+0(|16-o|“')] 

where 

P 

|2|=  | 6—o  and  <r=min  (1— p,  1— fp),  0<p<l. 

13.5.14 

M (o,  6,  x)=r(6)e**(16x— ox)*“*ftx“* 

cos  (V(26x— 4ox)— 16ir+lir) 
[1+0(116- o|“»)] 

as  a— »— oo  for  6 bounded,  x real. 

13.5.15 

f7(o,  6,  2)= 

r(16— o+l)e**2*“**[cos  (ax)«7»_i(V(262— 4a2)) 
—sin  (ot)F»_i(V(262— 4a2))]  [1+0(|16— a|-")] 

where  <7  is  defined  in  13.5.13. 


13.5.16 

17(o,  6,  x) 


r(16— o+l)  t“*«**x*“*® 

cos  (V(26x— 4ax)— §6it+ot+1t) 

[l+0(|tf-o|-»)l 


as  o-»—  ® for  6 bounded,  x real. 

For  large  real  a,  b,  * 

If  cosh*  0=x/(26— 4o)  so  that  x>26— o>l, 


13.5.17 

M(o,  6,  x) 


13.5.18 

U(a,  6,  x) 


+0(|2ln2|)  (6=1) 


= T(6)  sin  (ox) 

exp  [(6— 2o)(l  sinh  20— 0+cosh*  0)] 
[(6— 2o)  cosh  0]1-®[ir(16 — o)  sinh  20]“* 

[1+0(116— o|“1)] 

exp  [(6— 2o)(!  sinh  20— 0+cosh*  0)] 
[(6— 2o)  cosh  0]l“®[(16— o)  sinh  20]“* 

[1+0(116— o|“‘)] 


•See  page  n. 
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If  x=(2b-4a)[l+t/(b-2a)i],  so  that 

x~2b— 4a 

13.5.19 

M(a,  b,  x)=eiz{b—2a)i-'T(b)[Ai(t)  cos  (ax) 

sin  (ax)+0(|£& — a|-^)] 

13.5.20 

U(a,  b, 

{ 1 — tT(%)  (bx—2ax)~iZiv~i+0(\ib—a\~i) } 
If  cost0=x/(2b— 4a)  so  that  2b— 4a>x>0, 


13.5.21 

M(a,  b,  x)  = T(b)  exp  { (b— 2a)  cos*  0} 

[(6— 2a)  cosOp-VQJ-a)  sin  2®]“* 
[sin  (ax) +sin  { (§6— a)  (20— sin  20) + £x} 

+0(|§6-a|-1)] 

13.5.22 

U(a,  b,  x) — exp  [(b—2a)  cos2  9][(b—2a)  cos  0]1_s 

[(26— a)  sin  20]_1{sin  [(£6— a) 

(20— sin  20)+|x]+0(|$&— a|-1)} 


13.6.  Special  Cases 


M(a , 6,  z) 

Relation 

Function 

a 

6 

z 

13.6.1 

*+i 

1 

2v+l 

2iz 

rCl+iOe^dz)-'./,^) 

Bessel 

13.6.2 

-y+i 

-2*+l 

2iz 

r(l  — lOe^CizMcos  (nr)Jp(z)  - 

-sin  («r)y,(z)] 

Bessel 

13.6.3 

y+i 

2*+l 

2 z 

r(i+F)c*(i«)-r/,(«) 

Modified  Bessel 

13.6.4 

n-f  1 

2n-f2 

2 iz 

r (i + n)e”{\z)-n-\Jn+\(z) 

Spherical  Bessel 

13.6.5 

— n 

—2  n 

2iz 

r(l—n)eiB(iz)*+iJ-n-i(z) 

Spherical  Bessel 

13.6.6 

n+1 

2n+2 

2 z 

r(i  + n)e*(iz)~n“i/n+j(*) 

* 

Spherical  Bessel 

13.6.7 

n+i 

2ii“f- 1 

—2^Jix 

rCl+nJe”1*' (§*»»)  “"(ber#  x+*  bei»  x) 

Kelvin 

13.6.8 

L+l  — tiy 

2L+2 

2 ix 

x)z-L-'ICt.{ri) 

Coulomb  Wave 

13.6.9 

— n 

«+l 

X 

(.?!). 

Laguerre 

13.6.10 

a 

fl*f  1 

— X 

oxray(at  x) 

Incomplete  Gamma 

13.6.11 

— n 

1+F  — » 

X 

(»!)***"  , \ 
(l+.-»),  p,(,’’*) 

Poisson-Charlier 

13.6.12 

a 

a 

z 

e$ 

Exponential 

13.6.13 

1 

2 

-2  iz 

4»— <* 

— sin  * 

Trigonometric 

13.6.14 

1 

2 

2 z 

— sinh  f 

Hyperbolic 

13.6.15 

— §i' 

* 

i** 

2_1  exp  (izJ)E'0)(z) 

Weber 

13.6.16 

i— i* 

i 

W 

*"(.) 

or 

Parabolic  Cylinder 

13.6.17 

— n 

1 

J** 

Hermite 

13.6.18 

— n 

* 

ix* 

4c 

Her  mite 

(2n  + l)!(  i} 

13.6.19 

1 

-x* 

xi  . 

2ierf* 

Error  Integral 

13.6.20 

1+n 

rl 

r>  tr~2n+m— 1 

rr*T(m  n r \ 

* 

Toronto 

r(Jm+J)  7 ( } 

•See  page  n. 
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13.6.  Special  Cases — Continued 


t/(o,  b,  z) 

Relation 

Function 

a 

b 

z 

13.6.21 

H-i 

2p+1 

2 z 

ir^UK(2z)~9K,(z) 

Modified  Bessel 

13.6.22 

H-i 

2f+1 

—2iz 

Hankel 

13.6.23 

H-i 

2p+1 

2 iz 

Jirle  - »l’r  ( " + 1 ) - *1  (2z)-'Hi2’ (zf 

Hankel 

13.6.24 

n+1 

2n+2 

2 z 

Spherical  Bessel 

13.6.25 

i 

i 

i*j/> 

»Jz->  exp  (§z*/,)2-,/,35/*  Ai  (z) 

Airy 

13.6.26 

n+h 

2n+l 

^Jix 

»Hir“iev/*K(2Vir)  ~"[kern  x+i  kei»  x] 

Kelvin 

13.6.27 

—n 

«+l 

X 

(-l)-n!Li“>(x) 

Laguerre 

13.6.28 

1— a 

1— a 

X 

c*r(o,  *) 

Incomplete  Gamma 

13.6.29 

1 

1 

—x 

—e~x  Ei  (x) 

Exponential  Integral 

13.6.30 

1 

1 

X 

e*Ei(x) 

Exponential  Integral 

13.6.31 

1 

1 

—In* 

— -li  (x) 

Logarithmic  Integral 

13.6.32 

J m—n 

l+m 

* 

r ( 1+ n — im) Wn.  m(x) 

Cunningham 

13.6.33 

~hr 

0 

2x 

r(l+iiOe*A;r(x)  for  x>0 

Bateman 

13.6.34 

1 

1 

XX 

e^l—faci+i  Si  (x)  — Ci  (x)] 

Sine  and  Cosine  Integral 

13.6.35 

1 

1 

—ix 

e-~[bri-i  Si  (x)— Ci  (x)] 

Sine  and  Cosine  Integral 

13.6.36 

-hr 

i 

\z* 

2 -Pe*l'«D,(z) 

Weber 

13.6.37 

i—i* 

i 

iz2 

H-i-e^D,  (z)lz  * 

or 

Parabolic  Cylinder 

13.6.38 

h-hn 

i 

X* 

2 ~nHn(x)lx  * 

Hermite 

13.6.39 

h 

h 

X* 

V*  exp  (xs)  erfc  * 

Error  Integral 

13.7.  Zeros  and  Turning  Values 

If  jb-i.r  is  the  r’th  positive  zero  of  «/&_i(x),  then 
a first  approximation  X0  to  the  r’th  positive  zero 
of  M(a,  by  x)  is 

13.7.1  Xo^jl-t.r  { 1/(26— 4«)H-  0(l/(§6—«)2) } 


For  the  derivative, 

13.7.4 

M'(a,  byX 0 = 

■ +»-*) 


13.7.2 


^ _V(r+$6-f)» 
Xo~  26— 4a 


A closer  approximation  is  given  by 


13.7.3  Xl=X0-M(a,  b,  X0)/M'  (a,  b,  X0) 


If  X’o  is  the  first  approximation  to  a turning  value 
of  M(a,  b,  x),  that  is,  to  a zero  of  M'(a,  b,  x)  then 
a better  approximation  is 


13.7.5 


w X'0M'(a,b,X’0) 
aM(a,b,X'0) 


•See  page  n. 
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The  self-adjoint  equation  13.1.1  can  also  be 
written 

13.7.6  ^~]==azb~le~Zw 

The  Sonine-Polya  Theorem 

The  maxima  and  minima  of  \w\  form  an  in- 
creasing or  decreasing  sequence  according  as 

—ax2b~1e~2x 


is  an  increasing  or  decreasing  function  of  x,  that  is, 
they  form  an  increasing  sequence  for  M(a,  6,  x) 
if  a^> 0,  x<^b — \ or  if  a<^ 0,  x^>b — and  a decreas- 
ing sequence  if  u> 0 and  z>6— § or  if  a< 0 and 
z<6— §. 

The  turning  values  of  \w\  lie  near  the  curves 
13.7.7 

w=  ± T (b)Tr-1/2ex/2(?bx—ax)i~ib{  1— x/(2b— 4a) } ~m 


Numerical  Methods 


13.8.  Use  and  Extension  of  the  Tables 

Calculation  of  M(a,  b,  x) 

Rummer’s  Transformation 

Example  1.  Compute  M(. 3,  .2,  —.1)  to  7S. 
Using  13.1.27  and  Tables  4.4  and  13.1  we  have 
a=.3,  b =.2  so  that 

M(. 3,  .2,  -A)=e~AM(-.l)  .2,  .1) 

= .85784  90. 

Thus  13.1.27  can  be  used  to  extend  Table  13.1  to 
negative  values  of  x.  Rummer’s  transformation 
should  also  be  used  when  a and  b are  large  and 
nearly  equal,  for  x large  or  small. 

Example  2.  Compute  M(  17,  16,  1)  to  7S. 
Here  a=17,  6=16,  and 

M(17,  16,  l)=elM(—\,  16,  -1) 

=2.71828  18X1.06250  00 
=2.88817  44. 

Recurrence  Relations 

Example  3.  Compute  M(— 1.3,  1.2,  .1)  to  7S. 
Using  13.4.1  and  Table  13.1  we  have  a=  — .3, 
6=.2  so  that 

M(— 1.3,  .2,.1)=2[.7M(— .3,  .2,  .1)-.3M(.7,.2,  .1)] 

= .35821  23. 

By  13.4.5  when  a=  — 1 .3  and  6= .2, 

M(— 1.3, 1.2,  ,1)  = [.26  M(— .3,  .2,  .1) 

-.24  Af(— 1.3,  .2,  .1)]/.15 

= .89241  08. 

Similarly  when  a=  — .3  and  6=.2 

M(— .3,  1.2,  .1)  = . 97459  52. 

Check,  by  13.4.6, 

M(— 1.3,  1.2,  :1)  = [.2  M(— .3,  .2,  .1) 

+ 1.2  M(— .3,  1.2,  .1)]/1.5 

= .89241  08. 


In  this  way  13.4.1-13.4.7  can  be  used  together 
with  13.1.27  to  extend  Table  13.1  to  the  range 

— 10<a<10,  -10<6<10,  — 10<x<10. 

This  extension  of  ten  units  in  any  direction  is 
possible  with  the  loss  of  about  IS.  All  the  re- 
currence relations  are  stable  except  i)  if  a<0,  6<0 
and  |a|>|6|,  z>0,  or  ii)  6<a,  6<0,  |6— a|>|6|, 
x<0,  when  the  oscillations  may  become  large, 
especially  if  |x|  also  is  large. 

Neither  interpolation  nor  the  use  of  recurrence 
relations  should  be  attempted  in  the  strips 
6=— n±.l  where  the  function  is  very  large  nu- 
merically. In  particular  M(a , 6,  x)  cannot  be 
evaluated  in  the  neighborhood  of  the  points 
a=—m,  b=—n,  m<n , as  near  these  points 
small  changes  in  a,  6 or  x can  produce  very  large 
changes  in  the  numerical  value  of  M(a , 6,  x). 

Example  4.  At  the  point  (— 1,  — 1,  x)%  M(a , 6,  x) 
is  undefined. 

When  <z=— 1,  M{— 1,  6,  x)=l— |for  all  x. 

Hence  lim  M(—  1,  6,  x)  = 1 +z.  But  M(6,  b,x)=e? 

6-»-l 

for  all  x , when  a=b.  Heuce  lim  M(6,  6,  x)=ee. 

6-»— 1 

In  the  first  case  6->— 1 along  the  line  a=  — 1,  and 

in  the  second  case  6— >— 1 along  the  line  a=6. 

) 

Derivatives 

Example  5.  To  evaluate  M'(— .7,  —.6,  .5)  to 
7S.  By  13.4.8,  when  a=  — .7  and  6 = — .6,  we  have 

-.6,  ,5)=^M(.3,  .4,  .5) 

= 1.724128. 

Asymptotic  Formulas 

For  x>  10,  a and  6 small,  M(a,  6,  x)  should  be 
evaluated  by  13.5.1  using  converging  factors 
13.5.3  and  13.5.4  to  improve  the  accuracy  if 
necessary. 
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Example  6.  Calculate  M(. 9,  .1,  10)  to  7S, 
using  13.5.1. 

M(Q  I in’)—  C-M  10~-9S  (-9)"(L8)" 

M(.9,  .1,10)  r(_  8)  e ^ n\{—  10)B 

. IC1)  ,101  n.8  (~-8)n(-l))i  i Q(l()-Ars 

+r(.9)  e 1U  h>  nll0»  ' 

=-.198(.869)  + 1237253(.99190  285) 

+0(1) 

= 1227235.23-.  17+0(1) 

= 1227235+0(1) 


Check,  from  Table  13.1,  M(. 9,  .1,  10)  = 1227235. 
To  evaluate  M(a,  b,  x)  with  a large,  x small  and  b 
small  or  large  13.5.13—14  should  be  used. 

Example  7.  Compute  M(— 52.5,  .1,  1)  to  3S, 
using  13.5.14. 

M(— 52.5,  .1,  l)  = r(.l)e-6(.05+52.5)-25-  05 
.5642  cos  [(.2— 4(— 52.5))-6— .05x+.25ir] 

[l  + 0((.O5+52.5)--6)]=-16.34+0(.2) 

By  direct  application  of  a recurrence  relation, 
M(— 52.5,  .1,  1)  has  been  calculated  as  —16.447. 
To  evaluate  M(a,  b,  x)  with  x,  a and/or  b large, 
13.5.17, 19  or  21  should  be  tried. 

Example  8.  Compute  M(— 52.5,  .1,  1)  using 

13.5.21  to  3S,  cos  0=Vl/21O.2. 


M(— 52.5,  .1,  1) 

= r(.l)e1051  cos2®  [105.1  cos  0]1”*1.5641 

52.55~*  sin  20-*[sin  (—52.5t) 
+sin  {52.55(20— sin  20)+|;r} 
+ 0((52.55)“1)]=-16.47+0(.O2) 


A full  range  of  asymptotic  formulas  to  cover  all 
possible  cases  is  not  yet  known. 


Calculation  of  U(a,  b,  x) 


For  — 10<a;<10,  -10<a<10,  -10<5<10 

this  is  possible  by  13.1.3,  using  Table  13.1  and  the 
recurrence  relations  13.4.15-20. 

Example  9.  Compute  17(1.1,  .2,  1)  to  5S. 
Using  Tables  13.1,  4.12  and  6.1  and  13.1.3,  we 
have 

U(.  1,  .2,  1)= 


r ,M(.  1,.2,1)  M(.9, 1.8,1), 

sin(.2ir)lr(.9)r(.2)  r(.l)r(1.8) '' 

But  M(.9,  1.8,  1)=.8[M(.9,  .8,  l)-M(-.l,  .8,  1)] 

= 1.72329,  using  13.4.4. 


Hence 

Z7(.l,  .2,  1)=5.344799(.371765-. 194486) 

= .94752. 

Similarly 

U(~. 9,  .2,  1)  = .91272. 

Hence  by  13.4.15 

17(1.1,  .2,  l)=[U(.l,  .2,  1)  — E7(— .9,  .2,  l)]/.09 

=.38664. 

Example  10.  To  compute  Z7'(— .9,  —.8,  1)  to 
5S.  By  13.4.21 

Z7'(— .9,  —.8,  l)=.9Z7(.l,  .2,  1) 

= (.9)  (.94752) 

=.85276. 

Asymptotic  Formulas 

Example  11.  To  compute  17(1,  .1,  100)  to  5S. 
By  13.5.2 


U(l,.l,  100)=jJq{1 


1.9  . 1.9  2.9 
lOO^lOO  100 

1.9  2.9  3.9 
100  100  100 


1-0(10-9)}. 


= .01  { 1 - .019 + .000551  - .000021 

+0(io-9)}, 

=.00981  53. 

Example  12.  To  evaluate  U(.  1,  .2,  .01).  For 
x small,  13.5.6-12  should  be  used. 


U(.  i,  .2,  •0i)-rr(L1-'2)+O((-°1)1-2) 

= 1.09  to  3S,  by  13.5.10. 

To  evaluate  U(a,  b , x)  with  a large,  x small  and 
b small  or  large  13.5.15  or  16  should  be  used. 

To  evaluate  U(a,  b , x)  with  x , a and/or  b large 
13.5.18,  20  or  22  should  be  tried.  In  all  these 
cases  the  size  of  the  remainder  term  is  the  guide  to 
the  number  of  significant  figures  obtainable. 


Calculation  of  the  Whittaker  Functions 

Example  13.  Compute  M.0,  -.4(1)  and  W.0l  -.4(1) 
to  5S.  By  formulas  13.1.32  and  13.1.33  and 
Tables  13.1,  4.4 

M.0.-.4(1)=c-6M(.1,  .2,  1)  = 1. 10622, 
TF.0>-.4(l)=e--6U(.l,  .2,  1) =.57469. 
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Thus  the  values  of  and  WKifl(x)  can 

always  be  found  if  the  values  of  M(a,  6,  a;)  and 
U(a,j  b,  x)  are  known. 

13.9.  Calculation  of  Zeros  and  Turning  Points 


Xi=X'[l- 


M’(- 3,.6,JSQ 
—3M(— 3,  .6,  Xo) 


=X'0  [1—M(— 2, 1.6,  JQ/.6M(-3,  .6,X'0)] 


= .9715 XI. 0163  = .9873  to  4S. 


Example  14.  Compute  the  smallest  positive 
zero  of  M(— 4,  .6,  x).  This  is  outside  the  range  of 
Table  13.2.  Using  13.7.2  we  have,  as  a first 
approximation 


(.55tt)! 


17.2 


= .174. 


Using  13.7.3  we  have 


X^Xo-M (-4,  .6,  X0)/M'(-4,  .6,  X0). 
But,  by  13.4.8, 

M'(-4,  .6,  X0)  = -(.15)-1M(-3,  1.6,  X0) 
Hence 


X\ — Xq-\-  A5M( — 4,  .6,  X0)IM( — 3, 1.6,  Xq), 


= .174+ (.15)  (.030004) 

=.17850  as  a second  approximation. 

If  we  repeat  this  calculation,  we  find  that 


This  process  can  be  repeated  to  give  as  many 
significant  figures  as  are  required. 


X2=X1+. 00002  99=. 17852  99  to  7S. 

Calculation  of  Maxima  and  Minima 

Example  15.  Compute  the  value  of  x at  which 
Af  (— 1 .8,  — .2,  x)  has  a turning  value.  Using  13.4.8 
and  Table  13.2,  we  find  that  M'(— 1.8,  —.2, x) 
= 9M(— .8,  .8,  x)  =0  when  £ = .94291  59. 

Also  M"(— 1.8,  -.2,  z)=9M'(-.8,  .8,  x)  = 
— 9M(.2,  1.8,  x)  and  M(. 2,  1.8,  .94291  59)  >0. 
Hence  M(— 1.8,  —.2,  x)  has  a maximum  in  x when 
x=. 94291  59. 

Example  16.  Compute  the  smallest  positive 
value  of  x for  which  M( — 3,  .6,  x)  has  a turning 
value,  X[ . This  is  outside  the  range  of  Table  13.2. 
Using  13.4.8  we  have 

M'(-3,  .6,  £)  = -3M(— 2,  1.6,  z)/.6. 

By  13.7.2  for  M(-2,  1.6,  x), 

Xo—  (1.05ir)2/  (1 1.2)  = .9715. 

This  is  a first  approximation  to  X'0  for  M(— 3,  .6,  x) . 
Using  13.7.5  and  13.4.8  we  find  a second  approxi- 
mation 


Figure  13.1. 

Figure  13.1  shows  the  curves  on  which  M(a , 5,  x) 
=0  in  the  a,  b plane  when  x—1.  The  function  is 
positive  in  the  unshaded  areas,  and  negative  in  the 
shaded  areas.  The  number  in  each  square  gives 
the  number  of  real  positive  zeros  of  M(a,by  x)  as  a 
function  of  x in  that  square.  The  vertical 
boundaries  to  the  left  are  to  be  included  in  each 
square. 

13.10.  Graphing  M(a,  b,  x ) 

Example  17.  Sketch  M(— 4.5,  1,  x).  Firstly, 
from  Figure  13.1  we  see  that  the  function  has 
five  real  positive  zeros.  From  13.5.1,  we  find 
that  M-+—CO,  M'— >— co  as  £—>+co  and  that 
M— >+oo,  M'— >+  co  as  x — > — oo . Bv  13.7.2  we 
have  As  first  approximations  to  the  zeros,  .3, 1.5, 3.7, 

6.9,  10.6,  and  by  13.7.2  and  13.4.8  we  find  as  first 
approximations  to  the  turning  values  .9,  2.8,  5.8, 

9.9.  From  13.7.7,  we  see  that  these  must  lie  near 
the  curves 

y=  ± 6**  (5a;)  “1(1  — a;/l  l)~*ir 

From  these  facts  we  can  form  a rough  graph  of 
the  behavior  of  the  function,  Figure  13.2. 


(From  F.  G.  Tricomi,  Funzioni,  ipergeometrlche  confluent!,  Edizioni. 
Cremonese,  Rome,  Italy,  1954,  with  permission.) 

M 


.5  I 1.5  2 2.5 

M 


Figure  13.4.  M(a,  .5,  x). 

(From  E.  Jahnke  and  F.  Emde,  Tables  of  functions,  Dover  Publications, 
Inc.,  New  York,  N.Y.,  1945,  with  permission.) 


Figure  13.3.  M(o,  1,  x ). 

(From  E.  Jahnke  and  F.  Emde,  Tables  of  functions,  Dover  Publications, 
Inc.,  New  York,  N.Y.,  1945,  with  permission.) 
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Table  13.1 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  6,  x) 

x =0.1 


a\b  0.1  0.2 

-1.0  0.00000  00  (-1)  5.00000  00  (-1) 

-0.9  (-2)  9.58364  34  (-1)  5.48093  23  (-1) 

-0.8  (-1)  1.92586  25  (-1)  5.96605  00  (-1) 

-0.7  (-1)  2.90253  86  (-1)  6.45537  25  (-1) 

-0.6  (-1)  3.88843  71  (-1)  6.94891  92  (-1) 

-0.5  (-1)  4.88360  25  (-1)  7.44670  94  (-1) 

-0.4  (-1)  5.88807  94  (-1)  7.94876  28  (-1) 

-0.3  (-1)  6.90191  26  (-1)  8.45509  89  (-1) 

-0.2  (-1)  7.92514  70  (-1)  8.96573  73  (-1) 

-0.1  (-1)  8.95782  77  (-1)  9.48069  78  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.10517  09  ( 0)  1.05236  64  ( 0) 

0.2  ( 0)  1.21130  01  ( 0)  1.10517  09  ( 0) 

0.3  ( 0)  1.31839  21  ( 0)  1.15841  56  ( 0) 

0.4  ( 0)  1.42645  14  ( 0)  1.21210  24  ( 0) 

0.5  ( 0)  1.53548  28  ( 0)  1.26623  34  ( 0) 

0.6  ( 0)  1.64549  07  ( 0)  1.32081  05  ( 0) 

0.7  ( 0)  1.75647  99  ( 0)  1.37583  59  ( 0) 

0.8  ( 0)  1.86845  49  ( 0)  1.43131  14  ( 0) 

0.9  ( 0)  1.98142  05  ( 0)  1.48723  92  ( 0) 

1.0  ( 0)  2.09538  12  ( 0)  1.54362  12  ( 0) 


0.3  0.4  0.5 

6.66666  67  (-1)  7.50000  00  (-1)  8.00000  00 

6.98827  46  (-1)  7.74183  96  (-1)  8.19391  07 

7.31245  77  (-1)  7.98547  23  (-1)  8.38915  99 

7.63922  74  (-1)  8.23090  56  (-1)  8.58575  33 

7.96859  49  (-1)  8.47814  73  (-1)  8.78369  61 

8.30057  19  (-1)  8.72720  49  (-1)  8.98299  40 

8.63516  97  (-1)  8.97808  60  (-1)  9.18365  22 

8.97239  98  (-1)  9.23079  84  (-1)  9.38567  64 

9.31227  38  (-1)  9.48534  97  (-1)  9.58907  21 

9.65480  34  (-1)  9.74174  76  (-1)  9.79384  48 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.03478  75  ( 0)  1.02601  15  ( 0)  1.02075  43 

1.06984  41  ( 0)  1.05220  99  ( 0)  1.04164  80 

1.10517  09  ( 0)  1.07859  61  ( 0)  1.06268  16 

1.14076  91  ( 0)  1.10517  09  ( 0)  1.08385  58 

1.17663  99  ( 0)  1.13193  51  ( 0)  1.10517  09 

1.21278  44  ( 0)  1.15888  93  ( 0)  1.12662  77 

1.24920  38  ( 0)  1.18603  45  ( 0)  1.14822  66 

1.28589  94  ( 0)  1.21337  14  ( 0)  1.16996  83 

1.32287  23  ( 0)  1.24090  08  ( 0)  1.19185  34 

1.36012  38  ( 0)  1.26862  36  ( 0)  1.21388  22 


a\6  0.6  0.7 

-1.0  (-1)  8.33333  33  (-1)  8.57142  86  (-1) 

-0.9  (-1)  8.49524  54  (-1)  8.71045  21  (-1) 

-0.8  (-1)  8.65820  31  (-1)  8.85031  91  (-1) 

-0.7  (-1)  8.82221  06  (-1)  8.99103  26  (-1) 

-0.6  (-1)  8.98727  18  (-1)  9.13259  59  (-1) 

-0.5  (-1)  9.15339  10  (-1)  9.27501  22  (-1) 

-0.4  (-1)  9.32057  22  (-1)  9.41828  47  (-1) 

-0.3  (-1)  9.48881  96  (-1)  9.56241  64  (-1) 

-0.2  (-1)  9.65813  72  (-1)  9.70741  08  (-1) 

-0.1  (-1)  9.82852  93  (-1)  9.85327  09  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.01725  53  ( 0)  1.01476  01  ( 0) 

0.2  ( 0)  1.03461  94  ( 0)  1.02960  78  ( 0) 

0.3  ( 0)  1.05209  25  ( 0)  1.04454  34  ( 0) 

0.4  ( 0)  1.06967  52  ( 0)  1.05956  71  ( 0) 

0.5  ( 0)  1.08736  79  ( 0)  1.07467  94  ( 0) 


0.8  0.9  1.0 

8.75000  00  (-1)  8.88888  89  (-1)  9.00000  00 

8.87183  35  (-1)  8.99733  47  (-1)  9.09772  21 

8.99436  39  (-1)  9.10636  73  (-1)  9.19594  59 

9.11759  38  (-1)  9.21598  87  (-1)  9.29467  31 

9.24152  56  (-1)  9.32620  11  (-1)  9.39390  52 

9.36616  18  (-1)  9.43700  64  (-1)  9.49364  42 

9.49150  52  (-1)  9.54840  68  (-1)  9.59389  16 

9.61755  81  (-1)  9.66040  42  (-1)  9.69464  91 

9.74432  32  (-1)  9.77300  09  (-1)  9.79591  86 

9.87180  29  (-1)  9.88619  88  (-1)  9.89770  16 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.01289  17  ( 0)  1.01144  07  ( 0)  1.01028  15 

1.02585  56  ( 0)  1.02294  21  ( 0)  1.02061  50 

1.03889  21  ( 0)  1.03450  45  ( 0)  1.03100  04 

1.05200  13  ( 0)  1.04612  80  ( 0)  1.04143  81 

1.06518  35  ( 0)  1.05781  30  ( 0)  1.05192  82 


0.6  ( 0)  1.10517 

0.7  ( 0)  1.12308 

0.8  ( 0)  1.14110 

0.9  ( 0)  1.15924 

1.0  ( 0)  1.17749 


09  ( 0)  1.08988 

48  ( 0)  1.10517 

98  ( 0)  1.12055 

65  ( 0)  1.13602 

53  ( 0)  1.15158 


06  ( 0)  1.07843  90 

09  ( 0)  1.09176  81 

08  ( 0)  1.10517  09 

05  ( 0)  1.11864  79 

03  ( 0)  1.13219  91 


1 0)  1.06955  95 
0)  1.08136  79 
0)  1.09323  83 
0)  1.10517  09 
0)  1.11716  60 


0)  1.06247  09 
0)  1.07306  64 
0)  1.08371  47 
0)  1.09441  62 
0)  1.10517  09 


For  0<z<  1,  linear  interpolation  in  a,  6 or  x provides  3-4S.  Lagrange  four-point  interpolation  gives  7S  in  a,  b or  x over 
most  of  the  table,  but  the  Lagrange  six-point  formula  is  needed  over  the  range  l<z<10.  Any  interpolation  formula 
can  be  reapplied  to  give  two  dimensional  interpolates  in  a and  6,  a and  x or  b and  x.  This  calculation  can  be  checked 
by  being  repeated  in  a different  order. 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  6,  x)  Table  13.1 

x =0.2 


a\b  0.1  0.2 

-1.0  ( 0) -1.00000  00  0.00000  00  (-1) 

-0.9  (-1) -8.16955  02  (-2)  9.22415  48  (-1) 

-0.8  (-1) -6.30239  72  (-1)  1.86164  63  (-1) 

-0.7  (-1)  -4.39817’  97  (-1)  2.81785  03  (-1) 

-0.6  (-1) -2.45653  39  (-1)  3.79118  64  (-1) 

-0.5  (-2) -4.77093  96  (-1)  4.78181  44  (-1) 

-0.4  (-1) +1.54050  87  (-1)  5.78989  52  (-1) 

-0.3  (-1)  3.59664  50  (-1)  6.81559  07  (-1) 

-0.2  (-1)  5.69168  81  (-1)  7.85906  39  (-1) 

-0.1  (-1)  7.82601  37  (-1)  8.92047  86  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.22140  28  ( 0)  1.10977  94  ( 0) 

0.2  ( 0)  1.44684  80  ( 0)  1.22140  28  ( 0) 

0.3  ( 0)  1.67637  41  ( 0)  1.33488  69  ( 0) 

0.4  ( 0)  1.91002  01  ( 0)  1.45024  87  ( 0) 

0.5  ( 0)  2.14782  49  ( 0)  1.56750  53  ( 0) 

0.6  ( 0)  2.38982  79  ( 0)  1.68667  37  ( 0) 

0.7  ( 0)  2.63606  85  ( 0)  1.80777  12  ( 0) 

0.8  ( 0)  2.88658  67  ( 0)  1.93081  51  ( 0) 

0.9  ( 0)  3.14142  25  ( 0)  2.05582  28  ( 0) 

1.0  ( 0)  3.40061  61  ( 0)  2.18281  20  ( 0) 


a\b  0.6  0.7 

-1.0  (-1)  6.66666  67  (-1)  7.14285  71  (-1) 

-0.9  (-1)  6.98070  53  (-1)  7.41302  26  (-1) 

-0.8  (-1)  7.29894  21  (-1)  7.68657  38  (-1) 

-0.7  (-1)  7.62141  04  (-1)  7.96353  68  (-1) 

-0.6  (-1)  7.94814  35  (-1)  8.24393  73  (-1) 

-0.5  (-1)  8.27917  51  (-1)  8.52780  14  (-1) 

-0.4  (-1)  8.61453  89  (-1)  8.81515  54  (-1) 

-0.3  (-1)  8.95426  91  (-1)  9.10602  57  (-1) 

-0.2  (-1)  9.29839  97  (-1)  9.40043  88  (-1) 

-0.1  (-1)  9.64696  51  (-1)  9.69842  13  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.03575  39  ( 0)  1.03052  02  ( 0) 

0.2  ( 0)  1.07196  17  ( 0)  1.06140  54  ( 0) 

0.3  ( 0)  1.10862  70  ( 0)  1.09265  84  ( 0) 

0.4  ( 0)  1.14575  32  ( 0)  1.12428  18  ( 0) 

0.5  ( 0)  1.18334  39  ( 0)  1.15627  85  ( 0) 

0.6  ( 0)  1.22140  28  ( 0)  1.18865  12  ( 0) 

0.7  ( 0)  1.25993  33  ( 0)  1.22140  28  ( 0) 

0.8  ( 0)  1.29893  91  ( 0)  1.25453  59  ( 0) 

0.9  ( 0)  1.33842  39  ( 0)  1.28805  34  ( 0) 

1.0  ( 0)  1.37839  12  ( 0)  1.32195  81  ( 0) 


0.3  0.4  0.5 

3.33333  33  (-1)  5.00000  00  (-1)  6.00000  00 

3.95232  64  (-1)  5.46684  38  (-1)  6.37527  43 

4.58166  34  (-1)  5.94088  89  (-1)  6.75592  38 

5.22143  72  (-1)  6.42219  72  (-1)  7.14199  30 

5.87174  11  (-1)  6.91083  10  (-1)  7.53352  62 

6.53266  92  (-1)  7.40685  28  (-1)  7.93056  84 

7.20431  59  (-1)  7.91032  56  (-1)  8.33316  46 

7.88677  63  (-1)  8.42131  28  (-1)  8.74136  01 

8.58014  62  (-1)  8.93987  82  (-1)  9.15520  06 

9.28452  18  (-1)  9.46608  57  (-1)  9.57473  18 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.07266  78  ( 0)  1.05416  86  ( 0)  1.04310  51 

1.14646  55  ( 0)  1.10912  09  ( 0)  1.08679  33 

1.22140  28  ( 0)  1.16486  34  ( 0)  1.13106  91 

1.29748  97  ( 0)  1.22140  28  ( 0)  1.17593  74 

1.37473  61  ( 0)  1.27874  56  ( 0)  1.22140  28 

1.45315  23  ( 0)  1.33689  87  ( 0)  1.26747  01 

1.53274  81  ( 0)  1.39586  86  ( 0)  1.31414  41 

1.61353  39  ( 0)  1.45566  22  ( 0)  1.36142  97 

1.69551  97  ( 0)  1.51628  63  ( 0)  1.40933  17 

1.77871  60  ( 0)  1.57774  76  ( 0)  1.45785  51 


0.8  0.9  1.0 

7.50000  00  (-1)  7.77777  78  (-1)  8.00000  00 

7.73716  33  (-1)  7.98920  01  (-1)  8.19077  41 

7.97712  40  (-1)  8.20297  76  (-1)  8.38356  13 

8.21990  25  (-1)  8.41912  68  (-1)  8.57837  54 

8.46551  94  (-1)  8.63766  45  (-1)  8.77523  03 

8.71399  57  (-1)  8.85860  76  (-1)  8.97413  99 

8.96535  20  (-1)  9.08197  30  (-1)  9.17511  81 

9.21960  95  (-1)  9.30777  78  (-1)  9.37817  91 

9.47678  92  (-1)  9.53603  91  (-1)  9.58333  69 

9.73691  22  (-1)  9.76677  40  (-1)  9.79060  58 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.02660  74  ( 0)  1.02357  34  ( 0)  1.02115  34 

1.05351  56  ( 0)  1.04739  95  ( 0)  1.04252  22 

1.08072  66  ( 0)  1.07147  98  ( 0)  1.06410  78 

1.10824  29  ( 0)  1.09581  63  ( 0)  1.08591  18 

1.13606  64  ( 0)  1.12041  07  ( 0)  1.10793  56 

1.16419  94  ( 0)  1.14526  47  ( 0)  1.13018  06 

1.19264  41  ( 0)  1.17038  02  ( 0)  1.15264  83 

1.22140  28  ( 0)  1.19575  89  ( 0)  1.17534  02 

1.25047  76  ( 0)  1.22140  28  ( 0)  1.19825  79 

1.27987  08  ( 0)  1.24731  35  ( 0)  1.22140  28 
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Table  13.1  CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 


x = 

a\b  0.1  0.2 

-1.0  ( 0) -2.00000  00  (-1) -5.00000  00 

-0.9  ( 0) -1.73884  94  (-1) -3.67762  19  (-2) 

-0.8  ( 0) -1.46940  36  (-1) -2.31724  76  (-1) 

-0.7  ( 0) -1.19153  81  (-2) -9.18332  95  (-1) 

-0.6  (-1) -9.05127  09  (-2)+5.19671  16  (-1) 

-0.5  (-1) -6.10043  44  (-1)  1.99731  93  (-1) 

-0.4  (-1) -3.06158  84  (-1)  3.51517  11  (-1) 

-0.3  (-3) +6.65629  62  (-1)  5.07379  19  (-1) 

-0.2  (-1)  3.28532  83  (-1)  6.67375  21  (-1) 

-0.1  (-1)  6.59602  92  (-1)  8.31562  77  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.34985  88  ( 0)  1.17274  56  ( 0) 

0.2  ( 0)  1.70931  54  ( 0)  1.34985  88  ( 0) 

0.3  ( 0)  2.07850  71  ( 0)  1.53139  94  ( 0) 

0.4  ( 0)  2.45757  28  ( 0)  1.71742  78  ( 0) 

0.5  ( 0)  2.84665  23  ( 0)  1.90800  49  ( 0) 

0.6  ( 0)  3.24588  71  ( 0)  2.10319  22  ( 0) 

0.7  ( 0)  3.65541  99  ( 0)  2.30305  18  ( 0) 

0.8  ( 0)  4.07539  50  ( 0)  2.50764  63  ( 0) 

0.9  ( 0)  4.50595  77  ( 0)  2.71703  89  ( 0) 

1.0  ( 0)  4.94725  50  ( 0)  2.93129  36  ( 0) 


a\b  0.6  0.7 

-1.0  (-1)  5.00000  00  (-1)  5.71428  57  (-1) 

-0.9  (-1)  5.45594  63  (-1)  6.10737  55  (-1) 

-0.8  (-1)  5.92137  29  (-1)  6.50811  03  (-1) 

-0.7  (-1)  6.39639  42  (-1)  6.91657  86  (-1) 

-0.6  (-1)  6.88112  54  (-1)  7.33287  00  (-1) 

-0.5  (-1)  7.37568  28  (-1)  7.75707  44  (-1) 

-0.4  (-1)  7.88018  36  (-1)  8.18928  28  (-1) 

-0.3  (-1)  8.39474  59  (-1)  8.62958  68  (-1) 

-0.2  (-1)  8.91948  91  (-1)  9.07807  88  (-1) 

-0.1  (-1)  9.45453  34  (-1)  9.53485  19  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.05560  11  ( 0)  1.04736  18  ( 0) 

0.2  ( 0)  1.11226  90  ( 0)  1.09558  01  ( 0) 

0.3  ( 0)  1.17001  62  ( 0)  1.14466  45  ( 0) 

0.4  ( 0)  1.22885  51  ( 0)  1.19462  48  ( 0) 

0.5  ( 0)  1.28879  84  ( 0)  1.24547  07  ( 0) 

0.6  ( 0)  1.34985  88  ( 0)  1.29721  20  ( 0) 

0.7  ( 0)  1.41204  93  ( 0)  1.34985  88  ( 0) 

0.8  ( 0)  1.47538  27  ( 0)  1.40342  10  ( 0) 

0.9  ( 0)  1.53987  22  ( 0)  1.45790  88  ( 0) 

1.0  ( 0)  1.60553  08  ( 0)  1.51333  23  ( 0) 


).3 

0.3  0.4  0.5 

0.00000  00  (-1)  2.50000  00  (-1)  4.00000  00 

8.90939  59  (-1)  3.17420  35  (-1)  4.54351  25 

1.80524  85  (-1)  3.86467  39  (-1)  5.09916  51 

2.74324  64  (-1)  4.57162  39  (-1)  5.66711  03 

3.70525  58  (-1)  5.29526  85  (-1)  6.24750  17 

4.69160  23  (-1)  6.03582  44  (-1)  6.84049  44 

5.70261  46  (-1)  6.79351  05  (-1)  7.44624  48 

6.73862  42  (-1)  7.56854  74  (-1)  8.06491  07 

7.79996  60  (-1)  8.36115  78  (-1)  8.69665  13 

8.88697  76  (-1)  9.17156  65  (-1)  9.34162  71 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.11393  77  ( 0)  1.08466  87  ( 0)  1.06719  33 

1.23054  56  ( 0)  1.17118  59  ( 0)  1.13575  92 

1.34985  88  ( 0)  1.25957  47  ( 0)  1.20571  42 

1.47191  26  ( 0)  1.34985  88  ( 0)  1.27707  51 

1.59674  26  ( 0)  1.44206  18  ( 0)  1.34985  88 

1.72438  49  ( 0)  1.53620  75  ( 0)  1.42408  24 

1.85487  58  ( 0)  1.63232  02  ( 0)  1.49976  30 

1.98825  19  ( 0)  1.73042  41  ( 0)  1.57691  80 

2.12455  03  ( 0)  1.83054  38  ( 0)  1.65556  49 

2.26380  82  ( 0)  1.93270  41  ( 0)  1.73572  13 


0.8  0.9  1.0 

6.25000  00  (-1)  6.66666  67  (-1)  7.00000  00 

6.59572  25  (-1)  6.97537  97  (-1)  7.27897  71 

6.94776  02  (-1)  7.28940  91  (-1)  7.56249  82 

7.30618  39  (-1)  7.60881  20  (-1)  7.85061  06 

7.67106  45  (-1)  7.93364  63  (-1)  8.14336  18 

8.04247  38  (-1)  8.26397  01  (-1)  8.44079  99 

8.42048  41  (-1)  8.59984  20  (-1)  8.74297  33 

8.80516  81  (-1)  8.94132  11  (-1)  9.04993  07 

9.19659  93  (-1)  9.28846  71  (-1)  9.36172  12 

9.59485  17  (-1)  9.64133  99  (-1)  9.67839  44 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.04121  19  ( 0)  1.03645  08  ( 0)  1.03265  88 

1.08312  85  ( 0)  1.07349  27  ( 0)  1.06582  10 

1.12575  75  ( 0)  1.11113  16  ( 0)  1.09949  16 

1.16910  65  ( 0)  1.14937  40  ( 0)  1.13367  58 

1.21318  32  ( 0)  1.18822  61  ( 0)  1.16837  88 

1.25799  56  ( 0)  1.22769  42  ( 0)  1.20360  57 

1.30355  15  ( 0)  1.26778  47  ( 0)  1.23936  18 

1.34985  88  ( 0)  1.30850  41  ( 0)  1.27565  25 

1.39692  56  ( 0)  1.34985  88  ( 0)  1.31248  30 

1.44475  99  ( 0)  1.39185  54  ( 0)  1.34985  88 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(o,  6,  x)  Table  13.1 


x =0.4 

a\b  0.1  0.2  0.3  0.4  0.5 

1.0  ( 0)  -3.00000  00  ( 0) -1.00000  00  (-1) -3.33333  33  0.00000  00  (-1)  2.00000  00 

0.9  ( 0) -2.67035  54  (-1) -8.32139  43  (-1) -2.19718  27  (-2)  8.63057  33  (-1)  2.69801  05 

0.8  ( 0)  -2.32590  02  (-1) -6.57495  96  (-1) -1.01932  12  (-1)  1.75514  40  (-1)  3.41768  30 

0.7  ( 0) -1.96633  24  (-1) -4.75937  91  (-2) +2.01024  24  (-1)  2.67677  48  (-1)  4.15938  56 


-0.6  ( 0) -1.59134  63  (-1) -2.87331  90  (-1) 

-0.5  ( 0) -1.20063  19  (-2) -9.15428  01  (-1) 

-0.4  (-1) -7.93875  31  (-1) +1.11566  21  (-1) 

-0.3  (-1) -3.70758  28  (-1)  3.22133  74  (-1) 

-0.2  ( -2)+6.90415  20  (-1)  5.40300  15  (-1) 

-0.1  (-1)  5.25850  66  (-1)  7.66207  59  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.49182  47  ( 0)  1.24182  32  ( 0) 

0.2  ( 0)  2.00166  43  ( 0)  1.49182  47  ( 0) 

0.3  ( 0)  2.52986  27  ( 0)  1.75015  41  ( 0) 

0.4  ( 0)  3.07676  82  ( 0)  2.01696  26  ( 0) 

0.5  ( 0)  3.64273  38  ( 0)  2.29240  35  ( 0) 

0.6  ( 0)  4.22811  68  ( 0)  2.57663  20  ( 0) 

0.7  ( 0)  4.83327  91  ( 0)  2.86980  51  ( 0) 

0.8  ( 0)  5.45858  73  ( 0)  3.17208  18  ( 0) 

0.9  ( 0)  6.10441  27  ( 0)  3.48362  30  ( 0) 

1.0  ( 0)  6.77113  12  ( 0)  3.80459  19  ( 0) 


a\b  0.6  0.7 

-1.0  (-1)  3.33333  33  (-1)  4.28571  43  (-1) 

-0.9  (-1)  3.92050  85  (-1)  4.79315  51  (-1) 

-0.8  (-1)  4.52459  74  (-1)  5.31423  36  (-1) 

-0.7  (-1)  5.14587  62  (-1)  5.84916  36  (-1) 

-0.6  (-1)  5.78462  40  (-1)  6.39816  17  (-1) 

-0.5  (-1)  6.44112  32  (-1)  6.96144  64  (-1) 

-0.4  (-1)  7.11565  94  (-1)  7.53923  92  (-1) 

-0.3  (-1)  7.80852  14  (-1)  8.13176  35  (-1) 

-0.2  (-1)  8.52000  13  (-1)  8.73924  56  (-1) 

-0.1  (-1)  9.25039  46  (-1)  9.36191  40  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.07691  20  ( 0)  1.06537  37  ( 0) 

0.2  ( 0)  1.15580  59  ( 0)  1.13233  62  ( 0) 

0.3  ( 0)  1.23671  28  ( 0)  1.20091  13  ( 0) 

0.4  ( 0)  1.31966  37  ( 0)  1.27112  31  ( 0) 

0.5  ( 0)  1.40469  04  ( 0)  1.34299  62  ( 0) 

0.6  ( 0)  1.49182  47  ( 0)  1.41655  50  ( 0) 

0.7  ( 0)  1.58109  90  ( 0)  1.49182  47  ( 0) 

0.8  ( 0)  1.67254  59  ( 0)  1.56883  03  ( 0) 

0.9  ( 0)  1.76619  84  ( 0)  1.64759  75  ( 0) 

1.0  ( 0)  1.86208  99  ( 0)  1.72815  18  ( 0) 


1.46463  65  (-1)  3.62847  08  (-1)  4.92349  10 

2.77230  84  (-1)  4.61075  95  (-1)  5.71037  59 

4.12484  23  (-1)  5.62417  45  (-1)  6.52042  19 

5.52305  08  (-1)  6.66925  61  (-1)  7.35401  47 

6.96775  63  (-1)  7.74655  09  (-1)  8.21154  46 

8.45979  18  (-1)  8.85661  23  (-1)  9.09340  66 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.15892  34  ( 0)  1.11772  81  ( 0)  1.09317  29 

1.32283  59  ( 0)  1.23890  28  ( 0)  1.18890  02 

1.49182  47  ( 0)  1.36358  21  ( 0)  1.28722  33 

1.66597  84  ( 0)  1.49182  47  ( 0)  1.38818  41 

1.84538  67  ( 0)  1.62369  00  ( 0)  1.49182  47 

2.03014  00  ( 0)  1.75923  82  ( 0)  1.59818  80 

2.22033  03  ( 0)  1.89852  99  ( 0)  1.70731  73 

2.41605  02  ( 0)  2.04162  67  ( 0)  1.81925  64 

2.61739  39  ( 0)  2.18859  08  ( 0)  1.93404  94 

2.82445  63  ( 0)  2.33948  51  ( 0)  2.05174  12 


0.8  0.9  1.0 

5.00000  00  (-1)  5.55555  56  (-1)  6.00000  00 

5.44722  84  (-1)  5.95564  45  (-*)  6.36214  28 

5.90572  12  (-1)  6.36521  50  (-1)  6.73238  89 

6.37564  87  (-1)  6.78440  52  (-1)  7.11085  21 

6.85718  29  (-1)  7.21335  46  (-1)  7.49764  78 

7.35049  77  (-1)  7.65220  44  (-1)  7.89289  21 

7.85576  88  (-1)  8.10109  70  (-1)  8.29670  27 

8.37317  41  (-1)  8.56017  66  (-1)  8.70919  82 

8.90289  30  (-1)  9.02958  86  (-1)  9.13049  86 

9.44510  72  (-1)  9.50948  02  (-1)  9.56072  51 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.05677  57  ( 0)  1.05012  98  ( 0)  1.04484  47 

1.11485  65  ( 0)  1.10135  26  ( 0)  1.09061  91 

1.17426  15  ( 0)  1.15368  38  ( 0)  1.13733  58 

1.23500  97  ( 0)  1.20713  88  ( 0)  1.18500  76 

1.29712  04  ( 0)  1.26173  33  ( 0)  1.23364  74 

1.36061  33  ( 0)  1.31748  31  ( 0)  1.28326  80 

1.42550  81  ( 0)  1.37440  41  ( 0)  1.33388  28 

1.49182  47  ( 0)  1.43251  25  ( 0)  1.38550  48 

1.55958  33  ( 0)  1.49182  47  ( 0)  1.43814  76 

1.62880  44  ( 0)  1.55235  70  ( 0)  1.49182  47 
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CONFLUENT  HYPERGEOMETRIC  FUNCTIONS 


Table  13.1  CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 

a;  =0.5 


a\b  0.1  0.2 

-1.0  ( 0) -4.00000  00  ( 0) -1.50000  00  (-1) 

-0.9  ( 0) -3.61201  86  ( 0) -1.30112  70  (-1) 

-0.8  ( 0) -3.20079  89  ( 0) -1.09161  33  (-1) 

-0.7  ( 0) -2.76573  85  (-1) -8.71196  18  (-1) 

-0.6  ( 0) -2.30622  47  (-1)  -6.39608  65  (-2) 

-0.5  ( 0) -1.82163  45  (-1) -3.96579  38  (-2) 

-0.4  ( 0) -1.31133  45  (-1) -1.41832  63  (-1) 

-0.3  (-1)  -7.74681  00  (-1) +1.24911  75  (-1) 

-0.2  (-1) -2.11019  41  (-1)  4.03938  42  (-1) 

-0.1  ( -1)+3.80315  52  (-1)  6.95536  57  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.64872  13  ( 0)  1.31762  72  ( 0) 

0.2  ( 0)  2.32717  78  ( 0)  1.64872  13  ( 0) 

0.3  ( 0)  3.03607  92  ( 0)  1.99359  02  ( 0) 

0.4  ( 0)  3.77614  69  ( 0)  2.35254  68  ( 0) 

0.5  ( 0)  4.54811  35  ( 0)  2.72590  86  ( 0) 

• 

0.6  ( 0)  5.35272  38  ( 0)  3.11399  83  ( 0) 

0.7  ( 0)  6.19073  40  ( 0)  3.51714  35  ( 0) 

0.8  ( 0)  7.06291  26  ( 0)  3.93567  68  ( 0) 

0.9  ( 0)  7.97004  04  ( 0)  4.36993  59  ( 0) 

1.0  ( 0)  8.91291  03  ( 0)  4.82026  39  ( 0) 


a\b  0.6  0.7 

-1.0  (-1)  1.66666  67  (-1)  2.85714  29  (-1) 

-0.9  (-1)  2.37390  35  (-1)  3.46998  42  (-1) 

-0.8  (-1)  3.10765  94  (-1)  4.10420  52  (-1) 

-0.7  (-1)  3.86848  36  (-1)  4.76023  18  (-1) 

-0.6  (-1)  4.65693  33  (-1)  5.43849  54  (-1) 

-0.5  (-1)  5.47357  40  (-1)  6.13943  38  (-1) 

-0.4  (-1)  6.31897  89  (-1)  6.86349  09  (-1) 

-0.3  (-1),  7.19372  99  (-1)  7.61111  66  (-1) 

-0.2  (-1)  8.09841  67  (-1)  8.38276  72  (-1) 

-0.1  (-1)  9.03363  78  (-1)  9.17890  54  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.09981  19  ( 0)  1.08465  27  ( 0) 

0.2  ( 0)  1.20286  18  ( 0)  1.17189  67  ( 0) 

0.3  ( 0)  1.30921  31  ( 0)  1.26178  10  ( 0) 

0.4  ( 0)  1.41892  99  ( 0)  1.35435  51  ( 0) 

0.5  ( 0)  1.53207  73  ( 0)  1.44966  91  ( 0) 

0.6  ( 0)  1.64872  13  ( 0)  1.54777  40  ( 0) 

0.7  ( 0)  1.76892  87  ( 0)  1.64872  13  ( 0) 

0.8  ( 0)  1.89276  74  ( 0)  1.75256  32  ( 0) 

0.9  ( 0)  2.02030  62  ( 0)  1.85935  29  ( 0) 

1.0  ( 0)  2.15161  47  ( 0)  1.96914  38  ( 0) 


0.3  0.4  0.5 

-6.66666  67  (-1) -2.50000  00  0.00000  00 

-5.31342  47  (-1) -1.46751  27  (-2)  8.38114  43 

-3.89475  90  (-2) -3.89499  09  (-1)  1.71019  66 

-2.40912  78  (-2) +7.35066  66  (-1)  2.61697  96 

-8.54965  30  (-1)  1.90722  60  (-1)  3.55920  78 

+7.69319  06  (-1)  3.12803  64  (-1)  4.53763  61 

2.46534  08  (-1)  4.39857  14  (-1)  5.55303  09 

4.23474  05  (-1)  5.71992  06  (-1)  6.60617  00 

6.07918  46  (-1)  7.09319  04  (-1)  7.69784  21 

8.00036  50  (-1)  8.51950  36  (-1)  8.82884  81 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.20798  34  ( 0)  1.15358  36  ( 0)  1.12121  22 

1.42416  39  ( 0)  1.31281  87  ( 0)  1.24660  50 

1.64872  13  ( 0)  1.47782  42  ( 0)  1.37626  32 

1.88183  81  ( 0)  1.64872  13  ( 0)  1.51027  29 

2.12369  98  ( 0)  1.82563  24  ( 0)  1.64872  13 

2.37449  45  ( 0)  2.00868  23  ( 0)  1.79169  69 

2.63441  32  ( 0)  2.19799  70  ( 0)  1.93928  94 

2.90364  98  ( 0)  2.39370  49  ( 0)  2.09159  01 

3.18240  09  ( 0)  2.59593  60  ( 0)  2.24869  11 

3.47086  63  ( 0)  2.80482  21  ( 0)  2.41068  61 


0.8  0.9  1.0 

3.75000  00  (-1)  4.44444  44  (-1)  5.00000  00 

4.29138  21  (-1)  4.92975  27  (-1)  5.44007  21 

4.85042  16  (-1)  5.42992  21  (-1)  5.89284  39 

5.42745  70  (-1)  5.94522  72  (-1)  6.35854  17 

6.02283  14  (-1)  6.47594  62  (-1)  6.83739  50 

6.63689  23  (-1)  7.02236  09  (-1)  7.32963  60 

7.26999  22  (-1)  7.58475  70  (-1)  7.83550  00 

7.92248  85  (-1)  8.16342  38  (-1)  8.35522  55 

8.59474  31  (-1)  8.75865  45  (-1)  8.88905  38 

9.28712  29  (-1)  9.37074  63  (-1)  9.43722  94 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.07337  51  ( 0)  1.06467  21  ( 0)  1.05776  16 

1.14887  58  ( 0)  1.13112  17  ( 0)  1.11703  33 

1.22654  08  ( 0)  1.19938  02  ( 0)  1.17784  06 

1.30640  94  ( 0)  1.26947  93  ( 0)  1.24020  96 

1.38852  11  ( 0)  1.34145  10  ( 0)  1.30416  68 

1.47291  64  ( 0)  1.41532  79  ( 0)  1.36973  88 

1.55963  60  ( 0)  1.49114  29  ( 0)  1.43695  27 

1.64872  13  ( 0)  1.56892  95  ( 0)  1.50583  59 

1.74021  40  ( 0)  1.64872  13  ( 0)  1.57641  61 

1.83415  67  ( 0)  1.73055  26  ( 0)  1.64872  13 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  Af(a,  b,  x)  Table  13,1 


£=0. 

a\b  0.1  0.2 

-1.0  ( 0) -5.00000  00  ( 0) -2.00000  00  ( 0) 

-0.9  ( 0)  -4.56442  36  ( 0) -1.77497  83  (-1) 

-0.8  ( 0) -4.09525  03  ( 0) -1.53457  51  (-1) 

-0.7  ( 0) -3.59141  57  ( 0) -1.27832  65  (-1) 

-0.6  ( 0) -3.05183  34  ( 0) -1.00575  96  (-1) 

-0.5  ( 0) -2.47539  54  (-1) -7.16392  12  (-1) 

-0.4  ( 0) -1.86097  11  (-1)  -4.09732  38  (-2)h 

-0.3  ( 0)  -1.20740  73  (-2) -8.52791  51  (-1) 

-0.2  (-1) -5.13527  80  (-1) +2.57478  49  (-1) 

-0.1  ( -l)+2. 21866  89  (-1)  6.19061  29  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.82211  88  ( 0)  1.40083  55  ( 0) 

0.2  ( 0)  2.68949  50  ( 0)  1.82211  88  ( 0) 

0.3  ( 0)  3.60342  49  ( 0)  2.26441  16  ( 0) 

0.4  ( 0)  4.56523  01  ( 0)  2.72828  58  ( 0) 

0.5  ( 0)  5.57625  77  ( 0)  3.21432  45  ( 0) 

0.6  ( 0)  6.63788  04  ( 0)  3.72312  11  ( 0) 

0.7  ( 0)  7.75149  76  ( 0)  4.25528  05  ( 0) 

0.8  ( 0)  8.91853  48  ( 0)  4.81141  85  ( 0) 

0.9  ( 1)  1.01404  45  ( 0)  5.39216  24  ( 0) 

1.0  ( 1)  1.14187  08  ( 0)  5.99815  10  ( 0) 


0.3  0.4  0.5 

1.00000  00  (-1) -5.00000  00  (-1) -2.00000  00 

8.45926  51  (-1) -3.81848  50  (-1) -1.03687  14 

6.82397  09  (-1) -2.57117  79  (-3) -2.46606  50 

5.09139  76  (-1) -1.25627  00  (-1)+1.03792  44 

3.25877  35  (-2)+1.28080  81  (-1)  2.15219  91 

1.32327  40  (-1)  1.58375  09  (-1)  3.31950  22 

7.17978  94  (-1)  3.11265  10  (-1)  4.54119  67 

2.86791  75  (-1)  4.71672  67  (-1)  5.81866  96 

5.12952  90  (-1)  6.39795  93  (-1)  7.15333  26 

7.50585  66  (-1)  8.15836  59  (-1)  8.54662  21 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.26151  16  ( 0)  1.19249  52  ( 0)  1.15149  54 

1.53544  21  ( 0)  1.39353  51  ( 0)  1.30929  96 

1.82211  88  ( 0)  1.60333  61  ( 0)  1.47356  68 

2.12187  52  ( 0)  1.82211  88  ( 0)  1.64445  34 

2.43505  08  ( 0)  2.05010  75  ( 0)  1.82211  88 

2.76199  12  ( 0)  2.28753  06  ( 0)  2.00672  51 

3.10304  83  ( 0)  2.53462  03  ( 0)  2.19843  71 

3.45858  04  ( 0)  2.79161  30  ( 0)  2.39742  24 

3.82895  20  ( 0)  3.05874  93  ( 0)  2.60385  15 

4.21453  44  ( 0)  3.33627  37  ( 0)  2.81789  78 


a\b 


-1.0  0.00000  00  (-1)  1.42857  14  (-1) 

-0.9  (-2)  8.15612  80  (-1)  2.13746  25  (-1) 

-0.8  (-1)  1.66954  03  (-1)  2.87723  99  (-1) 

-0.7  (-1)  2.56274  99  (-1)  3.64865  28  (-1) 

-0.6  (-1)  3.49622  62  (-1)  4.45246  33  (-1) 

-0.5  (-1)  4.47097  05  (-1)  5.28944  63  (-1) 

-0.4  (-1)  5.48800  20  (-1)  6.16039  00  (-1) 

-0.3  (-1)  6.54835  72  (-1)  7.06609  56  (-1) 

-0.2  (-1)  7.65309  05  (-1)  8.00737  79  (-1) 

-0.1  (-1)  8.80327  45  (-1)  8.98506  53  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.12443  77  ( 0)  1.10530  38  ( 0) 

0.2  ( 0)  1.25375  32  ( 0)  1.21450  50  ( 0) 

0.3  ( 0)  1.38806  15  ( 0)  1.32769  20  ( 0) 

0.4  ( 0)  1.52747  91  ( 0)  1.44495  47  ( 0) 

0.5  ( 0)  1.67212  47  ( 0)  1.56638  46  ( 0) 

0.6  ( 0)  1.82211  88  ( 0)  1.69207  45  ( 0) 

0.7  ( 0)  1.97758  41  ( 0)  1.82211  88  ( 0) 

0.8  ( 0)  2.13864  53  ( 0)  1.95661  34  ( 0) 

0.9  ( 0)  2.30542  91  ( 0)  2.09565  57  ( 0) 

1.0  ( 0)  2.47806  43  ( 0)  2.23934  48  ( 0) 


2.50000  00  (-1)  3.33333  33  (-1)  4.00000  00 

3.12786  69  (-1)  3.89744  84  (-1)  4.51255  49 

3.78124  01  (-1)  4.48302  85  (-1)  5.04345  12 

4.46071  49  (-1)  5.09055  63  (-1)  5.59308  68 

5.16689  67  (-1)  5.72052  24  (-1)  6.16186  59 

5.90040  05  (-1)  6.37342  52  (-1)  6.75019  92 

6.66185  18  (-1)  7.04977  12  (-1)  7.35850  35 

7.45188  61  (-1)  7.75007  48  (-1)  7.98720  24 

8.27114  95  (-1)  8.47485  87  (-1)  8.63672  59 

9.12029  84  (-1)  9.22465  40  (-1)  9.30751  06 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.09109  32  ( 0)  1.08014  45  ( 0)  1.07146  44 

1.18537  84  ( 0)  1.16295  44  ( 0)  1.14519  01 

1.28292  55  ( 0)  1.24848  64  ( 0)  1.22122  33 

1.38380  56  ( 0)  1.33679  79  ( 0)  1.29961  13 

1.48809  10  ( 0)  1.42794  70  ( 0)  1.38040  19 

1.59585  51  ( 0)  1.52199  31  ( 0)  1.46364  36 

1.70717  25  ( 0)  1.61899  63  ( 0)  1.54938  57 

1.82211  88  ( 0)  1.71901  75  ( 0)  1.63767  83 

1.94077  10  ( 0)  1.82211  88  ( 0)  1.72857  22 

2.06320  72  ( 0)  1.92836  31  ( 0)  1.82211  88 
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CONFLUENT  HYPERGEOMETRIC  FUNCTIONS 


Table  13.1  CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(«,  b,  x) 


X =0.7 

a\b  0.1  0.2  0.3  0.4.  0.5 

-1.0  ( 0) -6.00000  00  ( 0) -2.50000  00  ( 0) -1.33333  33  (-1) -7.50000  00  (-1)  -4.00000  00 

0.9  ( 0) -5.52819  79  ( 0) -2.25396  47  ( 0) -1.16362  83  (-1) -6.19090  30  (-1) -2.92768  78 

0.8  ( 0) -5.01049  23  ( 0) -1.98691  64  (-1) -9.81007  11  (-1)  -4.79194  87  (-1) -1.78834  77 

0.7  ( 0) -4.44515  47  ( 0) -1.69810  26  (-1) -7.85028  60  (-1) -3.30020  58  (-2) -5.79886  90 

0.6  ( 0) -3.83041  49  ( 0) -1.38675  31  (-1) -5.75241  82  (-1) -1.71267  91  (-2)  + 6.99831  62 

0.5  ( 0) -3.16446  06  ( 0) -1.05207  99  (-1) -3.51185  70  (-3) -2.63083  59  (-1)  2.05299  00 

0.4  ( 0) -2.44543  68  (-1)  -6.93277  09  (-1) -1.12388  92  (-1) +1.76203  27  (-1)  3.48181  61 

0.3  ( 0) -1.67144  46  (-1) -3.09520  29  (-1) +1.41630  28  (-1)  3.65553  75  (-1)  4.98858  44 


-0.2  (-1) -8.40541  00  (-1) +1.00033  57  (-1) 

-0.1  (-2) +4.92624  47  (-1)  5.36246  53  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  2.01375  27  ( 0)  1.49219  50  ( 0V 

0.2  ( 0)  3.09264  92  ( 0)  2.01375  27  ( 0) 

0.3  ( 0)  4.23886  64  ( 0)  2.56561  44  ( 0) 

0.4  ( 0)  5.45463  06  ( 0)  3.14874  21  ( 0) 

0.5  ( 0)  6.74221  79  ( 0)  3.76411  90  ( 0) 

0.6  ( 0)  8.10395  56  ( 0)  4.41274  94  ( 0) 

0.7  ( 0)  9.54222  25  ( 0)  5.09565  95  ( 0) 

0.8  ( 1)  1.10594  50  ( 0)  5.81389  76  ( 0) 

0.9  ( 1)  1.26581  24  ( 0)  6.56853  43  ( 0) 

1.0  ( 1)  1.43407  83  ( 0)  7.36066  31  ( 0) 


a\b  0.6  0.7 

-1.0  (-1) -1.66666  67  0.00000  00  (-1) 

-0.9  (-2) -7.54915  03  (-2)  7.95165  75  (-1) 

-0.8  (-2)+2. 09154  67  (-1)  1.63250  20  (-1) 

-0.7  (-1)  1.22710  86  (-1)  2.51322  11  (-1) 

-0.6  (-1)  2.30054  51  (-1)  3.43855  96  (-1) 

-0.5  (-1)  3.43109  52  (-1)  4.40977  87  (-1) 

-0.4  (-1)  4.62042  36  (-1)  5.42816  47  (-1) 

-0.3  (-1)  5.87022  82  (-1)  6.49502  91  (-1) 

-0.2  (-1)  7.18224  16  (-1)  7.61170  97  (-1) 

-0.1  (-1)  8.55823  13  (-1)  8.77956  99  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.15093  86  ( 0)  1.12744  17  ( 0) 

0.2  ( 0)  1.30882  66  ( 0)  1.26042  67  ( 0) 

0.3  ( 0)  1.47385  50  ( 0)  1.39910  20  ( 0) 

0.4  ( 0)  1.64621  90  ( 0)  1.54361  79  ( 0) 

0.5  ( 0)  1.82611  74  ( 0)  1.69412  73  ( 0) 

0.6  ( 0)  2.01375  27  ( 0)  1.85078  59  ( 0) 

0.7  ( 0)  2.20933  17  ( 0)  2.01375  27  ( 0) 

0.8  ( 0)  2.41306  50  ( 0)  2.18318  94  ( 0) 

0.9  ( 0)  2.62516  74  ( 0)  2.35926  09  ( 0) 

1.0  ( 0)  2.84585  75  ( 0)  2.54213  50  ( 0) 


4.11364  25  (-1)  5.65746  78  (-1)  6.57561  66 

6.97316  13  (-1)  7.77115  48  (-1)  8.24528  23 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.31994  11  ( 0)  1.23474  77  ( 0)  1.18422  38 

1.65767  60  ( 0)  1.48171  31  ( 0)  1.37745  14 

2.01375  27  ( 0)  1.74125  83  ( 0)  1.57993  98 

2.38873  10  ( 0)  2.01375  27  ( 0)  1.79195  11 

2.78318  26  ( 0)  2.29957  36  ( 0)  2.01375  27 

3.19769  12  ( 0)  2.59910  58  ( 0)  2.24561  74 

3.63285  27  ( 0)  2.91274  21  ( 0)  2.48782  35 

4.08927  57  ( 0)  3.24088  34  ( 0)  2.74065  46 

4.56758  14  ( 0)  3.58393  85  ( 0)  3.00440  00 

5.06840  38  ( 0)  3.94232  46  ( 0)  3.27935  49 


0.8  0.9  l.o 

1.25000  00  (-1)  2.22222  22  (-1)  3.00000  00 

1.95634  74  (-1)  2.85846  10  (-1)  3.57936  92 

2.69751  66  (-1)  3.52400  18  (-1)  4.18377  43 

3.47447  03  (-1)  4.21962  49  (-1)  4.81385  81 

4.28819  01  (-1)  4.94612  53  (-1)  5.47027  56 

5.13967  66  (-1)  5.70431  32  (-1)  6.15369  36 

6.02994  98  (-1)  6.49501  40  (-1)  6.86479  13 

6.96004  90  (-1)  7.31906  85  (-1)  7.60426  03 

7.93103  40  (-1)  8.17733  33  (-1)  8.37280  46 

8.94398  42  (-1)  9.07068  09  (-1)  9.17114  12 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.11002  02  ( 0)  1.09661  96  ( 0)  1.08601  24 

1.22457  33  ( 0)  1.19701  89  ( 0)  1.17522  70 

1.34377  57  ( 0)  1.30129  20  ( 0)  1.26772  07 

1.46774  58  ( 0)  1.40953  43  ( 0)  1.36357  19 

1.59660  44  ( 0)  1.52184  32  ( 0)  1.46286  04 

1.73047  46  ( 0)  1.63831  77  ( 0)  1.56566  72 

1.86948  15  ( 0)  1.75905  87  ( 0)  1.67207  52 

2.01375  27  ( 0)  1.88416  89  ( 0)  1.78216  81 

2.16341  82  ( 0)  2.01375  27  ( 0)  1,89603  16 

2.31861  02  ( 0)  2.14791  66  ( 0)  2.01375  27 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  6,  x)  Table  13.1 


x =0.8 

a\b  0.1  0.2  0.3  0.4  0.5 

1.0  ( 0) -7.00000  00  ( 0) -3.00000  00  ( 0) -1.66666  67  ( 0) -1.00000  00  (-1) -6.00000  00 

0.9  ( 0) -6.50401  48  ( 0)  -2.73837  67  ( 0) -1.48461  68  (-1) -8.58588  03  (-1) -4.83512  37 

0.8  ( 0) -5.94785  78  ( 0) -2.44921  23  ( 0)  -1.28563  99  (-1) -7.05401  18  (-1) -3.58242  29 

0.7  ( 0) -5.32888  96  ( 0)  -2.13135  83  ( 0)  -1.06906  32  (-1) -5.39992  81  (-1) -2.23871  07 

0.6  ( 0) -4.64439  77  ( 0) -1.78363  55  (-1) -8.34197  05  (-1) -3.61905  04  (-2) -8.00722  55 

0.5  ( 0) -3.89159  56  ( 0) -1.40483  36  (-1) -5.80333  58  (-1) -1.70668  54  (-2) +7.34885  63 

0.4  ( 0)  -3.06762  06  (-1)  -9.93710  17  (-1) -3.06747  02  (-2) +3.41976  74  (-1)  2.37153  85 

0.3  ( 0) -2.16953  29  (-1)^5.48990  22  (-2) -1.26930  95  (-1)  2.53186  47  (-1)  4.11274  30 

0.2  ( 0) -1.19431  35  (-2) -6.93656  36  (-1) +3.02591  28  (-1)  4.86802  83  (-1)  5.96208  97 


-0.1  (-1) -1.38863  05  (-1) +4.46505  60  (-1) 

0.0  ( 0)+1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  2.22554  09  ( 0)  1.59252  93  ( 0) 

0.2  ( 0)  3.54111  04  ( 0)  2.22554  09  ( 0) 

0.3  ( 0)  4.95014  63  ( 0)  2.90051  91  ( 0) 

0.4  ( 0)  6.45617  50  ( 0)  3.61898  52  ( 0) 

0.5  ( 0)  8.06281  37  ( 0)  4.38249  84  ( 0) 

0.6  ( 0)  9.77377  18  ( 0)  5.19265  68  ( 0) 

0.7  ( 1)  1.15928  53  ( 0)  6.05109  78  ( 0) 

0.8  ( 1)  1.35239  56  ( 0)  6.95949  89  ( 0) 

0.9  ( 1)  1.55710  78  ( 0)  7.91957  87  ( 0) 

1.0  ( 1)  1.77383  16  ( 0)  8.93309  73  ( 0) 


a\b  0.6  0.7 

-1.0  (-1) -3.33333  33  (-1) -1.42857  14 

-0.9  (-1) -2.33826  62  (-2) -5.57356  94  (-2) 

-0.8  (-1) -1.27465  48  (-2) +3.69102  15  (-1) 

-0.7  (-2) -1.40115  64  (-1)  1.35264  99  (-1) 

-0.6  (-1) +1.06779  15  (-1)  2.39517  31  (-1) 

-0.5  (-1)  2.35156  45  (-1)  3.49860  15  (-1) 

-0.4  (-1)  3.71375  95  (-1)  4.66490  92  (-1) 

-0.3  (-1)  5.15699  27  (-1)  5.89611  50  (-1) 

-0.2  (-1)  6.68394  10  (-1)  7.19428  36  (-1) 

-0.1  (-1)  8.29734  28  (-1)  8.56152  59  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.17947  78  ( ^0)  1.15119  12  ( 0) 

0.2  ( 0)  1.36846  08  ( 0)  1.30995  18  ( 0) 

0.3  ( 0)  1.56724  87  ( 0)  1.47651  22  ( 0) 

0.4  ( 0)  1.77614  79  ( 0)  1.65110  80  ( 0) 

0.5  ( 0)  1.99547  19  ( 0)  1.83397  98  ( 0) 

0.6  ( 0)  2.22554  09  ( 0)  2.02537  37  ( 0) 

0.7  ( 0)  2.46668  24  ( 0)  2.22554  09  ( 0) 

0.8  ( 0)  2.71923  11  ( 0)  2.43473  81  ( 0) 

0.9  ( 0)  2.98352  90  ( 0)  2.65322  74  ( 0) 

1.0  ( 0)  3.25992  56  ( 0)  2.88127  68  ( 0) 


6.39888  38  (-1)  7.35564  06  (-1)  7.92325  45 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.38374  79  ( 0)  1.28065  33  ( 0)  1.21961  77 

1.79197  39  ( 0)  1.57807  97  ( 0)  1.45157  28 

2.22554  09  ( 0)  1.89284  81  ( 0)  1.69626  83 

2.68533  25  ( 0)  2.22554  09  ( 0)  1.95411  70 

3.17225  39  ( 0)  2.57675  45  ( 0)  2.22554  09 

3.68723  21  ( 0)  2.94709  89  ( 0)  2.51097  18 

4.23121  63  ( 0)  3.33719  88  ( 0)  2.81085  12 

4.80517  86  ( 0)  3.74769  30  ( 0)  3.12563  06 

5.41011  38  ( 0)  4.17923  55  ( 0)  3.45577  20 

6.04704  06  ( 0)  4.63249  51  ( 0)  3.80174  73 


0.8  0.9  1.0 

0.00000  00  (-1)  1.11111  11  (-1)  2.00000  00 

7.76467  88  (-1)  1.81250  42  (-1)  2.64028  04 

1.59854  95  (-1)  2.55227  74  (-1)  3.31335  07 

2.46770  86  (-1)  3.33161  66  (-1)  4.02018  75 

3.38544  19  (-1)  4.15173  34  (-1)  4.76178  82 

4.35327  95  (-1)  5.01386  60  (-1)  5.53917  14 

5.37278  55  (-1)  5.91927  92  (-1)  6.35337  71 

6.44555  87  (-1)  6.86926  51  (-1)  7.20546  73 

7.57323  29  (-1)  7.86514  37  (-1)  8.09652  62 

8.75747  79  (-1)  8.90826  31  (-1)  9.02766  05 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.13025  42  ( 0)  1.11417  60  ( 0)  1.10146  98 

1.26668  86  ( 0)  1.23349  80  ( 0)  1.20729  30 

1.40948  49  ( 0)  1.35811  24  ( 0)  1.31758  99 

1.55882  92  ( 0)  1.48816  89  ( 0)  1.43248  29 

1.71491  10  ( 0)  1.62382  02  ( 0)  1.55209  71 

1.87792  43  ( 0)  1.76522  23  ( 0)  1.67656  00 

2.04806  69  ( 0)  1.91253  43  ( 0)  1.80600  17 

2.22554  09  ( 0)  2.06591  86  ( 0)  1.94055  51 

2.41055  26  ( 0)  2.22554  09  ( 0)  ?.08035  55 

2.60331  27  ( 0)  2.39157  03  ( 0)  2.22554  09 
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Table  13.1  CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x ) 


x =0.9 

a\b  0.1  0.2  0.3  0.4  0.5 

-1.0  ( 0) -8.00000  00  ( 0) -3.50000  00  ( 0) -2.00000  00 

-0.9  ( 0) -7.49259  77  ( 0)  -3.22852  60  ( 0)  -1.80907  26 

-0.8  ( 0) -6.90878  25  ( 0) -2.92208  06  ( 0) -1.59665  35 

-0.7  ( 0) -6.24470  96  ( 0) -2.57899  21  ( 0) -1.36176  43 

-0.6  ( 0}  -5.49641  35  ( 0) -2.19753  81  ( 0) -1.10339  79 

-0.5  ( 0) -4.65980  55  ( 0) -1.77594  43  (-1) -8.20518  02 

-0.4  ( 0) -3.73067  11  ( 0) -1.31238  34  (-1) -5.12058  10 

-0.3  ( 0) -2.70466  65  (-1) -8.04973  88  (-1) -1.76920  97 

-0.2  ( 0) -1.57731  62  (-1)  -2.51778  79  (-l)+1.86021  91 

-0.1  (-1) -3.44010  11  (-1)+ 3.49195  37  (-1)  5.77931  14 

0.0  ( 0) +1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

0.1  ( 0)  2.45960  31  ( 0)  1.70274  56  { 0)  1.45345  52  ( 0)  1.33055  47  ( 0)  1.25791  83 

0.2  ( 0)  4.03983  23  ( 0)  2.45960  31  ( 0)  1.93955  77  ( 0)  1.68343  42  ( 0)  1.53222  60 

0.3  ( 0)  5.74586  78  ( 0)  3.27280  52  ( 0)  2.45960  31  ( 0)  2.05949  16  ( 0)  1.82352  69 

0.4  ( 0)  7.58304  06  ( 0)  4.14464  74  ( 0)  3.01492  28  ( 0)  2.45960  31  ( 0)  2.13244  07 

0.5  ( 0)  9.55683  50  ( 0)  5.07749  00  ( 0)  3.60688  44  ( 0)  2.88466  81  ( 0)  2.45960  31 

0.6  ( 1)  1.16728  93  ( 0)  6.07375  88  ( 0)  4.23689  27  ( 0)  3.33560  96  ( 0)  2.80566  62 

0.7  ( 1)  1.39370  17  ( 0)  7.13594  69  ( 0)  4.90639  03  ( 0)  3.81337  52  ( 0)  3.17129  88 

0.8  ( 1)  1.63551  72  ( 0)  8.26661  58  ( 0)  5.61685  85  ( 0)  4.31893  69  ( 0)  3.55718  66 

0.9  ( l)  1.89334  94  ( 0)  9.46839  74  ( 0)  6.36981  80  ( 0)  4.85329  20  ( 0)  3.96403  28 

1.0  ( 1)  2.16782  87  ( 1)  1.07439  95  ( 0)  7.16683  00  ( 0)  5.41746  38  ( 0)  4.39255  83 


1 0) -1.25000  00 
0) -1.10046  05 
-1)  -9.35972  27 
-1) -7.55885  89 
-1) -5.59533  56 

1-1) -3.46228  53 
-1) -1.15264  70 
-l)+l. 34083  75 
-1)  4.02562  81 
-1)  6.90939  03 


i-1) -8.00000  00 
-1) -6.76001  98 
-1) -5.40855  15 
-1) -3.94096  49 
-1) -2.35250  18 

I -2) -6.38272  88 
-1)+1. 20674  49 
-1)  3.18771  09 
-1)  5.30992  39 
-1)  7.57882  50 


a\b  0.6  0.7 

-1.0  (-1) -5.00000  00  (-1) -2.85714  29  ( 

-0.9  (-1)  -3.93506  44  (-1) -1.92058  43  ( 

-0.8  (-1) -2.78312  29  (-2) -9.13906  92  ( 

-0.7  (-1) -1.54071  44  (-2)+1.65565  38  ( 

-0.6  (-2) -2.04284  74  (-1)  1.32057  89  ( 

-0.5  (-1)+1. 22981  53  (-1)  2.55395  12  ( 

-0.4  (-1)  2.76533  21  (-1)  3.86857  31  ( 

-0.3  (-1)  4.40611  09  (-1)  5.26740  93  ( 

-0.2  (-1)  6.15609  81  (-1)  6.75350  07  ( 

-0.1  (-1)  8.01934  30  (-1)  8.32996  53  ( 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 

0.1  ( 0)  1.21023  31  ( 0)  1.17668  82  ( 

0.2  ( 0)  1.43307  07  ( 0)  1.36339  71  ( 

0.3  ( 0)  1.66896  10  ( 0)  1.56047  09  ( 

0.4  ( 0)  1.91836  37  ( 0)  1.76826  25  ( 

0.5  ( 0)  2.18175  01  ( 0)  1.98713  34  ( 

0.6  ( 0)  2.45960  31  ( 0)  2.21745  38  ( 

0.7  ( 0)  2.75241  80  ( 0)  2.45960  31  ( 

0.8  ( 0)  3.06070  20  ( 0)  2.71396  99  ( 

0.9  ( 0)  3.38497  53  ( 0)  2.98095  21  ( 

1.0  ( 0)  3.72577  04  ( 0)  3.26095  72  ( 


0.8  0.9  1.0 

-1) -1.25000  00  0.00000  00  (-1)  1.00000  00 

-2) -4.12148  81  (-2)  7.59274  35  (-1)  1.69504  02 

-2)  +4.83592  97  (*-l)  1.56725  54  (-1)  2.43169  00 

-1)  1.43934  85  (-1)  2.42566  24  (-1)  3.21136  46 

-1)  2.45729  51  (-1)  3.33625  68  (-1)  4.03551  32 

-1)  3.53966  52  (-1)  4.30084  39  (-1)  4.90562  01 

-1)  4.68874  74  (-1)  5.32127  33  (-1)  5.82320  50 

-1)  5.90688  76  (-1)  6.39943  94  (-1)  6.78982  39 

-1)  7.19649  04  (-1)  7.53728  29  (-1)  7.80706  95 

-1)  8.56001  96  (-1)  8.73679  14  (-1)  8.87657  20 

0)  1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

0)  1.15190  18  ( 0)  1.13289  93  ( 0)  1.11790  61 

0)  1.31197  24  ( 0)  1.27259  03  ( 0)  1.24155  02 

0)  1.48048  31  ( 0)  1.41929  15  ( 0)  1.37111  10 

0)  1.65771  19  ( 0)  1.57322  64  ( 0)  1.50677  14 

0)  1.84394  34  ( 0)  1.73462  38  ( 0)  1.64871  85 

0)  2.03946  90  ( 0)  1.90371  79  ( 0)  1.79714  36 

0)  2.24458  71  ( 0)  2.08074  81  ( 0)  1.95224  22 

0)  2.45960  31  ( 0)  2.26595  96  ( 0)  2.11421  45 

0)  2.68482  96  ( 0)  2.45960  31  ( 0)  2.28326  51 

0)  2.92058  65  ( 0)  2.66193  52  ( 0)  2.45960  31 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  6,  x)  Table  13.1 


-1.0  ( 0) -9.00000  00  ( 0) -4.00000  00 

-0.9  ( 0) -8.49472  34  ( 0)  -3.72474  63 

-0.8  ( 0) -7.89481  34  ( 0) -3.40618  57 

-0.7  ( 0) -7.19487  27  ( 0)  -3.04197  32 

-0.6  ( 0) -6.38931  44  ( 0) -2.62968  42 


0) -2.33333  33 
0) -2.13718  91 
0) -1.91443  23 
0) -1.66369  18 
0) -1.38355  11 


10) -1.50000  00 
0) -1.34483  48 
0) -1.17116  05 
-1) -9.78067  35 
-1) -7.64616  83 


10) -1.00000  00 
-1) -8.70327  28 
-1) -7.26851  39 
-1) -5.68924  14 
-1) -3.95877  20 


-0.5  ( 0) -5.47235  71  ( 0) -2.16681  22  ( 0) -1.07254  74  (-1) -5.29840  46 

-0.4  ( 0) -4.43802  02  ( 0) -1.65076  69  (-1) -7.29170  37  (-1) -2.72739  30 

-0.3  ( 0) -3.28011  86  ( 0) -1.07887  24  (-1)  -3.51861  30  (-3)+ 7.71680  36 

-0.2  ( 0) -1.99225  77  (-1)  -4.48364  63  (-2)+ 6.09884  13  (-1)  3.12589  94 

-0.1  (-1) -5.67828  07  (-1)+2.43610  69  (-1)  5.11038  28  (-1)  6.42974  92 


1-1) -2.07021  66 
-3) -1.64753  21 
-lJ+2.20976  75 
-1)  4.61604  79 
-1)  7.21012  79 


0.0  ( 0)+1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 


0.1  ( 0)  2.71828 

0.2  ( 0)  4.59430 

0.3  ( 0)  6.63559 

0.4  ( 0)  8.84990 

0.5  ( 1)  1.12452 


18  ( 0)  1.82384 

40  ( 0)  2.71828 

00  ( 0)  3.68654 

62  ( 0)  4.73198 

68  ( 0)  5.85803 


44  ( 0)  1.52963  87 

18  ( 0)  2.10177  40 

94  ( 0)  2.71828  18 

60  ( 0)  3.38109  51 

42  ( 0)  4.09220  54 


!0)  1.38482  77 
0)  1.79865  55 
0)  2.24271  69 
0)  2.71828  18 
0)  3.22665  79 


0)  1.29938  93 
0)  1.62002  78 
0)  1.96278  70 
0)  2.32856  41 
0)  2.71828  18 


0.6  ( 1)  1.38299  44  ( 0)  7.06824  32  ( 0)  4.85366  43  ( 0)  3.76919  11 

0.7  ( 1)  1.66124  65  ( 0)  8.36627  13  ( 0)  5.66758  48  ( 0)  4.34726  65 

0.8  ( 1)  1.96016  30  ( 0)  9.75588  81  ( 0)  6.53614  27  ( 0)  4.96230  95 

0.9  ( 1)  2.28065  08  ( 1)  1.12409  78  ( 0)  7.46157  79  ( 0)  5.61578  62 

1.0  ( 1)  2.62364  52  ( 1)  1.28255  41  ( 0)  8.44619  60  ( 0)  6.30920  50 


0)  3.13288  93 
0)  3.57336  26 
0)  4.04070  56 
0)  4.53595  02 
0)  5.06015  69 


a\b  0.6  0.7  0.8  0.9  1.0 

1.0  (-1) -6.66666  67  (-1) -4.28571  43  (-1) -2.50000  00  (-1) -1.11111  11  0.00000  00 

0.9  (-1) -5.54597  35  (-1) -3.29502  50  (-1) -1.60990  29  (-2) -3.01549  81  (-2)  7.43386  23 

0.8  (-1) -4.31756  71  (-1) -2.21753  45  (-2) -6.48146  54  (.-2)+5.68299  01  (-1)  1.53827  23 

0.7  (-1) -2.97660  48  (-1) -1.04950  02  (-2) +3.88236  65  (-1)  1.50083  68  (-1)  2.38663  42 


-0.6  (-1) -1.51809  81  ( -2)+2.12929  76  (-1) 

-0.5  ( -3)+6.30910  70  (-1)  1.57371  99  (-1) 

-0.4  (-1)  1.77225  36  (-1)  3.03694  92  (-1) 

-0.3  (-1)  3.61483  67  (-1)  4.60681  41  (-1) 

-0.2  (-1)  5.59644  73  (-1)  6.28763  08  (-1) 

-0.1  (-1)  7.72285  59  (-1)  8.08383  81  (-1) 

0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0) 

0.1  ( 0)  1.24339  88  ( 0)  1.20408  08  ( 0) 

0.2  ( 0)  1.50311  03  ( 0)  1.42110  86  ( 0) 

0.3  ( 0)  1.77978  05  ( 0)  1.65157  89  ( 0) 

0.4  ( 0)  2.07407  40  ( 0)  1.89600  10  ( 0) 

0.5  ( 0)  2.38667  38  ( 0)  2.15489  81  ( 0) 

0.6  ( 0)  2.71828  18  ( 0)  2.42880  78  ( 0) 

0.7  ( 0)  3.06961  97  ( 0)  2.71828  18  ( 0) 

0.8  ( 0)  3.44142  89  ( 0)  3.02388  72  ( 0) 

0.9  ( 0)  3.83447  12  ( 0)  3.34620  59  ( 0) 

1.0  ( 0)  4.24952  89  ( 0)  3.68583  55  ( 0) 


1.50229  88  (-1)  2.49853  18  (-1)  3.29050  15 

2.69717  87  (-1)  3.56392  05  (-1)  4.25195  83 

3.97610  35  (-1)  4.69960  88  (-1)  5.27314  45 

5.34239  08  (-1)  5.90827  38  (-1)  6.35625  70 

6.79945  04  (-1)  7.19266  55  (-1)  7.50355  07 

8.35078  67  (-1)  8.55560  76  (-1)  8.71734  01 

1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 

1.17507  89  ( 0)  1.15288  20  ( 0)  1.13539  67 

1.36069  55  ( 0)  1.31451  22  ( 0)  1.27817  41 

1.55723  97  ( 0)  1.48520  44  ( 0)  1.42858  86 

1.76511  25  ( 0)  1.66528  05  ( 0)  1.58690  33 

1.98472  52  ( 0)  1.85507  07  ( 0)  1.75338  77 

2.21650  01  ( 0)  2.05491  39  ( 0)  1.92831  84 

2.46087  06  ( 0)  2.26515  76  ( 0)  2.11197  89 

2.71828  18  ( 0)  2.48615  84  ( 0)  2.30465  98 

2.98919  01  ( 0)  2.71828  18  ( 0)  2.50665  90 

3.27406  39  ( 0)  2.96190  29  ( 0)  2.71828  18 
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Table  13.1 


CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  5,  x) 


x—2.0 


a\b  0.1 


0.2 


0.3 


0.4 


0.5 


-1.0  ( 1) -1.90000 

-0.9  ( 1) -1.94803 

-0.8  ( 1) -1.95774 

-0.7  ( 1) -1.92363 

-0.6  ( 1) -1.83976 


00  ( 0) -9.00000  00 

05  ( 0) -9.11450  17 

57  ( 0) -9.05346  68 

39  ( 0) -8.79313  67 

09  ( 0) -8.30798  80 


0) -5.66666  67 
0) -5.67351  46 
0) -5.57239  85 
0) -5.34952  69 
0) -4.99011  57 


0) -4.00000  00 
0) -3.96130  19 
( 0) -3.84746  13 
( 0) -3.64939  40 
( 0) -3.35738  15 


0) -3.00000  00 
0) -2.93919  07 
0) -2.82231  32 
0) -2.64293  64 
0) -2.39419  32 


-0.5 

-0.4 

-0.3 

-0.2 

-0.1 


1) -1.69974  68 
1) -1.49674  24 
1)  -1.22340  44 
0) -8.71869  85 
0) -4.33729  58 


0) -7.57063  96 
0) -6.55175  56 
0) -5.21994  53 
0) -3.54165  86 
0) -1.48107  68 


0) -4.47833  69 
0) -3.79726  52 
0)  -2.92882  34 
0) -1.85372  46 
-1) -5.51412  64 


( 0) -2.96103  91 
( 0) -2.44928  29 
( 0) -1.81029  53 
( 0) -1.03148  90 
( -2)  -9.94703  39 


10) -2.06875  95 
0) -1.65883  14 
0) -1.15610  27 
-1) -5.51740  45 
-1)+1. 63639  81 


0.0  ( 0)+1.00000  00 


0) +1.00000  00  ( 0)+1.00000  00 


0) +1.00000  00  ( 0)  l.OOOO'O  00 


0.1  ( 0)  7.38905 

0.2  ( 1)  1.49320 

0.3  ( 1)  2.37378 

0.4  ( 1)  3.39223 

0.5  ( 1)  4.56085 


61 

( 0) 

3.94227 

09 

73 

( 

7.38905 

61 

96 

( 1) 

1.13864 

24 

44 

( 1) 

1.59833 

25 

43 

( 1) 

2.12317 

23 

1 0)  2.82379  65 
0)  4.94472  25 
0)  7.38905  61 
1)  1.01846  79 
1)  1.33611  54 


0)  2.28204  66 
0)  3.76272  10 
0)  5.45904  52 
0)  7.38905  61 
0)  9.57185  22 


0)  1.96790  63 
0)  3.07855  71 
0)  4.34381  17 
0)  5.77622  05 
0)  7.38905  61 


0.6 

1) 

5.89272 

84 

0.7 

f 

1) 

7.40173 

79 

0.8 

( 

1) 

9.10260 

50 

0.9 

( 

2) 

1.10109 

32 

1.0 

( 

2) 

1.31432 

41 

1)  2.71867  46 
1)  3.39068  27 
1)  4.14538  60 
1)  4.98933  60 
1)  5.92946  26 


( 1)  1.69497  98 
( 1)  2.09837  67 
( 1)  2.54981  38 
1)  3.05299  98 
1)  3.61185  28 


! 1)  1.20276  42 
1)  1.47777  93 
1)  1.78448  86 
1)  2.12527  66 
1)  2.50266  00 


0)  9.19634  52 

1)  1.12129  02 
1)  1.34543  65 
1)  1.59372  26 
1)  1.86788  78 


a\b  0.6 


0.7 


0.8 


0.9 


1.0 


-1.0 

( 0) -2.33333 

33 

-0.9 

( 0) -2.26126 

09 

-0.8 

( 0) -2.14541 

69 

-0.7 

( 0) -1.98102 

67 

-0.6 

( 0) -1.76300 

12 

0) -1.85714  29 
0) -1.77944  34 
0) -1.66645  90 
0)  -1.51452  14 
0) -1.31972  79 


( 0) -1.50000  00 
( 0) -1.41981  77 
( 0) -1.31049  88 
( 0) -1.16915  08 
(-1) -9.92781  33 


10) -1.22222  22 
0) -1.14139  10 
0) -1.03604  27 
-1)  -9.03849  17 
-1) -7.42341  04 


( 0) -1.00000  00 
(-1)  -9.19616  98 
(-1) -8.18288  30 
(-1) -6.94107  82 
(-1) -5.45057  11 


-0.5 

( 0) -1.48592 

22 

-0.4 

( 0) -1.14402 

63 

-0.3 

(-1) -7.31188 

76 

-0.2 

(-1) -2.40906 

72 

-0.1 

( -1)+3.33718 

60 

( 0) -1.07793  00 
(-1) -7.84722  05 
(-1) -4.35429  49 
(-2) -2.50963  14 
(-1) +4.51527  65 


(-1) -7.77889  97 
(-1) -5.21259  33 
(-1) -2.19146  36 
(-1H  1.32327  01 
(-1)  5.37263  41 


!-l) -5.48901  84 
-1) -3.20761  19 
-2) -5.49879  73 
-l)+2. 51516  76 
-1)  6.02027  13 


1-1) -3.69000  42 
-1) -1.63679  56 
-2/+7.32914  71 
-1)  3.44431  99 
-1)  6.52400  38 


0.0  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 


0.1 

0.2 

0.3 

0.4 

0.5 


0)  1.76568  32  ( 

0)  2.63896  63  ( 

0)  3.62852  02  ( 

0)  4.74350  99  ( 

0)  5.99361  56  ( 


0)  1.62619  96 
0)  2.33634  06 
0)  3.13698  76 
0)  4.03507  07 
0)  5.03790  12 


( 0)  1.52511  88 
( 0)  2.11745  72 
( 0)  2.78211  92 
( 0)  3.52448  69 
( 0)  4.35023  19 


1 0)  1.44908  29 
0)  1.95312  22 
0)  2.51617  15 
0)  3.14250  04 
0)  3.83660  34 


0)  1.39018  53 
0)  1.82606  83 
0)  2.31092  49 
0)  2.84820  19 
0)  3.44152  39 


0.6  ( 0) 

0.7  ( 0) 

0.8  ( 1) 

0.9  ( 1) 

1.0  ( 1) 


7.38905  61 
8.94061  15 
1.06596  48 
1.25581  43 
1.46487  09 


6.15318  83 
7.38905  61 
8.75406  09 
1.02572  10 
1.19079  79 


0) 

0) 
0) 

1) 
1) 


0)  5.26532  81 
0)  6.27606  41 
0)  7.38905  61 
0)  8.61126  21 
0)  9.94999  53 


0)  4.60320  94 
0)  5.44729  15 
0)  6.37407  66 
0)  7.38905  61 
0)  8.49799  64 


0)  4.09470  06 
0)  4.81173  45 
0)  5.59682  82 
0)  6.45439  28 
0)  7.38905  61 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  6,  x) 


Table  13.1 


x =3.0 


a\b  0.1 


0.2 


0.3 


0.4 


0.5 


-1.0  ( 1) -2.90000 

-0.9  ( 1) -3.33062 

-0.8  ( 1) -3.67972 

-0.7  ( 1) -3.92295 

-0.6  ( 1) -4.03286 


00  ( 1) -1.40000 

11  ( 1) -1.57397 

78  ( 1) -1.71028 

55  ( 1)  -1.79849 

65  ( 1) -1.82694 


00 

( 0) -9.00000 

00 

85 

( 0)  -9.93407 

08 

23 

( 1) -1.06346 

98 

94 

( 1) -1.10419 

34 

57 

( 1) -1.10887 

39 

0) -6.50000  00 
0) -7.05978  63 
0) -7.45607  06 
0) -7.64967  21 
0) -7.59691  35 


1 0) -5.00000  00 
0) -5.35304  11 
0) -5.58342  63 
0) -5.66362  13 
0)  -5.56302  55 


-0.5  ( 1) -3.97869 

-0.4  ( 1) -3.72604 

-0.3  ( 1) -3.23666 

-0.2  ( 1) -2.46803 

-0.1  ( 1) -1.37312 


07  ( 1) -1.78256 

95  ( 1) -1.65079 

24  ( 1) -1.41549 

49  ( 1) -1.05876 

67  ( 0) -5.60854 


05  ( 1)  -1.07004  00 

47  ( 0) -9.79393  09 

22  ( 0) -8.27742  10 

41  ( 0) -6.04935  06 

66  ( 0) -2.99786  41 


1 0) -7.24926  51 
0) -6.55296  82 
0) -5.44863  43 
0) -3.87082  13 
0) -1.74758  43 


0) -5.24773  50 
0) -4.68029  11 
0) -3.81941  32 
0)  -2.61971  67 
0) -1.03141  44 


0.0  ( 0)+1.00000  00 


0)+1.00000  00  ( '0)+1.0000  00 


0) +1.00000  00  ( 0) +1.00000  00 


0.1 

< 1 

2.00855 

37 

0.2 

< i 

4.41540 

99 

0.3 

( i) 

7.38953 

06 

0.4 

1 2\ 

1.10064 

09 

0.5 

( 2 

1.53485 

39 

0)  9.47722  60 

1)  2.00855  37 
1)  3.31122  04 
1)  4.88711  46 
1)  6.77048  23 


0)  6.07912  54 

1)  1.23871  81 
1)  2.00855  37 
1)  2.93502  26 
1)  4.03729  70 


0)  4.45833  69 

0)  8.72184  59 

1)  1.38935  23 
1)  2.00855  37 
1)  2.74198  55 


0)  3.53408  59 

0)  6.63580  90 

1)  1.03759  15 
1)  1.48313  21 
1)  2.00855  37 


0.6  ( 2)  2.05059 

0.7  ( 2)  2.65765 

0.8  ( 2)  3.36670 

0.9  ( 2)  4.18932 

1.0  ( 2)  5.13805 


14  ( 1)  8.99862 

56  ( 2)  1.16120 

66  ( 2)  1.46549 

19  ( 2)  1.81749 

80  ( 2)  2.22239 


23 

5.33622 

57 

98 

( 1) 

6.85444 

79 

60 

( 1 

8.61651 

37 

79 

( 2) 

1.06490 

11 

01 

2) 

1.29806 

99 

1)  3.60289  07 
1)  4.60562  86 
1)  5.76574  86 
1)  7.10006  77 
1)  8.62675  30 


1)  2.62290  97 
1)  3.33600  27 
1)  4.15843  31 
1)  5.10165  02 
1)  6.17800  67 


a\b  0.6 


0.7 


0.8 


0.9 


1.0 


-1.0 

( 0) -4.00000 

00 

-0.9 

( 0) -4.22698 

22 

-0.8 

( 0) -4.35776 

62 

-0.7 

( 0) -4.37205 

21 

-0.6 

( 0) -4.24734 

55 

0) -3.28571  43 
0) -3.43076  30 
0) -3.49795  59 
0) -3.47180  10 
0) -3.33517  91 


1 0) -2.75000  00 
0) -2.83937  20 
0) -2.86423  28 
0) -2.81244  38 
0) -2.67062  69 


( 0) -2.33333  33 
( 0) -2.38362  40 
( 0) -2.37946  93 
( 0) -2.31115  68 
( 0) -2.16800  92 


10) -2.00000  00 
0) -2.02218  41 
0) -1.99773  27 
0) -1.91873  96 
0) -1.77653  50 


-0.5 

( 0) -3.95879 

09 

-0.4 

( 0) -3.47899 

58 

-0.3 

( 0) -2.77784 

38 

-0.2 

( 0) -1.82229 

72 

-0.1 

(-1) -5.76188 

60 

( 0) -3.06922  34 
( 0) -2.65319  12 
( 0) -2.06432  89 
0) -1.27772  88 
-1) -2.66178  30 


1 0) -2.42407  50 
0) -2.05665  59 
0) -1.55071  23 

-1) -8.86954  74 
-2) -4.43495  10 


1 0) -1.93831  65 
0) -1.60926  29 
0) -1.16684  98 
-1) -5.95815  42 
-1)+1. 20451  21 


1 0) -1.56163  15 
0)  -1.26366  fi5 
-1) -8.71351  71 
-1) -3.72391  35 
-l)+2. 46564  64 


0.0  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)  1.00000  00  ( 0)  1.00000  00 


0.1  ( 0)  2.94937 

0.2  ( 0)  5.31885 

0.3  ( 0)  8.15947 

0.4  ( 1)  1.15266 

0.5  ( 1)  1.54802 


02 

( 

0) 

2.55311 

64 

34 

( 

0 

4.42829 

20 

04 

0) 

6.66364 

61 

06 

( 

°) 

9.30049 

38 

96 

( 

1 

1.23835 

54 

0)  2.27097  84 
0)  3.79559  01 
0)  5.60309  84 

0)  7.72517  18 

1)  1.01960  38 


( 0)  2.06241  49 
( 0)  3.32891  38 
( 0)  4.82245  42 
( 0)  6.56784  35 
( 0)  8.59185  66 


10)  1.90360  36 
0)  2.97434  69 
0)  4.23056  48 
0)  5.69204  18 
0)  7.38010  13 


0.6  ( 1)  2.00855 

0.7  ( 1)  2.54126 

0.8  ( 1)  3.15373 

0.9  ( 1)  3.85417 

1.0  ( 1)  4.65138 


37  ( 1)  1.59611 

00  ( 1)  2.00855 

75  ( 1)  2.48129 

22  ( 1)  3.02040 

52  ( 1)  3.63241 


70 

( l) 

1.30526 

48 

37 

l 

1.63348 

43 

50 

( 1) 

2.00855 

37 

57 

( 1) 

2.43509 

06 

26 

( 1) 

2.91805 

85 

1)  1.09233 
1)  1.35934 
1)  1.66355 
1)  2.00855 
1)  2.39820 


58  ( 0) 

30  ( 1) 

12  ( 1) 

37  ( 1) 

88  ( 1) 


9.31770  09 
1.15295  31 
1.40421  20 
1.68839  43 
2.00855  37 
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Table  13.1  CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  6,  x) 


x =4.0 

a\b  0.1  0.2  0.3  0.4 

-1.0  ( 1) -3.90000  00  ( 1)  -1.90000  00  ( 1) -1.23333  33  ( 0) -9.00000  00 

-0.9  ( 1) -5.28985  40  ( 1) -2.48147  20  ( 1) -1.55982  88  ( 1) -1.10723  65 

-0.8  ( 1)  -6.56662  17  ( 1) -3.00867  57  ( 1) -1.85166  07  ( 1) -1.28958  24 

-0.7  ( 1) -7.65252  34  ( 1) -3.44868  41  ( 1) -2.09004  11  ( 1) -1.43486  25 

-0.6  ( 1) -8.45540  43  ( 1) -3.76267  54  ( 1) -2.25292  22  ( 1) -1.52885  30 

-0.5  ( 1) -8.86704  80  ( 1) -3.90525  49  ( 1) -2.31462  88  ( 1) -1.55505  56 

-0.4  ( 1) -8.76134  25  ( 1) -3.82372  05  ( 1) -2.24546  12  ( 1) -1.49445  23 

-0.3  ( 1) -7.99228  75  ( 1) -3.45726  34  ( 1) -2.01126  30  ( 1) -1.32524  14 

-0.2  ( 1) -6.39183  19  ( 1)  -2.73610  36  ( 1) -1.57295  45  ( 1) -1.02255  01 

-0.1  ( 1) -3.76752  93  ( 1) -1.58055  26  ( 0) -8.86027  55  ( 0) -5.58125  37 

0.0  ( 0) +1.00000  00  ( 0)+1.00000  00  ( 0) +1.00000  00  ( 0) +1.00000  00 

0.1  ( 1)  5.45981  50  ( 1)  2.40818  08  ( 1)  1.44217  35  ( 0)  9.87867  71 

0.2  ( 2)  1.25936  21  ( 1)  5.45981  50  ( 1)  3.20473  65  ( 1)  2.14598  18 

0.3  ( 2)  2.18189  72  ( 1)  9.38520  09  ( 1)  5.45981  50  ( 1)  3.61972  65 

0.4  ( 2)  3.34927  25  ( 2)  1.43304  83  ( 1)  8.28815  42  ( 1)  5.45981  50 

0.5  ( 2)  4.80147  67  ( 2)  2.04591  31  ( 2)  1.17799  11  ( 1)  7.72277  23 

0.6  ( 2)  6.58320  17  ( 2)  2.79535  32  ( 2)  1.60355  04  ( 2)  1.04714  53 

0.7  ( 2)  8.74427  45  ( 2)  3.70166  95  ( 2)  2.11665  31  ( 2)  1.37755  99 

0.8  ( 3)  1.13401  20  ( 2)  4.78740  93  ( 2)  2.72967  48  ( 2)  1.77124  33 

0.9  ( 3)  1.44322  61  ( 2)  6.07756  33  ( 2)  3.45631  21  ( 2)  2.23672  99 

1.0  ( 3)  1.80888  49  ( 2)  7.59977  67  ( 2)  4.31169  57  ( 2)  2.78343  47 


0.5 

10) -7.00000  00 
0) -8.40761  69 
0) -9.62460  70 
1) -1.05661  02 
1) -1.11333  79 

1 1) -1.12123  61 
1) -1.06719  99 
0) -9.36252  11 
0) -7.11353  67 
0) -3.73199  87 

( 0) +1.00000  00 

1 0)  7.32759  68 
1)  1.55257  11 
1)  2.59017  89 
1)  3.87987  49 
1)  5.45981  50 

II)  7.37235  87 
1)  9.66443  28 
2)  1.23879  22 
2)  1.56000  85 
2)  1.93640  05 


-1.0  ( 0) -5.66666  67  ( 0) -4.71428  57  ( 0) -4.00000  00  ( 0) -3.44444  44 

-0.9  ( 0) -6.66432  27  ( 0) -5.44175  41  ( 0) -4.54078  84  ( 0) -3.85159  75 

-0.8  ( 0) -7.50985  56  ( 0)  -6.04428  51  ( 0) -4.97675  07  ( 0) -4.16932  54 

-0.7  ( 0) -8.14117  89  ( 0)  -6.47484  53  ( 0) -5.27129  22  ( 0) -4.36854  34 

-0.6  ( 0) -8.48636  64  ( 0) -6.67916  15  ( 0) -5.38234  50  ( 0) -4.41593  73 


0) -3.00000  00 
0) -3.30880  92 
0) -3.54030  67 
0) -3.67096  90 
0) -3.67394  51 


-0.5  ( 0) -8.46261  04  ( 0) -6.59496  95 

-0.4  ( 0) -7.97509  54  ( 0) -6.15120  28 

-0.3  ( 0)  -6.91578  17  ( 0) -5.26711  67 

-0.2  ( 0) -5.16209  26  ( 0) -3.85134  51 

-0.1  ( 0) -2.57549  99  ( 0) -1.80088  43 


0) -5.26181  06 
0) -4.85495  90 
0)  -4.09978  13 
0) -2.92629  19 
0) -1.25577  95 


1 0) -4.27354  17 
0)  -3.89828  45 
0)  -3.24149  77 
0) -2.24839  06 
-1) -8.57483  35 


( 0) -3.51873  12 
( 0) -3.17081  98 
( 0) -2.59132  26 
( 0) -1.73656  51 
(-1) -5.57651  91 


0.0  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00 


0.1  ( 0)  5.73952  56  ( 0)  4.68094  79  ( 0)  3.93968  87  ( 0)  3.40078  42 

0.2  ( 1)  1.18390  73  ( 0)  9.38676  76  ( 0)  7.67325  59  ( 0)  6.43024  18 

0.3  ( 1)  1.95174  11  ( 1)  1.52787  90  ( 1)  1.23229  94  ( 1)  1.01831  42 

0.4  ( 1)  2.90181  11  ( 1)  2.25363  21  ( 1)  1.80245  87  ( 1)  1.47644  52 

0.5  ( 1)  4.06117  30  ( 1)  3.13582  01  ( 1)  2.49282  52  ( 1)  2.02901  97 


0)  2.99716  17 
0)  5.50132  78 

0)  8.58729  05 

1)  1.23377  53 
1)  1.68439  84 


0.6  ( 1)  5.45981  50  ( 1)  4.19644  69  ( 1) 

0.7  ( 1)  7.13090  76  ( 1)  5.45981  50  ( 1) 

0.8  ( 1)  9.11107  21  ( 1)  6.95271  64  ( 1) 

0.9  ( 2)  1.14406  67  ( 1)  8.70463  66  ( 1) 

1.0  ( 2)  1.41640  95  ( 2)  1.07479  72  ( 1) 


3.31999  64  ( 1)  2.68883  75  ( 1)  2.22065  21 

4.30227  62  ( 1)  3.46999  38  ( 1)  2.85359  16 

5.45981  50  ( 1)  4.38798  40  ( 1)  3.59535  37 

6.81475  87  ( 1)  5.45981  50  ( 1)  4.45924  13 

8.39140  83  ( 1)  6.70412  50  ( 1)  5.45981  50 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 


x =5.0 


a\b  0.1 


0.2 


0.3 


0.4 


-1.0 

( 1) -4.90000 

00 

-0.9 

( 1)  -8.48135 

46 

-0.8 

( 2) -1.20177 

53 

-0.7 

( 2) -1.52985 

90 

-0.6 

( 2) -1.80596 

42 

1) -2.40000  00 

1) -3.90138  34 

1) -5.37054  86 

1) -6.71922  90 

1) -7.83737  80 


il) -1.56666  67 

1) -2.41382  36 

1) -3.23511  34 
1) -3.98065  33 
1) -4.58862  62 


1 1) -1.15000  00 
1) -1.69201  76 
1) -2.21244  58 
1) -2.67925  47 
1) -3.05298  12 


-0.5 

-0.4 

-0.3 

-0.2 

-0.1 


2) -1.99749  08 

2) -2.06475  40 

2) -1.95997  71 

2) -1.62617  59 
1) -9.95925  89 


II) -8.58991  93 
1) -8.81313  79 
1) -8.31068  13 
1) -6.84913  57 
1) -4.15313  99 


1) -4.98353  39 
1) -5.07426  08 
1) -4.75193  11 
1) -3.88754  12 
1) -2.32934  93 


11)r3.28566  20 
1/-3.31965  25 
1) -3.08632  11 
1)  -2.50460  94 
1) -1.47944  56 


0.0  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00 


0.1 

0.2 

0.3 

0.4 

0.5 


2)  1.48413  16 

2)  3.53395  30 

2)  6.28371  74 

2)  9.87643  86 

3)  1.44760  74 


il)  6.28624  01 
2)  1.48413  16 
2)  2.62678  96 
2)  4.11434  26 
2)  6.01287  11 


1)  3.60663  62 

1)  8.42893  34 

2)  1.48413  16 
2)  2.31584  25 
2)  3.37396  77 


11)  2.36223  07 
1)  5.45552  50 
1)  9.55023  72 
2)  1.48413  16 
2)  2.15510  54 


0.6 

( 3) 

2.02699 

13 

0.7 

( 3) 

2.74711 

92 

0.8 

( 3) 

3.63219 

45 

0.9 

( 3) 

4.70961 

17 

1.0 

( 3) 

6.01029 

56 

2)  8.39773  11 

3)  1.13545  79 

3)  1.49804  92 

3)  1.93851  85 

3)  2.46923  43 


2)  4.69942  40 
2)  6.33864  72 

2)  8.34418  40 

3)  1.07753  37 

3)  1.36988  66 


2)  2.99320  90 
2)  4.02706  82 
2)  5.28902  72 
2)  6.81553  64 
2)  8.64757  36 


a\b  0.6  0.7 

-1.0  ( 0) -7.33333  33  ( 0) -6.14285  71 

-0.9  ( 1) -1.00125  62  ( 0) -8.13469  15 

-0.8  ( 1) -1.25327  68  ( 0) -9.98761  99 

-0.7  ( 1) -1.47334  02  ( 1) -1.15809  94 

-0.6  ( 1) -1.64188  17  ( 1) -1.27685  52 

-0.5  ( 1) -1.73534  19  ( 1) -1.33749  40 

-0.4  ( 1) -1.72563  11  ( 1)  -1.31918  93 

-0.3  ( 1) -1.57953  99  ( 1) -1.19740  11 

-0.2  ( 1) -1.25808  94  ( 0) -9.43413  73 

-0.1  ( 0) -7.15818  24  ( 0) -5.23827  09 

0.0  ( 0)+1.00000  00  ( 0)+1.00000  00 


0.8  0.9 

! 0) -5.25000  00  ( 0) -4.55555  56 

0) -6.76712  82  ( 0) -5.73274  31 

0) -8.16187  54  ( 0) -6.80132  29 

0) -9.34109  21  ( 0) -7.68780  55 

1) -1.01924  14  ( 0) -8.30396  66 

1 1) -1.05817  04  ( 0) -8.54492  28 

1) -1.03502  42  ( 0) -8.28701  58 

0) -9.31162  41  ( 0) -7.38548  98 

. 0) -7.24837  36  ( 0) -5.67194  55 

0) -3.90821  47  ( 0) -2.95155  22 

( 0) +1.00000  00  ( 0) +1.00000  00 


0.1 

( 1) 

1.25021 

43 

0.2 

( 

2.80473 

44 

0.3 

( 1) 

4.84355 

66 

0.4 

( 1) 

7.45788 

26 

0.5 

( 2) 

1.07513 

41 

0)  9.72559  33 

1)  2.14485  95 
1)  3.67515  33 
1)  5.62973  09 
1)  8.08378  40 


0)  7.81074  40 

1)  1.69066  81 
1)  2.87239  67 
1)  4.37580  33 
1)  6.25698  73 


0)  6.43982  88 

1)  1.36614  90 
1)  2.29989  34 
1)  3.48308  09 
1)  4.95851  46 


0.6 

2) 

1.48413 

16 

0.7 

( 2) 

1.98603 

96 

0.8 

( 2) 

2.59579 

43 

0.9 

( 2) 

3.33018 

07 

1.0 

( 2) 

4.20801 

74 

2)  1.11223  46 
2)  1.48413  16 
2)  1.93485  65 
2)  2.47651  46 

2)  3.12265  96 


1)  8.57928  78 

2)  1.14140  27 
2)  1.48413  16 
2)  1.89509  28 

2)  2.38432  45 


1)  6.77444  40 

1)  8.98511  69 

2)  1.16513  78 
2)  1.48413  16 
2)  1.86309  66 


Table  13.1 


0.5 

1 0) -9.00000  00 
1) -1.27235  43 
1) -1.62630  91 
1) -1.93973  31 
1) -2.18551  10 

1 1) -2.33084  19 
1) -2.33646  31 
1) -2.15579  45 
1) -1.73399  46 
1) -1.00692  28 

( 0)+1.00000  00 

11)  1.67304  26 
1)  3.81153  30 
1)  6.62935  70 

2)  1.02565  96 
2)  1.48413  16 

!2)  2.05515  14 
2)  2.75772  43 
2)  3.61329  22 
2)  4.64598  46 
2)  5.88289  14 


1.0 

( 0) -4.00000  00 
( 0) -4.92670  46 
( 0) -5.75641  51 
( 0) -6.43011  23 
( 0) -6.87726  99 

1 0)  -7.01437  97 
0) -6.74333  16 
0) -5.94963  73 
0) -4.50048  61 
0) -2.24261  78 

( 0)+1.00000  00 

i0)  5.42870  50 
1)  1.12729  02 
1)  1.87930  66 
1)  2.82840  13 
1)  4.00784  46 

11)  5.45508  08 
1)  7.21214  61 
1)  9.32612  06 
2)  1.18496  18 
2)  1.48413  16 
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Table  13.1  CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x ) 


X =6.0 


a\b  0.1 


0.2 


0.3 


0.4 


0.5 


-1.0 

( 1) -5.90000 

00 

-0.9 

( 2) -1.44132 

92 

-0.8 

( 2) -2.33128 

14 

-0.7 

( 2) -3.20791 

31 

-0.6 

( 2) -4.00174 

16 

1) -2.90000  00 

1)  -6.43961  14 

2)  -1.01116  95 

2) -1.37008  05 
2) -1.69209  38 


1) -1.90000  00 

1) -3.88390  81 

1) -5.92627  62 

1) -7.90656  11 

1) -9.66592  36 


1) -1.40000  00 

1) -2.66287  93 

1) -3.95288  49 

1)  -5.19335  87 

1) -6.28400  93 


il) -1.10000  00 

1) -1.96459  57 

1) -2.84081  83 

1) -3.67618  94 
1) -4.40252  67 


-0.5 

-0.4 

-0.3 

-0.2 

-0.1 


2) -4.62243  63 

2) -4.95505  80 

2) -4.85579  61 

2) -4.14715  07 

2) -2.61250  17 


I 2) -1.94024  69 

2) -2.06773  13 

2) -2.01621  45 

2)  -1.71394  56 

2) -1.07362  31 


1 2) -1.10002  61 

2) -1.16523  15 

2) -1.13027  51 
1) -9.56011  20 
1) -5.94951  89 


1 1) -7.09668  98 
1) -7.47062  14 
1) -7.20700  55 
1) -6.06296  12 
1)  -3.74471  97 


1) -4.93318  77 
1) -5.15995  73 
1) -4.94954  27 
1) -4.13963  47 
1) -2.53449  16 


0.0 


0)+1.00000  00  ( 0)+1.00000  00 


( 0)+1.00000  00 


( 0)  +1.00000  00 


( 0) +1.00000  00 


0.1 

0.2 

0.3 

0.4 

0.5 


2)  4.03428  79 

2)  9.83405  67 

3)  1.78513  43 
3)  2.86060  97 
3)  4.27068  45 


( 2)  1.66280  07 
( 2)  4.03428  79 
( 2)  7.30095  48 
( 3)  1.16700  13 
( 3)  1.73835  48 


1)  9.26969  34 

2)  2.23669  33 
2)  4.03428  79 
2)  6.43121  54 
2)  9.55746  91 


1)  5.89051  37 

2)  1.41226  82 
2)  2.53795  01 
2)  4.03428  79 
2)  5.98067  12 


1)  4.04184  10 

1)  9.61906  66 

2)  1.72165  84 
2)  2.72837  67 
2)  4.03428  79 


0.6 

( 3) 

6.08625 

44 

0.7 

( 3) 

8.38957 

36 

0.8 

( 4) 

1.12757 

14 

0.9 

( 4) 

1.48541 

80 

1.0 

( 4) 

1.92506 

91 

3)  2.47231  35 

3)  3.40149  55 
3)  4.56354  65 

3)  6.00176  64 

3)  7.76580  14 


3)  1.35639  99 

3)  1.86253  97 

3)  2.49428  70 

3)  3.27475  26 

3)  4.23039  92 


12)  8.46913  69 

3)  1.16059  73 

3)  1.55134  92 

3)  2.03319  84 

3)  2.62218  79 


2)  5.69983  97 

2)  7.79473  21 

3)  1.03990  56 

3)  1.36045  49 
3)  1.75159  77 


a\b  0.6 


0.7 


0.8 


0.9 


1.0 


-1.0  ( 0) -9.00000  00 

-0.9  ( 1) -1.52103  70 

-0.8  ( 1) -2.14539  69 

-0.7  ( 1) -2.73534  89 

-0.6  ( 1) -3.24219  87 


0)  -7.57142  86 

1)  -1.21887  04 
1) -1.67928  88 
1) -2.11028  68 
1) -2.47582  00 


1 0) -6.50000  00 
1)  -1.00236  52 
1) -1.35080  52 
1) -1.67379  50 
1) -1.94390  70 


10) -5.66666  67 
0) -8.41150  68 
1) -1.11025  64 
1)  -1.35713  62 
1) -1.56045  26 


1 0) -5.00000  00 
0) -7.17389  32 
0) -9.28639  79 
1) -1.12032  42 
1) -1.27553  63 


-0.5 

-0.4 

-0.3 

-0.2 

-0.1 


1) -3.60439  87 
1) -3.74541  77 
1) -3.57134  39 
1) -2.96819  67 
1) -1.79891  61 


II) -2.73056  65 
1) -2.81841  55 
1) -2.67076  84 
1) -2.20463  65 
1) -1.32051  32 


1) -2.12682  93 
1) -2.18026  23 
1) -2.05268  12 
1) -1.68195  09 
0) -9.93780  50 


1) -1.69364  40 
1) -1.72410  15 
1) -1.61224  68 
1) -1.31050  12 
0) -7.62137  49 


! 1)  -1.37333  18 
1) -1.38810  25 
1) -1.28887  64 
1) -1.03853  60 
0) -5.92948  86 


0.0 


0)+1.00000  00  ( 0)+1.00000  00 


( 0)+1.00000  00  ( 0)+1.00000  00 


( 0) +1.00000  00 


0.1  ( 1)  2.92224 

0.2  ( 1)  6.89588 

0.3  ( 2)  1.22879 

0.4  ( 2)  1.94097 

0.5  ( 2)  2.86223 


67  ( 1)  2.19683 

66  ( 1)  5.13440 

89  ( 1)  9.10486 

77  ( 2)  1.43316 

27  ( 2)  2.10737 


71  ( 1)  1.70335 

78  ( 1)  3.93817 

02  ( 1)  6.94664 

97  ( 2)  1.08938 

78  ( 2)  1.59705 


65  ( 1)  1.35491  58 

92  ( 1)  3.09503  99 

31  ( 1)  5.42797  37 

21  ( 1)  8.47842  06 

69  ( 2)  1.23903  18 


II)  1.10148  13 
1)  2.48291  09 
1)  4.32726  56 
1)  6.73053  68 
1)  9.80333  40 


0.6  ( 2)  4.03428 

0.7  ( 2)  5.50517 

0.8  ( 2)  7.33002 

0.9  ( 2)  9.57187 

1.0  ( 3)  1.23026 


79  ( 2)  2.96297 

98  ( 2)  4.03428 

58  ( 2)  5.36065 

15  ( 2)  6.98699 

21  ( 2)  8.96449 


41  ( 2)  2.23967 

79  ( 2)  3.U4245 

25  ( 2)  4.03428 

63  ( 2)  5.24808 

42  ( 2)  6.72131 


22  ( 2)  1.73291  89 

98  ( 2)  2.34847  33 

79  ( 2)  3.10736  70 

61  ( 2)  4.03428  79 

30  ( 2)  5.15728  26 


12)  1.36726  52 
2)  1.84838  13 
2)  2.44026  08 
2)  3.16176  35 
2)  4.03428  79 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x ) Table  13.1 

X =7.0 

a\b  0.1  0.2  0.3  0.4  0.5 


-1.0  ( 1) -6.90000  00  ( 

-0.9  ( 2) -2.66288  80  ( 

-0.8  ( 2) -4.82834  55  ( 

-0.7  ( 2) -7.06530  95  ( 

-0.6  ( 2) -9.19980  13  ( 

-0.5  ( 3) -1.09929  51  ( 

-0.4  ( 3) -1.21270  91  ( 

-0.3  ( 3) -1.21896  61  ( 

-0.2  ( 3)  -1.06546  71  ( 

-0.1  ( 2) -6.86139  84  ( 

0.0  ( 0)41.00000  00  ( 

0.1  ( 3)  1.09663  32  ( 

0.2  ( 3)  2.72330  73  ( 

0.3  ( 3)  5.02903  83  ( 

0.4  ( 3)  8.19139  01  ( 

0.5  ( 4)  1.24220  89  ( 

0.6  ( 4)  1.79722  28  ( 

0.7  ( 4)  2.51381  30  ( 

0.8  ( 4)  3.42679  34  ( 

0.9  ( 4)  4.57689  88  ( 

1.0  ( 4)  6.01161  32  ( 


a\b  0.6 

-1.0  ( 1) -1.06666  67  ( 

-0.9  ( 1) -2.43203  85  ( 

-0.8  ( 1) -3.88035  55  ( 

-0.7  ( 1) -5.32790  43  ( 

-0.6  ( 1) -6.65941  15  ( 

-0.5  ( 1) -7.72147  28  ( 

-0.4  ( 1) -8.31498  75  ( 

-0.3  ( 1) -8.18647  83  ( 

-0.2  ( 1) -7.01816  36  ( 

-0.1  ( 1) -4.41663  81  ( 

0.0  ( 0)4-1.00000  00  ( 

0.1  ( 1)  7.11674  98  ( 

0.2  ( 2)  1.73382  30  ( 

0.3  ( 2)  3.16073  31  ( 

0.4  ( 2)  5.09262  36  ( 

0.5  ( 2)  7.64800  47  ( 

0.6  ( 3)  1.09663  32  ( 

0.7  ( 3)  1.52109  75  ( 

0.8  ( 3)  2.05725  48  ( 

0.9  ( 3)  2.72726  12  ( 

1.0  ( 3)  3.55678  22  ( 


1)  -3.40000  00  ( 1) -2.23333  33 

2)  -1.15002  17  ( 1) -6.72111  28 

2) -2.03315  80  ( 2) -1.15809  32 

2) -2.93971  82  ( 2) -1.65375  76 

2) -3.79893  33  ( 2) -2.12025  19 

2) -4.51426  47  ( 2) -2.50491  09 

2)  -4.95796  49  ( 2) -2.73838  73 

2) -4.96479  64  ( 2) -2.73134  11 

2) -4.32480  32  ( 2) -2.37063  77 

2) -2.77502  15  ( 2) -1.51499  28 

0)41.00000  00  ( 0)+1.00000  00 

2)  4.42900  71  ( 2)  2.41753  11 

3)  1.09663  32  ( 2)  5.96600  60 

3)  2.02058  34  ( 3)  1.09663  32 

3)  3.28466  83  ( 3)  1.77901  54 

3)  4.97211  80  ( 3)  2.68791  51 

3)  7.18148  47  ( 3)  3.87554  96 

4)  1.00289  02  ( 3)  5.40336  15 

4)  1.36506  23  ( 3)  7.34333  78 

4)  1.82058  62  ( 3)  9.77948  66 

4)  2.38799  82  ( 4)  1.28094  89 


0.7  0.8 

0)  -9.00000  00  ( 0) -7.75000  00 

1)  -1.90770  95  ( 1) -1.53927  06 

1) -2.96917  41  ( 1) -2.33863  78 

1) -4.02257  88  ( 1) -3.12617  60 

1) -4.98346  93  ( 1) -3.83826  01 

1) -5.74011  58  ( 1) -4.39120  14 

1) -6.14818  51  ( 1) -4.67738  87 

1) -6.02463  60  ( 1) -4.56087  46 

1) -5.14074  94  ( 1)  -3.87234  20 

1) -3.21419  15  ( 1) -2.40338  13 

0)+1.00000  00  ( 0)+1.00000  00 

1)  5.21962  63  ( 1)  3.94472  08 

2)  1.26468  67  ( 1)  9.49891  56 

2)  2.29812  96  ( 2)  1.72012  72 

2)  3.69345  22  ( 2)  2.75715  27 

2)  5.53466  48  ( 2)  4.12222  44 

2)  7.92047  08  ( 2)  5.88720  07 

3)  1.09663  32  ( 2)  8.13601  69 

3)  1.48067  73  ( 3)  1.09663  32 

3)  1.95979  60  ( 3)  1.44913  63 

3)  2.55205  62  ( 3)  1.88419  29 


! 1) -1.65000  00  ( 1) -1.30000  00 

1)  -4.47674  11  ( 1) -3.21693  87 

1) -7.51697  57  ( 1) -5.26450  27 

2) -1.05973  99  ( 1)  -7.32517  82 

2) -1.34754  31  ( 1) -9.23583  79 

I 2) -1.58243  03  ( 2) -1.07780  84 

2) -1.72158  27  ( 2) -1.16671  10 

2) -1.71005  68  ( 2) -1.15389  05 

2) -1.47850  91  ( 1) -9.93558  67 

1) -9.40594  48  ( 1) -6.28867  03 

( 0)+1.00000  00  ( 0)+1.00000  00 

1 2)  1.50292  87  ( 2)  1.00798  98 

2)  3.69501  44  ( 2)  2.46763  45 

2)  6.77457  83  ( 2)  4.51182  31 

3)  1.09663  32  ( 2)  7.28692  93 

3)  1.65368  85  ( 3)  1.09663  32 

13)  2.38009  49  ( 3)  1.57543  68 

3)  3.31282  90  ( 3)  2.18907  73 

3)  4.49515  29  ( 3)  2.96556  40 

3)  5.97748  66  ( 3)  3.93749  79 

3)  7.81838  27  ( 3)  5.14269  05 


0.9  1.0 

1 0) -6.77777  78  ( 0) -6.00000  00 

1) -1.27012  46  ( 1) -1.06732  11 

1) -1.88526  21  ( 1) -1.54912  65 

1) -2.48676  78  ( 1) -2.01662  21 

1) -3.02562  11  ( 1) -2.43133  06 

il) -3.43770  69  ( 1) -2.74320  50 

1) -3.64095  75  ( 1) -2.88847  09 

1) -3.53208  76  ( 1) -2.78716  65 

1) -2.98287  74  ( 1) -2.34034  55 

1) -1.83595  18  ( 1) -1.42690  55 

( 0)+1.00000  00  ( 0)+1.00000  00 

( 1)  3.05562  65  ( 1)  2.41701  00 

( 1)  7.30700  42  ( 1)  5.73511  61 

( 2)  1.31824  90  ( 2)  1.03047  87 

( 2)  2.10704  18  ( 2)  1.64217  15 

( 2)  3.14277  19  ( 2)  2.44332  54 

12)  4.47895  79  ( 2)  3.47456  13 

2)  6.17802  12  (2)  4.78318  84 

2)  8.31248  87  ( 2)  6.42409  85 

3)  1.09663  32  ( 2)  8.46076  16 

3)  1.42364  54  ( 3)  1.09663  32 
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Table  13.1 


CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 


x =8.0 


a\b  0.1 


0.2 


0.3 


0.4 


0.5 


-1.0 

( 1) -7.90000 

00 

-0.9 

( 2) -5.35947 

58 

-0.8 

( 3) -1.05913 

37 

-0.7 

( 3) -1.62135 

82 

-0.6 

( 3) -2.18025 

86 

1)  -3.90000  00 

2)  -2.23970  82 
2) -4.34517  66 
2) -6.59589  37 
2) -8.82153  60 


II) -2.56666  67 
2) -1.26764  73 
2) -2.41159  61 
2) -3.62791  31 
2) -4.82414  97 


il) -1.90000  00 
1) -8.18608  14 
2) -1.52562  18 
2) -2.27325  01 
2)  -3.00441  34 


1) -1.50000  00 

1)  -5.71092  02 

2)  -1.04182  83 
2) -1.53682  58 
2) -2.01811  79 


-0.5 

-0.4 

-0.3 

-0.2 

-0.1 


3) -2.67429  61 
3) -3.01799  53 
3) -3.09632  67 
3) -2.75810  97 
3) -1.80829  89 


i 3) -1.07763  74 
3) -1.21208  08 
3) -1.23996  24 
3) -1.10164  91 
2) -7.20419  31 


I 2) -5.86783  06 
2) -6.57678  93 
2) -6.70780  36 
2) -5.94329  13 
2) -3.87580  16 


12) -3.63786  60 
2) -4.06244  15 
2) -4.13029  89 
2)  -3.64902  75 
2) -2.37245  74 


2) -2.43202  00 
2) -2.70544  00 
2) -2.74155  31 
2) -2.41475  59 
2) -1.56480  05 


0.0  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00 


0.1 

0.2 

0.3 

0.4 

0.5 


3)  2.98095  80 

3)  7.51808  32 

4)  1.40881  29 
4)  2.32720  88 
4)  3.57745  28 


1 3)  1.18444  63 
3)  2.98095  80 
3)  5.57611  41 
3)  9.19616  72 
4)  1.41150  69 


2)  6.35818  11 

3)  1.59656  00 
*3)  2.98095  80 

3)  4.90796  57 
3)  7.52139  08 


2)  3.88567  25 

2)  9.73282  54 

3)  1.81369  75 
3)  2.98095  80 
3)  4.56094  12 


2)  2.56061  41 

2)  6.39631  86 

3)  1.18950  58 
3)  1.95153  01 
3)  2.98095  80 


0.6  ( 4) 

0.7  (4) 

0.8  ( 5) 

0.9  ( 5) 

1.0  ( 5) 


5.24445  76 
7.42998  57 
1.02553  76 
1.38646  40 
1.84279  80 


2.06625  00 
2.92330  17 
4.02964  70 
5.44098  22 
7.22305  38 


4)  1.09940  42 
4)  1.55324  53 
4)  2.13822  46 
4)  2.88342  27 
4)  3.82312  68 


1 3)  6.65669  18 
3)  9.39119  38 
4)  1.29105  19 
4)  1.73873  91 
4)  2.30252  22 


3)  4.34399  08 
3)  6.11953  13 

3)  8.40117  14 

4)  1.12994  43 
4)  1.49443  61 


a\b  0.6 


0.7 


0.8 


0.9 


1.0 


-1.0 

( 1) -1.23333 

33 

-0.9 

( 1) -4.19816 

11 

-0.8 

( 1) -7.49216 

65 

-0.7 

( 2) -1.09361 

95 

-0.6 

( 2) -1.42648 

08 

1) -1.04285  71 
1) -3.20746  94 
1) -5.59749  62 

1)  -8.08183  59 

2)  -1.04680  37 


1 0) -9.00000  00 
1) -2.52522  99 
1) -4.30847  38 
1) -6.15107  90 
1) -7.90952  94 


0)  -7.88888  89 

1)  -2.03685  45 
1) -3.39751  08 
1) -4.79493  78 
1) -6.11965  64 


0)  -7.00000  00 

1)  -1.67621  46 
1) -2.73380  70 
1) -3.81325  44 
1) -4.82945  42 


-0.5 

-0.4 

-0.3 

-0.2 

-0.1 


2) -1.71051  24 
2) -1.89519  44 
2) -1.91386  58 
2) -1.68033  35 
2) -1.08493  76 


( 2) -1.24874  83 
( 2) -1.37780  10 
( 2) -1.38635  99 
( 2) -1.21307  63 
( 1) -7.80116  43 


II) -9.38477  69 
2) -1.03097  46 
2) -1.03347  63 
1) -9.01063  22 
1) -5.76904  74 


1) -7.22077  10 
1) -7.89678  13 
1) -7.88488  72 
1) -6.84858  28 
1) -4.36332  11 


1) -5.66582  71 
1) -6.16743  32 
1) -6.13297  12 
1) -5.30551  30 
1) -3.36181  13 


0.0  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00 


0)+1.00000  00 


0.1  ( 2) 

0.2  ( 2) 

0.3  ( 2) 

0.4  ( 3) 

0.5  ( 3) 


1.77542  34 
4.42157  41 
8.20490  47 
1.34359  84 
2.04885  12 


1.27804  07 
3.17224  03 
5.87308  59 
9.59878  19 
1.46114  76 


1)  9.47420  10 

2)  2.34287  19 
2)  4.32702  55 

2)  7.05759  09 

3)  1.07237  41 


1 1)  7.19400  22 
2)  1.77165  46 
2)  3.26355  40 
2)  5.31172  06 
2)  8.05582  19 


1)  5.57451  38 

2)  1.36651  86 
2)  2.51027  48 
2)  4.07661  58 
2)  6.17064  03 


0.6  ( 3)  2.98095 

0.7  ( 3)  4.19313 

0.8  ( 3)  5.74840 

0.9  ( 3)  7.72114 

1.0  ( 4)  1.01986 


80  ( 3)  2.12243 

16  ( 3)  2.98095 

89  ( 3)  4.08075 

36  ( 3)  5.47370 

91  ( 3)  7.22067 


36  ( 3)  1.55511 

80  ( 3)  2.i.8075 

63  ( 3)  2.98095 

48  ( 3)  3.99294 

87  ( 3)  5.26034 


32  ( 3)  1.16622 

96  ( 3)  1.63280 

80  ( 3)  2.22860 

06  ( 3)  2.98095 

65  ( 3)  3.92186 


16 

( 2) 

8.91734 

62 

79 

( 3) 

1.24646 

81 

68 

( 3) 

1.69869 

84 

80 

( 3) 

2.26888 

68 

75 

( 3) 

2.98095 

80 
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CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 


x =9.0 


-8.90000  00 
-1.15822  92 
-2.42781  38 
-3.83823  48 
-5.28795  76 

-6.62068  16 
-7.60990  61 
-7.94036  79 
-7.18584  92 
-4.78278  15 


-4.40000  00 
-4.70696  01 
-9.74816  44 
-1.53240  98 
-2.10310  78 

-2.62521  11 
-3.00975  26 
-3.13336  92 
-2.82979  30 
-1.87974  72 


-2.90000  00 
-2.58988  67 
-5.29323  09 
-8.26992  61 
-1.13032  66 

-1.40643  82 
-1.60814  10 
-1.67025  41 
-1.50519  87 
-9.97775  31 


-2.15000  00 
-1.62573  25 
-3.27532  02 
-5.08337  71 
-6.91755  27 

-8.57840  43 
-9.78118  66 
-1.01340  64 
-9.11218  60 
-6.02698  67 


-1.70000  00 
-1.10263  21 
-2.18739  83 
-3.37079  66 
-4.56573  11 

-5.64186  81 
-6.41404  87 
-6.62844  84 
-5.94613  42 
-3.92362  38 


( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00 


8.10308  39 
2.07097  19 
3.93063  86 
6.57367  60 
1.02271  23 

1.51686  28 
2.17356  27 
3.03359  16 
4.14598  16 
5.56941  19 


3.17569  47 

8.10308  39 
1.53566  77 
2.56471  76 
3.98485  11 

5.90279  86 
8.44810  69 
1.17771  47 
1.60777  16 
2.15743  14 


1.68114  27 
4.28218  60 

8.10308  39 
1.35137  30 
2.09683  16 

3.10207  78 
4.43426  09 
6.17433  59 
8.41941  52 
1.12854  63 


1.01296  25 
2.57548  14 
4.86584  85 

8.10308  39 
1.25557  31 

1.85508  62 
2.64844  50 
3.68332  96 
5.01687  01 
6.71721  10 


6.57992  17 
1.66969  38 
3.14939  49 
5.23683  11 

8.10308  39 

1.19562  36 
1.70478  81 
2.36805  96 
3.22165  07 
4.30870  75 


a\6  0.6  0.7 

-1.0  ( 1) -1.40000  00  ( 1) -1.18571  43  ( 

-0.9  ( 1)  -7.88310  88  ( 1) -5.86101  35  ( 

-0.8  ( 2) -1.53831  87  ( 2) -1.12401  55  ( 

-0.7  ( 2) -2.35259  85  ( 2) -1.70516  69  ( 

-0.6  ( 2) -3.17089  67  ( 2) -2.28631  95  ( 

-0.5  ( 2) -3.90366  91  ( 2) -2.80365  84  ( 

-0.4  ( 2) -4.42433  15  ( 2) -3.16741  38  ( 

-0.3  ( 2) -4.56001  78  ( 2) -3.25546  25  ( 

-0.2  ( 2) -4.08061  95  ( 2) -2.90574  94  ( 

-0.1  ( 2) -2.68584  35  ( 2) -1.90735  35  ( 

0.0  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 

0.1  ( 2)  4.49581  13  ( 2)  3.18820  43  ( 

0.2  ( 3)  1.13844  85  ( 2)  8.05506  28  ( 

0.3  ( 3)  2.14370  76  ( 3)  1.51408  89  ( 

0.4  ( 3)  3.55908  19  ( 3)  2.50977  29  ( 

0.5  ( 3)  5.49915  09  ( 3)  3.87215  54  ( 

0.6  ( 3)  8.10308  39  ( 3)  5.69778  22  ( 

0.7  ( 4)  1.15389  32  ( 3)  8.10308  39  ( 

0.8  ( 4)  1.60085  54  ( 4)  1.12277  41  ( 

0.9  ( 4)  2.17532  51  ( 4)  1.52385  32  ( 

1.0  ( 4)  2.90602  06  ( 4)  2.03337  24  ( 


0.8  0.9  1.0 

1) -1.02500  00  ( 0) -9.00000  00  ( 0) -8.00000  00 

1)  -4.49394  10  ( 1) -3.53363  88  ( 1) -2.83797  81 

1)  -8.46300  77  ( 1) -6.53007  44  ( 1) -5.14354  17 

2)  -1.27296  76  ( 1) -9.73476  07  ( 1) -7.59652  04 

2) -1.69747  84  ( 2) -1.29066  47  ( 2) -1.00113  60 

2) -2.07304  42  ( 2) -1.56947  14  ( 2) -1.21196  37 

2) -2.33416  78  ( 2) -1.76099  80  ( 2) -1.35492  40 

2) -2.39208  63  ( 21-1.79922  96  ( 2) -1.37997  11 

2) -2.12938  18  ( 2) -1.59711  34  ( 2) -1.22131  75 

2) -1.39363  74  ( 2) -1.04195  05  ( 1) -7.94021  75 

0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00 

2)  2.32750  60  ( 2)  1.73981  39  ( 2)  1.32662  16 

2)  5.86608  76  ( 2)  4.37321  78  ( 2)  3.32490  16 

3)  1.10059  12  ( 2)  8.18906  59  ( 2)  6.21332  82 

3)  1.82136  70  ( 3)  1.35291  34  ( 3)  1.02470  26 

3)  2.80582  25  ( 3)  2.08094  05  ( 3)  1.57360  49 

3)  4.12286  14  ( 3)  3.05330  38  ( 3)  2.30549  09 

3)  5.85547  03  ( 3)  4.33052  37  ( 3)  3.26534  78 

3)  8.10308  39  ( 3)  5.98502  62  ( 3)  4.50694  55 

4)  1.09842  88  ( 3)  8.10308  39  ( 3)  6.09425  86 

4)  1.46399  00  ( 4)  1.07870  28  ( 3)  8.10308  39 
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Table  13.1  CONFLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  x) 


£ = 10.0 


a\b  0.1 


0.2 


0.3 


0.4 


0.5 


-1.0 

-0.9 

-0.8 

-0.7 

-0.6 


1) -9.90000  00 
3) -2.63572  95 

3)  -5.74321  45 
31-9.29414  29 

4)  -1.30473  07 


1 1) -4.90000  00 
31-1.04774  98 
31-2.26606  51 
31-3.65315  21 
3) -5.11412  18 


1 1)  -3.23333  33 
21-5.63504  48 
31-1.20865  20 
31-1.94041  89 
3) -2.70839  91 


11) -2.40000  00 
21-3.45535  97 
21-7.34339  26 
31-1.17365  02 
3) -1.63300  24 


11-1.90000  00 
21-2.28812  39 
21-4.81371  33 

2)  -7.65615  62 

3)  -1.06170  13 


-0.5 

-0.4 

-0.3 

-0.2 

-0.1 


4) -1.66086 
41-1.93829 
41-2.05153 
41-1.88191 
4) -1.26894 


19  ( 3) 

90  ( 3) 

93  ( 3) 

87  ( 3) 

82  ( 3) 


-6.49508  42 
-7.56478  22 
-7.99213  74 
-7.31898  36 
-4.92715  82 


31-3.43144  26 
31-3.98819  28 
3)-4.20553  66 
31-3.84460  18 
31-2.58388  05 


I 3)-2.06370  40 
31-2.39329  23 
31-2.51877  45 
31-2.29844  83 
31-1.54205  59 


( 3)-1.33814  35 
( 31-1.54831  36 
( 31-1.62617  94 
31-1.48115  57 
2)-9.91916  94 


0.0  ( 0)+1.00000  00  ( 0)+1.00000  00  ( 0)+1.00000  00 


( 0)+1.00000  00 


01+1.00000  00 


0.1 

0.2 

0.3 

0.4 

0.5 


4)  2.20264  66 

4)  5.69563  19 

5)  1.09330  93 
5)  1.84869  24 
5)  2.90713  00 


3)  8.52983  30 

4)  2.20264  66 
4)  4.22272  41 

4)  7.13160  87 

5)  1.12016  64 


3)  4.46140  89 

4)  1.15043  71 
4)  2.20264  66 
4)  3.71537  68 
4)  5.82887  58 


3)  2.65569  71 

3)  6.83804  74 

4)  1.30747  73 
4)  2.20264  66 
4)  3.45147  55 


3)  1.70399  66 
3)  4.38084  00 

3)  8.36496  74 

4)  1.40739  54 
4)  2.20264  66 


0.6 

0.7 

0.8 

0.9 

1.0 


5)  4.35713  28 
5)  6.30765  47 

5)  8.89199  75 

6)  1.22723  53 
6)  1.66450  66 


1 5)  1.67700  20 
5)  2.42511  79 
5)  3.41517  02 
5)  4.70872  70 
5)  6.38024  53 


4)  8.71652  20 

5)  1.25912  31 
5)  1.77129  13 
5)  2.43971  24 
5)  3.30250  83 


4)  5.15540  77 

4)  7.43887  06 

5)  1.04535  82 
5)  1.43835  42 
5)  1.94508  11 


4)  3.28620  65 
4)  4.73642  75 
4)  6.64873  73 

4)  9.13874  32 

5)  1.23458  19 


a\b  0.6 


0.7 


0.8 


0.9 


1.0 


-1.0 

-0.9 

-0.8 

-0.7 

-0.6 


1)  -1.56666  67  ( 

2)  -1.59656  19  ( 

2) -3.32180  59  ( 

2)  -5.25566  60  ( 

2) -7.26224  96  ( 


1)  -1.32857  14 

2)  -1.15824  17 
2) -2.38103  41 
2)  -3.74603  08 
2) -5.15669  48 


! 1) -1.15000  00 
1) -8.66482  26 
2)  -1.75833  05 
2) -2.74969  50 
2) -3.77001  68 


I1)-1.011H  11 
1) -6.64811  79 
2) -1.33052  77 
2) -2.06733  55 
2) -2.82246  37 


0)  -9.00000  00 

1)  -5.21121  29 

2)  -1.02772  90 
2) -1.58596  75 
2) -2.15560  45 


-0.5 

( 2) -9.12749 

57 

-0.4 

( 3) -1.05359 

27 

-0.3 

( 3) -1.10424 

16 

-0.2 

( 3) -1.00381 

19 

-0.1 

( 2) -6.70959 

43 

2) -6.46204  50 

2)  -7.44065  06 
2) -7.78122  74 
2) -7.05925  89 
2) -4.70898  38 


1 2) -4.70972  63 
2) -5.40890  80 
2) -5.64358  20 
2) -5.10920  02 
( 2) -3.40090  10 


2) -3.51454  04 
2) -4.02538  09 
2) -4.19006  43 
2) -3.78501  43 
2) -2.51375  92 


2) -2.67503  59 
2) -3.05522  11 
2) -3.17236  75 
2) -2.85915  68 
2) -1.89427  82 


0.0  ( 0)+1.00000  00 


0)+1.00000  00  ( G)+1.Q0000  00 


( 0) +1.00000  00 


0) +1.00000  00 


0.1 

0.2 

0.3 

0.4 

0.5 


3)  1.14989 
3)  2.95153 
3)  5.62785 

3)  9.45635 

4)  1.47812 


01  ( 2) 

65  ( 3) 

57  ( 3) 

54  ( 3) 

55  ( 4) 


8.05237  11 
2.06339  28 
3.92867  40 
6.59238  53 
1.02914  95 


2)  5.80387  50 

3)  1.48456  77 
3)  2.82236  24 
3)  4.72945  31 
3)  7.37367  65 


2)  4.28243  19 

3)  1.09332  07 
3)  2.07532  55 
3)  3.47272  61 
3)  5.40715  90 


2)  3.22252  43 

2)  8.21055  88 

3)  1.55600  88 
3)  2.59995  59 
3)  4.04275  54 


0.6 

( 4) 

2.20264 

66 

0.7 

( 4) 

3.17106 

89 

0.8 

( 4) 

4.44649 

42 

0.9 

( V 

6.10528 

43 

1.0 

( 4) 

8.23940 

35 

4)  1.53174  58 
4)  2.20264  66 
4)  3.08513  39 
4)  4.23152  76 
4)  5.70477  12 


14)  1.09611  92 
4)  1.57436  46 
4)  2.20264  66 
4)  3.01784  47 
4)  4.06428  07 


! 3)  8.02783  98 
4)  1.15166  83 
4)  1.60942  26 
4)  2.20264  66 
4)  2.96327  38 


3)  5.99449  62 

3)  8.58922  62 

4)  1.19892  63 

4)  1.63901  69 
4)  2.20264  66 
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ZEROS  OF  M(a,  5,  *) 


Table  13.2 


a\b 

0.1 

0.2 

0.3 

0.4 

0.5 

-1.0 

0. 10000 

00 

0. 20000 

00 

0. 30000 

00 

0. 40000 

00 

0. 50000 

00 

-0.9 

0. 11054 

47 

0. 22012 

64 

0. 32894 

15 

0. 43713 

15 

0. 54480 

16 

-0.8 

0. 12357 

83 

0. 24477 

52 

0. 36411 

44 

0. 48196 

35 

0. 59858 

98 

-0.7 

0. 14010 

11 

0. 27567 

24 

0. 40779 

72 

0. 53721 

21 

0.66443 

91 

-0.6 

0. 16173 

42 

0. 31555 

72 

0. 46354 

99 

0. 60707 

04 

0. 74705 

02 

-0.5 

0. 19128 

98 

0. 36906 

09 

0. 53728 

03 

0. 69839 

96 

0. 85403 

26 

-0.4 

0. 23411 

73 

0. 44470 

78 

0. 63961 

58 

0. 82334 

00 

0. 99868 

55 

-0.3 

0. 30182 

31 

0. 56019 

88 

0. 79200 

44 

1. 00591 

69 

1. 20695 

84 

-0.2 

0. 42537 

31 

0. 75993 

80 

1. 04632 

32 

1. 30289 

37 

1. 53918 

36 

-0.1 

0. 72703 

16 

1. 20342 

40 

1. 58016 

05 

1. 90320 

51 

2. 19258 

90 

a\ b 

0.6 

0.7 

0.8 

0.9 

1.0 

-1.0 

0. 60000 

00 

0. 70000 

00 

0. 80000 

00 

0. 90000 

00 

1. 00000 

00 

-0.9 

0. 65203 

19 

0. 75888 

50 

0. 86541 

05 

0. 97164 

85 

1. 07763 

19 

-0.8 

0. 71419 

38 

0. 82892 

89 

0. 94291 

59 

1.  05625 

10 

1. 16901 

22 

-0.7 

0. 78986 

07 

0. 91376 

55 

1. 03637 

62 

1. 15786 

85 

1. 27838 

33 

-0.6 

0. 88415 

45 

1. 01887 

44 

1. 15158 

21 

1. 28256 

70 

1. 41205 

79 

-0.5 

1. 00529 

53 

1. 15298 

99 

1. 29771 

21 

1. 43991 

63 

1. 57995 

68 

-0.4 

1. 16751 

37 

1. 33112 

03 

1. 49044 

27 

1. 64618 

10 

1. 79887 

13 

-0.3 

1. 39828 

59 

1. 58200 

88 

1. 75960 

56 

1. 93215 

19 

2. 10045 

49 

-0.2 

1. 76075 

91 

1. 97114 

63 

2. 17271 

84 

2. 36714 

89 

2. 55566 

24 

-0.1 

2. 45881 

88 

2. 70808 

56 

2. 94434 

51 

3. 17028 

02 

3.  38779 

57 

Table  13.2  gives  the  smallest  zeros  in  x of  M(a,  b,  x)t  near  a =6=0,  that  is,  the  smallest  positive  roots  in 
x of  the  equation  M (a,  6,  x)  =0.  Linear  interpolation  gives  3-4S.  Interpolation  by  the  Lagrange  six-point 
formula  in  two  dimensions  gives  7S. 
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14.  Coulomb  Wave  Functions 


Mathematical  Properties 


14.1.  Differential  Equation,  Series  Expansions 

Differential  Equation 

14.1.1 

dp2  p p2 

(p> 0,  — <»  <i?< «» , L a non-negative  integer) 

The  Coulomb  wave  equation  has  a regular 
singularity  at  p=0  with  indices  Z+l  and  — L; 
it  has  an  irregular  singularity  at  p=  ® . 

General  Solution 


14.1.2 

w=CiFL(ri,  p)  + C2GL(rj,  p)  (Ci,  C2  constants) 

where  FL(rj , p)  is  the  regular  Coulomb  wave 
function  and  GL(rj,  p)  is  the  irregular  (logarithmic) 
Coulomb  wave  function. 


14.1.12  F'l=£  Fl(V,  p)  =CL(n)  p^Xn,  p ) 

14.1.13  *Xv,P)=  S kAXv)(f-L-' 

k=L+ 1 

Irregular  Coulomb  Wave  Function  p) 

14.1.14 

Gi(n,  p ) k’Xv,  p)[ln  2p+^^]+oL(v7  p) 

14.1.15  OXn,  p):=F>l(v)p~l,I'l(v,  p) 

14.1.16 

14.1.17  Mv,p)=i:  aXv)pk+L 

k—L 


Regular  Coulomb  Wave  Function  F l(  17,  p) 

14.1.3 

FL(v,  P)=CL(n)pL+1e-i>‘M(L+l-iv,  2L+2, 2 ip) 

14*L4  =CXr>)pL+l*Xr,,p) 

14.1.5  &L(i i,p)=  S -4*0? )pk~L~1 

k=L+ 1 

14.1.6 

A%+ 1 — 1,  Al+2=* 

(k+L)  (k-L- 1 )Ai  =2r,A$--AU  (k>L+ 2) 


14.1.7 


2^6  2 |r(L+i+in)| 
r(2L+2) 


(See  chapter  6.) 


14.1.8 


14.1.9 

14.1.10 


CXv)= 2irr,(e2*’>-l)~' 


PXrftCliri) 

2i;(2L+l) 


L(2L+1) 


Cl-iW) 


n ! „ pXv)  (l+^)(4+,2)  . . . (L2+?j2)22t 
2V  (2L+1)[(2Z)!]2 


14.1.18 

aiL=l,  a£+i=0, 

(k—L—1)  (*+L)af=2ija^_1— of_2—  (2k— 1)  pL(v)ALt 


14.1.19 


+@{ 


r(i+iij) 


}+2r4 


rt(n) 

2to0>) 


(See  Table  6.8.) 


14.1.20 


i-DL+1  f f 1 , 2(ti>-£) 

(2Z,)!  ^ l2i+l'1'  2L(1!) 

, 2*(iv-L)(iv-L+l)  , 

+ (2L-1)(2!) 


22L(ii? — L)(iri — Zr+1)  . . . (iti-\-L— 1)> 

(2  L)\  1 


14.1.21 

«=f '-m  < 2»+gi  >+->"*<,,  ->  > 

+0z,(»i»  p) 
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14.1.22  0'L=j-$L(n,p)==Di.(‘n)p  L Vt(n,p) 

14.1.23  Tptiv,  p)=  S kafa)pk+L 

k"*—L 


GL»  fl 


i;=l,  p=10 


Figure  14.2.  FL , F'L)  0L  and  G’L. 

i7=10,  p= 20 


14.2.  Recurrence  and  Wronskian  Relations 

Recurrence  Relations 
If  uL=FL(ri,  p)  or  0L(ii,p), 

14.2.1  L d^=(UW)'uL^-^+r,)uh 

14.2.2 

(L+l)  ^=[^±^-+»;K-[(Z+l)2+^t+I 

14.2.3 

Z[(L+l)2+^+,=(2Z+l)h+£(£+1)K 

P 

— (Zf+l)[L2+?72P'Uxi«i 

Wronskian  Relations 

14.2.4  F'lGl-FlG'l=  1 

14.2.5  F^Gl-FlGl-^UU+v2)-* 

14.3.  Integral  Representations 

14.3.1 

% 

14.3.2 

FL-iOL= 

14.3.3 

• J*  { (1— tanh2  0L+1  exp  [ — i(p  tanh  ^ — 2?7^)] 

+i(l+£2)1,  exp  [—pt+2rj  arctan  t]}dt 

14.4.  Bessel  Function  Expansions 
Expansion  in  Terms  of  Bessel-Clifford  Functions 

14.4.1 

Fl(v,  p)=CL(v)  p-L  t_g+i  bJ'U&St) 

(t=2i)p,  „>0) 

14.4.2 

Qi.(v,p)~Ih(‘n)'bL(ii)p~L  S (—i)kbktkl2Kk(2-Jt) 

k-2L+ 1 
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62L+I — ^2L+2 — 0> 
* 4rj2(k— 2L)6*+1+&6*_i+6*-2=0 


(k>2L+2) 


14.4.4 


X*(»)  S (— l)fc(Ar— 1)!6*=2 
Jk— 2Z-4-1 

(See  chapter  9.) 


Expansion  in  Terms  of  Spherical  Bessel  Functions 

14.4.5 


Fl(v,  p)=  _ 

1‘3*5  . . . (2L+1) pCL(ij)  ^zJk+iip) 

14.4.6 


1 _2X+3 

6i+l_  X+T  n 


1 (2fc+l) 

7:(&+l)— X(X+1) 


{2»j6*_i 


(&— 1)(&— 2)— X(X+1) 
2k— 3 


14.4.7 

-/'**(*? > p) = 1*3*5  . . . (2X+l)pd&0») 
(X+l) 


(*>X+1) 


{ 


(2L+1) 


**■ Vip  Jl-iW+(2L+3)' 61+1 

V5J«w+.a,s;VS</***wl 


1A  A 8 t»_  (t+2)  . (t— 1)  . 

14.4.8  6*-(2jfc+3)  6*+»  (2jfc-l)6*-1 

Expansion  in  Terms  of  Airy  Functions 

x=(2i)—p)/(2ii)w  ii=(2ij)m,  if»0 

|p— 2ij|<2ij 

14.4.9 

S!:;i-,,wC  ii+?+?+  • • ■ 1 

Ai'(x)  ya 
+Bi'(*)  l/i  V+ 

14.4.10 

Jo(>»,p) *4(2,)-»{^  [ll±EA 

wo  (v,p)  Bi(*)  m 


■]} 


+ 


ga+*/: 


2 


.2 


, , Ai'(*)  ri  , (gi+/|) 


| (g2+/a)  | 


]} 


/i= (1/5)2* 

/2=~  (2** +6) 

/s=g3^  (84*7+  1480*4+2320*) 
gi=— (1/5)* 

gJ==3^0  (7a;8-30a?) 
g3=63U00  (1056*‘-1160*3-2240) 

(See  chapter  10.) 


14.5.  Asymptotic  Expansions 

Asymptotic  Expansion  for  Large  Values  of  p 

14.5.1  —g  cos  SL+f  sin  dL 

14.5.2  Gi=/  cos  — g sin  0* 

14.5.3  Fl=9*  cos  0L+f*  sin  0L 

14.5.4  <?£=/*  cos  0L— 0*  sin  0&,  gf*—fg*=l 

14.5.5  0L=p— 17  In  2p— L ^-h<rL 

14.5.6  <TL=arg  r(Z+ 1 +iiy) 

(See  6.1.27,  6.1.44.) 


14.5.7 


oi+i = o^+arctan 


V 

Zr+1 


(See  Tables  4.14,  6.7.) 


14.5.8  /~2/*,  jf-S  0*,/*~S/S,  0*~S 

*-0  0 *-0  *«0 

where 

/o=l,0o=O,/$=O,  p?=l-i?/p 
/*+l — 0*/* — 6*0* 

0*+l — 0*0*+ 6*/* 

/*+i ==  0*/* — 6*0?  — /*+i/ p 

0*+i=0*0*+6*/*  0*+i/p 

(2ft+l)iy  , £(■£+!)““&(&+ !)+*?* 

* (2Ar+2)p;  (2Jfc+2)p 


♦See  page  n. 
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14.5.9 

/ 1 ■ . | (ii?— Z>)(ii?+ir+l)  , (iij— Zr)(ii;— i+l)(iij+Xr+l)(i’j+i+2) 

/+t?~1+ — — + mw 

■ dv — L)(iri — J>Tl)(ti? — £-(-2) ('t'ty-j— (iri-\-L-\-Z)  . 

"*■  3!  (2  ip)8  '*■••• 

Asymptotic  Expansion  for  L=0,  p=2ij]>>0 


14.5.10 


F0(2ij)  r(l/3)/3«f  2 T(2/3)  1 32  1 92672  r (2/3)1 

<?o(2ii)/V5~  2 Vi  1 +35  T(l/3)  tf4  8100  /36+7371-104  r(l/3)  /310' 


14.5.11 

mv) 

<?i(2»?)/V5  '2V5F^ 


14.5.12 


r(2/3)  . , i r(i/3)  l , 8 

1 — 1—  I i i*  ti  /n  /o\  riO  — 


1 11488  r (1/3)  1 . 

IT iq^ii  m3  -n/o/o\  i08-^  • • •) 


15  r(2/3)  /3*  56700  /3«  M8711-103  T(2/3)  /38 

0=(2j;/3)H  r (1/3) =2.6789  38534  . . . , r(2/3)=1.3541  17939  . . . 


F0(2ti)  r .70633  26373,  MflT. 04959  570165  .00888  88888  89 
0o(2„r{1.2234O  4016  >’N{1T  — 


VH  v2 

.00245  51991  81  .00091  08958  061  00025  34684  115 


=F- 


,‘9* 


• ••} 


14.5.13 

F’0(2r,)  , .40869  57323,  _Uf  .17282  60369  .00031  74603  174 

^(21?)  -.70788  17734 1 ’ l±  + v2 


, .00358  12148  50  , .00031  17824  680  , .00090  73966  427  . , 

± M 1 15 ± IM4 r • • •/ 


i7«o 
.|2|>  Go*  COS p 

*lJ* 


Figure  14.3.  F0(ij,  p). 
*=0,  1,  5,  10,  p/2 


Figure  14.5.  Qo(ti,  p). 
,=0,  l,  5, 10,  p/2 


Figure  14.4.  F£(if,  p), 
>1=0,  1,  5,  10,  p/2 


Figure  14.6.  (3S(n,  p). 
>;=0,  1,  5,  10,  p/2 
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14.6.  Special  Values  and  Asymptotic  Behavior 
14.6.1  L>0,  p= 0 

Fj= 0,  Fj= 0 
0L=<*>,  0'L=  — a> 


14.6.2 


14.6.3 


14.6.4 


L= 0,  p=0 
F0= 0,  F0=C0(.v) 
6o=llC0(v),  <%=-« 

L—¥  00 

FL~CL{i))pL+l,  Gl^Dl(v)p 

L=0,  t)—0 
7o=sin  p,  F'fj = cos  p 
00=008  p,  0o=  —sin  p 


14.6.5 


Zir 


14.6.6 


0£+iZ’r,~exp  i[p— q In  2p — ^ — hoi] 

Z>0, 7?=0 


F£=(W)}  «/w-j(p) 

0l=  ( — l^CJirp)*  «7-t t+})(p) 

14.6.7  Z>0,2i,»p 

(2L£^}  <2np)Vtt+i[2(2w)»] 


14.6.8 


14.6.9 


Z=0,  2ij»p 
Z,0~6-I’’(7rp)i/1[2(2);p)i] 
K~e-^(27r,7)i/o[2(2,p)»] 

0o~2eT,>  (J)*Xi[2(2up)»] 

0'— 2 (^)%^0[2(27,p)4] 

Z=0,  2 »/»p 

Z’0~^  /3ea;  /3_1e» 

0o~/3e_a;  0o ~ — p~le~a 
a=2-y/2l)p — 7T1J 


14.6.10 


Z=0,  2,»P 


*o~|  0e»;  {/3"2+^  r»/8*}F0 

0o~/3e-“;  05~  {~r2+^  r2/^}©, 

t=p/2ri 

a=2j;  {[<(!—<)]*+ arcs  in  §7r} 


0=  {*/(!-*)} 


14.6.11 


Z=0,  p»2„ 


F0=a  sin  jS;  F'0=— t2(bF„—aGo) 
G0— a cos  /3;  Go=—t2(aF0+bG0) 


t=- 


«=(j^)1  exp  [- 


8<3— 3<4  , 

64(2j;)2(1-03- 


P 4+  v{  t +21  ^i+(i-*)* 

a—t~2(l—t)i,  6=[8jj(1— <)]-1 


14.6.12 


U»0,  2ij~p 


Fl(v,  p) 
GL(r),  p) 


Hr  / 


1 + 


PL 

L(L+l) 


14.6.13 


P£=*/+b2+Z(Z+l)]1/2 

*=(Pl.-p)[\+ULtl)r 

Pl  Pl 
ij»0,  2jj~p 
*=  (2ij — p)  (2»j)  “ 1/3 


[0o+i7’o]~r1/2(2,)  1/6[Bi(z)  +tAi(*)] 
[G'0+iFti x1/2(2ij)  - 1/6[Bi'  (*) +*Ai'  (at)] 


14.6.14 


V»0 

Pl=v+W+L(L+ l)]1'2 


Fl(pl)  r(i/3) 

Gl(pl)  I 2-^jr 


i+: 


FL(pl) 


r(2/3) 


G’l(pl)I V3  2-y/^ 


1 + 


/3=(p/2j?)1 


COULOMB  WAVE  FUNCTIONS 


543 


14.6.15  p=2ij»0 

Fo  r(l/3)  /2,v/# 
0O/V3~  2^  \3/ 
FI  r(2/3) 

-oy^2M^)m 

14.6.16  17— >°° 

<»’o(v)~[|+v(ln  1?— 1)] 

<?oO?)~(2?n?)1/se~T\ 

(Equality  to  8S  for  v>3.) 


14.6.17  i;-»0 

<^o(v)~— ’7V  (y=Euler’s  constant) 

2LL\ 


CL(v) 


(2X,+1)1 


14.6.18 


Zr-*a> 

2LL\ 

(2L+1)! 


Numerical  Methods 


14.7.  Use  and  Extension  of  the  Tables 

In  general  the  tables  as  presented  are  not  simply 
interpolate.  However,  values  for  Z> 0 may  be 
obtained  with  the  help  of  the  recurrence  relations. 
The  values  of  0L(rjy  p)  may  be  obtained  by 
applying  the  recurrence  relations  in  increasing 
order  of  L.  Forward  recurrence  may  be  used  for 
Fl(ii,  p)  as  long  as  the  instability  does  not  produce 
errors  in  excess  of  the  accuracy  needed.  In  this 
case  the  backwards  recurrence  scheme  (see  Ex- 
ample 1)  should  be  used. 

Example  1.  Compute  FL(ri,  p)  and  F'l(ij,  p)  for 
17=2,  p=5,  jL=0(1)5.  Starting  with  Fi0=l, 
Fii=0,  where  F*=cFL,  we  compute  from  14.2.3  in 


decreasing  order  of  L: 

(1) 

(2) 

(3) 

(4) 

L 

Ft 

Fl 

Fl 

F'l 

11 

0. 

10 

1. 

9 

4. 49284 

8 

17.  5225 

7 

61.  3603 

6 

191.  238 

5 

523. 472 

.090791 

.091 

. 1043 

4 

1238.  53 

.21481 

.215 

.2030 

3 

2486.  72 

. 43130 

.4313 

.3205 

2 

4158. 46 

. 72124 

.72125 

.3952 

1 

5727.  97 

. 99346 

. 99347 

.3709 

0 

6591.  81 

1.  1433 

1. 1433 

. 29380 

F0/FJ=  1.7344  X 10"4=c_1. 

The  values  in  the  second  column  are  obtained 
from  those  in  the  first  by  multiplying  by  the 
normalization  constant,  F0/F*  where  F0  is  the 
known  value  obtained  from  Table  14.1. 

Repetition  starting  with  F*5=  1 and  ^*=0 
yields  the  same  results. 

In  column  3,  the  results  have  been  given  when 
14.2.3  is  used  in  increasing  order  of  L. 

F'L  (column  4)  follows  from  14.2.2. 


Example  2.  Compute  GL(ri,  p)  and  6^(17,  p)  for 
17=2,  p=5,  L=  1 (1)5. 

Using  14.2.2  and  G0( 2,  5)  = .79445,  <70'= -.67049 
from  Table  14.1  we  find  Gi( 2,  5)  = 1.0815.  Then 
by  forward  recurrence  using  14.2.3  we  find: 


L 

gl 

— G'l 

1 

1.  0815 

. 60286 

2 

1.  4969 

. 56619 

3 

2.  0487 

. 79597 

4 

3.  0941 

1.  7318 

5 

5.  6298 

4.5493 

The  values  of  Q’L  are  obtained  with  14.2.1. 
Example  3.  Compute  #0(17,  p)  for  17=2,  p= 2.5. 
From  Table  14.1,  G0( 2,  2)=3.5124,  <75(2,  2) 
= —2.5554.  Successive  differentiation  of  14.1.1 
for  L= 0 gives 


dk+2w 

p dp*+ 2 


(2ij— p) 


<F~lw 

dp*-* 


} 


Taylor’s  expansion  is  w(p+Ap)  =w(p) + (Ap) w' 
w"+  ....  With  w—60(v,  p)  and  Ap=.5 


we  get: 

k dP * 

0 3. 5124 

1 -2. 5554 

2 3. 5124 

3 -6. 0678 

4 12.  136 

5 -29. 540 

6 83. 352 

7 —268. 26 


(A p)*  dkGo 
it!  dp* 

3.  5124 
-1.  2777 
. 43905 
-.  12641 
. 03160 
-. 00769 
. 00181 
-. 00042 


O0(2,  2.  5) =2.  5726 

As  a check  the  result  is  obtained  with  17=2,  p=3, 
Ap=  — .5.  The  derivative  <35(17,  p)  may  be  ob- 
tained using  Taylor^  formula  with  w=G'0(ri,  p). 


•See  page  zi. 
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Table  14.1 


i\P 

0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 


COULOMB  WAVE  FUNCTIONS  OF 


1 


Fo0?,p) 

2 3 


5. 1660 
2.2753 

8.  4815 
2.  8898 

9.  3008 
2.  8751 
8.  6200 
2.  5224 
7.2358 
2.  0413 


( 0) 
j-  2) 

j-  4) 


1.0211 
6. 6178 
3.  3159 
1. 4445 
5.  7560 
2.1538 
7.  6857 
2.  6417 
8. 8072 
2. 8622 


0)  1.0432 

0)  1.0841 

1)  7.3013 
1)  3.9861 

1)  1.9162 

2)  8.4417 
2)  3.4863 

2)  1.3692 

3)  5.1636 
3)  1.8829 


ORDER  ZERO 


l 

0 
o' 

1 
l 

i 


4 

4. 1924 
1. 1571 
1. 1186 
7. 7520 
4. 4865 
2.  3093 

1.  0927 
4. 8493 

2.  0448 
8. 2690 


5.5 

(-  6) 

5.  6770 

6.0 

( — m 

1.  5593 

6.5 

(-7) 

4.2367 

7.0 

(-7) 

1.1400 

7.5 

(-  8) 

3.  0407 

8.0 

(-  9) 

8.  0474 

8.5 

(-  9) 

2.1146 

9.0 

(-10) 

5.  5203 

9.5 

(-10) 

1.4325 

10.0 

(-ll) 

3.  6966 

I-  5)  9.1017 
- 5)  2.8403 
- 6)  8.7187 
- 6)  2.6375 
- 7)  7.8750 
- 7)  2.3238 
- 8)  6.7842 
- 8)  1.9614 
- 9)  5.6202 
- 9)  1.  5971 


4)  6.6735 

4)  2.3080 

5)  7.8131 

5)  2.5954 

6)  8.4780 

6)  2.7278 

7)  8.6573 

7)  2.7136 

8)  8.4089 
8)  2.5785 


3) 

3) 

4) 

4) 

5) 

5 

6 
6 
7 
7 


3.2283 
1. 2230 

4.  5136 
1.  6280 

5.  7536 

1.  9966 

6.  8154 
2.2918 

7.  6019 

2.  4900 


2)  1. 

3)  4. 

3)  1. 

4)  7. 
4)  2, 

4)  1 

5)  3 

5)  1, 

6)  4 
6)  1. 


10.5  (-12)  9.4903 

11.0  (-12)  2.4248 

11.5  (-13)  6.1679 

12.0  (-13)  1.5623 

12.5  (-14)  3.9419 

13.0  (-15)  9.9089 

13.5  (-15)  2.4822 

14.0  (-16)  6.1972 

14.  5 (-16)  1.5424 

15.0  (-17)  3.8274 


-10) 

4.  5043 

(-  9) 

7.  8306 

-10) 

1.2613 

(-  9) 

2.  3567 

-ll) 

3.  5086 

-10 

7.  0332 

-12) 

9.  6998 

(-10) 

2.  0826 

-12) 

2.  6660 

(-ll) 

6. 1216 

— 13) 

7.  2878 

(-11) 

1.  7870 

-13) 

1. 9819 

(-12) 

5. 1827 

-14) 

5.  3636 

(-12) 

1.  4939 

-14) 

1. 4449 

(-13) 

4.  2812 

-15) 

3.  8752 

(-13) 

1. 2201 

(-  8)  8.0621  (-  7)  5. 

i - 8)  2.5824  (-  7)  2. 

- 9)  8.1895  (-  8)  6. 

- 9)  2.5730  (-  8)  2. 

-10)  8.0134  (-9)  7. 

-10)  2.4754  (-  9)  2. 

i -ll)  7.5877  (-10)  7. 

(-11)  2.3090  (-10)  2. 

(-12)  6.9781  (-11)  7. 

-12)  2.0952  (-11)  2. 


15.5 

(-18) 

9.  4708 

16.0 

-18) 

2.  3372 

16.5 

(-19) 

5.  7529 

17.0 

(-19) 

1. 4126 

17.5 

(-20) 

3. 4602 

18.0 

(-21) 

8.4571 

18.  5 

(-21) 

2.  0625 

19.0 

(-22) 

5.  0197 

19.5 

(-22) 

1.2192 

20.0 

(-23) 

2.9556 

0.5 

(-  1) 

5.  9292 

1.0 

(-  l) 

3.4873 

1*5 

(-  l) 

1.  5684 

2.0 

(-  2} 

6. 1308 

2.5 

(-  2) 

2. 1980 

3.0 

(-3) 

7. 4239 

3.5 

(-3) 

2.  3993 

4.0 

(-4) 

7. 4933 

4.5 

(-4) 

2.  2767 

5.0 

(-5) 

6.  7615 

1-15)  1.0350  (-14) 

-16)  2.7536  (-15) 

-17)  7.2980  (-15) 

-17)  1.9272  (-16) 

-18)  5.0719  (-16) 

-18)  1.3304  (-17) 

-19)  3.4785  (-17) 

-20)  9.0677  (-18) 

-20)  2.3568  (-18) 

-21)  6.1087  (-19) 

iF‘M 

I-  1)  3.2960  (-  1) 

- 1)  4.8156  (-  1) 

- 1)  3.3631  (-  1) 

- 1)  1.7962  (-  1) 

- 2)  8.2804  (-  1) 

- 2)  3.4693  (-  2) 

- 2)  1.3575  (-  2) 

- 3)  5.0436  (-  2) 

- 3)  1.7984  (-  3) 

- 4)  6.2008  (-  3) 


3. 4592 

-13) 

6. 2521 

9.  7586 

-13) 

1.  8547 

2. 7399 

-14) 

5. 4712 

7.  6580 

-14) 

1.  6053 

2. 1311 

-15) 

4.  6864 

5. 9063 

-15) 

1. 3614 

1. 6304 

-16) 

3. 9364 

4.  4834 

-16) 

1. 1331 

1.2284 

-17) 

3.  2476 

3.  3538 

-18) 

9.  2696 

-3. 1699 

- 1 

-8.  6672 

+3.  0192 

“ 1 

-1. 9273 

4.  3300 

- 1 

+2.  9671 

3. 2695 

- 1 

4.  0401 

1.  9237 

- 1 

3. 1922 

9.  8019 

- 1 

2.  0030 

4.  5336 

- I' 

1. 0945 

1.  9532 

- 2 

5. 4362 

7.  9650 

- 2 

2.  5140 

3.1077 

- 2 

1.  0992 

(-12)  7, 
(-12)  2. 
(-13)  7, 
(-13)  2. 

-14)  6. 
(-14)  2. 

-15)  6. 
(-15)  1. 
(-16)  5. 
(-16)  1. 


(-  1)  -8. 
- l)-7. 
(-  l)-l 
(-  l)+2 
(-  1)  3. 
(-  1)  3. 
(-  1)  2. 
(-  l)  1. 
(-  2)  6. 
(-  2)  3. 


5.5 

( — 5) 

1.  9700 

6.0 

( — 6) 

5.  6457 

6.5 

( — 6) 

1.  5950 

7.0 

(-7) 

4. 4497 

7.5 

(-7) 

1.  2276 

8.0 

(-  8) 

3.  3527 

8.5 

(“  9) 

9.  0744 

9.0 

(-  9) 

2.  4359 

9.5 

(-10) 

6. 4900 

10.0 

(-10) 

1.  7173 

4)  2.0789  (-  3) 

5)  6.8046  (-  4) 

5)  2.1817  (-  4) 

6)  6.8691  (-  5) 

6)  2.1283  (-  5) 

7)  6.5001  (-  6) 

7)  1.9597  (-  6) 

8)  5.8395  (-  7) 

8)  1.7215  (-  7) 

9)  5.  0256  (-  8) 


1. 1690 

3) 

4.  5914 

4.  2638 

3) 

1.  8462 

1.  5145 

4) 

7. 1867 

5. 2563 

4) 

2. 7200 

1.  7875 

V 

1.  0045 

5. 9696 

— 

5) 

3.  6292 

1.9614 

' — 

5) 

1. 2859 

6.  3501 

— 

8) 

4. 4771 

2. 0285 

— 

8) 

1.  5341 

6.4011 

— 

7) 

5. 1804 

2)  1, 
3)  6, 
3)  2, 

3)  1, 

4)  4, 

4)  1, 

5)  6, 

5)  2, 

6)  8, 

b)  3, 


10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


1-11)  4.5150 
-11)  1.1801 
-12)  3.0676 
-13)  7.9334 
-13)  2.0420 
-14)  5.2322 
-14)  1.3350 
-15)  3.3929 
-16)  8.5905 
-16)  2.1673 

1-17)  5.4495 
-17)  1.3659 
-18)  3.4129 
-19)  8.5032 
-19)  2.1127 
-20)  5.2352 
-20)  1.2940 
-2l)  3.1905 
-22)  7.8484 
-22)  1.9263 


(-  9) 

1.  4539 

(-10) 

4. 1713 

(-10) 

1. 1875 

-n) 

3. 3562 

(-12) 

9.  4217 

-12) 

2.  6282 

-13 

7. 2879 

-13) 

2,  0096 

-14) 

5.  5121 

(-14) 

1.  5043 

(-15) 

4.  0861 

(-15) 

1. 1049 

(-16) 

2. 9747 

(-17) 

7.  9764 

(-17) 

2.1304 

(-18) 

5.  6690 

( -18) 

1.  5031 

-19) 

3.  9718 

-19) 

1. 0461 

-20) 

2.  7464 

I-  8) 
- 9) 
- 9) 
-10) 
-IO) 
-11) 
-ll) 
-12) 
-12) 
-13) 

1-13) 
-14) 
-15) 
-15) 
-16) 
-16) 
-17) 
-17) 
-18) 
-18) 


1. 9973 

- V 

1.  7262 

[-  6) 

1, 

6. 1672 

- 8) 

5.  6813 

- 7 

3, 

1.  8860 

- 8) 

1.  8487 

- 7 

1 

5.  7160 

- 9) 

5. 9521 

- 8 

4 

1.7179 

- V 

1. 8975 

- 8 

1 

5. 1227 

-IO) 

5.  9935 

- 9 

5 

1.  5163 

-10) 

1.  8768 

- 9 

1 

4. 4571 

-ll) 

5.  8291 

-10 

5 

1.3016 

-11) 

1.  7966 

-10 

1 

3.  7774 

-12) 

5. 4972 

[-11) 

5 

1.  0899 

-12) 

1.  6705 

-11) 

1 

3. 1270 

-13) 

5.  0433 

-12 

5 

8.9243 

-13) 

1.  5132 

-12 

1 

2.  5341 

-14) 

4.  5133 

-13 

5 

7.1612 

-14) 

1.  3386 

-13 

1 

2.  0144 

-15) 

3.  9490 

-14 

5 

5. 6414 

-15) 

1.1590 

-14 

1 

1.  5733 

-16) 

3.  3848 

-15 

4 

4.  3698 

-17) 

9.  8388 

-15 

1 

1.  2090 

-17) 

2.  8470 

-16) 

4 

9046 

8494 

2327 

1433 

0955 

8882 

6473 

3227 

2060 

7673 

1829 

8778 

9502 

5886 

8831 

0722 

9115 

4023 

9481 

7207 

9043 

0009 

7032 

2216 

2896 

3694 

6337 

4390 

7314 

4326 

5998 

3584 

2719 

2286 

7904 

0575 

2009 

8594 

5480 

6477 


3314 

2364 

0456 

9380 

8386 

1264 

0555 

1839 

2113 

0360 

4028 

1885 

6259 

0777 

2964 

6695 

3417 

3601 

6225 

0976 

0958 

8219 

3157 

4743 

5045 

0060 

6492 

3830 

7417 

5888 

7794 

6234 

7647 

5009 

7038 

2453 

6054 

8863 

4793 

4556 


For  use  of  this  table  see  Examples  1-3 
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COULOMB  WAVE  FUNCTIONS  OF  ORDER  ZERO 


1 


G«(n,p) 

2 3 4 


0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 


1. 1975 
2.  0431 
4.  0886 
9.  8003 
2. 6401 
7. 6551 
2.  3355 
7. 4015 
2. 4167 
8.  0855 


0 

0 


5.  3221 
1. 2758 

2.  0276 
,,  3.5124 

0)  7.1318 

1)  1.6390 
4.  0982 
1.  0878 

3.  0209 
8.  6969 


I-  1) -3. 4105 
- 1) +6. 2704 
0)  1.3423 
0)  2.0405 
0)  3.2733 
0)  6.0195 
1)  1.2493 
1)  2.8313 
1)  6.8403 
2)  1.7354 


- 1) -9.  8570 

- 1) -1.8901 

- 1) +7. 1836 
0)  1.3975 
0)  2.0592 
0)  3.1445 

0)  5.4049 

1)  1.0423 
1)  2.1964 
1)  4.9434 


5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 


4)  2.7606 

4)  9.5899 

5)  3.3815 

6)  1.2081 

6)  4.3664 

7)  1.5946 

7)  5.8778 

8)  2.1850 

8)  8.1855 

9)  3.0882 


1 3)  2.5792 

3)  7.8428 
4)  2.4367 
4)  7.7137 
5)  2.4826 
5)  8.1086 
6)  2.6837 
6)  8.9891 
7)  3.0439 
8)  1.0411 


1 2)  4.5790 

3)  1.2482 
3)  3.4980 
4)  1.0041 
4)  2.9432 
4)  8.7893 
5)  2.6689 
5)  8.2266 
6)  2.5706 
6)  8.1333 


2)  1.1708 
2)  2.8891 

2)  7.3782 

3)  1.9403 

3)  5.2344 

4)  1.4441 

4)  4.0648 

5)  1.1648 

5)  3.3928 

6)  1.0029 


10.5 

10] 

1.1727 

8] 

3.5934 

71 

2.  6029 

11.0 

10 

4. 4801 

9 

1. 2509 

7 

8. 4187 

11.5 

11 

1. 7211 

9 

4.  3888 

8 

2.  7496 

12.0 

11 

6.  6465 

10 

1. 5511 

8 

9.  0625 

12.5 

12' 

2.  5793 

10 

5.  5199 

9 

3.  0124 

13.0 

13 

1.  0055 

n 

1. 9769 

10 

1. 0093 

13.5 

13 

3. 9366 

11 

7. 1230 

10 

3.  4069 

14.0 

14 

1.  5474 

12 

2.  5811 

U 

1. 1581 

14.5 

14' 

6. 1061 

12 

9. 4029 

11 

3. 9629 

15.0 

! 15! 

2. 4181 

! 13] 

3. 4429 

12] 

1. 3645 

15.5 

15] 

9.  6091 

14] 

1. 2667 

12] 

4. 7264 

16.0 

16 

3. 8309 

14 

4.  6814 

13 

1.  6463 

16.5 

17 

1. 5320 

15 

1.  7377 

13 

5.  7652 

17.0 

17 

6. 1445 

15 

6. 4769 

14 

2. 0292 

17.5 

18 

2. 4714 

16 

2. 4236 

14 

7. 1771 

18.0 

18 

9. 9670 

16 

9.1034 

15 

2.  5502 

18.5 

19 

4.  0300 

17! 

3.4316 

15 

9. 1019 

19.0 

20 

1.  6335 

18 

1. 2981 

16 

3. 2623 

19.5 

20 

6.  6365 

18 

4. 9263  1 

17 

1. 1741 

20.0 

! 21 

2.  7024 

19] 

1.8756  j 

17] 

4. 2418 

>p) 

0.5 

(- 1; 

-5.  6132 

!-  r 

>-8.  0753 

I-  l\ 

-8.  5494 

1.0 

° 

1-1. 2636 

- 1, 

-5. 8273 

- 1 

-7. 4783 

1.5 

0 

1-4.2300 

- 1 

1-9.  5930 

- 1 

-5. 7358 

2.0 

1 

1-1. 3813 

0 

1-2. 5554 

- 1 

-8.  3499 

2.5 

1 

1-4. 5128 

0 

1-7.1137 

0 

-1. 9326 

3.0 

2 

1-1.  5015 

1 

1-2. 0029 

0 

-4. 8566 

3.5 

2 

1-5.1001 

1 

1-5. 7725 

1 

-1.  2438 

4.0 

3 

1-1. 7657 

2 

-1. 7086 

1 

-3. 2646 

4.5 

3 

1-6. 2161 

2 

1-5. 1859 

1 

-8.  8150 

5.0 

4< 

1-2. 2206 

3j 

1-1.  6097 

2] 

-2. 4467 

1 6)  3.0052 

6)  9.1181 
7)  2.7986 
7)  8.6825 
8)  2.7207 
8)  8.6053 
9)  2.7457 
9)  8.8331 
10)  2.8638 
10)  9.3530 

111)  3.0758 
12)  1.0182 
12)  3.3917 
13)  1.1365 
13)  3.8299 
14)  1.2976 
14)  4.4194 
15)  1.5126 
15)  5.2016 
16)  1.7969 


I-  1) -3. 4747 
- 1) -8.  3273 
- 1) -7.  0346 
- 1) -5.  6167 
- 1)  -7.  6379 
0$-l.  6029 
0)  -3.  7375 
0)  -8. 9366 
1) -2. 1901 
1)  -5.  5222 


5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 


4)  -8. 0354 

5)  -2. 9409 
6$-l.  0873 

6)  -4. 0566 
7$-l.  5259 

7)  -5.  7831 

8)  -2. 2067 

8)  -8. 4732 

9)  -3. 2724 
10) -1.2706 


3)  -5. 0961 
4$-l.  6418 

4)  -5.  3723 
51-1.  7825 

5)  -5. 9890 

6)  -2. 0352 

6)  -6. 9879 

7)  -2. 4222 

7)  -8. 4693 

8)  -2. 9853 


2)  -6. 9635 

3)  -2. 0268 
3) -6. 0185 
41-1. 8195 
41-5.5897 
51-1.  7425 
51-5.5045 
61-1. 7601 
61-5.  6909 
7) -1. 8591 


2)  -1.4325 
21-3. 8154 

3)  -1.  0408 
31-2.9006 

3)  -8. 2422 
41-2.  3835 

4)  -7. 0031 
51-2.  0878 

5)  -6.  3080 

6)  — 1.  9295 


10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 


10)  -4. 9580 

11)  -1. 9437 
111-7.  6530 
121-3.  0256 
131-1.2008 


13 

14, 

14$ 

15) 

16 


-4.  7827 
-1. 9115 
-7. 6643 
-3. 0826 
-1. 2434 


9)-l.  0602 
9$ -3. 7915 
10$ -1.3647 
10$ -4. 9424 
11$ -1. 8002 
11$ -6.  5922 
12$ -2. 4263 
12$ -8. 9735 
13$ -3.  3339 
14$ -1.  2440 


7) -6. 1315 
8$ -2. 0402 
8$ -6. 8449 
9$ -2.  3143 
9$ -7.  8819 
10$ -2. 7027 
10$  -9.  3274 
11$ -3. 2386 
12$ -1.1310 
12$ -3. 9713 


6) -5. 9693 
i 7$ -1.8664 
7$ -5.  8932 
i 8$ -1.8780 
( 8$  -6. 0367 

9$ -1.9562 
i 9$ -6.  3878 

i 10$ -2. 1009 
i 10$ -6. 9573 
i 11$ -2.  3188 


15.5 
16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


16) -5.  0296 
17$ -2. 0399 
17$ -8. 2941 
18$ -3.  3805 
19$ -1. 3810 
19$ -5. 6545 
20$ -2. 3201 
20$  -9.  5394 
21$ -3. 9299 
22$  -1.6221 


14) -4. 6610 
15$ -1.7532 
15$ -6. 6194 
16$ -2. 5081 
16$ -9.  5361 
17$ -3. 6376 
18$ -1.3919 
18$ -5.  3424 
19$ -2. 0564 
19$ -7. 9378 


I 13) -1.4017 
13$ -4. 9720 
14$ -1.  7719 
14$  -6.  3433 
15$ -2. 2806 
15$ -8. 2334 
16$ -2. 9841 
17$ -1.0857 
17$ -3. 9642 
18$  -1. 4526 


11) -7. 7763 
12$ -2. 6230 
12$ -8. 8973 
13$ -3. 0340 
14$ -1.  0399 
14$ -3.  5813 
15$  -1.2392 
15$ -4.  3069 
16$ -1.  5033 
16$ -5. 2691 


Table  14.1 


5 

I-  1) -9.  3493 
- 1$ -8.  9841 
- 2$ -5.  3716 
- 1$ +7.  9445 
0$  1.4442 
0$  2.0788 
0$  3.0657 
0$  5.0146 
0$  9.1424 
1$  1.8193 

1 1)  3.8704 

1$  8.6736 
2$  2.0275 
2$  4.9101 
3$  1.2258 
3$  3.1422 
3$  8.2458 
4$  2.2097 
4$  6.0344 
( 5$  1. 6764 

1 5)  4.7305 

6$  1.3542 
6$  3.9285 
7$  1.1537 
7$  3.4272 
8$  1.0290 
8$  3.1205 
8$  9.5523 
9$  2.9500 
9$  9.1867 

( 10)  2.8835 
( 10$  9.1182 
i 11$  2.9039 
11$  9.3107 
12$  3.0045 
12$  9.7548 
13$  3.1857 
i 14$  1.0462 
14$  3.4544 
i 15$  1.1464 


I-  1) +4.  5076 
- 1$ -5. 1080 
- 1$ -8.  0665 
- 1$ -6.  7049 
- 1$ -5.  5046 
- 1$ -7. 1618 
0$  -1. 3970 
0$  -3.  0719 
0$  -6. 9633 
1$-1.  6176 

II) -3.  8641 
l$-9.  4968 
2$ -2.  3977 
2$  -6. 2044 
31-1. 6419 
3$  -4. 4339 
4$  -1. 2197 
4$ -3. 4122 
4$ -9.  6943 
5$ -2. 7937 

15)  -8. 1574 
6$ -2. 4111 
6$  -7. 2077 
7$ -2. 1776 
7$ -6.  6446 
8$ -2.  0464 
8$ -6.  3581 
9$ -1. 9918 
9$ -6.  2887 
10$ -2. 0003 

( 10) -6.  4071 
11$ -2. 0660 
11$ -6.  7044 
12$ -2. 1889 
12$ -7. 1879 
13$ -2.  3735 
13$ -7. 8789 
( 14$ -2.  6288 
( 14$ -8.  8139 
( 15$ -2. 9690 


•See  page  n. 
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COULOMB  WAVE  FUNCTIONS 


Table  14.1  COULOMB  WAVE  FUNCTIONS  OF  ORDER  ZERO 


6 


7 fo(n,p ) 


9 


0.  5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 


( 0) -1.0286  (-  1) -7. 6744 

- 1) -1.6718  (-  1) -9.  0632 

- l)+8.  7682  (-  1)4-1. 1034 

0)  1.2850  ( 0)  1.0148 

0)  1.1633  ( 0)  1.3237 

- 1)  8.3763  ( 0)  1.1803 

(-  1)  5.2251  (-  1)  8.6154 

(-  1)  2.9445  (-  1)  5.5158 

(-  1)  1.5362  (-  1)  3.2100 

(-  2)  7.5384  (-  1)  1.7351 


- 1 

+1. 0351 

(-  1) +8.  8802 

0 

-1. 0333 

(-  1)  -4.  3441 

- 1 

-7.  0763 

( 0) -1.1015 

- 1 

+3.  3340 

(-  1) -4.  9930 

0 

1.1181 

(-  1) +5. 1312 

0 

1.  3540 

( 0)  1. 1984 

0 

1.1952 

( 0)  1. 3786 

- 1 

8.  8245 

( 0)  1. 2085 

- 1 

5. 7720 

(-  1)  9.0109 

- 1 

3.  4502 

(-  1)  6.0014 

5.5  (-2)  3.5181 

6.0  (-  2)  1.5740 

6.5  (-  3)  6.7927 

7.0  (-  3)  2.8407 

7.5  (-3)  1.1557 

8.0  (-  4)  4.5875 

8.5  (-4)  1.7814 

9.0  (-5)  6.7813 

9.5  (-  5)  2.5352 

10.0  (-  6)  9.3224 


(-  2)  8.8379  (-  1) 

(-  2)  4.2849  (-  1) 

(-  2)  1.9924  (-  2) 

(-  3)  8.9366  (-  2) 

(-  3)  3.8839  (-  2) 

(-  3)  1.6415  (-  3) 

(-  4)  6.7674  (-  3) 

(-  4)  2.7281  (-  4) 

(-  4)  1.0776  (-  4) 

(-  5)  4.1786  (-  4) 


1.  9214 

3.  6697 

1.  0100 

( - 1) 

2. 0964 

5.  0593 

( _ 1) 

1.1325 

2.  4318 

(_  2) 

5.  8352 

1.1277 

(-2) 

2.  8870 

5.  0678 

(-  2) 

1. 3786 

2.  2145 

(-3) 

6.  3805 

9.  4374 

(-3) 

2.  8716 

3.9317 

(_3) 

1. 2603 

1.  6046 

(-  4) 

5.4065 

10.5  (-  6)  3.3763 

11.  0 (-  6)  1.2058 

11.5  (-  7)  4.2504 

12.0  (-  7)  1.4802 

12.5  (-  8)  5.0971 

13.0  (-  8)  1.7367 

13.5  (-  9)  5.8586 

14.0  (-  9)  1.9579 

14.5  (-10)  6.4858 

15.0  (-10)  2.1306 


— 

5) 

1.  5930 

( ” 5) 

6.  4260 

— 

<>) 

5.  9782 

i-  5) 

2.  5293 

— 

6) 

2.2113 

(-  6) 

9.  7972 

— 

7) 

8.  0697 

3.  7389 

— 

7) 

2.  9081 

(-  6) 

1.4073 

— 

7) 

1.  0358 

(-7) 

5. 2291 

— 

8) 

3.  6487 

(-7) 

1. 9195 

— 

8) 

1.2720 

(-  8) 

6.  9669 

— 

9) 

4.  3915 

(-  8) 

2.  5016 

— 

9) 

1.  5022 

(-  9) 

8.  8925 

4)  2.2716 

5)  9.3643 
5)  3.7930 

5)  1.5115 

6)  5.9333 

6)  2.2964 

7)  8.7713 
7)  3.3091 

7)  1.2340 

8)  4.5511 


15.5  (-11)  6.9438 

16.0  (-11)  2.2461 

16.5  (-12)  7.2135 

17.0  (-12)  2.3009 

17.5  (-13)  7.2918 

18.0  (-13)  2.2965 

18.5  (-14)  7.1900 

19.0  (-14)  2.2382 

19.5  (-15)  6.9296 

20.0  (-15)  2.1342 


0.5  (-  1) -1.6439 

1.0  (-  1) -8.  9251 

1.5  (-  1) -5.  9833 

2.0  (-  2) -4. 4197 

2.5  (-  l)+2. 9104 

3.0  (-  1)  3.6867 

3.5  (-  1)  3.0694 

4.0  (-1)  2.0917 

4.5  (-  1)  1.2557 

5.0  (-  2)  6.8842 


-10)  5.0935 
-10)  1.7129 
-11)  5.7147 
-11)  1.8924 
-12)  6.2217 
-12)  2.0316 
-13)  6.5907 
-13)  2.1247 
-14)  6.8088 
-14)  2.1694 


I-  1) +6.  5317 
- 1) -4. 9515 
- 1) -8.  7151 
- 1) -4.  9758 
- 3) -1.2700 
- 1)  +2.  8830 
- 1)  3.5660 
- 1)  3.0193 
- 1)  2.1173 
- 1)  1.3148 


3. 1309 
1.  0924 

3.  7787 
1. 2965 

4.  4135 
1. 4913 
5. 0033 
1.  6672 

5.  5194 
1.8158 


+9.  6217 
+2.  6293 
-6.  7918 
-8. 2026 
-4.1714 
+3. 0507 
2.  8559 
3. 4667 
2.  9748 
2.1357 


I-  8)  1.6612 
- 9)  6.0045 
- 9)  2.1502 
-10)  7.6316 
-10)  2.6859 
-11)  9.3772 
-11)  3.2487 
-11)  1.1173 
-12)  3.8154 
-12)  1.2942 


I-  1) +4.  8856 
- l)+8.  6117 
- 2) -5.  9095 
- 1) -7.  7036 
- 1) -7.  6083 
- 1) -3.  5216 
- 2) +5. 4822 
- 1)  2.8296 
- 1)  3.3827 
- 1)  2.9346 


5.5 

6.  0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 


2)  3.5199 

2)  1.7018 

3)  7.8549 
3)  3.4861 

3)  1.4956 

4)  6.2296 
4)  2.5276 

4)  1.0018 

5)  3.8880 
5)  1.4803 


I-  2)  7.4742 
- 2)  3.9680 
- 2)  1.9931 
- 3)  9.5595 
- 3)  4.4083 
- 3)  1.9647 
- 4)  8.4983 
- 4)  3.5795 
- 4)  1.4721 
- 5)  5.9256 


I-  1)  1.3640 
- 2)  7.9960 
- 2)  4.3832 
- 2)  2.2750 
- 2)  1.1280 
- 3)  5.3775 
- 3)  2.4777 
- 3)  1.1077 
- 4)  4.8216 
- 4)  2.0487 


1)  2.1489 

1)  1.4058 

2)  8.4608 
2)  4.7685 
2)  2.5468 

2)  1.2999 

3)  6.3815 
3)  3.  0279 

3)  1.3940 

4)  6.2477 


10.5  (-  6)  5.5384 

11.0  (-  6)  2.0392 

11.5  (-  7)  7.3981 

12.0  (-  7)  2.6475 

12.5  (-  8)  9.3549 

13.0  (-  8)  3.2665 

13.5  (-  8)  1.1280 

14.0  (-  9)  3.8550 

14.5  (-  9)  1.3046 

15.0  (-10)  4.3743 


(-  5)  2.3388  (-  5 

(-  6)  9.0675  (-  5 

(-  6)  3.4579  (-  5 

(-  6)  1.2988  (-  6 

(-  7)  4.8095  (-  6 

(-  7)  1.7578  (-  7 

(-  8)  6.3458  (-  7 

(-  8)  2.2647  (-  7 

(-  9)  7.9952  (-  8 

(-  9)  2.7940  (-  8 


8.  5166 

(-  4) 

2.  7329 

3. 4707 

(-  4) 

1. 1694 

1.  3887 

1—5) 

4. 9038 

5. 4642 

( — 5 j 

2.  0187 

2.1167 

(-  6) 

8. 1695 

8.  0818 

(-  6) 

3.  2541 

3.  0443 

( — 6) 

1.2772 

1.1324 

(-7i 

4.  9445 

4. 1623 

(-7) 

1.  8896 

1.5130 

(-  8) 

7. 1342 

15.5 
16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


-10) 

1.  4540 

(-10 

-11) 

4.  7930 

-10 

-11) 

1.  5677 

-10 

-12) 

5.  0893 

-u 

-12) 

1.  6405 

-u 

-13) 

5.  2523 

(-12 

-13) 

1.  6708 

(-12 

-14) 

5.  2819 

(-13 

-14) 

1.  6599 

(-13 

-15) 

5.1871 

(-14 

9.6701  (-  9)  5. 

3.3165  (-9)  1. 

1.1277  (-10)  6. 

3.8030  (-10)  2. 

1.2726  (-11)  8. 

4.2267  (-11)  2. 

1.  3939  ( -12)  9. 

4.  5659  ( -12)  3. 

1.4859  (-12)  1. 

4.8057  (-13)  3. 


4422 

(-  8) 

2.  6629 

9382 

(-  9) 

9.  8333 

8378 

(-9) 

3.  5942 

3909 

(-  9) 

1.  3011 

2893 

-10 

4. 6667 

8507 

-10 

1.  6593 

7283 

(-11) 

5. 8508 

2955 

(-11) 

2.  0467 

1085 

(-12) 

7.1053 

7036 

( -12) 

2.  4488 

10 

(-  1) +9.  3919 
(-  1)  +4. 7756 
(-  1) -8.  0125 
( 0) -1.0616 
i - 1) -3.  0351 
- 1) +6.  6010 
0)  1.2627 
0)  1.3992 
0)  1.2207 
(-  1)  9.1794 

I-  1)  6.2092 
- 1)  3.8720 
- 1)  2.2613 
- 1)  1.2511 
- 2)  6.6087 
- 2)  3.3543 
- 2)  1.6440 
- 3)  7.8106 
- 3)  3.6091 
- 3)  1.6263 

I-  4)  7.1627 
- 4)  3.0895 
- 4)  1.3072 
- 5)  5.4341 
- 5)  2.2220 
- 6)  8.9480 
- 6)  3.5521 
- 6)  1.3913 
- 7)  5.3814 
- 7)  2.0569 

I-  8)  7.7746 
- 8)  2.9076 
- 8)  1.0765 
- 9)  3.9479 
- 9)  1.4347 
-10)  5.1691 
-10)  1.8470 
-11)  6.5478 
-11)  2.3038 
-12)  8.0470 


I-  1) -3.  9577 
- 1) +8. 4114 
- 1) +6. 3051 
- 1) -2. 9353 
- 1) -8.  0858 
- 1) -7.  0180 
- 1) -2. 9887 
- 2) +7.  3929 
- 1)  2.8044 
- 1)  3.3103 

I-  1)  2.8982 
- 1)  2.1583 
- 1)  1.4416 
- 2)  8.8777 
- 2)  5.1268 
- 2)  2.8081 
- 2)  1.4707 
- 3)  7.4103 
- 3)  3.6095 
- 3)  1.7060 

I-  4)  7.8494 
- 4)  3.5246 
- 4)  1.5479 
- 5)  6.6617 
- 5)  2.8139 
- 5)  1.1682 
- 6)  4.7727 
- 6)  1.9209 
- 7)  7.6241 
- 7)  2.9865 

I-  7)  1.1555 
- 8)  4.4191 
- 8)  1.6715 
- 9)  6.2571 
- 9)  2.3192 
-10)  8.5155 
-10)  3.0988 
-10)  1.1181 
-11)  4.0014 
-11)  1.4209 
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6 


G0(i?,p) 

7 8 


9 


I-  1) -1.8864 
0)-l.  0908 
- 1) -7. 8946 
- 2)  +5.  7313 
- 1)  8.5834 
0)  1.4847 
0)  2.0980 
0)  3.0138 
0)  4.7449 
0)  8.2720 


l)+7.  0Q05 
l)-5. 9842 
-1. 1403 
-6. 8409 
+ 1. 4966 
9. 1321 
1. 5205 
2.1165 
2. 9779 
4. 5475 


0 

1 

1 

1 

0) 

0 

0 

0 


' 0) +1.0284 

!-  1) +2. 9114 
, .,-8.7095 

f 0)  -1.1353 
- 1) -5. 8782 
+2. 2822 
9.  6127 
1.  5526 
2. 1340 
2. 9524 


- 1) +5. 2116 

- 1) +9. 7148 

- 2) -9.  0032 
0) -1. 0415 
0) -1.1041 


- 1 
- 1 
0 
0 
0 


-5.  0095 
+2. 9641 
1.  0040 
1. 5818 
2. 1507 


1. 5713 
3. 1910 
6. 8300 
1.  5259 
3.  5340 
8. 4429 
2. 0726 
5.2121 
1.  3393 
3. 5096 


14)  9.3615 
5)  2.5381 
5)  6.9851 
6)  1.9492 
6)  5.5096 
7)  1.5761 
7)  4.5596 
8)  1.3330 
8)  3.9356 
9)  1.1728 


3.  5260 
1. 0689 
3. 2661 
1.  0055 
3.1176 
9.  7326 
3.  0582 
9. 6692 
3.  0754 
9. 8379 


+9. 4204 
+1.  5804 
-6.  0177 
-7. 8017 
-6. 4488 
-5.4037 
-6.  8137 
-1. 2552 
-2.  6310 
-5.  7112 


7.  6426 

1.  3964 

2.  7266 
5.  6125 
1. 2063 
2. 6887 
6. 1843 
1. 4623 
3. 5436 
8. 7792 


14)  2.2190 
4)  5.7119 
5)  1.4951 
5)  3.9745 
6)  1.0718 
6)  2.9290 
6)  8.1041 
7)  2.2686 
7)  6.4200 
8)  1.8356 


18) 
9 
9 

10 

10 

11 

u; 

12 

12 

13) 


5. 2995 
1. 5441 
4. 5382 
1. 3449 
4. 0168 
1. 2087 
3. 6634 
1.1179 
3. 4335 
1.0612 


1) +7. 0722 
11+7. 7643 

2)  -5.  6347 


l)-6. 4998 


dp 


1 


-7.  5558 
-6. 2420 
-5.  3136 
-6.  5441 
-1. 1510 


0)  -2.  3175 


Go(vfp) 


-1.  0134 
+8. 9368 
+5.  7724 
-2.  0611 
-6. 7507 
-7.  3342 
-6.  0700 
-5. 2327 
-6.  3266 
-1.  0709 


2. 9338 
4. 2789 
6. 7939 
1.1669 
2. 1389 
4. 1320 
8.  3352 
1. 7442 
3.  7678 
8. 3709 


1. 9070 
4. 4437 
1. 0570 
2.  5623 
6. 3199 
1. 5841 
4. 0302 
1. 0398 
2. 7177 
7. 1908 


1. 9247 
5. 2078 
1. 4237 
3. 9301 
1.  0950 
3.  0778 
8. 7237 
2. 4925 
7. 1762 
2. 0813 


(- 


1 
- 1 
- 1 
- 1 
1 

- 1 

:h 


- 1-5. 

- 1)  -6. 


-8.  3938 
+3.  7613 
+9.  0303 
+3. 9589 
-3. 1180 
-6.  8725 
-7. 1359 
-5.  9237 
-5. 1597 
1460 


-1. 2704 
-2. 9032 
-6.  8237 
-1. 6477 
-4.  0793 
-1.  0333 
-2.  6728 
-7.  0464 
-1. 8904 
-5. 1540 


-4. 8515 
-1.  0407 
-2. 2915 
-5. 1862 
-1.2056 
-2.  8738 
-7. 0107 
-f-l.  7469 

3)  -4. 4387 

4)  -1.1482 


-2.  0829 
-4. 2272 
-8.  7913 
-1. 8751 
-4. 1077 
-9. 2394 
-2. 1308 
,-5.0295 
3J-1. 2129 
3) -2.  9831 


-1.  0071 
-1. 9007 
-3.  7545 
-7. 6010 
-1.  5769 
-3. 3574 
-7.  3362 
-1.  6432 
-3. 7670 
-8. 8229 


5)  -1. 4262 

5)  -4. 0011 

6)  -1.1369 

6)  -3. 2694 

6 -9.  5069 

7)  -2.  7936 

7 -8. 2899 

8 -2. 4829 

8)  -7. 5021 

9)  -2. 2856 


( 4) -3. 0197 

( 4) -8. 0639 

( 5) -2. 1843 

5)  -5. 9953 

6)  -1.6661 

6)  -4. 6839 

7)  -1.3312 

7)  -3. 8226 

8)  -1.1083 
8) -3. 2430 


3) -2. 1080 

3)  -5. 1298 
41-1. 2698 

4)  -3. 1937 
41-8.1522 

5)  -2. 1099 

5)  -5.  5322 

6)  -1. 4684 
61-3.9424 

7)  -1. 0701 


9) -7. 0183 
101-2.1712 
101-6. 7650 
111-2.1221 
11) -6. 7001 
1-2.1285 
i-6. 8019 
-2.1860 
13) -7. 0638 
l)-2. 2945 


8) -9. 5716 
91-2. 8485 
91-8.5435 
10  -2.  5817 
101-7. 8569 
111-2.4075 
111-7. 4250 
121-2. 3043 
12-7. 1939 
13)  -2. 2589 


1 8)  -1.  5573 
8) -4. 4670 
91-1.2923 
91-3. 7692 
101-1.1079 
101-3. 2807 
101-9.7840 
111-2. 9377 
111-8. 8779 
12) -2. 6998 


-2. 9344 
-8. 1256 
8) -2. 2710 
81-6.4031 
-1. 8206 
-5. 2180 
-1.  5070 
-4. 3845 
-1. 2846 


7) 

7 


9 

9 

10 

10 

11 


11) -3. 7889 
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(-  1) -4. 1435 
i - 11+9.4287 
(-  11+7.4235 
(-  11-3.9931 
01-1.1456 
01-1.0601 
i - 11-4.2253 
(-  1) +3. 5656 
( 0)  1. 0426 

( 0)  1. 6085 

( 0)  2. 1665 

( 0)  2. 9202 

0)  4.1837 

0)  6. 4944 

1)  1. 0879 
1)  1.9428 
1)  3.6553 

1)  7. 1811 

2)  1. 4634 
2)  3.  0787 


6. 6618 
1. 4783 
3. 3559 
7. 7783 
1. 8375 
4. 4178 
1.  0796 
2. 6784 
6.  7399 
1.  7186 


4. 4374 
1. 1592 

3.  0621 
8. 1738 
2. 2037 
5. 9978 
1. 6472 

4.  5626 
1.  2742 
3.  5867 


(-  1) -8.  9014 
(-  11-4.3326 

- 11+6.6389 
(-  1) +8.  3156 
'-  1) +2.  4273 
(-  1) -3. 8780 

- 11-6.9193 
(-  1) -6. 9585 

- 11-5.7969 
(-  1) -5.  0932 


(-  1) -5. 9925 
- 11-9.5489 
01-1.7550 

! 01-3.3846 

0)  -6.  6920 
ll-l.  3548 
11-2.  8128 
11-5.  9900 
2)  -1.  3072 
2) -2. 9193 


( 2) -6.  6607 

( 31-1.5503 

( 31-3.6759 

( 3)  -8.  8669 

( 41-2.1734 

( 41-5.4080 

( 51-1.3647 

i 51-3.4894 
51-9.0337 
6) -2. 3663 


I 6) -6. 2673 
71-1. 6775 
71-4.  5347 
81-1.2375 
81-3. 4078 
81-9. 4651 
91-2.  6506 
91-7. 4812 
101-2.1275 
10) -6. 0938 
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F0(i?,p) 


12 


13 


14 


15 


0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 


1+2. 0734 
>+l.  0298 
1+2. 4612 
i-l. 0170 
-9. 6841 
'-1.2613 
- 1) +7. 8227 
1.  3156 
1. 4169 
1. 2318 


-6. 9792 
+7. 9515 
+8. 3008 
-3. 6119 
-1. 1262 
-8.  5079 
+3.2549 
8. 8532 
1.  3600 
1. 4324 


( 0) -1.0101 

- 2) -5.  5932 
0)  +1.0493 

- 1) +5. 1844 

- 1) -6. 5977 

!0)  -1. 1642 
- 1) -7. 2395 
- 1) +1.7404 
- 1)  9.7341 
0)  1.3978 


-4.  5964 
-8.  6120 
+5. 1243 
+1.  0566 
+1. 8869 
-8. 7866 
-1. 1551 
-5. 9595 
+3.  0035 
1. 0496 


+4. 8492 
-9. 7879 
-3. 9930 
+8.  8343 
+9. 1875 
-1. 1758 
-1.  0318 
-1. 1153 
-4.  7101 
1) +4. 1342 


5.5 

- 1] 

9. 3335 

0 

1. 2422 

0] 

1. 4462 

0] 

1. 4305 

( o] 

1. 1161 

6.0 

- 1 

6. 3994 

- 1( 

9. 4757 

0 

1. 2519 

0 

1. 4586 

( o 

1. 4592 

6.5 

- 1 

4.  0596 

- 1; 

6. 5749 

- 1 

9. 6077 

0 

1. 2610 

( o 

1. 4698 

7.0 

- 1 

2. 4178 

- 1 

4. 2347 

- 1 

6. 7378 

- 1 

9.  7312 

( o 

1. 2697 

7.5 

- 1 

1. 3660 

- 1 

2.  5662 

- 1 

4. 3989 

- 1 

6. 8900 

(-  1' 

9.  8472 

8.0 

- 2 

7.  3768 

- 1' 

1. 4773 

- 1 

2. 7074 

- 1 

4. 5535 

(-  1( 

7. 0328 

8.5 

- 2 

3. 8306 

- 2 

8. 1375 

- 1 

1. 5852 

- 1 

2. 8422 

(-  1 

4. 6997 

9.0 

- 2 

1. 9215 

" 2 

4. 3132 

- 2 

8. 8895 

- 1 

1.  6898 

(-  1 

2.9711 

9.5 

- 3 

9. 3472 

- 2 

2. 2096 

- 2 

4. 8001 

- 2 

9.  6316 

(-  1 

1. 7913 

10.0 

- 3] 

4. 4228 

- 2 

1. 0980 

- 2 

2.  5064 

'-  2 

5. 2898 

(-  1) 

1.  0363 

10.5  (-  3] 

2. 0410 

- 3 

5. 3087 

[-  2] 

1.2700 

- 2] 

2. 8108 

11.0 

- 4 

9. 2064 

“ 3 

2. 5036 

- 3' 

6. 2624 

- 2 

1. 4498 

11.5 

- 4 

4. 0667 

- 3 

1. 1541 

- 3 

3.  0126 

- 3 

7. 2798 

12.0 

- 4 

1.  7621 

- 4 

5. 2102 

- 3 

1. 4168 

- 3' 

3. 5666 

12.5 

- 5 

7.  5001 

'-  4 

2.  3072 

- 4 

6.  5253 

- 3 

1. 7085 

13.0 

- 5 

3.1398 

- 4 

1. 0036 

- 4' 

2. 9480 

- 4 

8. 0157 

13.5 

- 5 

1. 2943 

- 5 

4. 2931 

- 4 

1. 3082 

- 4 

3. 6890 

14.0 

- 6 

5.2587 

- 5 

1. 8082 

- 5( 

5.  7090 

- 4 

1. 6677 

14.5 

- 6 

2. 1078 

'-  6 

7. 5055 

'-  5 

2. 4529 

- 5 

7. 4139 

15.0 

- 7 

8. 3417 

- 6 

3. 0731 

’-  5! 

1. 0386 

[-  5)  3.2448 

2) 

2) 

2) 

3) 

3) 


5) 


5.  7809 
3.1214 

1.  6367 
8. 3567 
4. 1640 

2.  0290 
9. 6841 
4. 5343 
2.  0854 
9. 4326 


15.5 
16.0 

16.5 

17.0 

17.5 
18.4) 

18.5 

19.0 

19.5 

20.0 


0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 


- 9 
-10 
-10) 
-10 
-11) 


3.2617 
1.2609 
4. 8223 
1. 8255 
6. 8436 
2. 5420 
9. 3587 
3. 4166 
1. 2373 
4. 4462 


f-  1) -9. 5680 
1) +1.8546 
1 >+9.2360 
(-  1 +3.8476 

- 1 -4.5774 

- 1) -8. 1670 

- 1) -6. 4636 

- 1) -2. 5453 

- 2) +8. 9270 

- 1)  2.7803 


1. 2422 

- 6] 

4. 3371 

4. 9601 

- 6 

1. 7878 

1.9580 

- 7 

7. 2797 

7. 6449 

- 7 

2.  9299 

2.9542 

- 7 

1. 1663 

1. 1303 

- 8 

4. 5940 

4. 2845 

- 8 

1. 7916 

1. 6095 

- 9 

6. 9206 

5.9943 

- 9 

2. 6491 

2. 2143 

- 9 

1. 0052 

(-  1) -7. 1349 

- 1 -6.2449 

- 1) +5. 8520 

- 1 +8.5839 
f-  1 +1.6399 

1) -5.  7064 
1) -8. 0763 
1) -5. 9550 
1) -2. 1713 
1)+1. 0181 


’-  1)+1.  3869 

- 1) -9. 5769 

- 1-1.7814 
1 +7. 9972 

1 +7.2679 

2 -2.2037 
1 -6.4688 
1) -7.  8882 

. 1 -5.4930 

(-  1) -1.8523 


1. 3994 
5. 9525 
2. 4990 
1. 0363 
4. 2471 
1. 7213 
6.9031 
2. 7406 
1.  0776 
4. 1981 


5 

5 

£: 

6 
7 
7 

i 


4. 2002 
1. 8429 
7.9746 
3.4058 
1. 4366 
5. 9886 
2. 4686 
1.  0068 
4.  0646 
1.  6250 


(-  1) +8. 7670 

- 1) -5.  3599 

- 1) -8. 2728 

- 1) +2. 0967 

- 1) +8. 8132 

- 1) +5.  7220 

- 1) -1.7427 

- 1) -6. 9700 

- 1 -7.6466 

- 1 -5.0747 


(- 


1+8.6352 
1+3. 1951 
-8. 7421 
i-5.  3804 
1+4.9591 
1+8.7738 
1+4.1643 
1-2. 9695 
-7.2842 
1-7.3777 


5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 


3. 2469 
2. 8649 
2.1649 
1.4725 
9. 2538 
5. 4607 
3. 0589 
1. 6394 
8. 4560 
4. 2172 


2. 7572 
3. 1907 
2. 8342 
2.1694 
1. 4994 
9. 5947 
5. 7724 
3. 2995 
1. 8054 
9. 5118 


- 


- 1) +1.1221 
- 1)  2. 7353 
1)  3.1402 
2. 8059 
2.1722 
1. 5231 
9. 9053 
6. 0640 
3. 5301 
1. 9685 


3 

1 

2 
2 
2 
2 


:ii 


-1. 5772 
+1. 2094 
2.  7144 
3. 0946 
2. 7794 
2. 1737 
1. 5440 
1.  0189 
6. 3375 
3. 7513 


1) -4.  6963 


-1.  3378 
+1.2836 
2. 6945 
3. 0530 
2.  7548 
2. 1743 
1.  5625 
1.  0450 
6. 5943 


10.5 

- 3] 

2. 0412 

- 3] 

4. 8467 

- 2] 

1. 0573 

11.0 

- 4 

9. 6175 

- 3 

2.  3971 

- 3 

5. 4937 

11.5 

- 4 

4. 4224 

- 3 

1. 1542 

- 3 

2. 7714 

12.0 

- 4 

1. 9888 

- 4 

5.4237 

- 3 

1.3612 

12.5 

- 5 

8.  7636 

- 4 

2. 4927 

- 4 

6.  5256 

13.0 

- 5 

3. 7897 

- 4 

1.1224 

- 4 

3. 0596 

13.5 

- 5 

1. 6105 

- 5 

4.9597 

- 4 

1. 4055 

14.0 

- 6 

6. 7342 

- 5 

2. 1535 

- 5 

6.3355 

14.5 

- 6 

2. 7736 

- 6 

9. 1993 

- 5 

2. 8061 

15.0 

- 6 

1. 1263 

(-  6)  3.8704 

- 5! 

1.2227 

2. 1282 
1. 1634 
6.1551 
3. 1620 
1.  5818 
7. 7243 
3. 6892 
1. 7264 
7.9271 
3.5765 


I-  2)  3.9633 
- 2)  2.2844 
- 2)  1.2693 
- 3)  6.8276 
- 3)  3.5670 
- 3)  1.8150 
- 4)  9.0158 
- 4)  4.3806 
- 4)  2.0855 
- 5)  9.7427 


15.5 
16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


4. 5133 
1. 7861 
6. 9850 
2. 7014 
1. 0337 
3.9159 
1. 4693 
5. 4629 
2. 0135 
7. 3598 


-10 


1. 6053 
6. 5690 
2. 6544 
1. 0598 
4. 1839 
1. 6340 
6. 3169 
2. 4184 
9.1730 
3.4487 


- 6] 

5. 2466 

- 5] 

1.  5873 

- 6 

2. 2191 

- 6' 

6. 9375 

- 7 

9.2602 

- 6 

2. 9885 

- 7 

3. 8151 

- 6 

1. 2700 

- 7 

1. 5529 

- 7 

5.  3278 

- 8 

6.2491 

- 7 

2. 2081 

- 8 

2. 4875 

- 8 

9.  0465 

- 9 

9. 8001 

- 8 

3. 6658 

- 9 

3. 8231 

- 8 

1. 4700 

- 9 

1. 4774 

- 9j 

5. 8367 

4. 4720 
2.  0192 
8. 9777 
3. 9341 
1.  7006 
7. 2565 
3. 0587 
1. 2744 
5. 2514 
2. 1413 
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G0(n,p) 


13 


14 


Table  14.1 
15 


0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 


- 


- 


0) -l.  0028 
11+2. 1054 
01+1.  0019 

1) +4.  6526 
>6. 4066 
-l.  2065 
-1. 0105 
-3.  5145 
+4. 1032 

1.  0777 


l)-7. 4645 
1)  -6. 8021 
lj+6. 8165 

0) +l.  0451 
11+1. 9303 

1)  -8. 2667 

0)  -1.2387 
11-9.  5867 

1)  —2. 8667 
l)+4.  5891 


1) +1. 4266 
0 -1.  0410 
11-1. 9619 
lj+9.  6524 
11+9. 1486 

2)  -5. 4999 
-9. 6933 
-1.2515 
-9. 0670 
-2. 2730 


l)+9.  0905 

1 V P"  A4  PA 


-5.  8152 
-9.  3005 
+2.  5664 
+1.  0999 
+7. 4014 
-2. 7342 
-1.  0783 
>,-1.2510 
1)  -8.  5560 


I-  11+8.9435 
- 11+3.4046 
- 11-9.7885 
- 11-6.2172 
- 11+6. 1593 
01+1. 1292 
- 1) +5. 4881 
- 11-4.6254 
01-1.1612 
0)-l.  2413 


5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 


1. 6333 
2.1816 
2.  9102 
4. 1056 
6. 2486 
1. 0238 
1.  7863 
3. 2824 
6. 2966 
1. 2529 


0 

0 

0 

0 

0 

0 

0 

S 


1. 1100 
1. 6563 
2. 1960 
2. 9029 
4. 0404 
6.  0432 
9. 7072 
1. 6587 
2. 9836 
5. 6013 


I-  11+5.0322 
0)  1.1399 
0)  1.6778 
0)  2.2097 
0)  2.8977 
0)  3.9853 
0)  5.8691 
0)  9.2614 
1)  1.5529 
1)  2.7395 


-1.  7259 
+5. 4393 
1. 1677 
1.  6980 
2. 2229 
2. 8940 
3. 9383 
5.  7197 
8. 8817 
1. 4638 


1 

1 

1 

0 

0 

0 

0 

0* 

0 


-8.  0595 
-1. 2194 
+5.  8159 
1. 1937 
1.  7172 
2. 2355 
2. 8916 
3. 8977 
5.  5902 
8.  5544 


10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 


1 


2) 

2 

3 

3 

3) 

4) 
4) 

4) 

5) 
5) 


2.  5735 
5. 4370 
1. 1780 
2.  6115 
5. 9114 
1. 3640 
3. 2036 
7. 6488 
1. 8544 
4.  5606 


2 

2 

2 

2 

3 

3 

4 
4 

& 


1. 0906 
2. 1919 
4. 5309 
9. 6054 
2. 0835 
4. 6148 
1. 0421 
2. 3953 
5. 5978 
1. 3286 


5. 0429 
9.  6258 
1. 8964 
3. 8424 
7. 9840 
1. 6974 
3. 6852 
8. 1567 
1. 8380 
4. 2110 


2. 5369 
4. 5863 
8. 5960 
1. 6627 
3. 3072 
6.  7457 
1. 4078 
3.  0002 
6. 5186 
1. 4419 


1. 3878 
2. 3662 
4. 2071 
7. 7536 
1. 4744 
2. 8830 
5. 7803 
1. 1857 
2. 4836 
5. 3038 


15.5 
16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 


1.1368 
2.  8697 
7. 3309 
1. 8940 
4. 9456 
1. 3046 
3. 4746 
9. 3396 
2. 5325 
6. 9249 


I-  1) -1.9549 
- 1) -9. 3312 
- 2) -3. 0001 
- 1) +8. 0730 
- 1) +7. 2980 
- 1) +1.1621 
- 1) -4. 4342 
- 1) -6. 9211 
- 1) -6. 7991 
- 1) -5. 6855 


5) 

5) 

6) 
6) 
7) 
7) 

7) 

8) 
8) 
9) 


3. 1990 
7. 8082 
1. 9303 
4. 8301 
1. 2225 
3.1276 
8. 0845 
2. 1103 
5. 5602 
1. 4781 


dp 


Gq(v7p) 


9. 7988 
2. 3136 
5. 5378 
1.  3427 
3. 2955 
8. 1823 
2. 0539 
5. 2096 
1. 3345 
3. 4512 


1) +6. 6972 
11-7. 2341 
l)-7. 2415 
lj+2. 8479 
11+8. 5982 

1)  +6. 2091 

2)  +1.2156 
11-4. 8470 
11-6. 8955 
1) -6. 6551 


+9. 7040 
+5. 5060 
-9. 1975 
-4. 3994 
+5.  0789 
+8. 5795 
l)+5. 1517 
^ -7. 3596 
-5. 1566 
l)-6. 8530 


1 

5 

6 

i 

7 

7) 


3. 2432 
7. 4095 
1. 7177 
4. 0372 
9. 6130 
2. 3172 
5. 6510 
1. 3934 
3. 4722 
8. 7394 


1. 1531 
2. 5494 
5. 7251 
1. 3047 
3. 0146 
7. 0570 
1. 6726 
4.  0107 
9. 7253 
2. 3833 


1) +4. 4173 
+7. 9924 
-4. 4998 
-8. 9553 
-1. 6218 
+6. 5611 
+8. 2450 
+4. 1682 
-1. 4460 
-5. 3907 


- 1) -4. 6958 

- 1)  +9. 1053 
+3. 6132 
-7. 5330 
-7. 5598 
+7. 8968 
+7. 4771 
+7. 7350 

, c +3. 2728 
(-  l) -2. 0374 


5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 


- 1) 
- 1 
- 1 

°J 

or 

0 

1 
1 

1 

2 


-5. 0324 
-5. 8597 
-9. 1132 
-1. 6356 
-3.  0877 
-5. 9776 
-1. 1842 
-2. 4038 
-5.  0022 
-1. 0663 


(-  1) -5. 5863 

- 1) -4. 9764 

- 1) -5. 7431 
(-  1) -8.  7431 

0) -1.5360 
0) -2. 8442 

0)  -5. 4029 

1)  -1.0496 
1) -2. 0879 

( 1) -4. 2551 


1) -6.  5243 
i-5. 4972 
-4. 9245 
-5. 6396 
-8. 4240 
-1. 4516 
-2.  6410 
-4. 9315 
-9. 4124 
-1. 8382 


-6.8002 
(-6. 4050 
1-5. 4165 
1-4. 8763 
-5. 5466 
1-8.1456 
-1. 3790 
1-2.4689 
0)  -4. 5385 
0)  -8.  5238 


-5.  5683 
-6. 7414 
-6. 2956 
-5. 3428 
-4. 8313 
-5. 4626 
-7. 9001 
_,-l.  3159 
0)  -2. 3213 
0)-4. 2061 


10.5 

11.0 

11.5 

12.0 

12.5 
13.0 

13.5 

14.0 

14.5 

15.0 


-2. 3257 
-5. 1822 
-1. 1779 
-2.  7275 
-6. 4259 
-1.  5386 
-3. 7400 
-9. 2211 
5) -2. 3041 
5) -5. 8301 


1) -8. 8802 
2 i-l.  8956 

2)  -4. 1335 


2) -9. 1940 
-2. 0833 
-4. 8031 
-1. 1255 
4) -2.  6777 
ai  -6. 4624 


5) -1. 5808 


II) -3. 6758 
1) -7. 5239 
21-1.  5749 
2) -3. 3666 
2) -7.  3407 
31-1. 6305 
3) -3. 6849 
31-8.4644 
4) -1.9742 
4) -4. 6712 


-1. 6369 
-3. 2170 
-6. 4688 
-1.  3297 
-2. 7912 
_J-5. 9750 
3 -1. 3029 

3)  -2. 8906 
31-6.5183 

4)  -1. 4925 


-7. 7837 
-1. 4720 
-2. 8470 
-5. 6316 
-1. 1385 
-2.  3496 
_4. 9448 
3)-l.  0599 
. -2.  3115 
3) -5. 1233 


15.5 
16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


6)  -1. 4929 
61-3. 8658 
71-1. 0118 
71-2. 6753 
71-7. 1420 
81-1. 9243 
81-5.2302 
91-1. 4335 
91-3.9609 
10) -1.1028 


( 5) -3. 9163 

51-9.8198 
61-2.4904 
61-6.3846 
71-1.6537 
71-4.3256 
81-1.1421 
81-3.0423 
81-8.1738 


9) -2. 2141 


-1. 1203 
-2. 7217 
-6. 6925 
-1. 6647 
-4. 1862 
-1.  0637 
-2. 7299 
(-7.  0724 
8)  -1. 8489 
81-4. 8757 


I 4) -3. 4670 
41-8. 1642 
51-1. 9474 
51-4.7022 
61-1. 1486 
61-2. 8369 
61-7.0806 
71-1.  7850 
71-4. 5433 
8)  -1. 1670 


> 


4) -1.1531 
4) -2.  6329 
41-6.0946 
51-1. 4291 
-c  -3. 3924 
-8.1473 
-1. 9785 
-4. 8557 
7) -1.2038 
71-3.  0133 


552 
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16 


17 


F0(v,p) 


18 


19 


20 


0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 


10)  +1.  0105 
- 1)  -3.  0813 
0)  -1.  0106 
- 1) +1.  0271 
0)+l.  0681 
- 1) +7.  0689 
- 1) -3.  8460 
0)  -1.1328 
0) -1.0557 
- 1) -3.  5128 


(-  1) +6.  6039 
i - 1) +6. 1193 

- 1) -8.  5450 

(-  1) -7. 4809 
(-  l)+5. 2505 
’ 0) +1.1097 

(-  1) +4. 6531 

- 1) -6.  0877 
0) -1.1932 

- 1) -9. 8377 


I-  1) -2.  6356 
0) +1. 0298 
- 2) -4. 2659 
0) -1.  0610 
- 1) -3.  6504 
- 1) +8. 3235 
0)+l.  0517 
- l)+2. 2016 
- 1) -7. 9196 
0)  -1.2226 


- 


1) -9. 5714 
l)+5. 9819 
l)+8.  0098 

1) -6.  0110 

0) -1.0050 

2)  +3.  2093 

0) +l.  0266 

1) +9. 2908 

2)  -1.  3928 
l)-9.  3827 


(- 


1) 

1) 

0) 

1) 

1 

1 

1 

0 

1 


-8. 1320 
-3. 2923 
+1. 0154 
+3.  0159 
-9. 4813 
-7. 8654 
+3. 8780 
+1. 1240 
+7.  6776 


1) -2. 2935 


5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 


I-  l)+5. 1503 
0)  1.1748 
0)  1.4845 
0)  1.4802 
0)  1.2778 
- 1)  9.9567 
- 1)  7.1674 
- 1)  4.8384 
- 1)  3.0947 
(-  1)  1.8899 


(-  1) -2.  3772 
- 1)  +6.  0673 

1 0)  1.2270 

0)  1.5072 
0)  1.4897 
0)  1.2856 
0)  1.0060 
- 1)  7.2948 
- 1)  4.9703 
(-  1)  3.2134 


I-  1) -"9.  0447 
- 1) -1.3066 
- 1) +6. 8982 
0)  1.2736 
0)  1.5276 
0)  1.4986 
0)  1.2930 
0)  1.0159 
- 1)  7.4157 
(-  1)  5.0960 


0] 

-1.  2281 

- 1 

-8.  2121 

- 2 

-3.  0049 

- 1 

+7.  6541 

o 

1.  3157 

0 

1. 5461 

0 

1.  5069 

0 

1.  3001 

o] 

1.  0253 

- 1) 

7.  5308 

0) -1.  0524 

0)  -1.2155 

1) -7.  3630 

2)  +6. 4345 
1)  8.3446 
0)  1.3538 
0)  1.5630 
0)  1.5147 
0)  1.3070 
0)  1.0343 


10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 


— 

1) 

1.1084 

I) 

1.9857 

— 

2) 

6.  2723 

(-  1) 

1.1794 

— 

2) 

3. 4374 

(-  2) 

6.  7632 

— 

2) 

1.8300 

(-  2) 

3.  7577 

— 

3) 

9. 4892 

(-  2) 

2.  0290 

— 

3) 

4.  8032 

(-  2) 

1.  0674 

— 

3) 

2.3779 

i-3) 

5. 4824 

* 

3) 

1.1532 

1-3) 

2.  7546 

— 

4) 

5. 4870 

1-3) 

1.  3560 

— 

4) 

2.  5646 

(-4) 

6.  5497 

1)  3.3276  (-  1) 

1)  2.0789  (-  1) 

1)  1.2493  (-  1) 

2)  7.2527  (-  1) 

2)  4.0816  (-  2) 

2)  2.2331  (-  2) 

2)  1.1907  (-  2) 

3)  6.2000  (-  2) 

3)  3.1586  (-  3) 

3)  1.5768  (-  3) 


5. 2163 

f-  1) 

7.  6406 

3. 4376 

- 1) 

5.  3315 

2. 1696 

- 1) 

3. 5437 

1.  3181 

- 1) 

2.  2578 

7. 7405 

1.  3858 

4.  4084 

- 2) 

8. 2258 

2.4418 

2) 

4. 7375 

1.  3185 

- 2) 

2.  6546 

6. 9542 

- 2) 

1. 4504 

3. 5893 

- 3) 

7.  7433 

15.5  (-  4)  1.1789 

16.0  (-  5)  5.3346 

16.5  (-  5)  2.3787 

17.0  (-  5)  1.0460 

17.5  (-  6)  4.5399 

18.0  (-  6)  1.9459 

18.5  (-  7)  8.2424 

19.0  (-  7)  3.4522 

19.5  (-  7)  1.4304 

20.0  (-  8)  5.8668 


0.5  (-  1)+1.  0374 

1.0  (-  l)+9.  2398 

1.5  (-  1) -2.  6352 

2.0  - 1) -9. 2711 

2.5  - 1) -2. 1794 

3.0  (-  l)+6.  8521 

3.5  (-  1) +8. 2181 

4.0  (-  1) +2.  6981 

4.5  (-  1) -3. 9491 

5.0  (-  1) -7. 4641 


3. 1079 
1.4504 
6.  6636 

3.  0167 
1.  3469 
5.  9345 
2. 5824 
1.1105 

4.  7213 
1.  9859 


(-  1) -7. 4873 
- 1)  +7.  7918 
(-  lj+5.  5592 
i'-  1) -6.  6487 
(-  1) -8.  0683 
i - 2)+7.  3796 
(-  l)+7.  9551 
(-  1) +7.  3722 
(-  1) +1.3669 
(-  1) -4.  7259 


I-  4)  7.7245 
- 4)  3.7177 
- 4)  1.7598 
- 5)  8.2016 
- 5)  3.7665 
- 5)  1.7058 
- 6)  7.6243 
- 6)  3.3654 
- 6)  1.4679 
- 7)  6.3305 

Fo  (*»P) 

I-  1) -9.  5176 
- 3) -6. 9768 
- 1)  +9. 5486 
- 2) +8. 1839 
- 1) -8.  6636 
- 1) -6. 0115 
- lj+3. 1511 
- l)+8. 4585 
- 1) +6.  3816 
- 2) +1.8327 


1.  8156 
9.  0130 
4.  3962 
2. 1092 
9.  96^9 
4.  6375 
2. 1289 
9.  6448 
4.  3152 
1. 9078 


- 1) -3. 2396 


-7. 9198 
+6. 1234 
+7. 7886 
-3.  3293 
-9.  0956 
-3.  6640 
+5.  0199 
+8. 5260 
+5. 3380 


- 3)  4.0459 

- 3)  2.0721 

- 3)  1.0416 

- 4)  5.1452 

- 4)  2.5000 

- 4)  1.1961 

- 5)  5.6392 

- 5)  2.6221 

- 5)  1.2032 

- 6)  5.4529 


(-  1) +5.  8913 
(-  1) -9. 2215 
(-  1) -2. 1544 
(-  1) +9. 0561 

- 1) +4. 4171 
(-  1) -6. 3111 

- 1) -8. 4454 

- 1)  -1.3528 
(-  1) +6.  3846 
(-  1) +8. 2868 


5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 


I-  1) -7.  0977 
- 1) -4. 3534 
- 1) -1.1279 
- lj+1.  3471 
- 1)  2.6755 
- 1)  3.0148 
- 1)  2.7316 
- 1)  2.1740 
- 1)  1.5790 
- 1)  1.0690 


- 1) -7.  5469 

- 1) -6.  8162 

- 1) -4.  0420 

- 2) -9. 4232 

- 1) +1.4020 

- 1)  2.6574 

- 1)  2.9796 

- 1)  2.7098 

- 1)  2.1730 

- 1)  1.5938 


l)-5.  3380 
1)  —7.  5595 
1)  —6.  5393 

1) -3.  7584 

2)  -7.  7728 
11+1. 4497 
1)  2.6401 
1)  2.9470 
1)  2.6893 
1)  2.1715 


-8. 5571 
-5.  8167 
-7.  5212 
-6.  2703 
-3.  4994 
-6. 2964 
+1. 4915 
2.  6235 
2. 9166 
2.  6698 


l)+4. 2976 
1)  -1. 7601 
1)  -6. 1873 
l)-7. 4462 
l)-6.  0113 

1)  -3.  2623 

2)  -4. 9686 
11+1.  5282 
1)  2.6076 
1)  2.8881 


10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 


I-  2)  6.8361 
- 2)  4.1667 
- 2)  2.4370 
- 2)  1.3747 
- 3)  7.5088 
- 3)  3.9846 
- 3)  2.0598 
- 3)  1.0396 
- 4)  5.1328 
- 4)  2.4832 


I-  1)  1.0912 
- 2)  7.0640 
- 2)  4.3620 
- 2)  2.5860 
- 2)  1.4792 
- 3)  8.1964 
- 3)  4.4133 
- 3)  2.3153 
- 3)  1.1861 
- 4)  5.9443 


(-  1)  1.6072  (-  1) 

- 1)  1.1118  (-  1) 

- 2)  7.2792  (-  1) 

- 2)  4.5494  (-  2) 

- 2)  2.7313  (-  2) 

- 2)  1.5829  (-  2) 

- 3)  8.8884  (-  2) 

(-  3)  4.8514  (-  3) 

(-  3)  2.5805  (-  3) 

(-  3)  1.3405  (-  3) 


2. 1696 

- 1) 

2.  6513 

1. 6191 

- 1) 

2. 1673 

1. 1309 

- 1) 

1. 6300 

7.  4828 

- 1) 

1. 1487 

4.  7295 

- 2) 

7.  6757 

2. 8730 

- 2) 

4. 9026 

1.  6854 

- 2) 

3.  0112 

9.  5832 

- 2) 

1.  7867 

5.2978 

- 2) 

1. 0279 

2. 8547 

- 3 

5.  7512 

15.5 
16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


I-  4)  1.1789 
- 5)  5.4992 
- 5)  2.  5233 
- 5)  1.1401 
- 6)  5.0769 
- 6)  2.2300 
- 7)  9.6688 
- 7)  4.1409 
- 7)  1.7529 
- 8)  7.3379 


4) 

2.9194 

— 

4) 

1.  4071 

— 

5) 

6.  6637 

— 

5) 

3. 1043 

— 

5) 

1. 4240 

— 

6) 

6. 4378 

— 

6) 

2.  8708 

— 

6) 

1.  2636 

— 

7) 

5.  4935 

— 

7) 

2.  3605 

- 4)  6.8135 

- 4)  3.3940 

- 4)  1.6592 

- 5)  7.9706 

- 5)  3.7665 

- 5)  1.7526 

- 6)  8.0374 

- 6)  3.6355 

- 6)  1.6231 

- 7)  7.1576 


I-  3)  1.5025 
- 4)  7.7388 
- 4)  3.9067 
- 4)  1.9356 
- 5)  9.4242 
- 5)  4.5139 
- 5)  2.1289 
- 6)  9.8957 
- 6)  4.5369 
- 6)  2.0531 


3)  3.1370 

3)  1.6717 

4)  8.7182 
4)  4.4568 
4)  2.2364 

4)  1.1028 

5)  5.3499 
5)  2.5557 

5)  1.2033 

6)  5.5878 
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*\p 

0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 

5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 

10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 


0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 

5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 
9.0 

9.5 

10.0 

10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 
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16 

17 

- 1) +1.0821 

- 1) -7.  7111 

- 11+9.8687 

- 11+8.3065 

- 11-2.9626 

- 11+6.0950 

01-1.  0694 

- 11-7.6383 

- Jl-2.5363 

- 11-9.5594 

- 11+8.7388 

- 11+1.0254 

01+1.  0876 

01+1. 0419 

- 11+3.5629 

01+1.  0004 

- 11-6.2482 

- 11+1.7088 

0)-l.  2237 

- 1) -7.  6338 

0)  -1.  2251 

( 0) -1.2701 

- 11-7.5801 

01-1.2045 

- 21-7.4816 

- 11-7.1189 

- 11+6.1662 

- 21-3.0805 

0)  1.2182 

'-  11+6.4936 

o 

o 

0) 

o 

0 


1.  7353 
2. 2476 

2.  8903 

3.  8625 
5. 4768 


Uo  (fl>p) 


0) 

0 

0 

0 

0 


1. 2413 
1.7525 
2.  2593 
2. 8897 
3. 8316 


18 


i)-9. 

3) -5. 


+1. 
+8. 

1-1. 
-7. 
+4. 
+1. 
+8. 
-3. 


7953 

5146 

0457 

8035 

0212 

2872 

1434 

1362 

8526 

2476 


l)-8. 8135 

0)  -1.  3038 
0) -1.1808 

1) -6.  6763 
21+1.  0458 
1)  6.8010 
0)  1.2631 
0)  1.7689 
0)  2.2705 
0)  2.8898 


19 


I-  1) -3. 3354 
- 1)  -8.  3622 
- 1) +6. 6931 
- 1) +8.  7398 
- 1) -3. 9315 
0)-l.  0987 
- 1) -4.  5088 
- 1) +6.  7042 
01+1.  1729 
- 1) +7.  5425 


- 1) -1.6427 


-9. 8158 
-1.  3275 
-1. 1549 
-6. 2518 
+4. 9276 
7.  0906 
1. 2839 
1. 7846 
2.  2814 
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+6.  0387 
-9. 7243 
-2. 3123 
+1.  0133 
+5.  0534 
-7.  5896 
-1.  0436 
-1.  6256 
+8.  7013 
0) +1.1657 


I-  1) +6. 1562 
- 1) -3. 1172 
01-1.  0666 
0)  -1.  3430 
0) -1.1277 
- 1) -5.  8448 
- 2) +8.  5910 
- 1)  7.3645 
0)  1.3037 
0)  1.7997 


1 0)  8.2695 

1)  1.  3223 
1)  2.2207 
1)  3.8880 
1)  7.0544 
2)  1.3205 
2)  2.5411 
2)  5.0139 
3)  1.0121 
3)  2.0860 


1 0)  5.3768 

0)  8.0193 
1)  1.2652 
1)  2.0953 
1)  3.6163 
1)  6.4666 
2)  1.1927 
2)  2.2615 
2)  4.3958 
2)  8.7404 


0)  3.8044  ( 0) 

0)  5.2879  ( 0) 

0)  7.7978  ( 0) 

1)  1.2151  ( 0) 

1)  1.9863  ( 1) 

1)  3.3826  ( 1) 

1)  5.9669  ( 1) 

2)  1.0855  ( 1) 

2)  2.0297  ( 1) 

2)  3.8903  ( 2) 


2.  8904 

( °) 

2. 2919 

3.  7803 

( o 

2.  8915 

5. 2085 

( 0) 

3.  7589 

7.  6004 

( 0) 

5. 1370 

1.1707 

( 

7.  4234 

1.  8906 

( 1) 

1. 1312 

3. 1797 

( 1) 

1. 8061 

5.  5380 

( 1) 

3.  0021 

9. 9453 

( 1) 

5. 1664 

1. 8354 

( 1) 

9. 1659 

1 3)  4.3833 

3)  9.3774 
4)  2.0400 
4)  4.5079 
5)  1.0109 
5)  2.2987 
5)  5.2957 
6)  1.2353 
6)  2.9156 
6)  6.9590 


I-  1) -9.  7855 
- 1) +2. 8609 
- 1) +9. 1227 
- 2) -8.  3491 
- 1) -8.  8452 
- 1) -5.  6757 
- 1) +2.  7609 
- l)+7. 9794 
- 11+7. 1352 
- 1) +2. 4665 


3) 

3) 

3) 

4) 
4) 

4) 

5) 
5) 

5) 

6) 


1) 

1) 

1) 

1) 

1) 

1) 

1) 

1) 

1) 

1) 


1.  7745 

( 2) 

7.  6267 

3. 6727 

( 3! 

1.  5265 

7.  7388 

( 3 

3. 1148 

1.  6582 

( 3 

6. 4702 

3.  6090 

( 4 

1.  3667 

7. 9717 

( 4 

2. 9323 

1. 7855 

( 4 

6.  3851 

4.  0519 

( 5 

1. 4098 

9.  3105 

( 5 

3. 1542 

2. 1648 

( 5] 

7. 1454 

dp  «*’) 


-6.4000 
-5.  7650 
+7.  7374 
+6.  5787 
-4.  3562 
-8. 9431 
-3.  6790 
+4.3113 
+8. 1848 
+6. 4978 


1) +2. 5695 

1)  —9.  7102 

2)  +3.  6067 
11+9.  3570 
1) +3. 1578 
l)-6.  7512 
1)  -8. 2667 
1)  -1.7673 
l)+5. 4934 
1) +8. 1799 


12)  3.4717 
2)  i>.  7162 
3)  1.3264 
3)  2.6703 
3)  5.4726 
4)  1.1404 
4)  2.4141 
4)  5.1860 
5 1.1297 
5)  2.4935 


(-  1) +9.  3189 
( - 1)  -5.  6460 
(-  1) -7.  3679 
(-  1)  +5.  3119 
(-  1) +8.  6483 

- 2)  -1.9960 

- 1) -8. 1315 

- 1) -7. 1410 
i - 3)  -3. 4829 
(-  1) +6.  3669 


2 

2( 

2 

3 

3 

3 

3 

4 
4 
4 


1.  6708 
3. 1213 
5. 9630 
1. 1629 

2.  3115 
4.  6772 
9. 6229 
2.  0110 
4. 2650 
9. 1723 


l)+7. 9224 
1) +3. 1370 
1) -9.  3578 
1) -2. 7296 
1) +8. 1928 
1) +6.  6241 
1) —3.  0592 
1)  -8.  7013 
l)-5.  7890 
1)+1. 4822 


I-  1) -2.  5327 
- 1) -5.  7031 
- 1) -6.  6792 
- 1) -6. 1949 
- 1) -5. 2752 

1-  1) -4.  7892 
- 1)  -5.  3860 
- 1) -7. 6818 
0) -1.2605 
0) -2. 1932 


1)+1. 7444 
1 I —2. 9499 
1) -5.  8050 
11-6. 6155 
1) -6. 1017 
1)  -5. 2127 
1)  -4.  7495 
l)-5.  3157 
1)  -7. 4860 
0) -1.2115 


- 1) +5. 8546 

- 1) +1.09*3 

- 1) -3. 3031 

- 1) -5.  8814 

- 1) -6.  5515 

- 1) -6.  0151 

- 1)  -5. 1547 

- 1) -4. 7121 

- 1) -5.  2509 

- 1) -7.  3093 


I-  1) +8.  0282 
- 1) +5. 2246 
- 2) +5.  2317 
- 1) -3. 6035 
- 1) -5. 9378 
- 1) -6. 4880 
- 1) -5. 9344 
- 1) -5. 1007 
- 1) -4.  6767 
- 1) -5. 1908 


l)+6.  9880 
1 1 +7.  7756 
11+4.  6186 
4) +8. 3738 
1)  -3.  8601 
11-5. 9783 
11-6. 4254 
1)  -5.  8590 
1)  -5.  0502 
1) -4.  6431 


0)-3. 9217 

0)  -7. 1592 

1)  -1.3348 
1)  -2.  5439 
1) -4.  9562 
1) -9. 8652 

-2.  0042 
-4.1515 
-8.7576 
i-l. 8795 


0) -2. 0812 

0)  -3.  6757 
0)-6.  6261 

1)  -1.2193 
1) -2.  2921 
1) -4. 4031 

1)  -8.  6387 

2)  -1.7295 
2) -3.  5297 
2) -7.  3354 


0)  -1.1677 
01-1.  9822 
0)  -3. 4609 

0)  -6. 1663 

1)  -1.1209 
1)  -2.  0805 
1)  -3.  9443 

1)  -7.  6350 
21-1.  5077 

2)  -3.  0346 


I-  1) -7. 1488 
01-1.1284 
01-1. 8942 
0)  -3. 2719 
01-5. 7662 
11-1. 0363 
11-1.9007 
1) -3.  5594 
11-6.8033 
21-1.  3263 


1) -5. 1349 
11-7.0023 
0)  -1.  0929 
0)  -1.  8154 
0)  -3.1044 
01-5. 4152 
01-9.  6285 
11-1.  7465 
11-3.2330 
11  -6. 1066 


I 3) -4.  0993 
31-9.  0788 
41-2.0399 
41-4.  6466 
51-1.  0722 
51-2.5048 
51-5.9202 
61-1. 4150 
61-3. 4181 
6) -8.  3412 


3)-l.  5507 
31-3.  3317 
31-7.2680 
41-1.  6085 
41-3.  6089 
41-8.2028 
51-1. 8875 
51-4.3947 
61-1. 0347 
6J-2.4624 


2) -6. 2186 
31-1.2962 
31-2. 7456 
31-5.9047 
41-1.2883 
41-2.  8495 

4)  -6.  3850 
51-1. 4484 
51-3.  3247 

5)  -7.  7176 


2)  -2.  6348 
21-5.  3284 
31-1.  0960 

3)  -2.  2906 
31-4.  8605 

4)  -1.  0463 
41-2.2832 
41-5.  0474 
51-1. 1297 

5)  -2. 5583 


2) -1. 1761 
21-2.3079 

2)  -4. 6095 
21-9.  3627 

3)  -1.  9322 
3)  -4.  0483 

3)  -8.  6039 
41-1. 8537 
41-4.  0457 

4)  -8. 9396 
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Table  14.2 


v CoO?)  v 


0.  00 

1. 000000 

1.00 

0.  05 

0.922568 

1.  05 

0.10 

0.  847659 

1.10 

0.15 

0.  775700 

1.15 

0.  20 

0.707063 

1.20 

0.25 

0.  642052 

1.25 

0.  30 

0. 580895 

1.30 

0.  35 

0.  523742 

1.35 

0.  40 

0.  470665 

1.40 

0.45 

0.  421667 

1.  45 

0.50 

0.  376686 

1.50 

0.55 

0.  335605 

1.55 

0.  60 

0.298267 

1.60 

0.65 

0. 264478 

1.65 

0.  70 

0.234025 

1.70 

0.  75 

0. 206680 

1.75 

0.80 

0.182206 

1.80 

0.  85 

0.160370 

1.85 

0.90 

0. 140940 

1.90 

0.95 

0. 123694 

1.95 

1.  00 

0.108423 

2.  00 

r(-4)5i 


For  In  r(l  +iy),  see  Table  6.7. 


Co(v ) v 

(-1)1.  08423  2.00 

(-2)9.49261  2.05 

(-2)8.30211  2.10 

(-2)7.25378  2.15 

(-2)6.33205  2.20 

i-2)  5.  52279  2.25 

-2)4.81320  2.30 

-2)4.19173  2.35 

-2) 3.  64804  2. 40 

-2)3.17287  2.45 

i-2)  2.  75796  2.50 

-2)2.39599  2.55 

-2)2.08045  2.60 

-2)1.80558  2.65 

-2)1.56632  2.70 

i-2)  1.35817  2.75 

-2)1.17720  2.80 

-2)1.01996  2.85 

-3)8.83391  2.90 

-3)  7.  64847  2.  95 

(-3)6.61992  3.00 


CoOi) 

i-3)  6.  61992 
-3) 5. 72791 
-3)4.95461 
-3) 4. 28450 
-3) 3.  70402 

i-3)  3.20136 
-3) 2.  76623 
-3) 2.  38968 
-3) 2.  06392 
-3)1.  78218 

i-3)  1.53858 
-3)1.32801 
-3)1.14604 
-4)9.88816 
-4)  8.  53013 

(-4)7.  35735 
( _4) 6.  34476 
(-4)  5.  47066 
(-4)  4.  71626 
(-4)4.  06528 

(-4)3.  50366 
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15.  Hypergeometric  Functions 

Mathematical  Properties 


15.1.  Gauss  Series,  Special  Elementary  Cases, 
Special  Values  of  the  Argument 

Gauss  Series 

The  circle  of  convergence  of  the  Gauss  hyper- 
geometric series 


15.1.7 

F(i,  h t;  -22)  = (l+2Wl,  1;  f;  -z2) 

= 2_I  In  [2+(l  + 2s)l] 

15.1.8  F(a,  b;  b;  z)—{\  — z)~a 


15.1.1 


F(a,  b;c;  z)=2Fl(a,  b;  c;  z) 


15.1.9  F(a,  h z2) = M(1  + z)  -*“+  (1  - z) -*■] 

15.1.10 


oo 


=F(b,  a;  c;  z)=2 

n=0 


(a)n(b)n  Z* 

(c)n  n\ 


F(a,  f;  22)  = 

\z~l{\ —2a)  _1  [ (1 + zy~2a—  (1 — z)l~2a] 


= T(c)  * r(a+ft)T(6+ft)  3* 
r(a)r(6)^o  r(c+n ) nl 

is  the  unit  circle  \z\  = 1.  The  behavior  of  this 
series  on  its  circle  of  convergence  is: 

(a)  Divergence  when  & (c— a— b)^  — 1. 

(b)  Absolute  convergence  when  (c— a— &)>  0. 

(c)  Conditional  convergence  when  — 1 (c—a, 

—6)^0;  the  point  3=1  is  excluded.  The  Gauss 
series  reduces  to  a polynomial  of  degree  n in  z 
when  a or  6 is  equal  to  —ft,  (ft=0,  1,  2,  . . . ). 
(For  these  cases  see  also  15.4.)  The  series  15.1.1 
is  not  defined  when  c is  equal  to  — m,  (m=0,  1, 
2,  . . .),  provided  a or  b is  not  a negative  integer 
ft  with  ft<m.  For  c=—m 

15.1.2 

lim  F(a,  b;  e;  z)  = 

C— > — 77»  1 \C) 

(g(w+l)"+l  zm+lF  ft+»»+l;  m+2;  z) 


15.1.11 

F(— a,  a;  §;  — z2) = § { [ (1 + z2)* + z]2a+ [ (1+ z2) *— z]29 } 

15.1.12 

F(a,  1 —a;  —z2)  = 

15.1.13 

F(a,  §+a;  l+2a;  z)=22a[l+(l-z)i]~2a 

= (1 — zW(l+a,  -o;  l+2a;  z) 

15.1.14 

./'’(a,  §+a;  2a;  s)=2^-1(l— 2)-4[l  + (l— s)*]1"20 

15.1.15  F(a,l-a;f;Sin»z)=^^^ 

15.1.16  F(a,  2— a;  f;  sin2  z) 

15.1.17  F(— a,  a;  sin2  3)=cos  (2as) 


Special  Elementary  Cases  of  Gauss  Series 
(For  cases  involving  higher  functions  see  15.4.) 

15.1.3  F(l,  1;  2;  z)=-z~1  In  (1-3)  * 


15.1.18 

15.1.19 


F(a,  1 —a;  i;  sin2  z) 


cos  [(2a— 1)3] 


COS  3 


F(ay  |+a;  J;  —tan2  3)= cos2®  3 cos  (2as) 


15.1.4  FQ,  1 ; f;  z2)  =**-»  In  ( j±jj) 

15.1.5  F{\,  1;  — z2)=z-1  arctan  z 

15.1.6 

^(1.  i;  t;  zs)=d_ s^^dt  1;  f;  z2)=z~l  arcsin  z 


Special  Values  of  the  Argument 


15.1.20 


F(a,  b;  c;  1) 


r(c)r(c— a— b) 

T(c—a)T(c—b ) 


(cj^O,  1,  2, 


0$(c— a— 6)>0) 


♦See  page  n. 
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15.1.21 

F(a,  b;  a— 6+1;  — l)=2-air* 


r(l+o—  b) 


r(l+|a-6)r(£+$a) 

(1+a — b^O,  — 1,  — 2,  . . .) 


15.1.22 

F(a,  b;  a-6+2;-l)=2-V/2(6-l)-,r(a-6+2) 

1 1 


i_ 


r($a)r($+ja— 6)  r(£+$a)r(i+$a — 6) 

(a—b+ 2^0,  —1,  —2,  . . .) 


15.1.23  F(l,  a;  a+1;  — l)=§a[iKH§a)— -^(ia)] 

15.1.24 

F (a,  b;  ia+ib+i;i)=v*  r(H^r(Hi6) 

1,  — 2, . . .) 


15.2.  Differentiation  Formulas  and  Gauss9 
Relations  for  Contiguous  Functions 

Differentiation  Formulas 

15.2.1  £ F{a,  b ; c;  2)=^  F(a+ 1,  6+1;  c+l;  2) 


15.2.2 


^2n  b',  c;  z) — ^ i'Xa+n,  6+«;  c+w;  z) 

15.2.3 

£_  [2o+n-i^(a)  j.  c.  2)]=(a)n2<1-1Jf,(a+n„  6;  c;  s) 


15.2.4 


<2n 


S [z*  lF(a,b;  c;  z)]=(c—n)nze-n-1F(a,  b;  c—n;  z) 


15.1.25 

F(a,  b;  $a+$6+l;  J)=2ir*(a— 6)-1r(l+§a+§6) 
{[r^rQ+^l^-tra+jajr^)]-1} 

— i>  — 2, . . .) 


15.1.26 

F(a,  1— a;  6;  §)= 

2‘-Wr(6)  [r(Ja+*6)  r (i+^-Ja)]-1 

(6^0,  1 1 2, . . .) 

15.1.27 

F(  1, 1;  a+1;  i)=aW-(*+ia)-iK$a)] 

(as1*— 1,  —2,  3, , . .) 


15.1.28 

F(a,  a;  a+1;  J)=2a~1a[^(J+^a)—  $(fa)] 

(as1* — 1)  —2,  3, , , .) 


15.1.29 

F (a,  Ra;  *-2a;-*) =(*)-* 

({ — 2a?*0,  I,  — 2, . . .) 


15.2.5 


£_  [z‘-°+«-i(i-zy+»-cF(at  b;c.  z)] 

= (e—d)nze~a~1(l—z)a+b~c~nF(a—n,  b;c ; z) 

15.2.6 

d? 
dz’ 


[(1 —z)a+b~eF(a,  b;  c;  z)] 


(e—a)„(e—b)„ 

(fi)n 


(l—z)a+b~c~nF(a,  b;c+n;  z) 


15.2.7 

d 9 


j^[(l-zr+n-lF(a,b;c;z)] 
_(— l)B(a)»(c— 6)» 


(c)» 


(1— 2)a-1i?’(a+»,  6;  c+ra;  2) 


15.2.8 

^ 6;  c;  2)] 

=(c—ri)nz?~n~l(\—z)b~eF(a—n,  b\e—n ; 2) 


15.1.30 

F (a,  Ha;  H«5  i)=(i)V‘ 


r(Hla) 

r(H|a)r(Hiffl) 


(Hfa^O,  — 1,  — 2, . . .) 


15.1.31 

F (a,  £a+i;  fa+f;  etT,i) 


-=2^^3_^(8+l)e<,r<,/® 


rqa+t) 

r(§a+f)r(f) 


15.2.9 

^[^-‘(l-g^-^a^jc^)] 


= (c—n)„zc  n 1(l—z)a'hb~‘e~nF(a—n,b—n;c—n;z) 


Gauss*  Relations  for  Contiguous  Functions 

The  six  functions  F(a±  1,  b ; c;  z),  F(a,  6±1;  c;  z)y 
F(a,  b;  c±  1;  z)  are  called  contiguous  to 
F(a,  b;  c;  z).  Relations  between  F(a,  b;  c;  z)  and 
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any  two  contiguous  functions  have  been  given  by 
Gauss.  By  repeated  application  of  these  rela- 
tions the  function  F(a-\-m,  b+n;  c+Z;  z ) with 
integral  m,  n,  Z(c+Z?* 0,  —1,  —2,  . . .)  can  be 
expressed  as  a linear  combination  of  F(a,  b;  c;  z) 
and  one  of  its  contiguous  functions  with  coefficients 
which  are  rational  functions  of  a,  b,  c,  z. 

15.2.10 

( e—a)F(a—l,b ; c ; z)+(2a-c—az-\-bz)F(a,b;  c;  z) 

+a(z—l)F(a+l,  b;  c;  z)=  0 

15.2.11 

(c—b)F(a,  b— 1;  c;  z)+(2b—c—bz+az)F(a,  6;  c;  z) 

+b(z—l)F(a,  6+1;  c;  z)=  0 


15.2.12 

c(c—  l)(z—  l)F(a,  6;  c—1;  z) 

+c[c — 1 — (2c — o — 6 — l)z]F(o,  b)  c;  z) 

+ (c—a)(c—b)zF(a,  b;  c+1;  z)=0 

15.2.13 

[c— 2a—  (6— a)z]F(a,  b;  c;  z) 

+a(l— z)F(a+l,  b;  c;  z) 

— (c—a)F(a—  1,  6;  c;  z)= 0 

15.2.14 

(b—a)F(a,  b;  c;  z)+aF(a+ 1,  6;  c;  z) 

—bF(a,  6+1;  c;  z)— 0 

15.2.15 


(i c—a—b)F(a,.b ; e;  s)+a(l— z)F(a+l,  6;  c ; z ) 

~(c—b)F(a,  6—1;  c;  z)=0 


15.2.16 


c[a—(e—b)z]F(a,  6;  c ; z)—ac(l—z)F(a+l,  6;  c;  z) 

+ (c—a)(c—b)zF(a,  6;  c+1;  z)=0 

15.2.17 


(c—a—l)F(a,  6;  c;  z)  +aF(a+l,  6;  c;  z) 

— (c—l)F(a,  6;  c—1;  z)  =0 


15.2.18 


( c—a—b)F(a , 6;  c;  z)  — (c— a)F(a—  1,  6;  c;  z) 

+b(l—z)F(a,  6+1;  c;  z)=0 


15.2.19 

(6— a)(l— s)F(a,  6;  c;  z)  — (c—a)F(a—  1,  6;  c;  z) 

-\-(e—b)F(a,  6—1;  c;  z)=  0 


15.2.20 


c(l—z)F(a,  6;  c;  z)—cF(a—  1,  6;  c;  z) 

+ (c— b)zF(a,  6;  c+1;  z)=0 


15.2.21 

[a— 1 — (c— 6— \)z]F(a,  6;  c;  z) 

+ (c — o)F((i — 1,  6;  c;  z) 

— (c— 1)(1— s)F(a,  6;  c—1;  z)=0 

15.2.22 

[c— 26+ (6— a)z]F(a,  6;  c;  z) 

+6(1— z)F(a,  6+1;  c;  z) 

— (c—b)F(a,  6—1;  c;  z)=  0 

15.2.23 

c[6— (c— oOzl-fXa,  6;  c;  z)— 6c(l— z)F(a,  6+1;  c;  z) 

+ (c— o)(c— 6)zF(a,  6;  c+1;  z)=0 

15.2.24 

(c— 6— l)F(a,  6;  c;  z)+6F(a,  6+1;  c;  z) 

— (c—  l)F(a,  6;  c—1;  z)  =0 

15.2.25 

c(l—z)F(a,  6;  c;  z)—cF(a,  6—1;  c;  z) 

* + (c  — a)zF(a,  6;  c+1;  z)=0 

15.2.26 

[6— 1 — (c— a—  l)z].F(a,  6;  c;  z) 

+ (c — b)F(flf  6—1;  c;  z) 

— (c— 1)(1— z)F(a,  6;  c—1;  z)=0 

15.2.27 

c[c— 1 — (2c— a— 6— l)z]F(a,  6;  c;  z) 

+ (c — o)  (c — 6)  zF(o>t  6;  c+1;  z) 

— c(c—  1)  (1 — z)F(a,  6;  c—1;  z)=0 


15.3.  Integral  Representations  and  Transfor- 
mation Formulas 

Integral  Representations 


15.3.1 

F(a,  6;  c;  z)= 

(^c>^6>0) 

The  integral  represents  a one  valued  analytic  func- 
tion in  the  2-plane  cut  along  the  real  axis  from  1 to 
oo  and  hence  15.3.1  gives  the  analytic  continua- 
tion of  15.1.1,  F(a,  b;  c ; z).  Another  integral 
representation  is  in  the  form  of  a Mellin-Barnes 
integral 


♦See  page  n. 
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r(c) 


r(o+s)r(6+s)r(— s) 


15.3.2  F(a,  5;  c;  £.  ‘ 


T(c) 


T(a)T(b) 


/•<» 


T(a+$)T(b+s) 

T(l+s)T(c+s) 


esc  (irs)(—z)*ds 


Here  — 7r<arg(— z)<7r  and  the  path  of  integration  is  chosen  such  that  the  poles  of  r(a+s)  and 
T(b+s)  i.e.  the  points  s=—a—n  and  s=—b—m(n,  m=0,  1,  2,  . . .)  respectively,  are  at  its  left 
side  and  the  poles  of  esc (ws)  or  r(— s)  i.e.  s=0,  1,  2,  are  at  its  right  side.  The  cases  in  which  -—a,  —6 
or  — c are  non-negative  integers  or  a— 6 equal  to  an  integer  are  excluded. 

Linear  Transformation  Formulas 

From  15.3.1  and  15.3.2  a number  of  transformation  formulas  for  F(a,  b;  c;  z ) can  be  derived. 


15.3.3 

15.3.4 

15.3.5 

15.3.6 


F(a,  b;  e ; z)={\—z)c~a~bF{c—a,  c—b;  c;  z) 
= Q.—z)-*F(a,  c—b;  c; 

=*(l—z)-hF(b,  c—a;  c; 
T(c)r(c— a—  b) 


T(c—a)T(c—b) 


F(a,  b;  a+b—c+ 1;  1— z) 


+ (1— z)e-a-t  C)  p (c_0>  C_J.  c_a_J+1.  1_2) 


15.3.7 


-rS-llj  <-«>-*■(«.  »-»+«:  i) 


(|aig  (1— z)\<v) 


+ 


r(c)r(o— 6) 
r(a)r(c 


_)  (— z)-*F(b,  1—c+b;  1— a+6;  (|arg  (-z)|0) 


15.3.8 


_(1  z)-«  T(c)V(b—a) 


mne-a)  F(a-  c-‘!  1=;) 

4-(l— e)~”  r(o)r(c— 6)  F(?’  C~a;  b~a+1>  f~i)  (larS  (!—»)!<») 


15.3.9 


T(c)T(c—a— 

T(c-o)r(c- 


U z~a  F (a,  a—c+ 1;  o+&— c+1;  1— 

, r(c)r(a+6-c) 


r(«)r(6) 


(i-zy-*-»tP-e  Flc 


(c- 


a,  1— a;  c—a— 6+1;  1— 

(|arg  z|<v,  |arg  (1— z)|0) 


Each  term  of  15.3.6  has  a pole  when  c=a+6±m,  (m=0,  1,  2,  . . .);  this  case  is  covered  by 
15.3.10  F(a,  b;  a+b;  z)=Z(“t?l  £ [2*(»+l)-*(a+n)-*(6+»)-ln  (l-z)](l-2)" 


r(a)r(6)  ;f=4  (n\y 


(|arg  (1— z)|<>,  |1— z|<l) 


Furthermore  for  m= 1,  2,  3,  . . . 


15.3.11  F(a,  b;  a+b+m;  z)  = 


r(m)r(a+6+m)  (a)„(b)„  (l_z\n 

*■■1  /V\  I /l  iMA  \ V / 


r(a+m)r(6+»i)  m), 

_r(a+6+m)  / jx*  yx  (a+m)„(b+tn)n  q _J-N*rin 
r(a)T(6)  {Z  l)  £=t>  n!(»+m)!  { } 1 { ‘ 

— f(n+m+l)+$(a+n+m)+ifr(b+n+m)]  (|arg  (1— z)|<t,|1— z|<l) 
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15.3.12  5;  »+>-»;  (1_2>~  g 

— 4>(n+ m + 1)  +iKa+»)  +1K6 + n)  ] 

(|aig  (l-g)|<ir,|l-2|<l) 

Similarly  each  term  of  15.3.7  has  a pole  when  b—a±m  or  b—a=  ±m  and  the  case  is  covered  by 

15.3.13  F(a, a ; c;  g)=r(a)r^-o)  (-2)"°  § *""[ln (-*)+2*(»+l)-*(a+n)-,Kc-a-»)] 

(|arg  (— g)|<ir,|2|>l,  (c— a)?* 0,  ±1,  ±2, . . .) 


The  case  b—a=m,  (m=l,  2,  3,  . . .)  is  covered  by 

15.3.14  F(a,  a+m;  c;  z)=F(a+tn,a;  c ; z ) 

°f^T»)r^)  3 (-*)+W+»+.)+W+.) 

(|arg(— «)|<ir,  |2|>l,(c— a)^0,  ±1,  ±2,...) 

The  case  c— a=0,  —1,  —2,  . . . becomes  elementary,  15.3.3,  and  the  case  c— a=l,  2,  3,  . . . can  be 
obtained  from  15.3.14,  by  a limiting  process  (see  [15.2]). 


Quadratic  Transformation  Formulas 

If,  and  only  if  the  numbers  ±(1—  c),  ± (a—b),  ± (a+6— c)  are  such,  that  two  of  them  are  equal 
or  one  of  them  is  equal  to  §,  then  there  exists  a quadratic  transformation.  The  basic  formulas 
are  due  to  Kummer  [15.7J  and  a complete  list  is  due  to  Goursat  [15.3].  See  also  [15.2]. 


15.3.15  F(a,b ; 2b',z)=(l—z)~iaF ($a,  b—^a;  b+i; 


15.3.16 


15.3.17 


=(1 —\z)~aF{\q,,  £+£a;  &+$;  a*(2 —z)~2) 


==(i+iV  l—z)~ 


[«,«-»+);  i+i;  (^=)’] 


15.3.18 


= (1  -z)~*F 


\a,  2b— a", 


b+h 


. (1-VI 


4VI 


15.3.19 


15.3.20 


15.3.21 


F(a, a+§; e;z)=(^+^l—z)-iaF f 2a,  2a— c+1; c; 

=(l±V3)~a*-P’(2a,c-i;2c— 1;  ±-jg^g) 


=(l—z)~aF^2a,  2c— 2a— 1;  c; 


15.3.22  F(a,b;  a+6+J;g)=F(2a,  26;  a+6+i;  J— s) 


— (v+i  Vl — z)~ta  F (2 a,  a — 6+£;  a+6+i>  ^ g-|-i) 


15.3.23 
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15.3.24  F(ct,  6;  a+6— i;  z)=(l— z)-*F(2a— 1,26— l;a+6— J;  |— Wl— *0 

15.3.25  = (1— z)_}  Q+Hl—zy-^Flto—l,  a— 6+1;  a+6— b — -—1) 

\ Vl  — 8+1/ 

15.3.26  /^(o,  6;  a— 6+1;  z)=(l+s)_a.Z'’  (i®,  fa+$;  a— 6+1;  4z(l+z)~2) 

15.3.27  =(l±V2)~*a-^(®,  a— 6+§;  2a— 26+1;  ±4Vz(l±V3)“2) 

15.3.28  =(1— z)~a.F(ia,  Ja— 6+i;a— 6+1;— 4z(l— z)-2) 

15.3.29  F (a,  6;  *a+*6+*;  z) = (1  -2z)  -*•  (*a,  *«+i;  *®+*6+*; 

15.3.30  =P(£a,  \b\  fa+lb+%;  4s— 4s3) 

15.3.31  F(a,  1— a;  c;  s)  = (l— z)c~lF(\c— §a,  Jc+Ja— J;  c;  4s— 4s2) 

15.3.32  =(1— s)c~1(l“”2s)a“cjFT  (£c— $a,  §c— Ja+i;  c;  (4s2— 4s) (1— 2s) ~3) 

Cubic  transformations  are  listed  in  [15.2]  and  [15.3]. 

In  the  formulas  above,  the  square  roots  are  defined  so  that  their  value  is  real  and  positive  when 
0^s<l.  All  formulas  are  valid  in  the  neighborhood  of  s=0. 

15.4.  Special  Cases  of  F(a , 6;  c;  s) 

Polynomials 

When  a or  6 is  equal  to  a negative  integer,  then 

IS.4.1  f 

This  formula  is  also  valid  when  c=—m—l)  m,  1=0,  1,  2,  . . . 

Some  particular  cases  are 

15.4.3  F(—n,  n;  §;  x)=T„(l— 2x) 

15.4.4  F(—n,  ri+1;  1;  x)=P„( l—2x) 


15.4.5  F(-n,n+2a;  a+J;  *)=^-  £<“>  (1  -2x) 


15.4.6  F(— 7l,  a+l+0+tt;  a-fl;  x)  = 


n! 


(a+l)n 


p(«./U(l-2x) 


Here  jT„,  Prt,  £7£a),  P^fi)  denote  Chebyshev,  Legendre’s,  Gegenbauer’s  and  Jacobi’s  polynomials  re- 
spectively (see  chapter  22). 

Legendre  Functions 

Legendre  functions  are  connected  with  those  special  cases  of  the  hypergeometric  function  for  which 
a quadratic  transformation  exists  (see  15.3). 

15.4.7  F(a,  6; 26;  z)=2«-1ra+6)z*-6  (l-2)*<»-«-*>P*l£_  J(l-|)  (l-z)-*l 


15.4.8 


j| 

=2***-*  -f(2b-l)  z-‘(l-s)‘tt-8V'«-«  Q- 1) 


15.4.9  F(a,  6; 26;— z)=226x-}  ~ 2-l>( l+z)i»-°>e“‘'<a“M  Qlz\ (l+|)  (|arg z|0,  |arg(l±z)|<»* 


♦See  page  11. 
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F(a,  a+h  c;  z)=2c-lT{c)z'-*(\-z)*-a-'P\;ic[{l-z)-'\ 

(|arg  z\<C.tt,  |arg  (1— z)|<r,  z not  between  0 and  — ») 

15.4.11  F(a,  a+h  c ; x)=2e-1r(c)(-a:)‘-‘c(l-x)*c-a-*PL"-%[(l-x)-‘]  (-  » <x<0) 

15.4.12  F(a,  b; a+J+fc  z)=V+b-'T(\+a+b)  (-g)*<»-«-»>P*z:iS[(i_2)*l 

(|arg  (—z) |<V,  z not  between  0 and  1) 

15.4.13  F(a,  b;a+b+hx)=2a+l,-ir(i+a+b)xi(i-a-,,>Pt-t-il(l-x)i]  (0<x<l) 

15.4.14  F(a,  b;a—b+l;  z)=r(a-b+l)z*b-*a(l-z)-bPb--ta  (jz^) 

(|arg  (1— 2)|<7r,  z not  between  0 and  00  ) 

15.4.15  ^(a,6;c-6+l;x)=r(a-6+l)(l-x)-»(-x)»l>-laPi»0(Ji^)  (-“<*<0) 

15.4.16  F{a , 1—  a;c;  0)=r(c)(— ;z)*“*c(l— «)*®”*FLV(1— 2z) 

(|arg  (— 2)|<tt,  |arg  (1— z)\<jr,  z not  between  0 and  1) 

15.4.17  F(af  l— a;  c;  x)=r(c)x*”*c(l  — xyc^Pls^{l—2x)  (0<x<l) 

15.4.18  F(a , b\  \cb-\-\b-\-\)  2)  = r(J+§«+l&)[2(0 — l)P<1“"a“w-23|cL— i>(l — 2z) 

(|arg  z |<tt,  |arg  (z— 1)|<V,  3 not  between  0 and  1) 

15.4.19  F(a,  b;  \a+ *6+*;  x) = r (R ia+ §6) (x-x2)*<l-a-wP&--7-o (1  -&)  (0<x<l) 

15.4.20  F(a,  b ; o+6- J;  3)=2“+4-»r(a+6-|)(-2)»(*-a-w(l-z)-»P|za„l|[Cl-z)M 

(I  arg  (— 2)|<ir,  I arg(l— z)|<V,  z)J]>0,  z not  between  0 and  1) 

15.4.21  F(a,  6;a+6-i;x)=2a+»-»r(o+6-J)x«(»-a-w(l-x)-*PUz?[(l-x)»]  (0<x<l) 

15.4.22  F(a,  6;  J;  z)=ir-*2a+*-*r(H-o)r(i+6)(2-l)»(J-a-w[P}a”4z|(2»)+/rfaZfl*Zj(-2*)] 

(|arg  2|<tt,  | arg(2—l)|<7r,  z not  between  0 and  1) 

15.4.23  F(a,b-,h  x)=T-»2a+*-*r(i+a)r(i+6)(l-x)i<*-a-w[^-»"i(*‘)+^Z|(-x*)]  (0<x<l) 

15.4.24  F(a,  6;  i;-2)=T-i2a-»-*r(Ra)r(l-6)(zR)-ia-i4e±'* (6-a>  {P»;J_,[z*(H-2)-*] 

2HI+2)'*]} 

(±  according  as  ./z^O,  2 not  between  0 and  “) 

*15.4.25  F(a,  b;  h -x)=T-i2a-4-1r(Ha)r(l-6)(l+x/-*a-l6{P‘;a6_1[x»(l+x)-*]+PJn-i[-x1/2(l+x)-‘]} 

(0<xO) 

15.4.26  P(o,6;|;x)=-7r-»2a+»-Jr(o-i)r(6-i)x-i(l-x)»<J-a-w {PUU}(a5»)-Pi-V4(-*») } (0<x<l) 


15.5.  The  Hypergeometric  Differential  Equation 


The  hypergeometric  differential  equation 
15.5.1  2(1-2)  ^+[c-(a+6+l)z]  ^-a6w==0 


•See  page  n. 
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has  three  (regular)  singular  points  2=0,  1,  « . The  pairs  of  exponents  at  these  points  are 

15.5.2  p$= 0, 1 — c,  p$=0,c-a-6,  pft)=a,  6 

respectively.  The  general  theory  of  differential  equations  of  the  Fuchsian  type  distinguishes  between 
the  following  cases. 

A.  None  of  the  numbers  c,  c—a—b;  a—b  is  equal  to  an  integer . Then  two  linearly  independent  solutions 
of  15.5.1  in  the  neighborhood  of  the  singular  points  0,  1,  ® are  respectively 

15.5.3  wH0)=F(a,  b ; c;  z)  = (l— z)e-a-*F(c— a,  c— 6;  c ; 2) 

15.5.4  w%w=£-*F(a— c+1,  6— c+1;  2— c;  2)=21“c(l  — 2)c“a_&F(l— a,  1—6;  2— c;  2) 

15.5.5  wul)=F(a,  6;  a+6+1  — c;  1— 2)=21“c2^(l+6— c,  1+a— c;  a+6+1— c;  1— 2) 

15.5.6  tp2(i)=(l-“2)c"’a”6jF(c— 6,c— a;c— a— 6+1;  1— z)=z1~e(l  — z)c~a~bF(l  — a,  1—6;  c—a— 6+1;  1— 2) 


15.5.7  /wu<x>)=z~aF(a,  a— c+1;  a— 6+1;  z~l)=zb~e(z—l)c-a-bF(l—b,  c— 6;  a— 6+1;  2~*) 

15.5.8  w2(a>)=z~bF(bf  6— c+1;  6— a+1;  2“1)=2a"‘c(2— l)c_a“6^(l— a,  c— a;  6— a+1;  2_1) 


The  second  set  of  the  above  expressions  is  obtained  by  applying  15.3.3  to  the  first  set. 
Another  set  of  representations  is  obtained  by  applying  15.3.4  to  JL5.5.3  through  15.5.8. 
gives  15.5.9-15.5.14. 


15.5.9  10KO) = (1  z)~aF (a,  c—b;  c ; ^§j-)=(l —z)-bF(b,  c—a;  c;  +[) 


This 


15.5.10  102(0)= z)e~tt~lF^a— c+1, 1—6;  2— c;  ^3j-)=2I-c(l— z)e~b~lF(b— c+1, 1—  a;  2 — «;^+) 


15.5.11  i»Ki )=z~aF(a,  a— c+1;  a+6— c+1;  1— z~v)=z~bF(J>,  b— c+1;  a+6— c+1;  1— z~l) 

15.5.12 

10KD = sB-c(l — z)  c~a~tF(c — a,  1— a;  c—a— 6+1;  1— z~l)=d>~e(\  — z)c~a~bF(c— 6, 1—  6;  c— as— 6+1;  1— c-1) 


15.5.13  i0i(o>)= (2 — 1)~ aJFI (a,  c— 6;  a— 6+1;  +-)=  (z—l)~bF (b,  c—a;  6— a+1;  j+-) 


15.5.14 

wiM=zl-'{z-\y-*-lF  (a— c+1, 


1—6;  a— 6+1; 


1— a;  6— a+1; 


15.5.3  to  15.5.14  constitute  Kummer’s  24  solutions  of  the  hypergeometric  equation.  The  analytic  con- 
tinuation of  u)it2m(z)  can  then  be  obtained  by  means  of  15.3.3  to  15.3.9. 

B.  One  of  the  numbers  a,  6,  c—a,  c— 6 is  an  integer . Then  one  of  the  hypergeometric  series  for 
instance  Wi,2(0),  15.5.3,  15.5.4  terminates  and  the  corresponding  solution  is  of  the  form 

15.5.15  w=2«(l- zyPn(z) 

where  pn(z)  is  a polynomial  in  z of  degree  n.  This  case  is  referred  to  as  the  degenerate  case  of  the 
hypergeometric  differential  equation  and  its  solutions  are  listed  and  discussed  in  great  detail  in  [15.2]. 

C . The  number  c—a—b  is  an  integer , c nonintegral . Then  15.3.10  to  15.3.12  give  the  analytic  continu- 
ation of  Wi  ,2(o)  into  the  neighborhood  of  2=1.  Similarly  15.3.13  and  15.3.14  give  the  analytic  continu- 
ation of  Wif2(0)  into  the  neighborhood  of  2=«  in  case  a— 6 is  an  integer  but  not  c,  subject  of 
course  to  the  further  restrictions  c— a=0,  ±1,  ±2  . . . (For  a detailed  discussion  of  all  possible 
cases,  see  [15.2]). 

D . The  number  c=l.  Then  15.5.3,  15.5.4  are  replaced  by 

15.5.16  t0i(O)=-F(a,  6;  1;  z) 
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15.5.17  102(0) =F(a,b;l;  z) In  2+S  znl4'(a+n)—^(a)+<p(.b+n)—ip(b)—2\p(n+l)+2yl/(l)}  (ls|<l) 

E.  The  number  c=m+l,  m=l,  2,  3 A fundamental  system  is 

15.5.18  wim=F(a,  b;m+l;z) 

15.5.19  w2m=F(a,  b;  m+ 1;  z)  In  s+S  zn[Ma+n)—t(<i)+Wb+n)—f(b)—f(m+l+n) 

+^(m+l)— ^(w+l)+lKl)]— Zj  g~”  (M<  1 and  a,  MO,  1,  2, . . . (m-1)) 

F.  The  number  c=\—m,  m= 1,  2,  3,  ... . A fundamental  system  is 

15.5.20  wU0)=zmF(a+m,  b+m;  1+m;  z) 

15.5.21 

w2m=zmF(a+m,  b+m;  1+m;  z)  In  z+zmj2z»  Ma+m+rO— iKa+m)+^(6+m+n) 

-^(6+m)-^(m+l+n)+^(m+l)-^(ii+l)+^(l)]-S  rr+*~™wi~”>?n  sm~n 

n-i  (l—a—m)n(l—b—m)„ 
(\z\<l  and  a,  6 5*0,  —1,  —2,  . . . — (m— 1)) 


15*6.  Riemann’s  Differential  Equation 

The  hypergeometric  differential  equation  15*5.1 
with  the  (regular)  singular  points  0,  1,  » is  a 
special  case  of  Riemann’s  differential  equation 
with  three  (regular)  singular  points  a,  b , c 


15.6.1 

d2W  . p-a-a'  1— ft-— ft'  1— 7— -7H  dw 

ds2  L z—a  0—6  2— c J dz 


+ 


~aa'(a — b)( 
z—a, 


b)(a—c)  00'(6—c)(6— a) 


z—b 


w 


yy'(c — a)(c — 6)“"| 

~ ~ J (z—a)(z—b)(z—c) 


=0 


2— c 


The  pairs  of  the  exponents  with  respect  to  the 
singular  points  a;  b;  c are  a,  a';  0,  /S';  7,  7'  respec- 
tively subject  to  the  condition 


15.6.2 


a+a'  +0+0'  +7+7'  = 1 


The  complete  set  of  solutions  of  15.6.1  is  denoted 
by  the  symbol 


15.6.3 


a 


w=P  1 a 0 


V 0'  7' 


Special  Cases  of  Riemann’s  P Function 
(a)  The  generalized  hypergeometric  function 


15.6.4 


0 


OO 


1 


W—P  •{  a 0 y i 

«'  V y' 

(b)  The  hypergeometric  function  F(a,  b;  e;  z) 


15.6.5 


w=P 


0 

0 


1—  c 


00 


a 


0 


b c—a—b 


(c)  The  Legendre  functions  Pi(z),  Qtt(z) 


15.6.6 


0 


w=P 


P 


CO 


SM 


1 


0 


(1-z2) 


2\  — 1 


*+fr  -y  \ 


(d)  The  confluent  hypergeometric  function 


15.6.7 


0 


00 


w=P  \-\~u  —c  c — k z 

1 — V/  0 k 

provided  lim  c-><» . 
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Transformation  Formulas  for  Riemann’s  P Function 


*'  P'  y' 


a 


15.6.9  P A<*  p y P 


a'  P'  y' 


di  bi  Cl 


«'  P'  y’ 


Zi 


b 

p—k—l 

p'-k-l 


c 

y+l 

y'+l 


where 


Azi-\-B Aai-\-B  Abi+B Aci-\-B 

15.6.10  *-Cgi+If  a~cai+D’  °~Cbi+D’  c~Cci+D 

and  A,  B,  C,  D are  arbitrary  constants  such  that  AD—BCt* 0. 
Riemann’s  P function  reduced  to  the  hypergeometric  function  is 


r a b 

15.6.11  P -J  « P 

L'  P' 


CO 

ot+P+y 

a+^'+7 


1 

0 


(g— a)(c—b) 
(z—b)(c—a) 


yr 


The  P function  on  the  right  hand  side  is  Gauss'  hypergeometric  function  (see  15*6.5).  If  it  is  replaced 
by  Rummer's  24  solutions  15*5*3  to  15*5.14  the  complete  set  of  24  solutions  for  Riemann’s  differential 
equation  15*6*1  is  obtained.  The  first  of  these  solutions  is  for  instance  by  15*5*3  and  15*6*5 


15*6*12  i^2 ft)  ^ 1+a— a'; 


15*7*  Asymptotic  Expansions 

The  behavior  of  F(a , b;  c;  z)  for  large  \z\  is 
described  by  the  transformation  formulas  of  15.3. 

For  fixed  a,  b , g.and  large  \c\  one  has  [15.8] 

15.7.1 

F(fl,  b;  c;  z) =±  &^**+0(\c\  — *) 

»*=0  \yjn  '«• 

For  fixed  a,  c,  z,  (cy^O,  —1,  —2,  . . . , 0<|s|<l) 
and  large  |6|  one  has  [15.2] 


(z- a)  (c-b)  1 

(z—b)  (c— a)J 

15.7.2 

F(a,  b;  c ; z)=e~i-a[T(c)/T(c-a)]  {bz)-a[l+0{\bz\-l)\ 

+[r(c)/r(a)]e>*(6a)a-<![l+0(|62|''1)] 

Zn 
2 

15.7.3 

F(a,  b;c;  z)=e^[ T(c)/T(c-a)]  (6s)-*[l +<9(|6s|~1)] 

+[r(c)/r(a)]el’*(63)o-c[l+O(|60|~1)] 

(— iir<  arg  (62)<fw) 

For  the  case  when  more  than  one  of  the  param- 
eters are  large  consult  [15.2]. 
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16.  Jacobian  Elliptic  Functions  and  Theta  Functions 

Mathematical  Properties 


Jacobian  Elliptic  Functions 
16. 1.  Introduction 

A doubly  periodic  meromorphic  function  is 
called  an  elliptic  function . 

Let  m,  mx  be  numbers  such  that 

m+mi=l. 

We  call  m the  parameter , mi  the  complementary 
parameter . 

In  what  follows  we  shall  assume  that  the  param- 
eter m is  a real  number.  Without  loss  of  gen- 
erality we  can  then  suppose  that  0<m<l  (see 

16.10, 16.11). 

We  define  quarter-periods  K and  iK'  by 

16.1.1 

fT/2  d9 

K(m)=K=  jz 

Jo  (1— m sin20)1/2’ 

CT/2  dB 

iK ' (m) =iK'=i\  j- ~~i  2~fl\T/2 

' Jo  (l—m1sm2B)1/2 

so  that  K and  K ' are  real  numbers.  K is  called 
the  real,  iK'  the  imaginary  quarter-period. 

We  note  that 


Let  p,  q be  any  two  of  the  letters  s,  c,  d,  n. 
Then  p,  q determine  in  the  lattice  a minimum 
rectangle  whose  sides  are  of  length  K and  K'  and 
whose  vertices  s,  c,  d,  n are  in  counterclockwise 
order. 

Definition 

The  Jacobian  elliptic  function  pq  u is  defined  by 
the  following  three  properties. 

(i)  pq  u has  a simple  zero  at  p and  a simple 
pole  at  q. 

(ii)  The  step  from  p to  q is  a half -period  of  pq  u. 
Those  of  the  numbers  Ky  iK' , K+iK'  which  differ 
from  this  step  are  only  quarter-periods. 

(iii)  The  coefficient  of  the  leading  term  in  the 
expansion  of  pq  u in  ascending  powers  of  u about 
u— 0 is  unity.  With  regard  to  (iii)  the  leading 
term  is  u}  l/u,  1 according  as  u= 0 is  a zero,  a 
pole,  or  an  ordinary  point. 

Thus  the  functions  with  a pole  or  zero  at  the 
origin  (i.e.,  the  functions  in  which  one  letter  is  s) 
are  odd,  and  the  others  are  even. 

Should  we  wish  to  call  explicit  attention  to  the 
value  of  the  parameter,  we  write  pq  ( u\m ) instead 
of  pq  u. 

The  Jacobian  elliptic  functions  can  also  be 
defined  with  respect  to  certain  integrals.  Thus  if 


16.1.2  K (m) = K'  (mi) =K'(l—m). 

We  also  note  that  if  any  one  of  the  numbers  m, 
mh  K(m),  K'(m),  K'(m)/K(m)  is  given,  all  the 
rest  are  determined.  Thus  K and  K'  can  not 
both  be  chosen  arbitrarily. 

In  the  Argand  diagram  denote  the  points  0,  K , 
K+iK'f  iK'  by  s,  c,  d,  n respectively.  These 
points  are  at  the  vertices  of  a rectangle.  The 
translations  of  this  rectangle  by  \K,  tdK',  where 
X,  /x  are  given  all  integral  values  positive  or  nega- 
tive, will  lead  to  the  lattice 


.s 

.c 

.S 

.c 

.n 

.d 

.n 

.d 

.s 

.c 

.s 

.c 

.n 

.d 

.n 

.d 

the  pattern  being  repeated  indefinitely  on  all 
sides. 


16.1.3 


dd 

(1— msin20)1/2, 


the  angle  <p  is  called  the  amplitude 


16.1.4  <p= am  u 


and  we  define 


16.1.5 


sn  w=sin  <py  cn  u= cos  <p , 

dn  u=(l—m  sin2  ^)1/2=A(^>). 

r 

Similarly  all  the  functions  pq  u can  be  expressed 
in  terms  of  <p.  This  second  set  of  definitions, 
although  seemingly  different,  is  mathematically 
equivalent  to  the  definition  previously  given  in 
terms  of  a lattice.  For  further  explanation  of 
notations,  including  the  interpretation,  of  such 
expressions  assn  (<p\a),  cn  (u\m)y  dn  (uf  k ),  see  17.2. 
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16.2.  Classification  of  the- Twelve  Jacobian  Elliptic  Functions 

According  to  Poles  and  Half-Periods 


1 

J 

Pole 
iK ' 

Pole 

K+iK' 

Pole 

K 

Pole 

0 

Half  period  iK' 

sn  u 

cd  u 

dc  u 

ns  u 

Periods  2iK%  4K+4iK',  4 K 

Half  period  K+iK' 

cn  u 

sd  u 

nc  u 

ds  u 

Periods  4 iK',  2K+2iK\  4K 

Half  period  K 

dn  u 

nd  u 

sc  u ^ 

cs  u 

Periods  4 iK't  4K+4iK',  2 K 

The  three  functions  in  a vertical  column  are 
copolar. 

The  four  functions  in  a horizontal  line  are 
coperiodic.  Of  the  periods  quoted  in  the  last  line 
of  each  row  only  two  are  independent. 


Figure  16.1.  Jacobian  elliptic  junctions 

sn  u,  cn  u,  dn  u 
1 


The  curve  for  cn  (w|i)  is  the  boundary  between  those 
which  have  an  inflexion  and  those  which  have  not. 


Figure  16.2.  Jacobian  elliptic  Junctions 

ns  u,  nc  u,  nd  u 


Figure  16.3.  Jacobian  elliptic  Junctions 
sc  u , cs  u,  cd  u,  dc  u 

1 


16.3.  Relation  of  the  Jacobian  Functions  to  the 


Copolar  Trio  sn  u,  cn  u, 

dnu 

16.3.1 

. cn  u 

cdtt=j — 

dnu 

, dn« 

dcu= 

cn« 

1 

ns«= 

snu 

16.3.2 

, sn  u 

sd  u=  j — 
dnu 

1 

nc  u= 

cnu 

, dnw 

ds  u= 

sn  u 

16.3.3 

nd«— T-i— 
dn^ 

snu 

SC  

cnu 

cnu 

cs  u= 

snu 

And  generally  if  p,  q,  r are  any  three  of  the  letters 
s,  c,  d,  n, 


16.3.4 


pq  u= 


pr u 
qru 


provided  that  when  two  letters  are  the  same,  e.g., 
pp  u,  the  corresponding  function  is  put  equal  to 
unity. 
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16.4.  Calculation  of  the  Jacobian  Functions  by 
Use  of  the  Arithmetic-Geometric  Mean 
(A.G.M.) 

For  the  A.G.M.  scale  see  17.6. 

To  calculate  sn  (u\m),  cn  ( u\m)>  and  dn  ( u\m ) 
form  the  A.G.M.  scale  starting  with 

16.4.1  ttfl=l  j 6oJ V ^'l  f CO Tft  y 

terminating  at  the  step  N when  cN  is  negligible  to 
the  accuracy  required.  Find  <pN  in  degrees  where 

16.4.2  <pN=2NaNu  — 


and  then  compute  successively  <pN-\,  ^y-2,  . . 
<pi,  <po  from  the  recurrence  relation 


16.4.3 

Then 


sin  *>„)==—  sin  <pn. 

dn 


16.4.4 

sn  (tt|m)=sin  <a,,  cn  (t4|m)=cos  <po 


dn  (w|m)= — 

cos  (<pi—<po) 


From  these  all  the  other  functions  can  be  deter 
mined. 


16.5.  Special  Arguments 


u 

sn  u 

cn  u 

dn  u 

16.5.1 

0 

0 

1 

I 

16.5.2 

\K 

1 

mi,/4 

m\ 1/4 

(l+mi>'2)>'2 

16.5.3 

K 

1 

0 

mi171 

16.5.4 

\(iK’) 

ml/* 

(l+m,/2)I/2 

16.5.5 

\{K+iK') 

2-iftm-i/4K1  -|_mt/«)i/t 

(£)”<■-« 

(f'Au+m.''2)''* 

V 4 ' — »(1— m,1/2),/2] 

16.5.6 

K+±(iK’) 

m-1/4 

. /I— to1/2\1/2 
1 \ ml/*  ) 

(1— to1/2)1/2 

16.5.7 

iK' 

00 

00 

00 

16.5.8 

\k+iK' 

(1  — mi1/2)-,/5 

.(  TOll/2  \*'2 

— imi1/4 

16.5.9 

K+iK ' 

m~l/t 

0 

16.6.  Jacobian  Functions  when  m=0  or  1 


© 

II 

§ 

m=l 

16.6.1 

sn  (u 

m) 

sin  u 

tanh  u 

16.6.2 

cn  (w 

m) 

cos  u 

sech  u 

16.6.3 

dn  ( u\m ) 

1 

sech  u 

16.6.4 

cd  (w|m) 

cos  u 

1 

16.6.5 

sd  (u\m) 

sin  u 

sinh  u 

16.6.6 

nd  (u| m) 

1 

cosh  u 

p 

16.6.7 

dc  ( u 

m) 

sec  u 

1 

16.6.8 

nc  lu 

m) 

sec  u 

cosh  u 

16.6.9 

sc  (u\m) 

tan  u 

sinh  u 

16.6.10 

ns  (wlm) 

CSC  u 

coth  u 

16.6.11 

ds  (u\m) 

CSC  u 

csch  u 

16.6.12 

cs  (u\m) 

cot  u 

csch  u 

16.6.13 

am  ( u\m ) 

u 

gd  u 

♦See  page  n. 
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16.9*  Relations  Between  the  Squares  of  the 

Functions 


16.9.1 

— dn2tt+Wi=—  m cn  2u=m  sn 2u—m 

16.9.2 

— mind2M+w&i=—  mmisd2w=m  cd2w- 

— m 

16.9.3 

misc2u+mi = minc2u=dc2u— m 

16.9.4 

ca2u+mi = ds2u = ns2u— m 

In  using  the  above  results  remember  that 
m+mi=l. 

If  pq  u,  rt  u are  any  two  of  the  twelve  functions, 
one  entry  expresses  tq2«  in  terms  of  pq2«  and 
another  expresses  qt 2u  in  terms  of  rt 2u.  Since 
tq2tt-qt2w=l,  we  can  obtain  from  the  table  the 
bilinear  relation  between  pq2w  and  rt 2u.  Thus 
for  the  functions  cd  u,  sn  u we  have 

16.9.5 

,»  1 — TO  cd2«  , , , 

nd2i/= f dn2u=l— m sn2u 

mx 

and  therefore 

16.9.6 

(1— m cd2w)(l— m sn2/^)=mi. 

16.10.  Change  of  Parameter 

Negative  Parameter 

If  m is  a positive  number,  let 

16.10.1 

TO  1 U ^ 

1 +m  1 + m v % N 7 

16.10.2 

sn  («|— TO)=Mi*sd  (»|/t) 

16.10.3 

cn  («|— jw)=cd  (»|m) 

16.10.4 

dn  («|— m)=nd  (»|m). 

16.11. 

. Reciprocal  Parameter  (Jacobi9s  Real 
Transformation) 

16.11.1 

to>0,  /tt=TO_1,  v=umm 

16.11.2 

sn  («|TO)=M,/2sn  (»|/t) 

16.11.3 

cn  («|to)  =dn  (p|/i) 

16.11.4 

dn  («|TO)=cn  (d|/i) 

Here  if  m>  1 then  m~1=n<i  1. 

Thus  elliptic  functions  whose  parameter  is  real 
can  be  made  to  depend  on  elliptic  functions  whose 
parameter  lies  between  0 and  1. 

16.12.  Descending  Landen  Transformation 
(Gauss9  Transformation) 

To  decrease  the  parameter,  let 


16.12.1 

then 

16.12.2 

16.12.3 


/I — ra!1/2\2  _ u 
Vl+Wli172/  ' ®_1+M,/2’ 


sn  (u\  m)  = 


(l+M1/2)sn(fl|M) 

l+n1/2sn2(v\n) 


cn  (u\m)= 


cn  (v\p)  dn  (p|m) 
1+m1/2  sn2  (v\ijl) 


16.12.4 


dn(u|m)= 


dn2(t?|ju)  — (1—  iim) 
(1  +n1/2)  — dn2(v\p) 


Note  that  successive  applications  can  be  made 
conveniently  to  find  sn  ( u\m ) in  terms  of  sn  (v\ n) 
and  dn  (u\m)  in  terms  of  dn  (v\p),  but  that  the 
calculation  of  cn  (u\m)  requires  all  three  functions. 


16.13.  Approximation  in  Terms  of  Circular 

Functions 


When  the  parameter  m is  so  small  that  we  may 
neglect  m2  and  higher  powers,  we  have  the 
approximations 


16.13.1 


1 


sn  (u\m)  «sin  u~-  m(u— sin  u cos  u)  cos  u 


16.13.2 

cn  (u\m)  «cosw+i  m(w— sin  u cos  u)  sin  u 


16.13.3 


dn  (u\m) « 1—  ^ w sin2  u 


16.13.4  am  (u\m)  —u—-^  m{u— sin  u cos  u). 


One  way  of  calculating  the  Jacobian  functions 
is  to  use  Landen’s  descending  transformation  to 
reduce  the  parameter  sufficiently  for  the  above 
formulae  to  become  applicable.  See  also  16.14. 


16.14.  Ascending  Landen  Transformation 
To  increase  the  parameter,  let 


u 


A.Tfll/2  /I  — |wV2\2 

16.14.1  M=  (1  + ml/2)2»  Ml  =(1  + TOl/2)  ’ V= 


16.14.2  sn  («|  to) = (1  +Mi1/2) 


sn  (p|m)  cn  (p|m) 
dn  (o|/») 


16.14.3  cn  («|  to) = 


1 +Mi1/2  dn  2(p[  m)  ~Mi  1/2 
/i  dn  (»|m) 


16.14.4  dn  (u|m)= 


1— Mi1/2dn2  (»|m)+Mii/2 

n dn  (®|m) 
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Note  that,  when  successive  applications  are  to 
be  made,  it  is  simplest  to  calculate  dn  (u\m)  since 
this  is  expressed  always  in  terms  of  the  same  func- 
tion. The  calculation  of  cn  (u\m)  leads  to  that  of 
dn 

The  calculation  of  sn  (u\m)  necessitates  the 
evaluation  of  all  three  functions. 

16.15*  Approximation  in  Terms  of  Hyperbolic 

Functions 

When  the  parameter  m is  so  close  to. unity  that 
m 2 and  higher  powers  of  mx  can  be  neglected  we 
have  the  approximations 

16.15.1 

sn(w|m)«tanh  w+^m!  (sinh  u cosh  u—u)  sech2  u 

16.15.2 

cn  (w|m)«sechw 

— i mi  (sinh  u cosh  u—u)  tanh  u sechw 

16.15.3 

dn  (^|m)«sech^ 

+ ^ mi  (sinh  u cosh  u+u)  tanh  u sech  u 

16.15.4 

am  ( u\m ) «gd  u+ - mx  (sinh  u cosh  u—u)  sech  u. 


16.17.  Addition  Theorems 


16.17.1  sn  (u+v) 


sn  u-cn  v-dn  y+sn  fl-cn  w-dn  u 
1— m sn2M*sn2y 


16.17.2  cn(w+y) 


16.17.3  dn(u+v)  = 


cn  u * cn  v— sn  u-dn^-sn^»dnp 
1— m sn2u  sn2v 

dn  u • dn  v — m sn  u • cn  u • sn  v • cn?; 


1 — msn2<M-sn2y 


Addition  theorems  are  derivable  one  from 
another  and  are  expressible  in  a great  variety  of 
forms.  Thus  ns  (u+v)  comes  from  l/sn(w+y)  in  the 
form  (1 — msn2u  sn2y)  / (sn  u cn  v dn  y+sn  v cnwdn  w) 

from  16.17.1. 

Alternatively  ns  (u  + v) =m1/2sn  { (iK' — u) —v } 
which  again  fronr  16.17.1  yields  the  form  (ns  ucsvdsu 
—ns  v cs  wds  y)/(ns2w— ns2y) . 

The  function  pq(w+y)  is  a rational  function  of 
the  four  functions  pq  pq  pq%  pq'*>- 

16.18.  Double  Arguments 

16.18.1  sn  2 u 

2sn  u • cn  u • dn  u 2sn  u - cn  u • dn  u 

1 — msn4u  cn2/w+sn2/tt  • dn2u 

16.18.2  cn  2 u 

cn2w— sn2/it  • dn2u cn2u—sn2u  • dn2u 

1 — msnAu  oxPu + sn?u  • dn  2u 


Another  way  of  calculating  the  Jacobian  func- 
tions is  to  use  Landen’s  ascending  transformation 
to  increase  the  parameter  sufficiently  for  the  above 
formulae  to  become  applicable.  See  also  16.13. 

16.16.  Derivatives 


Func- 

tion 

Derivative 

16.16.1 

sn  u 

cn  u dn  u 

16.16.2 

cn  u 

— sn  u dn  u 

Pole  n 

16.16.3 

dn  u 

-msiittcnu 

16.16.4 

cd  u 

— mi  sd  u nd  u 

16.16.5 

sd  u 

cd  u nd  u 

Pole  d 

16.16.6 

nd  u 

m sd  u cd  u 

16.16.7 

dc  u 

m i sc  u nc  u 

16.16.8 

nc  u 

sc  u dc  u 

Pole  c 

16.16.9 

sc  u 

dc  u nc  u 

16.16.10 

ns  u 

— ds  u cs  u 

16.16.11 

ds  u 

— cs  u ns  u 

Pole  s 

16.16.12 

cs  u 

— ns  u ds  u 

Note  that  the  derivative  is  proportional  to  the 
product  of  the  two  copolar  functions. 


16.18.3 


16.18.4 


dn  2 u 

dn 2u—  msn2u  • cn2  u dn2/M+ cn2u(dn2u— 1) 

1 — - msnAu  dn2tt — cn2u(dn2u— 1) 

1— cn  2u  sn2u  • dn2u 
1+cn  2u~~  cn 2u 


16.18.5 


1— dn  2 u rmn2u  * cn 2u 
1+dn  2 u dn2w 


16.19.1 

16.19.2 

16.19.3 


16.19.  Half  Arguments 

1— cn  u 


sn 2iu= 


1+dn  u 


dn  M+cn  u 

cn  2%u= — rri 

* 1+dnM 


dn2i  u= 


mx+dn  u+mcn  u 
1+dn  u 


16.20.  Jacobi’s  Imaginary  Transformation 

16.20.1  sn(iu|m)=isc(^|mi) 

16.20.2  cn(i^|m)=nc(u|  mx) 

16.20.3  dn(iu|m)=dc(u|  mx) 
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16.21.  Complex  Arguments 

With  the  abbreviations 

16.21.1 

s=sn(x|m),  c=cn(x|m),  d=dn(x|m),  si=sn(jf|mi), 

Cl=cn(2/|mi),  di=dn(y| raO 


16.21.2  sn(x+iy|7n)  = 


s • di+ic  • d • Si  • Ci 


c?+ms2  • Si 


« / i*i  \ c -Ci — is  • d • Si  • di 

16.21.3  cn(x+tylm)  = 


16.21.4  dn(x+i2/|m) 


d • Ci  • di— ims  • c - Si 


c?+  ms2  • s? 


16.22.  Leading  Terms  of  the  Series  in  Ascending 

Powers  of  u 

16.22.1 

sn(u\ m)  =u—  (1 + w)  ^+(l+14m+m2)  ^ 


U' 

- (1+ 135m + 135  m2+m3)  ±y+  . . . 


16.22.2 


cn(«|  m) = 1 — ^ + (1  +4  m)  ^ 


u 


6 


— (l+44m+16m2)  . . . 


16.22.3 

dn(w|m)=l--m  ^y+m(4+m)  ^ 


ud 


v; 


u 


6 


— m(16+44  m+  m2)  -^+  . . . 

No  formulae  are  known  foy  the  general  coeffi- 
cients in  these  series. 

16.23.  Series  Expansions  in  Terms  of  the  Nome 
q—e~rK,,K  and  the  Argument  v=wu/  (2K) 


2t 


M+ 1/2 


16.23.1  sn  (n|m)=w7/2g  S 1^g2B+1  sin  (2»+l)» 


2-j r 00  nn+1/2 

16.23.2  cn  («|  m) = 2 , , ^B+1  cos  (2n+l)v 


m1/2K  l+22n+1 

-ir  2-ir  00 

16.23.3  dn  («|  m)  ==2^-+g'  S ^ cos  2n® 

16.23.4 

2ir  ® ( 1 \nnn+H2 

cd  (u|  — JLi  cos  (2»+l)» 


16.23.5 


mll2K£z o 1— g2B+1 


2 it  ^ , ...  qn+m 


16.23.7 

dc  («|m)= 


wsecv 

2tt  00  /y2n+l 

Z (-i)B ■,  g.2»+i cos  (2»+i)» 

J\.  71=  0 A 


16.23.8 

nc  X«|  m)  =2wi,ig  sec 

2tt  00  /y2»+l 

“mp^S  ^~1)n  l+3Sn+1 008  (2n+1)* 

16.23.9 

sc  (u I m)  =2^772# tan® 

+^feS(-1)nr^8in2nl 


16.23.10 


16.23.11 


sin 


(2  71+] 


/ ^ 27r  ^ g2n+] 

ns  («| m)  — esc  v 

^2n+l 

sin  (2n- 


a2n 

i-2ism2t 


ds  («|m)-2ijrcsc  v K g 

16.23.12 

/l\  ^ A 27T^  g2” 

cs(«|m)=2Ecott;-^gI^ 

16.24.  Integrals  of  the  Twelve  Jacobian  Elliptic 

Functions 

16.24.1  y'sn  u du=m~112  In  (dn  u—mU2 cn  u) 

16.24.2  /cn  u du=m~112  arccos  (dn  u) 


16.24.3 


f dn  u du= arcsin  (sn  u) 


16.24.4  /*cd  u du=mr112  In  (nd  M+m1/2sd  u) 

16.24.5  /*sd  u du=(mmi)~112  arcsin  (— m1/2cd  u) 

16.24.6  fud  u du=mrU2  arccos  (cd  u) 

16.24.7  /Me  u du= In  (nc  w+sc  u) 

16.24.8  /*nc  u du=mil/2  In  (dc  w+m}/2sc  u) 

16.24.9  /*sc  u du=mil/2  In  (dc  w+m}/2nc  u) 

16.24.10  /*ns  u du=ln  (ds  u— cs  u) 

16.24.11  f ds  w du=]n  (ns  u—gs  u) 

) 

16.24.12  f o&  u du—\&  (ns  it— ds  u) 

In  numerical  us9  of  the  above  table  certain  re- 
strictions must  be  put  on  u in  order  to  keep  the 


3d  (u\m)—  yw  * /9  , s trie  turns  must  De  put  on  u m oraer  to  Keep  tne 

(mm^l,2K&Q  l+22n+1  n I arguments  of  the  logarithms  positive  and  to  avoid 
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trouble  with  many-valued  inverse  circular  func- 
tions. 


16.25.  Notation  for  the  Integrals  of  the  Squares 
of  the  Twelve  Jacobian  Elliptic  Functions 


16.25.1 

16.25.2 


Cd  u= 


16.26.  Integrals  in  Terms  of  the  Elliptic  Inte- 
gral of  the  Second  Kind  (see  17.4) 

16.26.1  raSn  u=  —E(u)  +u 

16.26.2  mCn  u=E(u)—mxu  Pole  n 

16.26.3  Dn  u=E(u) 

16.26.4  mCd  u—  —E(u)  +w+msn  u cdu 

16.26.5 

mmiSd  u=E(u)  —mxu—msn  ucdu  Pole  d 

16.26.6  mxNd  u=E(u)—m sn  u cd  u 

16.26.7  Dc  u=  — E(u ) +u+sn  u dc  u 

16.26.8 

mx N cu=  — E(u ) + whtt+sn  u dc  u Pole  c 

16.26.9  mi  Sc  u=  —E(u)  +sn  u dc  u 

16.26.10  Ns  u=  —E(u)  +u— cn  udsu 

16.26.11 

Ds  u=  — E(u ) +mxu— cn  u ds  u Pole  s 

16.26.12  Cs  — E(u ) — cn  u dsu 

All  the  above  may  be  expressed  in  terms  of 
Jacobi’s  zeta  function  (see  17.4.27). 


16.27.3  #3(2,  j) =#3(2)  = 1 +2  2 g"2  cos  2 nz 

71  = 1 

16.27.4 

Mz>  ?) =^4(2) =1+2  2 (—  l)n2"2  cos  2ft 2 

71  = 1 

Theta  functions  aye  important  because  every 
one  of  the  Jacobian  elliptic  functions  can  be  ex- 
pressed as  the  ratio  of  two  theta  functions. 
See  16.36. 

The  notation  shows  these  functions  as  depend- 
ing on  the  variable  2 and  the  nome  q,  |g|<l. 
In  this  case,  here  and  elsewhere,  the  convergence 
is  not  dependent  on  the  trigonometrical  terms. 
In  their  relation  to  the  Jacobian  elliptic  functions, 
we  note  that  the  nome  q is  given  by 

q=e~*K'/K, 

where  K and  iKf  are  the  quarter  periods.  Since 
q=q(m)  is  determined  when  the  parameter  m is 
given,  we  can  also  regard  the  theta  functions  as 
dependent  upon  m and  then  we  write 

#a(z,  q)=&a(z \™)>  a=  1,  2,  3,  4 

but  when  no  ambiguity  is  to  be  feared,  we  write 
&a(z)  simply. 

The  above  notations  are  those  given  in  Modern 
Analysis  [16.6]. 

There  is  a bewildering  variety  of  notations,  for 
example  the  function  #4(2)  above  is  sometimes 
denoted  by  &0(z)  or  &(z);  see  the  table  given  in 
Modern  Analysis  [16.6].  Further  the  argument 
u—2KzJtt  is  frequently  used  so  that  in  consulting 
books  caution  should  be  exercised. 

16.28.  Relations  Between  the  Squares  of  the 

Theta  Functions 

16.28.1  tf?(s)^(0) -*1(2)01(0) 

16.28.2  &\(z)  #4(0) = #4(2)  #1(0) — #1(2)  #3(0) 

16.28.3  ^(«)^(0)=tfJ(2)»J(0)-tf!(2)tf|(0) 


Z(u)=E(u)--j£U,  where  E=E(K) 

16.27.  Theta  Functions;  Expansions  in  Terms, 

of  the  Nome  q 

16.27.1 

(2,  (z)=2g1Hyy.(—l)nanin+1)  sin(2n+l)2 

71=0 

16.27.2 

^a(2, 2)=^(2)=2 <7,/42j  g"<*+1>  cos  (2ft+ 1)  2 

n-0 


16.28.4  =«7|(z)«7|(0)  -«^(s)«?|(0) 

16.28.5  0S(O)+0i(O)=0S(O) 

Note  also  the  important  relation 

16.28.6  (0) = «?2  (0)  t?3(0)  tf4(0)  or  t?,' = d2d3dt 


16.29.  Logarithmic  Derivatives  of ' the  Theta 

Functions 


16.29.1 


Mu) 


=cot  «+4 

71  = 1 


2 


2n 


1— g*" 


sin  2 nu 
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16.29.2 

^=-tan  «+4  ± (-1)»  sin  2 nu 

V2\U)  »= 1 A <2 


16.31.  Jacobi’s  Notation  for  Theta  Functions 
16.31.1  0(ti|m)=0(M)=#4(»), 


si-4  £ (_1>“  d°  *•“ 

&t(u) 


16.29.4 


=4  X)  r~2S  sin 


#4(«)  \if=i  l—q2n 

16.30.  Logarithms  of  Theta  Functions  of  Sum 

and  Difference 

16.30.1 


In 


fli(g+j8)i  sin  (a+|8) 
t?i(a — /3)  sin  (a— 1 8) 


00  | 

+4S 


ZTml—q 


02n 

sin  2 net  sin  2n0 


16.30.2 


. M<x+P)  1-  cos  («+ff) 
tf2(a— 0)  cos  (a— 1 3) 


+4  Xj  sin  2na  sin  2n(3 


16.30.3 


In 


#3 (<*+0)_ 

&3(a—f}) 

16.30.4 


n=l  7& 


4 £ (-DB  2* 
11=1 


71  1— q 


2n 


sin  2 na  sin  2^/3 


In  =4  X ^ ; g^  sin  2»«  sin  2«/3 

u4(a — p)  „=i  nl—qin 

The  corresponding  expressions  when  0=i7  are 
easily  deduced  by  use  of  the  formulae  4.3.55  and 
4.3.56. 


16.31.2  0!  (u\  m) = 0x  ( u ) = #3  ( v ) = 0 (u+K) 

16.31.3  B(u\  m)  = E(u) =#&) 

16.31.4  Hx(u|  m) =H1(w) =#20>)  = H(u+^Q 

16.32.  Calculation  of  Jacobi’s  Theta  Function 
®{u\m)  by  Use  of  the  Arithmetic-Geometric 
Mean 

Form  the  A.G.M.  scale  starting  with 

16.32.1  a0=l,  &o=VW>  c0=^fm 

terminating  with  the  iVth  step  when  cN  is  negligible 
to  the  accuracy  required.  Find  <pN  in  degrees, 
where 

1 ono 

16.32.2  (Ptf 2N Cbj/Ut 

7 r 

and  then  compute  successively  (pN. 2,  . . 

<Pif  <pq  from  the  recurrence  relation 


£ 

16.32.3  sin  (2^>n_i— ^>n)  =—  sin  <pn. 

dn 

Then 

16.32.4 


In  e(«|m)4  to  2”i,,g<")4  In  £25ia =&> 

v 1 7 2 7 r 2 cos^> 

+|  In  sec  (2^0—^i)+|  In  sec  (2<p1—<p2)  + . . . 

+2^+1  sec  ^>N~l  Vn) 


16.33.  Addition  of  Quarter-Periods  to  Jacobi’s  Eta  and  Theta  Functions 


u 

— u 

u+K 

u+2K 

u+iK ' 

u + 2iK' 

u+K+iK' 

u+2K  + 2iK' 

16.33.1 

H(tt) 

-H(m) 

H,(u) 

-H(tt) 

iM(u)Q(u) 

—N(u)n(u) 

Af(«)0i(«O 

N(u)B(u) 

16.33.2 

H,(m) 

H,(«) 

-H(m) 

M(u)  0i  (u) 

— iM{u)@(u) 

— N(u)Tl\{u) 

16.33.3 

0i  w 

0i(w) 

0(w) 

01 M 

M(u)B,(u) 

N(u)Qi(u) 

iM(u)B(u) 

N(u)Qi(u ) 

16.33.4 

0(«) 

0(w) 

01  (u) 

0(tt) 

1 

iM(u)H(u) 

— N(u)Q(u) 

— N(u)@(u) 

where 

M(tt)==[exp  (-J0]  2"*> 
N(«)=[exp  2_1 


H(w)  and  have  the  period  4tK.  0(u)  and 

0i  (u)  have  the  period  2K. 

2%K'  is  a quasi-period  for  all  four  functions, 
that  is  to  say,  increase  of  the  argument  by  2 %K! 
multiplies  the  function  by  a factor. 
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16.34.  Relation  of  Jacobi’s  Zeta  Function  to  the 

Theta  Functions 


Z(«)=^ln0(«) 


16.34.1  Z(u)= 


16.34.2 


,<§) 

2K<m 

IT  ^(M) 


cnudnu 


sn  u 


dn  u sn  u 


i 

2 K 0 /7 vu\  cn  u 


16.34.3 


. * 0* 


2 KJ 


16.34.4 


2K<%) 

* a‘(w) 
'2K»>(m) 


m 


sn  u cn  u 
dn  u 


16.35.  Calculation  of  Jacobi’s  Zeta  Function 
Z(u\m)  by  Use  of  the  Arithmetic-Geometric 
Mean 

Form  the  A.G.M.  scale  17.6  starting  with 

16.35.1  Oo= 1 , b0=  , c0=  4m 

terminating  at  the  Mh  step  when  cN  is  negligible 
to  the  accuracy  required.  Find  <p„  in  degrees 
where 


16.35.2 


(Pa — 2NaNu 


180c 


7T 


and  then  compute  successively  <pN- 2,  • • •> 

<Piy  <pq  from  the  recurrence  relation 

c • 

16.35.3  sm  ■ sm 

dn 

Then 

16.35.4 

Z(u\m)=Ci  sin  <pi +c2  sin  . . . +c#  sin  #y. 

16.36.  Neville’s  Notation  for  Theta  Functions 

These  functions  are  defined  in  terms  of  Jacobi’s 
theta  functions  of  16.31  by 

16.36.1 


16.36.! 


^ \ / 


If  X,  are  any  integers  positive,  negative,  or 
zero  the  points  Uo+2\K+2/nKr  are  said  to  be 
congruent  to  Uo- 

tis(u)  has  zeros  at  the  points  congruent  to  0 
has  zeros  at  the  points  congruent  to  K 
tin(u)  has  zeros  at  the  points  congruent  to  iK' 
tid'd)  has  zeros  at  the  points  congruent  to 
K+iK' 

Thus  the  suffix  secures  that  the  function  tip(u) 
has  zeros  at  the  points  marked  p in  the  intro- 
ductory diagram  in  16.1.2,  and  the  constant  by 
which  Jacobi’s  function  is  divided  secures  that  the 
leading  coefficient  of  tiP(u)  at  the  origin  is  unity. 
Therefore  the  functions  have  the  fundamentally 
important  property  that  if  p,  q are  any  two  of  the 
letters  s,  c,  n,  d,  the  Jacobian  elliptic  function 
pq  u is  given  by 

=tiP(u) 


16.36.3 


pq  u 


tid'd ) 


These  functions  also  have  the  property 


16.36.4 


16.36.5 


m^tidK—u) = tis  (u) 
m^tidK—u) =tin(u) , 


for  complementary  arguments  u and  K—u. 

In  terms  of  the  theta  functions  defined  in  16.27, 
let  v=ttu/(2K),  then 

ltM.6 

16JK.7  ».<«>-$§■ 


Figure  16.4.  NeviUe9 s theta  Junctions 
#.(«),  <»*(«)>  «?<(«),  #»(«) 


1 

m~2 
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m= 


16.37.  Expression  as  Infinite  Produets 

q=q(rri),  v—ttu/(2K) 

16.37.1 

sint?  II  (1— 2g2n  cos  2«?+g4n) 


\mmi/ 


n-l 


16.37.2 


— 1 cos#  II  (1+222*  cos  2«?+24n) 

\ m / n-1 


16.37.3 


mmA1/12 


H (l+2g2tt~1  cos  2«?+g4w“2) 


16.37.4 


*»(u)"(l6 ^),/U  J,  (1-222B_1  COS  2p+24b_2) 


16.38.  Expression  as  Infinite  Series 
Let  v=iru/(2K) 

16.38.1 

[9~n1/2  H/2  o> 

16.38.2  &c(u)  =j^i/2jf1  S 2n(B+1)  cos  (2w+l)» 

16.38.3  &d(u)  =[*]  { 1 +2  S ff1*2  cos  2«y } 

16.38.4 

[_  "1  1/2  oo 

2mi/2gJ  {1+2S(— l)B2n2cos2w»} 

16.38.5  (22f/ir)  1/2=  1 +2g+2g4+2g®+  . . . =#3(0,g) 

16.38.6 

(2K’/*)m  = 1 -f-2g,  + 2g} + 2g? + . . . = tf3(0,  g,) 

16.38.7 

(2m1/2iiC/7r)1/2=2g1/4(l+g2+g6+g12+g20+ . . .) 

=^2(0,  g) 

16.38.8 


(2m}/2JS7ir)1/2=l--22+224— 2g9+ . . . =tM0j  <z)- 


Numerical  Methods 


16.39.  Use  and  Extension  of  the  Tables 

Example  1.  Calculate  nc  (1.99650|.64)  to  4S. 
From  Table  17.1, 1. 99650 =K+. 001.  From  the 
table  of  principal  terms 

ncu=—  mf1/2/(tt— K)+  . . . 

nc  (if  + .001 1 .64) =~ ( qq^~  */2+  . . . 

_ 10000 
6 + * “ 


=—1667+  . . . 


and  since  the  next  term  is  of  order  .001  this  value 
— 1667  is  correct  to  at  least  4S. 

Example  2.  Use  the  descending  Landen  trans- 
formation to  calculate  dn  (.20|.19)  to  6D. 

Here  m=.19,  ml/2=.9  and  so  from  16.12.1 

"“(is)’'  1+"W=I5’"=19- 

Also 


m~(A) = 


10“eX7.67 


which  is  negligible. 
From  16.12.4 


dn(.20|.19) 


(1+is)_dn’[19|(is)’! 


Now  from  16.13.3 

dn[19IGs)]-  .999951 

whence  dn  (.20|.  19)  = .996253. 

Example  3.  Use  the  ascending  Landen  trans- 
formation to  calculate  dn  (.20|.81)  to  5D. 

From  16.14.1 

_4(.9)_360  /IV 
M (1.9)2  361 ’ Ml  \19/ 

1+#l|/2=lD’  »=^X.20=.19, 

Mi  is  negligible  to  4D.  Thus 
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dn  (.20|.81)=^X 


From  16.15.3 


dn(.19  I|j0=sech  (.19)+|Xg^j  tanh  .19  sech  .19 

[sinh  .19  cosh.l9+.19] 
= .982218+7X^7  (.187746)  (.982218) 

4 ool 

[(.191145)  (1.01810) +.19] 

= .982218+7Xtz7  (.184408)[.384605] 
4 obi 

= . 9822 1 8 + .000049 = . 982267 . 


Example  4.  Use  the  ascending  Landen  trans- 
formation to  calculate  cn  (.20|.81)  to  6D. 

Using  16.14.4,  we  calculate  dn  (.20|.81)  and 
deduce  cn  (.20|.81)  from  16.14.3  settling  the  sign 
from  Figure  16.1. 

As  in  the  preceding  example,  we  reduce  the 

calculation  of  dn  (.20|.81)  to  that  of  dn  ^.19  | 
when 

dn  (.19 1 .982267 

dn  (.20|.81)  = . 984056 
cn  (.20|.81) =.980278. 


Thus  dn  (.20|. 81) =.98406. 


Example  5.  Use  the  A.G.M.  scale  to  compute  dc  (.672| .36)  to  4D. 

64 

From  16.9.6  we  have  dc2(.672|.36)  = .36+^_sn2^  30)*  now  ca^culate  sn(.672|.36)  by  the 

method  given  in  16.4.  Form  the  A.G.M.  scale 


n 

an 

j 

bn 

Cn 

an 

<Pn 

sin  <pn 

sin  (2 <pn-i  — <pn) 

2^n— 1 <Pn 

0 

1 

. 8 

. 6 

. 6 

. 65546 

. 60952 

1 

. 9 

. 89443 

. 1 

. 11111 

1.  2069 

. 93452 

. 10383 

. 10402 

2 

. 89721 

. 89721 

. 00279 

. 00311 

2.  4117 

. 66679 

. 00207 

. 00207 

3 

. 89721 

. 89721 

0 

0 

4.  8234 

99384 

0 

0 

<pn  = 2nanu  23(. 89721)  (.672)  =4.8234 

continuing  until  cn=0  to  5D. 

Then  complete  as  indicated  in  16.4  to  find  <p0  and  so  sn  u and  hence  dc  u , 

<Po=  .65546  sn  ^=.60952  dc  w=  1.1740. 

Example  6.  Use  the  A.G.M.  scale  to  compute  0(.6|.36)  to  5D. 

We  use  the  method  explained  in  16.32  with  Oo=l,  &o=  .8,  c0=.6. 

Computing  the  A.G.M.  as  explained  in  17.6,  we  find 


(For  values  of  an,  bn , cny  see  Example  5.) 


n 

<Pn 

sin  <pn 

sin  (2<pn-i  — <pn) 

2<pn-l  — <pn 

SeC  (2<pn-l  — <pn) 

2n+l  In  sec  (2#>n-l  — V*) 

0 

1 

. 58803 
1.  0780 

. 55472 
. 88101 

. 09789 

. 09805 

1.  0048 

. 00120 

2 

2.  1533 

. 83509 

. 00260 

. 00260 

1. 

0 

3 

4.  3066 

91879 

0 

0 

1. 

0 

and  then  complete  the  calculation  outlined  in  16.32  to  give 

In  ©(tt|m)  = — .05734 + .02935 + .00120 
= -.02679 
0(w|m) =.97357. 


The  series  expansion  for  0 is  preferable. 
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RramplB  7.  Use  the  g-series  to  compute 
cs  (.53601  62|.09). 

Here  we  use  the  series  16.23.12,  jK=  1.60804  862, 
g=  .00589  414,  »=^=|radians  or  30°. 

Since  g4  is  negligible  to  8D,  we  have  to  7D 
cs  (.53601  62|.09) 

=2K  COt  30°_ K { 1+g2  sm  60°  } 

= (.97683  3852)  (1.73205  081) 

—3.90733  541 [(.00003  4740)(.86602  5404)] 
=1.69180  83. 


Example  8.  Use  theta  functions  to  compute 
sn  (.6 1802 1. 5)  to  5D. 

Here  #($)= 1.85407 

o .61802 

e = 


Thus 


1. 85407  X9°°  3°° 
sin2  a=  1/2,  a= 45°. 

__  /filsn2,  ^ (30°\45°) 

sn  (.61802|.5) 


.59128 


=.56458 


1.04729 

from  Table  16.1. 

Example  9.  Use  theta  functions  to  compute 
sc  (.61802 1. 5)  to  5D. 

As  in  the  preceding  example 

€°=30°,  a°=45° 

so  that 

^ «M30°\45°) 
sc  (.61802|  •5)-^(30o\45oy 

We  use  Table  16.1  to  give 


tf,(30°\45°)=.59128 
(sec  45o)ty,(30°\45°)= 1.02796. 
Therefore 

sc  (.61802|.5)=j||^  (sec  45°)» 

=.68402. 

Example  10.  Find  sn  (.75342 1. 7)  by  inverse 
interpolation  in  Table  17.5. 

This  method  is  explained  in  chapter  17,  Example 
7. 

Example  11.  Find  u,  given  that  cs  (w|.5)  = .75. 
From  16.9.4  we  have 


Thus 

and 


sn'  u= 


1+cs  2u 


sn2  (tt|.5)=.64 
sn  (w|.5)=.8. 


We  have  therefore  replaced  the  problem  by 
that  of  finding  u given  sn  (u\m),  where  mis  known. 
If  *>= am  u 


sin  <p=8n  u and  so 

*>=.9272952  radians  or  53.13010°. 

From  Table  17.5, 


u=F( 53. 13010°\45°) = .9939 1 . 

Alternatively,  starting  with  the  above  value  of 
tp  we  can  use  the  A.G.M.  scale  to  calculate  F(<p\at) 
as  explained  in  17.6.  This  method  is  to  be  pre- 
ferred if  more  figures  are  required,  or  if  a differs 
from  a tabular  value  in  Table  17.5. 
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Table  16.1 


THETA  FUNCTIONS 


e\a 

0° 

5° 

10° 

15° 

20° 

25° 

*/€l 

0° 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

90* 

5 

0.08715  5743 

0.08732  1966 

0.08782  4152 

0.08867  3070 

0.08988  7414 

0.09149  5034 

85 

10 

0.17364  8178 

0.17397  9362 

0.17497  9967 

0.17667  1584 

0.17909  1708 

0.18229  6223 

80 

15 

0.25881  9045 

0.25931  2677 

0.26080  4191 

0.26332  6099 

0.26693  4892 

0.27171  4833 

75 

20 

0.34202  0143 

0.34267  2476 

0.34464  3695 

0.34797  7361 

0.35274  9211 

0.35907  2325 

70 

25 

0.42261  8262 

0.42342  4343 

0.42586  0446 

0.42998  1306 

0.43588  2163 

0.44370  5382 

65 

30 

0.50000  0000 

0.50095  3708 

0.50383  6358 

0.50871  3952 

0.51570  1435 

0.52497  0857 

60 

35 

0.57357  6436 

0.57467  0526 

0.57797  7994 

0.58357  6134 

0.59159  9683 

0.60225  0597 

55 

40 

0.64278  7610 

0.64401  3768 

0.64772  1085 

0.65399  8067 

0.66299  9145 

0.67495  6130 

50 

45 

0.70710  6781 

0.70845  5688 

0.71253  4820 

0.71944  3681 

0.72935  6053 

0.74253  3161 

45 

50 

0.76604  4443 

0.76750  5843 

0.77192  5893 

0.77941  4712 

0.79016  4790 

0.80446  5863 

40 

55 

0.81915  2044 

0.82071  4821 

0.82544  2256 

0.83345  4505 

0.84496  1783 

0.86028  0899 

35 

60 

0.86602  5404 

0.86767  7668 

0.87267  6562 

0.88115  1505 

0.89332  9083 

0.90955  1166 

30 

65 

0.90630  7787 

0.90803  6964 

0.91326  9273 

0.92214  2410 

0.93489  7610 

0.95189  9199 

25 

70 

0.93969  2621 

0.94148  5546 

0.94691  1395 

0.95611  4956 

0.96935  0025 

0.98700  0216 

20 

75 

0.96592  5826 

0.96776  8848 

0.97334  6839 

0.98281  0311 

0.99642  3213 

1.01458  4761 

15 

80 

0.98480  7753 

0.98668  6836 

0.99237  4367 

1.00202  5068 

1.01591  0350 

1.03444  0908 

10 

85 

0.99619  4698 

0.99809  5528 

1.00384  9133 

1.01361  2807 

1.02766  2527 

1.04641  6011 

5 

90 

1.00000  0000 

1.00190  8098 

1.00768  3786 

1.01748  5224 

1.03158  9925 

1.05041  7974 

0 

e\a 

o 

O 

00 

CO 

*1 

40° 

45° 

50° 

55° 

a/e, 

0° 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

90° 

5 

0.09353  4894 

0.09606  0073 

0.09914  2353 

0.10287  9331 

0.10740  5819 

0.11291  2907 

85 

10 

0.18636  3367 

0.19139  9811 

0.19754  9961 

0.20501  0420 

0.21405  3194 

0.22506  4618 

80 

15 

0.27778  4006 

0.28530  3629 

0.29449  2321 

0.30564  8349 

0.31918  5434 

0.33569  3043 

75 

20 

0.36710  5393 

0.37706  5455 

Q.38924  7478 

0.40405  4995 

0.42204  9614 

0.44403  4769 

70 

25 

0.45365  1078 

0.46599  3521 

0.48110  6437 

0.49950  2749 

0.52189  9092 

0.54932  5515 

65 

30 

0.53676  4494 

0.55141  5176 

0.56937  7735 

0.59127  8602 

0.61799  6720 

0.65080  1843 

60 

35 

0.61581  3814 

0.63268  1725 

0.65339  2178 

0.67868  8658 

0.70961  8904 

0.74770  4387 

55 

40 

0.69019  6708 

0.70917  3264 

0.73250  7761 

0.76106  3101 

0.79606  0581 

0.83928  2749 

50 

45 

0.75934  4980 

0.78030  3503 

0.80611  4729 

0.83776  1607 

0.87664  1114 

0.92480  2089 

45 

50 

0.82272  9031 

0.84552  4503 

0.87364  0739 

0.90817  9128 

0.95071  1025 

1.00355  1297 

40 

55 

0.87986  2121 

0.90433  1298 

0.93455  6042 

0.97175  1955 

1.01765  9399 

1.07485  2509 

35 

60 

0.93030  4365 

0.95626  6326 

0.98837  8598 

1.02796  3895 

1.07692  1759 

1.13807  1621 

30 

65 

0.97366  6431 

1.00092  3589 

1.03467  8996 

1.07635  2410 

1.12798  8100 

1.19262  9342 

25 

70 

1.00961  2870 

1.03795  2481 

1.07308  5074 

1.11651  4503 

1.17041  0792 

1.23801  2299 

20 

75 

1.03786  5044 

1.06706  1179 

1.10328  6100 

1.14811  2152 

1.20381  2008 

1.27378  3626 

15 

80 

1.05820  3585 

1.08801  9556 

1.12503  6391 

1.17087  7087 

1.22789  0346 

1.29959  2533 

10 

85 

1.07047  0366 

1.10066  1511 

1.13815  8265 

1.18461  4727 

1.24242  6337 

1.31518  2322 

5 

90 

1.07456  9932 

1.10488  6686 

1.14254  4218 

1.18920  7115 

1.24728  6586 

1.32039  6454 

0 

e\a 

60° 

65° 

70° 

75° 

00 

00 

aj  € 

0° 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

0.00000  0000 

90  • 

5 

0.11968  1778 

0.12814  8474 

0.13904  1489 

0.15372  0475 

0.17522  3596 

0.21321  7690 

85 

10 

0.23861  4577 

0.25558  9564 

0.27747  6571 

0.30706  5715 

0.35063  9262 

0.42844  3440 

80 

15 

0.35604  4091 

0.38160  3032 

0.41467  2740 

0.45960  9511 

0.52633  5260 

0.64743  4941 

75 

20 

0.47120  6153 

0.50544  4270 

0.54994  7578 

0.61082  7702 

0.70219  9693 

0.87146  4767 

70 

25 

0.58332  3727 

0.62633  5361 

0.68254  9331 

0.76005  8920 

0.87783  8622 

1.10111  6239 

65 

30 

0.69160  6043 

0.74345  9784 

0.81164  3704 

0.90647  6281 

1.05251  4778 

1.33612  3616 

60 

35 

0.79525  0355 

0.85596  1570 

0.93630  8263 

1.04907  2506 

1.22511  1680 

1.57526  8297 

55 

40 

0.89344  6594 

0.96294  9380 

1.05553  5305 

1.18666  0037 

1.39412  6403 

1.81633  9939 

50 

45 

0.98538  4972 

1.06350  5669 

1.16824  3466 

1.31788  6740 

1.55769  2334 

2.05616  7815 

45 

50 

1.07026  6403 

1.15670  0687 

1.27329  7730 

1.44126  6644 

1.71363  1283 

2.29072  3417 

40 

55 

1.14731  5349 

1.24161  0747 

1.36953  6895 

1.55522  4175 

1.85953  2258 

2.51529  0558 

35 

60 

1.21579  4546 

1.31733  9855 

1.45580  7011 

1.65814  9352 

1.99285  2358 

2.72469  4161 

30 

65 

1.27502  0900 

1.38304  3549 

1.53099  8883 

1.74846  0610 

2.11103  3523 

2.91357  4159 

25 

70 

1.32438  1718 

1.43795  3601 

1.59408  7380 

1.82467  1332 

2.21162  7685 

3.07668  6743 

20 

75 

1.36335  0417 

1.48140  2159 

1.64417  0149 

1.88545  5864 

2.29242  2061 

3.20921  2227 

15 

80 

1.39150  0813 

1.51284  3876 

1.68050  3336 

1.92971  0721 

2.35155  6149 

3.30704  7313 

10 

85 

1.40851  9209 

1.53187  4716 

1.70253  2036 

1.95660  6998 

2.38762  2438 

3.36705  9918 

5 

90 

1.41421  3562 

1.53824  6269 

1.70991  3565 

1.96563  0511 

2.39974  3837 

3.38728  7004 

0 

Vseccr  dc 


c°=^  90°  €°  =90°-  6°  Of=arcsin  Vw  t?s  (*'  i *»)  ■ = $s  (e°\  o?) 


In  calculating  elliptic  functions  from  theta  functions,  when  the  modular  angle  exceeds  about  60°,  use 


the  descending  Landen  transformation  16.12  to  induce  dependence  on  a smaller  modular  angle. 
Compiled  from  E.  P.  Adams  and  R.  L.  Hippisley,  Smithsonian  mathematical  formulae  and  tables  of 
elliptic  functions,  3d  reprint  (The  Smithsonian  Institution,  Washington,  D.C.,  1957)  (with  permission). 
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THETA  FUNCTIONS  Table  16.1 


0° 

5° 

10° 

15° 

20“ 

25° 

0° 

1 

1.00000  00000 

1.00000  00000 

1.00000 

00000 

1.00000  00000 

1.00000  00000 

90 

5 

1 

1.00001  44942 

1.00005  83670 

1.00013 

28199 

1.00023  99605 

1.00038  29783 

85 

10 

1 

1.00005  75362 

1.00023  16945 

1.00052 

72438 

1.00095  25510 

1.00152  02770 

80 

15 

1 

1.00012  78184 

1.00051  47160 

1.00117 

12875 

1.00211  61200 

1.00337  73404 

75 

20 

1 

1.00022  32051 

1.00089  88322 

1.00204 

53820 

1.00369  53131 

1.00589  77438 

70 

25 

1 

1.00034  07982 

1.00137  23717 

1.00312 

29684 

1.00564  21475 

1.00900  49074 

65 

30 

1 

1.00047  70246 

1.00192  09464 

1.00437 

13049 

1.00789  74700 

1.01260  44231 

60 

35 

1 

1.00062  77451 

1.00252  78880 

1.00575 

24612 

1.01039  27539 

1.01658  69227 

55 

40 

1 

1.00078  83803 

1.00317  47551 

1.00722 

44718 

1.01305  21815 

1.02083  14013 

50 

45 

1 

1.00095  40492 

1.00384  18928 

1.00874 

26104 

1.01579  49474 

1.02520  88930 

45 

50 

1 

1.00111  97181 

1.00450  90305 

1.01026 

07491 

1.01853  77143 

1.02958  63905 

40 

55 

1 

1.00128  03532 

1.00515  58975 

1.01173 

27599 

1.02119  71444 

1.03383  08852 

35 

60 

1 

1.00143  10738 

1.00576  28392 

1.01311 

39167 

1.02369  24323 

1.03781  34098 

30 

65 

1 

1.00156  73002 

1.00631  14139 

1.01436 

22536 

1.02594  77596 

1.04141  29561 

25 

70 

1 

1.00168  48932 

1.00678  49535 

1.01543 

98405 

1.02789  45992 

1.04452  01522 

20 

75 

1 

1.00178  02800 

1.00716  90696 

1.01631 

39354 

1.02947  37972 

1.04704  05862 

15 

80 

1 

1.00185  05621 

1.00745  20912 

1.01695 

79795 

1.03063  73701 

1.04889  76746 

10 

85 

1 

1.00189  36042 

1.00762  54187 

1.01735 

24037 

1.03134  99632 

1.05003  49895 

5 

90 

1 

1.00190  80984 

1.00768  37857 

1.01748 

52237 

1.03158  99246 

1.05041  79735 

0 

«\* 

00 

°o 

35° 

40° 

45° 

50° 

55° 

altl 

0° 

1.00000  00000 

1.00000  00000 

1.00000  00000 

1.00000  00000 

1.00000 

00000 

1.00000 

00000 

90° 

5 

1.00056  64294 

1.00079  66833 

1.00108  26253 

1.00143  67802 

1.00187  71775 

1.00243 

05914 

85 

10 

1.00224  85079 

1.00316  25308 

1.00429  76203 

1.00570  35065 

1.00745 

17850 

1.00964 

88003 

80 

15 

1.00499  51300 

1.00702  56701 

1.00954  73402 

1.01267  06562 

1.01655 

47635 

1.02143 

61311 

75 

20 

1.00872  28461 

1.01226  87413 

1.01667  23379 

1.02212  67193 

1.02891 

00179 

1.03743 

56974 

70 

25 

1.01331  83978 

1.01873  24599 

1.02545  62012 

1.03378  46028 

1.04414 

27466 

1.05716 

29130 

65 

30 

1.01864  21583 

1.02622  04548 

1.03563  21191 

1.04729  03271 

1.06179 

07561 

1.08002 

00285 

60 

35 

1.02453  23743 

1.03450  52308 

1.04689  09786 

1.06223  37524 

1.08131 

84270 

1.10531 

40947 

55 

40 

1.03081  00797 

1.04333  50787 

1.05889  07481 

1.07816  10137 

1.10213 

29153 

1.13227 

78297 

50 

45 

1.03728  45330 

1.05244  17208 

1.07126  68617 

1.09458  82886 

1.12360 

21058 

1.16009 

27802 

45 

50 

1.04375  90125 

1.06154  84606 

1.08364  32917 

1.11101  64844 

1.14507 

37802 

1.18791 

40899 

40 

55 

1.05003  67930 

1.07037  85902 

1.09564  39724 

1.12694  63970 

1.16589 

54205 

1.21489 

61356 

35 

60 

1.05592  71242 

1.07866  37978 

1.10690  42279 

1.14189  38846 

1.18543 

40490 

1.24021 

82552 

30 

65 

1.06125  10260 

1.08615  23221 

1.11708  18582 

1.15540  45920 

1.20309 

54999 

1.26310 

97835 

25 

70 

1.06584  67280 

1.09261  66042 

1.12586  75438 

1.16706  77783 

1.21834 

25328 

1.28287 

36204 

20 

75 

1.06957  45853 

1.09786  02047 

1.13299  42539 

1.17652  88244 

1.23071 

12287 

1.29890 

75994 

15 

80 

1.07232  13226 

1.10172  37756 

1.13824  53698 

1.18350  00363 

1.23982 

51648 

1.31072 

29838 

10 

85 

1.07400  34764 

1.10408  99048 

1.14146  12760 

1.18776  94140 

1.24540 

69243 

1.31795 

95033 

5 

90 

1.07456  99318 

1.10488  66859 

1.14254  42177 

1.18920  71150 

1.24728 

65857 

1.32039 

64540 

0 

e'<*  60°  65“  70“  75“  80°  85“  «/«i 


0° 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

1.00000 

00000 

90° 

5 

1.00313 

85295 

1.00406 

92257 

1.00534 

44028 

1.00720 

88997 

1.01026 

06485 

1.01663 

88247 

85 

10 

1.01245 

94672 

1.01615 

50083 

1.02121 

95717 

1.02862 

79374 

1.04076  43440 

1.06618 

38299 

80 

15 

1.02768 

16504 

1.03589 

51569 

1.04715 

56657 

1.06363 

90673 

1.09068  07598 

1.14751 

59063 

75 

20 

1.04834 

57003 

1.06269 

75825 

1.08238 

38086 

1.11122 

86903 

1.15864 

11101 

1.25875 

62174 

70 

25 

1.07382 

76019 

1.09575 

73598 

1.12585 

71388 

1.17001 

24008 

1.24276 

19421 

1.39725 

25218 

65 

30 

1.10335 

71989 

1.13408 

00433 

1.17627 

97795 

1.23826  96285 

1.34068 

05139 

1.55957 

26706 

60 

35 

1.13604 

11010 

1.17651 

06705 

1.23214 

31946 

1.31398  80140 

1.44960 

33094 

1.74151 

57980 

55 

40 

1.17088 

93642 

1.22176 

77148 

1.29176 

91861 

1.39491 

71251 

1.56636 

90138 

1.93815 

19599 

50 

45 

1.20684 

51910 

1.26848 

10938 

1.35335 

85717 

1.47863 

07744 

1.68752 

66770 

2.14389 

95792 

45 

50 

1.24281 

67937 

1.31523 

31927 

1.41504 

43413 

1.56259 

67789 

1.80942 

88493 

2.35264 

71220 

40 

55 

1.27771 

04815 

1.36060 

17261 

1.47494 

78592 

1.64425 

25175 

1.92833 

82823 

2.55792 

12198 

35 

60 

1.31046 

39783 

1.40320 

31647 

1.53123 

64694 

1.72108 

41609 

2.04054 

54606 

2.75309 

84351 

30 

65 

1.34007 

89457 

1.44173 

53793 

1.58218 

06891 

1.79070 

70015 

2.14249 

29245 

2.93165 

25995 

25 

70 

1.36565 

16965 

1.47501 

81348 

1.62620 

90720 

1.85094 

39670 

2.23090 

12139 

3.08742 

47870 

20 

75 

1.38640 

11169 

1.50203 

00916 

1.66195 

87940 

1.89989 

92030 

2.30289 

04563 

3.21489 

91220 

15 

80 

1.40169 

28947 

1.52194 

10514 

1.68832 

00831 

1.93602 

35909 

2.35609 

12550 

3.30946 

52989 

10 

85 

1.41105 

92570 

1.53413 

83232 

1.70447 

27784 

1.95816 

92561 

2.38873 

86793 

3.36764 

82512 

5 

90 

1.41421 

35624 

1.53824 

62687 

1.70991 

35651 

1.96563 

05108 

2.39974 

38370 

3.38728 

70037 

0 

o 

<ji 

*1^ 

II 

Vseca 

< 

=90° — € 

a- 

arcsin  yjm 

In  calculating  elliptic  functions  from  theta  functions,  when  the  modular  angle  exceeds  about  60°,  use  the 


descending  Landen  transformation  16.12  to  induce  dependence  on  a smaller  modular  angle. 
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Table  16.2  LOGARITHMIC  DERIVATIVES  OF  THETA  FUNCTIONS 

~ lnJ»(w)=/(*\a) 


e\« 

0° 

5° 

10° 

15° 

o 

o 

<M 

25° 

«A\ 

0° 

00 

00 

00 

OO 

00 

00 

90° 

5 

11.43005 

11.40829 

11.34306 

11.23449 

11.08275 

10.88811 

85 

10 

5.67128 

5.66049 

5.62812 

5.57427 

5.49902 

5.40253 

80 

15 

3.73205 

3.72495 

3.70365 

3.66823 

3.61876 

3.55536 

75 

20 

2.74748 

2.74225 

2.72658 

2.70051 

2.66414 

2.61756 

70 

25 

2.14451 

2.14043 

2.12820 

2.10787 

2.07952 

2.04325 

65 

30 

1.73205 

1.72875 

1.71888 

1.70248 

1.67962 

1.65041 

60 

35 

1.42815 

1.42543 

1.41729 

1.40378 

1.38497 

1.36096 

55 

40 

1.19175 

1.18949 

1.18270 

1.17143 

1.15577 

1.13581 

50 

45 

1.00000 

0.99810 

0.99240 

0.98296 

0.96985 

0.95315 

45 

50 

0.83910 

0.83750 

0.83273 

0.82481 

0.81383 

0.79987 

40 

55 

0.70021 

0.69888 

0.69489 

0.68830 

0.67915 

0.66754 

35 

60 

0.57735 

0.57625 

0.57297 

0.56754 

0.56001 

0.55047 

30 

65 

0.46631 

0.46542 

0.46277 

0.45839 

0.45232 

0.44464 

25 

70 

0.36397 

0.36328 

0.36121 

0.35779 

0.35306 

0.34708 

20 

75 

0.26795 

0.26744 

0.26592 

0.26340 

0.25992 

0.25553 

15 

80 

0.17633 

0.17599 

0.17499 

0.17334 

0.17105 

0.16816 

10 

85 

0.08749 

0.08732 

0.08683 

0.08600 

0.08487 

0.08344 

5 

90 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0 

€\<X 

CO 

<=3 

CO 

cn 

o 

40° 

45° 

50° 

55° 

“/«i 

0° 

OO 

00 

00 

00 

00 

00 

90° 

5 

10.65083 

10.37113 

10.04914 

9.68479 

9.27764 

8.82657 

85 

10 

5.28496 

5.14645 

4.98711 

4.80696 

4.60585 

4.38332 

80 

15 

3.47816 

3.38730 

3.28290 

3.16502 

3.03365 

2.88859 

75 

20 

2.56090 

2.49430 

2.41789 

2.33179 

2.23605 

2.13062 

70 

25 

1.99919 

1.94749 

1.88828 

1.82172 

1.74793 

1.66695 

65 

30 

1.61498 

1.57348 

1.52607 

1.47292 

1.41419 

1.35001 

60 

35 

1.33189 

1.29791 

1.25919 

1.21591 

1.16828 

1.11647 

55 

40 

1.11167 

1.08352 

1.05154 

1.01592 

0.97687 

0.93462 

50 

45 

0.93301 

0.90958 

0.88302 

0.85355 

0.82139 

0.78679 

45 

50 

0.78307 

0.76355 

0.74151 

0.71714 

0.69066 

0.66232 

40 

55 

0.65359 

0.63743 

0.61923 

0.59918 

0.57749 

0.55441 

35 

60 

0.53902 

0.52579 

0.51093 

0.49462 

0.47705 

0.45846 

30 

65 

0.43543 

0.42482 

0.41292 

0.39991 

0.38595 

0.37125 

25 

70 

0.33992 

0.33169 

0.32248 

0.31242 

0.30168 

0.29042 

20 

75 

0.25028 

0.24424 

0.23751 

0.23017 

0.22235 

0.21419 

15 

80 

0.16471 

0.16076 

0.15634 

0.15155 

0.14645 

0.14114 

10 

85 

0.08173 

0.07977 

0.07759 

0.07522 

0.07270 

0.07009 

5 

90 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0 

c\« 

60° 

65° 

70° 

75° 

80° 

OO 

95 

«Ai 

0° 

OO 

00 

00 

00 

00 

00 

90° 

5 

8.32941 

7.78200 

7.17654 

6.49756 

5.71041 

4.71263 

85 

10 

4.13843 

3.86930 

3.57238 

3.24056 

2.85790 

2.37760 

80 

15 

2.72935 

2.55490 

2.36323 

2.15026 

1.90678 

1.60605 

75 

20 

2.01530 

1.88950 

1.75208 

1.60057 

1.42943 

1.22261 

70 

25 

1.57876 

1.48308 

1.37931 

1.26603 

1.13996 

0.99169 

65 

30 

1.28047 

1.20552 

1.12492 

1.03795 

0.94288 

0.83453 

60 

35 

1.06066 
mm  mm  0m  mm  m mm 

1.00096 

0.93737 

0.86969 

0.79715 

0.71737 

55 

40 

0.88940 

0.84142 

0.79086 

0.73784 

0.68225 

0.62344 

50 

45 

0.75000 

0.71131 

0.67101 

0.62941 

0.58682 

0.54358 

45 

50 

0.63242 

0.60125 

0.56918 

0.53662 

0.50411 

0.47247 

40 

55 

0.53023 

0.50526 

0.47987 

0.45454 

0.42988 

0.40690 

35 

60 

0.43911 

mm  mm  mm  m mm  mm 

0.41932 

0.39943 

0.37992 

0.36140 

0.34488 

30 

65 

0.35605 

mm  mm  mm  mm  mm 

0.34063 

0.32532 

0.31054 

0.29684 

0.28513 

25 

70 

0.27885 

0.26719 

0.25574 

0.24484 

0.23497 

0.22685 

20 

75 

0.20584 

0.19749 

0.18935 

0.18170 

0.17490 

0.16949 

15 

80 

0.13572 

0.13034 

0.12512 

0.12026 

0.11601 

0.11272 

10 

85 

0.06742 

0.06478 

0.06224 

0.05988 

0.05784 

0.05628 

5 

90 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0.00000 

0 

^lnt>c(«)=-/(«i\a) 


In  calculating  elliptic  functions  from  theta  functions,  when  the  modular  angle  exceeds  about 
60°,  use  the  descending  Landen  transformation  16.12  to  induce  dependence  on  a smaller  mod- 
ular angle. 
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LOGARITHMIC  DERIVATIVES  OF  THETA  FUNCTIONS  Table  16.2 


€ a 

0° 

5° 

10°  15° 

20° 

25° 

a/€i 

0° 

0 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

90p 

5 

0 

0.000331 

0.001324 

0.002984 

0.005318 

0.008337 

85 

10 

0 

0.000651 

0.002607 

0.005875 

0.010466 

0.016401 

80 

15 

0 

0.000952 

0.003811 

0.008583 

0.015283 

0.023933 

75 

20 

0 

0.001224 

0.004897 

0.011024 

0.019616 

0.030690 

70 

25 

0 

0.001458 

0.005833 

0.013124 

0.023332 

0.036462 

65 

30 

0 

0.001649 

0.006591 

0.014819 

0.026318 

0.041075 

60 

35 

0 

0.001788 

0.007147 

0.016057 

0.028487 

0.044394 

55 

40 

0 

0.001874 

0.007486 

0.016804 

0.029776 

0.046332 

50 

45 

0 

0.001903 

0.007596 

0.017037 

0.030154 

0.046846 

45 

50 

0 

0.001873 

0.007476 

0.016753 

0.029616 

0.045938 

40 

55 

0 

0.001787 

0.007129 

0.015962 

0.028185 

0.043654 

35 

60 

0 

0.001647 

0.006566 

0.014691 

0.025912 

0.040077 

30 

65 

0 

0.001457 

0.005805 

0.012979 

0.022871 

0.035328 

25 

70 

0 

0.001222 

0.004868 

0.010879 

0.019154 

0.029556 

20 

75 

0 

0.000951 

0.003786 

0.008455 

0.014877 

0.022935 

15 

80 

0 

0.000650 

0.002589 

0.005780 

0.010165 

0.015661 

10 

85 

0 

0.000330 

0.001314 

0.002933 

0.005157 

0.007942 

5 

90 

0 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0 

€\<x 

V 

CO 

o 

o 

35° 

o 

O 

45° 

50° 

55° 

0° 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

90° 

5 

0.012059 

0.016511 

0.021734 

0.027787 

0.034760 

0.042791 

85 

10 

0.023711 

0.032444 

0.042671 

0.054498 

0.068087 

0.083685 

80 

15 

0.034569 

0.047248 

0.062057 

0.079124 

0.098650 

0.120939 

75 

20 

0.044277 

0.060427 

0.079221 

0.100783 

0.125308 

0.153099 

70 

25 

0.052528 

0.071558 

0.093605 

0.118758 

0.147169 

0.179081 

65 

30 

0.059074 

0.080308 

0.104784 

0.132533 

0.163627 

0.198206 

60 

35 

0.063730 

0.086442 

0.112477 

0.141791 

0.174358 

0.210188 

55 

40 

0.066384 

0.089827 

0.116544 

0.146411 

0.179298 

0.215082 

50 

45 

0.066987 

0.090424 

0.116978 

0.146447 

0.178606 

0.213212 

45 

50 

0.065561 

0.088287 

0.113888 

0.142097 

0.172615 

0.205102 

40 

55 

0.062183 

0.083549 

0.107483 

0.133678 

0.161784 

0.191402 

35 

60 

0.056989 

0.076408 

0.098051 

0.121592 

0.146658 

0.172831 

30 

65 

0.050157 

0.067122 

0.085943 

0.106302 

0.127835 

0.150136 

25 

70 

0.041905 

0.055989 

0.071553 

0.088310 

0.105932 

0.124058 

20 

75 

0.032483 

0.043344 

0.055309 

0.068143 

0.081578 

0.095321 

15 

80 

0.022163 

0.029545 

0.037660 

0.046339 

0.055395 

0.064622 

10 

85 

0.011235 

0.014968 

0.019067 

0.023443 

0.028000 

0.032631 

5 

90 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0 

€\a 

60° 

65° 

o 

O 

75° 

o 

O 

00 

85° 

0° 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

90° 

5 

0.052098 

0.063034 

0.076222 

0.092860 

0.115687 

0.153481 

85 

10 

0.101680 

0.122704 

0.147856 

0.179233 

0.221544 

0.289421 

80 

15 

0.146471 

0.176024 

0.210938 

0.253725 

0.309882 

0.395712 

75 

20 

0.184635 

0.220691 

0.262588 

0.312762 

0.376371 

0.467893 

70 

25 

0.214885 

0.255225 

0.301193 

0.354775 

0.420046 

0.507818 

65 

30 

0.236514 

0.278976 

0.326329 

0.379918 

0.442452 

0.520777 

60 

35 

0.249349 

0.292010 

0.338517 

0.389553 

0.446532 

0.512966 

55 

40 

0.253651 

0.294931 

0.338908 

0.385698 

0.435687 

0.490013 

50 

45 

0.250000 

0.288691 

0.328990 

0.370590 

0.413176 

0.456422 

45 

50 

0.239181 

0.274426 

0.310353 

0.346389 

0.381811 

0.415539 

40 

55 

0.222085 

0.253326 

0.284538 

0.315020 

0.343874 

0.369741 

35 

60 

0.199639 

0.226549 

0.252950 

0.278119 

0.301140 

0.320668 

30 

65 

0.172751 

0.195171 

0.216820 

0.237026 

0.254956 

0.269431 

25 

70 

0.142285 

0.160167 

0.177204 

0.192823 

0.206331 

0.216780 

20 

75 

0.109049 

0.122405 

0.134996 

0.146375 

0.156015 

0.163217 

15 

80 

0.073794 

0.082664 

0.090960 

0.098382 

0.104574 

0.109083 

10 

85 

0.037222 

0.041645 

0.045763 

0.049423 

0.052449 

0.054618 

5 

90 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0 

ffiln  *«<(«)— 0(«,\“) 


In  calculating  elliptic  functions  from  theta  functions,  when  the  modular  angle  exceeds  about 
60°,  use  the  descending  Landen  transformation  16.12  to  induce  dependence  on  a smaller  mod- 
ular angle. 
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17.  Elliptic  Integrals 


Mathematical  Properties 


17.1.  Definition  of  Elliptic  Integrals 

If  R(x,  y)  is  a rational  function  of  x and  yy 
where  y2  is  equal  to  a cubic  or  quartic  polynomial 
in  x , the  integral 

17.1.1  jR(x,y)dx 

is  called  an  elliptic  integral. 

The  elliptic  integral  just  defined  can  not,  in 
general,  be  expressed  in  terms  of  elementary 
functions. 

Exceptions  to  this  are 

(i)  when  R(x,  y)  contains  no  odd  powers  of  y. 

(ii)  when  the  polynomial  y2  has  a repeated  factor. 

We  therefore  exclude  these  cases. 

By  substituting  for  y2  and  denoting  by  p,(x)  a 
polynomial  in  x we  get 2 

KKX’y)~p3(x)+yPi  (x) 

_\Pi(x)+yp2(x)]  [P3(x)—yp*(x)]y 

Ps (x)+ypt(x)  „ . R2(x) 

yp>{x)  lW_r  y 

where  Ri(x)  and  R3(x)  are  rational  functions  of  x. 
Hence,  by  expressing  R3(x)  as  the  sum  of  a poly- 
nomial and  partial  fractions 

J R ( x , y)dx= J*  Rl(x)dx+'2,A,J  x‘y~1dx 

+2  ,B,j  [{x—c)‘y)-ldx 
Reduction  Formulae 

Let 

17.1.2 

tf=a^+a\&+a23?+a&-\-ai,  (|fflo| + |oi|  0) 

=b0(x— e)* + bi  (x— c)8 + b2(x— c)2+ b3(x—c) + b4 

(Ibol+lbij^O) 

17.1.3  /,= J x‘y~ldx,  J,=  f [y(x— c)*]~ldx 

By  integrating  the  derivatives  of  yx‘  and 
y(x—e)~ * we  get  the  reduction  formulae 

17.1.4 

^ <Zj(2s+ 3)/f+2+a2(«+ l)/,+i 
+^(28+  l)I,+satI,-l=x’y  (s= 0,  1,  2,  . . .) 

•See  [17.7]  22.72. 


17.1.5 

(2 — s)boJ »-3  i bi  (3 — 2s)«/,_2+62(1 — 8)J ,_i 
+hb3(l—2s)J,—sbiJ,+i=y(x—c)~' 

(,8=1,  2,  3,  . . .) 

By  means  of  these  reduction  formulae  and  cer- 
tain transformations  (see  Examples  1 and  2) 
every  elliptic  integral  can  be  brought  to  depend 
on  the  integral  of  a rational  function  and  on  three 
canonical  forms  for  elliptic  integrals. 


17.2.1 


17.2.  Canonical  Forms 


Definitions 


m=sin*  a;  m is  the  parameter, 

a is  the  modular  angle 


17.2.2 

17.2.3 

17.2.4 


x=sm  y>=sn  u 


cos  p=cn  u 


(1— m sin2  ^)*=dn  u=A(<p),  the  delta  amplitude 

17.2.5  w=arcsin  (sn  «)=am  u,  the  amplitude 

EUiptic  Integral  of  the  First  Kind 

17.2.6  F(<p\a) =F(<p\m)  = J (1  —sin2  a sin2  0)  _id6 


17.2.7 


- f *[(l-«*) (l—mt2)]~\dt 
=foUdw=u 


Elliptic  Integral  of  the  Second  Kind 

17.2.8  E(<p\a) =E(u\m)=j\l 1 - mt2)*dt 


17.2.9 


17.2.10 


=J  (1 — sin2  a sin20)*<Z0 


dn2  w dw 


17.2.11  =m1u+mj*  cn 2wdw 
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17.2.12  E(<p\a)=u—m 


sn2  w dw 


17.2.13 


7r  #'4(tu/2K)  . E(m)u 
2K(m)  ^(ttu/2K)  K(m) 


In  computation  the  modulus  is  of  minimal  im- 
portance, since  it  is  the  parameter  and  its  comple- 
ment which  arise  naturally.  The  parameter  and 
the  modular  angle  will  be  employed  in  this  chapter 
to  the  exclusion  of  the  modulus. 


(For  theta  functions,  see  chapter  16.) 


The  Characteristic  n 


17.2.14 


Elliptic  Integral  of  the  Third  Kind 


n(w;p\a)=J*  (1— wsin2#)'"1  [1— sin2  a sin2  0]~ll2dJd 


If  z=sn  (u\m), 


17.2.15 

II  (ft;  u\m) 


■■  £ (1 -nt *)■ - l[  (1 - 12)  (1 - mt2)  ] - im 


17.2.16  =J  (1—  nm2  {w\m))~xdw 


The  Amplitude  <p 


17.2.17  ^>=am  ft=arcsin  (sn  u) = arcsin  x 
can  be  calculated  from  Tables  17.5  and  4.14. 


The  Parameter  m 

Dependence  on  the  parameter  m is  denoted  by  a 
vertical  stroke  preceding  the  parameter,  e.g., 
F(<p\m). 

Together  with  the  parameter  we  define  the 
complementary  parameter  mx  by 

17.2.18  m+mx—l 

When  the  parameter  is  real,  it  can  always  be 
arranged,  see  17.4,  that  0<m<l. 

The  Modular  Angle  a 

Dependence  on  the  modular  angle  a,  defined  in 
terms  of  the  parameter  by  17.2.1,  is  denoted  by  a 
backward  stroke  \ preceding  the  modular  angle, 
thus  E(<p\a).  The  complementary  modular  angle 
is  7r/2— a or  90°— a according  to  the  unit  and 
thus  mi=sin2  (90°— a)=cos2  a. 


The  elliptic  integral  of  the  third  kind  depends 
on  three  variables  namely  (i)  the  parameter, 
(ii)  the  amplitude,  (in)  the  characteristic  n. 
When  real,  the  characteristic  may  be  any  number 
in  the  interval  (— oo).  The  properties  of  the 
integral  depend  upon  the  location  of  the  charac- 
teristic in  this  interval,  see  17.7. 

17.3.  Complete  Elliptic  Integrals  of  the  First 

and  Second  Kinds 

Referred  to  the  canonical  forms  of  17.2,  the  ellip- 
tic integrals  are  said  to  be  complete  when  the 
amplitude  is  %tt  and  so  x=l.  These  complete  in- 
tegrals are  designated  as  follows 


17.3.1 

\K{m)  ]=K=  {\i\-t2)i\-mt2)]~l>2dt 


— m sin2  6)~1/2dB 


17.3.2  tf=FG7rM=F(JA<*) 


17.3.3 


E[K{m)]=E=  f ‘(1  - «2)-I/2(l-m<2)  1/2dt 

p*/2 

= J (1— m sin2  0)  1/2dd 

17.3.4  E=E[K(m)]=E(m)=E(^ir\a) 


We  also  define 

17.3.5 

fT/2 

(l  — mx  sin2  6)~l,2dB 


The  Modulus  k 

In  terms  of  Jacobian  elliptic  functions  (chapter 
16),  the  modulus  k and  the  complementary 
modulus  are  defined  by 

17.2.19  &=ns  (K+iK'),  Jfc'= dn  K. 

They  are  related  to  the  parameter  by  k2=m, 
k,2=mx. 

Dependence  on  the  modulus  is  denoted  by  a 
comma  preceding  it,  thus  II (ft;  u,  k). 


17.3.6  K!  =FT(^7r|m1)=F(^7r\^7r^a) 

17.3.7 

E'=E(mx)=E(l— m)=J  (l—mx  sin2  6)ll2dd 

17.3.8  E/=E[K(ml)]—E(mi)=E(^ir\^Tr—a) 

K and  %Kf  are  the  “real”  and  “imaginary” 
quarter-periods  of  the  corresponding  Jacobian 
elliptic  functions  (see  chapter  16). 
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Relation  to  the  Hypergeometric  Function 

(see  chapter  15) 

17.3.9  K=%  1 1 m) 

17.3.10  E=^tF{ — 


17.3.11 


Infinite  Series 


17.3.12 

E(m)=^i r £l  — 


Legendre’s  Relation 


(|m|<l) 


(N<1) 


17.3.13  EK'+E'K—KK'=$ir 


Auxiliary  Function 

17.3.14  L(m)=^^-  In  —~K(m) 

' t m,  v ' 


17.3.15  m— 1 — 16  exp  [— ir(K(m)+L(m))/K\m)] 

17.3.16  m=16exp  [— Tr(K'(m)+L(mi))/K(m )] 
The  function  L{m)  is  tabulated  in  Table  17.4. 


17.3.22  K=  i 7r+27r  ± 

z »^i  l+g2* 

17.3.23 

^=3  (1  + «i,)  + (ir/^Q2  J^l/12— 2 2 

17.3.24  am  o=p+S  where  v=wuj{2K) 

Limiting  Values 

17.3.25  lim  K’  ( E-K ) = 0 

m->0 

17.3.26  lim  [K—  $ln  (16/mI)]=0 

m-»l 

17.3.27  lim  lim  m~1(E--miK)=irl4 

W-^0  771— >o 

17.3.28  lim  g/m=lim  qJm^l/16 

ro-X)  mi->l 

Alternative  Evaluations  of  If  and  2?  (see  also  17.5) 

17.3.29 

K(m) =2[1 + m\/2]  - ^([(l  - m}/2)/(  1 + m J/2)]2f 

17.3.30 

2?(  w)  = (1 + (1  - m{/2)/(l + m}/2)  ]2) 

— 2m}/2(l +m}/2)  ~lK({  (1 — w}/2)/(l + w}/2)]2) 

17.3.31  if(a)=2^(arctan  (sec1/2a)\a) 

17 .3.32  /£(<*) =2i?(arctan  (sec1/2  a)\a) — 1 +cos  a 
Polynomial  Approximations  3 (0<m<^l) 

17.3.33 


g-  Series 

The  Nome  q and  the  Complementary  Nome  qt 

17.3.17  q—q{m)  =exp  [—vK'/K] 

17.3.18  gi=g(mi)=exp  [—vK/K'] 


K(m) — [oo+oi  t»i  +[60+6j  wij 

+&2W?]  In  (l/mi)+«(m) 

|e(m)|<3X10-* 


Oo=1.38629  44 
a,=  .11197  23 
a2=  .07252  96 


ft0=.5 

6, =.12134  78 
62 =.02887  29 


17.3.19 

17.3.20 


In  - In  -=** 
2'  2i 


log10  - logio  -=(tt  logjo  e)2 * *=  1.86152  28349  to  10D 

2 2i 


17.3.21 

«-P|-'^l-^+s(0+84(^ 


17.3.34 


K(rn ) — [oo+oi  wi|+  . . . — J— J—  61  — J—  . . . 

+64  m 1]  In  (l/mO+e^m) 


a0=  1.38629  436112 
a,=  .09666  344259 
©2=  .03590  092383 
a3=  .03742  563713 
o4=  .01451  196212 


|e(m)|<2X10“8 

ft0=  .5 

ft! =.12498  593597 
ft2=. 06880  248576 
63=  .03328  355346 
ft4=. 00441  787012 


+992 


(H<1) 


3 The  approximations  17.3.33-17.3.36  are  from  C.  Has- 

tings, Jr.,  Approximations  for  Digital  Computers,  Prince- 

ton Univ.  Press,  Princeton,  N.  J.  (with  permission). 

♦See  page  n. 
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Figure  17.1.  Complete  elliptic  integral  oj  the  first 

kind. 


Figure  17.2.  Complete  elliptic  integral  of  the 

second  kind. 


17.3.35 

^(m)=[l+a,ml+a2mfH-[6ITO1H-62mi]  In  (1/m,) 

+«(m) 

|«(m)|<4X10-‘ 

a, =.46301  51  6, =.24527  27 

<h=.  10778  12  b2=. 04124  96 

17.3.36 

2?(m)=[l+o,m,+  . . . +«4mi]4-[&im,+  . . _ 

+5,m}]  In  (l/m,)+«(m) 

|e(m)|<2X10-8 

a, =.44325  141463  6, =.24998  368310 

02=  .06260  601220  b2=. 09200  180037 

o3=  .04757  383546  b3=. 04069  697526 

a4=  .01736  506451  bt=  .00526  449639 

17.4.  Incomplete  Elliptic  Integrals  of  the  First 

and  Second  Kinds 

Extension  of  the  Tables 
Negative  Amplitude 

17.4.1  F(— <p\m)  = —F(<p\m) 

17.4.2  E( — <p\m)  = — E{(p\m) 

Amplitude  of  Any  Magnitude 

17.4.3  F(st±  <p\m)  =2sK±.F{<p\m) 

17.4.4  E(u+ 2K)  = E(u) + 2 E 

17.4.5  E(u+2iK')  =E(u)+2i(K'-E') 

17.4.6 

E(u+2mK+2niK')  =E(u) +2mE+2ni(K,—E>) 

17.4.7  E(K—u)  = E—  E(u) + msn  u cd  u 

Imaginary  Amplitude 

If  tan  0=sinh  <p 

17.4.8  F(i<p\a)  =iF(9\%ir — a) 

17.4.9 

E(i<p\a) = -iE(e\$T-ot) +iF(d\fr-ct) 

+i  tan  0(1— cos2  a sin2  0)' 

Jacobi’s  Imaginary  Transformation 

17.4.10 

E(iu\m)  =i[u+dn(u|mi)sc(u|mi)  —E(u\mi)] 

Complex  Amplitude 

17.4.11  F(<t>+i4’\m)=F(\\m)+iF(n\ml) 
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where  cot2  X is  the  positive  root  of  the  equation 
x2— [cot2  <p+m  sinhV  cscV— mjx— mx  cotV=0 
and  m tan2  /*=tan V cot2X— 1. 

17.4.12 

E((p-\-vl/\a)  =E(\\a)  — iE(n\9Q° — a) 

+iF(A90°-a)+^x^ 

03 

where 


Parameter  Greater  Than  Unity 

17.4.15  F((p\m)  =m~^F(d\m~1)1  sin  0=ra*  sin  <p 

17.4.16  E(u\m)=m*E(umt\m~1)  — (m—  1 )u 

by  which  a parameter  greater  than  unity  can  be 
replaced  by  a parameter  less  than  unity. 

Negative  Parameter 

17.4.17 


J^sin2  a sin  X cos  X sin2  m(1— sin2  a sin2  X)* 
&2=(lt— sin2  a sin2  X)(l— cos2  a sin2  /*)*  sin  fi  cos  /* 

J3= cos2  ju+sin2  a sin2  X sin2  /* 

Amplitude  Near  to  x/2  (see  also  17.5) 

If  cos  a tan  <p  tan  ^=1 

17.4.13  F(<p\a)  + F(f/\a)  =F(t/2\<x)  =K 

17.4.14 

E(<p\a)+E(4\a)  =E(ir/2\a)  +sin2o:  sin^>  sin^ 

Values  when  <p  is  near  to  v/2  and  m is  near  to  unity 
can  be  calculated  by  these  formulae. 


F«p\cn 


Figure  17.3.  Incomplete  elliptic  integral  of  the 

first  kind . 

F(q>\a)f  <p  constant 


F(<p\—m)  = (1  -\-m)  + m) -i) 

— (1 +m)~*F  <p  | m(l+m)_1^ 

17.4.18 

E(u\— m)  = (l+w)*{2?(tt(l+ra)*|m(m+l)'"1) 

— m(l + m)"*sn(u(l  +m)*|m(l  +m)~l) 

cd(u(l  +m)*|m(l  +m)“1) } 

whereby  computations  can  be  made  for  negative 
parameters,  and  therefore  for  pure  imaginary 
modulus. 


r«/>\a) 


Figure  17.4.  Incomplete  elliptic  integral  of  the 

first  kind . 

F(<p\a),  a constant 
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<p^90° 

K 


E(<p\a) 


Figure  17.6.  Incomplete  elliptic  integral  oj  the 

second  kind. 

E( <p\a),  ip  constant 


Special  Cases 

17.4.19  F(<f>\0)=<p 

17.4.20  F(i<p\0)=i<p 


E«p\a) 


Figure  17.7.  Incomplete  elliptic  integral  oj  the 

second  kind. 

E(<p\a),  a constant 


90°  • _ <p° 


Figure  17.8.  90°  <p,  a constant . 


17.4.21 

F(^\90°)=ln  (sec  ^+tan  ,^>)=ln  tan 


17.4.22 

F(i(p\90°)=i  arctan  (sinh  <p) 

17.4.23 

E(<p\0)  = <P 

17.4.24 

E(i<p\  0)  =i(p 

17.4.25 

E(<p\ 90°)=  sin  <p 

17.4.26 

E(i<p\90°)=i  sinh  <p 
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Jacobi’s  Zeta  Function 

17.4.27  Z(ip\a)  =E(<p\a)  — E(a)F(tp\a)/K(a) 

17.4.28  Z(u\m)=Z(u)=E(u) —uE(m)/K(m) 

17.4.29  Z(-u)  = -Z(u) 

17.4.30  Z(u +2K)= Z(u) 

17.4.31  Z(K-u)=-Z(K+u) 


Heuman’s  Lambda  Function 

17.4.39 

A ,(y V)  +1  K(a)Z(<p\9(f-a) 

17.4.40  =-  {K(a)E(<p\90°—a) 

7T 

- [tf(a) -E(a)  ]F(„\90°-a) } 


17.4.32  Z(u)=Z(u—K)—msn(u—K)cd(u—K) 


17.4.33 

17.4.34 


Special  Values 

Z(«|0)=0 


Z(«|l)=tanh  u 

Addition  Theorem 

17.4.35 

Z(u+v)=Z(u)+Z(v)— msn  u sn  v sn(w+«?) 

Jacobi’s  Imaginary  Transformation 

17.4.36 

iZ(iu\  m)  —Z(u\  m,)  +2KK' — m0sc(wl  mi) 


Relation  to  Jacobi’s  Theta  Function 

17.4.37  Z(u)=0'(«)/0(tt)=J-ln  0(«) 


9-Series 


2ir 


17.4.38  sin  (wsu/K) 

A fal 


K(a)Z(</>\o) 


Figure  17.9.  Jacobian  zeta  function  K(a)Z((p\a). 


Figure  17.10.  Heuman’s  lambda  function  A o(<p\a). 


Numerical  Evaluation  of  Incomplete  Integrals  of  the 

First  and  Second  Kinds 

For  the  numerical  evaluation  of  an  elliptic 
integral  the  quartic  (or  cubic 4)  under  the  radical 
should  first  be  expressed  in  terms  of  t2,  see 
Examples  1 and  2.  In  the  resulting  quartic  there 
are  only  six  possible  sign  patterns  or  combinations 
of  the  factors  namely 

(i t2+a2)(t2+b2)y  (< a2-m2-b 2), 
(a2-t2)(b2-t2),  (t2—a2)(t2—b2),  (t2+a2) (£2— 62), 

(t2+a2)(b2-t2). 

The  list  which  follows  is  then  exhaustive  for 
integrals  which  reduce  to  F(<p\a)  or  E(<p\a). 

The  value  of  the  elliptic  integral  of  the  first 
kind  is  also  expressed  as  an  inverse  Jacobian 
elliptic  function.  Here,  for  example,  the  notation 
'M=sn~1x  means  that  x=sn  u. 

The  column  headed  “t  substitution”  gives  the 
Jacobian  elliptic  function  substitution  which  is 
appropriate  to  reduce  every  elliptic  integral  which 
contains  the  given  quartic. 

4 For  an  alternate  treatment  of  cubics  see  17.4.61  and 
17.4.70. 


•See  page  n. 
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Some  Important  Special  Cases 


iF(A«) 

COS  <p 

a 

< 

•J5 

ICO 

COS  ip 

a 

17.4.53 

17.4.57 

X-1-V3 

ra  dt 

a;2— 1 

45° 

f00  dt 

15° 

J.  U+«4)* 

x2+l 

J.  (**— D* 

x—  1+V3 

17.4.54 

17.4.58 

V3+1-X 

p*  dt 

1 — a:2 

45° 

f*  dt 

15° 

Jo  (1-H4)1 

1-fz2 

Ji 

V§—  1+x 

17.4.55 

17.4.59 

V3-1+* 

4 i r*  * 

1 

45° 

dt 

75° 

2iJi 

X 

J.(  i— <»)* 

V3+1—  X 

17.4.56 

17.4.60 

1— VS— x 

* 1 f1  dt 

X 

45° 

f*  dt 

75° 

2iJ.(l-<4)» 

J— (!-<»)» 

1-f  V§— X 

Reduction  of  J dt/^fP  where  P=P(t)  is  a cubic 
polynomial  with  three  real  factors  P= 
(t-P i)  (t—p2)(t—Pz)  where  A>ft>/Ss.  Write 


17.4.61 

X=|  (Px~fh)m, 


m=sin2  a 


02 — 02 
01  — 02 

m i 


COS2 


01  — 02 


17.4.62 

xI,vl 

F(A«) 

. « a;— ft 

sm2  #>=- — ~ 

— ^3 

17.4.63 

P(A«) 

2 _ (ft  ” ft)  (z  — ft) 

17.4.64 

P(A«) 

sin2  *>-  j!1 

X— *P2 

17.4.65 

i 

i 

xf-i 

J*  Vp 

F(A«) 

2 *“  ft 

cos2 

17.4.66 

xf*  * 

J -.V=P 

P(A(90°-a°)) 

• 2 ft ft 

sin2  — — 

17.4.67 

»r,— 

J.  V-p 

F(A(90°-«°)) 

2 ft  “ft 

COS*  *>=-£ — - 

P2  ® 

17.4.68 

xp  * 

P(A(90°-a°)) 

Q;n*  (01  — fit)  (*— ft) 

(ft-  ft)  (s  — ft) 

17.4.69 

»f''  * 

j*  V-p 

P(A(90°-<*°)) 

2 3 — ft 

C0S  * ft-ft 

Reduction  of  jdt/J?  when  P=P(t)=1?+alt2 

+(ht+<h  is  a cubic  polynomial  with  only  one  real 
root  We  form  the  first  and  second  deriva- 
tives P'(t),  P"(t)  with  respect  to  t and  then  write 


17.4.70  X2=[P'(/3)]1/2,  m=sin2  «=™ | (p/Jjjp 


17.4.71 

xpA 
Mo  Vp 

P(A«) 

X2-(x-0) 
cos  +(s_fl 

17.4.72 
f (ft 

\l*  Vp 

P(A«) 

(x — 0)  — X2 
C0s  (x— 0)  + X2 

17.4.73 
jp*  eft 

P(A(90° — «°)) 

(0-x)-X2 

XJ-«D  V(  — P) 

008  * (0-x)  + X2 

17.4.74 

P(A(90° — a°)) 

X2-(0-x) 

M*  V(-p) 

COS 

17.5.  Landen’s  Transformation 


Descending  Landen  Transformation 6 

Let  an,  ofn+i  be  two  modular  angles  such  that 

17.5.1  (1 +sin  a„+i) (1  +cos  an)  =2  (am+i<a„) 

and  let  <pn,  <pn+l  be  two  corresponding  amplitudes 
such  that 

17.5.2  tan  (^n+i  sp%)  ==cos  otn  tan  <pn 

5 The  emphasis  here  is  on  the  modular  angle  since  this 
is  an  argument  of  the  Tables.  All  formulae  concerning 
Landen’s  transformation  may  also  be  expressed  in  terms 
of  the  modulus  A; = ml = sin  a and  its  complement  fc'=mt 
—■Cos  a. 


♦See  page  ii. 
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Thus  the  step  from  n to  71+I  decreases  the  modular 
angle  but  increases  the  amplitude.  By  iterating 
the  process  we  can  descend  from  a given  modular 
angle  to  one  whose  magnitude  is  negligible,  when 
17.4.19  becomes  applicable. 

With  ao=a  we  have 

17.5.3 

F(<t\a)  = (1 +COS  a)~lF(<pi\ai) 

= 5(1  +sin  ai)F(<p\cti) 

17.5.4  F(<p\a)=2~n  n ( 1 +sin  a,) F(.<pn\<Xn) 

8 = 1 

17*5.5  F(<p\a)—$  II  (1+sin  a8) 

8 = 1 

17.5.6  4>=lim  ^i?,((p„V„)=lim  ^ 

n->oo  ^ n->®  " 


17.5.7  K=F(br\a)  = br  n (1+sin  a,) 

»=i 


17.5.8 

17.5.9 


F(<p\a)  =2t  1K<f> 


E(<p\a)=F(<p\a)  pi—  | sin2  a (l+|  sin  a, 

sin  ai  sin  a,+  . . .)!  + sin  a Q (sin  <*i)1/2  sin  <pi 

(sin  ai  sin  a2),/2  sin  <p2+  . . .1 


17.5.10 


E=K  pi— | sin2 « (l+g  sin  <*1+^2  s™  «i  sin  a2 

sin  ai  sin  a2  sin  a3+  . . ,)j 

Ascending  Landen  Transformation 

Let  an,  an+i  be  two  modular  angles  such  that 

17.5.11  (1+sin  an)(l+cos  an+1)=2  (a»+i>an) 

and  let  <pn,  <pn+1  be  two  corresponding  amplitudes 
such  that 

17.5.12  sin  (2  <Pn+\  *Pn)  ~sm  cxnsm  <pn  (^Pw+i^^n) 


Thus  the  step  from  n to  n+1  increases  the 
modular  angle  but  decreases  the  amplitude.  By 
iterating  the  process  we  can  ascend  from  a given 
modular  angle  to  one  whose  difference  from  a right 
angle  is  so  small  that  17.4.21  becomes  applicable. 


With  ao=a  we  have 

17.5.13  F(<p\a)  =2(1  +sin  a)  -'F^ad 

17.5.14  F(fp\a)  = 2*  H1  (1  +sin  as)-'F(<pn\an) 

8**  0 

17.5.15  F((p\a)  — II  (1 +COS  as)F((pn\an) 

00 

17.5.16  F(<p\a)  = [c&c  a II  sin  as]*  In  tan  (|7r+^$) 

8 = 1 

17.5.17  4>=lim  <pn 

71— >oo 

Neighborhood  of  a Right  Angle  (see  also  17.4.13) 

When  both  <p  and  a are  near  to  a right  angle, 
interpolation  in  the  table  F((p\a)  is  difficult. 
Either  Landen’s  transformation  can  then  be  used 
with  advantage  to  increase  the  modular  angle  and 
decrease  the  amplitude  or  vice-versa. 

17.6.  The  Process  of  the  Arithmetic-Geometric 

Mean 

Starting  with  a given  number  triple  (a0,  b0,  c0) 
we  proceed  to  determine  number  triples 
(&i,  b\y  Ci,),  (&2,  62,  C2),  . . .,  (ujv,  Cn)  according  to 
the  following  scheme  of  arithmetic  and  geometric 
means 

17.6.1 

flo  bo 

®i=H®o+&o)  bi=(a0b0)i 

<h=U<h+bi)  b2=(a1b1)i 

• • 

• • 

• • 

Co 

ci=i(&o — 60) 

c2=i(«i— W 

♦ 

Cn=\  ((In-  1 1) . 

We  stop  at  the  iVth  step  when  aN=bNl  i.e.,  when 
cN=0  to  the  degree  of  accuracy  to  which  the  num- 
bers are  required. 

To  determine  the  -complete  elliptic  integrals 
K(a)f  E(a)  we  start  with 

17.6.2  Oo=l,  &0=cos  a,  c0=sin  a 
whence 

17.6. J  TO-4 
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17.6.4  ^Kia  f^=\  [c2o+2C?+2^+  • • • +2VW] 
To  determine  if '(a),  E'  (a)  we  start  with 


17.6.5 

whence 


17.6.6 


ao=l,  b'0=sin  a , c'0= cos  a 


7T 


17.6.7 

K'(a) — E' (a) 
K'ia) 


1 


==,  [Cq2+2cI2+22C22+  . . . +2^) 


To  calculate  F(tp\a),  E(<p\a)  start  from  17.5.2 
which  corresponds  to  the  descending  Landen 
transformation  and  determine  <pi,  <&,  . . . , <py 
successively  from  the  relation 

17.6.8  tan  (<Pn+ 1 tan  <pnj 

Then  to  the  prescribed  accuracy 


17.6.9 


F(<p\a) = <pNj  (2 NaN) 


17.6.10 

Z(A«) =£(A«)  - ( E/K)F(v\a ) 

* =C]  sin  sin  <pz~\~  . . . - 1- sin  <pn 

17.7.  Elliptic  Integrals  of  the  Third  Kind 
17.7.1 

n(w;  <p\a) = J (1  —n  sin*  0)_1(1 —sin*  a sin*  0)  ~H0 


17.7.2 


H (n;  ^ ir\a) = H (A®) 

Case  (!)  Hyperbolic  Caw  0<n<  sin1  a 

«=arcsin  (»/sin*  a)*,  0<«<  Jir 

/3=i*F(f\a)/K(a) 

q=q(a) 

v=h*F(v\a)/K(a), 

6i=[n(l— «)-1(sin*  a— ra)-1]* 


17.7.3 


U(n;<p\a)=8l  [— $ In  [d4(»+/S)/d4(»— 0)] 


+^,'(0)/«M0)] 


17.7.4 


ao 


i In  S 5 — g2*)”1  sin  2sv  sin  2$0 


17.7.5 

~^=cot  0+4  XI  <Z2,(1— 2g2*  cos  20+24O"*1  sin  2)8 

In  the  above  we  can  also  use  Neville's  theta 
functions  16.36. 

17.7.6  H(n\a)  =K(a)  +8lK(a)Z(t\a) 

Case  (ii)  Hyperbolic  Case  n>l 

The  case  n^>l  can  be  reduced  to  the  case 
0<iV<sin2  a by  writing 

17.7.7  N=n~1  sin2  a,  px=z[(n—  1) (1  — n~l  sin2  a)]* 

17.7.8 

n(n;  <p\a)  = — II (N;  (p\a)+F((p\a) 

+2~ In  [ (A(<p)  +Pi  tan  <p)(A(<p)—  pt  tan  A-1] 

where  A(y>)  is  the  delta  amplitude,  17.2.4. 

17.7.9  n(n\a)=K(a)-U(N\a) 

Case  (iii)  Circular  Case  sin2  a<n<  1 
t=arcsin  [(1— n)/cos*  a]J  0<«<  $ir 

P=lirF((\W°-a)/K(a) 

q=q(a) 

17.7.10 

v=% irF(<p\a) /K(a) , 52=[«-(l — n)~l(n— sin*  a)-1]* 


17.7.11 

17.7.12 


II(n;  <p\a)  =52(X — 4p») 


X=arctan  (tanh  0 tan  v) 

+2  22  (— l)*-,«-,2**(l— g**)-1  sin  2s»  sinh  2s0 

i-i 

17.7.13 

p=J~2j  ®2*2  sinh  2s/jJ  j^l  +2  22  <Z*2  cosh  2sjsJ 

17.7.14  H(n\a)  =K(a)  + ^52[1  - A0(«\«)] 
where  A0  is  Heuman’s  Lambda  function,  17.4.39. 


•See  page  ii. 
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Figure  17.11.  Elliptic  integral  of  the  third  kind 

U(n;  <p\ot). 


Case  (iv)  Circular  Case  n<0 

The  case  n<0  can  be  reduced  to  the  case 
sin2  a<iV<l  by  writing 


Special  Cases 

17.7.18 

n=0 

n(0;  <p\a)=F(ip\a) 

17.7.19 

71=0,  a=0 

n(0;  <p\0)=tp 

17.7.20 

a= 0 

H (n;  <p\0)  = (l— n)-J  arctan  [(1— n)*  tan  <p\, 
= (n — • l)_i  arctanh  [(»—!)*  tan  <p\, 


* 

71<1 
7&>  1 


=tan  <p  n=l 


17.7.21  a=ir/2 

U(n;  ^>\-ir/2)  = (1  — 7t)~1[ln  (tan  #>+sec  <p) 

nS  In  (1+71*  sin  <p)(l  — 71*  sin  <p)~l]  715^1 

17.7.22  71=  i sin  <x 


17.7.15 


iV=(sin2  ol — 71)  (1  — 7&)”*1 


(1  Tsin  a)  {2II(  ±sin  a ; <p\a) — F(<p\a) } 

=arctan  [(ITsin  a)  tan  <p/A(<p) ] 


P2Z=Z\ — 7ir(l ~”7i)*”^(sin2  a—7i)]* 

17.7.16 

[(1—  7i)(l—  n~l  sin2  a)]*n(n;  <p\a) 

=[(1— iV)(l— iST”1  sin2  a)]*n (N;  *>\«) 

+ptx  sin2  aF(<p\a)+ arctan  [\p2  sin  2#>/A(#>)] 

17.7.17 

II(7i\a)  = ( — n cos2  a)  (1  — nj'^sin2  a— 71) -1  U(N\a) 

+sin2  a(sin2  a—n)~lK(a) 


17.7.23  7i=l  i cos  a 

2 cos  aII(l±cos  a;  <p\a)  = ±£  ln[(l  + tan  <p 
• A(^))(l— tan  *>-A(#>))“1]+§  In  [(A(^) 

-4" cos  a*  tan  #>)(A(#>)  — cos  a tan  <p)~l] 

T (IT COS  a)F(<p\a) 

17.7.24  n— sin2  a 

II(sin2  a ; ^>\a)=sec2  aE(<p\a)— (tan2  a sin  2(p)/(2A(<p)) 

17.7.25  n=l 

11(1;  <p\a)=F(<p\a) — sec2  ai?(^\a) +sec2  a tan  ^A(^) 


Numerical  Methods 


17.8.  Use  and  Extension  of  the  Tables 

Example  1.  Reduce  to  canonical  form  Jy^dx, 
where 

y2=  — 3a^+34a? — 1 19^+  172s-90 

By  inspection  or  by  solving  an  equation  of  the 
fourth  degree  we  find  that 

V2=QiQ2  where  Qx=Zi?—  l(te+9,  #2=  — x*+8z— 10 

First  Method 

Qi— XQ2  = (3+\)x*—  (10+8X)x+9+  10X  is  a per- 
fect square  if  the  discriminant 


(10+8X)2— 4(3+X)(9+10X)=0;  i.e.,  if  X=-|  or  | 
and  then 

Gi+|  Q*=\  Qi-\  Q*=\  (*-2)2 

Solving  for  Qi  and  Q2  we  get 
Qi= (x— l)2+2(x— 2)2,  <?a— 2(* — l)2 — 3(x — 2)2 
The  substitution  t=(x—  l)/(x— 2)  then  gives 

y~1dx=±  f[(t2+2)(2<2-3)]-^ 


•See  page  n. 
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If  the  quartic  y2= 0 has  four  real  roots  in  x 
(or  in  the  case  of  a cubic  all  three  roots  are  real) , 
we  must  so  combine  the  factors  that  no  root  of 
Q1==0  lies  between  the  roots  of  Q2=0  and  no  root 
of  Q2=0  lies  between  the  roots  of  Qi =0.  Provided 
this  condition  is  observed  the  method  just  de- 
scribed will  always  lead  to  real  values  of  X.  These 
values  may,  however,  be  irrational. 


Write 


Second  Method 


, , Qi„  3s2— 10a;+9 
Q,  — *2+8s— 10 


and  let  the  discriminant  of  Q^t2 — Qi  be 


4T2=  (8 12+ 10)2-4«2+3)  (10<2+9) 
=4(3t2+2)(2t2-l) 

Then 


do 


f T-'dt 


± 


f[(3<2+2)(2<2-l)]-y< 


This  method  will  succeed  if,  as  here,  T2  as  a 
function  of  t2  has  real  factors.  If  the  coefficients 
of  the  given  quartic  are  rational  numbers,  the 
factors  of  T 2 will  likewise  be  rational. 

Third  Method 

Write 

Qj  3s2— 10s+9 

7 n — — 

Q2  -x2+8x-10 

and  let  the  discriminant  of  Q2w—Qx  be 

4W =4(3w+2)  (2w—l)=4(Auri+Bw+C) 

Then  if 

z2=Wlw  and  Z2=(J5— z2)2— 4AC=(&— l)2+48 


^y~1dx=±  J* Z~xdz 

However,  in  this  case  the  factors  of  Z are  complex 
and  the  method  fails. 

Of  the  second  and  third  methods  one  will  always 
succeed  where  the  other  fails,  and  if  the  coefficients 
of  the  given  quartic  are  rational  numbers,  the 
factors  of  T2  or  Z2,  as  the  case  may  be,  will  be 
rational. 

Example  2.  Reduce  to  canonical  form  J y~ldx 
where  y2=x(x—  l)(x— 2). 

We  use  the  third  method  of  Example  I taking 
Qi=(x— 1),  Q2=x{x—2)  and  writing 

Qi  3—1 

in  

Q2  x2—2x 


The  discriminant  of  Q2v)—Qi=xtw—(2w+l)x+l 
is 

4W=  (2  w+  l)2—4w=4wi+ 1 

so  that 

W=Aw*+Bw+C  where  A— l,  B=0,  C=\ 

4 

and  if  we  write  z2=W/w  and 

Z2=  (5- z2)2—4AC=  (s2)2- 1 = (s2~  1)  ( z2+ 1) , 

Jy~1dx=±  J*  [(z2—  l)(z2+l)]~1/2  dz 

The  iBrst  method  of  Example  1 fails  with  the 
above  values  of  Qx  and  Q2  since  the  root  of  Qi=0 
lies  between  the  roots  of  Q2= 0,  and  we  get 
imaginary  values  of  X.  The  method  succeeds, 
however,  if  we  take  Qx=x,  Q2= (x—l) (x—2) , for 
then  the  roots  of  Qx=0  do  not  lie  between  those 
of  Q2= 0. 

Example  3.  Find  2£(80/81). 

First  Method 

Use  17.3.29  with  m=80/81,  m1=l/81,  TOi/2=1/9. 
Since  [(1  — ml/2)(l  + mJ/2)-1]2  = .64,  i^(80  / 81)  = 
1.8  Z(.64)  =3.59154  500  to  8D,  taking  K(M)  from 

Table  17.1. 


Second  Method 

Table  17.4  giving  L(m)  is  useful  for  computing 
K(m)  when  m is  near  unity  or  K'(m)  when  m is 
near  zero. 

2£(80/81)=-  Z' (80/81)  In  (16X81) -L(80/81). 

7T 

By  interpolation  in  Tables  17.1  and  17.4,  since 
80/81  =,98765  43210, 

K' (80/81) =1.57567  8423 
L(80/81) =.00311  16543 
if(80/81) =ir-1(1.57567  8423)  (7.16703  7877) 

-.00311  16543 

=3.59154  5000  to  9D. 

Third  Method 

The  polynomial  approximation  17.3.34  gives  to 
8D 

#(80/81)  =3.59154  501 

Fourth  Method,  Arithmetic- Geometric  Mean 

Here  sin2  a=80/81  and  we  start  with 

Oo=l,  &o=4,  C0=V80/81=.99380  79900 


givmg 
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n 

On 

bn 

Cn 

0 

1.  00000  00000 

. mil 

11111 

. 99380  79900 

1 

. 55555  55555 

. 33333 

33333 

. 44444  44444 

2 

. 44444  44444 

. 43033 

14829 

. 11111  11111 

3 

. 43738  79636 

. 43733 

10380 

. 00705  64808 

4 

. 43735  95008 

. 43735  94999 

. 00002  84628 

5 

. 43735  95003 

. 43735  95003 

0 

Thus  £(80/81)=i  iras1 =3.59154  5001. 

Example  4,  Find  £(80/81). 

First  Method 

Use  17.3.30  which  gives,  with  m= 80/81 

£(80/81)  =4?  £(.64) -i  £(.64) 
y o 

= 1.01910  6047 

taking  £(.64)  and  £(.64)  from  Table  17.1. 

Second  Method 

Polynomial  approximation,  17.3.36  gives 
£(80/81)  = 1.01910  6060.  The  last  two  figures 
must  be  dropped  to  keep  within  the  limit  of 
accuracy  of  the  method. 


The  computation  could  also  be  made  using 
common  logarithms  with  the  aid  of  17.3.20.  The 
point  of  this  procedure  is  that  it  enables  us  to 
calculate  qx  without  the  loss  of  significant  figures 
which  would  result  from  direct  interpolation  in 
Table  17.1.  By  this  means  In  (l/gO  can  be  found 
without  loss  of  accuracy. 

Example  6.  Find  m to  10D  when  £'/£=. 25 
and  when  £'/£=3.5. 

From  17.3.15  with  £'/£=*25  we  can  write  the 
iteration  formula 

m(»+n_l_16e-4jr  exp  [ — 

Then  by  iteration  using  Tables  17.1  and  17.4 


n 

0 

1. 

1 

.99994  42025 

2 

.99994  42041 

3 

.99994  42041 

Thus  m=.99994  42041. 

From  17.3.16  with  £'/£=3.5  we  can  write  the 
iteration  formula, 


Third  Method 

Arithmetic-geometric  mean,  17.6.  The  numbers 
were  calculated  in  Example  3,  fourth  method,  and 
we  have 


£(80/81) -£(80/81) 
£(80/81) 


=\  [cS+2c?+2 *4+  ■ ■ ■ +2VS] 
=4  [1.43249  71298] 


=.71624  85649. 


Using  the  value  of  £(80/81)  found  in  Example  3, 
fourth  method,  we  have 


m(n+i)__i6e-3.5x  exp  [ — TL(m[n))/K(m{n))  ] 


n 

0 

0 

1 

.(3)26841  25043 

2 

.(3)26837  65 

3 

.(3)26837  65 

Thus  m=. 00026  83765. 

The  above  methods  in  conjunction  with  the 
auxiliary  Table  17.4  of  L(m)  enable  us  to  extend 
Table  17.3  for  £'/£> 3,  and  for  £'/£<•  3. 


£(80/81)  = 1.01910  6048  to  9D. 

Example  5.  Find  q when  m=.9995. 
Here  mi =.0005  and  so  from  Table  17.4 

Q(m) =.06251  563013 

g1=m1Q(m)=.00003  12578  15. 

From  17.3.19 

In  (i)=irVln  (i-)=r*/10.37324  1132 

=.95144  84701 
2=  .38618  125. 


Example  7.  Calculate  to  5D  the  Jacobian 
elliptic  function  sn  (.75342|.7)  using  Table  17.5. 
Here 

m=sin2  a=.7,  <*=56.789089°. 

Thus,  sn  (.75342|.7)=sin  <p  where  <p  is  determined 
from 

£(#>\56.789089°)  = .75342. 

Inspection  of  Table  17.5  shows  that  <p  lies 
between  40°  and  45°.  We  have  from  the  table 
of  F(<p\a) 
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O 

CD 

ID 

58° 

60° 

35° 

. 63803 

. 63945 

. 64085 

40° 

. 73914 

. 74138 

. 74358 

45° 

. 84450 

. 84788 

. 85122 

50° 

. 95479 

. 95974 

. 96465 

From  this  we  form  the  table  of  /'1(p\56.789089°) 


<p 

F 

A 

Aj 

A3 

o 

CO 

. 63859 

10144 

o 

o 

. 74003 

10581 

437 

72 

45° 

. 84584 

11090 

509 

o 

O 

ID 

. 95674 

A rough  estimate  now  shows  that  <p  lies  between 
40°  and  41°.  We  therefore  form  the  following 
table  of  -F(^\56.789089°)  by  direct  interpolation 
in  the  foregoing  table 

40.0°  .74003 

40.5°  .75040 

41.0°  .76082 


whence  by  linear  inverse  interpolation 


<p= 40.5°+. 5° 


”.75342-—  .75040" 
_.76082— .75040_ 


=40.6449° 


and  so  sin  *>=. 65137 =sn  (.75342|.7). 

This  method  of  bivariate  interpolation  is  given 
merely  as  an  illustration.  Other  more  direct 
methods  such  as  that  of  the  arithmetic-geometric 
mean  described  in  17.6  and  illustrated  for  the 
Jacobian  functions  in  chapter  16  are  less  laborious. 

Example  8.  Evaluate 


[(2£2+l)  (t2—2)]~ll2dt. 


First  Method,  Bivariate  Interpolation 

From  17.4.50  we  have 


V5  £ [ (2 «2+ 1 ) (< 2-  2)  ] - = F(<p\a)  - Ffa  \<xf 

where 

• 2 1 V2  V2 

sin*  <*=->  cos  <pi=— > cos  <p2=2~ 

Thus  «=  26.56505  12°,  ^1=61.87449  43°,  ^=45°, 
F(<Pi\a)  = 1. 1 15921  and  F(tp2\a)  = .800380  and 
therefore  the  integral  is  equal  to  .141114. 


Second  Method,  Numerical  Quadrature 

Simpson’s  formula  with  1 1 ordinates  and  interval 
.1  gives  .141117. 

Example  9.  Evaluate 

f 4 [(t2-2)(t2-4)]~idt. 

First  Method,  Reduction  to  Standard  Form  and 

Bivariate  Interpolation 

Here  we  can  use  17.4.48  noting  that  a2— 4, 
62=2,  and  that 

J*  4 /» a>  /•  oo 

[(*2-2)«*-4)]-*<ft=  - I 

2 2 %J  4 

=\  [^.\45°)-ffe\45°)] 

=|  [ 1 .854075 — .535623] = .659226 

where 

2 2 2 

sin  ^i=2>  sin  <p2=^  sin2  «=-• 

Thus 

a=45°,  <pi=90°,  ^2=30°. 

Second  Method,  Numerical  Integration 

If  we  wish  to  use  numerical  integration  we  must 
observe  that  the  integrand  has  a singularity  at 
t= 2 where  it  behaves  like  [8(£— 2)]”*. 

We  remove  the  singularity  at  t=2,  by  writing 

f4[U2-2)(*2-4)]-*<ft=  Cf{t)dt+  f4[8(*-2)]-*d* 
%J  2 J 2 J 2 

where 


2)  («•— 4)]-*— [8(«— 2)]-*. 

If  we  define/ (2)  =0, 

£jwt 

can  be  calculated  by  numerical  quadrature.  Also 

£ [8«-2)]-y*=[J=  «— 2)*]  =1 

and  thus  we  calculate  the  integral  as 

1 +£/(t)dt= 1 - .340773= .659227 . 

Example  10.  Evaluate 

: f (x3*-7 x+6)~*dx. 

J 17 


U ■ 


x3— 7x+6=(x— -l)(a;— 2)(x+3)  and  we  use  17.4.65 
with  Pi=2j  ft=l,  /53=  — 3, 
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m=sin2  a=4/5,  \=*j5/2,  cos2  <p= 3/4. 

Thus  a= 63.434949°,  ^=30°  and 

u= 2 (5)  -iF(30°\63 .434949°) 

== 2 (5) (.543604) = .4862 14  from  Table  17.5. 

The  above  integral  is  of  the  Weierstrass  type  and 
in  fact  17=  28,  —24)  (see  chapter  18). 

Example  11.  Evaluate 

f23  (24— 12i+2<2— <8)-l/2  dt. 


We  have 


24- 12<+2<2— <3=  - (t-2)(?+ 12)  = -P(t). 


There  is  only  one  real  zero  and  we  therefore 
use  17.4.74  with  JD(<)=<8-2<2+12<-24,  0=2  so 
that  P'(2)  = 16,  P"( 2) =8,  A=2  and  therefore 

to = sin2  a=4>  a=30®. 

4 

Therefore  the  given  integral' is 

P-  f =\  [P(^i\60°)-P(^\60°)] 

Jo  J2/3  * 

where 

cos  ft=J»  ^>1=70.52877  93° 

o 

cos  ^2—60° 


and  the  integral=§[1.510344— 1.212597]  = . 148874. 

Example  12.  Use  Landen’s  transformation  to 
evaluate 


dd  to  5D. 


the  integral=F(90°\30°)=|  (1.071797)  (1.001292) 

=1.68575  to  5D. 

Second  Method,  Ascending  Transformation 

We  use  17.5.11  to  give 

1+cos  a„+i=2/(l+sin  «„) 


n 

COS  a» 

sin  an 

1 

. 33333  333 

. 94280  904 

2 

. 02943  725 

. 99956  663 

3 

.00021  673 

. 99999  998 

sin  (2^—90°)= sin  30°, 
sin  (2<p2  <pi)  ==sin  sin  <pu 
sin  (2<Pi — ^)=sin  a2  sin  <pz, 
sin  (2<p4— ^a)=sin  a3  sin  <p3, 


¥>i=60° 

¥>2=57.367805° 

¥>3=57.348426° 

¥>4=57.348425°=$. 


From  17.5.16 

F(90°\30°)  =—  194280  904  1 .99956  663 

1.99999  998 ln  tan  (45°+2  $) 

= 1.37288  050  ln  tan  73.674213° 

= 1.37288  050(1.22789  30) 

F(90°\30°)  = 1.68575  to  5D. 

Example  13.  Find  the  value  of  F( 89.5°\89.5°). 


First  Method 

This  is  a case  where  interpolation  in  Table  17.5 
is  not  possible.  We  use  17.4.13  which  gives 

F(89.5°\89.5o)=F(90o\89.5o)-F(^\89.5°) 


First  Method,  Descending  Transformation 

We  use  17.5.1  to  give 

l+sin  ai~ 1+CqS  3qo=1 -071797 

cos  ax=[(l— sin  ^(l+sin  «i)]1/2=  .997419 

l+sin  a2=— -= =1.001292;  cos  a2=  .999999 

1+cos  a! 


where 

cot  ^=sin  (.5°)  cot  (.5°)=cos  (.5°) 
*=45.00109  084° 

and  F(*\89.5°) =.881390  from  Table  17.5. 

F(90°\89.5°)=.#(sin2  89.5°) =#(.99992  38476) 

=6.12777  88 

Thus  F(89.5°\89.5°) =5.246389. 


l+sin  ffi3=  * =1.000000 

1 +cos  a2 

Thus  from  17.5.7, 


Second  Method 

Landen’s  ascending  transformation,  17.5.119 
gives 
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cos  ^(l-sin  89.5°)/(l+sin  89.5°) 
sin  <^=[(1— cos  ai)(l+cos  ai)]*=. 99999  99997 
cos  a2=0 
sin  a2=l. 

17.5.12  then  gives 

sin  (2^-89.5°)=sin  89.5°  sin  89.5° 

= .99992  38476 

2#>j— 89.5°=89.2929049°,  #>,=89.39645  245° 

sin  (2ip2— #>,)=sin  a,  sin  #»,,  ^=89.39645  602° 

sin  (2#* — #$)=sin  <p2f  <P3=ff!=4. 

Thus  17.5.16  gives 

F (89.5°\89.5°) = 

(.99996  19231)'  >“  «“  89  69822  801°)=5.24640. 
Example  14.  Evaluate 

r [(9-«0(16+P>,]",«8  to5D. 

From  17.4.51  the  given  integral 

=Jo-JoV0  [E^\a)-E^\a)] 


where 


sin  a=f;  a= 36. 86990° 

sin  #>,=$  =48. 18968* 


sin  <t>2= 


#>2=23.84264°. 


By  bivariate  interpolation  in  Table  17.6  we 
find  that  the  given  integral 

=i  [.80904 — .41192]= .00496. 

Simpson’s  rule- with  3 ordinates  gives 

$[•00504+. 01975+ .005]= .00496. 

Example  15.  Evaluate 
n(i545°\30°)= 

/•»/« 

I (l-isin2*)"^!-*  sin2 to  6D. 


This  is  case  (i)  of  integrals  of  the  third  kind, 
0O<sin2  «,  17.7.3 

»=53>  #>=45°,  a=30°, 

e=arcsin  (»/sin2  a)*=30°, 
p=fyrF(30o\30o)/K(S0°)=. 49332  60 
v=  %kF(45°\30°)/K(30°) = .74951  51, 

«,=  (16/45)* 

and  so  from  17.7.3 
n(i;45°\30°)= 

i ln  Mv+P)  , 4(0) 

2=  .01797  24. 

Using  the  g-series,  16.27,  for  the  t?  functions  we  get 

H (£;45°\30°)= (16/45)*  { -.02995  89 

+(1.86096  21)  (.74951  51)}  =.813845. 

Table  17.9  gives  .81385  with  4 point  Lagrangian 
interpolation. 

Example  16.  Evaluate  the  complete  elliptic 
integral 

n (t*ff\30°)  to  6D. 

From  17.7.6  we  have 

n (tx\30°)  =fi’(30°)  + (16/45)1/2tf(a)Z(*\30°) 

where  «=arcsin(n/sin2a)*=30°.  Thus  using 

Table  17.7 

n (*\30°)  =1.743055. 

Table  17.9  gives  1.74302  with  5 point  Lagran- 
gian interpolation. 

Example  17.  Evaluate 

H (f;  45°\30°) 

/•x/4 

= I (1  -f  sin2  er1  (l -£  sin2  d)  dd 

to  6D. 

This  is  case  (iii)  of  integrals  of  the  third  kind, 
sin2  a<in<i  1, 


7i=f,  ^>=45°,  a=30° 
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e=arcsin  [(1— »)/cos2  a]1 =45° 
/3=§irjP(45o\60o)/Jf(30o)  = .79317  74 
»=ifl-jP(45o\30°)  (K(Z0°)  = .74951  51 
«2=  (40/9)1 
q=  .01797  24 
and  so  from  17.7.11 

H (f;  45°\30°)=(40/9)1/2(X— 4m») 

=2.10818  51  {.55248  32  -4(.03854  26) 

(.74951  51)}  = .921129. 

Table  17.9  gives  .92113  with  4 point  Lagrangian 
interpolation. 

Example  18.  Evaluate  the  complete  elliptic 
integral 

n (f\30°)  to  5D. 

From  17.7.14  we  have 

n (i\30°)=X(30°)+|^  [l-Ao(e\30°)] 


Here  <p=45°,  a =30°  and  since  the  character- 
istic is  greater  than  unity  we  use  17.7.7 


N=n~l  sin2  a— .2,  p,=(l/5)i 
H (l;45°\30°)=-n(  2;  45°\30°)  +F(45°\30°) 

+(fV5)  In  (i/5)« 

=-.83612+.80437 


+wiiln|l=J 


= 1.13214. 


Numerical  quadrature  gives  the  same  result. 
Example  20.  Evaluate 


n (-■ fc  45°\30°) 


to  5D. 


sin2  sin2  6)-*d8 


where  €=arcsin  [ (1  —n) /cos2  a]  1/2= 45° . Thus  using 

Table  17.8 

n (f\30°)  =2.80099. 

Table  17.9  gives  2.80126  by  6 point  Lagrangian 
interpolation.  The  discrepancy  results  from  in- 
terpolation with  respect  to  n for  #>=90°  in  Table 
17.9. 

Example  19.  Evaluate 
n (i;  45°\30°) 

t/4 

(1— ■ f sin2  ^)"1(1— J-  sin2  ff)~m  dd 

to  5D. 


Here  the  characteristic  is  negative  and  we  there- 
fore use  17.7.15  with  n= ~ sin2  a=\ 

4 4 

N=(l—n)~1(sin2  a—n)=A,  p2=V^l 
and  therefore 

(5/2)1  n (-■ fc  45°\30°)  = (9/40)ln  (f;  45°\30°) 

+i(5/2)»F(45°\30°)  + arc tan  (35) 

Using  Tables  4.14,  17.5,  and  17.9  we  get 
H (-*;  45°\30°)  = . 76987 
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Table  17.1  COMPLETE  ELLIPTIC  INTEGRALS  OF  THE  FIRST  AND  SECOND  KINDS 

AND  THE  NOME  q WITH  ARGUMENT  THE  PARAMETER  m 

7T  1 

A'(m)=Jo5  (l-7/i  sin2  »)  2de  K'(m)=K{mx) 

V 1 

j E(m)=fo  (1—m  sin2  0)2de  E'  (m)=E(nn) 

q(i7i)=exp  [—*K'(m) /K(m)]  q\(m)=q(m\) 


m 

0.  00 

1. 57079 

K(m) 

63267 

94897 

K'(m) 

oo 

0.00000 

q(m) 

00000 

00000 

m\ 

1.00 

0.  01 

1. 57474 

55615 

17356 

3. 69563 

73629 

89875 

0.  00062 

81456 

60383 

0.  99 

0.  02 

1. 57873 

99120 

07773 

3. 35414 

14456 

99160 

0. 00126 

26665 

23204 

0. 98 

0.03 

1. 58278 

03424 

06373 

3.15587 

49478 

91841 

0. 00190 

36912 

69025 

0. 97 

0.  04 

1. 58686 

78474 

54166 

3. 01611 

24924 

77648 

0. 00255 

13525 

13689 

0. 96 

0.  05 

1.59100 

34537 

90792 

2. 90833 

72484 

44552 

0. 00320 

57869 

70686 

0.95 

0.06 

1. 59518 

82213 

21610 

2. 82075 

24967 

55872 

0. 00386 

71356 

22010 

0. 94 

0.  07 

1. 59942 

32446 

58510 

2. 74707 

30040 

24667 

0.  00453 

55438 

98018 

0.93 

0.  08 

1. 60370 

96546 

39253 

2. 68355 

14063 

15229 

0. 00521 

11618 

66885 

0.  92 

0.  09 

1. 60804 

86199 

30513 

2. 62777 

33320 

84344 

0.  00589 

41444 

34269 

0. 91 

0.10 

1. 61244 

13487 

20219 

2. 57809 

21133 

48173 

0. 00658 

46515 

53858 

0. 90 

0.11 

1. 61688 

90905 

05203 

2. 53333 

45460 

02200 

0. 00728 

28484 

49518 

0.  89 

0.12 

1. 62139 

31379 

80658 

2. 49263 

53232 

39716 

0. 00798 

89058 

49815 

0. 88 

0.13 

1. 62595 

48290 

38433 

2. 45533 

80283 

21380 

0. 00870 

30002 

35762 

0.  87 

0.14 

1. 63057 

55488 

81754 

2. 42093 

29603 

44303 

0. 00942 

53141 

02678 

0.  86 

0.15 

1. 63525 

67322 

64580 

2. 38901 

64863 

25580 

0.  01015 

60362 

37153 

0. 85 

0.16 

1. 63999 

98658 

64511 

2. 35926 

35547 

45007 

0. 01089 

53620 

10173 

0.  84 

0.17 

1. 64480 

64907 

98881 

2.33140 

85677 

50251 

0.  01164 

34936 

87540 

0.  83 

0.18 

1. 64967 

82052 

94514 

2. 30523 

17368 

77189 

0. 01240 

06407 

58856 

0. 82 

0.19 

1. 65461 

66675 

22527 

2. 28054 

91384 

22770 

0. 01316 

70202 

86392 

0.  81 

0.20 

1. 65962 

35986 

10528 

2.25720 

53268 

20854 

0.  01394 

28572 

75318 

0.  80 

0.21 

1. 66470 

07858 

45692 

2. 23506 

77552 

60349 

0.  01472 

83850 

66891 

0. 79 

0.22 

1. 66985 

00860 

83368 

2.21402 

24978 

46332 

0. 01552 

38457 

56320 

0.  78 

0.23 

1. 67507 

34293 

77219 

2. 19397 

09253 

19189 

0.  01632 

94906 

37206 

0.  77 

0.24 

1. 68037 

28228 

48361 

2. 17482 

70902 

46414 

0. 01714 

55806 

74605 

0.  76 

0.25 

1. 68575 

03548 

12596 

2.15651 

56474 

99643 

0. 01797 

23870 

08967 

0.  75 

0.26 

1. 69120 

81991 

86631 

2.13897 

01837 

52114 

0. 01881 

01914 

93399 

0. 74 

0.27 

1. 69674 

86201 

96168 

2.12213 

18631 

57396 

0. 01965 

92872 

66940 

0. 73 

0.28 

1. 70237 

39774 

10990 

2.10594 

83200 

52758 

0. 02051 

99793 

66788 

0.  72 

0.29 

1. 70808 

67311 

34606 

2. 09037 

27465 

52360 

0.  02139 

25853 

82708 

0.  71 

0.  30 

1. 71388 

94481 

78791 

2. 07536 

31352 

92469 

0.  02227 

74361 

57154 

0.  70 

0.  31 

1. 71978 

48080 

56405 

2. 06088 

16467 

30131 

0.  02317 

48765 

35013 

0.  69 

0.  32 

1. 72577 

56096 

29320 

2. 04689 

40772 

10577 

0.  02408 

52661 

67250 

0.  68 

0.33 

1. 73186 

47782 

52098 

2. 03336 

94091 

52233 

0.  02500 

89803 

73177 

0.  67 

0.  34 

1. 73805 

53734 

56358 

2. 02027 

94286 

03592 

0. 02594 

64110 

66576 

0.  66 

0.35 

1. 74435 

05972 

25613 

2. 00759 

83984 

24376 

0.  02689 

79677 

51443 

0.  65 

0.  36 

1. 75075 

38029 

15753 

1.99530 

27776 

64729 

0.  02786 

40785 

93729 

0.  64 

0.37 

1. 75726 

85048 

82456 

1. 98337 

09795 

27821 

0. 02884 

51915 

76181 

0.  63 

0.  38 

1. 76389 

83888 

83731 

1.97178 

31617 

25656 

0.  02984 

17757 

44138 

0.  62 

0.  39 

1.77064 

73233  .33534 

1.96052 

10441 

65830 

0.  03085 

43225 

51033 

0.  61 

0.  40 

1.  77751 

93714 

91253 

1. 94956 

77498 

06026 

0.  03188 

33473 

13363 

0.  60 

0. 41 

1.  78451 

88046 

81873 

1. 93890 

76652 

34220 

0. 03292 

93907 

86003 

0.  59 

0.  42 

1.  79165 

01166 

52966 

1. 92852 

63181 

14418 

0. 03399 

30208 

70043 

0.  58 

0.43 

1.  79891 

80391 

87685 

1.  91841 

02691 

09912 

0. 03507 

48344 

66773 

0.  57 

0.  44 

1.  80632 

75591 

07699 

1.90854 

70162 

81211 

0. 03617 

54594 

93133 

0.  56 

0.  45 

1.  81388 

39368 

16983 

1.  89892 

49102 

71554 

0.  03729 

55570 

75822 

0.  55 

0.46 

1.  82159 

27265 

56821 

1.  88953 

30788 

53096 

0. 03843 

58239 

43468 

0.  54 

0.47 

1.  82945 

97985 

64730 

1.  88036 

13596 

22178 

0. 03959 

69950 

38753 

0.  53 

0. 48 

1. 83749 

13633 

55796 

1.87140 

02398 

11034 

0. 04077 

98463 

75263 

0.  52 

0. 49 

1.  84569 

39983 

74724 

1.  86264 

08023 

32739 

0.  04198 

51981 

67183 

0.  51 

0.  50 

1.  85407 

46773 

K’(m) 

01372 

1. 85407 

46773 

K(m) 

01372 

Q. 04321 

39182 

qi(m) 

63772 

0.  50 
m 

^ ym}  1^(771)  qivri)  m 

m rn 


See  Examples  3—4. 

E(m)  and  E'(m)  from  L.  M.  Milne-Thomson,  Ten-figure  table  of  the  complete  elliptic  integrals 


K,  K’,Et  E'  and  a table  of  Proc.  London  Math.  Soc.(2)33, 1931(with  permission). 
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COMPLETE  ELLIPTIC  INTEGRALS  OF  THE  FIRST  AND  SECOND  KINDS  Table  17.1 


m 

AND  THE 

NOME  q WITH  ARGUMENT  THE  PARAMETER  m 

- 

K(m)=j^  (l-m  sin2  o)  2de  K'(m)=K(m]) 

7T  1 

E(m)=J*  (1  -m  sin2  efde  E’  (m)=E(m\) 

q(m)=exp  [—TrK'(m)/K(m)']  qi{m)=q{m,\) 

9i  W E(m)  E'(m) 

77l\ 

0.00 

1. 00000 

00000 

00000 

1. 57079 

6327 

1. 00000 

0000 

1.00 

0.  01 

0.26219 

62679 

17709 

1. 56686 

1942 

1. 01599 

3546 

0.  99 

0. 02 

0.  22793 

45740 

67492 

1. 56291 

2645 

1. 02859 

4520 

0.  98 

0.03 

0.20687 

98108 

47842 

1. 55894 

8244 

1. 03994 

6861 

0.  97 

0.  04 

0. 19149 

63082 

09940 

1. 55496 

8546 

1. 05050 

2227 

0.96 

0.05 

0. 17931 

60069 

55723 

1.55097 

3352 

1. 06047 

3728 

0. 95 

0.06 

0.16920 

75311 

46133 

1. 54696 

2456 

1. 06998 

6130 

0.  94 

0.07 

0. 16055 

42010 

73011 

1. 54293 

5653 

1. 07912 

1407 

0.  93 

0.  08 

0.15298 

14810 

09741 

1. 53889 

2730 

1. 08793 

7503 

0.  92 

0.  09 

0. 14624 

42694 

73236 

1. 53483 

3465 

1. 09647 

7517 

0. 91 

0.10 

0.14017 

31269 

54262 

1. 53075 

7637 

1.10477 

4733 

0.90 

0.11 

0.13464 

58847 

92091 

. 1. 52666 

5017 

1.11285 

5607 

0.  89 

0.12 

0.12957 

14695 

20553 

1.52255 

5369 

1.12074 

1661 

0.  88 

0.13 

0.12488 

01223 

52049 

1.51842 

8454 

1. 12845 

0735 

0.  87 

0.14 

0.12051 

71957 

28729 

1. 51428 

4027 

1. 13599 

7843 

0.  86 

0.15 

0. 11643 

90607 

17472 

1. 51012 

1831 

1.14339 

5792 

0.  85 

0.16 

0. 11261 

03164 

23363 

1. 50594 

1612 

1.15065 

5629 

0.  84 

0.17 

0.10900 

18330 

23834 

1. 50174 

3101 

1.15778 

6979 

0. 83 

0.18 

0.10558 

93457 

98477 

1.49752 

6026 

1.16479 

8293 

0.  82 

0.19 

0.10235 

24235 

13544 

1.49329 

0109 

1.17169 

7053 

0.  81 

0.  20 

0. 09927 

36973 

38825 

1.48903 

5058 

1.17848 

9924 

0.  80 

0.  21 

0. 09633 

82749 

65990 

1.48476 

0581 

1.18518 

2883 

0.  79 

0.  22 

0. 09353 

32888 

80648 

1.  48046 

6375 

1.19178 

1311 

0.  78 

0.23 

0. 09084 

75434 

60707 

1.47615 

2126 

1. 19829 

0087 

0.  77 

0.24 

0.  08827 

12359 

87862 

1.  47181 

7514 

1.20471 

3641 

0.  76 

0.25 

0. 08579 

57337 

02195 

1. 46746 

2209 

1.21105 

6028 

0.  75 

0.26 

0. 08341 

33938 

83117 

1. 46308 

5873 

1.21732 

0955 

0.  74 

0.27 

0.08111 

74173 

41165 

1. 45868 

8155 

1.22351 

1839 

0.  73 

0.28 

0. 07890 

17281 

26084 

1. 45426 

8698 

1. 22963 

1828 

0.  72 

0.29 

0. 07676 

08740 

04317 

1.44982 

7128 

1.23568 

3836 

0.  71 

0.  30 

0.  07468 

99435 

37179 

1. 44536 

3064 

1.24167 

0567 

0.  70 

0.  31 

0. 07268 

44965 

37110 

1.44087 

6115 

1. 24759 

4538 

0.  69 

0.  32 

0. 07074 

05053 

87511 

1.43636 

5871 

1.25345 

8093 

0.  68 

0.33 

0.  06885 

43052 

47167 

1.43183 

1919 

1.25926 

3421 

0.  67 

0.  34 

0.  06702 

25515 

69108 

1. 42727 

3.821 

1.26501 

2576 

0.  66 

0.  35 

0. 06524 

21836 

78738 

1. 42269 

1133 

1.27070 

7480 

0.  65 

0.  36 

0.  06351 

03934 

00746 

1. 41808 

3394 

1.27634 

9943 

0.  64 

0.37 

0.  06182 

45979 

15898 

1.41345 

0127 

1.28194 

1668 

0.  63 

0.  38 

0.  06018 

24161 

79938 

1. 40879 

0839 

1. 28748 

4262 

0.  62 

0.  39 

0.  05858 

16483 

56838 

1.40410 

5019 

1.29297 

9239 

0.  61 

0.  40 

0. 05702 

02578 

14610 

1. 39939 

2139 

1. 29842 

8034 

0.  60 

0.  41 

0. 05549 

63553 

09081 

1.39465 

1652 

1. 30383 

2008 

0.  59 

0.  42 

0.  05400 

81850 

43499 

1. 38988 

2992 

1.  30919 

2448 

0.  58 

0.  43 

0. 05255 

41123 

42653 

1. 38508 

5568 

1. 31451 

0576 

0.  57 

0.  44 

0.  05113 

26127 

21764 

1. 38025 

8774 

1. 31978 

7557 

0.  56 

0.  45 

0.  04974 

22621 

64574 

1. 37540 

1972 

1.32502 

4498 

0.55 

0.46 

0.  04838 

17284 

53289 

1. 37051 

4505 

1.33022 

2453 

0.  54 

0.  47 

0. 04704 

97634 

16424 

1. 36559 

5691 

1. 33538 

2430 

0.  53 

0.  48 

0.  04574 

51959 

80149 

1. 36064 

4814 

1. 34050 

5388 

0.  52 

0.  49 

0.  04446 

69259 

25028 

1. 35566 

1135 

1. 34559 

2245 

0.  51 

0.  50 
m\ 

0.  04321 

39182 

q(m) 

63772 

1.35064  3881 
E'(m) 

[<n 

1.35064  3881 
E(m) 

0. 50 

m 

610 
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Table  17.2  COMPLETE  ELLIPTIC  INTEGRALS  OF  THE  FIRST  AND  SECOND  KINDS 

AND  THE  NOME  q WITH  ARGUMENT  THE  MODULAR  ANGLE  « 

7 r l 

K(*)=f*  (1-sin2  « sin2  e)  ~2de  K’(a)=K(90°-*) 


7 r 


E(a)=j2  (1-sin2  « sin2  o)2de 
9(«)=exp  [— JT'(«)/^(«)] 


E'(a)=E(  90°-«) 
7i(«)=7(90°-a) 


a 

K(a) 

K'(a) 

?(«) 

90°~< 

0° 

1. 57079 

63267 

94897 

5. 43490 

oo 

25564 

0.  00000 

00000 

00000 

90 

1 

1. 57091 

59581 

27243 

98296 

0.  00001 

90395 

55387 

89 

2 

1. 57127 

49523 

72225 

4.  74271 

72652 

78886 

0.  00007 

61698 

24680 

88 

3 

1. 57187 

36105 

14009 

4. 33865 

39759 

99725 

0.  00017 

14256 

42257 

87 

4 

1. 57271 

24349 

95227 

4. 05275 

81695 

49437 

0.  00030 

48651 

48814 

86 

5 

1. 57379 

21309 

24768 

3.  83174 

19997 

84146 

0.  00047 

65699 

16867 

85 

6 

1.  57511 

36077 

77251 

3.  65185 

59694 

78752 

0.  00068 

66451 

27305 

84 

7 

1.  57667 

79815 

92838 

3. 50042 

24991 

71838 

0.  00093 

52197 

97816 

83 

8 

1.  57848 

65776 

88648 

3. 36986 

80266 

68445 

0. 00122 

24470 

64294 

82 

9 

1.  58054 

09338 

95721 

3. 25530 

29421 

43555 

0.  00154 

85045 

16579 

81 

10 

1. 58284 

28043 

38351 

3. 15338 

52518 

87839 

0.  00191 

35945 

90170 

80 

11 

1. 58539 

41637 

75538 

3.  06172 

86120 

38789 

0.  00231 

79450 

15821 

79 

12 

1.  58819 

72125 

27520 

2. 97856 

89511 

81384 

0. 00276 

18093 

29252 

78 

13 

1. 59125 

43820 

13687 

2.  90256 

49406 

70027 

0.  00324 

54674 

43525 

77 

14 

1. 59456 

83409 

31825 

2.  83267 

25829 

18100 

0.  00376 

92262 

86978 

76 

15 

1.  59814 

20021 

12540 

2.  76806 

31453 

68768 

0. 00433 

34205 

09983 

75 

16 

1.  60197 

85300 

86952 

2. 70806 

76145 

90486 

0.  00493 

84132 

64213 

74 

17 

1. 60608 

13494 

10364 

2.  65213 

80046 

30204 

0.  00558 

45970 

58517 

73 

18 

1.  61045 

41537 

89663 

2.  59981 

97300 

61099 

0.  00627 

23946 

95994 

72 

19 

1. 61510 

09160 

67722 

2.  55073 

14496 

27254 

0.  00700 

22602 

97383 

71 

20 

1.  62002 

58991 

24204 

2.  50455 

00790 

01634 

0.  00777 

46804 

16442 

70 

21 

1.  62523 

36677 

58843 

2. 46099 

94583 

04126 

0.  00859 

01752 

53626 

69 

22 

1. 63072 

91016 

30788 

2.  41984 

16537 

39137 

0.  00944 

92999 

75082 

68 

23 

1. 63651 

74093 

35819 

2.  38087 

01906 

04429 

0.  01035 

26461 

44729 

67 

24 

1. 64260 

41437 

12491 

2.  34390 

47244 

46913 

0.  01130 

08432 

78049 

66 

25 

1. 64899 

52184 

78530 

2. 30878 

67981 

67196 

0.  01229 

45605 

27181 

65 

26 

1.65569 

69263 

10344 

2.  27537 

64296 

11676 

0.  01333 

45085 

07947 

64 

27 

1. 66271 

59584 

91370 

2.  24354 

93416 

98626 

0. 01442 

14412 

80638 

63 

28 

1.  67005 

94262 

69580 

2.  21319 

46949 

79374 

0.  01555 

61584 

97708 

62 

29 

1. 67773 

48840 

80745 

2. 18421 

32169 

49248 

0.  01673 

95077 

33023 

61 

30 

1.  68575 

03548 

12596 

2. 15651 

56474 

99643 

0.  01797 

23870 

08967 

60 

31 

1. 69411 

43573 

05914 

2. 13002 

14383 

99325 

0.  01925 

57475 

39635 

59 

32 

1.  70283 

59363 

12341 

2. 10465 

76584 

91159 

0.  02059 

05967 

10437 

58 

33 

1. 71192 

46951 

55678 

2.  08035 

80666 

91578 

0.  02197 

80013 

16901 

57 

34 

1.72139 

08313 

74249 

2.  05706 

23227 

97365 

0.  02341 

90910 

88188 

56 

35 

1.  73124 

51756 

57058 

2.  03471 

53121 

85791 

0.  02491 

50625 

23981 

55 

36 

1.  74149 

92344 

26774 

2.  01326 

65652 

05468 

0.  02646 

71830 

76961 

54 

37 

1.75216 

52364 

68845 

1.  99266 

97557 

34209 

0.  02807 

67957 

17219 

53 

38 

1.  76325 

61840 

59342 

1.  97288 

22662 

74650 

0.  02974 

53239 

19583 

52 

39 

1. 77478 

59091 

05608 

1.  95386 

48092 

51663 

0. 03147 

42771 

20286 

51 

40 

1. 78676 

91348 

85021 

1.93558 

10960 

04722 

0. 03326 

52566 

95577 

50 

41 

1.  79922 

15440 

49811 

1.  91799 

75464 

36423 

0.  03511 

99625 

22096 

49 

42 

1. 81215 

98536 

62126 

1.  90108 

30334 

63664 

0.  03704 

02001 

87133 

48 

43 

1. 82560 

18981 

35889 

1. 88480 

86573 

80404 

0.  03902 

78889 

26607 

47 

44 

1. 83956 

67210 

93652 

1. 86914 

75460 

26462 

0.  04108 

50703 

79885 

46 

45 

90°-« 

1.  85407 

46773 

K\a) 

01372 

1.  85407 

46773 

K(«) 

01372 

0. 04321 

39182 
9i  (a) 

63772 

45 

a 

r(-5)7] 

L ii  J 

[■(-6)91 
9 J 

Compiled  from  G.  W.  and  R.  M.  Spenceley,  Smithsonian  elliptic  function  tables,  Smithsonian 
Miscellaneous  Collection,  vol.  109,  Washington,  D.C.,  1947  (with  permission). 


ELLIPTIC  INTEGRALS 


611 


COMPLETE  ELLIPTIC  INTEGRALS  OF  THE  FIRST  AND  SECOND  KINDS  Table  17.2 


AND  THE  NOME  q WITH  ARGUMENT  THE  MODULAR  ANGLE  « 

X 1 


*(.)-£  (l-sin2  « sin2  «) 

-* 

2de 

K'(a)=K(  90° 

-a) 

X 1 

E(a)=P  (1-sin2  a sin2  tfde 

E'(a)=E(90° 

-a) 

q(a)  = 

exp  [~*K'(a)/K(«)] 

?l(a)  = ?(90°- 

-a) 

a 

<2i(a) 

E{a) 

E'(a) 

90°-« 

0° 

1.  00000 

00000 

00000 

1. 57079 

63267 

94897 

1.00000 

00000 

00000 

90° 

1 

0. 40330 

93063 

38378 

1. 57067 

67091 

27960 

1.  00075 

15777 

01834 

89 

2 

0.  35316 

56482 

96037 

1. 57031 

79198 

97448 

1.  00258 

40855 

27552 

88 

3 

0.  32040 

03371 

34866 

1.  56972 

01504 

23979 

1.  00525 

85872 

09152 

87 

4 

0.  29548 

83855 

58691 

1. 56888 

37196 

07763 

1.  00864 

79569 

07096 

86 

5 

0.  27517 

98048 

73563 

1. 56780 

90739 

77622 

1.  01266 

35062 

34396 

85 

6 

0. 25794 

01957 

66337 

1. 56649 

67877 

60132 

1.  01723 

69183 

41019 

84 

7 

0. 24291 

29743 

06665 

1. 56494 

75629 

69419 

1.02231 

25881 

67584 

83 

8 

0. 22956 

71598 

81194 

1. 56316 

22295 

18261 

1. 02784 

36197 

40833 

82 

9 

0.  21754 

89496 

99726 

1. 56114 

17453 

513,34 

1.  03378 

94623 

90754 

81 

10 

0.20660 

97552 

00965 

1. 55888 

71966 

01596 

1. 04011 

43957 

06010 

80 

11 

0.19656 

76611 

43642 

1. 55639 

97977 

70947 

1.  04678 

64993 

44049 

79 

12 

0. 18728 

51836 

10217 

1. 55368 

08919 

36509 

1.  05377 

69204 

07046 

78 

13 

0. 17865 

56628 

04653 

1. 55073 

19509 

84013 

1.  06105 

93337 

53857 

77 

14 

0. 17059 

45383 

49477 

1. 54755 

45758 

69993 

1.  06860 

95329 

78401 

76 

15 

0.16303 

35348 

21581 

1. 54415 

04969 

14673 

1. 07640 

51130 

76403 

75 

16 

0. 15591 

66592 

65792 

1. 54052 

15741 

27631 

1. 08442 

52193 

72543 

74 

17 

0.14919 

73690 

67429 

1. 53666 

97975 

68556 

1. 09265 

03455 

37715 

73 

18 

0. 14283 

65198 

36280 

1.  53259 

72877 

45636 

1.10106 

21687 

57941 

72 

19 

0. 13680 

08474 

28619 

1.  52830 

62960 

54359 

1.10964 

34135 

42761 

71 

20 

0.13106 

18244 

99858 

1. 52379 

92052 

59774 

1.11837 

77379 

69864 

70 

21 

0.12559 

47852 

09819 

1. 51907 

85300 

25531 

1. 12724 

96377 

57702 

69 

22 

0. 12037 

82455 

07894 

1. 51414 

69174 

93342 

1. 13624 

43646 

84239 

68 

23 

0.11539 

33684 

49987 

1.  50900 

71479 

16775 

1.14534 

78566 

80849 

67 

24 

0.11062 

35386 

78854 

1. 50366 

21353 

53715 

1. 15454 

66775 

24465 

66 

25 

0.10605 

40201 

85996 

1. 49811 

49284 

22116 

1. 16382 

79644 

93139 

65 

26 

0. 10167 

16783 

93444 

1. 49236 

87111 

24151 

1.17317 

93826 

83722 

64 

27 

0. 09746 

47524 

70352 

1. 48642 

68037 

44253 

1.18258 

90849 

45384 

63 

28 

0.  09342 

26672 

88483 

1. 48029 

26638 

27039 

1. 19204 

56765 

79886 

62 

29 

0.08953 

58769 

52553 

1.47396 

98872 

41625 

1.20153 

81841 

13662 

61 

30 

0. 08579 

57337 

02195 

1. 46746 

22093 

39427 

1.21105 

60275 

68459 

60 

31 

0.  08219 

43773 

66408 

1. 46077 

35062 

13127 

1.  22058 

89957 

54247 

59 

32 

0.  07872 

46415 

92073 

1.45390 

77960 

65210 

1.23012 

72241 

85949 

58 

33 

0.  07537 

99738 

58803 

1. 44686 

92406 

95183 

1.23966 

11752 

88672 

57 

34 

0.07215 

43668 

98737 

1.43966 

21471 

15459 

1. 24918 

16206 

07472 

56 

35 

0.  06904 

22996 

09032 

1. 43229 

09693 

06756 

1. 25867 

96247 

79997 

55 

36 

0.  06603 

86859 

10861 

1. 42476 

03101 

24890 

1.  26814 

65310 

65206 

54 

37 

0. 06313 

88302 

96461 

1. 41707 

49233 

71952 

1.27757 

39482 

50391 

53 

38 

0.  06033 

83890 

33716 

1. 40923 

97160 

46096 

1.  28695 

37387 

83001 

52 

39 

0.  05763 

33361 

79494 

1. 40125 

97507 

85523 

1.29627 

80079 

94134 

51 

40 

0.  05501 

99336 

98829 

1. 39314 

02485 

23812 

1.30553 

90942 

97794 

50 

41 

0. 05249 

47051 

04844 

1. 38488 

65913 

75413 

1. 31472 

95602 

64623 

49 

42 

0.  05005 

44121 

29953 

1. 37650 

43257 

72082 

1.  32384 

21844 

81263 

48 

43 

0. 04769 

60340 

17056 

1. 36799 

91658 

73159 

1. 33286 

99541 

17179 

47 

44 

0. 04541 

67490 

83529 

1. 35937 

69972 

75008 

1.  34180 

60581 

29911 

46 

45 

0.  04321 

39182 

63772 

1. 35064 

38810 

47676 

1.  35064 

38810 

47676 

45 

90°-« 

<!(<*) 

E’(«) 

E(a) 

a 
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Table  17.3  PARAMETER  m WITH  ARGUMENT  K'(m)/K(m) 


K ' 

K 

m 

0.30 

0. 99954 

69976 

0.  32 

0. 99912 

85258 

0.  34 

0. 99844 

79307 

0.  36 

0.  99740 

80762 

0.  38 

0.  99590 

01861 

0.  40 

0. 99380 

79974 

0.  42 

0. 99101 

23521 

0.  44 

0. 98739 

58502 

0. 46 

0. 98284 

72586 

0. 48 

0. 97726 

54540 

0.50 

0. 97056 

27485 

0.  52 

0.  96266 

75125 

0.  54 

0. 95352 

60602 

0.56 

0. 94310 

38029 

0.  58 

0.93138 

57063 

0.  60 

0.  91837 

61134 

0.  62 

0.  90409 

80105 

0.  64 

0.  88859 

18214 

0.  66 

0. 87191 

38254 

0.  68 

0. 85413 

42916 

0.  70 

0. 83533 

54217 

0.  72 

0. 81560 

91841 

0.  74 

0. 79505 

51193 

0.  76 

0*77377 

81814 

0.78 

0. 75188 

6671] 

0.  80 

0. 72949 

03078 

0.  82 

0. 70669 

84707 

0.  84 

0. 68361 

86358 

0.  86 

0. 66035 

50204 

0.  88 

0. 63700 

74395 

0.90 

0.  61367 

03730 

0.  92 

0. 59043 

22404 

0.  94 

0. 56737 

48621 

0.  96 

0.  54457 

30994 

0. 98 

0. 52209 

46531 

1.  00 

0. 50000 

00000 

1.  02 

0.  47834 

24497 

1.  04 

0.  45716 

83054 

1.  06 

0. 43651 

71048 

1.  08 

0. 41642 

19278 

1.10 

0. 39690 

97552 

1.12 

0. 37800 

18621 

1. 14 

0.  35971 

42366 

1.16 

0. 34205 

80100 

1.18 

0.  32503 

98919 

1.20 

0.  30866 

25998 

K' 

K 

m 

1.20 

0. 30866 

25998 

1.22 

0.  29292 

52811 

1.24 

0. 27782 

39170 

1.26 

0. 26335 

17107 

1.28 

0. 24949 

94512 

1.30 

0. 23625 

58558 

1.  32 

0. 22360 

78874 

1.  34 

0. 21154 

10467 

L 36 

0. 20003 

96393 

1.38 

0. 18908 

70181 

1.40 

0. 17866 

58032 

1.42 

0. 16875 

80773 

1.44 

0.15934 

55603 

1.46 

0. 15040 

9763$ 

1.48 

0. 14193 

21249 

1.50 

0. 13389 

41273 

1.52 

0. 12627 

73987 

1.  54 

0.11906 

38004 

1.56 

0. 11223 

54993 

1.58 

0. 10577 

50300 

1.  60 

0. 09966 

53447 

1.  62 

0. 09388 

98538 

1.64 

0.  08843 

24583 

1.66 

0.  08327 

75739 

1.  68 

0.  07841 

01486 

1.70 

0. 07381 

56747 

1.72 

0. 06948 

01950 

1.  74 

0. 06539 

03054 

1.76 

0. 06153 

31533 

1.78 

0. 05789 

64327 

1.80 

0. 05446 

83767 

1.  82 

0. 05123 

77481 

1.  84 

0.  04819 

38272 

1.86 

0. 04532 

63995 

1.88 

0.  04262 

57408 

1.90 

0. 04008 

26022 

1.  92 

0. 03768 

81947 

1.94 

0. 03543 

41720 

1.96 

0.  03331 

26147 

1.98 

0. 03131 

60134 

2.  00 

0. 02943 

72515 

2.  02 

0.  02766 

95892 

2.  04 

0. 02600 

66464 

2.06 

0. 02444 

23873 

2.  08 

0. 02297 

11038 

2.10 

0.  02158 

74007 

K' 

K 

m 

2.10 

0.  02158 

74007 

2.12 

0.  02028 

61803 

2. 14 

0. 01906 

26278 

2.16 

0.  01791 

21974 

2.18 

0.  01683 

05990 

2.20 

0. 01581 

37845 

2.22 

0. 01485 

79356 

2.24 

0.01395 

94517 

2.26 

0.01311 

49385 

2.28 

0. 01232 

11967 

2.  30 

0. 01157 

52117 

2.  32 

0.  01087 

41433 

2.  34 

0.  01021 

53165 

2.  36 

0. 00959 

62118 

2.  38 

0. 00901 

44574 

2.  40 

0,  00846 

78199 

2. 42 

0. 00795 

41974 

2.  44 

0. 00747 

16117 

2.  46 

0. 00701 

82011 

2.  48 

0. 00659 

22140 

2.50 

0. 00619 

20026 

2. 52 

0. 00581 

60167 

2.  54 

0. 00546 

27984 

2.56 

0.  00513 

09763 

2.58 

0. 00481 

92610 

2. 60 

0. 00452 

64398 

2.  62 

0. 00425 

13725 

2.  64 

0. 00399 

29873 

2.  66 

0. 00375 

02764 

2.  68 

0. 00352 

22924 

2.70 

0. 00330 

81448 

2. 72 

0. 00310 

69966 

2.74 

0. 00291 

80610 

2.76 

0. 00274 

05988 

2f  78 

0. 00257 

39151 

2. 80 

0.  00241 

73568 

2.82 

0. 00227 

03103 

2. 84 

0. 00213 

21990 

2. 86 

0.  00200 

24811 

2.  88 

0.  00188 

06475 

2.90 

0.  00176 

62198 

2.  92 

0.  00165 

87487 

2.94 

0. 00155 

78119 

2.96 

0. 00146 

30127 

2. 98 

0. 00137 

39785 

3.  00 

0. 00129 

03591 

~K'  K' 

For  ^ >3.0,  g < 0.3,  see  Example  6. 


Table  17.4 


AUXILIARY  FUNCTIONS  FOR  COMPUTATION  OF  THE  NOME  q AND  THE  PARAMETER  m 


(^(m) 


9i(m) 

m] 


L(m)=-K(m)+^^ 


772.  j 


m j 

Q(m) 

L(m) 

772, 

Q(m) 

L(m) 

0.  00 

0. 06250 

00000 

00000 

0.  00000  00000 

0.  08 

0.06513 

95233  36060 

0. 

02111  58281 

0.  01 

0. 06281 

45660 

38302 

0.00251  65276 

0.  09 

0. 06549 

04937  14101 

0. 

02392  34345 

0.  02 

0. 06313 

33261 

60188 

0.00506  66040 

0.10 

0. 06584 

65155  38584 

0. 

02677  14110 

0.  03 

0. 06345 

63756 

34180 

0.00765  09870 

0.11 

0. 06620 

77131  77434 

0. 

02966  07472 

0.  04 

0. 06378 

38128 

42217 

0.01027  04595 

0.12 

0. 06657 

42154  15123 

0. 

03259  24678 

0.05 

0. 06411 

57394 

13714 

0.  01292  58301 

0.13 

0. 06694 

61556  59704 

0. 

03556  76342 

0.06 

0. 06445 

22603 

66828 

0.01561  79344 

0. 14 

0. 06732 

36721  61983 

0. 

03858  73466 

0.  07 

0. 06479 

34842 

57396 

0.01834  76360 

0.15 

0.06770 

69082  47689 

0. 

04165  27452 

[ 

(-8,)6] 

m 

[ 

>(-7)7] 

[(n 

See  Examples  3,  5 and  6. 
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ELLIPTIC  INTEGRAL  OF  THE  FIRST  KIND  F(*\«)  Table  17.5 

F(<p\a)= j*  (1-sin2  « sin2  0)  *de 


a\<p 

0° 

5° 

10° 

15° 

i 

20° 

25° 

CO 

o 

o 

0° 

0 

0.  08726 

646 

0. 17453 

293 

0.  26179 

939 

0.  34906 

585 

0.  43633 

231 

0. 52359 

878 

2 

0 

0.  08726 

660 

0. 17453 

400 

0. 26180 

298 

0. 34907 

428 

0. 43634 

855 

0.  52362 

636 

4 

0 

0.  08726 

700 

0. 17453 

721 

0.  26181 

374 

0.  34909 

952 

0. 43639 

719 

0.  52370 

903 

6 

0 

0.  08726 

767 

0. 17454 

255 

0. 26183 

163 

0. 34914 

148 

0. 43647 

806 

0.  52384 

653 

8 

0 

0.  08726 

860 

0. 17454 

999 

0. 26185 

656 

0. 34919 

998 

0. 43659 

086 

0.  52403 

839 

10 

0 

0.  08726 

^80 

0. 17455 

949 

0.  26188 

842 

0.  34927 

479 

0. 43673 

518 

0.  52428 

402 

12 

0 

0. 08727 

124 

0. 17457 

102 

0. 26192 

707 

0.  34936 

558 

0. 43691 

046 

0.  52458 

259 

14 

0 

0.  08727 

294 

0. 17458 

451 

0. 26197 

234 

0.  34947 

200 

0. 43711 

606 

0. 52493 

314 

16 

0 

0. 08727 

487 

0. 17459 

991 

0. 26202 

402 

0.  34959 

358 

0.  43735 

119 

0. 52533 

449 

18 

0 

0.  08727 

703 

0. 17461 

714 

0. 26208 

189 

0. 34972 

983 

0. 43761 

496 

0.  52578 

529 

20 

0 

0.  08727 

940 

0.17463 

611 

0. 26214 

568 

0. 34988 

016 

0. 43790 

635 

0.  52628 

399 

22 

0 

0. 08728 

199 

0. 17465 

675 

0. 26221 

511 

0.  35004 

395 

0. 43822 

422 

0.  52682 

887 

24 

0 

0.  08728 

477 

0. 17467 

895 

0. 26228 

985 

0.  35022 

048 

0.  43856 

733 

0.  52741 

799 

26 

0 

0.  08728 

773 

0. 17470 

261 

0. 26236 

958 

0.  35040 

901 

0. 43893 

430 

0. 52804 

924 

28 

0 

0.  08729 

086 

0. 17472 

762 

0. 26245 

392 

0. 35060 

870 

0. 43932 

365 

0.  52872 

029 

30 

0 

0.  08729 

413 

0. 17475 

386 

0. 26254 

249 

0.  35081 

868 

0. 43973 

377 

0. 52942 

863 

32 

0 

0.  08729 

755 

0. 17478 

119 

0. 26263 

487 

0.  >5103 

803 

0.  44016 

296 

0.  53017 

153 

34 

0 

0.  08730 

108 

0. 17480 

950 

0. 26273 

064 

0. 35126 

576 

0. 44060 

939 

0.  53094 

608 

36 

0 

0.  08730 

472 

0. 17483 

864 

0. 26282 

934 

0. 35150 

083 

0. 44107 

115 

0. 53174 

916 

38 

0 

0. 08730 

844 

0. 17486 

848 

0. 26293 

052 

0.  35174 

218 

0.  44154 

622 

0. 53257 

745 

40 

0 

0. 08731 

222 

0.17489 

887 

0. 26303 

369 

0.  35198 

869 

0. 44203 

247 

0. 53342 

745 

42 

0 

0. 08731 

606 

0. 17492 

967 

0. 26313 

836 

0. 35223 

920 

0. 44252 

769 

0. 53429 

546 

44 

0 

0. 08731 

992 

0. 17496 

073 

0. 26324 

404 

0.  35249 

254 

0. 44302 

960 

0. 53517 

761 

46 

0 

0.  08732 

379 

0. 17499 

189 

0. 26335 

019 

0.  35274 

748 

0. 44353 

584 

0.  53606 

986 

48 

0 

0. 08732 

765 

0. 17502 

300 

0. 26345 

633 

0.  35300 

280 

0. 44404 

397 

0.  53696 

798 

50 

0 

0. 08733 

149 

0. 17505 

392 

0. 26356 

191 

0.  35325 

724 

0. 44455 

151 

0. 53786 

765 

52 

0 

0.  08733 

528 

0. 17508 

448 

0. 26366 

643 

0.  35350 

955 

0. 44505 

593 

0.  53876 

438 

54 

0 

0. 08733 

901 

0. 17511 

455 

0. 26376 

936 

0. 35375 

845 

0. 44555 

469 

0.  53965 

358 

56 

0 

0. 08734 

265 

0. 17514 

397 

0. 26387 

020 

0. 35400 

269 

0. 44604 

519 

0. 54053 

059 

58 

0 

0.  08734 

620 

0. 17517 

260 

0.  26396 

842 

0. 35424 

101 

0. 44652 

487 

0.  54139 

069 

60 

0 

0. 08734 

962 

0. 17520 

029 

0. 26406 

355 

0.  35447 

217 

0. 44699 

117 

0. 54222 

911 

62 

0 

0.  08735 

291 

0. 17522 

690 

0. 26415 

509 

0.  35469 

497 

0. 44744 

153 

0.  54304 

111 

64 

0 

0. 08735 

605 

0. 17525 

232 

0. 26424 

258 

0.  35490 

823 

0. 44787 

348 

0. 54382 

197 

66 

0 

0. 08735 

902 

0. 17527 

640 

0. 26432 

556 

0.  35511 

081 

0. 44828 

459 

0.  54456 

704 

68 

0 

0.  08736 

182 

0. 17529 

903 

0.  26440 

362 

0.  35530 

160 

0. 44867 

252 

0.  54527 

182 

70 

0 

0.  08736 

442 

0. 17532 

010 

0. 26447 

634 

0. 35547 

959 

0. 44903 

502 

0. 54593 

192 

72 

0 

0.  08736 

681 

0. 17533 

949 

0. 26454 

334 

0.  35564 

377 

0. 44936 

997 

0.  54654 

316 

74 

0 

0,  08736 

898 

0. 17535 

712 

0.  26460 

428 

0.  35579 

326 

0. 44967 

538 

0.  54710 

162 

76 

0 

0.  08737 

092 

0. 17537 

289 

0. 26465 

883 

0.  35592 

721 

0. 44994 

944 

0.  54760 

364 

78 

0 

0.  08737 

262 

0. 17538 

672 

0. 26470 

671 

0. 35604 

488 

0. 45019 

046 

0.  54804 

587 

80 

0 

0. 08737 

408 

0. 17539 

854 

0. 26474 

766 

0.  35614 

560 

0. 45039 

699 

0. 54842 

535 

82 

0 

0.  08737 

528 

0. 17540 

830 

0. 26478 

147 

0.  35622 

881 

0.  45056 

775 

0. 54873 

947 

84 

0 

0. 08737 

622 

0. 17541 

594 

0.  26480 

795 

0.  35629 

402 

0. 45070 

168 

0. 54898 

608 

86 

0 

0. 08737 

689 

0. 17542 

143 

0. 26482 

697 

0.  35634 

086 

0. 45079 

795 

0.  54916 

348 

88 

0 

0. 08737 

730 

0. 17542 

473 

0. 26483 

842 

0. 35636 

908 

0. 45085 

596 

0. 54927 

042 

90 

0 

0.  08737 

744 

0. 17542 

583 

0. 26484 

225 

0. 35637 

851 

0. 45087 

533 

0.  54930 

614 

m 

m 

m 

5 

0 

0.  08726 

730 

0. 17453 

962 

0. 26182 

180 

0. 34911 

842 

0.  43643 

361 

0.  52377 

095 

15 

0 

0.  08727 

387 

0. 17459 

198 

0. 26199 

739 

0.  34953 

092 

0.  43722 

998 

0. 52512 

754 

25 

0 

0. 08728 

623 

0. 17469 

061 

0.  26232 

912 

0. 35031 

330 

0. 43874 

792 

0.  52772 

849 

35 

0 

0. 08730 

289 

0. 17482 

397 

0.  26277 

965 

0.  35138 

244 

0.  44083 

848 

0.  53134 

425 

45 

0 

0. 08732 

185 

0. 17497 

630 

0. 26329 

709 

0.  35261 

989 

0. 44328 

233 

0.  53562 

273 

55 

0 

0.  08734 

084 

0. 17512 

935 

0. 26382 

007 

0.  35388 

123 

0. 44580 

113 

0.  54009 

391 

65 

0 

0. 08735 

756 

0. 17526 

454 

0.26428 

466 

0.  35501 

092 

0. 44808 

179 

0.  54419 

926 

75 

0 

0.  08736 

998 

0. 17536 

525 

0. 26463 

238 

0.  35586 

223 

0. 44981 

645 

0.  54735 

991 

85 

0 

0.  08737 

659 

0. 17541 

895 

i 

0. 26481 

840 

0.  35631 

976 

0. 45075 

457 

0.  54908 

352 

The  table  can  also  be  used  inversely  to  find  ?=am  u where  u=F(<p\a)  and  so  the  Jacobian  elliptic 


functions,  for  example  sn  w=sin  <p,  cn  u= cos  <p,  dn  (1-sin2  « sin2  <p)ll2.  See  Examples  7-11. 

Compiled  from  K.  Pearson,  Tables  of  the  complete  and  incomplete  elliptic  integrals,  Cambridge 
Univ.  Press,  Cambridge,  England,  1934  (with  permission).  Known  errors  have  been  corrected. 
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Table  17.5  ELLIPTIC  INTEGRAL  OF  THE  FIRST  KIND  F(„\<») 


F(»>\af)=J^  (1-sin2  « sin2 «)  * do 


a\<p 

A 

35° 

o 

O 

Tt< 

45° 

50° 

i 

55° 

60° 

0° 

0.  61086 

524 

0.  69813 

170 

0.  78539 

816 

0. 87266 

463 

0. 95993 

109 

1. 04719 

755 

2 

0.  61090 

819 

0. 69819 

436 

0.  78548 

509 

0. 87278 

045 

0. 96008 

037 

1.04738  465 

4 

0. 61103 

691 

0.  69838 

220 

0.  78574 

574 

0. 87312 

784 

0. 96052 

821 

1. 04794 

603 

6 

0. 61125  *108 

0. 69869 

484 

0.  78617 

974 

0. 87370 

649 

0. 96127 

450 

1.04888  194 

8 

0.  61155 

010 

0.  69913 

161 

0. 78678 

644 

0. 87451 

593 

0. 96231 

911 

1. 05019 

278 

10 

0.  61193 

318 

0.  69969 

159 

0. 78756 

494 

0. 87555 

545 

0. 96366 

180 

1.05187  911 

12 

0. 61239 

927 

0.  70037 

358 

0. 78851 

403 

0. 87682 

412 

0. 96530 

224 

1.05394  160 

14 

0.  61294 

707 

0.  70117 

608 

0. 78963 

221 

0. 87832 

076 

0. 96723 

998 

1. 05638 

099 

16 

0. 61357 

504 

0.  70209 

730 

0. 79091 

768 

0. 88004 

389 

0. 96947 

438 

1. 05919 

813 

18 

0.  61428 

140 

0. 70313 

511 

0. 79236 

827 

0. 88199 

174 

0. 97200 

462 

1. 06239 

384 

20 

0.  61506 

406 

0. 70428 

706 

0. 79398 

143 

0. 88416 

214 

0. 97482 

960 

1.  06596 

891 

22 

0. 61592 

071 

0. 70555 

037 

0. 79575 

422 

0. 88655 

254 

0. 97794 

790 

1.  06992 

405 

24 

0.  61684 

871 

0. 70692 

183 

0. 79768 

324 

0. 88915 

992 

0. 98135 

773 

1.  07425 

976 

26 

0.  61784 

515 

0. 70839 

788 

0. 79976 

461 

0. 89198 

071 

0. 98505 

681 

1. 07897 

628 

28 

0.  61890 

682 

0. 70997 

451 

0. 80199 

389 

0. 89501 

076 

0. 98904 

227 

1. 08407 

347 

30 

0.  62003 

018 

0.  71164 

728 

0.  80436 

610 

0.  89824 

524 

0. 99331 

059 

1. 08955 

067 

32 

0. 62121 

138 

0. 71341 

124 

0. 80687 

558 

0. 90167 

852 

0.  99785 

743 

1. 09540 

656 

34 

0. 62244 

622 

0.  71526 

098 

0. 80951 

599 

0. 90530 

415 

1.  00267 

749 

1. 10163 

899 

36 

0. 62373 

019 

0. 71719 

052 

0. 81228 

024 

0. 90911 

465 

1. 00776 

438 

1. 10824 

474 

38 

0.  62505 

840 

0.  71919 

335 

0.  81516 

039 

0. 91310 

148 

1. 01311 

039 

1.11521 

933 

40 

0.  62642 

563 

0.  72126 

235 

0. 81814 

765 

0. 91725 

487 

1.  01870 

633 

1.12255 

667 

42 

0. 62782 

630 

0.  72338 

982 

0. 82123 

227 

0. 92156 

370 

1. 02454 

127 

1. 13024 

880 

44 

0.  62925 

446 

0. 72556 

741 

0.  82440 

346 

0. 92601 

535 

1. 03060 

230 

1. 13828 

546 

46 

0.  63070 

385 

0.  72778 

615 

0. 82764 

941 

0. 93059 

558 

1. 03687 

427 

1. 14665 

369 

48 

0.  63216 

783 

0.  73003 

640 

0.  83095 

712 

0. 93528 

835 

1. 04333 

948 

1.15533 

731 

50 

0.  63363 

947 

0.  73230 

789 

0.  83431 

247 

0. 94007 

568 

1. 04997 

735 

1. 16431 

637 

52 

0.  63511 

150 

0. 73458 

970 

0. 83770 

010 

0. 94493 

756 

1.  05676 

412 

1. 17356 

652 

54 

0. 63657 

639 

0.  73687 

028 

0.  84110 

344 

0. 94985 

177 

1. 06367 

248 

1. 18305 

833 

56 

0.  63802 

636 

0.  73913 

751 

0. 84450 

468 

0. 95479 

381 

1. 07067 

128 

1. 19275 

650 

58 

0.  63945 

343 

0.  74137 

870 

0.  84788 

483 

0. 95973 

682 

1.  07772 

516 

1. 20261 

907 

60 

0.  64084 

944 

0.  74358 

071 

0. 85122 

375 

0. 96465 

156 

1. 08479 

434 

1. 21259 

661 

62 

0.  64220 

613 

0. 74572 

998 

0. 85450 

024 

0. 96950 

647 

1. 09183 

436 

1. 22263 

139 

64 

0.  64351 

521 

0.  74781 

266 

0.  85769 

220 

0.  97426 

773 

1. 09879 

601 

1.23265 

660 

66 

0.  64476 

839 

0.  74981 

471 

0. 86077 

677 

0. 97889 

946 

1. 10562 

535 

1. 24259 

576 

68 

0.  64595 

751 

0.  75172 

208 

0.  86373 

057 

0. 98336 

406 

1. 11226 

392 

1.25236  238 

70 

0.  64707 

458 

0.  75352 

078 

0.  86652 

996 

0. 98762 

253 

1. 11864 

920 

1. 26185 

988 

72 

0. 64811 

189 

0. 75519 

716 

0. 86915 

135 

0. 99163 

507 

1. 12471 

530 

1.27098  218 

74 

0. 64906 

209 

0.  75673 

800 

0.  87157 

159 

0. 99536 

166 

1. 13039 

401 

1. 27961 

482 

76 

0. 64991 

829 

0.  75813 

076 

0.  87376 

830 

0. 99876 

287 

1. 13561 

610 

1.  28763 

696 

78 

0.  65067 

415 

0.  75936 

376 

0. 87572 

037 

1. 00180 

067 

1.14031 

304 

1. 29492 

436 

80 

0. 65132 

394 

0. 76042 

640 

0. 87740 

833 

1.  00443 

942 

1. 14441 

892 

1. 30135 

321 

82 

0. 65186 

270 

0. 76130 

931 

0. 87881 

481 

1.  00664, 

678 

1. 14787 

262 

1.  30680 

495 

84 

0.  65228 

622 

0.  76200 

457 

0.  87992 

495 

1.  00839 

470 

1. 15062 

010 

1.  31117 

166 

86 

0. 65259 

116 

0.  76250 

582 

0. 88072 

675 

1.  00966 

028 

1. 15261 

652 

1. 31436 

170 

88 

0.  65277 

510 

0.  76280 

846 

0. 88121 

143 

1. 01042 

658 

1. 15382 

828 

1. 31630 

510 

90 

0.  65283 

658 

0.  76290 

965 

0.  88137 

359 

1. 01068 

319 

1. 15423 

455 

1. 31695 

790 

m 

[<-H 

m 

m 

[<-74>2] 

5 

0.  61113 

335 

0.  69852 

295 

0. 78594 

111 

0.  87338 

828 

0. 96086 

405 

1. 04836 

715 

15 

0.  61325 

114 

0.  70162 

198 

0.  79025 

416 

0. 87915 

412 

0.  96832 

014 

1. 05774 

229 

25 

0. 61733 

857 

0.  70764 

702 

0. 79870 

514 

0.  89054 

388 

0. 98317 

128 

1. 07657 

042 

35 

0.  62308 

236 

0.  71621 

617 

0. 81088 

311 

0. 90718 

679 

1.00518  803 

1. 10489 

545 

45 

0.  62997 

691 

0.  72667 

222 

0. 82601 

788 

0. 92829 

036 

1. 03371 

296 

1. 14242 

906 

55 

0. 63730 

374 

0. 73800 

634 

0. 84280 

548 

0. 95232 

094 

1.  06716 

268 

1.18788  407 

65 

0.  64414 

930 

0.  74882 

464 

0. 85924 

936 

0. 97660 

210 

1. 10223 

077 

1. 23764 

210 

75 

0.  64950 

235 

0.  75745 

364 

0. 87269 

924 

0. 99710 

535 

1.13306  645 

1.28370  993 

85 

0. 65245 

368 

0.  76227 

978 

0.  88036 

502 

1. 00908 

899 

1. 15171 

457 

1. 31291 

870 
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ELLIPTIC  INTEGRAL  OF  THE  FIRST  KIND  F(*\«)  Table  17.5 


F(<p\a) =J*  (1-sin2  « sin2  0)  ^ de 


a\<p 

65° 

i 

o 

O 

75° 

80° 

o 

00 

90° 

> 

0° 

1. 13446 

401 

1. 22173 

048 

1. 30899 

694 

1. 39626 

340 

1. 48352 

986 

1. 57079 

633 

2 

1. 13469 

294 

1.22200 

477 

1. 30931 

959 

1. 39663 

672 

1. 48395 

543 

1. 57127 

495 

4 

1. 13537 

994 

1. 22282 

810 

1. 31028 

822 

1. 39775 

763 

1.  48523 

342 

1. 57271 

244 

6 

1. 13652 

576 

1. 22420 

180 

1. 31190 

491 

1. 39962 

909 

1. 48736 

769 

1. 57511 

361 

8 

1. 13813 

158 

1. 22612 

810 

1. 31417 

314 

1. 40225 

598 

1. 49036 

470 

1. 57848 

658 

10 

1. 14019 

906 

1. 22861 

010 

1. 31709 

778 

1. 40564 

522 

1. 49423 

361 

1. 58284 

280 

12 

1. 14273 

032 

1. 23165 

180 

1.  32068 

514 

1. 40980 

577 

1.  49898 

627 

1. 58819 

721 

14 

1. 14572 

789 

1.23525 

808 

1. 32494 

296 

1. 41474 

871 

1. 50463 

742 

1. 59456 

834 

16 

1. 14919 

471 

1. 23943 

470 

1. 32988 

047 

1. 42048 

728 

1. 51120 

474 

1. 60197 

853 

18 

1. 15313 

409 

1. 24418 

827 

1. 33550 

840 

1. 42703 

700 

1. 51870 

904 

1. 61045 

415 

20 

1. 15754 

967 

1. 24952 

627 

1. 34183 

901 

1.  43441 

578 

1. 52717 

445 

1. 62002 

590 

22 

1. 16244 

535 

1. 25545 

700 

1. 34888 

616 

1. 44264 

399 

1.  53662 

865 

1.  63072 

910 

24 

1. 16782 

525 

1. 26198 

957 

1. 35666 

531 

1. 45174 

466 

1. 54710 

309 

1. 64260 

414 

26 

1. 17369 

362 

1.  26913 

385 

1. 36519 

359 

1. 46174 

360 

1. 55863 

334 

1. 65569 

693 

28 

1. 18005 

472 

1. 27690 

045 

1. 37448 

981 

1.47266 

958 

1.  57125 

942 

1. 67005 

943 

30 

1. 18691 

274 

1.28530 

059 

1. 38457 

455 

1. 48455 

455 

1. 58502 

624 

1. 68575 

035 

32 

1. 19427 

162 

1. 29434 

605 

1. 39547 

013 

1.  49743 

384 

1. 59998 

406 

1.  70283 

594 

34 

1.20213 

489 

1. 30404 

906 

1. 40720 

064 

1. 51134 

644 

1. 61618 

906 

1. 72139 

083 

36 

1. 21050 

542 

1. 31442 

210 

1. 41979 

198 

1. 52633 

523 

1. 63370 

398 

1. 74149 

923 

38 

1. 21938 

520 

1. 32547 

772 

1.43327 

179 

1.  54244 

734 

1. 65259 

894 

1. 76325 

618 

40 

1.  22877 

499 

1. 33722 

824 

1. 44766 

938 

1. 55973 

441 

1. 67295 

226 

1. 78676 

913 

42 

1. 23867 

392 

1. 34968 

545 

1. 46301 

$65 

1.  57825 

301 

1. 69485 

156 

1. 81215 

985 

44 

1.  24907 

904 

1. 36286 

013 

1. 47934 

287 

1. 59806 

493 

1. 71839 

498 

1. 83956 

672 

46 

1.25998 

475 

1. 37676 

148 

1. 49668 

437 

1. 61923 

762 

1. 74369 

264 

1.  86914 

755 

48 

1.  27138 

210 

1. 39139 

640 

1. 51507 

416 

1. 64184 

453 

1. 77086 

836 

1.90108 

303 

50 

1.28325 

798 

1. 40676 

855 

1. 53454 

619 

1.  66596 

542 

1. 80006 

176 

1. 93558 

110 

52 

1. 29559 

414 

1. 42287 

717 

1. 55513 

354 

1.  69168 

665 

1. 83143 

068 

1. 97288 

227 

54 

1. 30836 

604 

1. 43971 

560 

1. 57686 

709 

1.  71910 

125 

1. 86515 

414 

2. 01326  657 

56 

1.  32154 

149 

1. 45726 

935 

1. 59977 

378 

1. 74830 

880 

1. 90143 

591 

2. 05706 

232 

58 

1.  33507 

910 

1. 47551 

372 

1. 62387 

409 

1. 77941 

482 

1. 94050 

873 

2. 10465 

766 

60 

1.  34892 

643 

1. 49441 

087 

1. 64917 

867 

1. 81252 

953 

1. 98263 

957 

2. 15651 

565 

62 

1. 36301 

803 

1. 51390 

609 

1.  67568 

359 

1. 84776 

547 

2. 02813 

570 

2. 21319 

470 

64 

1.  37727 

323 

1. 53392 

332 

1. 70336 

398 

1. 88523 

335 

2. 07735 

219 

2.27537 

643 

66 

1. 39159 

384 

1. 55435 

972 

1. 73216 

516 

1. 92503 

509 

2. 13070 

052 

2. 34390 

472 

68 

1.  40586 

195 

1. 57507 

940 

1. 76199 

085 

1. 96725 

237 

2. 18865 

839 

2. 41984 

165 

70 

1. 41993 

796 

1. 59590 

624 

1. 79268 

736 

2. 01192 

798 

2.25177 

995 

2. 50455 

008 

72 

1.  43365 

925 

1. 61661 

644 

1. 82402 

292 

2. 05903 

582 

2. 32070 

416 

2. 59981 

973 

74 

1. 44684 

001 

1. 63693 

134 

1. 85566 

175 

2.10843 

282 

2. 39615 

610 

2. 70806 

762 

76 

1. 45927 

266 

1. 65651 

218 

1. 88713 

308 

2. 15978 

295 

2. 47892 

739 

2. 83267 

258 

78 

1.  47073 

163 

1. 67495 

873 

1. 91779 

814 

2. 21243 

977 

2. 56980 

281 

2. 97856 

895 

80 

1. 48098 

006 

1. 69181 

489 

1. 94682 

231 

2.  26527 

326 

2. 66935 

045 

3. 15338 

525 

82 

1. 48977 

975 

1. 70658 

456 

1.97316 

666 

2.  31643 

897 

2. 77736 

748 

3.  36986 

803 

84 

1. 49690 

410 

1. 71876 

033 

1. 99562 

118 

2.  36313 

736 

2. 89146 

664 

3.  65185 

597 

86 

1. 50215 

336 

1. 72786 

543 

2. 01290 

452 

2.40153 

358 

3. 00370 

926 

4.  05275 

817 

88 

1. 50537 

033 

1.73350 

464 

2. 02384 

126 

2.  42718 

003 

3.  09448 

898 

4. 74271 

727 

90 

1. 50645 

424 

1. 73541 

516 

2. 02758 

942 

2. 43624 

605 

3.13130 

133 

00 

rn 

m 

ra 

[■(-3)7] 

5 

1. 13589 

544 

1. 22344 

604 

1. 31101 

537 

1. 39859 

928 

1.48619 

317 

1. 57379 

213 

15 

1. 14740 

244 

1. 23727 

471 

1. 32732 

612 

1. 41751 

762 

1. 50780 

533 

1.  59814 

200 

25 

1. 17069 

811 

1. 26548 

460 

1. 36083 

467 

1.  45663 

012 

1.  55273 

384 

1. 64899 

522 

35 

1. 20625 

660 

1. 30915 

104 

1.  41338 

702 

1.  51870 

347 

1. 62477 

858 

1. 73124 

518 

45 

1.  25446 

980 

1.  36971 

948 

U 48788 

472 

1.  60847 

673 

1.  73081 

713 

1.  85407 

468 

55 

1.  31490 

567 

1. 44840 

433 

1.  58817 

233 

1.  73347 

444 

1.  88296 

142 

2.  03471 

531 

65 

1.  38443 

225 

1. 54409 

676 

1.  71762 

935 

1.  90483 

674 

2.10348 

169 

2.  30878 

680 

75 

1.45316 

359 

1. 64683 

711 

1. 87145 

396 

2. 13389 

514 

2. 43657 

614 

2.  76806 

315 

85 

1. 49977 

412 

1. 72372 

395 

2. 00498 

776 

2.  38364 

709 

2.  94868 

876 

3. 83174 

200 

616 
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Table  17.6  ELLIPTIC  INTEGRAL  OF  THE  SECOND  KIND  E(*\a) 

E(<p\cc)=  P5  (1-sin2  « sin2  o)*d9 

•/  U 


a\<p 

0° 

5° 

10° 

15c 

> 

20c 

> 

25° 

i 

30c 

> 

0° 

0 

0.  08726 

646 

0. 17453 

293 

0.26179 

939 

0.  34906 

585 

0. 43633 

231 

0.  52359 

878 

2 

0 

0.  08726 

633 

0.17453 

185 

0.  26179 

579 

0.  34905 

742 

0.  43631 

608 

0.  52357 

119 

4 

0 

0.  08726 

592 

0. 17452 

864 

0.  26178 

503 

0.  34903 

218 

0. 43626 

745 

0.  52348 

856 

6 

0 

0.  08726 

525 

0. 17452 

330 

0.  26176 

715 

0.  34899 

025 

0. 43618 

665 

0. 52335 

123 

8 

0 

0.  08726 

432 

0. 17451 

587 

0. 26174 

224 

0. 34893 

181 

0.  43607 

403 

0.  52315 

981 

10 

0 

0.  08726 

313 

0. 17450 

636 

0.  26171 

041 

0.  34885 

714 

0.  43593 

011 

0. 52291 

511 

12 

0 

0.  08726 

168 

0. 17449 

485 

0.  26167 

182 

0.  34876 

657 

0. 43575 

552 

0.  52261 

821 

14 

0 

0. 08725 

999 

0. 17448 

137 

0.26162 

664 

0.  34866 

055 

0.  43555 

106 

0.  52227 

039 

16 

0 

0. 08725 

806 

0. 17446 

599 

0. 26157 

510 

0.  34853 

954 

0.  43531 

765 

0.  52187 

317 

18 

0 

0.  08725 

590 

0.17444 

879 

0.  26151 

743 

0. 34840 

412 

0.43505 

633 

0. 52142 

828 

20 

0 

0.  08725 

352 

0.17442 

985 

0.26145 

391 

0.  34825 

492 

0.  43476 

831 

0.  52093 

770 

22 

0 

0.  08725 

094 

0.17440 

926 

0.  26138 

485 

0.  34809 

262 

0. 43445 

488 

0.  52040 

357 

24 

0 

0.  08724 

816 

0. 17438 

712 

0.26131 

056 

0.  34791 

800 

0.  43411 

749 

0.  51982 

827 

26 

0 

0. 08724 

521 

0.17436 

353 

0.  26123 

141 

0.  34773 

187 

0. 43375 

767 

0.  51921 

436 

28 

0 

0. 08724 

208 

0. 17433 

862 

0.26114 

778 

0.  34753 

510 

0. 43337 

709 

0.  51856 

461 

30 

0 

0.  08723 

881 

0. 17431 

250 

0.26106 

005 

0. 34732 

863 

0. 43297 

749 

0.  51788 

193 

32 

0 

0. 08723 

540 

0.17428 

529 

0. 26096 

867 

0.  34711 

342 

0.  43256 

075 

0. 51716 

944 

34 

0 

0.  08723 

187 

0. 17425 

714 

0. 26087 

405 

0. 34689 

050 

0.  43212 

880 

0. 51643 

040 

36 

0 

0.  08722 

824 

0. 17422 

817 

0.  26077 

666 

0.  34666 

093 

0.  43168 

368 

0.  51566 

820 

38 

0 

0. 08722 

453 

0.17419 

852 

0.  26067 

697 

0. 34642 

580 

0.  43122 

748 

0.  51488 

638 

40 

0 

0.  08722 

075 

0.17416 

835 

0. 26057 

545 

0.  34618 

625 

0. 43076 

236 

0. 51408 

862 

42 

0 

0. 08721 

692 

0. 17413 

779 

0.  26047 

261 

0. 34594 

343 

0.  43029 

055 

0.  51327 

866 

44 

0 

0.  08721 

307 

0.17410 

700 

0.  26036 

893 

0.  34569 

850 

0. 42981 

431 

0.  51246 

037 

46 

0 

0. 08720 

920 

0. 17407 

613 

0. 26026 

492 

0. 34545 

266 

0.  42933 

594 

0.  51163 

767 

48 

0 

0.  08720 

535 

0.17404 

531 

0. 26016 

110 

0.  34520 

710 

0. 42885 

776 

0.  51081 

454 

50 

0 

0.  08720 

152 

0. 17401 

472 

0.  26005 

795 

0. 34496 

302 

0. 42838 

212 

0. 50999 

501 

52 

0 

0. 08719 

774 

0.17398 

449 

0.  25995 

600 

0.  34472 

162 

0. 42791 

134 

0.  50918 

310 

54 

0 

0.  08719 

402 

0. 17395 

477 

0.  25985 

574 

0.  34448 

409 

0. 42744 

775 

*0.  50838 

287 

56 

0 

0.  08719 

039 

0. 17392 

571 

0.25975 

765 

0. 34425 

159 

0. 42699 

368 

0.  50759 

831 

58 

0 

0.  08718 

686 

0. 17389 

745 

0. 25966 

224 

0. 34402 

529 

0. 42655 

138 

0.  50683 

341 

60 

0 

0.  08718 

345 

0. 17387 

013 

0.25956 

996 

0.  34380 

631 

0. 42612 

308 

0.  50609 

207 

62 

0 

0.  08718 

017 

0. 17384 

388 

0.  25948 

126 

0.  J4359 

575 

0. 42571 

097 

0.50537 

811 

64 

0 

0. 08717 

704 

0. 17381 

883 

0. 25939 

660 

0. 34339 

465 

0.  42531 

712 

0.  50469 

523 

66 

0 

0.  08717 

408 

0. 17379 

511 

0.  25931 

640 

0. 34320 

404 

0.  42494 

358 

0. 50404 

700 

68 

0 

0.  08717 

130 

0. 17377 

283 

0.  25924 

104 

0.  34302 

487 

0. 42459 

224 

0.  50343 

686 

70 

0 

0.  08716 

871 

0.17375 

210 

0.25917 

090 

0.  34285 

805 

0.  42426 

495 

0.  50286 

804 

72 

0 

0.08716 

633 

0. 17373 

302 

0.25910 

634 

0. 34270 

443 

0. 42396 

339 

0.  50234 

359 

74 

0 

0.  08716 

416 

0. 17371 

568 

0.  25904 

767 

0.  34256 

478 

0.  42368 

913 

0.50186 

633 

76 

0 

0. 08716 

223 

0.17370 

018 

0.25899 

519 

0.  34243 

984 

0. 42344 

363 

0.  50143 

886 

78 

0 

0.  08716 

053 

0. 17368 

659 

0.  25894 

917 

0.  34233 

022 

0.  42322 

817 

0.  50106 

351 

80 

0 

0. 08715 

909 

0.17367 

498 

0. 25890 

983 

0.  34223 

650 

0.  42304 

389 

0.  50074 

232 

82 

0 

0.  08715 

789 

0.17366 

539 

0.  25887 

737 

0.  34215 

915 

0. 42289 

175 

0. 50047 

707 

84 

0 

0. 08715 

695 

0.17365 

789 

0. 25885 

195 

0. 34209 

857 

0.  42277 

258 

0.  50026 

923 

86 

0 

0.  08715 

628 

0. 17365 

250 

0.  25883 

370 

0. 34205 

507 

0.  42268 

700 

0. 50011 

993 

88 

0 

0. 08715 

588 

0. 17364 

926 

0.25882 

271 

0.  34202 

889 

0.  42263 

547 

0.  50003 

003 

90 

0 

0.  08715 

574 

0.17364 

818 

0. 2588i 

905 

0. 34202 

014 

0. 42261 

826 

0. 50000 

000 

m 

m 

P-?4] 

m 

5 

0 

0.  08726 

562 

0. 17452 

624 

0.  26177 

698 

0.  34901 

329 

0. 43623 

105 

0.  52342 

670 

15 

0 

0.  08725 

905 

0. 17447 

391 

0.  26160 

165 

0. 34860 

188 

0.  43543 

791 

0.  52207 

785 

25 

0 

0.  08724 

671 

0.17437 

550 

0.  26127 

157 

0.  34782 

632 

0. 43394 

028 

0.  51952 

597 

35 

0 

0. 08723 

006 

0. 17424 

275 

0. 26082 

567 

0.  34677 

648 

0.  43190 

776 

0.  51605 

197 

45 

0 

0. 08721 

113 

0.17409 

157 

0.26031 

693 

0.  34557 

562 

0.  42957 

525 

0.  51204 

932 

55 

0 

0.  08719 

220 

0. 17394 

015 

0. 25980 

639 

0.  34436 

714 

0.42721 

938 

0.  50798 

838 

65 

0 

0. 08717 

554 

0. 17380 

680 

0.  25935 

592 

0.  34329 

797 

0. 42512 

769 

0.  50436 

656 

75 

0 

0. 08716 

317 

0.17370 

770 

0.25902 

064 

0. 34250 

043 

0.  42356 

271 

0.  50164 

622 

85 

0 

0. 08715 

659 

0.17365 

493 

0. 25884 

192 

0. 34207 

467 

0. 42272 

556 

0.  50018 

720 

See  Example  14. 

Compiled  from  K.  Pearson,  Tables  of  the  complete  and  incomplete  elliptic  integrals,  Cambridge  Univ. 
Press,  Cambridge,  England,  1934  (with  permission).  Known  errors  have  been  corrected. 
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ELLIPTIC  INTEGRAL  OF  THE  SECOND  KIND  E(*\a) 

E(<p\<x)=f*  (l-sin2asin20)*</0 


a\<p 

35c 

> 

o 

O 

0° 

0.  61086 

524 

0. 69813 

170 

2 

0.  61082 

230 

0.  69806 

905 

4 

0.  61069 

365 

0.  69788 

136 

6 

0.  61047 

983 

0.  69756 

935 

8 

0.  61018 

171 

0.  69713 

427 

10 

0.  60980 

055 

0.  69657 

784 

12 

0.  60933 

793 

0.  69590 

226 

14 

0. 60879 

577 

0. 69511 

023 

16 

0.  60817 

636 

0.  69420 

492 

18 

0. 60748 

229 

0.  69318 

999 

20 

0.  60671 

652 

0.  69206 

954 

22 

0.  60588 

229 

0. 69084 

814 

24 

0.  60498 

319 

0.  68953 

083 

26 

0.  60402 

308 

0.  68812 

308 

28 

0.  60300 

616 

0. 68663 

077 

30 

0.  60193 

687 

0. 68506 

023 

32 

0. 60081 

994 

0.  68341 

817 

34 

0.  59966 

035 

0. 68171 

170 

36 

0.  59846 

332 

0.  67994 

830 

38 

0. 59723 

431 

0. 67813 

578 

40 

0. 59597 

897 

0.  67628 

229 

42 

0. 59470 

312 

0. 67439 

630 

44 

0. 59341 

278 

0.  67248 

651 

46 

0. 59211 

406 

0.  67056 

191 

48 

0.  59081 

324 

0. 66863 

167 

50 

0.  58951 

664 

0. 66670 

515 

52 

0.  58823 

065 

0.  66479 

183 

54 

0.  58696 

171 

0. 66290 

130 

56 

0.  58571 

622 

0.  66104 

317 

58 

0.  58450 

056 

0. 65922 

707 

60 

0.  58332 

103 

0.  65746 

255 

62 

0.  58218 

382 

0.  65575 

905 

64 

0. 58109 

497 

0. 65412 

585 

66 

0.  58006 

032 

0.  65257 

197 

68 

0. 57908 

549 

0.  65110 

612 

70 

0.  57817 

584 

0. 64973 

667 

72 

0.  57733 

641 

0.  64847 

154 

74 

0.  57657 

189 

0. 64731 

812 

76 

0. 57588 

663 

0.  64628 

328 

78 

0. 57528 

450 

0. 64537 

322 

80 

0. 57476 

897 

0. 64459 

347 

82 

0.  57434 

302 

0. 64394 

879 

84 

0. 57400 

912 

0.  64344 

316 

86 

0. 57376 

921 

0. 64307 

973 

88 

0. 57362 

470 

0.  64286 

075 

90 

0. 57357 

644 

0. 64278 

761 

m 

m 

5 

0. 61059 

734 

0.  69774 

083 

15 

0. 60849 

557 

0.  69467 

152 

25 

0. 60451 

051 

0.  68883 

790 

35 

0. 59906 

618 

0.  68083 

664 

45 

0.  59276 

408 

0.  67152 

549 

55 

0. 58633 

563 

0.  66196 

758 

65 

0.  58057 

051 

0.  65333 

844 

75 

0. 57621 

910 

0.  64678 

548 

85 

0.  57387 

732 

0.  64324 

351 

45c 

> 

50c 

> 

55° 

► 

0. 78539 

816 

0.  87266 

463 

0. 95993 

109 

0. 78531 

125 

0.  87254 

883 

0.  95978 

184 

0. 78505 

085 

0. 87220 

183 

0.95933 

459 

0.  78461 

792 

0.  87162 

487 

0. 95859 

083 

0.  78401 

409 

0.  87081 

998 

0.95755 

301 

0.  78324 

162 

0. 86979 

001 

0. 95622 

460 

0.  78230 

343 

0.  86853 

863 

0.  95461 

005 

0. 78120 

308 

0.  86707 

031 

0.  95271 

478 

0.  77994 

473 

0.  86539 

034 

0. 95054 

522 

0.  77853 

323 

0.  86350 

481 

0. 94810 

878 

0. 77697 

402 

0.  86142 

062 

0. 94541 

386 

0.  77527 

316 

0. 85914 

545 

0. 94246 

984 

0. 77343 

735 

0.  85668 

781 

0.  93928 

709 

0. 77147 

387 

0. 85405 

695 

0.  93587 

699 

0. 76939 

059 

0.  85126 

295 

0. 93225 

186 

0.  76719 

599 

0.  84831 

663 

0.  92842 

504 

0.  76489 

908 

0.  84522 

958 

0.  92441 

083 

0.  76250 

947 

0. 84201 

414 

0.  92022 

452 

0. 76003 

726 

0.  83868 

340 

0. 91588 

234 

0.  75749 

309 

0.  83525 

115 

0.  91140 

150 

0. 75488 

809 

0.  83173 

189 

0. 90680 

017 

0.  75223 

383 

0.  82814 

080 

0. 90209 

742 

0. 74954 

234 

0.  82449 

369 

0.  89731 

325 

0.  74682 

605 

0. 82080 

700 

0. 89246 

858 

0.  74409 

773 

0.  81709 

775 

0. 88758 

513 

0.  74137 

047 

0.  81338 

346 

0.  88268 

551 

0. 73865 

766 

0.  80968 

217 

0. 87779 

305 

0. 73597 

286 

0. 80601 

230 

0. 87293 

184 

0.73332 

979 

0.  80239 

262 

0. 86812 

660 

0. 73074 

229 

0. 79884 

217 

0.  86340 

261 

0.  72822 

416 

0. 79538 

015 

0.  85878 

561 

0. 72578 

915 

0.  79202 

582 

0.  85430 

169 

0.  72345 

085 

0.  78879 

839 

0.  84997 

709 

0.  72122 

260 

0. 78571 

685 

0.  84583 

811 

0. 71911 

737 

0.  78279 

987 

0. 84191 

082 

0.  71714 

767 

0.78006 

562 

0.  83822 

090 

0. 71532 

545 

0.  77753 

157 

0. 83479 

335 

0.  71366 

196 

0.  77521 

434 

0. 83165 

223 

0.71216 

766 

0. 77312 

952 

0. 82882 

031 

0.  71085 

210 

0.  77129 

143 

0.  82631 

879 

0. 70972 

381 

0.  76971 

298 

0.  82416 

694 

0.  70879 

019 

0. 76840 

544 

0. 82238 

177 

0. 70805 

745 

0. 76737 

830 

0.  82097 

770 

0.  70753 

050 

0. 76663 

912 

0.  81996 

631 

0. 70721 

289 

0.  76619 

339 

0.  81935 

604 

0. 70710 

678 

0. 76604 

444 

0.  81915 

204 

m 

m 

m 

0.  78485 

586 

0.  87194 

199 

0.  95899 

964 

0.  78059 

337 

0.  86625 

642 

0. 95166 

385 

0.  77247 

109 

0.  85539 

342 

0.  93760 

971 

0.  76128 

304 

0. 84036 

234 

0. 91807 

186 

0.  74818 

650 

0.  82265 

424 

0.  89489 

714 

0.  73464 

525 

0.  80419 

500 

0.  87052 

066 

0.  72232 

215 

0. 78723 

820 

0.  84788 

276 

0.  71289 

304 

0.  77414 

195 

0.  83019 

625 

0. 70776 

799 

0.  76697 

232 

0.  82042 

232 

Table  17.6 


60° 

1.04719  755 
1.  04701  051 
1.04644  996 
1.04551  764 
1.04421  646 

1.04255  047 
1.04052  491 
1.03814  615 
1.03542  177 
1.03236  049 

1.  02897  221 
1.02526  804 
1.02126  023 
1.01696  224 
1.01238  873 

1.00755  556 
1.  00247  977 
0.99717  966 
0.99167  469 
0.98598  560 

0.98013  430 
0.97414  397 
0.96803  899 
0.96184  497 
0.95558  873 

0.94929  830 
0.94300  285 
0.93673  272 
0.93051  931 
0.92439  505 

0.91839  329 
0.91254  821 
0.90689  460 
0.90146  778 
0.89630  323 

0.89143  642 
0.88690  237 
0.88273  530 
0.87896  810 
0.87563  185 

0.87275  520 
0.87036  381 
0.86847  970 
0.86712  068 
0.86629  990 

0.86602  540 

m 


1.04603  012 
1.03682  664 
1.01914  662 
0.99445  152 
0.96495  146 
0.93361  692 
0.90415  063 
0.88079  972 
0.86773  361 


618 
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Table  17.6  ELLIPTIC  INTEGRAL  OF  THE  SECOND  KIND  E(v\a) 


E (v\a)  - j*  (1-sin2  « sin2  °) 1 ds 


a\<p 

65< 

3 

o 

O 

75° 

o 

O 

00 

85° 

*£> 

© 

o 

0° 

1. 13446 

401 

1. 22173 

048 

1. 30899 

694 

1. 39626 

340 

1. 48352 

986 

1.  57079 

633 

2 

1. 13423 

517 

1.22145 

628 

1. 30867 

442 

1.  39589 

024 

1.  48310 

448 

1.57031 

792 

4 

1.13354 

929 

1. 22063 

443 

1. 30770 

767 

1.  39477 

165 

1. 48182 

929 

1. 56888 

372 

6 

1. 13240 

837 

1.21926 

717 

1. 30609 

916 

1. 39291 

030 

1.  47970 

717 

1. 56649 

679 

8 

1. 13081 

573 

1.21735 

820 

1. 30385 

297 

1. 39031 

062 

1. 47674 

288 

1.56316 

223 

10 

1.12877 

602 

1.21491 

274 

1. 30097 

484 

1. 38697 

886 

1. 47294 

312 

1. 55888 

720 

12 

1. 12629 

522 

1.21193 

748 

1. 29747 

215 

1. 38292 

302 

1.  46831 

652 

1. 55368 

089 

14 

1.12338 

066 

1. 20844 

065 

1. 29335 

393 

1.  37815 

292 

1. 46287 

363 

1. 54755 

458 

1£ 

1. 12004 

099 

1. 20443 

195 

1. 28863 

089 

1. 37268 

017 

1. 45662 

693 

1. 54052 

157 

lb 

1.11628 

624 

1.19992 

262 

1. 28331 

541 

1.  36651 

823 

1. 44959 

085 

1.53259 

729 

20 

1. 11212 

778 

1. 19492 

542 

1. 27742 

153 

1.  35968 

233 

1. 44178 

179 

1.  52379 

921 

22 

1. 10757 

834 

1. 18945 

465 

1.27096 

502 

1.35218 

961 

1. 43321 

813 

1. 51414 

692 

24 

1.10265 

204 

1. 18352 

618 

1. 26396 

337 

1. 34405 

903 

1.42392 

023 

1.  50366 

214 

26 

1. 09736 

439 

1. 17715 

743 

1.  25643 

578 

1.  33531 

146 

1. 41391 

049 

1.49236 

871 

28 

1. 09173 

228 

1.17036 

745 

1. 24840 

326 

1. 32596 

967 

1. 40321 

335 

1. 48029 

266 

30 

1.  08577 

404 

1. 16317 

686 

1. 23988 

858 

1.31605 

841 

1.  39185 

532 

1. 46746 

221 

32 

1. 07950 

942 

1.15560 

796 

1. 23091 

635 

1. 30560 

436 

1. 37986 

503 

1. 45390 

780 

34 

1. 07295 

961 

1. 14768 

469 

1. 22151 

305 

1. 29463 

629 

1.  36727 

328 

1.43966 

215 

36 

1.  06614 

728 

1. 13943 

273 

1.21170 

705 

1. 28318 

499 

1. 35411 

306 

1. 42476 

031 

38 

1. 05909 

660 

1.13087 

946 

1. 20152 

870 

1.27128 

343 

1. 34041 

965 

1. 40923 

972 

40 

1. 05183 

322 

1. 12205 

408 

1.19101 

036 

1. 25896 

675 

1. 32623 

066 

1.  39314 

025 

42 

1. 04438 

435 

1. 11298 

760 

1. 18018 

648 

1. 24627 

240 

1. 31158 

614 

1.  37650 

433 

44 

1. 03677 

875 

1.10371 

291 

1. 16909 

366 

1.23324 

019 

1. 29652 

865 

1.  35937 

700 

46 

1. 02904 

677 

1. 09426 

484 

1.15777 

077 

1.21991 

241 

1.28110 

340 

1. 34180 

606 

48 

1. 02122 

034 

1. 08468 

023 

1. 14625 

899 

1.  20633 

398 

1. 26535 

837 

1. 32384 

218 

50 

1. 01333 

305 

1.  07499 

796 

1. 13460 

200 

1.19255 

255 

1. 24934 

449 

1. 30553 

909 

52 

1. 00542 

010 

1. 06525 

908 

1. 12284 

604 

1. 17861 

873 

1.23311 

580 

1. 28695 

374 

54 

0. 99751 

835 

1. 05550 

682 

1.11104 

010 

1.16458 

621 

1. 21672 

971 

1.26814 

653 

56 

0. 98966 

632 

1. 04578 

671 

1. 09923 

604 

1. 15051 

210 

1. 20024 

724 

1.  24918 

162 

58 

0. 98190 

414 

1. 03614 

663 

1. 08748 

883 

1.13645 

710 

1. 18373 

339 

1. 23012 

722 

60 

0. 97427 

354 

1.02663 

689 

1.  07585 

669 

1. 12248 

590 

1. 16725 

747 

1.21105 

603 

62 

0. 96681 

780 

1. 01731 

023 

1. 06440 

132 

1.10866 

752 

1. 15089 

364 

1.19204 

568 

64 

0. 95958 

158 

1.  00822 

192 

1. 05318 

814 

1. 09507 

580 

1. 13472 

145 

1. 17317 

938 

66 

0. 95261 

084 

0.  99942 

966 

1. 04228 

653 

1.  08178 

986 

1.11882 

658 

1. 15454 

668 

68 

0. 94595 

256 

0. 99099 

354 

1. 03176 

998 

1.  06889 

476 

1.10330 

172 

1. 13624 

437 

70 

0. 93965 

447 

0. 98297 

583 

1.  02171 

634 

1. 05648 

221 

1.  08824 

773 

1.11837 

774 

72 

0. 93376 

462 

0. 97544 

068 

1. 01220 

781 

1. 04465 

133 

1. 07377 

505 

1.10106 

217 

74 

0. 92833 

088 

0. 96845 

360 

1. 00333 

091 

1. 03350 

951 

1. 06000 

556 

1.  08442 

522 

76 

0. 92340 

024 

0.  96208 

074 

0. 99517 

606 

1. 02317 

331 

1. 04707 

504 

1.  06860 

953 

78 

0.  91901 

802 

0. 95638 

776 

0.  98783 

670 

1. 01376 

904 

1. 03513 

640 

1.05377 

692 

80 

0. 91522 

691 

0. 95143 

847 

0.  98140 

781 

1. 00543 

295 

1. 02436 

393 

1. 04011 

440 

82 

0. 91206 

588 

0. 94729 

297 

0.  97598 

331 

0.  99831 

000 

1. 01495 

896 

1. 02784 

362 

84 

0. 90956 

905 

0. 94400 

544 

0. 97165 

228 

0.  99255 

019 

1. 00715 

650 

1. 01723 

692 

86 

0.  90776 

445 

0.  94162 

171 

0.  96849. 

392 

0. 98830 

025 

1. 00123 

026 

1. 00864 

796 

88 

0. 90667 

305 

0. 94017 

677 

0. 96657 

142 

0.  98568 

915 

0. 99748 

392 

1. 00258 

409 

90 

0. 90630 

779 

0. 93969 

262 

0. 96592 

583 

0. 98480 

775 

0.  99619 

470 

1. 00000 

000 

m 

m 

m 

m 

m 

5 

1. 13303 

553 

1. 22001 

878 

1. 30698 

342 

1. 39393 

358 

1.  48087 

384 

1. 56780 

907 

15 

1.12176 

337 

1. 20649 

962 

1. 29106 

728 

1. 37550 

358 

1. 45984 

990 

1. 54415 

050 

25 

1. 10005 

236 

1. 18039 

569 

1.26026 

405 

1. 33976 

099 

1. 41900 

286 

1. 49811 

493 

35 

1.  06958  479 

1. 14359 

813 

1.21665 

853 

1. 28896 

903 

1. 36076 

208 

1. 43229 

097 

45 

1. 03292 

660 

1. 09900 

829 

1. 16345 

846 

1. 22661 

050 

1. 28885 

906 

1. 35064 

388 

55 

0. 99358 

365 

1.  05063 

981 

1.10513 

448 

1.15755 

065 

1. 20849 

656 

1.  25867 

963 

65 

0.  95606 

Oil 

1. 00378 

508 

1. 04769 

389 

1. 08838 

943 

1. 12673 

373 

1. 16382 

796 

75 

0. 92579 

978 

0. 96518 

626 

0. 99915 

744 

1. 02823 

305 

1. 05342 

632 

1. 07640 

511 

85 

0. 90857 

873 

0. 94269 

813 

0. 96992 

212 

0. 99022 

779 

1.00394  027 

1. 01266 

351 

ELLIPTIC  INTEGRALS 


619 


JACOBIAN  ZETA  FUNCTION  Z(*\«)  Table  17.7 

K («)Z(*>\«) = K (c,)E(v\a)-E(a)F(<p\a) 


K (90°) Z{f\a)=K (90°) Z(u\l)=K (90°)  tanh  «=»  for  all  « 


a\<p 

0° 

5° 

10° 

15° 

o 

O 

<N 

25° 

30° 

0° 

0 

0. 000000 

0. 000000 

0. 000000 

0.000000 

0. 000000 

0. 000000 

2 

0 

0.  000083 

0. 000164 

0.000239 

0. 000308 

0. 000367 

0. 000414 

4 

0 

0. 000332 

0. 000655 

0. 000957 

0. 001231 

0.  001467 

0. 001658 

6 

0 

0. 000748 

0.  001474 

0. 002155 

0. 002770 

0. 003302 

0. 003734 

8 

0 

0.001331 

0.  002621 

0. 003832 

0.  004928 

0.005875 

0. 006644 

10 

0 

0. 002080 

0. 004098 

0. 005992 

0. 007706 

0. 009188 

0. 010393 

12 

0 

0. 002997 

0.  005905 

0. 008635 

0.011107 

0.013246 

0.  014987 

14 

0 

0. 004082 

0. 008043 

0.011765 

0.015136 

0.  018055 

0. 020433 

16 

0 

0. 005337 

0. 010516 

0.015384 

0.  019796 

0.  023621 

0.  026740 

18 

0 

0. 006761 

0. 013324 

0.  019496 

0. 025094 

0. 029951 

0. 033919 

20 

0 

0. 008357 

0. 016470 

0. 024105 

0. 031035 

0.  037055 

0. 041981 

22 

0 

0. 010125 

0. 019958 

0.  029216 

0.  037627 

0.  044942 

0. 050941 

24 

0 

0. 012067 

0. 023791 

0.  034834 

0. 044878 

0. 053626 

0. 060814 

26 

0 

0. 014186 

0.  027972 

0.  040968 

0. 052799 

0. 063119 

0.  071617 

28 

0 

0. 016483 

0.  032508 

0. 047624 

0. 061401 

0. 073438 

0. 083373 

30 

0 

0.  018962 

0.037403 

0. 054811 

0. 070696 

0.  084599 

0. 096103 

32 

0 

0. 021625 

0.  042664 

0.  062540 

0.  080700 

0. 096624 

0. 109834 

34 

0 

0. 024476 

0.  048298 

0.  070823 

0. 091430 

0. 109534 

0. 124596 

36 

0 

0. 027520 

0.054315 

0.  079674 

0. 102905 

0. 123356 

0. 140421 

38 

0 

0. 030761 

0.  060725 

0.  089108 

0.115148 

0. 138120 

0. 157347 

40 

0 

0. 034205 

0.  067540 

0.  099145 

0. 128185 

0. 153860 

0. 175418 

42 

0 

0. 037860 

0. 074774 

0. 109807 

0. 142046 

0. 170614 

0. 194683 

44 

0 

0.  041734 

0. 082444 

0.121118 

0. 156765 

0. 188428 

0.  215197 

46 

0 

0. 045835 

0. 090569 

0.133109 

0. 172383 

0. 207353 

0. 237025 

48 

0 

0. 050177 

0. 099172 

0. 145813 

0. 188947 

0. 227450 

0. 260240 

50 

0 

0. 054771 

0.108280 

0. 159273 

0. 206513 

0. 248789 

0.  284929 

52 

0 

0.  059634 

0. 117925 

0. 173536 

0. 225145 

0. 271452 

0. 311193 

54 

0 

0.  064786 

0. 128146 

0. 188661 

0. 244921 

0. 295538 

0. 339150 

56 

0 

0. 070249 

0. 138989 

0. 204716 

0. 265933 

0. 321161 

0. 368940 

58 

0 

0.  076052 

0.150510 

0. 221785 

0. 288294 

0.  348462 

0. 400731 

60 

0 

0. 082227 

0. 162776 

0.  239971 

0. 312138 

0.377610 

0. 434726 

62 

0 

0.  088818 

0. 175872 

0. 259398 

0. 337632 

0. 408811 

0.  471170 

64 

0 

0. 095876 

0. 189901 

0. 280221 

0. 364981 

0. 442321 

0.  510371 

66 

0 

0. 103468 

0.  204994 

0. 302637 

0. 394446 

0.  478462 

0.  552710 

68 

0 

0. 111676 

0.221320 

0. 326895 

0. 426356 

0. 517644 

0. 598675 

70 

0 

0. 120612 

0. 239097 

0. 353322 

0. 461145 

0. 560402 

0. 648900 

72 

0 

0. 130420 

0. 258615 

0. 382351 

0. 499384 

0. 607444 

0. 704225 

74 

0 

0. 141301 

0. 280272 

0. 414575 

0. 541857 

0. 659739 

0.  765797 

76 

0 

0. 153537 

0. 304631 

0.  450832 

0. 589673 

0. 718657 

0.  835238 

78 

0 

0. 167542 

0.  332519 

0. 492356 

0. 644462 

0.  786214 

0.  914934 

80 

0 

0. 183967 

0.  365230 

0. 541075 

0. 708771 

0. 865556 

1. 008608 

82 

0 

0. 203902 

0. 404937 

0.  600229 

0. 786884 

0. 961976 

1.122523 

84 

0 

0. 229402 

0. 455734 

0.  675918 

0. 886859 

1. 085434 

1. 268462 

86 

0 

0. 265091 

0. 526833 

0. 781873 

1. 026844 

1. 258352 

1. 472953 

88 

0 

0. 325753 

0.  647691 

0. 962000 

1. 264856 

1. 552420 

1. 820811 

90 

00 

00 

00 

00 

00 

00 

00 

5 

0 

0.  000519 

0.  001023 

0.  001496 

0.  001923 

0.  002292 

0. 002592 

15 

0 

0. 004688 

0. 009238 

0.  013513 

0. 017387 

0. 020743 

0. 023479 

25 

0 

0.  013105 

0. 025838 

0.  037836 

0. 048754 

0.  058271 

0. 066098 

35 

0 

0. 025973 

0. 051258 

0. 075176 

0. 097073 

0. 116329 

0. 132373 

45 

0 

0. 043755 

0. 086448 

0.127026 

0. 164459 

0. 197748 

0. 225942 

55 

0 

0. 067477 

0. 133487 

0. 196567 

0. 255266 

0.  308149 

0. 353807 

65 

0 

0. 099601 

0. 197305 

0. 291216 

0.  379430 

0.460039 

0.531121 

75 

0 

0. 147228 

0. 292070 

0. 432134 

0.  565011 

0.  688264 

0. 799407 

85 

0 

0. 245478 

0. 487761 

0. 723644 

0. 949910 

1. 163313 

1. 360551 

See  Example  16. 

Compiled  from  P.F.  Byrd  and  M.D.  Friedman,  Handbook  of  elliptic  integrals  for  engineers 
and  physicists,  Springer-Verlag,  Berlin,  Germany,  1954  (with  permission). 


620 


ELLIPTIC  INTEGRALS 


Table  17.7  JACOBIAN  ZETA  FUNCTION  Z(*\«) 


K (a)Z(v\a)  = K(a)E  (<p\a)-E(a)F(y\a) 


\ 

K(90°)Z(<p\a) 

=K(90°)Z(u\l). 

= JT(90°)  tanh 

u=co  for  all  u 

a\<p 

A 

35° 

40° 

45° 

50° 

55° 

60° 

0° 

0.  000000 

0. 000000 

0.  000000 

0. 000000 

0.  000000 

0.  000000 

2 

0.  000450 

0. 000471 

0. 000479 

0.  000471 

0.  000450 

0. 000415 

4 

0.  001800 

0.  001886 

0.  001916 

0.  001887 

0.  001800 

0.  001659 

6 

0.  004052 

0.  004248 

0. 004314 

0.  004250 

0.  004056 

0. 003739 

8 

0.  007212 

0.  007561 

0. 007681 

0.  007567 

0.  007224 

0. 006660 

10 

0.  011284 

0.  011833 

0.  012023 

0.  011849 

0.  011313 

0.  010433 

12 

0.  016276 

0.  017073 

0.  017353 

0. 017106 

0. 016337 

0. 015070 

14 

0.  022197 

0.  023293 

0.  023683 

0.  023354 

0.  022312 

0.  020588 

16 

0.  029060 

0. 030505 

0.  031029 

0. 030610 

0.  029257 

0. 027006 

18 

0.  036876 

0.  038728 

0.  039411 

0.  038897 

0.  037194 

0.  034347 

20 

0.  045662 

0.  047979 

0.  048850 

0. 048238 

0.  046150 

0. 042639 

22 

0.  055435 

0.  058279 

0.  059372 

0.  058663 

0.  056156 

0.  051912 

24 

0.  066216 

0.  069655 

0.  071005 

0.  070203 

0.  067246 

0.  062203 

26 

0.  078026 

0.  082132 

0.  083783 

0.  082895 

0.  079461 

0. 073551 

28 

0.  090893 

0. 095744 

0.  097742 

0. 096782 

0.  092844 

0.  086003 

30 

0. 104844 

0. 110525 

0. 112924 

0.111909 

0. 107447 

0.  099613 

32 

0. 119914 

0. 126515 

0. 129375 

0. 128330 

0. 123327 

0. 114438 

34 

0. 136138 

0. 143758 

0. 147147 

0. 146103 

0. 140549 

0. 130548 

36 

0.153557 

0. 162305 

0. 166300 

0. 165296 

0. 159186 

0. 148018 

38 

0. 172220 

0. 182211 

0. 186898 

0. 185983 

0. 179319 

0. 166934 

40 

0. 192178 

0. 203541 

0.  209016 

0.208248 

0. 201042 

0. 187395 

42 

0.  213492 

0. 226365 

0. 232738 

0. 232187 

0. 224459 

0. 209512 

44 

0. 236228 

0. 250764 

0. 258158 

0. 257907 

0. 249691 

0. 233413 

46 

0.  260466 

0.  276831 

0.  285383 

0. 285531 

0. 276871 

0. 259243 

48 

0. 286295 

0.  304671 

0.  314535 

0.  315196 

0. 306156 

0. 287169 

50 

0.  313816 

0.  334405 

0.  345755 

0.  347064 

0.  337723 

0.  317383 

52 

0.  343151 

0. 366173 

0.  379203 

0. 381317 

0.  371776 

0.  350108 

54 

0.  374438 

0. 400138 

0. 415067 

0. 418166 

0. 408552 

0. 385601 

56 

0.  407844 

0.  436490 

0. 453565 

0.  457861 

0. 448328 

0. 424167 

58 

0.  443565 

0. 475457 

0.  494956 

0. 500691 

0. 491428 

0.466161 

60 

0.  481836 

0.  517310 

0.  539547 

0. 547003 

0.  538238 

0. 512007 

62 

0.  522947 

0.  562378 

0. 587709 

0. 597211 

0.589220 

0.  562214 

64 

0.  567251 

0.  611064 

0.  639896 

0. 651822 

0.  644933 

0.  617399 

66 

0.  615191 

0.  663870 

0.  696670 

0. 711460 

0.  706068 

0.  678320 

68 

0.  667330 

0.  721434 

0.  758741 

0. 776910 

0. 773487 

0.  745922 

70 

0. 724397 

0.  784577 

0. 827024 

0.  849178 

0. 848294 

0.  821411 

72 

0.  787359 

0.  854390 

0. 902728 

0.  929590 

0. 931931 

0. 906356 

74 

0.  857536 

0.  932355 

0.  987491 

1. 019938 

1.  026343 

1. 002860 

76 

0.  936789 

1. 020563 

1.  083621 

1. 122735 

1. 134246 

1. 113848 

78 

1.  027859 

1. 122089 

1. 194508 

1. 241670 

1. 259612 

1.  243568 

80 

1. 135017 

1. 241721 

1.  325428 

1. 382470 

1. 408589 

1.  398577 

82 

1. 265447 

1.  387516 

1.  485245 

1. 554749 

1.  591484 

1. 589820 

84 

1.  432669 

1.  574623 

1. 690632 

1. 776579 

1.  827639 

1. 837791 

86 

1.  667113 

1.  837147 

1. 979107 

2.  088611 

2. 160541 

2. 188502 

88 

2. 066078 

2.284127 

2. 470622 

2. 620801 

2. 729164 

2. 788909 

90 

00 

00 

00 

00 

00 

00 

5 

0.  002813 

0.  002948 

0.  002994 

0.  002949 

0.  002815 

0.  002594 

15 

0.  025510 

0. 026774 

0.  027228 

0. 026855 

0.  025662 

0.  023683 

25 

0.  071991 

0.  075754 

0.  077249 

0.  076403 

0.  073210 

0.  067742 

35 

0. 144695 

0. 152865 

0. 156547 

0. 155518 

0. 149686 

0. 139108 

45 

0. 248154 

0. 263583 

0. 271538 

0. 271473 

0. 263028 

0. 246077 

55 

0.  390865 

0.  418002 

0. 433972 

0.  437641 

0. 428046 

0.  404479 

65 

0.  590735 

0.  636916 

0.  667669 

0. 680968 

0.  674774 

0. 647089 

75 

0.  895883 

0.  975016 

1.  033955 

1. 069585 

1.  078397 

1. 056317 

85 

1.  538234 

1.  692810 

1.  820471 

1. 916972 

1.  977347 

1. 995386 
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JACOBIAN  ZETA  FUNCTION  Z(«*\«)  Table  17.7 

K{«)Z{<p\«)  = K (a)  E(<p\a)-E(a)F(<p\  a) 


K (90°) Z(<fi\a)=K (90°) Z{u\l)=K (90°)  tanh  «=-  for  all  u 


a\<p 

A 

65° 

70° 

75° 

80° 

85° 

90° 

0° 

0.  000000 

0. 000000 

0.  000000 

0.  000000 

0.  000000 

0 

2 

0.  000367 

0.  000308 

0. 000239 

0.  000164 

0. 000083 

0 

4 

0. 001468 

0.  001232 

0.  000958 

0.  000656 

0.  000333 

0 

6 

0.  003308 

0.  002776 

0.  002160 

0.  001477 

0.  000750 

0 

8 

0.  005893 

0. 004946 

0.  003849 

0.  002633 

0.  001337 

0 

10 

0. 009233 

0.  007751 

0.  006032 

0.  004127 

0.  002096 

0 

12 

0.  013341 

0.  011202 

0.  008718 

0. 005966 

0.  003030 

0 

14 

0.  018231 

0.  015312 

0. 011920 

0.  008158 

0. 004143 

0 

16 

0.  023922 

0.  020098 

0.  015649 

0.  010713 

0. 005442 

0 

18 

0.  030438 

0.  025581 

0.  019924 

0. 013642 

0.  006930 

0 

20 

0.  037803 

0.  031783 

0.  024763 

0. 016959 

0.  008617 

0 

22 

0.  046047 

0.  038732 

0.  030188 

0.  020680 

0.  010509 

0 

24 

0.  055206 

0.  046459 

0.  036225 

0.  024823 

0.  012617 

0 

26 

0.  065319 

0.  055000 

0.  042905 

0.  029411 

0. 014952 

0 

28 

0.  076431 

0.  064397 

0.  050260 

0.  034466 

0.  017526 

0 

30 

0. 088594 

0.  074696 

0.  058332 

0.  040018 

0.  020354 

0 

32 

0. 101867 

0. 085951 

0.  067164 

0.  046099 

0. 023454 

0 

34 

0. 116315 

0.  098224 

0.  076808 

0.  052747 

0.  026845 

0 

36 

0. 132015 

0. 111585 

0.  087324 

0.  060004 

0.  030550 

0 

38 

0. 149053 

0. 126114 

0.  098779 

0.  067920 

0.  034595 

0 

40 

0. 167527 

0. 141905 

0. 111254 

0. 076554 

0.  039011 

0 

42 

0. 187551 

0. 159064 

0. 124839 

0.  085973 

0.  043833 

0 

44 

0.  209254 

0. 177713 

0. 139641 

0. 096255 

0.  049104 

0 

46 

0. 232785 

0. 197996 

0. 155784 

0. 107493 

0. 054874 

0 

48 

0.  258315 

0. 220078 

0. 173414 

0. 119798 

0.  061201 

0 

50 

0.  286045 

0.  244154 

0.192704 

0.133299 

0.  068157 

0 

52 

0.  316206 

0. 270454 

0.213858 

0. 148154 

0.  075826 

0 

54 

0.  349070 

0. 299246 

0.  237121 

0. 164550 

.0.  084312 

0 

56 

0.  384960 

0. 330854 

0.262789 

0. 182720 

0.  093745 

0 

58 

0.  424255 

0.  365664 

0. 291220 

0.  202947 

0. 104281 

0 

60 

0. 467411 

0. 404143 

0.  322854 

0. 225584 

0.116121 

0 

62 

0.  514976 

0. 446860 

0.  358236 

0.  251076 

0.129521 

0 

64 

0.  567621 

0.  494517 

0. 398048 

0. 279993 

0. 144812 

0 

66 

0.  626169 

0.  547987 

0. 443155 

0.  313069 

0. 162430 

0 

68 

0. 691653 

0.  608372 

0. 494668 

0.  351277 

0. 182965 

0 

70 

0.  765385 

0.  677086 

0. 554038 

0.  395917 

0. 207230 

0 

72 

0.  849072 

0.  755975 

0.  623195 

0.  448779 

0. 236382 

0 

74 

0.  944993 

0.  847508 

0. 704762 

0.  512376 

0. 272114 

0 

76 

1.  056298 

0. 955095 

0.  802400 

0.  590350 

0.  317015 

0 

78 

1. 187535 

1.  083634 

0.  921408 

0. 688163 

0.  375226 

0 

80 

1. 345674 

1. 240571 

1. 069839 

0.  814374 

0. 453784 

0 

82 

1.  542281 

1. 438150 

1.  260828 

0.  983236 

0. 565578 

0 

84 

1.  798909 

1. 698985 

1. 518315 

1. 220780 

0. 736684 

0 

86 

2. 163806 

2. 073357 

1. 894760 

1. 583040 

1.028059 

0 

88 

2. 790834 

2. 721008 

2. 555104 

2.  241393 

1.  628299 

0 

90 

00 

00 

00 

00 

00 

oo 

5 

0.  002295 

0.  001926 

0.  001498 

0.  001025 

0.  000520 

0 

15 

0.  020975 

0.  017619 

0.  013718 

0.  009390 

0.  004769 

0 

25 

0.  060141 

0.  050625 

0.  039483 

0.  027060 

0. 013755 

0 

35 

0. 124003 

0. 104764 

0.  081953 

0.  056296 

0.  028657 

0 

45 

0. 220781 

0. 187640 

0. 147536 

0. 101748 

0.-051923 

0 

55 

0.  366615 

0. 314676 

0.  249634 

0. 173397 

0.  088901 

0 

65 

0.  596098 

0.  520463 

0. 419877 

0. 295957 

0. 153297 

0 

75 

0. 998480 

0.  899033 

0.  751288 

0.  549278 

0. 293208 

0 

85 

1. 962673 

1.  866624 

1.  686113 

1. 380465 

0.  860811 

0 
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Table  17.8  HEUMAN’S  LAMBDA  FUNCTION  Ao(*>\«) 


Ao(,\«)  = a)  +-  K {a)Z(*\ 90°  -a)J.\K{a)E  (*>\90°  -c)-[K(a)-E  (a)  ]/>\90°  - «) } 

IL  (a)  t t 


a\<p 

0° 

5° 

O 

o 

15° 

o 

O 

<M 

25° 

o 

O 

CO 

0° 

0 

0. 087156 

0. 173648 

0. 258819 

0.  342020 

0. 422618 

0. 500000 

2 

0 

0. 087129 

0. 173595 

0. 258740 

0. 341916 

0. 422490 

0.  499848 

4 

0 

0. 087050 

0. 173437 

0. 258504 

0.  341604 

0. 422104 

0. 499391 

6 

0 

0. 086917 

0.173173 

0.258111 

0.  341084 

0.  421462 

0. 498633 

8 

0 

0. 086732 

0. 172804 

0. 257562 

0. 340359 

0. 420566 

0. 497574 

10 

0 

0. 086495 

0. 172332 

0. 256858 

0. 339430 

0. 419419 

0.  496219 

12 

0 

0.  086206 

0.171757 

0.256001 

0.  338299 

0. 418024 

0.  494572 

14 

0 

0.  085866 

0.171080 

0.  254994 

0.  336969 

0.  416385 

0. 492638 

16 

0 

0. 085476 

0. 170303 

0.  253838 

0.  335445 

0. 414506 

0. 490424 

18 

0 

0. 085037 

0. 169429 

0. 252536 

0.  333729 

0.  412394 

0.  487937 

20 

0 

0. 084549 

0. 168458 

0.251092 

0. 331827 

0. 410054 

0. 485184 

22 

0 

0. 084013 

0. 167393 

0.  249509 

0. 329743 

0. 407492 

0. 482176 

24 

0 

0. 083432 

0. 166236 

0.  247790 

0.  327483 

0. 404717 

0. 478920 

26 

0 

0.  082806 

0. 164991 

0.  245941 

0.  325052 

0. 401736 

0.  475428 

28 

0 

0.  082136 

0. 163661 

0.  243966 

0. 322458 

0. 398558 

0.  471710 

30 

0 

0. 081425 

0. 162247 

0.241870 

0. 319707 

0. 395191 

0. 467777 

32 

0 

0. 080674 

0. 160755 

0. 239657 

0.  316806 

0. 391645 

0.  463642 

34 

0 

0. 079884 

0. 159187 

0.  237335 

0.  313764 

0. 387930 

0.  459316 

36 

0 

0. 079058 

0.157548 

0. 234908 

0. 310587 

0. 384057 

0. 454813 

38 

0 

0. 078198 

0. 155842 

0.232383 

0.  307286 

0. 380037 

0.  450147 

40 

0 

0. 077307 

0. 154073 

0. 229767 

0.  303869 

0.  375880 

0. 445330 

42 

0 

0. 076385 

0. 152246 

0.  227068 

0. 300346 

0.  371600 

0. 440378 

44 

0 

0.  075436 

0. 150367 

0. 224292 

0.  296727 

0.  367209 

0. 435306 

46 

0 

0. 074463 

0. 148439 

0.221447 

0.  293022 

0.  362720 

0. 430127 

48 

0 

0.  073469 

0. 146470 

0.218543 

0.  289242 

0. 358145 

0.  424860 

50 

0 

0.  072455 

0. 144464 

0.  215587 

0.  285399 

0.  353500 

0.  419519 

52 

0 

0.  071426 

0. 142428 

0.  212589 

0.281505 

0. 348799 

0.  414121 

54 

0 

0. 070385 

0. 140370 

0. 209558 

0. 277573 

0.  344057 

0.  408685 

56 

0 

0.  069336 

0.138295 

0.  206506 

0. 273616 

0.  339290 

0.  403228 

58 

0 

0. 068281 

0. 136211 

0.  203443 

0.  269648 

0. 334516 

0. 397769 

60 

0 

0. 067226 

0. 134126 

0. 200380 

0. 265684 

0. 329751 

0.  392328 

62 

0 

0. 066175 

0. 132049 

0. 197331 

0.  261739 

0. 325015 

0.  386926 

64 

0 

0. 065131 

0. 129989 

0. 194307 

0.257832 

0. 320328 

0. 381586 

66 

0 

0.  064100 

0.127955 

0.191324 

0.  253979 

0.  315710 

0. 376331 

68 

0 

0.  063088 

0. 125958 

0.188396 

0.  250200 

0. 311185 

0. 371186 

70 

0 

0. 062100 

0. 124009 

0. 185540 

0.  246517 

0. 306778 

0. 366180 

72 

0 

0.  061143 

0.122121 

0. 182774 

0. 242952 

0. 302515 

0. 361342 

74 

0 

0. 060223 

0.120307 

0. 180119 

0. 239531 

0.  298427 

0. 356706 

76 

0 

0. 059348 

0.118583 

0. 177596 

0.  236282 

0.  294547 

0. 352309 

78 

0 

0.  058528 

0. 116967 

0. 175231 

0. 233238 

0.  290914 

0. 348194 

80 

0 

0. 057773 

0. 115479 

0. 173054 

0.  230436 

0. 287571 

0. 344410 

82 

0 

0. 057095 

0.114143 

0. 171099 

0. 227922 

0. 284573 

0.  341017 

84 

0 

0. 056508 

0. 112988 

0.169410 

0.225750 

0.  281983 

0. 338088 

86 

0 

0. 056034 

0.112053 

0. 168043 

0. 223992 

0.  279887 

0.  335718 

88 

0 

0. 055698 

0. 111392 

0. 167078 

0.222751 

0.  278408 

0. 334046 

90 

0 

0.055556 

0.111111 

0. 166667 

0. 222222 

0.  277778 

0. 333333 

m 

m 

m 

m 

m 

m 

5 

0 

0.  086990 

0. 173318 

0.258327 

0.  341370 

0. 421815 

0. 499050 

15 

0 

0. 085677 

0. 170704 

0. 254434 

0.  336231 

0. 415475 

0.  491565 

25 

0 

0. 083124 

0. 165625 

0. 246882 

0.  326288 

0.  403252 

0.  477203 

35 

0 

0. 079476 

0. 158377 

0.236134 

0.  312192 

0.  386013 

0.  457086 

45 

0 

0. 074953 

0. 149408 

0. 222878 

0. 294884 

0.  364976 

0. 432729 

55 

0 

0. 069861 

0. 139334 

0. 208034 

0. 275597 

0. 341676 

0. 405958 

65 

0 

0. 064614 

0. 128968 

0. 192809 

0. 255897 

0. 318009 

0. 378946 

75 

0 

0.  059779 

0. 119433 

0. 178839 

0. 237883 

0. 296459 

0. 354475 

85 

0 

0.  056256 

0. 112490 

0. 168682 

0. 224814 

0.  280867 

0. 336826 

Compiled  from  C.  Heuman,  Tables  of  complete  elliptic  integrals,  J.  Math.  Phys.  20,  127-206, 
1941  (with  permission). 
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HEUMAN’S  LAMBDA  FUNCTION  Table  17.8 

a o( v\«)  = F(yl9?°ra)  +- K (a) Z(<p\90° -<*)=-  {K(*)E(<p\90°-a)-[K(ci)-E(a)]F(<f\90O-<*)} 

A (a)  7T  tt 


a\<P 

35° 

40° 

45° 

50° 

55° 

0 

O 

to 

0° 

0. 573576 

0. 642788 

0. 707107 

0. 766044 

0. 819152 

0. 866025 

2 

0. 573402 

0. 642592 

0. 706891 

0. 765811 

0. 818903 

0.  865762 

4 

0.  572878 

0. 642006 

0. 706247 

0.  765113 

0.  818157 

0.  864975 

6 

0.  572009 

0.  641032 

0. 705177 

0. 763956 

0.  816922 

0.  863674 

8 

0. 570795 

0. 639674 

0. 703687 

0.  762347 

0.  815210 

0.  861876 

10 

0.  569244 

0.  637940 

0. 701786 

0. 760298 

0. 813034 

0. 859602 

12 

0.  567360 

0. 635836 

0.  699484 

0.  757822. 

0.  810416 

0. 856877 

14 

0.  565150 

0. 633373 

0.  696794 

0. 754937 

0. 807375 

0.  853731 

16 

0.  562623 

0.  630561 

0. 693729 

0. 751660 

0.  803935 

0.  850194 

18 

0.  559789 

0. 627412 

0. 690306 

0. 748011 

0.  800123 

0. 846297 

20 

0.  556657 

0. 623939 

0.  686540 

0. 744012 

0. 795963 

0.  842073 

22 

0. 553238 

0. 620157 

0. 682450 

0. 739683 

0. 791483 

0. 837553 

24 

0.  549546 

0. 616080 

0. 678054 

0. 735049 

0.  786709 

0. 832766 

26 

0. 545591 

0.  611725 

0. 673372 

0.  730130 

0. 781667 

0. 827743 

28 

0.541389 

0.  607107 

0. 668422 

0.  724951 

0. 776384 

0. 822510 

30 

0. 536953 

0.  602244 

0. 663225 

0.  719533 

0. 770883 

0. 817093 

32 

0.  532297 

0.597153 

0. 657801 

0.  713900 

0.765190 

0. 811517 

34 

0. 527437 

0. 591851 

0.  652170 

0. 708073 

0. 759326 

0. 805804 

36 

0.  522388 

0. 586356 

0. 646351 

0.  702074 

0. 753314 

0. 799976 

38 

0.  517165 

0.  580687 

0.  640365 

0. 695923 

0.  747177 

0. 794052 

40 

0. 511786 

0.  574862 

0. 634231 

0.  689642 

0. 740932 

0.  788051 

42 

0.  506266 

0.  568898 

0. 627970 

0.  683251 

0. 734602 

0. 781992 

44 

0.  500622 

0. 562815 

0.  621600 

0. 676769 

0.  728203 

0.  775891 

46 

0.  494873 

0.  556632 

0.  615142 

0. 670217 

0. 721756 

0. 769764 

48 

0.  489034 

0. 550366 

0.  608615 

0.  663613 

0. 715277 

0. 763627 

50 

0. 483125 

0.  544038 

0.  602038 

0. 656976 

0. 708785 

0. 757496 

52 

0.  477164 

0. 537668 

0. 595432 

0.  650326 

0. 702298 

0.  751385 

54 

0. 471170 

0. 531275 

0. 588817 

0.  643682 

0. 695832 

0.  745310 

56 

0. 465163 

0.  524879 

0.  582212 

0. 637064 

0. 689405 

0.  739286 

58 

0.  459163 

0.  518502 

0. 575640 

0. 630491 

0. 683037 

0. 733329 

60 

0.  453192 

0.  512167 

0. 569122 

0.  623985 

0. 676745 

0. 727455 

62 

0.  447272 

0.  505895 

0.  562680 

0.  617567 

0. 670549 

0. 721680 

64 

0.  441428 

0. 499711 

0. 556339 

0. 611258 

0. 664469 

0. 716024 

66 

0.  435683 

0. 493642 

0. 550124 

0.  605085 

0.  658528 

0.  710504 

68 

0. 430065 

0. 487715 

0.  544062 

0.  599072 

0.  652749 

0. 705142 

70 

0. 424604 

0.  481959 

0. 538183 

0. 593247 

0.  647159 

0. 699961 

72 

0.  419332 

0.  476408 

0. 532519 

0.  587641 

0. 641784 

0. 694985 

74 

0.  414284 

0.  471098 

0. 527106 

0. 582290 

0. 636659 

0. 690244 

76 

0.  409500 

0. 466070 

0. 521985 

0. 577231 

0.  631818 

0. 685770 

78 

0.  405026 

0. 461371 

0. 517202 

0. 572511 

0. 627303 

0. 681601 

80 

0. 400915 

0.  457055 

0. 512813 

0.  568181 

0.  623166 

0. 677782 

82 

0. 397229 

0. 453189 

0.  508883 

0.  564307 

0. 619464 

0. 674368 

84 

0.  394049 

0. 449853 

0. 505494 

0. 560967 

0.  616276 

. 0. 671427 

86 

0.  391477 

0.  447157 

0. 502754 

0.  558268 

0. 613700 

0. 669053 

88 

0.  389662 

0. 445255 

0.  500823 

0. 556366 

0. 611884 

0. 667379 

90 

0.  388889 

0.  444444 

0.  500000 

0.  555556 

0.  611111 

0. 666667 

m 

r«4)i] 

m 

[<-e4)1] 

[<-«4)1] 

m 

5 

0.  572487 

0.  641567 

0. 705765 

0. 764592 

0. 817600 

0. 864388 

15 

0.  563926 

0.  632010 

0. 695307 

0.  753346 

0. 805703 

0.  852010 

25 

0. 547600 

0. 613936 

0. 675748 

0.  732623 

0.  784220 

0. 830282 

35 

0.  524935 

0. 589127 

0. 649283 

0. 705094 

0. 756337 

0.  802903 

45 

0.  497760 

0. 559735 

0. 618381 

0. 673501 

0. 724985 

0. 772830 

55 

0. 468167 

0.  528076 

0. 585512 

0.  640369 

0.  692612 

0.  742291 

65 

0. 438541 

0. 496661 

0.  553214 

0.  608153 

0.  661480 

0. 713246 

75 

0.  411857 

0. 468546 

0. 524506 

0. 579721 

0. 634200 

0. 687972 

85 

0.  392679 

0.  448417 

0. 504034 

0. 559529 

0. 614903 

0.  670162 

624 
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Table  17.8  HEUMAN’S  LAMBDA  FUNCTION  A0(*>\a) 

=f  (Z(a)  J7(».\90o-a)  ~[^(a) -£(«)]T(»\90o-a)| 


a\<p 

65° 

70° 

75° 

80° 

00 

O! 

o 

90° 

0° 

0.  906308 

0.  939693 

0.  965926 

0. 984808 

0.  996195 

1 

2 

0.  906032 

0. 939407 

0. 965633 

0.984511 

0. 995903 

1 

4 

0.  905210 

0. 938559 

0.  964769 

0. 983652 

0. 995130 

1 

6 

0.  903857 

0. 937172 

0. 963376 

0.982315 

0.  994063 

1 

8 

0.  901997 

0. 935282 

0.  961512 

0. 980599 

0.  992833 

1 

10 

0. 899660 

0. 932934 

0.  959244 

0. 978597 

0. 991511 

1 

12 

0.  896881 

0. 930177 

0.  956638 

0. 976384 

0. 990135 

1 

14 

0.  893699 

0. 927061 

0. 953755 

0.  974016 

0.  988727 

1 

16 

0. 890152 

0. 923634 

0.  950646 

0. 971534 

0.  987299 

1 

18 

0.  886280 

0. 919940 

0. 947355 

0.  968969 

0. 985858 

l 

20 

0.  882119 

0. 916018 

0. 943918 

0. 966343 

0. 984410 

1 

22 

0. 877704 

0.  911904 

0. 940364 

0.  963671 

0. 982958 

1 

24 

0.  873068 

0. 907630 

0. 936718 

0. 960968 

0. 981506 

1 

26 

0.  868240 

0.903221 

0.933000 

0. 958241 

0. 980054 

1 

28 

0.  863249 

0. 898703 

0. 929226 

0. 955500 

0. 978604 

1 

30 

0.  858117 

0. 894095 

0. 925409 

0.  952751 

0. 977159 

1 

32 

0.  852869 

0.  889416 

0*921563 

0. 949998 

0.  975719 

1 

34 

0.  847523 

0. 884681 

0. 917695 

0. 947247 

0. 974286 

1 

36 

0.  842100 

0.  879904 

0.913817 

0. 944502 

0. 972861 

1 

38 

0.  836615 

0.  875099 

0. 909935 

0.  941766 

0. 971445 

1 

40 

0. 831085 

0.  870277 

0. 906056 

0. 939042 

0. 970039 

1 

42 

0.  825524 

0.  865449 

0.902188 

0. 936335 

0.  968644 

1 

44 

0. 819946 

0.  860625 

0. 898337 

0. 933647 

0.  967262 

1 

46 

0.  814365 

0. 855814 

0. 894508 

0. 930981 

0. 965894 

1 

48 

0.  808792 

0.  851026 

0. 890708 

0. 928341 

0.  964540 

1 

50 

0.  803241 

0.  846269 

0. 886942 

0. 925731 

0. 963204 

1 

52 

0.  797724 

0. 841553 

0.  883216 

0. 923152 

0.  961885 

1 

54 

0.792252 

0. 836887 

0.  879537 

0. 920610 

0. 960586 

1 

56 

0. 786839 

0. 832280 

0. 875911 

0.918108 

0. 959309 

1 

58 

0.  781496 

0. 827742 

0.  872345 

0. 915649 

0. 958055 

1 

60 

0.  776237 

0. 823283 

0.  868846 

0. 913240 

0. 956826 

1 

62 

0.  771077 

0. 818913 

0.  865421 

0.  910884 

0. 955626 

1 

64 

0.  766029 

0.  814645 

0.  862080 

0. 908588 

0. 954457 

1 

66 

0.  761110 

0.  810490 

0. 858831 

0. 906357 

0. 953321 

1 

68 

0.  756338 

0. 806464 

0.  855685 

0. 904198 

0. 952223 

1 

70 

0.  751731 

0. 802581 

0.  852654 

0. 902119 

0. 951166 

1 

72 

0.  747312 

0. 798860 

0. 849751 

0. 900129 

0.  950154 

1 

74 

0. 743104 

0. 795319 

0.  846990 

0. 898237 

0.  949193 

1 

76 

0.739137 

0.  791983 

0. 844390 

0. 896456 

0. 948288 

1 

78 

0. 735442 

0.  788877 

0.  841972 

0.  894800 

0. 947446 

1 

80 

0. 732059 

0. 786036 

0. 839759 

0. 893286 

0. 946677 

1 

82 

0. 729036 

0.  783497 

0. 837783 

0. 891933 

0. 945990 

1 

84 

0.  726434 

0. 781312 

0.  836083 

0. 890770 

0. 945400 

1 

86 

0. 724333 

0. 779549 

0. 834711 

0. 889831 

0. 944923 

1 

88 

0.  722852 

0. 778307 

0.  833745 

0. 889170 

0. 944587 

1 

90 

0.  722222 

0.  777778 

0.  833^3 

0. 888889 

0. 944444 

1 

[<-64)i] 

m 

m 

m 

m 

5 

0. 904599 

0. 937930 

0.  964135 

0. 983037 

0. 994624 

1 

15 

0.  891969 

0. 925384 

0.  952226 

0.  972787 

0. 988015 

1 

25 

0. 870676 

0. 905441 

0.  934867 

0. 959607 

0. 980779 

1 

35 

0.  844820 

0. 882297 

0. 915757 

0.  945873 

0. 973573 

1 

45 

0.  817155 

0. 858217 

0. 896419 

0.932311 

0. 966576 

l 

55 

0.  789537 

0.  834576 

0. 877717 

0. 919353 

0. 959944 

1 

65 

0. 763552 

0. 812552 

0.  860443 

0. 907464 

0. 953885 

1 

75 

0. 741089 

0. 793624 

0. 845669 

0.  897332 

0. 948733 

1 

85 

0.  725315 

0. 780373 

0. 835352 

0.  890270 

0. 945145 

1 
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ELLIPTIC  INTEGRAL  OF  THE  THIRD  KIND  n(re;«>\«)  Table  17.9 


n ot\<0 

0.0  0° 

0.0  15 

0.0  30 

0.0  45 

0.0  60 

0.0  75 

0.0  90 


0.1 

0 

0 

0. 26239 

0.  52820 

0. 80013 

1. 07949 

1. 36560 

1. 65576 

0.1 

15 

0 

0. 26259 

0.  52975 

0. 80514 

1. 09058 

1. 38520 

1. 68536 

0.1 

30 

0 

0. 26314 

0. 53412 

0. 81972 

1. 12405 

1.  44649 

1. 78030 

0.1 

45 

0 

0. 26390 

0. 54041 

0. 84210 

1. 17980 

1. 55739 

1. 96326 

0.1 

60 

0 

0. 26467 

0. 54712 

0. 86817 

1. 25393 

1. 73121 

2. 29355 

0.1 

75 

0 

0. 26524 

0. 55234 

0. 89040 

1. 32926 

1. 97204 

2. 96601 

0.1 

90 

0 

0. 26545 

0. 55431 

0.  89939 

1. 36454 

2. 14201 

00 

0.2 

0 

0 

0. 26299 

0. 53294 

0.  81586 

1.11534 

1. 43078 

1. 75620 

0.2 

15 

0 

0.26319 

0. 53452 

0. 82104 

1. 12705 

1. 45187 

1. 78850 

0.2 

30 

0 

0. 26374 

0. 53896 

0. 83612 

1. 16241 

1. 51792 

1. 89229 

0.2 

45 

0 

0. 26450 

0. 54535 

0. 85928 

1.22139 

1. 63775 

2. 09296 

0.2 

60 

0 

0. 26527 

0. 55217 

0.  88629 

1.30003 

1. 82643 

2. 45715 

0.2 

75 

0 

0. 26585 

0. 55747 

0. 90934 

1. 38016 

2. 08942 

3. 20448 

0.2 

90 

0 

0. 26606 

0. 55948 

0. 91867 

1. 41777 

2. 27604 

00 

0.3 

0 

0 

0. 26359 

0. 53784 

0.  83271 

1.15551 

1. 50701 

1. 87746 

0.3 

15 

0 

0. 26379 

0. 53945 

0.  83808 

1. 16791 

1. 52988 

1. 91309 

0.3 

30 

0 

0. 26434 

0. 54396 

0. 85370 

1. 20543 

1. 60161 

2. 02779 

0.3 

45 

0 

0.26511 

0. 55046 

0. 87771 

1. 26812 

1. 73217 

2.25038 

0.3 

60 

0 

0. 26588 

0. 55739 

0. 90574 

1. 35193 

1. 93879 

2. 65684 

0.3 

75 

0 

0. 26646 

0. 56278 

0. 92969 

1. 43759 

2.22876 

3. 49853 

0.3 

90 

0 

0. 26667 

0. 56483 

0. 93938 

1. 47789 

2. 43581 

00 

0.4 

0 

0 

0. 26420 

0. 54291 

0. 85084 

1. 20098 

1. 59794 

2. 02789 

0.4 

15 

0 

0. 26440 

0. 54454 

0. 85641 

1.21419 

1. 62298 

2. 06774 

0.4 

30 

0 

0. 26495 

0. 54912 

0. 87262 

1. 25419 

1. 70165 

2. 19629 

0.4 

45 

0 

0. 26572 

0. 55573 

0. 89756 

1. 32117 

1. 84537 

2. 44683 

0.4 

60 

0 

0.26650 

0. 56278 

0.92670 

1. 41098 

2. 07413 

2. 90761 

0.4 

75 

0 

0. 26708 

0. 56827 

0. 95162 

1. 50309 

2. 39775 

3.  87214 

0.4 

90 

0 

0.  26729 

0. 57035 

0. 96171 

1. 54653 

2. 63052 

00 

0.5 

0 

0 

0. 26481 

0. 54814 

0. 87042 

1.25310 

1.70919 

2. 22144 

0.5 

15 

0 

0. 26501 

0. 54980 

0. 87621 

1.26726 

1. 73695 

2. 26685 

0.5 

30 

0 

0. 26557 

0.  55447 

0.  89307 

1. 31017 

1. 82433 

2. 41367 

0.5 

45 

0 

0. 26634 

0.  56119 

0. 91902 

1. 38218 

1. 98464 

2. 70129 

0.  5 

60 

0 

0.  26712 

0. 56837 

0. 94939 

1. 47906 

2. 24155 

3. 23477 

0.5 

75 

0 

0. 26770 

0. 57394 

0. 97538 

1. 57881 

2. 60846 

4. 36620 

0.5 

90 

0 

0. 26792 

0.  57606 

0. 98591 

1. 62599 

2. 87468 

00 

0.6 

0 

0 

0. 26543 

0. 55357 

0.  89167 

1. 31379 

1. 85002 

2.  48365 

0.6 

15 

0 

0. 26563 

0.55525 

0. 89770 

1. 32907 

1. 88131 

2. 53677 

0.6 

30 

0 

0. 26619 

0. 56000 

0. 91527 

1. 37544 

1. 98005 

2. 70905 

0.6 

45 

0 

0. 26696 

0. 56684 

0. 94235 

1. 45347 

2.16210 

3. 04862 

0.6 

60 

0 

0. 26775 

0. 57414 

0. 97406 

1. 55884 

2.45623 

3.  68509 

0.  6 

75 

0 

0. 26833 

0. 57982 

1.00123 

1.  66780 

2. 88113 

5. 05734 

0.6 

90 

0 

0. 26855 

0. 58198 

1. 01225 

1. 71951 

3. 19278 

00 

[(-5)5]  [(-4)4]  [(-3)2]  [<  -,3)7] 


See  Examples  15-20. 
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Table  17.9  ELLIPTIC  INTEGRAL  OF  THE  THIRD  KIND  n(n;<p\«) 


n 

0.7 

0.7 

0.7 

0.7 

0.7 

0.7 

0.7 


n(w;  <p\a) 

=J;  (1— » sin2 

0)  ^l— sin2 

a sin2  0]  Hie 

<*\<P 

0° 

15° 

30° 

45° 

60° 

75° 

0° 
m mm 

0 

0. 26605 

0. 55918 

0. 91487 

1. 38587 

2. 03720 

15 

mm 

0 

0.  26625 

0. 56090 

0.  92116 

1. 40251 

2. 07333 

30 

0 

0. 26681 

0. 56573 

0. 93952 

1.45309 

2. 18765 

45 

m mm 

0 

0. 26759 

0. 57270 

0. 96784 

1. 53846 

2. 39973 

60 

0 

0. 26838 

0. 58014 

1.00104 

1. 65425 

2. 74586 

75 

mm  mm 

0 

0. 26897 

0.  58592 

1. 02954 

1. 77459 

3. 25315 

90 

0 

0. 26918 

0. 58812 

1.  04110 

1. 83192 

3. 63042 

2 

2 

3 

3 

4. 

6 


0.8 

mm  mm 

0 

0 

0.  26668 

0.  56501 

0. 94034 

0.  8 

mm  mm 

15 

mm  mm 

0 

0. 26688 

0.  56676 

0. 94694 

0.  8 

30 

0 

0. 26745 

0. 57168 

0. 96618 

0.  8 

45 

m mm 

0 

0. 26823 

0. 57877 

0. 99588 

0.8 

mm  mm 

60 

0 

0. 26902 

0. 58635 

1. 03076 

0.8 

75 

0 

0. 26961 

0. 59225 

1. 06073 

0.8 

90 

0 

0. 26982 

0. 59449 

1. 07290 

1. 47370  2. 30538  3 

1. 49205  2. 34868  3 

1. 54790  2. 48618  3 

1. 64250  2. 74328  4. 

1. 77145  3. 16844  5 

1. 90629  3. 80370  7. 

1.  97080  4.  28518 


0.9 

mm  mm 

0 

0 

0. 26731 

0. 57106 

0. 96853 

0.9 

mm  mm 

15 

0 

0. 26752 

0. 57284 

0. 97547 

0.9 

mm  m^ 

30 

0 

0. 26808 

0.  57785 

0. 99569 

0.9 

45 

0 

0. 26887 

0. 58508 

1. 02695 

0.9 

mm  mm 

60 

0 

0.  26966 

0. 59281 

1. 06372 

0.9 

75 

0 

0. 27025 

0.  59882 

1. 09535 

0.9 

90 

0 

0.  27047 

0. 60110 

1. 10821 

1. 58459  2. 74439  4 

1.60515  2.79990  5 

1. 66788  2. 97710  5 

1.77453  3.31210  6 

1. 92081  3. 87661  8 

2. 07487  4. 74432  12 

2. 14899  5. 42125 


1.0 

0 

0 

0. 26795 

0. 57735 

1.  0 

15 

0 

0. 26816 

0.  57916 

1.0 

30 

0 

0. 26872 

0. 58428 

la  0 

45 

0 

0. 26951 

0. 59165 

1.0 

60 

0 

0.  27031 

0. 59953 

1.  0 

75 

0 

0. 27090 

0. 60566 

1.0 

90 

0 

0.27112 

0. 60799 

1.  00000 
1.  00731 
1.  02866 
1.  06170 
1. 10060 
1.13414 
1. 14779 


1.73205 

1.  75565 
1.  82781 
1. 95114 
2. 12160 

2.  30276 
2.  39053 


3. 73205 

3.  81655 

4.  08864 

4.  61280 

5.  52554 
7.  00372 
8. 22356 


90° 

86787 

93263 

14339 

56210 

35751 

11030 

00 


51240 

59733 

87507 

43274 

51206 

96669 

00 


96729 

09958 

53551 

42557 

20086 

46407 

00 


00 

00 

00 

oo 

00 

00 

00 
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Table  18.1.  Table  for  Obtaining  Periods  for  Invariants  g2  and  g3 

(js=M3'!/s) ’ 


Page 

673 


Non-Negative  Discriminant  (3<^<<») 

^+1!  3);  ?2=3(.05)3.4, 7D 

<*g\'\  o'gVVi;  ?2=3.4(.1)5(.2)10, 7D 

«ff3/8?2/4>  o>' gl/ali12i/i;  gt 1==.i(— .01)0, 7D 

\ 

Non-Positive  Discriminant  (— °°<02<3) 

«2fl,3/8l?2|1/4)  u'igl^lg^'Vi;  ~gil= 0(— .01)— .2, 7D 
«2^3/8,  0)'2glla/i]  ?2_1=— • 2(— .05)— 1,  7D 

«25i/#,  ^ gl'^  ln(3-?a);  ?2=— 1(.2)3,  7D 

Table  18.2.  Table  for  Obtaining  ff>,  ff>'  and  f on  Ox  and  0 y (Unit 
Real  Half-Period— Period  Ratio  a) 674 

Positive  Discriminant  (0  <z<l,  0 <y<a) 

z2  #>(z),  z3  (P'(z),  zf(z),  a=l,  1.05,  1.1,  1.2,  1.4,  2,  4 
x=0(.05)l,  2/=0(.05)  1.1,  1.2  (.2)  a,  6-8D 

Negative  Discriminant  (0  <x  < 1,  0<y<a/2) 

z2  z3  #>'(z),  zf(z),a=  1, 1.05, 1.15, 1.3,  1.5,  2,  4 
a;=0(.05)l,  y=0(.05)l  (.1)6(6  >a/2),  7D 

Table  18.3.  Invariants  and  Values  at  Half-Periods  (1  <a<oo)  (Unit 

Real  Half-Period).  . . 680 

a=l (.02)  1 6(.05)2.3 (.  1)  4,  6-8D 

Non-Negative  Discriminant 

92, 93,  «i=  (PiX),  «8=  &W),  i?=f(l),  rfli=tW)lh  *(!)> 

Non-Positive  Discriminant 

92,  92,  elf  I7a=f(l),  *(1),  <K«a')/b  <K«') 

The  author  gratefully  acknowledges  the  assistance  and  encouragement  of  the  personnel 
of  Numerical  Analysis  Research,  UCLA  (especially  Dr.  C.  B.  Tompkins  for  generating  the 
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hand  calculation  and  formula  checking)  and  the  personnel  of  the  Computation  Laboratory 
(especially  R.  Capuano,  E.  Godefroy,  D.  Liepman,  B.  Walter  and  R.  Zucker  for  the  prepara- 
tion and  checking  of  the  tables  and  maps; . 
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18.  Weierstrass  Elliptic  and  Related  Functions 

Mathematical  Properties 


18.1.  Definitions,  Symbolism,  Restrictions  and 

Conventions 

An  elliptic  function  is  a single-valued  doubly 
periodic  function  of  a single  complex  variable 
which  is  analytic  except  at  poles  and  whose  only 
singularities  in  the  finite  plane  are  poles.  If  co  and 
w'  are  a pair  of  (primitive)  half-periods  of  such  a 
function  f(z)f  then  f(z+2Mco+2Nco')  =f(z),  M 
and  N being  integers.  Thus  the  study  of  any 
such  function  can  be  reduced  to  consideration  of 
its  behavior  in  a fundamental  period  parallelo- 
gram (FPP).  An  elliptic  function  has  a finite 
number  of  poles  (and  the  same  number  of  zeros) 
in  a FPP;  the  number  of  such  poles  (zeros)  (an 
irreducible  set)  is  the  order  of  the  function  (poles 
and  zeros  are  counted  according  to  their  multi- 
plicity). All  other  poles  (zeros)  are  called  con- 
gruent to  the  irreducible  set.  The  simplest  (non- 
trivial) elliptic  functions  are  of  order  two.  One 
may  choose  as  the  standard  function  of  order  two 
either  a function  with  two  simple  poles  (Jacobi’s 
choice)  or  one  double  pole  (Weierstrass’  choice) 
in  a FPP. 

Weierstrass ’ ff> -Function.  Let  w,  co'  denote!  a 
pair  of  complex  numbers  with  «/'(w'/w)> 0.  Then 
(P(z)= co')  is  an  elliptic  function  of  order 
two  with  periods  2co,  2c o'  and  having  a double  pole 
at  2= 0,  whose  principal  part  is  z~2;  (P(z)—z~2  is 
analytic  in  a neighborhood  of  the  origin,  and  van- 
ishes at  2=0. 

Weierstrass ’ f- Function  f(s)=f(2|w,  c o')  satisfies 
the  condition  £'(z)  = — ff>(z)\  further,  f(z)  has  a 
simple  pole  at  2=0  whose  principal  part  is  z~*; 
^{z) — 2"*1  vanishes  at  2=0  and  is  analytic  in  a 
neighborhood  of  the  origin.  f(2)  is  NOT  an 
elliptic  function,  since  it  is  not  periodic.  However, 
it  is  quasi-periodic  (see  “period”  relations),  so 
reduction  to  FPP  is  possible. 

Weierstrass1  a-Function  or(z)  = a(z\cof  co')  satisfies 
the  condition  <r'(z)/a(z)=£(z);  further,  <r(z)  is  an 
entire  function  which  vanishes  at  the  origin. 
Like  f,  it  is  NOT  an  elliptic  function,  since  it  is 
not  periodic.  However,  it  is  quasi-periodic  (see 
“period”  relations),  so  reduction  to  FPP  is  pos- 
sible. 


Invariants  g2  and  gz 

Let  W=2Mco+2iVco',  M and  N being  integers. 
Then 

18.1.1  gr2=60S'W'”4  and  flr3=140S'W’~6 

are  the  INVARIANTS,  summation  being  over  all 
pairs  M,  N except  M=N=  0. 


Alternate  Symbolism  Emphasizing  Invariants 

18.1.2 

18.1.3 

18.1.4 

18.1.5 

P(s)=^)(3;  92,  9») 
(z)=(P'{z;  92,  ft) 
?(2)=f(z;  92,  9s) 
<x(z)=ff(z;  g2,  93 ) 

Fundamental  Differential  Equation,  Discriminant  and 

Related  Quantities 

18.1.6 

(P  n(z)= 4 g>\z)—92  g>  (z)— & 

18.1.7 

; 

=4  (z)  — e,)  ( g>  (z)—e2)  ( (z) —e3) 

18.1.8 

A= 

:p|— 27g|=16(cj— e3)2(e3— ci)2(ci— €2)2 

18.1.9 

92 

= —4(ele2+eie3+e2e3)=2(el+el+4) 

18.1.10 

g3 = 4cie2e3 =i(e\+el+ ef) 

18.1.11 

18.1.12 

ei+eZ+ei=$/8 

18.1.13 

4e?— gtfii— 03=O(i=l,  2,  3) 

Agreement  about  Values  of  Invariants  (and  Discrim- 
inant) 

We  shall  consider,  in  this  chapter,  only  real  g2 
and  gz  (this  seems  to  cover  most  applications) — 
hence  A is  real.  We  shall  dichotomize  most  of 
what  follows  (either  A>0  or  A<0).  Homoge- 
neity relations  18.2.1-18.2.15  enable  a further 
restriction  to  non-negative  gz  (except  for  one  case 
when  A=0). 

Note  on  Symbolism  for  Roots  of  Complex  Numbers  and 
for  Conjugate  Complex  Numbers 

In  this  chapter,  z1/n  ( n a positive  integer)  is  used 
to  denote  the  principal  nth  root  of  2,  as  in  chapter 
3;  2 is  used  to  denote  the  complex  conjugate  of  2. 
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FPP’s,  Symbols  for  Periods,  etc. 


RECTANGLE  FIGURE  18.1  RHOMBUS 

C0i  = 0) 

«2  = C0  + a>/  C02  = W/  — CO 

a>3=a/ 

co  REAL  C02  REAL 

Co'  PURE  IMAG.  co£  PURE  IMAG. 

Ico'l ^co,  since  03^O  Ico^l ^co2,  since  03^O 

Fundamental  Rectangles 

Study  of  all  four  functions  (ff>  f,  a)  can  be  reduced  to  consideration  of  their  values  in  a Funda- 
mental Rectangle  including  the  origin  (see  18.2  on  homogeneity  relations,  reduction  formulas  and 
processes). 

A>0  A<0 


Figure  18.2 

There  is  a point  on  the  right  boundary  of  Fundamental  Rectangle  where  (P  =0.  Denote  it  by  2b. 
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18.2.  Homogeneity  Relations,  Reduction 
Formulas  and  Processes 

Homogeneity  Relations  (Suppose  tj±  0) 
Note  that  Period  Ratio  is  preserved. 


18.2.1 

to')=t~3{P'(z\o,  o') 

18.2.2 

ff>(tz\to,  to')  =t~2  (z\o,  o') 

18.2.3 

£(tz\to,  to')=t~l$(z\oy  o') 

18.2.4 

<r(tz\to,  to')=t<r(z\o,  o') 

18.2.5 

g2(ta),  to')=t~%{o,  <*>') 

18.2.6 

03(*«,  to')=t~%(oy  co') 

18.2.7 

et(j,oy  to')=t~2ef(oy  co7),  i=l,  2,  3 

18.2.8 

A(fco,  to')  =t~12A(oy  oo') 

18.2.9 

Hi(too}  to')=t~2Hi(oy  oo'),  i=  1,  2,  3 

(See  18.3) 

18.2.10 

q(toy  to')=q(oy  co')  (See  18.10) 

18.2.11 

m(toy  too')=m(co,  o')  (See  18.9) 

18.2.12 

(P’{tz)  r*g 2,  r6g3)=t-3{P'(z-,  g2,  g3) 

18.2.13 

3>(tz)  r%,  r#03)=r20(8;  g2,  g3) 

18.2.14 

ttts;  t~*g. 2,  t~6g3)=rl$(z;  g2,  g3) 

18.2.15 

<r(tz;  r%,  r%)  =t<r(z;  g2,  g3) 

The  Case  g3<0 
Put  t—i  and  obtain,  e.g., 

18.2.16  0 ( z ; g2,  &)  = — 0 (iz;  g2,  —g3) 

Thus  the  case  gr3<0  can  be  reduced  to  one  where 

03>O. 

“Period”  Relations  and  Reduction  to  the  FPP  (M,iV 

integers) 

18.2.17  ff>'(z+2Mco+2Na')==3>'(z) 

18.2.18  0 (z+2Mo>+2Na')  = 0 (z) 

18.2.19 

f (3-|-2il/co-|-2iVco,) =f  (3)  -\-2Mr]-\-2Ni)f 

18.2.20 

o*  ( z H-  2 A/co  "i-  2 No) ^) 

= (-\)M+N+MNc(z)  exp  [(z+Mw+Nu')(2Mri 

+2  W)] 

18.2.21  where  ij'=f((o') 

“Conjugate”  Values 

where  / is  any  one  of  the  functions 

0,  0',  r, 


Reduction  to  14  FPP  (See  Figure  18.1) 

A>0  A<0 

(i  denotes  conjugate  of  s) 


Point  24  in  JR4 


18.2.22 

0'(24)  = — 0 '(2co—  S4) 

0 '(24)  = — 0'(2co2—  84) 

18.2.23 

0(24)  = 0(2w— 2i) 

0 (24)  = 0(2(02— 84) 

18.2.24 

f (£4)  = “f(2a) — 24)  +2i; 

f (s4)  = — f (2  a>2 24)  + 2 (17 + 1?') 

18.2.25 

<r(zi)  = cr(2w—zi)  exp  [2jj(z4— co)] 

<r(s4)  = <r(2co2— s4)  exp  [2(j?+t/')  (z4— co2)] 

Point 

23  in  R3 

18.2.26 

3>,{z3)  = — (P'(2oh—z2) 

0 '(23)  = — 0 '(2coa—  83) 

18.2.27 

(P  (23)  = (2eoj  S3) 

#>(23)  = 0(2(03-83) 

18.2.28 

f(23)  = — f(2co2 — Z3)+2(ij+2f') 

^(23)  = — f (2(02— 23)  +2(t|+t|') 

18.2.29 

a(z3)  = <r(2u2—z3)  exp  [20j+ij')(23— <<>2)] 

°'(23)  = <r(2co2 — s3)  exp  [2(ij+jj')(23— (02)] 

Point 

%2  in  R2 

18.2.30 

3>'(.z2)=g>'{z2-2<*t) 

0'(22)  = 0'fe) 

18.2.31 

g>^)=g>0h-2<*') 

0(2j)  = 0(22) 

18.2.32 

f (^2) =f  (^2 — 2co7)  +217' 

f(22)  =7(i) 

18.2.33 

<r(s3)=— <r(s2— 2co')  exp  [2ij'(22— w')] 

<7(23)  =ff(^) 
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Reduction  from  x/\  FPP  to  Fundamental  Rectangle  in 

Case  A<0 

We  need  only  be  concerned  with  the  case  when 
z is  in  triangle  A2  (therefore  2 a/ — z is  in  triangle 

A.)- 

18.2.34  g>(z)=g>  (2 «'  - S) 

18.2.35  g>'(z)  = -g>'(2o'-z) 

18.2.36  r(3)=2n'-f(2«'-z) 

18.2.37  <r(z)—<r(2<a'—z)  exp  [2ij'(z— w')] 


Reduction  to  Case  where  Real  Half-Period  is  Unity 

(preserving  period  ratio) 


A>0 

A<0 

(«2=w+«') 

18.2.38 

{P'(z\w,  «')="~3 (ZW_I|1>  ~) 

'(«|«,  «')=«2-3^>,(2C02-1|-,  - 

\ |0)2  0)2 

18.2.39 

ff>(z\<0,  w ')  = u~2{P  (z«-1|l,  ^-) 

^)(s|cO,  «0  = «22^  > — ) 

\ lw2  6*2/ 

18.2.40 

f(s|w,  »')=«-1£  (zw-1|l, 

f(z|w,«')=W21f  (zt021|-^>  — ) 

\ lw2  W2/ 

18.2.41 

<r(z\u,  w,)=w<r  (zw-1|l,  — ) 

o*(2|a),  o)')=o)2<r  (^coj1!— ; — ^ 

\ l«2  «2/ 

18.2.42 

g2(<a,  uf)=w~*g2  (l,  ^-) 

C0')=«2  ^2 

\0)2  0)2/ 

18.2.43 

.ga(w,  u')  = <a~*g3  (l,  ^-) 

\0)2  0)2/ 

18.2.44 

e<(w,«')=w-2ci  (l,  ^j-) 

\0)2  0)2/ 

(*=1,2,3) 

(t=l,2f3) 

18.2.45 

A(«,  a/)=«-12A  (l, 

A(o),  0)')  = «2“12A  ^ 

\0)2  C02/ 

NOTE:  New  real  half-period  is 

co  | a/ co+a/ i 

co2  co2 


co2 


• 
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18.3. 

Special  Values  and  Relations 

Values  at  Periods 

ff>}  (pr\  and  f are  infinite,  <r  is  zero  at  z=2wi,  i=  1,2, 3 and  at  2w2(A<!0). 

A>0 

A<0 

Half-Periods 

18.3.1 

#>(«<)=«*(;= 1,2,3) 

18.3.2 

^'(co<)=0(i=l)2,3) 

18.3.3 

’/<=?(«<)  (i=l,  2, 3) 

18.3.4 

’?!  = ’),  >/8=»?+’7'.  ’13=’?' 

18.3.5 

H\ — 2 e\-\-C)6k  (i,j>k — 1,2,3)  i^jyi^kyjj^k) 

18.3.6 

=(*<“ 

-e*)(e«  e*)=2e?+^=3e?  ^2 

18.3.7 

6*  real 

62  rdal  and  non-negative 

18.3.8 

6i^>0>  62^*63 

(e2=0  when  03=O) 

(equality  when  03=0) 

6i= — a+ijS,  63=61 

where  a>0,  j8>0 

(equality  when  03=O) 

18.3.9 

77>0 

18.3.10 

v'/i=0  if 

V2>0 

18.3.11 

|«'|/«^1.91014  050  (approx.) 

W^>0  if  |co2|/«2^3.81915  447  (approx.) 

18.3.12 

H{>0,  H3> 0 

18.3.13 

7r/4<arg(flT3)  <t/2  (equality  if  03=O) ; Hi=Hz 

18.3.14 

0-((02)==6^«2/2/HJ/2 

18.3.15 

<K«')=ie’'“"2/fll/2 

<T(wi)=ie*',*i/m13 

18.3.16 

a3(<a2)  — e’2"2/  ( — H2) 

c\u')=e''<*'K-H2) 

18.3.17 

arg[<r(w2)]=\  +2 

arg[«r(w')]=^+|-i  arg(e2+ffa-es) 

Quarter  Periods 

18.3.18 

{P  (<a/2)=ei-{-Hi^>ei 

(P  (0)2/2)  ==62-{‘H2^>e2 

18.3.19 

g> ' (w/2) = -2Hl^2H1+Ze1 

(P r (^2/2)  = m^m2H^2H2~\~362 

18.3.20 

f(co/2)=^[i;+V2Hi+3€i] 

f («a/2) =M»?2“T“ ^#2+362] 

1 
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A>0 

A<0 

18.3.21 

gi?«/8 

<K«/2)  21HHl,s(2Hi-\-Zei)m 

gl2"2/8 

<T('a2l2)~21'im/a(2H2+3e2)m 

18.3.22 

(p  (o//2)  =ez  Hz<Cez<C0 

(032/2)— e2  H2—ff>  (o)2+w2/2)<^62<^0 

18.3.23 

ff>' (o' /2)  = —2Hzi^j2Hz—3ez 

^ (o)2/2)  = — 2H2/i^2H2 — 362= £p  '(0)2 +o)2/2) 

18.3.24 

f (co'/2) [77' — i^2Hz — 3e3] 

f (o)2/2)  =§[772  i^2H2  3e2]=  f(c*)2 +0)2/2) +2t7^ 

18.3.25 

v(«  /2)-2V4Hl'*(2H3-Se3)m 

, ien2<a2,s 

•KW2)  2lliHlls(2Hi-3e2)m 

18.3.26 

(o?2/2)  = ^2 H2 

— <?( 0)2+ o)2/2 ) exp  [ — 77'o)2] 

^ (0/ /2)=ez 

18.3.27 

ff>  '(oi2/2)  = -2H2i(2H2-3e2)* 

g*'W/2)  = -2iHz(2Hz-3ez)i 

18.3.28 

f (0)2/2)  = f[r/2 — i(2H2  3^)^] 

SWl2)=hW-i(m-3ez)t] 

18.3.29 

g*2«2/80*W4 

ff("*/2)-[4HS(2H'l_3eI)]VB 

gV»78^tV/4 

■*"  /2)~[4fl|(2ff3-3e3)]1/8 

One-Third  Period  Relations 

At  0=2oi</3(i=l,  2,  3)  or 

2o'jZ,g>"2=l2  &&'*■, 

equivalently: 

18.3.30 

48#>4-24p2#>2- 

-*8g3g>-gl=0 

A>0 

A<0 

18.3.31 

f(V3)=2’+[^f3>] 

18.3.32 

kw»-Y  [P(23",/3)] 

18.3.33 

f(2co2/3)=23^+[^(23a)2/3)J 

f(2„73)-2j'+[^(23"73)]' 

18.3.34 

ff(2w/3)— ~.eXP  [2W9] 
Vg>'(2o/3) 

ff(2ws/3)— ”^.exp  |2”'"=/91 

V(P'( 2W3) 

18.3.35 

^0  //on  “exP  [2l/'w79] 
n /;  [^>,(2co73)]1/V’ri/3 

_/o  /,o7  —exp  [2„W9] 

( 2/j  [#>'(2o,73)]l/3e2*i/3 

18.3.36 

_/or  /o\_  — exp  [2t/2co2/9] 

( 2/3)  [ ^ ' (2co2/3)  ]1/3e2,r!/3 

—exp  [2^,o,,/9] 

1 /;  [fp,(2o,73)]1/3e2Tl/3 

Legendre’s 

Relation 

18.3.37 

770/ — 7;,o)=7ri/2 

7720)2 — rj2(a2=7ri 

(also  valid  for  A<0) 

Relations  Among  the  H% 

18.3.38 

18.3.39  HIHI+HIHI+HIH\=0 
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18.3.40  A/16 

18.3.41  16tf?-1202#t+A=O(i=l,  2,  3) 


18.4.1 


18.4.2 


18.4.3 


18.4.4 


18.4.  Addition  and  Multiplication  Formulas 
Addition  Formulas2  (*17^*2) 


<?  (2l  + 22)=|  - 


(P  (2l)—  ff>  (S2> 


• — 3>  (si) — ^ (s2) 


'(21+22) 


(gx + 22)  [ 7 (g,)  ■ - ffl / fe)  ] + (2,)  g>'{z*)-g>'  (2,)  (g2) 

^ (22) — p (20 

f(2,  + 22)-f(2i)  + r(22)+2  ^ (2l)_^  (S2) 

ff(2i  + S2)ff(21  — Z2)  = — ff2(2j)ff2(22)[P  (2i)  — (Z2)] 


Duplication  and  Triplication  Formulas 

[Note  th*tg>'f=Gg>Kz)-^,g>'2(z)==4g>*(z)-g2g)(z)-g3  and  #>"'(2)=120>(*)0>'(2)] 


18.4.5 

0(2*)- 

18.4.6 

® (2s)“  4 #>'3(2) 

18.4.7 

f(23)=2f(2)  + ^,/(2)/2^)'(S) 

18.4.8 

<7(22)  = -0 '(2)^(2) 

18.4.9 

v/o-N OV/--N  , ±@>'\Z) 

nazj-aazj  1 @'(z)&'"(z)-@"Xz) 

18.4.10 

<r(3  2)  = ■ - 0>  /2(Z)<79(2)[^)  (22)  - £>  (2)] 

18.5.  Series  Expansions 

Laurent  Series 

18.5.1 

ff>(z)=z~t+'IZekza‘~2 

k= 2 

18.5.2  where 

€2=92/20,  c3=g3/28 

and 

18.5.3 

3 fe— 2 

C*  (2&+l)(&— 3)  S *=4 

18.5.4 

'(2)= — 22-3+S(2^— 2)ct22*-3 

fe= 2 

18.5.5 

f(2)=2~1— y)ct2afc~I/(2A:— 1) 

k=2 

18.5.6 

00 

*s>%S<‘'-(terw  • (4»+e*+i)i 

2 Formulas  for  and  <r  are  not  true  algebraic  addition  formulas. 
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18.5.8 


where  a0,  o=l  and 


16  1 

am.«=3(rn+l)am+i.n-i+-3-  (n+l)am-2,n+i— 3 (2m+3n— l)(4m+6n~-l)dm_i,n, 


it  being  understood  that  am>n= 0 if  either  subscript  is  negative. 

(The  radius  of  convergence  of  the  above  series  for  — z~z  and  f-— z~l  is  equal  to  the 

smallest  of  |2co|,  |2w'|  and  |2«±2«'|;  series  for  <r  converges  for  all  z.) 

Values  of  Coefficients 3 c*  in  Telms  of  c2  and  C3 


18.5.9 

18.5.10 

18.5.11 

18.5.12 

18.5.13 

18.5.14 

18.5.15 

18.5.16 

18.5.17 

18.5.18 


c4=c!/3 
c5=3c2c3/11 
c3 = [2c| +3c§]/39 
c7=2c^c3/33 

c8=5c2(llc!+36cj|)/7293 
c9=c3(29cl+llcl)/2717 
c10=  (242c^+1455c|c|)/240669 
cu=14c2c3(389c|+369cl)/3187041 
c12=  (1 14950c®+ 1080000c|c3+1  66617cJ)  /891 678645 
Ci3=10c2c3(297c2+530c|)/11685817 


18.5.19 


18.5.20 


18.5.21 


18.5.22 


_2c2(528770c|+7164675c1cI+2989602c|) 

14  (306735)  (215441) 

4c3  (62921815c§+ I79865450c|c|+ 14051367c!) 

(179685)  (38920531) 

ci(58957855cH- 10865 1 1 320c|c|+ 875341 836c!) 

(5909761  )(5132565) 

c2c3(30171955c®+126138075c!c|+28151739c!) 

(920205)(6678671) 


18.5.23 


1541470  • 949003c®+30458088737  • 1 155c!c|+122378650673  • 378c!c!+2348703  • 887777c! 

(1342211013)(4695105713) 


18.5.24 


2c|c3(3365544215c2+429852433  • 45c|c§+8527743477c!) 

(91 100295)(1 13537407) 


3 NOTES: 

1.  C4-C18  were  computed  and  checked  independently 
by  D.  H.  Lehmer;  these  were  double-checked  by 
substituting  02=20  C2,  03=28  C3  in  values  given  in 
[18.10]. 

2.  C17-C18  were  derived  from  values  in  [18.10]  by 
the  same  substitution.  These  were  checked  (numer- 
ically) for  particular  values  of  g2i  03. 


3.  C19  is  given  incorrectly  in  [18.12]  (factor  13  is 
missing  in  denominator  of  third  term  of  bracket); 
this  value  was  computed  independently. 

4.  No  factors  of  any  of  the  above  integers  with  more 
than  ten  digits  are  known  to  the  author.  This  is  not 
necessarily  true  of  smaller  integers,  which  have,  in 
many  instances,  been  arranged  for  convenient  use 
with  a desk  calculator. 


Value 4 of  Coefficients  a 
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Reversed  Series®  for  Large  j /r  j 

18.5.25 

^2«+c2ti6+c3«7+ j 

+^  (3^+5^)^n+«22a3«16+§  (12a!+7«l)u17 

+5|3  («§+7«!)tt19+^  (3al+10«l)u21 

+^|f-8  (9«l+4«l)u23 

+2^q  (33a|+180a|^+10a|)M25 

+^(ll«l+10al)«27 

+J§^  (143ai+1155alai+210a|)«29 

+|£§f  (143«E+220«i<4+6a|)tt31 

Q-,2 

+^  (65aR728alal+280<4)tt33 

(195^+455alal+42a!)tt35 
+2oy  (1 105a29+  16380ai|ai+ 10920a|a43 
+168a|)«37+^^-3  (85aS+280a|a|+56aJ)tt89 
+^1  (323c4+6120ajo|+6300a|(4+336ci|)  u*1 

+Fll  (1615^+7140«+2520«+2^)«« 

+ 0(u*>) ], 

18.5.26  where  ct2—g2l% 

18.5.27  a3=ff-/^ 

0 

18.5.28  u=(  & -*)» 


Reversed  Series  for  Large  | (P  f\ 


18.5.29 

3=+1M++5M5++7U7++9ii9+  . . 

18.5.30 

where  ii=($5,l/3)-1e<T/3 

18.5.31 

CO 

<N 

II 

H 

18.5.32 

A A2 

6 — — -tti 

18.5.33 

A — 4<z3^i 

a7-  7 

18.5.34 

A9=0 

18.5.35 

An—8a2a3Ayil 

18.5.36 

(o5+6aS) 

18.5.37 

+16=-96c^a3/175 

18.5.38 

^17=_lig4i  (a>+i2al) 

18.5.39 

where  (I2—S2/&,  (h—g^ 

Reversed  Series  for  Large  | f | 

18.5.40 

z=uJrAbubJrA1u1JrA<du^-\- . . . 

18.5.41 

where  u=£~1 

18.5.42 

A5= — 82/5 

18.5.43 

CO 

*0 

1 

II 

18.5.44 

Ag=Sl/ 7 

18.5.45 

An  ^ 35253/l 1 

18.5.46 

^i3==im  (-8Sl+7Sl) 

18.5.47 

+16=-415lS3/91 

18.5.48 

yli7=9l63  (13495*-41165®) 

18.5.49 

^,9=3^3  (11543151—2256831) 

18.5.50 

where  52— '£r2/12 

18.5.51 

53= (73/20 

5 In  this  and  other  series  a choice  of  the  value  of  the 
root  has  been  made  so  that  z will  be  in  the  Fundamental 
Rectangle  (Figure  18.2),  whenever  the  value  of  the  given 
function  is  appropriate. 
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Other  Series  Involving  (P 

Series  near  z0  [^(2o)=0] 

18.5.52 


0 = 


1 — Zc2u*— 4c3tt®++v?  us-\ 


10<^  . , H4C2C3..10 


11 


u 


7(12c|— 5cf)  „ 4884* 


f v"70  u12-™^- uu  +u2  -5c2-14c3ms 


13 


33 


+5C^+33c2c3^+84cir10ci  M8_1363c|c3^° 


4 


33 

5c2(55ci— 2316ci  )u12 
143 


18.5.53 


1+... 


'4 

0 


where  u=(z—z0),  (PI,  = ff>  ,(20)=iVff3 
18.5.54 

u=  (Po[v+atf+2a2vs+0^^~+5as'S)  u4+~  (3#> 
+15<73$>o2+7Oa3)fl5+2a2(2$)o4+703$*o2+21a3)06 
+(^M-  {^+20a3}  ^>^+15a2?3^i2+132a#)» 


+15a  (fi^+  ^+6a3} 

®8+T  (i^o8+15^5>o6 


4 


33a<73 


0J2 


| 143a6\  „,8  , 5a 

+ { 154a3+33^}  g>  >4+2002a^  ^°2-f-572g^  »" 

+i(3{28a3+fl§}  ^i8+ll^{98a3+^}^i* 

+2002a3  /y«3+4j#> 

+ 16016  a*g3(P  £2+ 19448  a®)  »10]  + . . . 

18.5.55  where  v—  Q>  l(ff>  ’0)2  and  a—g2/4 
Series  near  w< 

18.5.56 

(l T>  ~e,)  = (3e2— 5c2)«+  (10c2e,+21c3)tt2+  (7*4 
+21c3c<+5c2)«3+  (18*4+304* 

+ 33caC3)tt4 + y22c%e2 + 92c2c3e  t+ 1054 


'4 

0 


4 


4 


104 
3 

1214 

11 

3405 


728  3 .220  , . , 

jj  c2C3e!+-o-  4*+844* 


-)«*+( 

4*)  “*+(ff^4+^r  44 


13 


11 


4**+ 


45750 


143 


3 


25  4 

A* 


13 


4^«7+  . . 


18.5.57 


where  u=(z—  w4)2 


Other  Series  Involving  (P ' 

Series  near  Zq 

18.5.58 

(ff> ff>  o)=r_  10c2'M-56c3«3+304«5+264c2c3m7 

| (8404-1004)  u»  54524* 


70^(554-23164) 


11 


+ 


143 


+3] 


+ of  — 15*m4— 28*ii®+304«8+  114**ii10 


18.5.59 


18.5.60 


+7(124-54K2-244^—  «14J+  . . . 

where  u=(z—z0) 


3 (J> ' 

(z-z0)=A-bAz--^p>  A*+3(c2+b2)As 

+ 10 b(P  ^®-3[36*-3#>  ^+463]+7 
-3  g>  J (f  *+2l62)+8+j|  (2856^ 


18.5.61 


18.5.62 


+1004-279  ff>  J26+13264\l®+ 


where  A=  (ff> ff>  o)/(—  10*) 


and  b=4g3/g2 


Series  near  «4 


18.5.63 


ff>  ' =2(34— 5*)a+4(10*e4+ 21*)a3+ 6 (7*4 
+21**+54)«s+24(6*4+ 104* 

+ 1 lc2c3)a7+ 10  ^2244+92***+ 1054 


104\  9 . 04  /364  . .110  , 

~ ) a®  +24  ( — **4+—  4* 


+424*+^  4*)  «“+70  4« 


2 


■ 171  -a  ,2  ■ 681  . 9150 

1 77T  *1*^ TV  Ca**-f 


13 


11 


143 


*4+j|  4^ 


a13 


4"  • • • 9 


18.5.64 


where  a=(z—  w<). 
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Other  Series  Involving  f 


Series  near  Zo  [ (zo) =0] 


18.5.65 
f 


fo — ' 


u2  , c2uz  c3uz  c\v}a  1 9c2c3un 
"•"T  3 22 

oc2u3 


(5ci-12c|)  M 61c|c3w16 
26  W + 66 


M 


18.5.66 

18.5.67 


7c3«6  5clu7  11  c2c3u*  . (10c|— 84c|)  u 
'2  7 3 + 33  “ 

1363c2c3  , c2(2316c|— 55c2)  ,.1b1  , 

429  U + 429 “ J+  * • * ’ 

where  u=  (z—zo), 


?o=f(2o) 


Series  near  co< 


18.5.68 


— eta- 


(Zez—5c2)  3_(10c2e(+21c3)a5 


a 


(7c2e?+21c3ei+5c|)«7 


(6C3  e 1 ~h  1 0c|  6 i 1 1 C2C3)  qj9 


18.5.69 


10 


^22c^<+92c2c3ei+105cl  ^ 


c2 


2 /364  2 

13  ( 11  c2c3e{- 


11 

110 


clet-\-42clet 


. 607  , 
681 


/127 
\ 13 


3„2 


c2e< 


171 


11 


2 . 9150  , . 5 

QC3e<+^rnr  c2cl+:n;  cj 


143 


13 


2)  « 


13 

15. 


where  a=(z—ui ) 


Reversed  Series  for  Small  |<r 


18.5.70 


2=<7+7r  ff*+ 


3t|  . 


14 


+ 


19w3  11  1 3842y!+861t| 


55 


.13 


6006 


+ 


18.5.71  where  y2=(/2/48 

18.5.72  y3—g3/l20 

For  reversion  of  Maclaurin  series,  see  3.6.25  and 
[18.18], 


18.6.  Derivatives  and  Differential  Equations 


Ordinary 

(c2=g2/2 0,  c3=g3/28) 

18.6.1 

f,(2)  = -^>(2) 

18.6.2 

<r'(s)/<r(2)  = f(3) 

18.6.3 

ff>'Kz)=^g>\z)—g2g){z)—g3=4{g>z—5c3g>—7c3) 

18.6.4  {P"(z)=Gg>\z)-hg2=6g>2-10c2 

18.6.5  ff>"'(z)  = 12g>g>' 

18.6.6 


#><«(2)=12(£>0  "+£>'#>') 


18.6.7 


14c3 

5 


g> ® (z) = 12(^>^> "'+2  g> • g> "+  g> ••  g> o 

=3-5  \(P'[g>2-c*\ 

18.6.8 

g>^{z)=\2(g>g>™+zg>'  g>'"+zg>"  g>n 

+g>'"g>') 

18.6.9  =7![#>4-4c2<02-4c3(0+5ci/7] 

18.6.10  g>m(z)=4:-7\g>,ig)3-2c2g>-c3] 

18.6.11 


g>  (8,(s)=9![^>8-5c2^8-5 c3#>2 

+(10c1^  + 11c2c3)/3] 

18.6.12 

ff>  m{z)=Z-9\ff>'[ff>i—Zc2ff>2—2e3ff>  +2c|/3] 

18.6.13 

g>  <»>  (S) = 1 1 ![  g>  ®- 6c2  g> 4-  6c3  g> 3+ 7&g> 2 

+ (342c2c3#>  +84d—  10cI)/33] 

18.6.14 


«« (3) = 6- 1 1 ! g> '[  g> *-±c2  g> 3- 3c3  g> 2 

+ (77c?#>+57c2c8)/33] 

18.6.15 

g> (12)  {z)=\z\\g>7-7c2g>3-7c3g>  4+ 35d  g>  z/z 

+210c2c3#>7ll+(84c|-35c!)  ff>  /13—  1363cic3/429] 

18.6.16 


<13>  (2) = 7 • 13 1 g> '[  g> 8-  5c2  g>  4-4  c3  g> 3 

+ 5d  g>  2+ 60c2c3  g>  /i  i+ (i2d- 5d)/i3] 

18.6.17 

g> <14)  (z)=\5\[g>  8—8c2  g>  6-8c3  g>z+52<$g>  73 

+ 328c2c3  #>  3/l  1 + (444c|-328d)  ^ 2/39 

-488dcs  /33+C2(55d-2316d)/429] 

18.6.18 

<15>  (s) = 8- 15  !#> '[  g>7- 6c2g>z- 5ca{P*+2G<$  Q> z/Z 
+ 123^3  P2/ll  + (llld-82d)  (P  /39-61dcs/33] 
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Partial  Derivatives  with  Respect  to  Invariants 

18.6.19 

A y£=g>'(zgiS-\g^+Sgig>i-Vgz@-ti 

18.6.20 

A =0 ' ' ("I  )-9ffsP2+|  G>  +|  Mb 

18.6.21 

AIF_3K^+^3) 

+2  2 ($93  0 +20i^— 2 ' 

18.6.22 

— | 02^  Q 92  (P  +|  08  <9*  ' 

18.6.23  A ^=|  9**"  +|  9z<r +1 9t^—\  9***’ 

18.6.24 

. Off  0 1 1 1 n 3 4,1./ 

A wr~4  9z<r-^  92° -Jq  gW 

(here  ' denotes  J^) 

Differential  Equations 

18.6.25 


Vn—\d(P  (z)+b]y  (Lamp’s  equation) — see  [18.8], 
2.26 

For  other  (more  specialized)  equations  (of 
orders  1-3)  involving  ff>{z ),  see  [18.8],  nos. 
1.49,  2.28,  2.72-3,  2.439-440,  3.9-12. 

For  the  use  of  Q>  ( z ) in  solving  differential  equa- 
tions of  the  form  y'm+A(z,y)  = 0,  where  A(z,y)  is 
a polynomial  in  y of  degree  2m,  with  coefficients 
which  are  analytic  functions  of  z>  see  [18.7], 
p.  312ff. 

18.7.  Integrals 

Indefinite 

18.7.1  J* @>2(z)dz=^  (J>  '(z)+j2  92Z 

18.7.2  §g>\z)dz=±g>  ",(s)~?2f(3)+^?as 

(formulas  for  higher  powers  may  be  derived  by 
integration  of  formulas  for  m(z)) 

For  fg>n(z)dz,  n any  positive  integer,  see 
[18.15]  vol.  4,  pp.  108-9. 

Ii{P'(a)?*0 

18.7.3 

® '(o)  J 9>  (z)-®  (a) 

=22f(a)+ln  <r(z — a) — In  ir(z+a) 

For  fdz/[  Q>  (2) — Q>  (a)]n,({P  '(a)?* 0)  n any  posi- 
tive integer,  see  [18.15],  vol.  4,  pp.  109-110. 


Equation 

y'^tfiy—a)2 

18.6.26 

y'*=(tf-Zatf+Zy)2 


Solution 


o,27  n 64o2\ 

y 2+16^  \2’0’  729/ 


V- 


o—3  g> ' ( z)  0,  gt)’ 


9» 


4— 3o2 
27 


18.6.27 


yH=^y  (y+a)2(y+by  y=Sff>2(z;  g>,  0)—b, 

0a=— | (fl—b) 


Definite 


18.7.4 


18.7.5 


"=J. 


18.7.6 


A>0 

A<0 

" dt 

f dt 

i Vs(0 

"2  J^Vi(0 

3 dt 

co'-i  P - 

• VK0I 

402  "J-V 

where  t 

is  real  and 

dt 


VK0I 


18.7.7 


«(<)=4f*— gtt— g3 
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18.8  Conformal  Mapping 

w—u-\-iv 


A>0 

w—  gp  (g)  maps  the  Fundamental  Rectangle 
onto  the  half-plane  fl<0;  if  |o>'j=co(^3=0),  the 
isosceles  triangle  Ocow2  is  mapped  onto  u> 0, 

w=ff>'(z)  maps  the  Fundamental  Rectangle 
onto  the  w-plane  less  quadrant  III;  if  |w'|=«,  the 
triangle  0 ww2.  is  mapped  onto  fl>0,  v>u. 


A<0 

y)={p(z)  maps  the  Fundamental  Rectangle 
onto  the  half-plane  0<O;  if  |co2|=co2(^3=0),  the 
isosceles  triangle  0co2c*/  is  mapped  onto  u>0y 

p<0. 

w={P'(z)  maps  the  Fundamental  Rectangle 
onto  most  of  the  w-plane  less  quadrant  III;  if 
|co2|==co2,  the  triangle  0w2a/  is  mapped  onto  w>0, 
v>u. 


(a = period  ratio) 


w=£(z)  maps  the  Fundamental  Rectangle  onto 
the  half-plane  ^>0.  If  a <1.9  (approx.),  v<0; 
otherwise  the  image  extends  into  quadrant  I. 
For  very  large  a,  the  image  has  a large  area  in 
quadrant  I. 

w=<j(z)  maps  the  Fundamental  Rectangle  onto 
quadrant  I if  a <1.9  (approx.),  onto  quadrants 
I and  II  if  1.9<a<3.8  (approx.).  For  large 

a,  arg[o-(co2)]«T^>  consequently  the  image  winds 
around  the  origin  for  large  a. 


(2)  maps  the  Fundamental  Rectangle  onto 
the  half-plane  u> 0.  The  image  is  mostly  in 
quadrant  IV  for  small  a,  entirely  so  for  (approx.) 
1.3  <a  <3.8.  For  very  large  a,  the  image  has  a 
large  area  in  quadrant  I. 


w=<r(z)  maps  the  Fundamental  Rectangle  onto 
quadrant  I if  a<3.8  (approx.),  onto  quadrants  I 
and  II  if  3.8<a<7.6  (approx.).  For  large 


a , arg 


(“2+l2)_ 


7 r2®. 
24’ 


consequently  the  image 


winds  around  the  origin  for  large  a . 


Other  maps  are  described  in  [18.23]  arts.  13.7 
(square  on  circle),  13.11  (ring  on  plane  with  2 
slits  in  line)  and  in  [18.24],  p.  35  (double  half 
equilateral  triangle  on  half-plane). 


Other  maps  are  described  in  [18.23]  arts.  13.8 
(equilateral  triangle  on  half-plane)  and  13.9 
(isosceles  triangle  on  half-plane). 


Obtaining  Qfi ' from  ffl 


Fundamental  Rectangle 
A >0 

FUNDAMENTAL  RECTANGLE 


Fundamental  Rectangle 

A < 0 

FUNDAMENTAL  RECTANGLE 


In  region  A 


Figure  18.4 

In  region  A 


')  >0  if  y > .4  and  a;  < .5;  ')  >0  elsewhere  (1)  If  a>1.05,  use  criterion  for  region  A for 

A>0. 

(2)  If  l<a<1.05:  $&{&')>§  if  y>. 4 and 
x <.4,  — 7r/4<arg  if  .4<t/<.5  and 

.4<a<.5.  S({P  ')>  0 elsewhere 
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Map:  $(z)=u+iv 


Near  zero:  t(z)= — J-«i 
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18.9.  Relations  with  Complete  Elliptic  Integrals  K and  K'  and  Their  Parameter  m 


and  with  Jacobi’s  Elliptic  Functions  (see  chapter  16) 

(Here  K(m)  and  K'(m)=K(l—m)  are  complete  elliptic  integrals  of  the  1st  kind;  see  chapter  17.) 


18.9.1 


A>0 

(2—m)K2(m) 
6l~  3<o2 


A<0 


(2m— l)+6iVm— m2  Tn,  . 

«, 33 KK  m) 


18.9.2 


62 — 


(2m— l)ijL2(m) 
3 w2 


e2 


_2(l—2m)K2(m) 

3w§ 


18.9.3 


63= 


— (m+l)iP(m) 
3w2 


(2m— 1)— 6iVm— m2  x 

* — « — 


18.9.4 


92= 


4(m2— m+1  )K\m) 
3 w4 


Q2: 


4(16m2— 16m+l)l£4(m) 
Scot 


18.9.5  g3- 


4(m— 2)(2m— l)(m+l)jK^(m) 

27  co6 


03= 


8(2m — 1 )(32m2— 32m — 1 )K6(m) 

27  wS 


18.9.6 


16m2(m— 1 )2jfiL12(  m ) 


w 


12 


— 256(  m — m2)Kl2(m) 

. .12 
W2 


18.9.7 

18.9.8 

18.9.9 

18.9.10 
18.9.11 


<a 


0 

: K(m) 


« =K(m)  / (ci — e3) 1/2 
m=(e2— e3)l(ei— e3) 


<°2_  2jT(m) 

w2=K(m)/m/2 


m= 


1 362 
2~4ff 


2 


[0<m<§,  since  <jr3>0] 

5>(«)=e3+(e1-e3)/8n2(2*|m)  0(g)=e2+ff2 


18.9.12 

^'(s)=— 2(ei— e3)3/2-cn(2*|m)dn(0*|m)/sn3(2*|m) 
where 

s*=(ei—e3)h 


where 


/7W/.\_— 45|/2sn(g'|m)dn(g'  |m) 
^ ' [1— cn(g'|m)]2 

g/=2gfli/a 


18.9.13  [3S(m)+(m-2).K:(m)]  u2=f(«2)=^^  [6^(m)+(4m-5)«:(m)] 


18.9.14 


3w 


lyw'— ^7ri 


w 


^2  = f(^2)  = 


3wc 


172^2 — irt 
W2 


[E(m)  is  a complete  elliptic  integral  of  the  2d  kind  (see  chapter  17).] 
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18*10.  Relations  with  Theta  Functions  (chapter  16) 

The  formal  definitions  of  the  four  & functions  are  given  by  the  series  16.27.1-16.27.4  which  converge 
for  all  complex  z and  all  q defined  below.  (Some  authors  use  t z,  instead  of  z,  as  the  independent  variable.) 
These  functions  depend  on  z and  on  a parameter  q,  which  is  usually  suppressed.  Note  that 

0KO)=0*(O)08(O)04(O)f  where  0,(0)  =0,(0,  2). 


A>0 


A<0 


T=<ti'/a) 


T2=co£/2a>2 


q = iq2 == ieixr2 = %e ~ xl  wa,/2 "2 


18.10.3 


2 is  real  and  since  23>0(|a/|>w)>  O<2<0“T  2 *s  pure  imaginary  and  since  23>0(|o)2|>o)2), 

0<|2l<<rT/2 


18.10.4 

(v=wz/2<a) 

(v—Trz/2o}2) 

18.10.5 

#>(2)=^+^  r*(o)'W”)T 

cjgas  j 

3=  1,2,3 

18.10.6 

^ { ) 4«3  M0)M0)M0)#i3(p) 

^ KZ)  4«1  «M0)tf3(0)tM0W(») 

18.10.7 

i\z  . 

a )~  « 1 2co«M») 

0)2  2co20i(^) 

18.10.8 

/ \ 2co  ( yz2\  t>i(») 

f2W2"2  exD  / 1»2S2\ 

<r{z)  r exp  ^,(0) 

18.10.9 

12cAi=*Vj(0)+*i(0)] 

12^«,=*a[«j(0)-tfl(0)] 

18.10.10 

12w2e2=ir2[^(0)-t>l(0)] 

12w|e2=w2[«?3(0)  +^1(0)] 

18.10.11 

12<o*e3=— 7t2[«?24(0)+«>34(0)] 

12«|e3=—  +«?3(0)] 

18.10.12 

(e2— e3)*= — i (e3— «2)*=^0i(  0) 

(e2  e3)*=i(e3  «2)}=2w^3(0) 

18.10.13 

(«i— e3)*— — i(e3  «i)*— 2w«>|(0) 

(*— «0*=*(*— «0»=^(0) 

18.10.14 

(«i— i(«a— «i)*=^«(0) 

(e2  ei)*=  i(ci  e2)i=2w2^4(0) 

18.10.15 

§2=1  (^) Wo)  +m)  +*!(0)  ] 

22=0^2^)  [^1(0)  +#i(0)  +^4(0)  ] 

18.10.16 

23=46i62^3 

23= 46 1^203 

18.10.17 

"-^oWo) 

2 

18.10.18 

” 12.»|(0) 

V2  r(«2)  i2co2t?;(o) 

18.10.19 

0) 

f j./  f\  V2^2  ^ 

’72-f(w2)  = 

0)2 
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Series 

18.10.20 

t>x(0)=0 

18.10.21 

^2(0)=2gl[l+21‘2+22‘3+23‘4+  • • . +gn(n+1)+  . . .] 

18.10.22 

*M0)  = l+2[g+g4+29+  . . . +2«2+  . . .] 

18.10.23 

#4(0)  = l+2[— g+24— 29+  . . . + (— l)wgn2+  • • •] 

Attainable  Accuracy 

A>0 

Note:  #y(0)>0,  j=2, 3,4 


A<0 

Note:  ^2(0 )=Aeiw/8j  A>0; 


^(0) : 2 terms  give  at  least  5S 

j= 2, 3, 4 3 terms  give  at  least  11S 

4 terms  give  at  least  2 IS 


^#3(0)>0;  M0)=M0) 

2 terms  give  at  least  3S 

3 terms  give  at  least  5S 

4 terms  give  at  least  10S 


18.11  Expressing  any  Elliptic  Function  in  Terms  of  and  ff> ' 

If  f(z)  is  any  elliptic  function  and  ff>  (z)  has  same  periods,  write 


18.H.1  /(s) = h\K*)  +/(— z)] + M {/(s)  -/(-  z) } { ,0  '(z) } ~*]  ,0  '(z)  • 

Since  both  brackets  represent  even  elliptic  functions,  we  ask  how  to  express  an  even  elliptic  func- 
tion g(z)  (of  order  2k)  in  terms  of  ( z ).  Because  of  the  evenness,  an  irreducible  set  of  zeros  can  be 
denoted  by  at  (i=  1,  2,  . . . , k)  and  the  set  of  points  congruent  to  —a*  (i=l,  2 correspond- 
ingly in  connection  with  the  poles  we  consider  the  points  i=l,  2,  . . . , k.  Then 

w.11.2  whereAis 

a constant.  If  any  at  or  6<  is  congruent  to  the  origin,  the  corresponding  factor  is  omitted  from  the 
product.  Factors  corresponding  to  multiple  poles  (zeros)  are  repeated  according  to  the  multiplicity. 


18.12.  Case  A=0(c>0) 

Subcase  I 

18.12.1  02>O,  03<O:  (ci=c2=c,  e3=— 2 c) 

18.12.2  ^=#2=0,  Hz—Zc 

18.12.3 

£P(z)  12c2,— 8c3)=c+3c{sinh  [(3c)*2]}“2 

18.12.4 

f(z;  12c2,— 8c3)  = — c2+(3c)*  coth  [(3c)*z] 

18.12.5 

<t(z;  12c2,— 8c3)  = (3c)”*  sinh  [(3 c)*z]e~c*2/2 

18.12.6  a)=oo,  o/=  (12c)  ”*7ri 

18.12.7  (w)  ==  — 00 

7;'=f(aj')  = — cco' 


18.12.9 

2=1,  m= 1 

18.12.10 

cr(co)=0 

18.12.11 

. 2coV2/24 

} IT 

18.12.12 

<r(u2)—0 

18.12.13 

& («/2 )=c 

18.12.14 

18.12.15 

«nr 

bO 

II 

1 

8 

18.12.16 

^0 

T 

0 

18.12.17 

g>(w'/2)  =—5c 

18.12.18 

18.12.19 

f(wV2)=^( — Cc*/+7r/ 

18.12.8 
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18.12.20 

/ //on  «V/9V2 

<x(o>  2)= 

IT 

18.12.21 

ff>(oi2/2)=c 

18.12.22 

(P'M 2)=0 

18.12.23 

18.12.24 

<r(o)2/2)=0 

Subcase  II 

18.12.25 

ff2 >0,  £F3>0 : (fii—2c,  e2=e3=—  c) 

18.12.26 

Hi=3c,  H2=H3= 0 

18.12.27 

12c2,  8c3)=— c+3c{sin  [(3c)}2]} 

18.12.28 

f(2;  12c2,  8c3)=c2+(3c)*  cot  [(3c)*2] 

18.12.29 

at 

[2;  12c2,  8c3)  = (3 c)-l  sin  [(3c)*2]e“2/2 

18.12.30 

00=  (12c)  -br,  o /=ico 

18.12.31 

-a 

ii 

T 

c* 

e 

18.12.32 

i?'  = ?(a/)=i°° 

18.12.33 

o 

II 

•S 

o 

II 

18.12.34 

, . 2<oc'2/24 

7 T 

18.12.35 

T 

o 

18.12.36 

<r(o)2)=0 

18.12.37 

(co/2)  = 5c 

18.12.38 

sp\«m=  £ 

18.12.39 

f ( Co/2.)  = §(CC0  + 7r/co) 

18.12.40 

, /on  e'2/96«V2 
(r(co/2)— 

7T 

18.12.41 

G>  W 12)  = -c 

18.12.42 

#>'(«'/  2)=0 

18.12.43 

f (o//2)  = +ioo 

18.12.44 

<7(co'/2)=0 

18.12.45 

^(co2/2)  = — c 

18.12.46  #>'(«2/2)=0 

18.12.47  r(W2)=y+i~ 

18.12.48  <7(w2/2)=0 
Subcase  III 

18.12.49  02=0,  gz=0(ei=e2=e3=0) 

18.12.50  ff>(z ; 0,  0 ) = z~2 

18.12.51  f(2;o,  0)  = s-1 

18.12.52  <r(0;  0,  0)  = 2 

18.12.53  oo= — ico'  = » 

18.13.  Equianharmonic  Case  (g2=0,  g3=l) 

If  02=0  and  03 >0,  homogeneity  relations  allow 
us  to  reduce  our  considerations  of  ff>  to  ff>  (z;  0,  1) 
(l J>',  f and  <r  are  handled  similarly).  Thus 
ff>(z;0,gz)=gl/sff>(zgl/<i;0, 1).  The  case  02=O, 
03=1  is  called  the  EQUIANHARMONIC  case. 

J FPP;  Reduction  to  Fundamental  Triangle 

Ai  = A0c o2z0  is  the  Fimdamental  Triangle 

Let  e denote  ^/3  throughout  18.13. 

w2 « 1.5299  54037  05719  28749  13194  17231 6 


• This  value  was  computed  and  checked  by  multiple 
precision  on  a desk  calculator  and  is  believed  correct  to 
30S. 
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Reduction  for  z2  in  A2:  zi=ez2  is  in  Ai. 

18.13.9 

Special  Values  and  Formulas 

18.13.1 

#>(32)  = *-2^(Zl) 

A=— 27, 

fli=V3(4-1/3)i, 

18.13.2 

g>\z2) =-&’&) 

i?2=V3(4"1«),  £f3=V3(4-1/3) 

18.13.3 

r(22)=«-‘F(zi) 

18.13.10 

m=sin2  15°=2-V3j  q=ie~^ 

4 

18.13.4 

o'(22)  = eff(21) 

18.13.11 

t?2(0)=.4e<W8 

Reduction  for  zz  in  A3:  zx=e  I(2co/- 

- z3)  is  in  Ai 

18.13.12 

«?3(0)  =Aeir/2i 

18.13.5 

18.13.6 

18.13.7 

18.13.8 

ff>{z3)=e-2ff>{z1) 

f (23)  = — «_1f  (zj)  +2ij', 
<t(23)  = ecOO  exp  [(23— to' 

9'=r(«0 

)(2*')] 

18.13.13  MO  )=Ae~**m 

18.13.14 

where  A=  (co2/*-)1/22I/331/8 « 1.0086  67 

11M3K  , K(m)2m  T3(l/3) 

18.13.15  «2—  g1/4  — 

Values  at  Half-periods 


.0' 

r 

a 

18.13.16 

0>  = COl 

gj  = 4“l/3e2 

0 

17  = €7t/2o)2V3 

€”1<r(w2) 

18.13.17 

0)2 

eo 

i 

II 

0 

1J2  = V + V = W2w2V3 

er/ 4 Vs  (21/ 3) 
3* 

18.13.18 

Cl/  = 6)3 

e3=4-i/36-2 

0 

if 

€a(w2) 

18.13.19 

<o27 

CO 

H 

1 

II 

<» 

0 

77/  = — irt/2w2  = 77 7 — rj 

ie 8t/4Vs(21/3) 

3* 

Values  7 along  (0,  co2) 


r 

<r 

18.13.20 

i 

2o)2/9 

18.13.21 

w2/3 

18.13.22 

“^cos  80° 

- VSfv'cos  20°  + -^cos  40°] 

cos  20°  — v7  cos  40° 
1/(21  /3_1) 

v7 cos  20°  — v7 cos  40° 
-V3(2i«+l)/(2i«-l) 

»2  . VS(2s/3+2+2,/3) 
3 1 6 

gr/aeVF  4/2i/3  — 1 

31/6  V 21/3  + l 

4o)2/9 

18.13.23 

^cos  40° 

- V3[^cos  20°+  -^cos  80°] 

>^cos  20°  — v^cos  80° 

cos  20°  — ^ cos  80° 

! 

«2/2 

18.13.24 

e2-f  H.2 

— 3W2+VS 

(7r/4u2V3)  + (31/V2+  VS/2*«) 

6t/16VF(21/12) 

3*«V2+V3 

2<o2/3 

1 

-vs 

I(i»2)+3-i« 

gr/9Vr/31/6 

i 

18.13.25 

8w2/9 

“^cos  20° 

— V^[^cos  40°  — ^cos  80°] 

cos  40°  + ^ cos  80° 

^cos  40°  + ^cos  80° 

i 

7 Values  at  2w2/9,  4w2/9  and  8«2/9  from  [18.14]. 
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Values  along  (0,  z0) 


(P 

g>' 

r 

<r 

18.13.26 

Zo/2 

18.13.27 

3z0/4 

18.13.28 

Zo 

— 21/M 
e2{e2—H2) 

o 

Si 

i(35'4)V2— V3 
• 

t 

r *■  3I/4V2-V3 
L4W2  1 24'*  J 

e-»/6 

V3 

e-«r/6 

gr/12  VFgtV/fl 

31/4 

e3*yi6  ^z(21/12)eiT/* 

3>'4V2-V3 

6x/3V3.etT/6 

> 

Duplication  Formulas 


18.13.29 

@(2z)= 

#>(z)[03(*)+2] 
" 4#>3(z)-l 

18.13.30 

#>'(2z)= 

2.06(s)-lO#>3(g) 

[£>'(z)]3 

18.13.31 

f(2*)  = 

-off-)  . 3#>2(z) 
_ r(2)  1 #>'(s) 

18.13.32 

v(2s) 

Trisection  Formulas  {x  real) 


18.13.33 


18.13.34 


where  tan  0<£<2 w2  and  we  must 

choose  in  intervals 

(w  7r\  /t  3t\  /3 w 5tt\  , 

2’  2/  \2’  2 / V 2 ’ 2/t0get 

(P  (|)>  (§+^r)»  (P  respectively. 

Complex  Multiplication 

18.13.35  g>(€z)=<r23>(z) 

18.13.36  & '(&)  = -&'  (z) 

18.13.37  f(€2)=€-if(2) 

18.13.38  <r(*z)  = e<r(z) 

In  the  above,  e denotes  (as  it  does  throughout 
section  18.13),  eir/z.  The  above  equations  are  useful 
as  follows,  e.g. : 

If  z is  real,  ez  is  on  Oco'  (Figure  18.11);  if  €2 
were  purely  imaginary,  z would  be  on  0 z0  (Figure 
18.11). 


Conformal  Maps 
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£>'(*) 
2 

Near  zero:  (P  '(z)=— g-+€i 


kU  .2 
|€2|<  .001 


\*3i 

\ 

\ 

\ 


\.2i 

\ 

N 


.11 


8>'{z) 


zlJLs. 

23  +7  + 2 


f(2) 


Near  zero:  i’(z)=-+ei 


c30°J 


I I .91 1. 


-2.5 

-2.0 

-1.5 

.6 

.8 

1.0 

-fir" 

:::: 

’i3r"",Ti.2ir.r 

•2i/ 

Li 

-1.0 


ye 


<t(z) 


.8 

,7. 


1.2 

1.0 1 1”“^ 


.2  h .1 . 1 


0 .2 

*y 


0 .5  1.0 

Figure  18.12 
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Coefficients  for  Laurent  Series  for  } (pf  and  f 

(cm=0  for  m?*3k) 


k 


EXACT  c3* 


APPROXIMATE  c3* 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 


1/28 

l/(13-282)  = 1/10192 

1/(13- 19-283)  = 1/5422144 

3/(5-  13M9-284)  = 234375/(7709611  X 108) 

4/(5-132-19-31-285) =78125/(16729  85587X108) 

(7*43)/(138*  19,‘3L37-288) 

(6-431)/ (5-138-192-31*37*43-287) 
(3-7-313)/(52-134-192-31-37-43-288) 

(4-1201) /(52-134-193*31*37-43-289) 
(22-3-41-1823)/(5-135-193-312*37-43*61-2810) 
(3-79-733)/(5*134-193-312-37-43-61*67-28n) 
3.1163-13963-29059 

53-136-194.312-372«43-61.67.73-2812 
22-32-7-l  1-26471 11 

58-136-194-312-372*61-67-73-79-2818 


3.  5714 

28571 

42857 

...  X 10“2 

9.  8116 

16954 

47409 

73312 

40188X10-' 

1.  8442 

88901 

21693 

55885 

78983X10-’ 

3.  0400 

36650 

35758 

61350 

20301 X lO-’o 

4.  6697 

95161 

83961 

00384 

33643 X10-» 

6.  8662 

18676 

79393 

36788 

98X 10-“ 

9.  7990 

31742 

57961 

41839 

66X10-” 

1.  3685 

06574 

79360 

13026 

87 X 10-» 

1.  8800 

72610 

01329 

79236 

40 X 10~M 

2.  5497 

66946 

68202 

63683  X10"27 

3.  4222 

48599 

51463 

05316X10-30 

4.  5541 

38864 

99184 

30391  X10“33 

6.  0171 

15776 

98241 

99591  X10“86 

First  5 approximate  values  determined  from  exact  values  of  c3* ; subsequent  values  determined  by  using  exact  ratios 
<Wc3&-3,  using  at  least  double  precision  arithmetic  with  a desk  calculator.  All  approximate  c’s  were  checked  with  the 
use  of  the  recursion  relation;  c3  — C27  are  believed  correct  to  at  least  21S;  c3o  — c39  are  believed  correct  to  20S. 

Cu  ” 13fc_1  - 28fc_1’  ^==  ^ * * * 


Other  Series  Involving  0 
Reversed  Series  for  Large  | 0 | 


18.13.39 

fl 


u 3 v?  . 5 v?  . 7 u*  . 63m5 
7+26  + 38  + 40  ■*"  248 

231m6  429m7 
+ 592  + 688 


18.13.40  where  u=  0 -3/8  and  z is  in  the  Funda- 
mental Triangle  (Figure  18.11)  if  0 has  an  appro- 
priate value. 


18.13.41 


Series  near  So 


18.13.46 

r 6 3 

u=e21  w—w2jru^~^  w6 

+|  w7+0(m>8)J. 

18.13.47  where  w =(0  — es)/Be2 

Other  Series  Involving  0' 

Reversed  Series  for  Large  | 0 ’ | 

18.13.48 

3=z2l/*(0n/3)~1eM3  [l ~^(0')~2 

+TT7 


18.13.42 

«=  -i  i +^.3 +^-+2  &*+™lp+O(0>uij 

18.13.43  where  u=(z— z0) 

Series  near  o>j 

18.13.44 

(0  — e2)=3 e\u  Tl-l-aj+a:2-!-^  x3 

+|  x4+|  x5+^||  x6+0(x7)J> 

18.13.45  where  u=(z— w2)2,  x—e2u 


z being  in  the  Fundamental  Triangle  (Figure  18.11) 
if  ' has  an  appropriate  value. 

Series  near  so 

18.13.49 

(ff)'-i)=x  [-2 -ix+A  x2+||  x3+0(x*)] 

18.13.50  where  x=(z—z0y 

18.13.51  x=2a  Tl — ia — y a2+-^~+0(a4)J» 

18.13.52  where  a=(^'— i)/(— 4) 
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Series  near  o>2 


18.13.53 


0>'=6 4(9-0,)  [l+2fl+3fl2+y  c3 


l 4 l 5 I 6 I /V  7\ 

+y  i^+y  »®+gr  »®+0(»7)  i 


18.13.54  where  »=e2(2— «2)2 

18.13.55 

(z—oj2)=(  (P'jbeX)  fl— 2w+9w2— ^y  v? 


+330t»4-2268w6 
18.13.56  where  w=  (P  ,2/9 


212058 


13 


w 


6 


+0(w7)l> 


Other  Series  Involving  f 

Reversed  Series  for  Large  |f  | 


18.13.57 


2=r 


■D 


18.13.58 


18.13.59 

(f-fo)=*  [• 


u2  . 'M- 


2 +1V_W+0(4)1 

7^  143  3553tvt;J 

7=r6/ 20 

Series  near  Zo 

8 3 uu 


2 1 56  5096 


’+[y-S]+0^7)> 


18.13*60  where  u—  ( z — Zq) 

Series  near  u>2 

18.13.61 

— e2(z — w 2)  f"l+»+g  »2+^  i)3 


18.13.62 


.15  . . 12  6 . 57 
+77  ^+91  V +637 

v=ei(z— W2)2 


»7+0(»8)J) 


18.13.63 

/ x (f-i?2)  r,  . 12w2  267W3  , 139w4 


30192W5  . 1634208 


275 


3575 


1O6+0(w7)1j 


18.13.64 


18.13.65 


w=(f— i?2)2/e2 

Series  Involving  <7 


2-3  7 23-33  „ , 26  34-23  10 
7T  2 “W  2 +^9|-  2 


27-35-52-31 

25! 


,28. 


28-38-5-9103 


31! 


231 


212-39-5-229-2683 

37! 


,37 


2l4.310-5-23-257.18049 

43! 


,43 


2l5-3I2-5-59-107895773 


49! 


249+0(256) 


18.13.66 


2=0- 


41  o-13 


23-3-5-7  1 27-32-52-ll-13  1 210-34-53-ll-17-19 


31-lOlff25 


2,6-36-5-ll2-17-23 


0(a»l) 


Economized  Polynomials  (0<*<1.53) 


6 


18.13.67  x2ff>(x)—"^2  «n*®"+«(*) 


0 


e(a:)|<2X10-7 


a0 

ax 

a2 

a3 


= (• 


1) 9.99999  96 

2) 3.57143  20 
5)9.80689  93 
7)2.00835  02 


a4=-  (-9)2.20892  47 
o5=(^  10)  1.74915  35 
a6=-(- 12)4.46863  93 


6 


18.13.68  x3  g>  '(x)=Z)  ®n*8B+e(*) 


e(*)|<4X10-7 


a0 

«! 

a2 

a3 


= -2.00000  00 


(-1)1.42857  22 
(-4)9.81018  03 
(-6)3.00511  93 


a4=- (-9)2.12719  66 
a6=(- 10)6.53654  67 
a, = -(-11)1.70510  78 


6 


18.13.69  x£(x)  =S  ana#n+s(a5) 


i(a;)|<  3X10 


-8 


Oo= (-1)9.99999  98  o4=(- 10)6.12486  14 

o4=- (-3)7.14285  86  a5=(- 11)4.66919  85 


a2 


= -(-6)8.91165  65  <*#=(-12)1.25014  65 


o3=-  (-8)  1.44381  84 
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18*14.  Lemniscatic  Case 
(02=1,  03=0) 

If  02>O  and  03=0,  homogeneity  relations  allow 
us  to  reduce  our  consideration  of  ff>  to  (P  (2;  1,  0) 
(ff>' , f and  a are  handled  similarly).  Thus  (2; 
02,  0)=g2ilP(zg2i;  1,  0).  The  case  g2=l,  g3=0 
is  called  the  LEMNISCATIC  case. 


y 


ifPP;  Reduction  to  Fundamental  Triangle 
Ai=A0w«2  is  the  Fundamental  Triangle 
«« 1.8540  74677  30137  192 8 
Reduction  for  z2  in  A2:  Zi=iz2  is  in  At 

18.14.1  g>{z 2)==  — {P(Zl) 

18.14.2  g>'(z2)=ifF(zi) 

18.14.3  f (32)  = — (s,) 

18.14.4  <r(22)=ia(zi) 

Special  Values  and  Formulas 

18.14.5 


A=l,  tf1=tf3=2-*,  H2=i/ 2, 

m=sin2  45°=§,  g—e~T 

18.14.6  02(0)=t>4(0)=(coV2/7r)*;  03(0)=(2«/ir)» 


18.14.7  w=^l(sui2  45°) 


_r2(i) 


O) 


where 


4V^r  V2 

5 « 2.62205  75542  92119  81046  48395  89891  11941 
36827  54951  43162  is  the  Lemniscate  constant 
[18.9] 


8 This  value  was  computed  and  checked  by  double 
precision  methods  on  a desk  calculator  and  is  believed 
correct  to  18S. 


Values  at  Half-periods 


Q> 

r 

c 

18.14.8 

co=o>i 

Ci=J 

0 

i;=ir/4co 

e'/8([2i'0 

18.14.9 

002*=  2?0 

n 

o 

0 

u+v 

eT/4(f2)eirl4 

18.14.10 

G>'  = «3 

63=  — i 

0 

<3 

II 

1 

** 

8 

ieT/8(21/4) 

Values  along  (0,  w) 


3> 

g>' 

r 

<r 

18.14.11 

<o/4 

^ (V« + 2I/4)  (1 + 2,/4) 

18.14.12 

co/2 

18.14.18- 

a/2 

— a 

it  _j_a 

8 co  2V2 

6t/82(21/16) 

2co/3 

18.14.14 

3co/4 

iVl+sec  30° 
■'^(V^-2i)(l+2l) 

~^2f3+3 

V3 

1 

2>7+J^)(2«/3) 

3 V 3 

ex/J8(3I/8) 

(2+V3)1/18 

«=1+V2 


WEIERSTRASS  ELLIPTIC  AND  RELATED  FUNCTIONS 


659 


Values  along  (0,  z0) 


G> 

C 

18.14.15 

2o/4 

18.14.16 

— ^(«  + V2a) 

a(V^+ V2)eix/‘ 

er/64  (21/82) 

«1/4(V^+V2)1/4 

*o/2 

18.14.17 

-i/2 

etT/4 

CT/16(21/8)e*»/4 

2z0/3 

Vsec  30°  — 1 . 

e<»/<  -V2V3— 3 
V3 

2%  ! J-  0 (2z0/3)  -ji/2 

ex/9e<x/4(31/6) 

‘■V2V5-3 

18.14.18 

3z0/4 

— 7>  {cl  — ^2 a) 

a(V5- V2)e,x/* 

e9x/04  (21/82) 

i 

«‘/*(V5- V2)1/4 

eiT/i 


a=  1+V2 

Duplication  Formulas 

18.14.19  (P  (2s) 

= [&2(z)+l?/{  ^(2)[4^>2(2)-lJ} 

18.14.20 

^)'(23)=(j8+l)(j82-6/3+l)/[32^)'3(2)],  0=4 @>\z) 

18.14.21  f(22)=2r(3)+6^2(^ 


18.14.22 


18.14.23 


2 g>\z) 

<x{2z)=—ff>\z)<ji{z) 
Bisection  Formulas  (0<x<2co) 


*GD 

=[0*(*)+ {#>(*)+!}*]  [0>»(*)±  {#>(*)■ 
[Use  + on  0<Cz<w,  — on  <a<x<C2 <o] 


*}*] 


18.14.24 

i 


§0'  (|=^'WT[25>W+^  JV5>(*)-i 

—2(Pzl\x)  (See  [18.13].) 
[Use  — on  0<Cx<w,  + on  <a<x<2 co] 

Complex  Multiplication 


18.14.25 

£P(iz)= 

=-G>{z) 

18.14.26 

£>'(«)= 

=ig>'(z) 

18.14.27 

We)= 

18.14.28 

<r(iz)= 

--iv{z) 

The  above  equations  could  be  used  as  follows, 
e.g. : If  z were  real,  iz  would  be  purely  imaginary. 


Conformal  Maps 


Lemniscatic  Case. 
Map:  J(z)=u+iv 

&(*) 

Near  zero:  {P(z)=^+et 

-9>(2)=p+^+«2,  N<1 
Near  20:  +e3, 


z—z0  |<V2 
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Coefficients  for  Laurent  Series  for  £P\  and  f 

(cOT=0  for  m odd) 


k 


EXACT  c2k 


APPROXIMATE  c2* 


1 

2 

3 

4 

5 

6 

7 

8 
9 


1/20 

l/(3  202)  = 1/1200 
2/(3  13.203)  = 1/156000 
5/(3  13-17-204)  = 1/21216000 
2/(32-13-17-205)  = 1/(31824  X 105) 

10/(33-132-17-206)  = 1/ (4964544  X 105) 

4/(3-132-17*29*207)  = 1/(7998432X  107) 
2453/(34-ll*132-172-29*208)=958203125/(1262002599X  1016) 
2-5-7-61/(33  133-172*29-37-209)  = 833984375/(18394643943  X 1017) 


c2 k=l,  2, 


.05 

.8333  . . . X 10“3 
.641025  641025  . . . X10"5 
.47134  23831  07088  98944X10~7 
.31422  82554  04725  99296X10-® 
.20142  83688  49183  32882X10"11 
.12502  45048  02941  37651 X10"13 

.75927  19109  76468  59917  X10"18 
.45338  43533  93461  06092X10"18 


Other  Series  Involving 
Reversed  Series  for  Large  | (P  | 


18.14.29 

z 


=(^-1)1/2 


1 + 


w , w2  . 5w3  , 35w4 


6 1 26  1 136 


3 w5  . 231  w*  429 w7  . 195w8 


8 


400  1 464  ' 128 
. I2155w9 , 46189 w10 


4736 


10496 


+0(wu)J, 


18.14.30  w=  “2/8,  and  z is  in  the  Fundamental 
Triangle  (Figure  18.13)  if  ff>  has  an  appropriate 
value. 

Series  near  sq 

18.14.31  2&=-x+^-^+^+0(x*), 


18.14.32 


18.14.33  x 


x=(z—z0yi2 


— [” 


w8  , 7w6  , llw7  , ^ #x“l 

f-T7^+  0(w9)  I 


75 


195 


w- 


■2& 


Series  near  a 


18.14.34 

(5>-ei)=.+„.+?+¥+^'+2#+5fe'+0(»*), 


18.14.35 

18.14.36 


5 1 5 1 75  1 75  1 325 
v=(z— co)2/2 


v=„r1-v+&-.§£+vty 

y L 5 5 ^ 75 


15 


52/  , 10641/ 
195 


18.14.38 

z =Au  M 


Other  Series  Involving  (P 9 
Reversed  Series  for  Large  | (P  ' 

v , 5V3  7t>4 


5 ' 39  51 


18.14.39  A= 21/3,  v=Au*/6,  and  z is  in  the 
Fundamental  Triangle  (Figure  18.13)  if  ff>'  has 
an  appropriate  value. 


Series  near  so 


18.14.40 


#>'=i  (z— s0)  £ — l+3w 


lOw2  , 35W3 


13 


18.14.41 

18.14.42 


w=(z— Zo)4/20 


(z—z0)= 2@>'  [j. 


3 u . 5u2  , 84m3  .. 4,” 

T+T+~iz+0{u)i 


18.14.43 

U=4:{Pn 

18.14.44 

Series  near  c o 

1 1 

H 

II 

<S> 

1 + *'+I*‘+10*'+15^ 

18.14.45 

x={z—(S) 

18.14.46 

x=ff>'~ 

^z.,12 15  0>'7 

+ 


80^__819^+0(5>/1I) 


Other  Series  Involving  f 
Reversed  Series  for  Large  |f| 


18.14.47 

18.14.48 


T=r‘[ 


v . t?2  136a3  1349fl4 

^ “TV  1 AA1  I 


5 1 7 1001 

v=rv  12 


9163 


0(«6)1. 


18.14.37 


18.14.48 
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Series  near  so 

18.14.49 

, . „ . i , ,3  ri  v 202 

(f— fa)— 4 (2— 2o)3  I 2_ y+gg- 

18.14.50  v=(z-So)V 20 


18.14.51 


Series  near  cu 

a:5  as7  *9 
20  '70  240 


m11  "I  1 /«13  /»15 

± 1±± - l-0(x17) 

825  31200  975(T  k h 


Economized  Polynomials  (0  <x  <1.86) 

18. 14.57  3?  ff>  (x) = y^g-s4” + « (a:) 

0 

|«(a:)|<2X10-7 

a0=(- 1)9.99999  98  g4=  (-8)4.81438  20 

a1= (-2)4.99999  62  g8=(- 10)2.29729  21 

02= (-4)8.33352  77  g6=(- 12)4.94511  45 

03=  (-6)6.40412  86 


18.14.52  x—  (z— co) 

18.14.53 

w3  . 7w®  13w7  929w®  194wu  942883w13 
3-+30-  “63" + 4536"  891  + 3891888 

+0(w1®) 

18.14.54  w=-2U-v) 

Series  Involving  <r 

18.14.55 

2®  32z9  3-23 213 . 3-107s17 . 33-7-23-37z21 

2 2-5!  22-9!+  23-13! + 24-17!  + 2*-21! 

. 32-313-503223  34-7-685973229  . 
+-2^25i 2^29i— +0(^) 

18.14.56 

<7®  <79  17-1 13<r13 

2_<r+24.3-5",'29-3-7+213.34-7 •‘11-13 

122051 <r17  . 5-13021  . n( 

+219.3®-72-lM7+223-32-ll-19‘t'^ff  ' 


18.14.58  3?{P'(x) =y^.anxin  A-e(x) 

0 

|€(x)|<4X10-7 

a0=  -2.00000  00  a4=  (-7)6.58947  52 

a1=(-l)1.00000  02  a5=  (-9)5.59262  49 

a2=  (-3)4.99995  38  a6=(-ll)5.54177  69 

a3=  (-5)6.41145  59 

18.14.59  zf  (x)  =^anxAn+e(x) 

o 

|e(cc)  |<  3 X 10“8 

a0=  (- 1)9.99999  99  a4=  — (-9)2.57492  62 

^=-(-2)1.66666  74  a5=-(- 11)5.67008  00 
02= -(-4)1.19036  70  o6=(- 13)9.70015  80 

o3=-  (-7)5.86451  63 


18.15.  Pseudo- Lemniscatic  Case 

(g2=— 1,  #3=0) 

If  #2<C0  and  #3=0,  homogeneity  relations  allow 
us  to  reduce  our  consideration  of  ff>  to  Q>  (z;  — 1, 
0).  Thus 

18.15.1  g>(z;  #2,  0)  = \g2\1/2{P(z\g2\1/A;—  1,  0) 

f and  are  handled  similarly].  Because  of 
its  similarity  to  the  lemniscatic  case,  we  refer  to 
the  case  #2=  — 1,  #3=0  as  the  pseudo-lemniscatic 
case.  It  plays  the  same  role  (period  ratio  unity) 
for  A<0  as  does  the  lemniscatic  case  for  A>0. 

co2= V2X  (real  half-period  for  lemniscatic  case) 

=c o (the  Lemniscate  Constant — see  18.14.7) 


Figure  18.15 
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18.15.2 


18.15.3 


A=  — 1,  02=  — 1,  03=0 


Special  Values  and  Relations 

18.15.4 


Hi=—i/-j2,  £72=2,  £73='i/\/2,  m=§,  q=ie~*n 


#2(0) =R21/*eMS,  &3(0)=RetTli,  di(0)=Re~ir/a, 


18.15.5 


where  R=y  <02-^2  jv 


Values  at  Half-Periods 


r 

£T 

18.15.6 

£0=  £01 

i/2 

0 

UV2—W) 

g-tT/4gx/8(21/4) 

18.15.7 

£02 

0 

0 

772=  7t/2£02 

e'«V2 

18.15.8 

CO7  =£03 

-i/2 

0 

e<»/4e./8(21/<) 

18.15.9 

£027 

0 

0 

c* 

to 

II 

1 

■3 

to 

i<r(oo  2) 

Relations  with  Lemnlscatic  Values 

18.15.10  ff>{z;  -1,  0)=i@>(zeMi;  1,  0)  ] 18.15.12  f(a;  -1,  0)=eir/it(zeiT/i;  1,  0) 

18.15.11  (P'(z;  —1,  0)=e3Tiliff>'(zeMi;  1,  0)  18.15.13  (7(2;  -1,  0)=e-(ir/V(2€iir/4;  1,  0) 

Numerical  Methods 

18.16.  Use  and  Extension  of  the  Tables 

Example  1.  Lemniscatic  Case 

(a)  Given  z=x+iy  in  the  Fundamental  Triangle,  find  !PUP',{,o)  more  accurately  than  can  be 
done  with  the  maps. 

<r — Use  Maclaurin  series  throughout  the  Fundamental  Triangle.  Five  terms  give  at  least  six 
significant  figures,  six  terms  at  least  ten.  ff> , f — Use  Laurent’s  series  directly  “near”  0,  (if  \z\<^l,  four 
terms  give  at  least  eight  significant  figures  for  (P , nine  for  f ; five  terms  at  least  ten  significant  figures  for 
[P,  eleven  for  f).  Use  Taylor’s  series  directly  “near”  z0.  Elsewhere  (unless  approximately  seven  or 
eight  significant  figures  are  insufficient)  use  economized  polynomials  to  obtain  ff>  (x) , ff>'(x)  and/or  f(x) 
as  appropriate.  To  get  ff>'(iy ) and/or  £(iy),  use  Laurent’s  series  for  “small”  y,  otherwise  use 

economized  polynomials  to  compute  ff>(y),  (P'{y)  and/or  £(y),  then  use  complex  multiplication  to 
obtain  ff>  (iy) , Q>'(iy)  and/or  $(iy).  Finally*  use  appropriate  addition  formula  to  get  £P(z)  and/or  f(s). 

I J> ' — Use  Laurent’s  series  directly  “near”  0 (if  |s|<C  1,  four  terms  give  at  least  Six  significant  figures, 
five  terms  at  least  eight  significant  figures) . Elsewhere,  either  use  economized  polynomials  and  addition 
formula  as  for  (J>  and  f,  or  get  (p'2—4:(J>*—  (p  and  extract  appropriate  square  root  (Q.(P  0). 

(b)  Given  f,  o)  corresponding  to  a point  in  the  Fundamental  Triangle,  compute  z more 

accurately  than  can  be  done  with  the  maps.  Only  a few  significant  figures  are  obtainable  from  the  use 
of  any  of  the  given  (truncated)  reversed  series,  except  in  a small  neighborhood  of  the  center  of  the  series* 
For  greater  accuracy,  use  inverse  interpolation  procedures. 

Example  2.  Equianharmonic  Case 

(a)  Given  z=x+iy  in  the  Fundamental  Triangle,  find  (P((P\  f,  cr)  more  accurately  than  can  be 
done  with  the  maps. 

< r — Use  Maclaurin  series  throughout  the  Fundamental  Triangle.  Four  terms  give  at  least  eleven 
significant  figures,  five  terms  at  least  twenty  one. 

(P — Use  Laurent’s  series  directly  “near”  0 (if  |z|<C  1,  four  terms  give  at  least  10S  for  llS  for  f ; 
five  terms  at  least  13S  for  ff> , 14S  for  f).  Elsewhere  (unless  approximately  seven  or  eight  significant 
figures  are  insufficient)  use  economized  polynomials  to  obtain  (J>  (x),  (P'(x)  and/or  f(s),  as  appropriate. 
To  get  ff>  {iy) , (p'(iy)  and/or  £(iy),  use  Laurent’s  series.  Then  use  appropriate  addition  formula  to  get 
3>{z)  and/or  f(z). 
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— Use  Laurents  series  directly  “near”  0 (if  |s|<Cl,  four  terms  give  at  least  8S,  five  terms  at  least 
11S).  Elsewhere,  either  proceed  as  for  ff>  and  f,  or  get  (P'2=4:ff)z—l  and  extract  appropriate  square 
root 

(b)  Given  @>(@>',£,0)  corresponding  to  a point  in  the  Fundamental  Triangle,  compute  z more 
accurately  than  can  be  done  with  the  maps.  Only  a few  significant  figures  are  obtainable  from  the  use 
of  any  of  the  given  (truncated)  reversed  series,  except  in  a small  neighborhood  of  the  center  of  the  series. 
For  greater  accuracy,  use  inverse  interpolation  procedures. 

Example  3.  Given  period  ratio  a,  find  parameters  m (of  elliptic  integrals  and  Jacobi's  functions 
of  chapter  16)  and  q (of  # functions). 

m — In  both  the  cases  A>0  and  A<0,  the  period  ratio  is  equal  to  jK'(m)/liL(m)  (see  18.9).  Knowing 
K'IKy  if  l^K'/K^  3,  use  Table  17.3  to  find  m;  if  K'/K>3,  use  the  method  of  Example  6 in  chapter  17. 
An  alternative  method  is  to  use  Table  18.3  to  obtain  the  necessary  entries,  thence  use 

m=(e2—ez)/(ei—ez)  in  case  A>0, 

m=^-“3e2/4fl2  in  case  A<0. 

q — In  both  the  cases  A>0  and  A<0,  the  period  ratio  determines  the  exponent  for  q[q=e~va  if  A>0, 
q=ie~*a /2  if  A<C0].  Hence  enter  Table  4.16  [e-**,  a?=0(.01)l]  and  multiply  the  results  as  appropriate 
[e.g.,  g“4*72ir=(e”x)4(e_,72T)]. 

Determination  of  Values  at  Half-Periods,  Invariants  and  Related  Quantities  from  Given  Periods  (Table  18.3) 


A>0 

Given  « and  u',  form  u'/iw  and  enter  Table  18.3. 
Multiply  the  results  obtained  by  the  appropriate 
power  of  « (see  footnotes  of  Table  18.3)  to  obtain 
value  desired. 

Example  4. 

Given  «=10,  w'=lli,  find  ei}  gt,  and  A. 

Here  u'/iw=l.l,  so  that  direct  reading  of  Table 
18.3  gives 

e,(l) =1.6843  041 

«a(l)  =— .2166  258  (=-e,— €„) 

€3(1)  = - 1.4676  783 
g2(l) =10.0757  7364 
03(1)  =2.1420  1000. 

Multiplying  by  appropriate  powers  of  «=10  we 
obtain 

€,=.01684  3041 
e2=  -.00216  6258 
e3= —.01467  6783 
<72=1.0075  77364  x 10“3 
03=2.142O  1000  x 10~® 

whence 

A=8.9902  3191  x 10“10 


A<0 

Given  «2  and  «2',  form  and  enter  Table 

18.3.  Multiply  the  results  obtained  by  the  appro- 
priate power  of  «2  (see  footnotes  of  Table  18.3) 
to  obtain  value  desired. 

Example  4. 

Given  «2=10,  w2'=lli,  find  eu  git  and  A. 

Here  a^/iua=l.l,  so  that  direct  reading  of  Table 
18.3  gives 

e,(l)  =— .2166  2576+3.0842  589i 
€2(1)=.4332  5152= — 2j’(e1) 
e3(l)=e,(l) 

02(1)  = -37.4874  912 
08(1) =16.5668  099. 

Multiplying  by  appropriate  powers  of  «2=10 
we  obtain 

€,=-.00216  62576 +.03084  2589i 
€2=. 00433  25152 
€3=€, 

02 =—3.7487  4912  x 10~3 
03=1.6566  8099  x 10~6 

whence 

A=— 6.0092  019  x 10~8 
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Example  5.  (A>0) 

Given  co=10,  w'=55i,  find  t?,  V,  <r(w),  <r(«') 
and  a (0)2). 

Forming  co,/io>=5.5  and  entering  Table  18.3  we 
obtain  tj—. 82246704,  o-(co)  = .96045  40.  Using 
Legendre's  relation  we  find  77' =770/ —7ri/2 =2.9527 
723 i.  Since  interpolation  for  <r(w')  and  <r(w+a/) 
is  difficult,  use  is  made  of  18.3.15-18.3.17  together 
with  18.3.4  and  18.3.6.  Values  of  g2 , 03  and  61  can 
be  read  directly  to  eight  significant  figures  and  e3 
to  about  five  significant  figures  giving  02=8.1174 
243,  03=4.4508  759,  *1=1.6449  341,  and  e3 
=—.82247.  Use  of  18.3.6  yields  Hz=. 00174  69 
and  H2=. 00174  69i.  Application  of  18.3.15- 
18.3.17  yields  cr(<a')/i=. 0071177  and  a(ca 2) 

= — .002016— .01055i.  Multiplying  the  results 
obtained  by  the  appropriate  powers  of  « we  ob- 
tain rj  = .08224  6704,  rj'=. 29527  723i,  <r(a>)=9.6045 
40,  (r(co')  = .071177i  and  <r(co2)  = -. 02016 -.1055i. 

Determination  of  Periods  fro 

A>0 

Given  02^>O  and  03>O  such  that  A=0| — 270§>O 
(if  03=0,  |w'|=w;  see  lemniscatic  case),  compute 
^2=0203* 2/3 . From  Table  18.1,  determine  co031/6 
and  w'031/6,  thence  w and 

Example  6. 

Given  02=1O,  03= 2,  find  03  and  c o'.  With  02= 
^03-2/3=6.2996  05249,  from  Table  18.1  a>031/6= 
1.1267  806  and  w'031/6=  1.2324  295i  whence  «= 
1.003847  and  w'=1.097970i. 


Example  7. 

Given  02=8,  03=4,  find  w and  With 
02  = 0203-2/3  = 3.i748  02104,  from  Table  18.1  c o031/6= 
1.2718  310  and  wV 76 =1.8702  425i 
whence  w= 1.009453  and  o/=1.484413i. 


Example  5.  (A<C0) 

Given  co2=1000,  co2'  = 1004i,  find  rj2)  rj2,  <r(o>2), 
<t(q)2)  and  <r(a>'). 

With  co2/ico2=  1.004,  four  point  interpolation  in 
Table  18.3  gives  i?2=1.5626  756,  ^=-1.5726  664i, 
<r(a>2)  = 1.1805  028,  <r(w2)  = 1.1901  52 i and  <r(a/) 
= .475084  + .4767 1 7i. 

Multiplying  the  results  obtained  by  the  appro- 
priate powers  of  c*>2  gives  t?2=. 00156  26756,  v2 
= -.00157  26664i,  <r(w2)  = 1180.5028,  <t(w2) 

=1190.152i  and  *•(«')  =475.084 +476.717i. 


Given  Invariants  (Table  18.1.) 

A<0 

Given  g2  and  03>O  such  that  A=^|— 27^<0  (if 
fif3=0,_|«2,|=w2;  see  pseudo-lemniscatic  case),  com- 
pute 02=0203 2/s.  From  Table  18.1,  determine 
«2031/6  and  «2'031/6,  thence  «2  and  u2'. 

Example  6. 

Given  g2=  — 10,  03=2,  find  and  <4-  With 
02=0203"^= -10/1.5874  0105= -6.2996  053,  from 
Table  18.1  «2031/6=  1.5741  349  and  w£031/6=1.7124 
396i  whence  <»2= 1.40239  48  and  <4=  1.52561  02i. 

Example  7. 

Given  02=7,  03=6,  find  co2  and  <4. 

With  02  =0203-2/®=7/3.3O19  2725  =2.119974,  from 
Table  18.1  W2031/8=  1.3423  442  and  co2,031/6=3.1441 
141i  whence«2=- 99579  976  and  c4=2.33241  83i. 


Computation  of  (P,  {P't  or  f for  Given  3 and  Arbitrary  g3,  g* 

(or  arbitrary  periods  from  which  g2  and  g3  can  be  computed — 
in  any  case,  periods  must  be  known,  at  least  approximately) 

First  reduce  the  problem  (if  necessary)  to  computation  for  a point  z in  the  Fundamental  Rectangle 
by  use  of  appropriate  results  from  18.2. 

y A >o  ky  A < 0 
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Method  1 (as  accurate  as  desired) 

If  both  x and  y are  “small,”  (point  in  double-cross  hatched  region)  use  Laurents  series  in  z directly. 
If  either  x or  y is  “large,”  use  Laurent's  series  on  0xy  then  on  0 y and  finally  use  an  addition  formula. 
(For  (f> ' an  alternative  is  to  get  , then  compute  the  appropriate  root  of  ff>  '2=4  ff>z—g2ff>  — g 3 ; see  18.8.) 


A>0 

Method  2 (for  or  ff> ' only) 

Compute  6<(i=  1,2,3)  (if  only  g2,  gz  are  given 
use  Table  18.1  to  get  the  periods,  then  get  et  in 
Table  18.3;  if  periods  are  also  given,  use  Table  18.3 
directly).  In  any  case,  obtain  m(=[e2— e3]/ 
[ei— e3]),  thence  Jacobi's  functions  sn(s*|m), 
cn(2*|ra),  dn(s*|m),  from  16.4  ..and  16.21  and 
(P  or  Q>*  from  18.9.11-18.9.12. 

Method  3 (accuracy  limited  by  Table  4.16  of 
e~TX  and  by  the  method  of  getting  periods) . 

Obtain  periods,  their  ratio  a,  then  q=e~ira  from 
Table  4.16.  Hence  get  #<(0),  i=2,3,4  from 
truncated  series  18.10.21-.23.  Compute  appro- 
priate # functions  for  z=xand  for  z=iyy  whence 
get  3>(x),  (P'ix)  and/or  f(x),  Q>{iy), 
and/or  £(iy)y  then  use  an  addition  formula  (if 
either  x or  y is  “small”,  it  is  probably  easier  to 
use  Laurent's  series) . 

Example  8.  Given  2=.07  + .li,  02=10,  &=2, 
find  {P. 

Using  Lament's  series  directly  with 

.5 

c3=. 07142  85714 
c4=  .08333  33333 
c5=  .00974  02597 

0-2= -22.97193  820-63.06022  25i 
+c232=  — .00255  000+  .00700  OOi 

+c33<=-  .00001  214-  .00001  02i 

+c426=+  .00000  024-  .00000  Oli 


ff>(z)  = -22.97450  010-63.05323  28i. 

Example  9.  Given  s=15+73i,  g2— 8,  03=4, 
find  ff> . From  Example  7,  co=  1.009453,  <o'  = 
1.484413i.  From  Table  18.3,  «1  = 1.61803  37, 
e3=  — .99999  96,  whence  m— .14589  79.  From 
18.2.18  with  M=  7 and  iV=24,  (.867658  + 

1.748176^)  = ffl(15+73i).  Since  z lies  in  R2y  by 
18.2.31  $*(15  + 73i)  = $>(.  8676  58+1. 22065i). 
From  16.4  with  s*=1.40390+1.97505i,  sn(s*|m) 
=2.46550+ 1.96527i.  Using  18.9.11,  $>(15+73i) 
= -. 57743 + .067797i. 


A<0 

Method  2 (for  $>  or  $> ' only) 

Compute  e2  and  H2  (if  only  g2yg3  are  given,  use 
Table  18.1  to  get  the  periods,  then  get  in 
Table  18.3;  if  periods  are  also  given  use  Table  18.3 
directly).  In  any  case,  obtain  m(=y2—3e2l4:H2) 
thence  Jacobi's  functions  sn(;z'|m),  cn(2'|m), 
dn(s'|m),  from  16.4  and  16.21  and  $>  or  $>'  from 
18.9.11-18.9.12. 

Method  3 (accuracy  limited  as  in  the  case  A^>0). 

Obtain  periods,  their  ratio  ay  thence  02=6_ira/2 
from  Table  4.16.  Then  proceed  as  in  the  case 
A>0,  using  corresponding  formulas. 


Example  8.  Given  2=.l  + .03i,  02=  — 10,  03=2, 
find  (P . 

Using  Laurent's  series  directly  with 

c2=  — .5 

c3=. 07142  85714 
c4=. 80333  33333 

2-2=76.59287  938-50.50079  960i 
c2z2—  - .00455  000  - .00300  OOOi 

c3z 4 = + .00000  334  + .00000  780i 

c426=  — .00000  002+  .00000  01  li 


g>  (2)  =76.58833  270-50.50379  169i. 

Example  9.  Given  z = 1.75+3. 6i,  02=7,  03=6, 
find  ff>.  From  Example  7,  co2=. 99579  98,  co2= 
2.33241  83i.  Using  18.2.18  with  M—  1,  N=  1, 
ff> (1.75+3.6i)  = (P (— .24159  96-1 .064836i)  = 
g>  (.24159  96+1 .0648  36i) . With  A<  0 from  Table 
18.3,^=  — .81 674  362  + . 50 1 20  90i,  02 = 1 .63348  724, 
e3=  — .81674  362  — .50120  90i  whence  m=.01014 
3566,  H|= 1.58144  50,  so  that  2'=2sH*2=.76415 
29+3.367959i.  From  16.4,  cn(z'|m)  =4.00543  66 
— 12.32465  69i.  Applying  18.9.11,  (1.75+3.6i) 

= -. 960894 -.383068i. 
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A>0 

Example  10.  Given  co=  10,  w'=20  i,  find 

f(9  + 19i)  by  use  of  theta  functions,  18.10  and 
addition  formulas. 

For  the  period  ratio  a=o/ /wi=2  with  the  aid  of 
Table  4.16,  g=<r27r= .00186  74427. 

Using  the  truncated  approximations  18.10.21- 
18.10.23  we  compute  the  theta  functions  for 
argument  zero.  Using  16.27.1-16.27.4  we  com- 
pute the  theta  functions  for  arguments  v where 
z—x  and  z=iy.  Then,  with  18.10.5-18.10.7 
together  with  18.10.9  and  18.10.18  we  obtain 
f (9)  = .09889  5484,  f(19i)  = -.00120  0155i, 

g>  (9)  = .01706  9647,  #>'(9)  = -.00125  8460, 

(19i)  = — .00861  2615,  #>'(19i)  = -.00003  757 i. 
Using  the  addition  formula  18.4.3,  we  obtain 
f(9  + 19i)  = .07439  49 -.00046  88i. 


A<0 

Example  10.  Given  co2=5,  oo'2=7i  find 

ff>'(3+2i)  by  use  of  theta  functions,  18.10  and 
addition  formulas. 

With  the  use  of  Table  4.16  and  18.10.2,  q=ie~-7ir 
= .11090  12784i. 

The  theta  functions  are  computed  for  argument 
zero  using  18.10.21-18.10.23  and  the  theta 
functions  for  arguments  Vi  and  v2  corresponding 
to  z=zt + z2  using  16.27.1-16.27.4.  Using  18.10.5- 
18.10.6  together  with  1&10.10,  we  find  3)  = 
.10576  946,  ^(2i)  = — .24497  773,  #>'(3)  = 

-.07474140,  ff>'(2i)  = -.25576 007i.  The  addi- 
tion formula  18.4.1  yields  ^(3+2i)  = .01763  210 
— .07769  I87i,  and  18.4.2  yields  $&'(3+2i)  = 
-.00069  182  +.04771  305i. 


Use  of  Table  18.2  in  Computing  , Q) f for  Special  Period  Ratios 

If  the  problem  is  reduced  to  computing  , ff> ',  f in  the  Fundamental  Rectangle  for  the  case  when  the 
real  half-period  is  unity  and  pure  imaginary  half-period  is  m,  for  certain  values  of  a Table  18.2  may  be 
used.  Consider  0 an  example.  If  \z\  is  “small”,  then  use  Laurent’s  series  directly  for  Qf>  ( z ) [invar- 
iants for  use  in  the  series  are  given  in  Table  18.3], 

If  x is  “large”  and  y “small”  use  Table  18.2  to  obtain  x2ff>  (x)  and  3?ff>'(x),  thence  (x)  and 
use  Laurent’s  series  to  obtain  @>(iy)  and  @>'(iy))  finally,  use  addition  formula  18.4.1. 

For  x “small”  and  y “large”,  reverse  the  procedure.  For  both  x and  y “large,”  use  Table  18.2  to 
obtain  ff>(x),  Q>'(x),  [f>  ( iy ) and  ff>'(iy),  thence  use  addition  formula  18.4.1. 

Similar  procedures  apply  to  ff>'  or  f.  For  ff)',  one  can  also  first  obtain  then  compute 
=4:ff>z— 020—  gz  and  extract  the  appropriate  square  root  (see  18.8  re  choice  of  sign  for  @>f). 


A>0 

Example  11.  Compute  +i)  when  a=1.2. 
Using  Table  18.2  or  Laurent’s  series  18.5.1-4  with 
#2=9.15782  851  and 
03=3.23761  717  from  Table  18.3, 

#>(.8)  = 1.92442  11, 

'(.8)  = -2.76522  05, 
g>(i)  = - 1.40258  06  and 

(P'(i)  = — 1.19575  58i.  Using  the  addition  for- 
mula 18.4.1 

ff>  (.8 +i)  = - .381433-  .14936H. 

Example  12.  Compute  f(.02+3i)  for  a= 4. 
Using  Table  18.2  or  Laurent’s  series  18.5.1-5  with 

02=8.11742  426 
03=4.45087  587 

from  Table  18.3, 

£ (.02)  =49.99999  89, 
ff>  (.02)  =2500.00016, 
ff>  '(.02)  = -249999.98376, 
f(3i)  = .89635  173i, 
g>{ 3i)  = -.82326  511, 
ff> ' (Si)  = — .00249  829i. 

Applying  the  addition  formula  18.4.3, 
f (.02 +3i)  = .016465+ .89635i. 


A<0 

Example  11.  Compute  ff>  (.9  + . li)  for  a=1.05. 
Using  Table  18.2  or  Laurent’s  series  18.5.1-4  with 
02=  — 42.41653  54  and 
03=9.92766  62  from  Table  18,3, 

#>  (.9)  = .34080  33, 

£>'(.9)  = -2.164801, 
g>(.li)  = -99.97876, 

'(.li)  = — 2000.4255i.  With  the  addition  for- 
mula 18.4.1 

(P  (.9  + .li)  = .231859  — .215149i. 

Example  12.  Compute  ^'(.4  + .9i)  for  a= 2. 
Using  Table  18.2  or  Laurent’s  series  18.5.1-4, 
with 

02=4.54009  85, 

03=8.38537  94 

from  Table  18.3, 

g>  (.4) =6.29407  07, 

#>'(.4)  = -30.99041, 
ff>  (.9i)  = — 1 .225548, 

#>/(.9i)  = -3.19127  03i. 

Using  the  addition  formulas  18.4.1-2, 

#>'(.4  + .9i)  = l.  10519  76— .56489  OOi. 
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Computation  of  <r  for  Given  z and  Arbitrary  gi  and  gz 


(or  periods  from  which  g2  and  gz  can  be  computed — in  any  case,  periods  must  be  known,  at  least 

approximately) 


First  reduce  the  problem  (if  necessary)  to  computation  for  a point  z in  the  Fundamental  Rectangle 
(see  18.2).  After  final  reduction  let  z denote  the  point  obtained. 


If  2 or, 


A>0 


yz^>o)'/2,  use  duplication  formula 
o-(s)  = -5>'(2/2)(t4(0/2), 


A<0 

If  ^2>co2/2  or 

</2>o>2/4,  use  duplication  formula  as  in  case 
A>0.  Otherwise,  use  Maclaurin  series  for  a 
directly. 


obtaining  <r(z/2)  by  use  of  Maclaurin  series  for  a 
and  ff*'(zl2)  by  method  explained  above.  Other- 
wise, simply  use  Maclaurin  series  for  <j  directly. 


An  alternate  method  is  to  use  theta  functions  18.10  first  computing  g and  #<(0),  *=2,  3,  4. 


A>0 

Example  13.  Compute  <r(.4+1.3i)  for  02=8, 
03=4.  From  Example  7,  w=  1.009453  and  «' 
= 1.484413*.  Since  2,  the  Maclaurin  se- 

ries 18.5.6  is  used  to  obtain  <r(2/2)  = <r(.2  + .65i) 
= .19543  86 +.64947  28i,  the  Laurent  series  18.5.4 
to  obtain  ff>' (.2- + .65i) =5.02253  80-3.56066  93*. 
The  duplication  formula  18.4.8  gives  o-(.4+1.3i) 
= .278080+1.272785*. 


A<0 

Example  13.  Compute  <r(.8+.4i)  for  02=7, 
03=6.  From  Example  7,  co2=. 99579  976,  u2 
=2.33241  83*.  Since  ^2>w2/2,  the  Maclaurin 
series  18.5.6  is  used  to  obtain  o-(s/2)  = o-(.4+.2i) 
= .40038  019 +.19962  017i,  the  Laurent  series 
18.5.4  to  obtain  #>'(.4+:2*)  = -3.70986  70 
+22.218544*.  The  duplication  formula  18.4.8 
gives  <r(.8+.4i)  = .81465  765+.38819  473*. 


Given  (P\  £)  corresponding  to  a point  in  the  Fundamental  Rectangle,  as  well  as  g2  and  gz  or 
the  equivalent,  find  z . 

Only  a few  significant  figures  are  obtainable  from  the  use  of  any  of  the  given  (truncated)  reversed 
series,  except  in  a small  neighborhood  of  the  center  of  the  series.  For  greater  accuracy,  use  inverse 
interpolation  procedures. 

If  the  given  function  does  not  correspond  to  a value  of  z in  the  Fundamental  Rectangle  (see  Con- 
formal Maps)  the  problem  can  always  be  reduced  to  this  case  by  the  use  of  appropriate  reduction  for- 
mulas in  18.2.  This  process  is  relatively  simple  for  more  difficult  for  the  other  functions  (e.g.  if 

A>0  and  $>=a+i&,  where  5>0,  simply  consider  (P=a—ib  and  find  zx  in  Rx  [Figure  18.1];  then  com- 
pute 22=Si+2cor,  the  point  in  R2  corresponding  to  the  given  ff>). 


A>0 

Example  14.  Given  = 1-i,  02=1O,  gz= 2, 
find  z.  Using  the  first  three  terms  of  the  reversed 
series  18.5.25  zx « .727 + .423*.  The  Lament  series 
18.5.1  gives 

8>  (2i)  = (.727 + .423*) = .825  - .895* 

and 

Q>  (22)  = 3>  (.697 + ,393i) = .938 - 1 .038i. 

Inverse  interpolation  gives 
zxv  = . 707 +.380*.  Repeated  applications  of  the 
above  procedure  yield  2=. 706231 + .379893*. 


A<0 

Example  14.  Given  ff>  = 1 +i,  g2=  — 10,  03=2, 
find  2.  From  Example  6,  <o2= 1.40239  48  and 
w2  = 1.52561  02*.  Since  6>0,  z exists  in  R2  and  z 
is  computed  with  ff>.  Using  18.5.25  with  a2=  — 
1.25,  a3=.25,  tt=[(^)-1]1/2  and  the  coefficients  cn 
from  Example  8 

2u=  1.55377  3973 +.64359  42493i 
c2«5=  .08044  9281 -.19422  17466i 
c3«7=  -.01961  9359 +.00812  66047i 

^+=-.10115  7160- . 04190  06673i 
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A>0 


Example  15.  Given  f=10 — 15i,  <fe=8,  jf3=4, 
find  z.  Using  the  reversed  series  18.5.40  with 

^.6=  — .13333  333, 

^•7=— .02857  14286, 

u=  .03076  923076+ . 04615  3846 15i 

A6u6=  -.00000  001402 +.00000  006860i 

A^=-. 00000  000004 -.00000  000003i 

s=  .03076  921670+ . 04615  391472i 


Methods  of  Computation  of  (P  ( (P ' , f or  <r)  for  Given 
s and  Given  g^,  83  (or  the  equivalent),  with  the  Use 
of  Automatic  Digital  Computing  Machinery 

(a)  Integration  of  Differential  Equation 

ff>  and  $>'  may  be  generated  for  any  z close 
enough  to  a “known  point”  z*(@)(z*)  and  ff>'(z*) 
being  given)  by  integrating  $)"=6  $>2— #2/2. 
A program  to  do  this  on  SWAC,  via  a modifica- 
tion of  the  Hammer-Hollingsworth  method 
(MTAC,  July  1955,  pp.  92-96)  due  to  Dr.  P. 
Henrici,  exists  at  Numerical  Analysis  Research, 
UCLA  (code  number  00600,  written  by  W.  L. 
Wilson,  Jr.).  The  program  has  been  tested 
numerically  in  the  equianharmonic  case,  using 
integration  steps  of  various  sizes.  For  example, 
if  one  starts  with  z*=o) 2,  using  an  “integration 
step”  (h,k),  where  h and  k are  respectively  the 
horizontal  and  vertical  components  of  a step, 
with  (h,k)  having  one  of  the  six  values  (±2h0,Q), 
(±h0,±k 0),  h0=a) 2/2OOO,  &o=|<02|/2000,  one  can 
expect  almost  8S  in  $>  and  7S  in  $>'  after  1000 
steps,  unless  z is  too  near  a pole. 

(b)  Use  of  Series 

The  process  of  reducing  the  computation  prob- 
lem to  one  in  which  z is  in  the  Fundamental 
Rectangle  can  obviously  be  mechanized.  Inside 
the  Fundamental  Rectangle  the  direct  use  of 
Laurent’s  series  is  appropriate  when  the  period 


A<0 

Stopping  with  the  term  in  u7)  2i«.81  + .23i. 
Assuming  Az=  — .03  — .01i,  using  18.5.1,  $>(.81  + 
.23i)  = .91410  95— .86824  37i,  $>  (.78  + .22i)  = 
1.03191  60  — .91795  22i;  with  inverse  interpolation 
2id  = . 7725  + .2404i.  Repeated  applications  of 
inverse  interpolation  yield  2=.  772247  — .239258i. 

Example  15.  Given  o-=.4  + .li,  #2=7,  £3=6, 
find  z.  Using  the  reversed  series  18.5.70  with 
72= .14583,  73=. 05 

*= +.40000  000+ . 10000  000; 

^=+.00011  783+.00032  696i 
o 

M^=_. 00000  208+.00001  432i 

-^^=-.00000  093 +.00000  126i 
14 

19t„  =_  00000  013+.00000  006i 

55 

£=.40011  469+. 10034  260i 


ratio  a is  not  too  large.  However,  if  u^V3(A>0) 
or  2v3(A<0),  the  series  will  diverge  at  the 
far  corner  of  the  Fundamental  Rectangle,  so  that 
use  may  be  made  of  an  appropriate  duplication 
formula.  Alternatively,  one  may  compute  the 
functions  on  Ox  and  0 y,  then  use  an  addition 
formula.  Even  so,  the  series  will  diverge  at 
z=ia  if  a^2(A>0)  and  at  3= m/2  if  a^4(A<0). 

For  great  accuracy,  multiple  precision  operations 
might  be  necessary.  Double  precision  floating 
point  mode  has  been  used  in  a program,  written 
for  SWAC,  to  compute  $>,$>'  and  f . 

For  computation  of  <r,  use  of  the  Maclaurin 
series  throughout  the  Fundamental  Rectangle  is 
probably  simplest  (series  converges  for  all  z). 

Mention  should  be  made  of  the  possible  use  of 
the  series  defining  the  functions.  These  series 
converge  for  all  complex  vf  and  the  computation 
of  $>,$>',  f and  a by  18.10.5-18.10.8  could  easily 
be  mechanized.  The  series  involved  have  the 
advantage  of  converging  very  fast,  even  in  case 
A<0,  wThere  if  A>0). 

Use  of  Maps 

If  the  problem  (of  computing  $>,$>',  f or  <r  for 
given  z)  is  reduced  to  the  case  where  the  real  half- 
period is  unity  and  imaginary  half-period  is  one 
of  those  used  in  the  maps  in  18.8  inspection  of  the 
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appropriate  figure  will  give  the  value  of  (p  (z) 
[f(z)  or  <r(z)]  to  2— 3S.  If  Q>'  is  wanted  instead, 
get  ^>,use  18.6.3  to  obtain  (P ,2  and  select  sign  (s) 
of  (P ' appropriately.  (See  Conformal  Mapping 
(18.8)  for  choice  of  sign  of  square  root  of 

Computation  oj  z0 
Given  g2,  gz  (or  equivalent) 

Since  ZqQ>(z 0)=0,  the  Lament’s  series  gives 

0=1+ c2u2 + czv? + c4^4  + . . . 

where  u=z §.  We  may  solve  this  equation  [by 
Graeffe’s  (root-squaring)  process  or  otherwise] 
for  its  absolutely  smallest  root  [having  found  an 


approximation  to  \z0\  by  Graeffe’s  process,  we 
may  use  the  fact  that  3o=w+iy0(A>0),  z0=co2 
+iy0(A<0)  to  obtain  an  approximation  to  z0]. 

It  is  noted  that  2/0/co  is  a mono  tonic  decreasing 
function  of  (period  ratio)  a 1 for  A>0  and 

2 

[1  ^ arccosh  V3( «.7297)]. 

7T 

y0/<a2  is  a mono  tonic  increasing  function  of  a for 
A<0  and 

2 

[0^2/0/"2<“  arccosh  V3] 

TT 

Further  data  is  available  from  Table  18.2  or  from 
Conformal  Maps  defined  by  fP  (2). 
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Table  18.1 

TABLE  FOR  OBTAINING  PERIODS  FOR  INVARIANTS  g2  AND  gs 

(^2==^2^'3  3) 


Non-Negative  Discriminant 
g2  In  (g2-3) 


3.  00 

1.28254 

98 

1.  52168 

83 

3.  05 

1.  27944 

73 

1.  51892 

22 

3.10 

1.27637 

43 

1.  51685 

48 

3.15 

1.  27333 

03 

1.  51505 

45 

3.20 

1.27031 

49 

1. 51342 

84 

3.25 

1.  26732 

80 

1. 51193 

18 

3.30 

1.  26436 

90 

1.  51053 

84 

3.35 

1.26143 

77 

1. 50923 

08 

3.40 

1.25853 

38 

1. 50799 

63 

#2 

"gi 

• 

l 

3.4 

1.25853 

38 

1.  69503 

33 

3.5 

1.25280 

64 

1.  64719 

87 

3.6 

1.  24718 

42 

1. 60789 

93 

3.7 

1.  24166 

45 

1. 57451 

65 

3.8 

1.  23624 

47 

1.  54548 

31 

3.9 

1.  23092 

23 

1. 51978 

54 

4.0 

1.22569 

47 

1.49672 

94 

4.1 

1.  22055 

95 

1.47581 

86 

4.2 

1.21551 

44 

1.45668 

57 

4.3 

1.21055 

69 

1.43905 

10 

4.4 

1.  20568 

50 

1.  42269 

63 

4.5 

1.20089 

62 

1.40744 

84 

4.6 

1.19618 

86 

1.  39316 

72 

4.7 

1.19156 

00 

1.  37973 

79 

4.8 

1.18700 

83 

1.36706 

51 

4.9 

1.18253 

18 

1.35506 

88 

5.0 

1. 17812 

83 

1.  34368 

10 

5.2 

1.16953 

35 

1.32250 

70 

5.4 

1.16120 

96 

1.30316 

60 

5.6 

1.15314 

34 

1.28537 

08 

5.8 

1. 14532 

23 

1. 26889 

69 

6.0 

1.13773 

46 

1.  25356 

57 

6.2 

1.13036 

91 

1.  23923 

29 

6.4 

1.12321 

55 

1.  22577 

98 

6.  6 

1.11626 

38 

1.  21310 

78 

6.8 

1.10950 

49 

1.20113 

41 

7.0 

1.10293 

00 

1.18978 

83 

7.2 

1. 09653 

11 

1.17901 

03 

7.4 

1.  09030 

03 

1. 16874 

82 

7.6 

1.  08423 

04 

1.15895 

67 

7.8 

1.  07831 

46 

1. 14959 

65 

8.0 

1. 07254 

63 

1. 14063 

29 

8.2 

1.  06691 

95 

1.13203 

51 

8.4 

1.  06142 

83 

1.12377 

59 

8.6 

1.  05606 

74 

1.11583 

09 

8.8 

1.  05083 

15 

1.10817 

84 

9.0 

1.  04571 

58 

1.10079 

87 

9.2 

1.  04071 

56 

1.09367 

40 

9.4 

1.03582 

65 

1.  08678 

83 

9.6 

1.  03104 

44 

1.08012 

69 

9.8 

1. 02636 

52 

1.  07367 

66 

10.0 

1.  02178 

54 

1.  06742 

51 

g2~'  a' ghh1  <g2> 

0.10  1.81701  99  1.89818  Ol  10 

0.09  1.82207  90  1.89119  06  11 

0.08  1.82696  90  1.88476  56  13 

0.07  1.83165  87  1.87888  68  14 

0.06  1.83611  17  1.87354  40  17 

0.05  1.84028  47  1.86873  53  20 

0.04  1.84412  45  1.86447  02  25 

0.03  1.84756  35  1.86077  37  33 

0.02  1.85050  78  1.85769  72  50 

0.  01  1.  85280  73  1.  85534  90  100 

0.00  1.85407  47  1.85407  47  « 


^=0.20412  4145 


Non -Positive  Discriminant 


s2~l 

a2g\\g 

A 

2\ 

“'24^2|4A 

<g2> 

-0.00 

2.  62205 

76 

2.  62205 

76 

- 

00 

-0.  01 

2.  62025 

54 

2.  62384 

98 

-100 

-0.  02 

2.  61693 

53 

2.  62710 

11 

— 

50 

-0.  03 

2.  61258 

87 

2.  63126 

10 

— 

33 

-0.  04 

2. 60737 

43 

2.  63611 

20 

- 

25 

-0.  05 

2.  60137 

48 

2.  64151 

34 



20 

-0.  06 

2. 59464 

00 

2.  64735 

75 

— 

17 

-0.07 

2.58720 

37 

2. 65355 

47 

— 

14 

-0.08 

2.  57909 

05 

2.  66002 

55 

— 

13 

-0.  09 

2.  57032 

09 

2.  66669 

74 

- 

11 

-0.10 

2. 56091 

33 

2. 67350 

25 

10 

-0.11 

2.  55088 

61 

2.  68037 

66 

— 

9 

-0.12 

2. 54025 

86 

2.  68725 

88 

— 

8 

-0.13 

2.  52905 

23 

2.  69409 

09 

— 

8 

-0.14 

2.  51729 

09 

2.  70081 

77 

- 

7 

-0.15 

2. 50500 

11 

2.  70738 

70 

_ 

7 

-0.16 

2.  49221 

23 

2. 71375 

03 

— 

6 

-0.17 

2.47895 

70 

2.  71986 

26 

— 

6 

-0.18 

2. 46527 

01 

2.  72568 

31 

— 

6 

-0.19 

2.  45118 

90 

2.  73117 

52 

— 

5 

-0.20 

2. 43675 

29 

2.  73630 

70 

- 

5 

#2~l 

"2*1 

/ 1 i • 

u2g$/1 

<g2> 

-0.20 

1. 62955 

49 

1.  82987 

88 

— 

5 

-0.25 

1. 66926 

74 

1. 94863 

05 

— 

4 

-0.30 

1.  68880 

94 

2.  04569 

84 

— 

3 

-0.35 

1. 69574 

71 

2. 12452 

34 

— 

3 

-0.40 

1. 69529 

14 

2.18836 

87 

— 

3 

-0.45 

1.  69080 

53 

2.  24023 

31 

2 

-0.50 

1.  68433 

20 

2.  28267 

03 

— 

2 

-0.55 

1. 67705 

44 

2.  31773 

31 

— 

2 

-0.  60 

1.  66962 

98 

2.  34701 

74 

— 

2 

-0.  65 

1.  66240 

65 

2. 37174 

42 

— 

2 

-0.  70 

1. 65555 

57 

2.39284 

34 

1 

-0.  75 

1.  64914 

98 

2.  41102 

56 

— 

1 

-0.  80 

1. 64320 

64 

2. 42683 

68 

— 

1 

-0.  85 

1. 63771 

44 

2.  44070 

05 

- 

1 

-0.90 

1.  63264 

84 

2.  45294 

88 

— 

1 

-0.  95 

1. 62797 

70 

2.  46384 

40 

1 

-1.00 

1. 62366 

67 

2.  47359 

62 

1 

£2 

W2*t 

CO 

2f^ln(3  ~g2) 

-1.0 

1. 62366 

67 

3.  03954 

85 

-0.8 

1. 60646 

93 

3.  05518 

40 

-0.6 

1. 58820 

63 

3.  06892 

24 

-0.4 

1.  56918 

06 

3.  08070 

50 

-0.2 

1. 54967 

81 

3.  09053 

50 

0.0 

1. 52995 

40 

3.  09846 

47 

0.2 

1.51022 

67 

3.10458 

18 

0.4 

1. 49067 

44 

3.10899 

55 

0.6 

1.  47143 

75 

3. 11182 

48 

0.8 

1. 45262 

13 

3.11318 

95 

1.0 

1.  43430 

15 

3.11320 

22 

1.2 

1.  41652 

88 

3.11196 

36 

1.4 

1.  39933 

41 

3.10955 

78 

1.6 

1. 38273 

24 

3. 10604 

84 

1.8 

1. 36672 

71 

3.10147 

38 

2.0 

1. 35131 

24 

3.  09584 

00 

2.2 

1.  33647 

63 

3.  08910 

74 

2.4 

1.32220 

24 

3.08116 

35 

2.6 

1.  30847 

11 

3.  07175 

37 

2.8 

1.29526 

10 

3. 06025 

10 

3.0 

1.28254 

98 

3.  04337 

67  A 

= 

0 

r(-3)3l  (-3)3] 

10  J L 11  . 


^=0.40824  829 
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Table  18.2 


TABLE  FOR  OBTAINING  3>,  0>'  AND  r ON  0*  AND  0 y 

(Positive  Discriminant — Unit  Real  Half-Period) 

zZ(P  (z) 


Z = x\(t 

1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

0.00 

1. 00000 

00 

1.00000 

00 

1.  00000 

00 

1.00000 

00 

1. 00000 

00 

1.00000 

00 

0.05 

1.00000 

37 

1. 00000 

34 

1. 00000 

32 

1.  00000 

29 

1. 00000 

26 

1. 00000 

25 

0.10 

1. 00005 

91 

1.00005 

41 

1. 00005 

05 

1. 00004 

59 

1. 00004 

22 

1. 00004 

08 

0.15 

1. 00029 

91 

1. 00027 

41 

1.00025 

59 

1. 00023 

31 

1. 00021 

46 

1. 00020 

75 

0.20 

1. 00094 

57 

1. 00086 

77 

1. 00081 

12 

1.00074 

02 

1.  00068 

25 

1. 00066 

02 

0.25 

1. 00230 

98 

1.00212 

32 

1. 00198 

79 

1. 00181 

79 

1.  00167 

98 

1. 00162 

64 

0.30 

1. 00479 

35 

1. 00441 

61 

1. 00414 

21 

1. 00379 

79 

1. 00351 

80 

1. 00340 

97 

0.35 

1. 00889 

27 

1.  00821 

33 

1. 00772 

00 

1. 00709 

99 

1. 00659 

56 

1. 00640 

03 

0.40 

1. 01520 

23 

1. 01408 

14 

1.  01326 

70 

1. 01224 

31 

1. 01140 

98 

1. 01108 

69 

0.45 

1. 02442 

50 

1. 02269 

65 

1. 02144 

00 

1. 01985 

94 

1. 01857 

24 

1. 01807 

36 

0.  50 

1. 03738 

54 

1. 03486 

08 

1. 03302 

47 

1. 03071 

36 

1. 02883 

08 

1. 02810 

10 

0.  55 

1. 05504 

92 

1. 05152 

36 

1. 04895 

81 

1. 04572 

73 

1. 04309 

40 

1. 04207 

28 

0.60 

1.07855 

23 

1. 07381 

21 

1.  07036 

11 

1. 06601 

29 

1. 06246 

70 

1.06109 

15 

0.65 

1.10923 

99 

1.10307 

22 

1. 09857 

95 

1. 09291 

64 

1. 08829 

58 

1. 08650 

29 

0.  70 

1. 14872 

15 

1. 14092 

35 

1.13524 

09 

1.12807 

45 

1. 12222 

46 

1.11995 

41 

0.  75 

1. 19894 

38 

1. 18933 

40 

1.18232 

81 

1. 17348 

94 

1. 16627 

18 

1. 16346 

98 

0.  80 

1.26229 

01 

1.25071 

86 

1.24227 

98 

1.23162 

95 

1.22292 

96 

1. 21955 

14 

0.  85 

1. 34171 

37 

1.32807 

28 

1. 31812 

18 

1.30556 

03 

1.29529 

60 

1. 29130 

97 

0.90 

1. 44091 

81 

1. 42515 

17 

1. 41364 

80 

1.39912 

31 

1.38725 

23 

1.38264 

14 

0.95 

1. 56460 

22 

1. 54671 

40 

1. 53366 

04 

1.51717 

65 

1.50370 

31 

1. 49846 

94 

1.  00 

1. 71879 

62 

1. 69885 

59 

1. 68430 

41 

1. 66592 

77 

1. 65090 

68 

1. 64507 

17 

m 

ri14] 

[(i>4] 

[(-f)4] 

z/i=t/\ 

' 1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

0.00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1.  00000 

00 

1. 00000 

00 

1.  00000 

00 

0.  05 

1.00000 

37 

1.  00000 

34 

1. 00000 

31 

1. 00000 

29 

1. 00000 

26 

1.  00000 

25 

0.10 

1.  00005 

91 

1.  00005 

40 

1. 00005 

03 

1. 00004 

57 

1. 00004 

19 

1. 00004 

05 

0.15 

1. 00029 

91 

1. 00027 

31 

1. 00025 

42 

1. 00023 

05 

1. 00021 

13 

1. 00020 

39 

0.20 

1. 00094 

57 

1.00086 

20 

1. 00080 

14 

1. 00072 

54 

1. 00066 

38 

1.  00063 

99 

0.25 

1. 00230 

98 

1.  00210 

14 

1. 00195 

05 

1. 00176 

15 

1. 00160 

81 

1.  00154 

88 

0.30 

1. 00479 

35 

1. 00435 

08 

1. 00403 

04 

1. 00362 

91 

1. 00330 

38 

1. 00317 

81 

0.35 

1. 00889 

27 

1. 00804 

86 

1. 00743 

81 

1. 00667 

40 

1. 00605 

50 

1.  00581 

59 

0.  40 

1. 01520 

23 

1. 01371 

37 

1. 01263 

81 

1. 01129 

28 

1. 01020 

38 

1. 00978 

33 

0.45 

1. 02442 

50 

1. 02194 

93 

1. 02016 

25 

1. 01792 

92 

1. 01612 

33 

1. 01542 

64 

0.  50 

1. 03738 

54 

1.03345 

04 

1. 03061 

34 

1. 02707 

18 

1. 02421 

09 

1. 02310 

77 

0.  55 

1. 05504 

92 

1. 04901 

44 

1. 04466 

92 

1. 03925 

21 

1. 03488 

20 

1. 03319 

83 

0.  60 

1. 07855 

23 

1. 06955 

87 

1. 06309 

37 

1. 05504 

64 

1. 04856 

45 

1. 04606 

96 

0.65 

1.10923 

99 

1. 09614 

60 

1. 08675 

16 

1. 07507 

92 

1. 06569 

47 

1. 06208 

70 

0.  70 

1. 14872 

15 

1.13001 

89 

1.11663 

04 

1.10003 

09 

1. 08671 

44 

1. 08160 

18 

0.  75 

1. 19894 

38 

1.17264 

63 

1.15387 

03 

1. 13065 

03 

1.11207 

03 

1. 10494 

84 

0.80 

1.26229 

01 

1.22578 

78 

1.19980 

68 

1.16777 

18 

1. 14221 

52 

1.13243 

76 

0.  85 

1. 34171 

37 

1.29157 

86 

1.25602 

53 

1. 21233 

97 

1. 17761 

18 

1.16435 

46 

0.90 

1. 44091 

81 

1.37264 

39 

1. 32443 

52 

1. 26544 

15 

1. 21873 

89 

1.20095 

66 

0.  95 

1. 56460 

22 

1. 47224 

79 

1. 40736 

61 

1.32835 

02 

1.26610 

10 

1. 24247 

14 

1.00' 

1. 71879 

62 

1. 59449 

89 

1. 50769 

66 

1.40258 

06 

1.32024 

17 

1. 28909 

73 

1.  05 

1. 74462 

36 

1. 62902 

39 

1.10 

1. 77589 

10 

m 

[(1); 

1 

m 

['?*] 

[ 6 ] 

P_6)6] 

z/i=y\ 

« 1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

1.0 

1. 71879 

62 

1. 59449 

89 

1. 50769 

66 

1.40258 

06 

1. 32024 

17 

1. 28909 

73 

1.2 

1. 85616 

29 

1. 61789 

95 

1. 52970 

17 

1.4 

2. 09401 

44 

1. 86127 

05 

1.6 

2. 28676 

23 

1.8 

2. 80921 

52 

2.0 

3. 43759 

29 

2.2 

2.4 
2.6 
2.8 

3.0 
3.2 

3.4 
3.6 
3.8 

4.0 


If  the  real  half-period  ^1,  see  18.2  Homogeneity  Relations.  Interpolation  with 
respect  to  « will,  in  general,  be  difficult  because  of  the  non-uniform  subintervals 
involved.  Aitken’s  interpolation  may  be  used  in  this  case.  As  few  as  3S  may 
be  obtained.  For  the  computation  of  3>t  3>'  or  f at  z=.i:+t//,  an  addition  formula 
may  be  used  (18.4  and  Examples  11-12). 


X. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 


1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 

1. 


1. 

1. 

1. 

2. 

2. 

3. 

4. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

13. 


4.0 

00000  00 
00000  25 
00004  07 
00020  73 
00065  97 

00162  51 
00340  71 
00639  57 
01107  93 
01806  19 

02808  38 
04204  87 
06105  91 
08646  07 
11990  05 

16340  37 
21947  17 
29121  57 
38253  27 
49834  59 
64493  41 


4.0 

00000  00 
00000  25 
00004  04 
00020  37 
00063  94 

00154  75 
00317  52 
00581  03 
00977  34 
01540  99 

02308  17 
03315  85 
04601  09 
06200  18 
08148  16 

10478  09 
13220  79 
16404  34 
20053  95 
24191  74 

28836  81 


[■(-4)6] 

L 6 J 


4.0 

288368 

527649 

855916 

273495 

777516 

363868 

028426 

767658 

578809 

459856 

409386 

426442 

510400 

660867 

877621 

160574 
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TABLE  FOR  OBTAINING  0>9  AND  t ON  Ox  AND  0 y Table  18.2 

(Positive  Discriminant— Unit  Real  Half-Period) 


Z3fl>'(z) 


z=x\ 

a 1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

0.00 

-2. 00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.00000  00 

0.  05 

-1. 99999 

26 

-1. 99999 

32 

-1.  99999 

37 

-1.  99999 

43 

-1.  99999 

47 

-1.  99999 

49 

-1.99999  49 

0.10 

-1. 99988 

18 

-1.  99989 

17 

-1. 99989 

89 

-1.  99990 

80 

-1.  99991 

53 

-1.  99991 

81 

-1.99991  82 

0.15 

-1. 99940 

16 

-1.  99945 

07 

-1. 99948 

63 

-1.  99953 

10 

-1. 99956 

73 

-1. 99958 

14 

-1.99958  17 

0.20 

-1. 99810 

75 

-1.  99825 

79 

-1. 99836 

70 

-1.  99850 

41 

-1. 99861 

55 

-1.  99865 

86 

-1.99865  97 

0.25 

-1. 99537 

33 

-1. 99572 

57 

-1. 99598 

17 

-1.  99630 

33 

-1.  99656 

50 

-1.  99666 

63 

-1.99666  88 

0.30 

-1. 99038 

23 

-1.  99107 

69 

-1.  99158 

17 

-1. 99221 

67 

-1. 99273 

38 

-1.  99293 

42 

-1.99293  89 

0.35 

-1. 98210 

95 

-1.  98332 

00 

-1. 98420 

07 

-1.  98530 

95 

-1.  98621 

31 

-1.  98656 

35 

-1.98657  17 

0. 40 

-1. 96928 

90 

-1.  97121 

06 

-1. 97260 

99 

-1.  97437 

35 

-1. 97581 

22 

-1. 97637 

02 

-1.97638  34 

0. 45 

-1. 95036 

13 

-1. 95319 

16 

-1. 95525 

47 

-1.  95785 

77 

-1.  95998 

33 

-1.  96080 

82 

-1.96082  78 

0.50 

-1. 92339 

01 

-1.  92730 

50 

-1.  93016 

21 

-1.  93377 

03 

-1.  93671 

95 

-1.  93786 

53 

-1.93789  23 

0.  55 

-1. 88593 

83 

-1.  89106 

43 

-1.  89480 

97 

-1.  89954 

33 

-1.  90341 

73 

-1.  90492 

32 

-1.  90495  86 

0.60 

-1. 83488 

99 

-1.  84127 

27 

-1.  84594 

09 

-1.  85184 

82 

-1. 85668 

71 

-1.  85856 

93 

-1.85861  37 

0.  65 

-1. 76619 

53 

-1. 77376 

97 

-1.  77931 

45 

-1.  78633 

89 

-1.  79209 

80 

-1. 79433 

95 

-1.79439  25 

0.70 

-1. 67451 

43 

-1. 68307 

45 

-1. 68934 

72 

-1.  69729 

96 

-1.  70382 

60 

-1.  70636 

76 

-1.70642  75 

0.  75 

-1.  55271 

74 

-1.  56189 

13 

-1.  56861 

96 

-1.  57715 

61 

-1. 58416 

75 

-1.  58689 

93 

-1.58696  39 

0.  80 

-1.39118 

65 

-1. 40041 

70 

-1. 40719 

15 

-1.  41579 

29 

-1. 42286 

23 

-1. 42561 

79 

-1.42568  30 

0.  85 

-1. 17683 

20 

-1.18536 

53 

-1. 19163 

25 

-1.19959 

24 

-1. 20613 

88 

-1.  20869 

13 

-1.20875  17 

0.  90 

-0. 89169 

81 

-0.  89858 

18 

-0. 90364 

00 

-0.  91006 

69 

-0. 91535 

50 

-0. 91741 

70 

-0.91746  57 

0.  95 

-0.  51095 

87 

-0. 51505 

33 

-0.  51806 

28 

-0.  52188 

70 

-0. 52503 

45 

-0.  52626 

26 

-0.52629  14 

1.  00 

0.00000 

00 

0.  00000 

00 

0.00000 

00 

0.00000 

00 

0.  00000 

00 

0.  00000 

00 

0.00000  00 

m 

m 

[(-|)S 

!] 

rr] 

m 

z/i=y\a  1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

0.00 

-2. 00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000  00 

0.  05 

-1. 99999 

26 

-1.  99999 

32 

-1.  99999 

37 

-1. 99999 

43 

-1.  99999 

48 

-1.  99999 

49 

-1.99999  49 

0.10 

-1. 99988 

18 

-1.  99989 

21 

-1.  99989 

95 

-1.  99990 

89 

-1. 99991 

65 

-1. 99991 

94 

-1.99991  95 

0.15 

-1. 99940 

16 

-1.  99945 

48 

-1.  99949 

33 

-1.  99954 

15 

-1. 99958 

07 

-1. 99959 

59 

-1.99959  62 

0.20 

-1. 99810 

75 

-1.  99828 

08 

-1.  99840 

62 

-1.  99856 

33 

-1.  99869 

07 

-1.  99873 

99 

-1.99874  11 

0.25 

-1. 99537 

33 

-1. 99581 

31 

-1.  99613 

14 

-1. 99652 

94 

-1.  99685 

19 

-1.  99697 

66 

-1.99697  95 

0.30 

-1. 99038 

23 

-1.  99133 

82 

-1.  99202 

89 

-1.  99289 

25 

-1.  99359 

12 

-1.  99386 

12 

-1.99386  76 

0. 35 

-1. 98210 

95 

-1. 98398 

06 

-1. 98533 

03 

-1.  98701 

63 

-1.  98837 

91 

-1.  98890 

48 

-1.98891  71 

0.40 

-1. 96928 

90 

-1.  97268 

69 

-1.  97513 

44 

-1.  97818 

68 

-1.  98065 

01 

-1.  98159 

94 

-1.98162  18 

0.45 

-1. 95036 

13 

-1.  95619 

80 

-1. 96039 

48 

-1.  96561 

82 

-1.  96982 

60 

-1.  97144 

57 

-1.97148  38 

0.50 

-1. 92339 

01 

-1.  93299 

84 

-1.  93989 

10 

-1.  94845 

17 

-1.  95533 

26 

-1.  95797 

74 

-1.95803  95 

0.55 

-I. 88593 

83 

-1. 90123 

75 

-1. 91218 

25 

-1.  92574 

23 

-1.  93661 

23 

-1.  94078 

35 

-1.94088  17 

0.60 

-1. 83488 

99 

-1.  85861 

50 

-1.  87553 

39 

-1.  89643 

16 

-1.  91313 

16 

-1. 91952 

74 

-1.91967  77 

0.  65 

-1. 76619 

53 

-1.  80221 

44 

-1.  82780 

48 

-1.  85930 

08 

-1. 88437 

77 

-1. 89395 

96 

-1.89418  46 

0.  70 

-1. 67451 

43 

-1.  72827 

05 

-1. 76629 

64 

-1.  81290 

09 

-1. 84984 

78 

-1.  86392 

68 

-1.86425  71 

0.  75 

-1. 55271 

74 

-1.  63184 

71 

-1.  68753 

62 

-1.  75545 

41 

-1.  80902 

61 

-1.  82937 

52 

-1.82985  21 

0.  80 

-1.39118 

65 

-1.  50639 

22 

-1. 58698 

80 

-1.  68471 

79 

-1. 76134 

96 

-1.  79034 

89 

-1.79102  80 

0.  85 

-1.17683 

20 

-1. 34312 

50 

-1. 45865 

26 

-1.  59780 

32 

-1.  70615 

96 

-1.  74698 

46 

-1.74793  96 

0.  90 

-0.  89169 

81 

-1. 13018 

63 

-1. 29452 

95 

-1. 49093 

18 

-1.  64263 

75 

-1.  69950 

14 

-1.70082  95 

0.  95 

-0. 51095 

87 

-0.  85145 

23 

-1.  08387 

84 

-1. 35912 

08 

-1.  56972 

20 

-1.  64818 

82 

-1.65001  75 

1.00 

0.  00000 

00 

-0. 48485 

79 

-0.  81220 

52 

-1. 19575 

58 

-1. 48600 

58 

-1.  59338 

85 

-1.59588  68 

1.  05 

0. 00000 

00 

-0. 45984 

59 

1.10 

0.  00000 

00 

m 

m 

r(-3)4i 
L 9 J 

r(-3)n 

L 7 J 

m 

m 

z/i=y\a  1.00 

1.05 

1.1 

1.2 

1.4 

2.0 

4.0 

1.  0 0.00000  00 

-0.48485  79 

-0.81220  52 

-1.19575  58 

-1. 48600 

58 

-1. 59338 

85 

-1.  59588 

68 

1.2 

0.  00000  00 

-0. 99449 

51 

-1. 34717 

40 

-1.35527 

93 

1.4 

0. 00000 

00 

-1.  07521 

03 

-1. 09935 

83 

1.6 

-0.  78786 

76 

-0.  85550 

88 

1.8 

-0. 46104 

27 

-0.  64191 

20 

2.0 

0.  00000 

00 

-0. 46669 

27 

2.2 

2.4 

2.6 

2.8 


-0.33022  92 
-0.22828  89 
-0.15467  43 
-0.10296  79 


3.0 
3.2 
3.4 
3.6 
3.8 

4.0 


-0.  06745  48 
-0.  04346  22 
-0.  02734  75 
-0.01629  07 
-0.00795  66 
0.  00000  00 
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Table  18.2  TABLE  FOR  OBTAINING  0,  AND  f ON  0*  AND  0 y 

(Positive  Discriminant— Unit  Real  Half-Period) 


z=a\a 

1.00 

1.05 

1.1 

0.  00 

1. 00000 

000 

1. 00000 

000 

1. 00000 

000 

0.  05 

0.  99999 

876 

0. 99999 

887 

0. 99999 

895 

0.10 

0. 99998 

031 

0. 99998 

198 

0.99998 

319 

0.15 

0. 99990 

029 

0.  99990 

871 

0. 99991 

481 

0.20 

0.  99968 

483 

0. 99971 

119 

0. 99973 

030 

0.25 

0. 99923 

041 

0. 99929 

399 

0.  99934 

010 

0.30 

0.  99840 

360 

0. 99853 

355 

0.  99862 

782 

0.35 

0. 99704 

076 

0. 99727 

741 

0. 99744 

912 

0.40 

0. 99494 

715 

0. 99534 

298 

0.  99563 

028 

0.45 

0.  99189 

577 

0. 99251 

583 

0. 99296 

602 

0.50 

0.  98762 

541 

0. 98854 

726 

0. 98921 

683 

0.  55 

0. 98183 

783 

0. 98315 

105 

0. 98410 

521 

0.60 

0. 97419 

386 

0. 97599 

894 

0. 97731 

096 

0.65 

0.  96430 

782 

0. 96671 

478 

0.  96846 

489 

0.70 

0. 95174 

028 

0.  95486 

674 

0. 95714 

079 

0.  75 

0.  93598 

819 

0.  93995 

720 

0.  94284 

503 

0.  80 

0.  91647 

208 

0. 92140 

960 

0.  92500 

321 

0. 85 

0.  89251 

910 

0. 89855 

136 

0. 90294 

299 

0.90 

0.  86334 

108 

0. 87059 

177 

0. 87587 

177 

0. 95 

0.  82800 

562 

0.  83659 

307 

0.  84284 

790 

1.  00 

0.  78539 

822 

0. 79543 

267 

0.  80274 

283 

rn 

N 

1 

P? 

*] 

z/i=y\a  1.00 

1.05 

1.1 

0.00 

1.00000 

000 

1. 00000 

000 

1. 00000 

000 

0.05 

0.  99999 

876 

0. 99999 

887 

0.  99999 

895 

0.10 

0. 99998 

031 

0. 99998 

200 

0. 99998 

322 

0.15 

0. 99990 

029 

0. 99990 

891 

0. 99991 

516 

0.20 

0. 99968 

483 

0. 99971 

234 

0. 99973 

226 

0.25 

0.  99923 

041 

0. 99929 

836 

0. 99934 

758 

0.30 

0.  99840 

360 

0. 99854 

660 

0.  99865 

014 

0.35 

0.  99704 

076 

0.  99731 

033 

0. 99750 

544 

0.40 

0.  99494 

715 

0. 99541 

639 

0. 99575 

586 

0.45 

0.  99189 

577 

0.  99266 

485 

0. 99322 

092 

0.50 

0. 98762 

541 

0. 98882 

817 

0. 98969 

725 

0.  55 

0. 98183 

783 

0. 98364 

988 

0. 98495 

820 

0.60 

0. 97419 

386 

0. 97684 

238 

0. 97875 

291 

0.65 

0.  96430 

782 

0. 96808 

373 

0. 97080 

464 

0. 70 

0. 95174 

028 

0. 95701 

320 

0. 96080 

810 

0. 75 

0. 93598 

819 

0. 94322 

518 

0. 94842 

600 

0. 80 

0. 91647 

208 

0.  92626 

102 

0. 93328 

385 

0. 85 

0.  89251 

910 

0. 90559 

833 

0. 91496 

295 

0. 90 

0.  86334 

108 

0.  88063 

688 

0. 89299 

175 

0. 95 

0.  82800 

562 

0.  85068 

069 

0.  86683 

386 

1.  00 

0.  78539 

822 

0. 81491 

420 

0.  83587 

315 

1.  05 

0. 77237 

164 

0. 79939 

419 

1.10 

0. 75655 

714 

m 

[<i 

)8] 

zli  = y\ 

Q 1.00 

1.05 

1.1 

1.0 

0. 78539 

822 

0. 81491 

420 

0. 83587 

315 

1.2 

1.4 
1.6 
1.8 

2.0 

2.2 

2.4 
2.6 
2.8 


zK(z) 


1.2 

1.4 

2.0 

4.0 

1.00000 

000 

1.  00000 

000 

1. 00000 

000 

1.00000 

000 

0.  99999 

905 

0. 99999 

912 

0.  99999 

915 

0.  99999 

915 

0.  99998 

471 

0. 99998 

595 

0.  99998 

643 

0.  99998 

644 

0. 99992 

246 

0. 99992 

868 

0. 99993 

109 

0.  99993 

115 

0.  99975 

429 

0. 99977 

377 

0. 99978 

130 

0. 99978 

148 

0.  99939 

799 

0. 99944 

501 

0.  99946 

321 

0. 99946 

364 

0. 99874 

617 

0. 99884 

235 

0. 99887 

957 

0.  99888 

045 

0.  99766 

478 

0.  99784 

008 

0. 99790 

793 

0. 99790 

954 

0. 99599 

122 

0. 99628 

469 

0. 99639 

831 

0. 99640 

099 

0. 99353 

179 

0. 99399 

196 

0.  99417 

016 

0. 99417 

438 

0.  99005 

855 

0. 99074 

340 

0. 99100 

867 

0. 99101 

490 

0.  98530 

511 

0. 98628 

174 

0. 98666 

012 

0.  98666 

904 

0. 97896 

146 

0. 98030 

531 

0. 98082 

605 

0. 98083 

833 

0. 97066 

726 

0. 97246 

106 

0.  97315 

633 

0. 97317 

272 

0.  96000 

343 

0. 96233 

582 

0. 96324 

002 

0.  96326 

132 

0. 94648 

146 

0.  94944 

525 

0. 95059 

446 

0. 95062 

155 

0. 92952 

973 

0. 93322 

007 

0. 93465 

128 

0. 93468 

503 

0. 90847 

617 

0. 91298 

848 

0. 91473 

876 

0. 91478 

003 

0.  88252 

588 

0.  88795 

364 

0.  89005 

936 

0.  89010 

902 

0.  85073 

222 

0. 85716 

486 

0. 85966 

076 

0.  85971 

964 

0.  81195 

906 

0.  81947 

977 

0. 82239 

820 

0.  82246 

703 

pn 

[(i’ 

1 

m 

1.2 

1.4 

2.0 

4.0 

1.  00000 

000 

1. 00000 

000 

1. 00000 

000 

1. 00000 

000 

0.  99999 

905 

0. 99999 

912 

0.  99999 

915 

0. 99999 

916 

0.  99998 

476 

0.  99998 

601 

0.  99998 

649 

0. 99998 

650 

0. 99992 

299 

0.  99992 

935 

0.  99993 

181 

0.  99993 

187 

0. 99975 

725 

0. 99977 

752 

0. 99978 

537 

0. 99978 

555 

0. 99940 

928 

0.  99945 

935 

0. 99947 

871 

0. 99947 

917 

0. 99877 

991 

0. 99888 

517 

0. 99892 

586 

0. 99892 

682 

0.  99774 

989 

0. 99794 

811 

0.  99802 

472 

0. 99802 

653 

0.  99618 

100 

0. 99652 

557 

0. 99665 

871 

0.  99666 

184 

0.  99391 

695 

0. 99448 

077 

0. 99469 

855 

0. 99470 

368 

0.  99078 

438 

0.  99166 

445 

0. 99200 

425 

0. 99201 

225 

0.  98659 

357 

0.  98791 

646 

0. 98842 

700 

0.  98843 

902 

0. 98113 

896 

0. 98306 

740 

0. 98381 

123 

0. 98382 

874 

0. 97419 

926 

0. 97694 

003 

0.  97799 

651 

0. 97802 

138 

0. 96553 

710 

0. 96935 

061 

0. 97081 

949 

0.  97085 

406 

0. 95489 

807 

0.  96010 

986 

0. 96211 

557 

0. 96216 

276 

0.  94200 

908 

0. 94902 

381 

0.  95172 

061 

0. 95178 

405 

0. 92657 

574 

0.  93589 

412 

0.  93947 

230 

0. 93955 

644 

0. 90827 

878 

0. 92051 

815 

0. 92521 

144 

0. 92532 

176 

0.  88676 

908 

0. 90268 

849 

0. 90878 

307 

0.  90892 

628 

0. 86166 

128 

0. 88219 

209 

0.  89003 

731 

0. 89022 

154 

[«-4,4] 

m 

p? 

,3] 

P%* 

)3] 

1.2 

1.4 

2.0 

4.0 

0. 86166 

128 

0.  88219 

209 

0. 89003 

731 

0. 89022 

15 

0. 71573 

454 

0. 76897 

769 

0. 78909 

505 

0.  78956 

60 

0. 59293 

450 

0.  64073 

496 

0.  64184 

73 

0. 43846 

099 

0. 44095 

77 

+0. 17708 

802 

+0. 18250 

43 

-0. 14800 

012 

-0. 13652 

01 

-0.51809  61 
-0.96348  97 
-1.47349  03 
-2.04858  16 


3.0 
3.2 
3.4 
3.6 
3.8 

4.0 


-2.68905  52 
-3.39508  38 
-4.16677  17 
-5.00417  86 
-5.90734  21 
-6.87630  32 

[("i3o)8] 
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TABLE  FOR  OBTAINING  !P , 0>'  AND  r ON  0*  AND  Oy  Table  18.2 
(Negative  Discriminant — Unit  Real  Half-Period) 

zW(z) 


z = x\a 

1.00 

1.05 

1.15 

1.3 

1.5 

2.0 

4.0 

0.00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

0.  05 

0.  99998 

52 

0. 99998 

68 

0. 99998 

98 

0. 99999 

38 

0. 99999 

75 

1. 00000 

14 

1. 00000 

25 

0.10 

0. 99976 

37 

0. 99978 

83 

0. 99983 

74 

0.  99990 

10 

0. 99996 

06 

1. 00002 

30 

1.  00004 

07 

0.15 

0.  99880 

40 

0. 99893 

08 

0. 99918 

15 

0. 99950 

43 

0. 99980 

51 

1. 00011 

83 

1.  00020 

71 

0.20 

0.  99622 

33 

0. 99663 

32 

0. 99743 

55 

0. 99845 

77 

0. 99940 

30 

1. 00038 

24 

1.00065 

92 

0. 25 

0. 99079 

63 

0. 99182 

47 

0. 99381 

16 

0. 99631 

17 

0. 99860 

26 

1.00096 

01 

1. 00162 

38 

0.30 

0. 98097 

82 

0. 98317 

67 

0. 98736 

11 

0. 99255 

06 

0.  99725 

51 

1. 00205 

83 

1. 00340 

46 

0.35 

0.  96495 

11 

0. 96915 

65 

0.  97703 

14 

0. 98664 

20 

0. 99525 

02 

1. 00396 

14 

1. 00639 

11 

0.40 

0.  94070 

57 

0.  94811 

25 

0. 96174 

61 

0.  97810 

01 

0. 99255 

94 

1. 00705 

13 

1. 01107 

17 

0.45 

0.  90617 

03 

0. 91839 

70 

0. 94051 

05 

0. 96656 

45 

0.  98928 

71 

1. 01183 

11 

1. 01805 

02 

0.50 

0.  85939 

83 

0. 87853 

56 

0.  91254 

55 

0.  95189 

16 

0.  98573 

01 

1. 01895 

42 

1. 02806 

66 

0.  55 

0.  79882 

11 

0. 82744 

45 

0. 87744 

80 

0.  93426 

12 

0. 98244 

30 

1. 02925 

89 

1. 04202 

47 

0. 60 

0.  72356 

52 

0.  76469 

39 

0. 83537 

63 

0. 91429 

23 

0. 98031 

24 

1. 04381 

01 

1. 06102 

67 

0.65 

0.  63382 

07 

0.  69080 

48 

0. 78725 

05 

0.  89316 

80 

0. 98063 

64 

1. 06395 

05 

1. 08641 

83 

0.  70 

0.  53123 

69 

0. 60756 

14 

0.  73495 

90 

0.  87276 

38 

0. 98521 

20 

1. 09136 

32 

1.11984 

70 

0. 75 

0.41930 

23 

0. 51830 

84 

0. 68155 

50 

0.  85577 

68 

0. 99643 

13 

1.12815 

05 

1.16333 

76 

0.  80 

0. 30366 

33 

0. 42820 

16 

0. 63143 

16 

0. 84585 

35 

1. 01739 

07 

1.17693 

44 

1.21939 

20 

0.  85 

0. 19233 

10 

0. 34438 

12 

0. 59046 

32 

0.  84771 

96 

1. 05201 

81 

1. 24098 

76 

1.29112 

16 

0. 90 

0.  09574 

08 

0.  27605 

07 

0.  56611 

51 

0. 86731 

78 

1. 10523 

21 

1. 32440 

72 

1. 38242 

38 

0. 95 

0.  02666 

27 

0. 23446 

42 

0. 56753 

12 

0.  91197 

25 

1. 18314 

77 

1. 43234 

85 

1. 49822 

24 

1.  00 

0.  00000 

00 

0.23286 

11 

0.  60563 

48 

0. 99060 

83 

1.29335 

96 

1. 57134 

70 

1. 64479 

64 

z/i=y 

V l.oo 

1.05 

1.15 

1.3 

1.5 

2.0 

4.0 

0.  00 

1. 00000 

00 

1. 00000 

00 

1.00000 

00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

0.  05 

0.  99998 

52 

0. 99998 

67 

0. 99998 

98 

0. 99999 

37 

0. 99999 

75 

1. 00000 

14 

1. 00000 

32 

0.10 

0.  99976 

37 

0. 99978 

76 

0.  99983 

59 

0.  99989 

93 

0. 99995 

93 

1. 00002 

24 

1. 00004 

04 

0.15 

0.  99880 

40 

0. 99892 

27 

0. 99916 

47 

0.  99948 

51 

0. 99978 

96 

1.00011 

15 

1. 00020 

35 

0.20 

0.  99622 

33 

0. 99658 

78 

0. 99734 

10 

0. 99834 

96 

0.  99931 

61 

1.  00034 

41 

1. 00063 

88 

0.25 

0. 99079 

63 

0. 99165 

20 

0. 99345 

16 

0.  99589 

95 

0. 99827 

12 

1.  00081 

39 

1. 00154 

61 

0. 30 

0. 98097 

82 

0. 98266 

22 

0. 98628 

83 

0. 99132 

10 

0.  99626 

60 

1. 00162 

14 

1. 00317 

22 

0.35 

0.  96495 

11 

0. 96786 

42 

0. 97433 

43 

0. 98354 

71 

0.  99275 

81 

1. 00285 

94 

1.  00580 

47 

0.40 

0.  94070 

57 

0. 94525 

04 

0. 95576 

47 

0. 97122 

41 

0.  98701 

30 

1. 00459 

41 

1. 00976 

35 

0.45 

0.  90617 

03 

0. 91264 

56 

0. 92846 

67 

0. 95268 

27 

0. 97806 

19 

1. 00684 

49 

1. 01539 

36 

0.  50 

0.  85939 

83 

0. 86784 

46 

0.  89009 

57 

0.  92592 

17 

0. 96465 

71 

1. 00955 

92 

1. 02305 

58 

0. 55 

0.  80881 

13 

0.  83817 

66 

0. 88861 

10 

0. 94522 

83 

1. 01258 

51 

1. 03311 

90 

0.60 

0.  77024 

24 

0. 83812 

71 

0. 91784 

50 

1. 01563 

95 

1. 04595 

22 

0.65 

0. 77163 

28 

0. 88019 

00 

1. 01827 

41 

1. 06191 

71 

0.  70 

0.  82955 

45 

1. 01983 

61 

1. 08136 

14 

0.  75 

' 

0.  76286 

31 

1. 01942 

61 

1. 10461 

36 

0.  80 

1. 01585 

25 

1.13197 

83 

0.  85 

1. 00758 

28 

1. 16373 

23 

0. 90 

0. 99269 

39 

1. 20012 

24 

0.95 

0. 96882 

29 

1.24136 

39 

1.00 

0.  93312 

29 

1. 28763 

91 

[,-3)21  [(-3,21  [,-|)21  [,-3,21  [,-3,2]  [,-3,1]  [,-4,6] 


z/t—y\a 

1.1 

1.2 

1.3 

1.4  If  the  real  half-period  ^1,  see  18.2  Homogeneity  Relations.  Interpolation  with 
5 respect  to  a will,  in  general,  be  difficult  because  of  the  non-uniform  subintervals 

1. 6 involved.  Aitken’s  interpolation  may  be  used  in  this  case.  As  few  as  3S  may 

J#g  be  obtained.  For  the  computation  of  0,  &'  or  f at  z -./•+///,  an  addition  formula 

1. 9 may  be  used  (18.4  and  Examples  11—12). 

2.0 


1.39585  80 
1.52559  80 
1.67719  97 
1.85056  87 
2.04521  26 


2.26025  62 
2.49441  96 
2.74594  50 
3.01245  16 
3.29069  52 
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Table  18.2  TABLE  FOR  OBTAINING  0'  AND  r ON  0*  AND  Oj 

(Negative  Discriminant — Unit  Real  Half-Period) 


z — a\a 

1.00 

1.05 

1.15 

1.3 

1.5 

2.0 

4.0 

0.  00 

-2. 00000 

00 

-2. 00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2. 00000 

00 

0.  05 

-2. 00002 

95 

-2.  00002 

65 

-2.  00002 

04 

-2.  00001 

24 

-2.  00000 

50 

-1. 99999 

71 

-1. 99999 

49 

0.10 

-2. 00047 

25 

-2. 00042 

27 

-2. 00032 

37 

-2. 00019 

63 

-2. 00007 

74 

-1.  99995 

34 

-1. 99991 

83 

0.15 

-2. 00239 

01 

-2. 00212 

89 

-2. 00161 

92 

-2. 00097 

17 

-2.  00037  44 

-1. 99975 

65 

-1. 99958 

21 

0.20 

-2.  00753 

43 

-2.  00667 

30 

-2.  00502 

56 

-2. 00297 

32 

-2.  00110 

66 

-1. 99919 

66 

-1. 99866 

07 

0.25 

-2. 01829 

41 

-2.  01608 

73 

-2.  01196 

38 

-2. 00694 

49 

-2.  00246 

05 

-1. 99793 

23 

' -1. 99667 

11 

0. 30 

-2. 03755 

78 

-2. 03274 

55 

-2.  02397 

99 

-2. 01358 

73 

-2. 00448 

84 

-1. 99544 

16 

-1. 99294 

36 

0.35 

-2. 06843 

88 

-2. 05907 

94 

-2.  04247 

95 

-2.  02334 

71 

-2. 00696 

68 

-1. 99095 

74 

-1. 98657 

99 

0. 40 

-2. 11379 

74 

-2. 09713 

03 

-2. 06835 

37 

-2. 03614 

78 

-2.  00922 

15 

-1. 98338 

63 

-1. 97639 

65 

0. 45 

-2. 17550 

18 

-2. 14789 

87 

-2. 10148 

48 

-2.  05106 

10 

-2. 00992 

37 

-1.  97120 

64 

-1. 96084 

72 

0.50 

-2. 25339 

16 

-2. 21047 

72 

-2. 14013 

46 

-2.  06592 

49 

-2.  00685 

64 

-1.  95234 

05 

-1.  93791 

93 

0.55 

-2. 34395 

53 

-2. 28098 

85 

-2.18023 

97 

-2.  07692 

41 

-1.  99665 

49 

-1. 92399 

70 

-1.  90499 

42 

0. 60 

-2. 43881 

27 

-2.35140 

73 

-2. 21466 

43 

-2.  07815 

03 

-1. 97452 

31 

-1.  88246 

83 

-1.  85865 

81 

0.65 

-2.52318  49 

-2. 40840 

49 

-2. 23248 

50 

-2.  06116 

83 

-1. 93392 

01 

-1.  82286 

83 

-1. 79444 

54 

0.  70 

-2. 57463 

40 

-2. 43241 

27 

-2. 21839 

89 

-2. 01460 

73 

-1. 86620 

81 

-1. 73878 

53 

-1. 70648 

76 

0. 75 

-2. 56240 

86 

-2. 39712 

18 

-2.15233 

79 

-1. 92378 

08 

-1. 76023 

25 

-1. 62181 

13 

-1.58702 

84 

0.  80 

-2. 44770 

16 

-2. 26959 

69 

-2. 00933 

39 

-1.  77031 

11 

-1. 60178 

75 

-1. 46089 

21 

-1. 42574 

81 

0. 85 

-2. 18496 

84 

-2.  01105 

50 

-1. 75959 

77 

-1. 53168 

32 

-1. 37288 

13 

-1. 24141 

08 

-1. 20881 

20 

0.90 

-1. 72414 

78 

-1. 57813 

99 

-1. 36864 

82 

-1. 18057 

88 

-1.  05066 

42 

-0. 94387 

76 

-0. 91751 

44 

0. 95 

-1. 01321 

01 

-0.  92423 

16 

-0. 79716 

03 

-0.  68374 

39 

-0.  60580 

78 

-0. 54202 

52 

-0.  52632 

04 

1.00 

0. 00000 

00 

0. 00000 

00 

0.  00000 

00 

0.  00000 

00 

0.  00000 

00 

0. 00000 

00 

0. 00000 

00 

[,-2,4]  [<-2,3] 


zji— 

y\a  1.00 

1.05 

1.15 

1.3 

1.5 

2.0 

4.0 

0.00 

-2. 00000 

00 

-2.  00000 

00 

-2. 00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2.  00000 

00 

-2. 00000 

00 

0.  05 

-2. 00002 

95 

-2.  00002 

65 

-2. 00002 

05 

-2.  00001 

25 

-2.  00000 

50 

-1. 99999 

72 

-1. 99999 

49 

0.10 

-2. 00047 

25 

-2. 00042 

55 

-2. 00032 

97 

-2. 00020 

30 

-2.  00008 

28 

-1. 99995 

58 

-1.  99991 

95 

0.15 

-2. 00239 

01 

-2.  00216 

12 

-2. 00168 

65 

-2.  00104 

87 

-2.00043 

62 

-1. 99978 

38 

-1. 99959 

66 

0.20 

-2. 00753 

43 

-2.  00685 

42 

-2. 00540 

32 

-2.  00340 

55 

-2.  00145 

41 

-1.  99935 

00 

-1. 99874 

22 

0.25 

-2. 01829 

41 

-2. 01677 

67 

-2.  01340 

12 

-2.  00859 

22 

-2.  00378 

54 

-1.  99851 

75 

-1. 99698 

24 

0.30 

-2. 03755 

78 

-2. 03479 

40 

-2. 02825 

59 

-2.  01849 

50 

-2. 00844 

10 

-1. 99718 

99 

-1. 99387 

40 

0.35 

-2. 06843 

88 

-2. 06420 

40 

-2. 05319 

59 

-2. 03567 

60 

-2.  01691 

87 

-1. 99536 

97 

-1. 98892 

95 

0.40 

-2. 11379 

74 

-2.10841 

06 

-2.  09200 

85 

-2.  06346 

12 

-2. 03134 

51 

-1.  99323 

08 

-1.  98164 

41 

0.45 

-2. 17550 

18 

-2. 17036 

66 

-2. 14879 

02 

-2. 10597 

25 

-2. 05462 

43 

-1.  99120 

21 

-1. 97152 

19 

0.50 

-2. 25339 

16 

-2. 25173 

01 

-2. 22747 

67 

-2. 16805 

61 

-2. 09057 

56 

-1. 99006 

63 

-1.  95810 

18 

0.  55 

-2. 35170 

68 

-2. 33108 

42 

-2. 25504 

79 

-2. 14403 

61 

-1.  99107 

16 

-1.  94097 

97 

0.60 

-2. 46061 

76 

-2. 37230 

39 

-2. 22089 

13 

-1. 99605 

96 

-1. 91982 

80 

0.65 

-2. 52442 

19 

-2. 32798 

29 

-2.  00760 

83 

-1.  89440 

95 

0.70 

-2. 47283 

02 

-2. 02919 

12 

-1.  86458 

73 

0. 75 

-2.  66308 

69 

-2. 06534 

90 

-1. 83032 

90 

0. 80 

-2. 12187 

04 

-1. 79170 

68 

0. 85 

-2. 20596 

83 

-1.  74889 

39 

0. 90 

-2. 32643 

60 

-1. 70215 

68 

0. 95 

-2. 49375 

12 

-1.  65184 

57 

1.  00 

-2. 72008 

43 

-1. 59838 

35 

m m ['f4]  m m m 


z/i=y\a 

4.0 

1.1 

-1.48398  95 

1.2 

-1.36337  47 

1.3 

-1.24144  17 

1.4 

-1.12345  13 

1.5 

-1.01509  75 

1.6 

-0.92286  21 

1.7 

-0.85472  55 

1.8 

-0.82134  27 

1.9 

-0.83783  54 

2.0 

-0.92645  86 

m 
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TABLE  FOR  OBTAINING  #>,  AND  f ON  Ox  AND  Oj  Table  18.2 
(Negative  Discriminant — Unit  Real  Half-Period) 


z = x\n 

1.00 

1.05 

1.15 

0.00 

1. 00000 

00 

1.00000 

00 

1. 00000 

00 

0.05 

1.  00000 

49 

1. 00000 

44 

1. 00000 

34 

0.10 

1. 00007 

88 

1. 00007 

06 

1. 00005 

43 

0. 15 

1. 00039 

88 

1. 00035 

70 

1. 00027 

40 

0. 20 

1. 00125 

98 

1. 00112 

60 

1. 00086 

16 

0. 25 

1. 00307 

33 

1.  00274 

09 

1. 00208 

94 

0. 30 

1.  00636 

38 

1. 00566 

06 

1. 00429 

54 

0.35 

1. 01176 

23 

1. 01043 

07 

1. 00787 

32 

0.40 

1.  01999 

45 

1. 01767 

00 

1. 01325 

74 

0.45 

1. 03186 

18 

1. 02805 

07 

1. 02090 

50 

0.50 

1. 04821 

35 

1. 04227 

15 

1. 03127 

19 

0.  55 

1. 06990 

78 

1. 06102 

21 

1. 04478 

39 

0.60 

1. 09776 

14 

1. 08493 

81 

1. 06180 

26 

0. 65 

1. 13248 

70 

1. 11454 

88 

1. 08258 

64 

0.70 

1.17462 

06 

1. 15021 

58 

1.10724 

76 

0. 75 

1. 22444 

09 

1. 19206 

86 

1. 13570 

79 

0.  80 

1. 28188 

76 

1. 23993 

78 

1. 16765 

25 

0.85 

1. 34648 

26 

1. 29329 

24 

1. 20248 

62 

0.90 

1. 41726 

20 

1. 35118 

37 

1. 23929 

22 

0. 95 

1. 49272 

42 

1. 41220 

03 

1. 27679 

52 

1.00 

1. 57079 

62 

1. 47443 

48 

1. 31332 

66 

[<-•»' 

'] 

m 

z/t=y\ 

« 1.00 

1.05 

1.15 

0.  00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

0.05 

1. 00000 

49 

1. 00000 

44 

1. 00000 

34 

0.10 

1.  00007 

88 

1. 00007 

08 

1. 00005 

46 

0.15 

1. 00039 

88 

1. 00035 

86 

1. 00027 

73 

0.20 

1. 00125 

98 

1. 00113 

51 

1. 00088 

05 

0.25 

1. 00307 

33 

1. 00277 

55 

1. 00216 

14 

0. 30 

1. 00636 

38 

1. 00576 

38 

1. 00451 

03 

0.35 

1. 01176 

23 

1. 01069 

02 

1. 00841 

42 

0. 40 

1. 01999 

45 

1. 01824 

62 

1. 01445 

97 

0. 45 

1.  03186 

18 

1. 02921 

31 

1. 02333 

32 

0.  50 

1. 04821 

35 

1. 04444 

39 

1. 03581 

72 

0. 55 

1.  06483 

58 

1. 05277 

97 

0.60 

1. 07515 

67 

0.65 

0. 70 

0.75 

0. 80 

0. 85 

0.90 

0.95 

1.00 

1 ' 1 
N 

'3s 

i i 

m 

p-1 

i 

z/i=y\a 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 
1.9 
2.0 


*(=) 


1.3 

1.5 

2.0 

4.0 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1.00000 

00 

1. 00000 

21 

1.  00000 

08 

0. 99999 

95 

0. 99999 

92 

1. 00003 

31 

1. 00001 

32 

0. 99999 

24 

0. 99998 

65 

1. 00016 

65 

1. 00006 

60 

0. 99996 

10 

0. 99993 

12 

1. 00052 

15 

1. 00020 

48 

0. 99987 

51 

0. 99978 

17 

1. 00125 

79 

1. 00048 

81 

0.  99968 

98 

0. 99946 

41 

1. 00256 

91 

1. 00098 

15 

0, 99934 

32 

0. 99888 

13 

1. 00467 

27 

1. 00175 

16 

0. 99875 

38 

0. 99791 

11 

1. 00779 

77 

1. 00285 

61 

0. 99781 

57 

0. 99640 

37 

1. 01217 

02 

1. 00433 

47 

0.  99639 

49 

0. 99417 

86 

1. 01799 

52 

1. 00619 

68 

0. 99432 

31 

0. 99102 

12 

1. 02543 

63 

1. 00840 

79 

0. 99139 

16 

0. 98667 

79 

1. 03459 

22 

1. 01087 

54 

0. 98734 

37 

0. 98085 

06 

1. 04547 

13 

1. 01343 

17 

0. 98186 

55 

0.  97318 

91 

1. 05796 

45 

1. 01581 

69 

0. 97457 

57 

0. 96328 

27 

1. 07181 

59 

1. 01765 

94 

0. 96501 

30 

0. 95064 

87 

1. 08659 

33 

1. 01845 

50 

0. 95262 

09 

0. 93471 

88 

1.10165 

80 

1. 01754 

41 

0. 93672 

94 

0. 91482 

13 

1. 11613 

35 

1. 01408 

58 

0. 91653 

15 

0. 89015 

86 

1. 12887 

36 

1. 00702 

73 

0. 89105 

46 

0. 85977 

85 

1. 13842 

65 

0. 99506 

76 

0. 85912 

29 

0. 82253 

59 

[(-4,4] 

[(-4), 

1 

[(-.„ 

1 

1.3 

1.5 

2.0 

4.0 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

00 

1. 00000 

21 

1. 00000 

08 

0. 99999 

95 

0.  99999 

92 

1. 00003 

34 

1. 00001 

35 

0. 99999 

25 

0. 99998 

65 

1. 00017 

04 

1. 00006 

91 

0.  99996 

24 

0. 99993 

19 

1. 00054 

31 

1. 00022 

22 

0. 99988 

28 

0. 99978 

57 

1. 00134 

04 

1. 00055 

43 

0. 99971 

90 

0. 99947 

96 

1. 00281 

53 

1. 00117 

94 

0. 99943 

06 

0. 99892 

78 

1. 00529 

28 

1. 00225 

03 

0.99897 

41 

0. 99802 

83 

1. 00917 

72 

1. 00396 

67 

0. 99830 

68 

0. 99666 

50 

1. 01496 

03 

1. 00658 

42 

0. 99739 

10 

0. 99470 

88 

1. 02322 

84 

1. 01042 

41 

0. 99619 

89 

0. 99202 

03 

1. 03466 

71 

1. 01588 

39 

0. 99471 

80 

0. 98845 

10 

1. 05006 

29 

1. 02344 

73 

0. 99295 

77 

0. 98384 

63 

1. 07029 

97 

1. 03369 

45 

0. 99095 

58 

0. 97804 

63 

1. 04730 

93 

0. 98878 

64 

0. 97088 

86 

1. 06508 

51 

0. 98656 

79 

0.  96221 

00 

0. 98447 

25 

0. 95184 

75 

0. 98273 

54 

0. 93964 

06 

0. 98166 

56 

0. 92543 

21 

0. 98165 

63 

0. 90906 

94 

0. 98319 

64 

0. 89040 

57 

[,-4,( 

1 

m 

m 

4.0 

0.  84561 

98 

0. 79003 

67 

0. 72274 

36 

0. 64295 

89 

0.  55003 

38 

0. 44345 

14 

0. 32282 

70 

0.18790 

92 

+0. 03858 

90 

-0. 12508 

40 

680 


WEIERSTRASS  ELLIPTIC  AND  RELATED  FUNCTIONS 


Table  18.3 


INVARIANTS  AND  VALUES  AT  HALF-PERIODS 

(Non-Negative  Discriminant— Unit  Real  Half-Period) 


a = o)'/i 

02 

.93 

■>=r(D 

1.  00 

11. 81704 

500 

0. 00000 

000 

1. 71879 

64 

-1. 71879 

64 

0.  78539 

816 

-0.  78539 

82 

1.  02 

11. 37372 

384 

0.  55318 

992 

1. 71005 

96 

-1. 66138 

15 

0. 78979 

718 

-0. 76520 

32 

1.  04 

10. 98419 

107 

1. 03485 

699 

1. 70235 

77 

-1. 60783 

69 

0. 79367 

192 

-0. 74537 

75 

1.  06 

10. 64177 

347 

1. 45484 

521 

1. 69556 

79 

-1. 55787 

59 

0. 79708 

535 

-0. 72588 

58 

1.08 

10. 34065 

794 

1. 82151 

890 

1. 68958 

18 

-1. 51123 

63 

0.  80009 

279 

-0.  70669 

61 

1.10 

10. 07577 

364 

2. 14201 

000 

1.  68430 

41 

-1. 46767 

83 

0. 80274 

283 

-0. 68777 

92 

1.12 

9. 84269 

185 

2. 42241 

937 

1. 67965 

08 

-1. 42698 

19 

0. 80507 

817 

-0. 66910 

88 

1.14 

9. 63754 

049 

2. 66798 

153 

1. 67554 

80 

-1. 38894 

48 

0.  80713 

637 

-0. 65066 

09 

1.16 

9. 45693 

072 

2. 88320 

000 

1. 67193 

04 

-1.35338 

12 

0.  80895 

045 

-0.  63241 

38 

1.18 

9. 29789 

413 

3. 07195 

918 

1.  66874 

05 

-1. 32011 

96 

0. 81054 

949 

-0. 61434 

79 

1.20 

9. 15782 

851 

3. 23761 

717 

1. 66592 

77 

-1. 28900 

20 

0.  81195 

906 

-0. 59644 

54 

1.22 

9. 03445 

117 

3. 38308 

317 

1. 66344 

74 

-1.25988 

23 

0.  81320 

168 

-0. 57869 

03 

1.  24 

8.  92575 

843 

3. 51088 

223 

1. 66126 

03 

-1. 23262 

55 

0.  81429 

717 

-0. 56106 

78 

1.  26 

8.  82999 

055 

3. 62320 

977 

1.  65933 

17 

-1.20710 

65 

0. 81526 

299 

-0.  54356 

50 

1.28 

8. 74560 

138 

3. 72197 

756 

1.  65763 

09 

-1.18320 

95 

0.  81611 

453 

-0. 52616 

97 

1.30 

8.  67123 

169 

3. 80885 

265 

1. 65613 

11 

-1. 16082 

70 

0.  81686 

533 

-0. 50887 

14 

1.32 

8.  60568 

628 

3. 88529 

056 

1. 65480 

86 

-1. 13985 

91 

0. 81752 

732 

-0. 49166 

03 

1. 34 

8.  54791 

374 

3. 95256 

351 

1. 65364 

22 

-1. 12021 

33 

0.  81811 

103 

-0. 47452 

75 

1. 36 

8. 49698 

890 

4. 01178 

462 

1. 65261 

37 

-1. 10180 

31 

0.  81862 

572 

-0. 45746 

53 

1.38 

8. 45209 

746 

4. 06392 

870 

1. 65170 

67 

-1. 08454 

85 

0.  81907 

958 

-0. 44046 

65 

1.40 

8. 41252 

263 

4. 10985 

014 

1. 65090 

68  ' 

-1. 06837 

47 

0. 81947 

977 

-0. 42352 

46 

1. 42 

8.  37763 

305 

4. 15029 

819 

1. 65020 

13 

-1.  05321 

20 

0.  81983 

269 

-0. 40663 

39 

1.  44 

8. 34687 

283 

4. 18593 

045 

1. 64957 

92 

-1. 03899 

58 

0. 82014 

389 

-0. 38978 

91 

1.46 

8. 31975 

228 

4. 21732 

438 

1. 64903 

06 

-1. 02566 

55 

0. 82041 

831 

-0. 37298 

56 

1.  48 

8. 29583 

997 

4. 24498 

728 

1. 64854 

68 

-1. 01316 

45 

0. 82066 

031 

-0. 35621 

91 

1.50 

8. 27475 

580 

4. 26936 

502 

1. 64812 

02 

-1. 00144 

04 

0. 82087 

370 

-0. 33948 

58 

1.  52 

8.25616 

484 

4. 29084 

965 

1.  64774 

39 

-0. 99044 

37 

0. 82106 

191 

-0. 32278 

22 

1.  54 

8.  23977 

191 

4. 30978 

602 

1. 64741 

20 

-0. 98012 

84 

0. 82122 

787 

-0. 30610 

54 

1.  56 

8. 22531 

684 

4.32647 

752 

1. 64711 

94 

-0.  97045 

19 

0. 82137 

423 

-0. 28945 

25 

1.  58 

8. 21257 

036 

4. 34119 

120 

1.  64686 

13 

-0. 96137 

37 

0. 82150 

329 

-0. 27282 

11 

1.60 

8. 20133 

033 

4.35416 

210 

1.  64663 

38 

-0. 95285 

64 

0.  82161 

711 

-0. 25620 

90 

1. 65 

8. 17870 

308 

4. 38026 

291 

1. 64617 

54 

-0.  93379 

17 

0. 82184 

628 

-0. 21475 

00 

1.70 

8. 16217 

907 

4. 39931 

441 

1. 64584 

08 

-0.  91752 

88 

0. 82201 

364 

-0. 17337 

32 

1. 75 

8. 15011 

147 

4. 41322 

294 

1. 64559 

63 

-0. 90365 

18 

0. 82213 

589 

-0. 13205 

85 

1.  80 

8. 14129 

812 

4. 42337 

818 

1. 64541 

78 

-0.  89180' 

82 

• 

0. 82222 

516 

-0. 09079 

10 

1.  85 

8. 13486 

127 

4. 43079 

368 

1. 64528 

73 

-0.  88169 

76 

0. 82229 

038 

-0. 04955 

91 

i;  90 

8.13016 

001 

4. 43620 

896 

1. 64519 

21 

-0. 87306 

52 

0. 82233 

800 

-0. 00835 

41 

1.95 

8. 12672 

634 

4. 44016 

375 

1. 64512 

25 

-0. 86569 

37 

0. 82237 

281 

+0. 03283 

07 

2.00 

8. 12421 

844 

4. 44305 

205 

1. 64507 

17 

-0. 85939 

82 

0.  82239 

820 

0. 07400 

01 

2.  05 

8. 12238 

671 

4. 44516 

152 

1.  64503 

45 

-0. 85402 

10 

0. 82241 

676 

0. 11515 

80 

2.10 

8. 12104 

883 

4. 44670 

219 

1. 64500 

74 

-0. 84942 

78 

0.  82243 

032 

0. 15630 

73 

2.15 

8.12007 

164 

4. 44782 

746 

1. 64498 

76 

-0.  84550 

41 

0.  82244 

022 

0. 19745 

01 

2.20 

8. 11935 

791 

4. 44864 

934 

1. 64497 

32 

-0. 84215 

20 

0. 82244 

745 

0. 23858 

81 

2.25 

8.11883 

660 

4. 44924 

963 

1. 64496 

26 

-0. 83928 

80 

0. 82245 

274 

0. 27972 

23 

2.30 

8. 11845 

583 

4. 44968 

808 

1.  64495 

49 

-0. 83684 

11 

0. 82245 

659 

0.32085 

38 

2.4 

8. 11797 

459 

4. 45024 

222 

1.  64494 

51 

-0. 83296 

37 

0. 82246 

146 

0. 40311 

12 

2.5 

8. 11771 

785 

4.45053 

785 

1. 64494 

00 

-0. 83013 

28 

0. 82246 

406 

0.48536 

38 

2.6 

8.11758 

087 

4. 45069 

555 

1. 64493 

71 

-0.  82806 

54 

0. 82246 

546 

0. 56761 

39 

2.7 

8. 11750 

782 

4. 45077 

969 

1. 64493 

57 

-0. 82655 

58 

0. 82246 

619 

0. 64986 

24 

2.8 

8. 11746 

884 

4. 45082 

457 

1. 64493 

49 

-0. 82545 

33 

0. 82246 

659 

0. 73211 

01 

2.9 

8.11744 

804 

4. 45084 

852 

1. 64493 

45 

-0. 82464 

81 

0. 82246 

680 

0.  81435 

74 

3.0 

8. 11743 

694 

4. 45086 

130 

1.  64493 

43 

-0. 82406 

01 

0.  82246 

691 

0. 89660 

44 

3.1 

8. 11743 

103 

4. 45086 

811 

1. 64493 

42 

-0. 82363 

06 

0. 82246 

698 

0. 97885 

13 

3.2 

8. 11742 

787 

4. 45087 

174 

1. 64493 

41 

-0. 82331 

68 

0. 82246 

701 

1. 06109 

81 

3.3 

8. 11742 

619 

4. 45087 

368 

1. 64493 

41 

-0. 82308 

78 

0. 82246 

702 

1. 14334 

48 

3.4 

8. 11742 

529 

4. 45087 

472 

1. 64493 

41 

-0. 82292 

04 

0. 82246 

703 

1.22559 

16 

3.5 

8. 11742 

481 

4. 45087 

528 

1. 64493 

41 

-0. 82279 

82 

0. 82246 

703 

1. 30783 

83 

3.6 

8. 11742 

455 

4. 45087 

556 

1. 64493 

41 

-0.  82270 

89 

0. 82246 

703 

1.39008 

50 

3.7 

8. 11742 

441 

4. 45087 

572 

1. 64493 

41 

-0. 82264 

37 

0. 82246 

704 

1. 47233 

17 

3.8 

8. 11742 

434 

4. 45087 

581 

1. 64493 

41 

-0. 82259 

61 

0. 82246 

704 

1. 55457 

84 

3.9 

8. 11742 

430 

4. 45087 

585 

1. 64493 

41 

-0. 82256 

13 

0. 82246 

704 

1. 63682 

51 

4.0 

8. 11742 

426 

4. 45087 

587 

1.  64493 

41 

-0. 82253 

59 

0. 82246 

704 

1. 71907 

18 

00 

8.11742 

426 

4, i 

[5087 

590 

1. 64493 

41 

-0.  82246 

70 

0.  82246 

704 

00 

4 = 0 

[(T] 

] 

[•(-5)71 

L 6 J 

m 

For  a=l:  02aB«4*  .7a*0,  px=co2/2,  -«2/2,  i?=ir/4,  i,'//=-7r/4. 


For  a=® : 72=^4/12,  <73=7rr»/216,  <»,  =tt2/6,  c3  = -t2/12,  ^=*2/12,  i?'/**®- 


(a =1.85407  4677  is  the  real  half-period  in  the  Lemniscatic  case  18.14.) 


For  4<aO,  to  obtain  V use  Legendre’s  relation  v' =vw'  -iri/2. 

To  obtain  the  corresponding  values  of  tabulated  quantities  when  the  real  half-period  w^l, 
multiply  g2  by  «-4,  r/3  by  w-g,  e-  by  „-2  and  * by  „-i. 


WEIERSTRASS  ELLIPTIC  AND  RELATED  FUNCTIONS 


INVARIANTS  AND  VALUES  AT  HALF-PERIODS 

Table  18-3 

(Non-Negative  Discriminant- 

—Unit  Real  Half-Period) 

« = »'/* 

'(1) 

°)h 

(R<r{u  2) 

3 <r(«2) 

1.  00 

0.94989  88 

0. 949899 

1.182951 

1. 182951 

1.  02 

0.95114  80 

0. 967481 

1.170397 

1.218650 

1.  04 

0.95224  92 

0. 984884 

1.157316 

1.253864 

1.  06 

0.95321  98 

1. 002097 

1. 143695 

1.  288619 

1.  08 

0.95407  54 

1. 019107 

1.129522 

1.322935 

1.10 

0.95482  97 

1. 035904 

1. 114782 

1.356827 

1.12 

0.95549  47 

1.052476 

1. 099457 

1.390301 

1.14 

0.95608  10 

1. 068811 

1.  083531 

1. 423362 

1.16 

0.95659  79 

1. 084899 

1. 066989 

1.456007 

1.18 

0.95705  36 

1.100727 

1.  049814 

1.488231 

1.20 

0.95745  55 

1.116285 

1. 031991 

1.  520022 

1.22 

0.95780  98 

1.131562 

1.  013507 

1. 551369 

1.  24 

0.95812  22 

1. 146546 

0. 994349 

1. 582254 

1.26 

0.95839  77 

1.161227 

0.  974506 

1. 612657 

1.28 

0.95864  07 

1. 175594 

0. 953970 

1. 642557 

1.30 

0.95885  49 

1.189636 

0.  932733 

1.  671930 

1. 32 

0.95904  38 

1.203344 

0.  910790 

1.  700750 

1. 34 

0.95921  04 

1. 216707 

0.  888138 

1. 728989 

1. 36 

0.95935  73 

1.229716 

0. 864776 

1. 756618 

1.38 

0.95948  68 

1. 242361 

0.  840704 

1.  783607 

1.40 

0.95960  10 

1. 254633 

0. 815927 

1. 809925 

1.42 

0.95970  18 

1.266522 

0. 790449 

1.  835542 

1. 44 

0.95979  06 

1.278021 

0. 764278 

1. 860425 

1. 46 

0.95986  89 

1. 289120 

0. 737425 

1. 884541 

1. 48 

0.95993  80 

1. 299811 

0.  709900 

1.907860 

1.  50 

0.95999  90 

1.310087 

0. 681719 

1. 930348 

1.  52 

0.96005  27 

1.319941 

0. 652896 

1.  951974 

1.  54 

0.96010  01 

1. 329364 

0. 623452 

1.  972707 

1.  56 

0.96014  19 

1.338351 

0.  593404 

1.  992515 

1.58 

0.96017  87 

1. 346895 

0. 562777 

2.  011370 

1.60 

0.96021  13 

1.354990 

0. 531593 

2. 029242 

1.65 

0.96027  67 

1.373224 

0.  451372 

2.  069439 

1.70 

0.96032  45 

1.388539 

0.368286 

2.102914 

1.75 

0.96035  94 

1. 400869 

0. 282840 

2.129313 

1.80 

0.96038  49 

1.410170 

0. 195588 

2. 148344 

1.  85 

0.96040  35 

1. 416408 

0. 107125 

2. 159783 

1. 90 

0.96041  71 

1. 419573 

+0. 018074 

2. 163478 

1.95 

0.96042  70 

1.419665 

-0. 070918 

2.159353 

2.  00 

0.96043  43 

1.416707 

-0.159199 

2. 147412 

2.  05 

0.96043  96 

1.410733 

-0.246114 

2. 127732 

2.10 

0.96044  35 

1.401800 

-0. 331019 

2.100473 

2.15 

0.96044  63 

1.389977 

-0.413290 

2.  065864 

2.20 

0.96044  84 

1. 375349 

-0. 492330 

2. 024211 

2.25 

0.96044  99 

1.358018 

-0. 567579 

1. 975882 

2.30 

0.96045  10 

1.338098 

-0.  638522 

1. 921308 

2.4 

0.96045  24 

1. 291016 

-0. 765682 

1. 795415 

2.5 

0.96045  31 

1. 235264 

-0. 870782 

1. 650936 

2.6 

0.96045  35 

1. 172151 

-0. 951807 

1. 492779 

2.7 

0.96045  37 

1. 103091 

-1. 007808 

1. 326086 

2.8 

0.96045  38 

1.029557 

-1. 038896 

1.155967 

2.9 

0.96045  39 

0.953025 

-1. 046157 

0; 987255 

3.0 

0.96045  40 

0. 874937 

-1. 031530 

0. 824296 

3.1 

0.96045  40 

0. 796655 

-0. 997636 

0. 670787 

3.2 

0.96045  40 

0. 719428 

-0. 947586 

0.  529666 

3.3 

0.96045  40 

0. 644360 

-0. 884775 

0.403050 

3.4 

0.96045  40 

0.  572395 

-0. 812687 

0. 292246 

3.5 

0.96045  40 

0. 504299 

-0.734720 

0.197780 

3.6 

0.96045  40 

0. 440663 

-0.  654024 

0. 119493 

3.7 

0.96045  40 

0. 381903 

-0. 573398 

0.  056643 

3.8 

0.96045  40 

0.328268 

-0. 495196 

+0. 008033 

3.9 

0.96045  40 

0.279851 

-0. 421291 

-0. 027857 

4.0 

0.96045  40 

0. 236623 

-0.353075 

-0. 052740 

oo 

0.96045  40 

0. 000000 

0.  000000 

0.  000000 

A = 0 

m 

m 

[(n 

m 

o>2  = 1 + 0)1 1 

e2=0>(  1+0  = - 

-(ei  + e3),  !?2-f(l+<*i 

0 =■>+»'. 

For  o=l: 

<r(co')=t<r(l),  <r(o>2)  = 

For  a=®: 

<’(!)  = 2eir2/24/’r, 

*(<*>')  =0,  <r(«2)=0. 

(<*>=1.85407  4677  is  the  real  half-period  in  the  Lemniscatic  case  18.14.) 


To  obtain  the  corresponding  values  of  tabulated  quantities  when  the  real  half-period 
»*1,  multiply  <*  by  «. 
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Table  18.3  INVARIANTS  AND  VALUES  AT  HALF-PERIODa 

(Non-Positive  Discriminant— Unit  Real  Half-Period) 


(he  j=  S ex= 


a ="2/ 

' 92 

93 

39§~ 

1) 

to 

II 

"T 

1— 

v2/i=t(»'2)/i 

1.  00 

-47.26818 

00 

0.00000 

00 

0.  00000 

000 

3.  43759 

29 

1.  57079 

63 

-1. 57079 

63 

1.  02 

-45. 35272 

19 

4.  41906 

00 

-0.  04867 

810 

3.36827 

69 

1.  53091 

63 

-1.  58005 

81 

1.  04 

-43. 40071 

30 

8.23156 

58 

-0.  09452 

083 

3.  29802 

68 

1.49282 

30 

-1.  58905 

67 

1.  06 

-41. 42954 

84 

11.49257 

28 

-0. 13769 

202 

3.22711 

39 

1.45647 

87 

-1.  59772 

52 

1.  08 

-39.45420 

53 

14. 25448 

26 

-0.17834 

547 

3.15578 

40 

1.  42184 

01 

-1. 60600 

53 

1.10 

-37. 48749 

12 

16.  56680 

99 

-0. 21662 

576 

3. 08425 

89 

1. 38885 

99 

-1.  61384 

68 

1.12 

-35. 54027 

17 

18. 47603 

08 

-0.  25266 

894 

3.  01273 

84 

1.35748 

74 

-1.  62120 

68 

1.14 

-33.  62168 

02 

20.  02550 

17 

-0.28660 

315 

2.  94140 

17 

1. 32766 

96 

-1.  62804 

93 

1. 16 

-31.  73930 

91 

21. 25543 

82 

-0. 31854 

915 

2. 87040 

90 

1.29935 

18 

-1.  63434 

46 

1. 18 

-29.  89938 

64 

22.  20294 

45 

-0. 34862 

086 

2. 79990 

29 

1. 27247 

81 

-1.  64006 

85 

1.20 

-28. 10693 

45 

22.90208 

34 

-0.  37692 

571 

2. 73000 

96 

1. 24699 

24 

-1. 64520 

18 

1.  22 

-26. 36591 

62 

23. 38397 

82 

-0. 40356 

512 

2.  66084 

07 

1.  22283 

82 

-1.  64973 

00 

1.  24 

-24.  67936 

58 

23. 67693 

85 

-0. 42863 

481 

2. 59249 

39 

1.19995 

95 

-1.  65364 

28 

1.  26 

-23.  04950 

83 

23.  80660 

45 

-0.  45222 

513 

2. 52505 

44 

1.17830 

09 

-1.  65693 

36 

1.28 

-21. 47786 

60 

23. 79610 

09 

-0. 47442 

139 

2. 45859 

58 

1. 15780 

77 

-1.  65959 

88 

1.30 

-19. 96535 

52 

23. 66620 

08 

-0. 49530 

414 

2.39318 

14 

1. 13842 

65 

-1. 66163 

82 

1.32 

-18.  51237 

16 

23. 43548 

95 

-0. 51494 

941 

2.32886 

49 

1. 12010 

52 

-1.  66305 

38 

1.34 

-17. 11886 

71 

23.12052 

98 

-0.  53342 

897 

2.26569 

11 

1.10279 

31 

-1. 66384 

99 

1.36 

-15. 78441 

82 

22.  73602 

29 

-0.  55081 

058 

2.20369 

72 

1.  08644 

09 

-1.  66403 

31 

1.38 

-14.50828 

67 

22. 29496 

60 

-0.  56715 

817 

2. 14291 

32 

1. 07100 

10 

-1.  66361 

13 

1.40 

-13. 28947 

27 

21. 80880 

22 

-0.  58253 

209 

2. 08336 

24 

1. 05642 

75 

-1.66259 

42 

1.42 

-12. 12676 

19 

21. 28756 

31 

-0. 59698 

926 

2.  02506 

27 

1. 04267 

61 

-1.  66099 

26 

1.44 

-11.  01876 

70 

20. 74000 

36 

-0. 61058 

339 

1. 96802 

64 

1.  02970 

43 

-1.  65881 

85 

1.46 

- 9.96396 

40 

20. 17372 

81 

-0.  62336 

513 

1. 91226 

13 

1.  01747 

14 

-1.  65608 

44 

1.48 

- 8.96072 

32 

19. 59530 

70 

-0.  63538 

226 

1. 85777 

09 

1.  00593 

83 

-1. 65280 

40 

1.  50 

- 8.00733 

71 

19. 01038 

59 

-0.  64667 

980 

1.  80455 

50 

0.  99506 

76 

-1.  64899 

13 

1.  52 

- 7.10204 

36 

18.  42378 

52 

-0.  65730 

023 

1. 75261 

00 

0.  98482 

36 

-1.  64466 

08 

1.  54 

- 6.24304 

63 

17. 83959 

12 

-0.  66728 

357 

1. 70192 

94 

0.  97517 

21 

-1.  63982 

76 

1.  56 

- 5.42853 

20 

17. 26123 

98 

-0.  67666 

751 

1. 65250 

41 

0.  96608 

09 

-1.  63450 

65 

1.  58 

- 4.65668 

53 

16. 69159 

27 

-0.  68548 

761 

1. 60432 

26 

0.  95751 

90 

-1. 62871 

26 

1. 60 

- 3.92570 

12 

16.13300 

57 

-0.  69377 

734 

1.55737  16 

0.  94945 

69 

-1. 62246 

17 

1.65 

- 2.26537 

64 

14. 79653 

23 

-0. 71238 

375 

1.44527 

36 

0.  93130 

88 

-1.  60493 

31 

1.70 

- 0.82241 

58 

13. 56033 

77 

-0.  72831 

198 

1.34049 

21 

0.  91571 

53 

-1.  58487 

67 

1.75 

+ 0.42844 

48 

12. 43388 

94 

-0. 74194 

441 

1. 24271 

21 

0.  90232 

74 

-1. 56251 

97 

1.  80 

1. 51045 

44 

11.41927 

28 

-0.  75360 

961 

1.15159 

40 

0.  89084 

07 

-1. 53807 

94 

1.  85 

2. 44471 

18 

10.51370 

92 

-0. 76358 

973 

1. 06678 

48 

0.  88099 

10 

-1. 51175 

93 

1.  90 

3.25015 

81 

9.  71138 

21 

-0.  77212 

691 

0.  98792 

73 

0.  87254 

91 

-1. 48374 

94 

1.  95 

3.  94365 

25 

9.  00473 

54 

-0.  77942 

883 

0.  91466 

65 

0.  86531 

67 

-1. 45422 

51 

2.  00 

4. 54009 

85 

8.  38537 

94 

-0. 78567 

351 

0.  84665 

46 

0.  85912 

29 

-1. 42334 

69 

2.05 

5.  05259 

79 

7.  84470 

38 

-0.  79101 

353 

0.  78355 

46 

0.  85382 

00 

-1. 39126 

17 

2.10 

5. 49261 

57 

7. 37428 

09 

-0. 79557 

957 

0.  72504 

25 

0.  84928 

11 

-1.35810 

23 

2.15 

5.  87014 

76 

6.  96611 

56 

-0. 79948 

352 

0. 67080 

91 

0.  84539 

69 

-1. 32398 

93 

2.20 

6.19388 

05 

6.  61278 

90 

-0.  80282 

119 

0.  62056 

06 

0.  84207 

37 

-1.  28903 

05 

2. 25 

6. 47134 

49 

6.30752 

86 

-0.  80567 

458 

0. 57401 

95 

0.  83923 

09 

-1. 25332 

31 

2.30 

6.  70905 

42 

6.  04422 

78 

-0.  80811 

383 

0.  53092 

40 

0.  83679 

93 

-1. 21695 

43 

2.4 

7.  08692 

59 

5. 62231 

14 

-0.  81198 

137 

0. 45410 

32 

0.  83294 

16 

-1. 14253 

28 

2.5 

7. 36377 

30 

5. 31058 

54 

-0.  81480 

718 

0. 38831 

56 

0.  83012 

09 

-1. 06629 

03 

2.6 

7.  56643 

61 

5.  08099 

59 

-0.  81687 

167 

0. 33200 

75 

0.  82805 

92 

-0.  98863 

87 

2.7 

7.  71470 

39 

4. 91228 

49 

-0.  81837 

985 

0. 28383 

23 

0.  82655 

25 

-0.  90990 

09 

2.8 

7.  82312 

83 

4.  78851 

39 

-0. 81948 

158 

0.  24262 

75 

0.  82545 

16 

-0.  83032 

82 

2.9 

7. 90239 

07 

4. 69782 

05 

-0.  82028 

636 

0.20739 

21 

0.  82464 

72 

-0. 75011 

58 

3.0 

7.  96032 

11 

4. 63142 

26 

-0.  82087 

422 

0. 17726 

58 

0. 82405 

96 

-0.  66941 

39 

3.1 

8. 00265 

32 

4.  58284 

25 

-0. 82130 

361 

0.15151 

09 

0.  82363 

03 

-0. 58833 

87 

3.2 

8.  03358 

32 

4.  54731 

53 

-0.  82161 

725 

0. 12949 

50 

0.  82331 

67 

-0. 50697 

92 

3.3 

8.  05618 

01 

4. 52134 

25 

-0.82184 

634 

0. 11067 

62 

0.  82308 

77 

-0. 42540 

32 

3.4 

8.  07268 

80 

4. 50235 

93 

-0.  82201 

368 

0.  09459 

10 

0.  82292 

04 

-0. 34366 

33 

3.5 

8.  08474 

69 

4. 48848 

72 

-0.  82213 

590 

0.  08084 

29 

0.  82279 

82 

-0. 26179 

91 

3.6 

8.  09355 

57 

4. 47835 

14 

-0.  82222 

517 

0. 06909 

25 

0.  82270 

89 

-0. 17984 

06 

3.7 

8.  09999 

01 

4. 47094 

62 

-0.  82229 

038 

0. 05904 

97 

0.  82264 

37 

-0.  09781 

10 

3.8 

8. 10469 

00 

4. 46553 

65 

-0. 82233 

800 

0.  05046 

65 

0. 82259 

61 

-0.  01572 

75 

3.9 

8.10812 

30 

4. 46158 

47 

-0.  82237 

279 

0. 04313 

08 

0.  82256 

13 

+0.  06639 

64 

4.0 

8. 11063 

05 

4. 45869 

80 

-0. 82239 

820 

0.  03686 

13 

0.  82253 

59 

+0. 14855 

08 

00 

8. 11742 

43 

4. 45087 

59 

-0. 82246 

703 

0.00000 

00 

0.  82246 

70 

00 

A=0 

m 

m 

[-(-4)4-1 

L 7 J 

m 

[ 13  ] 

m 

For  a=l: g2  = -^, g3=0,  #ei= 0,  Qex=<*2,  v2=t/2, 


For  a=«:  g2=ir*/12,  g3=w*/2 16,  &el  = -Tr2/12,S?e1  = 0,v2=Tr2/12,v2/i  = <°. 

(«= 1.85407  4677  is  the  real  half-period  in  the  Lemniscatic  case  18.14.) 

For  4 <a<«,  to  obtain  v2  use  Legendre's  relation  v2=v2w2-7ri. 

To  obtain  the  corresponding  values  of  tabulated  quantities  when  the  real  half-period  «2*1, 
multiply  .72  by  «2~4,  gz  by  «2~6,  by  <»22  and  v by  u2l. 
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INVARIANTS  AND  VALUES  AT  HALF-PERIODS  Table  18.3 


(Non-Positive  Discriminant— Unit  Real  Half-Period) 


a=«2/?  <r(l) 

0(o>2)/i 

30{w) 

1.  00  1. 18295 

13 

1.182951 

0.  474949 

0.  474949 

1.  02  1. 17091 

79 

1.219157 

0.  475654 

0.  483826 

1.  04  1.15940 

62 

1.  255842 

0. 476433 

0.  492792 

1.  06  1. 14841 

45 

1.  292964 

0.  477275 

0.  501851 

1. 08  1. 13793 

68 

1.  330480 

0.  478169 

0. 511006 

1.10  1.12796 

39 

1.368342 

0.  479107 

0.  520259 

1.12  1.11848 

38 

1.  406502 

0.  480078 

0.  529611 

1.14  1.10948 

26 

1. 444910 

0.481074 

0.  539064 

1.16  1.10094 

49 

1.483513 

0.  482085 

0.  548616 

1.18  1.  09285 

44 

1.  522257 

0.483104 

0.  558268 

1.20  1.08519 

40 

1.  561089 

0.484122 

0.  568019 

1. 22  1. 07794 

61 

1.599952 

0.485132 

0.  577866 

1.24  1.07109 

31 

1.638790 

0.  486126 

0.  587809 

1. 26  1.  06461 

72 

1. 677548 

0.  487098 

0.  597843 

1.28  1.  05850 

11 

1.  716167 

0.  488041 

0.607968 

1.30  1.05272 

75 

1.  754591 

0.  488949 

0.  618179 

1.32  1.  04727 

97 

1.792765 

0.  489817 

0.  628474 

1.34  1.  04214 

12 

1.  830630 

0.  490639 

0.  638850 

1.  36  1.  03729 

63 

1.  868133 

0.  491410 

0.  649302 

1.38  1.03272 

96 

1.905218 

0.492126 

0.  659828 

1.40  1.02842 

64 

1. 941832 

0.  492783 

0.  670422 

1.  42  1.  02437 

26 

1.  977922 

0.  493376 

0.  681082 

1.  44  1.  02055 

48 

2.  013437 

0.  493902 

0.  691804 

1.  46  1.  01696 

00 

2.  048327 

0.  494357 

0.  702582 

1.48  1.01357 

57 

2. 082544 

0.  494739 

0.  713414 

1.-50  1. 01039 

05 

2.116040 

0.  495045 

0.  724295 

1.  52  1.  00739 

28 

2. 148771 

0.  495272 

0.  735221 

1.  54  1.  00457 

23 

2.180693 

0.  495418 

0.  746189 

1.  56  1.  00191 

88 

2. 211766 

0.  495480 

0.  757192 

1.  58  0.  99942 

27 

2.  241950 

0.  495458 

0.  768229 

1.  60  0.  99707 

51 

2.271208 

0.  495348 

0.  779295 

1.  65  0.  99179 

98 

2. 340071 

0.  494687 

0.  807059 

1.  70  0.  98727 

79 

2.  402437 

0.  493456 

0.  834917 

1.  75  0.  98340 

36 

2.  457895 

0.  491645 

0.  862812 

1.  80  0.  98008 

56 

2. 506120 

0.  489246 

0.  890687 

1.  85  0.  97724 

49 

2. 546866 

0.  486255 

0.  918490 

1.  90  0.  97481 

36 

2. 579972 

0.  482673 

0.  946170 

1.  95  0.  97273 

30 

2. 605345 

0. 478503 

0.  973680 

2.  00  0.  97095 

31 

2. 622973 

0.  473748 

1.  000975 

2.  05  0.  96943 

05 

2. 632902 

0.  468417 

1.  028011 

2.10  0.96812 

82 

2. 635245 

0.  462516 

1.  054750 

2.15  0.96701 

46 

2. 630169 

0.  456054 

1.  081151 

2.20  0.96606 

23 

2. 617892 

0.  449041 

1.107179 

2.  25  0.  96524 

80 

2. 598678 

0. 441488 

1.132799 

2.30  0.96455 

19 

2. 572828 

0.  433405 

1.157978 

2.  4 0.  96344 

79 

2.  502604 

0.  415693 

1.  206881 

2.  5 0.  96264 

13 

2.410244 

0.  395997 

1.  253647 

2.  6 0.  96205 

18 

2. 299090 

0.  374417 

1.  298044 

2.  7 0.  96162 

12 

2.172666 

0.351055 

1. 339858 

2.  8 0.  96130 

65 

2.  034544 

0.  326022 

1.  378884 

2.  9 0.  96107 

67 

1.  888235 

0.  299435 

1. 414929 

3.0  0.96090 

89 

1. 737097 

0.271420 

1.  447812 

3. 1 0.  96078 

62 

1. 584242 

0.  242114 

1.  477367 

3.  2 0.  96069 

67 

1.432486 

0.  211664 

1.  503441 

3.  3 0.  96063 

12 

1.284291 

0. 180224 

1.525899 

3.  4 0.  96058 

34 

1.141740 

0. 147962 

1.  544621 

3.  5 0.  96054 

86 

1. 006520 

0. 115052 

1.  559512 

3.  6 0.  96052 

31 

0.  879924 

0.  081678 

1.  570495 

3.  7 0.  96050 

44 

0.  762869 

0.  048028 

1.  577518 

3.  8 0.  96049 

08 

0. 655914 

+0.  014297 

1.  580552 

3.  9 0. 96048 

09 

0.  559298 

-0.  019318 

1. 579595 

4.  0 0.  96047 

37 

0.  472982 

-0. 052618 

1.  574671 

oo  0. 96045 

40 

0.000000 

0.  000000 

0.  000000 

A=0  [*(-5)9j  |-(-|)3J 

U =2+T  ^ = '2=  ^(l)  = -20fej,  ??/==fQ+< 

For  0=1:  *(l)=^4/a,,  = <r(w')  =eT/8e,7r/4/21/4w. 

For  a=  » : <r(l)=2e7r2/24/7r,  <r(«2)=0,  <r(a/)=0. 

m 

m 

(«=  1.85407  4677  is  the  real  half-period  in  the  Lemniscatic  case  18.14.) 


To  obtain  the  corresponding  values  of  tabulated  quantities  when  the  real  half-period 
«2^1,  multiply  a by  «2. 
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The  author  acknowledges  permission  from  H.M.  Stationery  Office  to  draw  freely  from 
[19.11]  the  material  in  the  introduction,  and  the  tabular  values  of  W(a,  x)  for  a——  5(1)5, 
±z=0(.l)5.  Other  tables  of  W(a,  x)  and  the  tables  of  U(a,  x)  and  V(a,  x)  were  prepared  on 
EDSAC  2 at  the  University  Mathematical  Laboratory,  Cambridge,  England,  using  a program 
prepared  by  Miss  Joan  Walsh  for  solution  of  general  second  order  linear  homogeneous 
differential  equations  with  quadratic  polynomial  coefficients.  The  auxiliary  tables  were 
prepared  at  the  Computation  Laboratory  of  the  National  Bureau  of  Standards. 


1 The  University  Mathematical  Laboratory,  Cambridge,  England.  (Prepared  under 

contract  with  the  National  Bureau  of  Standards.) 
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19.  Parabolic  Cylinder  Functions 

Mathematical  Properties 


19.1.  The  Parabolic  Cylinder  Functions 

Introductory 

These  are  solutions  of  the  differential  equation 

19.1.1  [+(ax2+bx+c)y=0 
with  two  real  and  distinct  standard  forms 

19.1.2  §-(i x2+a)y=0 

19.1.3  ^2+(\x2-a)y=0 

The  functions 

19.1 .4 

y(a,  x)  y(a,  —x)  y(—a , ix ) y(— a,  —ix) 

are  all  solutions  either  of  19.1.2  or  of  19.1.3  if  any 
one  is  such  a solution. 

Replacement  of  a by  — ia  and  x by  xe*iT  converts 

19.1.2  into  19.1.3.  If  y(a,  a:)  is  a solution  of  19.1.2, 
then  19.1.3  has  solutions: 

19.1.5 

y(—ia,  xe*ir)  y(—ia,  —xeiir) 

y{ia , —xe~*u)  y(ia,  xe~*iT) 

Both  variable  x and  the  parameter  a may  take 
on  general  complex  values  in  this  section  and  in 
many  subsequent  sections.  Practical  applications 
appear  to  be  confined  to  real  solutions  of  real  equa- 
tions; therefore  attention  is  confined  to  such  solu- 
tions, and,  in  general,  formulas  are  given  for  the 
two  equations  19.1.2  and  19.1.3  independently. 
The  principal  computational  consequence  of  the 
remarks  above  is  that  reflection  in  the  y-axis 
produces  an  independent  solution  in  almost  all 
cases  (Hermite  functions  provide  an  exception), 
so  that  tables  may  be  confined  either  to  positive 
2 or  to  a single  solution  of  19.1.2  or  19.1.3. 

The  Equation  x2+a ) y=0 

19.2.  Power  Series  in  x 
Even  and  odd  solutions  of  19.1.2  are  given  by 


19.2.1 

2/i=e“il2M(£cs+i>  b ix2) 

= e “*l2i  F i i‘,  ix2) 

19.2.2 

=e&M(-ia+i,  i,  -ix2) 

— e**2  -(l  + (ffi  i)  2j+(tt — i)  (®  I)  ^j+  • • -j 

19.2.3 

y2=xe~ixtM{ia+j:,  £,  ix2) 

=e~ll2-^z+(a+f)  jjj+(a+f )(«+$)  g, H-  • • -j" 

19.2.4 

=xe^M(-ia+h  f,  -ix2) 

=e^-L+(a-i)  |j+(a-f)(a-£)  • • •} 

these  series  being  convergent  for  all  values  of  x 
(see  chapter  13  for  M(a,  c,  z)). 

Alternatively, 

19.2.5 

yi=l+a  Ii+(a2+|)  i!+(a3+^  a)  I 
+(ai+lla2+^)|5+(a*+25a3+^  ®)f^+  • • • 

19.2.6 

, *3  , / 2 , 3\Z®  / 3 . 13  \*7 

y*=x+a  3j+(a2+2)  5j+(«  a)  7! 

+(a1+17a*+f)g+(o8+35a3+^a)f^+  . . . 

in  which  non-zero  coefficients  an  of  xn/n\  are 
connected  by 

19.2.7  an+ 2=a  • a*+|  n(n— 1)  an_2 
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19.3.  Standard  Solutions 


19.4.4 


These  have  been  chosen  to  have  the  asymptotic 
behavior  exhibited  in  19.8.  The  first  is  Whit- 
taker’s function  [19.8,  19.9]  in  a more  symmetrical 
notation. 

19.3.1 

U(a,  z)=Z)_a_4(x)  =coss-(£+$a)-Fi 

— sinir(£+£a)-r2 


r(j— §a)  cos  ir{\-\-\a) 
yiF2*-j 


Vi=  2 sin 7r(f +|-a)-F, 

—U (a,  x)  -\-U (a,  —x) 


19.4.5 


r(f — Ja)  sin7r(J+§a) 


2/2 — 2 cos  7r(J-)~5<z)'F2 

—U  (a,  x ) — U (a,  —x) 


19.3.2 

F(a,x)= 

in  which 


r($ — a) 


{sin  tt^+^-F! 


-t-cos2r(i+ia)-F2} 


19.4.6 

■y/2TrU(—a,  ±ix)= 

r (*+o){e-‘'(*-»>Z7(o,  ±x)+eM*-*>U(a,  Tx)} 

19.4.7 


19. 


1 r(|-ia) 


Q Q V x x \4  2W/  ..  f—  0 w « y 4 I 

6 r’~Vv  2i“+i  V'-V*  2*a+ir(f  + § 


sec  «r(i+4a)_ 

a) 


Vi 


19.3.4  F,= 


1 r(f — §a) 

V»  2**-» 


y2=T/v 


csc2r(j+|a) 

2i«-ir(i+|a) 


19.3.5 

^(a,°)=2f.+i  r(f-t-§a) 


Vi" 


^0>--5P=iFS+i 


a) 


19.3.6 


V{a,  0) 


2M  sinir(f-|a) 


r(f — §c) 


V'{a,  0) 


21°+1  sin7r(|—|a) 

r(i-4a) 


In  terms  of  the  more  familiar  D„ix)  of  Whit- 
taker, 


19.3.7 


Uia,x)=D-a-iix) 


19.3.8 


V ia,  x)  r(£+a)  {sin  7ra-Z)_0_j(x)  +Z?_0_}(— x) } 
7 r 


19*4.  Wronskian  and  Other  Relations 

19.4.1  W{U,V}= -ffir 


19.4.2 

■kV  ia,  x) = r (J+a)  { sin  ica-U  (a,  x)  +Z7  (0,  —x) } 

19.4.3 

r (i+a)?7  (a,  x)—w  sec*  va{V  {a,  —x) 

—sin  ira-Via,x)} 


■JZwUia,  ±x)= 

r(i-a) { e-M»+»Ui-o,  ± ix) +eM*‘+*'Ui-a,  T ix)} 

19.5.  Integral  Representations 

A full  treatment  is  given  in  [19.11]  section  4. 
Representations  are  given  here  for  U(a,  z ) only; 

others  may  be  derived  by  use  of  the  relations  given  in 

19.4. 


19.5.1  U (a,  ezs~*s2sa~Hs 

19.5.2  =r^a)  ejzJ  f g-i <\z+t)a-m 

in  Jp 

where  a and  P are  the  contours  shown  in  Figures 
19.1  and  19.2. 

When  a+i  is  a positive  integer  these  integrals 
become  indeterminate;  in  this  case 


19.5.3 


U(a,  z) 


1 

r(!+a) 


e-*s-is2sa~lds 


'' 

t PLANE 

g 

) 

Figure  19.2 

-x<arg  (z+0  >t 
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19.5.4 


19.5.5 


19.5.6 


U(a,  z) =-==-.  «***  f e-l!+*s‘s-a-tds 

V27ri 

=?-=T  ei22 1 e“+l*as-a~lds 
•\2iri  J*z 

y,~(a— J)x<  f* 

= ■-=■—  e*z2  ezs+*s2s-a-*ds 

V27TI  Ju 


where  e,  e3  and  e4  are  shown  in  Figures  19.3  and 
19.4. 


Figure  19.4 


— Jx<arg  «<Jx 


On  ea  $ir<arg  «<$x 
On  «4  — |x<arg«<— §x 


19.5.7 

U(a,  z ) =I2(J~^)  J (1 + <) *-* (1 


19.5.8 


r(f-|g) 

2»*+*i ri 


\z2-\-vya~Wz2—v)~*a~*dv 


19.5.9 

U (a,  z) 

l5T  J (,j) 


19.5.10 


L 


e~v(\z2+v)~*a~\\z2—vy>a-*dv 


The  contour  ft  is  such  that  ( \z2-\-v ) goes  from 
ooe~ir  to  coe**  while  v=\z 2 is  not  encircled; 
(Js2— has  its  principal  value  except  pos- 
sibly in  the  immediate  neighborhood  of  the 
branch-point  when  encirclement  is  being  avoided. 
Likewise  771  is  such  that  (\z2—v)  goes  from  &eiT 
to  <ne~ir  while  encirclement  of  v=  — \z2  is  simi- 
larly avoided.  The  contours  (fi)  and  (77O  ma y be 
obtained  from  ft  and  tji  by  use  of  the  substitution 
v=\z2t. 

The  expressions  19.5.7  and  19.5.8  become  inde- 
terminate when  a= f , -J,  . . . ; for  these  values 


19.5.11 


Z7(a,  z)  = 


1 

r(|+^a) 


e ~ Ss*a-*  {z2Jr  2s)  ~*a ~*ds 


Again  19.5.9  and  19.5.10  become  indeterminate 
when  a=i,  f,  f,  . . .;  for  these  values 


19.5.12 

U(a j z)  = e ~ iz2  j*  e~8s*a~i(z2-i-2s)~ta~ids 


19.5.13  U(a,e) 


st'-'L 


Barnes-Type  Integrals 

+*'r(«)r(H«-: 2s) 


r($+a) 


(V2z)2*ds 


(|arg  z|<|tt) 


where  the  contour  separates  the  zeros  of  r(s)  from  those  of  r(a+$— 2s).  Similarly 

me-..  T7t  \ /2e*22  f+-‘ r(«)r(§-a-2«)  , „ j 

19.5.14  V(a,  z)—\  - ?r~-  z * I — r (V2z)2  cos  si r as 

\ir2iri  J-w{  T ($— a) 


(|arg  z\<\ir) 


19.6.  Recurrence  Relations 

19.6.1  U'  (a,  x) + \xTJ  (a,  x)  + ia-\-\)U  (a+1 , a:) =0 

19.6.2  V (a,  x)—\xU {a,  x)  +U (a— 1 , a;) =0 

19.6.3  2 U'(a, x)+U(a- 1,  a:)+(a+*)f7(a+l,  *)=0 

19.6.4  xU{a,x)—U{a—\,  a:)  + (a+$)f7(a+l,  a:)=0 
These  are  also  satisfied  by  r($— a)V{a,  x). 

19.6.5  V'{a,x)— %xVia,x)— (a— %)V{a— l,a:)=0 

19.6.6  V'ia,x)+\xV{a,x)— Via+\,x)—Q 


19.6.7 

2V'(a,  x)— F(a+1,  a:)— (a— |)F(a— 1,  a;)=0 

19.6.8 

xV(a,  as)  — F(a+1,  x)+(a— \)V{a— 1,  a:)=0 
These  are  also  satisfied  by  U(a,x)/r(?—a) 

19.6.9  y[ (a,x)+ \xyx {a,  x)=(a+%)y2(a+l , x) 

19.6.10  y[  (a,  x) — ?xyt  ( a , x)=(a—%)y2(a—l,  x) 
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19.6.11  y2  (a,  x) + \xy2  (a,x)=yl(a+l,x) 

19.6.12  y2(a,  x) — \xy2{a,  x)=y1  (g—  1 , x) 

Asymptotic  Expansions 

19.7.  Expressions  in  Terms  of  Airy  Functions 

When  a is  large  and  negative;  write,  for 

0<*<oo  

x— 2V|o|f  $=(4|a|)*T 

19.7.1 

r=-(W 

«y3=i  f Vl —s2ds=i  arccos  ££Vl—  f (?<  1) 

19.7.2 

r=  + (ft?2)* 

tf2=i  f Vs2—  l<fe= i£V£2— 1— i arccosh  £ (£  > 1) 

Then  for  x>  0,  g— ■ 00 

19.7.3 

U(a,  x)~2-i~i°T  (i ~¥)  (l^^AiC t) 

19.7.4 

T (i-a)  V(a,  z)~2-*-*T  (*-**)  (0 

Table  19.3  gives  r as  a function  of  £ . 

See  [19.5]  for  further  developments. 

19.8.  Expansions  for  x Large  and  a Moderate 


sense  of  Watson  [19.6],  although  valid  for  a wider 
range  of  |argz|in  Poincares  sense;  the  second 
series  is  completely  valid  only  for  x real  and  posi- 
tive. 


19.9.  Expansions  for  a Large  With  x Moderate 


(i)  a positive 

When  a»:r*,  with  p= V5,  then 
19.9.1  U(a,  sj=2i«+ir(f+fa)  exp  (^~PX+V^ 


19.9.2 

where 

19.9.3 


Uia,—x) 


Vir 


24a+Jr(f +|a) 


exp  (pxJrv2) 


B „ T§(^)3  (fe)*fe-i(fc)# 

Vi,  v2~  "r 


2 p (2 py  ' (2 p)3 

2 (5a:) 4 , (-^a:)3— $(%x)7 


(2  p) 


(2  p) 


+ 


(a->+  00) 


The  upper  sign  gives  the  first  function,  and  the 
lower  sign  the  second  function. 

(ii)  a negative 

When  — a»x2,  with  p=^—a,  then 


19.9.4 

U(a,x)+iT  (%-a)-V(a,x) 


where 


ej*Wa)T(\-\g) 

2*a+iV7T 


eipx  exp 


When  z»|a 


19.8.1 


U(a, 

(&+-§-)  (a+ J) 


19.8.2 

F(a,  *) 


+ 


2 -4:r4 


(sc— >■ 


1+ 


(g  j-)  (g — j) 
2a:2 


+ 


(g  £)  (®  f)  (g — f)  (g — i) 


2-4a:4 


} 

CO) 


} 


(a— »+  00) 


These  expansions  form  the  basis  for  the  choice  of 
standard  solutions  in  19.3.  The  former  is  valid 
for  complex  x,  with  |arg  x\<C%w,  in  the  complete 


19.9.5 

„ , iW  , 2 (la:)4  9(fe)»~tf(**)6 

^ +^i+w — w 

..  Ida:)3  , ix+|(|x)8  ¥(fe)3-*(fe)T 

%T+  (2p)~+  W 

(a->— 00 ) 

Further  expansions  of  a similar  type  will  be 
found  in  [19.11], 

19.10.  Darwin’s  Expansions 

(i)  a positive,  a?2+4a  large.  Write 

19.10.1  W=Va:2+4g 

Cx  x-\-X 

6—401},  (z/2Vi)  =1J  Xdx=ixX+a  In  = - 

=-  i/xi+4a+a  arcsinh  ^j= 
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(see  Table  19.3  for  #1),  then 

(2tt)  1/4 

19.10.2  U(a,  x)=  exp  { — d+v(a,  x)j 

Vr(i+a) 

(2  tt)  1/4 

19.10.3  U(a , —a;)  =-r=4=  exp  {0+t?(a,  —x)} 


Vr(i+a) 


where 

19.10.4 


v(a,  x)~— i In  X+X)  (— 

3=1 


(a> 0,  x2+4a— >+  c°) 

and  d35  is  given  by  19.10.13. 

(ii)  a negative,  z2+4a  large  and  positive.  Write 


19.10.5 


X=-}Jx2—4:\a\ 


0=4|a|82(x/2V|a|)=i£  Xdx=\xX+a  In 


■\x^x2— 4|a|  +a  arccosh 


x 


2VTa| 


(see  Table  19.3  for  $2),  then 


19.10.6  £7 (a,  x)  — — wj.  exp  { — 6+v(a,  x) } 


(2tt) 


19.10.7 

V(a,x)  = 

where  again 

19.10.8 


(27 r)‘«Vr(H 


exp  {0+»(a,  — x)} 


v(a,  x)~— i In  Z+2  (— l)sdJX3s 


8 = 1 


(a<0,  z2+4a— >+  oo) 


and  dZs  is  given  by  19.10.13. 

(iii)  a large  and  negative  and  x moderate.  Write 


19.10.9 

0=4|a|#4(a;/2y|a|) 


F=V4|a|—  x2 


if  Ydx=\xY+\a\  arcsin 
Jo  ^VIO'I 


(see  Table  19.3  for  #4=i7r—  #3),  then 


19.10.10 


^ (2tt)1/4 


cos 


19.10.11 

F(a,  *)  = 


(2*-)*Vr(i-a) 


e®r  sin  {i7r+i7ra+0+^<} 


where 

19.10.12 


4 In  Y 


d&  _j_  dw 


Y 6 1 Y 12 


J3  J9 

F F‘ 


• • • 


(z2+4a— >—  ■ 00 ) 


In  each  case  the  coefficients  d3r  are  given  by 

19.10.13 


d'-\  (S+i  “) 


d3= f x2— 2a 


d 


=U-J- 

1 a3\  57  ( 


X 


5760  320 


ax' 


49 


320 


a2x5 


31 


12 


a?xz 


1 53 

d12=-^-  a?4—  186ax2+80a2 

o 


— 19a4a^ 


See  [19.11]  for  di5,  . . .,  d2 4,  and  [19.5]  for  an 
alternative  form. 

19.11.  Modulus  and  Phase 


When  a is  negative  and  \x\<C2^\a\}  the  func- 
tions U and  V are  oscillatory  and  it  is  sometimes 
convenient  to  write 

19.11.1  U(a,  x)+iT(%—a)V(a,  x)=F(a , x)eix(a,x) 

19.11.2  U'(a , x)+ir(i— a)V'(ay  x)=—G(a , x)ei^a,x' 
Then,  when  a<C0  and  \a\^>^>x2i 


19.11.3 


rft-w 

2I‘+11S  ’ 


x=(4a+i)7r+px+«4 


where  vr,  vt  are  given  by  19.9.5  and  p=^—a. 
Alternatively,  withp= V|«|>  and  again  —a^>^>x2, 


19.11.4 


5~4 

-%x 


p r(j-|ffl)  r x2  . 

2*“+^  \ 1 ' (4p)2  ' (4p)4 


. j^x6-144x2  , 

+ (4.)‘  + 


-} 
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19.11.5 


19.11.6 


fa:2  fa:4— 16 
(4p)2  (4  2>)4 


Q 


r(f— ha)  /.  x2 

2*“-*-*/?  \ (4 p)2 

fa:6- 176a;2 
(4p)6 


19.12.2  U(a,  x ) =2-*x~W-ia,  _t(ix2) 

19.12.3 


U (a,  ±x)  = %x2) 

^7r2^-iaxe~^x2 

* r(i+%) 

19.12.4 


19.11.7 


Again,  when  a?2+4a  is  large  and  negative,  with 
Y—^4:\a\—  x2,  then 

19.11.8 

^=— -^)'i — ~ gt>r  X=-J-7r+^7raH-0+^ 

where  0,  s;r  and  are  given  by  19.10.9  and 
19.10.12. 

Another  form  is 


19.11.9 


2V£^/  J_  5a  _621_  \ 

(2 Tr)i-y/Y  V^iY^Y^32Y^  ‘ ' ) 

(x2+4  a— - 00  ) 

19.11.10 


G 


yr  vr(§— «) 

(2ir)i 


( 


1 


la  835 


4 F4  F6 


32F8  ' ' ' 0 
(a;2+4a— oo ) 


while  4*  and  X are  connected  by 


19.11.11 

4—X’ 


, x /.  * 47  . 214a 


6F4  ' 3F6 


14483 


+ 


...) 


40F8 
(x2+4a-^—  ool 


Connections  With  Other  Functions 

19.12.  Connection  With  Confluent  Hypergeo- 
metric Functions  (see  chapter  13) 


19.12.1 


V^r21  *as  * 

r(i+|a) 


M-fa \(kX2) 


U(a,  x)=2-±-*e-*2U(ha+\,  J,  §**) 

=2-^axe~ix2U (§a+f , f , ^2) 

Expressions  for  F(a,  x)  may  be  obtained  from 
these  by  use  of  19.4.2. 

19.13.  Connection  With  Hermite  Polynomials 

and  Functions 

When  n is  a non-negative  integer 

19.13.1 

U{— n— |,  x)=e~lx2Hen(x)=2^ne^x2Hn(x/^2) 

19.13.2 

V(n+ h x)  = ^e^x2He^(x)=2-^x2m(xl^) 


in  which  Hn(x)  and  Hen(x)  are  Hermite  poly- 
nomials (see  chapter  22)  while 

19.13.3  He*n(x)=e-ix2  ^ e^=  (~i)nHen(ix) 

19.13.4  H%( x)=e~zi  ex2=  {—i)nHn(ix) 

This  gives  one  elementary  solution  to  19.1.2  when- 
ever 2a  is  an  odd  integer,  positive  or  negative. 


19.14.  Connection  With  Probability  Integrals 
and  Dawson’s  Integral  (see  chapter  7) 

If,  as  in  [19.10] 


19.14.1 


19.14.2 


-i*2 


Hh-i(x)=e~ix 


Hhn(x)=  f Hhn-i(t)dt=(l/n\)  f (t— x)ne  *t2dt 

Jx  Jx 

(m>0) 


then 


19.14.3 


U(n+$,x)—e  ix2Hhn  (x)  (n>— 1) 
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Correspondingly 

19.14.4  V(%,x) =V2/jrel1* 

and 


19.14.5 

V(-n-bx) 


■ \X% 


{ JVi‘V(-»+i  t)dt 

sin^nx  y {n>Q) 


2inr(|7i+i) 


Here  Vr(— a:)  is  closely  related  to  Dawson’s 
integral 


x 


e‘2dt 


These  relations  give  a second  solution  of  19.1.2 
whenever  2a  is  an  odd  integer,  and  a second  solu- 
tion is  unobtainable  from  U (a,  x ) by  reflection  in 
the  y-axis. 


19.15.  Explicit  Formula  in  Terms  of  Bessel 
Functions  When  2a  Is  an  Integer 

Write 


19.15.1  /_„—/»=  (2/v)  sin  rnr  ■ K„ 

19.15.2  /_„+/„= cos  mr  ■ Jn 

where  the  argument  of  all  modified  Bessel  func- 
tions is  jx2.  Then 

19.15.3  f7(l,x)=27r-K§#(-2?l+.K:i) 

19.15.4  U(2,  x)=2  ■ fr-KW^Ki-ZKi+Ki) 

19.15.5 

U{ 3,  x)  —2  • f • fr-KWi-SKi+SKi-SKi+Ki) 

19.15.6  V(\,x)=\(lx)KA~A) 

19.15.7  V(2,  x)=i(ix)K2Jl-3Ji+Ji) 

19.15.8  F(3,  x)=i(ix)H5Ji-9Ji+5Jri-Jri) 

19.15.9  U( 0,  x)=*-Khx)*Kk 

19.15.10  U(-l,x)=ir-i{\x)KK^Ki) 

19.15.11 

U{—2,  a:)=7r-i(|x)5(2£:i+3Z,i-^4) 

19.15.12 

Z7(— 3,  x)  ^-'(hxY&Ki+VKiSKi-Kd 

19.15.13  V(0,  x)=i(ix)*A 


19.15.14  V(-l,x)  = (ixy*(A+A) 

19.15.15  F(— 2,  x)=mx)K2A+3ASi) 

19.15.16 

F(-3,  x)=§  ■ §Qx)H5A+9A-5At-Ai) 


19.15.17  U(-h  x)=j2f*($x)Kh 

19.15.18  Z7(-f , a:) = ^(^x)22Ki 

19.15.19  U(-hx)^Tl2fK{\x)\bKi-K$ 

19.15.20  V(h  x) = (\x)  (/j+/_j) 

19.15.21  V(h  x)  = (§z)2(2/}+2/_}) 

19.15.22  F(f , x)  = (§a:)3(5Ji+5/-i-/|-/-j) 

The  Equation  g+(i  x*-a\  y= 0 

19.16.  Power  Series  in  x 

Even  and  odd  solutions  are  given  by  19.2.1  to 
19.2.4  with  —ia  written  for  a and  xe*ir  for  x; 
the  series  involves  complex  quantities  in  which  the 
imaginary  part  of  the  sum  vanishes  identically. 
Alternatively, 

19.16.1 

yi=l+a  |j+(a2— i)  |j+(a3— Ja)  |j 

/v.8  r10 

+(a4— lla2-)-^)  gy+(a5— 25a3+H1a)  Jq|+  • • • 

19.16.2 

y2=x+a  ^j+  (a2— f)  |y+(a3-J^a)  ^ 

+(a4-17a2+^)  ^+(a3-35a3+^a)  . . . 

in  which  non-zero  coefficients  an  of  xn/n\  are 
connected  by 

19.16.3  an+ 2=a  • \n(n—  l)an_2 

19.17.  Standard  Solutions  (see  [19.4]) 

19.17.1  W(a, ± x) (Gm T V2 G3y2) 

19.17.2  -2-'‘(Vt  Wf*”) 

where 

19.17.3  <?,=|rQ+*M)|  <?3=|r(|+i*a)l 


PARABOLIC  CYLINDER  FUNCTIONS 


693 


At  3=0, 


19.17.4 


W(o,0)=J| 


r(|+|ta) 

r(f+|ia) 


19.17.5 


W'(a,0)=-i 


r(f+fta) 
r (J+|m) 


i 


I I<?1 

2> Vfl'i 


Complex  Solutions 

19.17.6  E(a,  x ) =k~iW(a,  x ) +i&W(a,  —x) 

19.17.7  E*(a,  x)=k~iW(a,  x)— ik*W(a,  —x) 


where 


19.17.8  k=-yjl+e2*a—e*a  l/k=Jl+e2*a+era 
In  terms  of  U(a,  x)  of  19.3, 

19.17.9  E(a,  x)=V2elT“+il,r+i<*2  U(ia,  xe~itT) 
with 

19.17.10  fa=&rg  r (§+«*) 

where  the  branch  is  defined  by  fa=0  when  a=0 
and  by  continuity  elsewhere. 

Also 


19.20.1 

T=  — (ftfs)1 

d3=|  f Vl— s2  ds=i  arccos  £— ilVl — I2  (£<1) 

19.20.2 
r=  + (|t>2)J 

«y2=i  ff -y/s2—  1 ds-it^t2— 1 — 1 arccosh  £ (£>1) 

Then  for  3>0,  a— »+  <x> 

19.20.3 

W(a,  x)  ~ V^(4a)  -»»“  B i(  - i) 

19.20.4 

W(a,  — aO~2V5r(4a)-ieixa  ^ Ai(— <) 

Table  19.3  gives  r as  a function  of  £.  See 
[19.5]  for  further  developments. 

19.21.  Expansions  for  x Large  and  a Moderate 


19.17.11 

V2 irU(ia,  xe~ii*)=T(l—ia)  {eiTa~iirU(—ia,  xei,T) 

+e-i*a+ii*U(—ia,—xeliT) } 

19.18.  Wronskian  and  Other  Relations 

19.18.1  W{W(a,x),  W(a,-x)}=l 

19.18.2  W { E(a,  x),  E*(a,  3) } = -2 i 

19.18.3  ■Jl+e2*aE(a,x)=eTaE*(a,x)+iE*(a,—x) 

19.18.4  E*(a,x)=e~u't‘>+i*)E(—a,ix) 

19.18.5 

■yjT(l+ia)E*(a,  x)=e~itr^T(l—ia)E(—a,  ix) 

19.19.  Integral  Representations 

These  are  covered  for  19.1.3  as  well  as  for 
19.1.2  in  19.5  (general  complex  argument). 

Asymptotic  Expansions 

19.20.  Expressions  in  Terms  of  Airy  Functions 

When  a is  large  and  positive,  write,  for  0<x<(  °° 
3=2  V<i£  t=  (4a)*r 


When  3»|a|, 

19.21.1 

E(a,  x) = -\2fx  exp  {i(|32— a In  x+lfa+lw)}s(a,  x) 

19.21.2 

W(a,  x)  = ^2k/x{s1(a,  x)  cos  (lx2— a In  x+lir+lfa) 

—Si(a,  x)  sin  (lx2— a In  x+lir+?fa)} 

19.21.3 

W(a,—x)—^2fkx{si(a,x)  sin  (lx2— a In 

+s2(o,  x)  cos  (lx2— a In  3+|ir+i<fc>)} 

where  fa  is  defined  by  19.17.10  and 

19.21.4  s(o,  *)=Si(a,  x)+is2(a,  3) 

19.21.5 

/ \ 1 1 v*  1 ^8  , 

«i(o,  1-l-l!232  2!2234  3!2336"^4!2438"t*  ' ‘ ' 

19.21.6 

\ «2  »4  , •»!)  ■ VS 

*2(a,x)~  V2x2  2!2V+3!2336i’4!2438 
with 

(z-*+°°) 
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19.21.7  ur+ivr=r(r+%+ia)/T(%+ia) 
or 

19  21  8 s(a  x)^y^  (— i)T  ^$t+j+}Yl l 

19.21.0  8(a,  x)  2#  v V r (J+ia)  2Wr 

19.22.  Expansions  for  a Large  With  a:  Moderate 

(i)  a positive 

When  a»x2,  with  p= V®,  then 

19.22.1  W(a,  a?)  = PP(a,  0)  exp  (— pz+Vi) 

19.22.2  W(aJ—x)  = W(ay  0)  exp  {px+v2) 
where  W(ay  0)  is  given  by  19.17.4,  and 


19.22.3 

vlyv2^± 


iM3 

2p  1 (2P)2"1"  (2p)! 


(£2) 2 I (i#)6 

i2:t 


, 2 a*)4 , -1/  (jxy+$  qx)7 

■*"  (2p)4  ± (2i>)5 


(a-^+00) 


The  upper  sign  gives  the  first  function,  and  the 
lower  sign  the  second  function. 

(ii)  a negative 

When  — a»a:2,  with  p=^—ay  then 

19.22.4 

W (a,  x)  +iW (a,  — x) 

=72 W(a,  0)  exp  {vT+i(px+ |7r+^)} 

where  W(ay  0)  is  given  by  19.17.4,  and 


19.22.5 

(**)2,2(**)4  9 (ixy+^dx)* 


Vr 


Vi 


(2 p)2'  (2 pY 


6 


+ • • . 


ttt*)8  iz+Uix)\^(ix)z+Uix)7 


2 p 


(2 py 


(2 py 


(«- 


-> 00 


) 


Further  expansions  of  a similar  type  will  be  found 
in  [19.3]. 

19.23.  Darwin’s  Expansions 
(i)  a positive,  a:2— 4a»0 

Write 


19.23.1 

X—-yJx2—4a 


0=4a#2(z/27a)=£  f _Xdx 

J2^a 

x+X 


■\xX—a  In 


27a 


=ix7^2— 4a— a arccosh 


a: 


27a 


(see  Table  19.3  for  $2),  then 

19.23.2  T V(a,  x)  = ^2keVf  cos  (fir+0+z?*) 

19.23.3  W{a , — sin  (j7r+0+^) 


where 

19.23.4 


In  X- 


'12 


X*  « JfM 


. dg 

X3^X9  X15 


and  dZr  is  given  by  19*23.12. 


(z2— 4a— >00) 


Write 

19.23.5 


(ii)  a positive,  4a— cc2>>0 


Y = 74a— a:2  0=4a#4(a:/27a) 


=*/; 


Ydx=\xY + a arcsin 


x 


27 a 


(see  Table  19.3  for  #4=^7r— #3),  then 

19.23.6  W(a,  x)  =exp  { — 6+v(ay  x) } 

19.23.7  W(ay  — a;)=exp{0+Ka, 
where 

19.23.8 

v(a,  i In  Y+^+^+^+ 


{x2 — 4a — > — 00) 


and  d3r  is  again  given  by  19.23.12. 


(iii)  a negative,  a:2— 4a>>0 


Write 

19.23.9 


X=7»2+4|a|  0=4|a|t?i(a;/27|a|)=J J*  Xdx 

x+X 


=\xX—a  In 


27fa| 


/jj 

=-j®V**+4|o|— ® arcsinh  0 /r- - 


2V|a| 


(see  Table  19.3  for  #1)  then 

19.23.10  W(a,  x)=j2ke’'  cos  (frr+d+v{) 


19.23.11  W(a,  -x)= V2/jfce"-  sin  (frr+d+ vt) 

where  vr  and  »<  are  again  given  by  19.23.4.  In 
each  case  the  coefficients  d3r  are  given  by 
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19.23.12 


5 (I-1”*) 


di=ixt+2a 


d 


x 


320 


=iV_7_ 

9 a3  \5760 
1 

da= ^ x44-186ax2+80a2 

o 


49 


320“  ~ 1 iaV^19a43;) 


ax7+^a2x5 


See  [19.11]  for  di5,  . . .,  c?24,  and  [19.5]  for  an  al- 
ternative form. 

19.24.  Modulus  and  Phase 

When  a is  positive,  the  function  W(a , x)  is 
oscillatory  when  #<— 2^a  and  when  x^>2^d; 
when  a is  negative,  the  function  is  oscillatory  for 
all  x.  In  such  cases  it  is  sometimes  convenient 
to  write 

19.24.1 

k~W(a,  x)+ikW(a,-x)=E(a,  x)=Feix  (z>0) 


19.24.2 


Jr*  x^+iki  — ^=E'(a,  x) 
ax  ax 

Then,  when  x2»|a|, 


■Qe** 

(x>0) 


19.24.3 


F 


Vi( 


14 


a , 10a2— 3 , 30a3— 47a 


x‘ 


4x4 


4x6 


•) 


19.24.4 


x~4x2— a In  x+bl>2+br-\- 


4a2— 3 , 4a3- 19a 


8X2 


8x4 


+■ 


19.24.5 


6 ' 


19.24.6 


ViO-? 


6a2— 5 14a3— 63a 


4x4 


4x6 


...) 


,,2  , , , ^ . 4a2+5  , 4a3+29a  , 

^~lx  -a  In  *+W*— i»H — ^~+  • • • 

where  <j>2  is  defined  by  19.17.10. 

When  a<0,  |a|»x2 
19.24.7  F~V2TF(a,  0)e’r 

where  vT  is  given  by  19.22.5  with  2?=V=a.  Also 


19.24.8 


r-U1 


X 


Vp  V (4 pr  (4  p) 


|x4+8  Jsfx6+152x2 

2 r It  _\fl  T 


(4  p)1 


19.24.9 
x~ 

19.24.10 

G 


%irJr,px  ( 


1 + 


|X2  |X4+16  . Ax«+2  58_x2 


(4  p)2  (4  p)‘ 


+ 


(4  py 


14 


x2  fx44-8  , ix6+168x2 


(42?) 2 (42?)' 


(42?)' 


...) 

-•) 

...) 


19.24.11 


/ 2~2  2~4 1 a 4~6 3 2 0^2  \ 

J — 3± i2_i_I± ITT* — \ 

V'  47r+^^+(4p)2  (4p)4  + (4l,)«  • • 7 


Again,  when  u<0,  a;2— 4a^>0,  with  X=\x2+4\a 
then 

19.24.12  F^-\2i6Vr  X=^/nm-\-6-\-Vi 

where  0 , yr  and  a*  are  given  by  19.23.4  and  19.23.9. 
Another  form  also  when  a^> 0,  x?— 4a— >o°  is 


19.24.13 


F 


vie 


5 a 621  1371a 

T* oo  vrI 


4A4  X6  1 32X8  1 4A10 


19.24.14 


G 


V!( 


, . 5 . 7a  835  1729a 

1 “T"  A V4l“ 


4A4  1 X 6 32A8  4A10 


while  \[/  and  X are  connected  by 


19.24.15 

yf/ — 


1 . X 


( 


1 


47  214a  14483 

1 a n XT’S  “T 


6A4  3A6  1 40  A8 


19.25.  Connections  With  Other  Functions 

Connection  With  Confluent  Hypergeometric  and  Bessel 

Functions 

19.25.1 


W(a,±x)=2-M  \Itt 


U%m~ 


& ia,  ix2) 


xH(-b  ia,  ix2)  | 


where 


19.25.2 

H(m,  n,  x)=e~ixiFi(m-\-l—in;  2m+2;  2ix) 


19.25.3 


=e-<IM(m+l  — in,  2m+2,  2ix) 


19.25.4 

W(0,  ±x)=2 - 4 V45 { (|x2) ± Jk (ix2) } (x>0) 
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19.25.5 

^ FF(0,  ±x)=—2~ixJirx{Jl(ix2)±J-i(ix2)} 

(x>0) 

19.26.  Zeros 

Zeros  of  solutions  U(ayx)y  V(ayx)  of  19.1.2  occur 
only  for  |z|<2V— a when  a is  negative.  A single 
exceptional  zero  is.  possible,  for  any  a,  in  the  gen- 
eral solution;  neither  U(ayx)  nor  V(a,  x)  has  such 
a zero  for  z>0. 

Approximations  may  be  obtained  by  reverting 
the  series  for  ^ (or  X for  zeros  of  derivatives)  in 
19.11,  giving  ^ (or  x)  values  that  are  multiples  of 
iw,  odd  multiples  for  U(a,  x),  even  multiples  for 
V(a,x).  Writing 

a=(k—§a— J)tt 


as  an  approximation  to  a zero  of  the  function,  or 

^=(|r— |a+|)7r 

as  an  approximation  to  a zero  of  the  derivative, 
we  obtain  for  the  corresponding  zero  c or  c'y  with 
—a=p2  the  expressions 


, a , 2a3 — 3a  . 52a6- 240a3 +31 5a  . 

19.26.1  c«-H — r — 1 1- 


p 48jr 


7680/ 


19  26  2 £/-P,^+3i9  , 52/+280/-285/3 
19.26.2  c 4gpS  + 7680/  + 


These  expansions,  however,  are  of  little  value 
in  the  neighborhood  of  the  turning  point  x=2^—a. 
Here  first  approximations  may  be  obtained  by 
use  of  the  formulas  of  19.7.  If  an  (negative)  is  a 
zero  of  Ai(£),  the  corresponding  zero  c of  U(a , x) 
is  obtained  approximately  by  solving 


19.26.3 

<?3=i{arccos  &1— ¥} 

c= 2VR?  (o«0) 

This  may  be  done  by  inverse  use  of  Table  19.3. 
For  a zero  of  V(a,  x),  anmust  be  replaced  by  bny 
a zero  of  Bi(£).  For  further  developments  see 
[19.5]. 

Zeros  of  solutions  W(a,  x),  W(a,—x)  of  19.1.3 
occur  for  ta|>2 VS  when  a is  positive;  the  general 
solution  may,  however,  have  a single  zero  between 
—2 Vu  and  +2Va.  If  a is  negative,  zeros  are 
unrestricted  in  range. 

Approximations  may  be  obtained  by  reverting 
the  series  for  ^ (or  x)  in  19.24.  With  — a=/, 
a=(|r— |)7r,  j8=(£r+|)?r,  r>0  being  an  odd 


integer  for  W(a,  x)  or  its  derivative,  or  an  even 
integer  for  W(a,— x)  or  its  derivative,  the  zeros 
±c,  ±c'  have  expansions 


19.26.4 


_ a 2a3-- 3a  52a5— 240a3 +31 5a 
C~p  4 8/  7680 / 


19.26.5 


0 2/+  3/3  52/S6+  280/33— 285/3 
p 48/  + 7680/  + 


When  x is  large  and  a moderate,  we  may  solve 
inversely  " the  series  19.24.4  or  19.24.6  with 
cl—\  (7v— \-k— 02),  (rTT+^ir— fa),  r odd  or  even 

as  above;  the  presence  of  the  logarithm  makes  it 
inconvenient  to  revert  formally. 

The  expansions  19.26.4  and  19.26.5  fail  when  x 
is  in  the  neighborhood  of  2-J\a\.  When  a is 
positive,  a zero  c of  W(ay—x)  is  obtained  approxi- 
mately by  solving 


19.26.6 

*?2=i{£V£2— 1— arccosh  = ^ 6+ 

c=2V«£  (a»0) 


with  the  aid  of  Table  19.3.  For  a zero  of  W(ayx) 
we  replace  an  by  bn.  When  a is  negative  we  solve, 
again  with  the  aid  of  Table  19.3, 

19.26.7 

#1 =i  { £ ViH-l + arcsinh  | 

c=2VW£  (— o»0) 

where  n=l,  2,  3,  . . . for  an  approximate  zero 
of  W(a,  — x)y  and  n=iy  f , f , . . . for  an  approxi- 
mate zero  of  W(ay  x).  Further  developments  are 
given  in  [19.5]. 

Any  of  the  approximations  to  zeros  obtained 
above  may  readily  be  improved  as  follows: 

Let  c be  a zero  of  yy  and  c'  a zero  of  yfy  where  y 
is  a solution  of 

19.26.8  y"—Iy= 0 

Here  I=a±\x2y  7'=±  \xy  7"=±£;  the  method  is 
general  and  the  following  formulae  may  be  used 
whenever  /'"=0.  Then  if  7,  y'  are  approxima- 
tions to  the  zeros  cy  c'  and 

19.26.9  u=y(y)/y'(y)  v=y'(y')/I2y(y') 

with  7=7(7)  or  7=7(7')  respectively,  then 
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19.26.10 
C~Y— U— 

-(^r'+iP)^+Ui^+  ■ • • 

19.26.11 

y'  ( C ) ~2/'  (7)  { 1 — llu2+$rv? 

19.26.12 


19.27.1  J±iax2)=JL  {W{ 0,  -*)  TTT(0,  x) } 


19.27.2 


«/±i(ix2) 


-2* 

X-yJirX 


{W(0,x)±W(0,  —a;)} 


Functions  of  other  orders  may  be  obtained  by 
use  of  the  recurrence  relation  10.1.229  which  here 
becomes 


c'  ■ - Iv-iir&+  (£/2 /'  '.-iH't-iP)# 

+(A/2/'/"-t7/'3-A/4/')^4+  . . . 

19.26.13 

y{cr)^y(y')  {i— i/3^2— i/3/V 

-(i/3/'2-*/^"+i/«)^+  . . .} 

The  process  can  be  repeated,  if  necessary,  using 
as  many  terms  at  any  stage  as  seems  convenient. 
Note  the  relations,  holding  at  zeros, 

19.26. 14  U'  (a,  c)  = - V2MF(a,  e) 


19.27.3  ix2Jp+1(ix2)  -2 vJv(\x2)  +ix2Jv-1(ix2)= 0 
Again 

19.27.4  I-idx*)  + 7i(**a)  = J=  V (0,  x) 

19.27.5 

^ U( 0,  *) 


19.27.6  7_iax2)+7j(^2)  = 


4 7 


x 


■Jx 


£ V(0,  *) 


19.26.15  V'(a,c')=-j2ii/U(a,c') 

19.26.16  lF'(afc)  = -l/W(a,-c) 

19.26.17 

W(a,c')=l/  ^W(a,  -af)  \ ' —l/W'ia,  -c') 

19.27.  Bessel  Functions  of  Order  ±J,  ±f  as 
Parabolic  Cylinder  Functions 

Most  applications  of  these  functions  refer  to 
cases  where  parabolic  cylinder  functions  would  be 
more  appropriate.  We  have 


19.27.7 

~ K\{^xi)=I -ii^x2)  —I\{\x2) 
w 

=~l^fccTxm’x) 

As  before,  Bessel  functions  of  other  orders  may  be 
obtained  by  use  of  the  recurrence  relation  10.2.23, 
which  here  becomes 

19.27.8  \x2Iv+l(\x2)  +2vlv  (lx2) — \x2 1 v _ 1 (lx2) = 0 

19.27.9  \x2Kv+i(\x2)  -2  vKv{\x2)-\x2Kv.x{\x2)  = 0 


Numerical 

19.28.  Use  and  Extension  of  the  Tables 

For  U(a,  x),  V(a,  x)  and  W(a,  x),  interpolation 
#-wise  may  be  carried  out  to  5-figure  accuracy 
almost  everywhere  by  using  5-point  or  6-point 
Lagrangian  interpolation.  For  |a|<l,  compa- 
rable accuracy  a-wise  may  be  obtained  with  5-  or 
6-point  interpolation. 

For  |a|>  1,  Z7(a,  x)  and  V(a , x)  may  be  obtained 
by  use  of-  recurrence  relations  from  two  values, 
possibly  obtained  by  interpolation,  with  |a|<l; 
such  a procedure  is  not  available  for  W(ar  ±a;), 

M>i. 

In  cases  where  straightforward  use  of  the  a-wise 
recurrence  relation  results  in  loss  of  accuracy  by 
cancellation  of  leading  digits,  it  may  be  worth 
while  to  remark  that  greater  accuracy  is  usually 
attainable  by  use  of  the  recurrence  relation  in  the 


Methods 

reverse  direction,  from  arbitrary  starting  values 
(often  1 and  0)  for  two  values  of  a somewhat 
beyond  the  last  value  desired.  This  is  because  the 
recurrence  relation  is  a second  order  homogeneous 
linear  difference  equation,  and  has  two  inde- 
pendent solutions.  Loss  of  accuracy  by  cancella- 
tion occurs  when  the  solution  desired  is  diminishing 
as  a varies,  while  the  companion  solution  is  in- 
creasing. By  reversing  the  direction  of  progress 
in  a,  the  roles  of  the  two  solutions  are  inter- 
changed, and  the  contribution  of  the  desired  solu- 
tion now  increases,  while  the  unwanted  solution 
diminishes  to  the  point  of  negligibility.  By  start- 
ing sufficiently  beyond  the  last  value  of  a for  which 
the  function  is  desired,  we  can  ensure  that  the 
unwanted  solution  is  negligible  but,  because  the 
starting  values  were  arbitrary,  we  have  an  un- 
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known  multiple  of  the  solution  desired.  The  com- 
putation is  then  carried  back  until  a value  of  a 
with  |a|<l  is  reached,  when  the  precise  multiple 
that  we  have  of  the  desired  solution  may  be  deter- 
mined and  hence  removed  throughout.  Compare 
also  9.12,  Example  1. 


relations  19.6.1-2,  If  less  accuracy  is  needed  they 
can  be  found  by  use  of  mean  central  differences  of 
U(a,z),  V(ayx)  and  also  of  W(ayx)  with  the  formula 


du 


hu'=hj^=p8u~^ixdzu+^85u--  . . . 


Example  1.  Evaluate  U(ay  5)  for  a=5,  6,  7, 
. . .,  using  19.6.4. 


(a+ J) £/(a+ 1,  x) -\-xU(a,  x)  — U(a — 1,  x)  =0 


a 

Forward 

Recurrence 

Backward 

Recurrence 

Final  Values 

3 

(-6)  5.2847* 

(12)  1.  59035 

(-6)  5.2847** 

4 

(-7)  9.172* 

(11)  2.76028 

(-7)  9.1724 

5 

(-7)  1.5527 

(10)  4.67131 

(-7)  1.55227 

6 

(-8)  2.5609 

(9)  7.  72041 

(-8)  2.5655 

7 

(-9)  4.1885 

(9)  1.  24785 

(-9)  4.1466 

8 

( - 10)  6.  2220 

(8)  1. 97488 

(-10)  6.5625 

9 

( — 10)  + 1.  2676 

(7)  3. 06369 

(-10)  1.01806 

10 

( ^- 1 1 ) — 0.  1221 

(6)  4.  66352 

(-11)  1.5497 

11 

(-11)4-1.  2654 

(0)  697082 

(-12)  2.3164 

12 

(-12) -5.  6079 

102444 

(-13)  3.404 

13 

(-12)  + 3.  2555 

14789 

(-14)  4.91 

14 

2111 

(-15)  7.01 

15 

292 

(-16)  9.7 

16 

42 

17 

5 

18 

1+ 

19 

0+ 

*From  tables.  +Starting  values. 

**This  value  was  used  to  obtain  the  constant  multiplier 

^=[i2H^59035=:=(~  18)  3 •32298  for  converting  the  pre- 
vious column  into  this  one. 


The  second  column  shows  forward  recurrence 
starting  with  values  at  a=3,4  from  Table  19.1. 
Backward  recurrence  starts  with  values  0 and  1 
at  d=19  and  18,  containing  a multiple  kU{ay  5) 
and  a subsequently  negligible  multiple  of  the  other 
solution  T (i—a)V(a,  5).  Rounding  errors  con- 
vert kU(a,  x)  into  k*U(a,  x)  without  affecting  the 
values  in  the  last  column.  The  value  of  1/k*  is 
identified  from  the  known  value  of  27(3,5),  and 
used  to  obtain  the  final  column  by  multiplying 
throughout  by  1/k*.  The  improvement  in  [7(5, 5) 
is  evident  by  comparison  with  Table  19.1. 

Derivatives.  These  are  not  tabulated  here. 
Since  the  functions  U(a,x),  V{ayx)  and  W(a,x) 
satisfy  differential  equations,  values  of  derivatives 
are  often  required. 

For  all  these  functions  the  equation  is  second 
order  with  first  derivative  absent,  so  that  second 
derivatives  may  be  readily  obtained  from  function 
values  by  use  of  the  differential  equation. 

First  derivatives  can  be  obtained  for  U (a,  x)  and 
V(a,x)  by  applying  the  appropriate  recurrence 


using  h=.  1;  this  usually  gives  a 3-  or  4-figure 
value  of  du/dx. 

If  greater  accuracy  is  needed  for  dW(a , x)jdx  it 
may  be  obtained  by  evaluating  d2W/dx 2 with  the 
help  of  the  differential  equation  satisfied  by  W 
and  integrating  this  second  derivative  numerically. 
This  requires  one  accurate  value  of  dW/dx  to 
start  off  the  integration;  we  describe  two  methods 
for  obtaining  this,  both  making  use  of  the  differ- 
ence between  two  fairly  widely  separated  values 
of  W , for  example,  separated  by  5 or  10  tabular 
intervals. 

(i)  Write  fr,  fry  for  W(ay  xQ-\-rh)  and  its 
first  two  derivatives,  then  f'0  may  be  found  from 


(/»-/-») 


A* 

2 n 


•rfv  S2+W£nr  54-  . . 

h2  TToflfP  + 6 0 J • • .}/o 


(ii)  Consider  a solution  y of  the  differential 
equation  for  W(ay  x)y  namely  y/f  = {—\x2jra)y. 
If  we  are  given  values  y and  y'  at  a particular 
x=x0  and  write  Tn=Hny{n) /n\y  27_1  = 77_2=0,  then 
we  may  compute  T2y  TZy  TAy  . . . in  succession  by 
use  of  the  recurrence  relation  obtained  from  the 
differential  equation, 

T n+2— +a)T n—%Hx0Tn-i 

-W2Tn-  J 

These  are  computed,  to  a fixed  number  of  decimals 
until  they  become  negligible,  thus  giving 

y(x0d:H)  = Todo  2i+ T2±  T3+  . . . 

This  may  be  applied,  with  H=rhy  h being  the 
tabular  interval,  and  r a small  integer,  say  r— 5, 
to  the  solutions  y=yij  y—y2  having 

yi  teo)  = W (a,  x0)  y[  (x0)  = W*'(ay  x0) 

2/2(3  0)=0  2/2(30)  = 1 

in  which  W*'(af  x0)  is  an  approximation  to 
W'(ay  x0)y  not  necessarily  a good  one;  it  may  be 


PARABOLIC  CYLINDER  FUNCTIONS 


699 


obtained  from  differences,  for  example.  We  thus 
obtain  yx (x0±H)  and  y2(x0±H). 

Now  suppose 

W'{a,  x0 ) = W*'(a,  x0)+\ 
then,  for  all  x 

W(a , x)  =yx(x) +\y2(x) 
and  in  particular 

W(a,  Xo±H)=y1(x0±H)+\y2(x0±H) 

The  values  of  W(a , x0±H)  may  be  read  from  the 
tables  and  two  independent  estimates  of  X ob- 
tained, whence 

W'(a,  x^  = W*'(a,  a?0)+X 
to  a suitable  accuracy. 

Example  2.  Evaluate  W'(—3,  1)  using  r= 5. 
From  Table  19.2 

W(- 3,  .5)  = — -.05857  W(- 3,  1)  = — .61113 

W(- 3,  1.5)  = — .69502 


(i)  Using  the  first  method 


X 

TF(— 3,  x) 

TF"(-3,  x) 

b 

52 

53 

0.4 

+ 0.  07298 

-0.  22186 

0.  5 

-.  05857 

+. 17937 

+ 131 

0.  6 

-.  18832 

. 58191 

0.7 

-.  31226 

. 97503 

0.8 

-.  42646 

1.  34761 

34081 

0.9 

-.  52722 

1.  68842 

29775 

-1095 

1.0 

-.  61113 

1.  98617 

24374 

-1032 

1.  1 

-.  67522 

2.  22991 

17941 

1.2 

-.  71706 

2.  40932 

1.3 

— . 73488 

2.  51513 

1.4 

-.  72761 

2.  53936 

1.5 

-.  69502 

2.  47601 

-9129 

1.6 

-.  63774 

2.  32137 

The  fifth  decimal  in  W"(— 3,  x)  is  only  a guard 
figure  which  is  hardly  needed.  Only  the  differ- 
ences needed  have  been  computed. 

Then 

*W'(-3, 1) 

=*(— .69502+. 05857)— (10.38874) 

-1355  { A <2-29664>-2i5  (-  °9260) } 

“155  {s  ('54149,-lMo  <-  °2127)} 

= — .0636450— .0103887  — .0001918— .0002272 
= -.0744527 


Thus  W'(— 3,  1)  = — .74453.  This  might  have  an 
error  up  to  about  1 J units  in  the  last  figure  but  is, 
in  fact,  correct  to  5 decimals. 

(ii)  Using  the  second  method,  with 

2/1(l)  = W(— 3,  1)  = — .61113  to  5 decimals 

y[{\)  = — .745  to  about  3 decimals 

the  following  values  result,  with  2?=. 5, 


Vi 

Vi 

W{—  3,  X)  = yt+\y} 

To 

— .61113 

.0000 

At  £=1.5 

Ti 

- .37250 

+.5000 

£-. 695223 +.4323X 
= -.69502 

Tt 

+ .24827 

2 

.0000 

X = .000203/.4323 

To 

+ 5680 

9 

— 677 

=.000470 

T< 

- 1407  4 

- 26 

. So  J+'(-3,  1) 
= — ,745+X 
= -.744530 

T5 

- 279 

3 

+ 24 

At  a:=.5 

Tt 

+ 13 

4 

+ 2 

— .058363 — .4371X 
= -.05857 

T-, 

+ 5 

4 

X=.000207/.4371 

To 

+ 

5 

=.000474 

-.695223 

+ .4323 

So  W'(- 3,  1) 

2/(-5) 

—.058363 

-.4371 

=—.745  +X 
= -.744526 

Thus  W'(— 3,  1)  = — .74453  which  is  correct  to 
5 decimals. 

Example  3.  Evaluate  the  positive  zero  of 
£7(— 3,  x). 

We  use  19.7.3  to  obtain  a first  approximation, 
see  19.26.3.  The  appropriate  zero  of  Ai(£)  is  at 

*=(4|a|)*r  = — 2.338 

whence 

r = — (2.338)  X (12)  -*  = - .4461 

Hence,  from  Table  19.3,  £=.3990  and  the  approxi- 
mate zero  is  x—2^\a\^==\.3S2, 

We  improve  this  by  using  19.26.10,  but  take,  for 
convenience,  x=lA  as  an  approximation,  so  that 
the  value  of  U can  be  read  directly  from  the  tables. 
U'  can  be  obtained  as  in  the  section  following 

Example  1. 

We  find 

Z7(- 3,  1.4)  = .02627  U'(- 3,  1.4)  =2.0637 

Then  19.26.9  gives 


U=U/U'=. 012730 


and 
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c = 1 .4 — .0 12730 + .000002 = 1 .38727 


y'(c)  =2.0637  (1 + .000203)  =2.0641 


which  is  correct  to  5 decimals,  while  19.26.11  gives 


compared  with  the  correct  value  2.06416. 
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x 

0.0 

0.1 

0.2 

0.3 

0.4 


U (-5.0,  x)  TJ{- 4.5,  x) 

0)  3.0522  ( 0)  3.0000 

0)  3.6547  ( 0)  2.9328 

0)  4.0753  ( 0)  2.7341 

0)  4.2934  ( 0)  2.4132 

0)  4.2988  ( 0)  1.9846 


U(- 4.0,*)  *7(-3.5,s) 

( 0)  1.5204  0.0000 

( 0)  1.1869  (-1) -2.9825 

(-1)  8.0608  (-1) -5.8611 

(-lJ+3.9325  (-1) -8.5358 

( -l)-0.3518  ( 0) -1.0915 


U (-3.0,  x)  U(- 2.5,  x) 

( 0) -0.8721  ( 0) -1.0000 
( 0) -1.0103  (-1) -9.8753 
( 0) -1.1183  (-1)  -9.5045 
( 0) -1.1930  (-1) -8.8975 
( 0) -1.2322  (-1) -8.0706 


U (—2.0,  x)  U(- 1.5,  x) 

(-1) -6.0814  0.0000 

(-1) -5.1516  (-1)0.9975 
(-1) -4.1190  (-1)1.9801 
(-1) -3. 0046  (-1)2.9333 
(-1) -1.8308  (-1)3.8432 


0.5 

0.6 

0.7 

0.8 

0.9 


0)  4.0918  ( 0)  1.4678 

0)  3.6836  (-1)  8.8615 

0)  3.0953  ( -1) +2.6550 

0)  2.3566  (-1) -3.6676 

0)  1.5042  (-1) -9.8321 


(-1) -4.6224  ( 0) -1.2917 

(-1) -8.7118  ( 0) -1.4477 

( 0) -1.2462  ( 0) -1.5544 

( 0) -1.5731  ( 0) -1.6088 

( 0) -1.8397  ( 0) -1.6097 


( 0) -1.2351  (-1) -7.0456 
( 0) -1.2018  (-1) -5.8492 
( 0) -1.1336  (-1)  -4.5120 
( 0) -1.0329  (-1) -3.0677 
(-1)  -9.0285  (-1) -1.5517 


1-1)  -0.6213  (-1)4.6971 
-1) +0.6004  (-1)5.4836 
-1)  1.8107  (-1)6.1929 
-1)  2.9871  (-1)6.8172 
-1)  4.1087  (-1)7.3502 


1.0  ( 0U0.5799 

1.1  ( 0) -0.3719 

1.2  ( 0) -1.3064 

1.3  ( 0) -2.1806 

1.4  ( 0)-2.9554 


0) -1.5576  ( 0) -2.0368  ( 0) -1.5576  (-1J-7.4764  0.0000  (-1)  5.1567  (-1)7.7880 

0) -2.0661  ( 0) -2.1578  ( 0) -1.4550  (-1) -5.7190  (-1)  1.5518  (-1)  6.1146  (-1)8.1287 

0) -2.4882  ( 0) -2.1992  ( 0) -1.3061  (-l)-3.8076  (-1)  3.0698  (-1)  6.9691  (-1)8.3721 

0) -2.8077  ( 0) -2.1608  ( 0) -1.1162  (-1)  -1.7956  (-1)  4.5223  (-1)  7.7095  (-1)8.5203 

0) -3.0131  ( 0) -2.0454  (-1) -8.9198  (-l)+0.2627  (-1)  5.8812  (-1)  8.3285  (-1)8.5768 


1.5 

1.6 

1.7 

1.8 
1.9 


0) -3.5976  ( 0) -3.0982 

0) -4.0808  ( 0) -3.0617 

0) -4.3868  ( 0) -2.9073 

0) -4.5059  ( 0) -2.6435 

0) -4.4368  ( 0)  -2.2824 


0) -1.8583  f-l)-6.4101 
0)  -1.6076  (-1) -3.7121 

0) -1.3029  ( -1) -0.9080 

-1) -9.5564  ( -1) +1.9218 

-1) -5.7791  (-1)  4.7004 


(-1)  2.3147  (-1)  7.1223 
(-1)  4.3106  (-1)  8.2258 
(-1)  6.2053  (-1)  9.1766 
(-1)  7.9592  (-1)  9.9648 

(-1)  9.5394  ( 0)  1.0585 


-1)  8.8221  ( -1)  8.5467 

-1)  9.1890  (-1)8.4367 
-1)  9.4313  (-1)8.2541 
-1)  9.5532  ( -1)  8.0074 

-1)  9.5616  (-1)7.7055 


2.0 

2.1 

2.2 

2.3 

2.4 


0) -4.1866  ( 0) -1.8394 

0) -3.7694  0) -1.3321 

0) -3.2057  (-1) -7.7961 

0) -2.5208  (-1) -2.0142 

0) -1.7434  (-1) +3.8325 


1-1)  -1.8226  (-1)  7.3576 

-1)  +2.1890  (-1)  9.8317 

-1)  6.1381  ( 0)  1.2071 

-1)  9.9170  ( 0)  1.4035 

0)  1.3432  ( 0)  1.5694 


0)  1.0920  ( 0)  1.1036 

0)  1.2083  ( 0)  1.1323 

0)  1.3017  ( 0)  1.1451 

0)  1.3719  ( 0)  1.1431 

0)  1.4191  ( 0)  1.1278 


1-1)  9.4652  (-1)7.3576 
-1)  9.2742  ( -1)  6.9728 
-1)  9.0001  (-1)6.5603 
-1)  8.6549  (-1)6.1288 
-1)  8.2510  (-1)5.6863 


2.5 

2.6 

2.7 

2.8 
2.9 


0) -0.9039  (-1)  9.5635  ( 

0) -0.0332  ( 0)  1.5015  ( 

0) +0.8387  ( 0)  2.0048  ( 

0)  1.6842  ( 0)  2.4545  ( 

0)  2.4789  ( 0)  2.8422  ( 


0)  1.6604  ( 0)  1.7031 

0)  1.9373  ( 0)  1.8039 

0)  2.1696  ( 0)  1.8721 

0)  2.3548  ( 0)  1.9089 

0)  2.4921  ( 0)  1.9164 


( 0)  1.4443  ( 0)  1.1005 

( 0)  1.4487  ( 0)  1.0628 

( 0)  1.4341  ( 0)  1.0166 

( 0)  1.4027  (-1)  9.6347 

( 0)  1.3567  (-1)  9.0514 


i-1)  7.8009  (-1)5.2403 
-1)  7.3167  (-1)4.7975 
-1)  6.8097  (-1)4.3638 
-1)  6.2905  (-1)3.9440 
-1)  5.7687  ( -1)  3.5424 


3.0 

3.1 

3.2 

3.3 

3.4 


0)  3.2021  ( 0)  3.1620  ( 

0)  3.8377  ( 0)  3.4108  ( 

0)  4.3739  ( 0)  3.5883  ( 

0)  4.8038  ( 0)  3.6963  ( 

0)  5.1246  ( 0)  3.7388  ( 


0)  2.5823  ( 0)  1.8972 

0)  2.6273  ( 0)  1.8543 

0)  2.6304  ( 0)  1.7910 

0)  2.5957  ( 0)  1.7109 

0)  2.5279  ( 0)  1.6175 


( 0)  1.2985  (-1)  8.4319 

( 0)  1.2306  (-1)  7.7913 

( 0)  1.1553  (-1)  7.1430 

( 0)  1.0749  (-1)  6.4987 

(-1)  9.9150  (-1)  5.8688 


(-1)  5.2527  (-1)3.1620 
(-1)  4.7497  (-1)2.8052 
(-1)  4.2658  (-1)2.4738 
(-1)  3.8056  (-1)2.1684 
( -1)  3.3729  ( -1)  1.8896 


3.5  ( 0)  5.3376  ( 0)  3.7212  ( 0)  2.4320  ( 0)  1.5142 

3.6  ( 0)  5.4473  ( 0)  3.6501  ( 0)  2.3134  ( 0)  1.4043 

3.7  ( 0)  5.4614  ( 0)  3.5331  ( 0)  2.1771  ( 0)  1.2906 

3.8  ( 0)  5.3895  ( 0)  3.3781  ( 0)  2.0282  ( 0)  1.1760 

3.9  ( 0)  5.2427  ( 0)  3.1929  ( 0)  1.8714  ( 0)  1.0626 

4.0  ( 0)  5.0332  ( 0)  2.9854  ( 0)  1.7108  (-1)  9.5241 

4.1  ( 0)  4.7733  ( 0)  2.7630  ( 0)  1.5502  (-l)  8.4694 

4.2  ( 0)  4.4753  ( 0)  2.5323  ( 0)  1.3927  (-1)  7.4740 

4.3  ( 0)  4.1508  ( 0)  2.2992  ( 0)  1.2408  (-l)  6.5463 

4.4  ( 0)  3.8106  ( 0)  2.0689  ( 0)  1.0967  (-l)  5.6918 


1-1)  9.0701  (-1)  5.2617  (-1)  2.9700  (-1)1.6370 

-1)  8.2306  (-1)  4.6840  (-1)  2.5987  (-1)1.4099 

-l)  7.4107  (-1)  4.1408  (-1)  2.2595  (-1)1.2073 

-1)  6.6219  (-1)  3.6358  (-1)  1.9525  (-1)1.0280 

-1)  5.8733  (-1)  3.1709  (-1)  1.6768  (-2)8.7028 

1-1)  5.1716  (-1)  2.7473  (-1)  1.4313  (-2)7.3263 

-1)  4.5215  (-1)  2.3649  (-1)  1.2144  (-2)6.1328 

-1)  3.9256  (-1)  2.0226  (-1)  1.0242  (-2)5.1052 

-1)  3.3849  (-1)  1.7190  (-2)  8.5874  (-2)4.2261 

-1)  2.8991  (-1)  1.4517  (-2)  7.1578  (-2)3.4791 


4.5 

4.6 

4.7 

4.8 

4.9 


0)  3.4641  ( 0)  1.8455 

0)  3.1197  ( 0)  1.6324 

0)  2.7843  ( 0)  1.4322 

0)  2.4632  ( 0)  1.2466 

0)  2.1608  ( 0)  1.0766 


-1)  9.6165  (-1)  4.9134 

-1)  8.3683  (-1)  4.2117 

-1)  7.2277  (-l)  3.5852 

-1)  6.1969  (-1)  3.0311 

-l)  5.2750  (-1)  2.5455 


(-1)  2.4665  (-1)  1.2185 
(-1)  2.0848  (-1)  1.0164 
(-1)  1.7507  (-2)  8.4272 
(-1)  1.4608  (-2)  6.9451 
(-1)  1.2112  (-2)  5.6894 


I— 2)  5.9314  ( -2) 2.8484 
-2)  4.8867  (-2)2.3192 
-2)  4.0029  (-2)1.8780 
-2)  3.2603  ( -2)  1.5125 
-2)  2.6403  (-2)1.2116 


5.0  ( 0)  1.8800  (-1)  9.2276  (-1)  4.4586  (-1)  2.1235  (-2)  9.9802  (-2)  4.6331  (-2)  2.1262  (-3)9.6523 

For  interpolation,  see  19.28. 


PARABOLIC  CYLINDER  FUNCTIONS 


703 


Table  19.1 


2 V (-5.0,  x)  V (-4.5,  x)  V( 

0.0  (-2) -5.8311  0.0000  (-1) 

O.i  (-2) -4.3898  (-2)  2.6397  (-1) 

0.2  ( -2) -2.7299  (-2)  5.1612  (-1) 

0.3  (-2) -0.9344  (-2)  7.4519  (-1) 

0.4  ( -2) +0.9074  (-2)  9.4102  (-1) 

0.5  (-2)  2.7045  (-1)  1.0950  (-1) 

0.6  (-2)  4.3687  (-1)  1.2007  (-1) 

0.7  (-2)  5.8194  (-1)  1.2536  (-1) 

0.8  (-2)  6.9875  (^1)  1.2518  (-1) 

0.9  (-2)  7.8188  (-1)  1.1958  (-1) 

1.0  (-2)  8.2767  (-1)  1.0887  (-2) 

1.1  (-2)  8.3429  (-2)  9.3549  (-2) 

1.2  (-2)  8.0189  (-2)  7.4311  (-2) 

1.3  (-2)  7.3241  (-2)  5.2005  (-2) 

1.4  (-2)  6.2954  (-2)  2.7584  (-2) 

1.5  (-2)  4.9836  (-2)+0.2057  (-1) 

1.6  (-2)  3.4514  (-2) -2.3553  (-1) 

1.7  (-2)  1.7690  (-2) -4.8261  (-1) 

1.8  (-2J+0.0110  (-2) -7.1155  (-1) 

1.9  ( -2) -1.7477  ( -2) -9.1435  (-1) 

2.0  (-2) -3.4354  (-1) -1.0844  (-1) 

2.1  (-2)  -4.9863  (-1) -1.2166  (-1) 

2.2  (-2)  -6.3439  (-1) -1.3076  (-1) 

2.3  (-2) -7.4620  (-1) -1.3558  (-1) 

2.4  (-2) -8.3067  (-1) -1.3610  (-1) 

2.5  (-2) -8.8568  (-1) -1.3246  (-4) 

2.6  (-2) -9.1035  (-1) -1.2495  (-1) 

2.7  (-2) -9.0496  (-1) -1.1392  (-1) 

2.8  (-2) -8.7090  (-2) -9.9858  (-2) 

2.9  (-2) -8.1043  (-2) -8.3257  (-2) 


-4.0,  x)  V (-3.5,  x)  V (—3.0,  x) 

1.3071  (-1)  2.6596  (-1)  2.6240 

1.5417  (-1)  2.6132  (-1)  2.1296  ( 

1.7149  (-1)  2.4757  (-1)  1.5714 

1.8199  (-1)  2.2520  (-2)  9.6646 

1.8527  (-1)  1.9503  (-2)  +3.3275  ( 

1.8125  (-1)  1.5812  (-2) -3.1080  ( 

1.7011  (-1)  1.1580  (-2)  -9.4527 

1.5234  (-2)  6.9534  (-1) -1.5523 

1.2869  (-2) +2.0926  (-1) -2.1149 

1.0010  (-2) -2.8383  (-1) -2.6176  ( 

6.7728  (-2) -7.6762  (-1) -3.0472  ( 

+3.2819  (-1) -1.2266  (-1) -3.3933 

-0.3303  (-1) -1.6465  (-1) -3.6481 

-3.9309  (-1) -2.0148  (-1) -3.8069  ( 

-7.3916  (-1) -2.3214  (-1) -3.8677  ( 

1.0594  (-1) -2.5583  (-1) -3.8317  ( 

1.3434  (-1) -2.7203  (-1)  -3.7025  ( 

1.5824  (-1) -2.8047  (-1) -3.4861  ( 

1.7697  (-1) -2.8113  (-1) -3.1904 
1.9008  (-1) -2.7426  (-1) -2.8250  ( 

1.9731  (-1) -2.6027  (-1) -2.4003  ( 

1.9864  (-1) -2.3979  (-1) -1.9277  ( 

1.9423  (-1) -2.1357  (-1) -1.4184  ( 
1.8442  (-1) -1.8247  (-2) -8.8371  ( 

1.6967  (-1) -1.4739  (-2) -3.3411  ( 

1.5059  (-1) -1.0927  (-2) +2.2080  ( 

1.2784  (-2) -6.9034  (-2)  7.7266  ( 

1.0214  (-2) -2.7540  (-1)  1.3145 

7.4214  (-2) +1.4424  (-1)  1.8411 

4.4770  (-2)  5.6176  (-1)  2.3486 


F(-2.5,s)  F(-2.0,®)  F(-1.5, 

0.0000  (-1)  -4.5748  (-1) -7.9788 

-1) -0.7946  (-1) -5.1829  (-1) -7.9191 

-l) -1.5693  (-1) -5.6877  (-1) -7.7409 

-1) -2.3  051  (-1) -6.0796  (-1) -7.4476 

-1) -2.9840  (-1) -6.3515  (-1) -7.0444 

-1) -3.5896  (-1) -6.4991  (-1) -6.5385 

-1)  -4.1079  (-1) -6.5210  (-1) -5.9387 

-1) -4.5275  (-1) -6.4186  (-1) -5.2553 
-1) -4.8397  (-1) -6.1959  (-1) -4.4995 
-1) -5.0388  (-1)  -5.8594  (-1) -3.6835 

-1) -5.1225  (-1) -5.4177  (-1) -2.8197 

-1) -5.0912  (-1) -4.8813  (-1)  -1.9206 

-1) -4.9482  (-1) -4.2621  (-1) -0.9984 
-1) -4.6995  (-1)  -3.5731  (-1) -0.0648 
-1) -4.3533  (-1)  -2.8278  (-1) +0.8696 

-1)  -3.9197  ( -1) -2.0397  (-1)  1.7953 

-1) -3.4103  (-1) -1.2222  (-1)  2.7043 

-1) -2.8375  (-1) -0.3880  (-1)  3.5902 

-1)  -2.2142  (-1) +0.4512  (-1)  4.4484 

-1) -1.5535  (-1)  1.2852  (-1)  5.2761 

-1) -0.8679  (-1)  2.1053  (-1)  6.0723 

-1) -0.1692  (-1)  2.9044  (-1)  6.8384 

-l)+0.5320  (-1)  3.6777  (-1)  7.5775 

-1)  1.2264  (-1)  4.4221  (-1)  8.2948 

-1)  1.9066  (-1)  5.1367  (-1)  8.9975 

-1)  2.5667  (-1)  5.8227  (-1)  9.6950 

-1)  3.2030  (-1)  6.4834  ( 0)  1.0399 

-1)  3.8134  (-1)  7.1242  ( 0)  1.1122 

-1)  4.3982  (-1)  7.7525  ( 0)  1.1882 

-1)  4.9594  (-1)  8.3779  ( 0)  1.2697 


3.0  (-2) -7.2651  (-2) -6.4659  (-2) -1.4470  (-2)  9.7155  (-1)  2.8352  (-1)  5.5010  (-1)  9.0120  ( 0)  1.3588 

3.1  (-2) -6.2264  (-2) -4.4605  (-2) +1.6090  (-1)  1.3693  (-1)  3.3007  (-1)  6.0291  (-1)  9.6689  ( 0)  1.4582 

3.2  ( -2) -5.0260  (-2)-2.3612  (-2)  4.6402  (-1)  1.7522  (-1)  3.7466  (-1)  6.5514  ( 0)  1.0365  ( 0)  1.5708 

3.3  (-2) -3.7030  (-2) -0.2157  (-2)  7.6054  (-1)  2.1187  (-1)  4.1761  (-1)  7.0778  ( 0)  1.1119  ( 0)  1.7001 

3.4  (-2) -2.2954  (-2) +1.9344  (-1)  1.0474  (-1)  2.4688  (-1)  4.5942  (-1)  7.6202  ( 0)  1.1954  ( 0)  1.8502 

3.5  (-2) -0.8391  (-2)  4.0539  (-1)  1.3228  (-1)  2.8040  (-1)  5.0074  (-1)  8.1924  ( 0)  1.2896  ( 0)  2.0262 

3.6  ( -2) +0.6339  (-2)  6.1158  (-1)  1.5859  (-1)  3.1270  (-1)  5.4239  (-1)  8.8110  ( 0)  1.3975  ( 0)  2.2339 

3.7  ( -2)  2.0962  (-2)  8.1014  (-1)  1.8370  (-1)  3.4421  (-1)  5.8535  (-1)  9.4951  ( 0)  1.5228  ( 0)  2.4806 

3.8  (-2)  3.5259  (-1)  1.0000  (-1)  2.0775  (-1)  3.7545  (-1)  6.3080  ( 0)  1.0267  ( 0)  1.6699  ( 0)  2.7751 

3.9  ( -2)  4.9072  (-1)  1.1811  (-1)  2.3101  (-1)  4.0712  (-1)  6.8012  ( 0)  1.1153  ( 0)  1.8439  ( 0)  3.1285 

4.0  (-2)  6.2301  (-1)  1.3540  (-1)  2.5382  (-1)  4.4004  (-1)  7.3492  ( 0)  1.2186  ( 0)  2.0513  ( 0)  3.5541 

4.1  (-2)  7.4913  (-1)  1.5202  (-1)  2.7664  (-1)  4.7517  (-1)  7.9710  ( 0)  1.3401  ( 0)  2.2999  ( 0)  4.0690 

4.2  (-2)  8.6933  (-1)  1.6819  (-1)  3.0002  (-1)  5.1365  (-1)  8.6890  ( 0)  1.4846  ( 0)  2.5993  ( 0)  4.6942 

4.3  (-2)  9.8444  (-1)  1.8422  (-1)  3.2465  (-1)  5.5683  (-1)  9.5300  ( 0)  1.6575  ( 0)  2.9616  ( 0)  5.4567 

4.4  (-1)  1.0959  (-1)  2.0048  (-1)  3.5131  (-1)  6.0629  ( 0)  1.0526  ( 0)  1.8657  ( 0)  3.4019  ( 0)  6.3903 

4.5  (-1)  1.2056  (-1)  2.1743  (-1)  3.8093  (-1)  6.6389  ( 0)  1.1717  ( 0)  2.1178  ( 0)  3.9393  ( 0)  7.5384 

4.6  (-1)  1.3161  (-1)  2.3561  (-1)  4.1462  (-1)  7.3192  ( 0)  1.3150  ( 0)  2.4244  ( 0)  4.5978  ( 0)  8.9563 

4.7  (-1)  1.4305  (-1)  2.5567  (-1)  4.5368  (-1)  8.1309  ( 0)  1.4885  ( 0)  2.7989  ( 0)  5.4083  ( 1)  1.0715 

4.8  (-1)  1.5525  (-1)  2.7834  (-1)  4.9967  (-1)  9.1078  ( 0)  1.6998  ( 0)  3.2584  ( 0)  6.4102  ( 1)  1.2908 

4.9  (-1)  1.6863  (-1)  3.0454  (-1)  5.5449  ( 0)  1.0291  ( 0)  1.9582  ( 0)  3.8246  ( 0)  7.6545  ( 1)  1.5653 

5.0  (-1)  1.8370  (-1)  3.3533  (-1)  6.2047  ( 0)  1.1734  ( 0)  2.2757  ( 0)  4.5254  ( 0)  9.2067  ( 1)  1.9107 
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X 


U(-1.0,x)  U{-  0.9,  x)  U(-  0.8,  x)  U(-  0.7,  x)  [/(-  0.6,  x)  £/(-0.5,x) 


0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 


-1)5.8137 
-1)6.3918 
-1)6.9062 
-1)7.3523 
(-1)7.7267 

-1)8.0270 
-1)8.2522 
-1)8.4023 
-1)8.4788 
-1)8.4842 

(-1)8.4220 
-1)8.2967 
-1)8.1136 
-1)7.8786 
(-1)7.5982 

-1)7.2789 
-1)  6.9279 
-1)6.5519 
-1)6.1577 
-1)5.7517 

-1)5.3401 
-1)4.9285 
-1)4.5219 
1247 
7407 


S :1)  t: 


-1)3.3732 
-1)3.0246 
-1)2.6968 
-1)2.3911 
-1)2.1084 

(-1)1.8488 

-1)1.6124 

-1)1.3985 

-1)1.2064 

-1)1.0351 

-2)8.8335 

-2)7.4981 

-2)6.3306 

-2)5.3165 

-2)4.4411 

(-2)3.6903 
-2)3.0502 
-2)2.5079 
-2)2.0512 
-2)1.6688 

-2)1.3507 
-2)1.0875 
-3)8.7099 
-3)  6.9398 
-3)5.5007 


(-1)6.8058 
-1)  7.2692 
-1)7.6673 
-1)  7.9973 
-1)8.2572 

-1)8.4462 
-1)8.5646 
-1)8.6136 
-1)8.5958 
(-1)8.5144 

-1)8.3737 
-1)8.1787 
-1)7.9348 
(-1)7.6480 
(-1)7.3248 

-1)6.9716 
-1)6.5948 
-1)6.2008 
-1)5.7958 
-1)5.3855 

-1)4.9754 
-1)4.5701 
-1)4.1741 
-1)3.7910 
( -1)  3.4238 

-1)3.0751 
-1)2.7467 
-1)2.4399 
-1)2.1556 
(-1)1.8942 

-1)1.6555 
-1)1.4391 
-1)1.2443 
-1)1.0701 
-2)9.1545 

-2)7.7900 
-2)6.5939 
-2)5.5521 
-2)4.6503 
(-2)3.8747 

-2)3.2115 
-2)2.6480 
-2)2.1720 
-2)1.7723 
-2)1.4386 

-2)1.1618 
-3)  9.3333 
-3)7.4594 
-3)5.9310 
-3)4.6914 


-1)7.7241 
-1)8.0677 
-1)8.3471 
-1)8.5606 
-1)8.7077 

-1)8.7886 
-1)8.8049 
-1)8.7586 
-1)8.6531 
-1)8.4923 

(-1)8.2808 
-1)8.0238 
-1)7.7269 
-1)7.3960 
-1)7.0371 

-1)6.6565 
-1)6.2600 
-1)5.8535 
-1)5.4424 
(-1)5.0319 

-1)4.6264 
-1)4.2301 
-1)3.8466 
-1)3.4788 
-1)3.1292 

-1)2.7995 
-1)  2.4912 
-1)2.2049 
-1)1.9412 
(-1)1.7000 

-1)1.4809 
-1)1.2832 
-1)1.1061 
-2)9.4842 
-2)8.0899 

-2)6.8646 
-2)5.7946 
-2)4.8660 
-2)4.0651 
-2)3.3784 

-2)2.7932 
-2)2.2975 
-2)1.8800 
-2)1.5305 
(-2)1.2396 

-3)  9.9881 
-3)8.0067 
-3)  6.3856 
-3)5.0667 
-3)  3.9996 


-1)8.5642 

-1)8.7853 

-1)8.9453 

-1)9.0436 

-1)9.0807 


I 


9.0580 

8.9776 

8.8425 

8.6563 

8.4235 


-1)8.1488 
-1)7.8374 
-1)7.4949 
-1  7.1269 
-1)6.7392 

-1)6.3372 
-1)  5.9266 
-1)5.5123 
-1)5.0993 
-1)4.6918 

-1)4.2938 
-1)3.9086 
-1)3.5391 
-1)3.1876 
-1)2.8559 

(-1)2.5453 
-1)2.2566 
-1)1.9903 
-1)1.7462 
-1)1.5241 

-1)1.3234 
-1)1.1432 
-2)9.8240 
-2)  8.3989 
-2)7.1436 

-2)6.0447 
-2)5.0887 
-2)4.2619 
-2)3.5512 
-2)2.9439 

-2)2.4280 
-2)1.9923 
-2)1.6265 
-2)1.3211 
-2)1.0676 

-3)  8.5831 
-3)6.8657 
-3)5.4641 
4.3266 
3.4085 


-1)9.3233 
-1)9.4211 
-1)9.4626 
-1)9.4483 
-1)9.3796 

-1)9.2584 
-1)9.0874 
-1)8.8702 
-1)8.6107 
-1)8.3133 

-1)7.9828 
-1)7.6245 
-1)7.2435 
-1)6.8451 
(-1)6.4345 

-1)6.0168 
-1)5.5968 
-1)5.1791 
-1)4.7676 
-1)4.3662 

-1)3.9779 
-1)3.6054 
-1)3.2511 
-1)2.9165 
-1)2.6029 

-1)2.3112 
-1)2.0418 
-1)1.7945 
-1)1.5691 
-1)1.3651 

-1)1.1816 
-1)1.0175 
-2)8.7182 
-2)7.4318 
-2)6.3032 

-2)5.3190 
-2)4.4657 
-2)3.7304 
-2)  3.1004 
-2)2.5638 

-2)2.1094 
-2)1.7268 
-2)1.4064 
-2)1.1397 
-3)9.1898 

-3)7.3725 
-3)5.8847 
-3)4.6736 
-3)3.6931 
-3)2.9036 


( 0)1.0000 
-1)9.9750 
-1)9.9005 
-1)9.7775 
-1)9.6079 

-1)9.3941 
-1)9.1393 
-1)8.8471 
-1)  8.5214 
-1)8.1669 

-1)7.7880 
-1)7.3897 
-1)6.9768 
-1)6.5541 
-1)6.1263 

-1)5.6978 
-1)5.2729 
-1)4.8554 
-1)4.4486 
(-1)4.0555 

-1)3.6788 
-1)3.3204 
-1)2.9820 
-1)2.6647 
-1)2.3693 

-1)2.0961 
-1)1.8452 
-1)1.6162 
-1)1.4086 
-1)1.2215 

-1)1.0540 
-2)9.0491 
-2)7.7305 
-2)  6.5710 
-2)5.5576 

-2)4.6771 
-2)3.9164 
-2)  3.2631 
-2)2.7052 
-2)2.2315 

-2)1.8316 
-2)1.4958 
-2)1.2155 
-3)9.8282 
-3)7.9071 

-3)  6.3297 
-3)5.0418 
-3)3.9958 
-3  3.1511 
-3)2.4726 


5.0  (-3)4.3375  (-3)3.6919  (-3)3.1412  (-3)2.6716  (-3)2.2714  (-3)1.9305 


£/(  — 0.4,x) 

( 0)1.0594 
( 0)1.0448 
( 0)1.0261 
( 0)1.0035 
(-1)9.7698 

1-1)9.4700 
-1)9.1382 
-1)8.7781 
-1)8.3937 
-1)7.9892 

i -1)7.5689 
-1)7.1372 
-1)  6.6986 
-1)6.2573 
-1)5.8173 

(-1)5.3826 

(-1)4.9566 

(-1)4.5424 

(-1)4.1429 

(-1)3.7603 

(-1)3.3965 

(-1)3.0532 

(-1)2.7312 

(-1)2.4313 

(-1)2.1538 

(-1)1.8987 

(-1)1.6657 

(-1)1.4541 

(-1)1.2632 

(-1)1.0920 

(-2)9.3934 

(-2)8.0408 

(-2)6.8492 

(-2)5.8055 

(-2)4.8967 

! -2)  4.1098 
-2)3.4324 
-2)2.8525 
-2)2.3589 
-2)1.9411 

(-2)1.5895 

(-2)1.2951 

(-2)1.0500 

(-3)8.4709 

(-3)6.8002 

(-3)5.4320 

(-3)4.3177 

(-3)3.4150 

(-3)2.6876 

(-3)2.1047 

(-3)  1.6401 


PARABOLIC  CYLINDER  FUNCTIONS 


V(-1.0,x)  y(-0.9,x)  V(-0.8,x) 


y(-o.7,*)  y(-o.6,x)  y(-o.5,x) 


0.0  (-1)  -6.5600 

0.1  (-1) -5.8422 

0.2  (-1) -5.0662 

0.3  -1)  -4.2400 

0.4  ( -1)  -3.3725 


(-1) -5.5730 
( -1)  -4.7818 
(-1) -3.9477 
-1-3.0785 
-1) -2.1823 


(-1) -4.3852 
( -l)-3.5487 
(-1) -2.6839 
(-1) -1.7980 
( -l)-0.8980 


(-l)-3.0307 
(-1) -2.1784 
( -1/-1.3109 
-1)  -0.4343 
-1) +0.4451 


(-1) -1.5522 
(-1) -0.7135 
( -1) +0.1294 
(-1)  0.9716 
(-1)  1.8082 


0.0000 

(-1)0.7972 

(-1)1.5905 

(-1)2.3760 

(-1)3.1502 


0.5  ( -l)-2.4725 

0.6  (-lj-l.5494 

0.7  (-1)  -0.6122 

0.8  ( -l)+0.3305 

0.9  (-1)  1.2704 


(-1) -1.2674  (-1) 

(-1)  -0.3418  (-1) 

(-1) +0.5867  (-1) 

-1)  1.5106  (-1) 

-1)  2.4234  (-1) 


0.0088  (-1)  1. 

0.9156  (-1)  2. 

1.8159  (-1)  3. 

2.7040  (-1)  3. 

3.5749  (-1)  4. 


3217 

( -1) 

2.6347 

1900 

( -l) 

3.4471 

0449 

v -1) 

4.2420 

8823 

5.0167 

6988 

-1 

5.7694 

1-1)3.9099 
-1)4.6526 
-1)5.3763 
-1)6.0797 
-1)6.7626 


1.0 

1.1 

1.2 

1.3 

1.4 


(-1)  2.2004  (-1) 

-1)  3.1139  (-1) 

-1)  4.0057  (-1) 

-1)  4.8721  (-1) 

-1)  5.7105  (-1) 


3.3194 

H 

4.4245 

4.1939 

(-1 ) 

5.2498 

5.0435 

(-1 

6.0492 

5.8660 

6.8220 

6.6605 

-1 

7.5693 

(-1)  5.4920  (-1) 

(-1)  6.2606  (-1) 

(-1)  7.0044  (-1) 

-1)  7.7246  (-1) 

-1)  8.4234  (-1) 


6.4993  (-1)7.4254 

7.2065  (-1)8.0697 

7.8924  (-1)8.6982 

8.5594  (-1)9.3147 

9.2113  (-1)9.9240 


1.5  (-1)  6.5198  (-1) 

1.6  (-1)  7.3008  (-1) 

1.7  (-1)  8.0557  (-1) 

1.8  (-1)  8.7883  (-1) 

1.9  (-1)  9.5044  ( 0) 

2.0  ( 0)  1.0211  ( 0) 

2.1  ( 0)  1.0918  ( 0) 

2.2  ( 0)  1.1637  ( 0) 

2.3  ( 0)  1.2380  ( 0) 

2.4  ( 0)  1.3163  ( 0) 

2.5  ( 0)  1.4005  ( 0) 

2.6  ( 0)  1.4925  .(  0) 

2.7  ( 0)  1.5949  ( 0) 

2.8  ( 0)  1.7104  ( 0) 

2.9  ( 0)  1.8424  ( 0) 

3.0  ( 0)  1.9948  ( 0) 

3.1  ( 0)  2.1722  ( 0) 

3.2  ( 0)  2.3801  ( 0) 

3.3  ( 0)  2.6253  ( 0) 

3.4  ( 0)  2.9159  ( 0) 

3.5  ( 0)  3.2618  ( 0) 

3.6  ( 0)  3.6752  ( 0) 

3.7  ( 0)  4.1712  ( 0) 

3.8  ( 0)  4.7686  ( 0) 

3.9  ( 0)  5.4910  ( 0) 

4.0  ( 0)  6.3680  ( 0) 

4.1  ( 0)  7.4368  ( 0) 

4.2  ( 0)  8.7448  ( 0) 

4.3  ( 1)  1.0352  ( 1) 

4.4  ( 1)  1.2337  ( 1) 

4.5  ( 1)  1.4797  ( 1) 

4.6  ( 1)  1.7862  ( 1) 

4.7  ( 1)  2.1698  ( 1) 

4.8  ( 1)  2.6520  ( 1) 

4.9  ( 1)  3.2611  ( 1) 

5.0  ( 1)  4.0344  ( 1) 


7.4279  (-1)  8.2931 

8.1704  (-1)  8.9974 

8.8917  (-1)  9.6875 

9.5974  ( 0)  1.0370 

1.0295  ( 0)  1.1054 

1.0992  ( 0)  1.1749 

1.1701  ( 0)  1.2468 

1.2434  ( 0)  1.3225 

1.3205  ( 0)  1.4037 

1.4032  ( 0)  1.4922 

1.4936  ( 0)  1.5902 

1.5939  ( 0)  1.7005 

1.7068  ( 0)  1.8259 

1.8355  ( 0)  1.9700 

1.9837  ( 0)  2.1371 

2.1558  ( 0)  2.3321 

2.3571  ( 0)  2.5609 

2.5940  ( 0)  2.8310 

2.8740  ( 0)  3.1511 

3.2066  ( 0)  3.5319 

3.6032  ( 0)  3.9868 

4.0781  ( 0)  4.5323 

4.6487  ( 0)  5.1887 

5.3371  ( 0)  5.9818 

6.1706  ( 0)  6.9437 

7.1841  ( 0)  8.1149 

8.4212  ( 0)  9.5470 

9.9377  ( 1)  1.1305 

1.1805  ( 1)  1.3474 

1.4113  ( 1)  1.6160 

1.6981  ( 1)  1.9502 

2.0559  ( 1)  2.3680 

2.5044  ( 1)  2.8928 

3.0694  ( 1)  3.5549 

3.7844  ( 1)  4.3944 

4.6937  ( 1)  5.4639 


(-1)  9.1046  (-1) 

(-1)  9.7734  ( 0) 

( 0)  1.0437  ( 0 

( 0)  1.1102  ( 0) 

( 0)  1.1780  ( 0) 

( 0)  1.2482  ( 0) 

( 0)  1.3222  ( 0) 

( 0)  1.4015  ( 0) 

( 0)  1.4879  ( 0) 

( 0)  1.5837  ( 0) 

r0)  1.6912  ( 0) 

0)  1.8134  ( 0) 

0)  1.9535  ( 0) 

0)  2.1157  ( 0) 

0)  2.3045  ( 0) 

( 0)  2.5258  ( 0) 

( 0)  2.7864  ( 0) 

( 0)  3.0945  ( 0) 

( 0)  3.4604  ( 0) 

( 0)  3.8966  ( 0) 

( 0)  4.4183  ( 0) 

( 0)  5.0449  ( 0) 

( 0)  5.8001  ( 0) 

0)  6.7138  ( 0) 

0)  7.8238  ( 0) 

( 0)  9.1775  ( 1) 

( 1)  1.0835  ( 1) 

( 1)  1.2875  ( 1) 

( 1)  1.5394  ( 1) 

( 1)  1.8520  ( 1) 

( 1)  2.2417  ( 1) 

( 1)  2.7297  ( 1) 

( 1)  3.3437  ( 1) 

( 1)  4.1199  ( 1) 

( 1)  5.1058  ( 1) 

( 1)  6.3641  ( 1) 


9.8533  ( 0)1.0532 

1.0492  ( 0)1.1148 

1.1134  ( 0)1.1778 

1.1791  ( 0)1.2436 

1.2472  ( 0)1.3132 

1.3191  ( 0)1.3881 

1.3964  ( 0)1.4699 

1.4806  ( 0)1.5607 

1.5740  ( 0)1.6625 

1.6787  ( 0)1.7781 

1.7975  ( 0)1.9104 

1.9338  ( 0)2.0631 

2.0911  ( 0)2.2404 

2.2741  ( 0)2.4474 

2.4881  ( 0)2.6902 

2.7396  ( 0)2.9763 

3.0365  ( 0)3.3147 

3.3882  ( 0)3.7163 

3.8066  ( 0)4.1947 

4.3061  ( 0)4.7667 

4.9045  ( 0)5.4531 

5.6242  ( 0)6.2797 

6.4930  ( 0)7.2790 

7.5458  ( 0)8.4920 

8.8266  ( 0)9.9703 

1.0391  ( 1)1.1779 

1.2311  ( l)  1.4002 

1.4676  ( l)  1.6747 

1.7604  ( 1)2.0149 

2.1243  ( 1)2.4386 

2.5787  ( 1)2.9687 

3.1489  ( 1)3.6350 

3.8676  ( 1)4.4765 

4.7777  ( 1)5.5441 

5.9359  ( 1)6.9051 

7.4168  ( 1)8.6484 
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Table  19.1 


y(-o.4,x) 

1-1)1.5701 
-l)2.3012 
-1)3.0232 
-1)3.7334 
-1)4.4296 

(-1)5.1099 

(-1)5.7729 

(-1)6.4182 

(-1)7.0457 

(-1)7.6563 

1-1)8.2519 
-1)8.8353 
-1)9.4101 
-1)9.9812 
0)1.0555 

( 0)1.1138 
( 0)1.1739 
( 0) 1.2369 
( 0) 1.3038 
( 0)1.3762 

( 0)1.4554 
( 0)1.5435 
( 0) 1.6424 
( 0) 1.7546 
( 0) 1.8830 

( 0)2.0311 
( 0)2.2029 
( 0)2.4032 
( 0)2.6378 
( 0)2.9136 

( 0)3.2392 
( 0)3.6249 
( 0)4.0834 
( 0)4.6305 
( 0)5.2855 

( 0)6.0726 
( 0)7.0220 
( 0)8.1716 
( 0)9.5693 
( l)  1.1276 

( 1)1.3367 
( l)l.5942 
( l)l.9127 
( 1)2.3082 
( 1)2.8017 

1 1)3.4202 
1)4.1991 
1)5.1846 
l)  6.4372 
1)8.0370 

( 2)1.0090 
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PARABOLIC  CYLINDER  FUNCTIONS 


Table  19.1 


x 


U(-  0.3,  x)  U{-  0.2,  x)  £/(  — 0.1,x) 


U{  0,x) 


U{  0.1,  a)  U(  0.2,  x) 


0.0  ( 0)1.1105  ( 0 

0.1  ( 0)1.0843  ( 0 

0.2  ( 0)1.0548  ( 0 

0.3  ( 0)1.0223  ( 0 

0.4  (-1)9.8697  (-1 


1.1535  ( 0)1.1887 

1.1161  ( 0)1.1406 

1.0764  ( 0)1.0914 

1.0347  ( 0)1.0412 

9.9120  (-1)9.9016 


( 0)1.2163  ( 0)1.2366 

( 0)1.1581  ( 0)1.1691 

( 0)1.1000  ( 0)1.1029 

( 0)1.0421  ( 0)1.0379 

(-1)9.8431  (-1)9.7411 


1 0)1.2500 
0)1.1740 
0)1.1004 
0)1.0291 
-1)9.6004 


0.5 

(-1)9.4906 

(-i 

0.6 

(-1)9.0890 

(-1 

0.7 

(-1)8.6684 

(-1 

0.8 

(-1)8.2324 

(-1 

0.9 

(-1)7.7849 

(-1 

9.4609  (-1)9.3856 

8.9968  (-1)8.8661 

8.5228  (-1)8.3458 

8.0421  (-1)7.8273 

7.5583  (-1)7.3135 


1-1)9.2695  (-1)9.1173 

-1)8.7018  (-1)8.5082 

-1)8.1419  (-1)7.9153 

-1)7.5920  (-1)7.3400 

-1)7.0542  (-1)6.7838 


1-1)8.9333 
-1)8.2895 
-1)7.6699 
-1)7.0750 
-1)6.5055 


1.0 

(-1)7.3298 

(-1 

1.1 

(-1)  6.8710 

(-1 

1.2 

(-1)6.4124 

(-1 

1.3 

(-1)5.9576 

(-1 

1.4 

(-1)5.5101 

(-1 

7.0747  (-1)6.8072 

6.5946  (-1)6.3111 

6.1212  (-1)5.8278 

5.6576  (-1)5.3596 

5.2066  (-1)4.9087 


1-1)6.5307 
-1)6.0235 
-1)5.5346 
-1)5.0655 
-1)4.6178 


! -1)6.2482  (-1)5.9622 

-1)5.7343  (-1)5.4457 

-1)5.2436  (-1)4.9566 

-1)4.7769  (-1)4.4953 

-1)4.3352  (-1)4.0619 


1.5  (-1)5.0730 

1.6  (-1)4.6492 

1.7  (-1)4.2412 

1.8  (-1)3.8510 

1.9  (-1)3.4805 


(-1)4.7706 

(-1)4.3519 

(-1)3.9524 

(-1)3.5734 

(-1)3.2162 


(-1)4.4769 
(-1)4.0657 
(-1)  3.6765 
(-1)3.3102 
(-1)2.9673 


(-1)4.1927 

(-1)3.7912 

(-1)3.4139 

(-1)3.0613 

(-1)2.7334 


(-1)3.9191 

(-1)3.5288 

(-1)3.1647 

(-1)2.8266 

(-1)2.5142 


(-1)3.6565 

(-1)3.2790 

(-1)2.9290 

(-1)2.6060 

(-1)2.3093 


2.0 

(-1)3.1309 

(-1)2.8816 

(-1)2.6482 

(-1)2.4302 

(-ij 

2.2270 

2.1 

(-1)2.8032 

(-1)2.5700 

(-1)2.3529 

(-1)2.1513 

11.9643 

2.2 

(-1)2.4980 

(-1)2.2816 

(-1)2.0812 

(-1)1.8960 

( -lj 

1.7252 

2.3 

(-1)2.2155 

(-1)2.0162 

(-1)1.8326 

( -1) 1.6637 

( -1 

1.5086 

2.4 

(-1)1.9556 

(-1)1.7734 

(-1)1.6064 

(-1)1.4534 

(-i; 

1.3136 

! -1)2.0381 
-1)1.7913 
-1)1.5678 
-1)1.3665 
-1)1.1859 


2.5 

(-1)1.7179 

(-1)1.5526 

(-1)1.4017 

(-1 

1.2640 

2.6 

(-1)1.5020 

(-1)1.3529 

(-1)1.2174 

(-1 

1.0944 

2.7 

(-1)1.3069 

(-1)1.1734 

(-l)  1.0525 

(-2 

9.4322 

2.8 

(-1)1.1317 

(-1)1.0129 

(-2)9.0579 

(-2 

8.0925 

2.9 

(-2)9.7528 

(-2)8.7027 

(-2)7.7589 

(-2)6.9114 

1-1)1.1387  (-1)1.0248 

-2)9.8278  (-2)8.8173 

-2)8.4445  (-2)7.5534 

-2)7.2235  (-2)6.4422 

-2)6.1513  (-2)5.4703 


3.0 

(-2)8.3643 

(-2)7.4416 

(-2)6.6151 

(-2)5.8757 

(-2) 

(5.2146 

3.1 

(-2)7.1389 

(-2)6.3330 

(-2)5.6137 

(-2)4.9721 

(-2 

(4.4006 

3.2 

(-2)6.0636 

(-2)5.3640 

(-2)4.7415 

(-2)4.1881 

(-2 

3.6967 

3.3 

(-2)5.1253 

(-2)4.5215 

(-2)3.9860 

(-2)3.5114 

(-2 

3.0912 

3.4 

(-2)4.3112 

(-2)3.7932 

(-2)3.3351 

(-2)2.9303 

(-2) 

(2.5730 

1-2)4.6244 
-2)3.8918 
-2)3.2606 
-2)2.7194 
-2)2.2577 


3.5  (-2)3.6089 

3.6  (-2)3.0063 

3.7  (-2)2.4921 

3.8  (-2)2.0558 

3.9  (-2)1.6876 


(-2)3.1669 

(-2)2.6314 

(-2)2.1759 

(-2)1.7906 

(-2)1.4664 


(-2)2.7772 

(-2)2.3018 

(-2)1.8986 

(-2)1.5587 

(-2)1.2735 


! -2)  2.4340 
-2)2.0122 
-2)1.6558 
-2)1.3560 
-2)1.1053 


1-2)2.1318  (-2)1.8659 

-2)1.7580  (-2)1.5351 

-2)1.4431  (-2)1.2571 

-2)1.1791  (-2)1.0247 

-3)9.5887  (-3)8.3139 


4.0 

(-2)1.3786 

(-2 

4.1 

(-2)1.1207 

(-3 

4.2 

(-3)9.0656 

(-3 

4.3 

(-3)7.2976 

( -3 

4.4 

(-3)5.8457 

(-3 

1.1951  (-2)1.0355 

9.6928  (-3)8.3792 

7.8234  (-3)6.7481 

6.2839  (-3)5.4085 

5.0228  (-3)4.3139 


(-3)  8.9669 
(-3)7.2400 
(-3)  5.8179 
(-3)4.6529 
(-3)3.7034 


(-3)7.7613 
(-3)  6.2526 
(-3)5.0135 
(-3)4.0011 
(-3)3.1779 


(-3)6.7143 

(-3)5.3973 

(-3)4.3184 

(-3)3.4390 

(-3)2.7259 


4.5  (-3)4.6596 

4.6  (-3)3.6961 

4.7  (-3)2.9173 

4.8  (-3)2.2914 

4.9  (-3)1.7909 


(-3)3.9954 
(-3)  3.1626 
(-3)2.4912 
(-3)1.9528 
(-3)1.5233 


(-3)3.4243 

(-3)2.7050 

(-3)2.1265 

(-3)1.6637 

(-3)1.?952 


(-3)2.9336 

(-3)2.3127 

(-3)1.8145 

(-3)1.4168 

(-3)1.1009 


(-3)2.5122 

(-3)1.9765 

(-3)1.5477 

(-3)1.2061 

(-4)9.3540 


1-3)2.1504 
-3)1.6885 
-3)1.3195 
-3)1.0263 
-4)  7.9449 


/ 5.0  (-3)1.3929  (-3)1.1825 


(-3)1.0035  (-4)8.5136  (-4)7.2201  (-4)6.1210 


17(0.3,  x) 

1 0)1.2570 
0)1.1732 
0)1.0930 
0)1.0161 
-1)9.4255 

! -1)8.7218 
-1)8.0498 
-1)7.4093 
-1) 6.8000 
-1)6.2220 

1-1)5.6753 
-1)5.1597 
-1)4.6753 
-1)4.2217 
-1)3.7986 

1-1)  3.4055 
-1)3.0417 
-1)2.7065 
-1)2.3990 
-1)2.1181 

(-1)1.8627 

(-1)1.6315 

(-1)1.4232 

(-1)1.2363 

(-1)1.0695 

1-2)9.2134 
-2)7.9031 
-2)6.7502 
-2) 5.7406 
-2)4.8608 

1-2)4.0978 
-2)  3.4393 
-2)2.8739 
-2)2.3907 
-2)1.9799 

! -2) 1.6322 
-2)1.3396 
-2)1.0944 
-3)8.9001 
-3)7.2048 

(-3)5.8057 
(-3)4.6568 
(-3)  3.7179 
(-3)2.9546 
(-3)2.3371 

(-3)1.8400 
(-3)1.4419 
(-3)1.1246 
(-4)  8.7305 
(-4)  6.7457 

(-4)5.1875 


PARABOLIC  CYLINDER  FUNCTIONS 


X 


V( -0.3,3)  V(-0.2,aO  V(-0.1,x) 


V(0,x) 


V(Q.l,x) 


V(0.2,x) 


0.0  (-1)3.0993 

0.1  (-1)3.7442 

0.2  (-1)4.3780 

0.3  (-1)4.9991 

0.4  (-1)5.6064 

0.5  (-1)6.1992 

0.6  (-1)6.7773 

0.7  (-1)7.3412 

0.8  (-1)7.8922 

0.9  (-1)8.4321 


-1)4.5280 
-1)5.0724 
-1)5.6069 
-1)6.1307 
(-1)6.6436 

-1)7.1460 
-1)7.6386 
-1)  8.1229 
-1)8.6009 
-1)9.0756 


-1)5.7994 
-1)6.2358 
-1)6.6661 
-1)7.0905 
-1)7.5093 

-1)7.9238 
-1)8.3353 
-1)8.7460 
-1)9.1588 
(-1)9.5771 


-1)6.8621 
-1)7.1901 
-1)7.5184 
-1)7.8474 
-1)8.1782 

(-1)8.5124 
-1)8.8519 
-1)9.1994 
-1)9.5583 
(-1)9.9325 


(-1)7.6731 
-1)7.9000 
-1)8.1349 
(-1)8.3788 
(-1)8.6331 

-1)8.8994 
-1)9.1803 
-1)9.4787 
-1)9.7982 
0)1.0143 


-1' 

-1' 


8.2008 

8.3406 

8.4974 

8.6720 

8.8660 


-1)9.0813 
-1)9.3205 
-1)9.5867 
-1)9.8840 
( 0)1.0217 


1.0  (-1)8.9640  (-1)9.5505 

1.1  (-1)9.4914  ( 0)1.0030 

1.2  ( 0)1.0019  ( 0)1.0521 

1.3  ( 0)1.0553  ( 0)1.1028 

1.4  ( 0)1.1100  ( 0)1.1559 


0)1.0005  ( 0)1.0327 

0)1.0449  ( 0)1.0747 

0)1.0913  ( 0)1.1200 

0)1.1406  ( 0)1.1693 

0)1.1936  ( 0)1.2236 


0)1.0519 

0)1.0932 

0)1.1389 

0)1.1898 

0)1.2470 


0)1.0591 
0)1.1013 
0)  1.1490 
0)1.2032 
0)1.2649 


1.5  ( 0)1.1668 

1.6  ( 0)1.2267 

1.7  ( 0)1.2908 

1.8  ( 0)1.3603 

1.9  ( 0)1.4368 


( 0)1.2125  ( 0 

( 0)1.2734  ( 0 

( 0)1.3400  ( 0 

( 0)1.4136  ( 0 

( 0)1.4958  ( 0 


1.2513  ( 0)1.2839 

1.3147  ( 0)1.3515 

1.3853  ( 0)1.4277 

1.4645  ( 0)1.5142 

1.5542  ( 0)1.6130 


0)1.3115  ( 0)1.3353 

0)1.3848  ( 0)1.4160 

0)1.4683  ( 0)1.5085 

0)1.5639  ( 0)1.6150 

0)1.6738  ( 0)1.7379 


2.0  ( 0)1.5220 

2.1  ( 0)1.6178 

2.2  ( 0)1.7267 

2.3  ( 0)1.8513 

2.4  ( 0)1.9950 


0)1.5886  ( 0)1.6563 

0)1.6941  ( 0)1.7734 

0)1.8149  ( 0)1.9083 

0)1.9541  ( 0)2.0645 

0)2.1153  ( 0)2.2459 


( 0)1.7265  ( 0 

( 0)1.8572  ( 0 

( 0)2.0085  ( 0 

( 0)2.1841  ( 0 

( 0)2.3887  ( 0 


1.8005  ( 0)1.8799 

1.94J0  ( 0)2.0446 

2.1171  ( 0)2.2360 

2.3149  ( 0)2.4589 

2.5457  ( 0)2.7195 


2.5 

( 0)2.1614 

( 0)2.3028 

( 0)2.4576 

( 0)2.6278 

2.6 

( 0)2.3551 

( 0)2.5218 

( 0)2.7053 

( 0) 

>2.9080 

2.7 

( 0)2.5818 

( 0)2.7785 

( 0)2.9961 

( 0 

3.2376 

2.8 

( 0)2.8478 

( 0)3.0803 

( 0)3.3387 

( 0 

13.6263 

2.9 

( 0)  3.1612 

( 0)3.4366 

( 0)3.7435 

( 0) 

>4.0864 

0)2.8159  ( 0)3.0247 

0)3.1330  ( 0)3.3834 

0)3.5064  ( 0)3.8063 

0)3.9474  ( 0)4.3064 

0)4.4700  ( 0)4.8998 


3.0  ( 0)3.5318  ( 0 

3.1  ( 0)3.9715  ( 0 

3.2  ( 0)4.4950  ( 0 

3.3  ( 0)5.1205  ( 0 

3.4  ( 0)5.8704  ( 0 


3.8584  ( 0)4.2236 

4.3596  ( 0)4.7948 

4.9572  ( 0)5.4768 

5.6722  ( 0)6.2941 

6.5308  ( 0)7.2770 


1 0)4.6326  ( 0)5.0914 

0)5.2835  ( 0)5.8328 

0)6.0617  ( 0)6.7208 

0)6.9957  ( 0)7.7882 

0)8.1210  ( 0)9.0763 


0)5.6065 
0)  6.4510 

0) 7.4640 
0)8.6838 

1)  1.0158 


3.5  ( 0)6.7730 

3.6  ( 0)7.8635 

3.7  ( 0)9.1860 

3.8  ( l)  1.0797 

3.9  ( l)  1.2766 


( 0)7.5658  ( 0 

( 0)8.8182  ( 0 

( l) 1.0340  ( 1 

( l)  1.2196  ( 1 

( l)  1.4470  ( 1 


8.4638  ( 0)9.4818 

9.9023  ( l)  1.1134 

1.1653  ( l)  1.3149 

1.3793  ( l)  1.5616 

1.6419  ( l)  1.8649 


1)1.0637  ( 1)1.1948 

l) 1.2535  ( l) 1.4130 

l)  1.4854  ( l)  1.6799 

l)  1.7699  ( 1)2.0080 

1)2.1203  ( l)2.4130 


4.0  ( 1)1.5185 

4.1  ( l)  1.8169 

4.2  ( 1)2.1864 

4.3  ( 1)2.6464 

4.4  ( 1)3.2213 


1)1.7268  ( 1)1.9656 

1)2.0725  ( 1)2.3663 

1)2.5016  ( 1)2.8646 

1)3.0366  ( 1)3.4870 

1)3.7065  ( 1)4.2680 


( 1)2.2395  ( 1 

( 1)2.7041  ( 1 

( 1)3.2829  ( 1 

( 1)4.0073  ( 1 

( 1)4.9179  ( 1 


2.5539  ( 1)2.9150 

3.0927  ( 1)3.5401 

3.7653  ( 1)4.3219 

4.6086  ( 1)5.3040 

5.6708  ( 1)6.5433 


4.5  ( 1)3.9432 

4.6  ( 1)4.8541 

4.7  ( 1)6.0085 

4.8  ( 1)7.4787 

4.9  ( 1)9.3598 


( 1)4.5494  ( 1 

( 1)5.6148  ( 1 

( 1)6.9677  ( 1 

( 1)8.6937  ( 2 

( 2)1.0906  ( 2 


5.2524  ( 1)6.0680 

6.4990  ( 1)7.5270 

8.0849  ( 1)9.3866 

1.0112  ( 2)1.1768 

1.2715  ( 2)1.4831 


1)7.0147  ( 1)8.1143 

1) 8.7230  ( 2)1.0115 

2) 1.0904  ( 2)1.2674 

2)1.3703  ( 2)1.5964 

2)1.7309  ( 2)2.0211 


5.0  ( 2)1.1778  ( 2)1.3756 


2)1.6073  ( 2)1.8791  ( 2)2.1979 


2)2.5720 
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Table  19.1 


V(0.3,  x) 

1-1)8.4269 
-1)8.5002 
-1)8.5993 
-1)8.7250 
-l)  8.8790 

! -1)9.0632 
-1)9.2803 
-1)9.5336 
-l) 9.8273 
0)  1.0166 

i 0)1.0556 
0)1.1005 
0)1.1520 
0)1.2110 
0)  1.2789 

( 0)1.3569 
( 0)  1.4466 
( 0)1.5499 
( 0) 1.6692 
( 0)  1.8070 

i 0)1.9665 
0)2.1517 
0)2.3672 
0)2.6185 
0)2.9124 

1 0)3.2572 
0)3.6627 
0)4.1415 
0)4.7084 
0)5.3820 

!0)  6.1855 
0)7.1472 
0)8.3029 
0)  9.6969 
l)  1.1385 

( 1)1.3438 
( l)l.5945 
( l)l.9019 
( 1)2.2804 
( 1)2.7486 

( 1)3.3300 
( 1)4.0554 
( l)  4.9644 
( 1)6.1085 
( 1)7.5550 

! 1)9.3921 
2)1.1736 
2)1.4740 
2)1.8608 
2)2.3611 

( 2)3.0112 
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PARABOLIC  CYLINDER  FUNCTIONS 


Table  19.1 


x 17(0.4,  *)  17(0.5,  *)  17(0.6,*) 

0.0  ( 0)1.2579  ( 0)1.2533  ( 0)1.2436  ( 

0.1  ( 0)1.1672  ( 0)1.1564  ( 0)1.1413  ( 

0.2  ( 0)1.0811  ( 0)1.0652  ( 0)1.0458  ( 

0.3  (-1)9.9946  (-1)9.7955  (-1)9.5680  ( 

0.4  (-1)9.2205  (-1)8.9898  (-1)8.7372  ( 

0.5  (-1)8.4870  (-1)8.2327  (-1)7.9624  ( 

0.6  (-1)7.7928  (-1)7.5219  (-1)7.2403  ( 

0.7  (-1)7.1368  (-1)6.8555  (-1)6.5683  ( 

0.8  (-1)6.5181  (-1)6.2318  (-1)5.9437  ( 

0.9  (-1)5.9358  (-1)5.6493  (-1)5.3643  ( 

1.0  (-1)5.3894  (-1)5.1064  (-1)4.8280  ( 

1.1  (-1)4.8780  (-1)4.6019  (-1)4.3327  ( 

1.2  (-1)4.4008  (-1)4.1343  (-1)3.8765  ( 

1.3  (-1)3.9571  (-1)3.7022  (-1)3.4575  ( 

1.4  (-1)3.5459  (-1)3.3042  (-1)3.0739  ( 

1.5  (-1)3.1663  (-1)2.9390  (-1)2.7238  ( 

1.6  (-1)2.8171  (-1)2.6050  (-1)2.4053  ( 

1.7  (-1)2.4972  (-1)2.3007  (-1)2.1167  ( 

1.8  (-1)2.2054  (-1)2.0246  (-1)1.8561  ( 

1.9  (-1)1.9402  (-1)1.7749  (-1)1.6216  ( 

2.0  (-1)1.7003  (-1)1.5501  (-1)1.4115  ( 

2.1  (-1)1.4842  (-1)1.3486  (-1)1.2240  ( 

2.2  (-1)1.2904  (-1)1.1687  (-1)1.0574  ( 

2.3  (-1)1.1174  (-1)1.0088  (-2)9.0985  ( 

2.4  (-2)9.6358  (-2)8.6728  (-2)7.7984  ( 


(7(0.7,*)  £7(0.8,*)  £7(0.9,*)-  £7(1.0,*) 

0)1.2292  ( 0)1.2106  ( 0)1.1883  ( 0)1.1627 

0)1.1223  ( 0)1.1000  ( 0)1.0746  ( 0)1.0467 

0)1.0233  (-1)9.9813  (-1)9.7063  (-1)9.4122 

-1)9.3162  (-1)9.0440  (-1)8.7549  (-1)8.4523 

-1)8.4665  (-1)8.1811  (-1)7.8843  (-1)7.5790 

-1)7.6795  (-1)7.3870  (-1)7.0879  (-1)6.7845 

-1)6.9511  (-1)6.6567  (-1)6.3597  (-1)6.0622 

-1)6.2776  (-1)5.9857  (-1)5.6945  (-1)5.4060 

-1)5.6558  (-1)5.3699  (-1)5.0877  (-1)4.8105 

-1)5.0826  (-1)4.8057  (-1)4.5347  (-1)4.2709 

-1)4.5553  (-1)4.2896  (-1)4.0318  (-1)3.7826 

-1)4.0713  (-1)3.8187  (-1)3.5753  (-1)3.3417 

-1)3.6282  (-1)3.3898  (-1)3.1618  (-1)2.9443 

-1)3.2235  (-1)3.0003  (-1)2.7881  (-1)2.5870 

-1)2.8550  (-1)2.6475  (-1)2.4514  (-1)2.2665 

-1)2.5204  (-1)2.3288  (-1)2.1487  (-1)1.9797 

-1)2.2177  (-1)2.0419  (-1)1.8774  (-1)1.7240 

-1)1.9447  (-1)1.7844  (-1)1.6351  (-1)1.4965 

-1)1.6994  (-1)1.5540  (-1)1.4193  (-1)1.2948 

-1)1.4798  (-1)1.3487  (-1)1.2278  (-1)1.1165 

-1)1.2838  (-1)1.1664  (-1)1.0585  (-2)9.5952 

-1)1.1097  (-1)1.0050  (-2)9.0923  (-2)8.2173 

-2)9.5563  (-2)8.6280  (-2)7.7820  (-2)7.0122 

-2)8.1979  (-2)7.3793  (-2)6.6361  (-2)5.9622 

-2)7.0055  (-2)6.2874  (-2)5.6377  (-2)5.0508 


2.5  (-2)8.2754  (-2)7.4258  (-2)6.6573 

2.6  (-2)7.0773  (-2)6.3320  (-2)5.6603 

2.7  (-2)6.0272  (-2)5.3770  (-2)4.7930 

2.8  (-2)5.1111  (-2)4.5470  (-2)4.0418 

2.9  (-2)4.3157  (-2)3.8288  (-2)3.3942 

3.0  (-2)3.6284  (-2)3.2104  (-2)2.8384 

3.1  (-2)3.0372  (-2)2.6803  (-2)2.3636 

3.2  (-2)2.5313  (-2)2.2281  (-2)1.9598 

3.3  (-2)2.1004  (-2)1.8441  (-2)1.6181 

3.4  (-2)1.7351  (-2)1.5196  (-2)1.3301 

3.5  (-2)1.4270  (-2)1.2468  (-2)1.0887 

3.6  (-2)1.1683  (-2)1.0184  (-3)8.8715 

3.7  (-3)9.5224  (-3)8.2810  (-3)7.1975 

3.8  (-3)7.7263  (-3)6.7038  (-3)5.8136 

3.9  (-3)6.2406  (-3)5.4026  (-3)4.6749 

4.0  (-3)5.0176  (-3)4.3344  (-3)3.7425 

4.1  (-3)4.0160  (-3)3.4617  (-3)2.9826 

4.2  (-3)3.1995  (-3)2.7521  (-3)2.3663 

4.3  (-3)2.5373  (-3)2.1781  (-3)1.8689 

4.4  (-3)2.0029  (-3)1.7158  (-3)1.4693 

4.5  (-3)1.5738  (-3)1.3455  (-3)1.1499 

4.6  (-3)1.2308  (-3)1.0503  (-4)8.9583 

4.7  (-4)9.5815  (-4)8.1601  (-4)6.9470 

4.8  (-4)7.4240  (-4)6.3107  (-4)5.3625 

4.9  (-4)5.7255  (-4)4.8579  (-4)4.1203 

5.0  (-4)4.3948  (-4)3.7221  (-4)3.1512 


! -2)  5.9630  (-2)5.3363  (-2)4.7714 

-2)5.0555  (-2)4.5115  (-2)4.0227 

-2)4.2689  (-2)3.7990  (-2)3.3782 

-2)3.5900  (-2)3.1863  (-2)2.8258 

-2)3.0068  (-2)2.6615  (-2)2.3543 

(-2)2.5078  (-2)2.2142  (-2)1.9535 

(-2)2.0830  (-2)1.8344  (-2)1.6144 

(-2)1.7228  (-2)1.5134  (-2)1.3287 

(-2)1.4189  (-2)1.2434  (-2)1.0890 

(-2)1.1636  (-2)1.0172  (-3)8.8881 

(-3)9.5009  (-3)8.2868  (-3)7.2238 

(-3)7.7243  (-3)6.7217  (-3)5.8462 

(-3)6.2525  (-3)5.4288  (-3)4.7111 

(-3)5.0391  (-3)4.3655  (-3)3.7801 

(-3)4.0432  (-3)3.4952  (-3)3.0200 

i -3)  3.2298  (-3)2.7861  (-3)2.4023 

-3)2.5686  (-3)2.2111  (-3)1.9025 

-3)2.0336  (-3)1.7470  (-3)1.5001 

-3)1.6029  (-3)1.3742  (-3)1.1776 

-3)1.2577  (-3)1.0761  (-4)9.2036 

1-4)9.8235  (-4)8.3889  (-4)7.1610 

-4)7.6382  (-4)6.5103  (-4)5.5468 

-4)5.9121  (-4)5.0295  (-4)4.2772 

-4)4.5551  (-4)3.8680  (-4)3.2833 

-4)3.4935  (-4)2.9611  (-4)2.5090 

(-4)2.6671  (-4)2.2566  (-4)1.9086 


(-2)4.2627 

(-2)3.5839 

(-2)3.0017 

(-2)2.5042 

(-2)2.0810 

(-2)1.7224 
(-2)1.4199 
(-2)1.1658 
(-3)9.5318 
(-3)  7.7615 

(-3)  6.2937 
(-3)5.0820 
(-3)  4.0863 
(-3)  3.2716 
(-3)2.6082 

1-3)2.0704 
-3)  1.6363 
-3)1.2876 
-3)1.0088 
-4)7.8686 

1-4)  6.1105 
-4)  4.7242 
-4) 3.6361 
-4) 2.7861 
-4)2.1252 

(-4)  1.6138 


PARABOLIC  CYLINDER  FUNCTIONS 


V(0.4,x)  V(0.5,  x)  V(0.6,x) 


V(0.7,x)  V(0.8,x)  V(0.9,x) 


0.0  (-1)8.3485  (-1 

0.1  (-1)8.3808  (-1 

0.2  (-1)8.4468  (-1 

0.3  (-1)8.5475  (-1 

0.4  (-1)8.6844  (-1 


7.9788 

( — 1 , 

7.3474 

7.9988 

( -1 

7.3851 

8.0590 

( -1 

7.4675 

8.1604 

( — lj 

7.5954 

8.3045 

( -11 

7.7707 

(-1)6.4988  (-1)5.4912 

(-1)6.5836  (-1)5.6492 

(-1)6.7147  (-1)5.8526 

(-1)6.8936  (-1)6.1035 

(-1)7.1224  (-1)6.4046 


i -1)4.3932 
-1)4.6453 
-1)4.9394 
-1)5.2785 
-1)5.6664 


0.5 

(-i) 

8.8595 

0.6 

( -1J 

9.0757 

0.7 

(-1 

9.3364 

0.8 

(“1 

9.6460 

0.9 

( 0) 

1.0010 

(-1)8.4934 

(-1)8.7302 

(-1)9.0186 

(-1)9.3633 

(-1)9.7698 


(-1)  7.9958 
(-1)8.2739 
(-1)8.6092 
(-1)9.0068 
(-1)9.4730 


(-1)7.4039 
(-1)7.7419 
(-1)  8.1412 
(-1)8.6076 
(-1)9.1481 


i-1)  6.7596 
-1)7.1730 
-1)7.6504 
-1)  8.1984 
-1)  8.8253 


(-1)6.1076 

(-1)6.6077 

(-1)7.1733 

(-1)7.8124 

(-1)8.5344 


1.0  ( 0)1.0434  ( 0)1.0245 

1.1  ( 0)1.0926  ( 0)1.0797 

1.2  ( 0)1.1495  ( 0)1.1436 

1.3  ( 0)1.2151  ( 0)1.2174 

1.4  ( 0)1.2908  ( 0)1.3024 


0)1.0015  ( 

0)1.0643  ( 

0)1.1367  ( 

0)1.2200  ( 

0)1.3158  ( 


-1)9.7713 

0)1.0488 

0)1.1309 

0)1.2251 

0)1.3330 


(-1)9.5408 
( 0)1.0357 
( 0)1.1287 
( 0)1.2348 
( 0)1.3561 


(-1)9.3507 
( 0)1.0275 
( 0)1.1323 
( 0)1.2514 
( 0)1.3870 


1.5  ( 0)1.3779  ( 0)1.4003 

1.6  ( 0)1.4784  ( 0)1.5132 

1.7  ( 0)1.5943  ( 0)1.6433 

1.8  ( 0)1.7281  ( 0)1.7936 

1.9  ( 0)1.8829  ( 0)1.9674 


0)1.4260 

0)1.5528 

0)1.6989 

0)1.8675 

0)2.0625 


( 0)1.4569 
( 0)1.5992 
( 0)1.7629 
( 0)1.9518 
( 0)2.1703 


( 0)1.4949 
( 0)1.6542 
( 0)1.8373 
( 0)2.0484 
( 0)2.2926 


( 0)1.5420 
( 0)1.7196 
( 0)1.9238 
( 0)2.1592 
( 0)2.4317 


2.0  ( 0)2.0622  ( 

2.1  ( 0)2.2705  ( 

2.2  ( 0)2.5130  ( 

2.3  ( 0)2.7961  ( 

2.4  ( 0)3.1275  ( 


0)2.1689  ( 0)2.2886 

0)2.4030  ( 0)2.5514 

0)2.6757  ( 0)2.8578 

0)2.9943  ( 0)3.2160 

0)3.3676  ( 0)3.6363 


( 0)2.4236  ( 0 

( 0)2.7182  ( 0 

( 0)3.0620  ( 0 

( 0)3.4644  ( 0 

( 0)3.9371  ( 0 


2.5760  ( 0)2.7481 

2.9058  ( 0)3.1169 

3.2911  ( 0)3.5483 

3.7428  ( 0)4.0548 

4.2741  ( 0)4.6517 


2.5  ( 0)3.5166 

2.6  ( 0)3.9749 

2.7  ( 0)4.5165 

2.8  ( 0)5.1589 

2.9  ( 0)5.9235 


0)3.8065  ( 0)4.1310 

0)4.3241  ( 0)4.7153 

0)4.9368  ( 0)5.4079 

0)5.6644  ( 0)6.2320 

0)6.5320  ( 0)7.2162 


( 0)4.4944  ( 0)4.9015 

( 0)5.1536  ( 0)5.6451 

( 0)5.9365  ( 0)6.5297 

( 0)6.8696  ( 0)7.5862 

( 0)7.9862  ( 0)8.8529 


0)5.3578 
0)6.1963 
0)  7.1959 
0)  8.3921 
0)9.8292 


3.0  ( 0)6.8368 

3.1  ( 0)7.9320 

3.2  ( 0)9.2504 

3.3  ( 1)1.0844 

3.4  ( 1)1.2777 


0)7.5701 

0)  8.8172 

1) 1.0321 
1)1.2142 
1)1.4357 


0)  8.3962 

0)  9.8164 

1) 1.1533 
1)1.3615 
1)1.6151 


! 0)  9.3274 
1)1.0945 
1)1.2903 
1)1.5284 
1)1.8190 


( 1)1.0378 
( 1)1.2220 
( 1)1.4455 
( 1)1.7178 
( 1)2.0509 


( 1)1.1563 
( 1)1.3662 
( 1)1.6214 
( 1)1.9329 
( 1)2.3148 


3.5  ( 1)1.5132  ( 1 

3.6  ( 1)1.8014  ( 1 

3.7  ( 1)2.1555  ( 1 

3.8  ( 1)2.5923  ( 1 

3.9  ( 1)3.1336  ( 1 


1.7060  ( 1)1.9253 

2.0373  ( 1)2.3064 

2.4452  ( 1)2.7765 

2.9495  ( 1)3.3588 

3.5756  ( 1)4.0833 


( 1)2.1752  ( 1)2.4601 

( 1)2.6137  ( 1)2.9646 

( 1)3.1556  ( 1)3.5896 

( 1)3.8282  ( 1)4.3669 

( 1)4.6667  ( 1)5.3377 


1)2.7849 

1)3.3658 

1)4.0868 

1)4.9853 

1)6.1098 


4.0  ( 1)3.8072 

4.1  ( 1)4.6493 

4.2  ( 1)5.7065 

4.3  ( 1)7.0397 

4.4  ( 1)8.7286 


1)4.3563 
1)5.3341 
1)  6.5642 

1) 8.1183 

2) 1.0091 


1)  4.9884 
1)6.1242 
1)7.5559 

1) 9.3682 

2) 1.1673 


( 1)5.7165 
( 1)7.0364 
( 1)8.7031 
( 2)1.0817 
( 2)1.3511 


( 1)6.5556 
( 1)8.0899 
( 2)1.0031 
( 2)1.2498 
( 2)1.5647 


II)  7.5232 
1)9.3073 
2)1.1569 
2)1.4449 
2)1.8131 


4.5  ( 2)1.0878  ( 2 

4.6  ( 2)1.3624  ( 2 

4.7  ( 2)1.7151  ( 2 

4.8  ( 2)2.1701  ( 2 

4.9  ( 2)2.7596  ( 2 


1.2605  ( 2)1.4616 

1.5826  ( 2)1.8392 

1.9968  ( 2)2.3259 

2.5321  ( 2)2.9559 

3.2270  ( 2)3.7752 


( 2)1.6957  ( 2)1.9684 

( 2)2.1387  ( 2)2.4882 

( 2)2.7106  ( 2)3.1606 

( 2)3.4524  ( 2)4.0341 

( 2)4.4187  ( 2)5.1742 


2)2.2861 

2)2.8963 

2)3.6870 

2)4.7161 

2)6.0616 


5.0  ( 2)3.5270  ( 2)4.1331 


2)4.8456  ( 2)5.6833  ( 2)6.6688  ( 2)7.8285 
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Table  19*1 


V(1.0,x) 

(-1)3.2800 
(-1)3.6401 
(-1)  4.0368 
( -1)  4.4742 
(-1)4.9575 

(-1)5.4924 

(-1)6.0858 

(-1)6.7457 

(-1)7.4814 

(-1)8.3040 

(-1)9.2267 
( 0)1.0265 
( 0)1.1437 
( 0)1.2765 
( 0)1.4276 

( 0)1.5999 
( 0)1.7973 
( 0)2.0243 
( 0)2.2862 
( 0)2.5896 

( 0)2.9424 
( 0)3.3542 
( 0)3.8368 
( 0)4.4044 
( 0)5.0747 

( 0)5.8692 
( 0)6.8146 
( 0)7.9440 
( 0)9.2985 
( 1)1.0929 

1 1)1.2900 
1)1.5293 
1)1.8207 
1)2.1773 
1)2.6153 

( 1)3.1555 
( 1)3.8246 
( 1)4.6566 
( 1)5.6956 
( 1)6.9986 

1 1)8.6395 
2)  1.0715 
2)1.3351 
2)1.6714 
2)2.1022 

( 2)2.6566 
( 2)3.3731 
( 2)4.3032 
( 2)5.5160 
( 2)7.1043 

( 2)9.1938 
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PARABOLIC  CYLINDER  FUNCTIONS 


Table  19.1 


x U{  1.5,  a)  17(2.0,®)  17(2.5,®)  17(3.0,®) 

0.0  ( 0)1.0000  (-1)8.1085  (-1)6.2666  (-1)4.6509 

0.1  (-1)8.8187  (-1)7.0232  (-1)5.3409  (-1)3.9060 

0.2  (-1)7.7700  (-1)6.0787  (-1)4.5492  (-1)3.2786 

0.3  (-1)6.8389  (-1)5.2566  (-1)3.8719  (-1)2.7501 

0.4  (-1)6.0120  (-1)4.5410  (-1)3.2925  (-1)2.3050 

0.5  (-1)5.2778  (-1)3.9182  (-1)2.7969  (-1)1.9302 

0.6  (-1)4.6262  (-1)3.3763  (-1)2.3731  (-1)1.6146 

0.7  (-1)4.0482  (-1)2.9051  (-1)2.0109  (-1)1.3490 

0.8  (-1)3.5360  (-1)2.4957  (-1)1.7015  (-1)1.1256 

0.9  (-1)3.0825  (-1)2.1403  (-1)1.4375  (-2)9.3785 

1.0  (-1)2.6816  (-1)1.8321  (-1)1.2124  (-2)7.8022 

1.1  (-1)2.3276  (-1)1.5651  (-1)1.0208  (-2)6.4802 

1.2  (-1)2.0157  (-1)1.3343  (-2)8.5773  (-2)5.3727 

1.3  (-1)1.7412  (-1)1.1350  (-2)7.1928  (-2)4.4461 

1.4  (-1)1.5003  (-2)9.6317  (-2)6.0190  (-2)3.6721 

1.5  (-1)1.2893  (-2)8.1541  (-2)5.0255  (-2)3.0265 

1.6  (-1)1.1049  (-2)6.8857  (-2)4.1862  (-2)2.4890 

1.7  (-2)9.4412  (-2)5.7994  (-2)3.4786  (-2)2.0423 

1.8  (-2)8.0438  (-2)4.8712  (-2)2.8833  (-2)1.6718 

1.9  (-2)6.8324  (-2)4.0801  (-2)2.3837  (-2)1.3652 

2.0  (-2)5.7853  (-2)3.4076  (-2)1.9653  (-2)1.1120 

2.1  (-2)4.8830  (-2)2.8375  (-2)1.6159  (-3)9.0339 

2.2  (-2)4.1080  (-2)2.3556  (-2)1.3248  (-3)7.3193 

2.3  (-2)3.4444  (-2)1.9495  (-2)1.0829  (-3)5.9138 

2.4  (-2)2.8782  (-2)1.6082  (-3)8.8260  (-3)4.7646 

2.5  (-2)2.3966  (-2)1.3223  (-3)7.1710  (-3)3.8275 

2.6  (-2)1.9886  (-2)1.0837  (-3)5.8081  (-3)3.0655 

2.7  (-2)1.6441  (-3)8.8509  (-3)4.6891  (-3)2.4478 

2.8  (-2)1.3544  (-3)7.2040  (-3)3.7734  (-3)1.9484 

2.9  (-2)1.1116  (-3)5.8431  (-3)3.0264  (-3)1.5460 


17(3.5,®)  17(4.0,®)  17(4.5,®)  U(  5.0,®) 

1-1)3.3333  (-1)2.3167  (-1)1.5666  (-1)1.0335 

-1)2.7615  (-1)1.8950  (-1)1.2662  (-2)8.2588 

-1)2.2867  (-1)1.5494  (-1)1.0230  (-2)6.5971 
-1)1.8924  (-1)1.2662  (-2)8.2604  (-2)5.2673 

-1)1.5650  (-1)1.0340  (-2)6.6663  (-2)4.2032 

1-1)1.2931  (-2)8.4374  (-2)5.3758  (-2)3.3518 

-1)1.0674  (-2)6.8788  (-2)4.3316  (-2)2.6707 

-2)8.8019  (-2)5.6025  (-2)3.4869  (-2)2.1262 

-2)7.2491  (-2)4.5579  (-2)2.8040  (-2)1.6910 

-2)5.9624  (-2)3.7035  (-2)2.2523  (-2)1.3434 

1-2)4.8971  (-2)3.0053  (-2)1.8068  (-2)1.0660 

-2)4.0160  (-2)2.4351  (-2)1.4475  (-3)8.4479 

-2)3.2880  (-2)1.9701  (-2)1.1579  (-3)6.6856 

-2)2.6872  (-2)1.5913  (-3)9.2486  (-3)5.2831 

-2)2.1922  (-2)1.2831  (-3)7.3749  (-3)4.1683 

1-2)1.7849  (-2)1.0327  (-3)5.8705  (-3)3.2833 

-2)1.4503  (-3)8.2953  (-3)4.6645  (-3)2.5816 
-2)1.1759  (-3)6.6500  (-3)3.6991  (-3)2.0262 

-3)9.5127  (-3)5.3198  (-3)2.9276  (-3)1.5873 
-3)7.6780  (-3)4.2463  (-3)2.3122  (-3)1.2409 

1-3)6.1823  (-3)3.3818  (-3)1.8222  (-4)9.6810 

-3)4.9656  (-3)2.6869  (-3)1.4328  (-4)7.5364 

-3)3.9782  (-3)2.1296  (-3)1.1240  (-4)5.8538 

-3)3.1787  (-3)1.6837  (-4)8.7960  (-4)4.5364 

-3)2.5331  (-3)1.3277  (-4)6.8665  (-4)3.5071 

(-3)2.0129  (-3)1.0442  (-4)5.3467  (-4)2.7047 

(-3)1.5951  (-4)8.1895  (-4)4.1523  (-4)2.0806 

(-3)1.2603  (-4)6.4052  (-4)3.2161  (-4)1.5964 

(-4)9.9277  (-4)4.9954  (-4)2.4841  (-4)1.2216 

(-4)7.7967  (-4)3.8845  (-4)1.9134  (-5)9.3228 


3.0  (-3)9.0885  (-3)4.7224  (-3)2.4191  (-3)1.2228 

3.1  (-3)7.4028  (-3)3.8030  (-3)1.9270  (-4)9.6394 

3.2  (-3)6.0067  (-3)3.0513  (-3)1.5296  (-4)7.5735 

3.3  (-3)4.8549  (-3)2.4392  (-3)1.2099  (-4)5.9301 

3.4  (-3)3.9086  (-3)1.9426  (-4)9.5361  (-4)4.6274 

3.5  (-3)3.1342  (-3)1.5412  (-4)7.4887  (-4)3.5982 

3.6  (-3)2.5032  (-3)1.2181  (-4)5.8592  (-4)2.7880 

3.7  (-3)1.9912  (-4)9.5895  (-4)4.5672  (-4)2.1526 

3.8  (-3)1.5775  (-4)7.5202  (-4)3.5468  (-4)1.6559 

3.9  (-3)1.2446  (-4)5.8741  (-4)2.7439  (-4)1.2692 

4.0  (-4)9.7788  (-4)4.5702  (-4)2.1146  (-5)9.6913 

4.1  (-4)7.6513  (-4)3.5414  (-4)1.6233  (-5)7.3727 

4.2  (-4)5.9616  (-4)2.7331  (-4)1.2413  (-5)5.5875 

4.3  ( -4)  4.6255  (-4)2.1007  (-5)9.4547  (-5)4.2185 

4.4  (-4)3.5736  (-4)1.6081  (-5)7.1727  (-5)3.1726 

4.5  (-4)2.7491  (-4)1.2259  (-5)5.4198  (-5)2.3767 

4.6  (-4)2.1058  (-5)9.3061  (-5)4.0787  (-5)  1.7736 

4.7  (-4)1.6061  (-5)7.0352  (-5)3.0571  (-5)  1.3183 

4.8  (-4)1.2197  (-5)5.2961  (-5)2.2819  (-6)9.7593 

4.9  (-5)9.2216  (-5)3.9701  (-5)1.6964  (-6)7.1961 

5.0  (-5)6.9418  (-5)2.9634  (-5)1.2558  (-6)5.2847 


1-4)6.1042  (-4)3.0117  (-4)1.4695  (-5)7.0950 

-4)4.7641  (-4)2.3279  (-4)1.1253  (-5)5.3843 

-4)3.7062  (-4)1.7938  (-5)8.5914  (-5)4.0742 

-4)2.8738  (-4)1.3778  (-5)6.5394  (-5)3.0738 

-4)2.2210  (-4)1.0550  (-5)4.9621  (-5)2.3121 

1-4)1.7107  (-5)8.0514  (-5)3.7534  (-5)1.7338 

-4)1.3131  (-5)6.1244  (-5)2.8300  (-5)1.2961 
-4)1.0045  (-5)4.6430  (-5)2.1269  (-6)9.6590 

-5)7.6567  (-5)3.5080  (-5)  1.5932  (-6)7.1749 

-5)5.8157  (-5)2.6413  (-5)1.1894  (-6)5.3123 

1-5)4.4015  (-5)1.9818  (-6)8.8495  (-6)3.9203 
-5)3.3191  (-5)1.4817  (-6)6.5617  (-6)2.8834 

-5)2.4937  (-5)1.1039  (-6)4.8485  (-6)2.1136 

-5)1.8667  (-6)8.1946  (-6)3.5701  (-6)  1.5440 

-5)1.3920  (-6)6.0609  (-6)2.6194  (-6)  1.1240 

1-5)1.0342  (-6)4.4663  (-6)1.9150  (-7)8.1539 

-6)7.6538  (-6)3.2790  (-6)  1.3949  (-7)5.8942 

-6)5.6428  (-6)2.3983  (-6)  1.0124  (-7)4.2455 

-6)4.1440  (-6)1.7475  (-7)7.3205  (-7)3.0469 

-6)3.0315  (-6)1.2685  (-7)5.2737  (-7)2.1788 

(-6)2.2089  (-7)9.1724  (-7)3.7849  (-7)1.5523 
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x V(1.5,a;)  V(2.0,x)  V(2.5,x)  V(Z.0,x) 

0.0  0.0000  (-1)3.4311  (-1)7.9788  (-1)4.9200 

0.1  (-1)0.7999  (-1)3.9591  (-1)8.0788  (-1)5.8561 
0.2  (-1)1.6118  (-1)4.5665  (-1)8.3814  (-1)6.9684 
0.3  (-1)2.4481  (-1)5.2660  (-1)8.8948  (-1)8.2911 

0.4  (-1)3.3218  (-1)6.0721  (-l)9.6332  (-l)9.8651 

0.5  (-1)4.2467  (-1)7.0024  ( 0)1.0617  ( 0)1.1740 

0.6  (-1)5.2381  (-1)8.0774  ( 0)1.1873  ( 0)1.3975 

0.7  (-1)6.3130  (-1)9.3217  ( 0)  1.3438  ( 0)  1.6644 

0.8  (-1)7.4906  ( 0)  1.0764  ( 0)  1.5356  ( 0)  1.9833 

0.9  (-1)8.7928  ( 0)  1.2440  ( 0)  1.7683  ( 0)  2.3652 

1.0  ( 0)1.0245  ( 0)1.4390  ( 0)2.0490  ( 0)2.8230 

1.1  ( 0)  1.1877  ( 0)  1.6665  ( 0)  2.3862  ( 0)  3.3729 

1.2  ( 0)  1.3724  ( 0)  1.9325  ( 0)  2.7905  ( 0)  4.0346 

1.3  ( 0)  1.5826  ( 0)2.2442  ( 0)  3.2748  ( 0)  4.8322 

1.4  ( 0)  1.8234  ( 0)2.6104  ( 0)  3.8551  ( O)  5.7959 

1.5  ( 0)2.1005  ( 0)3.0418  ( 0)4.5511  ( 0)6.9626 

1.6  ( 0)2.4211  ( 0)3.5514  ( 0)  5.3869  ( 0)  8.3782 

1.7  ( 0)2.7936  ( 0)4.1551  ( 0)  6.3925  ( l)  1.0100 

1.8  ( 0)3.2284  ( 0)4.8722  ( 0)  7.6047  ( l)  1.2199 

1.9  ( 0)3.7380  ( 0)5.7267  ( 0)  9.0697  ( l)  1.4765 

2.0  ( 0)4.3378  ( 0)6.7480  ( 1)1.0844  ( 1)1.7910 

2.1  ( 0)5.0463  ( 0)7.9725  ( l)  1.3000  ( l)  2.1774 

2.2  ( 0)5.8865  ( 0)  9.4452  ( l)  1.5626  ( l)  2.6535 

2.3  ( 0)6.8869  ( l)  1.1222  ( l)  1.8834  ( l)  3.2418 

2.4  ( 0)8.0823  ( 1)1.3374  ( l)  2.2765  ( l)  3.9709 

2.5  ( 0)9.5162  ( 1)1.5987  ( 1)2.7597  ( 1)4.8771 

2.6  ( l)  1.1243  ( l)  1.9172  ( l)  3.3555  ( l)  6.0069 

2.7  ( l)  1.3329  ( 1)2.3068  ( l)  4.0926  ( l)  7.4199 

2.8  ( l)  1.5860  ( 1)2.7849  ( l)  5.0074  ( l)  9.1925 

2.9  ( l5 1.8943  ( 1)3.3738  ( l)  6.1466  ( 2)  1.1423 

3.0  ( 1)2.2710  ( 1)4.1018  ( 1)7.5701  ( 2)1.4240 

3.1  ( l)2.7333  ( 1)5.0049  ( l)9.3551  ( 2)1.7809 

3.2  ( 1)3.3028  ( 1)6.1295  ( 2)1.1601  ( 2)2.2345 

3.3  ( 1)4.0070  ( 1)7.5350  ( 2)1.4437  ( 2)2.8131 

3.4  ( l)4.8812  ( 1)9.2982  ( 2)  1.8032  ( 2)3.5537 

3.5  ( 1)5.9708  ( 2)1.1519  ( 2)2,2604  ( 2)4.5048 

3.6  ( l)7.3343  ( 2)1.4325  ( 2)2.8441  ( 2)5.7308 

3.7  ( 1)9.0472  ( 2)1.7887  ( 2)3.5920  ( 2)7.3166 

3.8  ( 2)1.1208  ( 2)2.2424  ( 2)4.5540  ( 2)9.3755 

3.9  ( 2)1.3945  ( 2)2.8227  ( 2)5.7960  ( 3)  1.2058 

4.0  ( 2)1.7425  ( 2)3.5678  ( 2)7.4057  ( 3)1.5567 

4.1  ( 2)2.1870  ( 2)4.5283  ( 2)9.5001  ( 3)2.0173 

4.2  ( 2)2.7569  ( 2)5.7716  ( 3)  1.2236  ( 3)2.6243 

4.3  ( 2)3.4909  ( 2)7.3873  ( 3)  1.5823  ( 3)3.4272 

4.4  ( 2)4.4399  ( 2)9.4956  ( 3)2.0545  ( 3)4.4934 

4.5  ( 2)5.6724  ( 3)1.2258  ( 3)2.6786  ( 3)5.9146 

4.6  ( 2)7.2797  ( 3)1.5893  ( 3)3.5069  ( 3)7.8166 

4.7  ( 2)9.3849  ( 3)2.0695  ( 3)4.6106  ( 4)  1.0372 

4.8  ( 3)1.2154  ( 3)2.7065  ( 3)6.0871  ( 4)  1.3819 

4.9  ( 3)1.5812  ( 3)3.5553  ( 3)8.0706  ( 4)  1.8487 

5.0  ( 3)2.0666  ( 3)4.6909  ( 4)1.0746  ( 4)2.4833 


Table  19.1 


V(3.5,x)  V(4.0,s)  V(4.5,z)  y(5.0,x) 

0.0000  ( 0)0.8578  ( 0)2.3937  ( 0)1.7220 

(-1)2.4076  ( 0)  1.0483  ( 0)  2.4477  ( 0)  2.1545 

(-1)4.8999  ( 0)1.2810  ( 0)  2.6124  ( 0)  2.6952 

(-1)7.5647  ( 0)  1.5652  ( 0)  2.8954  ( 0)  3.3715 

( 0)1.0497  ( 0)l. 9126  ( 0)3.3098  ( 0) 4.2178 

1 0)1.3802  ( 0)2.3376  ( 0)3.8751  ( 0)5.2778 

0)  1.7600  ( 0)2.8579  ( 0)  4.6180  ( 0)  6.6060 

0)2.2033  ( 0)3.4955  ( 0)5.5736  ( 0)8.2721 

0)2.7266  ( 0)4.2777  ( 0)6.7880  ( l)  1.0364 

0)3.3501  ( 0)5.2386  ( 0)8.3200  ( l)  1.2993 

i 0)4.0980  ( 0)6.4206  ( 1)1.0245  ( 1)1.6301 

0)5.0002  ( 0)7.8765  ( l)  1.2659  ( l)  2.0469 

0)6.0933  ( 0)9.6727  ( l)  1.5683  ( l)  2.5728 

0)7.4224  ( l)  1.1892  ( l)l.9473  ( l)3.2373 

0)9.0439  ( l)  1.4640  ( 1)2.4227  ( 1)4.0782 

1 1)1.1028  ( 1)1.8048  ( 1)3.0195  ( 1)5.1442 

l)  1.3461  ( 1)2.2284  ( l)  3.7699  ( l)  6.4978 

l)  1.6454  ( 1)2.7558  ( 1)4.7150  ( 1)8.2198 

1)2.0145  ( 1)3.4139  ( 1)5.9076  ( 2)1.0415 

1)2.4708  ( 1)4.2370  ( 1)7.4155  ( 2)1.3218 

1 1)3.0364  ( 1)5.2689  ( 1)9.3262  ( 2)1.6806 

1)3.7393  ( 1)6.5656  ( 2)1.1753  ( 2)2.1408 

1)4.6150  ( 1)8.1989  ( 2)  1.4841  ( 2)2.1325 

1)5.7092  ( 2)1.0262  ( 2)1.8781  ( 2)3.4948 

1)7.0801  ( 2)1.2873  ( 2)2.3822  ( 2)4.4794 

1 1)8.8025  ( 2)1.6189  ( 2)3.0285  ( 2)5.7544 

2)1.0973  ( 2)2.0411  ( 2)3.8596  ( 2)7.4093 

2)1.3716  ( 2)2.5801  ( 2)4.9310  ( 2)9.5631 

2)1.7193  ( 2)3.2701  ( 2)6.3162  ( 3)1.2374 

2)2.1614  ( 2)4.1562  ( 2)8.1119  ( 3)  1.6051 

1 2)2.7252  ( 2)5.2976  ( 3)1.0447  ( 3)2.0877 

2)3.4467  ( 2)6.7721  ( 3)1.3491  ( 3)2.7227 

2)4.3729  ( 2)8.6829  ( 3)1.7474  ( 3)3.5606 

2)5.5657  ( 3)1.1167  ( 3)2.2698  ( 3)4.6697 

2)7.1071  ( 3)1.4407  ( 3)2.9574  ( 3)6.1422 

( 2)9.1055  ( 3)1.8646  ( 3)3.8650  ( 3)8.1029 

( 3)1.1705  ( 3)2.4212  ( 3)5.0672  ( 4)1.0722 

( 3)1.5100  ( 3)3.1543  ( 3)6.6645  ( 4)1.4232 

( 3)1.9547  ( 3)4.1233  ( 3)8.7939  ( 4)1.8950 

( 3)2.5393  ( 3)5.4084  ( 4)1.1642  ( 4)2.5313 

1 3)3.3108  ( 3)7.1188  ( 4)1.5465  ( 4)3.3924 

3)4.3324  ( 3)9.4032  ( 4)2.0613  ( 4)4.5614 

3)5.6903  ( 4)1.2465  ( 4)2.7570  ( 4)6.1538 

3)7.5019  ( 4)1.6584  ( 4)3.7005  ( 4)8.3306 

3)9.9277  ( 4)2.2145  ( 4)4.9845  ( 5)1.1316 

1 4)1.3188  ( 4)2.9680  ( 4)6.7384  ( 5)1.5426 

4)1.7588  ( 4)3.9929  ( 4)9.1425  ( 5)2.1103 

4)2.3547  ( 4)5.3922  ( 5)1.2450  ( 5)2.8973 

4)3.1649  ( 4)7.3096  ( 5)  1.7018  ( 5)3.9923 

4)4.2708  ( 4)9.9472  ( 5)2.3348  ( 5)5.5212 

( 4)5.7864  ( 5)1.3589  ( 5)3.2156  ( 5)7.6639 
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Table  19.2 


X 

W(-5.0,s) 

W(-  4.0,  S) 

W(  — Z.0,x) 

W{— 2.0,  z) 

W(— 5.0,-aO 

1 

•k 

o 

1 

1 

•k 

© 

CO 

1 

W(  — 2.0,—  x) 

0.0 

0.47348 

0.50102 

0.53933 

0.60027 

0.47348 

0.50102 

0.53933 

0.60027 

0.1 

0.35697 

0.39190 

0.43901 

0.51126 

0.56641 

0.59017 

0.62350 

0.67730 

0.2 

0.22267 

0.26715 

0.32555 

0.41203 

0.63113 

0.65576 

0.68900 

0.74078 

0.3 

+0.07727 

+0.13172 

0.20231 

0.30453 

0.66435 

0.69515 

0.73381 

0.78939 

0.4 

-0.07200 

-0.00899 

+0.07298 

0.19088 

0.66434 

0.70666 

0.75649 

0.82206 

0.5 

-0.21764 

-0.14933 

-0.05857 

+0.07334 

0.63099 

0.68972 

0.75622 

0.83798 

0.6 

-0.35231 

-0.28362 

-0.18832 

-0.04569 

0.56583 

0.64485 

0.73285 

0.83665 

0.7 

-0.46911 

-0.40634 

-0.31226 

-0.16377 

0.47199 

0.57370 

0.68690 

0.81785 

0.8 

-0.56198 

-0.51236 

-0.42646 

-0.27838 

0.35408 

0.47898 

0.61955 

0.78173 

0.9 

-0.62597 

-0.59713 

-0.52722 

-0.38697 

0.21799 

036441 

0.53268 

0.72875 

1.0 

-0.65752 

-0.65688 

-0.61113 

-0.48704 

+0.07061 

0.23458 

0.42880 

0.65975 

1.1 

-0.65470 

-0.68881 

-0.67522 

-0.57617 

-0.08044 

+0.09483 

0.31103 

0.57594 

1.2 

-0.61732 

-0.69121 

-0.71706 

-0.65204 

-0.22724 

-0.04897 

0.18303 

0.47890 

1.3 

-0.54700 

-0.66357 

-0.73488 

-0.71255 

-0.36189 

-0.19063 

+0.04890 

0.37059 

1.4 

-0.44716 

-0.60670 

-0.72761 

-0.75583 

-0.47700 

-0.32388 

-0.08688 

0.25333 

1.5 

-0.32290 

-0.52270 

-0.69502 

-0.78031 

-0.56602 

-0.44262 

-0.21962 

0.12978 

1.6 

-0.18077 

-0.41495 

-0.63774 

-0.78484 

-0.62369 

-0.54122 

-0.34454 

+0.00294 

1.7 

-0.02851 

-0.28803 

-0.55733 

-0.76869 

-0.64634 

-0.61480 

-0.45694 

-0.12397 

1.8 

+0.12535 

-0.14758 

-0.45625 

-0.73166 

-0.63218 

-0.65945 

-0.55237 

-0.24749 

1.9 

0.27194 

-0.00009 

-0.33785 

-0.67412 

-0.58147 

-0.67250 

-0.62680 

-0.36405 

2.0 

0.40253 

+0.14739 

-0.20633 

-0.59707 

-0.49661 

-0.65271 

-0.67684 

-0.47006 

2.1 

0.50907 

0.28751 

-0.06661 

-0.50217 

-0.38212 

-0.60042 

-0.69989 

-0.56198 

2.2 

0.58468 

0.41299 

+0.07581 

-0.39174 

-0.24445 

-0.51764 

-0.69432 

-0.63649 

2.3 

0.62416 

0.51702 

0.21503 

-0.26879 

-0.09171 

-0.40802 

-0.65962 

-0.69061 

2.4 

0.62438 

0.59364 

0.34495 

-0.13696 

+0.06678 

-0.27680 

-0.59652 

-0.72184 

2.5 

0.58460 

0.63810 

0.45960 

-0.00046 

0.22095 

-0.13062 

-0.50704 

-0.72830 

2.6 

0.50668 

0.64722 

0.55333 

+0.13603 

0.36067 

+0.02276 

-0.39454 

-0.70889 

2.7 

0.39507 

0.61968 

0.62119 

0.26749 

0.47637 

0.17482 

-0.26363 

-0.66340 

2.8 

0.25669 

0.55625 

0.65920 

0.38872 

0.55973 

0.31672 

-0.12008 

-0.59265 

2.9 

+0.10057 

0.45985 

0.66463 

0.49459 

0.60434 

0.43980 

+0.02936 

-0.49853 

3.0 

-0.06260 

0.33555 

0.63631 

0.58021 

0.60627 

0.53615 

0.17727 

-0.38404 

3.1 

-0.22123 

0.19042 

0.57472 

0.64123 

0.56451 

0.59915 

0.31588 

-0.25332 

3.2 

-0.36354 

+0.03320 

0.48225 

0.67411 

0.48124 

0.62397 

0.43747 

-0.11153 

3.3 

-0.47850 

-0.12614 

0.36312 

0.67637 

0.36184 

0.60808 

0.53481 

+0.03530 

3.4 

-0.55672 

-0.27701 

0.22333 

0.64681 

0.21471 

0.55155 

0.60167 

0.18042 

3.5 

-0.59128 

-0.40886 

+0.07050 

0.58576 

+0.05079 

0.45725 

0.63325 

0.31672 

3.6 

-0.57849 

-0.51196 

-0.08654 

0.49519 

-0.11714 

0.33088 

0.62663 

0.43701 

3.7 

-0.51836 

-0.57820 

-0.23816 

0.37883 

-0.27544 

0.18074 

0.58111 

0.53447 

3.8 

-0.41490 

-0.60177 

-0.37452 

0.24205 

-0.41066 

+0.01731 

0.49849 

0.60305 

3.9 

-0.27601 

-0.57982 

-0.48622 

+0.09180 

-0.51073 

-0.14737 

0.38313 

0.63793 

4.0 

-0.11306 

-0.51295 

-0.56500 

-0.06370 

-0.56615 

-0.30058 

0.24189 

0.63597 

4.1 

+0.05995 

-0.40534 

-0.60443 

-0.21535 

-0.57098 

-0.42985 

+0.08387 

0.59605 

4.2 

0.22741 

-0.26474 

-0.60059 

-0.35365 

-0.52367 

-0.52406 

-0.08010 

0.51937 

4.3 

0.37359 

-0.10210 

-0.55252 

-0.46937 

-0.42750 

-0.57448 

-0.23812 

0.40960 

4.4 

0.48406 

+0.06923 

-0.46263 

-0.55413 

-0.29056 

-0.57571 

-0.37804 

0.27290 

4.5 

0.54726 

0.23443 

-0.33674 

-0.60118 

-0.12531 

-0.52643 

-0.48847 

+0.11769 

4.6 

0.55583 

0.37847 

-0.18393 

-0.60601 

+0.05237 

-0.42982 

-0.55975 

-0.04573 

4.7 

0.50770 

0.48758 

-0.01604 

-0.56693 

0.22465 

-0.29363 

-0.58492 

-0.20576 

4.8 

0.40664 

0.55059 

+0.15314 

-0.48549 

0.37342 

-0.12977 

-0.56059 

-0.35036 

4.9 

0.26226 

0.56028 

0.30893 

-0.36666 

0.48233 

+0.04660 

-0.48753 

-0.46788 

5.0 

0.08936 

0.51440 

0.43707 

-0.21874 

0.53861 

0.21827 

-0.37095 

-0.54818 

m 

m 

[(-|)6] 

[(-63)5] 

m 

[<-S)6] 

Values  of  W(a,x),  for  integral  values  of  a are  from  National  Physical  Laboratory,  Tables  of  Weber  parabolic  cylinder  func- 
tions. Computed  by  Scientific  Computing  Service  Ltd.  Mathematical  Introduction  by  J.  C.  P.  Miller.  Her  Majesty’s 
Stationery  Office,  London,  England,  1955  (with  permission). 
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W{  3.0,  s) 

1-1)  5.3933 
-1)  4.5427 
-1)  3.8285 
-1)  3.2292 
-1)  2.7262 


W(  4.0,  x) 

1-1)  5.0102 
-1)  4.1061 
-1)  3.3667 
-1)  2.7621 
-1)  2.2677 


W(  5.0,  x) 

1-1)  4.7348 
-1) 3.7888 
-1) 3.0330 
-1)2.4291 
-1)1.9466 


a:  W(  2.0,  x) 

0.0  (-1)  6.0027 

0.1  (-1)  5.2271 

0.2  (-1)  4.5561 

0.3  (-1)  3.9758 

0.4  (-1)  3.4744 

0.5  (-1)  3.0411 

0.6  (-1)  2.6668 
0.7  (-1)  2.3436 

0.8  (-1)  2.0644 

0.9  (-1)  1.8233 

1.0  (-1)  1.6151 

1.1  (-1)  1.4351 

1.2  (-1)  1.2795 

1.3  (-1)  1.1450 

1.4  (-1)  1.0286 

1.5  (-2)  9.2770 

1.6  (-2)  8.4018 

1.7  (-2)  7.6411 

1.8  (-2)  6.9782 

1.9  (-2)  6.3984 

2.0  (-2)  5.8890 

2.1  (-2)  5.4386 

2.2  (-2)  5.0372 

2.3  (-2)  4.6755 

2.4  (-2)  4.3456 

2.5  (-2)  4.0402 

2.6  (-2)  3.7524 

2.7  (-2)  3.4763 

2.8  (-2)  3.2064 

2.9  (-2)  2.9379 

3.0  (-2)  2.6664 

3.1  (-2)  2.3883 

3.2  (-2)  2.1007 

3.3  (-2)  1.8013 

3.4  (-2)  1.4891 

3.5  (-2)  1.1637 

3.6  (-3)  8.2597 

3.7  (-3)  4.7816 

3.8  ( —3)  +1.2365 

3.9  (-3) -2.3273 

4.0  (-3) -5.8480 

4.1  (-3)  -9.2508 

4.2  (-2) -1.2449 

4.3  (-2) -1.5347 

4.4  (-2) -1.7842 

4.5  (-2) -1.9831 

4.6  (-2) -2.1213 

4.7  (-2) -2.1898 

4.8  (-2) -2.1815 

4.9  (-2)  -2.0914 


(-1)  2.3041  (-1) 

(-1)  1.9499  (-1) 

(-1)  1.6525  (-1) 

(-1)  1.4028  (-1) 

(-1)  1.1931  (-2) 

(-1)  1.0168  (-2) 
(-2)  8.6859  (-2) 

(-2)  7.4385  (-2) 

(-2)  6.3880  (-2) 
(-2)  5.5025  (-2) 

(-2)  4.7556  (-2) 

(-2)  4.1248  (-2) 

(-2)  3.5917  (-2) 

(-2)  3.1406  (-2) 

(-2)  2.7584  (-2) 

(-2)  2.4342  (-2) 

(-2)  2.1588  (-2) 

(-2)  1.9245  (-3) 

-2)  1.7247  (-3) 

-2)  1.5540  (-3) 

(-2)  1.4075  (-3) 

(-2)  1.2813  (-3) 

(-2)  1.1719  (-3) 

(-2)  1.0764  (-3) 

(-3)  9.9205  (-3) 

(-3)  9.1665  (-3) 

(-3)  8.4815  (-3) 

(-3)  7.8473  (-3) 

-3)  7.2477  (-3) 

-3)  6.6685  (-3) 

(-3)  6.0967  (-3) 

(-3)  5.5212  (-3) 

(-3)  4.9326  (-3) 

(-3)  4.3233  (-3) 

(-3)  3.6879  (-3) 

(-3)  3.0231  (-3) 

(-3)  2.3283  (-3) 

(-3)  1.6058  (-3) 
(-3)  0.8609  (-4) 

( -3)+0.1023  (-4) 


1.8634  (-1)1.5611 

1.5327  (-1)1.2530 

1.2621  (-1)1.0067 

1.0407  (-2)8.0964 

8.5930  (-2)6.5197 

7.1069  (-2)5.2572 

5.8882  (-2)4.2455 

4.8880  (-2)3.4340 

4.0663  (-2)2.7825 

3.3906  (-2)2.2590 

2.8343  (-2)1.8377 

2.3757  (-2)1.4984 

1.9973  (-2)1.2246 

1.6845  (-2)1.0035 

1.4256  (-3)8.2455 

1.2111  (-3)6.7954 

1.0330  (-3)5.6183 

8.8491  (-3)4.6610 

7.6160  (-3)3.8810 

6.5875  (-3)3.2443 

5.7281  (-3)2.7236 

5.0088  (-3)2.2968 

4.4055  (-3)1.9464 

3.8984  (-3)1.6580 

3.4711  (-3)1.4202 

3.1099  (-3)1.2237 

2.8032  (-3)1.0610 

2.5414  (-4)9.2596 

2.3163  (-4)8.1356 

2.1209  (-4)7.1975 

1.9491  (-4)6.4117 

1.7956  (-4)5.7506 

1.6558  (-4)5.1910 

1.5256  (-4)4.7135 

1.4014  (-4)4.3017 

1.2800  (-4)3.9416 

1.1586  (-4)3.6211 

1.0349  (-4)3.3295 

9.0706  (-4)3.0577 

7.7357  (-4)2.7975 


0.6579 

1.4043 

2.1182 

2.7786 

3.3622 


6.3364 

4.8704 

3.3422 

1.7637 


-4) +0.1548 


3 

-4 

-4 


2.5418 

2.2847 

2.0210 

1.7468 

1.4595 


(-4)1.1577 


5.0  (-2) -1.9179  (-3) -3.8449  (-4) -1.4564 

For  interpolation,  see  19.28. 


W(  2.0, -x) 

1-1)  6.0027 
-1)  6.8986 
-1)  7.9324 
-1)  9.1243 

0)  1.0497 

1 0)  1.2075 

0)  1.3888 

0)  1.5967 

0)  1.8345 

0)  2.1061 

10)  2.4156 

0)  2.7674 

0)  3.1662 

0)  3.6169 

0)  4.1247 

1 0)  4.6948 

0)  5.3324 

0)  6.0424 

0)  6.8296 

0)  7.6980 

1 0)  8.6507 

0)  9.6899 

1)  1.0816 

1)  1.2027 

1)  1.3319 

11)  1.4686 

1)  1.6117 

1)  1.7597 

1)  1.9108 

1)  2.0626 

il)  2.2123 

1)  2.3564 

1)  2.4910 

1)  2.6116 

1)  2.7132 

( 1)  2.7908 
( 1)  2.8386 
( 1)  2.8513 

1)  2.8234 

1)  2.7502 

II)  2.6275 

1)  2.4523 
1)  2.2234 
1)  1.9410 
1)  1.6079 

11)  1.2294 

0)  8.1345 

0) +3.7101 

0) -0.8430 

0) -5.3626 

( 0) -9.6664 


TY(3.0,-x) 

i -1)5.3933 
-1)6.4061 
-1)7.6114 
-1)9.0448 

0)1.0748 

1 0)  1.2770 

0)1.5168 

0)1.8008 

0)2.1368 

0)2.5335 

10) 3.0013 

0)3.5517 

0)4.1980 
0)4.9554 
0)5.8406 

I 0)6.8726 
0)8.0723 
0)9.4626 

1)1.1069 

1)1.2917 

! 1)1.5037 

1)1.7457 

1)2.0209 

1)2.3322 

1)2.6827 

1 1)3.0749 

1)3.5113 

1)3.9937 

1)4.5230 

1)5.0992 

i 1)5.7210 

1)6.3856 
1)7.0882 
1)7.8218 
1)8.5768 

( 1)9.3410 

2)1.0099 

2)1.0833 

2)1.1520 

2)1.2137 

1 2)1.2657 

2)1.3050 

2)1.3286 

2)1.3334 

2)1.3167 

1 2)1.2758 

2)1.2086 

2)1.1138 
1)9.9105 
1)8.4104 


W{  4.0, -x) 

1-1)5.0102 
-1)  6.1154 
-1)7.4658 
-1)9.1150 
0)1.1128 

i 0)1.3583 
0)1.6574 
0)2.0215 
0)2.4643 
0)3.0019 

1 0)3.6538 
0)  4.4431 
0)5.3970 
0)6.5479 
0)7.9336 

i 0)9.5984 
1)1.1594 
1)1.3979 
1)1.6824 
1)2.0206 

! 1)2.4216 
1)2.8952 
1)3.4529 
1)4.1069 
1)4.8711 

( 1)5.7600 
( 1)6.7894 
( 1)7.9756 
( 1)9.3355 
( 2)1.0886 

1 2)1.2643 

2)1.4620 

2)1.6831 

2)1.9284 

2)2.1983 

( 2)2.4925 
( 2)2.8101 
( 2)3.1488 
2)3.5057 
2)3.8760 

1 2)  4.2539 
2)4.6317 

2)4.9999 

2)5.3475 

2)5.6617 

( 2)5.9283 
( 2)6.1317 
( 2)6.2561 
( 2)6.2853 
( 2)6.2040 


( 1)6.6590  ( 2)5.9987 


Table  19.2 


W(  5.0,  -x) 

(-1)4.7348 
(-1)  5.9185 
(-1)7.3991 
(-1)9.2505 
( 0)1.1564 

( 0)1.4454 
( 0)1.8059 
( 0)2.2555 
( 0)2.8155 
( 0)3.5123 

1 0)4.3782 
0)5.4528 
0)6.7844 
0)  8.4318 
1)1.0466 

1 1)1.2975 
1)1.6060 
1)1.9848 
1)2.4487 
1)3.0155 

i 1)3.7062 
1)4.5455 
1)5.5623 
1)6.7904 
1)8.2686 

12)1.0042 

2)1.2161 

2)1.4683 

2)1.7672 

2)2.1198 

i 2)2.5340 

2)3.0179 

2)3.5801 

2)4.2298 

2)4.9757 

( 2)5.8266 
( 2)6.7902 
( 2)7.8732 
( 2)9.0802 
( 3)1.0413 

13)1.1870 

3)1.3446 

3)1.5128 

3)1.6899 

3)1.8733 

1 3)2.0596 

3)2.2445 

3)2.4229 

3)2.5885 

3)2.7344 

( 3)2.8528 
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Table  19.2 


X 

W(  — 1.0,  x) 

W(—Q.9,x) 

W(-0.8,x) 

0.7,  x) 

W(-  0.6,  z) 

W(-  0.5,  x) 

W{  — 0.4,  x) 

0.0 

0.73148 

0.75416 

0.77982 

0.80879 

0.84130 

0.87718 

0.91553 

0.1 

0.65958 

0.68457 

0.71267 

0.74421 

0.77940 

0.81803 

0.85912 

0.2 

0.58108 

0.60881 

0.63980 

0.67441 

0.71281 

0.75477 

0.79925 

0.3 

0.49671 

0.52750 

0.56175 

0.59981 

0.64187 

0.68766 

0.73610 

0.4 

0.40726 

0.44133 

0.47908 

0.52089 

0.56693 

0.61696 

0.66984 

0.5 

0.31359 

0.35102 

0.39240 

0.43811 

0.48837 

0.54293 

0.60064 

0.6 

0.21659 

0.25734 

0.30233 

0.35200 

0.40658 

0.46584 

0.52866 

0.7 

0.11723 

0.16111 

0.20958 

0.26311 

0.32198 

0.38601 

0.45409 

0.8 

+0.01657 

+0.06324 

0.11490 

0.17206 

0.23506 

0.30379 

0.37715 

0.9 

-0.08429 

-0.03529 

+0.01912 

+0.07954 

0.14637 

0.21956 

0.29811 

1.0 

-0.18412 

-0.13342 

-0.07684 

-0.01369 

+0.05650 

0.13380 

0.21727 

1.1 

-0.28164 

-0.23002 

-0.17198 

-0.10679 

-0.03384 

+0.04704 

0.13503 

1.2 

-0.37549 

-0.32384 

-0.26523 

-0.19880 

-0.12386 

-0.04009 

+0.05185 

1.3 

-0.46422 

-0.41357 

-0.35538 

-0.28870 

-0.21269 

-0.12687 

-0.03172 

1.4 

-0.54635 

-0.49783 

-0.44119 

-0.37536 

-0.29933 

-0.21246 

-0.11502 

1.5 

-0.62034 

-0.57517 

-0.52130 

-0.45753 

-0.38270 

-0.29594 

-0.19728 

1.6 

-0.68464 

-0.64409 

-0.59431 

-0.53393 

-0.46162 

-0.37627 

-0.27764 

1.7 

-0.73771 

-0.70310 

-0.65875 

-0.60317 

-0.53480 

-0.45231 

-0.35510 

1.8 

-0.77808 

-0.75070 

-0.71317 

-0.66382 

-0.60091 

-0.52280 

-0.42857 

1.9 

-0.80439 

-0.78547 

-0.75611 

-0.71446 

-0.65854 

-0.58645 

-0.49684 

2.0 

-0.81541 

-0.80610 

-0.78618 

-0.75365 

-0.70628 

-0.64186 

-0.55864 

2.1 

-0.81014 

-0.81144 

-0.80212 

-0.78003 

-0.74273 

-0.68765 

-0.61261 

2.2 

-0.78787 

-0.80054 

-0.80282 

-0.79238 

-0.76654 

-0.72243 

-0.65738 

2.3 

-0.74822 

-0.77279 

-0.78741 

-0.78960 

-0.77649 

-0.74486 

-0.69156 

2.4 

-0.69124 

-0.72790 

-0.75531 

-0.77089 

-0.77153 

-0.75373 

-0.71385 

2.5 

-0.61743 

-0.66601 

-0.70633 

-0.73570 

-0.75086 

-0.74799 

-0.72301 

2.6 

-0.52785 

-0.58777 

-0.64071 

-0.68391 

-0.71398 

-0.72686 

-0.71801 

2.7 

-0.42412 

-0.49436 

-0.55918 

-0.61582 

-0.66079 

-0.68984 

-0.69802 

2.8 

-0.30847 

-0.38753 

-0.46303 

-0.53224 

-0.59164 

-0.63684 

-0.66256 

2.9 

-0.18374 

-0.26968 

-0.35416 

-0.43455 

-0.50739 

-0.56821 

-0.61149 

3.0 

-0.05335 

-0.14378 

-0.23506 

-0.32474 

-0.40948 

-0.48485 

-0.54517 

3.1 

+0.07873 

-0.01339 

-0.10884 

-0.20540 

-0.29995 

-0.38820 

-0.46444 

3.2 

0.20811 

+0.11741 

+0.02083 

-0.07973 

-0.18146 

-0.28034 

-0.37075 

3.3 

0.33006 

0.24412 

0.14977 

+0.04850 

-0.05729 

-0.16395 

-0.26614 

3.4 

0.43974 

0.36198 

0.27340 

0.17504 

+0.06875 

-0.04232 

-0.15327 

3.5 

0.53233 

0.46613 

0.38695 

0.29527 

0.19236 

+0.08071 

-0.03541 

3.6 

0.60334 

0.55184 

0.48557 

0.40440 

0.30891 

0.20083 

+0.08365 

3.7 

0.64885 

0.61476 

0.56460 

0.49761 

0.41360 

0.31342 

0.19963 

3.8 

0.66575 

0.65118 

0.61986 

0.57035 

0.50168 

0.41373 

0.30797 

3.9 

0.65207 

0.65834 

0.64786 

0.61858 

0.56868 

0.49706 

0.40397 

4.0 

0.60721 

0.63466 

0.64616 

0.63904 

0.61072 

0.55906 

0.48303 

4.1 

0.53214 

0.58002 

0.61356 

0.62958 

0.62476 

0.59598 

0.54088 

4.2 

0.42952 

0.49593 

0.55042 

0.58939 

0.60892 

0.60496 

0.57391 

4.3 

0.30382 

0.38565 

0.45874 

0.51923 

0.56270 

0.58437 

0.57944 

4.4 

0.16115 

0.25422 

0.34234 

0.42158 

0.48725 

0.53398 

0.55599 

4.5 

+0.00918 

+0.10831 

0.20677 

0.30072 

0.38544 

0.45522 

0.50355 

4.6 

-0.14329 

-0.04397 

+0.05918 

0.16266 

0.26194 

0.35129 

0.42375 

4.7 

-0.28674 

-0.19348 

-0.09193 

+0.01497 

+0.12315 

0.22716 

0.31998 

4.8 

-0.41153 

-0.33057 

-0.23720 

-0.13360 

-0.02310 

+0.08947 

0.19740 

4.9 

-0.50861 

-0.44572 

-0.36694 

-0.27352 

-0.16782 

-0.05374 

+0.06277 

5.0  -0.57025  -0.53023 

[<-3,4]  [(-3,4-1 


-0.47182  -0.39516 

m m 


-0.30146  -0.19341 

m m 


-0.07580 

[(t)4] 
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X 

W(- 1.0, -x) 

W(— 0.9,—  x) 

Is 

1 

00 

• 

o 

1 

0.0 

0.73148 

0.75416 

0.77982 

0.1 

0.79607 

0.81697 

0.84073 

0.2 

0.85267 

0.87241 

0.89490 

0.3 

0.90067 

0.91990 

0.94182 

0.4 

0.93946 

0.95892 

0.98099 

0.5 

0.96849 

0.98892 

1.01192 

0.6 

0.98722 

1.00940 

1.03413 

0.7 

0.99521 

1.01990 

1.04713 

0.8 

0.99202 

1.01997 

1.05048 

0.9 

0.97734 

1.00923 

1.04374 

1.0 

0.95092 

0.98738 

1.02655 

1.1 

0.91262 

0.95418 

0.99859 

1.2 

0.86244 

0.90952 

0.95962 

1.3 

0.80055 

0.85341 

0.90954 

1.4 

0.72729 

0.78603 

0.84835 

1.5 

0.64322 

0.70774 

0.77623 

1.6 

0.54911 

0.61912 

0.69355 

1.7 

0.44603 

0.52099 

0.60091 

1.8 

0.33528 

0.41443 

0.49914 

1.9 

0.21849 

0.30081 

0.38936 

2.0 

+0.09757 

0.18179 

0.27298 

2.1 

-0.02528 

+0.05934 

0.15171 

2.2 

-0.14758 

-0.06427 

+0.02758 

2.3 

-0.26660 

-0.18651 

-0.09709 

2.4 

-0.37941 

-0.30459 

-0.21967 

2.5 

-0.48297 

-0.41552 

-0.33731 

2.6 

-0.57415 

-0.51623 

-0.44698 

2.7 

-0.64990 

-0.60356 

-0.54551 

2.8 

-0.70733 

-0.67449 

-0.62975 

2.9 

-0.74387 

-0.72615 

-0.69663 

3.0 

-0.75737 

-0.75605 

-0.74331 

3.1 

-0.74633 

-0.76219 

-0.76738 

3.2 

-0.70996 

-0.74323 

-0.76692 

3.3 

-0.64841 

-0.69863 

-0.74077 

3.4 

-0.56281 

-0.62881 

-0.68862 

3.5 

-0.45542 

-0.53525 

-0.61114 

3.6 

-0.32961 

-0.42059 

-0.51016 

3.7 

-0.18992 

-0.28860 

-0.38867 

3.8 

-0.04191 

-0.14423 

-0.25086 

3.9 

+0.10799 

+0.00657 

-0.10208 

4.0 

0.25266 

0.15702 

+0.05134 

4.1 

0.38471 

0.29976 

0.20225 

4.2 

0.49679 

0.42722 

0.34303 

4.3 

0.58208 

0.53205 

0.46597 

4.4 

0.63477 

0.60759 

0.56372 

4.5 

0.65055 

0.64841 

0.62979 

4.6 

0.62708 

0.65075 

0.65910 

4.7 

0.56440 

0.61301 

0.64846 

4.8 

0.46513 

0.53614 

0.59705 

4.9 

0.33464 

0.42379 

0.50672 

5.0 

0.18091 

0.28240 

0.38215 

[■(-3)5-1 

r(-3)51 

5 

5 1 

L 5 1 

W(- 0.7, -x)  W(- 0.6, -x)  PF(-0.5,-x) 


0.80879 

0.84130 

0.87718 

0.86771 

0.89814 

0.93193 

0.92053 

0.94958 

0.98201 

0.96682 

0.99522 

1.02707 

1.00612 

1.03467 

1.06677 

1.03797 

1.06749 

1.10070 

1.06191 

1.09323 

1.12843 

1.07745 

1.11143 

1.14951 

1.08414 

1.12160 

1.16343 

1.08151 

1.12325 

1.16966 

1.06912 

1.11589 

1.16769 

1.04657 

1.09904 

1.15695 

1.01355 

1.07228 

1.13693 

0.96978 

1.03523 

1.10714 

0.91515 

0.98760 

1.06714 

0.84963 

0.92923 

1.01659 

0.77341 

0.86006 

0.95525 

0.68684 

0.78025 

0.88304 

0.59053 

0.69014 

0.80004 

0.48532 

0.59032 

0.70659 

0.37236 

0.48166 

0.60326 

0.25309 

0.36531 

0.49090 

0.12930 

0.24278 

0.37070 

+0.00305 

+0.11588 

0.24419 

-0.12323 

-0.01322 

+0.11327 

-0.24685 

-0.14203 

-0.01983 

-0.36487 

-0.26774 

-0.15248 

-0.47416 

-0.38730 

-0.28178 

-0.57149 

-0.49748 

-0.40451 

-0.65363 

-0.59492 

-0.51729 

-0.71748 

-0.67629 

-0.61660 

-0.76019 

-0.73841 

-0.69897 

-0.77937 

-0.77841 

-0.76108 

-0.77320 

-0.79386 

-0.79994 

-0.74065 

-0.78300 

-0.81309 

-0.68160 

-0.74490 

-0.79874 

-0.59701 

-0.67961 

-0.75603 

-0.48899 

-0.58833 

-0.68515 

-0.36092 

-0.47349 

-0.58750 

-0.21739 

-0.33883 

-0.46582 

-0.06416 

-0.18934 

-0.32421 

+0.09203 

-0.03124 

-0.16811 

0.24366 

+0.12831 

-0.00420 

0.38285 

0.28140 

+0.15987 

0.50171 

0.41981 

0.31572 

0.59285 

0.53543 

0.45473 

0.64997 

0.62083 

0.56851 

0.66833 

0.66982 

0.64950 

0.64531 

0.67800 

0.69154 

0.58085 

0.64328 

0.69050 

0.47771 

0.56635 

0.64481 

["(-3)51 

r(-3)51 

rc-3)6i 

5 I 

5 

L 5 1 

Table  19.2 


TF(-0.4,-x) 

0.91553 

0.96827 

1.01711 

1.06178 

1.10197 

1.13729 

1.16736 

1.19170 

1.20981 

1.22114 

1.22511 

1.22112 

1.20855 

1.18680 

1.15529 

1.11351 

1.06102 

0.99750 

0.92281 

0.83697 

0.74025 

0.63319 

0.51665 

0.39182 

0.26028 

+0.12398 

-0.01472 

-0.15309 

-0.28802 

-0.41615 

-0.53384 

-0.63739 

-0.72310 

-0.78743 

-0.82721 

-0.83985 

-0.82349 

-0.77725 

-0.70141 

-0.59756 

-0.46872 

-0.31938 

-0.15545 

+0.01587 

0.18634 

0.34702 

0.48877 

0.60280 

0.68125 

0.71794 

0.70889 

r(-3)6-I 
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Table  19.2 


x 


W(-0.Z,x)  W(-0.2,x)  W{-  0.1,  x) 


W(  0,x) 


W(Q.l,x)  W(  0.2,  x) 


0.0 

0.95411 

0.98880 

1.01364 

1.02277 

0.1 

0.90030 

0.93725 

0.96381 

0.97388 

0.2 

0.34377 

0.88381 

0.91299 

0.92496 

0.3 

0.78461 

0.82851 

0.86116 

0.87595 

0.4 

0.72293 

0.77137 

0.80828 

0.82673 

1.01364  0.98880 

0.96480  0.93920 

0.91691  0.89145 

0.86984  0.84540 

0.82344  0.80084 


0.5 

0.65878 

0.71237 

0.75426 

0.77719 

0.6 

0.59225 

0.65150 

0.69902 

0.72716 

0.7 

0.52341 

0.58875 

0.64245 

0.67647 

0.8 

0.45236 

0.52410 

0.58445 

0.62496 

0.9 

0.37924 

0.45756 

0.52493 

0.57244 

0.77753  0.75757 

0.73192  0.71533 

0.68637  0.67388 

0.64067  0.63296 

0.59459  0.59228 


1.0 

0.30421 

0.38918 

0.46383 

0.51877 

0.54790 

1.1 

0.22751 

0.31906 

0.40111 

0.46381 

0.50038 

1.2 

0.14946 

0.24734 

0.33677 

0.40744 

0.45186 

1.3 

+0.07042 

0.17425 

0.27090 

0.34961 

0.40217 

1.4 

-0.00912 

0.10007 

0.20361 

0.29032 

0.35118 

0.55160 

0.51063 

0.46915 

0.42691 

0.38374 


1.5 

-0.08857 

+0.02522 

0.13514 

0.22960 

0.29883 

1.6 

-0.16725 

-0.04982 

+0.06577 

0.16760 

0.24510 

1.7 

-0.24435 

-0.12443 

-0.00407 

0.10454 

0.19006 

1.8 

-0.31894 

-0.19788 

-0.07387 

+0.04073 

0.13384 

1.9 

-0.38999 

-0.26933 

-0.14299 

-0.02340 

0.07667 

0.33945 

0.29393 

0.24713 

0.19904 

0.14975 


2.0  -0.45633 

2.1  -0.51674 

2.2  -0.56989 

2.3  -0.61444 

2.4  -0.64903 


-0.33779 

-0.40219 

-0.46135 

-0.51400 

-0.55882 


-0.21066 

-0.27600 

-0.33802 

-0.39560 

-0.44755 


-0.08731 

-0.15034 

-0.21170 

-0.27048 

-0.32569 


+0.01891 

-0.03902 

-0.09655 

-0.15300 

-0.20756 


0.09941 

+0.04828 

-0.00327 

-0.05478 

-0.10567 


2.5 

-0.67233 

-0.59448 

-0.49261 

-0.37619 

-0.25934 

2.6 

-0.68311 

-0.61966 

-0.52947 

-0.42082 

-0.30731 

2.7 

-0.68033 

-0.63315 

-0.55686 

-0.45833 

-0.35040 

2.8 

-0.66313 

-0.63385 

-0.57356 

-0.48749 

-0.38745 

2.9 

-0.63097 

-0.62088 

-0.57846 

-0.50710 

-0.41729 

-0.15523 

-0.20267 

-0.24709 

-0.28749 

-0.32283 


3.0 

-0.58369 

-0.59365 

-0.57063 

-0.51607 

3.1 

-0.52157 

-0.55190 

-0.54943 

-0.51344 

3.2 

-0.44541 

-0.49584 

-0.51451 

-0.49851 

3.3 

-0.35655 

-0.42613 

-0.46594 

-0.47084 

3.4 

-0.25697 

-0.34402 

-0.40427 

-0.43039 

-0.43878  -0.35203 

-0.45085  -0.37401 

-0.45256  -0.38777 

-0.44315  -0.39239 

-0.42215  -0.38713 


3.5 

-0.14924 

-0.25134 

-0.33055 

-0.37754 

-0.38941 

3.6 

-0.03654 

-0.15050 

-0.24643 

-0.31318 

-0.34517 

3.7 

+0.07742 

-0.04453 

-0.15413 

-0.23871 

-0.29013 

3.8 

0.18846 

+0.06302 

-0.05645 

-0.15612 

-0.22549 

3.9 

0.29213 

0.16814 

+0.04330 

-0.06794 

-0.15299 

-0.37148 

-0.34523 

-0.30852 

-0.26190 

-0.20639 


4.0  0.38382 

4.1  0.45904 

4.2  0.51364 

4.3  0.54413 

4.4  0.54793 


0.26651 

0.35370 

0.42535 

0.47744 

0.50658 


0.14132 

0.23354 

0.31572 

0.38368 

0.43357 


+0.02278 

0.11257 

0.19762 

0.27395 

0.33764 


-0.07486 

+0.00615 

0.08689 

0.16386 

0.23342 


-0.14349 

-0.07518 

-0.00389 

+0.06754 

0.13597 


4.5  0.52370 

4.6  0.47151 

4.7  0.39312 

4.8  0.29197 

4.9  0.17327 


0.51029 

0.48726 

0.43762 

0.36308 

0.26703 


0.46212 

0.46690 

0.44663 

0.40138 

0.33274 


0.38503 

0.41300 

0.41921 

0.40237 

0.36248 


0.29194 

0.33601 

0.36270 

0.36981 

0.35608 


0.19809 

0.25059 

0.29037 

0.31476 

0.32171 


5.0  0.04376 


0.15455 


0.24393 

[■("3)31 


0.30095 

r(-3)3i 


0.32145 

f(-3)31 


0.31009 

[■("3)21 


W(  0.3, 

0.95411 

0.90311 

0.85480 

0.80896 

0.76536 

0.72375 

0.68386 

0.64540 

0.60809 

0.57163 

0.53573 

0.50010 

0.46446 

0.42854 

0.39209 

0.35491 

0.31679 

0.27761 

0.23725 

0.19569 

0.15296 

0.10917 

0.06450 

+0.01926 

-0.02617 

-0.07129 

-0.11551 

-0.15811 

-0.19829 

-0.23518 

-0.26783 

-0.29526 

-0.31648 

-0.33055 

-0.33663 

-0.33401 

-0.32218 

-0.30091 

-0.27027 

-0.23072 

-0.18313 

-0.12880 

-0.06948 

-0.00733 

+0.05511 

0.11504 

0.16948 

0.21549 

0.25027 

0.27144 

0.27719 

r(-3)2i 
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Table  19*2 


X 

1 

CO 

• 

o 

1 

£ 

W(-0.2,-x) 

T 

0 
• 

1 

W(0,-x) 

W(  0.1,-*) 

W{  0.2,— x) 

W(0.3,  - x ) 

0.0 

0.95411 

0.98880 

1.01364 

1.02277 

1.01364 

0.98880 

0.95411 

0.1 

1.00506 

1.03835 

1.06245 

1.07165 

1.06348 

1.04037 

1.00797 

0.2 

1.05296 

1.08581 

1.11016 

1.12050 

1.11435 

1.09399 

1.06483 

0.3 

1.09759 

1.13097 

1.15665 

1.16924 

1.16622 

1.14968 

1.12477 

0.4 

1.13868 

1.17362 

1.20172 

1.21771 

1.21899 

1.20741 

1.18782 

0.5 

1.17589 

1.21344 

1.24510 

1.26568 

1.27248 

1.26706 

1.25396 

0.6 

1.20884 

1.25007 

1.28645 

1.31285 

1.32644 

1.32845 

1.32307 

0.7 

1.23706 

1.28307 

1.32534 

1.35884 

1.38053 

1.39129 

1.39494 

0.8 

1.26006 

1.31193 

1.36129 

1.40315 

1.43429 

1.45520 

1.46928 

0.9 

1.27725 

1.33606 

1.39368 

1.44521 

1.48719 

1.51968 

1.54567 

1.0 

1.28802 

1.35480 

1.42185 

1.48433 

1.53855 

1.58412 

1.62356 

1.1 

1.29171 

1.36744 

1.44504 

1151974 

1.58760 

1.64775 

1.70224 

1.2 

1.28761 

1.37321 

1.46241 

1.55054 

1.63341 

1.70967 

1.78087 

1.3 

1.27501 

1.37129 

1.47304 

1.57575 

1.67498 

1.76885 

1.85841 

1.4 

1.25320 

1.36083 

1.47598 

1.59429 

1.71113 

1.82408 

1.93366 

1.5 

1.22150 

1.34098 

1.47020 

1.60502 

1.74059 

1.87401 

2.00522 

1.6 

1.17926 

1.31091 

1.45469 

1.60672 

1.76201 

1.91713 

2.07150 

1.7 

1.12596 

1.26983 

1.42841 

1.59813 

1.77390 

1.95181 

2.13072 

1.8 

1.06115 

1.21705 

1.39039 

1.57800 

1.77474 

1.97628 

2.18093 

1.9 

0.98458 

1.15200 

1.33973 

1.54509 

1.76299 

1.98870 

2.22000 

2.0 

0.89620 

1.07426 

1.27565 

1.49825 

1.73709 

1.98714 

2.24569 

2.1 

0.79618 

0.98365 

1.19757 

1.43644 

1.69557 

1.96968 

2.25565 

2.2 

0.68503 

0.88026 

1.10510 

1.35882 

1.63706 

1.93446 

2.24752 

2.3 

0.56357 

0.76448 

0.99819 

1.26478 

1.56041 

1.87972 

2.21894 

2.4 

0.43300 

0.63710 

0.87711 

1.15405 

1.46471 

1.80390 

2.16770 

2.5 

0.29492 

0.49932 

0.74256 

1.02673 

1.34942 

1.70575 

2.09177 

2.6 

0.15140 

0.35277 

0.59571 

0.88342 

1.21444 

1.58440 

1.98946 

2.7 

+0.00489 

0.19959 

0.43825 

0.72523 

1.06021 

1.43949 

1.85956 

2.8 

-0.14168 

+0.04242 

0.27241 

0.55388 

0.88776 

1.27129 

1.70140 

2.9 

-0.28503 

-0.11563 

+0.10100 

0.37173 

0.69887 

1.08078 

1.51507 

3.0 

-0.42150 

-0.27098 

-0.07258 

+0.18182 

0.49606 

0.86979 

1.30151 

3.1 

-0.54722 

-0.41967 

-0.24442 

-0.01213 

0.28264 

0.64105 

1.06267 

3.2 

-0.65815 

-0.55742 

-0.41011 

-0.20574 

+0.06279 

0.39827 

0.80159 

3.3 

-0.75027 

-0.67978 

-0.56487 

-0.39404 

-0.15855 

+0.14618 

0.52249 

3.4 

-0.81974 

-0.78229 

-0.70368 

-0.57158 

-0.37567 

-0.10952 

+0.23083 

3.5 

-0.86311 

-0.86067 

-0.82147 

-0.73259 

-0.58228 

-0.36221 

-0.06670 

3.6 

-0.87754 

-0.91101 

-0.91331 

-0.87118 

-0.77162 

-0.60449 

-0.36232 

3.7 

-0.86098 

-0.93010 

-0.97470 

-0.98158 

-0.93674 

-0.82836 

-0.64721 

3.8 

-0.81248 

-0.91559 

-1.00185 

-1.05844 

-1.07077 

-1.02554 

-0.91187 

3.9 

-0.73233 

-0.86631 

-0.99193 

-1.09719 

-1.16728 

-1.18779 

-1.14634 

4.0 

-0.62227 

-0.78249 

-0.94343 

-1.09434 

-1.22069 

-1.30732 

-1.34070 

4.1 

-0.48559 

-0.66595 

-0.85640 

-1.04786 

-1.22662 

-1.37730 

-1.48554 

4.2 

-0.32717 

-0.52024 

-0.73270 

-0.95753 

-1.18240 

-1.39231 

-1.57256 

4.3 

-0.15346 

-0.35070 

-0.57611 

-0.82515 

-1.08743 

-1.34891 

-1.59514 

4.4 

+0.02771 

-0.16437 

-0.39249 

-0.65483 

-0.94350 

-1.24610 

-1.54901 

4.5 

0.20739 

+0.03014 

-0.18962 

-0.45301 

-0.75508 

-1.08573 

-1.43285 

4.6 

0.37594 

0.22299 

+0.02291 

-0.22843 

-0.52942 

-0.87285 

-1.24877 

4.7 

0.52351 

0.40359 

0.23414 

+0.00810 

-0.27649 

-0.61582 

-1.00271 

4.8 

0.64069 

0.56113 

0.43218 

0.24408 

-0.00874 

-0.32626 

-0.70462 

4.9 

0.71919 

0.68534 

0.60494 

0.46598 

+0.25940 

-0.01876 

-0.36835 

5.0  0.75259 

[(-a, 6] 


0.76721 


"(-3)5]  [(-3)5] 


0.74090 
(-3)6" 


0.65996 


0.51219 

[(-s,e] 


+0.28970 


-0.01132 

m 
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Table  19.2 
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X 

W(0A,x) 

W(  0.5,  x) 

W(0.6,x) 

W(  0.7,  z) 

W(  0.8,  x) 

W(  0.9,  z) 

W(1.0,x) 

0.0 

0.91553 

0.87718 

0.84130 

0.80879 

0.77982 

0.75416 

0.73148 

0.1 

0.86271 

0.82232 

0.78433 

0.74973 

0.71874 

0.69116 

0.66667 

0.2 

0.81331 

0.77155 

0.73205 

0.69590 

0.66339 

0.63436 

0.60852 

0.3 

0.76709 

0.72456 

0.68408 

0.64687 

0.61328 

0.58321 

0.55639 

0.4 

0.72376 

0.68104 

0.64007 

0.60222 

0.56794 

0.53718 

0.50970 

0.5 

0.68304 

0.64064 

0.59964 

0.56155 

0.52692 

0.49578 

0.46791 

0.6 

0.64462 

0.60305 

0.56244 

0.52446 

0.48979 

0.45853 

0.43051 

0.7 

0.60820 

0.56793 

0.52810 

0.49058 

0.45614 

0.42499 

0.39703 

0.8 

0.57347 

0.53495 

0.49629 

0.45952 

0.42558 

0.39476 

0.36704 

0.9 

0.54011 

0.50380 

0.46666 

0.43095 

0.39774 

0.36745 

0.34013 

1.0 

0.50782 

0.47414 

0.43889 

0.40452 

0.37228 

0.34271 

0.31594 

1.1 

0.47630 

0.44567 

0.41266 

0.37992 

0.34888 

0.32020 

0.29412 

1.2 

0.44523 

0.41808 

0.38765 

0.35682 

0.32720 

0.29960 

0.27435 

1.3 

0.41435 

0.39108 

0.36358 

0.33494 

0.30697 

0.28063 

0.25634 

1.4 

0.38338 

0.36438 

0.34015 

0.31399 

0.28790 

0.26299 

0.23981 

1.5 

0.35206 

0.33771 

0.31709 

0.29370 

0.26973 

0.24643 

0.22451 

1.6 

0.32018 

0.31084 

0.29416 

0.27382 

0.25219 

0.23071 

0.21019 

1.7 

0.28752 

0.28354 

0.27111 

0.25410 

0.23506 

0.21559 

0.19662 

1.8 

0.25395 

0.25561 

0.24773 

0.23433 

0.21812 

0.20085 

0.18361 

1.9 

0.21934 

0.22689 

0.22384 

0.21430 

0.20115 

0.18629 

0.17094 

2.0 

0.18363 

0.19726 

0.19927 

0.19384 

0.18398 

0.17173 

0.15845 

2.1 

0.14682 

0.16665 

0.17390 

0.17280 

0.16644 

0.15700 

0.14595 

2.2 

0.10899 

0.13504 

0.14767 

0.15107 

0.14841 

0.14195 

0.13331 

2.3 

0.07029 

0.10248 

0.12054 

0.12857 

0.12976 

0.12647 

0.12038 

2.4 

+0.03094 

0.06908 

0.09255 

0.10528 

0.11045 

0.11045 

0.10707 

2.5 

-0.00872 

0.03504 

0.06378 

0.08121 

0.09043 

0.09385 

0.09330 

2.6 

-0.04827 

+0.00063 

0.03440 

0.05645 

0.06972 

0.07662 

0.07900 

2.7 

-0.08719 

-0.03378 

+0.00466 

0.03113 

0.04840 

0.05879 

0.06416 

2.8 

-0.12486 

-0.06773 

-0.02513 

+0.00547 

0.02659 

0.04042 

0.04879 

2.9 

-0.16058 

-0.10069 

-0.05457 

-0.02025 

+0.00447 

0.02163 

0.03296 

3.0 

-0.19356 

-0.13202 

-0.08319 

-0.04569 

-0.01769 

+0.00259 

0.01677 

3.1 

-0.22295 

-0.16105 

-0.11043 

-0.07041 

-0.03960 

-0.01649 

+0.00038 

3.2 

-0.24788 

-0.18700 

-0.13568 

-0.09392 

-0.06087 

-0.03531 

-0.01602 

3.3 

-0.26746 

-0.20910 

-0.15826 

-0.11569 

-0.08106 

-0.05355 

-0.03216 

3.4 

-0.28083 

-0.22656 

-0.17749 

-0.13511 

-0.09969 

-0.07080 

-0.04774 

3.5 

-0.28722 

-0.23861 

-0.19265 

-0.15158 

-0.11623 

-0.08664 

-0.06242 

3.6 

-0.28598 

-0.24455 

-0.20307 

-0.16446 

-0.13014 

-0.10061 

-0.07581 

3.7 

-0.27664 

-0.24381 

-0.20814 

-0.17317 

-0.14088 

-0.11222 

-0.08750 

3.8 

-0.25895 

-0.23596 

-0.20735 

-0.17718 

-0.14793 

-0.12101 

-0.09707 

3.9 

-0.23299 

-0.22079 

-0.20033 

-0.17604 

-0.15084 

-0.12652 

-0.10411 

4.0 

-0.19913 

-0.19835 

-0.18692 

-0.16946 

-0.14922 

-0.12836 

-0.10824 

4.1 

-0.15813 

-0.16901 

-0.16717 

-0.15730 

-0.14284 

-0.12624 

-0.10912 

4.2 

-0.11115 

-0.13343 

-0.14143 

-0.13965 

-0.13162 

-0.11996 

-0.10653 

4.3 

-0.05975 

-0.09266 

-0.11032 

-0.11684 

-0.11566 

-0.10948 

-0.10030 

4.4 

-0.00585 

-0.04811 

-0.07481 

-0.08947 

-0.09531 

-0.09494 

-0.09046 

4.5 

+0.04828 

-0.00149 

-0.03614 

-0.05843 

-0.07112 

-0.07669 

-0.07716 

4.6 

0.10016 

+0.04518 

+0.00411 

-0.02485 

-0.04392 

-0.05525 

-0.06075 

4.7 

0.14714 

0.08968 

0.04416 

+0.00985 

-0.01477 

-0.03141 

-0.04174 

4.8 

0.18659 

0.12967 

0.08203 

0.04406 

+0.01506 

-0.00614 

-0.02086 

4.9 

0.21607 

0.16286 

0.11567 

0.07604 

0.04414 

+0.01943 

+0.00100 

5.0 

0.23350 

0.18712 

0.14307 

0.10399 

0.07092 

0.04399 

0.02281 

[(-S)2]  (-<-3,1-1  (-<-4)8]  [(-4,rj  t< -4)7]  [< -4,8]  (-<-4,8] 
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Table  19.2 


X 

W(0A,—x) 

W(  0.5,  -x) 

W(  0.6, -x) 

W(  0.7, -z) 

TF(0.8,-x) 

W(  0.9,  -x) 

W(1.0,-z) 

0.0 

0.91553 

0.87718 

0.84130 

0.80879 

0.77982 

0.75416 

0.73148 

0.1 

0.97201 

0.93642 

0.90331 

0.87352 

0.84714 

0.82396 

0.80361 

0.2 

1.03235 

1.00031 

0.97072 

0.94433 

0.92122 

0.90115 

0.88375 

0.3 

1.09671 

1.06911 

1.04386 

1.02166 

1.00258 

0.98636 

0.97265 

0.4 

1.16520 

1.14300 

1.12302 

1.10591 

1.09173 

1.08022 

1.07106 

0.5 

1.23789 

1.22215 

1.20846 

1.19746 

1.18917 

1.18338 

1.17975 

0.6 

1.31475 

1.30664 

1.30040 

1.29663 

1.29538 

1.29644 

1.29949 

0.7 

1.39567 

1.39648 

1.39896 

1.40371 

1.41079 

1.42000 

1.43106 

0.8 

1.48046 

1.49158 

1.50419 

1.51888 

1.53574 

1.55459 

1.57519 

0.9 

1.56879 

1.59174 

1.61602 

1.64225 

1.67051 

1.70068 

1.73254 

1.0 

1.6602 

1.6966 

1.7343 

1.7738 

1.8153 

1.8586 

1.9037 

1.1 

1.7541 

1.8057 

1.8586 

1.9133 

1.9700 

2.0286 

2.0891 

1.2 

1.8497 

1.9184 

1.9884 

2.0603 

2.1345 

2.2107 

2.2891 

1.3 

1.9460 

2.0337 

2.1230 

2.2144 

2.3083 

2.4048 

2.5037 

1.4 

2.0418 

2.1506 

2.2613 

2.3746 

2.4909 

2.6102 

2.7327 

1.5 

2.1358 

2.2677 

2.4020 

2.5397 

2.6811 

2.8264 

2.9756 

1.6 

2.2263 

2.3833 

2.5437 

2.7083 

2.8777 

3.0520 

3.2316 

1.7 

2.3115 

2.4956 

2.6843 

2.8785 

3.0788 

3.2856 

3.4991 

1.8 

2.3891 

2.6023 

2.8216 

3.0480 

3.2823 

3.5249 

3.7762 

1.9 

2.4570 

2.7009 

2.9529 

3.2141 

3.4854 

3.7674 

4.0605 

2.0 

2.5125 

2.7886 

3.0752 

3.3737 

3.6849 

4.0097 

4.3487 

2.1 

2.5529 

2.8623 

3.1853 

3.5231 

3.8770 

4.2479 

4.6368 

2.2 

2.5754 

2.9188 

3.2793 

3.6583 

4.0573 

4.4775 

4.9201 

2.3 

2.5770 

2.9546 

3.3532 

3.7748 

4.2209 

4.6931 

.5.1930 

2.4 

2.5548 

2.9660 

3.4030 

3.8678 

4.3624 

4.8889 

5.4490 

2.5 

2.5061 

2.9496 

3.4241 

3.9321 

4.4760 

5.0582 

5.6811 

2.6 

2.4283 

2.9018 

3.4124 

3.9626 

4.5555 

5.1940 

5.8811 

2.7 

2.3192 

2.8196 

3.3634 

3.9538 

4.5944 

5.2887 

6.0405 

2.8 

2.1772 

2.7001 

3.2734 

3.9007 

4.5863 

5.3346 

6.1502 

2.9 

2.0013 

2.5413 

3.1389 

3.7984 

4.5251 

5.3240 

6.2008 

3.0 

1.7914 

2.3419 

2.9573 

3.6430 

4.4050 

5.2495 

6.1832 

3.1 

1.5484 

2.1015 

2.7270 

3.4312 

4.2211 

5.1041 

6.0883 

3.2 

1.2746 

1.8213 

2.4478 

3.1612 

3.9697 

4.8822 

5.9081 

3.3 

0.9733 

1.5038 

2.1206 

2.8324 

3.6486 

4.5794 

5.6359 

3.4 

0.6496 

1.1529 

1.7487 

2.4466 

3.2576 

4.1934 

5.2669 

3.5 

+0.3098 

0.7746 

1.3369 

2.0074 

2.7987 

3.7241 

4.7985 

3.6 

-0.0381 

+0.3767 

0.8923 

1.5210 

2.2767 

3.1746 

4.2315 

3.7 

-0.3848 

-0.0314 

+0.4244 

0.9962 

1.6994 

2.5511 

3.5700 

3.8 

-0.7198 

-0.4385 

-0.0553 

+0.4445 

1.0779 

1.8636 

2.8225 

3.9 

-1.0317 

-0.8319 

-0.5332 

-0.1199 

+0.4263 

1.1259 

2.0016 

4.0 

-1.3084 

-1.1977 

-0.9940 

-0.6804 

-0.2378 

+0.3558 

1.1251 

4.1 

-1.5382 

-1.5216 

-1.4209 

-1.2184 

-0.8941 

-0.4249 

+0.2152 

4.2 

-1.7095 

-1.7893 

-1.7966 

-1.7136 

-1.5199 

-1.1915 

-0.7013 

4.3 

-1.8124 

-1.9871 

-2.1039 

-2.1453 

-2.0907 

-1.9160 

-1.5936 

4.4 

-1.8391 

-2.1032 

-2.3268 

-2.4930 

-2.5817 

-2.5692 

-2.4280 

4.5 

-1.7844 

-2.1283 

-2.4513 

-2.7376 

-2.9685 

-3.1213 

-3.1692 

4.6 

-1.6469 

-2.0567 

-2.4668 

-2.8632 

-3.2291 

-3.5437 

-3.7818 

4.7 

-1.4292 

-1.8870 

-2.3670 

-2.8579 

-3.3452 

-3.8110 

-4.2326 

4.8 

-1.1387 

-1.6231 

-2.1513 

-2.7153 

-3.3040 

-3.9027 

-4.4924 

4.9 

-0.7876 

-1.2742 

-1.8252 

-2.4359 

-3.0995 

-3.8054 

-4.5392 

-0.3927 


-0.8557 


-1.4010 

r(-2)ii 


-2.0281 

r(-2)2i 


-2.7346  -3.5149  -4.3599 

[<-*]  j-(-|)3] 


5.0 
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Table  19.3  AUXILIARY  FUNCTIONS 


The  functions  &l9 of  19.10  and  19.23  are  needed  in  Darwin's  expansion  and  also 
the  function  r of  19.7  and  19.20. 


t 

T 

* 

#1 

r 

0.0 

0.  00000 

0. 39270 

-0.  70270 

5.0 

6.  9519 

5.  5506 

4.1079 

0.1 

0.  05008 

0.  34278 

-0.  64181 

5.1 

7.  2093 

5.  7981 

4.  2291 

0.2 

0. 10066 

0.29337 

-0.  57855 

5.2 

7.  4716 

6.  0507 

4. 3511 

0.3 

0. 15222 

0.  24498 

-0.  51304 

5.3 

7. 7388 

6.  3084 

4.  4738 

0.4 

0.  20521 

0. 19817 

-0.  44540 

5.4 

8.  0109 

6.  5712 

4. 5972 

0.5 

0.  26006 

0.15355 

-0.  37574 

5.5 

8. 2880 

6.  8391 

4.  7213 

0.  6 

0.  31713 

0.11182 

-0.  30415 

5.6 

8.  5700 

7.1120 

4.  8461 

0.7 

0.  37678 

0.  07387 

-0. 23071 

5.7 

8. 8569 

7.  3901 

4.  9716 

0.8 

0.  43929 

0.  04088 

-0. 15549 

5.8 

9. 1487 

7.  6732 

5.  0977 

0.9 

0. 50492 

0.  01468 

-0. 07857 

5.9 

9. 4454 

7.  9614 

5.  2246 

* 

* i 

#2 

T 

t 

#2 

T 

1.0 

0.  57390 

0. 00000 

0.00000 

6.0 

9. 7471 

8.  2546 

5. 3521 

1.1 

0.  64640 

0.  01513 

0.  08015 

6.1 

10.  0537 

8.  5530 

5.  4803 

1.2 

0.  72261 

0. 04341 

0.16185 

6.2 

10. 3652 

8.  8564 

5.  6092 

1.3 

0.  80265 

0.  08086 

0.  24502 

6.3 

10.  6817 

9. 1649 

5.  7387 

1.4 

0.  88666 

0.12617 

0.  32964 

6.4 

11. 0031 

9. 4784 

5.  8688 

1.5 

0.  97473 

0.17866 

0.  41566 

6.5 

11.3295 

9. 7970 

5. 9996 

1.6 

1. 06696 

0.  23786 

0. 50304 

6.  6 

11.  6608 

10.1207 

6. 1310 

1.7 

1. 16344 

0.  30347 

0.  59175 

6.7 

11. 9970 

10.  4494 

6.  2631 

1.8 

1. 26422 

0.  37527 

0. 68175 

6.8 

12. 3382 

10.  7832 

6.  3958 

1.9 

1.36937 

0.  45309 

0.  77300 

6.9 

12. 6843 

11.1220 

6.  5290 

2.0 

1. 47894 

0. 53679 

0.  86549 

7.0 

13. 0354 

11. 4659 

6.  6629 

2.1 

1. 59299 

0.  62626 

0.  95917 

7.1 

13.  3914 

11.8148 

6.  7974 

2.2 

1.71155 

0.  72142 

1. 05403 

7.2 

13.  7524 

12.1688 

6.  9325 

2.3 

1. 83466 

0.  82220 

1. 15004 

7.3 

14. 1183 

12. 5278 

7. 0682 

2.4 

1. 96236 

0.  92853 

1.  24716 

7.4 

14. 4892 

12. 8919 

7. 2045 

2.5 

2. 09467 

1. 04036 

1. 34539 

7.5 

14.  8651 

13.2610 

7. 3414 

2.6 

2.23163 

1. 15764 

1. 44470 

7.6 

15. 2459 

13.  6352 

7.  4789 

2.7 

2. 37325 

1.28034 

1.54506 

7.7 

15.  6316 

14.  0144 

7. 6169 

2.8 

2. 51956 

1. 40843 

1. 64646 

7.8 

16.  0223 

14. 3987 

7. 7555 

2.9 

2. 67058 

1. 54187 

1.  74888 

7.9 

16.  4180 

14.  7880 

7. 8947 

3.0 

2. 82632 

1. 68063 

1.  85229 

8.0 

16.  8186 

15.1823 

8. 0344 

3.1 

2. 98681 

1. 82470 

1. 95669 

8.1 

17.2242 

15.5817 

8. 1747 

3.2 

3.15205 

1. 97406 

2. 06206 

8.2 

17. 6348 

15.  9861 

8.  3155 

3.3 

3. 32207 

2. 12867 

2. 16837 

8.3 

18. 0503 

16.  3956 

8.  4569 

3.4 

3.  49688 

2.28853 

2.  27562 

8.4 

18.  4708 

16.  8101 

8. 5989 

3.5 

3.  67648 

2. 45363 

2.  38378 

8.5 

18. 8962 

17.2296 

8.  7413 

3.6 

3.  86089 

2. 62394 

2. 49285 

8.6 

19.  3266 

17. 6542 

8.  8844 

3.7 

4.  05011 

2. 79946 

2. 60281 

8.7 

19.7620 

18. 0838 

9.  0279 

3.8 

4.  24416 

2. 98017 

2.71365 

8.8 

20.2024 

18.  5184 

9.1720 

3.9 

4.  44305 

3. 16606 

2. 82536 

8.9 

20. 6477 

18.  9581 

9.  3166 

4.0 

4.  64678 

3.  35712 

2. 93791 

9.0 

21. 0980 

19. 4028 

9.4617 

4.1 

4.  85537 

3.  55335 

3. 05131 

9.1 

21. 5532 

19. 8525 

9. 6074 

4.2 

5. 06880 

3.  75474 

3.16554 

9.2 

22. 0135 

20.  3073 

9. 7535 

4.3 

5.  28711 

3.  96127 

3.  28058 

9.3 

22. 4787 

20.  7671 

9. 9002 

4.4 

5.  51028 

4. 17295 

3. 39643 

9.4 

22. 9488 

21^2319 

10.  0474 

4.5 

5.73833 

4.  38976 

3.  51308 

9.5 

23.  4240 

21.7017 

10.1951 

4.6 

5.  97126 

4. 61169 

3. 63051 

9.6 

23.  9041 

22. 1766 

10.  3433 

4.7 

6.20908 

4. 83875 

3.  74872 

9.7 

24. 3892 

22. 6565 

10.  4920 

4.8 

6.  45178 

5. 07093 

3.  86770 

9.8 

24. 8792 

23.1414 

10.  6411 

4.9 

6.  69938 

5. 30822 

3.  98743 

9.9 

25. 3742 

23.  6314 

10.  7908 

5.0 

6.  95188 

5. 55062 

4.10792 

10.0 

25. 8742 

24. 1264 

10.  9410 

'ey* 

i i 

m 

m 

m 

m 

Ft11] 

When  interpolating  for  e2  and  t?3  for  £ near  unity,  it  is  better  to  interpolate  for 

r and  then 

USe  -32=|r3/20r«?3=|(-r)3/2. 
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Table  20.1.  Characteristic  Values,  Joining  Factors,  Some  Critical 

Values  (0<2<») 748 

Even  Solutions 

ari  cer(0,  q),  cer  (^>  q^>  ce\  (^>  q)>  (4 qtfge.rii),  {4q)%,r(q) 

Odd  Solutions 

bT)  se'r(0,  q),  ser  (^,  A se'r  q),  (4q)J  (4 q)rJ0,M) 

2=0(5)25,  8D  or  S 

ar-t-22—  (4r4-2)  Vi,  6,4-22—  (4r— 2)  Vi 
2-1=.16(— .04)0,  8D 
r= 0,  1,  2,  5,  10,  15 

Table  20.2.  Coefficients  Am  and  Bm 750 

2=5,  25;  r=0,  1,  2,  5,  10,  15,  9D 


1 Aeronautical  Research  Laboratories,  Wright-Patterson  Air  Force  Base,  Ohio. 
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20.  Mathieu  Functions 


Mathematical  Properties 


20.1.  Mathieu’s  Equation 

Canonical  Form  of  the  Differential  Equation 

20.1.1  ^p+(a— 2q  cos  2v)y=0 

Mathieu’s  Modified  Differential  Equation 

20.1.2  (a— 2q  cosh  2u)j=0  ( v=iu,y=f ) 


Relation  Between  Mathieu’s  Equation  and  the  Wave 
Equation  for  the  Elliptic  Cylinder 

The  wave  equation  in  Cartesian  coordinates  is 


20.1.3 


bx2  by2  bz2 


A solution  W is  obtainable  by  separation  of  vari- 
ables in  elliptical  coordinates.  Thus,  let 

x=p  cosh  u cos  v;  y=p  sinh  u sin  v;  2=2; 


p a positive  constant;  20.1.3  becomes 


20.1.4 

* d2W  ■ 2 /b2W  d2PT\  . pjy__Q 

bz2  ' p2  (cosh  2u— cos  2v)  \ bu2  bv2  / 

Assuming  a solution  of  the  form 

W=<p(z)f(u)g(v) 

and  substituting  the  above  into  20.1.4  one  obtains, 
after  dividing  through  by  Wf 


^ 1 

dv2  g 


(k2—c)  2 
—2~p 


cos  2v 


* 


where  a is  a constant.  The  above  are  equivalent 
to  20.1.1  and  20.1.2.  The  constants  c and  a are 
often  referred  to  as  separation  constants , due  to  the 
role  they  play  in  20.1.5  and  20.1.6. 

For  some  physically  important  solutions,  the 
function  g must  be  periodic,  of  period  t or  2*. 
It  can  be  shown  that  there  exists  a countably 
infinite  set  of  characteristic  values  ar(q)  which  yield 
even  periodic  solutions  of  20.1.1;  there  is  another 
countably  infinite  sequence  of  characteristic  values 
br(q ) which  yield  odd  periodic  solutions  of  20.1.1. 

It  is  known  that  there  exist  periodic  solutions  of 
period  for,  where  k is  any  positive  integer.  In 
what  follows,  however,  the  term  characteristic 
value  will  be  reserved  for  a value  associated  with 
solutions  of  period  t or  2t  only.  These  character- 
istic values  are  of  basic  importance  to  the  general 
theory  of  the  differential  equation  for  arbitrary 
parameters  a and  q. 


An  Algebraic  Form  of  Mathieu’s  Equation 

20.1.7 

(1— <*)  ^|+(a+2g— 4qt2)y=0  (cos  »=<) 

Relation  to  Spheroidal  Wave  Equation 

20.1.8  (1-<2)§-2(6+1)^+(c-42<2)2/=0  * 


;§+°=» 


where 
* G= 


p2  (cosh  2u — cos  2v)  \du2  j dv2 


Since  2,  u , v are  independent  variables,  it  follows 
that 

d2tp 


20.1.5 


dz2 


+c<P=0 


where  c is  a constant. 

Again,  from  the  fact  that  G=c  and  that  % v 
are  independent  variables,  one  seis 

20.1.6 

* d2j  1 , (fo—c)  2 T 0 
a==du2  7"1 2 — p C0S  1 2u 


Thus,  Mathieu’s  equation  is  a special  case  of 
20.1.89  with  = c=a+2q. 

20.2.  Determination  of  Characteristic  Values 

A solution  of  20.1.1  with  v replaced  by  2,  having 
period  t or  2w  is  of  the  form 

CO 

20.2.1  2/=S  cos  m,z+Bm  sin  mz) 

771=0 

where  B0  can  be  taken  as  zero.  If  the  above  is 
substituted  into  20.1.1  one  obtains 


20.2.2 

CO 

Z)  [(a—rn2)Am—q(Am_2+Am+2)]  cos  mz 

771-— 2 

+ S [(a— rn2)Bm—  q(Bm_2+ Bm+i)\  sin  mz=0 

771=— 1 

A_m,  B.m= 0 m> 0 
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Equation  20.2.2  can  be  reduced  to  one  of  four 
simpler  types,  given  in  20.2.3  and  20.2.4  below 

00 

20.2.3  2/0=S  A2 m+p  cos  (2 m+p)z,  p=0  or  1 

771=0 

oo 

20.2.4  S2m+P  sin  (2m+p)z,  p= 0 or  1 

777=0 

If  p=0,  the  solution  is  of  period  w;  if  p=  1,  the 
solution  is  of  period  27r. 

Recurrence  Relations  Among  the  Coefficients 
Even  solutions  of  period  t: 

20.2.5  aA0—qA2=0 

20.2.6  (a-4)A2-q(2A0+A,)  =0 


20.2.7  (a—m2)Am—q  (Am_2 + Am+2 ) =0  (m  > 3) 

Even  solutions  of  period  2tt : 

20.2.8  (a — 1 ) At  — q (Ax + A2) = 0 , 

along  with  20.2.7  for  m>  3. 

Odd  solutions  of  period  t: 

20.2.9  (a—4)B2—qB^=0 

20.2.10  (a-m2)Bm-q(Bm_2+Bm+2)=0  (m> 3) 

Odd  solutions  of  period  2t: 

20.2 . 11  (a - 1 ) Bx  + q (Bt - Bz)  = 0 , 
along  with  20.2.10  for  m> 3. 

Let 

20.2.12  Gem=Am/Am-2,  Gom=BmIBm^2 ; 

Gm—Gem  or  Gom  when  the  same  operations  apply 
to  both,  and  no  ambiguity  is  likely  to  arise. 
Further  let 

20.2.13  Vm=  (i a—m2)/q . 

Equations  20.2.5-20.2.7  are  equivalent  to 

20.2.14  Ge2=  F0;  Get=  V2-^~ 

(j€2 

20.2.15  Gm=l/(Vm—Gm+2)  (m>  3), 

for  even  solutions  of  period  7r. 

Similarly 

20.2.16  Fi  — 1 = Ge3;  for  even  solutions  of  period 
2ir,  along  with  20.2.15 

20.2.17  Vx~\-\  — GoZy  for  odd  solutions  of  period 
2 7r,  along  with  20.2.15 

*See  page  n. 


20.2.18  V2=Go4f  for  odd  solutions  of  period  w, 
along  with  20.2.15 

These  three-term  recurrence  relations  among  the 
coefficients  indicate  that  every  Gm  can  be  developed 
into  two  types  of  continued  fractions.  Thus 
20.2.15  is  equivalent  to 


2Q.2.19 


Gm— 


1 


1 


1 


1 


Vm-G 


m+2 


Vm—  Vm+2-  V 


. . (to >3) 


m+2 


m+4 


20.2.20 


Gm+ 2 — V m 1/  Gm 

1 


=TV- 


<Po 


V m-2 — V m-4  * * ’ ^o+d+^i 


where 


(m>  3) 


<Px=d= 0;  (po=2,  if  Gm+2~A2sIA2s-2 
(px=d=  <pq=0,  if  G m+2 — B2J B2s_2 

<Pi=  1 ] <Po=d=  1,  if  Gm+2 = A2s+x/A2s-x 
<Pi—d=<t>o—l,  if  Gm+2 = B2s+1/B2s-x 

The  four  choices  of  the  parameters  <Po,  d 
correspond  to  the  four  types  of  solutions  20.2.3- 
20.2.4.  Hereafter,  it  will  be  convenient  to  sep- 
arate the  characteristic  values  a into  two  major 
subsets: 


a=aTJ  associated  with  even  periodic  solutions 

a=bT,  associated  with  odd  periodic  solutions 

If  20.2.19  is  suitably  combined  with  20.2.13-20.2.18 
there  result  four  types  of  continued  fractions,  the 
roots  of  which  yield  the  required  characteristic 
values 

2 11 

20.2.21  Vo— tt — xr — f j — . . . =0  Roots:  <h, 

V2 — V 4 — V® — 

20.2.22 

V i — 1 ~~~ Vy Tt XT . . . ==0  Roots.  fl-2r+l 

V 3 — V 5 — V 7 

20.2.23  Vt-jJ—  fJ—  jX-  ...  =0  Roots:  b2, 

V 4 — V 6 — V g — 

20.2.24 

Fi+1— tj—  tx- — ...  =0  Roots:  b2r+i 

v 3 — v 5 — y 7 — 

If  a is  a root  of  20.2.21-20.2.24,  then  the  corre- 
sponding solution  exists  and  is  an  entire  function 
of  z,  for  general  complex  values  of  q. 

If  q is  real,  then  the  Sturmian  theory  of  second 
order  linear  differential  equations  yields  the 
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following: 

(a)  For  a fixed  real  q,  characteristic  values  aT  and 

bT  are  real  and  distinct,  if  q^O;  Oo<[6i<C<h 
<&2<>2<  • . 2>°  and  Uriq),  br(q)  ap- 

proach r2  as  g approaches  zero. 

(b)  A solution  of  20.1.1  associated  with  ar  or  br 
has  r zeros  in  the  interval  0<2<7r,  (q  real). 

(c)  The  form  of  20.2.21  and  20.2.23  shows  that  if 
a2r  is  a root  of  20.2.21  and  q is  different  from 
zero,  then  a2r  cannot  be  a root  of  20.2.23; 
similarly,  no  root  of  20.2.22  can  be  a root  of 
20.2.24  if  q?£ 0.  It  may  be  shown  from  other 
considerations  that  for  a given  point  (a,  q) 
there  can  be  at  most  one  periodic  solution  of 
period  ir  or  2i r if  q?* 0.  This  no  longer  holds 
for  solutions  of  period  sir , $>3;  for  these  all 
solutions  are  periodic,  if  one  is. 


Power  Series  for  Characteristic  Values 


20.2.25 


an(o) g2  . 7g*  29g6  68687 g8 

ova'  2 t128  2304*r18874368**'  ' ' ’ 


«i(-g)=l-g-| 

Mg)  * 


g3_  g4  llg8  49g® 
64  1536  36864 ***589824 

55g7  83  g8 

9437184  35389440"* 


i , v.  g2  5g4  289g8 

2W  12+13824  79626240 


21391  g8 

**458647142400"* 


a (a)-i  I 5g2  763g4  | 1002401  g° 

2W'  t-r12  13824 "*■  79626240 


Of 

br 


166906840^ 

458647142400^* 


®»( — g) — 9+ 

Mg) 


g2  g3  , 13g4  , 5g* 
16  64*t*20480*t*16384 


1961  g6  609g7 
23592960"*"  104857600 


b (gl— 16  | g2  31?g4  | 10049g6  | 

4W'  ^30  864000 *t*2721600000*t 


, i <s|  g2  | 433g4  5701g6 

A9)  lo+30+864000  2721600000 


a8(-g)=25 

Mg) 


■ g2  ■ Hg4  g6 
r48*1*774144  147456 


37  ge 


891813888 


h Qfl  i g2  i 18?g  5861 633 g8 

eW  00 ‘70 ‘ 43904000  92935987200000** 

187g4  6743617g® 

#(‘g*  ***70 ***43904000 "**92935987200000 ** 


For  r>7 , and  |g|  not  too  large,  a , is  approxi- 
mately equal  to  b„  and  the  following  approxima- 
tion may  be  used 


20.2.26 


g2 

2(r2— 1) 


(5r*+7)g4 
32(r2-l)3(r2— 4) 


(9r4+58r8+29)g8 
**64(r2—  l)5(r2— 4)  (r2— 9)  ** 
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The  above  expansion  is  not  limited  to  integral 
values  of  r , and  it  is  a very  good  approximation 
for  r of  the  form  n+%  where  n is  an  integer.  In 
case  of  integral  values  of  r=n,  the  series  holds 
only  up  to  terms  not  involving  r2— n2  in  the 
denominator.  Subsequent  terms  must  be  derived 
specially  (as  shown  by  Mathieu).  Mulholland 
and  Goldstein  [20.38]  have  computed  character- 
istic values  for  purely  imaginary  q and  found  that 
a0  and  a2  have  a common  real  value  for  *|g|  in  the 
neighborhood  of  1.468;  Bouwkamp  [20.5]  has 
computed  this  number  as  qo=±i  1.46876852  to  8 
decimals.  For  values  of  —iq^—iqoy  and  a2 
are  conjugate  complex  numbers.  From  equation 
20.2.25  it  follows  that  the  radius  of  convergence 
for  the  series  defining  a0  is  no  greater  than  \qQ\. 
It  is  shown  in  [20.36],  section  2.25  that  the  radius 
of  convergence  for  a2n(g),  n>2  is  greater  than  3. 
Furthermore 

a,r—br=0(qT !rT~l) , r-» co. 


Power  Series  in  q for  the  Periodic  Functions  (for 

sufficiently  small-  |q|) 

20.2.27 


cea(z,q)=2  * fl— | cos  2s+g2  ( 


cos  4 s 


32  16 

COS  6 3 11  COS  2 3 


1152 


128 


* • • 


cei(Zj  g)= cos  g— - cos  3 z 

o 


+«’[: 


cos  5 s cos  3 s cos  z 


192 


64 


128 


] 


. r cos  7 s cos  5s  cos  3s  cos  s 
^ L 9216  1152  3072  + 512 


] 


+ * * • 


s«i(s,  ?)= 


q • o 

sm  z— § sm  3 z 

o 


, „ fsin  5s  . sin  3 
L 192  64 

, Tsin  7s  . sin  5s 
“ L9216  + 1152  ' 


sin  3” 
128  _ 


sin  3s 
3072 


„ / \ . n sin  4s  . , /sin  6s  sin  2s\  , 

«)=8,,l2z-«— +«!(l8T-w)+  • • • 


20.2.28 


ceT(z,  q) 
ser(z,  q) 


•cos  (rs— p( 


V/2))— 2 "I 


cos 


r"(r+2)s— p 

4(r+l) 


+2 


{ 


cos  [ (r—2)z—p(ir/2)  ] 1 
4(r-l)  j 


cos  [(r+4)s— p(r/2)]  cos  [ (r—4)z—p(ir/2) ] 


32(r+l)  (r+2) 


32(r— l)(r— 2) 


cos  [vz  p(ir/2)  ] [~2(r2+l)~|  \ 
32  [_(»*— 


with  p= 0 for  ce,(z,  q),  p—  1 for  seT(z,  q),  r> 3. 


cer 


/ \ -o  /cos4s  1\  . ,/cos6s 

c*2(s,  g)=cos  2s-2 4J+22 


19  cos  2s 


288 


tom 


Figure  20.4.  Even  Periodic  Mathieu  Functions , Orders  0-5 

q— 10. 


Figure  20.5.  Odd  Periodic  Mathieu  Functions , Orders  1-5 

q=  10. 

For  coefficients  associated  with  above  functions 

20.2.29 

i!8(0)=2-*;  ii;(0)=R;(0)  = l,  r>0 
^L«,=f(_l)Y/s!s!225-1]  A°0+  . . s>0 

4r+2.==[(_1)>r!  o»/4»(r+s)!  Sj]  Q r+  . . . 

■E>r+  2« 

r$>0,  CTr—ATT  or  B\ 
Ar  or  7?r  (/*— s— 1)!  q*  . 

4±r-25  JJ  r-2*  jjj  £8  °rT  • • • 

Asymptotic  Expansion  for  Characteristic  Values,  gS>l 
Let  u>=2r+l,  q=wi<p,  <p  real.  Then 


20.2.30 

aT~bT+ 1~  — 


2q+2wjq- 

d1 


v?+l 


8 

di 


2 

da  di 


2‘V  2‘V3/2  22V  22V5/2 


. - , 34,  9 

®1 h-J 3 

vr  w 

A —33 , 410 , 405 
2 w ' w3  - 


where 
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, 63  , 1260  2943  486 

3 w2'  w*  ‘ ws 


proportional  to  Fv(—z);  the  second,  independent 
solution  of  20.3.1  then  has  the  form 


, 527  15617  69001  41607 
4 V?  wb  w1  ' w9 

20.2.31  6r+1-or~24r+5V2A;2ir+Je-4V’/r!)  g-><*> 

(given  in  [20.36]  without  proof.) 

20.3.  Floquet’s  Theorem  and  Its  Consequences 
Since  the  coefficients  of  Mathieu’s  equation 

20.3.1  y"+  (a— 2 q cos  2z)y=0 

are  periodic  functions  of  z,  it  follows  from  the 
known  theory  relating  to  such  equations  that 
there  exists  a solution  of  the  form 


CD 

20.3.6  y2=zcer(z,  g)+S  sin  (2 k+p)z, 

k=0 

associated  with  cer(z,  q ) 

00 

20.3.7  y2—zser(z,  s)+2/2*+P  cos  (2 k+p)z, 

k=0 

associated  with  ser(z , q) 

The  coefficients  chk+p  and  /2*+p  depend  on  the  cor- 
responding coefficients  Am  and  Bmy  respectively, 
of  20.2,  as  well  as  on  a and  q.  See  [20.30],  section 
(7.50)-(7.51)  and  [20.58],  section  V,  for  details. 

If  v is  not  an  integer,  then  the  Floquet  solutions 
Fv(z)  and  Fv(—z)  are  linearly  independent.  It 
is  clear  that  20.3.2  can  be  written  in  the  form 


20.3.2  Fy(z)=eivZP(z ), 

where  v depends  on  a and  g,  and  P(z)  is  a periodic 
function,  of  the  same  period  as  that  of  the 
coefficients  in  20.3.1,  namely  w.  (Floquet’s 
theorem;  see  [20.16]  or  [20.22]  for  its  more  general 
form.)  The  constant  v is  called  the  characteristic 
exponent  Similarly 

20.3.3  Fv(-z)=e-i'’*P(-z) 

satisfies  20.3.1  whenever  20.3.2  does.  Both  Fv(z) 
and  Fv{—z)  have  the  property 

20.3.4 

2/(2+&tt)  = Cky(z),  y=Fv(z)  or  F„(—z), 

C=eivT  for  Fv(z),  C=e~ivr  for  Fv(—z) 

Solutions  having  the  property  20.3.4  will  hereafter 
be  termed  Floquet  solutions.  Whenever  Fv(z) 
and  Fy(—z)  are  linearly  independent,  the  general 
solution  of  20.3.1  can  be  put  into  the  form 

20.3.5  y—AFv(z)  +BFV( — z) 

If  AB^O,  the  above  solution  will  not  be  a Floquet 
solution . It  will  be  seen  later,  from  the  method 
for  determining  v when  a and  q are  given,  that 
there  is  some  ambiguity  in  the  definition  of  v; 
namely,  v can  be  replaced  by  v-\-2 k,  where  k is  an 
arbitrary  integer.  This  is  as  it  should  be,  since 
the  addition  of  the  factor  exp  (2 ikz)  in  20.3.2  still 
leaves  a periodic  function  of  period  i r for  the 
coefficient  of  exp  ivz. 

It  turns  out  that  when  a belongs  to  the  set  of 
characteristic  values  ar  and  bT  of  20.2,  then  v is 
zero  or  an  integer.  It  is  convenient  to  associate 
v=r  with  ar(q),  and  v=—r  with  bT(q);  see  [20.36]. 
In  the  special  case  when  v is  an  integer,  Fv(z)  is 


20.3.8  Fv(z)=  S eac,<p+2i>f. 

k=  — co 

From  20.3.8  it  follows  that  if  v is  a proper  fraction 
mi/m2,  then  every  solution  of  20.3.1  is  periodic, 
and  of  period  at  most  2w m2.  This  agrees  with 
results  already  noted  in  20.2;  i.e.,  both  independent 
solutions  are  periodic,  if  one  is,  provided  the  period 
is  different  from  7 r and  2tt. 

Method  of  Generating  the  Characteristic  Exponent 

Define  two  linearly  independent  solutions  of 
20.3.1,  for  fixed  a,  q by 

y1(0)  = l;y{(0)=0. 

20,3’9  2/2(0) =0;^(0)  = l. 

Then  it  can  be  shown  that 


20.3.10  COS  7 TV  — 2/l(7r)=0 

20.3.11  cos  tp-  1 -2 y[  (|)  y2  (|)=0 


Thus  v may  be  obtained  from  a knowledge  of 


yi  (7 r)  or  from  a knowledge  of  both  y[  QQ 


For  numerical  purposes  20.3.11  may  be  more 
desirable  because  of  the  shorter  range  of  integra- 
tion, and  hence  the  lesser  accumulation  of  round- 
off errors.  Either  v , —v,  or  ±v+2k  (k  an  arbi- 
trary integer)  can  be  taken  as  the  solution  of 
20.3.11.  Once  v has  been  fixed,  the  coefficients 
of  20.3.8  can  be  determined,  except  for  an  arbitrary 
multiplier  which  is  independent  of  z. 

The  characteristic  exponent  can  also  be  com- 
puted from  a continued  fraction,  in  a manner 
analogous  to  developments  in  20.2,  if  a sufficiently 
close  first  approximation  to  v is  available.  For 
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systematic  tabulation,  this  method  is  considerably 
faster  than  the  method  of  numerical  integration. 
Thus,  when  20.3.8  is  substituted  into  20.3.1, 
there  result  the  following  recurrence  relations: 

20.3.12  2”f"^2n+2 
where 

20.3.13  F2n=[a—  (2n+v)2]/q,  — co<n<co. 

When  v is  complex,  the  coefficients  V2n.  may  also 
be  complex.  As  in  20.2,  it  is  possible  to  generate 
the  ratios 

Gm=zCmfcm—2  and  H — m ==- C—m— 2fc _ m 
from  the  continued  fractions 

20.3.14 

y_  ’ m— 0 

r m " to+2  ... 

T7  J 771^0. 

^ — m— 2 ^ —to— 4 • • • 

From  the  form  of  20.3.13  and  the  known  properties 
of  continued  fractions  it  is  assured  that  for 
sufficiently  large  values  of  \m\  both  \Gm\  and 
|£Z_m|  converge.  Once  values  of  Gm  and  £Lm  are 
available  for  some  sufficiently  large  value  of  m, 
then  the  finite  number  of  ratios  6rm_ 2,  Gm- 4,  . . .,  G0 
can  be  computed  in  turn,  if  they  exist.  Similarly 
for  H-m+2,  . . H0.  It  is  easy  to  show  that  v is 

the  correct  characteristic  exponent,  appropriate 
for  the  point  (a,  q ),  if  and  only  if  H0G0=1.  An 
iteration  technique  can  be  used  to  improve  the 
value  of  v , by  the  method  suggested  in  [20.3]. 
One  coefficient  c}  can  be  assigned  arbitrarily;  the 
rest  are  then  completely  determined.  After  all 
the  Cj  become  available,  a multiplier  (depending 
on  q but  not  on  z)  can  be  found  to  satisfy  a 
prescribed  normalization. 

It  is  well  known  that  continued  fractions  can 
be  converted  to  determinantal  form.  Equation 

20.3.14  can  in  fact  be  written  as  a determinant 
with  an  infinite  number  of  rows — a special  case  of 
HilFs  determinant.  See  [20.19],  [20.36],  [20.15], 
or  [20.30]  for  details.  Although  the  determinant 
has  actually  been  used  in  computations  where 
high-speed  computers  were  available,  the  direct 
use  of  the  continued  fraction  seems  much  less 
laborious. 

Special  Cases  (a,  q Real) 

Corresponding  to  g=0,  yx= cos  -yfaz,  y2= sin  -Jaz; 
the  Floquet  solutions  are  exp  (iaz)  and  exp  (—iaz). 
As  a , q vary  continuously  in  the  q— a plane, 
v describes  curves;  v is  real  when  (q,  a),  q> 0 
lies  in  the  region  between  ar(q)  and  6r+i(<z)  and 


a 


Figure  20.6.  Characteristic  Exponent-First  Two  Stable 
Regions  y—eirxP(x)  where  P(x)  is  a periodic  function  of 
period  t. 

Definition  of  v; 

In  first  stable  region , 0 < v < 1, 

In  second  stable  region , 1 <v<2. 

(Constructed  from  tabular  values  supplied  by  T.  Tamir,  Brooklyn 

Polytechnic  Institute) 


o 


Figure  20.7.  Characteristic  Exponent  in  First  Unstable 
Region.  Differential  equation:  yn  -\-{a—2q  cos  2x)y—Q. 
The  Floquet  solution  y=eiwxP(x),  where  P(x)  is  a periodic 
function  of  period  w.  In  the  first  unstable  region , v=iy; 
n is  given  for  a > — 5.  (Constructed  at  NBS.) 
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Figure  20.8 


Figube  20.9 
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Figure  20.10.  Chart  of  the  Characteristic  Exponent. 

(From  S.  J.  Zaroodny,  An  elementary  review  of  the  Mathieu-Hill  equation 
of  real  variable  based  on  numerical  solutions,  Ballistic  Research  Laboratory 
Memo.  Kept.  878,  Aberdeen  Proving  Ground,  Md.,  1955,  with  permission) 

s=ei9V— constant;  in  unstable  regions 

v— constant;  in  stable  regions 

- . - . - Lines  of  constant  values  of  —q. 


Expansions  for  Small  q ([20.36]  chapter  2) 
If  v,  q are  fixed : 

20.3.15 


a=ir- J- 


+ 


(5v2+7  )q4 


2(y2 — 1)  ' 32(V2— l)3(i>2— 4) 
. (9k4+58vs+29)  2® 


n 64(k2-1)5(>-2-4)(x2-9) 
For  the  coefficients  c2j  of  20.3.8 
20.3.16 

C2/C_  “2  («'2+4i'+7)g3 


f-  . . . (k5*1,2,3). 


4(i>+1)  128(j'+1)3(>>+2)  (v— 1) 


+ • • • 

(vs*  1,2) 


cJc0=q*/S2(v+l)(v+2)  + . . . 
cJco=(-iyq’T(v+l)/2*'s\T(v+s+l)+  . . . 


20.3.17 


F,(z)=c o 


ei(v+2)z 

4(v+l) 


ei(v-2)z 


(v  not  an  integer) 


For  small  values  of  a 


20.3.18 


COS  V7T= 


air2 

~2 


a2  7r4 
~24 


?[>+«  o-?)+ 

. / 7T4  257T2  . 

"**2  (.96  256"1 


all  solutions  of  20.1.1  for  real  z are  therefore 
bounded  (stable) ; v is  complex  in  regions  between 
br  and  ar  \ in  these  regions  every  solution  becomes 
infinite  at  least  once;  hence  these  regions  are 
termed  “unstable  regions”.  The  characteristic 
curves  ar , bT  separate  the  regions  of  stability. 
For  negative  q,  the  stable  regions  are  between 
&2r+i  and  b2r+2,  ^2 r and  a2r+1 ; the  unstable  regions  are 

between  a2r+1  and  &2r+1,  a2r  and  62r. 

In  some  problems  solutions  are  required  for  real 

values  of  z only.  In  such  cases  a knowledge  of 
the  characteristic  exponent  v and  the  periodic 
function  P{z)  is  sufficient  for  the  evaluation  of 
the  required  functions.  For  complex  values  of  z , 
however,  the  series  defining  P{z)  converges  slowly. 
Other  solutions  will  be  determined  in  the  next 
section;  they  all  have  the  remarkable  property 
that  they  depend  on  the  same  coefficients  cm 
developed  in  connection  with  Floquet’s  theorem 
(except  for  an  arbitrary  normalization  factor). 


20.4.  Other  Solutions  of  Mathieu’s  Equation 

Following  Erd^lyi  [20.14],  [20.15],  define 

20.4.1  (pk(z)=[eiT  cos  (z—b)/ cos  (2 +6)  ]**</*(/) 
where 

20.4.2  /=2[g  cos  {z—b)  cos  (z+b)]\, 

and  Jk(J)  is  the  Bessel  function  of  order  k;  b is  a 
fixed,  arbitrary  complex  number.  By  using  the 
recurrence  relations  for  Bessel  functions  the  follow- 
ing may  be  verified : 

20.4.3 

TO 

— 2#(C0S  2s)^+2(^~2+^+2)+^Va:  = 0. 

It  follows  that  a formal  solution  of  20.1.1  is  given 

by 

00 

20.4.4  y=  C2  n<P2n+v 
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where  the  coefficients  c2n  are  those  associated  with 
Floquet’s  solution.  In  the  above,  v may  be 
complex.  Except  for  the  special  case  when  v is 
an  integer,  the  following  holds : 


^2n+F-2  <P-2n  + v 4ft2 



*P2 n + v iP—2n+v+2  Q [COS  (z  6)]2 


(n—>co) 


If  v and  ft  are  integers,  J-2n+v(f)  = (—  l)vJ2n-v{f)^ 
[<P2n  + vl<P2n  + V-2]'^'  — [COS  ( 2 — 6 ) ] 2#/4ft2 

[^_2n+v/^-2n+.+2]^— 4ft2/g  [COS  (z~ 6)]2 

On  the  other  hand 


where  j satisfies  20.4.2.  An  examination  of  the 
ratios  fan+v/fan+v- 2 shows  that 

CO 

y=  S Cinttt+v 

71—  — 00 

will  be  a solution  provided 

|cos  (z— 6)|>1;  |cos  (2+6)|>l. 

The  above  two  conditions  are  necessary  even 
when  v is  an  integer.  Once  6 is  fixed,  the  regions 
in  which  the  solutions  converge  can  be  readily 
established. 

Following  [20.36]  let 


^2  n C—2  n Q 

/->*/  /-V/ — 

C2n-2  C-2rc+2  4ft2 


(ft->  oo ) 


It  follows  that  20.4.4  converges  absolutely  and 
uniformly  in  every  closed  region  where 

|cos  (z— 6)|>c?!>1. 

There  are  two  such  disjoint  regions: 

(I)  J(z—b)>d2>0)  (Jcos  (z— 6)|>d1>l) 

(II)  y(z—b)<C—d2<iO;  (|cos  (z— 6)|>rfi>l) 

If  v is  an  integer  20.4.4  converges  for  all  values  of 
z.  Various  representations  are  found  by  special- 
izing b. 


20.4.5 

If  6=0,  y=ei*vt 2 2 c2n(—  l)nJ2w+,(2Vg  cos  z) 

n=  — co 

(|cos  s|>l,  |arg  2 Vs  cos  z\  <tt) 

20.4.6 

7T  00 

If  6=9>  y=  2 CinJin+r&i  V<Z  sin  2) 

& n=  — co 

(|sin  s|>l,  |arg2V2sin  z\<n) 


20.4.7 

Jp(x)=Zy(x);  Yp(x)=Z?(x); 

fl?>  (*)  = Zf  (x) ; ff«>  (x) = Z?  (*) 

If  z is  replaced  by  — iz  in  20.4.5  and  20.4.6 
solutions  of  20.1.2  are  obtained.  Thus 


20.4.8 

y[n  (z)  = 2 c2„(—  1) "Z&V. (2 -f<l  cosh  z) 

n=  — oo 

(|cosh  z\^>\) 

20.4.9 

y2j)(z)=  2 C2nZ$+,(2jqsinh  z) 

S3  — OO 

(|sinh  2f|>l,  j=  1,  2,  3,  4) 

The  relation  between  y[j)(z)  and  y2j)(z)  can  be 
determined  from  the  asymptotic  properties  of  the 
Bessel  functions  for  large  values  of  argument.  It 
can  be,  shown  that 

20.4.10 

V?WyP{z)  = {F.(  0)/^(|)]e<-/2  {0tz>  0): 

When  v is  not  an  integer,  the  above  solutions 
do  not  vanish  identically.  See  20.6  for  integral 
values  of  v. 


If  6->ooi;  y reduces  to  a multiple  of  the  solution 
20.3.8.  The  fact  that  20.3.8,  20.4.5,  and  20.4.6 
are  special  cases  of  20.4.4  explains  why  it  is  that 
these  apparently  dissimilar  expansions  involve 
the  same  set  of  coefficients  c2n. 

Since  20.4.4  results  from  the  recurrence  proper- 
ties of  Bessel  functions,  </*(/)  can  be  replaced  by 
Hkj)(f),  j= =1,  2,  where  Hkj)  is  the  Hankel  function, 
at  least  formally.  Thus  let 

H=[eiT  cos  (z— 6)/cos  (z-\-b)]*kHkj)  (J) 


Solutions  Involving  Products  of  Bessel  Functions 

20.4.11 

yll)(z)=^~  2 c2n(— l)nZ«|,+s(V2e“)  Jre-s(V2e_iJ) 

c2  s 71  = — oo 

0=1,  2,  3,  4) 

satisfies  20.1.1,  where  Z^(u)  is  defined  in  20.4.7, 
the  coefficients  c2n  belong  to  the  Floquet  solution, 
and  s is  an  arbitrary  integer,  c2s **  0.  The  solution 
converges  over  the  entire  complex  2-plane  if  0. 
Written  with  z replaced  by  — iz , one  obtains 
solutions  of  20.1.2. 
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20.4.12 

Mi(z,  g)=“  2 c5#(— 

^ 2s  71=  — oo 

It  can  be  verified  from  20.4.8  and  20.4.12  that 

20.4.13  (®z>0) 

provided  c2s  ^0.  If  c2s=0,  the  coefficient  of  1 /c2s 
in  20.4.11  vanishes  identically.  For  details  see 
[20.43],  [20.151,  [20.36]. 

If  5 is  chosen  so  that  |c2s|  is  the  largest  coefficient 
of  the  set  \c2j\y  then  rapid  convergence  of  20.4.12 
is  obtained,  when  &z^>0.  Even  then  one  must 
be  on  guard  against  the  possible  loss  of  significant 
figures  in  the  process  of  summing  the  series, 
especially  so  when  q is  large,  and  \z\  small.  (If 
jV  1,  then  the  phase  of  the  logarithmic  terms 
occurring  in  20.4.12  must  be  defined,  to  make  the 
functions  single-valued.) 

20.5.  Properties  of  Orthogonality  and 

Normalization 

If  a(v+2p,  q)y  a(v+2Sj  q)  are  simple  roots  of 
20.3.10  then 

20.5.1  J*  Fv+2p(z)F„+2s(—z)dz= 0,  \ip?±8. 

Define 


20.5.2  cev(z,  q)==^  [Fv{z)+Fv(— a)]; 


sev(z,  q)  =— ig  [Fv(z)~ Fv{— z)] 

cev(z , q)y  sev(z , q)  are  thus  even  and  odd  functions 
of  zy  respectively,  for  all  v (when  not  identically 
zero). 

If  v is  an  integer,  then  cev(z , q),  se,(z,  q)  are 
either  Floquet  solutions  or  identically  zero. 
The  solutions  cer(z,  q)  are  associated  with  aT ; 
ser(z , q)  are  associated  with  br;  r an  integer. 

Normalization  for  Integral  Values  of  v and  Real  q 
s»2t  /*2x 

20.5.3  I [cer(z,  q)]2dz=  I [ser(zyq)]2dz=w 
Jo  Jo 

For  integral  values  of  v the  summation  in 
20.3.8  reduces  to  the  simpler  forms  20.2.3-20.2.4; 
on  account  of  20.5.3,  the  coefficients  Am  and  Bm 
(for  all  orders  r)  have  the  property 


20.5.4 

2AI+AI+  • • • =Ai-\-Al+  . . . 

= -Bf4-)- . . . =1. 

20.5.5 

i c2r  i r2r 

A2Q=-^r-  I ce2s(z,q)dz;ATn=-  I cer(zy  q)  cos nzdz 
J 0 Tt  Jo 


1 f2x 

Brn=-  I ser(z,  q)  sin  nzdz 
K Jo 


n?£  0 


For  integral  values  of  v , the  functions  cer(z , q) 
and  ser(z , q)  form  a complete  orthogonal  set  for 
the  interval  0<£<27r.  Each  of  the  four  systems 
ce2r(z ),  ce2r+i(z),  se2r(z),  se2r+1(z)  is  complete  in  the 
smaller  interval  0 <z<\^y  and  each  of  the  systems 
ceT{z)y  seT(z)  is  complete  in  0<z<ir. 

If  q is  not  real,  there  exist  multiple  roots  of 
20.3.10;  for  such  special  values  of  a(q),  the  integrals 
in  20.5.3  vanish,  and  the  normalization  is  therefore 
impossible.  In  applications,  the  particular  nor- 
malization adopted  is  of  little  importance,  except 
possibly  for  obtaining  quantitative  relations  be- 
tween solutions  of  various  types.  For  this  reason 
the  normalization  of  Fv(z)y  for  arbitrary  complex 
values  of  a , q,  will  not  be  specified  here.  It  is 
worth  noting,  however,  that  solutions 

acer{z,  q)y  pseT(zy  q) 
defined  so  that 

acer(0,  g)  = l ; J"^  flser(z,  2)1  ^=1 

are  always  possible.  This  normalization  has  in 
fact  been  used  in  [20.59],  and  also  in  [20.58], 
where  the  most  extensive  tabular  material  is 
available.  The  tabulated  entries  in  [20.58]  sup- 
ply the  conversion  factors  A=l/ay  B=  1/0,  along 
with  the  coefficients.  Thus  conversion  from  one 
normalization  to  another  is  rather  easy. 

In  a similar  vein,  no  general  normalization  will 
be  imposed  on  the  functions  defined  in  20.4.8. 

20.6.  Solutions  of  Mathieu’s  Modified  Equation 
20.1.2  for  Integral  v (Radial  Solutions) 

Solutions  of  the  first  kind 

20.6.1 

Ce2r+P(zy  q)=ce2T+p(izyq) 

=S  AlktKq)  cosh  (2 k+p)z 
o 

associated  with  dr 
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00 


20.6.2  Se2r+P(z,  q)=—ise2r+r(iz,  q)  =2j  B\\X%  (?)  sinh  (2 k+p)z,  associated  with 

k= o 

writing  Alrk%l(q)=A2k+P  f°r  brevity;  similarly  for  B2k+P;p=0,  1, 


bT 


ee2r 


20.6.3 


Ce 


2r(s,  g)  ^2r 


<J’S) 


00 


ce2,(0,  q) 


00 


2 (—l)kA2kJ2k(?Tjq  cosh  2)=  .2 

&=0  ***0 


2 r 


A2kJ2k(2^  sinh  0) 

k=0 


ce'2T+ llo1  2)  ® 

20.6.4  Cfear+ite,  2)  = — /^Tr+f  7 S (—l)k+1A2k+iJ2k+1(2^[  cosh  z) 

V<ZA 1 /c=o 

coth  2S  (2*+l)^2t+1J2t+1(2V2sinh  2) 
fc-o 

s<4  ( |>  2)  tanh  2 „ 

20.6.5  562,(2, 2)  = -m? S (—^)k2^B2leJ2k(2^q  cosh  2) 

2-D|  k=l 

=SJrmfi  coth  2 ± 2kBM2^q  sinh  2) 

Q_J52  k=  1 

««2,+l  (o’  2)  °> 

20.6.6  5e2r+i(z,  g)=-  y-g^r+1  tanb  2 2 (— 1)*(2&+1)52*+1J2*+1(2V2  cosh  2) 

=-^04  g B2k+1J2k+l(2jq  sinh  2) 

See  [20.30]  for  still  other  forms. 

Solutions  of  the  second  kind,  as  well  as  solutions  of  the  third  and  fourth  kind  (analogous  to  Hankel 
functions)  are  obtainable  from  20.4.12. 


20.6.7  Mc<«(2,  2)  = 2 (- l)T+kAVk (2)  [ («2) + ]/^rs 

k=0 

where  c0=2,  €s=l,  for  $=1,  2,  . . .;  s arbitrary,  associated  with  a2r 

20.6.8  Mcti\x{z,  q)=±  Z£,+iM+J»»i(ui)Z^ 

k=0 

associated  with  a2r+i 

20.6.9  Ms$(z,  g)=S  (— l)*+r5lJ(g)[J*_5(^i)Z^,(^2)—  Jk+s(udZi]la(vv)]IBlrB1  associated  with  b2r 

k=l 

20.6.10  Jf«#+1(s,  <z)=S  (-  l)fc+r5iUK?)[^-5K)^i. +1(u2)-J,+s+1  (^)Z*-.  (O  1/51:1/ 

k=0 

associated  with  b2r+ 1 

where 

^=Vs^,  £i:#,  ^s:f;^o,p=o,  1. 

See  20.4.7  for  definition  of  Z{J[i{x). 

Solutions  20.6.7-20.6.10  converge  for  all  values  of  z , when  If  i=2,  3,  4 the  logarithmic  terms 

entering  into  the  Bessel  functions  Ym(w 2)  must  be  defined,  to  make  the  functions  single-valued.  This 
can  be  accomplished  as  follows: 

Define  (as  in  [20.58]) 

20.6.11  In  (V qez)=\n  (V*z)+2 
See  [20.15]  and  [20.36],  section  2.75  for  derivation. 


734 


MATHIEU  FUNCTIONS 


Other  Expressions  for  the  Radial  Functions  (Valid  Over  More  Limited  Regions) 

20.6.12  Mc$(z,  q)=[ce2r{ 0,  g)]_1  S (— l)*+r^2* (q)Z^(2^  cosh  z) 

k=0 

Mcg+iiz,  q)=[ce2r+ 1(0,  q)]~x  S (— l)*+r4&lt\($Z£+i(^  cosh  s) 

fc=0 

20.6.13  Ms^?(2,  2)=[^2r(0>  2)3“1  tanh  z S (— l)k+T2kB%l(q)Z^ (2Jq  cosh  z) 

/:= 1 

Msg+iiz,  g)=[se2r+i(0,  g)]"1  tanh  2 2 ( — 1) *+r (2A:+ 1 ) i i (ff) i (2 cosh  z) 

k=0 

Valid  for  <%z> 0,  |cosh  z\^>i;  if  j—  1,  valid  for  all  z.  They  agree  with  20.6.7-20.6.10  if  the  Bessel 
functions  Ym(2q*  cosh  z)  are  made  single-valued  in  a suitable  way.  For  example,  let 

2 

Ym(u)=-  (In  u)Jm(u) + <f>(u) 

7T 

where  <t>{u)  is  single-valued  for  all  finite  values  of  u.  With  u=2q*  cosh  z,  define 

20.6.14  In  (2g*  cosh  2)=ln  2g*+2+ln  ?(l+e~2*)  <arg  §(l+e~2*)  <^« 

(If  q is  not  positive,  the  phase  of  In  2g*  must  also  be  specified,  although  this  specification  will  not 
affect  continuity  with  respect  to  z.  If  Ym(u)  is  defined  from  some  other  expression,  the  definition 
must  be  compatible  with  20.6.14.) 


^/jMCo  (z,q) 


(From  J.  C.  Wiltse  and  M.  J.  King,  Values  of  the  Mathieu  functions,  The 
Johns  Hopkins  Univ.  Radiation  Laboratory  Tech.  Kept.  AF-53,  1958, 
with  permission) 


Figure  20.12.  Derivative  of  the  Radial  Mathieu  Function 

of  the  First  Kind. 

(From  J.  C.  Wiltse  and  M.  J.  King,  Derivatives,  zeros,  and  other  data  per 
taining  to  Mathieu  functions,  The  Johns  Hopkins  Univ.  Radiation  Lab- 
oratory Tech.  Rept.  AF-57,  1958,  with  permission) 


Figure  20.13.  Radial  Mathieu  Function  of  the  Second  Kind. 

(From  J.  C.  Wiltse  and  M.  J.  King,  Values  of  the  Mathieu  functions,  The 
Johns  Hopkins  Univ.  Radiation  Laboratory  Tech.  Rept.  AF-53,  1958, 
with  permission) 

/W  <3) 

J Ms2  (z,-q) 


Figure  20.14.  Radial  Mathieu  Function  of  the  Third  Kind. 

(From  J.  C.  Wiltse  and  M.  J.  King,  Values  of  the  Mathieu  functions,  The 
Johns  Hopkins  Univ.  Radiation  Laboratory  Tech.  Rept.  AF-53,  1958, 
with  permission) 
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If  j—  1,  Mc$+„  and  Ms$+P,p= 0, 1 are  solutions 
of  the  first  kind,  proportional  to  Ce2r+P  and  Se2r+P, 
respectively. 

Thus 

20.6.15 

ce2rC^,q)ce2r{ 0,  g) 

Ce2 r(z,  q) -f-iyA? Mc£Kz,  <z) 

ce2r+i  ( 2>2  ) cg2r+i(0,  g) 

Ce2r+i(z,  q)  — ^ l)'"1'1  t/gJ.l2r4~1  Mc2T\i(z,  q) 

seir  (0,  g)se£r  (|>  g) 

Se2r(z,  q)= (—\yqBlr — ~ Ms2r(z,  g) 

Se2r+i(0>  q)se2r+ 1 f 2’  S’) 

5^2r+l(^,  ( l)r  2) 

The  Mathieu-Hankel  functions  are 

20.6.16 

M?>(z,  g)=M<»(s,  g)+iM«>(s,  g) 

M<4)(z,  g)=M<1>(2,  q)—iMf>(z,  q) 

orMs«. 

From  20.6.7-20.6.11  and  the  known  properties 
of  Bessel  functions  one  obtains 

20.6.17 

Mg>+p(z+inv,  q) 

= (-l )**[M$+P{z, g)+2mM£>+,(2,  2)] 
M^VpCs+wiTr,  g) 

= (— l)nv[M^P{z,  2)—  2mM£)+,(2, 2)] 

2) 

=(-l)»Wr>+J,(2,  g)+27lM«>+,(2, 2)1 

where  M=Mc  or  Ms  throughout  any  of  the  above 
equations. 

Other  Properties  of  Characteristic  Functions,  q Real 

(Associated  With  ar  and  br) 

Consider 


20.6.18 

a)+Mc?'(-z,  q); 
X2=Ms?)  ( zy  q)  —Ms?'  ( —z , q) 

Since  Xx  is  an  even  solution  it  must  be  proportional 
to  Me?'  ( z , q) ; for  20.1.2  admits  of  only  one  even 
solution  (aside  from  an  arbitrary  constant  factor). 
Similarly,  X2  is  proportional  to  Ms?'(z,  q).  The 
proportionality  factors  can  be  found  by  considering 
values  of  the  functions  at  2=0.  Define,  therefore, 


20.6.19 

Mc?}(—zy  q)  — —Mc?)(z,  q)-2jetTMc?)(z,  q) 

20.6.20 

Msf'i—z,  q)—Ms?)(z,  q)—2f0, rMs{rl)(zy  a) 

where 

20.6.21 

je.T=-Mc?'(0,q)/Mc?'(0,q) 

See  [20.58]. 

In  particular  the  above  equations  can  be  used  to 
extend  solutions  of  20.6.12-20.6.13  when  ^2<0. 
For  although  the  latter  converge  for  ^2<0, 
provided  only  |cosh  z|>l,  they  do  not  represent 
the  same  functions  as  20.6.9-20.6.10. 

20.7.  Representations  by  Integrals  and  Some 

Integral  Equations 
Let 

20.7.1  G(u)  =(f>  K(u,  t)V{t)dt 

C 

be  defined  for  u in  a domain  U and  let  the  contour 
C belong  to  the  region  T of  the  complex  £-plane, 
with  t— 70  as  the  starting  point  of  the  contour 
and  t=yi  as  its  end-point.  The  kernel  K(u , t) 
and  the  function  V(t)  satisfy  20.7.3  and  the 
hypotheses  in  20.7.2. 

20.7.2  K(u,  t)  and  its  first  two  partial  derivatives 
with  respect  to  u and  t are  continuous  for  t on  O 

dV 

and  u in  U;  V and  -yr  are  continuous  in  t. 

at 

20.7.3 

rdKTr  dV  jT]  yi  n cPV  , 0 0 U7  n 

F_  * KJ  ; 8 

If  K satisfies 


20.7.4 


b2K  . d2K 


du2  ‘ dt2 


f-22(cosh  2u— cos  2t)K=0 


then  G(u)  is  a solution  of  Mathieu’s  modified 
equation  20.1.2. 

If  K{uy  t)  satisfies 


20.7.5 


b2K  i>2K 
du2  * dt2 


2g(cos  2w— cos  2t)K=0 


then  G{u)  is  a solution  of  Mathieu’s  equation 
20.1.1,  with  u replacing  v. 
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Kernels  Ki(z,  t ) and  K2O5,  t) 

20.7.6  Kfzy  t)=Z$j) (u)[M(zy  t)Yvl 2,  (g?z>0) 

where 

20.7.7  ^=V2gf(cosh  2s+cos  2 1) 

20.7.8  M(z , £)=cosh  (2+$)/cosh  (z—it) 

To  make  M~*v  single-valued,  define 

20.7.9 

cosh  (z-\-i7r)=eir  cosh  2 
cosh  ( z — i7r)  = i,r  cosh  2 
M(zy  0)  = 1 

[M(z,  w)]-^=e-it,7rM(zy  0) 

Let 

20.7.10  G(z,q)=-  f * Ki(u,  t)Fr(t)dt,  (@z> 0) 

7T  Jo 

where  Fv(t)  is  defined  in  20.3.8.  It  may  be  verified 
that  KiFv  satisfies  20.7.3,  K satisfies  20.7.2  and 
20.7.4.  Hence  O is  a solution  of  20.1.2  (with,  z 
replacing  u).  It  can  be  shown  that  Ki  may  be  re- 
placed by  the  more  general  function 

20.7.11 

K2(zyt)=Z(l\2s(u)[M(zyt)]~iv+sy  s any  integer. 

See  20.4.7  for  definition  of  ZuJ+2s(u). 

From  the  known  expansions  for  Z(l\ 2s(u)  when 
<3?z  is  large  and  positive  it  may  be  verified  that 

20.7.12 

MS»(z,q)  = 


(-D 

7 rc2s 


Fv{t)dt 


cosh 

cosh  z—itj 
(&z^>0y 


where  M{vj)(z,  q)  is  given  by  20.4.12,  $=0,  1,  . . 
£2*7^0,  and  Fv(t)  is  the  Floquet  solution,  20.3.8. 

Kernel  £3(2,  t,  a) 

20.7.13  Ki(z,t,a)=e*^w 
where 


where  Fv(t)  is  the  Floquet  solution  20.3.8.  The 
path  C is  chosen  so  that  G(z , t , a)  exists,  and 
20.7.2,  20.7.3  are  satisfied.  Then  it  may  be 
verified  that  Kz(zy  t,  a),  considered  as  a function 
of  z and  ty  satisfies  20.7.4;  also,  considered  as  a 
function  of  a and  t , Kz  satisfies  20.7.5.  Conse- 
quently G{z , qy  a)  = Y(zy  q)y{ay  q)y  where  Y and  y 
satisfy  20.1.2  and  20.1.1,  respectively. 

Choice  of  Path  C.  Three  paths  will  be  defined : 

20.7.16 

Path  C3:  from  — di+i°°  to  d2—icoy  dly  d2  real 
— di<arg  [V<z{cosh  (2+m)±l}]<7r— dx 

— -d2<arg  hMcosh  (2—ia)±l}]<7r— d2 


20.7.17 

Path  C4:  from  d2— to  2w+i<x >—di 

(same  dly  d2  as  in  20.7.16) 


20.7.18 


F,(a)Mt(z,  q)=- — - CD  e^wFv{t)dt  j= 3,  4 

K JCj 

where  Ml(zy  q)  is  also  given  by  20.4.12. 

20.7.19  Path  C*:  from  — c^+i00  to  27r— di+i<» 

— iv  — 

Fv(a)Ml1)  (z,  e2i^ “Fr(t)dt 

See  [20.36],  section  2.68. 

If  v is  an  integer  the  paths  can  be  simplified; 
for  in  that  case  Fv(t)  is  periodic  and  the  integrals 
exist  when  the  path  is  taken  from  0 to  2 tt.  Still 
further  simplifications  are  possible,  if  z is  also  real. 

The  following  are  among  the  more  important 
integral  representations  for  the  periodic  functions 
cer(zy  q)y  ser(zy  q)  and  for  the  associated  radial 
solutions. 

Let  r=2$+p,  p= 0 or  1 


20.7.14  w=cosh  z cos  a cos  tf+sinh  z sin  a sin  t 

20.7.15  G(z,  q,  a ) =-  CD  e2i^  wF„(t)dt 

IT  Jc 


20.7.20 


cer(zyq)=prJ  cos^V^cos  zcost—p^  cer(ty  q)dt 
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20.7.21 

20.7.22 

20.7.23 
where 
20 


ce 


Cv/2 

•( z , = cosh  (2V<Z  sin  z sin  t)[(l—p)+p  cos  z cos  t]ceT(t,  q)dt 

seT(z , q)=pr  J*  sin  ^2-/#  cos  2 cos  £+p  ^ sin  2 sin  £ ser(t,  q)dt 

r(zf  i)=:o’rj* 


sinh  (2 sin  z sin  £)[(!— •#)  cos  z cos  t+p\ser(t,  q)dt 


.7.24  pr=~  ce2s  (|>  g^  Mo'(<z);i>=0p,=-^  £023+i  (^>  q)  /Vg-4is+1(g)  if  2>=1,  for  functions  cer(s,  g) 

Pr=-^se'2!!  g^  /Vpls(g);p,=^  s«2,+i  (|>  2~)  /-B?,+1(g),  for  functions  ser(z,  g) 

2 . 4 

<rr=-  ce2«(0,  q)/Als(q)  if  p=0;  <rr=-  ce2s+1(0,  q)/Als+1(q),  if  p=l;  associated  with  functions  cer(2,  q) 

7T  7T 

(rr=-  se'2s(0,q  )/^qB2s(q)f  if  p=0;  <rr=-  $e2s+i(0,  q)/VqBls+1(q) , if  p=l;  associated  with  $er(2,  g) 

7T  7T 


Let 

20.7.25 

20.7.26 


Integrals  Involving  Bessel  Function  Kernels 
u=  V2s(cosh  22+cos  2t),  (^cosh  22>1;  if  j—  1,  valid  also  when  s=0) 


Mc$ (z,  g)=V^2r  Z^(u)ce2r(t,  q)dt\Mc$+l(z,  g)=- — g - ce2r+1(<,  q)dt 


20.7.27 


„x_(-l)r+I8g  sinh  2z  f 2 Z2W(«)  sin  2t  se2r(t,  q)dt 
M 2r  (z,  q)  Jo  u2 


Ms$+l(z,  g) 


(— l)r8Vs  sinh  3 f 2 Z[j){u)  sin  t se2r+i(t,  q)dt 


x 


^r+1  Jo  U 

In  the  above  the  ^-convention  of  20.4.7  applies  and  the  functions  Me,  Ms  are  defined  in  20.5.1- 
20.5.4.  (These  solutions  are  normalized  so  that  they  approach  the  corresponding  Bessel-Hankel 
functions  as  ^2->oo.) 

Other  Integrals  for  Mc^fe,  q)  and  Msll,(z,  q ) 


20.7.28 


20.7.29 


x 

Mc™(z,  Q)=~ce  *q  \ J*  cos  (2V2  cosh  z cos  t—  ce,(t,  q)dt 

T 

Mc?'(z,q)=TTfi  [(1—  p)+p  cosh  z cos  £]  cos  (2V2  si11!1  2 sin  t)cer(Z, 

‘=2s+p, p=0, 1 ; (-l)’/ce2,  (|>  g)>  if  p=0;  rr=^  (-l),+12Vg/ceL+i  (|>  g) 


20.7.30 


7 T 


sin  (2-v/ff  sinh  z sin  t)se2r+i(t,  q)dt 


S&2r+ 1 ^2*  2^ 

q)=-  /n^  x f * sinh  z sin  t cos  (2V<7  cosh  z cos  t)$e2r+\(t , 

7T  se2r+1(U,  2;  Jo 

T 

4 f— 1V+1  /**  r- 

20.7.32  Ms$ {z,  g)=-  Vg  V / ,L — x I sin  (2-Jq  cosh  2 cos  t)  [sinh  2 sin  t se2r  (t,  q)]dt 

t se2r[U,  q)  Jo 


20.7.31 


20.7.33 


Ms£>  {z,  q) 


“1  ~ /"s“ si 


sinh  z sin  £)[cosh  z cos  t se2r(t,  q)]dt 
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Further  with  w=cosh  2 cos  a cos  H-sinh  z sin  a sin  t 


20.7.34 


cer(oc,  g)Mc(rl)(z,  q) 


(~l)8(i)-p 


I 

e2iV«'  wcer(t,  q)dt 


20.7.35 


ser(a,  q)Ms™(z,  g)  = 


The  above  can  be  differentiated  with  respect  to  a,  and  we  obtain 


20.7.36 


20.7.37 


ce'r(a,  q)Mc™(z,  g)  = ( 1)S(l)  ^ cer{t,  q)dt 

ir  Jo  Oa 


dw 

da 


se'r(a,  q)Ms™(z,  q) 


_(— i y+v{i)~v+l4q 


eM^qw  seT(t , 


Integrals  With  Infinite  Limits 


r=2s+p 


In  20.7.38-20.7.41  below,  z and  q are  positive. 


20.7.38  Mc^iz,  <z)=7rj*  sin  V<Z  cosh  z cosh 

yr=2ceis  g)  /xA]]5,  if  P=0  7r=2c4,+1  0;  g)  /Vg  xAf +1,  if  p=l 

20.7.39  Ms'1'  ( z , g)  =7r  J sinh  2 sinh  t j^cos  ^2Vg  cosh  2 cosh  t—p  Ms^it,  q)dt 

7r=— 4seL  g)  /Vgxi^s,  if  p=0  7r=  — 4se2s+i  g)  /x.Bf +1,  if  p= 1 

20.7.40  Mc™(z,  q)  =yT  J cos  ^2Vg  cosh  2 cosh  t—p  q)dt 

yr=—  2ce2sQw,  q)/-irA20s,  if  p= 0 7r=2ce2s-n(5?r,  g)/xVg-dis+1,  if  p=l 

20.7.41  Ms™  (z,  g)  — 7r  J sin  ^2Vg  cosh  2 cosh  £+7)  ;0  sinh  2 sinh  f Ms{?(t,  q)dt 

7r  = — 4seas(|x,  g)/Vg  xi?22s,  if  p=0  7r=4se2s+i(|x,  g) lirBt2s+1 , if  p=l 


20.7.40 


20.7.41 


Additional  forms  in  [20.30],  [20.36],  [20.15]. 

20.8.  Other  Properties 

Relations  Between  Solutions  for  Parameters  q and  — q 

Replacing  z by  \i r—z  in  20.1.1  one  obtains 

20.8.1  2/"+  (a+2q  cos  2z)y=0 

Hence  if  u{z)  is  a solution  of  20.1.1  then  u{\ir—  z) 
satisfies  20.8.1.  It  can  be  shown  that 


20.8.2 


a(—v)  #)=a(j',  — q)=a(v , q),  v not  an  integer 

C2m(  — q)  = p(—l)mcv2m(q),  v not  an  integer 

(c2m  defined  in  20.3.8)  and  p depending  on  the 
normalization ; 

Fv{z,  -q)=pe-‘^F„  (g+|,  qj=pel^Fv  (2-?,  g) 
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20.8.3 

«2r(  — ?)=«2r(g);  b2r(  — q)  = b2r(q) , for  integral  v 
®2r+l  ( q)  = b2r+l{q) , ^2r+l(  — ff)  = ®2r+l  (?) 

20.8.4 

ce2r(z,  — q)  = (—  l)rce2r(ir—  z,  2) 

ce2r+l(2,  — q)  = (—  l)rS€2r+l(i2T—  2, 
se2r+i(z,  — q)  = (—  l)rce2r+i(52T— 3,  q) 
se2r(z,  —q)  = (—iy~lse2r(^T—z,  q) 

For  the  coefficients  associated  with  the  above 
solutions  for  integral  v : 

20.8.5 

Blrm(-q)=(-i)m-rBlUq) 
A2m+\  (—q)  = (—i)m~  rB£m+\  (q) ; 

( - 2)  = ( - 1 ) m-TAVm\\  (q) . 

For  the  corresponding  modified  equation 

20.8.6  y"-(a-\-2q  cosh  2z)y=0 

20.8.7 

M?(g,  -q)=My  (z+i^,  qy 

q)  defined  in  20.4.12. 

For  integral  values  of  v let 

20.8.8 

Ie2r(z,  q)  = ^2  ( l)k+SA2k[ Ik-s(/Ul)Ik+s(/U'2) 
k=  0 

-{-Ik+siUl)tk-s(U2)]/A2s€s 
I()2t(z,  q)=^2  ( 1 )k+SB2k[Ik_s(Ui)Ik+s(u2) 

k= 1 

Ik+s(M  l)  Ik-sity  2)  ]fB2s 

Ie2r+\(Z,  Qr)==]S  ( l)*+,J?2Jfc+l [■/'*- s^O-^lfc+a+lC^) 

fc=0 

-\-Ik+s+l('U'i)Ik-s('U'2)\/B2s+l 

OO 

l02r+l(z,  q)==z^2  ( l)k+SA2k+i[Ik-s(Ui)Ik+s+i(u2) 
k=  0 

A+s+1  (Vi)  Ik_s(u2)  ]IA2s+\ 

20.8.9 

00 

K&2r(z,  q)  ^d-2A:[-^A:—  s('U'i)Kk+s(V'2) 

k= 0 

“1“  -ffc-f  s O^l ) K-k—  s (^2)  ] /A2  $€  s 

OO 

* K.02r(Zy  q)  ^ ^ s(^l)-^/c+s  (^2) 

*=0 

* — Ik+s  (Ui  )Kk-s(u2)  ]/B2s 

OO 

Kz2r+\{Zy  q)~^Z  B2k+\[Ik_s(ui)Kk+s+i(u2) 

k= 0 

!k+s+i(y'i)Kk-s(u2)]/B2s+i 


Ko2r+\(z , q) — 2j  A2k+i[I k_s(U])Kk+s+i(u2) 

k= 0 

+ Ik+s+ 1 {Ui)Kk-s  (u2)]/A2s+1 

where  Im(x)y  Km{x)  are  the  modified  Bessel  func- 
tions, U\y  u2  are  defined  below  20.6.10.  Super- 
scripts are  omitted,  es=2 , if  s=0 , es  = l if  $^0. 
Then  for  functions  of  first  kind : 

20.8.10 

Mc$(z,  —q)  = (—l)rIe2r(z,  q) 

Msftiz,  —q)  = (—l)rIo2r(z,  q) 

Mc$+1(z,  —q)  = (—iyile2r+i(z,  q) 

Ms$+l{z>  — q)  = (—l)TiIo2T+1(z , q) 

For  the  Mathieu-Hankel  function  of  first  kind: 

20.8.11 

Mc$(z,  -2)  = (-l Y+H-Ke2r(z,  q) 

7 T 

Ms£>  (2,  - 2)  = ( - 1 y+li  - FCo2r(2,  2) 

7T 

Mc$+1(z,  —q)  = (—l)r+l-Ke2r+i(z,  q) 

7 T 

Msff+tiz,  —q)  = ( — iy+1-Ko2r+i(z,  2) 

7T 

For  M[j)(z,  —q),  j= 2,  4,  one  may  use  the  defini- 
tions 

M™  = —M^) ; Mr=Mcr  or  Msr 

also 

M<4>(z,  -q)=2M?(z,  -g)-M<3>(z,  -q) 

M—Mc  or  Ms;  for  real  0,  qf  Mrj)(z,  —q) 

are  in  general  complex  if  j = 2 , 4. 

Zeros  of  the  Functions  for  Real  Values  of  q. 

See  [20.36],  section  2.8  for  further  results. 
Zeros  of  cer(z9  q)  and  ser(,z9  q)9  Mc(rl)(z9  q)9  q). 

In  0<z<'7r,cer(z,  q)  and  seT{z , q)  have  r real  * 
zeros. 

There  are  complex  zeros  if  g>0. 

If  z0=x0+iyo  is  any  zero  of  ceT(z , q)f  ser(z , q)  in 

7T  7 r 

— 2<:a;o<2’  then  kir±z0,  kt±z0 
are  also  zeros,  k an  integer. 


*See  page  II. 
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In  the  strip  — 2<z°<2>  the  imaginary  zeros  of 

ceT(z , q),  ser(z,  q)  are  the  real  zeros  of  Cer(z , q), 
Ser(z , q)y  hence  also  the  real  zeros  of  Mc^iz,  q ) 
and  Ms^iz,  q),  respectively. 

For  small  qy  the  large  zeros  of  Cer(z,  q),  Ser(z,  q) 
approach  the  zeros  of  Jr(2^q  cosh  z). 

Tabulation  of  Zeros 

Ince  [20.56]  tabulates  the  first  “non-trivial” 

\ 

zero  ^i.e.  different  from  0,  7r^  ^or  ceT(z ),  ser(z), 

r=2(l)5  and  for  se&(z)  to  within  °10“4,  for  g=0(l) 
10(2)40.  He  also  gives  the  “turning”  points 
(zeros  of  the  derivative)  and  also  expansions  for 
them  for  small  q . Wiltse  and  King  [20.61,2]  tabulate 
the  first  two  (non-trivial)  zeros  of  q)  and 

Ms{r\Zy  q)  and  of  their  derivatives  r=0,  1,  2 for 
6 or  7 values  of  q between  .25  and  10.  The  graphs 
reproduced  here  indicate  their  location. 

Between  two  real  zeros  of  Mc^iz,  q)y  Ms^^z,  q) 
there  is  a zero  of  Mcf){zy  q)y  Msf\zy  q),  respec- 
tively. No  tabulation  of  such  zeros  exists  yet. 

Available  tables  are  described  in  the  References. 

The  most  comprehensive  tabulation  of  the  char- 
acteristic values  ary  br  (in  a somewhat  different 
notation)  and  of  the  coefficients  proportional  to 
Am  and  Bm  as  defined  in  20.5.4  and  20.5.5  can  be 
found  in  [20.58].  In  addition,  the  table  contains 
certain  important  “joining  factors”,  with  the  aid 
of  which  it  is  possible  to  obtain  values  of 
Mc[j)(z,  q)  and  Ms^iz,  q).  as  well  as  their  deriva- 
tives, at  £=0.  Values  of  the  functions  cer(x , q) 
and  seT(x , q)  for  orders  up  to  five  or  six  can  be 
found  in  [20.56].  Tabulations  of  less  extensive 
character,  but  important  in  some  aspects,  are  out- 
lined in  the  other  references  cited.  In  this 
chapter  only  representative  values  of  the  various 
functions  are  given,  along  with  several  graphs. 


Special  Values  for  Arguments  0 and  « 

20.8.12 

ce2r  (|»  q)=(—l)Tge.2r(q)Alr(q)^ 

ce’2r+i  (|»  qj=(-^y+1ge,2r+i(q)Ajr+1(q)^q 
r (|»  ?)=(—  l)rgo.2r(q)BlT(q)  ■ q -y/| 

s«2r+i(|>  s)=(— l)rSfo,2r+i(2)-Bf+1(g)  q 


Afc«>  (0,  2)= 

V «■  ge,rW 

Me™  (0,  q)  = —^fe,r(q)/ge,r(g) 

~~z  [Mc™(z,  2)]*-o=-^|  g<>, rig) 

^ |~Ms<2)(z,  q)^=^rfo.r(q)/gil,r(q) 

Ms™  ( z,q)  = — g0,  r (q) 

The  functions  j0%ry  g0fr,Je,n  Qe,r  are  tabulated  in 
[20.58]  for  q<25. 

20.9.  Asymptotic  Representations 

The  representations  given  below  are  applicable 
to  the  characteristic  solutions , for  real  values  of  qy 
unless  otherwise  noted.  The  Floquet  exponent  v 
is  defined  below,  as  in  [20.36]  to  be  as  follows: 

In  solutions  associated  with  aT : v=r 
In  solutions  associated  with  bT : v=—r. 

For  the  functions  defined  in  20.6.7-20.6.10: 

20.9.1 

Mcf^Zyq) 

(-1  )'Ms?>(z,  q) 

(2  V?  eo*  .-=-£)  ^ Dm 

^g^(cosh  z-ffy  m=°  [“4^(cosh  z-^]m 

where  Z?_i=Z?_2=0;  D0=l,  and  the  coefficients 
Dm  are  obtainable  from  the  following  recurrence 
formula : 


20.9.2 

(m  + l)Z?ro+i+r(m+i)  — (m+j)  8iVg  * 

+2q—  al  Z>ro+(w— i)  [16g(l— cr2)— 8i  V?  <rm]Dm.i 

+4g(2m— 3)  (2m— 1).(1 — a2)  Z)m_2=0 

20.9.3 


Me™  (z,  q) 

(-1  )'Ms™(z,q) 

-i 

e 

7i4g1/4(cosh  z—o)* 


[2V2  COBh  2— I’VT  — — x] 


OO 


2 

m= 0 


dm 

[4i  (cosh  z — a)  ]m 


d-i=d-2=0]  d0=l,  and 
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20.9.4 

(m+l)rfm+i+^m+2^  8i^<r 

+2q— aj dm+(^m~^  [16g(l — a2)  +8 i Vg  am\dm- 1 

+4g(2m— 3)  (2m—  1)  (1 — <r2)dm_2=0. 

In  the  above 

— 27r<arg  V<Z  cosh 

| cosh  2— <r|>|<r±l|,  ^z>0, 


20.9.9 


FoteO^l-f 


8 V(Z  cosh2  z 


1_  rV+86w2+105  w4+22w2+57"l 

^~2048g  L cosh4  z cosh2  z J 

> 1 r — (w6+14w3+33w) 

' 16384<f /2  L cosh2  z 

(2w5+124w3+1122w)  3w5+290w3+ 1627wl 

cosh4  z cosh6  z J ‘‘ 


but  a is  otherwise  arbitrary.  If  <r2=l,  20.9.2  and 

20.9.4  become  three-term  recurrence  relations. 

Formulas  20.9.1  and  20.9.3  are  valid  for  arbi- 
trary a,  q,  provided  v is  also  known;  they  give 
multiples  of  20.4.12,  normalized  so  as  to  approach 
the  corresponding  Hankel  functions  Hll)(-4qez), 
Hl2)(^ez),  as  z-» oo.  See  [20.36],  section  2.63. 
The  formula  is  especially  useful  if  |cosh  z|is  large 
and  q is  not  too  large;  thus  if  <r=  — 1,  the  absolute 
ratio  of  two  successive  terms  in  the  expansion  is 
essentially 


^^+^^+2^/(c°sh  z+l)  . 

If  a , qy  z , v are  real,  the  real  and  imaginary 
components  of  Me™  (z,  q)  are  Me™  (z,  q)  and 
Me <2)(z,  q)}  respectively;  similarly  for  the  com- 
ponents of  Ms™(z,  q).  If  the  parameters  are 
complex 

20.9.5  Me™  (z,  ff)= J [Me?  (z,  q)  +Me™  (z,  q)] 

20.9.6  Mef>{z,  g)=-|  [Mc®(3,  q)-Mc™(z,  q)] 

Replacing  c by  s in  the  above  will  yield  corre- 
sponding relations  among  Ms™  (z,  q). 

Formulas  in  which  the  parameter  a does  not 
enter  explicitly: 

Goldstein’s  Expansions 


20.9.10 


Fi(g) 


sinh  z rV+3  , 1 / o , 0 , 4w3+44w\ 

cosh2zL32V2  512#  \ w cosh2  z ) 

+I63i4i«  {<*+&*+» 

(w6-47w4+667w2+2835) 

12  cosh2  z 


(w6+505w4+12139w2+10395) 
12  cosh4  z 


See  [20.18]  for  details  and  an  added  term  in 
#“6/2;  a correction  to  the  latter  is  noted  in  [20.58]. 

The  expansions  20.9.7  are  especially  useful  when 
q is  large  and  z is  bounded  away  from  zero.  The 
order  of  magnitude  of  Mc2( 0,  q)  cannot  be  obtained 
from  the  expansion.  The  expansion  can  also  be 
used,  with  some  success,  for  z—ix , when  q is  large, 

if  |cos  z|»0;  they  fail  at  7r.  Thus,  if  q,  x are 

real,  one  obtains 


20.9.11 

cer(x,  g)-— * W[Po(z) -AW] 

+TF2[P0(*)+P1(z)]} 


20.9.12 

ser+i(x,  q)~se'T+i(0,  q)Tr+l{Wi{P0(x)—  Pi(x)] 

-W,tP0(*)+Pi(*)]} 


20.9.7 

Me®  (2,  q)~i.MsflXz,  q) 

Si[Fo(z)—iFi(z)]ei*/iriqi(cosh.  z)* 

where 

20.9.8 

<j>= 2V2  sinh  z—\  (2r+l)  arctan  sinh  z, 

0lz>O,  g»  1,  u>=2r+l 


In  the  above,  Po(x)  and  Pi(x)  are  obtainable 
from  F0(z),  +1(2)  in  20.9.9-20.9.10  by  replacing 
cosh  s with  cos  x and  sinh  z with  sin  x.  Thus 
P0(x)=Fo(ix);  Pl(x)  = -%Fi(ix): 

20.9.13 

Wl=e^«»*  [cos  (|*+ Jx)]*^1  /(COS  X)r+1 

W2=e-2Vj_slni  [sin  (§x +\ir)fT+1/  (cos  x)r+1 
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(2w2+3)  (7v?-{-4:7w) 


64/2 


1024? 


...] 


See  20.9.23-20.9.24  for  expressions  relating  to 
ceT( 0,  q)  and  se'( 0,  q).  When  |cos  x\y>^4r+2/q*, 
20.9.11-20.9.12  are  useful.  The  approximations 
become  poorer  as  r increases. 

Expansions  in  Terms  of  Parabolic  Cylinder  Functions 

(Good  for  angles  close  to  §ir,  for  large  values  of 
2,  especially  when  [cos  x|  <^2i/<yi.)  Due  to  Sips 
[20.44-20.46]. 

20.9.15  eer(x,  q)^Cr[Z(,(a)+Zl(a)] 


20.9.16 

ser+i(z,  q)~Sr  [Z0  (a) — Zi  (a)  ] sin  x, 


a=2qi  cos  x. 


d* 


Let  A= A(«)  = (- ^ «"*• 


20.9.17 


Z0(a)~  A+^j  £ 


A+4  . 3 


16 


+ 


0 D-'] 


I 1 r^r+ 8 4 . 3 , iW  ' 7} 

+I6^L-512 16 +2(r_1)U  D'“4 


V-sJ+  • • • 


20.9.18 


, 1_  fA+s , (r2— 25r— 36)  n 

"^162  L 64  + 64  /yr+2 

+r(r~1)(~e4~27r+10)  A-,-?  © A-.+  • • •] 


20.9.19 


c~(i)V/(H)h[i+^ 

r‘+2r3+263r2+262r+108 


U 


20482 


16384 2^ 


f • 


-r 


/i=6r6+15r4+1280r3+1905r2+1778r+572 


20.9.20 


Sr~(f)V/(r!)^  [l 


+ 


2r+l 

8q^ 

r4+2r3— 121)^— 122r— 84 
20482 


+ 


163842** 


•r 


/2=2r5+5r4— 416r3—629r2— 1162r— -476 


It  should  be  noted  that  20.9.15  is  also  valid  as  an 
approximation  for  ser+i(x , q),  but  20.9.16  may  give 
slightly  better  results.  See  [20.4.] 

Explicit  Expansions  for  Orders  0,  1,  to  Terms  in  q-3/2 

(q  Large) 

20.9.21  For  r=0: 

ft.  ft\  * 


7 J1  ^4.1  ( ft  I ^8  \ 

Z°~£'°  64V2+162  \ 8 +512/ 


I 1 / 99A  3A  A2  \ 

"^6423/2  \ 256  256  24576/ 


+ 


—A 


/■v/ 


I6V2 


■ 1 / 9A  PA 

1'162V  16  "*"64/ 


+ 


:2s'2  ( 


61 A 25A  5D,o  \ 
642s72  V 32  + 256  10240/ 


+ • • • 


20.9.22  For  r=l : 


64/2  162 


L 1 

62  V 16  "*"512/ 


+6423/2  (' 


207 A A 


256  1 64  24576 


As  \ 
14576/ 


+ 


7 A.  1 / 
Zl  16V2+162\ 


15A , A\ 

16  i_64/ 


-f- 

642s'2  \ 


153A  , 35A 


A. 


32 


256  2048 


)+  . . . 


Formulas  Involving  cer(0,  /)  and  se,(0,  q) 


20.9.23 


^M,~2V2  e-**(l  +77^+^+ 


1 


9 


ce0(iir,  2) 

ce2( 0,  2) 
ce2(^ir,  2) 


\ ' 16/2  2562 


...) 


Z2q^2e~2^(l 


1 f— + 

1 1 oo-T  * ’ / 


16V<r  128  q 


*See  page  II. 
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— 4V2«-*^(i4 

ce,(§x,2)  \ 

2V2«_2^^1- 


16Vg^256g+  ' ‘ 7 


ces(0,  q)  64 

ceKI’r.  2)  3 

20.9.24 


3 f-^-4 


16Vg^l28g 


■•) 


Se[(0>^  ^42^«-2V?(l-  3 

-642V2e“2V*(l 
-8gV2e_2V*(l 


seidn-,  g) 

se  3(0,2) 
se3(|7r,  2)  ~ 

sgz(0,2) 
se2(§T,  2) 


11 


I6V2  2562 


+ 


..:) 


21 


17 


I6V2  1282 

9 39 

I6V2  2562 


...) 
4"  • • 


g) qJ2e ( 1 - —4 

seiQfr,  <z)  3 * \ I6V2  128^^ 

For  higher  orders,  these  ratios  are  increasingly 
more  difficult  to  obtain.  One  method  of  estimat- 
ing values  at  the  origin  is  to  evaluate  both  20.9.11 
and  20.9.15  for  some  x where  both  expansions  are 
satisfactory,  and  so  to  use  20.9.11  as  a means  to 
solve  for  ceT( 0,  q) ; similarly  for  se'(0,  q). 

Other  asymptotic  expansions,  valid  over  various 
regions  of  the  complex  2 -plane,  for  real  values  of 
a , q,  have  been  given  by  Langer  [20.25].  It  is  not 
always  easy,  however,  to  determine  the  linear 
combinations  of  Langer’s  solutions  which  coincide 
with  those  defined  here. 


20*10.  Comparative  Notations 
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Note:  1.  The  conversion  factors  Ar  and  Br  are  tabulated  in  [20.58]  along  with  the  coefficients. 

2.  The  multipliers  pr  and  sr  are  defined  in  [20.30],  Appendix  1,  section  3,  equations  3,  4,  5,  6. 

3.  See  [20.59],  sections  (5.3)  and  (5.5).  In  eq.  (316)  of  (5.5),  the  first  term  should  have  a minus  sign. 

♦See  page  II. 
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Table  20.1  CHARACTERISTIC  VALUES,  JOINING  FACTORS,  SOME  CRITICAL  VALUES 


EVEN  SOLUTIONS 


r 

q 

ar 

cer(0,  q) 

cer(i  7T,  q) 

0 

0 

0.00000  000 

(-1)7.07106  781 

(-1)  7.07106  78 

5 

5.80004  602 

(-2)4.48001  817 

1.33484  87 

10 

- 13.93697  996 

(-3)7.62651  757 

1.46866  05 

15 

- 22.51303  776 

(-3)1.93250  832 

1.55010  82 

20 

- 31.31339  007 

(-4)6.03743  829 

1.60989  09 

25 

- 40.25677  955 

(-4)2.15863  018 

1.65751  03 

2 

0 

4.00000  000 

1.00000  000 

-1.00000  00 

5 

7.44910  974 

(-1)7.35294  308 

(-1) -7.24488  15 

10 

7.71736  985 

(-1)2.45888  349 

(-1) -9.26759  26 

15 

5.07798  320 

(-2)7.87928  278 

-1.01996  62 

20 

+ 1.15428  288 

(-2)2.86489  431 

-1.07529  32 

25 

- 3.52216  473 

( -2) 1.15128  663 

-1.11627  90 

10 

0 

100.00000  000 

1.00000  000 

-1.00000  00 

5 

100.12636  922 

1.02599  503 

(-1) -9.75347  49 

10 

100.50677  002 

1.05381  599 

(-1) -9.51645  32 

15 

101.14520  345 

1.08410  631 

(-1) -9.28548  06 

20 

102.04891  602 

1.11778  863 

(-1) -9.05710  78 

25 

103.23020  480 

1.15623  992 

(-1) -8.82691  92 

r q 

ar 

cer(0,  q) 

cer(ii r,  q) 

1 0 

1.00000  000 

1.00000  000 

-1.00000  00 

5 

+ 1.85818  754 

(-1)2.56542  879 

-3.46904  21 

10 

- 2.39914  240 

(-2)5.35987  478 

-4.85043  83 

15 

- 8.10110  513 

(-2)1.50400  665 

-5.76420  64 

20 

- 14.49130  142 

(-3)5.05181  376 

-6.49056  58 

25 

- 21.31489  969 

(-3)1.91105  151 

-7.10674  15 

(4  q)hrge,  M 

(-1)7.97884  56 
1.97009  00 
2.40237  95 
2.68433  53 
2.90011  25 
3.07743  91 

( 1)1.27661  53 
( 1)2.63509  89 
( 1)7.22275  58 
( 2)1.32067  71 
( 2)1.98201  14 
( 2)2.69191  26 

12)1.51800  43 
12)1.48332  54 
(12)1.45530  39 
(12)1.43299  34 
(12)1.41537  24 
( 12) 1.40118  52 


(4?)^6,  M) 

1.59576  91 
7.26039  84 
1)1.35943  49 
1)1.91348  51 
( 1) 2.42144  01 
( 1)2.89856  94 


(4  q)%  M 

00 

- 3)1.86132  97 

- 5)5.54257  96 
(-  6)3.59660  89 

- 7)3.53093  01 

- 8)4.53098  68 

( 1)8.14873  31 

( 2)1.68665  79 

( 1)6.89192  56 

( 1)1,73770  48 

4.29953  32 
1.11858  69 

123)2.30433  72 
23)2.31909  77 
23)2.36418  54 
23)2.44213  04 
23)2.55760  55 
( 23)2.71854  15 


(4?)r4  M 

2.54647  91 
1.02263  46 
(-  2)9.72660  12 
(-  2)1.19739  95 

- 3)1.84066  20 

- 4)3.33747  55 


0 

25.00000  000 

1.00000 

000 

5 

25.54997  175 

1.12480 

725 

10 

27.70376  873 

1.25801 

994 

15 

31.95782  125 

1.19343 

223 

20 

36.64498  973 

(-1! 

>9.36575 

531 

25 

40.05019  099 

(-1) 

16.10694 

310 

-5.00000  00 
-5.39248  61 
-5.32127  65 
-5.11914  99 
-5.77867  52 
-7.05988  45 


4)4.90220  27 
4)4.43075  22 
( 4)4.19827  66 
( 4)5.25017  04 
( 4)8.96243  97 
( 5)1.71582  55 


8)4.80631  83 
8)5.11270  71 

8) 6.83327  77 

9) 1.18373  72 
9)1.85341  57 
9)2.09679  12 


15 


0 

225.00000 

000 

5 

225.05581 

248 

10 

225.22335 

698 

15 

225.50295 

624 

20 

225.89515 

341 

25 

226.40072 

004 

1.00000  000 
1.01129  373 
1.02287  828 
1.03479  365 
1.04708  434 
1^05980  044 


1)  1.50000  00 
1)  1.51636  57 
1)  1.53198  84 
1)  1.54687  43 
1 1.56102  79 

1)  1.57444  72 


(20)5.60156  72 
(20)5.54349  84 
(20)5.49405  67 
(20)5.45287  72 
20)5.41964  26 
20)5.39407  68 


( 40)2.09183  70 
( 40)2.09575  00 
( 40)2.10754  45 
( 40)2.12738  84 
( 40)2.15556  69 
( 40)2.19249  18 


Compiled  from  National  Bureau  of  Standards,  Tables  relating  to  Mathieu  functions,  Columbia  Univ. 
Press,  New  York,  N.Y.,  1951  (with  permission). 


ar  -\-2q-{Ar+2)^q 


q~*\r 

0 

1 

2 

5 

10 

15 

<Q> 

0.16 

-0.25532  994 

-1.30027  212 

-3.45639  483 

-17.84809  551 

-76.04295  314 

- 80.93485 

048 

39 

0.12 

-0.25393  098 

-1.28658  972 

-3.39777  782 

-16.92019  225 

-76.84607  855 

-141.64507 

841 

69 

0.08 

-0.25257  851 

-1.27371  191 

-3.34441  938 

-16.25305  645 

-63.58155  264 

-162.30500 

052 

156 

0.04 

-0.25126  918 

-1.26154  161 

-3.29538  745 

-15.70968  373 

-58.63500  546 

-132.08298 

271 

625 

0.00 

-0.25000  000 

-1.25000  000 

-3.25000  000 

-15.25000  000 

-55.25000  000 

-120.25000 

000 

00 

For  ge>  r and  fe>  r see  20.8.12. 


<q>  = nearest  integer  to  q. 

Compiled  from  G.  Blanch  and  I.  Rhodes,  Table  of  characteristic  values  of  Mathieu’s  equation  for  large 
values  of  the  parameter,  Jour.  Wash.  Acad.  Sci.,  45,  6, 1955  (with  permission). 
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CHARACTERISTIC  VALUES,  JOINING  FACTORS,  SOME  CRITICAL  VALUES  Table  20.1 


ODD  SOLUTIONS 


V 

9 

K 

«v(0,  <?) 

Se'(§7T,?) 

2 

0 

4.00000 

000 

2.00000 

00 

-2.00000 

00 

5 

+ 2.09946 

045 

(-1)7.33166 

22 

-3.64051 

79 

10 

- 2.38215 

824 

(-1)2.48822 

84 

-4.86342 

21 

15 

- 8.09934 

680 

(-2)9.18197 

14 

-5.76557 

38 

20 

- 14.49106 

325 

(-2)3.70277 

78 

-6.49075 

22 

25 

- 21.31486 

062 

(-2)1.60562 

17 

-7.10677 

19 

10 

0 

100.00000 

000 

( 1)1.00000 

00 

( 1) -1.00000 

00 

5 

100.12636 

922 

9.73417 

32 

( 1 -1.02396 

46 

10 

100.50676 

946 

9.44040 

54 

( 1) -1.04539 

48 

15 

101.14517 

229 

9.11575 

13 

( 1) -1.06429 

00 

20 

102.04839 

286 

8.75554 

51 

( 1) -1.08057 

24 

25 

103.22568 

004 

8.35267 

84 

( 1) -1.09413 

54 

r 

9 

K 

se'r( 0,  q) 

ser(iir,  q) 

1 

0 

+ 1.00000 

000 

1.00000 

00 

1.00000 

00 

5 

- 5.79008 

060 

(-1)1.74675 

40 

1.33743 

39 

10 

- 13.93655 

248 

(-2)4.40225 

66 

1.46875 

57 

15 

- 22.51300 

350 

(-2)1.39251 

35 

1.55011 

51 

20 

- 31.31338 

617 

(-3)5.07788 

49 

1.60989 

16 

25 

- 40.25677 

898 

(-3)2.04435 

94 

1.65751 

04 

5 

0 

25.00000 

000 

5.00000 

00 

1.00000 

00 

5 

25.51081 

605 

4.33957 

00 

(-1)  9.06077 

93 

10 

26.76642 

636 

3.40722 

68 

(-1)  8.46038 

43 

15 

27.96788 

060 

2.41166 

65 

(-1)  8.37949 

34 

20 

28.46822 

133 

1.56889 

69 

(-1)  8.63543 

12 

25 

28.06276 

590 

(-1)9.64071 

62 

(-1)  8.99268 

33 

(4 q)hr90,  M 

6.38307  65 
( 1)1.24474  88 
( 1)1.86133  36 
( 1)2.42888  57 
( 1 2.95502  89 
( 1)3.44997  83 

(11)1.51800  43 
11)1.56344  50 
11)1.62453  03 
11)1.70421  18 
11)1.80695  19 
(11)1.93959  86 


(4 g)hr9o,  M 

1.59576  91 
2.27041  76 
2.63262  99 
2.88561  87 
3.08411  21 
3.24945  50 

( 3)9.80440  55 
( 4)1.14793  21 
( 4)1.52179  77 
( 4)2.20680  20 
( 4)3.27551  12 
( 4)4.76476  62 


(Wfo,  M 

( 1)8.14873  31 

( 1)2.24948  08 

3.91049  85 
(-  1)7.18762  28 
(-  1 1.47260  95 
(-  2)3.33750  27 

( 23)2.30433  72 
( 23)2.31909  77 
( 23)2.36418  52 
( 23)2.44211  78 
( 23)2.55740  30 
( 23)2.71681  11 


(4?)70,  M 

2.54647  91 

- 2)3.74062  82 

- 3)2.21737  88 
(-  4)2.15798  83 
(-  4)2.82474  71 
(-  6)4.53098  74 

( 8)4.80631  83 

( 8)5.05257  20 

( 8)5.46799  57 

( 8)5.27524  17 

( 8)4.26215  66 

( 8)2.94147  89 


15  0 

5 

10 

15 

20 

25 


225.00000  000 
225.05581  248 
225.22335  698 
225.50295  624 
225.89515  341 
226.40072  004 


( 1)1.50000  00 
( 1)1.48287  89 
( 1)1.46498  60 
( 1)1.44630  01 
( 1)1,42679  46 
( 1)1.40643  73 


-1.00000  00 
(-1) -9.88960  70 
(-1) -9.78142  35 
-1) -9.67513  70 
-1) -9.57045  25 
(-1)  -9.46708  70 


(19)3.73437  81 
(19)3.78055  49 
(19)3.83604  43 
(19)3.90140  52 
(19)3.97732  29 
(19)4.06462  83 


( 40)2.09183  70 
( 40)2.09575  00 
( 40)2.10754  45 
( 40)2.12738  84 
( 40)2.15556  69 
( 40)2.19249  18 


K+2q-(4r-2)iJq 


9~h\r 

1 

2 

5 

0.16 

-0.25532  994 

-1.30027  164 

-11.53046 

0.12 

-0.25393  098 

-1.28658  971 

-11.12574 

0.08 

-0.25257  851 

-1.27371  191 

-10.78895 

0.04 

-0.25126  918 

-1.26154  161 

-10.50135 

0.00 

-0.25000  000 

-1.25000  000 

-10.25000 

For  q0t  r and  f0>  r 

see  20.8.12. 

10 

15 

<?> 

855 

-51.32546  875 

- 55.93485  112 

39 

983 

-56.10964  961 

-108.31442  060 

69 

146 

-51.15347  975 

-132.59692  424 

156 

748 

-47.72149  533 

-114.76358  4j61 

625 

000 

-45.25000  000 

-105.25000  000 

00 

<q>  = nearest  integer  to  q. 
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Table  20.2 

COEFFICIENTS 

Am 

AND  Bm 

??t\l 

0 

2 

10 

IO 

II 

m\r 

1 

5 

15 

0 

+0.54061 

2446 

+0.43873 

7166 

+0.00000 

1679 

1 

+0.76246 

3686 

+0.07768 

5798 

0.00000 

0000 

2 

-G.62711 

5414 

+0.65364 

0260 

+0.00003 

3619 

3 

-0.63159 

6319 

+0.30375 

1030 

+0.00000 

0002 

4 

+0.14792 

7090 

-0.42657 

8935 

+0.00064 

2987 

5 

+0.13968 

4806 

+0.92772 

8396 

+0.00000 

0106 

6 

-0.01784 

8061 

+0.07588 

5673 

+0.01078 

4807 

7 

-0.01491 

5596 

-0.20170 

6148 

+0.00000 

4227 

8 

+0.00128 

2863 

-0.00674 

1769 

+0.13767 

5121 

9 

+0.00094 

4842 

+0.01827 

4579 

+0.00014 

8749 

10 

-0.00006 

0723 

+0.00036 

4942 

+0.98395 

5640 

11 

-0.00003 

9702 

-0.00095 

9038 

+0.00428 

1393 

12 

+0.00000 

2028 

-0.00001 

3376 

-0.11280 

6780 

13 

+0.00000 

1189 

+0.00003 

3457 

+0.08895 

2014 

14 

-0.00000 

0050 

+0.00000 

0355 

+0.00589 

2962 

15 

-0.00000 

0027 

-0.00000 

0839 

+0.99297 

4092 

16 

+0.00000 

0001 

-0.00000 

0007 

-0.00018 

9166 

17 

+0.00000 

0001 

+0.00000 

0016 

-0.07786 

7946 

18 

+0.00000 

4226 

19 

+0.00286 

6409 

20 

-0.00000 

0071 

21 

-0.00006 

6394 

22 

+0.00000 

0001 

23 

+0.00000 

1092 

25 

7=25 

m\r 

-0.00000 

0014 

m\r  0 

2 

10 

1 

5 

15 

0 

+0.42974 

1038 

+0.33086 

5777 

+0.00502 

6361 

1 

+0.39125 

2265 

+0.65659 

0398 

+0.00000 

4658 

2 

-0.69199 

9610 

-0.04661 

4551 

+0.02075 

4891 

3 

-0.74048 

2467 

+0.36900 

8820 

+0.00003 

7337 

4 

+0.36554 

4890 

-0.64770 

5862 

+0.07232 

7761 

5 

+0.50665 

3803 

-0.19827 

8625 

+0.00032 

0026 

6 

-0.13057 

5523 

+0.55239 

9372 

+0.23161 

1726 

7 

-0.19814 

2336 

-0.48837 

4067 

+0.00254 

0806 

8 

+0.03274 

5863 

-0.22557 

4897 

+0.55052 

4391 

9 

+0.05064 

0536 

+0.37311 

2810 

+0.01770 

9603 

10 

-0.00598 

3606 

+0.05685 

2843 

+0.63227 

5658 

11 

-0.00910 

8920 

-0.12278 

1866 

+0.10045 

8755 

12 

+0.00082 

3792 

-0.00984 

6277 

-0.46882 

9197 

13 

+0.00121 

2864 

+0.02445 

3933 

+0.40582 

7402 

14 

-0.00008 

7961 

+0.00124 

8919 

+0.13228 

7155 

15 

-0.00012 

4121 

-0.00335 

1335 

+0.83133 

2650 

16 

+0.00000 

7466 

-0.00012 

1205 

-0.02206 

0893 

17 

+0.00001 

0053 

+0.00033 

9214 

-0.35924 

8831 

18 

-0.00000 

0514 

+0.00000 

9296 

+0.00252 

2374 

19 

-0.00000 

0660 

-0.00002 

6552 

+0.06821 

6074 

20 

+0.00000 

0029 

-0.00000 

0578 

-0.00021 

3672 

21 

+0.00000 

0036 

+0.00000 

1661 

-0.00802 

4550 

22 

-0.00000 

0001 

+0.00000 

0030 

+0.00001 

4078 

23 

-0.00000 

0002 

-0.00000 

0085 

+0.00066 

6432 

24 

-0.00000 

0001 

-0.00000 

0746 

25 

+0.00000 

0004 

-0.00004 

1930 

26 

+0.00000 

0032 

27 

+0.00000 

2090 

28 

-0.00000 

0001 

29 

-0.00000 

0085 

31 

+0.00000 

0003 

9=5 


m\r 

2 

10 

m\r 

1 

5 

15 

2 

+0.93342  9442 

+0.00003  3444 

1 

+0.94001  9024 

+0.05038  2462 

0.00000 

0000 

4 

-0.35480  3915 

+0.00064  2976 

3 

-0.33654  1963 

+0.29736  5513 

+0.00000 

0002 

6 

+0.05296  3730 

+0.01078  4807 

5 

+0.05547  7529 

+0.93156  6997 

+0.00000 

0106 

8 

-0.00429  5885 

+0.13767  5120 

7 

-0.00508  9553 

-0.20219  3638 

+0.00000 

4227 

10 

+0.00021  9797 

+0.98395  5640 

9 

+0.00029  3879 

+0.01830  5721 

+0.00014 

8749 

12 

-0.00000  7752 

-0.11280  6780 

11 

-0.00001  1602 

-0.00096  0277 

+0.00428 

1392 

14 

+U00000  0200 

+0.00589  2962 

13 

+0.00000  0332 

+0.00003  3493 

+0.08895 

2014 

16 

-0.00000  0004 

-0.00018  9166 

15 

-0.00000  0007 

-0.00000  0842 

+0.99297 

4092 

18 

+0.00000  4227 

17 

+0.00000  0017 

-0.07786 

7946 

20 

-0.00000  0070 

19 

+0.00286 

6409 

22 

+0.00000  0001 

21 

-0.00006 

6394 

23 

+0.00000 

1093 

25 

-0.00000 

0013 

9 = 

25 

m\r 

2 

10 

m\r 

1 

5 

15 

2 

+0.65743  9912 

+0.01800  3596 

1 

+0.81398  3846 

+0.30117  4196 

+0.00000 

3717 

4 

-0.66571  9990 

+0.07145  6762 

3 

-0.52931  0219 

+0.62719  8468 

+0.00003 

7227 

6 

+0.33621  0033 

+0.23131  0990 

5 

+0.22890  0813 

+0.17707  1306 

+0.00032 

0013 

8 

-0.10507  3258 

+0.55054  4783 

7 

-0.06818  2972 

-0.60550  5349 

+0.00254 

0804 

10 

+0.02236  2380 

+0.63250  8750 

9 

+0.01453  0886 

+0.33003  2984 

+0.01770 

9603 

12 

-0.00344  2304 

-0.46893  3949 

11 

-0.00229  5765 

-0.09333  5984 

+0.10045 

8755 

14 

+0.00040  0182 

+0.13230  9765 

13 

+0.00027  7422 

+0.01694  2545 

+0.40582 

7403 

16 

-0.00003  6315 

-0.02206  3990 

15 

-0.00002  6336 

-0.00217  7430 

+0.83133 

2650 

18 

+0.00000  2640 

+0.00252  2676 

17 

+0.00000  2009 

+0.00021  0135 

-0.35924 

8830 

20 

-0.00000  0157 

-0.00021  3694 

19 

-0.00000  0126 

-0.00001  5851 

+0.06821 

6074 

22 

+0.00000  0008 

+0.00001  4079 

21 

+0.00000  0007 

+0.00000  0962 

-0.00802 

4551 

24 

-0.00000  0746 

23 

-0.00000  0048 

+0.00066 

6432 

26 

+0.00000  0033 

25 

+0.00000  0002 

-0.00004 

1930 

27 

+0.00000 

2090 

For 

and  B„  see  20.2.3-20.2.11 

29 

-0.00000 

0086 

ru  ui 

31 

+0.00000 

0003 

Compiled  from  National  Bureau  of  Standards,  Tables  relating  to  Mathieu  functions,  Columbia  Univ. 
Press,  New  York,  N.Y.,  1951  (with  permission). 
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21.  Spheroidal  Wave  Functions 


Mathematical  Properties 


21.1.  Definition  of  Elliptical  Coordinates 


21.1.1 


„_r,+r2.  _rx—r2 


ri  and  r2  are  the  distances  to  the  foci  of  a family 
of  confocal  ellipses  and  hyperbolas;  2/  is  the  dis- 
tance between  foci. 

eJ- 

a 


21.1.2  a=ft,  b=f^[e=^, 


a = semi-major  axis;  6= semi-minor  axis;  6= ec- 
centricity. 

Equation  of  Family  of  Confocal  Ellipses 


21.1.3 


v?  . y 2 


+ 


-f 


Equation  of  Family  of  Confocal  Hyperbolas 


(KK») 


21.1.4 


x2  y 2 


"f 


(-!<?<  1) 


v*  w 

Relations  Between  Cartesian  and  Elliptical  Coordinates 

21.1.5  *=/*,;  2/=/V(l2- 1)(1-V) 

21*2.  Definition  of  Prolate  Spheroidal 

Coordinates 

If  the  system  of  confocal  ellipses  and  hyberbolas 
referred  to  in  21.1.3  and  21.1.4  revolves  around 
the  major  axis,  then 


21.2.1 


x2  . r 2 


/vt2  m2 

1 : — -f2\  _ 1 — 42 

rj2  1 — i)2  J 
y=r  cos  <t>)  z—r  sin  <£;  0<<t><2w 


where  £,  rj  and  <j>  are  prolate  spheroidal  coordinates. 

Relations  Between  Cartesian  and  Prolate  Spheroidal 

Coordinates 

21.2.2 


z=/£i7;  2/=yV(^2 — 1)(1“V)  cos  <t>; 


2=/V(€2— 1)(1 — t72)  sin 

21.3.  Definition  of  Oblate  Spheroidal 

Coordinates 

If  the  system  of  confocal  ellipses  and  hyperbolas 
referred  to  in  21.1.3  and  21.1.4  revolves  around 
the  minor  axis,  then 


21.3.1 


r2  . f 


e ■ *2-i 


=/2;  is 


t 


T 1 — 7J 


.-f 


z=r  cos  <j> ; x=r  sin  <j>;  0<<l><2w 

where  £,  rj  and  <j>  are  oblate  spheroidal  coordinates. 

Relations  Between  Cartesian  and  Oblate  Spheroidal 

Coordinates 

21.3.2 


*=/£»?  sin  0;  y=j  V(l2— 1)(1— V2)',  z=/l»?  cos  <p 

21.4.  Laplacian  in  Spheroidal  Coordinates 


21.4.1 


V2^  1 ["  d (KK  d\  . d /h^  5V  a /h(h„  d \~| 

hAh  |_d|;  V h d£/ ' dy\  h„  d?// ' d<£  \ h$  &4>)j 


hi 


/bx\2  /iyy\2  /dgV 
\d£/  +\d|/ 


«kiks y<w 


Metric  Coefficients  for  Prolate  Spheroidal  Coordinates 

21.4.2 


**=/■ ^=/V({2-D(i-n2) 

Metric  Coefficients  for  Oblate  Spheroidal  Coordinates 

21.4.3 

21.5.  Wave  Equation  in  Prolate  and  Oblate 
Spheroidal  Coordinates 

Wave  Equation  in  Prolate  Spheroidal  Coordinates 

21.5.1 

[«*-,)  |]+|  [<!-,■)  |i] 


+ 


y2 -2 

€ V 


d24> 


(f2— 1)(1“ ^2)&02 


fc2(^-7?2)#=0 


♦See  page  n. 
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Wave  Equation  in  Oblate  Spheroidal  Coordinates 

V^+»-|  [«•+!)  §]+|  [(1  if)  g] 

+(iH\^)g+^+,’)*-o 

H*) 

21.5.2  may  be  obtained  from  21.5.1  by  the 
transformations 

£->±i£,  c-^Tic. 

21.6.  Differential  Equations  for  Radial  and 
Angular  Prolate  Spheroidal  Wave  Functions 

If  in  21.5.1  we  put 

&=Rmn(c,£)Smn(c,1l)  m<t> 

Sill 

then  the  “radial  solution”  Rmn(c,  £)  and  the 
“angular  solution”  Smn(Cj  tj)  satisfy  the  differential 
equations 

21.6.1 


(21.6.3  may  be  obtained  from  21.6.1  by  the 
transformations  c-^^ic;  21.6.4  may  be 

obtained  from21.6.2  by  the  transformation  c->lric.) 

21.7.  Prolate  Angular  Functions 

21.7.1 

Siilic,  v)  =S'  d?"(c)PS+,  (v) 

■ r-0, 1 

=Prolate  angular  function  of  the  first  kind 


21.7.2 

dr(c)<&+M 

r=  — co 

= Prolate  angular  function  of  the  second  kind 

(P%(v)  and  Oniv)  are  associated  Legendre 
functions  of  the  first  and  second  kinds  respectively. 
However,  for  — 1<s<1,  P%(z)  = (l  — z2)m/2dmPn(z)/ 
dzm  (see  8.6.6).  The  summation  is  extended  over 
even  values  or  odd  values  of  r.) 

Recurrence  Relations  Between  the  Coefficients 


21.6.2 

+(Kn-c2v2-~-^  Smn(c,  r,)= 0 

where  the  separation  constants  (or  eigenvalues) 
Xwn  are  to  be  determined  so  that  Rmn(c , £)  and 
Smn(c,  v)  are  finite  at  £=±1  and  17=  ±1 
respectively. 

(21.6.1  and  21.6.2  are  identical.  Radial  and 
angular  prolate  spheroidal  functions  satisfy  the 
same  differential  equation  over  different  ranges  of 
the  variable.) 

Differential  Equations  for  Radial  and  Angular  Oblate 

Spheroidal  Functions 

21.6.3 

;^[(£2+l)  ^ 

(\nn  C2g2  ^2  j ^)  Rmn(cf()=0 

21.6.4 

+(Xm*+C*1J2—  j-~s)  Rmn(c,  I/)=0 


21.7.3 

akdk+2~\-  (Pk — ^mn)dk-{-ykflk-2—Q 

_ (2m+&+2)(2m+&+l)c2 
(2m+2jt+3)  (2  m+2ifc+5) 

P*=  (m+k)  (m+&+l) 

2(m-\-k)(m-\-k-\-l)—2m2— 1 2 

+ (2m+2&— l)(2m+2&+3)  c 


— l)c2 

7*—  (2m+2&-3)  (2m+2jfc-l) 

Transcendental  Equation  for  Xmn 


21.7.4 


U (Xmn)  = U I (XTOn)  + U 2 (Xfltn)  — 0 
Ul(\mn)=y?-\mn-  K ^-2 


Tr-2  Xmn  Tr-  4 X 


mn 


U 2 (Xmn)  — 


ft 


+2 


ft 


+ 4 


77+2  Xmn  TT+4  X; 


row 


ft= 


k(k-l)(2m+k)(2m+k’-l)ci 
(2m+2k—l)2(2rn+2k+l)(2m+2k--3) 

(k>  2) 


7*: 


(m+k)(m+k+l) 


+*cf 


4m2— 1 


L (2m+2A-l)(2m+2i+3) 


] (*>  0) 


(The  choice  of  r in  21.7.4  is  arbitrary.) 
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Power  Series  Expansion  for  X 


mn 


21.7.5 


oo 


*mn=S  hlfi* 


0 


Z0=«(ti+1) 


U 


}D 


(2m— l)(2m+l)~ 
2,1  (2n-l)(2w+3)  _ 


j _— (n—  m+l)(r&— m+2)(n+m+l)(7i+m+2)  (n— m— l)(n— m)(7&+w— l)(7i+w) 

2(2n+l)(2^+3)3(2ri+5)  1 2(2n-3)(2n-l)3(2n+l) 


Z6=(4m2- 


«[ 


(n— m+l)(n— m+2)(n4-^+l)(^+^+2)  (n>—  m— l)(n—  m)(n+m— l)(7i+m)  ~| 

(271—1)  (27&+1)  (27&+3)6(27&+5)  ( 2n+7 ) (2n— 5)  (2n—3)  (2n— 1)5(2^+1)  (2t&+3)  J 


Z8=2(4m2-l)M+^  J5+|  <7+|  D 


a_  (n— m— 1)  (n— m)  (71+  m)  (n— m+l)(ft— m+2)(7&+m+l)(7&+m+2) 

(2n-5)2(2n-3)(27i-l)7(27i+l)(2n+3)2  (27i-l)2(27i+l)(27i+3)7(27i+5)(2n+7)2 


B 


(2n— 7)(2t&— 5)2(2n— 3)z(2n—  l)4(2/i+l) 

(7i— m+l)(^— ^+2)(7i— m+3)(n— m+4)(7i+m+l)(7i+w+2)(7i+m+3)(7i+m+4) 

(2n+l)(27i+3)4(2^+5)3(2n+7)2(2n+9) 

~ (ft— m+l)2(n—  m+2)2(7i+m+l)2(^+^+2)2  (n— m— l)2(7i— m)2(7i+^— 1)2(^+^)2 
G~  (2n+l)2(27i+3)7(27i+5)2 


(2n— 3)2(2n—  l)7(2n+l): 


^_(n— m— l)(7i— m)(n— m+l)(^— ^+2)(n+^-~  l)(^+^)(^+^+l)(^+^+2) 

(271—3)  (2t& — 1 ) 4 (271 + 1) 2 (271+ 3) 4 (2tt-l-5) 


Asymptotic  Expansion  for  Xmn 

21.7.6 

>w(c)=C2+m2— | (22+5)~6^  (22+11_32to2) 
-IM4?  [5(<Z4+26g2+21)-384m2(22+l)] 

(3326+1594g2+5621g) 


bSw+167^+T«] 

[2k2  (632®+494024+43327g2+22470) 

(115g4+131022+735)+^-4  (g*+l)] 
[lob  (527g7+61529g8+1043961g3 

rn  2 

+2241599g) -32^524  (573p25+12755023 

+298951  g)+|^  (35523+15052)-^]+O(c-#) 

g=2(7i— m)+l 


Refinement  of  Approximate  Values  of  Xmn 

If  X^>  is  an  approximation  to  Xmn  obtained  either 
from  21.7.5  or  21.7.6  then 

21.7.7 


\nn=^mn+5X 


mn 


8\ 


Ut  (X»>)+*72(X“>) 


mn 


Ai+A2 


A1=l  + 


0? 


0707-! 


0707-207- 


(A^m)2-T  (tfmNm_2y !T  (N?N?-2N?-4) 


+ • • • 


Ao — 


(JV?+2)2  (ATy+27Vy+4)2  (iVr+2^+^+6)2 

I om  om  I 


07 


+2 


07+207+4 


om  om  /3m 
rf  + 2rf  + 4rr  + 6 


+ • 


N?= 


(2m+r)(2m+r—  l)c2 . <J, 


om 


(2m+2r— l)(2m+2r+l)  dr_2 
r(r—  l)(2m+f)(2m+r— -l)c4 


(r>2) 


(2m+2r—  l)2(2m+2r+l)(2m+2r— 3) 


(r>2) 
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Evaluation  of  Coefficients 

Step  1.  Calculate  Nf’s  from 


21.7.8 

K+  2=7?-Kn-^  (r>  2) 

Nf= yZ-Kn,  Nf= 


7^=(m+^)(w+r+l) 


+1 

C t1  (2m+2r-l)(2m+2r+3)]  ^“0) 

Step  2. 

Calculate  ratios  ^ and  f'1  from 

®2r  <hp+l 

21.7.9 

do  / d0\  / C?2\  / C?2r-2\ 

d2r~  W W '"UJ 

21.7.10 

/'  =(  j1)  (f)  • • • 

^2p+l  \®3/  \^5/  \<hp+l/ 

and  the  formula  for  N™  in  21.7.7. 

The  coefficients  d™n  are  determined  to  within 
the  arbitrary  factor  d0  for  r even  and  dx  for  r odd. 
The  choice  of  these  factors  depends  on  the  normal- 
ization scheme  adopted. 


21.7.15 


n—m 


•A,  (— l)r/2(r+2m)!  (-1)  2 (n+m)\ 

^ ' o r 2._,^n-CT^n+m^, 


21.7.16 


2T 


(-1)  2 (r+2m+l)l 

S'  /r— 1\  , /r+2m+l^  , T 


(n—m)  Odd 


(The  normalization  scheme  21.7.13  and  21.7.14  is 
also  used  in  [21.10].) 


Asymptotic  Expansions  for  Smn  (c,  v) 


21.7.17 

Smn(c,  1?)  = (1  —V^UmniC,  If)  (c~*») 

00 

umn(x)=  S h[Dl+r(x)  l=n—m 

r=— oo 


Normalization  of  Angular  Functions 
Meixner-Schafke  Scheme 


where  the  Dr(x)’s  are  the  parabolic  cylinder  func- 
tions (see  chapter  19). 


21.7.11  P [SmK(c,  V)?dV 


2 ( n-\-m)\ 

2n+l  (n—m)! 


Stratton-Morse-Chu-Little-Corbat6  Scheme 


21.7.12 


(r+2ro)!  , _(n+m)\ 
M,i  r\  a'  (n—m)  l 


Dr(x)  = (-ir^£e-^=2-^e-^HT 

and  the  Hr(x)  are  the  Hermite  polynomials  (see 
chapter  22).  (For  tables  of  hl±T/hl0  see  [21.4].) 


(This  normalization  has  the  effect  that  Smn(c , rj) 
Ptirj)  as  77->l.) 


Flammer  Scheme  [21.4] 


21.7.13 


n—m 


Sm„(c,  0)=P£(0)  = 


(—1)  2 (to+tw)! 


21.7.14 


s,;n(c,o)=p?'(o) 


(n—m)  even 


n-m- 1 


_ (—1)  2 (w+ra+l)! 

2„  ( n-m— 1^ , fn+m+1^ , 


!"  ( 


"X  2 y* 

(n—m)  odd 


The  above  lead  to  the  following  conditions  for 


dmr 


mn 


Expansion  of  Smn(c,  jj)  in  Powers  of  ij 

21.7.18 

smn(c,v)=(l-v2)ml2  S'  pr(c)v' 

r=0,  l 

(r+ 1)  (r+2)p“?2(c) — [r(r+2m+ 1) + m(m+ 1) 

— Kn(c)]p?n(c) — c2p??2(c)  =0 

(The  derivation  of  the  transcendental  equation 
for  Kn  is  similar  to  the  derivation  of  21.7.4  from 
21.7.3.) 

Expansion  of  Smn(c,  v)  in  Powers  of  (1  — i)2) 

21.7.19 

Smn(c,v)=(l-n2)m,2'E.cf"(X-v2Y  (n-m)  even 
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21.7.20 


Smn  (c,  n) = fi  (1  - ^2)m/2  S (!■ - v2)k 


k= 0 


(n—m)  odd 


1 (2 m+2r)! 
°2k  2*JH(m +*)!£*  (2r) ! 


(n—m)  even 


f%Tnn 

t' 2k 


l 


„ (2m-j-2r-fl)! 

2Lj  ZO„  I 1M  V 


2mA:!(ra+/:)!  7^1  (2r+l)! 


— »o*( 


w + ?•+!)  d?T\  i 

/ Ar 

(n—m)  odd 


(a)A=o:(a+l)(Q:+2)  . . . (a+A:+l) 

(The  d™n’s  are  the  coefficients  in  21.7.1.) 

Prolate  Angular  Functions— Second  Kind 
Expansion  21.7.2  ultimately  leads  to 


21.7.21 


S£l(c,ri)=  S'  d^QZ+Av) 

r=-2m,  —2771+1 

+ S'  d^P?-m- i(u) 

r =2771+2,  2771+1 

(The  coefficients  are  the  same  as  in  21.7.1; 

the  coefficients  are  tabulated  in  [21.4].) 

21.8.  Oblate  Angular  Functions 

Power  Series  Expansion  for  Eigenvalues 

21.8.1  Kn=ib(-l)kl2kC2k 

k=0 

where  the  lk’ s are  the  same  as  in  21.7.5. 

Asymptotic  Expansion  for  Eigenvalues  [21.4] 

21.8.2 

Xm«= — c2+2c(2r+m+ 1) — 2v(v+m+ 1) 

— (m+l)+A  mn 

{n—m)  for  {n—m)  even; 

v—k  {n—m—l)  for  {n—m)  odd 

Am„=jbi8rc-* 

k= 1 

(¥?”=— 2~3q{q2+ 1 — m2) 

(9?B=  — 2-8[5g4+  10g2+ 1 -2m2(322+ 1)  +m4] 


pfn=  -2-®2[3324+ 1 14g2+37— 2m2(23g2+25) 

+ 13m4] 

&ln=  — 2~10[63<f+340g4+239g2+ 14 

- 10m2(1024+23g2+3) +m4(39g2- 18)  -2m6] 

^‘"=j'(r+m)aj1  + (i/+l)(>'+m+l)flJl 

g=7i+l  for  {n—m)  even;  q—n  for  {n—m)  odd 

(For  the  definition  of  af  ’ see  21.8.3.) 

Asymptotic  Expansion  for  Oblate  Angular  Functions 

21.8.3 

Sma{-ic,v)~{ l-i?2)m/2  S A?n{e-c"-*U’l\[2c{l-ri)] 

3 = — v 

+ (_1)“— «-e(i+»,Zft>  [2e(l+i»)]} 

where  the  Lim){x)  are  Laguerre  polynomials  (see 
chapter  22)  and 


ATr 

at 


00 


=S  a,£T{m,n)c 


-k 


k=r 


(Expressions  of  ak±r  are  given  in  [21.4].) 

21.9.  Radial  Spheroidal  Wave  Functions 

«»(«,*)={:§;  -2mr|r)!  d^yi  (^J12 


co 


■S'  ir+m~ 

r= 0,  1 


- drz&w 


ZP{e)=^±JnM  {P=  1) 

==V^Fn+j^ 

(Jn+\(z)  and  Fn+j(2)  are  Bessel  functions,  order 
7i+|,  of  the  first  and  second  kind  respectively 
(see  chapter  10).) 

21.9.2  fiffi(c,  f)  = B2i(c,  i)  + i2?Si(c,  £) 

21.9.3  €) (c,  €)  £) 

Asymptotic  Behavior  of  £)  and  £) 

21.9.4  Rml(c>£) " ~T  COS  [c^  — I(71+l)7r] 

cf— ><» 

21.9.5  R{ml{c,£) ► sin  [cf — f (vi+l)jr] 

c£->  co 


♦See  page  n. 
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21.10.1 


21.10.2 


21.10.  Joining  Factors  for  Prolate  Spheroidal  Wave  Functions 


S£(c,?)=£(c)fi'1»(c^) 


CO 


(2m+l)(V&+ra)!  S'  c??n(2m+7,)!/r! 

r=0 

2"+^r(c)c-m!  (^) ! (^)  ! 


(n—m)  even 


CO 


(2m+3)(ft+m+l)!  2D7  d™n(2m+r)!/r! 

. r=l 

2n+md™n(c)cm+1ml  ! (n-+^+1-)  ! 

(n—m)  odd 


K%1(C)=- 


(2m-l)m!(w+w)  !c 


TO—  1 


S'  (2mr|r)! 


(n—m)  even 


!— <2m)l  (2=f=i)  I (!±f±I)  1 *■ 


(o) 


(2m— 3)(2m— l)m!(n+m+l)! cm  3 


2m+lw  (2m+r)!  ,raB. , 
S'  — - dfn(c) 


r=l 


r! 


(n—m)  odd 


(The  expression  for  joining  factors  appropriate  to 
the  oblate  case  may  be  obtained  from  the  above 
formulas  by  the  transformation  c— 


21.11.  Notation 

Notation  for  Prolate  Spheroidal  Wave  Functions 
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SPHE 


The  notation  in  this  chapter  closely  follows  the  notation  in  [21.4]. 
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Table  21.1  EIGENVALUES— PROLATE  AND  OBLATE 

PROLATE 


c2\n 

0 

1 

0 

0.000000 

2.000000 

1 

0.319000 

2.593084 

2 

0.611314 

3.172127 

3 

0.879933 

3.736869 

4 

1.127734 

4.287128 

5 

1.357356 

4.822809 

6 

1.571155 

5.343903 

7 

1.771183 

5.850492 

8 

1.959206 

6.342739 

9 

2.136732 

6.820888 

10 

2.305040 

7.285254 

11 

2.465217 

7.736212 

12 

2.618185 

8.174189 

13 

2.764731 

8.599648 

14 

2.905523 

9.013085 

15 

3.041137 

9.415010 

16 

3.172067 

r(-i,si 

9.805943 

m 

c~l\n 

0 

1 

0.25 

0.793016 

2.451485 

0.24 

0.802442 

2.477117 

0.23 

0.811763 

2.503218 

0.22 

0.820971 

2.529593 

0.21 

0.830059 

2.556036 

0.20 

0.839025 

2.582340 

0.19 

0.847869 

2.608310 

0.18 

0.856592 

2.633778 

0.17 

0.865200 

2.658616 

0.16 

0.873698 

2.682743 

0.15 

0.882095 

2.706127 

0.14 

0.890399 

2.728784 

0.13 

0.898617 

2.750762 

0.12 

0.906758 

2.772133 

0.11 

0.914827 

2.792971 

0.10 

0.922830 

2.813346 

0.09 

0.930772 

2.833316 

0.08 

0.938657 

2.852927 

0.07 

0.946487 

2.872213 

0.06 

0.954267 

2.891203 

0.05 

0.961998 

2.909920 

0.04 

0.969683 

2.928382 

0.03 

0.977324 

2.946608 

0.02 

0.984923 

2.964611 

0.01 

0.992481 

2.982404 

0.00 

1.000000 

3.000000 

(“(-5)21 

R-5)91 

L 4 I 

5 I 

Xm  n (c)  771  ( 771  “f“  1 ) 

X()n(c) 


2 

3 

4 

6.000000 

12.000000 

20.000000 

6.533471 

12.514462 

20.508274 

7.084258 

13.035830 

21.020137 

7.649317 

13.564354 

21.535636 

8.225713 

14.100203 

22.054829 

8.810735 

14.643458 

22.577779 

9.401958 

15.194110 

23.104553 

9.997251 

15.752059 

23.635223 

10.594773 

16.317122 

24.169860 

11.192938 

16.889030 

24.708534 

11.790394 

17.467444 

25.251312 

12.385986 

18.051962 

25.798254 

12.978730 

18.642128 

26.349411 

13.567791 

19.237446 

26.904827 

14.152458 

19.837389 

27.464530 

14.732130 

20.441413 

28.028539 

15.306299 

21.048960 

28.596854 

|“(-4)91 

[“(-4)51 

L 6 J 

L 5 J 

L 5 J 

C_1[Xon(c)] 

2 

3 

4 

3.826574 

5.26224 

7.14921 

3.858771 

5.25133 

7.05054 

3.895890 

5.25040 

6.96237 

3.937869 

5.26046 

6.88638 

3.984499 

5.28251 

6.82460 

4.035382 

5.31747 

6.77941 

4.089903 

5.36610 

6.75360 

4.147207 

5.42883 

6.75030 

4.206229 

5.50551 

6.77286 

4.265772 

5.59516 

6.82451 

4.324653 

5.69566 

6.90779 

4.381878 

5.80359 

7.02356 

4.436798 

5.91452 

7.16962 

4.489168 

6.02383 

7.33916 

4.539096 

6.12806 

7.52035 

4.586895 

6.22577 

7.69932 

4.632927 

6.31730 

7.86638 

4.677506 

6.40385 

8.01951 

4.720863 

6.48655 

8.16148 

4.763160 

6.56618 

8.29538 

4.804519 

6.64326 

8.42315 

4.845033 

6.71812 

8.54594 

4.884779 

6.79104 

8.66452 

4.923820 

6.86221 

8.77945 

4.962212 

6.93182 

8.89116 

5.000000 

7.00000 

9.00000 

[“(  — 4)6"| 

r(-3)21 

[“(-3)41 

L 6 I 

6 

9 J 

♦See  page  n. 
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EIGENVALUES— PROLATE  AND  OBLATE  Table  21.1 

OBLATE 


Xm»(  — *c)  — m(m  + l) 

XOn(-tc) 


c2\n 

0 

1 

2 

3 

4 

0 

0.000000 

2.000000 

6.000000 

12.000000 

20.000000 

1 

-0.348602 

1.393206 

5.486800 

11.492120 

19.495276 

2 

-0.729391 

0.773097 

4.996484 

10.990438 

18.994079 

3 

-1.144328 

+0.140119 

4.531027 

10.494512 

18.496395 

4 

-1.594493 

-0.505243 

4.091509 

10.003863 

18.002228 

5 

-2.079934 

-1.162477 

3.677958 

9.517982 

17.511597 

6 

-2.599668 

-1.831050 

3.289357 

9.036338 

17.024540 

7 

-3.151841 

-2.510421 

2.923796 

8.558395 

16.541110 

8 

-3.733981 

-3.200049 

2.578730 

8.083615 

16.061382 

9 

-4.343292 

-3.899400 

2.251269 

7.611465 

15.585448^ 

10 

-4.976895 

-4.607952 

1.938419 

7.141427 

15.113424 

11 

-5.632021 

-5.325200 

1.637277 

6.673001 

14.645441 

12 

-6.306116 

-6.050659 

1.345136 

6.205705 

14.181652 

13 

-6.996903 

-6.783867 

1.059541 

5.739084 

13.722230 

14 

-7.702385 

-7.524384 

0.778305 

5.272706 

13.267364 

15 

-8.420841 

-8.271795 

0.499495 

4.806165 

12.817261 

16 

-9.150793 

[<r] 

-9.025710 

0.221407 

m 

C-2[Xon(  — 1C)] 

4.339082 

m 

12.372144 

[(-s4)6] 

C~l\7l 

0 

1 

2 

3 

4 

0.25 

-0.571924 

-0.564106 

+0.013837 

0.271192 

0.77325 

0.24 

-0.585248 

-0-.579552 

-0.009136 

0.213225 

0.67822 

0.23 

-0.599067 

-0.595037 

-0.031481 

0.157464 

0.58772 

0.22 

-0.613349 

-0.610591 

-0.053477 

0.103825 

0.50191 

0.21 

-0.628058 

-0.626242 

-0.075480 

0.052196 

0.42099 

0.20 

-0.643161 

-0.642016 

-0.097943 

+0.002437 

0.34521 

0.19 

-0.658625 

-0.657938 

-0.121428 

-0.045635 

0.27490 

0.18 

-0.674418 

-0.674031 

-0.146603 

-0.092251 

0.21043 

0.17 

-0.690515 

-0.690310 

-0.174201 

-0.137692 

0.15215 

0.16 

-0.706891 

-0.706792 

-0.204894 

-0.182301 

0.10020 

0.15 

-0.723530 

-0.723486 

-0.239109 

-0.226469 

0.05428 

0.14 

-0.740416 

-0.740399 

-0.276886 

-0.270627 

+0.01332 

0.13 

-0.757541 

-0.757535 

-0.317881 

-0.315206 

-0.02476 

0.12 

-0.774896 

-0.774894 

-0.361548 

-0.360594 

-0.06337 

0.11 

-0.792476 

-0.792476 

-0.407352 

-0.407081 

-0.10723 

0.10 

-0.810279 

-0.810279 

-0.454896 

-0.454839 

-0.16065 

0.09 

-0.828301 

-0.828301 

-0.503937 

-0.503928 

-0.22419 

0.08 

-0.846539 

-0.846539 

-0.554337 

-0.554337 

-0.29513 

0.07 

-0.864992 

-0.864992 

-0.606021 

-0.606021 

-0.37117 

0.06 

-0.883657 

-0.883657 

-0.658931 

-0.658931 

-0.45125 

0.05 

-0.902532 

-0.902532 

-0.713025 

-0.713025 

-0.53495 

0.04 

-0.921616 

-0.921616 

-0.768262 

-0.768262 

-0.62200 

0.03 

-0.940906 

-0.940906 

-0.824608 

-0.824608 

-0.71218 

0.02 

-0.960402 

-0.960402 

-0.882031 

-0.882031 

-0.80533 

0.01 

-0.980100 

-0.980100 

-0.940503 

-0.940503 

-0.90131 

0.00 

-1.000000 

m 

-1.000000 

-1.000000 

-1.000000 

-1.00000 

['-.*] 

♦See  page  n. 
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Table  21.1  EIGENVALUES— PROLATE  AND  OBLATE 

PROLATE 


c2\n 

1 

2 

0 

0.000000 

4.000000 

1 

0.195548 

4.424699 

2 

0.382655 

4.841718 

3 

0.561975 

5.251162 

4 

0.734111 

5.653149 

5 

0.899615 

6.047807 

6 

1.058995 

6.435272 

7 

1.212711 

6.815691 

8 

1.361183 

7.189213 

9 

1.504795 

7.555998 

10 

1.643895 

7.916206 

11 

1.778798 

8.270004 

12 

1.909792 

8.617558 

13 

2.037141 

8.959038 

14 

2.161081 

9.294612 

15 

2.281832 

9.624450 

16 

2.399593 

m 

9.948719 

m 

c~!\n 

1 

2 

0.25 

0.599898 

2.487179 

0.24 

0.613295 

2.491544 

0.23 

0.627023 

2.497852 

0.22 

0.641073 

2.506130 

0.21 

0.655431 

2.516383 

0.20 

0.670084 

2.528591 

0.19 

0.685014 

2.542705 

0.18 

0.700204 

2.558644 

0.17 

0.715632 

2.576296 

0.16 

0.731281 

2.595516 

0.15 

0.747129 

2.616135 

0.14 

0.763159 

2.637968 

0.13 

0.779353 

2.660829 

0.12 

0.795696 

2.684536 

0.11 

0.812174 

2.708934 

0.10 

0.828776 

2.733891 

0.09 

0.845493 

2.759305 

0.08 

0.862316 

2.785099 

0.07 

0.879237 

2.811212 

0.06 

0.896251 

2.837600 

0.05 

0.913352 

2.864224 

0.04 

0.930535 

2.891056 

0.03 

0.947796 

2.918069 

0.02 

0.965129 

2.945243 

0.01 

0.982531 

2.972558 

0.00 

1.000000 

r<-45)4i 

3.000000 

Pf2! 

Xm»(c)— w(m+l) 

* 

Ain(c)-2 

* 

3 

4 

5 

10.000000 

18.000000 

28.000000 

10.467915 

18.481696 

28.488065 

10.937881 

18.965685 

28.977891 

11.409266 

19.451871 

29.469456 

11.881493 

19.940143 

29.962738 

12.354034 

20.430382 

30.457716 

12.826413 

20.922458 

30.954363 

13.298196 

21.416235 

31.452653 

13.768997 

21.911569 

31.952557 

14.238466 

22.408312 

32.454044 

14.706292 

22.906311 

32.957080 

15.172199 

23.405410 

33.461629 

15.635940 

23.905451 

33.967652 

16.097297 

24.406277 

34.475109 

16.556078 

24.907729 

34.983956 

17.012115 

25.409649 

35.494147 

17.465260 

25.911881 

36.005634 

r(-4)4i 

["(-4)21 

L 5 J 

L 4 J 

L 4 J 

* 

3 

4 

5 

4.366315 

6.47797 

9.00140 

4.338520 

6.38296 

8.80891 

4.315609 

6.29522 

8.62445 

4.297923 

6.21556 

8.44916 

4.285792 

6.14494 

8.28436 

4.279522 

6.08438 

8.13163 

4.279366 

6.03498 

7.99282 

4.285495 

5.99788 

7.87010 

4.297965 

5.97420 

7.76598 

4.316672 

5.96496 

7.68328 

4.341320 

5.97090 

7.62508 

4.371397 

5.99230 

7.59446 

4.406191 

6.02874 

7.59407 

4.444844 

6.07889 

7.62539 

4.486445 

6.14051 

7.68773 

4.530151 

6.21063 

7.77728 

4.575277 

6.28624 

7.88714 

4.621329 

6.36482 

8.00897 

4.667984 

6.44473 

8.13579 

4.715031 

6.52505 

8.26355 

4.762333 

6.60532 

8.39048 

4.809790 

6.68528 

8.51592 

4.857332 

6.76480 

8.63963 

4.904906 

6.84378 

8.76153 

4.952472 

6.92219 

8.88164 

5.000000 

7.00000 

9.00000 

[(-4)81 

r(-3)21 

r(-3)41 

6 

6 I 

L 7 I 

Imm 


♦See  page  n. 
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EIGENVALUES— PROLATE  AND  OBLATE 

OBLATE 


* 

c2\n 

1 

2 

3 

4 

0 

0.000000 

4.000000 

10.000000 

18.000000 

1 

-0.204695 

3.567527 

9.534818 

17.520683 

2 

-0.419293 

3.127202 

9.073104 

17.043817 

3 

-0.644596 

2.678958 

8.615640 

16.569461 

4 

-0.881446 

2.222747 

8.163245 

16.097655 

5 

-1.130712 

1.758534 

7.716768 

15.628426 

6 

-1.393280 

1.286300 

7.277072 

15.161786 

7 

-1.670028 

0.806045 

6.845015 

14.697727 

8 

-1.961809 

+0.317782 

6.421425 

14.236229 

9 

-2.269420 

-0.178458 

6.007074 

13.777252 

10 

-2.593577 

-0.682630 

5.602649 

13.320743 

11 

-2.934882 

-1.194673 

5.208724 

12.866634 

12 

-3.293803 

-1.714511 

4.825732 

12.414840 

13 

-3.670646 

-2.242055 

4.453947 

11.965266 

14 

-4.065548 

-2.777205 

4.093464 

11.517803 

15 

-4.478470 

-3.319848 

3.744202* 

11.072331 

16 

-4.909200 

-3.869861 

3.405903 

10.628718 

[■(-3)21 

r-3)11 

n-.Fi 

["(-4)31 

L 5 J 

L 5 J 

L 5 J 

L 5 J 

C“2[Xln(—  ic)—  2] 

* 

c-{\n 

1 

2 

3 

4 

0.25 

-0.306825 

-0.241866 

0.21286 

0.66429 

0.24 

-0.318148 

-0.266693 

0.17062 

0.57759 

0.23 

-0.330984 

-0.291340 

0.13125 

0.49460 

0.22 

-0.345469 

-0.315894 

0.09476 

0.41533 

0.21 

-0.361702 

-0.340450 

0.06107 

0.33974 

0.20 

0.19 

0.18 

0.17 

0.16 


-0.379735 

-0.399564 

-0.421125 

-0.444308 

-0.468974 


-0.365113 

-0.389998 

-0.415222 

-0.440907 

-0.467166 


0.03001 

+0.00127 

-0.02563 

-0.05142 

-0.07710 


0.26779 

0.19942 

0.13449 

0.07282 

+0.01411 


0.15 

0.14 

0.13 

0.12 

0.11 


-0.494976 

-0.522180 

-0.550474 

-0.579775 

-0.610027 


-0.494104 

-0.521805 

-0.550335 

-0.579732 

-0.610016 


-0.10406 

-0.13412 

-0.16924 

-0.21076 

-0.25868 


-0.04205 

-0.09625 

-0.14929 

-0.20210 

-0.25572 


0.10 

0.09 

0.08 

0.07 

0.06 


-0.641193 

-0.673251 

-0.706186 

-0.739985 

-0.774638 


-0.641191 

-0.673251 

-0.706186 

-0.739985 

-0.774638 


-0.31185 

-0.36901 

-0.42934 

-0.49242 

-0.55807 


-0.31111 

-0.36888 

-0.42932 

-0.49242 

-0.55807 


0.05 

-0.810135 

0.04 

-0.846468 

0.03 

-0.883628 

0.02 

-0.921608 

0.01 

-0.960401 

0.00 

-1.000000 

["(-4)21 

L 5 J 

-0.810135 

-0.846468 

-0.883628 

-0.921608 

-0.960401 

-1.000000 


-0.62616 

-0.69657 

-0.76923 

-0.84406 

-0.92100 

-1.00000 

[(-61>8] 


-0.62616 

-0.69657 

-0.76923 

-0.84406 

-0.92100 

-1.00000 


Table  21.1 


5 

28.000000 

27.513713 

27.029223 

26.546548 

26.065706 

25.586715 

25.109592 

24.634357 

24.161031 

23.689634 

23.220190 

22.752726 

22.287271 

21.823856 

21.362516 

20.903290 

20.446222 


5 

1.2778 

1.1420 

1.0120 

0.8879 

0.7697 

0.6575 

0.5515 

0.4520 

0.3591 

0.2735 

0.1958 

0.1271 

0.0680 

+0.0183 

-0.0250 

-0.0685 

-0.1219 

-0.1907 

-0.2714 

-0.3598 

-0.4542 

-0.5540 

-0.6588 

-0.7682 

-0.8820 

-1.0000 

p-^i 


♦See  page  n. 
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Table  21.1  EIGENVALUES— PROLATE  AND  OBLATE 


PROLATE 

» (c)  — 171  (l7l  -f-  1) 


^2n(c)  6 

* 

c2\n 

2 

3 

4 

5 

6 

0 

0.000000 

6.000000 

14.000000 

24.000000 

36.000000 

1 

0.140948 

6.331101 

14.402353 

24.436145 

36.454889 

2 

0.278219 

6.657791 

14.804100 

24.872744 

36.910449 

3 

0.412006 

6.980147 

15.205077 

25.309731 

37.366657 

4 

0.542495 

7.298250 

15.605133 

25.747043 

37.823486 

5 

0.669857 

7*612179 

16.004126 

26.184612 

38.280913 

6 

0.794252 

7.922016 

16.401931 

26.622373 

38.738910 

7 

0.915832 

8.227840 

16.798429 

27.060261 

39.197451 

8 

1.034738 

8.529734 

17.193516 

27.498208 

39.656510 

9 

1.151100 

8.827778 

17.587093 

27.936151 

40.116059 

10 

1.265042 

9.122052 

17.979073 

28.374023 

40.576070 

11 

1.376681 

9.412636 

18.369377 

28.811761 

41.036514 

12 

1.486122 

9.699610 

18.757932 

29.249302 

41.497364 

13 

1.593469 

9.983052 

19.144675 

29.686584 

41.958589 

14 

1.698816 

10.263039 

19.529549 

30.123544 

42.420160 

15 

1.802252 

10.539650 

19.912501 

30.560125 

42.882048 

16 

1.903860 

10.812958 

20.293486 

30.996267 

43.344222 

["(-4)51 

[“(-4)61 

["(-4)21 

["(-5)61 

["(-5)81 

L 4 J 

L 4 J 

L 4 J 

L 4 J 

L 4 J 

c“1[X2«(c)— 6] 

* 

c~l\n 

2 

3 

4 

5 

6 

0.25 

0.475965 

2.703239 

5.073371 

7.74906 

10.8360 

0.24 

0.489447 

2.683149 

4.994116 

7.58138 

10.5536 

0.23 

0.503526 

2.665356 

4.919290 

7.41971 

10.2781 

0.22 

0.518220 

2.650003 

4.849313 

7.26479 

10.0103 

0.21 

0.533551 

2.637236 

4.784640 

7.11743 

9.7512 

0.20 

0.549534 

2.627196 

4.725757 

6.97858 

9.5023 

0.19 

0.566185 

2.620017 

4.673177 

6.84931 

9.2649 

0.18 

0.583513 

2.615819 

4.627427 

6.73081 

9.0409 

0.17 

0.601526 

2.614701 

4.589031 

6.62442 

8.8323 

0*16 

0.620224 

2.616735 

4.558480 

6.53155 

8.6417 

0.15 

0.639604 

2.621954 

4.536196 

6.45371 

8.4718 

0.14 

0.659659 

2.630349 

4.522485 

6.39236 

8.3260 

0.13 

0.680376 

2.641862 

4.517479 

6.34878 

8.2078 

0.12 

0.701737 

2.656384 

4.521086 

6.32389 

8.1208 

0.11 

0.723722 

2.673764 

4.532956 

6.31794 

8.0678 

0.10 

0.746308 

2.693817 

4.552484 

6.33030 

8.0507 

0.09 

0.769471 

2.716339 

4.578871 

6.35935 

8.0688 

0.08 

0.793186 

2.741120 

4.611219 

6.40263 

8.1184 

0.07 

0.817429 

2.767960 

4.648642 

6.45738 

8.1932 

0.06 

0.842175 

2.796673 

4.690346 

6.52096 

8.2864 

0.05 

0.867402 

2.827089 

4.735658 

6.59127 

8.3919 

0.04 

0.893087 

2.859059 

4.784022 

6.66670 

8.5057 

0.03 

0.919209 

2.892449 

4.834980 

6.74607 

8.6249 

0.02 

0.945747 

2.927138 

4.888160 

6.82849 

8.7477 

0.01 

0.972684 

2.963019 

4.943252 

6.91330 

8.8730 

0.00 

1.000000 

3.000000 

5.000000 

7.00000 

9.0000 

[“(-5)91 

[”(  — 4)41 

rc-8)i“i 

[”(-3)21 

[“(-3)4- 

L 4 J 

L 5 J 

L 6 J 

L 6 J 

L 5 j 

♦See  page  n. 
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EIGENVALUES— PROLATE  AND  OBLATE  Table  21.1 


OBLATE 

X2„(-j'c)-6  * 


c2\n 

2 

3 

0 

0.000000 

6.000000 

1 

-0.144837 

5.664409 

2 

-0.293786 

5.324253 

3 

-0.447086 

4.979458 

4 

-0.604989 

4.629951 

5 

-0.767764 

4.275662 

6 

-0.935698 

3.916525 

7 

-1.109090 

3.552475 

8 

-1.288259 

3.183450 

9 

-1.473539 

2.809393 

10 

-1.665278 

2.430250 

11 

-1.863838 

2.045970 

12 

-2.069595 

1.656508 

13 

-2.282933 

1.261822 

14 

-2.504245 

0.861875 

15 

-2.733927 

0.456635 

16 

-2.972375 

0.046076 

m 

c~l\n 

2 

3 

0.25 

-C.185773 

+0.002879 

0.24 

-0.190754 

-0.030028 

0.23 

-0.196680 

-0.062228 

0.22 

-0.203790 

-0.093813 

0.21 

-0.212386 

-0.124893 

0.20 

-0.222841 

-0.155607 

0.19 

-0.235596 

-0.186120 

0.18 

-0.251126 

-0.216631 

0.17 

-0.269873 

-0.247375 

0.16 

-0.292149 

-0.278624 

0.15 

-0.318047 

-0.310677 

0.14 

-0.347414 

-0.343847 

0.13 

-0.379928 

-0.378432 

0.12 

-0.415213 

-0.414688 

0.11 

-0.452947 

-0.452800 

0.10 

-0.492902 

-0.492871 

0.09 

-0.534942 

-0.534937 

0.08 

-0.578991 

-0.578991 

0.07 

-0.625006 

-0.625006 

0.06 

-0.672956 

-0.672956 

0.05 

-0.722813 

-0.722813 

0.04 

-0.774556 

-0.774556 

0.03 

-0.828164 

-0.828164 

0.02 

-0.883618 

-0.883618 

0.01 

-0.940902 

-0.940902 

0.00 

-1.000000 

pt,si 

-1.000000 

m 

4 

5 

6 

14.000000 

24.000000 

36.000000 

13.597220 

23.564371 

35.545806 

13.194206 

23.129322 

35.092330 

12.791168 

22.694912 

34.639597 

12.388328 

22.261201 

34.187627 

11.985928 

21.828245 

33.736444 

11.584224 

21.396098 

33.286069 

11.183489 

20.964812 

32.836522 

10.784014 

20.534436 

32.387826 

10.386106 

20.105013 

31.940000 

9.990084 

19.676587 

31.493066 

9.596286 

19.249195 

31.047043 

9.205059 

18.822869 

30.601952 

8.816762 

18.397640 

30.157814 

8.431761 

17.973532 

29.714648 

8.050424 

17.550565 

29.272476 

7.673121 

17.128753 

28.831317 

[■(-4)51 

[(-4)11 

[(-4)11 

L 4 J 

L 4 J 

L 4 J 

W-*c)-6) 

* 

\4 

5 

6 

0.47957 

1.07054 

1.8019 

0.41280 

0.95365 

1.6261 

0.34933 

0.84167 

1.4577 

0.28933 

0.73461 

1.2965 

0.23297 

0.63251 

1.1428 

0.18049 

0.53537 

0.9964 

0.13215 

0.44322 

0.8574 

0.08816 

0.35607 

0.7260 

0.04864 

0.27389 

0.6022 

+0.01342 

0.19662 

0.4863 

-0.01813 

0.12409 

0.3785 

-0.04727 

+0.05600 

0.2795 

-0.07609 

-0.00822 

0.1901 

-0.10778 

-0.06954 

0.1120 

-0.14643 

-0.12937 

+0.0470 

-0.19508 

-0.18959 

-0.0051 

-0.25333 

-0.25217 

-0.0517 

-0.31876 

-0.31861 

-0.1076 

-0.38955 

-0.38955 

-0.1844 

-0.46494 

-0.46494 

-0.2768 

-0.54456 

-0.54456 

-0.3791 

-0.62821 

-0.62821 

-0.4895 

-0.71571 

-0.71571 

-0.6073 

-0.80691 

-0.80691 

-0.7319 

-0.90171 

-0.90171 

-0.8629 

-1.00000 

-1.00000 

-1.0000 

[(-4)61 

[(-3)31 

L 8 J 

L 6 J 

8 J 

•See  page  il 
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Table  21.2  ANGULAR  FUNCTIONS— PROLATE  AND  OBLATE 

PROLATE 


Smn{c,  COS  8) 


m 

n 

c\e 

0° 

10° 

o 

O 

<M 

o 

O 

CO 

40° 

50° 

o 

O 

70° 

00 

o 

o 

90° 

0 

0 

1 

0.8481 

0.8525 

0.8651 

0.8847 

0.9091 

0.9354 

0.9606 

0.9815 

0.9952 

1.000 

2 

0.5315 

0.5431 

0.5772 

0.6320 

0.7032 

0.7842 

0.8654 

0.9355 

0.9831 

1.000 

3 

0.2675 

0.2815 

0.3242 

0.3967 

0.4980 

0.6226 

0.7571 

0.8805 

0.9682 

1.000 

4 

0.1194 

0.1312 

0.1689 

0.2379 

0.3442 

0.4885 

0.6589 

0.8271 

0.9530 

1.000 

5 

0.0502 

0.0585 

0.0861 

0.1419 

0.2380 

0.3839 

0.5742 

0.7776 

0.9383 

1.000 

0 

1 

1 

0.9046 

0.8936 

0.8602 

0.8035 

0.7225 

0.6169 

0.4878 

0.3381 

0.1731 

0 

2 

0.6681 

0.6665 

0.6598 

0.6429 

0.6081 

0.5472 

0.4540 

0.3270 

0.1717 

0 

3 

0.4034 

0.4099 

0.4273 

0.4489 

0.4630 

0.4543 

0.4068 

0.3110 

0.1695 

0 

4 

0.2042 

0.2138 

0.2415 

0.2833 

0.3294 

0.3618 

0.3566 

0.2929 

0.1669 

0 

5 

0.0916 

0.1001 

0.1262 

0.1703 

0.2279 

0.2840 

0.3104 

0.2752 

0.1643 

0 

0 

2 

1 

1.022 

0.9795 

0.8553 

0.6621 

0.4198 

0.1556 

-0.0988 

-0.3105 

-0.4509 

-0.5000 

2 

1.064 

1.030 

0.9271 

0.7579 

0.5296 

0.2602 

-0.0192 

-0.2668 

-0.4385 

-0.5000 

3 

1.041 

1.023 

0.9640 

0.8497 

0.6660 

0.4104 

4-0.1061 

-0.1938 

-0.4171 

-0.5000 

4 

0.8730 

0.8768 

0.8787 

0.8513 

0.7549 

0.5553 

0.2512 

-0.0998 

-0.3879 

-0.5000 

5 

0.6018 

0.6233 

0.6792 

0.7407 

0.7537 

0.6494 

0.3844 

4-0.0008 

-0.3542 

-0.5000 

0 

3 

1 

0.9892 

0.9042 

0.6692 

0.3400 

-0.0045 

-0.2816 

-0.4259 

-0.4085 

-0.2467 

0 

2 

0.9590 

0.8864 

0.6816 

0.3840 

+0.0560 

-0.2261 

-0.3907 

-0.3949 

-0.2447 

0 

3 

0.9090 

0.8546 

0.6957 

0.4485 

0.1501 

-0.1364 

-0.3319 

-0.3714 

-0.2412 

0 

4 

0.8197 

0.7877 

0.6868 

0.5087 

0.2591 

-0.0215 

-0.2514 

-0.3376 

-0.2361 

0 

5 

0.6650 

0.6560 

0.6183 

0.5245 

0.3482 

4-0.0971 

-0.1575 

-0.2952 

-0.2293 

0 

1 

1 

1 

0 

0.1578 

0.3134 

0.4643 

0.6067 

0.7355 

0.8450 

0.9290 

0.9819 

1.000 

2 

0 

0.1194 

0.2437 

0.3757 

0.5149 

0.6562 

0.7892 

0.9000 

0.9740 

1.000 

3 

0 

0.0776 

0.1654 

0.2724 

0.4030 

0.5546 

0.7144 

0.8597 

0.9627 

1.000 

4 

0 

0.0449 

0.1018 

0.1832 

0.2994 

0.4537 

0.6353 

0.8150 

0.9497 

1.000 

5 

0 

0.0239 

0.0588 

0.1179 

0.2162 

0.3650 

0.5602 

0.7698 

0.9361 

1.000 

1 

2 

1 

0 

0.4788 

0.9054 

1.232 

1.417 

1.435 

1.276 

0.9562 

0.5119 

0 

2 

0 

0.3896 

0.7509 

1.052 

1.253 

1.316 

1.212 

0.9335 

0.5088 

0 

3 

0 

0.2780 

0.5538 

0.8148 

1.030 

1.149 

1.118 

0.8992 

0.5039 

0 

4 

0 

0.1762 

0.3683 

0.5813 

0.7968 

0.9643 

1.008 

0.8575 

0.4979 

0 

5 

0 

0.1011 

0.2254 

0.3896 

0.5906 

0.7879 

0.8957 

0.8127 

0.4911 

0 

1 

3 

1 

0 

0.9928 

1.745 

2.075 

1.903 

1.280 

0.3775 

-0.5521 

-1.244 

-1.500 

2 

0 

0.9559 

1.710 

2.092 

1.998 

1.432 

0.5298 

-0.4541 

-1.214 

-1.500 

3 

0 

0.8745 

1.611 

2.063 

2.097 

1.640 

0.7606 

-0.2972 

-1.174 

-1.500 

4 

0 

0.7393 

1.418 

1.934 

2.128 

1.841 

1.032 

-0.0951 

-1.097 

-1.500 

5 

0 

0.5662 

1.146 

1.691 

2.047 

1.975 

1.299 

4-0.1319 

-1.017 

-1.500 

2 

2 

1 

0 

0.0844 

0.3295 

0.7111 

1.189 

1.710 

2.211 

2.627 

2.903 

3.000 

2 

0 

0.0690 

0.2744 

0.6092 

1.054 

1.572 

2.101 

2.566 

2.886 

3.000 

3 

0 

0.0500 

0.2051 

0.4773 

0.8738 

1.380 

1.944 

2.475 

2.859 

3.000 

4 

0 

0.0328 

0.1405 

0.3487 

0.6876 

1.171 

1.764 

2.367 

2.827 

3.000 

5 

0 

C.0198 

0.0898 

0.2414 

0.5212 

0.9701 

1.580 

2.251 

2.791 

3.000 

2 

3 

1 

0 

0.4222 

1.570 

3.116 

4.596 

5.530 

5.548 

4.501 

2.522 

0 

2 

0 

0.3597 

1.358 

2.755 

4.175 

5.170 

5.327 

4.417 

2.510 

0 

3 

0 

0.2765 

1.070 

2.255 

3.576 

4.641 

4.994 

4.286 

2.491 

0 

4 

0 

0.1934 

0.7758 

1.723 

2.909 

4.025 

4.588 

4.122 

2.466 

0 

5 

0 

0.1244 

0.5226 

1.243 

2.269 

3.395 

4.150 

3.936 

2.437 

0 

From  C.  Flammer,  Spheroidal  wave  functions.  Stanford  Univ.  Press,  Stanford,  Calif.,  1957  (with 
permission). 
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ANGULAR  FUNCTIONS— PROLATE  AND  OBLATE  Table  21.2 

OBLATE 


c\  V 


1 

2 

3 

4 

5 


0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.000 

1.002 

1.007 

1.016 

1.028 

1.044 

1.064 

1.088 

1.115 

1.147 

1.183 

1.000 

1.008 

1.032 

1.073 

1.132 

1.210 

1.310 

1.434 

1.585 

1.767 

1.986 

1.000 

1.022 

1.089 

1.205 

1.377 

1.617 

1.940 

2.366 

2.923 

3.648 

4.589 

1.000 

1.047 

1.191 

1.449 

1.854 

2.452 

3.319 

4.557 

6.323 

8.837 

12.42 

1.000 

1.083 

1.341 

1.835 

2.648 

3.952 

6.000 

9.211 

14.23 

22.11 

34.48 

0 

0.1001 

0.2009 

0.3027 

0.4065 

0.5128 

0.6222 

0.7353 

0.8530 

0.9760 

1.105 

0 

0.1004 

0.2034 

0.3114 

0.4274 

0.5542 

0.6952 

0.8539 

1.035 

1.243 

1.484 

0 

0.1011 

0.2079 

0.3273 

0.4664 

0.6338 

0.8398 

1.098 

1.425 

1.842 

2.378 

0 

0.1016 

0.2150 

0.3526 

0.5298 

0.7681 

1.096 

1.552 

2.195 

3.105 

4.396 

0 

0.1032 

0.2252 

0.3884 

0.6252 

0.9804 

1.525 

2.369 

3.684 

5.741 

8.970 

-0.5000 

-0.4863 

-0. 4450 

-0.3757 

-0.2779 

-0.1507 

+0.0070 

0.1965 

0.4197 

0.6784 

0.9749 

-0.5000 

-0.4897 

-0. 4585 

-0.4052 

-0.3277 

-0.2231 

-0.0872 

+0.0849 

0.2999 

0.5660 

0.8930 

-0.5000 

-0.4943 

-0. 4766 

-0.4448 

-0.3952 

-0.3223 

-0.2183 

-0.0721 

+0.1311 

0.3845 

0.7958 

-0.5000 

-0.4994 

-0. 4966 

-0.4891 

-0.4716 

-0.4356 

-0.3681 

-0.2485 

-0.0458 

0.2868 

0.8201 

-0.5000 

-0.5061 

-0.  5234 

-0.5495 

-0.5780 

-0.5977 

-0.5869 

-0.5067 

-0.2880 

0.1892 

1.132 

0 

-0.1477 

-0.2810 

-0.3855 

-0.4466 

-0.4491 

-0.3768 

-0.2130 

+0.0600 

0.4613 

1.011 

0 

-0.1480 

-0.2839 

-0.3947 

-0.4668 

-0.4839 

-0.4275 

-0.2757 

-0.0015 

0.4274 

1.051 

0 

-0.1486 

-0.2885 

-0.4097 

-0.4998 

-0.5421 

-0.5140 

-0.3841 

-0.1091 

0.3711 

1.138 

0 

-0.1495 

-0.2949 

-0.4306 

-0.5415 

-0.6270 

-0.6432 

-0.5540 

-0.2765 

0.2912 

1.327 

0 

-0.1504 

-0.3033 

-0.4589 

-0.6123 

-0.7489 

-0.8356 

-0.8080 

-0.5447 

0.1715 

1.723 

1.000 

0.9961 

0.9838 

0.9628 

0.9316 

0.8884 

0.8299 

0.7506 

0.6402 

0.4731 

0 

1.000 

0.9994 

0.9973 

0.9923 

0.9827 

0.9652 

0.9340 

0.8802 

0.7864 

0.6118 

0 

1.000 

1.006 

1.025 

1.055 

1.093 

1.135 

1.172 

1.188 

1.149 

0.9724 

0 

1.000 

1.020 

1.079 

1.178 

1.319 

1.498 

1.708 

1.920 

2.067 

1.950 

0 

1.000 

1.041 

1.174 

1.406 

1.776 

2.242 

2.878 

3.642 

4.400 

4.651 

0 

0 

0. 2987 

0.5897 

0.8643 

1.113 

1.322 

1.478 

1.554 

1.508 

1.247 

0 

0 

0.  2985 

0.5950 

0.8815 

1.153 

1.398 

1.600 

1.730 

1.734 

1.487 

0 

0 

0. 3005 

0.6043 

0.9140 

1.228 

1.541 

1.837 

2.082 

2.200 

2.000 

0 

0 

0. 3022 

0.6213 

0.9640 

1.349 

1.780 

2.250 

2.723 

3.092 

3.033 

0 

0 

0. 2990 

0.6400 

1.040 

1.537 

2.165 

2.947 

3.868 

4.786 

5.138 

0 

-1.500 

-1.421 

-1.189 

-0.8136 

-0.3165 

0.2710 

0.9015 

1.501 

1.946 

1.988 

0 

-1.500 

-1.431 

-1.228 

-0.8941 

-0.4427 

+0.1060 

0.7174 

1.329 

1.826 

1.951 

0 

-1.500 

-1.447 

-1.289 

-1.024 

-0.6502 

-0.1738 

+0.3916 

1.006 

1.572 

1.834 

0 

-1.500 

-1.467 

-1.364 

-1.184 

-0.9148 

-0.5415 

-0.0538 

0.5403 

1.177 

1.619 

0 

-1.500 

-1.486 

-1.442 

-1.353 

-1.198 

-0.9435 

-0.5506 

0.0161 

0.7471 

1.439 

0 

3.000 

2.972 

2.889 

2.748 

2.549 

2.291 

1.970 

1.585 

1.131 

0.6041 

0 

3.000 

2.979 

2.915 

2.805 

2.644 

2.425 

2.138 

1.770 

1.305 

0.7234 

0 

3.000 

2.992 

2.965 

2.915 

2.830 

2.693 

2.481 

2.161 

1.687 

0.9944 

0 

3.000 

3.013 

3.052 

3.111 

3.170 

3.200 

3.157 

2.966 

2.512 

1.615 

0 

3.000 

3.052 

3.211 

3.469 

3.813 

4.202 

4.564 

4.746 

4.460 

3.188 

0 

0 

1.486 

2.886 

4.115 

5.086 

5.704 

5.877 

5.503 

4.477 

2.683 

0 

0 

1.488 

2.906 

4.180 

5.226 

5.954 

6.251 

5.982 

4.990 

3.077 

0 

0 

1.494 

2.943 

4.295 

5.482 

6.413 

6.951 

6.904 

6.008 

3.879 

0 

0 

1.498 

2.996 

4.475 

5.891 

7.166 

8.132 

8.515 

7.857 

5.408 

0 

0 

1.509 

3.073 

4.738 

6.515 

8.347 

10.07 

11.28 

11.21 

8.354 

0 
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Table  21.3 


PROLATE  RADIAL  FUNCTIONS— FIRST  AND  SECOND  KINDS 


m n c\$  1.005 


1.020  1.044  1.077 


1.005  1.020  1.044  1.077 


0 


1 (-1)9.468  (-1)9.419 

2 (-1)8.257  (-1)8.077 

3 (-1)7.026  (-1)6.662 

4 (-1)6.054  (-1)5.471 

5 (-1)5.313  ( -1)4.488 


(-1)9.339  (-1)9.228 

(-1)7.789  (-1)7.392 

(-1)6.091  (-1)5.330 

(-1)4.585  (-1)3.463 
(-1)3.287  (-1)1.869 


( 0) -2.838 
( 0) -1.244 
(-1)  -7.104 
(-1) -4.508 
(-1)  -3.052 


( 0) -2.096 
(-1) -8.020 
(-1) -3.422 
(-1) -1.287 
(-2) -1.02 


( 0) -1.666 
( -1)  -5.341 
(-1) -1.281 
(-2)  6.61 
(-1)  1.537 


( 0) -1.356 
(-1) -3.333 
(-2)  3.51 
(-1)  1.952 
(-1)  2.291 


0 


1 (-1)3.153 

2 (-1)5.289 

3 (-1)6.064 

4 (-1)5.892 

5 (-1)5.381 


(-1)3.190  (-1)3.249  (-1)3.328 

(-1)5.298  (-1)5.308  (-1)5.311 

(-1)5.960  (-1)5.786  (-1)5.529 

(-1)5.612  (-1)5.162  (-1)4.542 

(-1)4.888  (-1)4.125  (-1)3.137 


( 0) -6.912 
( 0) -2.189 
( 0) -1.133 
( -1)  -6.741 
( -1)  -4.293 


( 0) -4.801 
( 0) -1.540 
( -1)  -7.365 
( -1)  -3.528 
(-1) -1.390 


( 0) -3.669 
( 0) -1.177 
( -1)  -4.987 
( -1)  -1.534 
(-2)  3.87 


( 0) -2.920 
( -1) -9.216 
(-1) -3.207 
( -3) -4.9 
(-1)  1.594 


0 


1 (-2)4.470 

2 (-1)1.696 

3 (-1)3.295 

4 (-1)4.507 

5 (-1)4.952 


( -2) 4.655 
(-1)1.749 
(-1)3.346 
(-1)4.477 
( -1) 4.763 


( -2)  4.954 
(-1)1.833 
(-1)3.421 
(-1)4.413 
( -1)  4.444 


(-2)5.373 
(-1)  1.947 
(-1)  3.509 
(-1)4.293 
( -1)  3.976 


( 1) -3.593 
( 0) -5.241 
( 0) -2.031 
( 0) -1.095 
( -1)  -7.388 


( 1) -2.185 
( 0) -3.358 
( 0) -1.364 
(-1) -7.053 
( -1)  -4.417 


( 1) -1.484 
( 0) -2.403 
( 0) -1.007 
( -1)  -4.783 
(-1)  -2.630 


( 1) -1.056 
( 0) -1.807 
( -1)  -7.694 
(-1) -3.115 
(-1) -1.340 


0 


1 (-3)3.912 

2 (-2)3.085 

3 ( -2)  9.956 

4 (-1)2.107 

5 (-1)3.298 


(-3)4.249  (-3 

(-2)3.317  (-2 
(-1)1.054  (-1 

(-1)2.183  (-1 
(-1)3.329  (-1 


4.814  (-3)5.638 

3.700  (-2)4.249 

1.147  (-1)1.275 
2.298  (-1)2.443 
3.360  (-1)3.362 


( -2)  -3.288 
(-1)  -2.194 
( 0) -5.020 
( 0) -2.043 
( 0) -1.149 


( 2) -1.659 
( 1) -1.223 
( 0) -2.966 
( 0) -1.293 
(-1) -7.422 


( 2) -1.082 
( 0) -7.705 
( 0) -1.985 
( -1)  -9.141 
(-1) -5.182 


( 1) -6.916 
( 0)  -5.123 
( 0) -1.408 
( -1)  -6.749 
(-1) -3.612 


1 


1 (-2)3.270  (-2)6.544 

2 (-2)6.187  (-1)1.227 

3 (-2)8.596  (-1)1.677 

4 (-1)1.053  (-1)2.007 

5 (-1)1.211  (-1)2.235 


(-2)9.716 
(-1)1.793 
( -1)  2.386 
(-1)  2.744 
( -1) 2.894 


(-1)1.287 
(-1)  2.323 
( -1) 2.973 
(-1)  3.221 
(-1)3.118 


( 1) -1.506 
( 0) -4.079 
( 0) -2.019 
( 0) -1.273 
(-1)  -9.101 


( 0) -7.294 
( 0) -2.077 
( 0) -1.075 
(-1)  -6.911 
( -1)  -4.885 


( 0) -4.734 
( 0) -1.417 
( -1)  -7.453 
( -1)  -4.585 
(-1)  -2.874 


( 0) -3.432 
( 0) -1.071 
( -1)  -5.480 
( -1)  -2.924 
(-1)  -1.248 


1 


1 (-3)6.503 

2 (-2)2.378 

3 (-2)4.658 

4 (-2)6.975 

5 (-2)9.035 


(-2)1.322 

(-2)4.802 

(-2)9.296 

(-1)1.367 

(-1)1.739 


(-2)2.012 
( -2) 7.227 
(-1)1.372 
(-1)1.960 
(-1)2.376 


(-2)2.754 
( -2) 9.738 
(-1)1.798 
(-1)  2.460 
(-1)2.803 


( 1) -7.295 
( 1) -1.014 
( 0) -3.552 
( 0) -1.842 
( 0)  -1.778 


( 1) -3.269 
( 0) -4.717 
( 0) -1.751 
( -1)  -9.597 
( -1)  -6.362 


( 1) -1.939 
( 0) -2.932 
( 0) -1.156 
( -1)  -6.533 
(-1) -4.170 


( 1) -1.275 
( 0) -2.038 
( -1)  -8.473 
(-1)  -4.718 
(-1) -2.651 


1 


1 (-4)7.586  (-3)1.577 

2 (-3)5.725  (-2)1.183 

3 (-2)1.737  (-2)3.553 

4 (-2)3.516  (-2)7.089 

5 (-2)5.604  (-1)1.108 


( -3) 2.483 
( -2) 1.845 
(-2)5.453 
(-1)  1.063 
(-1)1.608 


(-3)  3.556 
(-2)2.607 
(-2)7.529 
( -1)  1.418 
(-1)  2.048 


( 2) -6.014 
( 1) -4.027 
( 0) -9.025 
( 0) -3.449 
( 0) -1.692 


( 2) -2.491 
( 1) -1.707 
( 0) -3.994 
( 0) -1.629 
(-1) -8.600 


( 2) -1.354 
( 0) -9.553 
( 0) -2.354 
( 0) -1.032 
( -1) -5.214 


( 1) -8.127 
( 0) -5.934 
( 0) -1.552 
( -1)  -7.288 
( -1)  -3.006 


2 


1 (-4)6.612  (-3)2.659 

2 (-3)2.566  (-2)1.025 

3 (-3)5.520  (-2)2.181 

4 (-3)9.302  (-2)3.616 

5 (-2)1.372  (-2)5.223 


(-3)5.898  (-2)1.044 

(-2)2.249  (-2)3.920 

( -2)  4.698  ( -2)  7.974 
(-2)7.587  (-1)1.239 

(-1)1.058  (-1)1.639 


( 2) -3.750 
( 1) -4.852 
( 1) -1.515 
( 0) -6.821 
( 0) -3.755 


( 1) -9.112 
( 1) -1.203 
( 0) -3.889 
( 0) -1.843 
( 0) -1.081 


( 1) -3.973 
( 0)  -5.417 
( 0) -1.852 
( -1)  -9.431 
( -1» -5.907 


( 1) -2.156 
( 0) -3.077 
( 0) -1.126 
(-1) -6.132 
(-1) -3.910 


2 


1 (-5)9.415 

2 (-4)7.128 

3 (-3)2.208 

4 (-3)4.683 

5 (-3)8.060 


(-4)3.845 
( -3) 2.896 
(-3)  8.889 
(-2)1.862 
(-2)3.150 


( -4) 8.736 
( -3) 6.525 
(-2)1.974 
(-2)4.048 
( -2) 6.657 


( -3)  1.596 
( -2)  1.178 
( -2)  3.492 
( -2) 6.946 
(-1)1.096 


( 3) -2.609 
( 2) -1.728 
( 1) -3.745 
( 1) -1.334 
( 0) -6.274 


( 2) -6.096 
( 1) -4.095 
( 0) -9.098 
( 0) -3.370 
( 0) -1.671 


( 2) -2.517 
( 1) -1.727 
( 0) -3.994 
( 0)  -1.573 
( -1)  -8.409 


( 2) -1.279 
( 0) -9.031 
( 0) -2.208 
( -1)  -9.397 
( -1)  -5.379 


From  C.  Flammer,  Spheroidal  wave  functions.  Stanford  Univ.  Press,  Stanford,  Calif.,  1957  (with  permission). 
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OBLATE  RADIAL  FUNCTIONS— FIRST  AND  SECOND  KINDS  Table  21.4 


(-*,  *) 


m n 


0 


0.75 


0 0.75 


0 


0.2  (-1)9.9557  ( 

0.  5 ( -1)  9.  7265  ( 

0. 8  (-1)9.3168  ( 

1.  0 ( -1)  8.  9565  ( 

1.5  (-1)7.8320  ( 

2.  0 ( -1)  6.  5571  ( 

2.5  (-1)5.3430  ( 


-1)9.9183  ( 0 

-1)  9.  4976  ( 0 

-1)8.7520  ( 0 

-1)8.1032  ( 0 

-1)  6. 1209  ( -1 

-1)3.9526  (-1 

-1) 1. 9680  ( -1 


1-7.7864  ( 0) -4.  5290 

-2.  9707  ( 0)  -1.  5906 

-1.7002  (-1) -7.  5527 

-1.  2524  ( -1)  -4.  4277 

-6.2189  (-2) +1.2204 

-3.0356  (-1)  2.2634 

-1.3758  (-1)  3.  0225 


0.5 

0.8 

1.0 

1.5 

2.0 

2.5 


0 (-2)4.9808 

0 (-1)1.2202 

0 (-1)1.8802 

0 (-1)2.2696 

0 (-1)3.0132 

0 (-1)3.3765 

0 (-1)3.3530 


II) -7.  5120 
l)-l.  2120 
0) -4.  8077 
0) -3. 1202 
0)  -1.  4537 
-l) -8.  7035 
-l) -6. 0006 


II) -2. 3239 
0) -4. 0338 
0) -1. 7744 
0)-l.  2314 
-l) -6. 3156 
-l) -3.  4641 
-l)-l.  5694 


0 


0.2  (-4)8.8992  (-3)2.3840 

0.5  (-3)5.5964  (-2)  1.4744 

0. 8 ( -2) 1. 4489  ( -2) 3.  6993 

1.0  (-2)2.2868  (-2)5.6728 

1.5  (-2)5.3150  (-l)  1.1932 

2.0  (-2)9.7914  (-l)  1.9147 

2.5  (-l)  1.5649  (-1)2.5730 


3) -2. 2106 
2)  -1. 4205 
l) -3.  5130 
l)  -1.  8068 
0) -5. 5629 
0)-2.  5149 
0)  -1.  4263 


I 2) -3.  4260 
l)  -2.2700 
0) -5.  9376 
0)  -3.  2496 
0j-l.  2084 
-l) -6. 5653 
-l)-3.  9702 


1 


0.  2 ( -2)  6. 6454  ( 

0.5  (-1)1.6336  ( 

0.  8 ( -l)  2. 5333  ( 

1.0  (-1)3.0762  ( 

1.5  (-1)4.1708  ( 

2.0  (-1)4.8229  ( 

2.5  (-1)5.0170  ( 


-2) 8. 2880  ( 1 

-l)2.0133  ( 1 

-l)  3.  0524  ( 0 

-l)3.  6283  ( 0 

-l)4.5492  ( 0 

-l)4.6553  (-1 

-1)4.0221  (-1 


-5.  9560 

( 1) -2. 1507 

-1. 0060 

( 0) -3.  8583 

-4.  2765 

( 0) -1.7483 

-2. 9165 

( 0) -1.2196 

-1.  4980 

( -l) -5.  8081 

-9. 1106 

(-l)  -2.  3210 

-5.  7028 

(-3) +3. 168 

0.2 

0 

( -3) 2.  4923 

0.5 

0 

(-2)1.  5314 

0.8 

0 

( -2) 3. 7974 

1.0 

0 

(-2)5.  7617 

1.5 

0 

( -l)  1. 1699 

2.0 

0 

( -l)  1.  7976 

2.5 

0 

(-1)2. 3200 

3) -1. 8781 
2) -1.2123 
l) -3.  0070 
l) -1. 5622 
0) -4. 8667 
0) -2. 1999 
0) -1.  2282 


I 2) -3. 2287 
l) -2. 1474 
0) -5. 6543 
0)-3. 1109 
0) -1. 1709 
-l) -6. 4134 
-1) -3.  9677 


1 


0.2  (-5)1.5236  (-5)7.2462 

0.5  (-4)2.3850  (-3)  1.1206 

0. 8  (-4)9.7909  (-3)4.4965 

1.  0 ( -3)  1. 9166  ( -3)  8.  6200 

1.5  (-3)6.5244  (-2)2.7259 

2.0  (-2)1.5669  (-2)5.8920 

2.5  (-2)3.1147  (-l)l.0193 


4) -9. 6745 
3) -2.  4841 
2) -3.  8151 
2)  — 1.  5721 
l) -3. 1742 
l)  -1.  0386 
0)  -4. 4705 


13) -8. 1316 
2) -2. 1259 
l)  -3.  3786 
l) -1. 4390 
0)-3.  2838 
0) -1. 2924 
-l)  -6.  9734 


2 2 0.2  (-3)2.6602  (-3)4.1496 

0.5  (-2)1.6413  (-2)2.5393 

0.8  (-2)4.1024  (-2)6.2453 

1.0  (-2)6.2694  (-2)9.4031 

1.5  (-l)l.3055  (-l)l.  8562 

2.0  (-1)2.0801  (-1)2.7317 

2.5  (-1)2.8190  (-1)3.3111 


3) -1. 1093 
l) -7. 2682 
l)-l.  8724 
0) -9. 9297 
0)  -3. 4267 
0)-l.  7581 
0)  -1.  0954 


I 2) -2.  6888 
l)-l.  8121 
0) -4.  9121 
0)  -2.  7508 
0) -1. 0939 
-l) -6. 0206 
-l)-3.  3594 


PROLATE  JOINING  FACTORS— FIRST  KIND  k^(c) 


Table  21.5 


c 


K 


(1) 

22 


( -1) 8.  943 
( -l)  6. 391 
(-1)3.  742 
(-l)l.  909 
( -2)  8.  97 


( -1) 9. 422 
( 0)l.  586 
( 0)l.  829 
( 0)1.795 
( 0)l.  665 


(1)4. 637 
(l)l.  268 
(0)6.  352 
(0)  3.  867 
(0)2.401 


( 0)2.770 
( 0)1.095 

(-1)5.  Oil 

( -l) 2.  294 
( -l) 1. 023 


( 1)4.319 
( 0)9,527 
( 0)3.417 
( 0)l.  413 
( -l)  6. 067 


(2)7.  919 
(2)1.002 
(l)2.  982 
(l)l.  222 
( 0)  5.  725 


( 1)4.234 
( 0)8.838 
( 0)2.935 
( 0)  1.118 
(-1)4. 455 


From  C.  Flammer,  Spheroidal  wave  functions.  Stanford  Univ.  Press,  Stanford,  Calif., 
1957  (with  permission). 
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n=0(l)12 

Table  22.10.  Coefficients  for  the  Laguerre  Polynomials  Ln(x)  and  for  xn 

in  Terms  of  Lm(x) 

71=0(1)12 

Table  22.11.  Values  of  the  Laguerre  Polynomials  Ln(x) 

ti=0(1)12,  x=.5,  1,  3,  5,  10,  Exact  or  10D 

Table  22.12.  Coefficients  for  the  Hermite  Polynomials  Hn(x)  and  for  xn 

in  Terms  of  Hm(x) 

71=0(1)12 

Table  22.13.  Values  of  the  Hermite  Polynomials  Hn(x) 

71=0(1)12,  x=.5j  1,  3,  5,  10,  Exact  or  11S 
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22.  Orthogonal  Polynomials 

Mathematical  Properties 


22.1.  Definition  of  Orthogonal  Polynomials 

A system  of  polynomials  jn (x),  degree  [/»(aO]=w, 
is  called  orthogonal  on  the  interval  a<x<b , 
with  respect  to  the  weight  function  w(x),  if 

22.1.1 


£ w(x)yn(x)/m(x)dx=0 


(n^m;n,  m— 0, 1,2, . . .) 


The  weight  function  w(z)[w(a;)>0]  determines 
the  system  /w(z)  up  to  a constant  factor  in  each 
polynomial.  The  specification  of  these  factors  is 
referred  to  as  standardization.  For  suitably 
standardized  orthogonal  polynomials  we  set 

22.1.2 

b 


J 


w (x)pn (x)dx=hn,jn(x)=knxn+k'nxn-l+  . . . 

(n=  0, 1,2, . ...) 


These  polynomials  satisfy  a number  of  relation- 
ships of  the  same  general  form.  The  most 
important  ones  are: 


22.1.3 


Differential  Equation 
9^)fn+9l  (*)/»+«k/»= 0 


where  ga(x),  gi (x)  are  independent  of  n and  a„  a 
constant  depending  only  on  n. 


22.1.4 

where 

22.1.5 


Recurrence  Relation 
J^n+l==  •E^nX/n  n—l 


t kn+1  t ykn+l  k «\  kn+ikn—ihn 

h~rr  an-K\k^rkj  Cn=-w^ 

Rodrigues9  Formula 


22.1.6 


where  g(x)  is  a polynomial  in  x independent  of  n. 
The  system  consists  again  of  orthogonal 

polynomials. 


(1.5, *.5) 


Figure  22 . 1 . Jacobi  Polynomials  P £**  & (x) , 
a=1.5,  /3=  — .5,  w=l(l)5. 
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22.2.  Orthogonality  Relations 
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22.2.  Orthogonality  Relations — Continued 
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22.4.  Special  Values 


22.4.1 


22.4.2 


22.4.3 

22.4.4 

22.4.5 

22.4.6 

22.4.7 

22.4.8 


/.W 


a 0 


C<0)  (x) 
T„(x) 

Unix) 

Pn(x) 

L?{x) 

Hn(x) 


fni—x) 


(—  l)"P'e'°>(x) 


(-D-C^X) 


(-l)»T„(x) 


(-l)*I/.(x) 


(-l)»P„(x) 


(-l)»P„(x) 


/»(1) 


(”t“)  * 


n 


715*^0 


n- f 1 


/»(0) 


fO,  n=2m+l 

(-l)^^a+n/2'}.,  n=2m 


r («)  (ra/2) ! 


f(— 1) 


m 


» n=2m?*0 


m 

[0,  n=2m-f  1 


( 


(—  l)m,  n=2m 
0,  n=2m-\- 1 

(—  l)m,  n= 2m 
0,  n=2m-M 


(-!)"»  /2m\ 
4m  \ m ) 


i n= 2m 


.0,  7i=2m+ 1 

(“to 


, (2m) ! 0 

(—  l)m 7—1  ti= 2m 


ml 

L0,  7i=2m+ 1 


fo(x) 


1 


1 

1 


fi(x) 


^[a  — £+(<*  + j8+2):c] 


2a:c 


2x 


2x 


x 


— x-\-  a *4”  1 


2x 


cja\x, 


mials  Cna)(x),  a=.2(.2)l,  n=5. 


22.5.  Interrelations 

Interrelations  Between  Orthogonal  Polynomials  of  the 

Same  Family 


Jacobi  Polynomials 


22.5.1 


22.5.2 

Gn(p,  q,  x ) 

(see  [22.21]). 

22.5.3 


‘ T(2n+p)  ” (‘ 


1) 


Fn(p,  q,x)  = (—  l)n7l! 

(see  [22.13]). 


r(2) 


r(g+n) 


p0>-«.«-l)(2j;—  i) 


22.5.4 


Ultraspherical  Polynomials 

<?<°Hx)  = lim- (7  <“>(*) 

a— >0  a 


Chebyshev  Polynomials 


22.5.5  Tn{x)=\Cn{2x)=T*(^} 


22.5.6 


Tn(x)  =U  n(x)  —xU n-l(x) 


♦See  page  n. 
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22.5.7 

22.5.8 


Tn(x)=xU„-i(x)—Un-2(x) 
Tn{x)=h  [Un{x)~Un-2{x)} 

l+x' 


22.5.9  Un(x)=Sn(2x) =U*  (^±0 

22.5.10  Un-dx)=YZ^  [xTn(x)-Tn+1(x)] 

22.5.11  <?„(*)= 2 Tn  (0=2 T*  (00 


22.5.12 


CJx) = Sn(x)— Sn-2  (x) 

x+2' 


22.5.13  S„(*)=C/B(0=t/j(00 

22.5.14  T*(x)=Tn(2x-l)=h  Gn( 4x-2) 
(see  [22.22]) . 

22.5.15  U*(x)=Sn(4x-2)=Un(2x-l) 
(see  [22.22]). 

Generalized  Laguerre  Polynomials 

22.5.16  L £0)  (x)=Ln(x) 


22.5.17  (x)  = (- 1)”*  ^ [Z„+ra(x)] 

Her  mite  Polynomials 

22.5.18  Hen(x)=2~n'*Hn  (-0 
(see  [22.20]) . 

22.5.19  Hn(x)=2”/*Hen(xj2) 

(see  [22.13],  [22.20]). 


Interrelations  Between  Orthogonal  Polynomials  of 

Different  Families 


Jacobi  Polynomials 


22.5.20 


p(a-h,a-b(T\ r P (a~^rn~ f~ h)  p(a)(T\ 

n W“r(2a+w)r(a+|)  °n  W 


22.5.21 

n°' *>(*)= 


(» 


n+1 


(«+i). 


u2n+l 


(V41) 


+1 


22.5.22  /*«•-»(*)= 


(a+l)n 


22.5.23  P<-»- -»> (*)  =1  (J)  Tn(x) 


22.5.24 


22.5.25 


Pl?m(x)=Pn(x) 

Ultraspherical  Polynomials 


Cja)  ( X ) — ^ (.aJ^n)n'22n  p(a- J,-})  /Oj.2 1 \ 

2n  W r(a)(2«)!  ” ( a: 


22.5.26 


(a  5^0) 


/o(a)  / \ r(a+n.+l)n.!22“+1  /0  2 i\ 

C2B+1(x)-— (a)(2ji+1)!  *PB  (2*  1) 


22.5.27 


(a  5^0) 


<7(a>  (x)  — QaJr'n)  p(a-i,o-i>  /yv 

w r(2«)r  («+»+§)"  w 


22.5.28 

cr  (x)An(x) = 2 -*>  c*) 

Chebyshev  Polynomials 
nlji r 


(a  5*^0) 


22.5.29  TWxCz) 


r(n+l) 


jr  xPi~i,i)(2x2—  1) 


22.5.30  U2„(x) ==^3r  P<*-  -*>  (2x2- 1) 


22.5.31 


r(»+§) 


22.5.32  £/„(*)  ’*>  <*) 


Tn(x) 


Figure  22.6.  Chebyshev  Polynomials  Tn(x ), 
71=  1(1)5. 


♦See  page  n. 
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Legendre  Polynomials 
Pn(x)=Pn'm(x) 

Pn(.x)=C^(x) 
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22.5.33  Tn{x)=\C^{x) 


22.5.35 

22.5.36 

22.5.37 

Am 

[P»(x)]=l  • 3 . . . (2m-l)Cfct»>(*)  (m<n) 

Generalized  Laguerre  Polynomials 

22.5.38  (x)  ff2n(V*) 

22.5.39  Lr\x)=^^j=  H2n+l(^) 

Hermite  Polynomials 

22.5.40  H2m(x) = (— l)m22mm!Z4-1/2>  (a;2) 


22.5.34 


C/n(a:)=<7«>(x) 


22.5.41  H2m+i(x) = (-l)m22m+1m\xLHm  (a:2) 


Orthogonal  Polynomials  as  Hypergeometric  Functions  (see  chapter  15) 

Mx)=dF(a,  b;  c;  g(x)) 

For  each  of  the  listed  polynomials  there  are  numerous  other  representations  in  terms  of  hyper- 
geometric functions. 


fn(x) 

d 

a 

b 

c 

g(x) 

22.5.42 

P\ 

cr) 

—n 

n-f-a+0+1 

a-f 1 

1 —a; 
2 

22.5.43 

^2n  + a-f  0^x  — l^n 

— n 

— n — a 

— 2 n — a — 

2 

1— X 

22.5.44 

P^(x) 

— n 

— n—0 

a+ 1 

x — 1 
x+1 

22.5.45 

P^ix) 

— n 

—n—a 

0+1 

X-}-  1 

x — 1 

22.5.46 

c$\x) 

T(n+2a) 

n\T(2tt) 

— n 

W-f  2a 

a + i 

1— X 
2 

22.5.47 

Tn(x) 

1 

— n 

n 

i 

1— X 
2 

22.5.48 

Unix) 

w+ 1 

— n 

n+2  * 

4 

1 —x 
2 

22.5.49 

Pn(x) 

1 

— n 

n+ 1 

1 

1— X 
2 

<22.5.50 

Pn(x) 

©C-r)" 

— n 

— n 

— 2 n 

2 

1— X 

22.5.51 

Pn(x) 

(?)©■ 

n 

2 

1 —n 
2 

5 — 71 

X2 

22.5.52 

Pinfr) 

/ nn  (2«)! 

k ' 22n(n!)2 

— n 

n- H 

X2 

22.5.53 

Pln+lfr) 

. ,.„(2n+l)! 

v ' 22»(w!)2 

— n 

n+% 

1 

X2 

♦See  page  n. 
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Orthogonal  Polynomials  as  Confluent  Hypergeometric 

Functions  (see  chapter  13) 

22.5.54  L<T>  (*)  =(n+“W-7i, «+ 1 , *) 

Orthogonal  Polynomials  as  Parabolic  Cylinder 
Functions  (see  chapter  19) 

22.5.55  Hn  (x) =2 nU  Q— | n,  zA 


22.5.58 

Hn(x)  =2n/2ez2/2Dn(^x) =2n,2ez2/2U  (~n~, 

22.5.59  Hen(x)  ez2/*Dn(x) = eAtU  (~n~, 


Orthogonal  Polynomials  as  Legendre  Functions 

(see  chapter  8) 


22.5.60 


22.5.56  H2m(x)  = (-l)m^^M^-m,l,x2^ 

22.5.57 


C<a>(x)  = 


r(«+|)r(2a+rt) 

»!r(2a) 


(a  5^0) 


Pn(*) 


Figure  22.8.  Legendre  Polynomials  P„(x), 

n= 2(1)5. 


Ln(x) 


Figure  22.9.  Laguerre  Polynomials  Ln(x), 

n= 2(1)5. 


Hn(x) 

n5 


*See  page  n. 
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22.6.  Differential  Equations 

02  (*)  y"  + 91  (x)  y'  + 9o(x)  y= 0 


y 

0*0*0 

01  0*0 

00  (*) 

22.6.1 

1-x2 

0-a-(a  + 0+2)x 

n(n  + a-f0-f  1) 

22.6.2 

(l-x)«(l+x)»P',*',)(x) 

1-x2 

oe  — 0 + (a  + j8  — 2)x 

(n-f- l)(n  + a-f  0) 

22.6.3 

«r  + l 0+1 

(1-x)  2 (1+x)  2 P5-n(z) 

1 

1 

0 

1 1 — a2  1 1-02 

i (1-x)2  1 4 (1+x)2 

2n(n+a  + 0+l)  + (a+l)(0+l) 
1 2(1 -x2) 

22.6.4 

(sin  0 ‘(cos  |y  * P(*-®  (cos  x) 

1 

0 

1 — 4a2  , 1-4/32 
-r 

16  sin2  ^ 16  cos2  ^ 

,/  ,a  + /5+lV 
+ ("+  2 ) 

22.6.5 

c';>  (x) 

1-x2 

— (2a+  l)x 

n(n+2a) 

22.6.6 

1-x2 

(2a  - 3)x 

(n+  l)(n-f  2a—  1) 

22.6.7 

(l-x2)^  C(„“>(x) 

i 

1 

0 

(n  + a)2  , 2-f  4a  — 4a2-|-32 

1 

1 

22.6.8 

(sin  x^C^  (cos  x) 

i 

1 

0 

(n+«)2+a(!7“) 
sin2  x 

22.6.9 

Tn(x) 

1-x2 

—x 

n2 

22.6.10 

Tn( cos  x) 

1 

0 

n2 

22.6.11 

1 T M*  ,(r)  * 

1-x2 

— 3x 

n2—  1 

. x nv*7/  r u n— lv*7/ 

VI— x2 

22.6.12 

Un(x) 

1-x2 

— 3x 

n(n  + 2) 

22.6.13 

P n(x) 

1 —x2 

— 2x 

n(n-|- 1) 

22.6.14 

Vl-z2Pn(x) 

1 

0 

n(n-t-l)  1 

l-x»  1 (1-x2)2 

22.6.15 

(x> 

X 

a+  1— x 

n 

22.6.16 

22.6.17 

e~zxa,2L^(x)  * 

c-*/2x(«+l>/2£<«)  (x) 

X 

1 

X+  1 
0 

n+2  +1_S 

2n+a+l  1 — a2  1 

2x  4x2  4 

22.6.18 

e-*,/*x“+1L<;)  (x2) 

1 

1 

0 

1 — 4a2 

4n+2a4-2— x2+— 

22.6.19 

P„(x) 

1 

— 2x 

2 n 

22.6.20 

6 ^„(X) 

1 

0 

2n+  1 — x2 

i 

22.6.21 

Pe„(x) 

1 

—x 

n 

i 

♦See  page  u. 


782 


ORTHOGONAL  POLYNOMIALS 


22.7.  Recurrence  Relations 
Recurrence  Relations  With  Respect  to  the  Degree  n 

ainfn+i(?)  = (a2n+aZnx)fn(x)  — a4nfn-i  (x) 


/» 

am 

a2n 

<*3» 

i 

am 

22.7.1 

Pi“*'to 

2(n+ 1)  (n+a  + /3+ 1) 

(2  n+a+/3) 

(2n+«+/3+l)(«*-/32) 

(2n  + a + /3)3 

2(n+a)(n+0) 

(2n + a + /3 + 2) 

22.7.2 

G„ (p,  q,  x ) 

(2n+p— 2)4(2n+p  — 1) 

— [2n(n+p)  + 0(p—  1)] 

(2n+p— 2)3 

(2n+p— 2)4 
(2n+p— 1) 

n(n+g—  l)(n+p—  1) 

(n+p— g)(2n+p+l) 

22.7.3 

n+1 

0 

2(n+a) 

n + 2a  — 1 

22.7.4 

Tn(x) 

1 

0 

2 

1 

22.7.5 

UJto 

1 

0 

2 

1 

22.7.6 

8,to 

1 

0 

1 

1 

22.7.7 

C„(x) 

1 

0 

1 , 

1 

22.7.8 

Tito 

1 

-2 

4 

1 

22.7.9 

Ulto 

1 

-2 

4 

1 

22.7.10 

Pn(x) 

w + 1 

0 

2n+l 

n 

22.7.11 

Pi  to 

n+1 

rH 

1 

<N 

1 

4n+2 

n 

22.7.12 

LPto 

n+ 1 

2n+a+l 

-1 

n+a 

22.7.13 

B.to 

1 

0 

2 

2n 

22.7.14 

Hen(x) 

1 

0 

1 

n 

22.7.15 


Miscellaneous  Recurrence  Relations 
Jacobi  Polynomials 


(«+!+f+l)  (l-z)P™(x) 

= (n+a+l)Pn(“'?)  (a;) — (n+  1)P(“^  (x) 


22.7.16 

(»+ |+f+l)  (l+x)P!T-i»n(x) 

= (»+/3+l)P£“,<,>  (x)  + (»+  l)Pi+f  (x) 


22.7.17 

(1  -x)P(na+1-»  (*)+(!  +z)P<‘^+1'  (x)=2  P‘«-*(*) 


22.7.18 

(2n+a+fi)P^‘~1-f)(x)—(ri+a+fi)P^‘-0)(x) 

-(n+ftP^Pix) 

22.7.19 

(2  n+a+p)P^~l)  (x)=(n+a+p)P(°’t))  (x) 

+ (n+a)Pl,ajf)(x) 

22.7.20  Pj*t-» (x)-Pia-t^> (x)=P<ajf>(x) 


Ultraspherical  Polynomials 

22.7.21 

2a(l — *2)C5,1Lt1)  (x) = (2a+n—l)Ci%(x)—nxCia>  (x) 

22.7.22 

= (n+2a)xC!?)  ( x ) 

—(n+l)C£h(x) 

22.7.23  (»+ «)  CS¥i»  (X)  = («- 1 )[C£?  i (*)  ~ CS?i(*)] 

Chebyshev  Polynomials 

22.7.24 

2Tm(x)  Tn  (x)  — Tn+m  (x)  + Tn_m{x)  (n>m)  * 

22.7.25 

2(a?—l)Um-i(x)Un-i(x)==Tn+m(x)—T„-m(x) 

(n>m) 

22.7.26 

2Tm(x)U„-i(x)=Un+m-l(x)+Un-m-l(x)  (w>m) 

22.7.27 

2Tn(x)Um-i(x)  =Un+m-l(x)  —Un-m-l(x)  (»>TO) 

22.7.28  2Tn(x)Un-i(x)=U2n-\(x) 


♦See  page  u. 
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Generalized  Laguerre  Polynomials 


22.7.29 


[(*-n)£<«>(*)+(«+») L<“\ (*) } 


22.7.30  (x) =ii“>  (x) -Z<"J,(x) 


22.7.31 

^“+,)(*>=i  [(«+«+!)£<“> (X) - (»+l)ia>,(*)] 


22.7.32 

L<rl)(x) 


i 


n-\-a 


[ (n+ 1 )LS+,  (x)  — («.+ 1 — x)  /^a)  (x)  ] 


22.8.  Differential  Relations 


9t(x)^fn(x)  = gi(x)fn(x)-\-go(x)fn-i(x) 


fn 

Q* 

9i 

9o 

22.8.1 

(2n-\-a+0)(l—z2) 

n[a  — /8  — (2n + a -f  /3)x] 

2(n  + a)  (n-}-/S) 

22.8.2 

CI°>(x) 

1— x 2 

— nx 

n -f~  2a  — 1 

22.8.3 

r.(x) 

1-x* 

— nx 

n 

22.8.4 

tf„(x) 

1-x* 

— nx 

71+1 

22.8.5 

P»(x) 

l-x* 

— nx 

n 

22.8.6 

W(x) 

X 

n 

— (n+a) 

22.8.7 

»n(x) 

1 

0 

2 n 

22.8.8 

#«»(*) 

1 

0 

n 

22.9.  Generating  Functions 


0(3, z)  = <*nfn(x)*n  R=y/l  — 2xz+z2 

n- 0 


/«(*) 

On 

9(*,z) 

Remarks 

22.9.1 

2~a~P 

ft->(l-z+ft)-«(l  + z+ft)-<» 

MO 

22.9.2 

C*°  (x) 

2*-«r(a+i+n)r(2a) 
r(a  + i)r(2a-fn) 

ft-'d-xz+ft)1-0 

|z|<l,as*0 

22.9.3 

C^(x) 

1 

22.9.4 

C<0,(x) 

1- 

-In  R* 

MO 

22.9.5 

ci-Hx) 

r(2«) 

e* COB  9 sin  0^  (z  sin  0) 

x = cos  0 

r(a+i)r(2a+n) 

22.9.6 

r„(x) 

2 

— 1<X<1 

MO 

22.9.7 

T,(x) 

V2/2 n\ 
4n  \ n / 

ft-'U-xz+ft)‘« 

— 1<X<1 

MO 

22.9.8 

r«(x) 

1 

n 

1-1  In  ft* 

a0=  1 
— 1<X<1 

MO 

22.9.9 

Tn(x) 

1 

1— xz 
R2 

-1<X<1 

MO 

22.9.10 

un(x) 

1 

R-2 

-1<X<1 

MO 

22.9.11 

u„(x) 

V2  /2w+2\ 

4»4i  \ n+ 1 / 

\ (l-xz+ft)-‘/2  * 

— 1<X<1 

MO 

♦See  page  n. 
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22.9*  Generating  Functions — Continued 

00  

g(x,  0nA(*) R = V l — 2xz + z2 

n«o 


/„(*) 

On 

?(x,  x) 

Remarks 

22.9.12 

P»  (.X) 

1 

/2-1 

— 1<X<1 

I*I<1 

22.9.13 

P,(x) 

J_ 

n! 

e* COB  #«/o(«  sin  0) 

j x=cos  6 

22.9.14 

«S»(x) 

1 

(1— X2+2*)-1 

— 2<x<2 

N<1 

22.9.15 

Li*1  (x) 

1 

(1  X)— •exp(z_1) 

l«l<i 

22.9.16 

Li*1  (x) 

1 

(xx)-WLJ2(x«)'«] 

r(n+a+lj 

22.9.17 

»«(*) 

i 

n! 

e***-*1 

22.9.18 

j 

Hu(x) 

(-1)» 

(2»)! 

e*  cos  (2a:  Vz)  * 

22.9.19 

Hin+lfa) 

(—I)* 

(2n+l)! 

z~ll2ez  sin  (2xVx)  * 

22.10.  Integral  Representations 
Contour  Integral  Representations 

[gi(z,  z)]ngt(z,  x)dz  where  C is  a closed  contour  taken  around  z=a  in  the  positive  sense 


/»(*> 

9o(x) 

0l(x,x) 

ffj(x,x) 

a 

1 

J 

Remarks 

22.10.1 

P’-'^x) 

1 

2*-l 

(l-*)«(l  + x)'’ 

a; 

±1  outside  C 

(1—  *)«(l+x)# 

2 (2— x) 

z—x 

22.10.2 

C<*>(x) 

1 

i /■ 

(1  — 2x?4 -2,)”ar”1 

0 

Both  zeros  of 
1 — 2x2+  2*  outside  C, 
a>0 

22.10.3 

Tn(x) 

1/2 

i /■ 

1-2* 

0 

Both  zeros  of 

2(1  — 2372 -f”  2*) 

1 — 2x2 + 2*  outside  C 

22.10.4 

U„(X) 

1 

\li 

1 

0 

Both  zeros  of 

1 — 2x2 + z2  outside  C 

x(l-2xx+«‘) 

22.10.5 

P«(X) 

1 

l/z 

i (1— 2xx+*2)-1/2 

0 

Both  zeros  of 

1 — 2xz + 2*  outside  C 

22.10.6 

P„(x) 

1 

2* 

1 1 

» 

1 

z—x 

X 

22.10.7 

U*'(x) 

exx~a 

i 

z—x 

• 

1 

L 1 

N 

X 

Zero  outside  C 

22.10.8 

U*\x) 

1 

>+; 

e"*(1+i)ai/* 

0 

z = —x  outside  C 

22.10.9 

Bn{x) 

n! 

\/z 

gl*«— *2 
2 

0 

Miscellaneous  Integral  Representations 

22.10.10  f * [x+V^-1  cos  *]»(sin 


22.W.U  <*>< cc  (sin  f 


* COS  (ft +<*)<£ 


o (COS  0— COS  0)1”*® 


(a>0) 

(a>0) 


♦See  page  II. 
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22.10.12 

22.10.13 


Pn(cos  8) 
Pn( cos  8) 


f (cos  8+i  sin  8 cos  <l>)nd<l> 
ft  Jo 

V2  C*  sin  (n+j)<l>d<t> 
t J 9 (cos  8—cos<t>)* 


22.10.14  L™(x)=^ p f " e-‘<B+f  Ja(2^[tx)dt 

22.10.15 


Hn(x)=e*2 


2»+i 

V?r 


cos 


22.11.  Rodrigues9  Formula 

The  polynomials  given  in  the  following  table  are  the  only  orthogonal  polynomials  which  satisfy 
this  formula. 


/»(*) 

Q>n 

p(x) 

g(x) 

22.11.1 

( — 1)  n2  nn! 

(l—x)a(l+x)P 

1 — a;2 

22.11.2 

22.11.3 

Cfl(x) 

r.to 

( l)»2»n'  r(2“)r(“+n+D 

1 ' r(.+i)r(n+2.) 

(-I)*.  r(”+«  • 

(1— *•)-! 

1-z* 
1— a;2 

22.11.4 

Unix) 

(_l)n2»+l  r(”+-l^. 

1-x2 

(n+l)V? 

22.11.5 

Pn(x) 

(—  l)n2nn! 

1 

1-a;2 

22.11.6 

i«W 

n! 

e“*:ca 

X 

22.11.7 

(_d» 

e~z\ 

1 

22.11.8 

Hen(x) 

(-D" 

e-x2/2 

1 

22.12.  Sum  Formulas 
Christoffel-Darboux  Formula 

22.12.1 

V'  — -f  M-f  (m\ fn± 1 (x)J«  (y)  -/» (»)/«+!  (y) 

if  A JmWjmW^h  * rr— ?# 

m«0  't'm  ftn+livn  X V 

Miscellaneous  Sum  Formulas  (Only  a Limited  Selection 

Is  Given  Here.) 

22.12.2  S T2m(x)=m+U2n(x)\ 

m~0 

22.12.3  g T2m+l{x)=hU2n-i(x) 

m*»  0 


22.13.  Integrals  Involving  Orthogonal  Poly- 
nomials 

22.13.1 

2nC  (l—y)a(l+y)fPln-fi)(y)dy 

=p<«+i.*+,)  (0)  _ (i  -x)«+1(l +x)*+,P<“t  l'*+I)  (x) 

22.13.2 

J„  (1  iy)dy 

= C5- 1 *>  (0)  - (1  - x2)  “+>C'“4 » (x) 


22.12.4  S J72m(a:)=L^k^) 

m-o  ar; 

22.12.5  g C/2m+I  (x)  =^-+# 

m«o  z\i— ar; 

22.12.6  g i^T>  (x)ZWm(y) (x+t/) 

771*0 

22.12.7  S 

jb«0\  Wl  / 

22.12.8 

#»(*+!/)  =2^5  g lU^x)Hn.k{^2y) 


22.13.3 

22.13.4 

22.13.5 

22.13.6 

22.13.7 


-f  Tn(y)dy_ _=irUri_^x) 

J-i  (y—x)^l—y2 


J- i (2/-a:) 


X 


1 03/2 

(l—x)~1,2Pn(x)dxi 

-1 


272r  — j—  1 


X 


X'ft-(c°8W9-iK»)’ 

PIn+l(c08  9)c08  f ^)  ( f ) 


♦See  page  ii. 
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22.13.8 


(-l)T  (m-|)  r (i+|) 

f ^P2n(x)dx / x\  / 3 X\  (X>_1) 

Jo  2r  (-£) r (”+!+!) 


22.13.9 


I X JT2n+l\%)Q'%  / W /I  \\ 

JO  or  fr  I o l A \ ti  / 1 A \ 


2r  V*+2+§)  r (1-1) 


(A>-2) 


22.13.10 


CXPn 

J-»  4 


( t)dt 


V* — t (m-|-i)  ^l-\-x 


[7’»(*)+7,»+i(*)] 


22.13.11 


1 Pn(t)dt_  1 

V<— x (»+§)V  i— * 


[2’.(*)-2'.+1(*)] 


/. 

22.13.12  f"  e-'ir  (t)dt=e~x [£<“>  (at)  -Z£>, (x) ] 

22.13.13 

r(o+jS+»+ 1)  r (*- ty~ltaLp (t)dt 

0 = r(a+m+l)r(0)a?*+flZiia+fl)  (a:) 

22.13.14 

f Lm(t)Ln(x—t)dt 

F Pm+nid^dt  Lm^.n(P)  i 

22.13.15  j;  e-,!ff„P=fl»-.(0)-e-l!ff,-I(*) 


m+»+l 


(x) 


22.13.16  £ ^n«M<=2(^pX)  [0n+,(a!) 

22.13.17  J”  l)m 


22.13.18 


f e~‘itH2m+i(tx)dt=Tfjr  ■— W x(x2 — 1) 

J-oo  ^ • 


.13.19  J 


m 


22 


22.13.20 


e ‘2tnHn(xt)dt=^wn\Pn(x) 


00 


J#V‘s[ff,,(0]2 cos  (xt)dt=^2*-ln\e-iz2Ln  (j\ 


22.14.1 


!*>?■»(*)  Is;  ^ 


22.14.  Inequalities 

f (ra^2)“7l®>  if  2= max  (a,  /3)>  — 1/2 

(«>-l,/3>-l) 


a;'  maximum  point  nearest  to 


— Of 

«+£+! 


22.14.2 


|<2“»(*)l< 


YrH-2a— 1 
\ » 

|Crn“)(*,)l 


) («>0) 

(-!<««)) 


x'=0  if  n=2m;  maximum  point  nearest  zero 
if  n=2m+l 


22.14.3 


|C5,“)(cos  0)|<21-“  t-t 


n 


a- 1 


(sin  0)“r(a) 


(0<a<l , O<0<ir) 


22.14.4  |7’„(x)|<l  (-1<x<1) 


22.14.5 


dTn(x) 


dx 


<n 2 (— 1 < x<  1) 


22.14.6  |Z7„(x)|<»+l  (-1<*<1) 


22.14.7  |P,(x)|<l  (-1<*<1) 


22.14.8 


dP„(x)  A , . 1N 
* S2“<n+1> 


(-1<*<1) 


22.14.9  \Pn(x)\<Jl-^==  (-l<x<l) 

\ irn  vl— x2 


22.14.10 

Pi(x)  — P„_,(x)P„+i(x)< 


22.14.11 

p„2(x)  — P„_  J (x)PB+,  (x)  > 


2m+l 

3m(m+l) 


1-P2»(z) 


(— 1<X<1) 


(2w— l)(m+l) 


(— 1 <x<  1) 


22.14.12 


\Ln(x)\<ezl2  (x>0) 


22.14.13  |L<a)(x)|<  ^rtT+11/  ^ 

22.14.14 

l^> (x) | < [2 — rlT+i))] gX/2  (-K«<o,x>o) 


♦See  page  11. 
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22.14.15  | H2m(x)  I < elS/222mm!  [2-^  (2™)] 

22.14.16  \H2m+l(x)\<xexili  (*>0) 

22.14.17  | Hn  (x)  | <e*2/2^2B/s  V»!  1.086435 


22.15.  Limit  Relations 


22.15.1 


fa  [ip<- <>(<*»£)] 


COS  X 


22.US.2  Um[ii<-.(0]=,-y.<2V2) 

22-15-3 
22-15'4 

22.15.5  lim  P<“- « ( 1 (x) 

/9->c°  \ ' P/ 

22.15.6  Hm  ^ ««  (£)-£  H.W 

For  asymptotic  expansions,  see  [22.5]  and 
[22.17]. 


22.16.  Zeros 

For  tables  of  the  zeros  and  associated  weight  factors  necessary  for  the  Gaussian-type  quadrature 
formulas  see  chapter  25.  All  the  zeros  of  the  orthogonal  polynomials  are  real,  simple  and  located 
in  the  interior  of  the  interval  of  orthogonality. 

Explicit  and  Asymptotic  Formulas  and  Inequalities 

Notations: 

a4n)mthzero  ol  Jn(x)(x[n)<^xin)<i  . . . <Znn)) 


e^arccos  4n-Wi(0<^(n)<^n)<  . . . <e{nn)<ir) 


ja,m,  7ft th  positive  zero  of  the  Bessel  function  Ja(x) 

0<O*a,  l^ja,  • • • 


22.16.1 


22.16.2 


22.16.3 


22.16.4 


22.16.5 


22.16.6 


22.16.7 


22.16.8 


fn(x) 


P™  (COS  6) 

C,wW 

(cos  6) 


Tn(x) 


Unix) 


P„( cos  6) 


Pn(x) 


V?  (*) 


Relation 


lim  nd^  =ja,m 


n-»°° 


.(») 

'm 


X'l"  = 1 


m 


2n2 

( m-\-ct — 1)tt 


(«>-l,  0>-l) 


n-\-a 


<*£>< 


WlT 

n+a 


(0<a<l) 


xJ)=cos 


x*)==cos 


2m- 1 
2 n ' 


ir 


m 


n+ 1 


2m— 1 . 2m 

*<4?<cr-7-z  * 


2n+l 


2n-f  1 


4m— 1 . 1 , 4m— 1 . 

W = 7— n *+—•  cot  , 0 ir+0(n-8) 


x 


ain)=l 


4n+2  ' 8 n*  — 4n+2 

2 

*ri- 

n 

4&n) 


-”=1-fe  [l-r+OCn-1)] 


2»+l+£ 


*»)_  Jo-m  I 
ir”  _4j»+2  L 


*2 

Jo,m—2 


J*,  m 

4 kn 


12(2n+l)> 


>«  G) 


^ir><^  (2fc„+V4*2+i-as) 


2(««-l)+jl. 
48  « 


> Ajt=t4 


«+l 


T(n)_iL«?  / 
" ~4*„  V 


1-f 


-^  + 0(n-s) 


For  error  estimates  see  [22.6]. 
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22.17.  Orthogonal  Polynomials  of  a Discrete 

Variable 

In  this  section  some  polynomials  fn(x)  are  listed 
which  are  orthogonal  with  respect  to  the  scalar 
product 

22.17.1  (/n,/m)=S 

i 

The  Xi  are  the  integers  in  the  interval  a<xt<b 
and  w*(Xi)  is  a positive  function  such  that 


2>*(a;<)  is  finite.  The  constant  factor  which  is 

i 

still  free  in  each  polynomial  when  only  the  orthogo- 
nality condition  is  given  is  defined  here  by  the 
explicit  representation  (which  corresponds  to  the 
Rodrigues’  formula) 

22.17.2  M*)=rnW\x)  An[w*(x)g(x,  »)] 

where  g{x,  n)=g(x)g(x—  1)  . . . g(x—n+l)  and 
g(x)  is  a polynomial  in  x independent  of  n. 


Name 

a 

b 

w*(x) 

rn 

9(x,  n) 

Remarks 

Chebyshev 

0 

N-l 

1 

1/n! 

0 

Krawtchouk 

0 

N 

vxql,~*  (T) 

(—  l)nn! 

qnx\ 

p,  g>0; 

(x — 7l) ! 

Charlier 

0 

e~aax 

(—  l)nVanw! 

xl 

a>0 

x\ 

(x—n)\ 

Meixner 

0 

cT(b+x) 

z%n 

x\ 

6>0,  0<c<l 

T(b)x\ 

c 

(x  — n)l 

Hahn 

0 

r(b)r(c+x)r(d+x) 

n\ 

x\T(b-\-x) 

x\r(b+x)r(c)r(d) 

(x-n)\T(b-\-x—n) 

For  a more  complete  list  of  the  properties  of  these  polynomials  see  [22.5]  and  [22.17]. 


Numerical  Methods 

22.18.  Use  and  Extension  of  the  Tables 


Evaluation  oj  an  orthogonal  polynomial  jor  which  the  coefficients  are  given  numerically . 

Example  1.  Evaluate  L6(1.5)  and  its  first  and  second  derivative  using  Table  22.10  and  the 
Horner  scheme. 


1 

i 

-36 

j 

450 

— 2400 

i 

5400 

-4320 

720 

35=1.5 

1.  5 

-51.  75 

597.  375 

- 2703.  9375 

4044.  09375 

-413.  859375 

1 

-34.  5 

398.  25 

-1802.  625 

2696.  0625 

-275.90625 

306.  140625 

1.5 

1.  5 

-49.  5 

523.  125 

-1919.  25 

1165.  21875 

T 306.  140625 
720 

= . 42519  53 

1 

-33.0 

348.75 

-1279.  500 

776.  8125 

889.  3125 

1.5 

1.  5 

-47.  25 

452.  250 

i 

- 1240.  875 

' 889.3125 

1/0  720 

= 1.23515  625 

1 

-31.  5 

301.  50 

- 827.  250 

- 464.  0625 

...  .[-464.0625] 

L« =2  720 

= -l.  28906  25 
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Evaluation  of  an  orthogonal  polynomial  using  the  explicit  representation  when  the  coefficients  are  not 
given  numerically. 

If  an  isolated  value  of  the  orthogonal  polynomial  fn(x)  is  to  be  computed,  use  the  proper  explicit 
expression  rewritten  in  the  form 

Jn(x)=dn(x)a 0(X) 

and  generate  a0(x ) recursively,  where 

dm-iix)  — f{x)am{x)  (m=n,  n—1,  . . .,  2,  1,  an(x)  = l). 


The  dn(x),  bm,  cm,f(x)  for  the  polynomials  of  this  chapter  are  listed  in  the  following  table: 


/n(x) 

dn(x) 

bm 

Cm 

m 

p(«,0) 
1 n 

(*i“) 

(n— m-f  l)(a-f  0-f  n-f m) 

2m  (a -f  m) 

i 

1— X 

p(«) 

u2» 

2(n— m-f  l)(«-f  n-f  m—  1) 

m(2m—  1) 

X2 

p(«) 

^2n+l 

2(n— m-f  l)(a-f  n-f  m) 

m(2m-f  1) 

X2 

7a» 

(-i)» 

2(n— m-f  1)  (n-f  m—  1) 

m(2m—  1) 

X2 

Tin+l 

(— l)n(2n-f  l)x 

2(n— m-f  l)(n-f  m) 

m(2m-f  1) 

X2 

u2n 

(-D" 

2(n— m-f  l)(n-f  m) 

m(2m—  1) 

X2 

U2n+\ 

(—  l)n2(n-f  l)x 

2(n— m-f  l)(n-f  m-f  1) 

m(2m-f  1) 

X2 

ft  n 

(-1)" /2 n\ 
4 n \ n ) 

(n— m-f  l)(2n-f  2m— 1) 

m(2m—  1) 

i 

X2 

F 2n+l 

w:1)  <-+■>* 

(n— m-f  l)(2n-f  2m-f 1) 

m(2m-f  1) 

X2 

W 

c:*) 

n— m-f 1 

m(a-f  m) 

X 

h2„ 

2 (n— m-f  1) 

m(2m—  1) 

X2 

#2n+l 

2(n— m-f  1) 

m(2m-f  1) 

X2 

Example  2.  Compute  pa/2, 3/2) (2 )_  Here  </8=(8g5')=3.33847,  /(2)=-l. 


m 

8 

7 

6 

5 

4 

3 

2 

1 

0 

dm 

1 

1.  132353 

1.  366667 

1.  841026 

3.  008392 

6.  849651 

26.  44156 

223.  1091 

6545.  533 

6m 

18 

34 

48 

60 

70 

78 

84 

88 

90 

Cm 

136 

105 

78 

55 

36 

21 

10 

3 

0 

pa/2, 3/2)  (2) =^^(2) =(3. 33847)(6545. 533) =21852.07 

Evaluation  of  orthogonal  polynomials  by  means  of  their  recurrence  relations 
Example3.  Compute  C%\2. 5)  for  n=2,3,4,5,6. 

From  Table  22.2  (7<*>=1,  (7^= 1.25  and  from  22.7  the  recurrence  relation  is 


^1!1(2.5)=[5(n+J)(7(J)(2.5)-(7i-i)(7<‘)I(2.5)l~ 


n 

2 

3 

4 

5 

6 

C®(  2.5) 

3.  65625 

13.  08594 

50.  87648 

207.  0649 

867.  7516 

Check:  Compute  C^( 2.5)  by  the  method  of  Example  2. 
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Change  of  Interval  of  Orthogonality 

In  some  applications  it  is  more  convenient  to  use  polynomials  orthogonal  on  the  interval  [0,  1], 
One  can  obtain  the  new  polynomials  from  the  ones  given  in  this  chapter  by  the  substitution  x =25—1. 
The  coefficients  of  the  new  polynomial  can  be  computed  from  the  old  by  the  following  recursive  scheme, 
provided  the  standardization  is  not  changed.  If 


» 


/.(*)  -S  I 

m— 0 


n 


ft(x)=fn(2x- 1)=2  <X™ 

m— 0 


then  the  at,  are  given  recursively  by  the  am  through  the  relations 

a%)=2a%-1)—aXll;  m=n—l,  n— 2,  . . j;  j= 0,  1,  2,  . . n 
a«  ” =am/2,  m=0,  1,  2 

a^)=2ian,  j=0,  1,  2,  . . n and  m=0,  1,  2,  . . n. 

Example  4.  Given  Ts(x)=5x— 20x3+16xs,  find  T* (x) . 


\ m 
\ 

5 

4 

3 

2 

1 

0 

-1 

8=a£”l) 

0 

— 10=ai“l) 

0 

2.5=oS_,) 

0 

0 

16 

-16 

-4 

4 

1 

— 1 = aj 

1 

32 

-64 

56 

-48 

50= o; 

2 

64 

-192 

304 

— 400=aJ 

3 

128 

-512 

1120=c£ 

4 

256 

II 

o 

00 

'N 

H 

1 

5 

512= a! 

Hence,  Tf(x) = 512x5- 1 280*4+ 1 120*3-400x*+  50*- 1 . 


22.19.  Least  Square  Approximations 


D a Continuous  Interval 


Problem:  Given  a function  j{x)  (analytically  or 
in  form  of  a table)  in  a domain  D (which  may  be 
a continuous  interval  or  a set  of  discrete  points).2 
Approximate  j (x)  by  a polynomial  Fn(x)  of  given 
degree  n such  that  a weighted  sum  of  the  squares 
of  the  errors  in  D is  least. 

Solution:  Let  w{x)  >0  be  the  weight  function 
chosen  according  to  the  relative  importance  of 
the  errors  in  different  parts  of  D.  Let  fm(x)  be 
orthogonal  polynomials  in  D relative  to  w(x),  Le. 
(/m,/»)=0  for  m^n,  where 


Uy9)  = < 


\ L 

if  D is  a continuous  interval 


N 


2 w(xm)f(xm)g(xn) 


m—l 


Then 


where 


if  D is  a set  of  N discrete  points  x m. 


n 


Fn(x)=  XJ  Omfmix) 

ro—0 


— iff  JwdKfm  y*»)  • 


*/(x)  has  to  be  square  integrable,  see  e.g.  [22.17]. 


Example  5.  Find  a least  square  polynomial  of 
degree  5 for /(a;)=j^^>  in  the  interval  2<x<5, 
using  the  weight  function 


w(x)= 


1 


V (x — 2)  (5“~x) 


which  stresses  the  importance  of  the  errors  at  the 
ends  of  the  interval. 


Reduction  to  interval  [— 1, 1],  t=* 


2x-7 


w(x(t)) =5  1 


3 Vl-<2 


From  22.2,  Jm(t) = Tm(t)  and 

2 Cl  1 dt 

°°  3tJ_,VT=T*«+3 


•See  page  n. 
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Evaluating  the  integrals  numerically  we  get 
1 .235703— .0808807*1  (^=^)+.0138767,2  (^i^)-.0023807,3 


l+x 


+.0004087*4 


0000702*, 


(*?) 


D a Set  of  Discrete  Points 


If  xm=m(m=0,  1,  2,  . . A0  and  w(x)  = l,  use  the  Chebyshev  polynomials  in  the  discrete 
range  22.17.  It  is  convenient  to  introduce  here  a slightly  different  standardization  such  that 


/»(*>= jb  (—d*  (l)  (n+m^ xKN  m)! 


m ) {x—m)\N\ 


/f  r\ (AT+ft-l- 1) ! (N~n) ! 

KJnyJn)  (2ft+l)(AH)2 


2x 


Recurrence  relation:  fo(x)=l9Ji(x)=:l—— 


(ft + 1 ) (N—  ft)/n+i  (x)  = (2n+l)(N—2x)Jn(x)—n(N+n+l)fn^1(x) 


Example  6.  Approximate  in  the  least  square  sense  the  function  f(x)  given  in  the  following  table 
by  a third  degree  polynomial. 


X 

/(*> 

- 3-10 
*=  2 

fo(x) 

/i<*> 

ft  (x) 

A(x) 

10 

.3162 

0 

1 

1 

1 

1 

12 

.2887 

1 

1 

1/2 

-1/2 

-2 

14 

. 2673 

2 

1 

0 

-1 

0 

16 

. 2500 

3 

1 

-1/2 

-1/2 

2 

18 

.2357 

4 

1 

-1 

1 

-1 

UnJn)=T,fn(x) 

2 *»0 

(/,  /») =2 /»(*)/( 25+10) 
2=0 

g (/>  /») 


m)  jl@) 

5 2.5 

1. 3579  . 09985 

. 271580  . 039940 


M^) 

/»(*) 

3.5 

10 

. 01525  . 0031 

. 0043571  . 000310 


/(a;)  ~ . 27158+ .03994 (3.5-  ,25a:)  + .004357  l(23.5-3.5a;+.125a?)  + .0003 1 (266  - 59.8333a: 

+4.375a?-. 10417a?) 


j{x)  ~ .59447  - .043658a:+  .0019009a?-  ,000032292a? 


22.20.  Economization  of  Series 

» 

Problem:  Given  j(x)  = 2 amxm  in  the  interval 

171=0 

— 1 <x<l  and  0.  Find  j(x)  ==S  bmxm  with  N 

m=0 

as  small  as  possible,  such  that  \ j{x)—j(x)\<C.R. 

Solution:  Express  f(x)  in  terms  of  Chebyshev 
polynomials  using  Table  22.3, 

/(*)=S  bmTm(x) 

7f»*0 


Then,  since  |2*w(z)|<l(— 1<*<1) 

J(*)=S  bmTm{x) 

m=0 

within  the  desired  accuracy  if 

i: 

m=N+l 

j(x)  is  evaluated  most  conveniently  by  using  the 
recurrence  relation  (see  22.7). 
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Example  7.  Economize  J(x)  = 1+x/2+t?/3 
+a^/4+aj4/5+a^/6  with  B=. 05. 

From  Table  22.3 


fix)  [149T0(x)  +32  T2(x)  +ZTt(x)  ] 

+^  [76T,  (as) +11  Tfx) + Tfx)  ] 


SO 

7(*)=i|o  [1497,0(x)+32T2(x)]+^  [Te^W+llTaW] 
since  |/(x)  -fix)  \ < ^+^  < -05 
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Table  22.3 

Coefficients  for  the  Chebyshev  Polynomials  Tn(x)  and  for  xn  in  terms  of  Tm(x) 


n 


n 


Tn(x)  = T'.  C„Xm 
m=Q 


dmTm(x) 

771=0 


x° 

X1 

X2 

X3 

X4 

X5 

X6 

X7 

X8 

X9 

X10 

X11 

Xl2 

bn 

1 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

1024 

2048 

To 

1 1 

1 

3 

10 

35 

126 

462 

To 

Ti 

1 1 

3 

10 

35 

126 

462 

Ti 

t2 

-1 

2 1 

4 

15 

56 

210 

792 

t2 

To 

-3 

4 1 

5 

21 

84 

330 

Tz 

T* 

1 

-8 

8 1 

6 

28 

120 

495 

EV 

Tt 

5 

-20 

16  1 

7 

36 

165 

t5 

Tt 

-1 

18 

-48 

32  1 

8 

45 

220 

To 

t7 

-7 

56 

-112 

64  1 

9 

55 

t7 

To 

1 

-32 

160 

-256 

128  1 

10 

66 

To 

T , 

9 

-120 

432 

-576 

256  1 

11 

To 

Tio 

-1 

50 

-400 

1120 

-1280 

512  1 

12 

Tio 

Tn 

-11 

220 

-1232 

2816 

-2816 

1024  1 

Tn 

Ta 

1 

-72 

840 

-3584 

6912 

-6144 

2048  1 

Ti2 

x° 

X1 

X2 

X3 

X4 

X5 

X8 

X7 

X8 

X9 

xio 

X11 

X12 

Tt(x) =32^-48^+  18a:2- X z«=A  [10To+157,2+67,4+  T«] 


Chebyshev  Polynomials  Tn(x)  Table  22.4 


n\x 

0.2 

0.4 

0.6 

0.8 

1.0 

0 

+ 1.00000  00000 

+ 1.00000  00000 

+ 1.00000 

00000 

+ 1.00000  00000 

1 

1 

+0.20000  00000 

+0.40000  00000 

+0.60000 

00000 

+0.80000  00000 

1 

2 

-0.92000  00000 

-0.68000  00000 

-0.28000 

00000 

+0.28000  00000 

1 

3 

-0.56800  00000 

-0.94400  00000 

-0.93600 

00000 

-0.35200  00000 

1 

4 

+0.69280  00000 

-0.07520  00000 

-0.84320 

00000 

-0.84320  00000 

1 

5 

+0.84512  00000 

+0.88384  00000 

-0.07584 

00000 

-0.99712  00000 

1 

6 

-0.35475  20000 

+0.78227  20000 

+0.75219 

20000 

-0.75219  20000 

1 

7 

-0.98702  08000 

-0.25802  24000 

+0.97847 

04000 

-0.20638  72000 

1 

8 

-0.04005  63200 

-0.98868  99200 

+0.42197 

24800 

+0.42197  24800 

1 

9 

+0.97099  82720 

-0.53292  95360 

-0.47210 

34240 

+0.88154  31680 

1 

10 

+0.42845  56288 

+0.56234  62912 

-0.98849 

65888 

+0.98849  65888 

1 

11 

-0.79961  60205 

+0.98280  65690 

-0.71409 

24826 

+0.70005  13741 

1 

12 

-0.74830  20370 

+0.22389  89640 

+0.13158 

56097 

+0.13158  56097 

1 
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Table  22.5 

Coefficients  for- the  Chebyshev  Polynomials  Un(x)  and  for  xn  in  terms  of  Um(x) 


Un(x)  = CmXm  Xn=  Kl  23  drn  Um(x) 

m=0  77i=0 


2° 

X1 

X2 

2s 

24 

2s 

2® 

27 

28 

29 

210 

211 

212 

bn 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

1024 

2048 

4096 

UQ 

1 1 

1 

2 

5 

14 

42 

132 

u„ 

Ui 

2 1 

2 

5 

14 

42 

132 

Ut 

Ut 

-1 

4 1 

3 

9 

28 

90 

297 

Ut 

Uz 

-4 

8 1 

4 

14 

48 

165 

Ut 

u. 

1 

-12 

16  1 

5 

20 

75 

275 

Ut 

us 

6 

-32 

32  1 

6 

27 

110 

Ut 

Ut 

-1 

24 

-80 

64  1 

7 

35 

154 

Ut 

Ut 

-8 

80 

-192 

128  1 

8 

44 

Ut 

Ut 

1 

-40 

240 

-448 

256  1 

9 

54 

Ut 

m 

10 

-160 

672 

-1024 

512  1 

10 

u. 

Ulo 

-1 

60 

-560 

1792 

-2304 

1024  1 

11 

uw 

Uii 

-12 

280 

-1792 

4608 

-5120 

2048  1 

Un 

U\2 

1 

-84 

1120 

-5376 

11520 

-11264 

4096  1 

Ul2 

x° 

X1 

X2 

23 

X* 

2s 

2® 

27 

2® 

29 

210 

211 

212 

U, (x)  = 64x«  - 80^ + 24x2  - 1 x> = J7  IS  U„ + 9 Ut + 5 Ut + Ut\ 

04 


We  22.6 


Chebyshev  Polynomials  Un{x) 


n\x  0.2 


0.4 


0.6 


0.8  1.0 


0 +1.00000  00000 

1 +0.40000  00000 

2 -0.84000  00000 

3 -0.73600  00000 

4 +0.54560  00000 

5 +0.95424  00000 


+ 1.00000  00000 
+0.80000  00000 
-0.36000  00000 
-1.08800  00000 
-0.51040  00000 
+0.67968  00000 


+ 1.00000  00000 
+ 1.20000  00000 
+0.44000  00000 
-0.67200  00000 
-1.24640  00000 
-0.82368  00000 


+ 1.00000  00000 
+ 1.60000  00000 
+ 1.56000  00000 
+0.89600  00000 
-0.12640  00000 
-1.09824  00000 


1 

2 

3 

4 

5 

6 


6 -0.16390  40000 

7 -1.01980  16000 

8 -0.24401  66400 

9 +0.92219  49440 

10  +0.61289  46176 

11  -0.67703  70970 


+ 1.05414  40000  +0.25798 

+0.16363  52000  +1.13326 

-0.92323  58400  +1.10192 

-0.90222  38720  +0.18905 

+0.20145  67424  -0.87506 

+ 1.06338  92659  -1.23913 


40000  -1.63078  40000 
08000  -1.51101  44000 
89600  -0.78683  90400 
39520  + 0.25207  19360 
42176  +1.19015  41376 
10131  +1.65217  46842 


7 

8 
9 

10 

11 

12 


12  -0.88370  94564  +0.64925  46703 


-0.61189  29981 


+ 1.45332  53571 


13 
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Table  22.7 


Table  22.9  Coefficients  for  the  Legendre  Polynomials  Pn(ai)  and  for  xn  in  terms  of  Pm{x) 
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Coefficients  for  the  Laguerre  Polynomials  Ln(x)  and  for  xn  in  terms  of  Lm(x)  Table  22.10 
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Table  22.11 


ORTHOGONAL  POLYNOMIALS 


Laguerre  Polynomials  Ln(x) 


n\x  0.5  1.0  3.0  5.0  10.0 


0 

4-1.00000 

00000 

+ 1.00000.  00000 

+ 1.00000 

00000 

+ 1.00000 

00000 

+ 1.00000 

00000 

1 

+ 0.50000 

00000 

0.00000 

00000 

-2.00000 

00000 

-4.00000 

00000 

-9.00000 

00000 

2 

+ 0.12500 

00000 

-0.50000 

00000 

-0.50000 

00000 

+ 3.50000 

00000 

+ 31.00000 

00000 

3 

-0.14583 

33333 

—0.66666 

66667 

+ 1.00000 

00000 

+ 2.66666 

66667 

-45.66666 

66667 

4 

-0.33072 

91667 

-0.62500 

00000 

+ 1.37500 

00000 

-1.29166 

66667 

+ 11.00000 

00000 

5 

-0.44557 

29167 

-0.46666 

66667 

+ 0.85000 

00000 

-3.16666 

66667 

+ 34.33333 

33333 

6 

-0.50414 

49653 

-0.25694 

44444 

-0.01250 

00000 

-2.09027 

77778 

-3.44444 

44444 

7 

-0.51833 

92237 

-0.04047 

61905 

-0.74642 

85714 

+ 0.32539 

68254 

-30.90476 

19048 

8 

-0.49836 

29984 

+ 0.15399 

30556 

-1.10870 

53571 

+ 2.23573 

90873 

-16.30158 

73016 

9 

-0.45291 

95204 

+ 0.30974 

42681 

-1.06116 

07143 

+ 2.69174 

38272 

+ 14.79188 

71252 

10 

-0.38937 

44141 

+ 0.41894 

59325 

-0.70002 

23214 

+ 1.75627 

61795 

+ 27.98412 

69841 

11 

-0.31390 

72988 

+ 0.48013 

41791 

-0.18079 

95130 

+ 0.10754 

36909 

+ 14.53695 

68703 

12 

-0.23164 

96389 

+ 0.49621 

22235 

+ 0.34035 

46063 

-1.44860 

42948 

-9.90374 

64593 

Coefficients  for  the  Hermite  Polynomials  Hn(x)  and  for  xn  in  terms  of  Hm(x)  Table  22.12 
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Table  22.13 


ORTHOGONAL  POLYNOMIALS 


Hermit e Polynomials  Hn{x) 


n\x 

0.5 

1.0 

3.0 

5.0 

10.0 

0 

+ 1.00000 

+ 1.00000 

+ 1.00000  00 

1.00000  00000 

1.00000  00000 

1 

+ 1.00000 

+2.00000 

+6.00000  00 

(1)1.00000  00000 

(1)2.00000  00000 

2 

-1.00000 

+2.00000 

(1) +3.40000  00 

(1)9.80000  00000 

(2)3.98000  00000 

3 

-5.00000 

-4.00000 

(2) + 1.80000  00 

(2)9.40000  00000 

(3)7.88000  00000 

4 

+ 1.00000 

(1) -2.00000 

(2) +8.76000  00 

(3)8.81200  00000 

(5)1.55212  00000 

5 

(1) +4.10000 

(0) -8.00000 

(3) +3.81600  00 

(4)8.06000  00000 

(6)3.04120  00000 

6 

(1) +3.10000 

(2) + 1.84000 

(4) + 1.41360  00 

(5)7.17880  00000 

(7)5.92718  80000 

7 

(2) -4.61000 

(2) +4.64000 

(4) +3.90240  00 

(6)6.21160  00000 

(9)1.14894  32000 

8 

(2) -8.95000 

(3) -1.64800 

(4) +3.62400  00 

(7)5.20656  80000 

(10)2.21490  57680 

9 

(3) +6.48100 

(4) -1.07200 

(5) -4.06944  00 

(8)4.21271  20000 

(11)4.24598  06240 

10 

(4) +2.25910 

(3) +8.22400 

(6) -3.09398  40 

(9)3.27552  97600 

(12)8.09327  82098 

11 

(5) -1.07029 

(5) +2.30848 

(7) -1.04250  24 

(10)2.43298  73600 

(14)1.53373  60295 

12 

(5) -6.04031 

(5)  +2.80768 

(6) +5.51750  40 

(11)1.71237  08128 

(15)2.88941  99383 
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23.  Bernoulli  and  Euler  Polynomials — Riemann  Zeta 

Function 


Mathematical  Properties 

23.1.  Bernoulli  and  Euler  Polynomials  and  the  Euler-Maclaurin  Formula 


fpXt  co  ftl 

23.1.1  -£-=.2  Bn(x) 

el— 1 7i=o  n\ 


Generating  Functions 

o^i  t co  *n 

Bernoulli  and  Euler  Numbers 


23.1.2  Bn=BM 

23.1.3  B0=  1,  £2=4  Bt 


77= 0, 1, . . . 


En=2nE„  (0=  integer 
Eq=  1 , E2—  1,  E±—h 


77= 0,  1,  . . . 


(For  occurrence  of  Bn  and  En  in  series  expansions  of  circular  functions,  see  chapter  4.) 


Sums  of  Powers 


23.1.4  ^ Bn+l 

k=i  n+ 1 


'jjS'  ( ( l)m-^n(0) 

jfei  2 


m,  7i=l,  2,  . . . 


23.1.5  B'n(x)=nBn_1(x) 


23.1.6  Bn(x-\-l)—Bn(x)=nxn  1 


23.1.7 

Bn(x+h)=±  (£)  Bt{x)h~ 


Derivatives  and  Differences 

n=l,  2,  . . . E’n(x)=nEn-i(x) 

7i=0,l,...  £,„(x+l)+^»(a:)=2xn 

Expansions 


777,  77=1,  2,  . . . 


71=1,  2,  . . . 
71=0,  1,  . . . 


71=0,  1,  . . . 


#.(*+A)=g  (£)  #»(*)*•■ 


77=0,  1,  . . . 


77=0,  1,  . . . 


23.1.8  Bn(l-x)  = (-\)nBn(x) 


Symmetry 

7i=0,l,...  I En(l—x)  = (— l)nEn (x) 


23.1.9  (— 1)"B„(— x)=B„(x)+nxn~1  77=0,1,...  (— l)n+1En(— x)=En(x)— 2xn 


77=0,  1,  . . 
77=0,  1,  . . 


Multiplication  Theorem 


23.1.10 

Bn(mx)  = m 


771—1  / 

"-1  S Bn  ( 

k = 0 \ 


. &\ 
aH — ) 

777/ 


77=0,  1,  . . . 
777  = 1,  2,  . . . 


TO  — 1 / b \ 

E„(mx)=mn  S (—  l)kEn  ( x-\-—)  77=0, 1, . . . 

k= 0 V W/ 

777  = 1,  3,  . . . 

777"  g (-1)‘5.+1  (*+£) 
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77=0,  1,  . . . 
777  = 2,  4,  . . . 
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Integrals 


23.1.11  £ Bn  ( t)dt= •g"+1  ^i|i  f ’ ^ 

23.1.12  £ Bn(t)Bm(t)dt=(- 1)”"1 


mini  0 
(m+n)'.7 n+n 


m,n= 1,  2,  . . . 


/; 

/: 


En{t)dt 


En+1  (%)  En+\  (®) 


72,  + l 


En(t)Em(t)dt 


(— l)w4(2m+n+2— 1) 


m!7i! 


Br 


(m+n+ 2)1  m+n+2 

m,  n=0, 1, 


(The  polynomials  are  orthogonal  for  m+72,  odd.) 


Inequalities 


23.1.13  |52tt|>|52B(a:)|  77=1,2,...,  l>a:>0 

23.1.14 

2-^Sr  (1-z^)x-Dtt+1^»+1(*)>0 

77=1,2,...,  |>a:>0 

23.1.15 


2(2ra)! 

(2tt)2b  Vl 


l)n+152n> 


2(2  n,)! 

(2ir)2B 


n=  1,2, 


4_b|£,2b|>(— l)”^2«(a;)>0  71=1,2,...,  §>*>0 


^ 1)!  (i+2^2)>(-Db^-1(x)>0 

71=1,2,...,  5>a:>0 


4B+1(2n)! 


x 


->/■ 1 'ire  7?  4'1+1(2?l) ! 

2n+l  „2n+l 


7T 


(l+3_1_2B) 

71=0,  1, 


Fourier  Expansions 


23.1.16 

n / \ o cos  (2irkx—hTrn) 

Bn(x)=-2  7^3^-  S 


(2x)b  jfcl 


£B 


7i>l,  l>z>0 

7i=l,  l>aC>0 


23.1.17 

D /v  (— l)n2(27i— 1)!  ^ sin  2 larx 
&n-l(*)  = pr)*-1  S L2n—  1 


r=i  k2' 


7t>l,  l>a:>0 
7i=l,  l>a:)>0 


23.1.18 

D , s_(—  l)n~12(2n)\  A cos  2&7ra: 

Jj2n\X) / o \ 2n 2-1 


(2x) 


fc=i  FB 

»=1,2, . . .,  l>a;>0 


En(x)  =4 


77 ! -A  sin  ((2i+l)xa:— |x7i) 


XB+1 


(2&+l)B+1 


7i>0,  l>a:>0 
77=0,  l>a;)>0 


w , N (— 1)”4(277— 1)!  A cos  (?k-\-l)rx 
2-lW_  X2B  & (2t+l)2B 

77=1,2,  . . .,  l>a:>0 


E2n(x)  = 


(— 1)b4(2t7)!  A sin  (2^+1)™ 


7t2b+1  fc*  (2fc+l)2B+‘ 


77>0,1>X>0 
77=0,  l)>a:)>0 


Special  Values 


23.1.19  B2n+i — 0 

23.1.20  Bu(P)  = (-l)*Bn(l) 

=Bn 

23.1.21  Bn(&)  = -(l-2l-*)Bn 


71=1,2,  . . . 


72/= 0,  1,  . . . 


72,=  0,  1,  . . . 


Ezn+l  — 0 


72/= 0,  1,  . . . 


En(0)  — En(l) 

= -2(n+l)-1(2n+1-l)Bn+l 

En(^)—2  nEn 


71=1,2,  . . . 


72/= 0,  1,  . . . 
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23.1.22  £n(i)  = (-l)»5n(f) 

= — 2-“(l— 21_n)J 3„ 


■vA~nEn..i 

71=1,2,  . 


■®2s-l(s) — 


• (2ti)  -1(1 — 3i-2b)  (22b 


-1  )B, 


2 n 


71=1,2, 


23.1.23  B2n{\)=B2n{  f) 

=— 2~1(1— 3 l~2n)B2n  »=0, 1, . . . 

23.1.24  B2n(k)=B2n(i) 

=2"1(1— 21_2n)(l— 3 1_2n)52„ 

71=0,  1,  . . . 


Symbolic  Operations 

23*1.25  p(B(x)  + 1)  —p(B(x))  =p'(x)  p(E(x)  + 1) +p(E(  x))  =2  p(x) 

23.1.26  Bn(x+h)  = (B(x)+h)n  n=0,  1,  . . . En(x+h)  — (E(x)+h)n  n—O,  1,  . . . 

Here  p(x)  denotes  a polynomial  in  x and  after  expanding  we  set  {B(x)  }n—Bn{x)  and  {E(x)}n—En(x). 


Relations  Between  the  Polynomials 

23.1.27 

=|/B.(a)-2-5,(|)}  n=l,2,... 

23.1.28 

£.-»(*)= 2 Q)"1  g (J)  (2-‘-l )Bn.kBk(x) 

71=2, 3,  . . . 

23.1.29 

Bn(x)—2~n  2 (f)  B„~kEk( 2x)  7i=0, 1,  . . . 

Euler-Maclaurin  Formulas 

Let  F(x)  have  its  first  2 n derivatives  continuous 
on  an  interval  (a,  b).  Divide  the  interval  into 
m equal  parts  and  let  h=(b—a)/m.  Then  for 
some  0,  1>0>O,  depending  on  Fi2n)(x)  on  (a,  b), 
we  have 

23.1.30 

Z)  F(o+*A)=4  f F(t)dt+UF(b)+F(a)} 
k=  0 flja  * 

n — 1 IZk-l 

+g  ^7  B2t{F^-l>(b)-F^(a)} 

7,2  n Tn—l 

+7^r,  52n  S ^(2re,(a+M+^) 

(Zn) ! *=o 


Equivalent  to  this  is 

23.1.31 

l £+h F(t)dt=\  [F(x+h)+F(x)} 

71-1  *2*-l 

-g  Bak{F<*-°(x+h)-F<*-»(x)} 
h2n 

— ^Tj  B2nF(2n)  {x+0h)  b—h>x>a 

A 

Let  Bn(x)=Bn(x—  [a:]).  The  Euler  Summation 
Formula  is 

23.1.32 

771—1  1 (*b 

^ \ F(fl^kh~^ci)}i)==j‘  I F(t)dt 

k=0  fo  Ja 

+£  ^ Bk(w)  { F<*~»  ( b ) -F<*~"  (a) } 

k=l  fCl 

hV  Cl  A C 771  1 ^ 

~ BJw-tyA  22  /^(a+M+iA) 

2>!  Jo  V.*=o  J 


p<2ra,  1>&)>0 
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23.2.  Riemann  Zeta  Function  and  Other  Sums 

of  Reciprocal  Powers 


23.2.1  f (s)=2  k~ s 

k=  1 


23.2.2 


— s\  — 1 


n d-p~s) 

V 


0ts>l 


9t*>\ 


(product  over  all  primes  p). 


23.2.3 


1 l *B2k  /s+2£-2\ 
-l^  2k  \ 2k— l ) 


( «+27i^  r®  B2n+l(x — [a:]) 


I o 


X 


5+2»+l 


dx 


sj*  1,  n—  1,  2,  . . 2n 


23.2.4 

23.2.5 
where 


r(l— a)  f(-g) 

27ri 


I?)  f(z 

i Jc  e1 


5 — 1 


dz 


1 ® ( — l^w 


s—l  $zAs  n\ 


Tn 


— li m /v'  (In  m)n+1<\ 

W * »+l  / 


^s>0 


23.2.6 


=2s7ts-1  sin  (^7rs)r(l— s)f(l— s) 


1 P®  a:*-1 
23.2.7  =— ,-  -i— - 

r(s)J0  « — i 


dx 


^«>1 


23.2.8 


23.2.9 


(i-2‘-»)r(s)  Jo  «*+i 


X 


- xs-l 


dx 


n 


=2*-s+(s- 1) 

it=i 


/»  CO 

W"-*— S I 

«/  n 


xs+l 


71=1,  2,  . . <^s>0 


23.2.10 


_exp  (In  2tt— 1-jhQs  / _s\ 
2(s— l)r(fs+l)  TV  p) 


product  over  all  zeros  p of  f (s)  with  ^?p> 0. 

The  contour  C in  the  fourth  formula  starts  at 
infinity  on  the  positive  real  axis,  circles  the  origin 
once  in  the  positive  direction  excluding  the  points 
±2niir  for  n— 1,  2,  . . and  returns  to  the 
starting  point.  Therefore  f(s)  is  regular  for  all 
values  of  s except  for  a simple  pole  at  s=l  with 
residue  1. 


23.2.11 

23.2.12 


Special  Values 

r(o)=-i 

f(i)=°° 


23.2.13 

23.2.14 


f'(0)  = — | In  2jt 


f(— 2ti)=0 


23.2.15  f(l-27i) 


B 


2 n 


2 n 


71=1,  2,  . 


71=1,2, 


2S.2.16  ?<2»>-|g  |B»I 


77=1,2, 


23.2.17 


f (277+1) 


(— l)n+,(27r)2B+1 
2(277+1)! 


J B2n+ i(x)  cot  (irx)dx 


77=1,2,  . . 


Sums  of  Reciprocal  Powers 


The  sums  referred  to  are 


00 


23.2.18  f(»)=S*~" 

*=i 

23.2.19 


77=2,  3, 


00 


i?(77)=2  (— 1)*~  lk~*=  (1  — 21_n)  f (77)  77=1,2, 

lt=l 

23.2.20 


00 


M»)=2  (2*+l)-«=(l-2-»)f(77)  77=2,3, 

*=0 


23.2.21 


00 


0(ti)=2  (-W*+l)"n 

k=0 


71=1,2, 


These  sums  caii  be  calculated  from  the  Bernoulli 
and  Euler  polynomials  by  means  of  the  last  two 
formulas  for  special  values  of  the  zeta  function 
(note  that  77(1)  =ln  2),  and 

('ir/2Vn+1 

23.2.22  g(27i+l)  = ^-n~  \E2n\  7i=0,  1,  . . . 


2(2n)l 


23.2.23 


l^n7r2»  r1 

0(2n )=4(2n—lj!  J0  Ein~1^  sec('irx)dx 

71  = 1,  2,  . . . 

0(2)  is  known  as  Catalan’s  constant.  Some 
other  special  values  are 

23.2.24  f(2)=l+i+^+  . . . 


23.2.25 


f(4)  = l+^+i+  • • • 


♦See  page  u. 


808 

BERNOULLI  AND  EULER  POLYNOMIALS,  RIEMANN  ZETA  FUNCTION 

23.2.26 

I/O 

A 22  ' 32  * * * 

7T2 

12 

23.2.29 

^(4)  — 1+34+54+  • 

7 r4 

* * ~96 

23.2.27 

17(4)  = 

= 1—  — 
24^34  * * ‘ 

7ir4 

“720 

23.2.30 

0(1) =1-1+1-  . 

7T 

* * ~~4 

23.2.28 

X(2)  = 

= l+^2+^2+  • • • 

IT2 

8 

23.2.31 

/3(3)  = 1— L+A—  . 

7 r3 

* * 32 
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COEFFICIENTS  bk  OF  THE  BERNOULLI  POLYNOMIALS  Bn  (x)=  s ftyt* 

k= 0 
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Table  23.1 


n\k 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 


8 


10  11 


12  13  14  15 


JL 

2 

JL 

6 


_l_ 

30 


1 

IT 


30 

0 


_5 

66 


_ 691 

2730 

0 


JL 

6 


1 

- 1 


1 

T 


1 

X 


1 

X 


3 

nr 


_5_ 

6 


210 


J5. 

2 


3 

T 


JL 

2 


_2_ 

3 


J. 

2 


5 

0 

691 

30 

0 


1 

-2 


5 

X 


7 

X 

0 

2 

0 


11 

T 


JL 

3 


691 


5 

X 

.5. 

2 


_L 

3 


5 

0 


JL 

2 


1 

- 3 


_L 

2 


_ .21 

5 

0 

11 

0 


429 

10 


455 

6 


_7_ 

2 

-14_ 

3 

0 

-7 

0 

22 

0 


1001 

"TIT 


455 

2 


1 

- 4 
6 
0 

- 11 
0 

286 

7 

0 

429 


9 

2 

2 


.11 

2 


- 5 


-11 U. 

6 2 


141 

6 


JLil 

2 

0> 


11  -6 


1001 

30 


J1L 

6 


13 

0 


il 

2 


JL1  1 

2 

91  -7 

6 

0 J5 
2 


15 

2 


COEFFICIENTS  ek  OF  THE  EULER  POLYNOMIALS  En  (xU  £ ey* 

k=0 


n\k 

0 

1 

2 

3 

4 

5 

6 

7 

0 

1 

l 

1 

2 

1 

2 

0 

-1 

1 

3 

1 

4 

0 

3 

~ T" 

1 

4 

0 

1 

0 

- 2 

1 

5 

_ X 
2 

0 

Jl 

2 

0 

- L- 
2 

1 

6 

0 

-3 

0 

5 

0 

-3 

1 

7 

17 

8 

0 

21 

2 

0 

JL 

4 

0 

- JL 
2 

1 

8 

0 

17 

0 

- 28 

0 

14 

0 

- 4 

9 

31 
T 

0 

153 

2 

0 

-63 

0 

21 

0 

10 

0 

-155 

0 

255 

0 

-126 

0 

30 

11 

691 

nr 

0 

1705 

~T 

0 

2805 

4 

0 

- 231 

0 

12 

0 

2073 

0 

-3410 

0 

1683 

0 

- 396 

13 

5461 

2 

0 

26949 

2 

0 

22165 

2 

0 

7293 

2 

0 

14 

0 

- 38227 

0 

62881 

0 

- 31031 

0 

7293 

15 

929569 

16 

0 

573405 
2 

0 

943215 

4 

0 

155155 
T~ 

0 

8 


10  11  12  13  14  15 


1 

_2_  l 

2 

0-5  1 

165  0 _ 11  1 

4 2 

1 

7 1 

0 15  1 

2 


1287 

2 

0 

109395 
5“ 


55 


1001 

0 


0 - 


141 


3003 

2 


11 

2 


91 

0 


0 - 


455 


810 


BERNOULLI  AND  EULER  POLYNOMIALS,  RIEMANN  ZETA  FUNCTION 


Table  23.2  BERNOULLI  AND  EULER  NUMBERS 

Bn=N/D 


n 


N D 


Bn 


0 


0)  1.  0000  00000 


1 

2 

4 

6 

8 


-1 

2 

1 

6 

-1 

30 

1 

42 

-1 

30 

I-  1) -5.  0000  00000 
- 1)  1.  6666  66667 
- 2) -3.  3333  33333 
- 2)  2.3809  52381 
- 2) -3. 3333  33333 


10 

12 

14 

16 

18 


5 

66 

-691 

2730 

7 

6 

-3617 

510 

43867 

798 

i-  2)  7.5757  57576 
- 1) -2. 5311  35531 
0)  1.1666  66667 
0) -7. 0921  56863 
1)  5.4971  17794 


20 

22 

24 

26 

28 


-1  74611 
8 54513 
-2363  64091 
85  53103 
-2  37494  61029 


330  ( 2) -5. 2912  42424 

138  ( 3)  6.1921  23188 

2730  ( 4) -8.  6580  25311 

6 ( 6)  1.4255  17167 

870  ( 7) -2.  7298  23107 


30 

32 

34 

36 

38 


861  58412 
-770  93210 
257  76878 
-26315  27155  30534 
2 92999  39138 


76005 

14322 

41217 

510 

58367 

6 

77373 

19  19190 

41559 

6 

1 8)  6.0158  08739 

10) -1.5116  31577 
11)  4.2961  46431 
13) -1.3711  65521 
14)  4.8833  23190 


40  -2  61082  71849 
42  15  20097  64391 
44  -278  33269  57930 
46  5964  51111  59391 
48  -560  94033  68997  81768 


64491 

22051 

13530 

( 16) -1.9296 

57934 

80708 

02691 

1806 

( 17)  8.4169 

30476 

10242 

35023 

690 

( 19) -4.  0338 

07185 

21632 

77961 

282 

( 21)  2.1150 

74864 

62491 

27547 

46410 

( 23)  -1.  2086 

62652 

50 

52 

54 

56 

58 


49  50572  05241  07964  82124  77525 

-80116  57181  35489  95734  79249  91853 

29  14996  36348  84862  42141  81238  12691 

-2479  39292  93132  26753  68541  57396  63229 

84483  61334  88800  41862  04677  59940  36021 


66 

( 24) 

7.  5008 

66746 

1590 

( 26) 

-5.  0387 

78101 

798 

( 28) 

3.  6528 

77648 

870 

( 30) 

-2. 8498 

76930 

354 

( 32) 

2.  3865 

42750 

60  -121  52331  40483  75557  20403  04994  07982  02460  41491  567  86730  ( 34) -2. 1399  94926 


n 


K 


n 


0 


2 

4 

-1 

5 

6 

-61 

8 

1385 

10 

50521 

12 

27 

02765 

14 

- 

- 1993 

60981 

16 

1 

93915 

12145 

18 

-240 

48796 

75441 

20 

37037 

11882 

37525 

22 

-69 

34887 

43931 

37901 

24 

15514 

53416 

35570 

86905 

26 

-40 

87072 

50929 

31238 

92361 

28 

12522 

59641 

40362 

98654 

68285 

30 

-44 

15438 

93249 

02310 

45536 

82821 

32 

17751 

93915 

79539 

28943 

66647 

89665 

34 

— 80 

72329 

92358 

87898 

06216 

82474 

53281 

36 

41222 

06033 

95177 

02122 

34707 

96712 

59045 

38 

-234 

89580 

52704 

31082 

52017 

82857 

61989 

47741 

40 

1 

48511 

50718 

11498 

00178 

77156 

78140 

58266 

84425 

42 

-1036 

46227 

33519 

61211 

93979 

57304 

74518 

59763 

10201 

44 

7 

94757 

94225 

97592 

70360 

80405 

10088 

07061 

95192 

73805 

46 

-6667 

53751 

66855 

44977 

43502 

84747 

73748 

19752 

41076 

84661 

48 

60 

96278 

64556 

85421 

58691 

68574 

28768 

43153 

97653 

90444 

35185 

50 

— 

60532 

85248 

18862 

18963 

14383 

78511 

16490 

88103 

49822 

51468 

15121 

52 

650 

61624 

86684 

60884 

77158 

70634 

08082 

29834 

83644 

23676 

53855 

76565 

54 

-7 

54665 

99390 

08739 

09806 

14325 

65889 

73674 

42122 

40024 

71169 

98586 

45581 

56 

9420 

32189 

64202 

41204 

20228 

62376 

90583 

22720 

93888 

52599 

64600 

93949 

05945 

58 

-126  22019 

25180 

62187 

19903 

40923 

72874 

89255 

48234 

10611 

91825 

59406 

99649 

20041 

60 

181089  11496 

57923 

04965 

45807 

74165 

21586 

88733 

48734 

92363 

14106 

00809 

54542 

31325 

From  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  vol.  II.  Principia  Press,  Bloomington, 
Ind.,  1935  (with  permission). 
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SUMS  OF  RECIPROCAL  POWERS  Table  23.3 


n 

II 

= 1 

Z-— - 1 

-l)*-i  k 

•—n 

f 

1 

00 

0.  69314 

11/  o. 

71805 

59945 

30942 

2 

1. 64493 

40668 

48226 

43647 

0.  82246 

70334 

24113 

21824 

3 

1.20205 

69031 

59594 

28540 

0.  90154 

26773 

69695 

71405 

4 

1. 08232 

32337 

11138 

19152 

0.  94703 

28294 

97245 

91758 

5 

1. 03692 

77551 

43369 

92633 

0.  97211 

97704 

46909 

30594 

6 

1. 01734 

30619 

84449 

13971 

0.  98555 

10912 

97435 

10410 

7 

1. 00834 

92773 

81922 

82684 

0.  99259 

38199 

22830 

28267 

8 

1. 00407 

73561 

97944 

33938 

0.  99623 

30018 

52647 

89923 

9 

1. 00200 

83928 

26082 

21442 

0.99809 

42975 

41605 

33077 

10 

1. 00099 

45751 

27818 

08534 

0.  99903 

95075 

98271 

56564 

11 

1.  00049 

41886 

04119 

46456 

0. 99951 

71434 

98060 

75414 

12 

1. 00024 

60865 

53308 

04830 

0.  99975 

76851 

43858 

19085 

13 

1. 00012 

27133 

47578 

48915 

0.  99987 

85427 

63265 

11549 

14 

1.00006 

12481 

35058 

70483 

0.  99993 

91703 

45979 

71817 

15 

1. 00003 

05882 

36307 

02049 

0. 99996 

95512 

13099 

23808 

16 

1. 00001 

52822 

59408 

65187 

0.  99998 

47642 

14906 

10644 

17 

1. 00000 

76371 

97637 

89976 

0. 99999 

23782 

92041 

01198 

18 

1.  00000 

38172 

93264 

99984 

0. 99999 

61878 

69610 

11348 

19 

1. 00000 

19082 

12716 

55394 

0. 99999 

80935 

08171 

67511 

20 

1. 00000 

09539 

62033 

87280 

0.  99999 

90466 

11581 

52212 

21 

1. 00000 

04769 

32986 

78781 

0. 99999 

95232 

58215 

54282 

22 

1. 00000 

02384 

50502 

72773 

0. 99999 

97616 

13230 

82255 

23 

1. 00000 

01192 

19925 

96531 

0. 99999 

98808 

01318 

43950 

24 

1.  00000 

00596 

08189 

05126 

0. 99999 

99403 

98892 

39463 

25 

1. 00000 

00298 

03503 

51465 

0.  99999 

99701 

98856 

96283 

26 

1.  00000 

00149 

01554 

82837 

0.  99999 

99850 

99231 

99657 

27 

1. 00000 

00074 

50711 

78984 

0.  99999 

99925 

49550 

48496 

28 

1. 00000 

00037 

25334 

02479 

0. 99999 

99962 

74753 

40011 

29 

1. 00000 

00018 

62659 

72351 

0.  99999 

99981 

37369 

41811 

30 

1.  00000 

00009 

31327 

43242 

0. 99999 

99990 

68682 

28145 

31 

1. 00000 

00004 

65662 

90650 

0. 99999 

99995 

34340 

33145 

32 

1.00000 

00002 

32831 

18337 

0.  99999 

99997 

67169 

89595 

33 

1.  00000 

00001 

16415 

50173 

0. 99999 

99998 

83584 

85805 

34 

1. 00000 

00000 

58207 

72088 

0. 99999 

99999 

41792 

39905 

35 

1. 00000 

00000 

29103 

85044 

0. 99999 

99999 

70896 

18953 

36 

1. 00000 

00000 

14551 

92189 

0. 99999 

99999 

85448 

09143 

37 

1.00000 

00000 

07275 

95984 

0. 99999 

99999 

92724 

04461 

38 

1. 00000 

00000 

03637 

97955 

0.  99999 

99999 

96362 

02193 

39 

1. 00000 

00000 

01818 

98965 

0. 99999 

99999 

98181 

01084 

40 

1. 00000 

00000 

00909 

49478 

0.  99999 

99999 

99090 

50538 

41 

1. 00000 

00000 

00454 

74738 

0.  99999 

99999 

99545 

25268 

42 

1. 00000 

00000 

00227 

37368 

0.  99999 

99999 

99772 

62633 

For  n >42,  f(n+l)  = |[J+  f(w)]  *(n+l)=J[l+i»(»)] 

From  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  vol.  II. 
Principia  Press,  Bloomington,  Ind.,  1935  (with  permission). 
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812  BERNOULLI  AND  EULER  POLYNOMIALS,  RIEMANN  ZETA  FUNCTION 

Table  23.3  SUMS  OF  RECIPROCAL  POWERS 


OO  CO 


n 

X(»)=  s(2fc+l)~ 

k = 0 

-n 

0(n)=  S(— l)fc(2&+l)- 

k= 0 

—n 

1 

00 

0.  78539 

81633 

97448 

310 

2 

1.23370 

05501 

36169 

82735 

0.91596 

55941 

77219 

015 

3 

1.  05179 

97902 

64644 

99972 

0. 96894 

61462 

59369 

380 

4 

1.  01467 

80316 

04192 

05455 

0.  98894 

45517 

41105 

336 

5 

1.  00452 

37627 

95139 

61613 

0. 99615 

78280 

77088 

064 

6 

1.  00144 

70766 

40942 

12191 

0.  99868 

52222 

18438 

135 

7 

1. 00047 

15486 

52376 

55476 

0.  99955 

45078 

90539 

909 

8 

1.  00015 

51790 

25296 

11930 

0. 99984 

99902 

46829 

657 

9 

1.  00005 

13451 

83843 

77259 

0.99994 

96841 

87220 

090 

10 

1.00001 

70413 

63044 

82549 

0.  99998 

31640 

26196 

877 

11 

1.  00000 

56660 

51090 

10935 

0.  99999 

43749 

73823 

699 

12 

1.  00000 

18858 

48583 

11958 

0.  99999 

81223 

50587 

882 

13 

1.  00000 

06280 

55421 

80232 

0.  99999 

93735 

83771 

841 

14 

1.  00000 

02092 

40519 

21150 

0.  99999 

97910 

87248 

735 

15 

1.  00000 

00697 

24703 

12929 

0.  99999 

99303 

40842 

624 

16 

1.  00000 

00232 

37157 

37916 

0.  99999 

99767 

75950 

903 

17 

1.00000 

00077 

44839 

45587 

0.  99999 

99922 

57782 

104 

18 

1.  00000 

00025 

81437 

55666 

0.  99999 

99974 

19086 

745 

19 

1.00000 

00008 

60444 

11452 

0.  99999 

99991 

39660 

745 

20 

1. 00000 

00002 

86807 

69746 

0.  99999 

99997 

13213 

274 

21 

1. 00000 

00000 

95601 

16531 

0. 99999 

99999 

04403 

029 

22 

1.  00000 

00000 

31866 

77514 

0. 99999 

99999 

68134 

064 

23 

1.  00000 

00000 

10622 

20241 

0.  99999 

99999 

89377 

965 

24 

1.00000 

00000 

03540 

72294 

0.  99999 

99999 

96459 

311 

25 

1.00000 

00000 

01180 

23874 

0. 99999 

99999 

98819 

768 

26 

1. 00000 

00000 

00393 

41247 

0. 99999 

99999 

99606 

589 

27 

1. 00000 

00,000 

00131 

13740 

0.  99999 

99999 

99868 

863 

28 

1. 00000 

00000 

00043 

71245 

0.  99999 

99999 

99956 

288 

29 

1. 00000 

00000 

00014 

57081 

0. 99999 

99999 

99985 

429 

30 

1. 00000 

00000 

00004 

85694 

0.  99999 

99999 

99995 

143 

31 

1.00000 

00000 

00001 

61898 

0.  99999 

99999 

99998 

381 

32 

1.00000 

00000 

00000 

53966 

0.  99999 

99999 

99999 

460 

33 

1.  00000 

00000 

00000 

17989 

0. 99999 

99999 

99999 

820 

34 

1.  00000 

00000 

00000 

05996 

0. 99999 

99999 

99999 

940 

35 

1.00000 

00000 

00000 

01999 

0. 99999 

99999 

99999 

980 

36 

1.  00000 

00000 

00000 

00666 

0.  99999 

99999 

99999 

993 

37 

1.00000 

00000 

00000 

00222 

0. 99999 

99999 

99999 

998 

38 

1.00000 

00000 

00000 

00074 

0.  99999 

99999 

99999 

999 

39 

1.00000 

00000 

00000 

00025 

40 

1.00000 

00000 

00000 

00008 

41 

1.00000 

00000 

00000 

00003 

42 

1.  00000 

00000 

00000 

00001 
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SUMS  OF  POSITIVE  POWERS 

m 

k= 1 

Table  23.4 

m\n 

1 

2 

3 

4 

5 

6 

1 

1 

1 

1 

1 

1 

1 

2 

3 

5 

9 

17 

33 

65 

3 

6 

14 

36 

98 

276 

794 

4 

10 

30 

100 

354 

1300 

4890 

5 

15 

55 

225 

979 

4425 

20515 

6 

21 

91 

441 

2275 

12201 

67171 

7 

28 

140 

784 

4676 

29008 

1 84820 

8 

36 

204 

1296 

8772 

61776 

4 46964 

9 

45 

285 

2025 

15333 

1 20825 

9 78405 

10 

55 

385 

3025 

25333 

2 20825 

19  78405 

11 

66 

506 

4356 

39974 

3 81876 

37  49966 

12 

78 

650 

6084 

60710 

6 30708 

67  35950 

13 

91 

819 

8281 

89271 

10  02001 

115  62759 

14 

105 

1015 

11025 

1 27687 

15  39825 

190  92295 

15 

120 

1240 

14400 

1 78312 

22  99200 

304  82920 

16 

136 

1496 

18496 

2 43848 

33  47776 

472  60136 

17 

153 

1785 

23409 

3 27369 

47  67633 

713  97705 

18 

171 

2109 

29241 

4 32345 

66  57201 

1054  09929 

19 

190 

2470 

36100 

5 62666 

91  33300 

1524  55810 

20 

210 

2870 

44100 

7 22666 

123  33300 

2164  55810 

21 

231 

3311 

53361 

9 17147 

164  17401 

3022  21931 

22 

253 

3795 

64009 

11  51403 

215  71033 

4156  01835 

23 

276 

4324 

76176 

14  31244 

280  07376 

5636  37724 

24 

300 

4900 

90000 

17  63020 

359  70000 

7547  40700 

25 

325 

5525 

1 05625 

21  53645 

457  35625 

9988  81325 

26 

351 

6201 

1 23201 

26  10621 

576  17001 

13077  97101 

27 

378 

6930 

1 42884 

31  42062 

719  65908 

16952  17590 

28 

406 

7714 

1 64836 

37  56718 

891  76276 

21771  07894 

29 

435 

8555 

1 89225 

44  63999 

1096  87425 

27719  31215 

30 

465 

9455 

2 16225 

52  73999 

1339  87425 

35009  31215 

31 

496 

10416 

2 46016 

61  97520 

1626  16576 

43884  34896 

32 

528  . 

11440 

2 78784 

72  46096 

1961  71008 

54621  76720 

33 

561 

12529 

3 14721 

84  32017 

2353  06401 

67536  44689 

34 

595 

13685 

3 54025 

97  68353 

2807  41825 

82984  49105 

35 

630 

14910 

3 96900 

112  68978 

3332  63700 

1 01367  14730 

36 

666 

16206 

4 43556 

129  48594 

3937  29876 

1 23134  97066 

37 

703 

17575 

4 94209 

148  22755 

4630  73833 

1 48792  23475 

38 

741 

19019 

5 49081 

169  07891 

5423  09001 

1 78901  59859 

39 

780 

20540 

6 08400 

192  21332 

6325  33200 

2 14089  03620 

40 

820 

22140 

6 72400 

217  81332 

7349  33200 

2 55049  03620 

41 

861 

23821 

7 41321 

246  07093 

8507  89401 

3 02550  07861 

42 

903 

25585 

8 15409 

277  18789 

9814  80633 

3 57440  39605 

43 

946 

27434 

8 94916 

311  37590 

11284  89076 

4 20654  02654 

44 

990 

29370 

9 80100 

348  85686 

12934  05300 

4 93217  16510 

45 

1035 

31395 

10  71225 

389  86311 

14779  33425 

5 76254  82135 

46 

1081 

33511 

11  68561 

434  63767 

16838  96401 

6 70997  79031 

47 

1128 

35720 

12  72384 

483  43448 

19132  41408 

7 78789  94360 

48 

1176 

38024 

13  82976 

536  51864 

21680  45376 

9 01095  84824 

49 

1225 

40425 

15  00625 

594  16665 

24505  20625 

10  39508  72025 

50 

1275 

42925 

16  25625 

656  66665 

27630  20625 

11  95758  72025 

From 

H.  T.  Davis, 

Tables  of 

the  higher  mathematical  functions, 

vol.  II.  Principia 

Press,  Bloomington, 

IncL, 

1935 i (with  permission) . 
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Table  23.4 

SUMS  OF 

POSITIVE  POWERS 

i 

m 

b=l 

m\n 

1 

2 

3 

4 

c 

t 

0 

) 

6 

51 

1326 

45526 

17  58276 

724  31866 

31080 

45876 

13 

71721 

59826 

52 

1378 

48230 

18  98884 

797  43482 

34882 

49908 

15 

69427 

69490 

53 

1431 

51039 

20  47761 

876  33963 

39064 

45401 

17 

91071 

30619 

54 

1485 

53955 

22  05225 

961  37019 

43656 

10425 

20 

39020 

41915 

55 

1540 

56980 

23  71600 

1052  87644 

48688 

94800 

23 

15826 

82540 

56 

1596 

60116 

25  47216 

1151  22140 

54196 

26576 

26 

24236 

61996 

57 

1653 

63365 

27  32409 

1256  78141 

60213 

18633 

29 

67201 

09245 

58 

1711 

66729 

29  27521 

1369  94637 

66776 

75401 

33 

47888 

01789 

59 

1770 

70210 

31  32900 

1491  11998 

73925 

99700 

37 

69693 

35430 

60 

1830 

73810 

33  48900 

1620  71998 

81701 

99700 

42 

36253 

35430 

61 

1891 

77531 

35  75881 

1759  17839 

90147 

96001 

47 

51457 

09791 

62 

1953 

81375 

38  14209 

1906  94175 

99309 

28833 

53 

19459 

45375 

63 

2016 

85344 

40  64256 

2064  47136 

1 

09233 

65376 

59 

44694 

47584 

64 

2080 

89440 

43  26400 

2232  24352 

1 

19971 

07200 

66 

31889 

24320 

65 

2145 

93665 

46  01025 

2410  74977 

1 

31573 

97825 

73 

86078 

14945 

66 

2211 

98021 

48  88521 

2600  49713 

1 

44097 

30401 

82 

12617 

64961 

67 

2278 

1 

02510 

51  89284 

2802  00834 

1 

57598 

55508 

91 

17201 

47130 

68 

2346 

1 

07134 

55  03716 

3015  82210 

1 

72137 

89076 

101 

05876 

29754 

69 

2415 

1 

11895 

58  32225 

3242  49331 

1 

87778 

20425 

111 

85057 

92835 

70 

2485 

1 

16795 

61  75225 

3482  59331 

2 

04585 

20425 

123 

61547 

92835 

71 

2556 

1 

21836 

65  33136 

3736  71012 

2 

22627 

49776 

136 

42550 

76756 

72 

2628 

1 

27020 

69  06384 

4005  44868 

2 

41976 

67408 

150 

35691 

46260 

73 

2701 

1 

32349 

72  95401 

4289  43109 

2 

62707 

39001 

165 

49033 

72549 

74 

2775 

1 

37825 

77  00625 

4589  29685 

2 

84897 

45625 

181 

91098 

62725 

75 

2850 

1 

43450 

81  22500 

4905  70310 

3 

08627 

92500 

199 

70883 

78350 

76 

2926 

1 

49226 

85  61476 

5239  32486 

3 

33983 

17876 

218 

97883 

06926 

77 

3003 

1 

55155 

90  18009 

5590  85527 

3 

61051 

02033 

239 

82106 

87015 

78 

3081 

1 

61239 

94  92561 

5961  00583 

3 

89922 

76401 

262 

34102 

87719 

79 

3160 

1 

67480 

99  85600 

6350  50664 

4 

20693 

32800 

286 

64977 

43240 

80 

3240 

1 

73880 

104  97600 

6760  10664 

4 

53461 

32800 

312 

86417 

43240 

81 

3321 

1 

80441 

110  29041 

7190  57385 

4 

88329 

17201 

341 

10712 

79721 

82 

3403 

1 

87165 

115  80409 

7642  69561 

5 

25403 

15633 

371 

50779 

51145 

83 

3486 

1 

94054 

121  52196 

8117  27882 

5 

64793 

56276 

404 

20183 

24514 

84 

3570 

2 

OHIO 

127  44900 

8615  15018 

6 

06614 

75700 

439 

33163 

56130 

85 

3655 

2 

08335 

133  59025 

9137  15643 

6 

50985 

28825 

477 

04658 

71755 

86 

3741 

2 

15731 

139  95081 

9684  16459 

6 

98027 

99001 

517 

50331 

06891 

87 

3828 

2 

23300 

146  53584 

10257  06220 

7 

47870 

08208 

560 

86593 

07900 

88 

3916 

2 

31044 

153  35056 

10856  75756 

8 

00643 

27376 

607 

30633 

94684 

89 

4005 

2 

38965 

160  40025 

11484  17997 

8 

56483 

86825 

657 

00446 

85645 

90 

4095 

2 

47065 

167  69025 

12140  27997 

9 

15532 

86825 

710 

14856 

85645 

91 

4186 

2 

55346 

175  22596 

12826  02958 

9 

77936 

08276 

766 

93549 

37686 

92 

4278 

2 

63810 

183  01284 

13542  42254 

10 

43844 

23508 

827 

57099 

39030 

93 

4371 

2 

72459 

191  05641 

14290  47455 

11 

13413 

07201 

892 

27001 

22479 

94 

4465 

2 

81295 

199  36225 

15071  22351 

11 

86803 

47425 

961 

25699 

03535 

95 

4560 

2 

90320 

207  93600 

15885  72976 

12 

64181 

56800 

1034 

76617 

94160 

96 

4656 

2 

99536 

216  78336 

16735  07632 

13 

45718 

83776 

1113 

04195 

83856 

97 

4753 

3 

08945 

225  91009 

17620  36913 

14 

31592 

24033 

1196 

33915 

88785 

98 

4851 

3 

18549 

235  32201 

18542  73729 

15 

21984 

32001 

1284 

92339 

69649 

99 

4950 

3 

28350 

245  02500 

19503  33330 

16 

17083 

32500 

1379 

07141 

19050 

100 

5050 

3 

38350 

255  02500 

20503  33330 

17 

17083 

32500 

1479 

07141 

19050 
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m , 

SUMS  OF  POSITIVE  POWERS  2 kn  Table  23.4 

k = l 


m\n 

7 

8 

9 

1 

1 

1 

1 

2 

129 

257 

513 

3 

2316 

6818 

20196 

4 

18700 

72354 

2 

82340 

5 

96825 

4 

62979 

22 

35465 

6 

3 

76761 

21 

42595 

123 

13161 

7 

12 

00304 

79 

07396 

526 

66768 

8 

32 

97456 

246 

84612 

1868 

84496 

9 

80 

80425 

677 

31333 

5743 

04985 

10 

180 

80425 

1677 

31333 

15743 

04985 

11 

375 

67596 

3820 

90214 

39322 

52676 

12 

733 

99404 

8120 

71910 

90920 

33028 

13 

1361 

47921 

16278 

02631 

1 

96965 

32401 

14 

2415 

61425 

31035 

91687 

4 

03575 

79185 

15 

4124 

20800 

56664 

82312 

7 

88009 

38560 

16 

6808 

56256 

99614 

49608 

14 

75204 

15296 

17 

10911 

94929 

1 

69372 

07049 

26 

61082 

91793 

18 

17034 

14961 

2 

79571 

67625 

46 

44675 

82161 

19 

25972 

86700 

4 

49407 

30666 

78 

71552 

79940 

20 

38772 

86700 

7 

05407 

30666 

129 

91552 

79940 

21 

56783 

75241 

10 

83635 

90027 

209 

34353 

26521 

22 

81727 

33129 

16 

32394 

63563 

330 

07045 

44313 

23 

1 

15775 

58576 

24 

15504 

48844 

510 

18572 

05776 

24 

1 

61640 

30000 

35 

16257 

63020 

774 

36647 

46000 

25 

2 

22675 

45625 

50 

42136 

53645 

1155 

83620 

11625 

26 

3 

02993 

55801 

71 

30407 

18221 

1698 

78656 

90601 

27 

4 

07597 

09004 

99 

54702 

54702 

2461 

34631 

75588 

28 

5 

42526 

37516 

137 

32722 

53038 

3519 

19191 

28996 

29 

7 

15025 

13825 

187 

35186 

65999 

4969 

90651 

04865 

30 

9 

33725 

13825 

252 

96186 

65999 

6938 

20651 

04865 

31 

12 

08851 

27936 

338 

25097 

03440 

9582 

16872 

65536 

32 

15 

52448 

66304 

448 

20213 

31216 

13100 

60593 

54368 

33 

19 

78633 

09281 

588 

84299 

49457 

17741 

75437 

56321 

34 

25 

03866 

59425 

767 

42238 

54353 

23813 

45365 

22785 

35 

31 

47259 

56300 

992 

60992 

44978 

31695 

01751 

94660 

36 

39 

30901 

20396 

1274 

72091 

52434 

41851 

01318 

63076 

37 

48 

80219 

97529 

1625 

96886 

06355 

54847 

18716 

58153 

38 

60 

24375 

80121 

2060 

74807 

44851 

71368 

79729 

21001 

39 

73 

96685 

86800 

2595 

94900 

05332 

92241 

63340 

79760 

40 

90 

35085 

86800 

3251 

30900 

05332 

1 

18456 

03340 

79760 

41 

109 

82628 

60681 

4049 

80152 

34453 

1 

51194 

22684 

73721 

42 

132 

88021 

93929 

5018 

06672 

30869 

1 

91861 

36523 

23193 

43 

160 

06208 

05036 

6186 

88675 

08470 

2 

42120 

62642 

60036 

44 

191 

98986 

14700 

7591 

70911 

33686 

3 

03932 

81037 

69540 

45 

229 

35680 

67825 

9273 

22165 

24311 

3 

79600 

87463 

47665 

46 

272 

93857 

25041 

11277 

98287 

56247 

4 

71819 

89090 

16721 

47 

323 

60088 

45504 

13659 

11154 

18008 

5 

83732 

93821 

19488 

48 

382 

30771 

87776 

16477 

03958 

47064 

7 

18993 

48427 

14176 

49 

450 

13002 

60625 

19800 

33264 

16665 

8 

81834 

84406 

24625 

50 

528 

25502 

60625 

23706 

58264 

16665 

10 

77147 

34406 

24625 

816 


BERNOULLI  AND  EULER  POLYNOMIALS,  -RIEMANN  ZETA  FUNCTION 


Table  23.4 

SUMS 

OF  POSITIVE  POWERS 

m 

2*" 
= 1 

m\n 

7 

8 

9 

51 

617 

99609 

38476 

28283 

37709 

87066 

13 

10563 

86137 

15076 

52 

720 

80326 

41004 

33629 

34995 

18522 

15 

88554 

44973 

50788 

53 

838 

27437 

80841 

39855 

31899 

29883 

19 

18530 

80891 

52921 

54 

972 

16689 

90825 

47085 

51512 

69019 

23 

08961 

40014 

66265 

55 

1124 

41042 

25200 

55458 

90891 

59644 

27 

69498 

05854 

50640 

56 

1297 

11990 

74736 

65130 

64007 

33660 

33 

11115 

00335 

95536 

57 

1492 

60965 

67929 

76273 

55578 

45661 

39 

46261 

19889 

79593 

58 

1713 

40807 

35481 

89079 

86395 

63677 

46 

89027 

07286 

24521 

59 

1962 

27322 

20300 

1 

03762 

90771 

67998 

55 

55326 

65472 

79460 

60 

2242 

20922 

20300 

1 

20559 

06771 

67998 

65 

63096 

25472 

79460 

61 

2556 

48350 

56321 

1 

39729 

79901 

65279 

77 

32510 

86401 

13601 

62 

2908 

64496 

62529 

1 

61563 

80957 

50175 

90 

86219 

51863 

77153 

63 

3302 

54303 

01696 

1 

86379 

38760 

17696 

106 

49600 

93432 

30976 

64 

3742 

34768 

12800 

2 

14526 

88527 

28352 

124 

51040 

78527 

12960 

65 

4232 

57047 

03425 

2 

46391 

36656 

18977 

145 

22232 

06906 

03585 

66 

4778 

08654 

04481 

2 

82395 

42718 

88673 

168 

98500 

07044 

03521 

67 

5384 

15770 

09804 

3 

23002 

19494 

45314 

196 

19153 

51006 

98468 

68 

6056 

45658 

28236 

3 

68718 

51890 

98690 

227 

27863 

53971 

28036 

69 

6801 

09190 

80825 

4 

20098 

35635 

27331 

262 

73072 

32327 

04265 

70 

7624 

63490 

80825 

4 

77746 

36635 

27331 

303 

08433 

02327 

04265 

71 

8534 

14692 

39216 

5 

42321 

71947 

73092 

348 

93283 

09511 

53296 

72 

9537 

20822 

43504 

6 

14542 

13310 

81828 

400 

93152 

87653 

82288 

73 

10641 

94807 

62601 

6 

95188 

14229 

75909 

459 

80311 

54736 

50201 

74 

11857 

07610 

35625 

7 

85107 

61631 

79685 

526 

34352 

62487 

29625 

75 

13191 

91497 

07500 

8 

85220 

53135 

70310 

601 

42821 

25280 

26500 

76 

14656 

43442 

79276 

9 

96524 

01010 

25286 

686 

01885 

63746 

04676 

77 

16261 

28675 

46129 

11 

20097 

63925 

72967 

781 

17055 

08237 

76113 

78 

18017 

84364 

01041 

12 

57109 

07632 

56103 

888 

03947 

17370 

60721 

79 

19938 

23453 

87200 

14 

08819 

95731 

62664 

1007 

89106 

77196 

79040 

80 

22035 

38653 

87200 

15 

76592 

11731 

62664 

1142 

10879 

57196 

79040 

81 

24323 

06578 

42161 

17 

61894 

13620 

14505 

1292 

20343 

10166 

78161 

82 

26815 

92048 

98929 

19 

66308 

22206 

69481 

1459 

82298 

14263 

86193 

83 

29529 

52558 

88556 

21 

91537 

44528 

08522 

1646 

76323 

66939 

26596 

84 

32480 

42905 

44300 

24 

39413 

33638 

91018 

1854 

97898 

52248 

56260 

85 

35686 

19993 

72425 

27 

11903 

86142 

81643 

2086 

59593 

15080 

59385 

86 

39165 

47815 

94121 

30 

11121 

78853 

47499 

2343 

92334 

88197 

23001 

87 

42938 

02610 

81904 

33 

39333 

46007 

84620 

2629 

46750 

30627 

52528 

88 

47024 

78207 

18896 

36 

98967 

98488 

39916 

2945 

94588 

48916 

18576 

89 

51447 

91556 

14425 

40 

92626 

86545 

41997 

3296 

30228 

85991 

03785 

90 

56230 

88456 

14425 

45 

23094 

07545 

41997 

3683 

72277 

75991 

03785 

91 

61398 

49475 

50156 

49 

93346 

60306 

93518 

4111 

65257 

77288 

92196 

92 

66976 

96076 

73804 

55 

06565 

47620 

69134 

4583 

81394 

10154 

48868 

93 

72993 

96947 

34561 

60 

66147 

28587 

19535 

5104 

22502 

40039 

36161 

94 

79478 

74541 

53825 

66 

75716 

22441 

30351 

5677 

21982 

62325 

52865 

95 

86462 

11837 

63200 

73 

39136 

65570 

20976 

6307 

46923 

59571 

62240 

96 

93976 

59315 

74016 

80 

60526 

23468 

59312 

7000 

00323 

17816 

42496 

97 

1 

02056 

42160 

52129 

88 

44269 

59412 

36273 

7760 

23429 

04362 

07713 

98 

1 

10737 

67693 

76801 

96 

95032 

61670 

54129 

8593 

98205 

25663 

57601 

99 

1 

20058 

33041 

67500 

106 

17777 

31113 

33330 

9507 

49930 

00499 

98500 

LOO 

1 

30058 

33041 

67500 

116 

17777 

31113 

33330 

10507 

49930 

00499 

98500 

BERNOULLI  AND  EULER  POLYNOMIALS,  RIEMANN  ZETA  FUNCTION 


817 


SUMS  OF  POSITIVE  POWERS  S kn  Table  23.4 

k= 1 


m\n  | 

10 

m\n 

10 

1 

1 

51 

613 

38941 

75112 

62626 

2 

1025 

52 

757 

94452 

34603 

19650 

3 

60074 

53 

932 

83199 

38258 

32699 

4 

11 

08650 

54 

1143 

66451 

30907 

53275 

5 

108 

74275 

55 

1396 

95967 

52098 

93900 

6 

713 

40451 

56 

1700 

26516 

43060 

08076 

7 

3538 

15700 

57 

2062 

29849 

57628 

99325 

8 

14275 

57524 

58 

2493 

10270 

26623 

05149 

9 

49143 

41925 

59 

3004 

21945 

59629 

46550 

10 

1 

49143 

41925 

60 

3608 

88121 

59629 

46550 

11 

4 

08517 

66526 

61 

4322 

22412 

76258 

29151 

12 

10 

27691 

30750 

62 

5161 

52349 

34941 

69375 

13 

24 

06276 

22599 

63 

6146 

45378 

53759 

60224 

14 

52 

98822 

77575 

64 

7299 

37528 

99828 

07200 

15 

110 

65326 

68200 

65 

8645 

64962 

44456 

97825 

16 

220 

60442 

95976 

66 

10213 

98650 

53564 

93601 

17 

422 

20381 

96425 

67 

12036 

82430 

99082 

55050 

18 

779 

25054 

23049 

68 

14150 

74713 

00654 

65674 

19 

1392 

35716 

80850 

69 

16596 

94119 

07202 

25475 

20 

2416 

35716 

80850 

70 

19421 

69368 

07202 

25475 

21 

4084 

34526 

59051 

71 

22676 

93723 

17301 

06676 

22 

6740 

33754 

50475 

72 

26420 

84347 

43545 

94100 

23 

10882 

98866 

64124 

73 

30718 

46930 

40581 

51749 

24 

17223 

32676 

29500 

74 

35642 

45970 

14140 

29125 

25 

26760 

06992 

70125 

75 

41273 

81117 

23612 

94750 

26 

40876 

77949 

23501 

76 

47702 

70010 

47012 

36126 

27 

61465 

89270 

18150 

77 

55029 

38057 

72874 

36775 

28 

91085 

56937 

13574 

78 

63365 

15640 

85236 

36199 

29 

1 

33156 

29270 

13775 

79 

72833 

43249 

11504 

83400 

30 

1 

92205 

29270 

13775 

80 

83570 

85073 

11504 

83400 

31 

2 

74168 

12139 

94576 

81 

95728 

51619 

02074 

12201 

32 

3 

86758 

11208 

37200 

82 

1 

09473 

31932 

38034 

70825 

33 

5 

39916 

01061 

01649 

83 

1 

24989 

36051 

10093 

24274 

34 

7 

46353 

78601 

61425 

84 

1 

42479 

48338 

76074 

16050 

35 

10 

22208 

52136 

77050 

85 

1 

62166 

92382 

16796 

81675 

36 

13 

87824 

36537 

40026 

86 

1 

84297 

08171 

04827 

52651 

37 

18 

68682 

80261 

57875 

87 

2 

09139 

42312 

96263 

21500 

38 

24 

96503 

98741 

46099 

88 

2 

36989 

52073 

05665 

33724 

39 

33 

10544 

59593 

37700 

89 

2 

68171 

24066 

05327 

17325 

40 

43 

59120 

59593 

37700 

90 

3 

03039 

08467 

05327 

17325 

41 

57 

01386 

52694 

90101 

91 

3 

41980 

69648 

23434 

62726 

42 

74 

09406 

33911 

67925 

92 

3 

85419 

54190 

47066 

76550 

43 

95 

70554 

57044 

52174 

93 

4 

33817 

77262 

26359 

94799 

44 

122 

90290 

66428 

70350 

94 

4 

87679 

28403 

21259 

64975 

45 

156 

95353 

55588 

85975 

95 

5 

47552 

97795 

59638 

55600 

46 

199 

37428 

30416 

62551 

96 

6 

14036 

24155 

51139 

60176 

47 

251 

97341 

52774 

92600 

97 

6 

87778 

65424 

46067 

86225 

48 

316 

89847 

73860 

37624 

98 

7 

69485 

93493 

33614 

75249 

49 

396 

69074 

36836 

49625 

99 

8 

59924 

14243 

42419 

24250 

50 

494 

34699 

36836 

49625 

100 

9 

59924 

14243 

42419 

24250 

818 


BERNOULLI  AND  EULER  POLYNOMIALS,  RIEMANN  ZETA  FUNCTION 


Table  23.5  xn/n\ 

n\x  2 3 4 5 


1 ( 0)2.  0000  00000  ( 0)3.  0000  00000 

2 ( 0)2.  0000  00000  ( 0)4.5000  00000 

3 ( 0)1.  3333  33333  ( 0)4.5000  00000 

4 (-  1)6.  6666  66667  ( 0)3.3750  00000 

5 (-  1)2.6666  66667  ( 0)2.0250  00000 

6 (-  2)8.8888  88889  ( 0)1.0125  00000 

7 (-2)2.539682540  (-1)4.339285714 

8 (_  3)6.3492  06349  (-  1)1.6272  32143 

9 (-  3)1.4109  34744  (-  2)5.4241  07143 

10  (-  4)2.8218  69489  (-  2)1.  6272  32144 

11  (-  5)5.  1306  71797  (-  3)4.4379  05844 

12  (-  6)8.5511  19662  (-  3)1.  1094  76461 

13  (-  6)1.  3155  56871  (-  4)2.5603  30295 

14  (-  7)1.  8793  66959  (-  5)5.4864  22060 

15  (-  8)2.5058  22612  (-  5)1.  0972  84412 

16  (-  9)3.1322  78264  (-  6)2.  0574  08272 

17  (-10)3.6850  33252  (-  7)3.6307  20481 

18  (-11)4.  0944  81391  (-  8)6.  0512  00801 

19  (-12)4.3099  80412  (-  9)9.5545  27582 

20  (-13)4.  3099  80413  (-  9)1.4331  79137 

21  ( -14)  4. 1047  43250  (-10)2.  0473  98768 

22  (-15)3.7315  84772  (-11)2.7919  07410 

23  (-16)3.2448  56324  (-12)3.  6416  18361 

24  (-17)2.7040  46937  (-13)4.5520  22952 

25  (-18)2.1632  37550  (-14)5.4624  27543 

26  (-19)1.6640  28884  (-15)6.3028  01010 

27  (-20)1.2326  13988  (-16)7.  0031  12233 

28  (-22)8.8043  85630  (-17)7.5033  34535 

29  (-23)6.  0719  90089  (-18)7.7620  70209 

30  (-24)4.0479  93393  (-19)7.7620  70209 

31  (-25)2.6116  08641  (-20)7.5116  80847 

32  (-26)1.6322  55401  (-21)7.0422  00795 

33  (-28)9.8924  56972  (-22)6.4020  00722 

34  (-29)5.8190  92337  (-23)5.6488  24167 

35  (-30)3.3251  95620  (-24)4.8418  49284 

36  (-31)1.8473  30900  (-25)4.0348  74405 

37  (-33)9.9855  72436  (-26)3.2715  19788 

38  (-34)5.2555  64439  (-27)2.5827  78779 

39  (-35)2.6951  61251  (-28)1.9867  52908 

40  (-36)1.3475  80626  (-29)1.4900  64681 

41  (-38)6.5735  64028  (-30)1.  0902  91230 

42  (-39)3.  1302  68584  (-32)7.7877  94496 

43  (-40)1.4559  38876  (-33)5.4333  44999 

44  (-42)6.6179  03983  (-34)3.7045  53408 

45  (-43)2.9412  90659  (-35)2.4697  02271 

46  (-44)1.2788  22026  (-36)1.6106  75395 

47  (-46)5.4417  95855  (-37)1.0280  90677 

48  (-47)2.2674  14940  (-39)6.4255  66736 

49  (-49)9.2547  54855  (-40)3.9340  20450 

50  (-50)3.7019  01942  (-41)2.3604  12270 

For  x = 1,  see  Table  6.3. 


( 0)4.0000  00000  ( 0)5.  0000  00000 

( 0)8.  0000  00000  ( 1)1.  2500  00000 

( 1)1.  0666  66667  ( 1)2.  0833  33333 

( 1)1.  0666  66667  ( 1)2.6041  66667 

( 0)8.5333  33333  ( 1)2.6041  66667 

1 0)5.  6888  88889  ( 1)2.1701  38889 

0)3.2507  93651  ( 1)1.5500  99206 

0)1.6253  96825  ( 0)9.  6881  20040 

- 1)7.2239  85891  ( 0)5.  3822  88911 

- 1)2.8895  94356  ( 0)2.  6911  44455 

(-  1)1.  0507  61584  ( 0)1.2232  47480 

(-  2)3.5025  38614  (-  1)5.  0968  64499 

(-  2)1.0777  04189  (-  1)1.9603  32500 

(-  3)3.  0791  54825  (-  2)7.  0011  87499 

(-  4)8.2110  79534  (-  2)2.  3337  29166 

(-  4)2.  0527  69883  (-  3)7.2929  03644 

(-  5)4.8300  46785  (-  3)2.  1449  71660 

(-  5)1.  0733  43730  (-  4)5.9582  54611 

(-  6)2.2596  71011  (-  4)1.5679  61740 

(-  7)4.5193  42021  (-  5)3.9199  04350 

1-  8)8.6082  70516  (-  6)9.  3331  05595 

- 8)1.5651  40093  (-  6)2.1211  60362 

- 9)2.7219  82772  (-  7)4.  6112  18179 

-10)4.5366  37953  (-  8)9.6067  04540 

-11)7.2586  20726  (-  8)1.9213  40908 

(-11)1.1167  10881  (-  9)3.6948  86362 

(-12)1.6543  86490  (-10)6.8423  82151 

(-13)2.3634  09271  (-10)1.2218  53956 

(-14)3.2598  74857  (-11)2.1066  44751 

(-15)4.3464  99810  (-12)3.5110  74585 

(-16)5.  6083  86851  (-13)5.6630  23524 

(-17)7.0104  83564  (-14)8.8484  74257 

(-18)8.4975  55834  (-14)1.  3406  77918 

(-19)9.9971  24513  (-15)1.9715  85173 

(-19)1.1425  28515  (-16)2.  8165  50246 

(-20)1.2694  76128  (-17)3.  9118  75343 

(-21)1.3724  06625  (-18)5.2863  18032 

(-22)1.4446  38552  (-19)6.9556  81619 

(-23)1.4816  80567  (-20)8.9175  40539 

(-24)1.4816  80567  (-20)1.  1146  92567 

1-25)1.4455  42017  (-21)1.  3593  81180 

-26)1.3767  06682  (-22)1.6183  10928 

-27)1.2806  57379  (-23)1.  8817  56893 

-28)1.1642  33981  (-24)2.1383  60106 

-29)1.  0348  74650  (-25)2.  3759  55673 

1-31)8.9989  09998  (-26)2.5825  60514 

-32)7.6586  46807  (-27)2.7474  04803 

-33)6.3822  05674  (-28)2.8618  80003 

-34)5.2099  63815  (-29)2.9202  85717 

-35)4.  1679  71052  (-30)2.9202  85717 
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n\x 

1 ( 
2 ( 

3 ( 

4 ( 


6 ( 

7 ( 

8 ( 
9 ( 

10  ( 

11  ( 
12  ( 

13  ( 

14  ( 

15  ( 

16  ( 

17  ( 

18  ( 

19  ( 

20  ( 

21  ( 
22  ( 

23  ( 

24  ( 

25  ( 

26  ( 

27  ( 

28  ( 

29  ( 

30  ( 

31  ( 

32  ( 

33  ( 

34  ( 

35  ( 

36  ( 

37  ( 

38  ( 

39  ( 

40  ( 

41  ( 

42  ( 

43  ( 

44  ( 

45  ( 

46  ( 

47  ( 

48  ( 

49  ( 

50  ( 


6 

0)6.  0000  00000 
1)1.  8000  00000 
1)3.6000  00000 
1)5.4000  00000 
1)6.4800  00000 

1)6.4800  00000 
1)5.5542  85714 
1)4.1657  14286 
1)2.7771  42857 
1)1.  6662  85714 

0)9.  0888  31169 
0)4.5444  15584 
0)2.  0974  22577 

- 1)8.9889  53903 

- 1)3.5955  81561 

- 1)1.  3483  43085 

- 2)4.7588  57949 

- 2)1.  5862  85983 

- 3)5.  0093  24157 

- 3)1.5027  97247 

- 4)4.2937  06421 

- 4)1.1710  10841 

- 5)3.0548  10892 

- 6)7.6370  27230 

- 6)1.8328  86535 

- 7)4.2297  38158 

- 8)9.3994  18129 

- 8)2.0141  61028 

- 9)4.  1672  29712 
-10)8.  3344  59424 

-10)1.6131  21179 
-11)3.0246  02211 
-12)5.4992  76746 
-13)9.7046  06024 
-13)1.6636  46746 

-14)2.7727  44578 
-15)4.4963  42559 
-16)7.  0994  88250 
-16)1.  0922  28962 
-17)1.6383  43443 

-18)2.  3975  75770 
-19)3.4251  08241 
-20)4.  7792  20803 
-21)6.  5171  19276 
-22)8.  6894  92366 

-22)1.1334  12048 
-23)1.4469  08998 
-24)1.8086  36247 
-25)2.2146  56629 
-26)2.6575  87955 


7 

( 0)7.  0000  00000 

( 1)2.4500  00000 

( 1)5.7166  66667 

( 2)1.  0004  16667 

( 2)1.4005  83333 

( 2)1.6340  13889 

( 2)1.  6340  13889 

( 2)1.4297  62153 

( 2)1.1120  37230 

( 1)7.7842  60610 

1 1)4.  9536  20388 

1)2.8896  11893 

1)1.5559  44865 
0)7.7797  24327 
0)3.  6305  38019 

i 0)1.  5883  6038 3 
- 1)6.  5403  07461 
- 1)2.5434  52902 
- 2)9.  3706  15954 
- 2)3.  2797  15584 

I-  2)  1.  0932  38528 
- 3)3.4784  86224 
- 3)1.  0586  69721 
- 4)3.  0877  86685 
- 5)8.  6458  02721 

i-  5)2.  3277  16117 
- 6)  6.  0348  19562 
- 6)1.  5087  04890 
- 7)3.6417  01460 
- 8)8.4973  03406 

I-  8)1.9187  45930 
- 9)4.  1972  56723 
-10)8.9032  71836 
-10)1.8330  26555 
-11)3.  6660  53108 

1-12)7.  1284  36600 
-12)1.3486  23141 
-13)2.4843  05785 
-14)4.4590  10384 
-15)7.  8032  68172 

1-15)1.  3322  65298 
-16)2.2204  42162 
-17)3.  6146  73288 
-18)5.7506  16594 
-19)8.9454  03590 

1-19)1.3612  57068 
-20)2.  0274  04144 
-21)2.  9566  31045 
-22)4.  2237  58634 
-23)5.9132  62088 


xn/nl 

8 

( 0)8.  0000  00000 

( 1)3.2000  00000 

( 1)8.5333  33333 

( 2)1.7066  66667 

( 2)2.7306  66667 

1 2)3.6408  88889 

2)4.  1610  15873 

2)4.1610  15873 
2)3.6986  80776 
2)2.9589  44621 

( 2)2.1519  59724 

( 2)1.4346  39816 

( 1)8.8285  52715 

( 1)5.0448  87266 

( 1)2.6906  06542 

1 1)1.  3453  03271 

0)6.  3308  38921 
0)2.8137  06187 
0)1.1847  18395 
- 1)4.7388  73579 

I-  1)1.8052  85173 
- 2)6.5646  73354 
- 2)2.2833  64645 
- 3)7.6112  15485 
- 3)2.4355  88956 

I-  4)7.4941  19863 
- 4)2.2204  79959 
- 5)6.3442  28454 
- 5)1.7501  31987 
- 6)4.6670  18634 

I-  6)  1.  2043  91905 
- 7)3.0109  79764 
- 8)7.2993  44881 
- 8)1.7174  92913 
- 9)3.9256  98086 

1-10)8.7237  73527 
-10)1.8862  21303 
-11)3,9709  92217 
-12)8.1456  25061 
-12)1.6291  25012 

1-13)3.1787  80512 
-14)6.  0548  20021 
-14) 1. 1264  78144 
-15)2.0481  42079 
-16)3.6411  41473 

1-17)6.3324  19955 
-17)1.  0778  58716 
-18)1.7964  31193 
-19)2.9329  48887 
-20)4.6927  18219 


Table  23.5 
9 

( 0)9.  0000  00000 

( 1)4.  0500  00000 

( 2)1.2150  00000 

( 2)2.7337  50000 

( 2)4.9207  50000 

1 2)7.  3811  25000 

2)9.4900  17857 

3)1.  0676  27009 

3)1.  0676  27009 
2)9.6086  43080 

1 2)7.8616  17066 

2)5.  8962  12799 
2)4.  0819  93476 
2)2.6241  38663 
2)1.5744  83198 

1 1)8.8564  67988 

1)4.6887  18347 
1)2.3443  59173 
1)1.1104  85924 
0)4.9971  86660 

1 0)2.  1416  51426 

- 1)8.7613  01284 
- 1)3.4283  35286 
- 1)1.2856  25732 
- 2)4.6282  52637 

1-  2)1.  6020  87451 
- 3)5.  3402  91503 
- 3)1.7165  22269 
- 4)  5.  3271  38075 
- 4)1.5981  41423 

I-  5)4.6397  65421 
- 5)1.3049  34025 
- 6)3.5589  10976 
- 7)9.4206  46703 
- 7)2.4224  52008 

i-  8)6.  0561  30022 
- 8)1.4731  12708 
- 9)3.4889  51151 
-10)8.  0514  25733 
-10)1.8115  70790 

1-11)3.9766  18807 
-12)8.5213  26014 
-12)1.7835  33352 
-13)3.6481  36401 
-14)7.2962  72802 

1-14)1.4275  31635 
-15)2.  7335  71217 
-16)5.  1254  46033 
-17)9.4140  84548 
-17) 1. 6945  35219 
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24.  Combinatorial  Analysis 


Mathematical  Properties 


In  each  sub-section  of  this  chapter  we  use 
a fixed  format  which  emphasizes  the  use  and 
methods  of  extending  the  accompanying  tables. 
The  format  follows  this  form: 

I.  Definitions 

A.  Combinatorial 

B.  Generating  functions 

C.  Closed  form 

II.  Relations 

A.  Recurrences 

B.  Checks  in  computing 

C.  Basic  use  in  numerical  analysis 

III.  Asymptotic  and  Special  Values 

In  general  the  notations  used  are  standard. 

This  includes  the  difference  operator  A defined  on 

functions  of  x by  A/(x)=/(j+1)— j{x)y  A B+1/0r) 

= A(An/(ar)),  the  Kronecker  delta  8ijy  the  Riemann 

zeta  function  f(s)  and  the  greatest  common 

divisor  symbol  The  range  of  the  summands 

for  a summation  sign  without  limits  is  explained 

to  the  right  of  the  formula. 

The  notations  which  are  not  standard  are  those 

for  the  multinomials  which  are  arbitrary  short- 

%/ 

hand  for  use  in  this  chapter,  and  those  for  the 
Stirling  numbers  which  have  never  been  stand- 
ardized. A short  table  of  various  notations  for 
these  numbers  follows : 


Notations  for  the  Stirling  Numbers 


Reference 

First  Kind 

Second  Kind 

This  chapter 

sir' 

J5S-’ 

[24.2]  Fort 

sir ' 

,Jc 

[24.7]  Jordan 

s: 

@n  * 

[24.10]  Moser  and  Wyman 

s: 

<*n 

[24.9]  Milne-Thomson 

f £(n) 

\ m — 1 / n~m 

C)  «=■ 

[24.15]  Riordan 

s(n,  m) 

S(n,  m) 

[24.1]  Carlitz]  . 

> ( — lln_m 

[24.3]  Gould  f v l) 

S\(n—l,n—m) 

Si(m,  n — m ) 

Miksa  S(n 

— m-f- 1,  n) 

mSn 

(Unpublished 

tables) 

[24.17]  Gupta 


u(n,  m ) 


We  feel  that  a capital  S is  natural  for  Stirling 
numbers  of  the  first  kind;  it  is  infrequently  used 
for  other  notation  in  this  context.  But  once  it 
is  used  we  have  difficulty  finding  a suitable 
symbol  for  Stirling  numbers  of  the  second  kind. 
The  numbers  are  sufficiently  important  to  warrant 
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a special  and  easily  recognizable  symbol,  and 
vet  that  symbol  must  be  easy  to  write.  We  have 
settled  on  a script  capital  without  any  certainty 
that  we  have  settled  this  question  permanently. 

We  feel  that  the  subscript-superscript  notation 
emphasizes  the  generating  functions  (which  are 
pbwers  of  mutually  inverse  functions)  from  which 
most  of  the  important  relations  flow. 

24.1.  Basic  Numbers 

24.1.1  Binomial  Coefficients 

I.  Definitions 

A'C)  is  the  number  of  \yays  of  choosing  m 

objects  from  a collection  of  n distinct  objects 
without  regard  to  order. 

B.  Generating  functions 


* (l+x)”=Z:  (l)xm  n- 

771=0  \ '''  / 

=0,1,  . . . 

(1  (l)xn~m 

n = m 

M<i 

C.  Closed  form 

/ n \_  n\  _/  n \ 

\m)  m\{n  — m)\  \n—m) 

— 1)  . . . (n—  w + 1) 

n>m 

ml 

II.  Relations 
A.  Recurrences 

/7*  + l\/n\  / n \ 

\ m ) \m/\m  — \) 

n > m>\ 

=CMr->)+  • • +Com) 

n>m 

B.  Checks 

±(r\(  s 

r-\-s>n 

r>/i+ 1 

p a prime 

•See  page  II. 
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where 


GO 


GO 


ti=2  nhpk,  m=2  ™kpk  'P>mk,nk>Q 

k= 0 k=0 

C.  Numerical  analysis 

771=0  \'rl/ 

“S  (0  a"‘/<1!_r) 


777=0  \W/ 


§(_1,'"*0*V)a*/<J:_!,)  *<« 


CM:) 


III.  Special  Values 
1 


2 n\  2n(2n— l)(2n— 3)  ...  3-1 


CD- 


n! 


24.1.2 


Multinomial  Coefficients 
I.  Definitions 


A.  (n;  nly  n2y  . . nm)  is  the  number  of  ways  of  putting  n=ni  +n2+  . . . +nm  different  objects 
into  m different  boxes  with  nk  in  the  Ar-th  box,  k=\y  2,  . . .,  m. 

( n ; Oij  a2,  . . .,  an)*  is  the  number  of  permutations  of  n=ai~\~2a2Jr  . . . +nan  symbols  composed 
of  ak  cycles  of  length  k for  k=l,  2,  . . .,  n. 

(n;  au  a2 , . . .,  an)'  is  the  number  of  ways  of  partitioning  a set  of  7i=a1+2a2+  . . . +nan  dif- 
ferent objects  into  ak  subsets  containing  k objects  for  A:=l,  2,  . . .,  n. 


B.  Generating  functions 

(xi+x2+  . . . +xm)n='2(n;  nly  n2y  . . .,  nm)xpxp  . . . xir 


tn 

^ X(n;alya2y  . . .,  an)*x^xp. . . xan* 


tn 

^ 2(w;  aua2y  . . dn)'xax'xa2*  . . . x%n 


summed  over  7ii+7i2+  . . . +nm=n 


summed  over  ai+2a2+  . . . +nan=n 
and  • • • “^dn—Tlfh 


C.  Closed  forms 

{n;nun2y  . . n„)=n\lni\n£  . . . nm\ 

(n;dud2y  . . .,a„)*=n!/laia1!2°2a2!  . . . na»a„! 
(n;diyd2y  . . .,  an),=n!/(l!)aia1!(2!)°2a2!  . . . (n\)andn\ 


Tl-i  -f-  ?12  ■(- . • • ”t"  'dm :=  d 
a1+2a2+  . . .+ndn=n 

d\~\-2d2~\~  . . . -j-7 ldn—7h 


II.  Relations 


A.  Recurrence 


m 


(7i+7n;7i,+l,n2+l(  . . .,nm+l)=2  (n+m— 1;»,+1,  . . .,7it_,+l,  nk,  7i*+,+l,  . . . ,7^+1) 

k-1 

B.  Checks 


2(7i;n,,7i2,  . . .,nm)  = 


mn  all  nj  s*  1 

[ml  8™ 


summed  over niJrn2+  . . . +nm=n 


2(n;dlyd2y  . . att)*=(— l)n~m££^ 

2(7 i;  <11,02, . . .,on)'=££m) 


summed  overoi+2o2+  . . . -\-ndn=n  andoi+o2+  . . . +on=m 


C.  Numerical  analysis  (Fa&  di  Bruno’s  formula) 


4^j(9(x))  = ^2  fm)(g(x))X(n; aua2, . . an)'  {g'(x)}a‘{g"(x)}a> . . . { £f(B) (x) } °" 

(IX  771=0 


summed  over  01+202+  . . . +ndn=n  and  Oi+O; 2+  . . . +on=m. 


*See  page  n. 
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Pi  1 0 

P2  Pi  2 

Pz  Pz  Pi 


p 


n 


0 


0 


=2(— au  <h,  ■ ■ an)*PfiPp 


71—1 

A 


summed  over  ai+2a2+  . . . +nan=n ; e.g.  if  Pk—  for  £=1,  2,  . . n then  the  determinant  and 

sum  equal  nl'Lx Xx2  . . . xn,  the  latter  sum  denoting  the  7*rth  elementary  symmetric  function  of  xuX2,  . . xr. 


24.1.3  Stirling  Numbers  of  the  First  Kind 

I.  Definitions 

A.  (— is  the  number  of  permutations 
of  n symbols  which  have  exactly  m cycles. 

B.  Generating  functions 


n 


x(x—l) . . . (x— 71+1)  = 2D  S^x 

m=0 


m 


GO 


X 


n 


{In  (1 +x)}m=rn\  2 S«m>  ^ |sr|<l 


n=m 


C.  Closed  form  (see  closed  form  for  £>,(tm)) 
o(m) / i\* /w— 1+&\/  2n—m  \ a) 


II.  Relations 


A.  Recurrences 


ss?i=ssrI)-»ss,,) 


B.  Checks 


7i>m>l 


n>m>r 


n 


2 $im>=o 

771=1 


71>1 


n 


2 (— 
771=0 


n 


2 S(nk++l1)nk~m=Sfnm) 

k=m 


C.  Numerical  analysis 


rim  oo  O(m) 

^/(x)=m!2^AW 


if  convergent. 


III.  Asymptotics  and  Special  Values 


\S^(n-my+\nn)m  1/(m—l)\ 


1-  S$$m  (-1)” 

illi*  Am  • 


for  m=o(ln  n) 


771-400 


m 


2 n 


2w7i! 


.O(wi) 

|||Y1  — — = — 1 

JSi  nS?° 

S2»=«  o. 

SS,I)  = (-l)-1(n-l)! 


S< 


" — G) 


Sin)=l 

24.1.4  Stirling  Numbers  of  the  Second  Kind 

I.  Definitions 

A.  3nm)is  the  number  of  ways  of  partitioning  a 
set  of  n elements  into  m non-empty  subsets. 

B.  Generating  functions 


71 


z"=2  «5»m)sc(*— 1)  . . . (sc— m+1) 

771=0 


oo 


X 


tt 


(ex—\)m—m\  2 


n—m 


00 


(1— 2a:)-1  . . . (1— msc)-1=2 

n=m 

|*|<to-1 

C.  Closed  form 
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II.  Relations 

A.  Recurrences 

$&i=m  £<m>+ 

(?)  (*)  ««■  * 

B.  Checks 


(m-r) 

k 


n>m>l 


n>  m>r 


n 


2 (-l)n_mm! 

m=0 


n 


2 m"-*=  £ <,”> 

k~m 


a(m)_y?/i\* l+t\/ 2n  to  \ „(i) 


vra— to+&, 

2^m)  ;«“>  £}jtm)=6 

k*=m  k=m 


m+k 


mn 


C.  Numerical  analysis 

» C£(m) 


n=m 


if  convergent 


2*-»=2*! 

/c=o  fc=o  \A:+1/ 


2 ^=2  1 4=r  } 


" ; *"**==2  ! 
fc=o  j=o  ctz3  ^ 

III.  Asymptotics  and  Special  Values 


lim  rn-B3im)=(w!)-‘ 

n->oo 


2n 


<g(»0  — 

^n+m  2nft! 


for  w=o(m*) 


B.  Generating  function 

CO  r 00  37l»+7l  *N  _! 

^na^r^i  s (-i)nx  2 y 

71  = 1 ^7l  = — oo  J 

M<1 


2 

71=0 


C.  Closed  form 


?(«■)= A;  S ^Ak{n) 

irV2  *=i 


where 


2 *ihn 


Ak(n)=  2 eT<#(A*w6  fc 

0<h<k 

((a;))  ==a? — [a:]  — ^ if  a:  is  not  an  integer 
=0  if  x is  an  integer 


II.  Relations 


A.  Recurrence 


p(n)=  S (-1  )k~lp(n- 

.^3  k*±k^  \ 


3 k2±k\ 


l 

Jit 

+ 2 <*i(k)p(n—k) 

Wfc= 1 


2 ) 


jP(0) = 1 


B.  Check 


p(»)+  Z)  (■ 


1)t3P±fc 


/ 3A*±#\  , N 

2~ 


III.  Asymptotics 

pin) 


l rV^/iVa 
6 


4nV3 


24.2.  Partitions 


24.2.2  Partitions  Into  Distinct  Parts 

I.  Definitions 

A.  q(n)  is  the  number  of  decompositions  of  n 
into  distinct  integer  summands  without  regard  to 
order.  E.g.,  5=l+4=2+3  so  that  g(5)=3. 

B.  Generating  function 

J2  q(n)xn=  5 (l+zn)  = S (l-x2^1)"1  |*|<1 

71=0  71  = 1 71=1 


24.2.1  Unrestricted  Partitions 
I.  Definitions 

A.  pin)  is  the  number  of  decompositions  of  n 
into  integer  summands  without  regard  to  order. 
E.g.,  5=1  +4=2+3  = l + 1+3=1 +2+2  = l + l + 
1+2=1  + 1 + 1 + 1 + 1 so  that  p{ 5)=7. 


C.  Closed  form 


!W_^SA-,W 


where  Joix)  is  the  Bessel  function  of  order  0 and 
A2k-\in)  was  defined  in  part  IrC.  of  the  previous 
subsection. 


♦See  page  n. 
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II.  Relations 


A.  Recurrences 


2 (-D*2  if  n=3r2±r 

a.3  k*±k.  \ * / 

g(0)=l 

=0  otherwise 


2 (n)  S <ri (k) —2fft  (|)  \ q(n—k) 


B.  Check 


r2— r 


2 (-l)*j(n-(3i»±i))  = l if  7i=—^— 

0<3ft»±*<n  ^ 

=0  otherwise. 

III.  Asymptotics 

<L(n)~  ¥;^i:n3/ie'^ 

24.3.  Number  Theoretic  Functions 
24.3.1  The  Mobius  Function 

I.  Definitions 

A.  n(n)  = 1 if  7i=l 

= (— 1)*  if  n is  the  product  of  k distinct 
primes 

=0  if  n is  divisible  by  a square  >1. 

B.  Generating  functions 


S ’=i /f($) 

n=l 

^n(n)xn  __x 

1— xn 


0ts>  1 


|x|<l 


II.  Relations 


A.  Recurrence 


n(mn)=fM(in)fx(n)  if  (m,  7&)=1 
=0  if  (m,  7i)>l 

B.  Check 

S M(d)=5nl 

d|n 

C.  Numerical  analysis 

g{n)  =2  fid)  for  all  n if  and  only  if 

/fa)  =2  A*(d)<7fa/d)  for  all  7i 

d|« 

jf(w)=H  /(e£)  for  all  n if  and  only  if 

d,ra  f(n)=U  g(n/d)^d)  for  all  n 

d\n 

[x] 

a(x)=yyy,  f(xln)  for  all  £>0  if  and  only  if 

n=l 

[x] 

/(^)=2  v(n)g(?/n)  f°r  aii 

n=l 


a(x)=y~'l  f(nx)  for  all  z>0  if  and  only  if 

71=1 

oo 

/(x)=2  mWjM  for  all  3>0 

»=i 


00  00 


and  if  2 2 I i(mnx)  l=y^  o'o(^)l/(^)|  converges. 

771=1  » = 1 71=1 

The  cyclotomic  polynomial  of  order  n is 

n (x4— i yMi) 

d\n 

III.  Asymptotics 

n 

m(w)  i i 

> , ln7i=— 1 

»=4  w 

2 v(n)=Q(xe~c'fi^) 

n<x 

24.3.2  The  Euler  Totient  Function 

I.  Definitions 

A.  <p(n)  is  the  number  of  integers  not  exceeding 
and  relatively  prime  to  n. 

B.  Generating  functions 

£ a*>2 

n=l  SW 


” <p(n)xn_  x 
l—xn~~(l—x)2 


|x|<l 


C.  Closed  form 


<p(n)=nll  | 1 — — | 
«i»\  P/ 


over  distinct  primes  p dividing  n. 


II.  Relations 


A.  Recurrence 


B.  Checks 


(p(mn) =<p(m)<p(n) 


2 <p(d)=n 

d\n 


a<p(n)  = I (mod  n ) 


III.  Asymptotics 


h S <p(k)=-2+0  (^) 

n2k=i  7 r \ n / 


(m,7i)  = l 


(ay  n)  = l 
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24.3.3  Divisor  Functions 


I.  Definitions 

A.  <rk(n)  is  the  sum  of  the  &-th  powers  of  the 
divisors  of  n.  Often  cr0(n)  is  denoted  by  d(n ),  and 
<n  (n)  by  <r(n). 

B.  Generating  functions 

S <rk(ri)n-s=t(s)£(s— k)  <%s>k+ 1 

71  = 1 

® 00 

S <Tk(n)xn=J2  — - |x|<l 

n= 1 7i=l  J' 

C.  Closed  form 

0*(«)  =S  dh=  n P k 1 — n=p?lp¥  . . . p°* 

d\n  i=l  Pi  t 


II.  Relations 

A.  Recurrences 

ak(mn)  = <rk(m)<rk(n)  (m,  72-)  = 1 

<rk(np)  = <Tk(n)ak(p)  —pk<rk(nlp)  p prime 

III.  Asymptotics 

- V,  o-0(m)=ln  72+27— l+0(n-^) 
n m=i 

(7=Euler,s  constant) 


n2 


ft  7j-2 

S^lW^+0 

771  = 1 !<" 


24.3.4  Primitive  Roots 

I.  Definitions 

The  integers  not  exceeding  and  relatively  prime 
to  a fixed  integer  n form  a group;  the  group  is 
cyclic  if  and  only  if  n— 2,  4 or  n is  of  the  form  pk  or 
2 pk  where  p is  an  odd  prime.  Then  g is  a primitive 
root  of  n if  it  generates  that  group  ;i.e.,  if  g,  g2,  . . 
gvin,)  are  distinct  modulo  n.  There  are  <p((p(n)) 
primitive  roots  of  n. 

II.  Relations 

A.  Recurrences.  If  g is  a primitive  root  of  a 
prime  p and  gv~l  ^ 1 (mod  p2)  then  g is  a primitive 
root  of  pk  for  all  k.  If  ^p-1  = l(mod  p2)  then  g+p 
is  a primitive  root  of  pk  for  all  k. 

If  g is  a primitive  root  of  pk  then  either  g or 
g+pk f whichever  is  odd,  is  a primitive  root  of  2 pk. 

B.  Checks.  If  g is  a primitive  root  of  n then  gk 
is  a primitive  root  of  n if  and  only  if  (k,  (p(n))  = 1, 
and  each  primitive  root  of  n is  of  this  form. 
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Table  ! 

24.1 

BINOMIAL  COEFFICIENTS  (^) 

n\m  o 

1 

2 

3 

4 

5 

6 

7 

8 

1 

1 

1 

2 

1 

2 

1 

3 

1 

3 

3 

1 

4 

1 

4 

6 

4 

1 

5 

1 

5 

10 

10 

5 

1 

6 

1 

6 

15 

20 

15 

6 

1 

7 

1 

7 

21 

35 

35 

21 

7 

1 

8 

1 

8 

28 

56 

70 

56 

28 

8 

1 

9 

1 

9 

36 

84 

126 

126 

84 

36 

9 

10 

1 

10 

45 

120 

210 

252 

210 

120 

45 

11 

1 

11 

55 

165 

330 

462 

462 

330 

165 

12 

1 

12 

66 

220 

495 

792 

924 

792 

495 

13 

1 

13 

78 

286 

715 

1287 

1716 

1716 

1287 

14 

1 

14 

91 

364 

1001 

2002 

3003 

3432 

3003 

15 

1 

15 

105 

455 

1365 

3003 

5005 

6435 

6435 

16 

1 

16 

120 

560 

1820 

4368 

8008 

11440 

12870 

17 

1 

17 

136 

680 

2380 

6188 

12376 

19448 

24310 

18 

1 

18 

153 

816 

3060 

8568 

18564 

31824 

43758 

19 

1 

19 

171 

969 

3876 

11628 

27132 

50388 

75582 

20 

1 

20 

190 

1140 

4845 

15504 

38760 

77520 

1 

25970 

21 

1 

21 

210 

1330 

5985 

20349 

54264 

1 16280 

2 

03490 

22 

1 

22 

231 

1540 

7315 

26334 

74613 

1 70544 

3 

19770 

23 

1 

23 

253 

1771 

8855 

33649 

1 00947 

2 45157 

4 

90314 

24 

1 

24 

276 

2024 

10626 

42504 

1 34596 

3 46104 

7 

35471 

25 

1 

25 

300 

2300 

12650 

53130 

1 77100 

4 80700 

10 

81575 

26 

1 

26 

325 

2600 

14950 

65780 

2 30230 

6 57800 

15 

62275 

27 

1 

27 

351 

2925 

17550 

80730 

2 96010 

8 88030 

22 

20075 

28 

1 

28 

378 

3276 

20475 

98280 

3 76740 

11  84040 

31 

08105 

29 

1 

29 

406 

3654 

23751 

1 18755 

4 75020 

15  60780 

42 

92145 

30 

1 

30 

435 

4060 

27405 

1 42506 

5 93775 

20  35800 

58 

52925 

31 

1 

31 

465 

4495 

31465 

1 69911 

7 36281 

26  29575 

78 

88725 

32 

1 

32 

496 

4960 

35960 

2 01376 

9 06192 

33  65856 

105 

18300 

33 

1 

33 

528 

5456 

40920 

2 37336 

11  07568 

42  72048 

138 

84156 

34 

1 

34 

561 

5984 

46376 

2 78256 

13  44904 

53  79616 

181 

56204 

35 

1 

35 

595 

6545 

52360 

3 24632 

16  23160 

67  24520 

235 

35820 

36 

1 

36 

630 

7140 

58905 

3 76992 

19  47792 

83  47680 

302 

60340 

37 

1 

37 

666 

7770 

66045 

4 35897 

23  24784 

102  95472 

386 

08020 

38 

1 

38 

703 

8436 

73815 

5 01942 

27  60681 

126  20256 

489 

03492 

39 

1 

39 

741 

9139 

82251 

5 75757 

32  62623 

153  80937 

615 

23748 

40 

1 

40 

780 

9880 

91390 

6 58008 

38  38380 

186  43560 

769 

04685 

41 

1 

41 

820 

10660 

101270 

7 49398 

44  96388 

224  81940 

955 

48245 

42 

1 

42 

861 

11480 

111930 

8 50668 

52  45786 

269  78328 

1180 

30185 

43 

1 

43 

903 

12341 

123410 

9 62598 

60  96454 

322  24114 

1450 

08513 

44 

1 

44 

946 

13244 

135751 

10  86008 

70  59052 

383  20568 

1772 

32627 

45 

1 

45 

990 

14190 

148995 

12  21759 

81  45060 

453  79620 

2155 

53195 

46 

1 

46 

1035 

15180 

163185 

13  70754 

93  66819 

535  24680 

2609 

32815 

47 

1 

47 

1081 

16215 

178365 

15  33939 

107  37573 

628  91499 

3144 

57495 

48 

1 

48 

1128 

17296 

194580 

17  12304 

122  71512 

736  29072 

3773 

48994 

49 

1 

49 

1176 

18424 

211876 

19  06884 

139  83816 

859  00584 

4509 

78066 

50 

1 

50 

1225 

19600 

230300 

21  18760 

158  90700 

998  84400 

5368 

78650 

From  Royal  Society  Mathematical  Tables,  vol.  3,  Table  of  binomial  coefficients.  Cambridge  Univ. 
Press,  Cambridge,  England,  1954  (with  permission). 
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n\m 


BINOMIAL  COEFFICIENTS 


Table  24.1 


10 


11 


12 


13 


9 1 


10 

10 

1 

11 

55 

11 

12 

220 

66 

13 

715 

286 

14 

2002 

1001 

15 

5005 

3003 

16 

11440 

8008 

17 

24310 

19448 

18 

48620 

43758 

19 

92378 

92378 

20 

1 

67960 

1 

84756 

1 

21 

2 

93930 

3 

52716 

3 

22 

4 

97420 

6 

46646 

7 

23 

8 

17190 

11 

44066 

13 

24 

13 

07504 

19 

61256 

24 

25 

20 

42975 

32 

68760 

44 

26 

31 

24550 

53 

11735 

77 

27 

46 

86825 

84 

36285 

130 

28 

69 

06900 

131 

23110 

214 

29 

100 

15005 

200 

30010 

345 

30 

143 

07150 

300 

45015 

546 

31 

201 

60075 

443 

52165 

846 

32 

280 

48800 

645 

12240 

1290 

33 

385 

67100 

925 

61040 

1935 

34 

524 

51256 

1311 

28140 

2860 

35 

706 

07460 

1835 

79396 

4172 

36 

941 

43280 

2541 

86856 

6008 

37 

1244 

03620 

3483 

30136 

8549 

38 

1630 

11640 

4727 

33756 

12033 

39 

2119 

15132 

6357 

45396 

16760 

40 

2734 

38880 

8476 

60528 

23118 

41 

3503 

43565 

11210 

99408 

31594 

42 

4458 

91810 

14714 

42973 

42805 

43 

5639 

21995 

19173 

34783 

57520 

44 

7089 

30508 

24812 

56778 

76693 

45 

8861 

63135 

31901 

87286 

1 

01505 

46 

11017 

16330 

40763 

50421 

1 

33407 

47 

13626 

49145 

51780 

66751 

1 

74171 

48 

16771 

06640 

65407 

15896 

2 

25952 

49 

20544 

55634 

82178 

22536 

2 

91359 

50 

25054 

33700 

1 02722 

78170 

3 

73537 

1 


12 

1 

78 

13 

1 

364 

91 

14 

1365 

455 

105 

4368 

1820 

560 

12376 

6188 

2380 

31824 

18564 

8568 

75582 

50388 

27132 

67960 

1 

25970 

77520 

52716 

2 

93930 

2 

03490 

05432 

6 

46646 

4 

97420 

52078 

13 

52078 

11 

44066 

96144 

27 

04156 

24 

96144 

57400 

52 

00300 

52 

00300 

26160 

96 

57700 

104 

00600 

37895 

173 

83860 

200 

58300 

74180 

304 

21755 

374 

42160 

97290 

518 

95935 

678 

63915 

27300 

864 

93225 

1197 

59850 

72315 

1411 

20525 

2062 

53075 

24480 

2257 

92840 

3473 

73600 

36720 

3548 

17320 

5731 

66440 

97760 

5483 

54040 

9279 

83760 

25900 

8344 

51800 

14763 

37800 

05296 

12516 

77700 

23107 

89600 

92152 

18524 

82996 

35624 

67300 

22288 

27074 

75148 

54149 

50296 

56044 

39107 

97436 

81224 

25444 

01440 

55868 

53480 

1 

20332 

22880 

61968 

78986 

54920 

1 

76200 

76360 

61376 

1 

10581 

16888 

2 

55187 

31280 

04349 

1 

53386 

78264 

3 

65768 

48168 

39132 

2 

10906 

82613 

5 

19155 

26432 

95910 

2 

87600 

21745 

7 

30062 

09045 

83196 

3 

89106 

17655 

10 

17662 

30790 

33617 

5 

22514 

00851 

14 

06768 

48445 

00368 

6 

96685 

34468 

19 

29282 

49296 

16264 

9 

22637 

34836 

26 

25967 

83764 

38800 

12 

13996 

51100 

35 

48605 

18600 

830 
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Table  24.1  BINOMIAL  COEFFICIENTS  (”) 


n\m 

14 

15 

16 

17 

18 

19 

14 

15 

1 

15 

1 

16 

120 

16 

1 

17 

680 

136 

17 

1 

18 

3060 

816 

153 

18 

1 

19 

11628 

3876 

969 

171 

19 

1 

20 

38760 

15504 

4845 

1140 

190 

20 

21 

1 

16280 

54264 

20349 

5985 

1330 

210 

22 

3 

19770 

1 

70544 

74613 

26334 

7315 

1540 

23 

8 

17190 

4 

90314 

2 

45157 

1 

00947 

33649 

8855 

24 

19 

61256 

13 

07504 

7 

35471 

3 

46104 

1 

34596 

42504 

25 

44 

57400 

32 

68760 

20 

42975 

10 

81575 

4 

80700 

1 

77100 

26 

96 

57700 

77 

26160 

53 

11735 

31 

24550 

15 

62275 

6 

57800 

27 

200 

58300 

173 

83860 

130 

37895 

84 

36285 

46 

86825 

22 

20075 

28 

401 

16600 

374 

42160 

304 

21755 

214 

74180 

131 

23110 

69 

06900 

29 

775 

58760 

775 

58760 

678 

63915 

518 

95935 

345 

97290 

200 

30010 

30 

1454 

22675 

1551 

17520 

1454 

22675 

1197 

59850 

864 

93225 

546 

27300 

31 

2651 

82525 

3005 

40195 

3005 

40195 

2651 

82525 

2062 

53075 

1411 

20525 

32 

4714 

35600 

5657 

22720 

6010 

80390 

5657 

22720 

4714 

35600 

3473 

73600 

33 

8188 

09200 

10371 

58320 

11668 

03110 

11668 

03110 

10371 

58320 

8188 

09200 

34 

13919 

75640 

18559 

67520 

22039 

61430 

23336 

06220 

22039 

61430 

18559 

67520 

35 

23199 

59400 

32479 

43160 

40599 

28950 

45375 

67650 

45375 

67650 

40599 

28950 

36 

37962 

97200 

55679 

02560 

73078 

72110 

85974 

96600 

90751 

35300 

85974 

96600 

37 

61070 

86800 

93641 

99760 

1 

28757 

74670 

1 

59053 

68710 

1 

76726 

31900 

1 

76726 

31900 

38 

96695 

54100 

1 

54712 

86560 

2 

22399 

74430 

2 

87811 

43380 

3 

35780 

00610 

3 

53452 

63800 

39 

1 

50845 

04396 

2 

51408 

40660 

3 

77112 

60990 

5 

10211 

17810 

6 

23591 

43990 

6 

89232 

64410 

40 

2 

32069 

29840 

4 

02253 

45056 

6 

28521 

01650 

8 

87323 

78800 

11 

33802 

61800 

13 

12824 

08400 

41 

3 

52401 

52720 

6 

34322 

74896 

10 

30774 

46706 

15 

15844 

80450 

20 

21126 

40600 

24 

46626 

70200 

42 

5 

28602 

29080 

9 

86724 

27616 

16 

65097 

21602 

25 

46619 

27156 

35 

36971 

21050 

44 

67753 

10800 

43 

7 

83789 

60360 

15 

15326 

56696 

26 

51821 

49218 

42 

11716 

48758 

60 

83590 

48206 

80 

04724 

31850 

44 

11 

49558 

08528 

22 

99116 

17056 

41 

67148 

05914 

68 

63537 

97976 

102 

95306 

96964 

140 

88314 

80056 

45 

16 

68713 

34960 

34 

48674 

25584 

64 

66264 

22970 

110 

30686 

03890 

171 

58844 

94940 

243 

83621 

77020 

46 

23 

98775 

44005 

51 

17387 

60544 

99 

14938 

48554 

174 

96950 

26860 

281 

89530 

98830 

415 

42466 

71960 

47 

34 

16437 

74795 

75 

16163 

04549 

150 

32326 

09098 

274 

11888 

75414 

456 

86481 

25690 

697 

31997 

70790 

48 

48 

23206 

23240 

109 

32600 

79344 

225 

48489 

13647 

424 

44214 

84512 

730 

98370 

01104 

1154 

18478 

96480 

49 

67 

52488 

72536 

157 

55807 

02584 

334 

81089 

92991 

649 

92703 

98159 

1155 

42584 

85616 

1885 

16848 

97584 

50 

93 

78456 

56300 

225 

08295 

75120 

492 

36896 

95575 

984 

73793 

91150 

1805 

35288 

83775 

3040 

59433 

83200 

n\m 

20 

21 

22 

23 

24 

25 

20  1 


21 

21 

1 

22 

231 

22 

1 

23 

1771 

253 

23 

1 

24 

10626 

2024 

276 

24 

1 

25 

53130 

12650 

2300 

300 

25 

1 

26 

2 

30230 

65780 

14950 

2600 

325 

26 

27 

8 

88030 

2 

96010 

80730 

17550 

2925 

351 

28 

31 

08105 

11 

84040 

3 

76740 

98280 

20475. 

3276 

29 

100 

15005 

42 

92145 

15 

60780 

4 

75020 

1 

18755 

23751 

30 

300 

45015 

143 

07150 

58 

52925 

20 

35800 

5 

93775 

1 

42506 

31 

846 

72315 

443 

52165 

201 

60075 

78 

88725 

26 

29575 

7 

36281 

32 

2257 

92840 

1290 

24480 

645 

12240 

280 

48800 

105 

18300 

33 

65856 

33 

5731 

66440 

3548 

17320 

1935 

36720 

925 

61040 

385 

67100 

138 

84156 

34 

13919 

75640 

9279 

83760 

5483 

54040 

2860 

97760 

1311 

28140 

524 

51256 

35 

32479 

43160 

23199 

59400 

14763 

37800 

8344 

51800 

4172 

25900 

1835 

79396 

36 

73078 

72110 

55679 

02560 

37962 

97200 

23107 

89600 

12516 

77700 

6008 

05296 

37 

1 

59053 

68710 

1 

28757 

74670 

93641 

99760 

61070 

86800 

35624 

67300 

18524 

82996 

38 

3 

35780 

00610 

2 

87811 

43380 

2 

22399 

74430 

1 

54712 

86560 

96695 

54100 

54149 

50296 

39 

6 

89232 

64410 

6 

23591 

43990 

5 

10211 

17810 

3 

77112 

60990 

2 

51408 

40660 

1 

50845 

04396 

40 

13 

78465 

28820 

13 

12824 

08400 

11 

33802 

61800 

8 

87323 

78800 

6 

28521 

01650 

4 

02253 

45056 

41 

26 

91289 

37220 

26 

91289 

37220 

24 

46626 

70200 

20 

21126 

40600 

15 

15844 

80450 

10 

30774 

46706 

42 

51 

37916 

07420 

53 

82578 

74440 

51 

37916 

07420 

44 

67753 

10800 

35 

36971 

21050 

25 

46619 

27156 

43 

96 

05669 

18220 

105 

20494 

81860 

105 

20494 

81860 

96 

05669 

18220 

80 

04724 

31850 

60 

83590 

48206 

44 

176 

10393 

50070 

201 

26164 

00080 

210 

40989 

63720 

201 

26164 

00080 

176 

10393 

50070 

140 

88314 

80056 

45 

316 

98708 

30126 

377 

36557 

50150 

411 

67153 

63800 

411 

67153 

63800 

377 

36557 

50150 

316 

98708 

30126 

46 

560 

82330 

07146 

694 

35265 

80276 

789 

03711 

13950 

823 

34307 

27600 

789 

03711 

13950 

694 

35265 

80276 

47 

976 

24796 

79106 

1255 

17595 

87422 

1483 

38976 

94226 

1612 

38018 

41550 

1612 

38018 

41550 

1483 

38976 

94226 

48 

1673 

56794 

49896 

2231 

42392 

66528 

2738 

56572 

81648 

3095 

76995 

35776 

3224 

76036 

83100 

3095 

76995 

35776 

49 

2827 

75273 

46376 

3904 

99187 

16424 

4969 

98965 

48176 

5834 

33568 

17424 

6320 

53032 

18876 

6320 

53032 

18876 

50 

4712 

92122 

43960 

6732 

74460 

62800 

8874 

98152 

64600 

10804 

32533 

65600 

12154 

86600 

36300 

12641 

06064 

37752 
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Table  24.2 


Multinomials  and  Partitions 


n 

1 

2 


3 


4 


5 


6 


7 


ir=lai,  2%  . . nan,  tt=ai+2a2+  . . . +^n,  m=a1+a2+  . . . +<tn 
Mi=(n;  nu  rh,  . . nm)=n!/(l!)ai(2!)a2  . . . (nl)an 

M2=(n;  au  ch,  . . an)*=^!/laiai!2a2a2!  . . . na»aw! 

M3=(n;  aua2,  . . an)'=7i!/(l!)aiai!(2!)a2a2!  . . . (7i!)a«a„! 


m 

7 r 

Mx 

m2 

m3 

n m 

T 

Mi 

m2 

m3 

1 

1 

1 

1 

1 

8 1 

8 

1 

5040 

1 

2 

1,7 

8 

5760 

8 

i 

2 

i 

1 

i 

2,6 

28 

3360 

28 

X 

o 

l2 

X 

2 

X 

1 

X 

1 

3,  5 

56 

2688 

56 

X 

4/ 

X 

X 

42 

70 

1260 

35 

3 

l2,  6 

56 

3360 

28 

1 

3 

1 

2 

1 

1,2,5 

168 

4032 

168 

2 

1,2 

3 

3 

3 

1,3,4 

280 

3360 

280 

3 

l3 

6 

1 

1 

22,  4 

420 

1260 

210 

2,  32 

560 

1120 

280 

1 

4 

1 

6 

1 

4 

l3,  5 

336 

1344 

56 

2 

1,3 

4 

8 

4 

l2,  2,  4 

840 

2520 

420 

22 

6 

3 

3 

l2,  32 

1120 

1120 

280 

3 

l2,  2 

12 

6 

6 

1,  22,  3 

1680 

1680 

840 

4 

l4 

24 

1 

1 

24 

2520 

105 

105 

5 

l4,  4 

1680 

420 

70 

A 

-4 

l3,  2,  3 

3360 

1120 

560 

1 

5 

1 

24 

1 

l2,  23 

5040 

420 

420 

2 

1,4 

5 

30 

5 

6 

l6,  3 

6720 

112 

56 

2,  3 

10 

20 

10 

l4,  22 

10080 

210 

210 

3 

l2,  3 

20 

20 

10 

7 

l6,  2 

20160 

28 

28 

1,  22 

30 

15 

15 

8 

i8 

40320 

1 

1 

4 

l3,  2 

60 

10 

10 

5 

l6 

120 

1 

1 

9 1 

9 

1 

40320 

1 

2 

1,8 

9 

45360 

9 

2,  7 

36 

25920 

36 

1 

6 

1 

120 

1 

3,  6 

84 

20160 

84 

2 

1,  ^ 

6 

144 

6 

v; 

4,  5 

126 

18144 

126 

2,4 

o 

15 

90 

15 

3 

l2,  7 

72 

25920 

36 

32 

A j 

20 

40 

10 

1,  2,  6 

252 

30240 

252 

3 

12,4 

30 

90 

15 

7 7 

1,  3,  5 

504 

24192 

504 

1»  2,  3 

60 

120 

60 

7 7 

1,42 

630 

11340 

315 

2s 

90 

15 

15 

22  5 

756 

9072 

378 

4 

l3,  3 

120 

40 

20 

2,  3,4 

1260 

15120 

1260 

l2,  22 

180 

45 

45 

33 

1680 

2240 

280 

5 

1>  2 

360 

15 

15 

4 

l3,  6 

504 

10080 

84 

6 

i6 

720 

1 

1 

l2,  2,  5 

1512 

18144 

756 

l2,  3,  4 

2520 

15120 

1260 

1 

7 

1 

720 

1 

1,  22,  4 

3780 

11340 

1890 

2 

1,6 

7 

840 

7 

1,  2,  32 

5040 

10080 

2520 

2,6 

21 

504 

21 

23,  3 

7560 

2520 

1260 

3,4 

35 

420 

35 

5 

l4,  5 

3024 

3024 

126 

3 

l2,  5 

42 

504 

21 

l3,  2,  4 

7560 

7560 

1260 

1,2,4 

105 

630 

105 

l3,  32 

10080 

3360 

840 

1,  32 

140 

280 

70 

l2,  22,  3 

15120 

7560 

3780 

22,  3 

210 

210 

105 

If  24 

22680 

945 

945 

4 

l3,  4 

210 

210 

35 

6 

l6,  4 

15120 

756 

126 

l2,  2,  3 

420 

420 

210 

l4,  2,  3 

30240 

2520 

1260 

1,  23 

630 

105 

105 

l3,  2s 

45360 

1260 

1260 

5 

l4,  3 

840 

70 

35 

7 

1®,  3 

60480 

168 

84 

l8,  2a 

1260 

105 

105 

l6,  22 

90720 

378 

378 

6 

1*  2 

2520 

21 

21 

8 

l7,  2 

181440 

36 

36 

7 

l7 

5040 

1 

1 

9 

1* 

362880 

1 

1 
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Table  24.2  Multinomials  and  Partitions 


m 

IT 

Mi 

m2 

m3 

n m 

w 

Mx 

m2 

m3 

1 

10 

1 

362880 

1 

10 

23,  4 

18900 

18900 

3150 

2 

1,9 

10 

403200 

10 

22,  32 

25200 

25200 

6300 

2,  8 

45 

226800 

45 

5 

l4,  6 

5040 

25200 

210 

3,7 

120 

172800 

120 

l3,  2,  5 

15120 

60480 

2520 

4,6 

210 

151200 

210 

l3,  3,  4 

25200 

50400 

4200 

52 

252 

72576 

126 

l2,  22,  4 

*37800 

*56700 

9450 

3 

l2,  8 

90 

226800 

45 

l2,  2,  32 

50400 

50400 

12600 

1,2,7 

360 

259200 

360 

1,2*,  3 

75600 

25200 

12600 

1,3,6 

840 

201600 

840 

25 

113400 

945 

945 

1,4,5 

1260 

181440 

1260 

6 

l5,  5 

30240 

6048 

252 

22,  6 

1260 

75600 

630 

l4,  2,  4 

75600 

18900 

3150 

2,  3,  5 

2520 

* 120960 

2520 

l4,  32 

100800 

8400 

2100 

2,  42 

3150 

56700 

1575 

l3,  22,  3 

151200 

25200 

12600 

32,  4 

4200 

50400 

2100 

l2,  24 

226800 

4725 

4725 

4 

l3,  7 

720 

86400 

120 

7 

l6,  4 

151200 

1260 

210 

l2,  2,  6 

2520 

151200 

1260 

l8,  2,  3 

302400 

5040 

2520 

l2,  3,  5 

5040 

120960 

2520 

l4,  23 

453600 

3150 

3150 

l2,  42 

6300 

56700 

1575 

8 

l7,  3 

604800 

240 

120 

1,  22,  5 

7560 

90720 

3780 

1«,  2* 

907200 

630 

630 

1,2,  3,4 

12600 

151200 

12600 

9 

l8,  2 

1814400 

45 

45 

1,  33 

16800 

22400 

2800 

10 

l10 

3628800 

1 

1 

♦See  page  n. 
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STIRLING 

NUMBERS  OF  THE 

FIRST  KIND 

s(m ) 

n 

Table  24.3 

n\m 

1 

1 

1 

2 

3 

2 

-1 

1 

3 

2 

-3 

1 

4 

-6 

11 

— 6 

5 

24 

-50 

35 

6 

-120 

274 

-225 

7 

720 

-1764 

1624 

8 

-5040 

13068 

— 

13132 

9 

40320 

-1 

09584 

1 

18124 

10 

-3 

62880 

10 

26576 

-11 

72700 

11 

36 

28800 

-106 

28640 

127  53576 

12 

-399 

16800 

1205 

43840 

-1509 

17976 

13 

4790 

01600 

— 

14864 

42880 

19315 

59552 

14 

— 

62270 

20800 

1 

98027 

59040 

-2 

65967 

17056 

15 

8 

71782 

91200 

-28 

34656 

47360 

39 

21567 

97824 

16 

-130 

76743 

68000 

433 

91630 

01600 

-616 

58176 

14720 

17 

2092 

27898 

88000 

-7073 

42823 

93600 

10299 

22448 

37120 

18 

— 

35568 

74280 

96000 

1 

22340 

55905 

79200 

-1 

82160 

24446 

24640 

19 

6 40237 

37057 

28000 

-22 

37698 

80585 

21600 

34 

01224 

95938 

22720 

20 

-121 

64510 

04088 

32000 

431 

56514 

68176 

38400 

-668 

60973 

03411 

53280 

21 

2432 

90200 

81766 

40000 

-8752 

94803 

67616 

00000 

13803 

75975 

36407 

04000 

22 

— 

51090 

94217 

17094 

40000 

1 86244 

81078 

01702 

40000 

-2 

98631 

90286 

32163 

84000 

23 

11 

24000 

72777 

76076 

80000 

-41  48476 

77933 

54547 

20000 

67 

56146 

67377 

09306 

88000 

24 

-258 

52016 

73888 

49766 

40000 

965  38966 

65249 

30662 

40000 

-1595 

39850 

27606 

68605 

44000 

25 

6204 

48401 

73323 

94393 

60000 

-23427  87216 

39871 

85664 

00000 

39254 

95373 

27809 

77192 

96000 

n\ 

4 

m 

4 

1 

5 

6 

5 

-10 

1 

6 

85 

-15 

1 

7 

-735 

175 

-21 

8 

6769 

-1960 

322 

9 

— 

67284 

22449 

-4536 

10 

7 

23680 

-2 

69325 

63273 

11 

-84 

09500 

34 

16930 

-9 

02055 

12 

1052 

58076 

-459 

95730 

133 

39535 

13 

— 

14140 

14888 

6572 

06836 

-2060 

70150 

14 

2 

03137 

53096 

— 

99577 

03756 

33361 

18786 

15 

-31 

09892 

60400 

15 

97216 

05680 

-5 

66633 

66760 

16 

505 

69957 

03824 

-270 

68133 

45600 

100 

96721 

07080 

17 

-8707 

77488 

75904 

4836 

60092 

33424 

-1886 

15670 

58880 

18 

1 

58331 

39757 

27488 

— 

90929 

99058 

44112 

36901 

26492 

34384 

19 

-30 

32125 

40077 

19424 

17 

95071 

22809 

21504 

-7 

55152 

75920 

63024 

20 

610 

11607 

57404 

91776 

-371 

38478 

73452 

28000 

161 

42973 

65301 

18960 

21 

12870 

93124 

51509 

88800 

8037 

81182 

26450 

51776 

-3599 

97951 

79476 

07200 

22 

2 

84093 

31590 

18114 

68800  -1 

81664 

97952 

06970 

76096 

83637 

38169 

95448 

02976 

23 

-65 

48684 

85270 

30686 

97600  42 

80722 

86535 

71471 

42912 

-20 

21687 

37691 

06827 

41568 

24 

1573 

75898 

28594 

15107 

32800  -1050 

05310 

75591 

74529 

84576 

507 

79532 

53430 

28501 

98976 

25 

-39365 

61409 

13866 

31181 

31200  26775 

03356 

42796 

03823 

62624 

-13237 

14091 

57918 

58577 

60000 

From  unpublished  tables  of  Francis  L.  Miksa 

, with  permission. 
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Table  21.3 


ST 


IRLINC  NUMBERS  OF  THE  FIRST  KIND 

n 


n\m 

1 

i 

1 

8 

9 

8 

-28 

1 

9 

546 

-36 

1 

10 

-9450 

870 

-45 

11 

1 

57773 

— 

18150 

1320 

12 

-26 

37558 

3 

57423 

— 

32670 

13 

449 

90231 

-69 

26634 

7 

49463 

14 

-7909 

43153 

1350 

36473 

-166 

69653 

15 

1 

44093 

22928 

— 

26814 

53775 

3684 

11615 

16 

-27 

28032 

10680 

5 

46311 

29553 

82076 

28000 

17 

537 

45234 

77960 

-114 

69012 

83528 

18 

59531 

77553 

18 

— 

11022 

84661 

84200 

2487 

18452 

97936 

-430 

81053 

01929 

19 

2 

35312 

50405 

49984 

— 

55792 

16815 

47048 

10241 

77407 

32658 

20 

-52 

26090 

33625 

12720 

12 

95363 

69899 

43896 

-2 

50385 

87554 

67550 

21 

1206 

64780 

37803 

73360 

-311 

33364 

31613 

90640 

63 

03081 

20992 

94896 

22 

— 

28939 

58339 

73354 

47760 

7744 

65431 

01695 

76800 

-1634 

98069 

72465 

83456 

23 

7 

20308 

21644 

09246 

53696 

-1 

99321 

97822 

10661 

37360 

43714 

22964 

95944 

12832 

24 

-185 

88776 

35505 

19497 

76576 

53 

04713 

71552 

54458 

12976 

-12 

04749 

26016 

17376 

32496 

25 

4969 

10165 

05554 

96448 

36800 

-1459 

01905 

52766 

26492 

88000 

342 

18695 

95940 

71489 

92880 

n\m 

10 

11 

12 

10 

1 

11 

-55 

1 

12 

1925 

-66 

1 

13 

— 

55770 

2717 

-78 

14 

14 

74473 

— 

91091 

3731 

15 

-373 

12275 

27 

49747 

-1 

43325 

16 

9280 

95740 

-785 

58480 

48 

99622 

17 

-2 

30571 

59840 

21850 

31420 

-1569 

52432 

18 

57 

79248 

94833 

-6 

02026 

93980 

48532 

22764 

19 

-1471 

07534 

08923 

166 

15733 

86473 

-14 

75607 

03732 

20 

38192 

20555 

02195 

-4628 

06477 

51910 

446 

52267 

57381 

21 

-10 

14229 

98655 

11450 

1 

30753 

50105 

40395 



13558 

51828 

99530 

22 

276 

01910 

92750 

35346 

-37 

60053 

50868 

59745 

4 

15482 

38514 

30525 

23 

-7707 

40110 

12973 

61068 

1103 

23088 

11859 

49736 

-129 

00665 

98183 

31295 

24 

2 

20984 

45497 

94337 

17396 

- 33081 

71136 

85742 

04996 

4070 

38405 

70075 

69521 

25 

-65 

08376 

17966 

81468 

50000 

10  14945 

52782 

52146 

37300 

-1  30770 

92873 

67558 

73500 

n\m 

13 

11 

15 

16 

13 

1 

14 

-91 

1 

15 

5005 

-105 

1 

16 

-2 

18400 

6580 

-120 

1 

17 

83 

94022 

-3 

23680 

8500 

-136 

18 

-2996 

50806 

138 

96582 

-4 

68180 

10812 

19 

1 

02469 

37272 

-5497 

89282 

223 

23822 

-6 

62796 

20 

-34 

22525 

11900 

2 

06929 

33630 

-9739 

41900 

349 

16946 

21 

1131 

02769 

95381 

-75 

61111 

84500 

4 

01717 

71630 

— 

16722 

80820 

22 

_ 

37310 

09998 

02531 

2718 

86118 

69881 

-159 

97183 

88730 

7 

52896 

68850 

23 

12 

36304 

58470 

86207 

— 

97125 

04609 

39913 

6238 

24164 

21941 

-325 

60911 

03430 

24 

-413 

35671 

43013 

14056 

34 

70180 

64487 

04206 

-2 

40604 

60386 

44556 

13727 

25118 

00831 

25 

13990 

94520 

02391 

06865 

-1246 

20006 

90702 

15000 

92 

44691 

13761 

73550 

-5  70058 

63218 

64500 

n\m 

17 

IB 

19 

20 

21 

22 

23  24 

17 

18 

19 

20 

1 

-153 
13566 
-9  20550 

1 

-171 

16815 

1 

-190 

1 

25 


21 

533 

27946 

-12 

56850 

20615 

-210 

1 

22 

27921 

67686 

797 

21796 

-16 

89765 

25025 

-231 

23 

13 

67173 

57942 

\ 

45460 

47198 

1168 

96626 

-22 

40315 

30107 

24 

—640 

05903 

36096 

) 24 

12764 

43496 

- 72346 

69596 

1684 

23871 

-29 

32776 

25 

29088 

66798 

67135 

-1219 

12249 

80000 

41  49085 

13800 

-1  12768 

42500 

2388 

10495 

1 

—253  1 

35926  -276  1 

-37  95000  42550  -300 


1 
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STIRLING  Nl  MBKKS  OP  THE  SECOND  KIND  Table  2 1,1 


n\i 

rti  1 

2 

3 

1 

.) 

6 

1 

2 

1 

1 

1 

3 

1 

3 

l 

4 

1 

7 

6 

1 

5 

1 

15 

25 

10 

1 

6 

1 

31 

90 

65 

15 

l 

7 

1 

63 

301 

350 

140 

21 

8 

1 

127 

966 

1701 

1050 

266 

9 

1 

255 

3025 

7770 

6951 

2646 

10 

1 

511 

9330 

34105 

42525 

22827 

11 

1 

1023 

28501 

1 45750 

2 46730 

1 

79487 

12 

1 

2047 

86526 

6 11501 

13  79400 

13 

23652 

13 

1 

4095 

2 

61625 

25  32530 

75  08501 

93 

21312 

14 

1 

8191 

7 

88970 

103  91745 

400  75035 

634 

36373 

15 

1 

16383 

23 

75101 

423  55950 

2107  66920 

4206 

93273 

16 

1 

32767 

71 

41686 

1717  98901 

10961  90550 

27349 

26558 

17 

1 

65535 

214 

57825 

6943  37290 

56527  51651 

l 

75057 

49898 

18 

1 

1 31071 

644 

39010 

27988  06985 

2 89580  95545 

n 

06872 

51039 

19 

1 

2 62143 

1934 

48101 

1 12596  66950 

14  75892  84710 

69 

30816 

01779 

20 

1 

5 24287 

5806 

06446 

4 52321  15901 

74  92060  90500 

430 

60788 

95384 

21 

1 

10  48575 

17423 

43625 

18  15090  70050 

379  12625  68401 

2658 

56794 

62804 

22 

1 

20  97151 

52280 

79450 

72  77786  23825 

1913  78219  12055 

16330 

53393 

45225 

23 

1 

41  94303 

1 56863 

35501 

291  63425  74750 

9641  68881  84100 

99896 

98579 

83405 

24 

1 

83  88607 

4 70632 

00806  : 

1168  10566  34501 

48500  07834  95250 

6 

09023 

60360 

84530 

25 

1 

167  77215 

14  11979 

91025  < 

4677  12897  38810 

2 43668  49741  10751 

37 

02641 

70000 

02430 

Hx 

m 

7 

8 

9 

10 

7 

8 

1 

28 

l 

9 

462 

36 

l 

10 

5880 

750 

45 

1 

11 

63987 

11880 

1155 

55 

12 

6 

27396 

1 59027 

22275 

1705 

13 

57 

15424 

18  99612 

3 59502 

39325 

14 

493 

29280 

209  12320 

51  35130 

7 

52752 

15 

4087 

41333 

2166  27840 

671  28490 

126 

62650 

16 

32818 

82604 

21417  64053 

8207  84250 

1937 

54990 

17 

2 57081 

04786 

2 

04159  95028 

95288  22303 

27583 

34150 

18 

19  74624 

83400 

18 

90360  65010 

10  61753  95755 

3 

71121 

63803 

19 

149  29246 

34839 

170 

97510  03480 

114  46146  26805 

47 

72970 

33785 

20 

1114  35540 

45652 

1517 

09326  62679 

1201  12826  44725 

591 

75849 

64655 

21 

8231  09572 

14948 

13251 

10153  47084 

12327  24764  65204 

7118 

71322 

91275 

22 

60276  23799 

67440 

1 14239 

90799  91620 

l 

24196  33035  33920 

83514 

37993 

77954 

23 

4 

38264  19991 

17305 

9 74195 

50199  00400  12 

32006  88117  96900 

9 

59340 

12973 

13460 

24 

31 

67746  38518 

04540 

82  31828 

21583  20505  120 

62257  43260  72500 

108 

25408 

17849 

31500 

25 

227 

83248  29987 

16310  690  22372 

11183  68580  1167 

92145  10929  73005 

1203 

16339 

21753 

87500 

llx 

m 

n 

12 

13 

1 1 

11 

i 

12 

66 

l 

13 

2431 

78 

l 

14 

66066 

3367 

91 

1 

15 

14 

79478 

1 06470 

4550 

105 

16 

289 

36908 

27  57118 

1 65620 

6020 

17 

5120 

60978 

620  22324 

49  10178 

2 

49900 

18 

83910 

04908 

12563  28866 

1258  54638 

84 

08778 

19 

12  94132 

17791 

2 34669  51300 

28924  39160 

2435 

77530 

20 

190  08424 

29486 

41  10166  33391 

6 10686  60380 

63025 

24580 

21 

2682  68516 

89001 

683  30420  30178 

120  49092  18331 

14 

93040 

04500 

22 

36628  25008 

70286 

10882  33560  51137 

2249  68618  68481 

329 

51652 

81331 

23 

4 

86425  13089 

51100 

1 67216  27734  83930 

40128  25603  41390 

6862 

91758 

07115 

24 

63 

10016  56957 

75560 

24  93020  45907  58260 

6 88883  60579  22000 

1 

36209 

10216 

41000 

25 

802 

35590  44384 

62660 

362  26262  07848  74680 

114  48507  33437  44260 

25 

95811 

03608 

96000 

\ 

ii 

III 

15 

16 

17 

18 

1<> 

15  1 


16 

120 

1 

17 

7820 

136 

1 

18 

3 67200 

9996 

153 

1 

19 

139  16778 

5 

27136 

12597 

171 

1 

20 

4523  29200 

223 

50954 

7 41285 

15675 

190 

21 

1 

30874  62580 

8099 

44464 

349  52799 

10  23435 

19285 

22 

34 

56159  43200. 

2 

60465 

74004 

14041  42047 

533  74629 

13 

89850 

23 

847 

94044  29331 

76 

23611 

27264 

4 

99169  88803 

23648  85369 

797 

81779 

24 

19582 

02422  47080 

2067 

71824 

65555 

161 

09499  36915 

9 

24849  25445 

38807 

39170 

25 

4 29939 

46553  47200 

52665 

51616 

95960 

4806 

33313  93110 

327 

56785  94925 

16  62189 

69675 

II 

III 

20 

21 

22 

23 

21 

23 

20 

l 

21 

210 

l 

22 

23485 

231 

l 

23 

18  59550 

28336 

253 

1 

24 

1169  72779 

24 

54606 

33902 

276 

1 

25 

62201  94750 

1685 

19505 

32  00450 

40250 

300 

1 

From  unpublished  tables  of  Francis  L.  Miksa,  with  permission. 
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Table  21.5 


NUMBER  OF  PARTITIONS  AND  PARTITIONS  INTO  DISTINCT  PARTS 


// 

K") 

700 

n 

/'(") 

'/(") 

n 

K») 

V(") 

n 

/<») 

v(») 

0 

1 

50 

2 

04226 

3658 

100 

1905 

69292 

4 

44793 

150 

4 

08532 

35313 

194 

06016 

1 

1 

1 

51 

2 

39943 

4097 

101 

2144 

81126 

4 

83330 

151 

4 

50606 

24582 

207 

92120 

2 

2 

1 

52 

2 

81589 

4582 

102 

2412 

65379 

5 

25016 

152 

4 

96862 

88421 

222 

72512 

3 

3 

2 

53 

3 

29931 

5120 

103 

2712 

48950 

5 

70078 

153 

5 

47703 

36324 

238 

53318 

4 

5 

2 

54 

3 

86155 

5718 

104 

3048 

01365 

6 

18784 

154 

6 

03566 

73280 

255 

40982 

5 

7 

3 

55 

4 

51276 

6378 

105 

3423 

25709 

6 

71418 

155 

6 

64931 

82097 

273 

42421 

6 

11 

4 

56 

5 

26823 

7108 

106 

3842 

76336 

7 

28260 

156 

7 

32322 

43759 

292 

64960 

7 

15 

5 

57 

6 

14154 

7917 

107 

4311 

49389 

7 

89640 

157 

8 

06309 

64769 

313 

16314 

8 

22 

6 

58 

7 

15220 

8808 

108 

4835 

02844 

8 

55906 

158 

8 

87517 

78802 

335 

04746 

9 

30 

8 

59 

8 

31820 

9792 

109 

5419 

46240 

9 

27406 

159 

9 

76627 

28555 

358 

39008 

10 

42 

10 

60 

9 

66467 

10880 

110 

6071 

63746 

10 

04544 

160 

10 

74381 

59466 

383 

28320 

11 

56 

12 

61 

11 

21505 

12076 

111 

6799 

03203 

10 

87744 

161 

11 

81590 

68427 

409 

82540 

12 

77 

15 

62 

13 

00156 

13394 

112 

7610 

02156 

11 

77438 

162 

12 

99139 

04637 

438 

12110 

13 

101 

18 

63 

15 

05499 

14848 

113 

8513 

76628 

12 

74118 

163 

14 

27989 

95930 

468 

28032 

14 

135 

22 

64 

17 

41630 

16444 

114 

9520 

50665 

13 

78304 

164 

15 

69194 

« 

75295 

500 

42056 

15 

176 

27 

65 

20 

12558 

18200 

115 

10641 

44451 

14 

90528 

165 

17 

23898 

00255 

534 

66624 

16 

231 

32 

66 

23 

23520 

20132 

116 

11889 

08248 

16 

11388 

166 

18 

93348 

22579 

571 

14844 

17 

297 

38 

67 

26 

79689 

22250 

117 

13277 

10076 

17 

41521 

167 

20 

78904 

20102 

610 

00704 

18 

385 

46 

68 

30 

87735 

24576 

118 

14820 

74143 

18 

81578 

168 

22 

82047 

32751 

651 

39008 

19 

490 

54 

69 

35 

54345 

27130 

119 

16536 

68665 

20 

32290 

169 

25 

04389 

25115 

695 

45358 

20 

627 

64 

70 

40 

87968 

29927 

120 

18443 

49560 

21 

94432 

170 

27 

47686 

17130 

742 

36384 

21 

792 

76 

71 

46 

97205 

32992 

121 

20561 

48051 

23 

68800 

171 

30 

13848 

02048 

792 

29676 

22 

1002 

89 

72 

53 

92783 

36352 

122 

22913 

20912 

25 

56284 

172 

33 

04954 

99613 

845 

43782 

23 

1255 

104 

73 

61 

85689 

40026 

123 

25523 

38241 

27 

57826 

173 

36 

23268 

59895 

901 

98446 

24 

1575 

122 

74 

70 

89500 

44046 

124 

28419 

40500 

29 

74400 

174 

39 

71250 

74750 

962 

14550 

25 

1958 

142 

75 

81 

18264 

48446 

125 

31631 

27352 

32 

07086 

175 

43 

51576 

97830 

1026 

14114 

26 

2436 

165 

76 

92 

89091 

53250 

126 

35192 

22692 

34 

57027 

176 

47 

67158 

57290 

1094 

20549 

27 

3010 

192 

77 

106 

19863 

58499 

127 

39138 

64295 

37 

25410 

177 

52 

21158 

31195 

1166 

58616 

28 

3718 

222 

78 

121 

32164 

64234 

128 

43510 

78600 

40 

13544 

178 

57 

17016 

05655 

1243 

54422 

29 

4565 

256 

79 

138 

48650 

70488 

129 

48352 

71870 

43 

22816 

179 

62 

58467 

53120 

1325 

35702 

30 

5604 

296 

80 

157 

96476 

77312 

130 

53713 

15400 

46 

54670 

180 

68 

49573 

90936 

1412 

31780 

31 

6842 

340 

81 

180 

04327 

84756 

131 

59645 

39504 

50 

10688 

181 

74 

94744 

11781 

1504 

73568 

32 

8349 

390 

82 

205 

06255 

92864 

132 

66208 

30889 

53 

92550 

182 

81 

98769 

08323 

1602 

93888 

33 

10143 

448 

83 

233 

38469 

101698 

133 

73466 

29512 

58 

02008 

183 

89 

66848 

17527 

1707 

27424 

34 

12310 

512 

84 

265 

43660 

111322 

134 

81490 

40695 

62 

40974 

184 

98 

04628 

80430 

1818 

10744 

35 

14883 

585 

85 

301 

67357 

121792 

135 

90358 

36076 

67 

11480 

185 

107 

18237 

74337 

1935 

82642 

36 

17977 

668 

86 

342 

62962 

133184 

136 

1 

00155 

81680 

72 

15644 

186 

117 

14326 

92373 

2060 

84096 

37 

21637 

760 

87 

388 

87673 

145578 

137 

1 

10976 

45016 

77 

55776 

187 

128 

00110 

42268 

2193 

58315 

38 

26015 

864 

88 

441 

08109 

159046 

138 

1 

22923 

41831 

83 

34326 

188 

139 

83417 

45571 

2334 

51098 

39 

31185 

982 

89 

499 

95925 

173682 

139 

1 

36109 

49895 

89 

53856 

189 

152 

72735 

99625 

2484 

10816 

40 

37338 

1113 

90 

566 

34173 

189586 

140 

1 

50658 

78135 

96 

17150 

190 

166 

77274 

04093 

2642 

88462 

41 

44583 

1260 

91 

641 

12359 

206848 

141 

1 

66706 

89208 

103 

27156 

191 

182 

07011 

00652 

2811 

38048 

42 

53174 

1426 

92 

725 

33807 

225585 

142 

1 

84402 

93320 

110 

86968 

192 

198 

72768 

56363 

2990 

16608 

43 

63261 

1610 

93 

820 

10177 

245920 

143 

2 

03909 

82757 

118 

99934 

193 

216 

86271 

05469 

3179 

84256 

44 

75175 

1816 

94 

926 

69720 

267968 

144 

2 

25406 

54445 

127 

69602 

194 

236 

60227 

41845 

3381 

04630 

45 

89134 

2048 

95 

1046 

51419 

291874 

145 

2 

49088 

58009 

136 

99699 

195 

258 

08402 

12973 

3594 

44904 

46 

105558 

2304 

96 

1181 

14304 

317788 

146 

2 

75170 

52599 

146 

94244 

196 

281 

45709 

87591 

3820 

75868 

47 

124754 

2590 

97 

1332 

30930 

345856 

147 

3 

03886 

71978 

157 

57502 

197 

306 

88298 

78530 

4060 

72422 

48 

147273 

2910 

98 

1501 

98136 

376256 

148 

3 

35494 

19497 

168 

93952 

198 

334 

53659 

83698 

4315 

13602 

49 

173525 

3264 

99 

1692 

29875 

409174 

149 

3 

70273 

55200 

181 

08418 

199 

364 

60724 

32125 

4584 

82688 

50 

204226 

3658 

100 

1905 

69292 

444793 

150 

4 

08532 

35313 

194 

06016 

200 

397 

29990 

29388 

4870 

67746 

Values  of  ;>(//)  from  H.  Gupta,  A table  of  partitions,  Proc.  London  Math.  Soc.  39,  142-149,  1935  and  II.  42,  546-549,  1937 
(with  permission). 
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NUMBER  OF  PARTITIONS  AND  PARTITIONS  INTO  DISTINCT  PARTS  Table  24.5 


n 

p(n) 

q(n) 

n 

pin) 

q(n) 

200 

397 

29990 

29388 

4870 

67746 

250 

23079 

35543 

64681 

85192 

80128 

201 

432 

83636 

58647 

5173 

61670 

251 

24929 

14511 

68559 

89949 

26602 

202 

471 

45668 

86083 

5494 

62336 

252 

26923 

27012 

52579 

94961 

58208 

203 

513 

42052 

87973 

5834 

73184 

253 

29072 

69579 

16112 

1 

00243 

00890 

204 

559 

00883 

17495 

6195 

03296 

254 

31389 

19913 

06665 

1 

05807 

47264 

205 

608 

52538 

59260 

6576 

67584 

255 

33885 

42642 

48680 

1 

11669 

59338 

206 

662 

29877 

08040 

6980 

87424 

256 

36574 

95668 

70782 

1 

17844 

71548 

207 

720 

68417 

06490 

7408 

90786 

257 

39472 

36766 

55357 

1 

24348 

95064 

208 

784 

06562 

26137 

7862 

12446 

258 

42593 

30844 

09356 

1 

31199 

20928 

209 

852 

85813 

02375 

8341 

94700 

259 

45954 

57504 

48675 

1 

38413 

23582 

210 

927 

51025 

75355 

8849 

87529 

260 

49574 

19347 

60846 

1 

46009 

65705 

211 

1008 

50658 

85767 

9387 

48852 

261 

53471 

50629 

08609 

1 

54008 

01856 

212 

1096 

37072 

05259 

9956 

45336 

262 

57667 

26749 

47168 

1 

62428 

82560 

213 

1191 

66812 

36278 

10558 

52590 

263 

62183 

74165 

09615 

1 

71293 

59744 

214 

1295 

00959 

25895 

11195 

55488 

264 

67044 

81230 

60170 

1 

80624 

90974 

215 

1407 

05456 

99287 

11869 

49056 

265 

72276 

09536 

90372 

1 

90446 

44146 

216 

1528 

51512 

48481 

12582 

38720 

266 

77905 

06295 

62167 

2 

00783 

03620 

217 

1660 

15981 

07914 

13336 

40710 

267 

83961 

17303 

66814 

2 

11660 

75136 

218 

1802 

81825 

16671 

14133 

83026 

268 

90476 

01083 

16360 

2 

23106 

91192 

219 

1957 

38561 

61145 

14977 

05768 

269 

97483 

43699 

44625 

2 

35150 

17984 

220 

2124 

82790 

09367 

15868 

61606 

270 

1 

05019 

74899 

31117 

2 

47820 

61070 

221 

2306 

18711 

73849 

16811 

16852 

271 

1 

13123 

85039 

38606 

2 

61149 

71540 

222 

2502 

58737 

60111 

17807 

51883 

272 

1 

21837 

43498 

44333 

2 

75170 

53882 

223 

2715 

24089 

25615 

18860 

61684 

273 

1 

31205 

18008 

16215 

2 

89917 

72486 

224 

2945 

45499 

41750 

19973 

57056 

274 

1 

41274 

95651 

73450 

3 

05427 

58738 

225 

3194 

63906 

96157 

21149 

65120 

275 

1 

52098 

04928 

51175 

3 

21738 

19904 

226 

3464 

31263 

22519 

22392 

29960 

276 

1 

63729 

39693 

37171 

3 

38889 

46600 

227 

3756 

11335 

82570 

23705 

13986 

277 

1 

76227 

84330 

57269 

3 

56923 

20960 

228 

4071 

80636 

27362 

25091 

98528 

278 

1 

89656 

41035 

91584 

3 

75883 

26642 

229 

4413 

29348 

84255 

26556 

84608 

279 

2 

04082 

58525 

75075 

3 

95815 

57440 

230 

4782 

62397 

45920 

28103 

94454 

280 

2 

19578 

63116 

82516 

4 

16768 

26624 

231 

5182 

00518 

38712 

29737 

72212 

281 

2 

36221 

91453 

37711 

4 

38791 

78240 

232 

5613 

81486 

70947 

31462 

84870 

282 

2 

54095 

25900 

45698 

4 

61938 

97032 

233 

6080 

61354 

38329 

33284 

23936 

283 

2 

73287 

31835 

47535 

4 

86265 

19094 

234 

6585 

15859 

70275 

35207 

06304 

284 

2 

93892 

97939 

29555 

5 

11828 

44672 

235 

7130 

41855 

14919 

37236 

75326 

285 

3 

16013 

78671 

48997 

5 

38689  49522 

236 

7719 

58926 

63512 

39379 

02688 

286 

3 

39758 

40119 

86773 

5 

66911 

97084 

237 

8356 

11039 

25871 

41639 

89458 

287 

3 

65243 

08360 

71053 

5 

96562 

52987 

238 

9043 

68396 

68817 

44025 

67324 

288 

3 

92592 

21614 

89422 

6 

27710 

98024 

239 

9786 

29337 

03585 

46543 

00706 

289 

4 

21938 

85285 

87095 

6 

60430 

42088 

240 

10588 

22467 

22733 

49198 

87992 

290 

4 

53425 

31269 

00886 

6 

94797 

40554 

241 

11454 

08845 

53038 

52000 

62976 

291 

4 

87203 

80564 

72084 

7 

30892 

09120 

242 

12388 

84430 

77259 

54955 

97248 

292 

5 

23437 

10697 

53672 

7 

68798 

39744 

243 

13397 

82593 

44888 

58073 

01632 

293 

5 

62299 

26919 

50605 

8 

08604 

19136 

244 

14486 

76924 

96445 

61360 

27874 

294 

6 

03976 

38820 

95515 

8 

50401 

45750 

245 

15661 

84125 

27946 

64826 

71322 

295 

6 

48667 

41270 

79088 

8 

94286 

47940 

246 

16929 

67223 

91554 

68481 

72604 

296 

6 

96585 

01441 

95831 

9 

40360 

04868 

247 

18297 

38898 

54026 

72335 

19619 

297 

7 

47956 

50785 

10584 

9 

88727 

65938 

248 

19772 

65166 

81672 

76397 

50522 

298 

8 

03024 

83849 

43040 

10 

39499 

71456 

249 

21363 

69198 

20625 

80679 

55712 

299 

8 

62049 

62754 

65025 

10 

92791 

76298 

250 

23079 

35543 

64681 

85192 

80128 

300 

9 

25308 

29367 

23602 

11 

48724 

72064 

838 
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Table  24.5  NUMBER  OF  PARTITIONS  AND  PARTITIONS  INTO  DISTINCT  PARTS 


}) 

K") 

<7(«) 

n 

H") 

</(”) 

300 

9 

25308 

29367 

23602 

11 

48724 

72064 

350 

279 

36332 

84837 

02152 

126 

91829 

24648 

301 

9 

93097 

23924 

03501 

12 

07425 

10607 

351 

298 

33006 

30627 

58076 

132 

93477 

19190 

302 

10 

65733 

12325 

48839 

12 

69025 

30816 

352 

318 

55597 

37883 

29084 

139 

22769 

71520 

303 

11 

43554 

20778 

22104 

13 

33663 

83848 

353 

340 

12281 

00485 

77428 

145 

80938 

18816 

304 

12 

26921 

80192 

29465 

14 

01485 

59930 

354 

363 

11751 

20481 

10005 

152 

69267 

15868 

305 

13 

16221 

78950 

57704 

14 

72642 

18618 

355 

387 

63253 

29190 

29223 

159 

89096 

56578 

306 

14 

11866 

26652 

80005 

15 

47292 

17536 

356 

413 

76618 

09333 

42362 

167 

41824 

09148 

307 

15 

14295 

27388 

57194 

16 

25601 

42890 

357 

441 

62298 

19293 

58437 

175 

28907 

55072 

308 

16 

23978 

65358 

29663 

17 

07743 

43642 

358 

471 

31406 

42683 

98780 

183 

51867 

38752 

309 

17 

41418 

01331 

47295 

17 

93899 

64242 

359 

502 

95756 

65060 

00020 

192 

12289 

32216 

310 

18 

67148 

82996 

00364 

18 

84259 

79304 

360 

536 

67907 

03106 

91121 

201 

11827 

04478 

311 

20 

01742 

67625 

76945 

19 

79022 

32212 

361 

572 

61205 

88980 

37559 

210 

52205 

02772 

312 

21 

45809 

60373 

52891 

20 

78394 

72390 

362 

610 

89840 

37518 

84101 

220 

35221 

50410 

313 

23 

00000 

66554 

87337 

21 

82593 

94656 

363 

651 

68887 

99972 

06959 

230 

62751 

50210 

314 

24 

65010 

61508 

30490 

22 

91846 

82870 

364 

695 

14371 

34589 

46040 

241 

36750 

01278 

315 

26 

41580 

76335 

66326 

24 

06390 

52286 

365 

741 

43315 

98840 

81684 

252 

59255 

33946 

316 

28 

30502 

03409 

96003 

25 

26472 

94208 

366 

790 

73811 

96494 

11319 

264 

32392 

51488 

317 

30 

32618 

19898 

42964 

26 

52353 

25352 

367 

843 

25078 

85625 

28427 

276 

58376 

86784 

318 

32 

48829 

33514 

66654 

27 

84302 

35904 

368 

899 

17534 

83960 

88349 

289 

39517 

78822 

319 

34 

80095 

48694 

40830 

29 

22603 

40224 

369 

958 

72869 

79123 

38045 

302 

78222 

57408 

320 

37 

27440 

57767 

48077 

30 

67552 

32574 

370 

1022 

14122 

83673 

45362 

316 

77000 

44480 

321 

39 

91956 

55269 

99991 

32 

19458 

41664 

371 

1089 

65764 

44243 

99782 

331 

38466 

77248 

322 

42 

74807 

80359 

54696 

33 

78644 

88192 

372 

1161 

53783 

48499 

62850 

346 

65347 

41118 

323 

45 

77235 

85435 

78028 

35 

45449 

47722 

373 

1238 

05779 

41191 

25085 

362 

60483 

21048 

324 

49 

00564 

36352 

37875 

37 

20225 

12608 

374 

1319 

51059 

97274 

73500 

379 

26834 

76992 

325 

52 

46204 

42288 

28641 

39 

03340 

57172 

375 

1406 

20744 

65614 

84054 

396 

67487 

30794 

326 

56 

15660 

21128 

74289 

40 

95181 

08690 

376 

1498 

47874 

35905 

81081 

414 

85655 

73659 

327 

60 

10534 

98396 

66544 

42 

96149 

17632 

377 

1596 

67527 

44907 

56791 

433 

84690 

00206 

328 

64 

32537 

46091 

14550 

45 

06665 

31450 

378 

1701 

16942 

79758 

13525 

453 

68080 

55808 

329 

68 

83488 

59460 

73850 

47 

27168 

74732 

379 

1812 

35649 

97394 

72950 

474 

39464 

06976 

330 

73 

65328 

78618 

50339 

49 

58118 

28759 

380 

1930 

65607 

23504 

65812 

496 

02629 

40968 

331 

78 

80125 

53026 

66615 

51 

99993 

15040 

381 

2056 

51347 

53366 

33805 

518 

61523 

80864 

332 

84 

30081 

56362 

25119 

54 

53293 

85792 

382 

2190 

40133 

24237 

65131 

542 

20259 

26436 

333 

90 

17543 

49805 

49623 

57 

18543 

13990 

383 

2332 

82119 

85438 

92336 

566 

83119 

27092 

334 

96 

45011 

01922 

02760 

59 

96286 

87918 

384 

2484 

30529 

42654 

18180 

592 

54565 

72864 

335 

103 

15146 

63217 

35325 

62 

87095 

13216 

385 

2645 

41834 

06887 

63701 

619 

39246 

14094 

336 

110 

30786 

04252 

92772 

65 

91563 

14788 

386 

2816 

75950 

32179 

42792 

647 

42001 

16480 

337 

117 

94949 

15461 

13972 

69 

10312 

43770 

387 

2998 

96444 

77364 

52194 

676 

67872 

37064 

338 

126 

10851 

78337 

96355 

72 

43991 

92576 

388 

3192 

70751 

84335 

32826 

707 

22110 

32064 

339 

134 

81918 

06233 

01520 

75 

93279 

10200 

389 

3398 

70404 

13581 

60275 

739 

10183 

03854 

340 

144 

11793 

65278 

73832 

79 

58881 

23110 

390 

3617 

71276 

38676 

04423 

772 

37784 

71936 

341 

154 

04359 

73795 

76030 

83 

41536 

64940 

391 

3850 

53843 

46674 

29186 

807 

10844 

79444 

342 

164 

63747 

91657 

61044 

87 

42016 

06890 

392 

4098 

03453 

56265 

94791 

843 

35537 

42947 

343 

175 

94355 

98104 

22753 

91 

61123 

94270 

393 

4361 

10617 

07622 

84114 

881 

18291 

29614 

344 

188 

00864 

70522 

92980 

95 

99699 

92704 

394 

4640 

71312 

46996 

23515 

920 

65799 

74150 

345 

200 

88255 

62876 

83159 

100 

58620 

35461 

395 

4937 

87309 

67881 

91655 

961 

85031 

43424 

346 

214 

61829 

97432 

86299 

105 

38799 

77632 

396 

5253 

66512 

44169 

75163 

1004 

83241 

32444 

347 

229 

27228 

68712 

17150 

110 

41192 

60918 

397 

5589 

23320 

25954 

04488 

1049 

67982 

04736 

348 

244 

90453 

74553 

82406 

115 

66794 

79970 

398 

5945 

79011 

47078 

74597 

1096 

47115 

85280 

349 

261 

57890 

73511 

44125 

121 

16645 

56454 

399 

6324 

62148 

25042 

94325 

1145 

28826 

89344 

350 

279 

36332 

84837 

02152 

126 

91829 

24648 

400 

6727 

09005 

17410 

41926 

1196 

21634 

00706 

COMBINATORIAL  ANALYSIS 


839 


NUMBER  OF  PARTITIONS  AND  PARTITIONS  INTO  DISTINCT  PARTS  Table  24.5 


» p{»)  '?(«)  » K'O  o(») 


400 

6727 

09005 

17410 

41926 

1196 

21634 

00706 

450 

1 

34508 

18800 

15729 

23840 

9893 

14440 

61528 

401 

7154 

64022 

26539 

42321 

1249 

34404 

08000 

451 

1 

42573 

13615 

53474 

04229 

10307 

93957 

13070 

402 

7608 

80284 

33398 

79269 

1304 

76365 

81998 

452 

1 

51112 

26207 

19173 

13678 

10739 

65687 

10144 

403 

8091 

20027 

64844 

65581 

1362 

57124 

07808 

453 

1 

60152 

90524 

45537 

15585 

11188 

96810 

43072 

404 

8603 

55175 

93486 

55060 

1422 

86674 

81438 

454 

1 

69723 

95104 

64580 

40965 

11656 

57102 

54336 

405 

9147 

67906 

88591 

17602 

1485 

75420 

52794 

455 

1 

79855 

91645 

39582 

67598 

12143 

19032 

12544 

406 

9725 

51251 

37420 

21729 

1551 

34186 

29884 

456 

1 

90581 

04044 

26519 

31034 

12649 

57862 

22432 

407 

10339 

09726 

71239 

47241 

1619 

74236 

54282 

457 

2 

01933 

37928 

51146 

88629 

13176 

51755 

08648 

408 

10990 

60006 

37759 

26994 

1691 

07292 

29128 

458 

2 

13948 

90703 

27330 

69132 

13724 

81881 

00782 

409 

11682 

31627 

71923 

17780 

1765 

45549 

15430 

459 

2 

26665 

62143 

58313 

45565 

14295 

32530 

93376 

410 

12416 

67740 

31511 

90382 

1843 

01696 

07104 

460 

2 

40123 

65561 

39251 

92081 

14888 

91233 

20640 

411 

13196 

25896 

69254 

35702 

1923 

88934 

65516 

461 

2 

54365 

39575 

85741 

99975 

15506 

48874 

75476 

412 

14023 

78888 

35188 

47344 

2008 

20999 

30208 

462 

2 

69435 

60521 

29549 

94471 

16148 

99826 

46592 

413 

14902 

15629 

03099 

48968 

2096 

12178 

16576 

463 

2 

85381 

55524 

19619 

86287 

16817 

42073 

15550 

414 

15834 

42088 

44881 

87770 

2187 

77334 

80960 

464 

? 

02253 

16287 

25766 

36605 

17512 

77348 

45952 

415 

16823 

82278 

71392 

35544 

2283 

31930 

70488 

465 

3 

20103 

13615 

29932 

90544 

18236 

11274 

38194 

416 

17873 

79296 

96898 

76004 

2382 

92048 

69148 

466 

3 

38987 

12724 

95254 

32549 

18988 

53505 

94524 

417 

18987 

96426 

73316 

64557 

2486 

74417 

20078 

467 

3 

58963 

89376 

81628 

76613 

19771 

17881 

29024 

418 

20170 

18301 

88059 

33659 

2594 

96435 

42056 

468 

3 

80095 

46876 

31205 

98477 

20585 

22576 

95744 

419 

21424 

52136 

02556 

36320 

2707 

76199 

52640 

469 

4 

02447 

33986 

17114 

75160 

21431 

90268 

83034 

420 

22755 

29021 

65800 

25259 

2825 

32529 

77152 

470 

4 

26088 

63801 

56524 

13417 

22312 

48299 

10884 

421 

24167 

05302 

14413 

63961 

2947 

84998 

62528 

471 

4 

51092 

33635 

50960 

99864 

23228 

28849 

04960 

422 

25664 

64021 

38377 

14846 

3075 

53960 

09352 

472 

4 

77535 

45970 

81641 

15593 

24180 

69117 

98586 

423 

27253 

16454 

62304 

21739 

3208 

60580 

00384 

473 

5 

05499 

30531 

42046  29558 

25171 

11509 

01902 

424 

28938 

03725 

70847 

98150 

3347 

26867 

45954 

474 

5 

35069 

67535 

16072 

62125 

26201 

03821 

12696 

425 

30724 

98514 

70950 

51099 

3491 

75707 

60097 

475 

5 

66337 

12186 

58055 

99675 

27271 

99448 

23232 

426 

32620 

06861 

74102 

32189 

3642 

30895 

45254 

476 

5 

99397 

20478 

23018 

52926 

28385 

57585 

65430 

427 

34629 

70071 

39035 

75934 

3799 

17171 

07136 

477 

6 34350 

76365 

37870 

28583 

29543 

43443 

69603 

428 

36760 

66724 

18315 

27309 

3962 

60256 

14146 

478 

6 

71304 

20389 

67318 

07232 

30747 

28468 

94368 

429 

39020 

14800 

02372 

59665 

4132 

86891 

79000 

479 

7 

10369 

79823 

66282 

38005 

31998 

90573 

73738 

430 

41415 

73920 

71023 

58378 

4310 

24877 

85006 

480 

7 

51666 

00419 

49931 

25591 

33300 

14373 

57056 

431 

43955 

47717 

05181 

16534 

4495 

03113 

72460 

481 

7 

95317 

79841 

47582 

32180 

34652 

91433 

03468 

432 

46647 

86328 

42292 

67991 

4687 

51640 

62334 

482 

8 

41457 

02874 

28236 

49455 

36059 

20520 

80640 

433 

49501 

89040 

94051 

50715 

4888 

01685 

40672 

483 

8 

90222 

78495 

19280 

88294 

37521 

07873 

43946 

434 

52527 

07072 

91082 

40605 

5096 

85706 

20480 

484 

9 

41761 

78911 

49976 

98055 

39040 

67468 

62530 

435 

55733 

46514 

46362 

86656 

5314 

37439 

57460 

485 

9 

96228 

80660 

85734 

11012 

40620 

21308 

45496 

436 

59131 

71430 

91696 

18645 

5540 

91949 

44512 

486 

10 

53787 

07886 

24553 

46513 

42261 

99712 

45764 

437 

62733 

0.7137 

60430 

79215 

5776 

85678 

02880 

487 

11 

14608 

77893 

64264 

84248 

43968 

41621 

12802 

438 

66549 

43656 

69662 

97367 

6022 

56498 

45546 

488 

11 

78875 

49115 

57358 

02646 

45741 

94910 

51264 

439 

70593 

39364 

65621 

35510 

6278 

43769 

39520 

489 

12 

46778 

71600 

12729 

19665 

47585 

16717 

64998 

440 

74878 

24841 

94708 

86233 

6544 

88391 

85792 

490 

13 

18520 

40161 

22702 

33223 

49500 

73777 

62304 

441 

79418 

06934 

64434 

02240 

6822 

32867 

92200 

491 

13 

94313 

50322 

44478 

16939 

51491 

42772 

84172 

442 

84227 

73040 

77294 

99781 

7111 

21361 

67457 

492 

14 

74382 

57204 

03639 

53132 

53560 

10694 

36938 

443 

89322 

95632 

13536 

45667 

7411 

99762 

56080 

493 

15 

58964 

37499 

49778 

06173 

55709 

75216 

10170 

444 

94720 

37025 

78934 

71820 

7725 

15750 

89318 

494 

16 

48308 

54706 

61724 

38760 

57943 

45082 

47040 

445 

1 

00437 

54417 

17528 

47604 

8051 

18865 

81728 

495 

17 

42678 

27774 

77609 

81187 

60264 

40509 

50309 

446 

1 

06493 

05190 

52391 

18581 

8390 

60575 

94564 

496 

18 

42351 

03350 

31598 

91466 

62675 

93600 

10788 

447 

1 

12906 

52519 

91961 

03354 

8743 

94352 

40798 

497 

19 

47619 

31798 

76580 

64007 

65181 

48774 

31176 

448 

1 

19698  71278 

27202 

05954 

9111 

75744 

62854 

498 

20 

58791 

47204 

28849 

01563 

67784 

63214 

30326 

449 

1 

26891 

54269 

09814 

18000 

9494 

62459 

05984 

499 

21 

76192 

51543 

92874 

61625 

70489 

07325 

21792 

450 

1 

34508 

18800 

15729 

23840 

9893 

14440 

61528 

500 

23 

00165 

03257 

43239 

95027 

73298 

65212 

45024 
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Table  24.6  ARITHMETIC  FUNCTIONS 


n 

<p(n) 

*0 

<n 

n 

v(n) 

ffo 

<T\ 

n 

<p(n) 

*0 

n 

<p(n) 

ffo 

CTi 

n 

<p{ri) 

*1 

1 

1 

1 

1 

51 

32 

4 

72 

101 

100 

2 

102 

151 

150 

2 

152 

201 

132 

4 

272 

2 

1 

2 

3 

52 

24 

6 

98 

102 

32 

8 

216 

152 

72 

8 

300 

202 

100 

4 

306 

3 

2 

2 

4 

53 

52 

2 

54 

103 

102 

2 

104 

153 

96 

6 

234 

203 

168 

4 

240 

4 

2 

3 

7 

54 

18 

8 

120 

104 

48 

8 

210 

154 

60 

8 

288 

204 

64 

12 

504 

3 

4 

2 

6 

55 

40 

4 

72 

105 

48 

8 

192 

155 

120 

4 

192 

205 

160 

4 

252 

6 

2 

4 

12 

56 

24 

8 

120 

106 

52 

4 

162 

156 

48 

12 

392 

206 

102 

4 

312 

7 

6 

2 

8 

57 

36 

4 

80 

107 

106 

2 

108 

157 

156 

2 

158 

207 

132 

6 

312 

8 

4 

4 

15 

58 

28 

4 

90 

108 

36 

12 

280 

158 

78 

4 

240 

208 

96 

10 

434 

9 

6 

3 

13 

59 

58 

2 

60 

109 

108 

2 

110 

159 

104 

4 

216 

209 

180 

4 

240 

10 

4 

4 

18 

60 

16 

12 

168 

110 

40 

8 

216 

160 

64 

12 

378 

210 

48 

16 

576 

11 

10 

2 

12 

61 

60 

2 

62 

111 

72 

4 

152 

161 

132 

4 

192 

211 

210 

2 

212 

12 

4 

6 

28 

62 

30 

4 

96 

112 

48 

10 

248 

162 

54 

10 

363 

212 

104 

6 

378 

13 

12 

2 

14 

63 

36 

6 

104 

113 

112 

2 

114 

163 

162 

2 

164 

213 

140 

4 

288 

14 

6 

4 

24 

64 

32 

7 

127 

114 

36 

8 

240 

164 

80 

6 

294 

214 

106 

4 

324 

15 

8 

4 

24 

65 

48 

-4 

84 

115 

88 

4 

144 

165 

80 

8 

288 

215 

168 

4 

264 

16 

8 

5 

31 

66 

20 

8 

144 

116 

56 

6 

210 

166 

82 

4 

252 

216 

72 

16 

600 

17 

16 

2 

18 

67 

66 

2 

68 

117 

72 

6 

182 

167 

166 

2 

168 

217 

180 

4 

256 

18 

6 

6 

39 

68 

32 

6 

126 

118 

58 

4 

180 

168 

48 

16 

480 

218 

108 

4 

330 

19 

18 

2 

20 

69 

44 

4 

96 

119 

96 

4 

144 

169 

156 

3 

183 

219 

144 

4 

296 

20 

8 

6 

42 

70 

24 

8 

144 

120 

32 

16 

360 

170 

64 

8 

324 

220 

80 

12 

504 

21 

12 

4 

32 

71 

70 

2 

72 

121 

110 

3 

133 

171 

108 

6 

260 

221 

192 

4 

252 

22 

10 

4 

36 

72 

24 

12 

195 

122 

60 

4 

186 

172 

84 

6 

308 

222 

72 

8 

456 

23 

22 

2 

24 

73 

72 

2 

74 

123 

80 

4 

168 

173 

172 

2 

174 

223 

222 

2 

224 

24 

8 

8 

60 

74 

36 

4 

114 

124 

60 

6 

224 

174 

56 

8 

360 

224 

96 

12 

504 

25 

20 

3 

31 

75 

40 

6 

124 

125 

100 

4 

156 

175 

120 

6 

248 

225 

120 

9 

403 

26 

12 

4 

42 

76 

36 

6 

140 

126 

36 

12 

312 

176 

80 

10 

372 

226 

112 

4 

342 

27 

18 

4 

40 

77 

60 

4 

96 

127 

126 

2 

128 

177 

116 

4 

240 

227 

226 

2 

228 

28 

12 

6 

56 

78 

24 

8 

168 

128 

64 

8 

255 

178 

88 

4 

270 

228 

72 

12 

560 

29 

28 

2 

30 

79 

78 

2 

80 

129 

84 

4 

176 

179 

178 

2 

180 

229 

228 

2 

230 

30 

8 

8 

72 

80 

32 

10 

186 

130 

48 

8 

252 

180 

48 

18 

546 

230 

88 

8 

432 

31 

30 

2 

32 

81 

54 

5 

121 

131 

130 

2 

132 

181 

180 

2 

182 

231 

120 

8 

384 

32 

16 

6 

63 

82 

40 

4 

126 

132 

40 

12 

336 

182 

72 

8 

336 

232 

112 

8 

450 

33 

20 

4 

48 

83 

82 

2 

84 

133 

108 

4 

160 

183 

120 

4 

248 

233 

232 

2 

234 

34 

16 

4 

54 

84 

24 

12 

224 

134 

66 

4 

204 

184 

88 

8 

360 

234 

72 

12 

546 

35 

24 

4 

48 

85 

64 

4 

108 

135 

72 

8 

240 

185 

144 

4 

228 

235 

184 

4 

288 

36 

12 

9 

91 

86 

42 

4 

132 

136 

64 

8 

270 

186 

60 

8 

384 

236 

116 

6 

420 

37 

36 

2 

38 

87 

56 

4 

120 

137 

136 

2 

138 

187 

160 

4 

216 

237 

156 

4 

320 

38 

18 

4 

60 

88 

40 

8 

180 

138 

44 

8 

288 

188 

92 

6 

336 

238 

96 

8 

432 

39 

24 

4 

56 

89 

88 

2 

90 

139 

138 

2 

140 

189 

108 

8 

320 

239 

238 

2 

240 

40 

16 

8 

90 

90 

24 

12 

234 

140 

48 

12 

336 

190 

72 

8 

360 

240 

64 

20 

744 

41 

40 

2 

42 

91 

72 

4 

112 

141 

92 

4 

192 

191 

190 

2 

192 

241 

240 

2 

242 

42 

12 

8 

96 

92 

44 

6 

168 

142 

70 

4 

216 

192 

64 

14 

508 

242 

110 

6 

399 

43 

42 

2 

44 

93 

60 

4 

128 

143 

120 

4 

168 

193 

192 

2 

194 

243 

162 

6 

364 

44 

20 

6 

84 

94 

46 

4 

144 

144 

48 

15 

403 

194 

96 

4 

294 

244 

120 

6 

434 

45 

24 

6 

78 

95 

72 

4 

120 

145 

112 

4 

180 

195 

96 

8 

336 

245 

168 

6 

342 

46 

22 

4 

72 

96 

32 

12 

252 

146 

72 

4 

222 

196 

84 

9 

399 

246 

80 

8 

504 

47 

46 

2 

48 

97 

96 

2 

98 

147 

84 

6 

228 

197 

196 

2 

198 

247 

216 

4 

280 

48 

16 

10 

124 

98 

42 

6 

171 

148 

72 

6 

266 

198 

60 

12 

468 

248 

120 

8 

480 

49 

42 

3 

57 

99 

60 

6 

156 

149 

148 

2 

150 

199 

198 

2 

200 

249 

164 

4 

336 

50 

20 

6 

93 

100 

40 

9 

217 

150 

40 

12 

372 

200 

80 

12 

465 

250 

100 

8 

468 

From  British  Association  for  the  Advancement  of  Science,  Mathematical  Tables,  vol.  VI 1 1,  Number-divisor 
tables.  Cambridge  Univ.  Press,  Cambridge,  England,  1940  (with  permission) . 
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ARITHMETIC  FUNCTIONS  Table  24.6 


n 

ao 

<*\ 

n 

*0 

<*\ 

n 

v(n) 

*0 

a\ 

n 

v(n) 

*0 

<*\ 

n 

v(n) 

*0 

251 

250 

2 

252 

301 

252 

4 

352 

351 

216 

8 

560 

401 

400 

2 

402 

451 

400 

4 

504 

252 

72 

18 

728 

302 

150 

4 

456 

352 

160 

12 

756 

402 

132 

8 

816 

452 

224 

6 

798 

253 

220 

4 

288 

303 

200 

4 

408 

353 

352 

2 

354 

403 

360 

4 

448 

453 

300 

4 

608 

254 

126 

4 

384 

304 

144 

10 

620 

354 

116 

8 

720 

404 

200 

6 

714 

454 

226 

4 

684 

255 

128 

8 

432 

305 

240 

4 

372 

355 

280 

4 

432 

405 

216 

10 

726 

455 

288 

8 

672 

256 

128 

9 

511 

306 

96 

12 

702 

356 

176 

6 

630 

406 

168 

8 

720 

456 

144 

16 

1200 

257 

256 

2 

258 

307 

306 

2 

308 

357 

192 

8 

576 

407 

360 

4 

456 

457 

456 

2 

458 

258 

84 

8 

528 

308 

120 

12 

672 

358 

178 

4 

540 

408 

128 

16 

1080 

458 

228 

4 

690 

259 

216 

4 

304 

309 

204 

4 

416 

359 

358 

2 

360 

409 

408 

2 

410 

459 

288 

8 

720 

260 

96 

12 

588 

310 

120 

8 

576 

360 

96 

24 

1170 

410 

160 

8 

756 

460 

176 

12 

1008 

261 

168 

6 

390 

311 

310 

2 

312 

361 

342 

3 

381 

411 

272 

4 

552 

461 

460 

2 

462 

262 

130 

4 

396 

312 

96 

16 

840 

362 

180 

4 

546 

412 

204 

6 

728 

462 

120 

16 

1152 

263 

262 

2 

264 

313 

312 

2 

314 

363 

220 

6 

532 

413 

348 

4 

480 

463 

462 

2 

464 

264 

80 

16 

720 

314 

156 

4 

474 

364 

144 

12 

784 

414 

132 

12 

936 

464 

224 

10 

930 

265 

208 

4 

324 

315 

144 

12 

624 

365 

288 

4 

444 

415 

328 

4 

504 

465 

240 

8 

768 

266 

108 

8 

480 

316 

156 

6 

560 

366 

120 

8 

744 

416 

192 

12 

882 

466 

232 

4 

702 

267 

176 

4 

360 

317 

316 

2 

318 

367 

366 

2 

368 

417 

276 

4 

560 

467 

466 

2 

468 

268 

132 

6 

476 

318 

104 

8 

648 

368 

176 

10 

744 

418 

180 

8 

720 

468 

144 

18 

1274 

269 

268 

2 

270 

319 

280 

4 

360 

369 

240 

6 

54& 

419 

418 

2 

420 

469 

396 

4 

544 

270 

72 

16 

720 

320 

128 

14 

762 

370 

144 

8 

684 

420 

96 

24 

1344 

470 

184 

8 

864 

271 

270 

2 

272 

321 

212 

4 

432 

371 

312 

4 

432 

421 

420 

2 

422 

471 

312 

4 

632 

272 

128 

10 

558 

322 

132 

8 

576 

372 

120 

12 

896 

422 

210 

4 

636 

472 

232 

8 

900 

273 

144 

8 

448 

323 

288 

4 

360 

373 

372 

2 

374 

423 

276 

6 

624 

473 

420 

4 

528 

274 

136 

4 

414 

324 

108 

15 

847 

374 

160 

8 

648 

424 

208 

8 

810 

474 

156 

8 

960 

275 

200 

6 

372 

325 

240 

6 

434 

375 

200 

8 

624 

425 

320 

6 

558 

475 

360 

6 

620 

276 

88 

12 

672 

326 

162 

4 

492 

376 

184 

8 

720 

426 

140 

8 

864 

476 

192 

12 

1008 

277 

276 

2 

278 

327 

216 

4 

440 

377 

336 

4 

420 

427 

360 

4 

496 

477 

312 

6 

702 

278 

138 

4 

420 

328 

160 

8 

630 

378 

108 

16 

960 

428 

212 

6 

756 

478 

238 

4 

720 

279 

180 

6 

416 

329 

276 

4 

384 

379 

378 

2 

380 

429 

240 

8 

672 

479 

478 

2 

480 

280 

96 

16 

720 

330 

80 

16 

864 

380 

144 

12 

840 

430 

168 

8 

792 

480 

128 

24 

1512 

281 

280 

2 

282 

331 

330 

2 

332 

381 

252 

4 

512 

431 

430 

2 

432 

481 

432 

4 

532 

282 

92 

8 

576 

332 

164 

6 

588 

382 

190 

4 

576 

432 

144 

20 

1240 

482 

240 

4 

726 

283 

282 

2 

284 

333 

216 

6 

494 

383 

382 

2 

384 

433 

432 

2 

434 

483 

264 

8 

768 

284 

140 

6 

504 

334 

166 

4 

504 

384 

128 

16 

1020 

434 

180 

8 

768 

484 

220 

9 

931 

285 

144 

8 

480 

335 

264 

4 

408 

385 

240 

8 

576 

435 

224 

8 

720 

485 

384 

4 

588 

286 

120 

8 

504 

336 

96 

20 

992 

386 

192 

4 

582 

436 

216 

6 

770 

486 

162 

12 

1092 

287 

240 

4 

336 

337 

336 

2 

338 

387 

252 

6 

572 

437 

396 

4 

480 

487 

486 

2 

488 

288 

96 

18 

819 

338 

156 

6 

549 

388 

192 

6 

686 

438 

144 

8 

888 

488 

240 

8 

930 

289 

272 

3 

307 

339 

224 

4 

456 

389 

388 

2 

390 

439 

438 

2 

440 

489 

324 

4 

656 

290 

112 

8 

540 

340 

128 

12 

756 

390 

96 

16 

d008 

440 

160 

16 

1080 

490 

168 

12 

1026 

291 

192 

4 

392 

341 

300 

4 

384 

391 

352 

4 

432 

441 

252 

9 

741 

491 

490 

2 

492 

292 

144 

6 

518* 

342 

108 

12 

780 

392 

168 

12 

855 

442 

192 

8 

756 

492 

160 

12 

1176 

293 

292 

2 

294 

343 

294 

4 

400 

393 

260 

4 

528 

443 

442 

2 

444 

493 

448 

4 

540 

294 

84 

12 

684 

344 

168 

8 

660 

394 

196 

4 

594 

444 

144 

12 

1064 

494 

216 

8 

840 

295 

232 

4 

360 

345 

176 

8 

576 

395 

312 

4 

480 

445 

352 

4 

540 

495 

240 

12 

936 

296 

144 

8 

570 

346 

172 

4 

522 

396 

120 

18 

1092 

446 

222 

4 

672 

496 

240 

10 

992 

297 

180 

8 

480 

347 

346 

2 

348 

397 

396 

2 

398 

447 

296 

4 

600 

497 

420 

4 

576 

298 

148 

4 

450 

348 

112 

12 

840 

398 

198 

4 

600 

448 

192 

14 

1016 

498 

164 

8 

1008 

299 

264 

4 

336 

349 

348 

2 

350 

399 

216 

8 

640 

449 

448 

2 

450 

499 

498 

2 

500 

300 

80 

18 

868 

350 

120 

12 

744 

400 

160 

15 

961 

450 

120 

18 

1209 

500 

200 

12 

1092 

♦See  page  n. 
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Table  24.6  ARITHMETIC  FUNCTIONS 


n 

<p(n) 

«b 

<T| 

n 

<p(n) 

<T() 

*\ 

n 

*P(n) 

*0 

<*\ 

n 

<p(n) 

<r l 

n 

<p(n) 

«■() 

501 

332 

4 

672 

551 

504 

4 

600 

601 

600 

2 

602 

651 

360 

8 

1024 

701 

700 

2 

702 

502 

250 

4 

756 

552 

176 

16 

1440 

602 

252 

8 

1056 

652 

324 

6 

1148 

702 

216 

16 

1680 

503 

502 

2 

504 

553 

468 

4 

640 

603 

396 

6 

884 

653 

652 

2 

654 

703 

648 

4 

760 

504 

144 

24 

1560 

554 

276 

4 

834 

604 

300 

6 

1064 

654 

216 

8 

1320 

704 

320 

14 

1524 

505 

400 

4 

612 

555 

288 

8 

912 

605 

440 

6 

798 

655 

520 

4 

792 

705 

368 

8 

1152 

506 

220 

8 

864 

556 

276 

6 

980 

606 

200 

8 

1224 

656 

320 

10 

1302 

706 

352 

4 

1062 

507 

312 

6 

732 

557 

556 

2 

558 

607 

606 

2 

608 

657 

432 

6 

962 

707 

600 

4 

816 

508 

252 

6 

896 

558 

180 

12 

1248 

608 

288 

12 

1260 

658 

276 

8 

1152 

708 

232 

12 

1680 

509 

508 

2 

510 

559 

504 

4 

616 

609 

336 

8 

960 

659 

658 

2 

660 

709 

708 

2 

710 

510 

128 

16 

1296 

560 

192 

20 

1488 

610 

240 

8 

1116 

660 

160 

24 

2016 

710 

280 

8 

1296 

511 

432 

4 

592 

561 

320 

8 

864 

611 

552 

4 

672 

661 

660 

2 

662 

711 

468 

6 

'1040 

512 

256 

10 

1023 

562 

280 

4 

846 

612 

192 

18 

1638 

662 

330 

4 

996 

712 

352 

8 

1350 

513 

324 

8 

800 

563 

562 

2 

564 

613 

612 

2 

614 

663 

384 

8 

1008 

713 

660 

4 

768 

514 

256 

4 

774 

564 

184 

12 

1344 

614 

306 

4 

924 

664 

328 

8 

1260 

714 

192 

16 

1728 

515 

408 

4 

624 

565 

448 

4 

684 

615 

320 

8 

1008 

665 

432 

8 

960 

715 

480 

8 

1008 

516 

168 

12 

1232 

566 

282 

4 

852 

616 

240 

16 

1440 

666 

216 

12 

1482 

716 

356 

6 

1260 

517 

460 

4 

576 

567 

324 

10 

968 

617 

616 

2 

618 

667 

616 

4 

720 

717 

476 

4 

960 

518 

216 

8 

912 

568 

280 

8 

1080 

618 

204 

8 

1248 

668 

332 

6 

1176 

718 

358 

4 

1080 

519 

344 

4 

696 

569 

568 

2 

570 

619 

618 

2 

620 

669 

444 

4 

896 

719 

718 

2 

720 

520 

192 

16 

1260 

570 

144 

16 

1440 

620 

240 

12 

1344 

670 

264 

8 

1224 

720 

192 

30 

2418 

521 

520 

2 

522 

571 

570 

2 

572 

621 

396 

8 

960 

671 

600 

4 

744 

721 

612 

4 

832 

522 

168 

12 

1170 

572 

240 

12 

1176 

622 

310 

4 

936 

672 

192 

24 

2016 

722 

342 

6 

1143 

523 

522 

2 

524 

573 

380 

4 

768 

623 

528 

4 

720 

673 

672 

2 

674 

723 

480 

4 

968 

524 

260 

6 

924 

574 

240 

8 

1008 

624 

192 

20 

1736 

674 

336 

4 

1014 

724 

360 

6 

1274 

525 

240 

12 

992 

575 

440 

6 

744 

625 

500 

5 

781 

675 

360 

12 

1240 

725 

560 

6 

930 

526 

262 

4 

792 

576 

192 

21 

1651 

626 

312 

4 

942 

676 

312 

9 

1281 

726 

220 

12 

1596 

527 

480 

4 

576 

577 

576 

2 

578 

627 

360 

8 

960 

677 

676 

2 

678 

727 

726 

2 

728 

528 

160 

20 

1488 

578 

272 

6 

921 

628 

312 

6 

1106 

678 

224 

8 

1368 

728 

288 

16 

1680 

529 

506 

3 

553 

579 

384 

4 

776 

629 

576 

4 

684 

679 

576 

4 

784 

729 

486 

7 

1093 

530 

208 

8 

972 

580 

224 

12 

1260 

630 

144 

24 

1872 

680 

256 

16 

1620 

730 

288 

8 

1332 

531 

348 

6 

780 

581 

492 

4 

672 

631 

630 

2 

632 

681 

452 

4 

912 

731 

672 

4 

792 

532 

216 

12 

1120 

582 

192 

8 

1176 

632 

312 

8 

1200 

682 

300 

8 

1152 

732 

240 

12 

1736 

533 

480 

4 

588 

583 

520 

4 

648 

633 

420 

4 

848 

683 

682 

2 

684 

733 

732 

2 

734 

534 

176 

8 

1080 

584 

288 

8 

1110 

634 

316 

4 

954 

684 

216 

18 

1820 

734 

366 

4 

1104 

535 

424 

4 

648 

585 

288 

12 

1092 

635 

504 

4 

768 

685 

544 

4 

828 

735 

336 

12 

1368 

536 

264 

8 

1020 

586 

292 

4 

882 

636 

208 

12 

1512 

686 

294 

8 

1200 

736 

352 

12 

1512 

537 

356 

4 

720 

587 

586 

2 

588 

637 

504 

6 

798 

687 

456 

4 

920 

737 

660 

4 

816 

538 

268 

4 

810 

588 

168 

18 

1596 

638 

280 

8 

1080 

688 

336 

10 

1364 

738 

240 

12 

1638 

539 

420 

6 

684 

589 

540 

4 

640 

639 

420 

6 

936 

689 

624 

4 

756 

739 

738 

2 

740 

540 

144 

24 

1680 

590 

232 

8 

1080 

640 

256 

16 

1530 

690 

176 

16 

1728 

740 

288 

12 

1596 

541 

540 

2 

542 

591 

392 

4 

792 

641 

640 

2 

642 

691 

690 

2 

692 

741 

432 

8 

1120 

542 

270 

4 

816 

592 

288 

10 

1178 

642 

212 

8 

1296 

692 

344 

6 

1218 

742 

312 

8 

1296 

543 

360 

4 

728 

593 

592 

2 

594 

643 

642 

2 

644 

693 

360 

12 

1248 

743 

742 

2 

744 

544 

256 

12 

1134 

594 

180 

16 

1440 

644 

264 

12 

1344 

694 

346 

4 

1044 

744 

240 

16 

1920 

545 

432 

4 

660 

595 

384 

8 

864 

645 

336 

8 

1056 

695 

552 

4 

840 

745 

592 

4 

900 

546 

144 

16 

1344 

596 

296 

6 

1050 

646 

288 

8 

1080 

696 

224 

16 

1800 

746 

372 

4 

1122 

547 

546 

2 

548 

597 

396 

4 

800 

647 

646 

2 

648 

697 

640 

4 

756 

747 

492 

6 

1092 

548 

272 

6 

966 

598 

264 

8 

1008 

648 

216 

20 

1815 

698 

348 

4 

1050 

748 

320 

12 

1512 

549 

360 

6 

806 

599 

598 

2 

600 

649 

580 

4 

720 

699 

464 

4 

936 

749 

636 

4 

864 

550 

200 

12 

1116 

600 

160 

24 

1860 

650 

240 

12 

1302 

700 

240 

18 

1736 

750 

200 

16 

1872 
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n 

*(*) 

O’O 

<r\ 

n 

<p(n) 

*0 

<T\ 

n 

<p(n) 

«o 

*i 

n 

<p(n) 

*0 

n 

<p{ri) 

*i 

751 

750 

2 

752 

801 

528 

6 

1170 

851 

792 

4 

912 

901 

832 

4 

972 

951 

632 

4 

1272 

752 

368 

10 

1488 

802 

400 

4 

1206 

852 

280 

12 

2016 

902 

400 

8 

1512 

952 

384 

16 

2160 

753 

500 

4 

1008 

803 

720 

4 

888 

853 

852 

2 

854 

903 

504 

8 

1408 

953 

952 

2 

954 

754 

336 

8 

1260 

804 

264 

12 

1904 

854 

360 

8 

1488 

904 

448 

8 

1710 

954 

312 

12 

2106 

755 

600 

4 

912 

805 

528 

8 

1152 

855 

432 

12 

1560 

905 

720 

4 

1092 

955 

760 

4 

1152 

756 

216 

24 

2240 

806 

360 

8 

1344 

856 

424 

8 

1620 

906 

300 

8 

1824 

956 

476 

6 

1680 

757 

756 

2 

758 

807 

536 

4 

1080 

857 

856 

2 

858 

907 

906 

2 

908 

957 

560 

8 

1440 

758 

378 

4 

1140 

808 

400 

8 

1530 

858 

240 

16 

2016 

908 

452 

6 

1596 

958 

478 

4 

1440 

759 

440 

8 

1152 

809 

808 

2 

810 

859 

858 

2 

860 

909 

600 

6 

1326 

959 

816 

4 

1104 

760 

288 

16 

1800 

810 

216 

20 

2178 

860 

336 

12 

1848 

910 

288 

16 

2016 

960 

256 

28 

3048 

761 

760 

2 

762 

811 

810 

2 

812 

861 

480 

8 

1344 

911 

910 

2 

912 

961 

930 

3 

993 

762 

252 

8 

1536 

812 

336 

12 

1680 

862 

430 

4 

1296 

912 

288 

20 

2480 

962 

432 

-8 

1596 

763 

648 

4 

880 

813 

540 

4 

1088 

863 

862 

2 

864 

913 

820 

4 

1008 

963 

636 

6 

1404 

764 

380 

6 

1344 

814 

360 

8 

1368 

864 

288 

24 

2520 

914 

456 

4 

1374 

964 

480 

6 

1694 

765 

384 

12 

1404 

815 

648 

4 

984 

865 

688 

4 

1044 

915 

480 

8 

1488 

965 

768 

4 

1164 

766 

382 

4 

1152 

816 

256 

20 

2232 

866 

432 

4 

1302 

916 

456 

6 

1610 

966 

264 

16 

2304 

767 

696 

4 

840 

817 

756 

4 

880 

867 

544 

6 

1228 

917 

780 

4 

1056 

967 

966 

2 

968 

768 

256 

18 

2044 

818 

408 

4 

1230 

868 

360 

12 

1792 

918 

288 

16 

2160 

968 

440 

12 

1995 

769 

768 

2 

770 

819 

432 

12 

1456 

869 

780 

4 

960 

919 

918 

2 

920 

969 

576 

8 

1440 

770 

240 

16 

1728 

820 

320 

12 

1764 

870 

224 

16 

2160 

920 

352 

16 

2160 

970 

384 

8 

1764 

771 

512 

4 

1032 

821 

820 

2 

822 

871 

792 

4 

952 

921 

612 

4 

1232 

971 

970 

2 

972 

772 

384 

6 

1358 

822 

272 

8 

1656 

872 

432 

8 

1650 

922 

460 

4 

1386 

972 

324 

18 

2548 

773 

772 

2 

774 

823 

822 

2 

824 

873 

576 

6 

1274 

923 

840 

4 

1008 

973 

828 

4 

1120 

774 

252 

12 

1716 

824 

408 

8 

1560 

874 

396 

8 

1440 

924 

240 

24 

2688 

974 

486 

4 

1464 

775 

600 

6 

992 

825 

400 

12 

1488 

875 

600 

8 

1248 

925 

720 

6 

1178 

975 

480 

12 

1736 

776 

384 

8 

1470 

826 

348 

8 

1440 

876 

288 

12 

2072 

926 

462 

4 

1392 

976 

480 

10 

1922 

777 

432 

8 

1216 

827 

826 

2 

828 

877 

876 

2 

878 

927 

612 

6 

1352 

977 

976 

2 

978 

778 

388 

4 

1170 

828 

264 

18 

2184 

878 

438 

4 

1320 

928 

448 

12 

1890 

978 

324 

8 

1968 

779 

720 

4 

840 

829 

828 

2 

830 

879 

584 

4 

1176 

929 

928 

2 

930 

979 

880 

4 

1080 

780 

192 

24 

2352 

830 

328 

8 

1512 

880 

320 

20 

2232 

930 

240 

16 

2304 

980 

336 

18 

2394 

781 

700 

4 

864 

831 

552 

4 

1112 

881 

880 

2 

882 

931 

756 

6 

1140 

981 

648 

6 

1430 

782 

352 

8 

1296 

832 

384 

14 

1778 

882 

252 

18 

2223 

932 

464 

6 

1638 

982 

490 

4 

1476 

783 

504 

8 

1200 

833 

672 

6 

1026 

883 

882 

2 

884 

933 

620 

4 

1248 

983 

982 

2 

984 

784 

336 

15 

1767 

834 

276 

8 

1680 

884 

384 

12 

1764 

934 

466 

4 

1404 

984 

320 

16 

2520 

785 

624 

4 

948 

835 

664 

4 

1008 

885 

464 

8 

1440 

935 

640 

8 

1296 

985 

784 

4 

1188 

786 

260 

8 

1584 

836 

360 

12 

1680 

886 

442 

4 

1332 

936 

288 

24 

2730 

986 

448 

8 

1620 

787 

786 

2 

788 

837 

540 

8 

1280 

887 

886 

2 

888 

937 

936 

2 

938 

987 

552 

8 

1536 

788 

392 

6 

1386 

838 

418 

4 

1260 

888 

288 

16 

2280 

938 

396 

8 

1632 

988 

432 

12 

1960 

789 

524 

4 

1056 

839 

838 

2 

840 

889 

756 

4 

1024 

939 

624 

4 

1256 

989 

924 

4 

1056 

790 

312 

8 

1440 

840 

192 

32 

2880 

890 

352 

8 

1620 

940 

368 

12 

2016 

990 

240 

24 

2808 

791 

672 

4 

912 

841 

812 

3 

871 

891 

540 

10 

1452 

941 

940 

2 

942 

. 991 

990 

2 

992 

792 

240 

24 

2340 

842 

420 

4 

1266 

892 

444 

6 

1568 

942 

312 

8 

1896 

992 

480 

12 

2016 

793 

720 

4 

868 

843 

560 

4 

1128 

893 

828 

4 

960 

943 

880 

4 

1008 

993 

660 

4 

1328 

794 

396 

4 

1194 

844 

420 

6 

1484 

894 

296 

8 

1800 

944 

464 

10 

1860 

994 

420 

8 

1728 

795 

416 

8 

1296 

845 

624 

6 

1098 

895 

712 

4 

1080 

945 

432 

16 

1920 

995 

792 

4 

1200 

796 

396 

6 

1400 

846 

276 

12 

1872 

896 

384 

16 

2040 

946 

420 

8 

1584 

996 

328 

12 

2352 

797 

796 

2 

798 

847 

660 

6 

1064 

897 

528 

8 

1344 

947 

946 

2 

948 

997 

996 

2 

998 

798 

216 

16 

1920 

848 

416 

10 

1674 

898 

448 

4 

1350 

948 

312 

12 

2240 

998 

498 

4 

1500 

799 

736 

4 

864 

849 

564 

4 

1136 

899 

840 

4 

960 

949 

864 

4 

1036 

999 

648 

8 

1520 

800 

320 

18 

1953 

850 

320 

12 

1674 

900 

240 

27 

2821 

950 

360 

12 

1860 

1000 

400 

16 

2340 

844 
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Table  24.8  Primitive  Roots,  Factorization  of  p — 1 

g,  G denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e denotes 

whether  10,  — 10  both  or  neither  are  primitive  roots. 
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Primitive  Roots,  Factorization  of  p — 1 Table  24.8 

g,  G denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e denotes 

whether  10,  —10  both  or  neither  are  primitive  roots. 
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1657 

23-32-23 

11 

11 

2213 

22-7-79 

2 

2 

2741 

22-5-137 

2 

2 

±10 

1663 

2-3-277 

3 

2 

10 

2221 

22-3-5-37 

2 

2 

±10 

2749 

22-3-229 

6 

6 

1667 

2-72-17 

2 

3 

-10 

2237 

22-13-43 

2 

2 

2753 

26-43 

3 

3 

±10 

1669 

22-3-139 

2 

2 

2239 

2-3-373 

3 

2 

-10 

2767 

2-3-461 

3 

9 

10 

1693 

22-32-47 

2 

2 

2243 

2-19-59 

2 

3 

-10 

2777 

23-347 

3 

3 

±10 

1697 

25-53 

3 

3 

±10 

2251 

2-32-53 

7 

5 

10 

2789 

22- 17-41 

2 

2 

±10 

1699 

2-3-283 

3 

6 

2267 

2-11-103 

2 

3 

— 10 

2791 

2-32-5-31 

6 

7 

1709 

22-7-61 

3 

3 

±10 

2269 

22-34*7 

2 

2 

±10 

2797 

22-3-233 

2 

2 

1721 

23-5-43 

3 

3 

2273 

25-71 

3 

3 

±10 

2801 

24-52-7 

3 

3 

1723 

23-7-41 

3 

6 

2281 

23-3-5-19 

7 

7 

2803 

2-3-467 

2 

4 

-10 

1733 

22-433 

2 

2 

2287 

2-32-127 

19 

7 

2819 

2-1409 

2 

3 

10 

1741 

22-3-5-29 

2 

2 

±10 

2293 

22-3-191 

2 

2 

2833 

24-3-59 

5 

5 

±10 

1747 

2-32-97 

2 

4 

2297 

23-7-41 

5 

5 

±10 

2837 

22-709 

2 

2 

1753 

23-3-73 

7 

7 

2309 

22-577 

2 

2 

±10 

2843 

2-72-29 

2 

4 

-10 

1759 

2-3-293 

6 

2 

-10 

2311 

2-3-5-7-11 

3 

2 

2851 

2-3-52-19 

2 

4 

10 

1777 

24-3-37 

5 

5 

±10 

2333 

22-11-53 

2 

2 

2857 

- 23-3-7-17 

11 

11 

1783 

2-34-ll 

10 

2 

10 

2339 

2-7-167 

2 

3 

10 

2861 

22-5-11-13 

2 

2 

±10 

1787 

2-19-47 

2 

3 

-10 

2341 

22-32-5-13 

7 

7 

±10 

2879 

2-1439 

7 

2 

-10 

1789 

22-3-149 

6 

6 

±10 

2347 

2317-23 

3 

6 

-10 

2887 

2-313-37 

5 

2 

10 

1801 

23-32-52 

11 

11 

2351 

2-52-47 

13 

3 

-10 

2897 

24-181 

3 

3 

±10 

1811 

2-5-181 

6 

3 

10 

2357 

22-19-31 

2 

2 

2903 

2-1451 

5 

2 

10 

1823 

2-911 

5 

2 

10 

2371 

23-5-79 

2 

4 

16 

2909 

22-727 

2 

2 

±10 
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Table  24.8  Primitive  Roots,  Factorization  of  p — 1 

g,  G denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e denotes 

whether  10,  —10  both  or  neither  are  primitive  roots. 


V 

v- 1 

g 

-G 

€ 

V 

v- 1 

g 

-G 

6 

V 

v- 1 

g 

— G 

6 

2917 

22-36 

5 

5 

3527 

2-41-43 

5 

2 

10 

4079 

2-2039 

11 

2 

-10 

2927 

2-71119 

5 

2 

3529 

23.32.72 

17 

17 

4091 

2-5-409 

2 

3 

10 

2939 

213113 

2 

3 

3533 

22-883 

2 

2 

4093 

22.3-11.31 

2 

2 

2953 

23.32.41 

13 

13 

3539 

2-29-61 

2 

3 

10 

4099 

2-3-683 

2 

4 

■n 

2957 

22.739 

2 

2 

3541 

22-3-5-59 

7 

7 

4111 

2-3-5-137 

12 

2 

B 

2963 

2-1481 

2 

3 

-10 

3547 

2-32-197 

2 

4 

-10 

4127 

2-2063 

5 

2 

B; 

2969 

23-7-53 

3 

3 

3557 

22-7127 

2 

2 

4129 

25-3-43 

13 

13 

2971 

2-33-5-ll 

10 

5 

10 

3559 

2-3-593 

3 

2 

-10 

4133 

22-1033 

2 

2 

2999 

2- 1499 

17 

2 

-10 

3571 

2-3-5-7-17 

2 

4 

10 

4139 

2-2069 

2 

3 

10 

3001 

23- 3- 53 

14 

14 

3581 

22-5-179 

2 

2 

±10 

4153 

23-3-173 

5 

5 

±40 

3011 

25743 

2 

3 

10 

3583 

2-32-199 

3 

2 

4157 

22-1039 

2 

2 

3019 

23  503 

2 

4 

10 

3593 

23-449 

3 

3 

±10 

4159 

233.7II 

3 

2 

3023 

21511 

5 

2 

10 

3607 

2-3-601 

5 

11 

10 

4177 

24-32-29 

5 

5 

±10 

3037 

22  3. 11*23 

2 

2 

3613 

223.743 

2 

2 

4201 

23-3-52-7 

11 

11 

3041 

25-5-19 

3 

3 

3617 

25-113 

3 

3 

±10 

4211 

2-5-421 

6 

3 

10 

3049 

23-3- 127 

11 

11 

3623 

2-1811 

5 

2 

10 

4217 

23-17-31 

3 

3 

3061 

22-32-5-17 

6 

6 

3631 

2-3-5-112 

15 

10 

-10 

4219 

2-319-37 

2 

4 

3067 

2-3-7-73 

2 

4 

-10 

3637 

22.32.lOl 

2 

2 

4229 

22-7-151 

2 

2 

3079 

2-34-19 

6 

2 

-10 

3643 

2-3-607 

2 

4 

-10 

4231 

2-32.5-47 

3 

2 

-10 

3083 

2-23-67 

2 

3 

-10 

3659 

2-31-59 

2 

3 

10 

4241 

24-5-53 

3 

3 

3089 

24193 

3 

3 

3671 

2-5-367 

13 

2 

4243 

2-3-7-101 

2 

4 

— 10 

3109 

22-3-7-37 

6 

6 

3673 

23-33-17 

5 

5 

± 10 

4253 

22-1063 

2 

2 

3119 

2-1559 

7 

2 

-10 

3677 

22-919 

2 

2 

4259 

2-2129 

2 

3 

10 

3121 

24-3-5-13 

7 

7 

3691 

2-32-5-41 

2 

4 

4261 

22-3-5*71 

2 

2 

±10 

3137 

20.72 

3 

3 

±10 

3697 

2-432 

5 

5 

4271 

2-5-7-61 

7 

3 

-10 

3163 

23  1731 

3 

6 

-10 

3701 

22.52.37 

2 

2 

±10 

4273 

24-3-89 

5 

5 

3167 

2-1583 

5 

2 

10 

3709 

22-32-103 

2 

2 

±10 

4283 

2-2141 

2 

3 

-10 

3169 

25-32-ll 

7 

7 

3719 

2-11-132 

7 

2 

-10 

4289 

2«-67 

3 

3 

3181 

22-3-5-53 

7 

7 

3727 

2-34-23 

3 

2 

10 

4297 

23-3-179 

5 

5 

3187 

2-33-59 

2 

4 

3733 

22-3-311 

2 

2 

4327 

2-3-7-103 

3 

2 

10 

3191 

2-5-11-29 

11 

5 

3739 

2-3-7-89 

7 

5 

4337 

24-271 

3 

3 

±10 

3203 

2-1601 

2 

3 

-10 

3761 

24-5-47 

3 

3 

4339 

2-32-241 

10 

5 

10 

3209 

23-401 

3 

3 

3767 

2-7-269 

5 

2 

10 

4349 

22-1087 

2 

2 

±10 

3217 

24-3-67 

5 

5 

3769 

23-3-157 

7 

7 

4357 

22.32.li2 

2 

2 

3221 

22-5-7-23 

10 

10 

±10 

3779 

2-1889 

2 

3 

10 

4363 

2-3-727 

2 

4 

-16 

3229 

22-3-269 

6 

6 

3793 

24-3-79 

5 

5 

4373 

22-1093 

2 

2 

3251 

2-53-13 

6 

3 

10 

3797 

22-13-73 

2 

2 

4391 

2-5-439 

14 

2 

-10 

3253 

22-3-271 

2 

2 

3803 

2-1901 

2 

3 

-10 

4397 

22-7-157 

2 

2 

3257 

22-ll-37 

3 

3 

±10 

3821 

22-5-191 

3 

3 

±10 

4409 

23-19-29 

3 

3 

3259 

2-32-181 

3 

5 

10 

3823 

2-3-72. 13 

3 

9 

4421 

22.51317 

3 

3 

±10 

3271 

2-3-5-109 

3 

5 

-10 

3833 

23-479 

3 

3 

±10 

4423 

2-3-11-67 

3 

7 

10 

3299 

2-17-97 

2 

3 

10 

3847 

2-3-641 

5 

2 

10 

4441 

2335.37 

21 

21 

3301 

22-3-52-11 

6 

6 

±10 

3851 

252.7.II 

2 

4 

4447 

232.13  19 

3 

2 

10 

3307 

2-3.19-29 

2 

4 

-10 

3853 

22-32-107 

2 

2 

4451 

2-52-89 

2 

3 

10 

3313 

24-32-23 

10 

10 

±10 

3863 

2-1931 

5 

2 

10 

4457 

23-557 

3 

3 

± 10 

3319 

2-3-7-79 

6 

2 

3877 

22-3- 17- 19 

2 

2 

4463 

2-23-97 

5 

2 

10 

3323 

2-11151 

2 

3 

-10 

3881 

23-5-97 

13 

13 

4481 

27-5-7 

3 

3 

3329 

28-13 

3 

3 

3889 

24-35 

11 

11 

4483 

2-33-83 

2 

4 

3331 

2-325-37 

3 

5 

10 

3907 

232.731 

2 

4 

-10 

4493 

22-1123 

2 

2 

3343 

2-3-557 

5 

11 

10 

3911 

2-5-17-23 

13 

2 

-10 

4507 

2-3-751 

2 

4 

• 

3347 

2-7-239 

2 

3 

-10 

3917 

22-11-89 

2 

2 

4513 

25-3-47 

7 

7 

3359 

2-23-73 

11 

2 

-10 

3919 

2-3-653 

3 

2 

4517 

22-1129 

2 

2 

3361 

25-3-5-7 

22 

22 

3923 

2-37-53 

2 

3 

— 10 

4519 

2-32-251 

3 

9 

3371 

2-5-337 

2 

3 

10 

3929 

23-491 

3 

3 

4523 

2-7-17-19 

5 

3 

-10 

3373 

22-3-281 

5 

5 

3931 

2-3-5.131 

2 

4 

4547 

2-2273 

2 

3 

-10 

3389 

22-7-ll2 

3 

3 

±10 

3943 

2-33-73 

3 

9 

16 

4549 

22-3-379 

6 

6 

3391 

23-5.113 

3 

5 

-10 

3947 

2-1973 

2 

3 

-10 

4561 

24-3-5-19 

11 

11 

3407 

2-13-131 

5 

2 

10 

3967 

2-3-661 

6 

2 

10 

4567 

2-3-761 

3 

7 

10 

3413 

22-853 

2 

2 

3989 

22-997 

2 

2 

±10 

4583 

2-29-79 

5 

2 

10 

3433 

23.31113 

5 

5 

±10 

4001 

25.53 

3 

3 

4591 

2-33-5-17 

11 

2 

-10 

3449 

23-431 

3 

3 

4003 

2-3-23-29 

2 

4 

4597 

22-3-383 

5 

5 

3457 

27-33 

7 

7 

4007 

2-2003 

5 

2 

10 

4603 

2-3-13-59 

2 

4 

-10 

3461 

22-5-173 

2 

2 

±10 

4013 

22-17-59 

2 

2 

4621 

22-3-5-7-11 

2 

2 

3463 

2-3-577 

3 

9 

10 

4019 

2-72-41 

2 

4 

10 

4637 

22-19-61 

2 

2 

3467 

2-1733 

2 

3 

-10 

4021 

22.3  5-67 

2 

2 

4639 

2-3-773 

3 

2 

-10 

3469 

22.3-172 

2 

2 

±10 

4027 

2-3-11-61 

3 

6 

-10 

4643 

2-11-211 

5 

3 

-10 

3491 

2-5-349 

2 

3 

4049 

24-ll-23 

3 

3 

4649 

23-7-83 

3 

3 

3499 

2-3-11-53 

2 

4 

4051 

2-34-52 

10 

5 

10 

4651 

2-3-52-31 

3 

5 

10 

3511 

2-33.5-13 

7 

2 

-16 

4057 

23-3- 132 

5 

5 

± 10 

4657 

24-3-97 

15 

15 

3517 

22-3-293 

2 

2 

4073 

23-509 

3 

3 

±10 

4663 

232.737 

3 

9 
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Primitive  Roots,  Factorization  of  p—  1 Table  24,8 

g,  G denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e denotes 

whether  10,  —10  both  or  neither  are  primitive  roots. 


V 

p-1 

9 

— G 

€ 

V 

v- 1 

9 

— G 

€ 

V 

P- 1 

9 

— G 

6 

4673 

26-73 

3 

3 

±10 

5297 

24-331 

3 

3 

±10 

5867 

2-7-419 

5 

3 

-10 

4679 

2-2339 

11 

2 

-10 

5303 

2-11-241 

5 

2 

10 

5869 

22-32-163 

2 

2 

± 10 

4691 

2-5-7-67 

2 

3 

10 

5309 

22-1327 

2 

2 

±10 

5879 

2-2939 

11 

2 

-10 

4703 

2-2351 

5 

2 

10 

5323 

2-3-887 

5 

10 

-10 

5881 

23.3-5-72 

31 

31 

4721 

24-5-59 

6 

6 

5333 

22-31-43 

2 

2 

5897 

23-11-67 

3 

3 

±10 

4723 

2-3-787 

2 

4 

-10 

5347 

2-35-ll 

3 

6 

-10 

5903 

2-3-227 

5 

2 

10 

4729 

23-3-197 

17 

17 

5351 

2-52-107 

11 

2 

-10 

5923 

2-32-7-47 

2 

4 

-10 

4733 

22-7-132 

5 

5 

5381 

22-5-269 

3 

3 

±10 

5927 

2-2963 

5 

2 

10 

4751 

2-53-19 

19 

3 

-10 

5387 

2-2693 

2 

3 

-10 

5939 

2-2969 

2 

3 

10 

4759 

2313-61 

3 

5 

-10 

5393 

24-337 

3 

3 

±10 

5953 

26-3-31 

7 

7 

_ U. 

4783 

2-3-797 

6 

2 

10 

5399 

2-2699 

7 

2 

-10 

5981 

22-5-13.23 

3 

3 

± 10 

4787 

2-2393 

2 

3 

-10 

5407 

2-3-17-53 

3 

2 

5987 

2-41-73 

2 

3 

-10 

4789 

22-32-7-19 

2 

2 

5413 

22-3-ll-41 

5 

5 

6007 

2-3-7-11-13 

3 

9 

4793 

23-599 

3 

3 

±10 

5417 

23-677 

3 

3 

±10 

6011 

2-5-601 

2 

4 

10 

4799 

2-2399 

7 

2 

-10 

5419 

2-32-?-43 

3 

5 

10 

6029 

2211137 

2 

2 

±10 

4801 

26-3-52 

7 

7 

5431 

2-3-5-181 

3 

2 

-10 

6037 

22-3-503 

5 

5 

4813 

22-3-401 

2 

2 

5437 

22-32-151 

5 

5 

6043 

2-3-19-53 

5 

6 

-10 

4817 

24-7-43 

3 

3 

±10 

5441 

26-5-17 

3 

3 

6047 

2-3023 

5 

2 

10 

4831 

2-3-5-7-23 

3 

2 

5443 

2-3-907 

2 

4 

6053 

22-17-89 

2 

2 

4861 

22-35-5 

11 

11 

5449 

23-3-227 

7 

7 

6067 

2-32-337 

2 

4 

-10 

4871 

2-5-487 

11 

3 

-10 

5471 

2-5-547 

7 

3 

6073 

23-3-ll-23 

10 

10 

±10 

4877 

22-23-53 

2 

2 

5477 

22-372 

2 

2 

6079 

2-3-1013 

17 

7 

4889 

23-13-47 

3 

3 

5479 

2-3-11-83 

3 

2 

-10 

6089 

23-761 

3 

3 

4903 

2-3-19-43 

3 

2 

5483 

2-2741 

2 

3 

-10 

6091 

2-3-5-7-29 

7 

11 

4909 

22-3-409 

6 

6 

5501 

22-53-11 

2 

2 

±10 

6101 

22-52-61 

2 

2 

4919 

2-2459 

13 

2 

-10 

5503 

23-7-131 

3 

9 

10 

6113 

25-191 

3 

3 

± 10 

4931 

2517-29 

6 

3 

10 

5507 

2-2753 

2 

3 

-10 

6121 

23-32-5  17 

7 

7 

4933 

22-32-137 

2 

2 

5519 

2-31-89 

13 

2 

-w 

6131 

2-5-613 

2 

3 

10 

4937 

23-617 

3 

3 

±10 

5521 

24-3-5-23 

11 

11 

6133 

2237.73 

5 

5 

4943 

2-7-353 

7 

2 

10 

5527 

2-32-307 

5 

2 

10 

6143 

2-37-83 

5 

2 

10 

4951 

2-32-52-ll 

6 

2 

-10 

5531 

2-5-7-79 

10 

5 

10 

6151 

2-3-52-41 

3 

7 

4957 

22-3-7-59 

2 

2 

5557 

22-3-463 

2 

2 

6163 

2-3-13-79 

3 

6 

4967 

2-13-191 

5 

2 

10 

5563 

2-33-103 

2 

4 

-10 

6173 

22-1543 

2 

2 

4969 

23-33-23 

11 

11 

5569 

26-3-29 

13 

13 

6197 

22-1549 

2 

2 

4973 

22-ll-113 

2 

2 

5573 

22-7-199 

2 

2 

6199 

2-3-1033 

3 

2 

-10 

4987 

2-32-277 

2 

4 

-10 

5581 

22.32-5-31 

6 

6 

±10 

6203 

2-7-443 

2 

3 

4993 

27-3-13 

5 

5 

5591 

2-5-13-43 

11 

2 

-10 

6211 

2-33-5-23 

2 

4 

10 

4999 

2-3-72-17 

3 

9 

5623 

2-3-937 

5 

2 

10 

6217 

23-3-7-37 

5 

5 

±10 

5003 

2-41-61 

2 

3 

-10 

5639 

2-2819 

7 

2 

-10 

6221 

22-5-311 

3 

3 

±10 

5009 

24-313 

3 

3 

5641 

23-3-5-47 

14 

14 

6229 

22-32-173 

2 

2 

5011 

2-3-5-167 

2 

4 

5647 

2-3-941 

3 

2 

6247 

2- 32 -347 

5 

2 

10 

5021 

22-5-251 

3 

3 

± 10 

5651 

2-52-113 

2 

3 

10 

6257 

24-17-23 

3 

3 

±10 

5023 

2-34-31 

3 

2 

5653 

22-32-157 

5 

5 

6263 

2-31-101 

5 

2 

10 

5039 

2-11-229 

11 

2 

-10 

5657 

23-7-101 

3 

3 

±10 

6269 

22-1567 

2 

2 

±10 

5051 

2-52-101 

2 

3 

5659 

2-323-41 

2 

4 

10 

6271 

2-3-5-11-19 

11 

17 

5059 

2-32-281 

2 

4 

10 

5669 

22-13-109 

3 

3 

±10 

6277 

22-3-523 

2 

2 

5077 

22-33-47 

2 

2 

5683 

2-3-947 

2 

4 

-10 

6287 

2-7-449 

7 

2 

10 

5081 

23-5-127 

3 

3 

5689 

23-32-79 

11 

11 

6299 

2-47-67 

2 

3 

5087 

2-2543 

5 

2 

10 

5693 

22-1423 

2 

2 

6301 

22-32-52-7 

10 

10 

±10 

5099 

2-2549 

2 

3 

10 

5701 

22.352.19 

2 

2 

±10 

6311 

2-5-631 

7 

2 

-10 

5101 

22-3-52-17 

6 

6 

5711 

2-5-571 

19 

3 

6317 

22-1579 

2 

2 

5107 

2-3-23-37 

2 

4 

-10 

5717 

22-1429 

2 

2 

6323 

2-29-109 

2 

3 

-10 

5113 

23-32-71 

19 

19 

5737 

23-3-239 

5 

5 

±10 

6329 

23-7-113 

3 

3 

5119 

2-3-853 

3 

2 

5741 

22-5-7-41 

2 

2 

±10 

6337 

26-32-ll 

10 

10 

±10 

5147 

2-31-83 

2 

3 

-10 

5743 

2-32-11-29 

10 

2 

10 

6343 

2-3-7151 

3 

2 

10 

5153 

25-7-23 

5 

5 

±10 

5749 

22-3-479 

2 

2 

±10 

6353 

24-397 

3 

3 

±10 

5167 

2-32-7-41 

6 

11 

10 

5779 

2-33-107 

2 

4 

10 

6359 

2-11-172 

13 

2 

-10 

5171 

2-5-11-47 

2 

4 

5783 

2.72.59 

7 

2 

10 

6361 

23.3-5-53 

19 

19 

5179 

2-3-863 

2 

4 

10 

5791 

23-5.193 

6 

2 

6367 

2-3-1061 

3 

2 

10 

5189 

22-1297 

2 

2 

±10 

5801 

23-52-29 

3 

3 

6373 

223359 

2 

2 

5197 

22-3-433 

7 

7 

5807 

2-2903 

5 

2 

10 

6379 

2-3-1063 

2 

4 

5209 

23-3-7-31 

17 

17 

5813 

22-1453 

2 

2 

6389 

22-1597 

2 

2 

± 10 

5227 

2-3-13-67 

2 

4 

-16 

5821 

22-3-5-97 

6 

6 

±10 

6397 

22-313-41 

2 

2 

5231 

2-5-523 

7 

2 

-10 

5827 

2-3-971 

2 

4 

-10 

6421 

22-3-5-107 

6 

6 

5233 

24-3-109 

10 

10 

±10 

5839 

2-3-7-139 

6 

2 

-10 

6427 

2-3s-7-17 

3 

6 

5237 

22-7-ll-17 

3 

3 

5843 

2-23-127 

2 

4 

— 10 

6449 

24-13-31 

3 

3 

5261 

22-5-263 

2 

2 

5849 

23-17-43 

3 

3 

6451 

2-3-52-43 

3 

6 

5273 

23-659 

3 

3 

±10 

5851 

2-32-52.13 

2 

4 

6469 

22.3.72.II 

2 

2 

5279 

2713-29 

7 

3 

-10 

5857 

25-3-61 

7 

7 

±10 

6473 

23-809 

3 

3 

±10 

5281 

25-3-5-ll 

7 

7 

5861 

22-5-293 

3 

3 

±10 

6481 

24-34-5 

7 

7 
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Table  24.8  Primitive  Roots,  Factorization  of  p — 1 

g,  G denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e denotes 

whether  10,  —10  both  or  neither  are  primitive  roots. 


V 

p-1 

9 

-G 

6 

V 

p-1 

9 

-G 

€ 

V 

p-i 

9 

-G 

6 

6491 

2511-59 

2 

3 

7121 

24-5-89 

3 

3 

7741 

22.32.5  43 

7 

7 

6521 

23-5-163 

6 

6 

7127 

2-7-509 

5 

2 

7753 

23.3-17-19 

10 

10 

±10 

6529 

27-317 

7 

7 

7129 

23-34-ll 

7 

7 

7757 

22.7-277 

2 

2 

6547 

2-3-1091 

2 

4 

7151 

2-52-ll-13 

7 

3 

7759 

2.32.431 

3 

2 

-10 

6551 

2.5M31 

17 

2 

-16 

7159 

2-3.1193 

3 

2 

-10 

7789 

22.3.11.59 

2 

9 

Sm 

6553 

23-32-7-13 

10 

10 

±10 

7177 

23  3 1 3 23 

10 

10 

±10 

7793 

24-487 

3 

3 

±10 

6563 

217193 

5 

10 

-10 

7187 

23593 

2 

3 

-10 

7817 

23-977 

3 

3 

±10 

6569 

23-821 

3 

3 

7198 

2329  31 

3 

3 

±10 

7823 

2-3911 

5 

2 

10 

6571 

2.32.5.73 

3 

7 

16 

7207 

23  1201 

3 

2 

10 

7829 

22.19-103 

2 

2 

± 10 

6577 

24  3 137 

5 

5 

7211 

2 57  103 

2 

3 

7841 

25.5.72 

12 

12 

6581 

22.5.747 

14 

14 

7213 

22.3-601 

5 

5 

7853 

22.13151 

2 

2 

6599 

2-3299 

13 

2 

-10 

7219 

2.32.401 

2 

4 

10 

7867 

2-32.19  23 

3 

6 

-10 

6607 

2-32.367 

3 

2 

7229 

22. 13- 139 

2 

2 

±10 

7873 

26  3 41 

5 

5 

±10 

6619 

231103 

2 

4 

10 

7237 

22.33-67 

2 

2 

7877 

22.11.179 

2 

2 

6637 

22.3  7.79 

2 

2 

7243 

2.3.17.71 

2 

4 

-10 

7879 

23.13101 

3 

2 

-16 

6653 

22.1663 

2 

2 

7247 

23623 

5 

2 

10 

7883 

2-7-563 

2 

3 

-10 

6659 

2-3329 

2 

3 

10 

7253 

22.72.37 

2 

2 

7901 

22.52.79 

2 

2 

±10 

6661 

22.32.5  37 

6 

6 

±10 

7283 

211331 

2 

3 

-10 

7907 

2-59.67 

2 

3 

-10 

6673 

24  3 139 

5 

5 

±10 

7297 

27.319 

5 

5 

7919 

2.37. 107 

7 

2 

-10 

6679 

2.32.7  53 

7 

5 

-10 

7307 

2-13.281 

2 

3 

-10 

7927 

2-31321 

3 

4 

10 

6689 

25.11. 19 

3 

3 

7309 

22.32.7.29 

6 

6 

±10 

7933 

22.3-661 

2 

9 

6691 

2-3-5-223 

2 

4 

10 

7321 

23-3-5-61 

7 

7 

7937 

28  31 

3 

3 

6701 

22.52.67 

2 

2 

±10 

7331 

2-5733 

2 

4 

7949 

22.1987 

2 

2 

6703 

2.31117 

5 

2 

10 

7333 

22.3  1347 

6 

6 

7951 

2352.53 

6 

2 

-10 

6709 

22-3- 13-43 

2 

2 

±10 

7349 

22. 11. 167 

2 

2 

±10 

7963 

23- 1327 

5 

10 

6719 

23359 

11 

2 

-10 

7351 

2.3.52.72 

6 

5 

7993 

23.33.37 

5 

m* 

0 

6733 

22.32.11.17 

2 

2 

7369 

23*3  307 

7 

7 

8009 

23.7.11*13 

3 

3 

6737 

24-421 

3 

3 

±10 

7393 

25-3-7-ll 

5 

5 

± 10 

8011 

2.32.5.89 

14 

7 

6761 

23-5-132 

3 

3 

7411 

2.35.13.19 

2 

4 

10 

8017 

24  3*167 

5 

5 

± 10 

6763 

2.3.7223 

2 

4 

7417 

23  32.103 

5 

5 

8039 

2-4019 

11 

2 

— 10 

6779 

23389 

2 

3 

10 

7433 

23*929 

3 

3 

±10 

8053 

22.311.61 

2 

2 

6781 

22.3.5113 

2 

2 

7451 

2.52.149 

2 

4 

10 

8059 

23  17  79 

3 

5 

10 

6791 

2.5.7.97 

7 

3 

7457 

25.233 

3 

3 

±10 

8069 

22.2017 

2 

2 

±10 

6793 

23*3  283 

10 

10 

±10 

7459 

23.11. 113 

2 

4 

10 

8081 

24*5*101 

3 

3 

6803 

219-179 

2 

3 

-10 

7477 

22.3.7-89 

2 

2 

8087 

213-311 

5 

2 

10 

6823 

2 32.379 

3 

2 

10 

7481 

23.5* 11*17 

6 

6 

8089 

23-3337 

17 

17 

6827 

2-3413 

2 

3 

-10 

7487 

2-19-197 

5 

3 

10 

8093 

22.7.172 

2 

2 

6829 

22.3  569 

2 

& 

±10 

7489 

2fl*32.13 

7 

7 

8101 

22.34*52 

6 

6 

6833 

24-7-61 

3 

3 

±10 

7499 

2-23.163 

2 

3 

10 

8111 

2-5.811 

11 

2 

6841 

23.32.5  19 

22 

22 

7507 

2-33-139 

2 

4 

-10 

8117 

22.2029 

2 

2 

6857 

23*857 

3 

3 

± 10 

7517 

22.1879 

2 

2 

8123 

231- 131 

2 

3 

-10 

6863 

2.47  73 

5 

2 

10 

7523 

2-3761 

2 

3 

-10 

8147 

2-4073 

2 

3 

-10 

6869 

22.17-101 

2 

2 

±10 

7529 

23-941 

3 

3 

8161 

25.3.5-17 

7 

P"7 

4 

6871 

2.3  5229 

3 

9 

-10 

7537 

24*3157 

7 

7 

8167 

2-31361 

3 

9 

6883 

2.33137 

2 

4 

-10 

7541 

22.5-13.29 

2 

2 

± 10 

8171 

2-5-19-43 

2 

3 

16 

6899 

2-3449 

2 

3 

10 

7547 

2-73-ll 

2 

3 

-10 

8179 

2*3.29.47 

2 

4 

10 

6907 

231151 

2 

4 

7549 

22.3  1 7 37 

2 

2 

8191 

2.32.5.7.I3 

17 

11 

6911 

2.5*691 

7 

2 

-10 

7559 

2-3779 

13 

2 

-10 

8209 

24  33.19 

7 

7 

6917 

22.7-13-19 

2 

2 

7561 

2333  5.7 

13 

13 

8219 

2-7-587 

2 

3 

10 

6947 

2-23151 

2 

3 

-10 

7573 

22.3  631 

2 

2 

8221 

22.3-5. 137 

2 

2 

6949 

22.32.193 

2 

2 

±10 

7577 

23-947 

3 

3 

±10 

8231 

2.5*823 

11 

2 

-16 

6959 

2.72.71 

7 

3 

-10 

7583 

2 17  223 

5 

2 

10 

8233 

23.3-73 

10 

10 

6961 

243  5-29 

13 

13 

7589 

22.7  271 

2 

2 

8237 

22.29-71 

2 

2 

6967 

2-34  43 

5 

13 

10 

7591 

2.351123 

6 

2 

-10 

8243 

2-13317 

2 

3 

-10 

6971 

2.5.17.41 

2 

4 

10 

7603 

2-3-7-181 

2 

4 

8263 

2.35.17 

3 

2 

10 

6977 

26.109 

3 

3 

±10 

7607 

2-3803 

5 

2 

10 

8269 

22-3- 13-53 

2 

2 

± 10 

6983 

2-3491 

5 

2 

10 

7621 

22.3  5 127 

2 

2 

8273 

24- 11-47 

3 

3 

±10 

6991 

2.3  5233 

6 

2 

-10 

7639 

2-3-19-67 

7 

5 

mil 

8287 

2*3* 1381 

3 

7 

10 

6997 

22-3-ll-53 

5 

5 

7643 

2-3821 

2 

3 

Bol 

8291 

2-5-829 

2 

3 

"10 

7001 

23-53-7 

3 

3 

7649 

25.239 

3 

3 

HHB 

8293 

23-1049 

2 

2 

7013 

22-1753 

2 

2 

HB 

7669 

22.33.71 

2 

2 

wm 

8297 

22-2099 

3 

3 

±10 

7019 

2-112.29 

2 

3 

10 

7673 

23-7.137 

3 

3 

±10 

8311 

23  5.277 

3 

2 

-10 

7027 

2.3*1171 

2 

4 

7681 

29-35 

17 

17 

8317 

22.33.7.ll 

6 

6 

7039 

2.32.17.23 

3 

2 

min 

7687 

2.32.7.61 

6 

2 

10 

8329 

23.3347 

7 

7 

7043 

2-7503 

2 

4 

7691 

2.5*769 

2 

3 

10 

8353 

25.32.29 

5 

5 

7057 

24.32*72 

5 

5 

±10 

7699 

2-3.1283 

3 

5 

10 

8363 

2-37113 

2 

3 

-10 

7069 

22.3.1931 

2 

2 

±10 

7703 

2-3851 

5 

2 

10 

8369 

24-523 

3 

3 

7079 

2-3539 

7 

2 

-10 

7717 

22.3  643 

2 

2 

8377 

23-3  3 49 

5 

5 

■mo 

7103 

2-5367 

5 

2 

10 

7723 

2 33.11.13 

3 

6 

8387 

2.7.599 

2 

3 

1 

7109 

22.1777 

2 

2 

±10 

7727 

2-3863 

5 

2 

16 

8389 

22.32.233 

6 

6 
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Primitive  Roots,  Factorization  of  p — 1 Table  24.8 

g,  G denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  e denotes 

whether  10,  —10  both  or  neither  are  primitive  roots. 


V 

v- 1 

9 

-G 

6 

V 

P- 1 

9 

-G 

6 

8419 

2-3-23-61 

3 

6 

8941 

22.3-5-149 

6 

6 

8423 

2-4211 

5 

2 

10 

8951 

2.52.179 

13 

2 

-10 

8429 

22-72-43 

2 

2 

±10 

8963 

2-4481 

2 

3 

-10 

8431 

2-3-5-281 

3 

2 

-10 

8969 

23- 19-59 

3 

3 

8443 

2-32-7-67 

2 

4 

-10 

8971 

2-3-5-13-23 

2 

4 

10 

8447 

2-41- 103 

5 

2 

10 

8999 

2.11-409 

7 

2 

-10 

8461 

22-32-5-47 

6 

6 

9001 

23*32.53 

8467 

23.17  83 

2 

4 

-10 

9007 

2.3.19.79 

8501 

22-5M7 

7 

7 

±10 

9011 

25  1753 

10 

8513 

26-7«19 

5 

5 

±10 

9013 

22.3.751 

8521 

22-35.71 

13 

13 

9029 

22.37-61 

2 

±10 

8527 

2 3-72-29 

5 

2 

9041 

24  5 113 

3 

8537 

23-ll-97 

3 

3 

±10 

9043 

2-311-137 

3 

6 

-10 

8539 

23  1423 

2 

4 

9049 

23-3-13-29 

7 

8543 

2-4271 

5 

2 

10 

9059 

2-7-647 

2 

10 

8563 

23  1427 

2 

4 

-10 

9067 

231511 

3 

6 

-10 

8573 

22-2143 

2 

2 

9091 

2.32.5101 

3 

8581 

223-5  11  13 

6 

6 

9103 

23-3741 

6 

10 

8597 

22.7.307 

2 

2 

9109 

22-3s- 11-23 

10 

10 

±10 

8599 

23  1433 

3 

2 

9127 

2-33-132 

3 

2 

8609 

25-269 

3 

3 

9133 

22.3-761 

6 

6 

8623 

2.32479 

3 

2 

10 

9137 

24-571 

3 

3 

±10 

8627 

2-19-227 

2 

3 

-10 

9151 

2-3-52.61 

3 

2 

8629 

22-3  719 

6 

6 

9157 

22.3-7. 109 

6 

6 

8641 

26  33  5 

17 

17 

9161 

23-5-229 

3 

3 

8647 

2.3.11. 131 

3 

2 

10 

9173 

22-2293 

2 

2 

8663 

2-61.71 

5 

2 

10 

9181 

22.33-5-17 

2 

2 

8669 

22.11. 197 

2 

2 

±10 

9187 

23  1531 

3 

6 

-10 

8677 

22.32.241 

2 

2 

9199 

2-32-7-73 

3 

2 

-10 

8681 

23.5  7 31 

15 

15 

9203 

243  107 

2 

3 

-10 

8689 

243  181 

13 

13 

9209 

23*1151 

3 

3 

8693 

22.41-53 

2 

2 

9221 

22-5-461 

2 

2 

±10 

8699 

2-4349 

2 

3 

10 

9227 

2-7659 

2 

3 

-10 

8707 

2-31451 

5 

7 

-10 

9239 

2-31. 149 

19 

2 

-10 

8713 

23.32.il2 

5 

5 

±10 

9241 

23  3 5 7.11 

13 

13 

8719 

23- 1453 

3 

5 

-10 

9257 

23- 13-89 

3 

3 

±10 

8731 

2.32.597 

2 

4 

10 

9277 

22-3  7 73 

5 

5 

8737 

25-3  7 13 

5 

5 

9281 

28  5 29 

3 

3 

8741 

22-5  19  23 

2 

2 

±10 

9283 

2.371317 

2 

4 

8747 

24373 

2 

3 

-10 

9293 

22.23. 101 

2 

2 

8753 

24-547 

3 

3 

±10 

9311 

2 5-72.19 

7 

2 

-10 

8761 

233  5 73 

23 

23 

9319 

2-3-1553 

3 

2 

-10 

8779 

2.3.7II.I9 

11 

22 

9323 

2-59-79 

2 

3 

-10 

8783 

2-4391 

5 

2 

10 

9337 

23*3  389 

5 

5 

8803 

2-33163 

2 

4 

9341 

22.5*467 

2 

2 

± 10 

8807 

27  1737 

5 

2 

16 

9343 

233-173 

5 

2 

10 

8819 

2-4409 

2 

3 

10 

9349 

22:3-19.41 

2 

2 

8821 

22.32.5-72 

2 

2 

±10 

9371 

2.5937 

2 

3 

10 

8831 

2-5883 

7 

5 

-10 

9377 

25293 

3 

3 

± 10 

8837 

22.472 

2 

2 

9391 

235313 

3 

2 

-10 

8839 

2.32.491 

3 

2 

-10 

9397 

22-34-29 

2 

2 

8849 

24  7 79 

3 

3 

9403 

23  1567 

3 

6 

8861 

22.5.443 

2 

2 

±10 

9413, 

22.13-181 

3 

3 

8863 

237211 

3 

9 

9419 

217-277 

2 

3 

8867 

211. 13- 31 

2 

3 

9421 

22.3  5. 157 

2 

2 

±10 

8887 

2-3-1481 

3 

2 

9431 

2.523.41 

7 

3 

-10 

8893 

22.32.13.19 

5 

5 

9433 

23-32-131 

5 

5 

8923 

2.3. 1487 

2 

4 

9437 

22.7  337 

2 

2 

8929 

25  32.31 

11 

11 

9439 

2.3-112.13 

22 

!■■■ 

8933 

22.7-11.29 

2 

2 

9461 

22.5.11.43 

3 

±10 

V 

P—  1 

9 

-G 

6 

9463 

23  19  83 

3 

9 

9467 

24733 

2 

3 

-10 

9473 

28-37 

3 

3 

±10 

9479 

2-7-677 

7 

2 

-10 

9491 

25  13  73 

2 

3 

10 

9497 

23.1187 

3 

3 

±10 

9511 

23  5317 

3 

9 

9521 

24-5.7-17 

3 

3 

s 

9533 

22-2383 

2 

2 

9539 

2-19-251 

2 

3 

10 

9547 

2-3.37.43 

2 

4 

-10 

9551 

2 52.191 

11 

2 

9587 

2-4793 

2 

3 

-10 

9601 

27-3-52 

13 

13 

9613 

22.33-89 

2 

2 

9619 

2.37.229 

2 

4 

9623 

2-17-283 

5 

3 

10 

9629 

22.29-83 

2 

2 

± 10 

9631 

2 32.5.107 

3 

9 

-10 

9643 

23-1607 

2 

4 

-10 

9649 

24-32-67 

9661 

22.357.23 

9677 

22-41.59 

9679 

23-1613 

9689 

23-7-173 

9697 

25  3-101 

10 

10 

±10 

9719 

243  113 

17 

3 

-10 

9721 

23-35-5 

7 

7 

9733 

22.3-811 

2 

2 

9739 

232.541 

3 

5 

10 

9743 

2-4871 

5 

2 

10 

9749 

22-2437 

2 

2 

± 10 

9767 

2-19-257 

5 

2 

10 

9769 

23.31137 

13 

13 

9781 

22.3-5. 163 

6 

6 

±10 

9787 

2.3.7.233 

3 

6 

-10 

9791 

2-5-11-89 

11 

2 

-10 

9803 

2-132.29 

2 

3 

-10 

9811 

232.5109 

3 

5 

10 

9817 

23.3-409 

5 

5 

±10 

9829 

2233.7. 13 

10 

10 

±10 

9833 

23-1229 

3 

3 

±10 

9839 

2-4919 

7 

2 

-10 

9851 

2.52.197 

2 

4 

10 

9857 

27-7.11 

5 

5 

±10 

9859 

23  31. 53 

2 

4 

9871 

23.57.47 

3 

2 

-10 

9883 

2 34-61 

2 

4 

-10 

988Y 

2-4943 

5 

2 

10 

9901 

22.32.52.ll 

2 

2 

9907 

2313127 

2 

4 

-10 

9923 

2-112.41 

2 

3 

-10 

9929 

23.17  73 

3 

3 

9931 

23  5331 

10 

5 

10 

9941 

22.5-7-71 

2 

9949 

22.3*829 

2 

±10 

9967 

2311.151 

2 

10 

9973 

22.32.277 

11 

11 

870 


COMBINATORIAL  ANALYSIS 


Table  24.9  PRIMES 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

1 

2 

547 

1229 

1993 

2749 

3581 

4421 

5281 

6143 

7001 

7927 

8837 

9739 

10663 

11677 

12569 

13513 

14533 

15413 

16411 

17393 

18329 

19427 

20359 

21391 

2 

3 

557 

1231 

1997 

2753 

3583 

4423 

5297 

6151 

7013 

7933 

8839 

9743 

10667 

11681 

12577 

13523 

14537 

15427 

16417 

17401 

18341 

19429 

20369 

21397 

3 

5 

563 

1237 

1999 

2767 

3593 

4441 

5303 

6163 

7019 

7937 

8849 

9749 

10687 

11689 

12583 

13537 

14543 

15439 

16421 

17417 

18353 

19433 

20389 

21401 

4 

7 

569 

1249 

2003 

2777 

3607 

4447 

5309 

6173 

7027 

7949 

8861 

9767 

10691 

11699 

12589 

13553 

14549 

15443 

16427 

17419 

18367 

19441 

20393 

21407 

5 

11 

571 

1259 

2011 

2789 

3613 

4451 

5323 

6197 

7039 

7951 

8863 

9769 

10709 

11701 

12601 

13567 

14551 

15451 

16433 

17431 

18371 

19447 

20399 

21419 

6 

13 

577 

1277 

2017 

2791 

3617 

4457 

5333 

6199 

7043 

7963 

8867 

9781 

10711 

11717 

12611 

13577 

14557 

15461 

16447 

17443 

18379 

19457 

20407 

21433 

7 

17 

587 

1279 

2027 

2797 

3623 

4463 

5347 

6203 

7057 

7993 

8887 

9787 

10723 

11719 

12613 

13591 

14561 

15467 

16451 

17449 

18397 

19463 

20411 

21467 

8 

19 

593 

1283 

2029 

2801 

3631 

4481 

5351 

6211 

7069 

8009 

8893 

9791 

10729 

11731 

12619 

13597 

14563 

15473 

16453 

17467 

18401 

19469 

20431 

21481 

9 

23 

599 

1289 

2039 

2803 

3637 

4483 

5381 

6217 

7079 

8011 

8923 

9803 

10733 

11743 

12637 

13613 

14591 

15493 

16477 

17471 

18413 

19471 

20441 

21487 

10 

29 

601 

1291 

2053 

2819 

3643 

4493 

5387 

6221 

7103 

8017 

8929 

9811 

10739 

11777 

12641 

13619 

14593 

15497 

16481 

17477 

18427 

19477 

20443 

21491 

11 

31 

607 

1297 

2063 

2833 

1659 

4507 

5393 

6229 

7109 

8039 

8933 

9817 

10753 

11779 

12647 

13627 

14621 

15511 

16487 

17483 

18433 

19483 

20477 

21493 

12 

37 

613 

1301 

2069 

2837 

3671 

4513 

5399 

6247 

7121 

8053 

8941 

9829 

10771 

11783 

12653 

13633 

14627 

15527 

16493 

17489 

18439 

19489 

20479 

21499 

13 

41 

617 

1303 

2081 

2843 

3673 

4517 

5407 

6257 

7127 

8059 

8951 

9833 

10781 

11789 

12659 

13649 

14629 

15541 

16519 

17491 

18443 

19501 

20483 

21503 

14 

43 

619 

1307 

2083 

2851 

3677 

4519 

5413 

6263 

7129 

8069 

8963 

9839 

10789 

11801 

12671 

13669 

14633 

15551 

16529 

17497 

18451 

19507 

20507 

21517 

15 

47 

631 

1319 

2087 

2857 

3691 

4523 

5417 

6269 

7151 

8081 

8969 

9851 

10799 

11807 

12689 

13679 

14639 

15559 

16547 

17509 

18457 

19531 

20509 

21521 

16 

53 

641 

1321 

2089 

2861 

3697 

4547 

5419 

6271 

7159 

8087 

8971 

9857 

10831 

11813 

12697 

13681 

14653 

15569 

16553 

17519 

18461 

19541 

20521 

21523 

17 

59 

643 

1327 

2099 

2879 

3701 

4549 

5431 

6277 

7177 

8089 

8999 

9859 

10837 

11821 

12703 

13687 

14657 

15581 

16561 

17539 

18481 

19543 

20533 

21529 

18 

61 

647 

1361 

2111 

2887 

3709 

4561 

5437 

6287 

7187 

8093 

9001 

9871 

10847 

11827 

12713 

13691 

14669 

15583 

16567 

17551 

18493 

19553 

20543 

21557 

19 

67 

653 

1367 

2113 

2897 

3719 

4567 

5441 

6299 

7193 

8101 

9007 

9883 

10853 

11831 

12721 

13693 

14683 

15601 

16573 

17569 

18503 

19559 

20549 

21559 

20 

71 

659 

1373 

2129 

2903 

3727 

4583 

544} 

6301 

7207 

8111 

9011 

9887 

10859 

11833 

12739 

13697 

14699 

15607 

16603 

17573 

18517 

19571 

20551 

21563 

21 

73 

661 

1381 

2131 

2909 

3733 

4591 

5449 

6311 

7211 

8117 

9013 

9901 

10861 

11839 

12743 

13709 

14713 

15619 

16607 

17579 

18521 

19577 

20563 

21569 

22 

79 

673 

1399 

2137 

2917 

3739 

4597 

5471 

6317 

7213 

8123 

9029 

9907 

10867 

11863 

12757 

13711 

14717 

15629 

16619 

17581 

18523 

19583 

20593 

21577 

23 

83 

677 

1409 

2141 

2927 

3761 

4603 

5477 

6323 

7219 

8147 

9041 

9923 

10883 

11867 

12763 

13721 

14723 

15641 

16631 

17597 

18539 

19597 

20599 

21587 

24 

89 

683 

1423 

2143 

2939 

3767 

4621 

5479 

6329 

7229 

8161 

9043 

9929 

10889 

11887 

12781 

13723 

14731 

15643 

16633 

17599 

18541 

19603 

20611 

21589 

25 

97 

691 

1427 

2153 

2953 

3769 

4637 

5483 

6337 

7237 

8167 

9049 

9931 

10891 

11897 

12791 

13729 

14737 

15647 

16649 

17609 

18553 

19609 

20627 

21599 

26 

101 

701 

1429 

2161 

2957 

3779 

4639 

5501 

6343 

7243 

8171 

9059 

9941 

10903 

11903 

12799 

13751 

14741 

15649 

16651 

17623 

18583 

1%61 

20639 

21601 

27 

103 

709 

1433 

2179 

2963 

3793 

4643 

5503 

6353 

7247 

8179 

9067 

9949 

10909 

11909 

12809 

13757 

14747 

15661 

16657 

17627 

18587 

19681 

20641 

21611 

28 

107 

719 

1439 

2203 

2969 

3797 

4649 

5507 

6359 

7253 

8191 

9091 

9967 

10937 

11923 

12821 

13759 

14753 

15667 

16661 

17657 

18593 

19687 

20663 

21613 

29 

109 

727 

1447 

2207 

2971 

3803 

4651 

5519 

6361 

7283 

8209 

9103 

9973 

10939 

11927 

12823 

13763 

14759 

15671 

16673 

17659 

18617 

19697 

20681 

21617 

30 

113 

733 

1451 

2213 

2999 

3821 

4657 

5521 

6367 

7297 

8219 

9109 

10007 

10949 

11933 

12829 

13781 

14767 

15679 

16691 

17669 

18637 

19699 

20693 

21647 

31 

127 

739 

1453 

2221 

3001 

3823 

4663 

5527 

6373 

7307 

8221 

9127 

10009 

10957 

11939 

12841 

13789 

14771 

15683 

16693 

17681 

18661 

19709 

20707 

21649 

32 

131 

743 

1459 

2237 

3011 

3833 

4673 

5531 

6379 

7309 

8231 

9133 

10037 

10973 

11941 

12853 

13799 

14779 

15727 

16699 

17683 

18671 

19717 

20717 

21661 

33 

137 

751 

1471 

2239 

3019 

3847 

4679 

5557 

6389 

7321 

8233 

9137 

10039 

10979 

11953 

12889 

13807 

14783 

15731 

16703 

17707 

18679 

19727 

20719 

21673 

34 

139 

757 

1481 

2243 

3023 

3851 

4691 

5563 

6397 

7331 

8237 

9151 

10061 

10987 

11959 

12893 

13829 

14797 

15733 

16729 

17713 

18691 

19739 

20731 

21683 

35 

149 

761 

1483 

2251 

3037 

3853 

4703 

5569 

6421 

7333 

8243 

9157 

10067 

10993 

11969 

12899 

13831 

14813 

15737 

16741 

17729 

18701 

19751 

20743 

21701 

36 

151 

769 

1487 

2267 

3041 

3863 

4721 

5573 

6427 

7349  C 8263 

9161 

10069 

11003 

11971 

12907 

13841 

14821 

15739 

16747 

17737 

18713 

19753 

20747 

21713 

37 

157 

773 

1489 

2269 

3049 

3877 

4723 

5581 

6449 

7351 

8269 

9173 

10079 

11027 

11981 

12911 

13859 

14827 

15749 

16759 

17747 

18719 

19759 

20749 

21727 

38 

163 

787 

1493 

2273 

3061 

3881 

4729 

5591 

6451 

7369 

8273 

9181 

10091 

11047 

11987 

12917 

13873 

14831 

15761 

16763 

17749 

18731 

19763 

20753 

21737 

39 

167 

797 

1499 

2281 

3067 

3889 

4733 

5623 

6469 

7393 

8287 

9187 

10093 

11057 

12007 

12919 

13877 

14843 

15767 

16787 

17761 

18743 

19777 

20759 

21739 

40 

173 

809 

1511 

2287 

3079 

3907 

4751 

5639 

6473 

7411 

8291 

9199 

10099 

11059 

12011 

12923 

13879 

14851 

15773 

16811 

17783 

18749 

19793 

20771 

21751 

41 

179 

811 

1523 

2293 

3083 

3911 

4759 

5641 

6481 

7417 

8293 

9203 

10103 

11069 

12037 

12941 

13883 

14867 

15787 

16823 

17789 

18757 

19801 

20773 

21757 

42 

181 

821 

1531 

2297 

3089 

3917 

4783 

5647 

6491 

7433 

8297 

9209 

10111 

11071 

12041 

12953 

13901 

14869 

15791 

16829 

17791 

18773 

19813 

20789 

21767 

43 

191 

823 

1543 

2309 

3109 

3919 

4787 

5651 

6521 

7451 

8311 

9221 

10133 

11083 

12043 

12959 

13903 

14879 

15797 

16831 

17807 

18787 

19819 

20807 

21773 

44 

193 

827 

1549 

2311 

3119 

3923 

4789 

5653 

6529 

7457 

8317 

9227 

10139 

11087 

12049 

12967 

13907 

14887 

15803 

16843 

17827 

18793 

19841 

20809 

21787 

45 

197 

829 

1553 

2333 

3121 

3929 

4793 

5657 

6547 

7459 

8329 

9239 

10141 

11093 

12071 

12973 

13913 

14891 

15809 

16871 

17837 

18797 

19843 

20849 

21799 

46 

199 

839 

1559 

2339 

3137 

3931 

4799 

5659 

6551 

7477 

8353 

9241 

10151 

11113 

12073 

12979 

13921 

14897 

15817 

16879 

17839 

18803 

19853 

20857 

21803 

47 

211 

853 

1567 

2341 

3163 

3943 

4801 

5669 

6553 

7481 

8363 

9257 

10159 

11117 

12097 

12983 

13931 

14923 

15823 

16883 

17851 

18839 

19861 

20873 

21817 

48 

223 

857 

1571 

2347 

3167 

3947 

4813 

5683 

6563 

7487 

8369 

9277 

10163 

11119 

12101 

13001 

13933 

14929 

15859 

16889 

17863 

18859 

19867 

20879 

21821 

49 

227 

859 

1579 

2351 

3169 

3967 

4817 

5689 

6569 

7489 

8377 

9281 

10169 

11131 

12107 

13003 

13963 

14939 

15877 

16901 

17881 

18869 

19889 

20887 

21839 

50 

229 

863 

1583 

2357 

3181 

3989 

4831 

5693 

6571 

7499 

8387 

9283 

10177 

11149 

12109 

13007 

13967 

14947 

15881 

16903 

17891 

18899 

19891 

20897 

21841 

51 

233 

877 

1597 

2371 

3187 

4001 

4861 

5701 

6577 

7507 

8389 

9293 

10181 

11159 

12113 

13009 

13997 

14951 

15887 

16921 

17903 

18911 

19913 

20899 

21851 

52 

239 

881 

1601 

2377 

3191 

4003 

4871 

5711 

6581 

7517 

8419 

9311 

10193 

11161 

12119 

13033 

13999 

14957 

15889 

16927 

17909 

18913 

19919 

20903 

21859 

53 

241 

883 

1607 

2381 

3203 

4007 

4877 

5717 

6599 

7523 

8423 

9319 

10211 

11171 

12143 

13037 

14009 

14969 

15901 

16931 

17911 

18917 

19927 

20921 

21863 

54 

251 

887 

1609 

2383 

3209 

4013 

4889 

5737 

6607 

7529 

8429 

9323 

10223 

11173 

12149 

13043 

14011 

14983 

15907 

16937 

17921 

18919 

19937 

20929 

21871 

55 

257 

907 

1613 

2389 

3217 

4019 

4903 

5741 

6619 

7537 

8431 

9337 

10243 

11177 

12157 

13049 

14029 

15013 

15913 

16943 

17923 

18947 

19949 

20939 

21881 

56 

263 

911 

1619 

2393 

3221 

4021 

4909 

5743 

6637 

7541 

8443 

9341 

10247 

11197 

12161 

13063 

14033 

15017 

15919 

16963 

17929 

18959 

19961 

20947 

21893, 

57 

269 

919 

1621 

2399 

3229 

4027 

4919 

5749 

6653 

7547 

8447 

9343 

10253 

11213 

12163 

13093 

14051 

15031 

15923 

16979 

17939 

18973 

19963 

20959 

21911 

58 

271 

929 

1627 

2411 

3251 

4049 

4931 

5779 

6659 

7549 

8461 

9349 

10259 

11239 

12197 

13099 

14057 

15053 

15937 

16981 

17957 

18979 

19973 

20963 

21929 

59 

277 

937 

1637 

2417 

3253 

4051 

4933 

5783 

6661 

7559 

8467 

9371 

10267 

11243 

12203 

13103 

14071 

15061 

15959 

16987 

17959 

19001 

19979 

20981 

21937 

60 

281 

941 

1657 

2423 

3257 

4057 

4937 

5791 

6673 

7561 

8501 

9377 

10271 

11251 

12211 

13109 

14081 

15073 

15971 

16993 

17971 

19009 

19991 

20983 

21943 

61 

283 

947 

1663 

2437 

3259 

4073 

4943 

5801 

6679 

7573 

8513 

9391 

10273 

11257 

12227 

13121 

14083 

15077 

15973 

17011 

17977 

19013 

19993 

21001 

21961 

62 

293 

953 

1667 

2441 

3271 

4079 

4951 

5807 

6689 

7577 

8521 

9397 

10289 

11261 

12239 

13127 

14087 

15083 

15991 

17021 

17981 

19031 

19997 

21011 

21977 

63 

307 

967 

1669 

2447 

3299 

4091 

4957 

5813 

6691 

7583 

8527 

9403 

10301 

11273 

12241 

13147 

14107 

15091 

16001 

17027 

17987 

19037 

20011 

21013 

21991 

64 

311 

971 

1693 

2459 

3301 

4093 

4967 

5821 

6701 

7589 

8537 

9413 

10303 

11279 

12251 

13151 

14143 

15101 

16007 

17029 

17989 

19051 

20021 

21017 

21997 

65 

313 

977 

1697 

2467 

3307 

4099 

4969 

5827 

6703 

7591 

8539 

9419 

10313 

11287 

12253 

13159 

14149 

15107 

16033 

17033 

18013 

19069 

20023 

21019 

22003 

66 

317 

983 

1699 

2473 

3313 

4111 

4973 

5839 

6709 

7603 

8543 

9421 

10321 

11299 

12263 

13163 

14153 

15121 

16057 

17041 

18041 

19073 

20029 

21023 

22013 

67 

331 

991 

1709 

2477 

3319 

4127 

4987 

5843 

6719 

7607 

8563 

9431 

10331 

11311 

12269 

13171 

14159 

15131 

16061 

17047 

18043 

19079 

20047 

21031 

22027 

68 

337 

997 

1721 

2503 

3323 

4129 

4993 

5849 

6733 

7621 

8573 

9433 

10333 

11317 

12277 

13177 

14173 

15137 

16063 

17053 

18047 

19081 

20051 

21059 

22031 

69 

347 

1009 

1723 

2521 

3329 

4133 

4999 

5851 

6737 

7639 

8581 

9437 

10337 

11321 

12281 

13183 

14177 

15139 

16067 

17077 

18049 

19087 

20063 

21061 

22037 

70 

349 

1013 

1733 

2531 

3331 

4139 

5003 

5857 

6761 

7643 

8597 

9439 

10343 

11329 

12289 

13187 

14197 

15149 

16069 

17093 

18059 

19121 

20071 

21067 

22039 

71 

353 

1019 

1741 

2539 

3343 

4153 

5009 

5861 

6763 

7649 

8599 

9461 

10357 

11351 

12301 

13217 

14207 

15161 

16073 

17099 

18061 

19139 

20089 

21089 

22051 

72 

359 

1021 

1747 

2543 

3347 

4157 

5011 

5867 

6779 

7669 

8609 

9463 

10369 

11353 

12323 

13219 

14221 

15173 

16087 

17107 

18077 

19141 

20101 

21101 

22063 

73 

367 

1031 

1753 

2549 

3359 

4159 

5021 

5869 

6781 

7673 

8623 

9467 

10391 

11369 

12329 

13229 

14243 

15187 

16091 

17117 

18089 

19157 

20107 

21107 

22067 

74 

373 

1033 

1759 

2551 

3361 

4177 

5023 

5879 

6791 

7681 

8627 

9473 

10399 

11383 

12343 

13241 

14249 

15193 

16097 

17123 

18097 

19163 

20113 

21121 

22073 

75 

379 

1039 

1777 

2557 

3371 

4201 

5039 

5881 

6793 

7687 

8629 

9479 

10427 

11393 

12347 

13249 

14251 

15199 

16103 

17137 

18119 

19181 

20117 

21139 

22079 

76 

383 

1049 

1783 

2579 

3373 

4211 

5051 

5897 

6803 

7691 

8641 

9491 

10429 

11399 

12373 

13259 

14281 

15217 

16111 

17159 

18121 

19183 

20123 

21143 

22091 

77 

389 

1051 

1787 

2591 

3389 

4217 

5059 

5903 

6823 

7699 

8647 

9497 

10433 

11411 

12377 

13267 

14293 

15227 

16127 

17167 

18127 

19207 

20129 

21149 

22093 

78 

397 

1061 

1789 

2593 

3391 

4219 

5077 

5923 

6827 

7703 

8663 

9511 

10453 

11423 

12379 

13291 

14303 

15233 

16139 

17183 

18131 

19211 

20143 

21157 

22109 

79 

401 

1063 

1801 

2609 

3407 

4229 

5081 

5927 

6829 

7717 

8669 

9521 

10457 

11437 

12391 

13297 

14321 

15241 

16141 

17189 

18133 

19213 

20147 

21163 

22111 

80 

409 

1069 

1811 

2617 

3413 

4231 

5087 

5939 

6833 

7723 

8677 

9533 

10459 

11443 

12401 

13309 

14323 

15259 

16183 

17191 

18143 

19219 

20149 

21169 

22123 

81 

419 

1087 

1823 

2621 

3433 

4241 

5099 

5953 

6841 

7727 

8681 

9539 

10463 

11447 

12409 

13313 

14327 

15263 

16187 

17203 

18149 

19231 

20161 

21179 

22129 

82 

421 

1091 

1831 

2633 

3449 

4243 

5101 

5981 

6857 

7741 

8689 

9547 

10477 

11467 

12413 

13327 

14341 

15269 

16189 

17207 

18169 

19237 

20173 

21187 

22133 

83 

431 

1093 

1847 

2647 

3457 

4253 

5107 

5987 

6863 

7753 

8693 

9551 

10487 

11471 

12421 

13331 

14347 

15271 

16193 

17209 

18181 

19249 

20177 

21191 

22147 

84 

433 

1097 

1861 

2657 

3461 

4259 

5113 

6007 

6869 

7757 

8699 

9587 

10499 

11483 

12433 

13337 

14369 

15277 

16217 

17231 

18191 

19259 

20183 

21193 

22153 

85 

439 

1103 

1867 

2659 

3463 

4261 

5119 

6011 

6871 

7759 

8707 

9601 

10501 

11489 

12437 

13339 

14387 

15287 

16223 

17239 

18199 

19267 

20201 

21211 

22157 

86 

443 

1109 

1871 

2663 

3467 

4271 

5147 

6029 

6883 

7789 

8713 

9613 

10513 

11491 

12451 

13367 

14389 

15289 

16229 

17257 

18211 

19273 

20219 

21221 

22159 

87 

449 

1117 

1873 

2671 

3469 

4273 

5153 

6037 

6899 

7793 

8719 

9619 

10529 

11497 

12457 

13381 

14401 

15299 

16231 

17291 

18217 

19289 

20231 

21227 

22171 

88 

457 

1123 

1877 

2677 

3491 

4283 

5167 

6043 

6907 

7817 

8731 

9623 

10531 

11503 

12473 

13397 

14407 

15307 

16249 

17293 

18223 

19301 

20233 

21247 

22189 

89 

461 

1129 

1879 

2683 

3499 

4289 

5171 

6047 

6911 

7823 

8737 

9629 

10559 

11519 

12479 

13399 

14411 

15313 

16253 

17299 

18229 

19309 

20249 

21269 

22193 

90 

463 

1151 

1889 

2687 

3511 

4297 

5179 

6053 

6917 

7829 

8741 

9631 

10567 

11527 

12487 

13411 

14419 

15319 

16267 

17317 

18233 

19319 

20261 

21277 

22229 

91 

467 

1153 

1901 

2689 

3517 

4327 

5189 

6067 

6947 

7841 

8747 

9643 

10589 

11549 

12491 

13417 

14423 

15329 

16273 

17321 

18251 

19333 

20269 

21283 

22247 

92 

479 

1163 

1907 

2693 

3527 

4337 

5197 

6073 

6949 

7853 

8753 

9649 

10597 

11551 

12497 

13421 

14431 

15331 

16301 

17327 

18253 

19373 

20287 

21313 

22259 

93 

487 

1171 

1913 

2699 

3529 

4339 

5209 

6079 

6959 

7867 

8761 

9661 

10601 

11579 

12503 

13441 

14437 

15349 

16319 

17333 

18257 

19379 

20297 

21317 

22271 

94 

491 

1181 

1931 

2707 

3533 

4349 

5227 

6089 

6961 

7873 

8779 

9677 

10607 

11587 

12511 

13451 

14447 

15359 

16333 

17341 

18269 

19381 

20323 

21319 

22273 

95 

499 

1187 

1933 

2711 

3539 

4357 

5231 

6091 

6967 

7877 

8783 

9679 

10613 

11593 

12517 

13457 

14449 

15361 

16339 

17351 

18287 

19387 

20327 

21323 

22277 

96 

503 

1193 

1949 

2713 

3541 

4363 

5233 

6101 

6971 

7879 

8803 

9689 

10627 

11597 

12527 

13463 

14461 

15373 

16349 

17359 

18289 

19391 

20333 

21341 

22279 

97 

509 

1201 

1951 

2719 

3547 

4373 

5237 

6113 

6977 

7883 

8807 

9697 

10631 

11617 

12539 

13469 

14479 

15377 

16361 

17377 

18301 

19403 

20341 

21347 

22283 

98 

521 

1213 

1973 

2729 

3557 

4391 

5261 

6121 

6983 

7901 

8819 

9719 

10639 

11621 

12541 

13477 

14489 

15383 

16363 

17383 

18307 

19417 

20347 

21377 

22291 

99 

523 

1217 

1979 

2731 

3559 

4397 

5273 

6131 

6991 

7907 

8821 

9721 

10651 

11633 

12547 

13487 

14503 

15391 

16369 

17387 

18311 

19421 

20353 

21379 

22303 

100 

541 

1223 

1987 

2741 

3571 

4409 

5279 

6133 

6997 

7919 

8831 

9733 

10657 

11657 

12553 

13499 

14519 

15401 

16381 

17389 

18313 

19423 

20357 

21383 

22307 

From  D.  N.  Lehmer,  Lisl  of  prime  numbers  from  1 to  10,006,721,  Carnegie  Institution  of  Washington,  Publieation  INo.  165,  Washington, 
D.C.,  1914  (with  permission). 


COMBINATORIAL  ANALYSIS 


871 


PRIMES  Table  24.9 


25 

26 

27 

28 

29 

;jo 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

1 

22343 

23327 

24317 

25409 

26407 

27457 

28513 

29453 

30577 

31607 

32611 

33617 

34651 

35771 

36787 

37831 

38923 

39979 

41113 

42083 

43063 

44203 

45317 

46451 

47533 

2 

22349 

23333 

24329 

25411 

26417 

27479 

28517 

29473 

30593 

31627 

32621 

33619 

34667 

35797 

36791 

37847 

38933 

39983 

41117 

42089 

43067 

44207 

45319 

46457 

47543 

3 

22367 

23339 

24337 

25423 

26423 

27481 

28537 

29483 

30631 

31643 

32633 

33623 

34673 

35801 

36793 

37853 

38953 

39989 

41131 

42101 

43093 

44221 

45329 

46471 

47563 

4 

22369 

23357 

24359 

25439 

26431 

27487 

28541 

29501 

30637 

31649 

32647 

33629 

34679 

35803 

36809 

37861 

38959 

40009 

41141 

42131 

43103 

44249 

45337 

46477 

47569 

5 

22381 

23369 

24371 

25447 

26437 

27509 

28547 

29527 

30643 

31657 

32653 

33637 

34687 

35809 

36821 

37871 

38971 

40013 

41143 

42139 

43117 

44257 

45341 

46489 

47581 

6 

22391 

23371 

24373 

25453 

26449 

27527 

28549 

29531 

30649 

31663 

32687 

33641 

34693 

35831 

36833 

37879 

38977 

40031 

41149 

42157 

43133 

44263 

45343 

46499 

47591 

7 

22397 

23399 

24379 

25457 

26459 

27529 

28559 

29537 

30661 

31667 

32693 

33647 

34703 

35837 

36847 

37889 

38993 

40037 

41161 

42169 

43151 

44267 

45361 

46507 

47599 

S 

22409 

23417 

24391 

25463 

26479 

27539 

28571 

29567 

30671 

31687 

32707 

33679 

34721 

35839 

36857 

37897 

39019 

40039 

41177 

42179 

43159 

44269 

45377 

46511 

47609 

9 

22433 

23431 

24407 

25469 

26489 

27541 

28573 

29569 

30677 

31699 

32713 

33703 

34729 

35851 

36871 

37907 

39023 

40063 

41179 

42181 

43177 

44273 

45389 

46523 

47623 

10 

22441 

23447 

24413 

25471 

26497 

27551 

28579 

29573 

30689 

31721 

32717 

33713 

34739 

35863 

36877 

37951 

39041 

40087 

41183 

42187 

43189 

44279 

45403 

46549 

47629 

11 

22447 

23459 

24419 

25523 

26501 

27581 

28591 

29581 

30697 

31723 

32719 

33721 

34747 

35869 

36887 

37957 

39043 

40093 

41189 

42193 

43201 

44281 

45413 

46559 

47639 

12 

22453 

23473 

24421 

25537 

26513 

27583 

28597 

29587 

30703 

31727 

32749 

33739 

34757 

35879 

36899 

37963 

39047 

40099 

41201 

42197 

43207 

44293 

45427 

46567 

47653 

13 

22469 

23497 

24439 

25541 

26539 

27611 

28603 

29599 

30707 

31729 

32771 

33749 

34759 

35897 

36901 

37967 

39079 

40111 

41203 

42209 

43223 

44351 

45433 

46573 

47657 

14 

22481 

23509 

24443 

25561 

26557 

27617 

28607 

29611 

30713 

31741 

32779 

33751 

34763 

35899 

36913 

37987 

39089 

40123 

41213 

42221 

43237 

44357 

45439 

46589 

47659 

15 

22483 

23531 

24469 

25577 

26561 

27631 

28619 

29629 

30727 

31751 

32783 

33757 

34781 

35911 

36919 

37991 

39097 

40127 

41221 

42223 

43261 

44371 

45481 

46591 

47681 

16 

22501 

23537 

24473 

25579 

26573 

27647 

28621 

29633 

30757 

31769 

32789 

33767 

34807 

35923 

36923 

37993 

39103 

40129 

41227 

42227 

43271 

44381 

45491 

46601 

47699 

17 

22511 

23539 

24481 

25583 

26591 

27653 

28627 

29641 

30763 

31771 

32797 

33769 

34819 

35933 

36929 

37997 

39107 

40151 

41231 

42239 

43283 

44383 

45497 

46619 

47701 

18 

22531 

23549 

24499 

25589 

26597 

27673 

28631 

29663 

30773 

31793 

32801 

33773 

34841 

35951 

36931 

38011 

39113 

40153 

41233 

42257 

43291 

44389 

45503 

46633 

47711 

19 

22541 

23557 

24509 

25601 

26627 

27689 

28643 

29669 

30781 

31799 

32803 

33791 

34843 

35963 

36943 

38039 

39119 

40163 

41243 

42281 

43313 

44417 

45523 

46639 

47713 

20 

22543 

23561 

24517 

25603 

26633 

27691 

28649 

29671 

30803 

31817 

32831 

33797 

34847 

35969 

36947 

38047 

39133 

40169 

41257 

42283 

43319 

44449 

45533 

46643 

47717 

21 

22549 

23563 

24527 

25609 

26641 

27697 

28657 

29683 

30809 

31847 

32833 

33809 

34849 

35977 

36973 

38053 

39139 

40177 

41263 

42293 

43321 

44453 

45541 

46649 

47737 

22 

22567 

23567 

24533 

25621 

26647 

27701 

28661 

29717 

30817 

31849 

32839 

33811 

34871 

35983 

36979 

38069 

39157 

40189 

41269 

42299 

43331 

44483 

45553 

46663 

47741 

23 

22571 

23581 

24547 

25633 

26669 

27733 

28663 

29723 

30829 

31859 

32843 

33827 

34877 

35993 

36997 

38083 

39161 

40193 

41281 

42307 

43391 

44491 

45557 

46679 

47743 

24 

22573 

23593 

24551 

25639 

26681 

27737 

28669 

29741 

30839 

31873 

32869 

33829 

34883 

35999 

37003 

38113 

39163 

40213 

41299 

42323 

43397 

44497 

45569 

46681 

47777 

25 

22613 

23599 

24571 

25643 

26683 

27739 

28687 

29753 

30841 

31883 

32887 

33851 

34897 

36007 

37013 

38119 

39181 

40231 

41333 

42331 

43399 

44501 

45587 

46687 

47779 

26 

22619 

23603 

24593 

25657 

26687 

27743 

28697 

29759 

30851 

31891 

32909 

33857 

34913 

36011 

37019 

38149 

39191 

40237 

41341 

42337 

43403 

44507 

45589 

46691 

47791 

27 

22621 

23609 

24611 

25667 

26693 

27749 

28703 

29761 

30853 

31907 

32911 

33863 

34919 

36013 

37021 

38153 

39199 

40241 

41351 

42349 

43411 

44519 

45599 

46703 

47797 

28 

22637 

23623 

24623 

25673 

26699 

27751 

28711 

29789 

30859 

31957 

32917 

33871 

34939 

36017 

37039 

38167 

39209 

40253 

41357 

42359 

43427 

44531 

45613 

46723 

47807 

29 

22639 

23627 

24631 

25679 

26701 

27763 

28723 

29803 

30869 

31963 

32933 

33889 

34949 

36037 

37049 

38177 

39217 

40277 

41381 

42373 

43441 

44533 

45631 

46727 

47809 

30 

22643 

23629 

24659 

25693 

26711 

27767 

28729 

29819 

30871 

31973 

32939 

33893 

34961 

36061 

37057 

38183 

39227 

40283 

41387 

42379 

43451 

44537 

45641 

46747 

47819 

31 

22651 

23633 

24671 

25703 

26713 

27773 

28751 

29833 

30881 

31981 

32941 

33911 

34963 

36067 

37061 

38189 

39229 

40289 

41389 

42391 

43457 

44543 

45659 

46751 

47837 

32 

22669 

23663 

24677 

25717 

26717 

27779 

28753 

29837 

30893 

31991 

32957 

33923 

34981 

36073 

37087 

38197 

39233 

40343 

41399 

42397 

43481 

44549 

45667 

46757 

47843 

33 

22679 

23669 

24683 

25733 

26723 

27791 

28759 

29851 

30911 

32003 

32969 

33931 

35023 

36083 

37097 

38201 

39239 

40351 

41411 

42403 

43487 

44563 

45673 

46769 

47857 

34 

22691 

23671 

24691 

25741 

26729 

27793 

28771 

29863 

30931 

32009 

32971 

33937 

35027 

36097 

37117 

38219 

39241 

40357 

41413 

42407 

43499 

44579 

45677 

46771 

47869 

35 

22697 

23677 

24697 

25747 

26731 

27799 

28789 

29867 

30937 

32027 

32983 

33941 

35051 

36107 

37123 

38231 

39251 

40361 

41443 

42409 

43517 

44587 

45691 

46807 

47881 

36 

22699 

23687 

24709 

25759 

26737 

27803 

28793 

29873 

30941 

32029 

32987 

33961 

35053 

36109 

37139 

38237 

39293 

40387 

41453 

42433 

43541 

44617 

45697 

46811 

47903 

37 

22709 

23689 

24733 

25763 

26759 

27809 

28807 

29879 

30949 

32051 

32993 

33967 

35059 

36131 

37159 

38239 

39301 

40423 

41467 

42437 

43543 

44621 

45707 

46817 

47911 

38 

22717 

23719 

24749 

25771 

26777 

27817 

28813 

29881 

30971 

32057 

32999 

33997 

35069 

36137 

37171 

38261 

39313 

40427 

41479 

42443 

43573 

44623 

45737 

46819 

47917 

39 

22721 

23741 

24763 

25793 

26783 

27823 

28817 

29917 

30977 

32059 

33013 

34019 

35081 

36151 

37181 

38273 

39317 

40429 

41491 

42451 

43577 

44633 

45751 

46829 

47933 

40 

22727 

23743 

24767 

25799 

26801 

27827 

28837 

29921 

30983 

32063 

33023 

34031 

35083 

36161 

37189 

38281 

39323 

40433 

41507 

42457 

43579 

44641 

45757 

46831 

47939 

41 

22739 

23747 

24781 

25801 

26813 

27847 

28843 

29927 

31013 

32069 

33029 

34033 

35089 

36187 

37199 

38287 

39341 

40459 

41513 

42461 

43591 

44647 

45763 

46853 

47947 

42 

22741 

23753 

24793 

25819 

26821 

27851 

28859 

29947 

31019 

32077 

33037 

34039 

35099 

36191 

37201 

38299 

39343 

40471 

41519 

42463 

43597 

44651 

45767 

46861 

47951 

43 

22751 

23761 

24799 

25841 

26833 

27883 

28867 

29959 

31033 

32083 

33049 

34057 

35107 

36209 

37217 

38303 

39359 

40483 

41521 

42467 

43607 

44657 

45779 

46867 

47963 

44 

22769 

23767 

24809 

25847 

26839 

27893 

28871 

29983 

31039 

32089 

33053 

34061 

35111 

36217 

37223 

38317 

39367 

40487 

41539 

42473 

43609 

44683 

45817 

46877 

47969 

45 

22777 

23773 

24821 

25849 

26849 

27901 

28879 

29989 

31051 

32099 

33071 

34123 

35117 

36229 

37243 

38321 

39371 

40493 

41543 

42487 

43613 

44687 

45821 

46889 

47977 

46 

22783 

23789 

24841 

25867 

26861 

27917 

28901 

30011 

31063 

32117 

33073 

34127 

35129 

36241 

37253 

38327 

39373 

40499 

41549 

42491 

43627 

44699 

45823 

46901 

47981 

47 

22787 

23801 

24847 

25873 

26863 

27919 

28909 

30013 

31069 

32119 

33083 

34129 

35141 

36251 

37273 

38329 

39383 

40507 

41579 

42499 

43633 

44701 

45827 

46919 

48017 

48 

22807 

23813 

24851 

25889 

26879 

27941 

28921 

30029 

31079 

32141 

33091 

34141 

35149 

36263 

37277 

38333 

39397 

40519 

41593 

42509 

43649 

44711 

45833 

46933 

48023 

49 

22811 

23819 

24859 

25903 

26881 

27943 

28927 

30047 

31081 

32143 

33107 

34147 

35153 

36269 

37307 

38351 

39409 

40529 

41597 

42533 

43651 

44729 

45841 

46957 

48029 

50 

22817 

23827 

24877 

25913 

26891 

27947 

28933 

30059 

31091 

32159 

33113 

34157 

35159 

36277 

37309 

38371 

39419 

40531 

41603 

42557 

43661 

44741 

45853 

46993 

48049 

51 

22853 

23831 

24889 

25919 

26893 

27953 

28949 

30071 

31121 

32173 

33119 

34159 

35171 

36293 

37313 

38377 

39439 

40543 

41609 

42569 

43669 

44753 

45863 

46997 

48073 

52 

22859 

23833 

24907 

25931 

26903 

27961 

28961 

30089 

31123 

32183 

33149 

34171 

35201 

36299 

37321 

38393 

39443 

40559 

41611 

42571 

43691 

44771 

45869 

47017 

48079 

53 

22861 

23857 

24917 

25933 

26921 

27967 

28979 

30091 

31139 

32189 

33151 

34183 

35221 

36307 

37337 

38431 

39451 

40577 

41617 

42577 

43711 

44773 

45887 

47041 

48091 

54 

22871 

23869 

24919 

25939 

26927 

27983 

29009 

30097 

31147 

32191 

33161 

34211 

35227 

36313 

37339 

38447 

39461 

40583 

41621 

42589 

43717 

44777 

45893 

47051 

48109 

55 

22877 

23873 

24923 

25943 

26947 

27997 

29017 

30103 

31151 

32203 

33179 

34213 

35251 

36319 

37357 

38449 

39499 

40591 

41627 

42611 

43721 

44789 

45943 

47057 

48119 

56 

22901 

23879 

24943 

25951 

26951 

28001 

29021 

30109 

31153 

32213 

33181 

34217 

35257 

36341 

37361 

38453 

39503 

40597 

41641 

42641 

43753 

44797 

45949 

47059 

48121 

57 

22907 

23887 

24953 

25969 

26953 

28019 

29023 

30113 

31159 

32233 

33191 

34231 

35267 

36343 

37363 

38459 

39509 

40609 

41647 

42643 

43759 

44809 

45953 

47087 

48131 

58 

22921 

23893 

24967 

25981 

26959 

28027 

29027 

30119 

31177 

32237 

33199 

34253 

35279 

36353 

37369 

38461 

39511 

40627 

41651 

42649 

43777 

44819 

45959 

47093 

48157 

59 

22937 

23899 

24971 

25997 

26981 

28031 

29033 

30133 

31181 

32251 

33203 

34259 

35281 

36373 

37379 

38501 

39521 

40637 

41659 

42667 

43781 

44839 

45971 

47111 

48163 

60 

22943 

23909 

24977 

25999 

26987 

28051 

29059 

30137 

31183 

32257 

33211 

34261 

35291 

36383 

37397 

38543 

39541 

40639 

41669 

42677 

43783 

44843 

45979 

47119 

48179 

61 

22961 

23911 

24979 

26003 

26993 

28057 

29063 

30139 

31189 

32261 

33223 

34267 

35311 

36389 

37409 

38557 

39551 

40693 

41681 

42683 

43787 

44851 

45989 

47123 

48187 

62 

22963 

23917 

24989 

26017 

27011 

28069 

29077 

30161 

31193 

32297 

33247 

34273 

35317 

36433 

37423 

38561 

39563 

40697 

41687 

42689 

43789 

44867 

46021 

47129 

48193 

63 

22973 

23929 

25013 

26021 

27017 

28081 

29101 

30169 

31219 

32299 

33287 

34283 

35323 

36451 

37441 

38567 

39569 

40699 

41719 

42697 

43793 

44879 

46027 

47137 

48197 

64 

22993 

23957 

25031 

26029 

27031 

28087 

29123 

30181 

31223 

32303 

33289 

34297 

35327 

36457 

37447 

38569 

39581 

40709 

41729 

42701 

43801 

44887 

46049 

47143 

48221 

65 

23003 

23971 

25033 

26041 

27043 

28097 

29129 

30187 

31231 

32309 

33301 

34301 

35339 

36467 

37463 

38593 

39607 

40739 

41737 

42703 

43853 

44893 

46051 

47147 

48239 

66 

23011 

23977 

25037 

26053 

27059 

28099 

29131 

30197 

31237 

32321 

33311 

34303 

35353 

36469 

37483 

38603 

39619 

40751 

41759 

42709 

43867 

44909 

46061 

47149 

48247 

67 

23017 

23981 

25057 

26083 

27061 

28109 

29137 

30203 

31247 

32323 

33317 

34313 

35363 

36473 

37489 

38609 

39623 

40759 

41761 

42719 

43889 

44917 

46073 

47161 

48259 

68 

23021 

23993 

25073 

26099 

27067 

28111 

29147 

30211 

31249 

32327 

33329 

34319 

35381 

36479 

37493 

38611 

39631 

40763 

41771 

42727 

43891 

44927 

46091 

47189 

48271 

69 

23027 

24001 

25087 

26107 

27073 

23123 

29153 

30223 

31253 

32341 

33331 

34327 

35393 

36493 

37501 

38629 

39659 

40771 

41777 

42737 

43913 

44939 

46093 

47207 

48281 

70 

23029 

24007 

25097 

26111 

27077 

28151 

29167 

30241 

31259 

32353 

33343 

34337 

35401 

36497 

37507 

38639 

39667 

40787 

41801 

42743 

43933 

44953 

46099 

47221 

48299 

71 

23039 

24019 

25111 

26113 

27091 

28163 

29173 

30253 

31267 

32359 

33347 

34351 

35407 

36523 

37511 

38651 

39671 

40801 

41809 

42751 

43943 

44959 

46103 

47237 

48311 

72 

23041 

24023 

25117 

26119 

27103 

28181 

29179 

30259 

31271 

32363 

33349 

34361 

35419 

36527 

37517 

38653 

39679 

40813 

41813 

42767 

43951 

44963 

46133 

47251 

48313 

73 

23053 

24029 

25121 

26141 

27107 

28183 

29191 

30269 

31277 

32369 

33353 

34367 

35423 

36529 

37529 

38669 

39703 

40819 

41843 

42773 

43961 

44971 

46141 

47269 

48337 

74 

23057 

24043 

25127 

26153 

27109 

28201 

29201 

30271 

31307 

32371 

33359 

34369 

35437 

36541 

37537 

38671 

39709 

40823 

41849 

42787 

43963 

44983 

46147 

47279 

48341 

75 

23059 

24049 

25147 

26161 

27127 

28211 

29207 

30293 

31319 

32377 

33377 

34381 

35447 

36551 

37547 

38677 

39719 

40829 

41851 

42793 

43969 

44987 

46153 

47287 

48353 

76 

23063 

24061 

25153 

26171 

27143 

28219 

29209 

30307 

31321 

32381 

33391 

34403 

35449 

36559 

37549 

38693 

39727 

40841 

41863 

42797 

43973 

45007 

46171 

47293 

48371 

77 

23071 

24071 

25163 

26177 

27179 

28229 

29221 

30313 

31327 

32401 

33403 

34421 

35461 

36563 

37561 

38699 

39733 

40847 

41879 

42821 

43987 

45013 

46181 

47297 

48383 

78 

23081 

24077 

25169 

26183 

27191 

28277 

29231 

30319 

31333 

32411 

33409 

34429 

35491 

36571 

37567 

38707 

39749 

40849 

41887 

42829 

43991 

45053 

46183 

47303 

48397 

79 

23087 

24083 

25171 

26189 

27197 

28279 

29243 

30323 

31337 

32413 

33413 

34439 

35507 

36583 

37571 

38711 

39761 

40853 

41893 

42839 

43997 

45061 

46187 

47309 

48407 

80 

23099 

24091 

25183 

26203 

27211 

28283 

29251 

30341 

31357 

32423 

33427 

34457 

35509 

36587 

37573 

38713 

39769 

40867 

41897 

42841 

44017 

45077 

46199 

47317 

48409 

81 

23117 

24097 

25189 

26209 

27239 

28289 

29269 

30347 

31379 

32429 

33457 

34469 

35521 

36599 

37579 

38723 

39779 

40879 

41903 

42853 

44021 

45083 

46219 

47339 

48413 

82 

23131 

24103 

25219 

26227 

27241 

28297 

29287 

30367 

31387 

32441 

33461 

34471 

35527 

36607 

37589 

38729 

39791 

40883 

41911 

42859 

44027 

45119 

46229 

47351 

48437 

83 

23143 

24107 

25229 

26237 

27253 

28307 

29297 

30389 

31391 

32443 

33469 

34483 

35531 

36629 

37591 

38737 

39799 

40897 

41927 

42863 

44029 

45121 

46237 

47353 

48449 

84 

23159 

24109 

25237 

26249 

27259 

28309 

29303 

30391 

31393 

32467 

33479 

34487 

35533 

36637 

37607 

38747 

39821 

40903 

41941 

42899 

44041 

45127 

46261 

47363 

48463 

85 

23167 

24113 

25243 

26251 

27271 

28319 

29311 

30403 

31397 

32479 

33487 

34499 

35537 

36643 

37619 

38749 

39827 

40927 

41947 

42901 

44053 

45131 

46271 

47381 

48473 

86 

23173 

24121 

25247 

26261 

27277 

28349 

29327 

30427 

31469 

32491 

33493 

34501 

35543 

36653 

37633 

38767 

39829 

40933 

41953 

42923 

44059 

45137 

46273 

47387 

48479 

87 

23189 

24133 

25253 

26263 

27281 

28351 

29333 

30431 

31477 

32497 

33503 

34511 

35569 

36671 

37643 

38783 

39839 

40939 

41957 

42929 

44071 

45139 

46279 

47389 

48481 

88 

23197 

24137 

25261 

26267 

27283 

28387 

29339 

30449 

31481 

32503 

33521 

34513 

35573 

36677 

37649 

38791 

39841 

40949 

41959 

42937 

44087 

45161 

46301 

47407 

48487 

89 

23201 

24151 

25301 

26293 

27299 

28393 

29347 

30467 

31489 

32507 

33529 

34519 

35591 

36683 

37657 

38803 

39847 

40961 

41969 

42943 

44089 

45179 

46307 

47417 

48491 

90 

23203 

24169 

25303 

26297 

27329 

28403 

29363 

30469 

31511 

32531 

33533 

34537 

35593 

36691 

37663 

38821 

39857 

40973 

41981 

42953 

44101 

45181 

46309 

47419 

48497 

91 

23209 

24179 

25307 

26309 

27337 

28409 

29383 

30491 

31513 

32533 

33547 

34543 

35597 

36697 

37691 

38833 

39863 

40993 

41983 

42961 

44111 

45191 

46327 

47431 

48523 

92 

23227 

24181 

25309 

26317 

27361 

28411 

29387 

30493 

31517 

32537 

33563 

34549 

35603 

36709 

37693 

38839 

39869 

41011 

41999 

42967 

44119 

45197 

46337 

47441 

48527 

93 

23251 

24197 

25321 

26321 

27367 

28429 

29389 

30497 

31531 

32561 

33569 

34583 

35617 

36713 

37699 

38851 

39877 

41017 

42013 

42979 

44123 

45233 

46349 

47459 

48533 

94 

23269 

24203 

25339 

26339 

27397 

28433 

29399 

30509 

31541 

32563 

33577 

34589 

35671 

36721 

37717 

38861 

39883 

41023 

42017 

42989 

44129 

45247 

46351 

47491 

48539 

95 

23279 

24223 

25343 

26347 

27407 

28439 

29401 

30517 

31543 

32569 

33581 

34591 

35677 

36739 

37747 

38867 

39887 

41039 

42019 

43003 

44131 

45259 

46381 

47497 

48541 

96 

23291 

24229 

25349 

26357 

27409 

28447 

29411 

30529 

31547 

32573 

33587 

34603 

35729 

36749 

37781 

38873 

39901 

41047 

42023 

43013 

44159 

45263 

46399 

47501 

48563 

97 

23293 

24239 

25357 

26371 

27427 

28463 

29423 

30539 

31567 

32579 

33589 

34607 

35731 

36761 

37783 

38891 

39929 

41051 

42043 

43019 

44171 

45281 

46411 

47507 

48571 

98 

23297 

24247 

25367 

26387 

27431 

28477 

29429 

30553 

31573 

32587 

33599 

34613 

35747 

36767 

37799 

38903 

39937 

41057 

42061 

43037 

44179 

45289 

46439 

47513 

48589 

99 

23311 

24251 

25373 

26393 

27437 

28493 

29437 

30557 

31583 

32603 

33601 

34631 

35753 

36779 

37811 

38917 

39953 

41077 

42071 

43049 

44189 

45293 

46441 

47521 

48593 

100 

23321 

24281 

25391 

26399 

27449 

28499 

29443 

30559 

31601 

32609 

33613 

34649 

35759 

36781 

37813 

38921 

39971 

41081 

42073 

43051 

44201 

45307 

46447 

47527 

48611 

872 
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Table  24,9  PRIMES 


50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

1 

48619 

49667 

50767 

51817 

52937 

54001 

55109 

56197 

57193 

58243 

59369 

60509 

61637 

62791 

63823 

65071 

66107 

67247 

68389 

69497 

70663 

71719 

72859 

73999 

75083 

2 

48623 

49669 

50773 

51827 

52951 

54011 

55117 

56207 

57203 

58271 

59377 

60521 

61643 

62801 

63839 

65089 

66109 

67261 

68399 

69499 

70667 

71741 

72869 

74017 

75109 

3 

48647 

49681 

50777 

51829 

52957 

54013 

55127 

56209 

57221 

58309 

59387 

60527 

61651 

62819 

63841 

65099 

66137 

67271 

68437 

69539 

70687 

71761 

72871 

74021 

75133 

4 

48649 

49697 

50789 

51839 

52963 

54037 

55147 

56237 

57223 

58313 

59393 

60539 

61657 

62827 

63853 

65101 

66161 

67273 

68443 

69557 

70709 

71777 

72883 

74027 

75149 

5 

48661 

49711 

50821 

51853 

52967 

54049 

55163 

56239 

57241 

58321 

59399 

60589 

61667 

62851 

63857 

65111 

66169 

67289 

68447 

69593 

70717 

71789 

72889 

74047 

75161 

6 

48673 

49727 

50833 

51859 

52973 

54059 

55171 

56249 

57251 

58337 

59407 

60601 

61673 

62861 

63863 

65119 

66173 

67307 

68449 

69623 

70729 

71807 

72893 

74051 

75167 

7 

48677 

49739 

50839 

51869 

52981 

54083 

55201 

56263 

57259 

58363 

59417 

60607 

61681 

62869 

63901 

65123 

66179 

67339 

68473 

69653 

70753 

71809 

72901 

74071 

75169 

8 

48679 

49741 

50849 

51871 

52999 

54091 

55207 

56267 

57269 

58367 

59419 

60611 

61687 

62873 

63907 

65129 

66191 

67343 

68477 

69661 

70769 

71821 

72907 

74077 

75181 

9 

48731 

49747 

50857 

51893 

53003 

54101 

55213 

56269 

57271 

58369 

59441 

60617 

61703 

62897 

63913 

65141 

66221 

67349 

68483 

69677 

70783 

71837 

72911 

74093 

75193 

10 

48733 

49757 

50867 

51899 

53017 

54121 

55217 

56299 

57283 

58379 

59443 

60623 

61717 

62903 

63929 

65147 

66239 

67369 

68489 

69691 

70793 

71843 

72923 

74099 

75209 

11 

48751 

49783 

50873 

51907 

53047 

54133 

55219 

56311 

57287 

58391 

59447 

60631 

61723 

' 62921 

63949 

65167 

66271 

67391 

68491 

69697 

70823 

71849 

72931 

74101 

75211 

12 

48757 

49787 

50891 

51913 

53051 

54139 

55229 

56333 

57301 

58393 

59453 

60637 

61729 

62927 

63977 

65171 

66293 

67399 

68501 

69709 

70841 

71861 

72937 

74131 

75217 

13 

48761 

49789 

50893 

51929 

53069 

54151 

55243 

56359 

57329 

58403 

59467 

60647 

61751 

62929 

63997 

65173 

66301 

67409 

68507 

69737 

70843 

71867 

72949 

74143 

75223 

14 

48767 

49801 

50909 

51941 

53077 

54163 

55249 

56369 

57331 

58411 

59471 

60649 

61757 

62939 

64007 

65179 

66337 

67411 

68521 

69739 

70849 

71879 

72953 

74149 

75227 

15 

48779 

49807 

50923 

51949 

53087 

54167 

55259 

56377 

57347 

58417 

59473 

60659 

61781 

62969 

64013 

65183 

66343 

67421 

68531 

69761 

70853 

71881 

72959 

74159 

75239 

16 

48781 

49811 

50929 
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72707 

73867 

74933 

76091 

92 

49549 

50627 

51713 

52837 

53899 

55009 

56099 

57119 

58189 

59243 

60383 

61553 

62683 

63737 

64969 

66029 

67169 

68227 

69431 

70573 

71633 

72719 

73877 

74941 

76099 

93 

49559 

50647 

51719 

52859 

53917 

55021 

56101 

57131 

58193 

59263 

60397 

61559 

62687 

63743 

64997 

66037 

67181 

68239 

69439 

70583 

71647 

72727 

73883 

74959 

76103 

94 

49597 

50651 

51721 

52861 

53923 

55049 

56113 

57139 

58199 

59273 

60413 

61561 

62701 

63761 

65003 

66041 

67187 

68261 

69457 

70589 

71663 

72733 

73897 

75011 

76123 

95 

49603 

50671 

51749 

52879 

53927 

55051 

56123 

57143 

58207 

59281 

60427 

61583 

62723 

63773 

65011 

66047 

67189 

68279 

69463 

70607 

71671 

72739 

73907 

75013 

76129 

96 

49613 

50683 

51767 

52883 

53939 

55057 

56131 

57149 

58211 

59333 

60443 

61603 

62731 

63781 

65027 

66067 

67211 

68281 

69467 

70619 

71693 

72763 

73939 

75017 

76147 

97 

49627 

50707 

51769 

52889 

53951 

55061 

56149 

57163 

58217 

59341 

60449 

61609 

62743 

63793 

65029 

66071 

67213 

68311 

69473 

70621 

71699 

72767 

73943 

75029 

76157 

98 

49633 

50723 

51787 

52901 

53959 

55073 

56167 

57173 

58229 

59351 

60457 

61613 

62753 

63799 

65033 

66083 

67217 

68329 

69481 

70627 

71707 

72797 

73951 

75037 

76159 

99 

49639 

50741 

51797 

52903 

53987 

55079 

56171 

57179 

58231 

59357 

60493 

61627 

62761 

63803 

65053 

66089 

67219 

68351 

69491 

70639 

71711 

72817 

73961 

75041 

76163 

100 

49663 

50753 

51803 

52919 

53993 

55103 

56179 

57191 

58237 

59359 

60497 

61631 

62773 

63809 

65063 

66103 

67231 

68371 

69493 

70657 

71713 

72823 

73973 

75079 

76207 

COMBINATORIAL  ANALYSIS 
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75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

1 

76213 

77359 

78487 

79627 

80737 

81817 

82903 

84131 

85243 

86381 

87557 

88807 

89867 

90989 

92177 

93187 

94351 

95443 

96587 

97829 

98953 

2 

76231 

77369 

78497 

79631 

80747 

81839 

82913 

84137 

85247 

86389 

87559 

88811 

89891 

90997 

92179 

93199 

94379 

95461 

96589 

97841 

98963 

3 

76243 

77377 

78509 

79633 

80749 

81847 

82939 

84143 

85259 

86399 

87583 

88813 

89897 

91009 

92189 

93229 

94397 

95467 

96601 

97843 

98981 

4 

76249 

77383 

78511 

79657 

80761 

81853 

82963 

84163 

85297 

86413 

87587 

88817 

89899 

91019 

92203 

93239 

94399 

95471 

96643 

97847 

98993 

5 

76253 

77417 

78517 

79669 

80777 

81869 

82981 

84179 

85303 

86423 

87589 

88819 

89909 

91033 

92219 

93241 

94421 

95479 

96661 

97849 

98999 

6 

76259 

77419 

78539 

79687 

80779 

81883 

82997 

84181 

85313 

86441 

87613 

88843 

89917 

91079 

92221 

93251 

94427 

95483 

96667 

97859 

99013 

7 

76261 

77431 

78541 

79691 

80783 

81899 

83003 

84191 

85331 

86453 

87623 

88853 

89923 

91081 

92227 

93253 

94433 

95507 

96671 

97861 

99017 

8 

76283 

77447 

78553 

79693 

80789 

81901 

83009 

84199 

85333 

86461 

87629 

88861 

89939 

91097 

92233 

93257 

94439 

95527 

96697 

97871 

99023 

9 

76289 

77471 

78569 

79697 

80803 

81919 

83023 

84211 

85361 

86467 

87631 

88867 

89959 

91099 

92237 

93263 

94441 

95531 

96703 

97879 

99041 

10 

76303 

77477 

78571 

79699 

80809 

81929 

83047 

84221 

85363 

86477 

87641 

88873 

89963 

91121 

92243 

93281 

94447 

95539 

96731 

97883 

99053 

11 

76333 

77479 

78577 

79757 

80819 

81931 

83059 

84223 

85369 

86491 

87643 

88883 

89977 

91127 

92251 

93283 

94463 

95549 

96737 

97919 

99079 

12 

76343 

77489 

78583 

79769 

80831 

81937 

83063 

84229 

85381 

86501 

87649 

88897 

89983 

91129 

92269 

93287 

94477 

95561 

96739 

97927 

99083 

13 

76367 

77491 

78593 

79777 

80833 

81943 

83071 

84239 

85411 

86509 

87671 

88903 

89989 

91139 

92297 

93307 

94483 

95569 

96749 

97931 

99089 

14 

76369 

77509 

78607 

79801 

80849 

81953 

83077 

84247 

85427 

86531 

87679 

88919 

90001 

91141 

92311 

93319 

94513 

95581 

96757 

97943 

99103 

15 

76379 

77513 

78623 

79811 

80863 

81967 

83089 

84263 

85429 

•86533 

87683 

88937 

90007 

91151 

92317 

93323 

94529 

95597 

96763 

97961 

99109 

16 

76387 

77521 

78643 

79813 

80897 

81971 

83093 

84299 

85439 

86539 

87691 

88951 

90011 

91153 

92333 

93329 

94531 

95603 

96769 

97967 

99119 

17 

76403 

77527 

78649 

79817 

80909 

81973 

83101 

84307 

85447 

86561 

87697 

88969 

90017 

91159 

92347 

93337 

94541 

95617 

96779 

97973 

99131 

18 

76421 

77543 

78653 

79823 

80911 

82003 

83117 

84313 

85451 

86573 

87701 

88993 

90019 

91163 

92353 

93371 

94543 

95621 

96787 

97987 

99133 

19 

76423 

77549 

78691 

79829 

80917 

82007 

83137 

84317 

85453 

86579 

87719 

88997 

90023 

91183 

92357 

93377 

94547 

95629 

96797 

98009 

99137 

20 

76441 

77551 

78697 

79841 

80923 

82009 

83177 

84319 

85469 

86587 

87721 

89003 

90031 

91193 

92363 

93383 

94559 

95633 

96799 

98011 

99139 

21 

76463 

77557 

78707 

79843 

80929 

82013 

83203 

84347 

85487 

86599 

87739 

89009 

90053 

91199 

92369 

93407 

94561 

95651 

96821 

98017 

99149 

22 

76471 

77563 

•78713 

79847 

80933 

82021 

83207 

84349 

85513 

86627 

87743 

89017 

90059 

91229 

92377 

93419 

94573 

95701 

96823 

98041 

99173 

23 

76481 

77569 

78721 

79861 

80953 

82031 

83219 

84377 

85517 

86629 

87751 

89021 

90067 

91237 

92381 

93427 

94583 

95707 

96827 

98047 

99181 

24 

76487 

77573 

78737 

79867 

80963 

82037 

83221 

84389 

85523 

86677 

87767 

89041 

90071 

91243 

92383 

93463 

94597 

95713 

96847 

98057 

99191 

25 

76493 

77587 

78779 

79873 

80989 

82039 

83227 

84391 

85531 

86689 

87793 

89051 

90073 

91249 

92387 

93479 

94603 

95717 

96851 

98081 

99223 

26 

76507 

77591 

78781 

79889 

81001 

82051 

83231 

84401 

85549 

86693 

87797 

89057 

90089 

91253 

92399 

93481 

94613 

95723 

96857 

98101 

99233 

27 

76511 

77611 

78787 

79901 

81013 

82067 

83233 

84407 

85571 

86711 

87803 

89069 

90107 

91283 

92401 

93487 

94621 

95731 

96893 

98123 

99241 

28 

76519 

77617 

78791 

79903 

81017 

82073 

83243 

84421 

85577 

86719 

87811 

89071 

90121 

91291 

92413 

93491 

94649 

95737 

96907 

98129 

99251 

29 

76537 

77621 

78797 

79907 

81019 

82129 

83257 

84431 

85597 

86729 

87833 

89083 

90127 

91297 

92419 

93493 

94651 

95747 

96911 

98143 

99257 

30 

76541 

77641 

78803 

79939 

81023 

82139 

83267 

84437 

85601 

86743 

87853 

89087 

90149 

91303 

92431 

93497 

94687 

95773 

96931 

98179 

99259 

31 

76543 

77647 

78809 

79943 

81031 

82141 

83269 

84443 

85607 

86753 

87869 

89101 

90163 

91309 

92459 

93503 

94693 

95783 

96953 

98207 

99277 

32 

76561 

77659 

78823 

79967 

81041 

82153 

83273 

84449 

85619 

86767 

87877 

89107 

90173 

91331 

92461 

93523 

94709 

95789 

96959 

98213 

99289 

33 

76579 

77681 

78839 

79973 

81043 

82163 

83299 

84457 

85621 

86771 

87881 

89113 

90187 

91367 

92467 

93529 

94723 

95791 

96973 

98221 

99317 

34 

76597 

77687 

78853 

79979 

81047 

82171 

83311 

84463 

85627 

86783 

87887 

89119 

90191 

91369 

92479 

93553 

94727 

95801 

96979 

98227 

99347 

35 

76603 

77689 

78857 

79987 

81049 

82183 

83339 

84467 

85639 

86813 

87911 

89123 

90197 

91373 

92489 

93557 

94747 

95803 

96989 

98251 

99349 

36 

76607 

77699 

78877 

79997 

81071 

82189 

83341 

84481 

85643 

86837 

87917 

89137 

90199 

91381 

92503 

93559 

94771 

95813 

96997 

98257 

99367 

37 

76631 

77711 

78887 

79999 

81077 

82193 

83357 

84499 

85661 

86843 

87931 

89153 

90203 

91387 

92507 

93563 

94777 

95819 

97001 

98269 

99371 

38 

76649 

77713 

78889 

80021 

81083 

82207 

83383 

84503 

85667 

86851 

87943 

89189 

90217 

91393 

92551 

93581 

94781 

95857 

97003 

98297 

99377 

39 

76651 

77719 

78893 

80039 

81097 

82217 

83389 

84509 

85669 

86857 

87959 

89203 

90227 

91397 

92557 

93601 

94789 

95869 

97007 

98299 

99391 

40 

76667 

77723 

78901 

80051 

81101 

82219 

83399 

84521 

85691 

86861 

87961 

89209 

90239 

91411 

92567 

93607 

94793 

95873 

97021 

98317 

99397 

41 

76673 

77731 

78919 

80071 

81119 

82223 

83401 

84523 

85703 

86869 

87973 

89213 

90247 

91423 

92569 

93629 

94811 

95881 

97039 

98321 

99401 

42 

76679 

77743 

78929 

80077 

81131 

82231 

83407 

84533 

85711 

86923 

87977 

89227 

90263 

91433 

92581 

93637 

94819 

95891 

97073 

98323 

99409 

43 

76697 

77747 

78941 

80107 

81157 

82237 

83417 

84551 

85717 

86927 

87991 

89231 

90271 

91453 

92593 

93683 

94823 

95911 

97081 

98327 

99431 

44 

76717 

77761 

78977 

80111 

81163 

82241 

83423 

84559 

85733 

86929 

88001 

89237 

90281 

91457 

92623 

93701 

94837 

95917 

97103 

98347 

99439 

45 

76733 

77773 

78979 

80141 

81173 

82261 

83431 

84589 

85751 

86939 

88003 

89261 

90289 

91459 

92627 

93703 

94841 

95923 

97117 

98369 

99469 

46 

76753 

77783 

78989 

80147 

81181 

82267 

83437 

84629 

85781 

86951 

88007 

89269 

90313 

91463 

92639 

93719 

94847 

95929 

97127 

98377 

99487 

47 

76757 

77797 

79031 

80149 

81197 

82279 

83443 

84631 

85793 

86959 

88019 

89273 

90353 

91493 

92641 

93739 

94849 

95947 

97151 

98387 

99497 

48 

76771 

77801 

79039 

80153 

81199 

82301 

83449 

84649 

85817 

86969 

88037 

89293 

90359 

91499 

92647 

93761 

94873 

95957 

97157 

98389 

99523 

49 

76777 

77813 

79043 

80167 

81203 

82307 

83459 

84653 

85819 

86981 

88069 

89303 

90371 

91513 

92657 

93763 

94889 

95959 

97159 

98407 

99527 

50 

76781 

77839 

79063 

80173 

81223 

82339 

83471 

84659 

85829 

86993 

88079 

89317 

90373 

91529 

92669 

93787 

94903 

95971 

97169 

98411 

99529 

51 

76801 

77849 

79087 

80177 

81233 

82349 

83477 

84673 

85831 

87011 

88093 

89329 

90379 

91541 

92671 

93809 

94907 

95987 

97171 

98419 

99551 

52 

76819 

77863 

79103 

80191 

81239 

82351 

83497 

84691 

85837 

87013 

88117 

89363 

90397 

91571 

92681 

93811 

94933 

95989 

97177 

98429 

99559 

53 

76829 

77867 

79111 

80207 

81281 

82361 

83537 

84697 

85843 

87037 

88129 

89371 

90401 

91573 

92683 

93827 

94949 

96001 

97187 

98443 

99563 

54 

76831 

77893 

79133 

80209 

81283 

82373 

83557 

84701 

85847 

87041 

88169 

89381 

90403 

91577 

92693 

93851 

94951 

96013 

97213 

98453 

99571 

55 

76837 

77899 

79139 

80221 

81293 

82387 

83561 

84713 

85853 

87049 

88177 

89387 

90407 

91583 

92699 

93871 

94961 

96017 

97231 

98459 

99577 

56 

76847 

77929 

79147 

80231 

81299 

82393 

83563 

84719 

85889 

87071 

88211 

89393 

90437 

91591 

92707 

93887 

94993 

96043 

97241 

98467 

99581 

57 

76871 

77933 

79151 

80233 

81307 

82421 

83579 

84731 

85903 

87083 

88223 

89399 

90439 

91621 

92717 

93889 

94999 

96053 

97259 

98473 

99607 

58 

76873 

77951 

79153 

80239 

81331 

82457 

83591 

84737 

85909 

87103 

88237 

89413 

90469 

91631 

92723 

93893 

95003 

96059 

97283 

98479 

99611 

59 

76883 

77969 

79159 

80251 

81343 

82463 

83597 

84751 

85931 

87107 

88241 

89417 

90473 

91639 

92737 

93901 

95009 

96079 

97301 

98491 

99623 

60 

76907 

77977 

79181 

80263 

81349 

82469 

83609 

84761 

85933 

87119 

88259 

89431 

90481 

91673 

92753 

93911 

9502,1 

96097 

97303 

98507 

99643 

61 

76913 

77983 

79187 

80273 

81353 

82471 

83617 

84787 

85991 

87121 

88261 

89443 

90499 

91691 

92761 

93913 

95027 

96137 

97327 

98519 

99661 

62 

76919 

77999 

79193 

80279 

81359 

82483 

83621 

84793 

85999 

87133 

88289 

89449 

90511 

91703 

92767 

93923 

95063 

96149 

97367 

98533 

99667 

63 

76943 

78007 

79201 

80287 

81371 

82487 

83639 

84809 

86011 

87149 

88301 

89459 

90523 

91711 

92779 

93937 

95071 

96157 

97369 

98543 

99679 

64 

76949 

78017 

79229 

80309 

81373 

82493 

83641 

84811 

86017 

87151 

88321 

89477 

90527 

91733 

92789 

93941 

95083 

96167 

97373 

98561 

99689 

65 

76961 

78031 

79231 

80317 

81401 

82499 

83653 

84827 

86027 

87179 

88327 

89491 

90529 

91753 

92791 

93949 

95087 

96179 

97379 

98563 

99707 

66 

76963 

78041 

79241 

80329 

81409 

82507 

83663 

84857 

86029 

87181 

88337 

89501 

90533 

91757 

92801 

93967 

95089 

96181 

97381 

98573 

99709 

67 

76991 

78049 

79259 

80341 

81421 

82529 

83689 

84859 

86069 

87187 

88339 

89513 

90547 

91771 

92809 

93971 

95093 

96199 

97387 

98597 

99713 

68 

77003 

78059 

79273 

80347 

81439 

82531 

83701 

84869 

86077 

87211 

88379 

89519 

90583 

91781 

92821 

93979 

95101 

96211 

97397 

98621 

99719 

69 

77017 

78079 

79279 

80363 

81457 

82549 

83717 

84871 

86083 

87221 

88397 

89521 

90599 

91801 

92831 

93983 

95107 

96221 

97423 

98627 

99721 

70 

77023 

78101 

79283 

80369 

81463 

82559 

83719 

84913 

86111 

87223 

88411 

89527 

90617 

91807 

92849 

93997 

95111 

96223 

97429 

98639 

99733 

71 

77029 

78121 

79301 

80387 

81509 

82561 

83737 

84919 

86113 

87251 

88423 

89533 

90619 

91811 

92857 

94007 

95131 

96233 

97441 

98641 

99761 

72 

77041 

78137 

79309 

80407 

81517 

82567 

83761 

84947 

86117 

87253 

88427 

89561 

90631 

91813 

92861 

94009 

95143 

96259 

97453 

98663 

99767 

73 

77047 

78139 

79319 

80429 

81527 

82571 

83773 

84961 

86131 

87257 

88463 

89563 

90641 

91823 

92863 

94033 

95153 

96263 

97459 

98669 

99787 

74 

77069 

78157 

79333 

80447 

81533 

82591 

83777 

84967 

86137 

87277 

88469 

89567 

90647 

91837 

92867 

94049 

95177 

96269 

97463 

98689 

99793 

75 

77081 

78163 

79337 

80449 

81547 

82601 

83791 

84977 

86143 

87281 

88471 

89591 

90659 

91841 

92893 

94057 

95189 

96281 

97499 

98711 

99809 

76 

77093 

78167 

79349 

80471 

81551 

82609 

83813 

84979 

86161 

87293 

88493 

89597 

90677 

91867 

92899 

94063 

95191 

96289 

97501 

98713 

99817 

77 

77101 

78173 

79357 

80473 

81553 

82613 

83833 

84991 

86171 

87299 

88499 

89599 

90679 

91873 

92921 

94079 

95203 

96293 

97511 

98717 

99823 

78 

77137 

78179 

79367 

80489 

81559 

82619 

83843 

85009 

86179 

87313 

88513 

89603 

90697 

91909 

92927 

94099 

95213 

96323 

97523 

98729 

99829 

79 

77141 

78191 

79379 

80491 

81563 

82633 

83857 

85021 

86183 

87317 

88523 

89611 

90703 

91921 

92941 

94109 

95219 

96329 

97547 

98731 

99833 

80 

77153 

78193 

79393 

80513 

81569 

82651 

83869 

85027 

86197 

87323 

88547 

89627 

90709 

91939 

92951 

94111 

95231 

96331 

97549 

98737 

99839 

81 

77167 

78203 

79397 

80527 

81611 

82657 

83873 

85037 

86201 

87337 

88589 

89633 

90731 

91943 

92957 

94117 

95233 

96337 

97553 

98773 

99859 

82 

77171 

78229 

79399 

80537 

81619 

82699 

83891 

85049 

86209 

87359 

88591 

89653 

90749 

91951 

92959 

94121 

95239 

96353 

97561 

98779 

99871 

83 

77191 

78233 

79411 

80557 

81629 

82721 

83903 

85061 

86239 

87383 

88607 

89657 

90787 

91957 

92987 

94151 

95257 

96377 

97571 

98801 

99877 

84 

77201 

78241 

79423 

80567 

81637 

82723 

83911 

85081 

86243 

87403 

88609 

89659 

90793 

91961 

92993 

94153 

95261 

96401 

97577 

98807 

99881 

85 

77213 

78259 

79427 

80599 

81647 

82727 

83921 

85087 

86249 

87407 

88643 

89669 

90803 

91967 

93001 

94169 

95267 

96419 

97579 

98809 

99901 

86 

77237 

78277 

79433 

80603 

81649 

82729 

83933 

85091 

86257 

87421 

88651 

89671 

90821 

91969 

93047 

94201 

95273 

96431 

97583 

98837 

99907 

87 

77239 

78283 

79451 

80611 

81667 

82757 

83939 

85093 

86263 

87427 

88657 

89681 

90823 

91997 

93053 

94207 

95279 

96443 

97607 

98849 

99923 

88 

77243 

78301 

79481 

80621 

81671 

82759 

83969 

85103 

86269 

87433 

88661 

89689 

90833 

92003 

93059 

94219 

95287 

96451 

97609 

98867 

99929 

89 

77249 

78307 

79493 

80627 

81677 

82763 

83983 

85109 

86287 

87443 

88663 

89753 

90841 

92009 

93077 

94229 

95311 

96457 

97613 

98869 

99961 

90 

77261 

78311 

79531 

80629 

81689 

82781 

83987 

85121 

86291 

87473 

88667 

89759 

90847 

92033 

93083 

94253 

95317 

96461 

97649 

98873 

99971 

91 

77263 

78317 

79537 

80651 

81701 

82787 

84011 

85133 

86293 

87481 

88681 

89767 

90863 

92041 

93089 

94261 

95327 

96469 

97651 

98887 

99989 

92 

77267 

78341 

79549 

80657 

81703 

82793 

84017 

85147 

86297 

87491 

88721 

89779 

90887 

92051 

93097 

94273 

95339 

96479 

97673 

98893 

99991 

93 

77269 

78347 

79559 

80669 

81707 

82799 

84047 

85159 

86311 

87509 

88729 

89783 

90901 

92077 

93103 

94291 

95369 

96487 

97687 

98897 

94 

77279 

78367 

79561 

80671 

81727 

82811 

84053 

85193 

86323 

87511 

88741 

89797 

90907 

92083 

93113 

94307 

95383 

96493 

97711 

98899 

95 

77291 

78401 

79579 

80677 

81737 

82813 

84059 

85199 

86341 

87517 

88747 

89809 

90911 

92107 

93131 

94309 

95393 

96497 

97729 

98909 

96 

77317 

78427 

79589 

80681 

81749 

82837 

84061 

85201 

86351 

87523 

88771 

89819 

90917 

92111 

93133 

94321 

95401 

96517 

97771 

98911 

97 

77323 

78437 

79601 

80683 

81761 

82847 

84067 

85213 

86353 

87539 

88789 

89821 

90931 

92119 

93139 

94327 

95413 

96527 

97777 

98927 

98 

77339 

78439 

79609 

80687 

81769 

82883 

84089 

85223  ' 

1 86357 

87541 

88793 

89833 

90947 

92143 

93151 

94331 

95419 

96553 

97787 

98929 

99 

77347 

78467 

79613 

80701 

81773 

82889 

84121 

85229 

86369 

87547 

88799 

89839 

90971 

92153 

93169 

94343 

95429 

96557 

97789 

98939 

100 

77351 

78479 

79621 

80713 

81799 

82891 

84127 

85237 

86371 

87553 

88801 

89849 

90977 

92173 

93179 

94349 

95441 

96581 

97813 

98947 
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25.  Numerical  Interpolation,  Differentiation,  and  Integration 


Numerical  analysts  have  a tendency  to  ac- 
cumulate a multiplicity  of  tools  each  designed  for 
highly  specialized  operations  and  each  requiring 
special  knowledge  to  use  properly.  From  the 
vast  stock  of  formulas  available  we  have  culled 
the  present  selection.  We  hope  that  it  will  be 
useful.  As  with  all  such  compendia,  the  reader 
may  miss  his  favorites  and  find  others  whose 
utility  he  thinks  is  marginal. 

We  would  have  liked  to  give  examples  to 
illuminate  the  formulas,  but  this  has  not  been 
feasible.  Numerical  analysis  is  partially  a science 
and  partially  an  art,  and  short  of  writing  a text- 
book  on  the  subject  it  has  been  impossible  to 
indicate  where  and  under  what  circumstances  the 
various  formulas  are  useful  or  accurate,  or  to 
elucidate  the  numerical  difficulties  to  which  one 
might  be  led  by  uncritical  use.  The  formulas  are 
therefore  issued  together  with  a caveat  against 
their  blind  application. 


Formulas 

Notation:  Abscissas:  £0<3i<C  . . .;  functions: 
/,  0,  . • . ; values : f(xt)  =/,,  /'  (z<)  =/5 . /',/<2),  #.  . . 
indicate  1st,  2d,  . . . derivatives.  If  abscissas 
are  equally  spaced,  xm— xt=h  and  /p=/(£0+M) 
(p  not  necessarily  integral).  R,  Rn  indicate  re- 
mainders. 


25.1.  Differences 


Forward  Differences 


25.1.1 


A(/n)=An=Ai=/tt+1— yn 
A»= A„+1  Aj=/n+2 — 2/n+1+/ n 
An=A»+ 1 A2=/n+3  3/n+2“f"  3/n+l  fn 


(-1) '(*)/•+*-* 


25.1.2 


Central  Differences 

&(fn- 4*i)  fin+l:=zfin+t=fn+l  jn 
^n=^+j— 5n«j=/n+1-- •2/n+/w_1 

^n+^^n+l  tin==zjn+2 — 3/n-t-l  + 3/n‘ 


*/n- 3 


«‘=§  (-D’C-V— 


b\n=&\{n-k)  if  n and  k are  of  same  parity. 


Forward  Differences 
Xo  /o 

A0  . 

Xi  /i  Ao 

Ai 

Xi  jfi  A? 

A2 

*3  /s 


AS 


Central  Differences 
X-l  j- 1 

Xo  y« 


Xi 

Xi 


Jl 

J2 


S-i 

Si 


Si 


Si 


Si 


>3/2 


25.1.3 


Mean  Differences 


M(/n)=§(/n+i+/n-*) 


Divided  Differences 

25.1.4  [*6,*i]=^— 

•Co — X\ 

[xo,xlt  . . .)xk]=^—-’^-l]~[Xl’  ' ‘ ,,X*] 

Xq  x% 

Divided  Differences  in  Terms  of  Functional  Values 


25.1.5 


\XQiX\}  . . .,3Jn] ^ 
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25.1.6  where  wn(x)  = (x— x0)  ( x—Xi ) 
and  7 rh(x)  is  its  derivative: 

25.1.7 


. (X— Xft) 


7T  nfak) — (£fc  £o)  • • • (£fc  £fc— l)(£fc  £fc+ 1) 

• • • (£fc  £n) 

Let  D be  a simply  connected  domain  with  a 
piecewise  smooth  boundary  C and  contain  the 
points  zQ,  . . zn  in  its  interior.  Let  f(z)  be 
analytic  in  D and  continuous  in  D-\-C.  Then, 


25.1.8  • • •r^n]  <2/jr%  ^ 


/(«> 


n 


dz 


n (z—zk) 

k=0 


25.1.9 


Ag=^/(W)tt)  (Xo  <k<Xn) 


25.1.10 

[Xo,Xu  . . j^n  ^ m ! {Xq^^^X^) 


n\ 


25.1.11 


r i- 

|Z-.»,X_n+i,  . . .,2^),  . . .,Xn\  Ji2n(27b)\ 


Reciprocal  Differences 


25.1.12 


p(x o,Xi)  = 


Xo—Xi 

fo-fl 


P2(,Xq , X\y  X2) 


Pz (Xo,  X\ , 3/2 > £3) 


X0—X2 


. L/ 

p(x0jXl)  — p(xi,x2)J1 

£q— £3 

P2  (Xqj  X\ , X2)  P2  (£l , £2,  X3) 


+ P 


Pn(XQjX  1,  . . .,£») 


£0— 2JW 


Pn—l(Xoy  • . •>£»—!)  P»  — l(£l;  • • •>£») 

"bPn— 2 (£l  > • • •yXn  — l) 


25.2.  Interpolation 
Lagrange  Interpolation  Formulas 


25.2.1 

25.2.2 

li(x)  = 


n 


/(£}=2  li(x)fi+Rn(x) 

f«=0 


?T»(£) 


(2:— £,)t;(s,) 

(2; — ago)  . . . (2:— 2:j,i)(2:— 2?<.h)  . . . (x—xn) 

(Xi—Xo)  . . . (Xt— £*_i)(£,— Xi+i)  . . . (£<—£„) 


Remainder  in  Lagrange  Interpolation  Formula 

25.2.3 

Rn(x)=irn(x)  *[£o,£i,  . • *,£n,£] 

/n+1  ft) 

=7T»(£)  • ^_j_  | (Xo^Z^Xn) 


25.2.4 


ia.(»)i<(a7-  .y1  max  i/(n+i>(^)i 

x0<x<xH 


25.2.5 


<<= 


/«) 


z)(t—z0)...  (t—zn) 


it 


The  conditions  of  25.1.8  are  assumed  here. 

Lagrange  Interpolation,  Equally  Spaced  Abscissas 


n Point  Formula 


25.2.6  f(xo+ph) =2p  Al{p)jk+Rn^ 

For  to  even,  ~ (n—2 )<k<  i to)- 

For  to  odd,  (— § ^n~ ^ (w— !))• 


25.2.7 


At(p)  = 


n 


Ank{p)  = 


(~r +ty(&-mp-k ) t=1 

(_!)*(»- 1>+* 


Et  (2>+§ro— <) 


to  even. 


n (pA~-2 “— <)»  71  odd. 


25.2.8 


■k)h*j(n)(i;) 
1 


— 1 n (p  &)aj  (£o<C£<C£») 

n!  ic 

k has  the  same  range  as  in  25.2.6. 

Lagrange  Two  Point  Interpolation  Formula 
(Linear  Interpolation) 

25.2.9  /(£o +ph)  = (1  -ptfo+sfi+Bt 

25.2.10  Rtip)  « .125 h2f2)(£)  « .125A2 


NUMERICAL  ANALYSIS 


879 


Lagrange  Three  Point  Interpolation  Formula 

25.2.11 

f +P^)  = 1/- 1 +-^)/o +-^l/l  4" -^2 

«£^=%-t+ (1  -P^/o+^^/i 

25.2.12 

B2(p)  « M5h?f3)  (?)  « .065A8  (|p|  < 1) 

Lagrange  Four  Point  Interpolation  Formula 

25.2.13 

j {Xq-\-  ph) = A2f 2~\-Ilz 

—p  (p— 1)  (p— 2)  , (p2— 1)  (p— 2)  , 

6 •'-,+  2 

p(p+l)(p— 2)  , ■ pip?— 1)  / 
2 ^1'  6 •'2 


25.2.18  B5(p)  ~ 

•0049A6/(8) (?)  « .0049 A*  (0<p<l) 

.007lA8/<8)(?)  «s.0071A8  (-l<p<0,  l<p<2) 

.024 A8/®  (?)  « .024A8  (— 2<p<— 1,  2<p<3) 

(*-2<£<*a) 

Lagrange  Seven  Point  Interpolation  Formula 

25.2.19  / (z0+2>A)  = 22  <+ J?6 

t=— 3 

25.2.20 

r .0025 A7/(7)  ft) « .0025A7  (|p|<l) 

#6  (p) » -j  .0046A7/7’  (?) « .0046A7  (1  < |p|  <2) 

L .019A7/m(?)«.019A7  (2<|p|<3) 

(x_a<?<z3) 


25.2.14  i?3(p) « 

.024A4/(4)  (?)  « .024A4  (0<p<l) 

,042A4/<4>  (?)  « .042A4  (-  l<p<0,  l<p<2) 

(*_j<?<a^) 


Lagrange  Five  Point  Interpolation  Formula 

25.2.15 

/(2b+^)==S  4 

i=*— 2 

. (P2— l)p(p~ 2)  j (p— l)p(p2— 4)  . 

~ 24  jf_2  6 J_1 

, (P2— 1)(P2— 4)  , (p+l)p(P2— 4)  , 

H 4 Jo g Jt 

. (p2— l)p(p+2)  , 

+ 24  •'* 

25.2.16  i?4(p) « 

.012A6/(5>(?)  * .012A*  (|p|<l) 

.03lA6/<5)(?)  = .031  A5  (l<|p|<2)  (z_2<$<a*) 


Lagrange  Six  Point  Interpolation  Formula 

25.2.17 

/( 2^+2^)==  S 

i=— 2 

p(p2-l)(p-2)(p-3)  , 

120  -'“2 

, P(P-l)(P2-4)(p— 3)  , 

+ 24  J-1 

(P2—  1)(P2— 4)(p— 3)  , 

12 

■ P(P+1)(P2— 4)(p— 3)  - p(p8— l)(p+2)(p— 3)  , 

t 12  h 24  •'2 


PCP2— 1)(P2— 4) 
120 


Lagrange  Eight  Point  Interpolation  Formula 


25.2.21  /(*o+pfc)=S  Ajt+B, 

i=-  3 

25.2.22 


r- 


#7  (p) « ^ 


.001  lhsJ(s)  (?)  « .001 1 A8 
.0014A8/<8)  (?) = .0014A8 

.0033A8/(8>  (?)  «.0033A8 

.016A8/<8)  (?)  « .01 6A8 


v. 


(0<p<l) 

(-l<p<0) 

(1<P<2) 

(_2<p<-l) 

(2<P<3) 

(-3<p<-2) 

(3<p<4) 

(®_3<^?<^*4) 


Aitken’s  Iteration  Method 

Let  J(x|xo,Xi,  . . .,**)  denote  the  unique  poly- 
nomial of  kth  degree  which  coincides  in  value  with 
J(«r)  at  Xq^  . • ■ j X%* 


25.2.23 


J(*|®o>*i)  = 


1 

X\  — Xq 


Jo 

/l 


x0— X 

Xi—X 


f(x\xoyx2)= 


1 


x2—x0 


Jo 

J2 


Xo—X 

x2—x 


J(x\xo,xux2)= 


X2—Xi 


f(x\x0,x1) 

f(x\x<>,X2) 


Xi—X 

X2—X 


j (z|  26,  xx , Xi,  Xz)  =— ~ 


f(xfXo,Xi,X2) 

f(x\xo,xux2) 


x2—x 

xz—x 
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Taylor  Expansion 


25.2.24 


j (*)  =/o+  (*— *>)/<>+  ^ 2 f1"  /°2)  + • • • 


25.2.25 


Rn=  fV(n+U  (0 

%/a?0 


(l X—t)n 
n\ 


dt 


<*><«<*) 


Newton’s  Divided  Difference  Interpolation  Formula 

25.2.26 


n 


/(^ — /o+ [xa,  X\  j , . • , %k\  + R it 
k- 1 


*0  ^0 
*1  /l 

x%  ji 

*s  /a 


[JC0,  JCi , JC2] 

[*i  , *2]  [*<,,*1,  X2;  *3] 

[*1,32,  *3] 

[*2,*3] 


25.2.27 


Rn (*) — *”»(*)  [*o,  • • •,*»,*] — *’«(*)  fa  | 


(For  7r„  see  25.1.6.) 


(*o<£<*») 


Newton’s  Forward  Difference  Formula 


25.2.28 


f(x0+ph)  =Jo+P^>+(^  AJ+  . . . +(^Ag+.R, 


25.2.29 


%0  fo 

Aq 

Xi  ji  A20 

Ai  Ag 
z2  /2  A? 

A2 

#3  jz 


(*o<K>») 


Relation  Between  Newton  and  Lagrange  Coefficients 

25.2.30 

(!) — a-i<p)  (f)=m-p) 


($)=A^p) 


0=^(2  -p) 


Everett’s  Formula 


25.2.31 

/ (x0+ph) = (l -y)/o+p/,-^-~13),(y-2)  « 


+ 


(2>+l)2?(2>— 1)  , _/p+n—l 


3! 


+(0  «■+*. 


— (1  p)fo -\~pfi + E2b% + F28 1 + 2?45o 

+^1+  . . . +i?2n 


3T0 


3:i 


fo  fig 

5*  «| 

A fi?  fit 


25.2.32 

R2n 


Relation  Between  Everett  and  Lagrange  Coefficients 

25.2.33 


3 


E2=AU  E4=Al2  Et=A± 

F2=Ai  F4=A%  F6=+I 


Everett’s  Formula  With  Throwback 
(Modified  Central  Difference) 


25.2.34 


j (x0+ph)  = (1  — p)Jo+Pfl  +E2$mro+R'A,  1 +R 

25.2.35  6„=S2 — .18454 

25.2.36  R «. 00045|m5J|+ -00061 15|| 

25.2.37 


/(*o +ph)  = (1  — p)fo+pfi+E2Sl+F^i 

+Rt6m,0+R*6m.l+R 

25.2.38  52,=54-.2075«+  . . . 

25.2.39  R « .000032[/x5|| + .000052|5|| 

25.2.40 

f(x0+ph)=(l  —p)jo+pji+E2hl+F2h\ 

+ F*6o + F4Si + E$n'  0 + FA,  j + R 

25.2.41  5S,=5«-.21858+.049510+  . . . 

25.2.42  #«. 0000037  |m«||  + . . . 
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Simultaneous  Throwback 

25.2.43 

= (1  i 

+ EA.  o + Ftfim,  i + R 

25.2.44  82m= 82—  .01312a6+  .004388-  .OOia10 

25.2.45  84  = 84-  .27827a6 + .0685a8-  .0 1 6810 

25.2.46  R ~ .00000083 1^| + .000009487 

Bessel’s  Formula  With  Throwback 

25.2.47 

f (X0  +2?^)  = ( 1 —p)jo +i?/l  + B2  (f>m,  0+5^,  i) 

+M+«. 

25.2.48  S2m=82—  .1848* 

25.2.49  R « .00045|m8|| + .00087|8|| 

Thiele’s  Interpolation  Formula 

25.2.50 

f(x)=f(x1)  + 

X—Xi 

p(xux2)-\-x—x2 

p2  (Xi , x2,  x3)  —J(xi)  +x—xz 

/ p8(*l,*2>*3)*4)  \ 

\ —p(Xi,Xi)  + . . .) 

(For  reciprocal  differences,  p,  see  25.1.12.) 


25.2.54 


TO = 271+1 


2 n 


2 2n 

bk=- — — S/r  sin  kxr 


“*-5+1 W'  008  fc;  "*  2»+!  fn 

(&=0,1,  . . .,7l) 


25.2.55 

l 2n—l 

«*=-  S /r  COS  fccr; 
n r=0 


m=2n 

1 2rc— 1 

&*=-  S /r  sin  kxr 
n r=o 


(&=0,1,  . . .,n)  (k= 0,1,  . . .,7t— 1) 


bn  is  arbitrary. 


Subtabulation 


Let  j(x)  be  tabulated  initially  in  intervals  of 
width  h.  It  is  desired  to  sub  tabulate  j(x)  in 
intervals  of  width  him . Let  A and  A designate 
differences  with  respect  to  the  original  and  the 

final  intervals  respectively.  Thus  A0=/ 

— /(z o).  Assuming  that  the  original  5th  order 
differences  are  zero, 

25.2.56 


A° — — A0 
m 


1 A , _1  — mA2  , (1— m)(l— 2m) 


2m2 


3 


+ 


6to3  0 

(1— to)(1— 2to)  (1 


3to1 


24to4 


AJ 


Aj|=-^Aj|- 

TO2 


1—m  a3  , (1— to) (7— 11to)a4 


TO' 


Ao 


12to4 


Trigonometric  Interpolation 


Gauss9  Formula 


25.2.51  f(x)  ~ X)  JkU  (x)=tn  ( x ) 

k=0 

25.2.52 


sin  \{x— Xp) 
sin  $(xk— Xo) 


sin  \{x—  xk-i) 
sin  \{xk— z*_i) 


sin  \{x—xk+i)  ...  sin  $(&—  Xjn) 
sin  \{xk—xk+l)  ...  sin  §(**— *s») 

tn  (x)  is  a trigonometric  polynomial  of  degree  n 
such  that  tn(xk)=fk  (k= 0,1,  . . .,2 n) 


Harmonic  Analysis 
Equally  spaced  abscissas 


Xo  0,  Xij  . . ,fXfa— i)Xm — 2tT 

25.2.53 


3(1— to) 
2 TO4 


From  this  information  we  may  construct  the  final 
tabulation  by  addition.  ForTO=10, 

25.2.57 


Ao= . 1A0-  .045A?+ .0285AS—  .02066AJ 
A?=.01Ao— .009Ao+.007725Ao 
A?=.001Ag-.00135AS 

Ao=.0001Ao 

Linear  Inverse  Interpolation 

Find  p,  given  /„  ( =f(xo+ph) ) . 

Linear 


1 n 

j(x)  Oo+S  iflk  cos  kx+bk  sin  kx) 

* k-1 


25.2.58 


P 


fp  /o 
fl—fo 


/ 
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Quadratic  Inverse  Interpolation 

25.2.59 

(/,— 2/o+/-i)p2+  (/i-/-i)2>+2(/0-/p)  »0 
Inverse  Interpolation  by  Reversion  of  Series 


00 


25.2.60  Given  f(x0+ph)  =/„=2  akPl 

k= 0 


25.2.61 

p=X+c2X2+c3X3+ 

25.2.62 


\=(JP—a 0)/a! 


c2=  —<hl<h 

C3=“+2 

ax 


— a4  . 5a2a3  5a| 
c4= r 

ai 


af 


a! 


*5= 


— a5  . 6a2a4  , 3a3  21a|a3  . 14a| 

1 -9  ”1  _2  "T"  4 


a\ 


a\ 


a!  a; 

Inversion  of  Newton’s  Forward  Difference  Formula 

« 

25.2.63 

«o=/o 

„ * i Ag  | 

ai — — "2*  ' “3 4*  ‘ • • • 

„_K  Ag  , llAg  , 

^ 2 2 + 24  + • • - 

Ag  Ag 


«3= 


a4= 


6 

Ag 


24 


4 

i-  . . . 


(Used  in  conjunction  with  25.2.62.) 

Inversion  of  Everett’s  Formula 


25.2.64 


«o — /o 


®i=5 


sg  5g,ag,  ag, 

t" oaT  on  I • 


a2= 


* 3 6 ' 20 ' 30 

ag  ag 


<h 


2 24 

S§+5?  ag+ag 

6 24 


_aj , 

a 4 24  ' ' ‘ ‘ 

a ag+ag  | 

8 120  + ‘ ' 


25.2.65 


Bivariate  Interpolation 
Three  Point  Formula  (Linear) 


f(x0+ph,y0+qk)  = (1  -p- q)f 0. 0 

+Pfi.o+qJo,i+0(h2) 

Four  Point  Formula 

25.2.66 


j ( xo+ph,y0+  qk)  = {l—p)(l— q)f0t  0+p(l—q)fi,0 

-\-q(l—p)fo,i~\~pqji,i~\~0(h?) 

Six  Point  Formula 

25.2.67 


+ {l+pq-p2-q2)Ao 

p(p-2q+l)  , 
n o J 1.0 


q(q  ^+l)/oi+yg/ii+Q(fe3) 


25.3.1 


25.3.  Differentiation 
Lagrange’s  Formula 

f(x)=m  l'k(x)Jk+B'n(x) 

k= 0 


(See  25.2.1.) 

25.s.2  6 5=5^3^55 

jj*k 


(Used  in  conjunction  with  25.2.62.) 
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25.3.3 

R’n  (x) ; 


^(iV.Cxl+^A/-.© 

z=£(x)  (x0<C%<xn) 
Equally  Spaced  Abscissas 
Three  Points 


25.3.4 

f',=f(xo+ph) 


:jr{(2>— §)/-i-2p/o+(?+l)/i}  +i?2 


25.3.5 

f'P=f'(Xo+ph) 


K 


Four  Points 

Bp2- 6p  +2 


6 


, Bp2— Ip— 1^  Bp2—2p—2j 

t o Jo o Ji 


3p 


2 


6 


-/2}+S3 


Five  Points 


25.3.6 


1 f2p3— 3p2— p+l 


rP=f'(x0+ph) =-h^—  * 1 * u 

4p3— Bp2— 8^+4  j.  , 2p3—5px 

6 Jf-1+  2 J0 


42>3+3p2— 8p— 4 
6 


-/i 

2p2-\-Bp2—p— 

12 


~/2\+s; 


For  numerical  values  of  differentiation  coeffi- 
cients  see  Table  25.2. 

Markoff’s  Formulas 

(Newton’s  Forward  Difference  Formula  Differentiated) 

25.3.7 


f(a0+ph)=j^A( 


2p  — l a 2 
■ n Ag 


25.3.8 


b;=w«>  © | („*  0+*"1  C+i)  I ® 

25.3.9  hf'0= Ao — j^Ao+gA3 — ^AJ+  • • • 


25.3.10  h2fH»=Al-tf+^AS~As0+  . . . 


25.3.11 


w 


25.3.12 


:Ag-|AM-^Ag-^A8+ 


:Ao — 2Ao+  g-Ao — . . 


25.3.13 


^/«)=A3-|Ag+^Aj-^Ag+  . . . 

Everett’s  Formula 

25.3.14 

hfixo+ph) « ~/o+/i— ?-=!?—  Sg+fc.1  6? 

bpi—20pi-\-\bp2-\-\0p—&  ^ , 5p*—  15i>2+4  ^ 
120  5o+  120  5‘ 


25.3.15 


¥o 


LV  2n+l 


-A+/.-I  «i-5  «+2^  «+s  « 


Differences  in  Terms  of  Derivatives 


25.3.16 


Ao  ~hf0+^w 


25.3.17 


AS«  w+ W+i  w 


25.3.18 

AS«W+|w+|/i6) 

25.3.19 

AJ»A^>+2W 

25.3.20 

A g«Ay£> 

Partial  Derivatives 

25.3.21 

I 
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25.3.26 


d/o,o__.  1 ( j 

i>x  'j1,1 


+/i,-i““/-i,-i  )JrO(h2) 


1 

dxdy  4h2 


-i)+0(A2) 


25.3.23 


a2Ao 

da;2 


p (/i,o“2/0,o+/ -i,0)JrO(h2) 


25.3.27 


d2/o,o_  1 

dzdy  2A2 


C/i,o4"/-i,o+/o,i+/o,  -1 


■”2/o, O'”/!,  1 -l)  + 0(A2) 


25.3.24 


25.3.28 


^2  ^ /m+IB/i.o  30/o,o 

+16/_1,0-/-2,o)+0(A4) 


25.3.25 


+/l.  -1  "”2/ot  -1+/-1,  -i)  + 0(A2) 


~dx^~lh*  ^2'0~^1'°"^’^Ao'”4/_.lfo+/-2,o)  + 0(A2) 


25.3.29 


“2/lt  o— 2/«  lt  0— 2/0t  x — 2/0t  _ i +4/ o,  0) + 0 (/fc2) 
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Laplacian 

25.3.30 


=^2  (UU 0+^0, 1 + ^-1, 0+^0,  -l““4^o,o)+0(A2) 

25.3.31 


^2^o.o=j2 p [“"60i^o.o+16(uiio+u0fi+u_iio+<Mo,-i) 

— (^2, 0 + ^0. 2 + ^ - 2, 0 4“  ^0,  - 2)  ] + 0 (A4) 


25.3.33 


V\o — 0^4  [“”  C^O.3+^0.  -3+^3. 0+^-3. 0) 

+ 14(^0, 2+^0, -2  + ^2, 0+^-2, 0) 

—77  (t^o.i+^o,  -i+'Mi.o+'M-i.o) 

+184^0,0+20(^1,  i+^i,  -1+^-1,  i+W-i, -1) 

(^1. 2+^2, 1+^1, -2+^2, -1+^-1, 2+W-  2,1 

+^-l, -2+^-2, -l)]  + 0(^4) 

25.4.  Integration 

Trapezoidal  Rule 

25.4.1 

P1 /(*¥*=§  C/o+/i)-i  (t-x0)(x1-t)f'(t)dt 

JXq  * * JXq 

=|  (/o+/,)  ' (f ) (Xo<K^l) 

Extended  Trapezoidal  Rule 

25.4.2 


Biharmonic  Operator 


25.3.32 


Error  Term  in  Trapezoidal  Formula  for  Periodic 

Functions 


If  /( x)  is  periodic  and  has  a continuous  kth 
derivative,  and  if  the  integral  is  taken  over  a 
period,  then 


25.4.3 


|Error|  < 


constant 

mk 


V% 


0.0 


\i>x*  dx%2+d2/4/0,0 


— ^4  [20^o,  o“”8(ui,  0+^0,  i+^-i,  0+^0,  -1) 


+2(^1, 1 + ^2,  _i+'M_i,i  + 'M_i,_1) 

+ (^0, 2 + ^2, 0+^-2, 0+^0,  -2)  ] + 0{h2) 


25.4.4 


Modified  Trapezoidal  Rule 


J*  j(x)dx—h  J^+/i+  . . . +/m-l+‘^J 

+~  [-/-i+/i+/m-i-/m+i]+^  A6/(4,( I) 
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Simpson’s  Rule 


25.4.5 


J 2f(x)dx=^  [/0+4/1+/2] 


+ 


+\£  (ah— o2(zi-*)/(8,(<M< 

[/o+4/i+/2]' 


90 


y(4,«) 


Extended  Simpson’s  Rule 


25.4.6 


(**2n  h 

J f(x)dx=*g  [/o+4(/i+/3+  • • • +/2n-l) 

+ 2(/2+/4+  • • • +/2n-2)+/2»]~  qq /(4>({) 


Euler-Maclaurin  Summation  Formula 


25.4.7 


J*  j{x)dx=h |j^+/ 1 +/ 2 + . . . +/»-,+§] 


_dnB2k+2h?k+z 


B2kW* 


(2k)\ 


/o2*-i>]+.b 


2* 


i?2fc — 


(2Jfc+2)i  ,;<;<xn 


max  |/(2*+2,(x)|,  (— 1<0<1) 


(For  B2ki  Bernoulli  numbers,  see  chapter  23.) 

If  y<2*+2)(a.)  and/(2A+4)(x)  do  not  change  sign  for 
Xo<x<Cxn  then  \R2k\  is  less  than  the  first  neglected 
term.  If  /(2fc+2)(z)  does  not  change  sign  for 
Xo<Cx<Cxn,  \R2k\  is  less  than  twice  the  first  neglected 
term. 

Lagrange  Formula 

25.4.8 


I 


► 

bmdx=±,  (ZJ"> {b)-L\* (a))jt+Rn 

i=0 


(See  25.2.1.) 
25.4.9 


Lin)(x)=-±-  r^dt=  r mdt 

TTniXi)  Jx0  t — Xt  JXq 


25.4.10  Rn 


25.4.11 


(71+I) 


(M(x))dx 


Equally  Spaced  Abscissas 


/>wi4  & * fes  /:  **+«■ 


25.4.12  P^/G*)* 


[f] 


(See  Table  25.3  for  Ai(m).) 

Newton-Cotes  Formulas  (Closed  Type) 

(For  Trapezoidal  and  Simpson’s  Rules  see  25.4.1- 
25.4.6.) 

25.4.13  (Simpson’s  5 rule) 

o 


f{x)dx=&  (/0+3/t+3y,+y,)  - 


Jxq 

25.4.14 

£ f^)dx=^  (7y0+32y1+i2y2 


(Bode’s  rule) 


2 h 


+32/3+7/4) 


8y(9)q)A7 

945 


25.4.15 


j(x )dx=‘ 

it, 


5 h 
288 


(i9y0+75y,+5oy2+5oy3 


+75y4+i9y6) 


275 y<6)(?)^7 


12096 


25.4.16 


r y ttq  (4iy0+216yi+27y2+272y3 

v Xn 


+27y4+2i6ys+4iy8) 


25.4.17 


/*,y(*)ifa-I^6(751/,+3577y1+1323y> 
+2989y3+2989y4+ 1323ys+3577/a 


+75iy7)- 


8183 y(8)©A9 
518400 


25.4.18 


/»*8 

Jl0 


4A 


j(x)dx=^^  (989^+5888^-928/, 
+10496y3-4540y4+10496y5-928y5+5888y7 


+989y3)-J|g/‘«»(|)^‘ 


25.4.19 


J(x)dx=- 
Jx0  * 


9 h 


{2857  (/,+/„) 


89600 

+15741  (y,+y8) + i080(y2+y7) +i9344<y3+y6) 

173 


+5778 (y4+y5) } -Iig2o/<10)  (*Wl 


•See  page  n. 


NUMERICAL  ANALYSIS 


887 


2S.4.20 


rzio 

f(x)dx=-, 

Jx0 


5 h 


{ 16067  (/0+/io) 


299376 

+106300C/,+y9)-48525(y2+y8)+272400(/3+y7) 

-260550(y44y.)  +427368/5 } 

1346350 


326918592 


Newton-Cotes  Formulas  (Open  Type) 


fwm 


13 


25.4.21 


3 h 


dx==Y  ^ 4 


25.4.22 


/•X 

JXq 


X,f(x)dx=^  (2f1-f2+2/3)+28f^W 


25.4.23 

Cz>  ,,  x . 5A  ,n  ir . , 95y(4)  (£)A6 

y(x)^=^(iiy1+y2+y3+iiy4)+- J 


144 


25.4.24 

J y^dx-gdiy,- 


25.4.25 


i4y2+26y3-i4y4+ny5) 

4iy(6,(f)A7 


+ 


140 


f1*  7h 

jx  f(x)dx=^  (611/i-453/,+502/3+502/i 


453y6+6iiy6)+|gy('»«)A7 


25.4.26 


£V(2)^=^(460yi-954y2+2196y3-2459y4 


+2196y5-  954y6+460y7)  4 


3956 


14175 


y(8,(!)A» 


Five  Point  Rule  for  Analytic  Functions 


25.4.27 


z«  + ih 


z„-  h 


z«  + h 


z0-  i h 


J f(2)dz=-^  { 24y(20)  +4[y(20+ A)  +f(z0-h) } 


— ■[y(3o4^)+/(2o—  iA)]}  +-R 


|i?|  <7^7;  Max  |y<6)(2)|,  (S' designates  the  square 
loyu  Ze(s 

with  vertices  20+i*A(&=0, 1,2, 3);  A can  be  complex. 
Chebyshev’s  Equal  Weight  Integration  Formula 

25.4.28  f f( x)dx=\  2 j{xt)  +Rn 
J -1  ™ 1=1 

Abscissas:  xt  is  the  ith  zero  of  the  polynomial  part 
of 


n . n n n 

1 eXPL2l?-4l?-67F*' 


• • • 


(See  Table  25.5  for  xt.) 


For  n=  8 and  7fc>10  some  of  the  zeros  are 
complex. 

Remainder: 


+ 1 CCn*^"* 


(71+1)! 


f+'^Qdx 


n 


where  £=£(x)  satisfies  0<£<x  and  0 <&<£* 

(i=l,  . . . , n) 

Integration  Formulas  of  Gaussian  Type 

(For  Orthogonal  Polynomials  see  chapter  22) 

Gauss9  Formula 

25.4.29  f j(x)dx='%2  wJixJ+Rn 
J-l  i=l 

Related  orthogonal  polynomials:  Legendre  poly- 
nomials P„(x),  P„(l)=l 

Abscissas:  xf  is  the  ith  zero  of  P„(x) 

Weights:  v)i=2l(l—$)[P'n{xt)]t 
(See  Table  25.4  for  xt  and  wt.) 


Rn 


22n+1(n!)4 
(2ti+1)  [(2»)!J 


(-KK1) 


Gauss9  Formula,  Arbitrary  Interval 

25.4.30  P f(y)dy=^  £j  wj(yt)  +Rn 

Ja  * i=  1 

y-^r)  *<?) 


♦See  page  u. 


888 


NUMERICAL  ANALYSIS 


Related  orthogonal  polynomials:  Pn(x),  P„(  1) 
Abscissas:  xt  is  the  itb  zero  of  Pn(x) 

Weights:  w,=2/(l-a?)  [P'^)]* 

n (b  q)2'l+1(w!)4  ,(2„ , 

"B-(2n+l)[(2n)!]3j  w 


Radau’s  Integration  Formula 

25.4.31 

J j (z)dx=^/_i+2  Wif(Xi)+Rn 

Related  polynomials: 

Pn-i(x)+Pn{x) 

x+l 

Abscissas:  xx  is  the  ith  zero  of 

Pn-i(x)+Pn(x) 

x+l 

Weights: 

1 1-x,  1 1 

W,~n>  [P^ixjf-l-x,  [P;.,(^)]2 

Remainder: 


2 2n~l-n 
[(2n— l)!]3 


[(»— « '(€) 


25*4*33  r1  i , JL  _ 

I x*f{x)dx=J2  w,f(xt)  +Rn 
Jo  i-1 


Related  orthogonal  polynomials: 

2n(»)  =V*+271+1P^ 0)  (1 —2a:) 

(For  the  Jacobi  polynomials  P£kt0)  see  chapter  22.) 

Abscissas: 


Xi  is  the  Ith  zero  of  qn(x) 

Weights: 

{n-l  ^ -1 

S [fc(*<)]2} 

(See  Table  25.8  for  a:*  and  wt.) 
Remainder: 

_ /<*»>($)  rni(t+n)i7 

n {k+2n+l){2n)\  L{k+2n)\  J 

25.4.34 


* 


(o<f<i) 


n 


Xdx='%2  Wj(Xi)+Rn 

i=l 


Related  orthogonal  polynomials: 

~/7T"~  P%n+l  (Vl  — X))  *?>2»+l(l)==l 
VI  — x 


Lobatto’s  Integration  Formula 

25.4.32 

/„>>*-; ^15 

+ S wJ(xt)+Rn 

i«  2 

Related  polynomials:  P'n~i(x) 

Abscissas:  a:<  is  the  (i— l)Bt  zero  of  P'n-i(x) 
Weights: 

(See  Table  25.6  for  xt  and  wt.) 

Remainder: 

(2n-l)[(2w-2)!]3  3 ™ 

(-KKD 

♦See  page  ii. 


Abscissas:  xt=  1— where  £<  is  the  ith  positive 
zero  of  P2n+i(x). 

Weights:  wi=2^2i/Wi2n+1)  where  w\2n+l)  are  the 
Gaussian  weights  of  order  2n+l. 

Remainder: 


__  24g+3[(2?t+l)!]4 

tt-(2»)!(4n+3)[(4«+2)!]2j  w 


(0<K1) 


25.4.35 


f f(y)"Jb—ydy=(b—a)312  S wj(yt) 
Ja  i-1 


yi=a+(b— a)Xi 


Related  orthogonal  polynomials: 

i Pin+l  (Vl  — x)>  Pjn+lfl)1111! 

VI— a: 

Abscissas:  x<=l — {<  where  £<  is  the  ith  positive 
zero  of  P2n+i(x). 

Weights:  Wi=2^"iWi2n+1)  where  Wi2a+1)  are  the 
Gaussian  weights  of  order  2n+l. 
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25.4.36  f ■“==  dx='%2  wJ(xf)+R„ 

Jo  VI- x i=1 

Related  orthogonal  polynomials: 

P2n  (Vl^),  ^(1)  = ! 

Abscissas:  xt=l  — £?  where  & is  the  ith  positive 
zero  of  P 2n(*^)* 

Weights:  Wi=2w{2n\w\2n)  are  the  Gaussian  weights 
of  order  2 n. 

Remainder: 

24n+1  [(2n)!]3 


Rn  = 


(0<Ki) 


4n+l  [(47i)!]2, 

25.4.37  f * -fiL  dy=fb^a  S wj(yt) + Rn 
Ja  -yo — y i= i 

yi=a+(b—a)Xi 
Related  orthogonal  polynomials: 


P2n(Vl  ^)>P2n(l)  — 1 

Abscissas: 

Xi=l—  £2  where^  is  the  ith  positive  zero  of  P2nix). 

Weights:  wl=2w[2n) ,wl2n'  are  the  Gaussian  weights 
of  order  2n. 


25.4.38 


(+lJM=dx=±  wJ(xi)+Rn 
J- 1 VI  — X2  *= 1 


Related  orthogonal  polynomials:  Chebyshev  Poly- 
nomials of  First  Kind 


1 


Tn(x),Tn(  1)=^ 


Abscissas: 


Xi  = COS 


(2l — 1)7T 
2 n 


Weights: 


7T 

Wi=- 

n 


Remainder: 
P n~ 


7T 


25.4.39 


r _/( 

«/  a J(y — 


(2  n)  !22 


/(y)% 


^/(2n)tt)  ( — 1<€<1) 


s/(y—a)(b—y)  *“i 


= E®t/W+^n 


2/i: 


b+a  . b—a, 


xt 


Related  orthogonal  polynomials: 

1 


Tn(x),Tn(l) 


»n—  1 


Abscissas: 


Xf=COS 


(2  i — 1)7 r 

2n 


Weights: 


7 r 

wt=- 

n 


25.4.40 


J ^ /(x)  Vi 


n 


X2dx=T',  Wif( Xi)  +Rn 

i = l 


Related  orthogonal  polynomials:  Chebyshev  Poly- 
nomials of  Second  Kind 

sin  [(71+I)  arccos  x] 


Un(x) 


Abscissas: 


sin  (arccos  x) 


* 


£t=COS 


Weights: 


Wi- 


lt 


71+1 


IT 


* 


71+ 1 


sin 


71+1 


7T 


Remainder: 


Rn= 


- f(2n)(P ) 

(2n)  !22n+1  J W 


(-KKD 


25.4.41 


ja  V (y—a)  (b—y)f(y)dy=i^-~:)  YjwJiyf+Rn 


Vt= 


b+a  . b—a 


Xi 


2 ' 2 

Related  orthogonal  polynomials: 

sin  [(7i+l)  arccos  x] 


* 


Un{x) 


sin  (arccos  x) 


Abscissas: 


Weights: 


* 


Xi  = cos 


71  + 1 


7T 


7T 


* 


Wi= 7—7  sm*  T-J-  7T 

71+1  71  + 1 


25.4.42 


f / (x)J— — dx=^Z  Wif(xt)+Rn 

Jo  \ 1 — X *=1 


Related  orthogonal  polynomials: 


Abscissas: 


Weights: 


1 

-yfx 

P2n+l(V^) 

« 2l-— 1 7T 

:E‘==C0S  W • 2 

27T 

wt= 

~2n+l  ^ 

♦See  page  n. 
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Remainder: 

Rn— 

25.4.43 


JT 


(2n)!24B+1 


/(2n)(l)  (0<i<l) 


J>Vs 


n 


dx=(b—a)  S wjiyt)  +Rn 
*= 1 

2/<=a+(6— a)xf 


Related  orthogonal  polynomials: 


Abscissas: 


Weights: 


■>Jx 


T2n+i  (rJx) 


aJi=cos2 


2i — 1 7T 
2^+1  2 

2w 


2ti-\-  1 


xt 


OR  114  Z*1  n 

I In  xf(x)dx=it,  wJM+Rn 

Jo  i= 1 

Related  orthogonal  polynomials:  polynomials  or- 
thogonal with  respect  to  the  weight  function  —In  sc 
Abscissas:  See  Table  25.7 
Weights:  See  Table  25.7 


25.4.45 


» 


e~xj  (x)dx=^2  wJ(x{)+Rn 
0 »=1 


Related  orthogonal  polynomials:  Laguerre  poly- 
nomials Ln(x). 

Abscissas:  xt  is  the  ith  zero  of  Ln(x) 

Weights: 

Xt 


Wi— 


(n+mLn+iM]* 


(See  Table  25.9  for  xt  and  wt.) 
Remainder: 

5n=S/(2n’(f)  (0<K») 


(2ra)!' 


25.4.46 


Jco 
- CO 


e x2j{x)dx='^l  WtJ(xt)  +R„ 

i=l 


n 


Related  orthogonal  polynomials:  Hermite  poly- 
nomials Hn(x). 

Abscissas:  xt  is  the  ith  zero  of  Hn(x) 

Weights: 

2n“1n!v/7r 

n'lHn-Axi)]* 

(See  Table  25.10  for  xt  and  w*.) 


Remainder: 


(-•<€<») 


25.4.47 


f*x2  n 

/(*) 

Jx0 


2n(2  n)l 

Filon’s  Integration  Formula  3 


cos  tx  dx—h, 


Umu2n  si 


Sin  tXin 


— /0sin  tx0)+p(th) -C2n+y(th)  • C2n-1 

2 


25.4.48 


45 


th*S2n-l  — 


Rn 


n 


C2»=S/2i  COS  (tx2i)  — %[f2n  cos  tx2n+f0  cos  txa] 
i=0 


25.4.49 


25.4.50 


25.4.51 


25.4.52 


n 


C2n-l=12  f2i-l  COS  tX 2i-i 
i=l 


n 


S 2«_i=23  sin  tx 2,_i 

i= 1 

i?n=-^^5/<4,(i)  + 0«A7) 

...  1 . sin  2d  2 sin2  6 

«(0)=n4 


0 1 20s 


0® 


0(0)  = 


2 ^1+cos2  0 sin  20 


y(0)  =4 

For  small  0 we  have 
25.4.53 


(- 


0*  o3 

sin  0 cos  0' 


) 


0s 


0s 


!) 


a= 


7= 


25.4.54 


45 

315 

+ 

1 4725  • • 

i+ 

202 

404 
105  1 

206 

15 

567 

4 

202  1 

04 

06 

3 

15  1 

210 

11340 

+ • • • 


VnKx)  sin  txdx=h[a(th)(f0  COS  tXo—f2n  COS  tx2n) 

-\-&S2n-{-yS2n-i-\-^  ^A4Can_iJ— Rn 

25.4.55 

^2n=S/2<  sin  (tx2i)~^  [j2n  sin  (*x2n)+/o  sin  (ta0)] 
i=0  ^ 


3 For  certain  difficulties  associated  with  this  formula, 
see  the  article  by  J.  W.  Tukey,  p.  400,  “On  Numerical 
Approximation,”  Ed.  R.  E.  Langer,  Madison,  1959. 


♦See  page  11. 
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25*4.56  S2n-i — 1 sin  (£#2i-i) 

i=l 


25.4.57  CSn_i=S/2?-i  cos  (tx2i- 1) 

i=  1 

(See  Table  25.11  for  a,  j3,  7.) 


25.4.58 


Iterated  Integrals 


I dtn  I dtn- 1 ...  <ft2  I jf(ti)dt) 
Jo  Jo  Jo  Jo 


25.4.59 


“S=IT1  £ 


r <#,  r '■  ...  f • u,  f!  yd,)*, 

ts  CL  CL  %)  CL  CL 


| Jo  r 1/ (x-(x-a)t)dt 


Multidimensional  Integration 

Circumference  of  Circle  T:  x2-\-y2=h2. 

25.4.60 


1 r 1 27n  / 

sJr/(*.9)*-ssgy((>cos 


27r/ljr  2m  £ 

Circle  <7:  x2+y2<h2. 

25.4.61 


TT7t  t • 7T7V 

> At  sm  — 

m m . 


+0(A2m"2) 


7rA2  /X  f(x,y)dxdy='£j  wJ(x(,y,)+R 


(a?i,  2/<) 

Wt 

(0,0) 

1/2  R=0(hi ) 

(±  A,  0),  (0,  ± A) 

1/8 

( Xi,y ,)  w, 

(±|±|)  1/4  R=0(V) 


(*<,  2/() 

Wi 

(0,0) 

(/2 

(±A,0) 

1/12  R=0(h,i) 

(±|±|V3) 

1/12 

I 
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(xuVi) 

Wi 

(0,0) 

1/6 

(±A,0) 

1/24 

(0,±A) 

1/24 

(4*1) 

1/6 

R = 0(h 6) 


(0,0) 


(±A/|i,±|V2)  1/8 


Wi 

1/4 

1/8  fi=0(^a) 


(0,0) 


(Vt5&  eo. 


2^  k—J&r  ■ 2ttA 

W’Vlo  AsinlFj 


(V 


6tV6Acos^, 
10  10 


V' 


6+V6 


10 


A sin 


Wi 

1/9 

1 6 — -^6 

360 

(&=1,  . . .,10) 

16— V6 

10  / 360 

R=0(h10) 


Square4  &:  |a:|<A,|i/!<A, 

25.4.62 


^2 JJ/(*.  y)dxdy=jt  wj(xt,  yt)  +5 

8 ' 


(xuyd 

wt 

(0,0) 

4/9 

(±A,  ±^) 

1/36 

(±A,0) 

1/9 

(0,  ±h) 

1/9 

R=0(hi) 


(xt,  yt) 

(±h^’ 


R=0(hi ) 


(z<,2/<) 

(0,0) 


16/81 


4 For  regions,  such  as  the  square,  cube,  cylinder,  etc., 
which  are  the  Cartesian  products  of  lower  dimensional 
regions,  one  may  always  develop  integration  rules  by 
“multiplying  together”  the  lower  dimensional  rules.  Thus 
if 

Jm  _ZL_ 

f(x)dx**22t  V>if(Xi) 

0 <- 1 

is  a one  dimensional  rule,  then 

nf(x,y)dxdyt&  wtwif(xi)xi) 

' t,j»i 

becomes  a two  dimensional  rule.  Such  rules  are  not 
necessarily  the  most  “economical”. 
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(±JlK±Jlh)  25/324 

R=0{¥) 

(o,±Jlh)  10/81 

(±J|m)  10/81 

Equilateral  Triangle  T 

Radius  of  Circumscribed  Circle=ft 


25.4.63 


JI 


n 


f(x,y)dxdy=^2  wJix^yJ+R 

i-1 


I 


I 


{xt,yt) 

w{ 

(0,0) 

3/4 

(M) 

1/12 

1/12 

I 


(h,0)  3/60 


R=0Qi ?) 


(-§>±|  V5)  3/60  R=0{V) 

o)  8/60 

(j'±|Vs)  8/60 


270/1200 


155— VTS 
1200 

R—OQf) 


155+715 

1200 


Regular  Hexagon  H 

Radius  of  Circumscribed  Circle=A 


25.4.64 


- — f \j(x,y)dxdy==Y±  wj(xi}  Vi)+R 


2 VSAL  h 


I 

I 


I 


(a+2/<) 

Wi 

(0,0) 

21/36 

[44*) 

5/72  R=0(h*) 

(±h,  0) 

5/72 
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(XuVi) 


I 

I 

I 


~ V42*)  125/1008 


125/1008 


R=om 


Surface  of  Sphere  2:  3?+y2+z2=h? 


25.4.65 


4^2  Jf/(^^=S 


(XuV^Si)  wt 


(±M,0)  1/6 

R=0(V) 

(0,±h,0)  1/6 

(0,0,  ± h)  1/6 


ixt,i n,zt) 

Wi 

(±-^|a,±^|a,o) 

-H 

o 

1/15 

(o.±^K±^) 

p r\i  ia\ 

(±h,  0,0) 

JtC  — \J\Jh  ) 

(0,±A,0) 

1/30 

(0,0,  ± h) 

- 

(xt,yu3i) 

w( 

(±Sk'±-Jlki±y!lk) 

27/840 

(±ViA’±ViA’0) 

(±^ft,o,±A/|i) 

32/840  R=0m 

(o,±^4,±^j) 

(±A,0,0) 

(0,  ±h,Q) 

40/840 

(0,0,  ± h) 

Sphere  S':  ar*+l/2+22<A2 
25.4.66 


— ff u(x,y, z)dxdydz=^2  wj(x, ,yitz,)+R 
xh*JiJ  iml 
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(xuyuZi)  wt 

(0,0,0)  2/5 

(±M,  0)  i/io 

R=0{W) 

(0,  ±A,0)  1/10 

(0,0,  ± h)  1/10 

Cube6  <7:  |z|</& 

\y\<h 

\z\<h 


2/r=sum  of  values  of  / at  the  6 points  midway 
from  the  center  of  C to  the  6 faces. 

S//=sum  of  values  of  / at  the  6 centers  of  the 
faces  of  C. 


S/t>=sum  of  values  of  / at  the  8 vertices  of  C. 

Xj/e=sum  of  values  of  / at  the  12  midpoints  of 
edges  of  C. 

2/d= sum  of  values  of  / at  the  4 points  on  the 
diagonals  of  each  face  at  a distance  of 

from  the  center  of  the  face. 


25.4.67 


yifZi)+R 


(xt,yt,  Zi) 

1Vt 

(±h,  0,0) 

1/6 

(0,  ±h,  0) 

1/6 

(0,0,  ±h) 

1/6 

25.4.68 


i?=0(A4) 


=3^0  t ' -496/m+ 128S/r +8S//+52I/.] +0(A«) 

25.4.69 

=4^0  [91E//-40S/.+1 62/*]+0(A‘) 

where /m=/(0, 0,0). 


Tetrahedron:  ST 


25.4.70 


^JJJ./(z,2/,  z)dxdydz=^  S/r 

* + terms  of  4th  order 

_32  , i J_  y»  f ±1  y-'  / 

anJ™'  an  ' fin 


+ terms  of  4th  order 


where 


V:  Volume  of 


2/® : Sum  of  values  of  the  function  at  the  vertices 
of  T. 

y'.  f, : Sum  of  values  of  the  function  at  midpoints 
of  the  edges  of 

y^/,:  Sum  of  values  of  the  function  at  the  center 
of  gravity  of  the  faces  of  3T 

jm : Value  of  function  at  center  of  gravity  of  F . 


6 See  footnote  to  25.4.62. 
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25.5.  Ordinary  Differential  Equations6 * 

First  Order:  y'=f(xy  y) 

Point  Slope  Formula 

25.5.1  yn+i—yn~\~hyfn-{-0(h2) 

25.5.2  2/n+i = 2/n- 1 + ^hyh+  0 Q\?) 

Trapezoidal  Formula 

25.5.3  2/«+i==yn+^  (2/n+i+2/») +0(A3) 

Adams9  Extrapolation  Formula 

25.5.4 

yn+i=y«+ gj  (552/1,— 59y'n-i + 37  y’n-t— 9j/n-3) + 0 (h?) 

Adams’  Interpolation  Formula 

25.5.5 


2/n+l=2/n+24  (^/n+1  + 19?/^— 52/n-l+2/»-2)+0(A5) 


Runge-Kutta  Methods 
Second  Order 


25.5.6 


yn+i=yn+2  (ki+k2)+0(hz) 
ki=hf(xn)yn),k2==hf(xn+h,yn+ki) 


25.5.7 


^n+l==2/tt  + &2+0(A3) 

h=¥(Xn,yn)  ,h=hf(xn+^  h,yn+ i 


Third  Order 


25.5.8 


2/n+l: 

*1= 

kz: 


2/n  + 0 &l+g  &2+g 

zkf  (xnyyn)  yJc2=kf  ^xn" t"2 
:¥fe+A,2/n-“*l+^2) 


6 The  reader  is  cautioned  against  possible  instabilities 

especially  in  formulas  25.5.2  and  25.5.13.  See,  e.g. 

[25.11],  [25.12]. 


25.5.9 

2/n+l: 


k3-\-0(h*) 


h—hj  (x„,y„)  ,k2=hf  (x»+|  h>yn+ 1 

k3=hf  (*„+!  h,yn+ 1 fe') 


Fourth  Order 


25.5.10 


yn+l=2/n+0  &l  + g &2+g  ^4+0(A6) 

h=hj{xnyyn)  ,k2=hf  (xn+\  h,yn+\  k^ 
kz=kf  (xn+ 2 k,yn+^  k^>  ki=hf(xn+hyyn+k 3) 

25.5.11 

y»+i=2/»+g  &i+|  fe+|  ki+0(h5) 

ki=hf(xn,yn),k2=hf(^xn+^  A,y„+| 

kz^kf  hyyn--\^  ki+k^i 

ki=hj  {xnJrhiynJtki'—  k2+kz) 


Gill’s  Method 

25.5.12 

y»+i=y»+^  (fci+2  (1—^)  *2 

+2  (l +^/|)  *3+*4)+ W 

ki:=hf  (xny  yt i) 

*2=A/  A'  y»+| 

k3=hj  2/»+(^— 

+(1-Vi)*?) 

ki=hj  (xn+h,yn  g &2+^l+-y/ ^ 

Predictor-Corrector  Methods 


Milne’s  Methods 

25.5.13 

±h 

P:  2/*+i=2/»-3+  ^ (2^-2/»-i+22/'_2)+0(A5) 

C:  2/„+i=2/»-i+!  (2/n-i+42/n+2/B+i) +^(^6) 
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25.5.14 

P:  y.+i=y.— .+J5  (My:- liy^ 

+26^-2— Uy  '-3+ llyi-O- +<?(A7) 
o h 

C:  2/n+i=2/n-3+|g  Oy;+l+32y’ 

+12y^1+32yU+7yU)+0(V) 

Formulas  Using  Higher  Derivatives 

25.5.15 

P:  yn+i=yn-2+3(yn— yB_i)+A2(t/B  — y'n-i)+0(h6) 

C:  2/n+i=t/„+|  (y'n+l+y'n) — ^2  (Vn+l- Vn  ) + 0(h5) 

25.5.16 

P:  2/n+i=3/n-2+3(2/B— (?/„"  +j4-i)  -f  0(A7) 

C:  2/n+l  = 2/n+^  (2/n+l+2/n)— ^ (y'n+\~y'n) 

+ ^Q  (?/n+l+?/n  ()  +^(A7) 


Systems  of  Differential  Equations 
First  Order:  y'=f(x,y,z),  z'=g(x,y,z). 

Second  Order  Runge-Kutta 

25.5.17 

yn+i=yn+\  ih+h)+0(h3), 

2n+l  = 2n+2  (li-{-h)-)-0(h3) 

hi=hf(xn,yn,zn),  li = hg(xn)  yn,  2„) 

As = A/(xn+ A,  yn+ kh  zn+ h) , 

h=hg(xn+h,yn+K  zn+l i) 


Fourth  Order  Runge-Kutta 

25.5.18 

2/re+l=2/re  + 0 (&1+2&2+2&3  + &4)  +0(A6), 

2»  + l=2n  + 0 (Zi+2Z2  + 2Z3  + ^4)  +0(A5) 


&4  = 


A/  (xB+^  A,y„+i  A2, 2„+i  ^ 

h=hg  (^xn-\~}  yn-{~>  2n+^ 

A/(xB+A,yB+A3,2B+J3) 

li=hg(xn-\-h,yn+ki,  Zn+U'i 
Second  Order:  y"—j(x,yiyf) 

Milne’s  Method 


25.5.19 

P:  y’„+l=y'n-3+~  (2yt2-y^l+2y,:)+Om 


4A 


C:  2/n+i— 2/B-i+g  (2/»-i+4y»  +2/b+i)+0(A5) 


25.5.20 

y*i+i 

Vn+V 

h 

h- 


Runge-Kutta  Method 


— 2/n  + ^ Jj/n  + g (^l+^2  + ^3)J  + 0(A5) 

:2/»+0  (h+2h+2kz+h) 

•-hf(xn,yn,y'n) 

hf  (xn+\  A,2/b+|  yB+|  kuy'n+rf) 
A3=A/^xb+|  A,?/b+|  2/b+|  Ai,?/' 

A4  A/  ^xB+A,2/B+At/B+2  k-3>y n I 
Second  Order:  y"=f(x,y) 


25.5.21 


Milne’s  Method 


P:  2/B+i=yB+2/B_2— 2/b-3 


A2 


+j  (52/"+22/;'.1+52/"-2)+0(A8) 
C:  2/b=22/b_1-2/b_2+^  (2/b +10y”  t+y”  2)+0(A6) 

Runge-Kutta  Method 

25.5.22  yn+l=yn+h  (y'n+\  (A,+2A2))+0(A4) 

12  1 

2/n+l  = 2/n+0  &I  + 3 ^2+q  h 


•hf  {xn)y-f) 

hf  (z»+|>  2/B+|  2/n+| 
A 3 hf  | h , y B i A?/ ?;  I 2 


h 

h 


♦See  page  11. 
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Table  25.1  THREE-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


4fe(p)-(- i)i+1 

p(p2. 

-i) 

(l+i)!(l- 

k)\(p-k) 

V 

A- 1 

Ao 

A\ 

V 

A- 1 

Ao 

Ai 

0.00 

-0.00000 

1.00000 

0.00000 

0.50 

-0.12500 

0.75000 

0.37500 

0.01 

-0.00495 

0.99990 

0.00505 

0.51 

-0.12495 

0.73990 

0.38505 

0.02 

-0.00980 

0.99960 

0.01020 

0.52 

-0.12480 

0.72960 

0.39520 

0.03 

-0.01455 

0.99910 

0.01545 

0.53 

-0.12455 

0.71910 

0.40545 

0.04 

-0.01920 

0.99840 

0.02080 

0.54 

-0.12420 

0.70840 

0.41580 

0.05 

-0.02375 

0.99750 

0.02625 

0.55 

-0.12375 

0.69750 

0.42625 

0.06 

-0.02820 

0.99640 

0.03180 

0.56 

-0.12320 

0.68640 

0.43680 

0.07 

-0.03255 

0.99510 

0.03745 

0.57 

-0.12255 

0.67510 

0.44745 

0.08 

-0.03680 

0.99360 

0.04320 

0.58 

-0.12180 

0.66360 

0.45820 

0.09 

-0.04095 

0.99190 

0.04905 

0.59 

-0.12095 

0.65190 

0.46905 

0.10 

-0.04500 

0.99000 

0.05500 

0.60 

-0.12000 

0.64000 

0.48000 

0.11 

-0.04895 

0.98790 

0.06105 

0.61 

-0.11895 

0.62790 

0.49105 

0.12 

-0.05280 

0.98560 

0.06720 

0.62 

-0.11780 

0.61560 

0.50220 

0.13 

-0.05655 

0.98310 

0.07345 

0.63 

-0.11655 

0.60310 

0.51345 

0.14 

-0.06020 

0.98040 

0.07980 

0.64 

-0.11520 

0.59040 

0.52480 

0.15 

-0.06375 

0.97750 

0.08625 

0.65 

-0.11375 

0.57750 

0.53625 

0.16 

-0.06720 

0.97440 

0.09280 

0.66 

-0.11220 

0.56440 

0.54780 

0.17 

-0.07055 

0.97110 

0.09945 

0.67 

-0.11055 

0.55110 

0.55945 

0.18 

-0.07380 

0.96760 

0.10620 

0.68 

-0.10880 

0.53760 

0.57120 

0.19 

-0.07695 

0.96390 

0.11305 

0.69 

-0.10695 

0.52390 

0.58305 

0.20 

-0.08000 

0.96000 

0.12000 

0.70 

-0.10500 

0.51000 

0.59500 

0.21 

-0.08295 

0.95590 

0.12705 

0.71 

-0.10295 

0.49590 

0.60705 

0.22 

-0.08580 

0.95160 

0.13420 

0.72 

-0.10080 

0.48160 

0.61920 

0.23 

-0.08855 

0.94710 

0.14145 

0.73 

-0.09855 

0.46710 

0.63145 

0.24 

-0.09120 

0.94240 

0.14880 

0.74 

-0.09620 

0.45240 

0.64380 

0.25 

-0.09375 

0.93750 

0.15625 

0.75 

-0.09375 

0.43750 

0.65625 

0.26 

-0.09620 

0.93240 

0.16380 

0.76 

-0.09120 

0.42240 

0.66880 

0.27 

-0.09855 

0.92710 

0.17145 

0.77 

-0.08855 

0.40710 

0.68145 

0.28 

-0.10080 

• 0.92160 

0.17920 

0.78 

-0.08580 

0.39160 

0.69420 

0.29 

-0.10295 

0.91590 

0.18705 

0.79 

-0.08295 

0.37590 

0.70705 

0.30 

-0.10500 

0.91000 

0.19500 

0.80 

-0.08000 

0.36000 

0.72000 

0.31 

-0.10695 

0.90390 

0.20305 

0.81 

-0.07695 

0.34390 

0.73305 

0.32 

-0.10880 

0.89760 

0.21120 

0.82 

-0.07380 

0.32760 

0.74620 

0.33 

-0.11055 

0.89110 

0.21945 

0.83 

-0.07055 

0.31110 

0.75945 

0.34 

-0.11220 

0.88440 

0.22780 

0.84 

-0.06720 

0.29440 

0.77280 

0.35 

-0.11375 

0.87750 

0.23625 

0.85 

-0.06375 

0.27750 

0.78625 

0.36 

-0.11520 

0.87040 

0.24480 

0.86 

-0.06020 

0.26040 

0.79980 

0.37 

-0.11655 

0.86310 

0.25345 

0.87 

-0.05655 

0.24310 

0.81345 

0.38 

-0.11780 

0.85560 

0.26220 

0.88 

-0.05280 

0.22560 

0.82720 

0.39 

-0.11895 

0.84790 

0.27105 

0.89 

-0.04895 

0.20790 

0.84105 

0.40 

-0.12000 

0.84000 

0.28000 

0.90 

-0.04500 

0.19000 

0.85500 

0.41 

-0.12095 

0.83190 

0.28905 

0.91 

-0.04095 

0.17190 

0.86905 

0.42 

-0.12180 

0.82360 

0.29820 

0.92 

-0.03680 

0.15360 

0.88320 

0.43 

-0.12255 

0.81510 

0.30745 

0.93 

-0.03255 

0.13510 

0.89745 

0.44 

-0.12320 

0.80640 

0*31680 

0.94 

-0.02820 

0.11640 

0.91180 

0.45 

-0.12375 

0.79750 

0.32625 

0.95 

-0.02375 

0.09750 

0.92625 

0.46 

-0.12420 

0.78840 

0.33580 

0.96 

-0.01920 

0.07840 

0.94080 

0.47 

-0.12455 

0.77910 

0.34545 

0.97 

-0.01455 

0.05910 

0.95545 

0.48 

-0.12480 

0.76960 

0.35520 

0.98 

-0.00980 

0.03960 

0.97020 

0.49 

-0.12495 

0.75990 

0.36505 

0.99 

-0.00495 

0.01990 

0.98505 

0.50 

-0.12500 

0.75000 

0.37500 

1.00 

-0.00000 

0.00000 

1.00000 

-P 

Ai 

Ao 

A- 1 

-v 

Ai 

^0 

A- 1 

See  25.2.6. 

Compiled  from  National  Bureau  of  Standards,  Tables  of  Lagrangian  interpolation 
coefficients.  Columbia  Univ.  Press,  New  York,  N.Y.,  1944  (with  permission). 
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FOUR-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS  Table  25.1 


4(p)=(- 

l)&+2 

p(p2-i)(p 

-2) 

(l+k)\(2-k)l(p-k) 

V 

A- 1 

Ao 

Ai 

A2 

0.  00 

0.  00000 

00 

1.  00000 

00 

0.00000 

00 

0.  00000 

00 

1.00 

0.  01 

-0.  00328 

35 

0.  99490 

05 

0.  01004 

95 

-0.  00166 

65 

0.  99 

0.  02 

-0.  00646 

80 

0. 98960 

40 

0.  02019 

60 

-0. 00333 

20 

0.98 

0.  03 

-0.  00955 

45 

0.  98411 

35 

0. 03043 

65 

-0.  00499 

55 

0.  97 

0.  04 

-0.  01254 

40 

0.  97843 

20 

0.  04076 

80 

-0.  00665 

60 

0.96 

0.05 

-0.  01543 

75 

0.  97256 

25 

0.  05118 

75 

-0. 00831 

25 

0.  95 

0.  06 

-0. 01823 

60 

0.  96650 

80 

0.  06169 

20 

-0.  00996 

40 

0.  94 

0.  07 

-0.  02094 

05 

0.96027 

15 

0.  07227 

85 

-0.  01160 

95 

0.  93 

0.08 

-0.02355 

20 

0.  95385 

60 

0.  08294 

40 

-0.  01324 

80 

0.92 

0.  09 

-0.  02607 

15 

0.  94726 

45 

0.  09368 

55 

-0.  01487 

85 

0.  91 

0.10 

-0.  02850 

00 

0.  94050 

00 

0.10450 

00 

-0.  01650 

00 

0.  90 

0.11 

-0. 03083 

85 

0.  93356 

55 

0.11538 

45 

-0.  01811 

15 

0.  89 

0. 12 

-0.  03308 

80 

0.  92646 

40 

0.12633 

60 

-0.  01971 

20 

0. 88 

0.13 

-0.  03524 

95 

0.  91919 

85 

0.13735 

15 

-0.  02130 

05 

0.  87 

0.14 

-0.  03732 

40 

0.  91177 

20 

0. 14842 

80 

-0.  02287 

60 

0.86 

0.15 

-0.  03931 

25 

0.  90418 

75 

0. 15956 

25 

-0. 02443 

75 

0.  85 

0.16 

-0.  04121 

60 

0.  89644 

80 

0.17075 

20 

-0. 02598 

40 

0.  84 

0.17 

-0.  04303 

55 

0.  88855 

65 

0. 18199 

35 

-0.  02751 

45 

0.  83 

0.18 

-0.  04477 

20 

0. 88051 

60 

0.19328 

40 

-0.  02902 

80 

0.  82 

0.19 

-0.  04642 

65 

0. 87232 

95 

0.  20462 

05 

-0. 03052 

35 

0.  81 

0.20 

-0.  04800 

00 

0.  86400 

00 

0.21600 

00 

-0. 03200 

00 

0.  80 

0.  21 

-0.  04949 

35 

0.  85553 

05 

0.  22741 

95 

-0.  03345 

65 

0.  79 

0.  22 

-0.  05090 

80 

0. 84692 

40 

0.  23887 

60 

-0.  03489 

20 

0.  78 

0.23 

-0.  05224 

45 

0.  83818 

35 

0.25036 

65 

-0.  03630 

55 

0.  77 

0.24 

-0.  05350 

40 

0,  82931 

20 

0.  26188 

80 

-0.  03769 

60 

0.76 

0.  25 

-0.  05468 

75 

0.  82031 

25 

0.  27343 

75 

-0.  03906 

25 

0.  75 

0.26 

-0. 05579 

60 

0.  81118 

80 

0.  28501 

20 

-0.  04040 

40 

0.  74 

0.  27 

-0.  05683 

05 

0.  80194 

15 

0.  29660 

85 

-0.  04171 

95 

0.73 

0.28 

-0.  05779 

20 

0.  79257 

60 

0.  30822 

40 

-0. 04300 

80 

0.72 

0.29 

-0.  05868 

15 

0. 78309 

45 

0.  31985 

55 

-0.  04426 

85 

0.  71 

0.30 

-0.  05950 

00 

0.  77350 

00 

0.  33150 

00 

-0.  04550 

00 

0.70 

0.  31 

-0.  06024 

85 

0.  76379 

55 

0. 34315 

45 

-0.  04670 

15 

0.  69 

0.  32 

-0.  06092 

80 

0.  75398 

40 

0.  35481 

60 

-0.  04787 

20 

0.  68 

0.  33 

-0.  06153 

95 

0.  74406 

85 

0.  36648 

15 

-0.  04901 

05 

0.  67 

0.  34 

-0. 06208 

40 

0.  73405 

20 

0.  37814 

80 

-0.  05011 

60 

0.  66 

0.35 

-0.  06256 

25 

0.  72393 

75 

0.  38981 

25 

-0.  05118 

75 

0.  65 

0.36 

-0. 06297 

60 

0. 71372 

80 

0.40147 

20 

-0.  05222 

40 

0.  64 

0.  37 

-0.  06332 

55 

0.  70342 

65 

0. 41312 

35 

-0.  05322 

45 

0.  63 

0.  38 

-0.  06361 

20 

0.  69303 

60 

0.  42476 

40 

-0.  05418 

80 

0.  62 

0.  39 

-0.  06383 

65 

0.  68255 

95 

0. 43639 

05 

-0.  05511 

35 

0.  61 

0.  40 

-0.  06400 

00 

0.  67200 

00 

0.  44800 

00 

-0.  05600 

00 

0.  60 

0.  41 

-0.  06410 

35 

0.  66136 

05 

0.45958 

95 

-0.  05684 

65 

0.59 

0.  42 

-0.  06414 

80 

0.  65064 

40 

0.  47115 

60 

-0.  05765 

20 

0.  58 

0.  43 

-0.  06413 

45 

0.  63985 

35 

0.  48269 

65 

-0.  05841 

55 

0.57 

0.  44 

-0.  06406 

40 

0.  62899 

20 

0.49420 

80 

-0.  05913 

60 

0.56 

0.  45 

-0.  06393 

75 

0.  61806 

25 

0.50568 

75 

-0.  05981 

25 

0.  55 

0.  46 

-0.  06375 

60 

0.  60706 

80 

0.51713 

20 

-0. 06044 

40 

0.  54 

0.  47 

-0.  06352 

05 

0.  59601 

15 

0. 52853 

85 

-0.  06102 

95 

0.53 

0. 48 

-0.  06323 

20 

0. 58489 

60 

0.  53990 

40 

-0.  06156 

80 

0.  52 

0.  49 

-0.  06289 

15 

0.  57372 

45 

0. 55122 

55 

-0.  06205 

85 

0.51 

0.50 

-0.  06250 

00 

0.  56250 

00 

0.  56250 

00 

-0.  06250 

00 

0.50 

A2 

Ai 

Ao 

A- 

L 

V 

902 
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Table  25.1  FOUR-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


Al(p)  = (-l)k+ 2 

p(p2-i)(p- 

-2) 

(l+k)\(2-k)\(p-k) 

V 

A- 1 

Ao 

A\ 

A2 

1.  00 

0.00000 

00 

0. 00000 

00 

1. 00000 

00 

0.  00000 

00 

0.  00 

1.  01 

0.  00166 

65 

-0.  00994 

95 

1. 00489 

95 

0.  00338 

35 

0.  01 

1.02 

0. 00333 

20 

-0.  01979 

60 

1. 00959 

60 

0.  00686 

80 

0.  02 

1.  03 

0.  00499 

55 

-0.  02953 

65 

1.  01408 

65 

0. 01045 

45 

0.03 

1.  04 

0.  00665 

60 

-0.  03916 

80 

1. 01836 

80 

0.  01414 

40 

0.  04 

1.05 

0.  00831 

25 

-0.  04868 

75 

1. 02243 

75 

0.  01793 

75 

0.  05 

1.  06 

0.  00996 

40 

-0.  05809 

20 

1. 02629 

20 

0.  02183 

60 

0.  06 

1.  07 

0.  01160 

95 

-0.  06737 

85 

1. 02992 

85 

0.  02584 

05 

0.  07 

1.08 

0.  01324 

80 

-0.  07654 

40 

1. 03334 

40 

0. 02995 

20 

0.  08 

1,  09 

0. 01487 

85 

-0.  08558 

55 

1. 03653 

55 

0.  03417 

15 

0.  09 

1.10 

0.  01650 

00 

-0.  09450 

00 

1. 03950 

00 

0.  03850 

00 

0.10 

1.11 

0.  01811 

15 

-0. 10328 

45 

1.  04223 

45 

0.  04293 

85 

0.11 

1.12 

0. 01971 

20 

-0.11193 

60 

1. 04473 

60 

0.  04748 

80 

0. 12 

1.13 

0.  02130 

05 

-0.12045 

15 

1. 04700 

15 

0.  05214 

95 

0.13 

1.14 

0. 02287 

60 

-0. 12882 

80 

1. 04902 

80 

0.  05692 

40 

0.14 

1.15 

0.  02443 

75 

-0. 13706 

25 

1. 05081 

25 

0.  06181 

25 

0.15 

1.16 

0.  02598 

40 

-0.14515 

28 

1.  05235 

20 

0.  06681 

60 

0.16 

1.17 

0.  02751 

45 

-0. 15309 

35 

1. 05364 

35 

0.  07193 

55 

0.17 

1.18 

0.  02902 

80 

-0.16088 

40 

1. 05468 

40 

0.  07717 

20 

0.18 

1.19 

0.  03052 

35 

-0. 16852 

05 

1. 05547 

05 

0.  08252 

65 

0.19 

1.20 

0.  03200 

00 

-0. 17600 

00 

1. 05600 

00 

0.  08800 

00 

0.20 

1.21 

0. 03345 

65 

-0. 18331 

95 

1.  05626 

95 

0.  09359 

35 

0.  21 

1.22 

0.  03489 

20 

-0. 19047 

60 

1. 05627 

60 

0. 09930 

80 

0.22 

1.23 

0.03630 

55 

-0. 19746 

65 

1.05601 

65 

0.10514 

45 

0.23 

1.24 

0.  03769 

60 

-0.  20428 

80 

1. 05548 

80 

0.11110 

40 

0.24 

1.25 

0.  03906 

25 

-0.21093 

75 

1. 05468 

75 

0. 11718 

75 

0.25 

1.26 

0.  04040 

40 

-0.  21741 

20 

1. 05361 

20 

0. 12339 

60 

0.26 

1.27 

0.  04171 

95 

-0.  22370 

85 

1. 05225 

85 

0. 12973 

05 

0.27 

1.28 

0.  04300 

80 

-0. 22982 

40 

1.  05062 

40 

0. 13619 

20 

0.28 

1.  29 

0.  04426 

85 

-0.  23575 

55 

1. 04870 

55 

0. 14278 

15 

0.29 

1.30 

0.  04550 

00 

-0.  24150 

00 

1. 04650 

00 

0. 14950 

00 

0.  30 

1.31 

0.  04670 

15 

-0.  24705 

45 

1. 04400 

45 

0. 15634 

85 

0.  31 

1.  32 

0.  04787 

20 

-0. 25241 

60 

1. 04121 

60 

0. 16332 

80 

0.  32 

1.33 

0.  04901 

05 

-0.25758 

15 

1. 03813 

15 

0. 17043 

95 

0.  33 

1.  34 

0. 05011 

60 

-0.  26254 

80 

1. 03474 

80 

0. 17768 

40 

0.  34 

1.  35 

0.  05118 

75 

-0.  26731 

25 

1.03106 

25 

0.18506 

25 

0.  35 

1.36 

0.  05222 

40 

-0.27187 

20 

1.  02707 

20 

0.19257 

60 

0.  36 

1.  37 

0.05322 

45 

-0.  27622 

35 

1. 02277 

35 

0.20022 

55 

0.37 

1.38 

0.05418 

80 

-0.  28036 

40 

1.01816 

40 

0.  20801 

20 

0.38 

1.  39 

0.05511 

35 

-0.  28429 

05 

1. 01324 

05 

0.  21593 

65 

0.  39 

1.  40 

0.  05600 

00 

-0.  28800 

00 

1. 00800 

00 

0.  22400 

00 

0.40 

1.41 

0.  05684 

65 

-0.  29148 

95 

1. 00243 

95 

0.  23220 

35 

0.  41 

1.42 

0.  05765 

20 

-0.  29475 

60 

0.  99655 

60 

0.  24054 

80 

0.  42 

1.43 

0.  05841 

55 

-0.  29779 

65 

0. 99034 

65 

0.  24903 

45 

0.43 

1.44 

0.  05913 

60 

-0.  30060 

80 

0. 98380 

80 

0.25766 

40 

0. 44 

1.  45 

0.  05981 

25 

-0.  30318 

75 

0.  97693 

75 

0.  26643 

75 

0.  45 

1.46 

0.  06044 

40 

-0.  30553 

20 

0.  96973 

20 

0.  27535 

60 

0. 46 

1.  47 

0.06102 

95 

-0.  30763 

85 

0.96218 

85 

0.  28442 

05 

0.  47 

1.48 

0.  06156 

80 

-0.  30950 

40 

0.  95430 

40 

0.  29363 

20 

0.  48 

1.  49 

0.  06205 

85 

-0.  31112 

55 

0.  94607 

55 

0.  30299 

15 

0.  49 

1.  50 

0.  06250 

00 

-0.  31250 

00 

0.  93750 

00 

0.  31250 

00 

0.50 

A2 

Ai 

Ao 

A- 

1 

-v 
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FOUR-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS  Table  25.1 


Ai(p)=(~  !)*+*; 

p(p2-i)(p- 

2) 

( 1 + k) ! (2 — k) ! (p — k) 

V 

A- 1 

Ao 

Ai 

A2 

1.50 

0.  06250 

00 

-0.  31250 

00 

0.  93750 

00 

0.  31250 

00 

0.  50 

1.  51 

0.  06289 

15 

-0.  31362 

45 

0.  92857 

45 

0.  32215 

85 

0.  51 

1.  52 

0.  06323 

20 

-0.  31449 

60 

0.  91929 

60 

0.  33196 

80 

0.  52 

1.  53 

0.  06352 

05 

-0.  31511 

15 

0.  90966 

15 

0.  34192 

95 

0.53 

1.54 

0.  06375 

60 

-0. 31546 

80 

0.  89966 

80 

0.  35204 

40 

0. 54 

1.  55 

0.  06393 

75 

-0.  31556 

25 

0.  88931 

25 

0.  36231 

25 

0.  55 

1.56 

0.  06406 

40 

-0.  31539 

20 

0.  87859 

20 

0.  37273 

60 

0.  56 

1.57 

0.  06413 

45 

-0.  31495 

35 

0.  86750 

35 

0. 38331 

55 

0.  57 

1.  58 

0.  06414 

80 

-0.  31424 

40 

0.  85604 

40 

0. 39405 

20 

0.  58 

1.59 

0.  06410 

35 

-0.  31326 

05 

0.  84421 

05 

0.  40494 

65 

0.  59 

1.  60 

0.  06400 

00 

-0.  31200 

00 

0. 83200 

00 

0. 41600 

00 

0.  60 

1.  61 

0.  06383 

65 

-0.  31045 

95 

0. 81940 

95 

0.  42721 

35 

0.  61 

1.  62 

0.  06361 

20 

-0.  30863 

60 

0. 80643 

60 

0.  43858 

80 

0.  62 

1.  63 

0.  06332 

55 

-0. 30652 

65 

0. 79307 

65 

0.  45012 

45 

0.  63 

1.  64 

0.  06297 

60 

-0.  30412 

80 

0.  77932 

80 

0. 46182 

40 

0.  64 

1.  65 

0.  06256 

25 

-0.  30143 

75 

0. 76518 

75 

0.  47368 

75 

0.  65 

1.  66 

0.  06208 

40 

-0.  29845 

20 

0. 75065 

20 

0.  48571 

60 

0.  66 

1.  67 

0.  06153 

95 

-0.  29516 

85 

0.73571 

85 

0. 49791 

05 

0.  67 

1.  68 

0.  06092 

80 

-0.  29158 

40 

0.72038 

40 

0.  51027 

20 

0.  68 

1.  69 

0. 06024 

85 

-0.  28769 

55 

0.  70464 

55 

0.  52280 

15 

0.  69 

1.70 

0.  05950 

00 

-0.  28350 

00 

0.  68850 

00 

0.  53550 

00 

0.70 

1.  71 

0.  05868 

15 

-0.  27899 

45 

0.  67194 

45 

0.  54836 

85 

0.  71 

1.72 

0.  05779 

20 

-0.  27417 

60 

0.  65497 

60 

0.  56140 

80 

0.  72 

1.  73 

0.  05683 

05 

-0.  26904 

15 

0. 63759 

15 

0.  57461 

95 

0.  73 

1.  74 

0.  05579 

60 

-0.  26358 

80 

0.  61978 

80 

0.  58800 

40 

0.  74 

1.  75 

0.  05468 

75 

-0.  25781 

25 

0.  60156 

25 

0.  60156 

25 

0.  75 

1.  76 

0.  05350 

40 

-0.  25171 

20 

0. 58291 

20 

0.  61529 

60 

0.76 

1.77 

0.  05224 

45 

-0.  24528 

35 

0. 56383 

35 

0.  62920 

55 

0.  77 

1.  78 

0. 05090 

80 

-0.  23852 

40 

0.  54432 

40 

0.  64329 

20 

0.78 

1.  79 

0.  04949 

35 

-0.  23143 

05 

0. 52438 

05 

0.  65755 

65 

0.  79 

1.  80 

0.  04800 

00 

-0. 22400 

00 

0.50400 

00 

0.  67200 

00 

0.80 

1.  81 

0. 04642 

65 

-0.  21622 

95 

0.  48317 

95 

0.  68662 

35 

0.  81 

1.  82 

0.  04477 

20 

-0.  20811 

60 

0. 46191 

60 

0.  70142 

80 

0.82 

1.83 

0.  04303 

55 

-0. 19965 

65 

0.  44020 

65 

0.  71641 

45 

0.  83 

1.  84 

0.  04121 

60 

-0. 19084 

80 

0. 41804 

80 

0.  73158 

40 

0.84 

1.85 

0.  03931 

25 

-0.18168 

75 

0.  39543 

75 

0.  74693 

75 

0.  85 

1.  86 

0.  03732 

40 

-0. 17217 

20 

0.  37237 

20 

0.  76247 

60 

0.  86 

1.  87 

0.  03524 

95 

-0. 16229 

85 

0.  34884 

85 

0.  77820 

05 

0.  87 

1.  88 

0.03308 

80 

-0.15206 

40 

0. 32486 

40 

0.  79411 

20 

0.88 

1.  89 

0.  03083 

85 

-0. 14146 

55 

0.  30041 

55 

0.  81021 

15 

0.89 

1.90 

0.  02850 

00 

-0. 13050 

00 

0.27550 

00 

0.  82650 

00 

0.90 

1.91 

0.  02607 

15 

-0. 11916 

45 

0.25011 

45 

0.  84297 

85 

0. 91 

1.92 

0.  02355 

20 

-0. 10745 

60 

0. 22425 

60 

0.  85964 

80 

0.92 

1.93 

0.  02094 

05 

-0.  09537 

15 

0. 19792 

15 

0.  87650 

95, 

0.  93 

1.  94 

0.  01823 

60 

-0.  08290 

80 

0. 17110 

80 

0.  89356 

40 

0.94 

1.  95 

0.  01543 

75 

-0.  07006 

25 

0. 14381 

25 

0.  91081 

25 

0. 95 

1.96 

0.  01254 

40 

-0.  05683 

20 

0.11603 

20 

0.  92825 

60 

0.96 

1. 97 

0.  00955 

45 

-0.  04321 

35 

0.  08776 

35 

0.  94589 

55 

0.97 

1.  98 

0.  00646 

80 

-0.  02920 

40 

0.  05900 

40 

0.  96373 

20 

0.98 

1.  99 

0.  00328 

35 

-0.  01480 

05 

0.  02975 

05 

0.  98176 

65 

0. 99 

2.  00 

0.00000 

00 

0.  00000 

00 

0.00000 

00 

1.  00000 

00 

1.00 

A2 

Ai 

Ao 

A- 

1 

-P 

904 
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Table  25.1  FIVE-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


A5k(p)=(- l)fc+2 


p(p2—l)(p2—4:) 

(2+k)\{2—k)\(p—k) 


V 

A- 

2 

A- 

i 

Ao 

0.00 

0.  00000 

00000 

0.00000 

00000 

1. 00000 

0.  01 

0.  00082 

90838 

-0.  00659 

98350 

0.  99987 

0.02 

0.00164 

93400 

-0.  01306 

53600 

0.99950 

0.03 

0.  00246 

02838 

-0.  01939 

56350 

0.  99887 

0.  04 

0.  00326 

14400 

-0.  02558 

97600 

0.99800 

0.  05 

0.00405 

23438 

-0.  03164 

68750 

0.  99687 

0.06 

0.  00483 

25400 

-0.  03756 

61600 

0.  99550 

0.07 

0.  00560 

15838 

-0.  04334 

68350 

0. 99388 

0.  08 

0.00635 

90400 

-0.  04898 

81600 

0.  99201 

0.  09 

0.00710 

44838 

-0. 05448 

94350 

0.  98989 

0.10 

0.  00783 

75000 

-0.  05985 

00000 

0. 98752 

0.11 

0. 00855 

76838 

-0.  06506 

92350 

0.  98491 

0.12 

0.  00926 

46400 

-0.  07014 

65600 

0.98205 

0.13 

0.00995 

79838 

-0.  07508 

14350 

0.  97894 

0.14 

0.  01063 

73400 

-0.  07987 

33600 

0.97559 

0.15 

0.  01130 

23438 

-0.  08452 

18750 

0. 97200 

0.16 

0.01195 

2*6400 

-0.  08902 

65600 

0. 96816 

0.17 

0.01258 

78838 

-0.  09338 

70350 

0.  96408 

0.18 

0.  01320 

77400 

-0. 09760 

29600 

0. 95976 

0.19 

0.  01381 

18838 

-0.10167 

40350 

0.95520 

0.20 

0. 01440 

00000 

-0.  10560 

00000 

0.  95040 

0.21 

0.  01497 

17838 

-0.  10938 

06350 

0. 94536 

0.22 

0.  01552 

69400 

-0.11301 

57600 

0.94008 

0.23 

0.01606 

51838 

-0.11650 

52350 

0.93457 

0.  24 

0.01658 

62400 

-0.11984 

89600 

0.  92882 

0.25 

0.01708 

98438 

-0.  12304 

68750 

0.  92285 

0.26 

0.  01757 

57400 

-0. 12609 

89600 

0.  91664 

0.27 

0.  01804 

36838 

-0.12900 

52350 

0.  91020 

0.28 

0.  01849 

34400 

-0.13176 

57600 

0.  90353 

0.29 

0.  01892 

47838 

-0. 13438 

06350 

0.  89664 

0.30 

0.  01933 

75000 

-0. 13685 

00000 

0. 88952 

0.  31 

0.  01973 

13838 

-0.13917 

40350 

0.  88218 

0.  32 

0.  02010 

62400 

-0. 14135 

29600 

0.  87462 

0.33 

0.  02046 

18838 

-0. 14338 

70350 

0. 86683 

0.  34 

0.  02079 

81400 

-0.14527 

65600 

0.  85884 

0.35 

0. 02111 

48438 

-0. 14702 

18750 

0.  85062 

0.36 

0.  02141 

18400 

-0. 14862 

33600 

0.  84219 

0.37 

0.02168 

89838 

-0.15008 

14350 

0.  83356 

0.38 

0.  02194 

61400 

-0.15139 

65600 

0. 82471 

0.  39 

0.  02218 

31838 

-0.  15256 

92350 

0.  81565 

0.40 

0. 02240 

00000 

-0. 15360 

00000 

0.  80640 

0.  41 

0.  02259 

64838 

-0. 15448 

94350 

0.  79693 

0.  42 

0.  02277 

25400 

-0.  15523 

81600 

0.  78727 

0.  43 

0. 02292 

80838 

-0. 15584 

68350 

0. 77742 

0.  44 

0.02306 

30400 

-0.15631 

61600 

0.  76737 

0.45 

0.02317 

73438 

-0.  15664 

68750 

0. 75712 

0.  46 

0.  02327 

09400 

-0. 15683 

97600 

0. 74669 

0.  47 

0.02334 

37838 

-0. 15689 

56350 

0.  73607 

0.48 

0.  02339 

58400 

-0. 15681 

53600 

0. 72527 

0.  49 

0.02342 

70838 

-0. 15659 

98350 

0.  71428 

0.50 

0.  02343 

75000 

-0.  15625 

00000 

0. 70312 

A 2 A\ 


A i 

A2 

00000 

0.  00000 

00000 

0.  00000 

00000 

0.  00 

50025 

0.  00673 

31650 

-0.  00083 

74163 

0.  01 

00400 

0. 01359 

86400 

-0.  00168 

26600 

0.02 

52025 

0.  02059 

53650 

-0.  00253 

52163 

0.03 

06400 

0.  02772 

22400 

-0.  00339 

45600 

0.  04 

65625 

0.  03497 

81250 

-0.  00426 

01563 

0.  05 

32400 

0. 04236 

18400 

-0.  00513 

14600 

0.06 

10025 

0.  04987 

21650 

-0.  00600 

79163 

0.  07 

02400 

0. 05750 

78400 

-0.  00688 

89600 

0.08 

14025 

0.  06526 

75650 

-0.  00777 

40163 

0.09 

50000 

0.  07315 

00000 

-0.  00866 

25000 

0.10 

16025 

0.  08115 

37650 

-0.  00955 

38163 

0.11 

18400 

0.  08927 

74400 

-0. 01044 

73600 

0.12 

64025 

0.  09751 

95650 

-0.  01134 

25163 

0.13 

60400 

0.10587 

86400 

-0.  01223 

86600 

0.14 

15625 

0.11435 

31250 

-0.01313 

51563 

0.15 

38400 

0.12294 

14400 

-0.  01403 

13600 

0.16 

38025 

0.13164 

19650 

-0.  01492 

66163 

0.17 

24400 

0.14045 

30400 

-0.  01582 

•02600 

0.18 

08025 

0.14937 

29650 

-0.  01671 

16163 

0.19 

00000 

0.15840 

00000 

-0.01760 

00000 

0.20 

12025 

0.16753 

23650 

-0.  01848 

47163 

0.21 

56400 

0.17676 

82400 

-0.01936 

50600 

0.22 

46025 

0.18610 

57650 

-0.  02024 

03163 

0.23 

94400 

0.19554 

30400 

-0.  02110 

97650 

0.-24 

15625 

0.20507 

81250 

-0.02197 

26563 

0.  25 

24400 

0.21470 

90400 

-0.  02282 

82600 

0.26 

36025 

0.  22443 

37650 

-0.  02367 

58163 

0.27 

66400 

0.  23425 

02400 

-0.  02451 

45600 

0.28 

32025 

0.  24415 

63650 

-0.  02534 

37163 

0.  29 

50000 

0.  25415 

00000 

-0.  02616 

25000 

0.  30 

38025 

0.  26422 

89650 

-0.  02697 

01163 

0.  31 

14400 

0.  27439 

10400 

-0.  02776 

57600 

0.  32 

98025 

0.  28463 

39650 

-0.  02854 

86163 

0.33 

08400 

0. 29495 

54400 

-0.  02931 

78600 

0.  34 

65625 

0.  30535 

31250 

-0.  03007 

26563 

0.  35 

90400 

0.  31582 

46400 

-0.  03081 

21600 

0.36 

04025 

0.  32636 

75650 

-0.03153 

55163 

0.  37 

28400 

0.  33697 

94400 

-0.  03224 

18600 

0.  38 

86025 

0.  34765 

77650 

-0.  03293 

03163 

0.  39 

00000 

0.  35840 

00000 

-0.  03360 

00000 

0.  40 

94025 

0.  36920 

35650 

-0.  03425 

00163 

0.  41 

92400 

0. 38006 

58400 

-0.  03487 

94600 

0.  42 

20025 

0.  39098 

41650 

-0.  03548 

74163 

0.  43 

02400 

0. 40195 

58400 

-0.  03607 

29600 

0.  44 

65625 

0. 41297 

81250 

-0.  03663 

51563 

0.  45 

36400 

0. 42404 

82400 

-0.  03717 

30600 

0.  46 

42025 

0. 43516 

33650 

-0.  03768 

57163 

0.  47 

10400 

0.  44632 

06400 

-0.  03817 

21600 

0.  48 

70025 

0.  45751 

71650 

-0. 03863 

14163 

0.  49 

50000 

0.  46875 

00000 

-0.  03906 

25000 

0.50 

0 

A 

L-i 

A 

-2 

-v 
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905 


FIVE-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


•A*(p)=(-l)i+2 


p(p2—l)(p2—A) 

(2+k)\(2—k)\(p—k) 


Table  25.1 


V 

A 

L-2 

A 

.-i 

Ao 

A 

Li 

A 2 

0.  50 

0.  02343 

75000 

-0.15625 

00000 

0.  70312 

50000 

0.  46875 

00000 

-0.03906 

25000 

0.50 

0.  51 

0.  02342 

70838 

-0.  15576 

68350 

0.  69178 

80025 

0.48001 

61650 

-0. 03946 

44163 

0.  51 

0.  52 

0.  02339 

58400 

-0.15515 

13600 

0.  68027 

90400 

0.  49131 

26400 

-0. 03983 

61600 

0.  52 

0.53 

0.  02334 

37838 

-0.15440 

46350 

0.  66860 

12025 

0.  50263 

63650 

-0.  04017 

67163 

0.53 

0.  54 

0.  02327 

09400 

-0.15352 

77600 

0. 65675 

76400 

0.  51398 

42400 

-0.  04048 

50600 

0.  54 

0.55 

0.  02317 

73438 

-0.15252 

18750 

0. 64475 

15625 

0.  52535 

31250 

-0.04076 

01563 

0.55 

0.  56 

0.  02306 

30400 

-0.15138 

81600 

0.  63258 

62400 

0.  53673 

98400 

-0.04100 

09600 

0.56 

0.57 

0.  02292 

80838 

-0.15012 

78350 

0.  62026 

50025 

0.  54814 

11650 

-0.04120 

64163 

0,57 

0.  58 

0.  02277 

25400 

-0. 14874 

21600 

0. 60779 

12400 

0.  55955 

38400 

-0.  04137 

54600 

0.58 

0.59 

0. 02259 

64838 

-0.14723 

24350 

0.  59516 

84025 

0.  57097 

45650 

-0.  04150 

70163 

0.  59 

0.  60 

0.02240 

00000 

-0. 14560 

00000 

0.58240 

00000 

0.  58240 

00000 

-0.  04160 

00000 

0.  60 

0.  61 

0.  02218 

31838 

-0. 14384 

62350 

0.  56948 

96025 

0.  59382 

67650 

-0.  04165 

33163 

0.  61 

0.  62 

0.  02194 

61400 

-0. 14197 

25600 

0.  55644 

08400 

0.  60525 

14400 

-0.  04166 

58600 

0.  62 

0.  63 

0.02168 

89838 

-0.13998 

04350 

0.  54325 

74025 

0.  61667 

05650 

-0.  04163 

65163 

0.  63 

0.  64 

0.02141 

18400 

-0.13787 

13600 

0. 52994 

30400 

0.  62808 

06400 

-0.04156 

41600 

0.  64 

0.  65 

0.  02111 

48438 

-0.  13564 

68750 

0.  51650 

15625 

0.  63947 

81250 

-0.  04144 

76563 

0.  65 

0.  66 

0.  02079 

81400 

-0.  13330 

85600 

0.  50293 

68400 

0.  65085 

94400 

-0.  04128 

58600 

0.  66 

0.  67 

0.  02046 

18838 

-0. 13085 

80350 

0.  48925 

28025 

0.  66222 

09650 

-0.  04107 

76163 

0.  67 

0.  68 

0.  02010 

62400 

-0. 12829 

69600 

0.47545 

34400 

0.  67355 

90400 

-0.  04082 

17600 

0.  68 

0.  69 

0.  01973 

13838 

-0.12562 

70350 

0.  46154 

28025 

0.  68486 

99650 

-0. 04051 

71163 

0.  69 

0.  70 

0. 01933 

75000 

-0.12285 

00000 

0.44752 

50000 

0.  69615 

00000 

-0.  04016 

25000 

0.70 

0.  71 

0.01892 

47838 

-0.11996 

76350 

0.43340 

42025 

0.  70739 

53650 

-0.  03975 

67163 

0.  71 

0.  72 

0.  01849 

34400 

-0. 11698 

17600 

0.  41918 

46400 

0.  71860 

22400 

-0.03929 

85600 

0.  72 

0.  73 

0.01804 

36838 

-0.11389 

42350 

0.  40487 

06025 

0.  72976 

67650 

-0.  03878 

68163 

0.  73 

0.  74 

0.  01757 

57400 

-0.11070 

69600 

0. 39046 

64400 

0.  74088 

50400 

-0.  03822 

02600 

0.  74 

0.75 

0.  01708 

98438 

-0. 10742 

18750 

0.  37597 

65625 

0.  75195 

31250 

-0.  03759 

76563 

0.75 

0.  76 

0.  01658 

62400 

-0.  10404 

09600 

0. 36140 

54400 

0.  76296 

70400 

-0. 03691 

77600 

0.76 

0.  77 

0. 01606 

51838 

-0.10056 

62350 

0.  34675 

76025 

0.77392 

27650 

-0.  03617 

93163 

0.77 

0.78 

0.  01552 

69400 

-0.  09699 

97600 

0.  33203 

76400 

0. 78481 

62400 

-0.  03538 

10600 

0.78 

0.  79 

0.  01497 

17838 

-0.  09334 

36350 

0.  31725 

02025 

0.  79564 

33650 

-0.  03452 

17163 

0.  79 

0.  80 

0.  01440 

00000 

-0. 08960 

00000 

0.30240 

00000 

0.  80640 

00000 

-0. 03360 

00000 

0.  80 

0.  81 

0.  01381 

18838 

-0.  08577 

10350 

0.  28749 

18025 

0.  81708 

19650 

-0.  03261 

46163 

0.  81 

0.  82 

0.01320 

77400 

-0.  08185 

89600 

0.27253 

04400 

0.  82768 

50400 

-0.  03156 

42600 

0.  82 

0.  83 

0.  01258 

78838 

-0.  07786 

60350 

0.  25752 

08025 

0.  83820 

49650 

-0.  03044 

76163 

0.  83 

0.  84 

0. 01195 

26400 

-0.  07379 

45600 

0.24246 

78400 

0.  84863 

74400 

-0.02926 

33600 

0.  84 

0.  85 

0.  01130 

23438 

-0.  06964 

68750 

0. 22737 

65625 

0.  85897 

81250 

-0.  02801 

01563 

d.  85 

0.  86 

0.  01063 

73400 

-0. 06542 

53600 

0.21225 

20400 

0.  86922 

26400 

-0.  02668 

66600 

0.  86 

0.  87 

0. 00995 

79838 

-0.  06113 

24350 

0.19709 

94025 

0.  87936 

65650 

-0.  02529 

15163 

0.  87 

0.  88 

0.  00926 

46400 

-0.  05677 

05600 

0. 18192 

38400 

0.  88940 

54400 

-0.  02382 

33600 

0.  88 

0.  89 

0.  00855 

76838 

-0.  05234 

22350 

0. 16673 

06025 

0.  89933 

47650 

-0.  02228 

08163 

0.  89 

0.90 

0. 00783 

75000 

-0.  04785 

00000 

0. 15152 

50000 

0.90915 

00000 

-0.  02066 

25000 

0.90 

0.  91 

0.  00710 

44838 

-0.  04329 

64350 

0.13631 

24025 

0.  91884 

65650 

-0.  01896 

70163 

0.  91 

0.92 

0.  00635 

90400 

-0.  03868 

41600 

0.12109 

82400 

0. 92841 

98400 

-0.  01719 

29600 

0.  92 

0.  93 

0.  00560 

15838 

-0.03401 

58350 

0.10588 

80025 

0.  93786 

51650 

-0.  01533 

89163 

0.93 

0.94 

0.  00483 

25400 

-0.02929 

41600 

0. 09068 

72400 

0.  94717 

78400 

-0.  01340 

34600 

0.  94 

0.  95 

0.  00405 

23438 

-0.  02452 

18750 

0. 07550 

15625 

0. 95635 

31250 

-0.  01138 

51563 

0.95 

0.  96 

0.  00326 

14400 

-0.  01970 

17600 

0.06033 

66400 

0.  96538 

62400 

-0.  00928 

25600 

0.96 

0.97 

0.  00246 

02838 

-0.  01483 

66350 

0.  04519 

82025 

0.  97427 

23650 

-0.  00709 

42163 

0.97 

0.98 

0.  00164 

93400 

-0.  00992 

93600 

0.  03009 

20400 

0.98300 

66400 

-0.  00481 

86600 

0.98 

0.  99 

0.00082 

90838 

-0.  00498 

28350 

0.  01502 

40025 

0.  99158 

41650 

-0.  00245 

44163 

0.  99 

1.  00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1. 00000 

00000 

0.  00000 

00000 

1.00 

A.2 

A 

i 

Ao 

A 

-l 

A 

1-2 

-v 
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Table  25.1  FIVE-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


4(P)  = (-Dfc+2 


p{p2—  l)(p2— 4) 
(2+k)\(2—k)\(p—k) 


V 

A 

L-2 

A 

-l 

Ao 

A 

Li 

A 2 

1.00 

0.  00000 

00000 

0.  00000 

00000 

0.  00000 

00000 

1.  00000 

00000 

0.  00000 

00000 

1.  00 

1.  01 

-0.00083 

74163 

0.  00501 

61650 

-0.01497 

39975 

1. 00824 

91650 

0.00254 

60838 

1.  01 

1.  02 

-0.  00168 

26600 

0.  01006 

26400 

-0.  02989 

19600 

1.01632 

66400 

0.  00518 

53400 

1.  02 

1.  03 

-0.  00253 

52163 

0.01513 

63650 

-0.  04474 

77975 

1. 02422 

73650 

0. 00791 

92838 

1.  03 

1.  04 

-0.  00339 

45600 

0.  02023 

42400 

-0.  05953 

53600 

1. 03194 

62400 

0.01074 

94400 

1.  04 

1.  05 

-0.  00426 

01563 

0.  02535 

31250 

-0.  07424 

84375 

1.  03947 

81250 

0.  01367 

73438 

1.  05 

1.06 

-0.  00513 

14600 

0.  03048 

98400 

-0.  08888 

07600 

1. 04681 

78400 

0.01670 

45400 

1.  06 

1.  07 

-0.00600 

79163 

0.  03564 

11650 

-0.10342 

59975 

1.  05396 

01650 

0. 01983 

25838 

1.  07 

1.  08 

-0.  00688 

89600 

0. 04080 

38400 

-0. 11787 

77600 

1.  06089 

98400 

0.  02306 

30400 

1.08 

1.  09 

-0.  00777 

40163 

0. 04597 

45650 

-0.13222 

95975 

1. 06763 

15650 

0. 02639 

74838 

1.  09 

1.10 

-0.  00866 

25000 

0.  05115 

00000 

-0. 14647 

50000 

1.07415 

00000 

0. 02983 

75000 

1.10 

1.11 

-0.  00955 

3£l 63 

0.  05632 

67650 

-0.16060 

73975 

1. 08044 

97650 

0.  03338 

46838 

1.11 

1.12 

-0.  01044 

73600 

0.  06150 

14400 

-0. 17462 

01600 

1. 08652 

54400 

0.  03704 

06400 

1.12 

1.13 

-0.  01134 

25163 

0.  06667 

05650 

-0. 18850 

65975 

1.09237 

15650 

0.  04080 

69838 

1.13 

1.14 

-0.01223 

86600 

0.  07183 

06400 

-0.20225 

99600 

1.  09798 

26400 

0.  04468 

53400 

1.14 

1.15 

-0.  01313 

51563 

0.  07697 

81250 

-0.  21587 

34375 

1.10335 

31250 

0.  04867 

73438 

1.15 

1.16 

-0.  01403 

13600 

0.08210 

94400 

-0.22934 

01600 

1.10847 

74400 

0.  05278 

46400 

1.16 

1.17 

-0.  01492 

66163 

0. 08722 

09650 

-0,  24265 

31975 

1.11334 

99650 

0.  05700 

88838 

1.17 

1.18 

-0.  01582 

02600 

0. 09230 

90400 

-0.  25580 

55600 

1.11796 

50400 

0.  06135 

17400 

1.18 

1.19 

-0.  01671 

16163 

0.  09736 

99650 

-0.  26879 

01975 

1.12231 

69650 

0. 06581 

48838 

1.19 

1.20 

-0.  01760 

00000 

0.10240 

00000 

-0.  28160 

00000 

1.12640 

00000 

0.  07040 

00000 

1.20 

1.21 

-0.  01848 

47163 

0. 10739 

53650 

-0.  29422 

77975 

1.13020 

83650 

0.  07510 

87838 

1.21 

1.22 

-0.  01936 

50600 

0.11235 

22400 

-0.  30666 

63600 

1.13373 

62400 

0.  07994 

29400 

1.22 

1.23 

-0.  02024 

03163 

0. 11726 

67650 

-0.  31890 

83975 

1.13697 

77650 

0. 08490 

41838 

1.23 

1.24 

-0.  02110 

97600 

0.12213 

50400 

-0.  33094 

65600 

1.13992 

70400 

0. 08999 

42400 

1.  24 

1.25 

-0.  02197 

26563 

0. 12695 

31250 

-0.  34277 

34375 

1. 14257 

81250 

0.  09521 

48438 

1.25 

1.26 

-0.  02282 

82600 

0. 13171 

70400 

-0.  35438 

15600 

1. 14492 

50400 

0.10056 

77400 

1.26 

1.27 

-0.  02367 

58163 

0. 13642 

27650 

-0.  36576 

33975 

1.14696 

17650 

0.10605 

46838 

1.27 

1.28 

-0.  02451 

45600 

0.14106 

62400 

-0.  37691 

13600 

1.14868 

22400 

0. 11167 

74400 

1.28 

1.29 

-0.  02534 

37163 

0. 14564 

33650 

-0.  38781 

77975 

1.15008 

03650 

0.11743 

77838 

1.29 

1.30 

-0.  02616 

25000 

0.15015 

00000 

-0.  39847 

50000 

1.15115 

00000 

0.12333 

75000 

1.30 

1.31 

-0.  02697 

01163 

0. 15458 

19650 

-0. 40887 

51975 

1. 15188 

49650 

0.12937 

83838 

1.  31 

1.32 

-0.  02776 

57600 

0.15893 

50400 

-0.  41901 

05600 

1.15227 

90400 

0.13556 

22400 

1.  32 

1.33 

-0.  02854 

86163 

0.16320 

49650 

-0.  42887 

31975 

1.15232 

59650 

0. 14189 

08838 

1.33 

1.  34 

-0.  02931 

78600 

0.16738 

74400 

-0.  43845 

51600 

1.15201 

94400 

0.14836 

61400 

1.34 

1.  35 

-0.  03007 

26563 

0.17147 

81250 

-0.  44774 

84375 

1.15135 

31250 

0.15498 

98438 

1.  35 

1.  36 

-0.  03081 

21600 

0. 17547 

26400 

-0.  45674 

49600 

1.15032 

06400 

0.16176 

38400 

1.36 

1.37 

-0.  03153 

55163 

0.17936 

65650 

-0.  46543 

65975 

1.14891 

55650 

0. 1686.8 

99838 

1.  37 

1.  38 

-0.  03224 

18600 

0. 18315 

54400 

-0.  47381 

51600 

1.14713 

14400 

0. 17577 

01400 

1.38 

1.39 

-0.  03293 

03163 

0. 18683 

47650 

-0.  48187 

23975 

1.14496 

17650 

0.18300 

61838 

1.  39 

1.40 

-0. 03360 

00000 

0.19040 

00000 

-0.48960 

00000 

1.14240 

00000 

0. 19040 

00000 

1.40 

1.41 

-0.  03425 

00163 

0. 19384 

65650 

-0.  49698 

95975 

1.13943 

95650 

0. 19795 

34838 

1.41 

1.42 

-0.  03487 

94600 

0.19716 

98400 

-0.50403 

27600 

1.13607 

38400 

0.20566 

85400 

1.42 

1.  43 

-0.  03548 

74163 

0.  20036 

51650 

-0.  51072 

09975 

1.13229 

61650 

0.21354 

70838 

1.  43 

1.  44 

-0.  03607 

29600 

0.20342 

78400 

-0.  51704 

57600 

1.12809 

98400 

0.  22159 

10400 

1.44 

1.45 

-0.  03663 

51563 

0.20635 

31250 

-0.  52299 

84375 

1. 12347 

81250 

0.22980 

23438 

1.45 

1.46 

-0.  03717 

30600 

0.20913 

62400 

-0.  52857 

03600 

1.11842 

42400 

0.23818 

29400 

1.  46 

1.  47 

-0.  03768 

57163 

0.  21177 

23650 

-0.  53375 

27975 

1.11293 

13650 

0.  24673 

47838 

1.  47 

1.  48 

-0.  03817 

21600 

0.  21425 

66400 

-0.  53853 

69600 

1.10699 

26400 

0.25545 

98400 

1.48 

1.  49 

-0.  03863 

14163 

0.21658 

41650 

-0.  54291 

39975 

1.10060 

11650 

0.  26436 

00838 

1.  49 

1.50 

-0.  03906 

25000 

0.  21875 

00000 

-0.  54687 

50000 

1.  09375 

00000 

0.  27343 

75000 

1.50 

A 2 

A 

Li 

Ao 

A 

L-i 

A 

L-2 

~P 

NUMERICAL  ANALYSIS 


FIVE-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS  Table  25.1 


p(p2—  l)(p2— 4) 
(2+k)!(2-/c)!(p-k) 


p 

A 

-2 

A 

-l 

Aq 

A 

i 

A 2 

1.50 

-0.  03906 

25000 

0.21875 

00000 

-0.  54687 

50000 

1. 09375 

00000 

0.27343 

75000 

1.50 

1.51 

-0.  03946 

44163 

0.22074 

91650 

-0.  55041 

09975 

1.  08643 

21650 

0.  28269 

40838 

1.51 

1.52 

-0.  03983 

61600 

0.  22257 

66400 

-0.  55351 

29600 

1. 07864 

06400 

0.29213 

18400 

1.52 

1.53 

-0.  04017 

67163 

0.22422 

73650 

-0.  55617 

17975 

1. 07036 

83650 

0.  30175 

27838 

1.53 

1.  54 

-0.  04048 

50600 

0.  22569 

62400 

-0.  55837 

83600 

1.  06160 

82400 

0.  31155 

89400 

1.  54 

1.55 

-0.  04076 

01563 

0.  22697 

81250 

-0.  56012 

34375 

1.  05235 

31250 

0.  32155 

23438 

1.55 

1.56 

-0.  04100 

09600 

0.22806 

78400 

-0.  56139 

77600 

1. 04259 

58400 

0.  33173 

50400 

1.56 

1.57 

-0.  04120 

64163 

0.  22896 

01650 

-0.  56219 

19975 

1.  03232 

91650 

0. 34210 

90838 

1.57 

1.  58 

-0.  04137 

54600 

0.  22964 

98400 

-0.  56249 

67600 

1.  02154 

58400 

0.  35267 

65400 

1.  58 

1.  59 

-0.  04150 

70163 

0.23013 

15650 

-0.  56230 

25975 

1.  01023 

85650 

0.  36343 

94838 

1.59 

1.60 

-0.  04160 

00000 

0.23040 

00000 

-0.  56160 

00000 

0. 99840 

00000 

0.  37440 

00000 

1.60 

1.  61 

-0.  04165 

33163 

0.  23044 

97650 

-0.  56037 

93975 

0.  98602 

27650 

0.  38556 

01838 

1.  61 

1.  62 

-0.  04166 

58600 

0.23027 

54400 

-0.  55863 

11600 

0.  97309 

94400 

0. 39692 

21400 

1.  62 

1.  63 

-0.  04163 

65163 

0.  22987 

15650 

-0.  55634 

55975 

0.  95962 

25650 

0.40848 

79838 

1.  63 

1.  64 

-0.  04156 

41600 

0.22923 

26400 

-0.  55351 

29600 

0.94558 

46400 

0.  42025 

98400 

1.64 

1.  65 

-0. 04144 

76563 

0.22835 

31250 

-0.  55012 

34375 

0.93097 

81250 

0.43223 

98438 

1.  65 

1.66 

-0.  04128 

58600 

0.  22722 

74400 

-0.  54616 

71600 

0.  91579 

54400 

0.  44443 

01400 

1.  66 

1.  67 

-0.  04107 

76163 

0.  22584 

99650 

-0.  54163 

41975 

0.90002 

89650 

0. 45683 

28838 

1.67 

1.  68 

-0.  04082 

17600 

0. 22421 

50400 

-0.  53651 

45600 

0. 88367 

10400 

0.  46945 

02400 

1.  68 

1.  69 

-0. 04051 

71163 

0.  22231 

69650 

-0.  53079 

81975 

0.  86671 

39650 

0. 48228 

43838 

1.69 

1.70 

-0. 04016 

25000 

0.  22015 

00000 

-0.  52447 

50000 

0.  84915 

00000 

0. 49533 

75000 

1.70 

1.  71 

-0.  03975 

67163 

0.  21770 

83650 

-0.  51753 

47975 

0.  83097 

13650 

0.  50861 

17838 

1.71 

1.72 

-0.  03929 

85600 

0.  21498 

62400 

-0.  50996 

73600 

0.  81217 

02400 

0.  52210 

94400 

1.72 

1.  73 

-0.  03878 

68163 

0.21197 

77650 

-0.50176 

23975 

0.  79273 

87650 

0.  53583 

26838 

1.73 

1.  74 

-0.  03822 

02600 

0.  20867 

70400 

-0.  49290 

95600 

0.  77266 

90400 

0.  54978 

37400 

1.74 

1.75 

-0.03759 

76563 

0.  20507 

81250 

-0.  48339 

84375 

0.  75195 

31250 

0.  56396 

48438 

1.75 

1.76 

-0.  03691 

77600 

0.20117 

50400 

-0.  47321 

85600 

0.  73058 

30400 

0.  57837 

82400 

1.  76 

1.  77 

-0.  03617 

93163 

0. 19696 

17650 

-0.  46235 

93975 

0.70855 

07650 

0.  59302 

61838 

1.77 

1.  78 

-0.  03538 

10600 

0. 19243 

22400 

-0.  45081 

03600 

0.  68584 

82400 

0. 60791 

09400 

1.78 

1.  79 

-0.  03452 

17163 

0.18758 

03650 

-0.  43856 

07975 

0.  66246 

73650 

0. 62303 

47838 

1.79 

1.80 

-0.03360 

00000 

0. 18240 

00000 

-0.  42560 

00000 

0.  63840 

00000 

0. 63840 

00000 

1.80 

1.  81 

-0.  03261 

46163 

0.17688 

49650 

-0.  41191 

71975 

0.  61363 

79650 

0. 65400 

88838 

1.81 

1.82 

-0.  03156 

42600 

0.17102 

90400 

-0.  39750 

15600 

0.  58817 

30400 

0.  66986 

37400 

1.  82 

1.  83 

-0.  03044 

76163 

0.16482 

59650 

-0.  38234 

21975 

0.56199 

69650 

0.  68596 

68838 

1.83 

1.  84 

-0.02926 

33600 

0. 15826 

94400 

-0.  36642 

81600 

0.53510 

14400 

0.  70232 

06400 

1.84 

1.85 

-0.  02801 

01563 

0.15135 

31250 

-0. 34974 

84375 

0.  50747 

81250 

0.  71892 

73438 

1.85 

1.86 

-0.  02668 

66600 

0.14407 

06400 

-0.33229 

19600 

0. 47911 

86400 

0. 73578 

93400 

1.86 

1.  87 

-0.  02529 

15163 

0.13641 

55650 

-0.  31404 

75975 

0.45001 

45650 

0. 75290 

89838 

1.  87 

1.88 

-0.  02382 

33600 

0.12838 

14400 

-0.  29500 

41600 

0.42015 

74400 

0.  77028 

86400 

1.88 

1.  89 

-0.  02228 

08163 

0.11996 

17650 

-0.  27515 

03975 

0.  38953 

87650 

0.  78793 

06838 

1.89 

1.90 

-0.  02066 

25000 

0.11115 

00000 

-0.  25447 

50000 

0.  35815 

00000 

0.  80583 

75000 

1.90 

1.91 

-0.  01896 

70163 

0.10193 

95650 

-0.  23296 

65975 

0.  32598 

25650  - 

0.  82401 

14838 

1.  91 

1.92 

-0.  01719 

29600 

0.09232 

38400 

-0.21061 

37600 

0.29302 

78400 

0.  84245 

50400 

1.92 

1.93 

-0.  01533 

89163 

0.  08229 

61650 

-0.18740 

49975 

0.25927 

71650 

0. 86117 

05838 

1.93 

1.  94 

-0.  01340 

34600 

0. 07184 

98400 

-0. 16332 

87600 

0.  22472 

18400 

0.  88016 

05400 

1.94 

1.95 

-0.  01138 

51563 

0.  06097 

81250 

-0. 13837 

34375 

0. 18935 

31250 

0. 89942 

73438 

1.95 

1.96 

-0.  00928 

25600 

0.  04967 

42400 

-0. 11252 

73600 

0.15316 

22400 

0.  91897 

34400 

1.96 

1.97 

-0. 00709 

42163 

0. 03793 

13650 

-0.  08577 

87975 

0.11614 

03650 

0.  93880 

12838 

1.97 

1.  98 

-0.  00481 

86600 

0.02574 

26400 

-0.  05811 

59600 

0.  07827 

86400 

0.  95891 

33400 

1.  98 

1.  99 

-0.  00245 

44163 

0.01310 

11650 

-0.  02952 

69975 

0.  03956 

81650 

0. 97931 

20838 

1.  99 

2.  00 

0.  00000 

00000 

0.  00000 

00000 

0.  00000 

00000 

0. 00000 

00000 

1.  00000 

00000 

2.  00 

A 2 

A 

i 

A 

-l 

A 

-2 

-P 
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Table  25.1 


SIX-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


4Cp)=(-D 


k+ 3 P(P2-l)02-4)0-3) 
(2 +k) ! (3 -k) ! ( p-k ) 


V 

A. 

-2 

A. 

-1 

A 

0 

Ai 

A2 

^3 

0.00 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00 

0.01 

0.00049 

57921 

-0.00493 

33767 

0.99654 

20858 

0.01006 

60817 

-0.00250 

38746 

0.00033 

32917 

0.99 

0.02 

0.00098 

30066 

-0.00973 

36932 

0.99283 

67064 

0.02026 

19736 

-0.00501 

43268 

0.00066 

63334 

0.98 

0.03 

0.00146 

14085 

-0.01440 

12590 

0.98888 

64505 

0.03058 

41170 

-0.00752 

95922 

0.00099 

88752 

0.97 

0.04 

0.00193 

07725 

-0.01893 

64224 

0.98469 

39648 

0.04102 

89152 

-0.01004 

78976 

0.00133 

06675 

0.96 

0.05 

0.00239 

08828 

-0.02333 

95703 

0.98026 

19531 

0.05159 

27344 

-0.01256 

74609 

0.00166 

14609 

0.95 

0.06 

0.00284 

15335 

-0.02761 

11276 

0.97559 

31752 

0.06227 

19048 

-0.01508 

64924 

0.00199 

10065 

0.94 

0.07 

0.00328 

25281 

-0.03175 

15567 

0.97069 

04458 

0.07306 

27217 

-0.01760 

31946 

0.00231 

90557 

0.93 

0.08 

0.00371 

36794 

-0.03576 

13568 

0.96555 

66336 

0.08396 

14464 

-0.02011 

57632 

0.00264 

53606 

0.92 

0.09 

0.00413 

48096 

-0.03964 

10640 

0.96019 

46604 

0.09496 

43071 

-0.02262 

23873 

0.00296 

96742 

0.91 

0.10 

0.00454 

57500 

-0.04339 

12500 

0.95460 

75000 

0,10606 

75000 

-0.02512 

12500 

0.00329 

17500 

0.90 

0.11 

0.00494 

63412 

-0.04701 

25223 

0.94879 

81771 

0.11726 

71904 

-0.02761 

05290 

0.00361 

13426 

0.89 

0.12 

0.00533 

64326 

-0.05050 

55232 

0.94276 

97664 

0.12855 

95136 

-0.03008 

83968 

0.00392 

82074 

0.88 

0.13 

0.00571 

58827 

-0.05387 

09296 

0.93652 

53917 

0.13994 

05758 

-0.03255 

30217 

0.00424 

21011 

0.87 

0.14 

0.00608 

45585 

-0.05710 

94524 

0.93006 

82248 

0.15140 

64552 

-0.03500 

25676 

0.00455 

27815 

0.86 

0.15 

0.00644 

23359 

-0.06022 

18359 

0.92340 

14844 

0.16295 

32031 

-0.03743 

51953 

0.00486 

00078 

0.85 

0.16 

0.00678 

90995 

-0.06320 

88576 

0.91652 

84352 

0.17457 

68448 

-0.03984 

90624 

0.00516 

35405 

0.84 

0.17 

0.00712 

47422 

-0.06607 

13273 

0.90945 

23870 

0.18627 

33805 

-0.04224 

23240 

0.00546 

31416 

0.83 

0.18 

0.00744 

91654 

-0.06881 

00868 

0.90217 

66936 

0.19803 

87864 

-0.04461 

31332 

0.00575 

85746 

0.82 

0.19 

0.00776 

22787 

-0.07142 

60096 

0.89470 

47517 

0.20986 

90158 

-0.04695 

96417 

0.00604 

96051 

0.81 

0.20 

0.00806 

40000 

-0.07392 

00000 

0.88704 

00000 

0.22176 

00000 

-0.04928 

00000 

0.00633 

60000 

0.80 

0.21 

0.00835 

42553 

-0.07629 

29929 

0.87918 

59183 

0.23370 

76492 

-0.05157 

23583 

0.00661 

75284 

0.79 

0.22 

0.00863 

29786 

-0.07854 

59532 

0.87114 

60264 

0.24570 

78536 

-0.05383 

48668 

0.00689 

39614 

0.78 

0.23 

0.00890 

01118 

-0.08067 

98752 

0.86292 

38830 

0.25775 

64845 

-0.05606 

56760 

0.00716 

50719 

0.77 

0.24 

0.00915 

56045 

-0.08269 

57824 

0.85452 

30848 

0.26984 

93952 

-0.05826 

29376 

0.00743 

06355 

0.76 

0.25 

0.00939 

94141 

-0.08459 

47266 

0.84594 

72656 

0.28198 

24219 

-0.06042 

48047 

0.00769 

04297 

0.75 

0.26 

0.00963 

15055 

-0.08637 

77876 

0.83720 

00952 

0.29415 

13848 

-0.06254 

94324 

0.00794 

42345 

0.74 

0.27 

0.00985 

18513 

-0.08804 

60729 

0.82828 

52783 

0.30635 

20892 

-0.06463 

49783 

0;00819 

18324 

0.73 

0.28 

0.01006 

04314 

-0.08960 

07168 

0.81920 

65536 

0.31858 

03264 

-0.06667 

96032 

0.00843 

30086 

0.72 

0.29 

0.01025 

72328 

-0.09104 

28802 

0.80996 

76929 

0.33083 

18746 

-0.06868 

14711 

0.00866 

75510 

0.71 

0.30 

0.01044 

22500 

-0.09237 

37500 

0.80057 

25000 

0.34310 

25000 

-0.07063 

87500 

0.00889 

52500 

0.70 

0.31 

0.01061 

54844 

-0.09359 

45385 

0.79102 

48096 

0.35538 

79579 

-0.07254 

96127 

0.00911 

58993 

0.69 

0.32 

0.01077 

69446 

-0.09470 

64832 

0.78132 

84864 

0.36768 

39936 

-0.07441 

22368 

0.00932 

92954 

0.68 

0.33 

0.01092 

66459 

-0.09571 

08458 

0.77148 

74242 

0.37998 

63433 

-0.07622 

48054 

0.00953 

52378 

0.67 

0.34 

0.01106 

46105 

-0.09660 

89124 

0.76150 

55448 

0.39229 

07352 

-0.07798 

55076 

0.00973 

35295 

0.66 

0.35 

0.01119 

08672 

-0.09740 

19922 

0.75138 

67969 

0.40459 

28906 

-0.07969 

25391 

0.00992 

39766 

0.65 

0.36 

0.01130 

54515 

-0.09809 

14176 

0.74113 

51552 

0.41688 

85248 

-0.08134 

41024 

0.01010 

63885 

0.64 

0.37 

0.01140 

84054 

-0.09867 

85435 

0.73075 

46195 

0.42917 

33480 

-0.08293 

84077 

0.01028 

05783 

0.63 

0.38 

0.01149 

97774 

-0.09916 

47468 

0.72024 

92136 

0.44144 

30664 

-0.08447 

36732 

0.01044 

63626 

0.62 

0.39 

0.01157 

96219 

-0.09955 

14258 

0.70962 

29842 

0.45369 

33833 

-0.08594 

81254 

0.01060 

35618 

0.61 

0.40 

0.01164 

80000 

-0.09984 

00000 

0.69888 

00000 

0.46592 

00000 

-0.08736 

00000 

0.01075 

20000 

0.60 

0.41 

0.01170 

49786 

-0.10003 

19092 

0.68802 

43508 

0.47811 

86167 

-0.08870 

75421 

0.01089 

15052 

0.59 

0.42 

0.01175 

06306 

-0.10012 

86132 

0.67706 

01464 

0.49028 

49336 

-0.08998 

90068 

0.01102 

19094 

0.58 

0.43 

0.01178 

50351 

-0.10013 

15915 

0.66599 

15155 

0.50241 

46520 

-0.09120 

26598 

0.01114 

30487 

0.57 

0.44 

0.01180 

82765 

-0.10004 

23424 

0.65482 

26048 

0.51450 

34752 

-0.09234 

67776 

0.01125 

47635 

0.56 

0.45 

0.01182 

04453 

-0.09986 

23828 

0.64355 

75781 

0.52654 

71094 

-0.09341 

96484 

0.01135 

68984 

0.55 

0.46 

0.01182 

16375 

-0.09959 

32476 

0.63220 

06152 

0.53854 

12648 

-0.09441 

95724 

0.01144 

93025 

0.54 

0.47 

0.01181 

19546 

-0.09923 

64892 

0.62075 

59108 

0.55048 

16567 

-0.09534 

48621 

0.01153 

18292 

0.53 

0.48 

0.01179 

15034 

-0.09879 

36768 

0.60922 

76736 

0.56236 

40064 

-0.09619 

38432 

0.01160 

43366 

0.52 

0.49 

0.01176 

03961 

-0.09826 

63965 

0.59762 

01254 

0.57418 

40421 

-0.09696 

48548 

0.01166 

66877 

0.51 

0.50 

0.01171 

87500 

-0.09765 

62500 

0.58593 

75000 

0.58593 

75000 

-0.09765 

62500 

0.01171 

87500 

0.50 

A2 

Ai 

Aq 

A 

— 1 

A 

— 2 

V 
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SIX-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS  Table  25.1 


ni+3  Kp2-1)(p2 

1 

1 

-3) 

ArV-r/  \ 

(2 +k) ! (3- 

■*)!(?- 

■k) 

V 

A. 

-2 

A. 

-1 

^0 

A2 

^3 

1.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00 

1.01 

-0.00033 

32917 

0.00249 

55421 

-0.00993 

27517 

1.00320 

79192 

0.00506 

67067 

-0.00050 

41246 

0.01 

1.02 

-0.00066 

63334 

0.00498 

10068 

-0.01972 

86936 

1.00616 

33736 

0.01026 

69732 

-0.00101 

63266 

0.02 

1.03 

-0.00099 

88752 

0.00745 

46597 

-0.02938 

43870 

1.00886 

39545 

0.01560 

09890 

-0.00153 

63410 

0.03 

1.04 

-0.00133 

06675 

0.00991 

47776 

-0.03889 

64352 

1.01130 

73152 

0.02106 

89024 

-0.00206 

38925 

0.04 

1.05 

-0.00166 

14609 

0.01235 

96484 

-0.04826 

14844 

1.01349 

11719 

0.02667 

08203 

-0.00259 

86953 

0.05 

1.06 

-0.00199 

10065 

0.01478 

75724 

-0.05747 

62248 

1.01541 

33048 

0.03240 

68076 

-0.00314 

04535 

0.06 

1.07 

-0.00231 

90556 

0.01719 

68621 

-0.06653 

73917 

1.01707 

15592 

0.03827 

68866 

-0.00368 

88606 

0.07 

1.08 

-0.00264 

53606 

0.01958 

58432 

-0.07544 

17664 

1.01846 

38464 

0.04428 

10368 

-0.00424 

35994 

0.08 

1.09 

-0.00296 

96742 

0.02195 

28547 

-0.08418 

61771 

1.01958 

81446 

0.05041 

91940 

-0.00480 

43420 

0.09 

1.10 

-0.00329 

17500 

0.02429 

62500 

-0.09276 

75000 

1.02044 

25000 

0.05669 

12500 

-0.00537 

07500 

0.10 

1.11 

-0.00361 

13426 

0.02661 

43965 

-0.10118 

26604 

1.02102 

50279 

0.06309 

70523 

-0.00594 

24737 

0.11 

1.12 

-0.00392 

82074 

0.02890 

56768 

-0.10942 

86336 

1.02133 

39136 

0.06963 

64032 

-0.00651 

91526 

0.12 

1.13 

-0.00424 

21011 

0.03116 

84892 

-0.11750 

24458 

1.02136 

74133 

0.07630 

90596 

-0.00710 

04152 

0.13 

1.14 

-0.00455 

27815 

0.03340 

12476 

-0.12540 

11752 

1.02112 

38552 

0.08311 

47324 

-0.00768 

58785 

0.14 

1.15 

-0.00486 

00078 

0.03560 

23828 

-0.13312 

19531 

1.02060 

16406 

0.09005 

30859 

-0.00827 

51484 

0.15 

1.16 

-0.00516 

35405 

0.03777 

03424 

-0.14066 

19648 

1.01979 

92448 

0.09712 

37376 

-0.00886 

78195 

0.16 

1.17 

-0.00546 

31415 

0.03990 

35915 

-0.14801 

84505 

1.01871 

52180 

0.10432 

62572 

-0.00946 

34747 

0.17 

1.18 

-0.00575 

85746 

0.04200 

06132 

-0.15518 

87064 

1.01734 

81864 

0.11166 

01668 

-0.01006 

16854 

0.18 

1.19 

-0.00604 

96051 

0.04405 

99092 

-0.16217 

00858 

1.01569 

68533 

0.11912 

49396 

-0.01066 

20112 

0.19 

1.20 

-0.00633 

60000 

0.04608 

00000 

-0.16896 

00000 

1.01376 

00000 

0.12672 

00000 

-0.01126 

40000 

0.20 

1.21 

-0.00661 

75284 

0.04805 

94258 

-0.17555 

59192 

1.01153 

64867 

0.13444 

47229 

-0.01186 

71878 

0.21 

1.22 

-0.00689 

39614 

0.04999 

67468 

-0.18195 

53736 

1.00902 

52536 

0.14229 

84332 

-0.01247 

10986 

0.22 

1.23 

-0.00716 

50719 

0.05189 

05435 

-0.18815 

59545 

1.00622 

53220 

0.15028 

04052 

-0.01307 

52443 

0.23 

1.24 

-0.00743 

06355 

0.05373 

94176 

-0.19415 

53152 

1.00313 

57952 

0.15838 

98624 

-0.01367 

91245 

0.24 

1.25 

-0.00769 

04297 

0.05554 

19922 

-0.19995 

11719 

0.99975 

58594 

0.16662 

59766 

-0.01428 

22266 

0.25 

1.26 

-0.00794 

42345 

0.05729 

69124 

-0.20554 

13048 

0.99608 

47848 

0.17498 

78676 

-0.01488 

40255 

0.26 

1.27 

-0.00819 

18324 

0.05900 

28458 

-0.21092 

35592 

0.99212 

19267 

0.18347 

46029 

-0.01548 

39838 

0.27 

1.28 

-0.00843 

30086 

0.06065 

84832 

-0.21609 

58464 

0.98786 

67264 

0.19208 

51968 

-0.01608 

15514 

0.28 

1.29 

-0.00866 

75509 

0.06226 

25385 

-0.22105 

61446 

0.98331 

87121 

0.20081 

86102 

-0.01667 

61653 

0.29 

1.30 

-0.00889 

52500 

0.06381 

37500 

-0.22580 

25000 

0.97847 

75000 

0.20967 

37500 

-0.01726 

72500 

0.30 

1.31 

-0.00911 

58993 

0.06531 

08802 

-0.23033 

30279 

0.97334 

27954 

0.21864 

94685 

-0.01785 

42169 

0.31 

1.32 

-0.00932 

92954 

0.06675 

27168 

-0.23464 

59136 

0.96791 

43936 

0.22774 

45632 

-0.01843 

64646 

0.32 

1.33 

-0.00953 

52378 

0.06813 

80729 

-0.23873 

94133 

0.96219 

21808 

0.23695 

77758 

-0.01901 

33784 

0.33 

1.34 

-0.00973 

35295 

0.06946 

57876 

-0.24261 

18552 

0.95617 

61352 

0.24628 

77924 

-0.01958 

43305 

0.34 

1.35 

-0.00992 

39766 

0.07073 

47266 

-0.24626 

16406 

0.94986 

63281 

0.25573 

32422 

-0.02014 

86797 

0.35 

1.36 

-0.01010 

63885 

0.07194 

37824 

-0.24968 

72448 

0.94326 

29248 

0.26529 

26976 

-0.02070 

57715 

0.36 

1.37 

-0.01028 

05783 

0.07309 

18752 

-0.25288 

72180 

0.93636 

61855 

0.27496 

46735 

-0.02125 

49379 

0.37 

1.38 

-0.01044 

63,626 

0.07417 

79532 

-0.25586 

01864 

0.92917 

64664 

0.28474 

76268 

-0.02179 

54974 

0.38 

1.39 

-0.01060 

35618 

0.07520 

09929 

-0.25860 

48533 

0.92169 

42208 

0.29463 

99558 

-0.02232 

67544 

0.39 

1.40 

-0.01075 

20000 

0.07616 

00000 

-0.26112 

00000 

0.91392 

00000 

0.30464 

00000 

-0.02284 

80000 

0.40 

1.41 

-0.01089 

15052 

0.07705 

40096 

-0.26340 

44867 

0.90585 

44542 

0.31474 

60392 

-0.02335 

85111 

0.41 

1.42 

-0.01102 

19094 

0.07788 

20868 

-0.26545 

72536 

0.89749 

83336 

0.32495 

62932 

-0.02385 

75506 

0.42 

1.43 

-0.01114 

30487 

0.07864 

33273 

-0.26727 

73220 

0.88885 

24895 

0.33526 

89215 

-0.02434 

43676 

0.43 

1.44 

-0.01125 

47635 

0.07933 

68576 

-0.26886 

37952 

0.87991 

78752 

0.34568 

20224 

-0.02481 

81965 

0.44 

1.45 

-0.01135 

68984 

0.07996 

18359 

-0.27021 

58594 

0.87069 

55469 

0.35619 

36328 

-0.02527 

82578 

0.45 

1.46 

-0.01144 

93025 

0.08051 

74524 

-0.27133 

27848 

0.86118 

66648 

0.36680 

17276 

-0.02572 

37575 

0.46 

1.47 

-0.01153 

18292 

0.08100 

29296 

-0.27221 

39267 

0.85139 

24942 

0.37750 

42192 

-0.02615 

38871 

0.47 

1.48 

-0.01160 

43366 

0.08141 

75232 

-0.27285 

87264 

0.84131 

44064 

0.38829 

89568 

-0.02656 

78234 

0.48 

1.49 

-0.01166 

66877 

0.08176 

05223 

-0.27326 

67121 

0.83095 

38796 

0.39918 

37265 

-0.02696 

47286 

0.49 

1.50 

-0.01171 

87500 

0.08203 

12500 

-0.27343 

75000 

0.82031 

25000 

0.41015 

62500 

-0.02734 

37500 

0.50 

-4-3 

A2 

Ai 

^0 

A 

-1 

A 

-2 

-v 
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Table  25.1  SIX-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


A6<oW--n*+3  pCp2-1)  (p2~4)  (p-3) 
kU)  1 L)  (2+k)\(3-k)l(p-k) 


V 

A. 

-2 

A. 

-1 

^0 

Ai 

A2 

As 

1.50 

-0.01171 

87500 

0.08203 

12500 

-0.27343 

75000 

0.82031 

25000 

0.41015 

62500 

-0.02734 

37500 

0.50 

1.51 

-0.01176 

03961 

0.08222 

90640 

-0.27337 

07954 

0.80939 

19629 

0.42121 

41848 

-0.02770 

40202 

0.51 

1.52 

-0.01179 

15034 

0.08235 

33568 

-0.27306 

63936 

0.79819 

40736 

0.43235 

51232 

-0.02804 

46566 

0.52 

1.53 

-0.01181 

19546 

0.08240 

35567 

-0.27252 

41808 

0.78672 

07483 

0.44357 

65921 

-0.02836 

47617 

0.53 

1.54 

-0.01182 

16375 

0.08237 

91276 

-0.27174 

41352 

0.77497 

40152 

0.45487 

60524 

-0.02866 

34225 

0.54 

1.55 

-0.01182 

04453 

0.08227 

95703 

-0.27072 

63281 

0.76295 

60156 

0.46625 

08984 

-0.02893 

97109 

0.55 

1.56 

-0.01180 

82765 

0.08210 

44224 

-0.26947 

09248 

0.75066 

90048 

0.47769 

84576 

-0.02919 

26835 

0.56 

1.57 

-0.01178 

50350 

0.08185 

32590 

-0.26797 

81855 

0.73811 

53530 

0.48921 

59897 

-0.02942 

13812 

0.57 

1.58 

-0.01175 

06306 

0.08152 

56932 

-0.26624 

84664 

0.72529 

75464 

0.50080 

06868 

-0.02962 

48294 

0.58 

1.59 

-0.01170 

49786 

0.08112 

13767 

-0.26428 

22208 

0.71221 

81883 

0.51244 

96721 

-0.02980 

20377 

0.59 

1.60 

-0.01164 

80000 

0.08064 

00000 

-0.26208 

00000 

0.69888 

00000 

0.52416 

00000 

-0.02995 

20000 

0.60 

1.61 

-0.01157 

96219 

0.08008 

12933 

-0.25964 

24542 

0.68528 

58217 

0.53592 

86554 

-0.03007 

36943 

0.61 

1.62 

-0.01149 

97774 

0.07944 

50268 

-0.25697 

03336 

0.67143 

86136 

0.54775 

25532 

-0.03016 

60826 

0.62 

1.63 

-0.01140 

84054 

0.07873 

10110 

-0.25406 

44895 

0.65734 

14570 

0.55962 

85377 

-0.03022 

81108 

0.63 

1.64 

-0.01130 

54515 

0.07793 

90976 

-0.25092 

58752 

0.64299 

75552 

0.57155 

33824 

-0.03025 

87085 

0.64 

1.65 

-0.01119 

08672 

0.07706 

91797 

-0.24755 

55469 

0.62841 

02344 

0.58352 

37891 

-0.03025 

67891 

0.65 

1.66 

-0.01106 

46105 

0.07612 

11924 

-0.24395 

46648 

0.61358 

29448 

0.59553 

63876 

-0.03022 

12495 

0.66 

1.67 

-0.01092 

66459 

0.07509 

51133 

-0.24012 

44942 

0.59851 

92617 

0.60758 

77354 

-0.03015 

09703 

0.67 

1.68 

-0.01077 

69446 

0.07399 

09632 

-0.23606 

64064 

0.58322 

28864 

0.61967 

43168 

-0.03004 

48154 

0.68 

1.69 

-0.01061 

54845 

0.07280 

88061 

-0.23178 

18796 

0.56769 

76471 

0.63179 

25427 

-0.02990 

16318 

0.69 

1.70 

-0.01044 

22500 

0.07154 

87500 

-0.22727 

25000 

0.55194 

75000 

0.64393 

87500 

-0.02972 

02500 

0.70 

1.71 

-0.01025 

72328 

0.07021 

09477 

-0.22253 

99629 

0.53597 

65304 

0.65610 

92010 

-0.02949 

94834 

0.71 

1.72 

-0.01006 

04314 

0.06879 

55968 

-0.21758 

60736 

0.51978 

89536 

0.66830 

00832 

-0.02923 

81286 

0.72 

1.73 

-0.00985 

18513 

0.06730 

29404 

-0.21241 

27483 

0.50338 

91158 

0.68050 

75083 

-0.02893 

49649 

0.73 

1.74 

-0.00963 

15055 

0.06573 

32676 

-0.20702 

20152 

0.48678 

14952 

0.69272 

75124 

-0.02858 

87545 

0.74 

1.75 

-0.00939 

94141 

0.06408 

69141 

-0.20141 

60156 

0.46997 

07031 

0.70495 

60547 

-0.02819 

82422 

0.75 

1.76 

-0.00915 

56045 

0.06236 

42624 

-0.19559 

70048 

0.45296 

14848 

0.71718 

90176 

-0.02776 

21555 

0.76 

1.77 

-0.00890 

01118 

0.06056 

57427 

-0.18956 

73530 

0.43575 

87205 

0.72942 

22061 

-0.02727 

92045 

0.77 

1.78 

-0.00863 

29786 

0.05869 

18332 

-0.18332 

95464 

0.41836 

74264 

0.74165 

13468 

-0.02674 

80814 

0.78 

1.79 

-0.00835 

42553 

0.05674 

30604 

-0.17688 

61883 

0.40079 

27558 

0.75387 

20883 

-0.02616 

74609 

0.79 

1.80 

-0.00806 

40000 

0.05472 

00000 

-0.17024 

00000 

0.38304 

00000 

0.76608 

00000 

-0.02553 

60000 

0.80 

1.81 

-0.00776 

22787 

0.05262 

32771 

-0.16339 

38217 

0.36511 

45892 

0.77827 

05717 

-0.02485 

23376 

0.81 

1.82 

-0.00744 

91654 

0.05045 

35668 

-0.15635 

06136 

0.34702 

20936 

0.79043 

92132 

-0.02411 

50946 

0.82 

1.83 

-0.00712 

47422 

0.04821 

15948 

-0.14911 

34570 

0.32876 

82245 

0.80258 

12540 

-0.02332 

28741 

0.83 

1.84 

-0.00678 

90995 

0.04589 

81376 

-0.14168 

55552 

0.31035 

88352 

0.81469 

19424 

-0.02247 

42605 

0.84 

1.85 

-0.00644 

23359 

0.04351 

40234 

-0.13407 

02344 

0.29179 

99219 

0.82676 

64453 

-0.02156 

78203 

0.85 

1.86 

-0.00608 

45585 

0.04106 

01324 

-0.12627 

09448 

0.27309 

76248 

0.83879 

98476 

-0.02060 

21015 

0.86 

1.87 

-0.00571 

58826 

0.03853 

73971 

-0.11829 

12617 

0.25425 

82292 

0.85078 

71516 

-0.01957 

56336 

0.87 

1.88 

-0.00533 

64326 

0.03594 

68032 

-0.11013 

48864 

0.23528 

81664 

0.86272 

32768 

-0.01848 

69274 

0.88 

1.89 

-0.00494 

63412 

0.03328 

93898 

-0.10180 

56471 

0.21619 

40145 

0.87460 

30590 

-0.01733 

44750 

0.89 

1.90 

-0.00454 

57500 

0.03056 

62500 

-0.09330 

75000 

0.19698 

25000 

0.88642 

12500 

-0.01611 

67500 

0.90 

1.91 

-0.00413 

48096 

0.02777 

85315 

-0.08464 

45304 

0.17766 

04979 

0.89817 

25173 

-0.01483 

22067 

0.91 

1.92 

-0.00371 

36794 

0.02492 

74368 

-0.07582 

09536 

0.15823 

50336 

0.90985 

14432 

-0.01347 

92806 

0.92 

1.93 

-0.00328 

25281 

0.02201 

42242 

-0.06684 

11158 

0.13871 

32833 

0.92145 

25246 

-0.01205 

63882 

0.93 

1.94 

-0.00284 

15335 

0.01904 

02076 

-0.05770 

94952 

0.11910 

25752 

0.93297 

01724 

-0.01056 

19265 

0.94 

1.95 

-0.00239 

08828 

0.01600 

67578 

-0.04843 

07031 

0.09941 

03906 

0.94439 

87109 

-0.00899 

42734 

0.95 

1.96 

-0.00193 

07725 

0.01291 

53024 

-0.03900 

94848 

0.07964 

43648 

0.95573 

23776 

-0.00735 

17875 

0.96 

1.97 

-0.00146 

14086 

0.00976 

73265 

-0.02945 

07205 

0.05981 

22880 

0.96696 

53223 

-0.00563 

28077 

0.97 

1.98 

-0.00098 

30066 

0.00656 

43732 

-0.01975 

94264 

0.03992 

21064 

0.97809 

16068 

-0.00383 

56534 

0.98 

1.99 

-0.00049 

57921 

0.00330 

80442 

-0.00994 

07558 

0.01998 

19233 

0.98910 

52046 

-0.00195 

86242 

0.99 

2.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

1.00 

A2 

A\ 

Aq 

A 

— 1 

A 

— 2 

-v 
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SIX-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS  Table  25.1 


k+3  p(p2-l)(p2-4)  (p-3) 
(2+fc) ! (3-A) ! (p-*) 


p 

A. 

-2 

A. 

-1 

A 0 

Ai 

A2 

A3 

2.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

1.00 

2.01 

0.00050 

41246 

-0.00335 

80392 

0.01005 

74108 

-0.02001 

52433 

1.01076 

97879 

0.00204 

19592 

1.01 

2.02 

0.00101 

63266 

-0.00676 

42932 

0.02022 

59064 

-0.04005 

52264 

1.02140 

82732 

0.00416 

90134 

1.02 

2.03 

0.00153 

63410 

-0.01021 

69214 

0.03049 

97755 

-0.06011 

12080 

1.03190 

90702 

0.00638 

29427 

1.03 

2.04 

0.00206 

38925 

-0.01371 

40224 

0.04087 

31648 

-0.08017 

42848 

1.04226 

57024 

0.00868 

55475 

1.04 

2.05 

0.00259 

86953 

-0.01725 

36328 

0.05134 

00781 

-0.10023 

53906 

1.05247 

16016 

0.01107 

86484 

1.05 

2.06 

0.00314 

04535 

-0.02083 

37276 

0.06189 

43752 

-0.12028 

52952 

1.06252 

01076 

0.01356 

40865 

1.06 

2.07 

0.00368 

88605 

-0.02445 

22191 

0.07252 

97708 

-0.14031 

46033 

1.07240 

44679 

0.01614 

37232 

1.07 

2.08 

0.00424 

35994 

-0.02810 

69568 

0.08323 

98336 

-0.16031 

37536 

1.08211 

78368 

0.01881 

94406 

1.08 

2.09 

0.00480 

43420 

-0.03179 

57264 

0.09401 

79854 

-0.18027 

30179 

1.09165 

32752 

0.02159 

31417 

1.09 

2.10 

0.00537 

07500 

-0.03551 

62500 

0.10485 

75000 

-0.20018 

25000 

1.10100 

37500 

0.02446 

67500 

1.10 

2.11 

0.00594 

24737 

-0.03926 

61847 

0.11575 

15021 

-0.22003 

21346 

1.11016 

21335 

0.02744 

22100 

1.11 

2.12 

0.00651 

91526 

-0.04304 

31232 

0.12669 

29664 

-0.23981 

16864 

1.11912 

12032 

0.03052 

14874 

1.12 

2.13 

0.00710 

04151 

-0.04684 

45921 

0.13767 

47167 

-0.25951 

07492 

1.12787 

36409 

0.03370 

65686 

1.13 

2.14 

0.00768 

58785 

-0.05066 

80524 

0.14868 

94248 

-0.27911 

87448 

1.13641 

20324 

0.03699 

94615 

1.14 

2.15 

0.00827 

51484 

-0.05451 

08984 

0.15972 

96094 

-0.29862 

49219 

1.14472 

88672 

0.04040 

21953 

1.15 

2.16 

0.00886 

78195 

-0.05837 

04576 

0.17078 

76352 

-0.31801 

83552 

1.15281 

65376 

0.04391 

68205 

1.16 

2.17 

0.00946 

34747 

-0.06224 

39898 

0.18185 

57120 

-0.33728 

79445 

1.16066 

73385 

0.04754 

54091 

1.17 

2.18 

0.01006 

16854 

-0.06612 

86868 

0.19292 

58936 

-0.35642 

24136 

1.16827 

34668 

0.05129 

00546 

1.18 

2.19 

0.01066 

20112 

-0.07002 

16721 

0.20399 

00767 

-0.37541 

03092 

1.17562 

70208 

0.05515 

28726 

1.19 

2.20 

0.01126 

40000 

-0.07392 

00000 

0.21504 

00000 

-0.39424 

00000 

1.18272 

00000 

0.05913 

60000 

1.20 

2.21 

0.01186 

71878 

-0.07782 

06554 

0.22606 

72433 

-0.41289 

96758 

1.18954 

43042 

0.06324 

15959 

1.21 

2.22 

0.01247 

10986 

-0.08172 

05532 

0.23706 

32264 

-0.43137 

73464 

1.19609 

17332 

0.06747 

18414 

1.22 

2.23 

0.01307 

52443 

-0.08561 

65377 

0.24801 

92080 

-0.44966 

08405 

1.20235 

39865 

0.07182 

89394 

1.23 

2.24 

0.01367 

91245 

-0.08950 

53824 

0.25892 

62848 

-0.46773 

78048 

1.20832 

26624 

0.07631 

51155 

1.24 

2.25 

0.01428 

22266 

-0.09338 

37891 

0.26977 

53906 

-0.48559 

57031 

1.21398 

92578 

0.08093 

26172 

1.25 

2.26 

0.01488 

40255 

-0.09724 

83876 

0.28055 

72952 

-0.50322 

18152 

1.21934 

51676 

0.08568 

37145 

1.26 

2.27 

0.01548 

39838 

-0.10109 

57353 

0.29126 

26033 

-0.52060 

32358 

1.22438 

16841 

0.09057 

06999 

1.27 

2.28 

0.01608 

15514 

-0.10492 

23168 

0.30188 

17536 

-0.53772 

68736 

1.22908 

99968 

0.09559 

58886 

1.28 

2.29 

0.01667 

61653 

-0.10872 

45427 

0.31240 

50179 

-0.55457 

94504 

1.23346 

1 

11915 

0.10076 

16184 

1.29 

2.30 

0.01726 

72500 

-0.11249 

87500 

0.32282 

25000 

-0.57114 

75000 

1.23748 

62500 

0.10607 

02500 

1.30 

2.31 

0.01785 

42169 

-0.11624 

12010 

0.33312 

41346 

-0.58741 

73671 

1.24115 

60498 

0.11152 

41668 

1.31 

2.32 

0.01843 

64646 

-0.11994 

80832 

0.34329 

96864 

-0.60337 

52064 

1.24446 

13632 

0.11712 

57754 

1.32 

2.33 

0.01901 

33784 

-0.12361 

55083 

0.35333 

87492 

-0.61900 

69817 

1.24739 

28571 

0.12287 

75053 

1.33 

2.34 

0.01958 

43305 

-0.12723 

95124 

0.36323 

07448 

-0.63429 

84648 

1.24994 

10924 

0.12878 

18095 

1.34 

2.35 

0.02014 

86797 

-0.13081 

60547 

0.37296 

49219 

-0.64923 

52344 

1.25209 

65234 

0.13484 

11641 

1.35 

2.36 

0.02070 

57715 

-0.13434 

10176 

0.38253 

03552 

-0.66380 

26752 

1.25384 

94976 

0.14105 

80685 

1.36 

2.37 

0.02125 

49379 

-0.13781 

02060 

0.39191 

59445 

-0.67798 

59770 

1.25519 

02548 

0.14743 

50458 

1.37 

2.38 

0.02179 

54974 

-0.14121 

93468 

0.40111 

04136 

-0.69177 

01336 

1.25610 

89268 

0.15397 

46426 

1.38 

2.39 

0.02232 

67544 

-0.14456 

40883 

0.41010 

23092 

-0.70513 

99417 

1.25659 

55371 

0.16067 

94293 

1.39 

2.40 

0.02284 

80000 

-0.14784 

00000 

0.41888 

00000 

-0.71808 

00000 

1.25664 

00000 

0.16755 

20000 

1.40 

2.41 

0.02335 

85111 

-0.15104 

25717 

0.42743 

16758 

-0.73057 

47083 

1.25623 

21204 

0.17459 

49727 

1.41 

2.42 

0.02385 

75506 

-0.15416 

72132 

0.43574 

53464 

-0.74260 

82664 

1.25536 

15932 

0.18181 

09894 

1.42 

2.43 

0.02434 

43676 

-0.15720 

92540 

0.44380 

88405 

-0.75416 

46730 

1.25401 

80027 

0.18920 

27162 

1.43 

2.44 

0.02481 

81965 

-0.16016 

39424 

0.45160 

98048 

-0.76522 

77248 

1.25219 

08224 

0.19677 

28435 

1.44 

2.45 

0.02527 

82578 

-0.16302 

64453 

0.45913 

57031 

-0.77578 

10156 

1.24986 

94141 

0.20452 

40859 

1.45 

2.46 

0.02572 

37575 

-0.16579 

18476 

0.46637 

38152 

-0.78580 

79352 

1.24704 

30276 

0.21245 

91825 

1.46 

2.47 

0.02615 

38870 

-0.16845 

51516 

0.47331 

12358 

-0.79529 

16683 

1.24370 

08004 

0.22058 

08967 

1.47 

2.48 

0.02656 

78234 

-0.17101 

12768 

0.47993 

48736 

-0.80421 

51936 

1.23983 

17568 

0.22889 

20166 

1.48 

2.49 

0.02696 

47286 

-0.17345 

50590 

0.48623 

14504 

-0.81256 

12829 

1.23542 

48077 

0.23739 

53552 

1.49 

2.50 

0.02734 

37500 

-0.17578 

12500 

0.49218 

75000 

-0.82031 

25000 

1.23046 

87500 

0.24609 

37500 

1.50 

-4-3 

A2 

Ai 

Ao 

A 

-1 

A 

—2 

-v 
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Table  25.1  SIX-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


4t(p)-(-U 


k+ 3 p(p2-1)  (y2-4)  (p-3) 
(2+*) ! (3 -k) ! (P-k) 


V 

A. 

-2 

A. 

-1 

A 

!o 

Ai 

A2 

A3 

2.50 

0.02734 

37500 

-0.17578 

12500 

0.49218 

75000 

-0.82031 

25000 

1.23046 

87500 

0.24609 

37500 

1.50 

2.51 

0.02770 

40203 

-0.17798 

45173 

0.49778 

93671 

-0.82745 

11996 

1.22495 

22660 

0.25499 

00635 

1.51 

2.52 

0.02804 

46566 

-0.18005 

94432 

0.50302 

32064 

-0.83395 

95264 

1.21886 

39232 

0.26408 

71834 

1.52 

2.53 

0.02836 

47616 

-0.18200  -05246 

0.50787 

49817 

-0.83981 

94142 

1.21219 

21734 

0.27338 

80221 

1.53 

2.54 

0.02866 

34225 

-0.18380 

21724 

0.51233 

04648 

-0.84501 

25848 

1.20492 

53524 

0.28289 

55175 

1.54 

2.55 

0.02893 

97109 

-0.18545 

87109 

0.51637 

52344 

-0.84952 

05469 

1.19705 

16797 

0.29261 

26328 

1.55 

2.56 

0.02919 

26835 

-0.18696 

43776 

0.51999 

46752 

-0.85332 

45952 

1.18855 

92576 

0.30254 

23565 

1.56 

2.57 

0.02942 

13812 

-0.18831 

33223 

0.52317 

39770 

-0.85640 

58095 

1.17943 

60710 

0.31268 

77026 

1.57 

2.58 

0.02962 

48294 

-0.18949 

96068 

0.52589 

81336 

-0.85874 

50536 

1.16966 

99868 

0.32305 

17106 

1.58 

2.59 

0.02980 

20377 

-0.19051 

72046 

0.52815 

19417 

-0.86032 

29742 

1.15924 

87533 

0.33363 

74461 

1.59 

2.60 

0.02995 

20000 

-0.19136 

00000 

0.52992 

00000 

-0.86112 

00000 

1.14816 

00000 

0.34444 

80000 

1.60 

2.61 

0.03007 

36943 

-0.19202 

17879 

0.53118 

67083 

-0.86111 

63408 

1.13639 

12367 

0.35548 

64894 

1.61 

2.62 

0.03016 

60826 

-0.19249 

62732 

0.53193 

62664 

-0.86029 

19864 

1.12392 

98532 

0.36675 

60574 

1.62 

2.63 

0.03022 

81107 

-0.19277 

70702 

0.53215 

26730 

-0.85862 

67055 

1.11076 

31190 

0.37825 

98730 

1.63 

2.64 

0.03025 

87085 

-0.19285 

77024 

0.53181 

97248 

-0.85610 

00448 

1.09687 

81824 

0.39000 

11315 

1.64 

2.65 

0.03025 

67891 

-0.19273 

16016 

0.53092 

10156 

-0.85269 

13281 

1.08226 

20703 

0.40198 

30547 

1.65 

2.66 

0.03022 

12495 

-0.19239 

21076 

0.52943 

99352 

-0.84837 

96552 

1.06690 

16876 

0.41420 

88905 

1.66 

2.67 

0.03015 

09704 

-0.19183 

24679 

0.52735 

96683 

-0.84314 

39008 

1.05078 

38166 

0.42668 

19134 

1.67 

2.68 

0.03004 

48154 

-0.19104 

58368 

0.52466 

31936 

-0.83696 

27136 

1.03389 

51168 

0.43940 

54246 

1.68 

2.69 

0.02990 

16317 

-0.19002 

52752 

0.52133 

32829 

-0.82981 

45154 

1.01622 

21240 

0.45238 

27520 

1.69 

2.70 

0.02972 

02500 

-0.18876 

37500 

0.51735 

25000 

-0.82167 

75000 

0.99775 

12500 

0.46561 

72500 

1.70 

2.71 

0.02949 

94834 

-0.18725 

41335 

0.51270 

31996 

-0.81252 

96321 

0.97846 

87823 

0.47911 

23003 

1.71 

2.72 

0.02923 

81286 

-0.18548 

92032 

0.50736 

75264 

-0.80234 

86464 

0.95836 

08832 

0.49287 

13114 

1.72 

2.73 

0.02893 

49650 

-0.18346 

16409 

0.50132 

74142 

-0.79111 

20467 

0.93741 

35896 

0.50689 

77188 

1.73 

2.74 

0.02858 

87545 

-0.18116 

40324 

0.49456 

45848 

-0.77879 

71048 

0.91561 

28124 

0.52119 

49855 

1.74 

2.75 

0.02819 

82422 

-0.17858 

88672 

0.48706 

05469 

-0.76538 

08594 

0.89294 

43359 

0.53576 

66016 

1.75 

2.76 

0.02776 

21555 

-0.17572 

85376 

0.47879 

65952 

-0.75084 

01152 

0.86939 

38176 

0.55061 

60845 

1.76 

2.77 

0.02727 

92044 

-0.17257 

53385 

0.46975 

38095 

-0.73515 

14420 

0.84494 

67873 

0.56574 

69793 

1.77 

2.78 

0.02674 

80814 

-0.16912 

14668 

0.45991 

30536 

-0.71829 

11736 

0.81958 

86468 

0.58116 

28586 

1.78 

2.79 

0.02616 

74609 

-0.16535 

90208 

0.44925 

49742 

-0.70023 

54067 

0.79330 

46696 

0.59686 

73228 

1.79 

2.80 

0.02553 

60000 

-0.16128 

00000 

0.43776 

00000 

-0.68096 

00000 

0.76608 

00000 

0.61286 

40000 

1.80 

2.81 

0.02485 

23376 

-0.15687 

63042 

0.42540 

83408 

-0.66044 

05733 

0.73789 

96529 

0.62915 

65462 

1.81 

2.82 

0.02411 

50946 

-0.15213 

97332 

0.41217 

99864 

-0.63865 

25064 

0.70874 

85132 

0.64574 

86454 

1.82 

2.83 

0.02332 

28741 

-0.14706 

19865 

0.39805 

47055 

-0.61557 

09380 

0.67861 

13352 

0.66264 

40097 

1.83 

2.84 

0.02247 

42605 

-0.14163 

46624 

0.38301 

20448 

-0.59117 

07648 

0.64747 

27424 

0.67984 

63795 

1.84 

2.85 

0.02156 

78203 

-0.13584 

92578 

0.36703 

13281 

-0.56542 

66406 

0.61531 

72266 

0.69735 

95234 

1.85 

2.86 

0.02060 

21015 

-0.12969 

71676 

0.35009 

16552 

-0.53831 

29752 

0.58212 

91476 

0.71518 

72385 

1.86 

2.87 

0.01957 

56335 

-0.12316 

96841 

0.33217 

19008 

-0.50980 

39333 

0.54789 

27329 

0.73333 

33502 

1.87 

2.88 

0.01848 

69274 

-0.11625 

79968 

0.31325 

07136 

-0.47987 

34336 

0.51259 

20768 

0.75180 

17126 

1.88 

2.89 

0.01733 

44751 

-0.10895 

31915 

0.29330 

65154 

-0.44849 

51479 

0.47621 

11402 

0.77059 

62087 

1.89 

2.90 

0.01611 

67500 

-0.10124 

62500 

0.27231 

75000 

-0.41564 

25000 

0.43873 

37500 

0.78972 

07500 

1.90 

2.91 

0.01483 

22068 

-0.09312 

80498 

0.25026 

16321 

-0.38128 

86646 

0.40014 

35985 

0.80917 

92770 

1.91 

2.92 

0.01347 

92806 

-0.08458 

93632 

0.22711 

66464 

-0.34540 

65664 

0.36042 

42432 

0.82897 

57594 

1.92 

2.93 

0.01205 

63881 

-0.07562 

08571 

0.20286 

00467 

-0.30796 

88792 

0.31955 

91059 

0.84911 

41956 

1.93 

2.94 

0.01056 

19265 

-0.06621 

30924 

0.17746 

91048 

-0.26894 

80248 

0.27753 

14724 

0.86959 

86135 

1.94 

2.95 

0.00899 

42734 

-0.05635 

65234 

0.15092 

08594 

-0.22831 

61719 

0.23432 

44922 

0.89043 

30703 

1.95 

2.96 

0.00735 

17875 

-0.04604 

14976 

0.12319 

21152 

-0.18604 

52352 

0.18992 

11776 

0.91162 

16525 

1.96 

2.97 

0.00563 

28077 

-0.03525 

82547 

0.09425 

94420 

-0.14210 

68745 

0.14430 

44035 

0.93316 

84760 

1.97 

2.98 

0.00383 

56534 

-0.02399 

69268 

0.06409 

91736 

-0.09647 

24936 

0.09745 

69068 

0.95507 

76866 

1.98 

2.99 

0.00195 

86242 

-0.01224 

75371 

0.03268 

74067 

-0.04911 

32392 

0.04936 

12858 

0.97735 

34596 

1.99 

3.00 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

2.00 

A2 

Ai 

^-0 

A 

-1 

A. 

-2 

-v 
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SEVEN-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS  Table  25.1 


4(pM 


1Vt+3  />02-l)(/>2-4)(j>2-9) 
; (3 +k) ! (3^k)T(p-k) 


p 

A 

-3 

i 

to 

A- 1 

Aq 

A , 

A2 

CO 

0.0 

0.00000 

00000 

0.00000  00000 

0.00000  00000 

1.00000 

00000 

0,00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.0 

0.1 

-0.00159 

10125 

0.01409  18250 

-0.06725  64375 

0.98642 

77500 

0.08220 

23125 

-0.01557 

51750 

0.00170 

07375 

0.1 

0.2 

-0.00295 

68000 

0.02580  48000 

-0.11827  20000 

0.94617 

60000 

0.17740 

80000 

-0.03153 

92000 

0.00337 

92000 

0.2 

0.3 

-0.00400 

28625 

0.03445  94250 

-0.15241  66875 

0.88062 

97500 

0.28305 

95625 

-0.04662 

15750 

0.00489 

23875 

0.3 

0.4 

-0.00465 

92000 

0.03960  32000 

-0.16972  80000 

0.79206 

40000 

0.39603 

20000 

-0.05940 

48000 

0.00609 

28000 

0.4 

0.5 

-0.00488 

28125 

0.04101  56250 

-0.17089  84375 

0.68359 

37500 

0.51269 

53125 

-0.06835 

93750 

0.00683 

59375 

0.5 

0.6 

-0.00465 

92000 

0.03870  72000 

-0.15724  80000 

0.55910 

40000 

0.62899 

20000 

-0.07188 

48000 

0.00698 

88000 

0.6 

0.7 

-0.00400 

28625 

0.03291  24250 

-0.13068  16875 

0.42315 

97500 

0.74052 

95625 

-0.06835 

65750 

0.00643 

93875 

0.7 

0.8 

-0.00295 

68000 

0.02407  68000 

-0.09363  20000 

0.28089 

60000 

0.84268 

80000 

-0.05617 

92000 

0.00510 

72000 

0.8 

0.9 

-0.00159 

10125 

0.01283  78250 

-0.04898  64375 

0.13788 

77500 

0.93074 

23125 

-0.03384 

51750 

0.00295 

47375 

0.9 

1.0 

0.00000 

00000 

0.00000  00000 

0.00000  00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.0 

1.1 

0.00170 

07375 

-0.01349  61750 

0.04980  73125 

-0.12678 

22500 

1.04595 

35625 

0.04648 

68250 

-0.00367 

00125 

1.1 

1.2 

0.00337 

92000 

-0.02661  12000 

0.09676  80000 

-0.23654 

40000 

1.06444 

80000 

0.10644 

48000 

-0.00788 

48000 

1.2 

1.3 

0.00489 

23875 

-0.03824  95750 

0.13719  95625 

-0.32365 

02500 

1.05186 

33125 

0.18031 

94250 

-0.01237 

48625 

1.3 

1.4 

0.00609 

28000 

-0.04730  88000 

0.16755  20000 

-0.38297 

60000 

1.00531 

20000 

0.26808 

32000 

-0.01675 

52000 

1.4 

1.5 

0.00683 

59375 

-0.05273  43750 

0.18457  03125 

-0.41015 

62500 

0.92285 

15625 

0.36914 

06250 

-0.02050 

78125 

1.5 

1.6 

0.00698 

88000 

-0.05358  08000 

0.18547  20000 

-0.40185 

60000 

0.80371 

20000 

0.48222 

72000 

-0.02296 

32000 

1.6 

1.7 

0.00643 

93875 

-0.04907  85750 

0.16813  95625 

-0.35606 

02500 

0.64853 

83125 

0.60530 

24250 

-0.02328 

08625 

1.7 

1.8 

0.00510 

72000 

-0.03870  72000 

0.13132  80000 

-0.27238 

40000 

0.45964 

80000 

0.73543 

68000 

-0.02042 

88000 

1.8 

1.9 

0.00295 

47375 

-0.02227  41750 

0.07488  73125 

-0.15240 

22500 

0.24130 

35625 

0.86869 

28250 

-0.01316 

20125 

1.9 

2.0 

0.00000 

00000 

0.00000  00000 

0.00000  00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

2.0 

2.1 

-0.00367 

00125 

0.02739  08250 

-0.09056  64375 

0.17825 

77500 

-0.25523 

26875 

1.12302 

38250 

0.02079 

67375 

2.1 

2.2 

-0.00788 

48000 

0.05857  28000 

-0.19219  20000 

0.37273 

60000 

-0.51251 

20000 

1.23002 

88000 

0.05125 

12000 

2.2 

2.3 

-0.01237 

48625 

0.09151  64250 

-0.29812  16875 

0.57031 

97500 

-0.75677 

04375 

1.31173 

54250 

0.09369 

53875 

2.3 

2.4 

-0.01675 

52000 

0.12337  92000 

-0.39916  80000 

0.75398 

40000 

-0.96940 

80000 

1.35717 

12000 

0.15079 

68000 

2.4 

2.5 

-0.02050 

78125 

0.15039  06250 

-0.48339  84375 

0.90234, 

37500 

-1.12792 

96875 

1.35351 

56250 

0.22558 

59375 

2.5 

2.6 

-0.02296 

32000 

0.16773  12000 

-0.53580  80000 

0.98918 

40000 

-1.20556 

80000 

1.28593 

92000 

0.32148 

48000 

2.6 

2.7 

-0.02328 

08625 

0.16940  54250 

-0.53797  66875 

0.98296 

97500 

-1.17089 

04375 

1.13743 

64250 

0.44233 

63875 

2.7 

2.8 

-0.02042 

88000 

0.14810  88000 

-0.46771  20000 

0.84633 

60000 

-0.98739 

20000 

0.88865 

28000 

0.59243 

52000 

2.8 

2.9 

-0.01316 

20125 

0.09508  88250 

-0.29867  64375 

0.53555 

77500 

-0.61307 

26875 

0.51770 

58250 

0.77655 

87375 

2.9 

3.0 

0.00000 

00000 

0.00000  00000 

0.00000  00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

3.0 

/. 

h 

^2 

Ai 

Aq 

A. 

-1 

A _ 

-2 

A. 

-3 

~P 

EIGHT-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


Aliph 

(— 1)^+4 

P(P2- 1)  02~4)  (p2- 9)  (p- 4) 
(B+k)l(4-k)[{p-k) 

P 

A 

-3 

A. 

-2 

A 

-1 

A 

fo 

/. 

h 

A 

2 

A3 

A 

u 

0.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.0 

0.1 

-0.00088 

64213 

0.00915 

96863 

-0.05246 

00213 

0.96176 

70563 

0.10686 

30063 

-0.03037 

15913 

0.00663 

28763 

-0.00070 

45913 

0.9 

0.2 

-0.00160 

51200 

0.01634 

30400 

-0.08988 

67200 

0.89886 

72000 

0.22471 

68000 

-0.05992 

44800 

0.01284 

09600 

-0.00135 

16800 

0.8 

0.3 

-0.00211 

57988 

0.02124 

99787 

-0.11278 

83487 

0.81458 

25188 

0.34910 

67938 

-0.08624 

99137 

0.01810 

18337 

-0.00188 

70638 

0.7 

0.4 

-0.00239 

61600 

0.02376 

19200 

-0.12220 

41600 

0.71285 

76000 

0.47523 

84000 

-0.10692 

86400 

0.02193 

40800 

-0.00226 

30400 

0.6 

0.5 

-0.00244 

14063 

0.02392 

57812 

-0.11962 

89062 

0.59814 

45312 

0.59814 

45313 

-0.11962 

89062 

0.02392 

57812 

-0.00244 

14062 

0.5 

1.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.0 

1.1 

0.00070 

45912 

-0.00652 

31512 

0.02888 

82412 

-0.09191 

71312 

1.01108 

84438 

0.06740 

58962 

-0.01064 

30362 

0.00099 

61462 

-0.1 

1.2 

0.00135 

16800 

-0.01241 

85600 

0.05419 

00800. 

-0.16558 

08000 

0.99348 

48000 

0.14902 

27200 

-0.02207 

74400 

0.00202 

75200 

-0.2 

1.3 

0.00188 

70638 

-0.01721 

23088 

0.07408 

77638 

-0.21846 

39188 

0.94667 

69812 

0.24343 

12238 

-0.03341 

21288 

0.00300 

53238 

-0.3 

1.4 

0.00226 

30400 

-0.02050 

04800 

0.08712 

70400 

-0.24893 

44000 

0.87127 

04000 

0.34850 

81600 

-0.04356 

35200 

0.00382 

97600 

-0.4 

1.5 

0.00244 

14062 

-0.02197 

26562 

0.09228 

51562 

-0.25634 

76562 

0.76904 

29688 

0.46142 

57812 

-0.05126 

95312 

0.00439 

45312 

-0.5 

1.6 

0.00239 

61600 

-0.02143 

23200 

0.08902 

65600 

-0.24111 

36000 

0.64296 

96000 

0.57867 

26400 

-0.05511 

16800 

0.00459 

26400 

-0.6 

1.7 

0.00211 

57988 

-0.01881 

34538 

0.07734 

41988 

-0.20473 

46438 

0.49721 

27062 

0.69609 

77888 

-0.05354 

59838 

0.00432 

35888 

-0.7 

1.8 

0.00160 

51200 

-0.01419 

26400 

0.05778 

43200 

-0.14981 

12000 

0.33707 

52000 

0.80898 

04800 

-0.04494 

33600 

0.00350 

20800 

-0.8 

1.9 

0.00088 

64213 

-0.00779 

59613 

0.03145 

26712 

-0.08001 

11812 

0.16891 

24938 

0.91212 

74662 

-0.02764 

02263 

0.00206 

83163 

-0.9 

2.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

0.00000 

00000 

-1.0 

2.1 

-0.00099 

61462 

0.00867 

37612 

-0.03441 

52462 

0.08467 

24312 

-0.16164 

73688 

1.06687 

26338 

0.03951 

38012 

-0.00267 

38662 

-1.1 

2.2 

-0.00202 

75200 

0.01757 

18400 

-0.06918 

91200 

0.16773 

12000 

-0.30750 

72000 

1.10702 

59200 

0.09225 

21600 

-0.00585 

72800 

-1.2 

2.3 

-0.00300 

53238 

0.02592 

96538 

-0.10136 

13738 

0.24238 

58938 

-0.42883 

65812 

1.11497 

51112 

0.15928 

21588 

-0.00936 

95388 

-1.3 

2.4 

-0.00382 

97600 

0.03290 

11200 

-0.12773 

37600 

0.30159 

36000 

-0.51701 

76000 

1.08573 

69600 

0.24127 

48800 

-0.01292 

54400 

-1.4 

2.5 

-0.00439 

45312 

0.03759 

76562 

-0.14501 

95312 

0.33837 

89062 

-0.56396 

48438 

1.01513 

67188 

0.33837 

89062 

-0.01611 

32812 

-1.5 

2.6 

-0.00459 

26400 

0.03913 

72800 

-0.15002 

62400 

0.34621 

44000 

-0.56259 

84000 

0.90015 

74400 

0.45007 

87200 

-0.01837 

05600 

-1.6 

2.7 

-0.00432 

35888 

0.03670 

45088 

-0.13987 

39388 

0.31946 

51688 

-0.50738 

58562 

0.73933 

36762 

0.57503 

73038 

-0.01895 

72738 

-1.7 

2.8 

-0.00350 

20800 

0.02962 

17600 

-0.11225 

08800 

0.25390 

08000 

-0.39495 

68000 

0.53319 

16800 

0.71092 

22400 

-0.01692 

67200 

-1.8 

2.9 

-0.00206 

83162 

0.01743 

29512 

-0.06570 

88162 

0.14727 

83812 

-0.22479 

33188 

0.28473 

82038 

0.85421 

46112 

-0.01109 

36962 

-1.9 

3.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

0.00000 

00000 

-2.0 

3.1 

0.00267 

38662 

-0.02238 

70762 

0.08354 

20162 

-0.18415 

17562 

0.27184 

30688 

-0.31138 

38788 

1.14174 

08888 

0.01812 

28712 

-2.1 

3.2 

0.00585 

72800 

-0.04888 

57600 

0.18157 

56800 

-0.39719 

68000 

0.57774 

08000 

-0.63551 

48800 

1.27102’ 

97600 

0.04539 

39200 

-2.2 

3.3 

0.00936 

95388 

-0.07796 

16338 

0.28827 

67388 

-0.62605 

55438 

0.89825 

36062 

-0.95353 

07512 

1.37732 

21962 

0.08432 

58488 

-2.3 

3.4 

0.01292 

54400 

-0.10723 

32800 

0.39481 

34400 

-0.85155 

84000 

1.20637 

44000 

-1.24084 

22400 

1.44764 

92800 

0.13787 

13600 

-2.4 

3.5 

0.01611 

32812 

-0.13330 

07812 

0.48876 

95312 

-1.04736 

32812 

1.46630 

85938 

-1.46630 

85938 

1.46630 

85938 

0.20947 

26562 

-2.5 

3.6 

0.01837 

05600 

-0.15155 

71200 

0.55351 

29600 

-1.17877 

76000 

1.63215 

36000 

-1.59134 

97600 

1.41453 

31200 

0.30311 

42400 

-2.6 

3.7 

0.01895 

72738 

-0.15598 

17788 

0.56750 

81738 

-1.20148 

12688 

1.64647 

43312 

-1.56899 

31862 

1.27013 

73412 

0.42337 

91138 

-2.7 

3.8 

0.01692 

67200 

-0.13891 

58400 

0.50356 

99200 

-1.06014 

72000 

1.43877 

12000 

-1.34285 

31200 

1.00713 

98400 

0.57550 

84800 

-2.8 

3.9 

0.01109 

36962 

-0.09081 

78862 

0.32805 

64462 

-0.68695 

58062 

0.92383 

71188 

-0.84604 

03088 

0.59536 

16988 

0.76546 

50412 

-2.9 

4.0 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

0.00000 

00000 

1.00000 

00000 

-3.0 

A 

u 

A 

1 

3 

A 

■2 

A 

tl 

A 

to 

A 

-1 

A. 

-2 

A. 

-3 

P 
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Table  25.2  COEFFICIENTS  FOR  DIFFERENTIATION 


Differentiation  Formula:  '^nr  | ~—rn  S A,-/(.r,) 

tlA  \x  = X:  »»!«*  j_0  ' 

FIRST  DERIVATIVE  (*=1)  THIRD  DERIVATIVE  (*= 3) 


* j 

Ao 

Ai 

Ao 

^■3 

A4 

Ao 

Error 

k\ 

j 

Ao 

Ax 

Ao 

^3 

A 4 

A, 

IJl.  Error 

Z-f 

Three  Point  ( m 

=2) 

Four  Point  (m= 3) 

Kl 

0 

-3 

4 

-1 

1/3 

-1/6  h3f  (3) 

0 

-1 

3 

-3 

1 

-1/4 

1 

-1 

0 

1 

1 

-1 

3 

-3 

1 

-l/12h4f(4) 

2 

1 

-4 

3 

1/3 

2 

-1 

3 

-3 

1 

1/12 

3 

-1 

3 

-3 

1 

1/4 

Four  Point  (m= 

=3) 

0 

-11 

18 

-9 

2 

-1/4 

Five  Point  (m= 4) 

1 

-2 

-3 

6 

-1 

1/12  4f  <«> 

0 

-10 

36 

-48 

28 

-6 

7/24 

2 

1 

-6 

3 

2 

-1/12 h f 

1 

-6 

20 

-24 

12 

-2 

V24  5 (5) 

-1/24  h 5 r3' 

3 

-2 

9 

-18 

11 

1/4 

2 

-2 

4 

0 

-4 

2 

3 

2 

-12 

24 

-20 

6 

1/24 

Five 

Point  (wi= 

=4) 

4 

6 

-28 

48 

-36 

10 

7/24 

0 

1 

-50 

-6 

96 

-20 

-72 

36 

32 

-12 

-6 

2 

1/5 

-1/20  c ,5v 

Six  Point  ( 

»*=5) 

2 

2 

-16 

0 

16 

-2 

1/30  h5f(5) 

0 

-85 

355 

-590 

490 

-205 

35 

-5/16 

3 

-2 

12 

-36 

20 

6 

-1/20 

1 

-35 

125 

-170 

110 

-35 

5 

-1/48 

4 

6 

-32 

72 

-96 

50 

1/5 

2 

-5 

-5 

50 

-70 

35 

-5 

1/48  6 f( 6) 

3 

5 

-35 

70 

-50 

5 

5 

-1/48 h f 

Six  Point 

=5) 

4 

5 

-5 

-35 

35 

205 

-110 

-490 

170 

590 

-125 

-355 

35 

85 

1/48 

5/16 

0 

-274 

600 

-600 

400 

-150 

24 

-1/6 

1 

-24 

-130 

240 

-120 

40 

-6 

1/30 

2 

6 

-60 

-40 

120 

-30 

4 

-1/60 h6  (6) 

3 

-4 

30 

-120 

40 

60 

-6 

l/60h  f 

4 

5 

6 

-24 

-40 

150 

120 

-400 

-240 

600 

130 

-600 

24 

274 

-1/30 

1/6 

FOURTH  DERIVATIVE  (k= 

=4) 

SECOND  DERIVATIVE  (k= 

=2) 

j 

A o 

A\ 

Ao 

A;i 

a4 

hi  Error 
k\ 

* j 

Ao 

A\ 

Ao 

^4 

A, 

— Error 

Five  Point  (?»=4) 

0 

1 

Three  Point  (m 
-2  1 

=2) 

k\ 

-1/2  h3f(3) 

0 

1 

2 

1 

1 

1 

-4 

-4 

-4 

6 

6 

6 

—4 

—4 

-4 

1 

1 

1 

-1/12  , 5 f(5) 
-1/24  £ 

-1/144  h6f(6) 

3 

1 

-4 

6 

-4 

1 

1/24  5f<5) 

1 

1 

-2 

1 

-l/24h 

4 

1 

-4 

6 

-4 

1 

1/12  h f 

2 

1 

-2 

1 

1/2  h3f(3) 

A 

Six  Point  ( 

m=5) 

Four  Point  (m 

=3) 

0 

15 

-70 

130  - 

-120 

55 

-10 

17/144 

0 

-15 

12 

11/24 

1 

10 

-45 

80 

-70 

30 

-5 

5/144 

6 

-3 

2 

5 

-20 

30 

-20 

5 

0 

-1/144.  6 (6) 

1 

3 

—6 

3 

0 

"1/24  4 (4) 

3 

0 

5 

-20 

30 

-20 

5 

-1/144  h 1 

2 

0 

3 

-6 

3 

-1/24 h f 

4 

-5 

30 

-70 

80 

-45 

10 

5/144 

3 

-3 

12 

-15 

6 

11/24 

5 

-10 

55 

-120 

130 

-70 

15 

17/144 

Five  Point  {»< 

-4) 

0 

35 

-104 

114 

-56 

11 

-5/12  h5  (5) 

1 

2 

11 

-1 

-20 

16 

6 

-30 

4 

16 

-1 

-1 

1/24  6 _ 

l/180h6f(6) 

FIFTH  DERIVATIVE  (k 

5) 

- 

3 

-1 

4 

6 

-20 

11 

-1/24  h5f(5) 

hi  Error 

4 

11 

-56 

114 

-104 

35 

5/12  h f 

j 

‘lo 

Ax 

-4  2 

A:i 

^4 

A:, 

k\ 

Six  Point  (m 

-5) 

1 

Six  Point  ( 

in-  5) 

0 

225 

-770 

1070 

-780 

'305 

-50 

137/360 

0 

-1 

5 

-10 

10 

-5 

1 

-1/48 

1 

50 

-75 

-20 

70 

-30 

5 

-13/360 

1 

-1 

5 

-10 

10 

-5 

1 

-1/80 

2 

-5 

80 

-150 

80 

-5 

0 

1/180  6,  (6) 

2 

-1 

5 

-10 

10 

-5 

1 

-1/240  6 (6) 

3 

0 

-5 

80 

-150 

80 

-5 

1/180  h f 

3 

-1 

5 

-10 

10 

-5 

1 

1/240 “ 1 

4 

5 

-30 

70 

-20 

-75 

50 

-13/360 

4 

-1 

5 

-10 

10 

-5 

1 

1/80 

5 

-50 

305 

-780 

1070 

-770 

225 

137/360 

5 

-1 

5 

-10 

10 

-5 

1 

1/48 

Compiled  from  W.  G.  Bickley,  Formulae  for  numerical  differentiation,  Math.  Gaz.  25, 19-27,  1941  (with  permission). 


♦See  page  n. 
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LAGRANGIAN  INTEGRATION  COEFFICIENTS 


Table  25.3 


Y,  Ak(m)f(xk) 
Jxm  T 

DA\(m) 
n = odd 


* 


n m\k  — 4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

D 

3 -1 

5 

8 

-1 

0 

12 

5 -2 

251 

646 

-264 

106 

-19 

1 

720 

-1 

-19 

346 

456 

-74 

11 

0 

7 -3 

19087 

65112 

-46461 

37504 

-20211 

6312 

-863 

2 

60480 

-2 

-863 

25128 

46989 

-16256 

7299 

-2088 

271 

1 

-1 

271 

-2760 

30819 

37504 

-6771 

1608 

-191 

0 

9 -4 

1070017 

4467094 

-4604594 

5595358 

-5033120 

3146338 

-1291214 

312874 

-33953 

3 3628800 

-3 

-33953 

1375594 

3244786 

-1752542 

1317280 

-755042 

294286 

-68906 

7297 

2 

-2 

7297 

-99626 

1638286 

2631838 

-833120 

397858 

-142094 

31594 

-3233 

1 

-1 

-3233 

36394 

-216014 

1909858 

2224480 

-425762 

126286 

-25706 

2497 

0 

4 

3 

2 

1 

0 

-1 

-2 

-3 

-4 

k\m 

= even 


n m\k 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

D 

4 -1 

9 

19 

-5 

1 

1 

24 

0 

-1 

13 

13 

-1 

0 

6 -2 

475 

1427 

-798 

482 

-173 

27 

2 

1440 

-1 

-27 

637 

1022 

-258 

77 

-11 

1 

0 

11 

-93 

802 

802 

-93 

11 

0 

8 -3 

36799 

139849 

-121797 

123133 

-88547 

41499 

-11351 

1375 

3 120960 

-2 

-1375 

47799 

101349 

-44797 

26883 

-11547 

2999 

-351 

2 

-1 

351 

-4183 

57627 

81693 

-20227 

7227 

-1719 

191 

1 

0 

-191 

1879 

-9531 

68323 

68323 

-9531 

1879 

-191 

0 

10  -4 

2082753 

9449717 

-11271304 

16002320 

-17283646 

13510082 

-7394032 

2687864 

-583435 

57281 

4 7257600 

-3 

-57281 

2655563 

6872072 

-4397584 

3973310 

-2848834 

1481072 

-520312 

110219 

-10625 

3 

-2 

10625 

-163531 

3133688 

5597072 

-2166334 

1295810 

-617584 

206072 

-42187 

3969 

2 

-1 

-3969 

50315 

-342136 

3609968 

4763582 

-1166146 

462320 

-141304 

27467 

-2497 

1 

0 

2497 

-28939 

162680 

-641776 

4134338 

4134338 

-641776 

162680 

-28939 

2497 

0 

5 

4 

3 

2 

1 

0 

-1 

-2 

-3 

— 4 k\m 

Compiled  from  National  Bureau  of  Standards,  Tables  of  Lagrangian  interpolation  coefficients.  Colum- 
bia Univ.  Press,  New  York,  N.Y.,  1944  (with  permission). 


♦See  page  ii. 
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Table  25.4  ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

f,  »</(«) 

1 4=1 


Abscissas=±^  (Zeros  of  Legendre  Polynomials) 


Weight  Factors 


±xi  Wi  ±Xi  W{ 


71  — 2 

0.18343 

46424 

95650 

n = o 

0.36268 

37833 

78362 

0.57735 

02691 

89626 

1.00000 

00000 

00000 

0.52553 

24099 

16329 

0.31370 

66458 

77887 

n = 3 

0.79666 

64774 

13627 

0.22238 

10344 

53374 

0.96028 

98564 

97536 

0.10122 

85362 

90376 

0.00000 

00000 

00000 

0.88888 

88888 

88889 

0.77459 

66692 

41483 

0.55555 

55555 

55556 

0.00000 

00000 

00000 

n = 9 

0.33023 

93550 

01260 

n = 4 

0.32425 

34234 

03809 

0.31234 

70770 

40003 

0.33998 

10435 

84856 

0.65214 

51548 

62546 

0.61337 

14327 

00590 

0.26061 

06964 

02933 

0.86113 

63115 

94053 

0.34785 

48451 

37454 

0.83603 

11073 

26636 

0.18064 

81606 

94857 

n = 5 

0.96816 

02395 

07626 

0.08127 

43883 

61574 

0.00000 

00000 

00000 

0.56888 

88888 

88889 

n =10 

0.53846 

93101 

05683 

0.47862 

86704 

99366 

0.14887 

43389 

81631 

0.29552 

42247 

14753 

0.90617 

98459 

38664 

0.23692 

68850 

56189 

0.43339 

53941 

29247 

0.26926 

67193 

09996 

0.67940 

95682 

99024 

0.21908 

63625 

15982 

77  = 6 

0.86506 

33666 

88985 

0.14945 

13491 

50581 

0.23861 

91860 

83197 

0.46791 

39345 

72691 

0.97390 

65285 

17172 

0.06667 

13443 

08688 

0.66120 

93864 

66265 

0.36076 

15730 

48139 

n= 12 

0.93246 

95142 

03152 

0.17132 

44923 

79170 

0.12523 

34085 

11469 

0.24914 

70458 

13403 

n=l 

0.36783 

14989 

98180 

0.23349 

25365 

38355 

0.00000 

00000 

00000 

0.41795 

91836 

73469 

0.58731 

79542 

86617 

0.20316 

74267 

23066 

0.40584 

51513 

77397 

0.38183 

00505 

05119 

0.76990 

26741 

94305 

0.16007 

83285 

43346 

0.74153 

11855 

99394 

0.27970 

53914 

89277 

0.90411 

72563 

70475 

0.10693 

93259 

95318 

0.94910 

79123 

42759 

0.12948 

49661 

68870 

0.98156 

06342 

46719 

0.04717 

53363 

86512 

±xi 

71— 

16 

W{ 

0.09501 

25098 

37637 

440185 

0.18945 

06104 

55068 

496285 

0.28160 

35507 

79258 

913230 

0.18260 

34150 

44923 

588867 

0.45801 

67776 

57227 

386342 

0.16915 

65193 

95002 

538189 

0.61787 

62444 

02643 

748447 

0.14959 

59888 

16576 

732081 

0.75540 

44083 

55003 

033895 

0.12462 

89712 

55533 

872052 

0.86563 

12023 

87831 

743880 

0.09515 

85116 

82492 

784810 

0.94457 

50230 

73232 

576078 

0.06225 

35239 

38647 

892863 

0.98940 

09349 

91649 

932596 

7i=20 

0.02715 

24594 

11754 

094852 

0.07652 

65211 

33497 

333755 

0.15275 

33871 

30725 

850698 

0.22778 

58511 

41645 

078080 

0.14917 

29864 

72603 

746788 

0.37370 

60887 

15419 

560673 

0.14209 

61093 

18382 

051329 

0.51086 

70019 

50827 

098004 

0.13168 

86384 

49176 

626898 

0.63605 

36807 

26515 

025453 

0.11819 

45319 

61518 

417312 

0.74633 

19064 

60150 

792614 

0.10193 

01198 

17240 

435037 

0.83911 

69718 

22218 

823395 

0.08327 

67415 

76704 

748725 

0.91223 

44282 

51325 

905868 

0.06267 

20483 

34109 

063570 

0.96397 

19272 

77913 

791268 

0.04060 

14298 

00386 

941331 

0.99312 

85991 

85094 

924786 

7i=24 

0.01761 

40071 

39152 

118312 

0.06405 

68928 

62605 

626085 

0.12793 

81953 

46752 

156974 

0.19111 

88674 

73616 

309159 

0.12583 

74563 

46828 

296121 

0.31504 

26796 

96163 

374387 

0.12167 

04729 

27803 

391204 

0.43379 

35076 

26045 

138487 

0.11550 

56680 

53725 

601353 

0.54542 

14713 

88839 

535658 

0.10744 

42701 

15965 

634783 

0.64809 

36519 

36975 

569252 

0.09761 

86521 

04113 

888270 

0.74012 

41915 

78554 

364244 

0.08619 

01615 

31953 

275917 

0.82000 

19859 

73902 

921954 

0.07334 

64814 

11080 

305734 

0.88641 

55270 

04401 

034213 

0.05929 

85849 

15436 

780746 

0.93827 

45520 

02732 

758524 

0.04427 

74388 

17419 

806169 

0.97472 

85559 

71309 

498198 

0.02853 

13886 

28933 

663181 

0.99518 

72199 

97021 

360180 

0.01234 

12297 

99987 

199547 

Compiled  from  P.  Davis  and  P.  Rabinowitz,  Abscissas  and  weights  for  Gaussian  quadratures  of  high 
order,  J.  Research  NBS  56,  35-37,  1956,  RP2645;  P.  Davis  and  P.  Rabinowitz,  Additional  abscissas 
and  weights  for  Gaussian  quadratures  of  high  order.  Values  for  /*=64,  80,  and  96,  J.  Research  NBS  60, 
613-614, 1958,  RP2875;  and  A.  N.  Lowan,  N.  Davids,  and  A.  Levenson,  Table  of  the  zeros  of  the  Legendre 
polynomials  of  order  1-16  and  the  weight  coefficients  for  Gauss’  mechanical  quadrature  formula,  Bull. 
Amer.  Math.  Soc.  48,  739-743,  1942  (with  permission). 
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Table  25.4 

ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

+1  n 

J 1 f(x)dx~  ^ 

i=  1 

Abscissas=±^  (Zeros  of  Legendre  Polynomials)  Weight  Factors=w; 


±xi 

n= 32 

0.04830  76656  87738  316235 
0.14447  19615  82796  493485 
0.23928  73622  52137  074545 
0.33186  86022  82127  649780 
0.42135  12761  30635  345364 
0.50689  99089  32229  390024 
0.58771  57572  40762  329041 
0.66304  42669  30215  200975 
0.73218  21187  40289  680387 
0.79448  37959  67942  406963 
0.84936  76137  32569  970134 
0.89632  11557  66052  123965 
0.93490  60759  37739  689171 
0.96476  22555  87506  430774 
0.98561  15115  45268  335400 
0.99726  38618  49481  563545 

n=40 


Wi 

0.09654  00885  14727  800567 
0.09563  87200  79274  859419 
0.09384  43990  80804  565639 
0.09117  38786  95763  884713 
0.08765  20930  04403  811143 
0.08331  19242  26946  755222 
0.07819  38957  87070  306472 
0.07234  57941  08848  506225 
0.06582  22227  76361  846838 
0.05868  40934  78535  547145 
0.05099  80592  62376  176196 
0.04283  58980  22226  680657 
0.03427  38629  13021  433103 
0.02539  20653  09262  059456 
0.01627  43947  30905  670605 
0.00701  86100  09470  096600 


* 


0.03877  24175  06050  821933 
0.11608  40706  75255  208483 
0.19269  75807  01371  099716 
0.26815  21850  07253  681141 
0.34199  40908  25758  473007 
0.41377  92043  71605  001525 
0.48307  58016  86178  712909 
0.54946  71250  95128  202076 
0.61255  38896  67980  237953 
0.67195  66846  14179  548379 
0.72731  82551  89927  103281 
0.77830  56514  26519  387695 
0.82461  22308  33311  663196 
0.86595  95032  12259  503821 
0.90209  88069  68874  296728 
0.93281  28082  78676  533361 
0.95791  68192  13791  655805 
0.97725  99499  83774  262663 
0.99072  62386  99457  006453 
0.99823  77097  10559  200350 


0.07750  59479  78424  811264 
0.07703  98181  64247  965588 
0.07611  03619  00626  242372 
0.07472  31690  57968  264200 
0.07288  65823  95804  059061 
0.07061  16473  91286  779695 
0.06791  20458  15233  903826 
0.06480  40134  56601  038075 
0.06130  62424  92928  939167 
0.05743  97690  99391  551367 
0.05322  78469  83936  824355 
0.04869  58076  35072  232061 
0.04387  09081  85673  271992 
0.03878  21679  74472  017640 
0.03346  01952  82547  847393 
0.02793  70069  80023  401098 
0.02224  58491  94166  957262 
0.01642  10583  81907  888713 
0.01049  82845  31152  813615 
0.00452  12770  98533  191258 


0.03238  01709  62869  362033 
0.09700  46992  09462  698930 
0.16122  23560  68891  718056 
0.22476  37903  94689  061225 
0.28736  24873  55455  576736 
0.34875  58862  92160  738160 
0.40868  64819  90716  729916 
0.46690  29047  50958  404545 
0.52316  09747  22233  033678 
0.57722  47260  83972  703818 
0.62886  73967  76513  623995 
0.67787  23796  32663  905212 
0.72403  41309  23814  654674 
0.76715  90325  15740  339254 
0.80706  62040  29442  627083 
0.84358  82616  24393  530711 
0.87657  20202  74247  885906 
0.90587  91367  15569  672822 
0.93138  66907  06554  333114 
0.95298  77031  60430  860723 
0.97059  15925  46247  250461 
0.98412  45837  22826  857745 
0.99353  01722  66350  757548 
0.99877  10072  52426  118601 


0.06473  76968  12683  922503 
0.06446  61644  35950  082207 
0.06392  42385  84648  186624 
0.06311  41922  86254  025657 
0.06203  94231  59892  663904 
0.06070  44391  65893  880053 
0.05911  48396  98395  635746 
0.05727  72921  00403  215705 
0.05519  95036  99984  162868 
0.05289  01894  85193  667096 
0.05035  90355  53854  474958 
0.04761  66584  92490  474826 
0.04467  45608  56694  280419 
0.04154  50829  43464  749214 
0.03824  13510  65830  706317 
0.03477  72225  64770  438893 
0.03116  72278  32798  088902 
0.02742  65097  08356  948200 
0.02357  07608  39324  379141 
0.01961  61604  57355  527814 
0.01557  93157  22943  '848728 
0.01147  72345  79234  539490 
0.00732  75539  01276  262102 
0.00315  33460  52305  838633 
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Table  25.4 

ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

/*' /(*)*-  «';/(„) 

1 i=  1 

Abscissas=±.r;  (Zeros  of  Legendre  Polynomials)  Weight  Factors=w{ 


±xi 


n=6 4 


0.02435  02926  63424  432509 
0.07299  31217  87799  039450 
0.12146  28192  96120  554470 
0.16964  44204  23992  818037 
0.21742  36437  40007  084150 
0.26468  71622  08767  416374 
0.31132  28719  90210  956158 
0.35722  01583  37668  115950 
0.40227  01579  63991  603696 
0.44636  60172  53464  087985 
0.48940  31457  07052  957479 
0.53127  94640  19894  545658 
0.57189  56462  02634  034284 
0.61115  53551  72393  250249 
0.64896  54712  54657  339858 
0.68523  63130  54233  242564 
0.71988  18501  71610  826849 
0.75281  99072  60531  896612 
0.78397  23589  43341  407610 
0.81326  53151  22797  559742 
0.84062  92962  52580  362752 
0.86599  93981  54092  819761 
0.88931  54459  95114  105853 
0.91052  21370  78502  805756 
0.92956  91721  31939  575821 
0.94641  13748  58402  816062 
0.96100  87996  52053  718919 
0.97332  68277  89910  963742 
0.98333  62538  84625  956931 
0.99101  33714  76744  320739 
0.99634  01167  71955  279347 
0.99930  50417  35772  139457 


0.04869  09570  09139  720383 
0.04857  54674  41503  426935 
0.04834  47622  34802  957170 
0.04799  93885  96458  307728 
0.04754  01657  14830  308662 
0.04696  81828  16210  017325 
0.04628  47965  81314  417296 
0.04549  16279  27418  144480 
0.04459  05581  63756  563060 
0.04358  37245  29323  453377 
0.04247  35151  23653  589007 
0.04126  25632  42623  528610 
0.03995  37411  32720  341387 
0.03855  01531  78615  629129 
0.03705  51285  40240  046040 
0.03547  22132  56882  383811 
0.03380  51618  37141  609392 
0.03205  79283  54851  553585 
0.03023  46570  72402  478868 
0.02833  96726  14259  483228 
0.02637  74697  15054  658672 
0.02435  27025  68710  873338 
0.02227  01738  08383  254159 
0.02013  48231  53530  209372 
0.01795  17157  75697  343085 
0.01572  60304  76024  719322 
0.01346  30478  96718  642598 
0.01116  81394  60131  128819 
0.00884  67598  26363  947723 
0.00650  44579  68978  362856 
0.00414  70332  60562  467635 
0.00178  32807  21696  432947 


0.01951  13832 
0.05850  44371 
0.09740  83984 
0.13616  40228 
0.17471  22918 
0.21299  45028 
0.25095  23583 
0.28852  80548 
0.32566  43707 
0.36230  47534 
0.39839  34058 
0.43387  53708 
0.46869  66151 
0.50280  41118 
0.53614  59208 
0.56867  12681 
0.60033  06228 
0.63107  57730 
0.66085  98989 
0.68963  76443 
0.71736  51853 
0.74400  02975 
0.76950  24201 
0.79383  27175 
0.81695  41386 
0.83883  14735 
0.85943  14066 
0.87872  25676 
0.89667  55794 
0.91326  31025 
0.92845  98771 
0.94224  27613 
0.95459  07663 
0.96548  50890 
0.97490  91405 
0.98284  85727 
0.98929  13024 
0.99422  75409 
0.99764  98643 
0.99955  38226 


56793  997654 
52420  668629 
41584  599063 
09143  886559 
32646  812559 
57666  132572 
92272  120493 
84511  853109 
47701  91461$ 
99487  315619 
81969  227024 
31756  093062 
70544  477036 
88784  987594 
97131  932020 
22709  784725 
29751  743155 
46871  966248 
86119  801736 
42027  600771 
62099  880254 
83597  272317 
35041  373866 
04605  449949 
81463  470371 
80255  275617 
63111  096977 
78213  828704 
38770  683194 
71757  654165 
72445  795953 
09872  674752 
43634  905493 
43799  251452 
85727  793386 
38629  070418 
99755  531027 
65688  277892 
98237  688900 
51630  629880 


w=80 

0.03901  78136  56306  654811 
0.03895  83959  62769  531199 
0.03883  96510  59051  968932 
0.03866  17597  74076  463327 
0.03842  49930  06959  423185 
0.03812  97113  14477  638344 
0.03777  63643  62001  397490 
0.03736  54902  38730  490027 
0.03689  77146  38276  008839 
0.03637 "37499  05835  978044 
0.03579  43939  53416  054603 
0*03516  05290  44747  593496 
0.03447  31204  51753  928794 
0.03373  32149  84611  522817 
0.03294  19393  97645  401383 
0.03210  04986  73487  773148 
0.03121  01741  88114  701642 
0.03027  23217  59557  980661 
0.02928  83695  83267  847693 
0.02825  98160  57276  862397 
0.02718  82275  00486  380674 
0.02607  52357  67565  117903- 
0.02492  25357  64115  491105 
0.02373  18828  65930  101293 
0.02250  50902  46332  461926 
0.02124  40261  15782  006389 
0.01995  06108  78141  998929 
0.01862  68142  08299  031429 
0.01727  46520  56269  306359 
0.01589  61835  83725  688045 
0.01449  35080  40509  076117 
0.01306  87615  92401  339294 
0.01162  41141  20797  826916 
0.01016  17660  41103  064521 
0.00868  39452  69260  858426 
0.00719  29047  68117  312753 
0.00569  09224  51403  198649 
0.00418  03131  24694  895237 
0.00266  35335  89512  681669 
0.00114  49500  03186  941534 
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Table  25.4 

ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

+1  n 

\ f (x)dx~  V Wif(xi ) 

i=l 

Abscissas=±xj  (Zeros  of  Legendre  Polynomials)  Weight  Factors=«>i 


±Xi  nc  Wi 

n = 96 


0.01627 

67448 

49602 

969579 

0.03255 

06144 

92363 

166242 

0.04881 

29851 

36049 

731112 

0.03251 

61187 

13868 

835987 

0.08129 

74954 

64425 

558994 

0.03244 

71637 

14064 

269364 

0.11369 

58501 

10665 

920911 

0.03234 

38225 

68575 

928429 

0.14597 

37146 

54896 

941989 

0.03220 

62047 

94030 

250669 

0.17809 

68823 

67618 

602759 

0.03203 

44562 

31992 

663218 

0.21003 

13104 

60567 

203603 

0.03182 

87588 

94411 

006535 

0.24174 

31561 

63840 

012328 

0.03158 

93307 

70727 

168558 

0.27319 

88125 

91049 

141487 

0.03131 

64255 

96861 

355813 

0.30436 

49443 

54496 

353024 

0.03101 

03325 

86313 

837423 

0.33520 

85228 

92625 

422616 

0.03067 

13761 

23669 

149014 

0.36569 

68614 

72313 

635031 

0.03029 

99154 

20827 

593794 

0.39579 

76498 

28908 

603285 

0.02989 

63441 

36328 

385984 

0.42547 

89884 

07300 

545365 

0.02946 

10899 

58167 

905970 

0.45470 

94221 

67743 

008636 

0.02899 

46141 

50555 

236543 

0.48345 

79739 

20596 

359768 

0.02849 

74110 

65085 

385646 

0.51169 

41771 

54667 

673586 

0.02797 

00076 

16848 

334440 

0.53938 

81083 

24357 

436227 

0.02741 

29627 

26029 

242823 

0.56651 

04185 

61397 

168404 

0.02682 

68667 

25591 

762198 

0.59303 

23647 

77572 

080684 

0.02621 

23407 

35672 

413913 

0.61892 

58401 

25468 

570386 

0.02557 

00360 

05349 

361499 

0.64416 

34037 

84967 

106798 

0.02490 

06332 

22483 

610288 

0.66871 

83100 

43916 

153953 

0.02420 

48417 

92364 

691282 

0.69256 

45366 

42171 

561344 

0.02348 

33990 

85926 

219842 

0.71567 

68123 

48967 

626225 

0.02273 

70696 

58329 

374001 

0.73803 

06437 

44400 

132851 

0.02196 

66444 

38744 

349195 

0.75960 

23411 

76647 

498703 

0.02117 

29398 

92191 

298988 

0.78036 

90438 

67433 

217604 

0.02035 

67971 

54333 

324595 

0.80030 

87441 

39140 

817229 

0.01951 

90811 

40145 

022410 

0.81940 

03107 

37931 

675539 

0.01866 

06796 

27411 

467385 

0.83762 

35112 

28187 

121494 

0.01778 

25023 

16045 

260838 

0.85495 

90334 

34601 

455463 

0.01688 

54798 

64245 

172450 

0.87138 

85059 

09296 

502874 

0.01597 

05629 

02562 

291381 

0.88689 

45174 

02420 

416057 

0.01503 

87210 

26994 

938006 

0.90146 

06353 

15852 

341319 

0.01409 

09417 

72314 

860916 

0.91507 

14231 

20898 

074206 

0.01312 

82295 

66961 

572637 

0.92771 

24567 

22308 

690965 

0.01215 

16046 

71088 

319635 

0.93937 

03397 

52755. 

216932 

0.01116 

21020 

99838 

498591 

0.95003 

27177 

84437 

635756 

0.01016 

07705 

35008 

415758 

0.95968 

82914 

48742 

539300 

0.00914 

86712 

30783 

386633 

0.96832 

68284 

63264 

212174 

0.00812 

68769 

25698 

759217 

0.97593 

91745 

85136 

466453 

0.00709 

64707 

91153 

865269 

0.98251 

72635 

63014 

677447 

0.00605 

85455 

04235 

961683 

0.98805 

41263 

29623 

799481 

0.00501 

42027 

42927 

517693 

0.99254 

39003 

23762 

624572 

0.00396 

45543 

38444 

686674 

0.99598 

18429 

87209 

290650 

0.00291 

07318 

17934 

946408 

0.99836 

43758 

63181 

677724 

0.00185 

39607 

88946 

921732 

0.99968 

95038 

83230 

766828 

0.00079 

67920 

65552 

012429 

920 
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Table  25.5  ABSCISSAS  FOR  EQUAL  WEIGHT  CHEBYSHEV  INTEGRATION 

j-+; 

Abscissas  =±r; 


n 

±.ii 

n 

±.ri 

n 

±.l‘i 

2 

0.  57735  02692 

5 

0.83249  74870 

7 

0. 88386 

17008 

0.37454  14096 

0. 52965 

67753 

0.  00000  00000 

0. 32391 

18105 

0.  00000 

00000 

3 

0.70710  67812 
0.  00000  00000 

9 

0.91158 

93077 

0.  60101 

86554 

6 

0.86624  68181 

0.  52876 

17831 

4 

0.  79465  44723 

0.42251  86538 

0.  16790 

61842 

0.18759  24741 

0.26663  54015 

0.  00000 

00000 

Compiled  from  H.  E.  Salzer,  Tables  for  facilitating  the  use  of  Chebyshev’s  quadrature  formula,  J.  Math. 
Phys.  26,  191-194,  1947  (with  permission). 


Table  25.6  ABSCISSAS  AND  WEIGHT  FACTORS  FOR  LOBATTO  INTEGRATION 

f +'  /(.,),/..■  - «•,/(  -1)  +"s  »,/(«)  + «7j(l)  ‘ 

J 1 % =2 


Abscissas^ 

- ± •»*?' 

Weight 

Factors^1; 

// 

± I'i 

Wi 

V 

± .rj 

1 

1.00000  000 

0.  04761  904 

0.83022  390 

0.27682  604 

0.46884  879 

0.43174  538 

0.00000  000 

0.48761  904 

3 

1.  00000  000 

0.  33333  333 

0.  00000  000 

1.33333  333 

8 

1.  00000  000 

0.  03571  428 

0.87174  015 

0.  21070  422 

0.59170  018 

0.  34112  270 

4 

1.  00000  000 

0.  16666  667 

0.  20929  922 

0.41245  880 

0.44721  360 

0.83333  333 

9 

1.  00000  00000 

0.02777  77778 

0.89975  79954 

0.  16549  53616 

5 

1.  00000  000 

0.  10000  000 

0.67718  62795 

0.  27453  87126 

0.  65465  367 

0.  54444  444 

0.36311  74638 

0.  34642  85110 

0.  00000  000 

0.71111  111 

0.00000  00000 

0.37151  92744 

10 

1.00000  00000 

0.02222  22222 

0.  91953  39082 

0.13330  59908 

6 

1.  00000  000 

0.06666  667 

0.73877  38651 

0.  22488  93420 

0.  76505  532 

0.  37847  496 

0.47792  49498 

0.  29204  26836 

0.  28523  152 

0.55485  838 

0.16527  89577 

0.  32753  97612 

Compiled  from  Z.  Kopal,  Numerical  analysis,  John  Wiley  & Sons,  Inc.,  New  York,  N.Y.,  1955  (with 


permission). 


Table  25.7  ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION 

FOR  INTEGRANDS  WITH  A LOGARITHMIC  SINGULARITY 


Jo /W  ^ .n/r  = 

.2  »./(•'<)  + (2-yr  A-‘ 

Abscissas =.r?- 

Weight  Factors-  w{ 

■r, 

— Wi 

Kn  n m 

— Wi  A „ n .Vi 

— Wi 

K„ 

0.112009 

0.718539 

0.00285  3 0.063891 

0.513405  0.00017  4 0.041448 

0.383464 

0.00001 

0.602277 

0.281461 

0.368997 

0.391980  0.245275 

0.386875 

0.766880 

0*094615  0.556165 

0.190435 

0.848982 

0.039225 

Compiled  from  Berthod-Zaborowski,  Le  calcul  des  integrates  de  la  forme  Jw! /(•»*)  log  .*•  '/»•.  H.  Mineur, 
Techniques  de  calcul  numerique,  pp.  555-556.  Librairie  Poly  technique  Ch.  Beranger,  Paris,  France, 
1952  (with  permission). 


* 


♦See  page  n. 
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ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION  OF  MOMENTS  Table  25.8 

f*  xkf(x)dx~  S Wif(xi) 

*JQ  i=  1 


Abscissas  -Xi  W eight  F actors  = wi 


k 

=0 

k 

= 1 

k = 

2 

n 

Xi 

X 

i 

Wi 

2 

• , 

'i 

Wi 

1 

0.50000 

00000 

1.00000 

00000 

0.66666 

66667 

0.50000 

00000 

0.75000 

00000 

0.33333 

33333 

2 

0.21132 

48654 

0.50000 

00000 

0.35505 

10257 

0.18195 

86183 

0.45584 

81560 

0.10078 

58821 

0.78867 

51346 

0.50000 

00000 

0.84494 

89743 

0.31804 

13817 

0.87748 

51773 

0.23254 

74513 

3 

0.11270 

16654 

0.27777 

77778 

0.21234 

05382 

0.06982 

69799 

0.29499 

77901 

0.02995 

07030 

0.50000 

00000 

0.44444 

44444 

0.59053 

31356 

0.22924 

11064 

0.65299 

62340 

0.14624 

62693 

0.88729 

83346 

0.27777 

77778 

0.91141 

20405 

0.20093 

19137 

0.92700 

59759 

0.15713 

63611 

4 

0.06943 

18442 

0.17392 

74226 

0.13975 

98643 

0.03118 

09710 

0.20414 

85821 

0.01035 

22408 

0.33000 

94782 

0.32607 

25774 

0.41640 

95676 

0.12984 

75476 

0.48295 

27049 

0.06863 

38872 

0.66999 

05218 

0.32607 

25774 

0.72315 

69864 

0.20M6 

45680 

0.76139 

92624 

0.14345 

87898 

0.93056 

81558 

0.17392 

74226 

0.94289 

58039 

0.13550 

69134 

0.95149 

94506 

0.11088 

84156 

5 

0.04691 

00770 

0.11846 

34425 

0.09853 

50858 

0.01574 

79145 

0.14894 

57871 

0.00411 

38252 

0.23076 

53449 

0.23931 

43352 

0.30453 

57266 

0.07390 

88701 

0.36566 

65274 

0.03205 

56007 

0.50000 

00000 

0.28444 

44444 

0.56202 

51898 

0.14638 

69871 

0.61011 

36129 

0.08920 

01612 

0.76923 

46551 

0.23931 

43352 

0.80198 

65821 

0.16717 

46381 

0.82651 

96792 

0.12619 

89619 

0.95308 

99230 

0.11846 

34425 

0.96019 

01429 

0.09678 

15902 

0.96542 

10601 

0.08176 

47843 

6 

0.03376 

52429 

0.08566 

22462 

0.07305 

43287 

0.00873 

83018 

0.11319 

43838 

0.00183 

10758 

0.16939 

53068 

0.18038 

07865 

0.23076 

61380 

0.04395 

51656 

0.28431 

88727 

0.01572 

02972 

0.38069 

04070 

0.23395 

69673 

0.44132 

84812 

0.09866 

11509 

0.49096 

35868 

0.05128 

95711 

0.61930 

95930 

0.23395 

69673 

0.66301 

53097 

0.14079 

25538 

0.69756 

30820 

0.09457 

71867 

0.83060 

46932 

0.18038 

07865 

0.85192 

14003 

0.13554 

24972 

0.86843 

60583 

0.10737 

64997 

0.96623 

47571 

0.08566 

22462 

0.97068 

35728 

0.07231 

03307 

0.97409 

54449 

0.06253 

87027 

7 

0.02544 

60438 

0.06474 

24831 

0.05626 

25605 

0.00521 

43622 

0.08881 

68334 

0.00089 

26880 

0.12923 

44072 

0.13985 

26957 

0.18024 

06917 

0.02740 

83567 

0.22648 

27534 

0.00816 

29256 

0.29707 

74243 

0.19091 

50253 

0.35262 

47171 

0.06638 

46965 

0.39997 

84867 

0.02942 

22113 

0.50000 

00000 

0.20897 

95918 

0.54715 

36263 

0.10712 

50657 

0.58599 

78554 

0.06314 

63787 

0.70292 

25757 

0.19091 

50253 

0.73421 

01772 

0.12739 

08973 

0.75944 

58740 

0.09173 

38033 

0.87076 

55928 

0.13985 

26957 

0.88532 

09468 

0.11050 

92582 

0.89691 

09709 

0.09069 

88246 

0.97455 

39562 

0.06474 

24831 

0.97752 

06136 

0.05596 

73634 

0.97986 

72262 

0.04927 

65018 

8 

0.01985 

50718 

0.05061 

42681 

0.04463 

39553 

0.00329 

51914 

0.07149 

10350 

0.00046 

85178 

0.10166 

67613 

0.11119 

05172 

0.14436 

62570 

0.01784 

29027 

0.18422 

82964 

0.00447 

45217 

0.23723 

37950 

0.15685 

33229 

0.28682 

47571 

0.04543 

93195 

0.33044 

77282 

0.01724 

68638 

0.40828 

26788 

0.18134 

18917 

0.45481 

33152 

0.07919 

95995 

0.49440 

29218 

0.04081 

44264 

0.59171 

73212 

0.18134 

18917 

0.62806 

78354 

0.10604 

73594 

0.65834 

80085 

0.06844 

71834 

0.76276 

62050 

0.15685 

33229 

0.78569 

15206 

0.11250 

57995 

0.80452 

48315 

0.08528 

47692 

0.89833 

32387 

0.11119 

05172 

0.90867 

63921 

0.09111 

90236 

0.91709 

93825 

0.07681 

80933 

0.98014 

49282 

0.05061 

42681 

0.98222 

00849 

0.04455 

08044 

0.98390 

22404 

0.03977 

89578 

Compiled  from  H.  Fishman,  Numerical  integration  constants,  Math.  Tables  Aids  Comp.  11, 1-9, 1957  (with  permission). 
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Table  25.8  ABSCISSAS  AND  WEIGHT  FACTORS  FOR  GAUSSIAN  INTEGRATION  OF  MOMENTS 

]'  xkf(x)dx~  S Wif(xi) 

•JO  i=  1 


Abscissas  =xi  Weight  Factors  = Wi 


k 

=3 

k 

=4 

k 

=5 

n 

Xi 

Wi 

Xi 

Wi 

Xi 

Wi 

1 

0.80000 

00000 

0.25000 

00000 

0.83333 

33333 

0.20000 

00000 

0.85714 

28571 

0.16666 

66667 

2 

0.52985 

79359 

0.06690 

52498 

0.58633 

65823 

0.04908 

24923 

0.63079 

15938 

0.03833 

75627 

0.89871 

34927 

0.18309 

47502 

0.91366 

34177 

0.15091 

75077 

0.92476 

39617 

0.12832 

91039 

3 

0.36326 

46302 

0.01647 

90593 

0.42011 

30593 

0.01046 

90422 

0.46798 

32355 

0.00729 

70036 

0.69881 

12692 

0.10459 

98976 

0.73388 

93552 

0.08027 

66735 

0.76162 

39697 

0.06459 

66123 

0.93792 

41006 

0.12892 

10432 

0.94599 

75855 

0.10925 

42844 

0.95221 

09767 

0.09477 

30507 

4 

0.26147 

77888 

0.00465 

83671 

0.31213 

54928 

0.00251 

63516 

0.35689 

37290 

0.00153 

44797 

0.53584 

64461 

0.04254 

17241 

0.57891 

56596 

0.02916 

93822 

0.61466 

93899 

0.02142 

84046 

0.79028 

32300 

0.10900 

43689 

0.81289 

15166 

0.08706 

77121 

0.83107 

90039 

0.07205 

63642 

0.95784 

70806 

0.09379 

55399 

0.96272 

39976 

0.08124 

65541 

0.96658 

86465 

0.07164 

74181 

5 

0.19621 

20074 

0.00152 

06894 

0.23979 

20448 

0.00069 

69771 

0.27969 

31248 

0.00036 

97155 

0.41710 

02118 

0.01695 

73249 

0.46093 

36745 

0.01021 

05417 

0.49870 

98270 

0.00672 

96904 

0.64857 

00042 

0.06044 

49532 

0.68005 

92327 

0.04402 

44695 

0.70633 

38189 

0.03376 

77450 

0.84560 

51500 

0.10031 

65045 

0.86088 

63437 

0.08271 

27131 

0.87340 

27279 

0.07007 

13397 

0.96943 

57035 

0.07076 

05281 

0.97261 

44185 

0.06235 

52986 

0.97519 

38347 

0.05572 

81761 

6 

0.15227 

31618 

0.00056 

17109 

0.18946 

95839 

0.00021 

94140 

0.22446 

89954 

0.00010 

13258 

0.33130 

04570 

0.00708 

53159 

0.37275 

11560 

0.00372 

67844 

0.40953 

33505 

0.00218 

79257 

0.53241 

15667 

0.03052 

61922 

0.56757 

23729 

0.01995 

62647 

0.59778 

90484 

0.01396 

96531 

0.72560 

27783 

0.06844 

32818 

0.74883 

64975 

0.05223 

99543 

0.76841 

36046 

0.04148 

63470 

0.88161 

66844 

0.08830 

09912 

0.89238 

51584 

0.07464 

91503 

0.90135 

07338 

0.06445 

88592 

0.97679 

53517 

0.05508 

25080 

0.97898 

52313 

0.04920 

84323 

0.98079 

72084 

0.04446 

25560 

7 

0.12142 

71288 

0.00022 

99041 

0.15324 

14389 

0.00007 

70737 

0.18382 

87683 

0.00003 

11046 

0.26836 

34403 

0.00314 

75964 

0.30632 

65225 

0.00144 

70088 

0.34080 

75951 

0.00075 

53838 

0.44086 

64606 

0.01531 

21671 

0.47654 

00930 

0.00892 

69676 

0.50794 

05240 

0.00566 

04137 

0.61860 

40284 

0.04099 

51686 

0.64638 

93025 

0.02854 

78428 

0.67036 

34101 

0.02095 

92982 

0.78025 

35520 

0.06975 

00981 

0.79771 

66898 

0.05522 

48742 

0.81258 

84660 

0.04510 

49816 

0.90636 

25341 

0.07655 

65614 

0.91421 

99006 

0.06602 

18459 

0.92085 

64173 

0.05790 

76135 

0.98176 

99145 

0.04400 

85043 

0.98334 

38305 

0.03975 

43870 

0.98466 

74508 

0.03624 

78712 

8 

0.09900 

17577 

0.00010 

24601 

0.12637 

29744 

0.00002 

97092 

0.15315 

06616 

0.00001 

05316 

0.22124 

35074 

0.00148 

56841 

0.25552 

90521 

0.00059 

89500 

0.28726 

44039 

0.00027 

83586 

0.36912 

39000 

0.00785 

50738 

0.40364 

12989 

0.00407 

79241 

0.43462 

74067 

0.00233 

53415 

0.52854 

54312 

0.02363 

15807 

0.55831 

66758 

0.01490 

99334 

0.58451 

85666 

0.01004 

46144 

0.68399 

32484 

0.04745 

43798 

0.70600 

95429 

0.03471 

99507 

0.72512 

64097 

0.02648 

53011 

0.82028 

39497 

0.06736 

18394 

0.83367 

15420 

0.05491 

00973 

0.84518 

94879 

0.04588 

56532 

0.92409 

37129 

0.06618 

20353 

0.92999 

57161 

0.05800 

05653 

0.93504 

35075 

0.05153 

42238 

0.98529 

34401 

0.03592 

69468 

0.98646 

31979 

0.03275 

28699 

0.98746 

05085 

0.03009 

26424 
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ABSCISSAS  AND  WEIGHT  FACTORS  FOR  LAGUERRE  INTEGRATION  Table  25.9 

Jo S w'f(x^  J*g(x)dx~  .S  mexig(xi) 

% “ 1 


Abscissas =xt  (Zeros  of  Laguerre  Polynomials) 

%i  W{  Wi,eXi 

n= 2 

0.  58578  64376  27  (-1)8.  53553  390593  1.  53332  603312 

3.  41421  35623  73  (-1)1.  46446  609407  4.  45095  733505 


71=3 

0.41577  45567  83  (-1)7.11093  009929  1.07769  285927 

2.29428  03602  79  (-1)2.78517  733569  2.76214  296190 

6.28994  50829  37  (-2)1.  03892  565016  5.  60109  462543 


Weight  Factors =wi 

X{  W{  W{eXi 

71=9 

0.  15232  22277  32  (-  1)3.  36126  421798  0.  39143  11243  16 

0.  80722  00227  42  (-  1)4.11213  980424  0.92180  50285  29 

2.00513  51556  19  (-  1)1.99287  525371  1.48012  790994 

3.  78347  39733  31  (-  2)4.74605  627657  2.  08677  080755 

6.  20495  67778  77  (-  3)5.  59962  661079  2.  77292  138971 

9.  37298  52516  88  (-  4)3.  05249  767093  3.  59162  606809 

13.  46623  69110  92  (-  6)6.  59212  302608  4.64876  600214 

18.  83359  77889  92  (-  8)4.11076  933035  6.21227  541975 

26.  37407  18909  27  (-11)3.29087  403035  9.  36321  823771 


71=4 

0.  32254  76896  19  (-1)6.  03154  104342  0.  83273  91238  38 

1.  74576  11011  58  (-1)3.57418  692438  2.  04810  243845 

4.53662  02969  21  (-2)3.88879  085150  3.  63114  630582 

9.  39507  09123  01  (-4)5.  39294  705561  6.48714  508441 


71=5 

0. 26356  03197  18  (-1)5.  21755  610583  0.  67909  40422  08 

1.  41340  30591  07  (-1)3.98666  811083  1.  63848  787360 

3.  59642  57710  41  (-2)7.  59424  496817  2.76944  324237 

7.  08581  00058  59  (-3)3.  61175  867992  4.  31565  690092 

12.64080  08442  76  (-5)2.33699  723858  7.21918  635435 


71=10 

0.  13779  34705  40  (-  1)3.  08441  115765  0.35400  97386  07 

0.  72945  45495  03  (-  1)4.  01119  929155  0.  83190  23010  44 

1.80834  29017  40  (-  1)2.18068  287612  1.  33028  856175 

3.  40143  36978  55  (-  2)6.20874  560987  1.  86306  390311 

5.  55249  61400  64  (-  3)9.50151  697518  2.45025  555808 

8.  33015  27467  64  (-  4)7.53008  388588  3.12276  415514 

11.  84378  58379  00  (-  5)2.82592  334960  3.93415  269556 

16.27925  78313  78  (-  7)4.24931  398496  4.99241  487219 

21.  99658  58119  81  (-  9)1.83956  482398  6.  57220  248513 

29.92069  70122  74  (-13)9.91182  721961  9.78469  584037 


71=6 

0 22284  66041  79  (-1)4.58964  673950  0.57353  55074  23 

1 18893  21016  73  (-1)4.17000  830772  1.36925  259071 

2*  99273  63260  59  (-1)1.13373  382074  2.  26068  459338 

5!  77514  35691  05  (-2)1.  03991  974531  3.  35052  458236 

9.83746  74183  83  (-4)2.  61017  202815  4.88682  680021 

15.  98287  39806  02  (-7)8.  98547  906430  7.84901  594560 


0 19304  36765  60  (-1)4.09318  951701  0.49647  75975  40 

l'  02666  48953  39  (-1)4.21831  277862  1.17764  306086 

2  56787  67449  51  (-1  1.47126  348658  1.91824  978166 

4 90035  30845  26  (-2)2.06335  144687  2.77184  863623 

8 18215  34445  63  (-3)1.07401  014328  3.84124  912249 

12.  73418  02917  98  (-5)1.  58654  643486  5.  38067  820792 

19  39572  78622  63  (-8)3.17031  547900  8.40543  248683 


rc=8 

0 17027  96323  05  (-1)3.69188  589342  0.43772  34104  93 

0 90370  17767  99  (-1)4.18786  780814  1.03386  934767 

2!  25108  66298  66  (-1)1.  75794  986637  1.  66970  976566 

4.26670  01702  88  (-2)3.  33434  922612  2.  37692  470176 

7.  04590  54023  93  (-3)2.  79453  623523  3.  20854  091335 

10.  75851  60101  81  (-5)9.  07650  877336  4.26857  551083 

15.  74067  86412  78  (-7)8.  48574  671627  5.  81808  336867 

22.  86313  17368  89  (-9)1.  04800  117487  8.  9Q622  621529 


ra=12 

0.11572  21173  58  (-  1)2.64731  371055  0.29720  96360  44 

0.  61175  74845  15  (-  1)3.77759  275873  0.  69646  29804  31 

1.  51261  02697  76  (-  1)2.44082  011320  1.10778  139462 

2.83375  13377  44  (-  2)9.04492  222117  1.53846  423904 

4.  59922  76394  18  (-  2)2.  01023  811546  1.99832  760627 

6.  84452  54531  15  (-  3)2.  66397  354187  2.  50074  576910 

9.62131  68424  57  (-  4)2.03231  592663  3.  06532  151828 

13.  00605  49933  06  (-  6)8.  36505  585682  > 3.72328  911078 

17.  11685  51874  62  (-  7)1.66849  387654  4.  52981  402998 

22.15109  03793  97  (-  9)1.34239  103052  5.  59725  846184 

28.  48796  72509  84  (-12)3.  06160  163504  7.21299  546093 

37.  09912  10444  67  (-16)8.14807  746743  10.  54383  74619 


71  = 15 

0.  09330  78120  17  (-  1)2.18234  885940  0.23957  81703  11 

0.  49269  17403  02  (-  1)3.42210  177923  0.  56010  08427  93 

1.  21559  54120  71  (-  1)2.  63027  577942  0.  88700  82629  19 

2.26994  95262  04  (-  1)1.26425  818106  1.22366  440215 

3.  66762  27217  51  (-  2)4.  02068  649210  1.57444  872163 

5.  42533  66274  14  (-  3)8.56387  780361  1.94475  197653 

7.56591  62266  13  (-  3)1.21243  614721  2.34150  205664 

10.12022  85680  19  (-  4)1.11674  392344  2.77404  192683 

13.  13028  24821  76  (-  6)6.45992  676202  3.25564  334640 

16.  65440  77083  30  (-  7)2.22631  690710  3.  80631  171423 

20.  77647  88994  49  (-  9)4.22743  038498  4.  45847  775384 

25.62389  42267  29  (-11)3.92189  726704  5.27001  778443 

31.  40751  91697  54  (-13)1.45651  526407  6.  35956  346973 

38.  53068  33064  86  (-16)1.48302  705111  8.  03178  763212 

48.  02608  55726  86  (-20)1.  60059  490621  11.52777  21009 


Compiled  from  H.  E.  Salzer  and  R.  Zucker,  Table  of  the  zeros  and  weight  factors 
of  the  first  fifteen  Laguerre  polynomials,  Bull.  Amer.  Math.  Soc.  55,  1004-1012, 
1949  (with  permission) . 
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Table  25.10  ABSCISSAS  AND  WEIGHT  FACTORS  FOR  HERMITE  INTEGRATION 


f°°  e-z2f(x)dx~  s Wifixi) 

J— 00  1 = 1 


% 1 


Abscissas 


* 

-H 

0.  70710 

67811 

86548 

0.  00000 

00000 

00000 

1.22474 

48713 

91589 

0.  52464 

76232 

75290 

1.  65068 

01238 

85785 

0.  00000 

00000 

00000 

0.95857 

24646 

13819 

2.  02018 

28704 

56086 

0.  43607 

74119 

27617 

1.  33584 

90740 

13697 

2.35060 

49736 

74492 

0.  00000 

00000 

00000 

0.  81628 

78828 

58965 

1.67355 

16287 

67471 

2.65196 

13568 

35233 

0.  38118 

69902 

07322 

1.15719 

37124 

46780 

1.98165 

67566 

95843 

2.  93063 

74202 

57244 

0.  00000 

00000 

00000 

0.  72355 

10187 

52838 

1.  46855 

32892 

16668 

2.  26658 

05845 

31843 

3.19099 

32017 

81528 

(Zeros  of  Hermite 

W{ 

rc= 2 

(-1)8.86226  92545  28 

71=3 

( 0)1.18163  59006  04 
(-1)2.95408  97515  09 

71=4 

(-1)8.04914  09000  55 
(-2)8.13128  35447  25 

71=5 

(-1)9.45308  72048  29 
(-1)3.93619  32315  22 
(-2)1.99532  42059  05 

71=6 

(-1)7.24629  59522  44 
(-1)1.57067  32032  29 
(-3)4.53000  99055  09 

71=7 

(-1)8.10264  61755  68 
(-1)4.25607  25261  01 
(-2)5.45155  82819  13 
(-4)9.71781  24509  95 

71=8 

(-1)6.61147  01255  82 
(-1)2.07802  32581  49 
(-2)1.70779  83007  41 
(-4)1.99604  07221  14 

71=9 

1-1)7.20235  21560  61 
-1)4.  32651  55900  26 
-2)8.84745  27394  38 
-3)4.94362  42755  37 
-5)3.96069  77263  26 


Polynomials) 

Wi&i 


1.46114  11826  611 


1.18163  59006  037 
1.32393  11752  136 


1.05996  44828  950 
1.24022  58176  958 


0.94530  87204  829 
0.98658  09967  514 
1.18148  86255  360 


0.87640  13344  362 
0.93558  05576  312 
1.13690  83326  745 


0.81026  46175  568 
0.82868  73032  836 
0.89718  46002  252 
1.10133  07296  103 


0.76454  41286  517 
0.79289  00483  864 
0.86675  26065  634 
1.07193  01442  480 


0.72023  52156  061 
0.73030  24527  451 
0.76460  81250  946 
0.84175  27014  787 
1.04700  35809  767 


±X{ 


0.  34290 

13272 

23705 

1. 03661 

08297 

89514 

1.75668 

36492 

99882 

2.53273 

16742 

32790 

3.  43615 

91188 

37738 

0.  31424 

03762 

54359 

0.  94778 

83912 

40164 

1. 59768 

26351 

52605 

2.27950 

70805 

01060 

3.  02063 

70251 

20890 

3.  88972 

48978 

69782 

0.  27348  ld461 

3815 

0.  82295 

14491 

4466 

1.38025 

85391 

9888 

1.95178 

79909 

1625 

2.  54620 

21578 

4748 

3. 17699 

91619 

7996 

3.  86944 

79048 

6012 

4.  68873 

89393 

0582 

0.  24534 

07083 

009 

0.  73747 

37285 

454 

1.  23407 

62153 

953 

1.73853 

77121 

166 

2.25497 

40020 

893 

2.78880 

60584 

281 

3.  34785 

45673 

832 

3.  94476 

40401 

156 

4.  60368 

24495 

507 

5.  38748 

08900 

112 

Weight  Factors 

Wi 

n= 10 

I-  1)6.10862  63373  53 
- 1)2.40138  61108  23 
- 2)3.38743  94455  48 
- 3)1.34364  57467  81 
- 6)7.64043  28552  33 


71  = 12 

1-  1)5.  70135  23626  25 
- 1)2.  60492  31026  42 
- 2)5.16079  85615  88 
- 3)3.90539  05846  29 
- 5)8.  57368  70435  88 
- 7)2.65855  16843  56 


71  = 16 

I-  1)5.  07929  47901  66 
- 1)2.80647  45852  85 
- 2)8.38100  41398  99 
- 2)1.  28803  11535  51 
- 4)9.32284  00862  42 
- 5)2.71186  00925  38 
- 7)2.32098  08448  65 
-10)2.65480  74740  11 

71=20 

I-  1)4.62243  66960  06 
- 1)2.86675  50536  28 
- 1)1.09017  20602  00 
- 2)2.48105  20887  46 
- 3)3.24377  33422  38 
- 4)2.28338  63601  63 
- 6)7.  80255  64785  32 
- 7)1.08606  93707  69 
-10)4.39934  09922  73 
-13)2.22939  36455  34 


0.68708  18539  513 
0.70329  63231  049 
0.74144  19319  436 
0.82066  61264  048 
1.02545  16913  657 


0.62930  78743  695 
0.63962  12320  203 
0.66266  27732  669 
0.70522  03661  122 
0.78664  39394  633 
0.98969  90470  923 


0.54737  52050  378 
0.55244  19573  675 
0.56321  78290  882 
0.58124  72754  009 
0.60973  69582  560 
0.65575  56728  761 
0.73824  56222  777 
0.93687  44928  841 


0.49092  15006  667 
0.49384  33852  721 
0.49992  08713  363 
0.  50967  90271  175 
0.52408  03509  486 
0.  54485  17423  644 
0.57526  24428  525 
0.62227  86961  914 
0.70433  29611  769 
0.89859  19614  532 


Compiled  from  H.  E.  Salzer,  R.  Zucker,  and  R.  Capuano,  Table  of  the  zeros 
and  weight  factors  of  the  first  twenty  Hermite  polynomials,  J.  Research  NBS 
48, 111-116, 1952,  RP2294  (with  permission). 


Table  25.11  COEFFICIENTS  FOR  FILON’S  QUADRATURE  FORMULA 


9 

a 

0 

7 

0.  00 

0.  00000 

000 

0.  66666 

667 

1.33333 

333 

0.  01 

0.  00000 

004 

0.  66668 

000 

1. 33332 

000 

0.  02 

0.00000 

036 

0.  66671 

999 

1. 33328 

000 

0.03 

0.  00000 

120 

0.  66678 

664 

1.  33321 

334 

0.  04 

0.  00000 

284 

0.  66687 

990 

1.  33312 

001 

0.  05 

0.  00000 

555 

0.  66699 

976 

1.  33300 

003 

0.06 

0.  00000 

961 

0.  66714 

617 

1.  33285 

340 

0.07 

0.00001 

524 

0.  66731 

909 

1.  33268 

012 

0.08 

0.  00002 

274 

0. 66751 

844 

1.33248 

020 

0.  09 

0.  00003 

237 

0.  66774 

417 

1.  33225 

365 

0.1 

0.  00004 

438 

0.  66799 

619 

1.  33200 

048 

0.2 

0.  00035 

354 

0.  67193 

927 

1.  32800 

761 

0.3 

0.  00118 

467 

0.  67836 

065 

1.  32137 

184 

0.4 

0.  00278 

012 

0.  68703 

909 

1.  31212 

154 

0.5 

0.00536 

042 

0.  69767 

347 

1.30029 

624 

0.6 

0.  00911 

797 

0.  70989 

111 

1.28594 

638 

0.7 

0.  01421 

151 

0.  72325 

813 

1.  26913 

302 

0.8 

0.  02076 

156 

0.  73729 

136 

1. 24992 

752 

0.9 

0.  02884 

683 

0.  75147 

168 

1.  22841 

118 

1.0 

0.  03850 

188 

0.  76525 

831 

1.  20467 

472 

See  25.4.47. 
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26.  Probability  Functions 

Mathematical  Properties 3 


26.1.  Probability  Functions:  Definitions  and 

Properties 

Univariate  Cumulative  Distribution  Functions 

A real-valued  function  F(x)  is  termed  a (uni- 
variate) cumulative  distribution  function  (c.d.f.) 
or  simply  distribution  function  if 

i)  F(x)  is  non-decreasing,  i.e.,  F(xi)<F(x2)  for 

Xi  <x2 

ii)  F(x)  is  everywhere  continuous  from  the 

right,  i.e.,  .F(x)=lim  F(x+c) 

e— >0+ 

iii)  JF(-«)=0,  F(»)  = l. 

The  function  Fix)  signifies  the  probability  of 
the  event  “X<x”  where  X is  a random  variable, 
i.e.,  Pr{X<x)  =F(x),  and  thus  describes  the 
c.d.f.  of  X.  The  two  principal  types  of  distribu- 
tion functions  are  termed  discrete  and  continuous . 

Discrete  Distributions:  Discrete  distributions  are 
characterized  by  the  random  variable  X taking 
on  an  enumerable  number  of  values  . . .,  x~x, 
Xo,  xly  . . . with  point  probabilities 

pn=Pr{X=xn}  >0 

which  need  only  be  subject  to  the  restriction 

S2V=1- 

n 

The  corresponding  distribution  function  can 
then  be  written 

26.1.1  F(x)=Pr{X<x}  = S Pn 

Xn<X 

3 Comment  on  notation  and  conventions . 

a.  We  follow  the  customary  convention  of  denoting  a 
random  variable  by  a capital  letter,  i.e.,  X,  and  using  the 
corresponding  lower  case  letter,  i.e.,  x , for  a particular 
value  that  the  random  variable  assumes. 

b.  For  statistical  applications  it  is  often  convenient  to 
have  tabulated  the  “upper  tail  area,”  1 — F{x),  or  the 

c.d.f.  for  \X\,  F(x)  — F(—x),  instead  of  simply  the  c.d.f. 
F(x).  We  use  the  notation  P to  indicate  the  c.d.f.  of 
X,  Q=l  — P to  indicate  the  “upper  tail  area”  and  A — 
P—Q  to  denote  the  c.d.f.  of  \X\.  In  particular  we  use 
P(x),  QM»  and  A(x)  to  denote  the  corresponding  functions 
for  the  normal  or  Gaussian  probability  function,  see 
26.2.2-26.2.4.  When  these  distributions  depend  on  other 
parameters,  say  0i  and  02,  we  indicate  this  by  writing 
P(x |0i,  02),  O(x|0i,  02),  or  A(x\0u  02).  For  example  the  chi- 
square  distribution  26.4  depends  on  the  parameter  v and 
the  tabulated  function  is  w ritten  0(x2M- 


where  the  summation  is  over  all  values  of  x for 
which  xn<x . The  set  {xn}  of  values  for  which 
pn> 0 is  termed  the  domain  of  the  random  variable 
X.  A discrete  distribution  of  a random  variable 
is  called  a lattice  distribution  if  there  exist  numbers 
a and  6^0  such  that  every  possible  value  of  X 
can  be  represented  in  the  form  a+bn  where  n 
takes  on  only  integral  values.  A summary  of 
some  properties  of  certain  discrete  distributions 
is  presented  in  26.1.19-26.1.24. 

Continuous  Distributions.  Continuous  distri- 
butions are  characterized  by  F(x)  being  absolutely 
continuous.  Hence  F(x)  possesses  a derivative 
F'(x)=f(x)  and  the  c.d.f.  can  be  written 

26.1.2  F{x)=Pr{X<x)  = f f(t)dt. 

t/  — 00 

The  derivative  fix)  is  termed  the  probability 
density  junction  (p.d.f.)  or  frequency  function,  and 
the  values  of  x for  which  f(x)^> 0 make  up  the 
domain  of  the  random  variable  X.  A summary 
of  some  properties  of  certain  selected  continuous 
distributions  is  presented  in  26.1.25-26.1.34. 

Multivariate  Probability  Functions 

The  real- valued  function  F(x u x2,  . . . xn) 
defines  an  n- variate  cumulative  distribution  func- 
tion if 

i)  F(x i,  x2,  . . . xn)  is  a non-decreasing  func- 

tion for  each  xt 

ii)  F(x i,  x2,  . . . x^  is  continuous  from  the 

right  in  each  xf;  i.e.,  Fixx,  x2,  . . . xn) 

=lim  Fixi,  . . .,  Xi+c,  . . .,  xn) 

€->0+ 

iii)  Fix i,  x2,  . . . £n)=0  when  any  xt=—co; 

Fi  OO  , 00  , . . co)  = l. 

iv)  Fixu  x2,  . . .,  xn)  assigns  nonnegative  prob- 

ability to  the  event  Xi<^Xi<Xi+hl9 
X2<^X2<X2  + k2,  . • .,  Xn.^^.  X.n.  ^ Xn.  1 hn  for 

all  Xi,  x2,  . . .,  xn  and  all  nonnegative 
An  h2,  . . .,  hn , e.g.,  for  n= 2,  Fixi+hu 
x2~\~h2)  — Fix  i,  x2-\-h2)  — Fix\-\-h\,  #2)  "t~ 

Fix  1,  £2)^0  and  in  general  for  Xi<^Xi< 
Xi+hi  (i=  1,  2,  . . .,  n),  the  &th  order 
difference  A*F(£i,  x2,  . . .,  xn)^>0  for 
A=l,  2,  . . .,  n. 


♦See  page  ii. 
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The  joint  probability  of  the  event  Xi<xlf  vectors  (xlf  x2,  . . xn)  and  continuous  distribu- 

X2<x2)  . . Xn<xn  is  F(x i,  x2l  . . . xn ).  Analo-  tions  are  characterized  by  absolute  continuity  of 

gous  to  the  one-dimensional  case,  discrete  distribu-  F(xu  x2 , . . xn ). 

tions  assign  all  probability  to  an  enumerable  set  of 


Characteristics  of  distribution  functions:  Moments , characteristic  functions , cumulants 


Continuous  distributions 

Discrete  distributions 

26.1.3 

nth  moment  about  origin 

i 

j 

*;p. 

8 

26.1.4 

mean 

J*  xf(x)dx 

X*P* 

8 

26.1.5 

variance 

(x— m)*f{x)dx 

8 

26.1.6 

nth  central  moment 

(x-ro)»/(z)dr 

8 

26.1.7 

expected  value  operator  for 
the  function  gix) 

Bto(X)l“J  t(x)f(x)dx 

8 

26.1.8 

characteristic  function  of  X 

0(0  - E(e"X)  = J * e»*f(x)dx 

<j>it)=E(eitx)=*'5^l 

8 

26.1.9 

characteristic  function  of 
0(X) 

0f(O=#(e,''«<x>)=J*a>  f(x)dx 

0,(0 = l?(e»<*<x) ) = «“,(x*)  P. 

8 

26.1.10 

inversion  formula 

fix) J*  e~itx<t>it)dt 

b r »/& 

P--«-  «-«*»0(O<« 

Gattice  distributions  only) 

Relation  of  the  Characteristic  Function  to  Moments 

About  the  Origin 


26.1.11 


= iVn 


t-0 


26.1.12 


Cumulant  Function 

n»  0 n\ 


Kn  is  called  the  nth  cumulant. 

26.1.13  Ki  = m,  K2=a2,  K3=M3,  ^4=M4””3M2 


Coefficients  of  Skewness  and  Excess 


26.1.15 


(skewness) 


26.1.16 


72= 


*4___M4 
*2  O’4 


3 


(excess) 


Occasionally  coefficients  of  skewness  and  excess 
(or  kurtosis)  are  given  by 


26.1.17 


(skewness) 


Relation  of  Central  Moments  to  Moments  About  the 

Origin 

26.1.14  ,\n  ll  n-l 

M»=S(  - ) (— l)n 

j=0  \]/ 


26.1.18 


02=72+3=^1 

<r 

(excess  or  kurtosis) 


Some  one-dimensional  discrete  distribution  functions 


PROBABILITY  FUNCTIONS 


929 


930 


PROBABILITY 


VO 

C4 


vO 

M 


PROBABILITY  FUNCTIONS 


931 


Inequalities  for  distribution  functions 

(F(x)  denotes  the  c.d.f.  of  the  random  variable  X and  t denotes  a positive  constant;  further  m is  always  assumed  to  be  finite  and  all  expectations  are  assumed  to  exist.) 


Inequality 


Conditions 


Pr\g(X)  >t}<E[g(X)]lt 
Pr[X>t]  <m\t 
F(t)>  1-j 
Pr{ \X—m\  >ta}  <1/^ 
F(m+ta)  — F(m— to)  >1  — ~ 

rn\>G}<± 


26.1.39 

Pr{  |.Y— m|  ><irl  <|' 

fi+(*zaY 

F(m+ta)  — F(m— to)  >1  — ^ * 

26.1.40  Pr\  \X—m\  >ta } <4/9 12 
F(m+t*)  — F{m— t<r)  >1—^ 

26.1.41  Pr\  \X—m\  >t<r  \ < 
F(m+U,)-F(m-t,)> 


A_  m—x o 


26.1.35 

26.1.36 

26.1.37 

26.1.38 

Prl  \X- 


(i)  9(X)>  0 

(i)  Pr\ X<0)  =0 

(ii)  E(X)—m 


(i)  E(X)  = m * 

(ii)  E(X-mY  = <fi 


(i)  B(X0=au 

(ii)  E(Xi-m^=af 

(iii)  £([X.-m<][X,-m,])=0(tVj) 


(iv) 


(i)  EtX-mp^o* 

(ii)  F(x)  is  a continuous  c.d.f. 

(iii)  F(x ) is  unimodal  at  rco6 


(i)  E(X—m)2=<r7 

(ii)  F(x)  is  a continuous  c.d.f. 

(iii)  F(x)  is  unimodal  at  x06 

(iv)  m=x o 

(i)  E(X—m)2=a2 

(ii)  E{X-mY=m 


8 jo  is  such  that  F'(xfi>F'(x)  for  j?^jo. 

26.2.  Normal  or  Gaussian  Probability  Function 


26.2.1 

Z(x)=-jL  e-*212 

V2 7T 

26.2.2 

P(x)=-±=  F e~t2l2dt=  1 

V27T  •/  — oo  t) 

r z(t)dt 
— 00 

26.2.3 

r*  oo 

Z{t)dt 

X 

26.2.4 

Z(t)dt 

—X 

26.2.5 

P(x)+Q(x)= 1 

26.2.6 

P(—x)  = Q(x) 

26.2.7 

A(x)=2P(x)—l 

Probability  Integral  with  Mean  m and  Variance  cr2 

A random  variable  X is  said  to  be  normally 
distributed  with  mean  m and  variance  o 2 if  the 
probability  that  X is  less  than  or  equal  to  x is 
given  by 


26.2.8 

Pr{X<x } 


(i t-m )» 

e 2 a*  dt 


f-'" e-^it-P  (*=*} 


The  corresponding  probability  density  function 
is 


26.2.9 

(j-ro)2 

A p (x—m\_\  2,  ( x~m\—  1 e 2^~ 

da:  \ <r  ) a \ a ) a^2w 

and  is  symmetric  around  m,  i.e. 

z/r^\z(!n^xy 

The  inflexion  points  of  the  probability  density 
function  are  at  m±<r. 
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26.2.10 


Power  Series  (x  >0) 

P(x\ Aj L.  y-'  (~l)tta;ii”+1 

nX)  & «!2”(2n+l) 


26.2.11 


1 


oo 


X 


2n+l 


P(x)  -2+Z(x)  Sol.3.5...  (2m+ 1) 


Asymptotic  Expansions  (*>#) 


26.2.12 

I 


pw-^{i-i+y+... 

+<-1)*1'3,=.  "(2*~1)} +«■ 


where 


»=(— l)n+1l- 3 . . . (2tt+l)J^ 


co 


m 

^2»+2 


<£< 


which  is  less  in  absolute  value  than  the  first 


neglected  term. 


26.2.13 


Polynomial  and  Rational  Approximations 7 for  P(x) 

and  Z(x) 


0<Z<  oo 


26.2.16 


P(x) = 1 —Z(x)  (ait+a2t2+a3t3) +«(*),  t= 


1 


l+px 


«(a;)l<lX10-s 

£>=.33267  a, =.43618  36 

02=— .12016  76 
03=. 93729  80 


26.2.17 


P (x) — 1 Z(x)  b2t2-\-  b3t3  54t4-|-  bit*) +e(a:) , 


1 -\-px 

|«(x)  I <7.5X10-® 

£>=.23164  19 

6i=  .31938  1530  64=- 1.82125  5978 

b2*=  -.35656  3782  bs=  1.33027  4429 

63=  1.78147  7937 

26.2.18 


Q(z) 


z(x)  r 


1 


Oi 


+ 


©2 


x \ x2+2  ' (x2+2)  (x2+4) 

a3 


+ 


(x2+2)(x2+4)(x2+6) 


} 


where  ai=l,  a2=l,  a3=5,  a4= 9,  a5=129  and  the 
general  term  is 


• 3 . . . (2 7i — l)+2cil  • 3 . . . (2u — 3) 

+22c2l  • 3 . . . (2 n-5)+  . . . +2n~1cn-1 

and  cs  is  the  coefficient  of  tn~8  in  the  expansion  of 
t{t  — 1)  . . . (Z-7&+1). 


Continued  Fraction  Expansions 

26.2.14 

(aj>0) 

26.2.15 


x x2  2x?  3 x?  4s2 
-3+ 5- 7+ 9- 


(x>0) 


P{x) = 1 — i (1  +cix+c2*2+c3x3+c4x4)  _4+«  (x) 

|e(x)|<2.5X10-4 
Ci =.196854  c3=. 000344 

c2=. 115194  c4=. 019527 

26.2.19 

P(x)= 1— i (l-\-diX-\-d&?-\-dz7? 

|e(x)|<1.5X10-7 

d, = .04986  73470  d4=  .00003  80036 

<£,=.02114  10061  dB=  .00004  88906 

d3= .00327  76263  <£,=  .00000  53830 

26.2.20  Z(x)  = (©o + a2x2 + aixi + a6x6)  ~ 1 + e (x) 

|«(x)|<2.7X10-3 
©o=2 .490895  a4 = — .024393 

©2=1.466003  a6=  .178257 

7 Based  on  approximations  in  C.  Hastings,  Jr.,  Approxi- 
mations for  digital  computers.  Princeton  Univ.  Press, 
Princeton,  N.J.,  1955  (with  permission) . 
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26.2.21 

7(x)  = (b0 + b2x2 + btx* + &6x6 + &8x8 + 6io*10) _1 + t (*) 

|e(*)|<2.3X10-4 

60=2.50523  67  66=  .13064  69 

62=  1 28312  04  68= — .02024  90 

64=  .22647  18  510=  .00391  32 

Rational  Approximations  7 for  xv  where  Q(xv)=p 

0<p<.5 

26.2.22 


Xj,~l  l+bj+ht2 


f«(p),  t 


-V'v 


|e(p)|<3X10-3 

o0=2.30753  6, =.99229 

ax=  .27061  62= -04481 


26.2.23 


C3~\rCit-\-C2t‘ 


Mp),  * 


“V'v 


1 ~\~d\  t -\-d2t2  -\~d3t^ 

|e(^)|<4.6X10-4 

c0=2.515517  <Zi= 1.432788 

Ci=  .802853  d2=  .189269 

c2=  .010328  d3=  .001308 


Bounds  Useful  as  Approximations  to  the  Normal 

Distribution  Function 

26.2.24 


-Pi(a:)=^+^(1— e-^2/r)i  (*>0) 


P(x)  < ^ 


P2(x)  = 1 


(4+a^)l— x 


(2tt) -ie~*12 


(*>1.4) 


26.2.25 


P(x)  > < 


-P3(a:)=|+|^l— e-&2/»— x^-*2^ 

(*>0) 

P4(*)  = l — — (2w)-k-^  (*>2.2) 


See  Figure  26.1  for  error  curves. 


Figure  26.1.  Error  curves  for  bounds  on  normal 

distribution. 


Derivatives  of  the  Normal  Probability  Density  Function 


26.2.26 


z<m>(x)=5z(x) 


Differential  Equation 

26.2.27  Z(’B+2)  (*)  +xZ<m+1)  (x)  + (m + 1 )Z(m)  (*) =0 

Value  at  x=0 

26.2.28 


(— l)m/2m! 


z«(0)-  \ ^mi2(^y 


for  m—2r,  r—0}  1,  . . . 


0 


for  odd  0 
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Relation  of  P(x)  and  Z( "»)(*)  to  Other  Functions 

F unction  Relation 


26.2.29 

Error  function 

erf  x=2P{x^2)—l 

(*>0) 

26.2.30 

Incomplete  gamma  function  (special  case) 

y(l>*) 

(a:>0) 

26.2.31 

Hermite  polynomial 

HeM-i  «-ZZ(<f 

26.2.32 

a 

26.2.33 

Hh  function 

Hh-n  (x)  = (- 1 ) *- 1 i/2wZ{n~  » (*) 

(7l>0) 

26.2.34 

u 

«.(.)-<  » <.  («g) 

(»>0) 

26.2.35 

Tetrachoric  function 

Tn(x)  = { )L  Z(n~l)(x) 

26.2.36 

Confluent  hypergeometric  function  (special 
case) 

(*>0) 

26.2.37 

u 

M(1,2>  2)  xZ(x)  {P(a:)  2 } 

(*>0) 

26.2.38 

it 

1 x*\  Z(2m>(x) 

M\  2 ’ 2 ’ 2/  Z(2m)( 0) 

(*>0) 

26.2.39 

u 

,//2m+2  3 A 

M\  2 ’ 2‘  2)  xZ(2m)  (0) 

(x>0) 

26.2.40 

Parabolic  cylinder  function 

(»>0) 

Repeated  Integrals  of  the  Normal  Probability  Integral 


26.2.41  In(x)= J In-i(t)dt  (n>  0) 

where  I -x{x)=Z(x) 

26.2.42 

/_B(x)  Z{x)  = (— l)B-1Z(B_1)(x) 

2 (»>—  1) 

“-2-13 

26.2.44 

(n+ 1)/B+,  (a;)  +xln(x)  —/„_,(*) =0  (»>— 1) 


♦See  page  u. 
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26.2.45 
I 


(»>— 1) 

* (n  even) 


26.2.46 


/n(0)=/-n(0) 


(I>- 


Asymptotic  Expansions  of  an  Arbitrary  Probability 
Density  Function  and  Distribution  Function 

LetFf(i=l,2,  . . n)  ben 

independent  random  variables  with  mean  mi} 
variance  <r?,  and  higher  cumulants  kt,  *.  Then 
asymptotic  expansions  with  respect  to  n for  the 
probability  density  and  cumulative  distribution 
function  of 

m 

X =-‘-1 


(m 

s*0 


are 


26.2.47 


/(*)  ~Z(x)  Zl3)  (x)]+[||  Z<«  (*)  +||  Z<8>  (*)] 

Zm  (x)l 


_r^ 


Ll26^<*)+lS^  <*>+!& 


+[^  Z<8>  (X)  Z<8)  (*) +££  Z(8)  (x) 


72 


7i73 


1152 


720 


^z“w+3nkz<,’’«]+-- 


26*2*48 


F(x)  ~P(x) -[§  Z<2)  (x)]+[||  Z<3>  (x)  +||  Z<«  (*)’ 


0 


-I  ilj  *”(*>+&' U96 


7i72 


3 


7i 


72 
Z<8)  (x)"| 


J 


+[f|Z»>W+T3|5Z<’>(*)+^Z».(i«> 


Hfe  z"’<*>+§nk  *”'<*>>  • • • 


where 


7 r— 2: 


1 (&*•) 


£_i  /I  » V/2 

»’  (is*) 


Terms  in  brackets  are  terms  of  the  same  order 
with  respect  to  n.  When  the  Y * have  the  same 
distribution,  then  m*=m,  <r<=<r2,  Kr>i=Kr  and 


7r 


--J*  (?) 


Asymptotic  Expansion  for  the  Inverse  Function  of  an 
Arbitrary  Distribution  Function 

Let  the  cumulative  distribution  function  of 
F<  be  denoted  by  F(y) . Then  the  (Cornish- 

i=  1 

Fisher)  asymptotic  expansion  with  respect  to  n for 
the  value  of  yv  such  that  F(yp)  = 1 —p  is 

26*2*49  yp^m+aw 

where 

w=x+[y  ihi(x)] 

+ [72^2  (x)  +7i^n  (x)  ] 

+[73^3(2;)  +7i72Mz)  +7iW*)] 

+[yJh(x)  +72^22(2:)  +7173^13  (^)  +7i72An2(a;) 

+71^1111  (x)  ]+  . ^ . 

and 

Q(x)=p,  7r— 2:=  r/2;  7*  =3,  4,  . . . 

k2 

26.2.50 

hi(x)=^  Hes(x) 
h2(x)=^He  3(x) 
hu(x)=— Jg  [2He3(x)+Hei(x)] 

A3(a:)=i^Q  [He^ix)] 
hu(x)=— ^ [Hei(x)+He 2(x)] 

Ain(®)=224  6i{x) 19^62(3-)] 

hi(x)=^He6(x) 

M*) [3 Hetix) +Met(x)  +2 Hel(x)] 

hi3(x)=— y|q  [2Hef(x)+ZHet(x)] 

Am(z)=2gg  [HH  e s(x)  -\~Z7  H e3(x)  -{-8H  ei(x)] 

Aull(x)=-^  [252Heb(x)+8Z2He3(x) 

+227He1(x)] 

Terms  in  brackets  in  26*2*49  are  terms  of  the 
same  order  with  respect  to  n.  The  Hen(x)  are  the 
Hermite  polynomials.  (See  chapter  22.) 
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26.2.51 


[f] 


(-D 


nen(x)  ( i)  Z(x)  n.  ^ 2”m!(n-2m)! 


x 


n—2m 


In  the  following  auxiliary  table,  the  polynomial  functions  hx{x)}  h2(x)  . . . Alln(z)  are  tabulated  for 

p=. 25,  .1,  .05,  .025,  .01,  .005,  .0025,  .001,  .0005. 

Auxiliary  coefficients9  for  use  with  Cornish -Fisher  asymptotic  expansion . 26.2.49 


p 


.25 

.10 

.05 

.025 

.01 

.005 

.0025 

.001 

.0005 

X 

.67449 

1. 28155 

1. 64485 

1.95996 

2. 32635 

2.57583 

2. 80703 

3.09022 

3. 29053 

hi(r) 

-.09084 

. 10706 

.28426 

.47358 

.73532 

.93915 

1. 14657 

1.42491 

1. 63793 

h2(ar) 

-.07153 

-.07249 

-.02018 

.06872 

.23379 

.39012 

. 57070 

.84331 

1.07320 

bn  Or) 

.07663 

.06106 

-.01878 

-.  14607 

-.  37634 

-. 59171 

-.83890 

-1. 21025 

-1.52234 

h3(x) 

.00398 

-.03464 

-.04928 

-.04410 

-.00152 

.06010 

. 14841 

.30746 

.46059 

hi2(a:) 

.00282 

.14644 

.17532 

. 10210 

-.  17621 

-.53531 

-1.02868 

-1.89355 

-2. 71243 

hm(j) 

-.01428 

-.  11629 

-.11900 

-.02937 

. 25195 

. 59757 

1.06301 

1.86787 

2. 62337 

h<(r) 

.00998 

.00227 

-.01082 

-.02357 

-.03176 

-.02621 

-.00666 

.04591 

.10950 

hjj(x) 

-.03285 

.00776 

.05985 

.09659 

.07888 

-.01226 

-. 19116 

-.59060 

-1.03555 

buCr) 

-.05126 

.01086 

.09462 

.16106 

.16058 

.05366 

-.  17498 

-.70464 

-1. 30531 

hmfr) 

.14764 

-.  10858 

-.  39517 

-.55856 

-.32621 

.35696 

1. 60445 

4.29304 

7.23307 

him(T) 

-.06898 

.09585 

.25623 

. 31624 

.07286 

-.  46534 

-1. 39199 

-3.32708 

-5. 40702 

• From  R.  A.  Fisher.  Contributions  to  mathematical  statistics.  Paper  30  (with  E.  A.  Cornish)  Extrait  de  la  Revue  de 
1’ Institute  International  de  Statistique  4. 1-14  (1937)  (with  permission). 


26.3.  Bivariate  Normal  Probability  Function 

26.3.1 

g{x,y,  p)=[2tt  Vl  — p2]-1  exP— \ (X  ) 

26.3.2  g(x,  y,  p)  = (1  - p2)  -» Z(x)Z  (^=) 

26.3.3 

POO  /»  00 

L(h,  k,  p)=  I dx\  g(x,  y,  p)dy 

« J h */  k 

—J  Z(x)dx  J Z(w)dw,  W~(^\==^^ 

26.3.4  L(—h,  —k,  p)=  f dx  f g(x,y,  p)di/ 

«/  — 00  l/  - 00 

dx  I y,  p)dy 

- 00  A/  k 


26.3.6  L(h,—k,—p) 


-I  */. 


g{x,y,p)dy 


oo 


26.3.7  L(h,k,p)=-L(k,h,p) 

26.3.8  L(—h,k,p)+L(h,k,—p)=Q(k) 

26.3.9  L(-A,  -fc,  p)—L(h,  k,  p)=P(k)-Q(h) 

26.3.10 

2[Z(A,  *,  P)+Z(A,  A,  -p)+P(A)-Q(fc)]-l 

= 1 dx  p(x,  ?/,  p)dy 

*/  -A  t/  -ft 

Probability  Function  With  Means  mx,  mv9  Variances 

<Tx9  and  Correlation  p 

The  random  variables  X , F are  said  to  be  dis- 
tributed as  a bivariate  Normal  distribution  with 


means  and  variances  (mx,  rny)  and  (erj,  v2y)  and 
correlation  p if  the  joint  probability  that  X is 
less  than  or  equal  to  h and  F less  than  or  equal  to 
k is  given  by 


26.3.11 


h—m s k— TO, 


Pr{X<h,Y<k}=—  f '*  f"  g(s,  t,  p)ds  dt 

Ox°V  a)  —co  a)  — co 


The  probability  density  function  is 


26.3.12 

1 —Q  1 (x—mx  y—mv 

===  exp  ■■■■-.;= — g ( > ->  P 

2tcoxov-tJ\  — p2  2(1  p ) ffzffi/  \ <rx  <Jy 

where 

^ (x— m«)2  2 p(x—mx)(y—mv)  . (y— ro„)2 
^ <4  <r*<r„ 


Circular  Normal  Probability  Density  Function 


) 


26.3.13 


M 


x—mx  y—m 


v-,  o)= 


1 (x—  mx)2+(y—  my)2 

_exp ^ 


♦See  page  n. 
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26.3.14 


Special  Values  of  L(h,  k,  p) 

L(h,k,0)=Q(h)Q(k) 


26.3.15  L(h,k,~  1)=0  (h+k>0) 

26.3.16  L(h,k,-l)=P(h)-Q(k)  (h+k<0) 

26.3.17  L(h,k,l)=Q(h)  ( k<h ) 

26.3.18  L(h,k,l)=Q(k ) ( k>h ) 


26.3.19 


XfO.O.ri-i+SS™-' 


L(h,  it,  p)  as  a Function  of  L(h,  0,  p) 


26.3.20 


L(h,  k,  P)=L  ( h,  0,  y ^)(sfD 
’ \ Tjh2-2Phk+k2J 

j .T{b  n (nk-h)(.agak)\ 

+ \ ’ ’y/¥=2phkW) 


* q if  M>0  or  A,&= 

— h andil+fc>0 

I otherwise 

where  sgn  h=  1 if  h>0  and  sgn  h=  — 1 if 


■BIHEMiB 

RHHOI 


5 


5 .30  .35  .40  .45  .50  .55  .60  .65  .70  .75  .80  .85  .90  .95  I. 

Figure  26.2.  L(h , 0,  p)  /or  and  — l<p<0. 

Values  for  A<0  can  be  obtained  using  L(h,  0,  — p) —-J- — X»( — /i,  0,  p). 
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Figure  26.3.  L(h,  0,  p)  for  0<h<l  and  0<p<l. 

Values  for  h< 0 can  be  obtained  using  L(h,  0,  -p)=^-L(-h,  0,  p). 
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Figure  26.4.  L(hf  0,  p)  for  &>1  and  — 1 <p<1. 

Values  for  h< 0 can  be  obtained  using  L(h,  0,  —p)=^—L(—h,  0,  p.) 
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Integral  Over  an  Ellipse  With  Center  at  (mx,  nt„) 


26.3.21 


JJa  ^x<T^  'g  ( 


x—mx  y—mv 

y 

O'* 


; dxdy—l  — 


-«2 


a6!  2 


where  A is  the  area  enclosed  by  the  ellipse 
x— mx\2  2 p(x—  mx)  (y—  my) 


c-=t) 


ffX<Jy 


+(Z=py  -«■(!- p>) 


26.3.22 


Integral  Over  an  Arbitrary  Region 


II  (' 

J J A(x,y)  \ 


x—mx  y—m 


-j  p^dxdy 

= I I g(sy  t , o)dsdt 

J JA*(S,  t ) 


where  0 is  the  transformed  region  obtained 
from  the  transformation 


1 (x—mx  , y-jn, 

(Tv 


s= I .-+a_JLA 

\ <TX  <Ty  / 


V2+2p  V 


— 1 (x—mx  y— 


=— r 

V2-2p  V 


2/  / 


Integral  of  the  Circular  Normal  Probability  Function 
With  Parameters  m,=  m#=0,  cr—1  Over  the  Triangle 
Bounded  by  y=0,  y=ax , x=h 

26.3.23 

i (*ax 

V(A,aA)=^;J  J e~^+^dxdy 


Approximation  to  P(R2|2,  r2) 

26.3.25 


A pproximaiion 

Condition 

2 R2  2 r2 

4+122  6xp  4 +R2 

R<1 

26.3.26 

P(x j) 

R>  1 

26.3.27 

P(x2) 

R>  5 

~2  2+2r2l* 
_9  (2 +r2)2_ 


x2=R—t/r2—l  R,  r both  large  * 

Inequality 

26.3.28 

m~i=k  Z(k)  [_Q  0=)]<^,  P)<Q(h) 

where 

ph — AC>0,  0<p<l. 


26.3.29 


Series  Expansion 


L(h,  k,  p)  = Q(h) Q(k)  +±  Z(n-^~{k)  p»+‘ 


26.4.  Chi-Square  Probability  Function 
26.4.1 

P(x»=|V2r  (0]_1JoX  {ty>-le~dt 

(0<X2<» 


=i  +L(h,  0,  p)—L(0, 0,  p)-  i Q(h) 

where 


p= 


a 

Vh1^2 


Integral  of  Circular  Normal  Distribution  Over  an  Offset 
Circle  With  Radius  R<r  and  Center  a Distance  r<r  From 
(mx9  mv) 

26.3.24 

A ' 

Vn3v,  o')  dxdy=P{R2\2,  r2) 

<T  (T  / 


where  P(i?2|2,  r2)  is  the  c.d.f.  of  the  non-central 
x2  distribution  (see  26.4.25)  with  v=2  degrees  of 
freedom  and  noncentrality  parameter  r2. 


26.4.2 

0(x*k) 


= 1— P(X2|r) 

a)]"/; 


(0<X2<») 


(t) 2 le  2 dt 


Relation  to  Normal  Distribution 

Let  Xu  X2 , . . X,  be  independent  and  identi- 
cally distributed  random  variables  each  following 
a normal  distribution  with  mean  zero  and  unit 

variance.  Then  X2—^iX2  is  said  to  follow  the 

i=l 

chi-square  distribution  with  v degrees  of  freedom 
and  the  probability  that  X2<x2  is  given  by  P{x2\v). 

Cumulants 

26.4.3  K„+i=2nn\v  (n= 0,1,...) 


♦See  page  n. 
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26.4.4 


Series  Expansions 


( v odd)  and  x=Vx* 


26.4.5 


v-2 

e»'H=vszM{  i+s  2.4x';(2r)} 


(v  even) 


26.4.6 


P(X2\u 


)-Q  *■) 


,n  e~x/2 


v+2- 


{1+S 


(p-f-2)  (p-f-4)  • • • (v-f-2?*) 


26.4.7  P(x2|»)=— L-  £ ( 1)"(x2/2)2+ 

*G)-  -6+») 


Recurrence  and  Differential  Relations 

26.4.8  Q(x2\u+2) = Q(x» + 

r (i+1) 

26.4-9  g (™)  (-l)”"Q(x'l,-2j) 


Continued  Fraction 


26.4.10  *Q(x2k) 


(X2)v/2g-X*/2 

2r,2T(v/2) 


f 1 l—v/2  1 2—v/2  2 \ 

\x2/2+  i+  x72+  i+  x72+.  • / 


Asymptotic  Distribution  for  Large  v 


26.4.11  P(x2|v)  ~P(a;)  where  *= 


X2— v 
t/2v 


26.4.12 


Asymptotic  Expansions  for  Large  x2 


fa'jS  r(1  2+)  2"1 


'2(x!|,,)~  2%^rg  <-»> 


*See  page  n. 


(-1) 


Approximations  to  the  Chi-Square  Distribution  for 

Large  v 

26.4.13 

Approximation  Condition 

Q(X2|»»)  «Q(a:,),  xx=^2)d—^2v—l  (»C>100) 


26.4.14 


Q(x2  |«')*Q(*2), 

26.4.15 

Q(x2Ji/)  ^Q(x2+h,), 


*2= 


(x2/»»)1/3-(: 


■fe/Qv 


hr=-  hM 

V 

Values  of  hw 


(p>m 


(p>m 


-.0118 

-.0067 

-.0033 

-.0010 

+.0001 


+.0006 

.0006 

+.0002 

-.0003 

-.0006 


+1.6 

2.0 

2.6 

3.0 


-.0005 

+.0002 

.0017 

.0043 

.0082 


Approximations  for  the  Inverse  Function  for  Large  v 


If  Q(xJ|*>)=p  and  Q(xv)=\—P(xv)=p,  then 


Approximation 


Condition 

26.4.16  x2«|  /zp+V^lj-2  (»100) 

26.4.17  x2~»  {i-l+Vy/l}3  (*'>301 

26.4.18  x\~P.fl-^+(xp-hr)^y  (k>30) 


(v^>S0) 


26.4.18  « v.  ^ 1— ( xp — 

where  hv  is  given  by  26.4.15. 


Relation  to  Other  Functions 


26.4.19  Incomplete  gamma  function 

^^=P(X2|^),  v=2a,  X2=2x 


r (a,x)_ 

r(a)  ~ 


<2(X2|r) 


26.4.20  Pearson’s  incomplete  gamma  function 


I{u’p)=T&+n  S, 


1 lp+1i’e-‘dt=P(x2\v ) 

j>=2(p+l),  x2=2 u-sfp+i 


26.4.21  Poisson  distribution 


C— 1 Ty)j 

Q(x2k)=z:  e-”^, 

j~o  J I 


v X2  , v 
c=~,  m=-^f  (y  even) 


Q(x2\v)-Q{x2\v-2)=e 


(c—  1) ! 
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26.4.22  Pearson  Type  III 

[tT 

v=2ab+2,  x2=2 b(x+a) 

26.4.23  Incomplete  moments  of  Normal  distribu- 
tion 


yt*z(t)dt= 


(n-m  ^ 

A 


(n  even) 


(ti,— 1)!! 


P(X2 \v)  (n  odd) 


X2=ar2,  1 


26.4.24  Generalized  Laguerre  Polynomials 


nlL^ix)  — 


S (-l)”*'^1)  \v+2-2j) 

2#[<2(X>+2)-Q(X»] 


Non-Central  X3  Distribution  Function 


26.4.25 


P(x'2h  X)=s  e-^2 P(x'2|,+2j) 

i-0 

where  X>0  is  termed  the  non-centrality  param- 
eter. 

Relation  of  Non-Central  x3  Distribution  With  v=2  to  the 
Integral  of  Circular  Normal  Distribution  (<r2=l)  Over 
an  Offset  Circle  Having  Radius  R and  Center  a Dis- 
tance r=V^  From  the  Origin.  (See  26.3.24-26.3.27.) 

26.4.26 


ji 


g(x,  y,  0)dxdy=P(x2=R2\v—2,  X) 


» z»”X/2\i 

=i-§  «(«n+sj) 


z=X2/2,  a~v/2 


Approximations  to  the  Non-Central  X3  Distribution 


Approximating  Function 

26.4.27  X2  distribution 

26.4.28  Normal  distribution 

26.4.29  Normal  distribution 


a—v+\  6= 


v4-X 


Approximation 


P(X'V,  X)  »P  (ifjl **) 


x*  i *\  * a 

V I)  v*= 


1-l-i 


P(x'*\v,  \)~P(x), 


VI C-?) 

W,,x>-J>(.>,  KSHiTS-1] 


Approximations  to  the  Inverse  Function  of  Non-Central 

X3  Distribution 


If  Q(K2\V>  ^)—P,  Q(A\V*)—P<  and  Q(xv)  —p  then 


Approximating  Variable 

26.4.30  x2 

26.4.31  Normal 


Approximation  to  the  Inverse  Function 


x;a«  (i+&)x* 


26.4.32  Normal 


Properties  of  Chi-Square,  Non-Central  Chi-Square,  and  Related  Quantities 
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26.5.  Incomplete  Beta  Function 

26.5.1 

4(a,6)=2jZ^  f <a-1(l— ty-'dt  (0<x<l) 


26.5.2 

Ix(a,  b ) 


Relation  to  the  Chi-Square  Distribution 

If  X\  and  XI  are  independent  random  variables 
following  chi-square  distributions  26.4.1  with  vt 
and  v2  degrees  of  freedom  respectively,  then 
X2 

V2_j_1v2  sa^  to  follow  a beta  distribution  with 

vi  and  v2  degrees  of  freedom  and  has  the  distribu- 
tion function 


26.5.3 


26.5.4 


Series  Expansions  (0<*<1) 


* 


Ix(a,b)  = 


aB(a,  b) 


S j i y #(«+!,»+!)  _b+i\ 
£(0+6,71+1)*  / 


26.5.5 


Ix{a,  b)  = 


l—x)"-1 
aB(a,  b) 


/ ^ B(a+1,  n+l)  ( x \"+t  1 

\ B(b— n—  l,n+l)  \1—  x)  J 


x°(l  — x)b  1 
aB(a,  b) 

f £(g+l,  w+1)  / x y+H 

V+.=oW-)i-l,»+l)  \1-X/  J 

-\-Ix(a-\-s,  b — s) 


26.5.8 


Ix(a,  b) = 


Continued  Fractions 

x“(l —x)b(  1 dx  d2 
aB(a,b)  \ 1+  1+  1 + 


} 


i _ ( a+m)(a+b+m ) 

2m+1  (a+2m)(a+2m  + l)  X 


^2m 


m(b—m) 


(a+2m— 1)  (a+2m) 


Best  results  are  obtained  when 


a— 1 


'o,-\~b — 2 

Also  the  4 m and  4m  + l convergents  are  less  than 
/x(a,  b)  and  the  4m +2,  4m +3  convergents  are 
greater  than  7x(a,  6). 


26.5.9 


I xifly  b ) 


b—  1 


^(l  — x) 
aB(a , b ) 


rji 

Lh 


e2  €3 


1 


&2m 


X < 1 6i  = l 

(a+m— 1)  (6— m) 


&2m+l 


(a+2m— 2)(a+2m— 1)  l — x 
m(a+6— 1+m)  x 


(a+2m— l)(a+2m)  l—x 


26.5.10 


Recurrence  Relations 


Ix(a,  b) =xlx(a—  1 , 6)  + (1 — x)Ix(a,  b— 1) 

26.5.11 

Ix(a,b)=Ulx(a+l,b)  — (l—x)Ix(a+l,b—l)} 

Jb 

26.5.12 

^*(a,6)=Ja(l_1a;)+6  { bIx(a,b-\- 1) 

+a(l — x)Ix(a-\-l}b — 1) } 

26.5.13 

Iz(a , b)  { alx(a+ 1 , 6)  + blx(a,  b+ 1 ) } 


26.5.6 


1—  Ix(a,  b)  =h-x(b,a) 


B(a,  b) 


S (-1) 

i=0 


(l— 

b+i 


(integer  a) 


26.5.7 

1 -Ix{a,b)=Il-x(b,a) 


26.5.14 

Ix(a,a)  = \ /,  (a,  i),  =4  (x-|)2[  * J 

26.5.15 

26.5.16 

Ix(a, 6)  = r £+i)r(b)  '‘U -*)*+£(«+ 1 . *) 
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26.5.17 

\—Ix{a,b)=Ix-x{b,a) 


Asymptotic  Expansions 

r (b,y) 


24N2\ 


m 


ybe  v 


(6+1 +y) 


} 


(6-2)! 

576W5{(f^2)!  [(*— 3)(fe— 2) (55+7) (ft+i+y) 

-(56-7)  (6+3+2/)/]  } 
h 1 

y=—N  In  x, 


AT  I 6 1 

iV— ffl+2  2. 


26.5.18 

T , T(a,w)  , e~awP  f (a—l—w) 


r(a) 


26 


, 1 (a?  5 , . 3 1 T3  , 11  . 

+W2  V 2 ~3  a +2  a“3“W  |_2  6 a+i 

+w2(la4Hw3)} 


26.5.19 

L 


(a,  6)  ~P{y)—Z{y)  [a1+?2^^l) 

a3(l+y2/2) 


1+02 


+ 


] 


ai==3  (6— a)[(a+6— 2)(a— 1)(6— 1)]-^ 

-i  r i , i i3  n 

“2  12  |_a— 1^~6— 1 o+6-lJ 

3 


&z 


T5  _a‘  (®2 


cj+6 — 2 


)] 


y 


—2  [(a+6-1)  In  ^-4+(a-l)  In 


a— 1 


(j+6 — 2 

+ (6—1)  In 


(a+6— \)x 
6-1 


(a+6— 1)(1— x) 


and  y is  taken  negative  when  x< 


a— l 
a+6 — 2 


Approximations 

26.5.20  If  (a+6-l)(l-x)<.8 

Ix(a,  6)=Q(x2|»')+«, 

| e|<5X  10-3  if  a+6>6 
/=(a+6-l)(l-x)(3-x)-(l-x)(6-l), 

v=2b 

26.5.21  If  (a+6— 1)(1— x)  >.8 

Ix(a,  b)=P(y)+t, 

M<5X10-3  if  a+6>6 

Wi=(bx)l/3f  w2=[a(l— x)]1/3 


Approximation  to  the  Inverse  Function 


26.5.22  If  IZp(a,  b)=p  and  Q{yv)—p  then 


a 

xp~a+be2u 


y,(6+X)»  ( 1 1_ 

h V26-1  2a- 

h="2  (2a— 1"*~26— l)  ’ 


5 2 \ 

6 3 h) 


6 


Relations  to  Other  Functions  and  Distributions 

Function  Relation 


26.5.23 

Hypergeometric  function 

B(a  6)  a F^a’  1 b;  °+1;  x)=/*(a>  b ) 

26.5.24 

Binomial  distribution 

S (”)/(! -P)n~'=lr(a,  n-a+ 1) 

26.5.25 

u 

(”)pe(l— 2?)n-a==/p(o,  n— a+1)— /,(a  + l,  n — a)  * 

26.5.26 

Negative  binomial  distribution 

±(TV-/.(...) 

26.5.27 

Student’s  distribution 

2^  2 I*  (2' 2)’  X~ v+t2  * 

26.5.28 

/^-(variance-ratio)  distribution 

«(f| *,*W.(j.j)  F 

*See  page  n. 
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26.6.  F-(Variance-Ratio)  Distribution  Function 


26.6.1 


ui-’t  „*>■»  C 

f-Hj. 


t^-^{V2+Vlt)-^'+vi>dt 

(F>  0) 


26.6.2 


Q(F\vlt  V2)  = l-P{F\Vl,  *)=/.(£*£) 


where 


x=- 


*>2 


^2+^1  F 

Relation  to  the  Chi-Square  Distribution 

If  X\  and  X\  are  independent  random  variables 
following  chi-square  distributions  26.4.1  with  v\ 
and  v2  degrees  of  freedom  respectively,  then  the 

distribution  of  F=^, !?1  is  said  to  follow  the 

X2/V2 

variance  ratio  or  ^-distribution  with  vx  and  v2 
degrees  of  freedom.  The  corresponding  distribu- 
tion function  is  P(F\vh  v2). 


26.6.3 


mean: 


variance:  <r= 


Statistical  Properties 


m— 


v2 


v2 — 2 


(j/2^2) 


2v\(vi-\-v2— 2) 

v\(y2— 2)2(v2— 4) 


(r2>4) 


third  central  moment: 


_/ vA3  8ri0-i+»-2— 2\(2v1+v2— 2) 
\i»i/  (j-2— 2)3(»-2— 4)(»-2— 6) 

moments  about  the  origin: 


(v2>6) 


/i',+2n\  ^ ( Vj—2n 


r © r © 
characteristic  function: 


(v2  >2 ri) 


m=E{eitft)=M  (g,  -vjU^ 


Series  Expansions 


X= 


v2 


V2~\~V\F 


26.6.4 


I >'2(»,2~t~2) . . ■ (i>rf  — 4)  ,1 

r 2-4  . . . fa-2)  ' ' 


] 


— #)2+.  . . 


(j>i  even) 


26.6.5 


m*,  ©=i-d -x)'-/2  [i+|  **+... 


f?1(.,+2)...(,2+vr4)  ^ (V2  eyen) 


2-4  ..  . (,-2—2) 


26.6.6 


vl+*,2”_2 


Q(F\vu  v2)—x  2 H 


D 


vi~\'V2—2  (\—x 


Q¥) 

I (»'1+|>2— 2)(yx+r2— 4)  /l  — sV  ■ 

2*4  \ x )'•  • 

+(n:r^+2)  <-"■» 


26.6.7 

QfFI*-,,  «2) 


= 1— (1— r)  * 


r-^r  H Vl+V2-2 


g© 


+ . 


I (,yi+y2— 2)  . . . ( i>i+2 ) / a:  \^"1 

2-4...  (*-2)  \l-xy  2 J 


26.6.8 


(v2  even) 


Q(^|j,i,J'2)  = 1— -4(^|v2)+i3(j'1,^2)  (vuv2  odd) 


0+sin0[cos0+|  cos3  0+  . . . + 

7T  ^ O 


20 


7T 


!r©S=§  «*  "-«] 

for  v2=l 


\ 2 e©> . 


sm0cos 


1+ 


*'2>=  -< 


^2~\~  1 a l l 

— - — sin  0+  • • • + 

0 

(^2“t“l)  (j,2“t~3) . . . (v\-\-v2 — 4)  sin*'1  ® 0 


3-5...  (^-2) 


} 


0 for  v\  = l * 


for  v2^>\ 


where 


0=arctan 


J^F 

M v2 


Reflexive  Relation 


If  Fp(vu  v2)  and  F^v{v2,  j-t)  satisfy 
Q(FP(vuv2)\vuv2)=p 
Q(Ft-p(v2>  vi)\v2,  vi)  = l—p 


*See  page  n. 
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26.6.9  then 


FP  (vu  v2)=- 


Fi-v{v2,vi) 

Relation  to  Student’s  t-Distribution  Function  (See  26.7) 

26.6.10  Q(F\vi=ly  v2)  = l — A(t\v2)  t=^/F 

Limiting  Forms 

26.6.11 

x2=vxF 


lim  (>(-P’|i',,v2)  = Q(x2|i/1), 

va— >oo 


26.6.12 


lim  Q(F\vl,  v2)=P(x2\v2) , 

^1— >oo 

Approxim  a tions 


y2=Jl 

F 


26.6.13 


F 


v2 


Q(F \vu  v2)*zQ(x), 
(ki  and  Vo  large) 


x= 


v2 — 2 


26.6.14 


Q(F\vuv2)  *zQ(x),  X- 


V2 

l2(v1+v2—2) 

v2 — 2 

V vi(v2— 4) 

^ (2^2 

-1)  ^ F--yl2Vl-l 

V2 

Jl+h 

V v2 


F 


26.6.15 


Q(.F\vltv2)^Q{x),  x 


'"(■-kH'-r) 


V 


—JL  J7»2/3  JL 

9^!  9v2 


Approximation  to  the  Inverse  Function 

26.6.16  If  Q(Fp\vi,  v2 )=p,  then 

Fp^e2w  where  w is  given  by  26.5.22,  with 

v\==2 bj  v2——2(i 


Non-Central  F-Distribution  Function 


26.6.17 


P(F'\viyv2,\)=  ^ V(t\vu  v2>  ^)dt=l  — Q(F'\vlJv2,\) 


where 


p(t\vuv2l\) 


*1+2  j 

J=o  j\ 


t>  ( n+^j  •'A 


*i+2j-2 


-‘(*i+2j+v2)l2 


2 [v2Jr(y\-\-2j)t] 

and  X>0  is  termed  the  non-centrality  parameter. 


Relation  of  Non-Central  F-Distribution  Function  to  Other  Functions 


Function 


Relation 


26.6,18 

^-distribution 

P(P'K,  v2,  \)=±  e~™  P(F’\Vi+2j,r2) 

j-o  3- 

P(F' \vu  v2,  X=0)=P(i?,'|ri,  v2 ) 

26.6.19 

Non-central  £ -distribution 

P(F’\vi=l,  v2,  X)=P(P|r,  5) , t'= VP',  v=v2,  S- 

26.6.20 

Incomplete  Beta  function 

vxF' 

X VlF'±v2* 

26.6.21 

Confluent  hypergeometric  function 

2-i 

2 Op  — X/2 

p(p'in,  ^2  j x)==  z: ^ : 

* ° (vi+v2)B  (^-+i+ 1,  K—i 

x 


\ 


even  and  x 


_ V2  \ 
ViF'+V 2/ 
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Series  Expansion 

26.6.22 

x 

P (F'\Vl , v2,  \)=e~* (1_x)  x1  (y'+”~2)  S Tt  (v2  even) 

1=0 

where 

T0=l 

T,=\  (.,+*-2+Xx)  ^ 

Tl=^  [{^,+>'2-2i+xx)rt_1+x(i-x)r(.2] 

r . Vj 

X~p1F'+v2 

Limiting  Forms 

26.6.23 

lim  P(F'\vi,v2,\)=P(x'2\vj\),  xf2=viF'f  v=vi 

pj— >00 

26.6.24 

limP(i?’>1)r2,X)  = Q(X»)  X2=^(1+c2) 

pi — > oo  -C 

where  X/^-^c2  as  . 


is  called  Student's  ^-distribution  with  v degrees  of 


freedom.  The  probability  that 


X 


V*7> 


will  be  less 


in  absolute  value  than  a fixed  constant  t is 


26.7.1 

A(t\v) 


-p’{\ 


X 


V*7> 


<< 


} 


H-l 


dx 


where 


<°^<» 


x= 


v+i2 

Statistical  Properties 


26.7.2 


mean: 


m=0 


variance:  <r 


(r>2) 


skewness:  y,=0 


Approximations  to  the  Non-Central  F- Distribution 

26.6.25  P(P'|i>,,«»2,A)  wP(xi),  (xj  and  p2  large) 


where 


Xi  = 


Vi 


Vl 


p,  ^(n+X) 
vi(vj— 2) 

r 2 c (vi+x)2 

L(»»2— 2)(v2— 4)\  v2— 2 


pj  — t- 2X 


26.6.26 


P(P'|j»1,I»2,X)  «P(P|»'}>2)) 

p—  Vi  p>, 

vi-j^X  Vi  — f~2X 


26.6.27 


P{F'\vuv2,\)  »P(x2), 


~ vi  F'  ~|1/3  r _2_1_[  2(r,+2X)~ 

_1>1+A)J  L 9"2  J L 9(i>i+X)2_ 

f2  v1+2\  2 ( vx  p,\2/3li 

.9  (i'i+X)2"*  9?2  \*i+X  / _ 


26.7.  Student’s  t-Distribution 

If  X is  a random  variable  following  a normal 
distribution  with  mean  zero  and  variance  unity, 
and  X2  is  a random  variable  following  an  inde- 
pendent chi-square  distribution  with  v degrees  of 

X 

freedom,  then  the  distribution  of  the  ratio  

Vx2/* 


excess: 


72  = 


6 


(*>4) 


1 - 3 . . . (2n—l)vn 


moments: 

M2’,=  (K-2)(y-4)  . . . (y-2n) 

M2n+1  = 0 


(v>2ri) 


characteristic  function: 


*(«) 


—E  T exp  ( it  -j?L 

Vx2/*' 


L 


(u  J?rJ] 


(KY2 

\2V»y  y 

irr(v/2)  i\^J 


Series  Expansions 

t 


( 


0=arctan 


4=) 

■yjv) 


26.7.3 


24(<k)=4 


f ^-^0+sin  0 £cos  0+|  cos3  0+  . . . 

2 • 4 . . . {v- 3)  . 

cos'  2 0 > 


1 -3  . . . (p-2) 


(«C>1  and  odd) 


?0 

7T 


(r=l) 


26.7.4 

+(<|v)=sin  0-f  1+i 


cos2  0+^4  cos4  0+  . . . 


2-4 


+ 1 ' 3'5  , cos'-2  0 

2-4-6  ..  . (v-2) 


} 


(i v even) 


♦See  page  u. 


PROBABILITY  FUNCTIONS 


949 


Asymptotic  Expansion  for  the  Inverse  Function 
If  A{tv\v)=l—2p  and  Q(xp)=p,  then 

26.7.5 

* | I I dijXp)  I 

lp  XpT  T y2  > iP  T • • • 

0i(a)=£  (z3+z) 

(/2(x)=^  (5x54-16x3+3x) 

fif3(a:)=3^  (3a;7+19a;6+17a^— 15x) 

gA{x)  =92160  ^79x9+776x7+ 1482x5— 1920x3-945x) 

Limiting  Distribution 

26.7.6 

lim  A(t\v)=-f=  j e~xli2dx=A(t) 
y->»  ‘\2ft  J — t 


Approximation  for  Large  v 


26.7.8  A(t\v)  »2P(x)— 1,  x= 


Non-Central  (-Distribution 


26.7.9 

P{t'\v,  «)  = 


where  5 is  termed  the  non-centrality  parameter. 


Approximation  for  Large  Values  of  t and  r<5 

26.7.7 

i >12  3 4 5 

a,  .3183  .4991  1.1094  3.0941  9.948 

b,  .0000  .0518  -.0460  -2.756  -14.05 


Approximation  to  the  Non-Central  (-Distribution 


26.7.10 

P(t'\v,  8)  **P(x) 


where  x= 


8 


Numerical  Methods 

26.8.  Methods  of  Generating  Random  Numbers  and  Their  Applications  9 


Random  digits  are  digits  generated  by  repeated 
independent  drawings  from  the  population  0,  1, 
2,  . . .,9  where  the  probability  of  selecting  any 
digit  is  one-tenth.  This  is  equivalent  to  putting 
10  balls,  numbered  from  0 to  9,  into  an  urn  and 
drawing  one  ball  at  a time,  replacing  the  ball 
after  each  drawing.  The  recorded  set  of  numbers 
forms  a collection  of  random  digits.  Any  group  of 
n successive  random  digits  is  known  as  a random 
number . 

Several  lengthy  tables  of  random  digits  are 
available  (see  references).  However,  the  use  of 
random  numbers  in  electronic  computers  has  re- 
sulted in  a need  for  random  numbers  to  be  gen- 
erated in  a completely  deterministic  way.  The 
numbers  so  generated  are  termed  pseudo-random 
numbers.  The  quality  of  pseudo-random  num- 
bers is  determined  by  subjecting  the  numbers  to 
several  statistical  tests,  see  [26.55],  [26.56].  The 
purpose  of  these  statistical  tests  is  to  detect  any 
properties  of  the  pseudo-random  mumbers  which 
are  different  from  the  (conceptual)  properties  of 
random  numbers. 

9 The  authors  wish  to  express  their  appreciation  to 
Professor  J.  W.  Tukey  who  made  many  penetrating  and 
helpful  suggestions  in  this  section. 


Experience  has  shown  that  the  congruence 
method  is  the  most  preferable  device  for  generating 
random  numbers  on  a computer.  Let  the  sequence 
of  pseudo-random  numbers  be  denoted  by  {Xn}, 
n= 0,  1,  2,  ...  . Then  the  congruence  method 
of  generating  pseudo-random  numbers  is 

-X’n+^^-X’n  + ft^od  T) 

where  b and  T are  relatively  prime.  The  choice 
of  T is  determined  by  the  capacity  and  base  of  the 
computer;  a and  b are  chosen  so  that:  (1)  the  re- 
sulting sequence  {Xn}  possesses  the  desired  sta- 
tistical properties  of  random  numbers,  (2)  the 
period  of  the  sequence  is  as  long  as  possible,  and 
(3)  the  speed  of  generation  is  fast.  A guide  for 
choosing  a and  b is  to  make  the  correlation 
between  the  numbers  be  near  zero,  e.g.,  the  correla- 
tion between  Xn  and  Xn+S  is 


where 

as=as  (mod  T) 

6,=  (l+a+a2+  . . . *)6  (mod  P) 

\e\  <aJT 


i 


*See  page  II. 
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which  occur  in 

Xn+s=a,Xn+bs  (mod  T) 

When  a is  chosen  so  that  a « T 1/2,  the  correlation 

The  sequence  defined  by  the  multiplicative 
congruence  method  will  have  a full  period  of  T 
numbers  if 

(i)  b is  relatively  prime  to  T 

(ii)  a= 1 (mod  p)  if  p is  a prime  factor  of  T 

(iii)  a=  1 (mod  4)  if  4 is  a factor  of  T ' 

Consequently  if  3r=2*,  b need  only  be  odd,  and 


a=l  (mod  4).  When  T=  10*,  b need  only  be  not 
divisible  by  2 or  5,  and  a=  1 (mod  20).  The 
most  convenient  choices  for  a are  of  the  form 
a=2*+l  (for  binary  computers)  and  a=10,+l 
(for  decimal  computers).  This  results  in  the 
fastest  generation  of  random  numbers  as  the 
operations  only  require  a shift  operation  plus 
two  additions.  Also  any  number  can  serve  as 
the  starting  point  to  generate  a sequence  of 
random  digits.  A good  summary  of  generating 
pseudo-random  numbers  is  [26.511. 

Below  are  listed  various  congruence  schemes 
and  their  properties. 


Congruence  methods  for  generating  random  numbers 


Yn-fi»aYn+6(mod  7*),  Tand  6 relatively  prime 


a 

b 

T 

Period 

A'o 

Special  cases  for  which  random  numbers  have  passed  statistical 

tests  for  randomness 10 

26.8.1 

14* 

odd 

T=*U 

<« 

o<Xo<r 

T=2«,  Xo  unknown;  a=*2H-l,  6»l;  2«,  a=2»4-l, 

6=29741  09625  8473.  X0= 76293  94531  25. 

26.8.2 

r2*=fcl  (r  odd, 
*>2) 

0 

T=f« 

relatively 
prime  to 
T 

T= 2<o,  2«,  Xo=l;  a=5‘7(a=2) 

T=2»,  Xo=l;  T=2»®,  Xo=l-2-«,  .5478126193;  a=5M(#=2) 
T=2«,  Xo=l;  o=5>»(*=2) 

26.8.3 

r2*±l  (r  odd, 
*>2) 

0 

r=e«±i 

(varies) 

relatively 
prime  to 

rp 

T=2«+l,  Xo= 10,987,654,321;  a =23;  period  «10« 
T=1Q«+1,  X#=47,594,118;  a=23;  period  « 5.8X10® 

26.8.4 

7«*+i 

0 

T— 10  « 

5-lOr-* 

A 

relatively 
prime  to 

T 

T=1010,  Xo=l;  a=7 
T=10u,  Xo=l;  o=7» 

26.8.5 

3«rH 

(*=0, 2, 3, 4) 

0 

*9 

n 

O 

1 

relatively 
prime  to 
T 

10  Xo  given  is  the  starting  point  for  random  numbers  when  statistical  tests  were  made. 


When  the  numbers  are  generated  using  a con- 
gruence scheme,  the  least  significant  digits  have 
short  periods.  Hence  the  entire  word  length  can- 
not be  used.  If  one  desired  random  numbers  with 
as  many  digits  as  possible,  one  would  have  to 
modify  the  congruence  schemes.  One  way  is  to 
generate  the  numbers  mod  T±  1.  This  unfor- 
* tunately  reduces  the  period. 

Generation  of  Random  Deviates 

Let  {X}  be  a generated  sequence  of  independent 
random  numbers  having  the  domain  (0,  T). 
Then  {£/}  = { T~lX]  is  a sequence  of  random 
deviates  (numbers)  from  a uniform  distribution 
on  the  interval  (0,  1).  This  is  usually  a necessary 
preliminary  step  in  the  generation  of  random 
deviates  having  a given  cumulative  distribution 
function  F(y)  or  probability  density  function  f(y). 
Below  are  summarized  some  general  techniques 


for  producing  arbitrary  random  deviates.  (In 
what  follows  { U}  will  always  denote  a sequence  of 
random  deviates  from  a uniform  distribution  on 
the  interval  (0,  1).) 

1.  Inverse  Method 

The  solutions  {y}  of  the  equations  {u—F(y)} 
form  a sequence  of  independent  random  deviates 
with  cumulative  distribution  function  F{y).  (If 
F{y)  has  a discontinuity  at  y=yo,  then  whenever  u 
is  such  that  F(y0— 0)<^<F(y0),  select  y0  as  the 
corresponding  deviate.)  Generally  the  inverse 
method  is  not  practical  unless  the  inverse  function 
y=F~l(u)  can  be  obtained  explicitly  or  can  be 
conveniently  approximated. 

2.  Generating  a Discrete  Random  Variable 

Let  Y be  a discrete  random  variable  with  point 
probabilities  P\=Pr{Y—y{}  for  i=l,  2,  . . . . 


♦See  page  n. 
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The  direct  way  to  generate  Y is  to  generate  { V } 
and  put  Y=yi  if 

2>i+2>2+  • • • +Pi-i<CU<Cpi+P2+  • • • 

However,  this  method  requires  complicated  ma- 
chine programs  that  take  too  long. 

An  alternative  way  due  to  Marsaglia  [26.53] 
is  simple,  fast,  and  seems  to  be  well  suited  to  high- 
speed computations.  Let  Pi  for  i=l,  2,  . . . , n 
be  expressed  by  k decimal  digits  as  p<=.5H52<  . . . 
8ki  where  the  5’s  are  the  decimal  digits.  (If  the 
domain  of  the  random  variable  is  infinite,  it  is 
necessary  to  truncate  the  probability  distribu- 
tion at  pn .)  Define 


n 


P0= 0,  Pr=10~r  2 f°r  r=l>  2,  . . . , k,  and 


ns=2  10 rPr,  s= 1,2,  . . . ,k. 

r=0 


Number  the  computer  memory  locations  by  0, 
1,  2,  . . . , n*-l.  The  memory  locations  are 
divided  into  k mutually  exclusive  sets  such  that 
the  sth  set  consists  of  memory  locations  II,_i, 
n,«!+l,  . . . , 11,-1.  The  information  stored 
in  the  memory  locations  of  the  sth  set  consists  of 
yi  in  locations,  y2  in  5,2  locations,  . . . , yn 
in  dsn  locations. 

Denote  the  decimal  expansion  of  the  uniform 
deviates  generated  by  the  computer  by  u 
= -dxd2d3  . . . and  finally  let  a{m}  be  the  con- 
tents of  memory  location  m.  Then  if 

*'£pi<U<±Pi 

i=0  i=0 

put 


This  method  is  perhaps  the  best  aJ-around 
method  for  generating  random  deviates  from  a 
discrete  distribution.  In  order  to  illustrate  this 
method  consider  the  problem  of  generating 
deviates  from  the  Dinomial  distribution  with  point 
probabilities 

2>i=(”)2>,(1-2>)b-< 


and  thus  P0= 0,  Pi=.9,  P2=.  07,  P3=. 027, 
P4=.0030  from  which  n0=0,  Ui=9,  n2=16, 
113=43,  II4=73.  The  73  memory  locations  are 
divided  into  4 niutually  exclusive  sets  such  that 


Set  Memory  Locations 

1 0,  1,  . . . , 8 

2 9,  10,  . . . , 15 

3 16,  . . . , 42 

4 43,  ...  , 72 


Among  the  nine  memory  locations  of  set  1,  zero 
is  stored  5i0=3  times,  1 is  stored  5n=4  times,  2 is 
stored  5i2=2  times;  the  seven  locations  of  set  2 
store  0 52o=2  times  and  3 523=5  times;  etc. 
A summary  of  the  memory  locations  is  set  out 
below: 

Value  of  Kandom  Variable 


0 

Frequency  (set  1)  3 

Frequency  (set  2)  2 

Frequency  (set  3)  7 

Frequency  (set  4)  7 


1 2 3 4 5 


4 2 0 0 0 
0 0 5 0 0 
9 4 16  0 
6 8 2 4 3 


Then  to  generate  the  random  variables  if 


0<^<\9  put 

.9<u<.97 
.97  <^<.997 
.997  <^<1.000 


y=a{di} 
y—a{did2—81} 
y=a{did2d3—954:} 
y=a{  did2d3di — 9927 } 


3.  Generating  a Continuous  Random  Variable 

The  method  for  generating  deviates  from  a 
discrete  distribution  can  be  adapted  to  random 
variables  having  a continuous  distribution.  Let 
F{y)  be  the  cumulative  distribution  function  and 
assume  that  the  domain  of  the  random  variable 
is  (a, b)  where  the  interval  is  finite.  (If  the 
domain  is  infinite,  it  must  be  truncated  at  (say) 
the  points  a and  6.)  Divide  the  interval  (b— a) 
into  n sub-intervals  of  length  A (nA=b—a)  such 
that  the  boundary  of  the  ith  interval  is  yi) 
where  yt=a+iA  for  i=0,  1,  . . . , n.  Now 
define  a discrete  distribution  having  domain 


for  7i=5  and  ^=.20. 

4 D are 

Value  oj 

Random  Variable 

0 

1 

2 

3 

4 

5 


The  point  probabilities  to 


Point  Probabilities 
p0= 0.3277 
Pi=  .4096 
p2=  .2048 
p3=  .0512 
Pi~  .0064 
p5=  .0003 


with  point  probabilities  Pi=F(yi)—F(yi- 1). 
Finally,  let  TV  be  a random  variable  having  a 


uniform  distribution  on 
done  by  setting  W=  A 


This  can  be 
Then  random 
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deviates  from  the  distribution  function  F(y),  can 
be  generated  (approximately)  by  setting  y=z+w 


= z + A 


This  is  simply  an  approximate 


decomposition  of  the  continuous  random  variable 
into  the  sum  of  a discrete  and  continuous  random 
variable.  The  discrete  variable  can  be  generated 
quickly  by  the  method  described  previously. 
The  smaller  the  value  of  A the  better  will  be  the 
approximation.  Each  number  can  be  generated 
by  using  the  leading  digits  of  U to  generate  the 
discrete  random  variable  Z and  the  remaining 
digits  forming  a uniformly  distributed  deviate 
having  (0,1)  domain. 


4.  Acceptance-Rejection  Methods 

In  what  follows  the  random  variable  Y will  be 
assumed  to  have  finite  domain  (a,  b).  If  the 
domain  is  infinite,  it  must  be  truncated  for  com- 
putational purposes  at  (say)  the  points  a and  6. 
Then  the  resulting  random  deviates  will  only  have 
this  truncated  domain. 

a)  Let  / be  the  maximum  of  /(y).  Then  the 
procedure  for  generating  random  deviates  is: 

(1)  generate  a pair  of  uniform  deviates  E7i,  U2) 

(2)  compute  a point  y=a+(b—a)u2  in  (a,  6); 

(3)  if  Ui<Cf(y)lf  accept  y as  the  random  deviate, 
otherwise  reject  the  pair  (uu  u2)  and  start  again. 
The  acceptance  ratio  of  deviates  actually  produced 
is  [(ft— a)f]~l.  Hence  the  acceptance  ratio  de- 
creases as  the  domain  increases.  One  way  to 
increase  the  acceptance  ratio  is  to  divide  the 
interval  (a,  b)  into  mutually  exclusive  sub- 
intervals and  then  carry  out  the  acceptance- 
rejection  process.  For  this  purpose  let  the  interval 
(d,  b)  be  divided  into  k sub-intervals  such  th  at  the 

end  points  of  the  jth  interval  are  (£*_i,  £*)  with 

r$j 

£o=a,  &=ft  and  I f(y)dy=Pj ; further  let  the 

A-i 

maximum  of  /(y)  in  the  jth  interval  be/*.  Then  to 
generate  random  deviates  from  /(y),  generate 
n pairs  of  deviates  (uu,  ths)s=l,  2,  . . .,  n. 
Assign  [npj]  such  pairs  to  the  jth  interval  and 
compute  y,=h-i+(ti—h-i)u2a.  If  uls<f(yj)/fj 
accept  y*  as  a deviate.  The  acceptance  ratio  of 
this  method  is 

2 V)  [(£j“-£*-i)/*]'~1 

j=i 


b)  Let  F{y)  be  such  that  /(y)=/i(y)/2(y) 
where  the  domain  of  y is  (a,  ft).  Let/i  and/2  be 
the  maximum  of  /i(y)  and  /2(y)  respectively. 
Then  the  procedure  for  generating  random  de- 


viates having  the  probability  density  function 
/(y)  is:  (1).  generate  Uly  U2,  Uz;  (2)  define  z=a 

+ (ft— * a)u3;  (3)  if  both  di<  ^4^-  and 

J 1 J2 

take  z as  the  random  deviate;  otherwise  take 
another  sample  of  three  uniform  deviates.  The 
acceptance  ratio  of  this  method  is  [(6— a)/i/2]~1 
and  can  be  increased  by  dividing  ( a , 6)  into  sub- 
intervals as  in  the  previous  case. 

c)  Let  the  probability  density  function  of  Y be 

/(y)=J^  g(V,  t)dt , (a<t<0),  ( a<y<b ). 


Let  g be  the  maximum  of  g(y,  t).  Then  the  pro- 
cedure for  generating  random  deviates  having  the 
probability  density  function  /(y)  is:  (1)  generate 
Ui , U2 , Uz\  (2)  define  s=<x+(l3—a)u2;  z=a+ 

(b—a)uz)  (3)  if  Ui<i  ■ ■>  take  z as  the  random 

9 


deviate;  otherwise  take  another  sample  of  three. 
The  acceptance  ratio  for  this  method  is  [(6— a)g]~l 
and  can  be  increased  by  dividing  the  domain  of 
t and  y into  sub-domains. 


5.  Composition  Method 

Let  gz(y)  be  a probability  density  function 
which  depends  on  the  parameter  z;  further  let 
H(z)  be  the  cumulative  distribution  function  for  z. 
In  order  to  generate  random  deviates  Y having 
the  frequency  function 

M~  P gi{y)dH{z) 

J -00 

one  draws  a deviate  having  the  cumulative  distri- 
bution function  H(z) ; then  draws  a second  sample 
having  the  probability  density  function  y2(y). 

6.  Generation  of  Random  Deviates  From  Well  Known 

Distributions 


a.  Normal  distribution 

(1)  Inverse  method:  The  inverse  method  depends 
on  having  a convenient  approximation  to  the 
inverse  function  x=P~1(u)  where 

ti=( 2tt)-1/2  fX  e-^Ht. 

a)  -oo 

Two  ways  of  performing  this  operation  are  to  (i) 

/ 1\1/2 

use  26.2.23  with  £=fln  ^1  or  (ii)  approximate 

x*=P~l(u)  piecewise  using  Chebyshev  polyno- 
mials, see  [26.54]. 

(2)  Sum  of  uniform  deviates:  Let  Uh  U2 , . . ., 
Un  be  a sequence  of  n uniform  deviates.  Then 
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will  be  distributed  asymptotically  as  a normal 
random  deviate.  When  n=  12,  the  maximum 
errors  made  in  the  normal  deviate  are  9X10~3 
for  |A]<2,  9X1CT1  for  2<jA]<3.  An  improve- 
ment can  be  made  by  taking  a polynomial  function 
of  Xn  (say) 

X*=Xn  S a2sX*n° 

*=0 


as  the  normal  deviate  where  a2s  are  suitable 
coefficients.  These  coefficients  may  be  calculated 
using  (say)  Chebyshev  polynomials  or  simply  by 
making  the  asymptotic  random  deviate  agree 
with  the  correc  normal  deviate  at  certain  specified 
points.  When  n=12,  the  maximum  error  in  the 
normal  deviate  is  8X10“4  using  the  coefficients 

* a0  = 9.8746  * a6=  (-7) -5.102 

* a2=  (-3)3.9439  * a8=  (-7)1.141 

* a4=  (-5)7.474 

(3)  Direct  method:  Generate  a pair  of  uniform 
deviates  (Uh  U2).  Then 

Xi=(—2  In  Ut)l/2  cos2t rU2, 


* 


X2=  ( — 2 In  Ui)m  sin  2wU2  will  be  a pair  of 
independent  normal  random  deviates  with  mean 
zero  and  unit  variance.  This  procedure  can  be 
modified  by  calculating  cos  2idJ  and  sin  2tU 
using  an  acceptance  rejection  method;  e.g., 
(1)  generate (Uu  U2);(2)\f  (2Ui—\)2+(2U2—l)2<l 
generate  a third  uniform  deviate  Uz,  otherwise 
reject  the  pair  and  start  over;  (3)  calculate 


2/l=(— lnu3)1/2 


u\- 


u\ 


> 2/2=  ±2  (—In  uz)1/2 


UiU2 


(± 


ul+u2'*'  ^ v u2+u\ 

random).  Both  yi  and  y2  are  the  desired  random 
deviates. 

(4)  Acceptance-rejection  method:  1)  Generate  a 
pair  of  uniform  deviates  (t7i,  U2);  2)  compute 
x=—  ln-Ui;  3)  if  >u2  (or  equivalently 

(x—l)2<—  2 (In  u2)  accept  x , otherwise  reject  the 


pair  and  start  over.  The  quantity  will  be  the 
required  normal  deviate  with  mean  zero  and  unit 
variance. 

b.  Bivariate  normal  distribution 

Let  {Xu  X2)  be  a pair  of  independent  normal 
deviates  with  mean  zero  and  unit  variance.  Then 
{ Xh  pXi  + (l—p2)1/2X2}  represent  a pair  of  devi- 
ates from  a bivariate  normal  distribution  with 
zero  means,  unit  variances,  and  correlation 
coefficient  p. 

c.  Exponential  distribution 

(1)  Inverse  method:  Since  F(x)  = e~x/d , X= 
—0  In  17  will  be  a deviate  from  the  exponential 
distribution  with  parameter  0. 

(2)  Acceptance-rejection  method:  1)  Generate  a 
pair  of  independent  uniform  deviates  (U0,  Ui); 
2)  if  E7i<?7o  generate  a third  value  U2\  3)  if 
Ui+U2<CU0  generate  a fourth  value  Uz,  etc.; 
4)  continue  generating  uniform  deviates  until  an 
n is  obtained  such  that  C7i+£^2+  . . . +Un~i 
<£/o<{7i+  . • • +Un\  5)  if  n is  even  reject  the 
procedure  and  start  a fresh  trial  with  a new  value 
of  U0 , otherwise  if  n is  odd  take  X=dU0  as  the 
desired  deviate;  6)  in  general  if  t is  the  number  of 
trials  until  an  acceptable  sequence  is  obtained 
X=d(t+Uo).  The  random  deviates  produced  in 
this  way  follow  an  exponential  distribution  with 
parameter  6.  One  can  expect  to  generate  approxi- 
mately six  uniform  deviates  for  every  exponential 
deviate. 

(3)  Discrete  Distribution  Method:  Let  Y and  n 
be  discrete  random  variables  with  point  probabili- 
ties 

* Pr{  Y=r}  = (e—  l)e~(r+1)  r— 0,  1,  2,  . . . 

Pr{n=s}  = fs/(6—l)J“1  s=l,  2,  3,  .... 

Then  X=F+min(C71,  U2,  . . . , Un)  will  follow 
an  exponential  distribution.  The  average  value 
of  n is  1.58  so  that  one  needs,  on  the  average,  only 
1.58  m's  from  which  the  minimum  is  selected. 


26.9*  Use  and  Extension  of  the  Tables 


Use  of  Probability  Function  Inequalities 


Example  1.  Let  X be  a random  variable  with 
finite  mean  and  variance  equal  to  m and  o'2, 
respectively.  Use  the  inequalities  for  probability 
functions  26.1.37,  40,  41  to  place  lower  bounds 
on 

A(t)= F(t)  -F(-t)=P-[  ^ 1 
for  t=  1(1)4. 


Lower  bounds  on  A(t)=F(t)—F(—t) 


t=l 

£ 

8 

4 

Remarks 

0 

.7500 

.8889 

.9375 

no  knowledge  of 
F(t);  26.1.37 

5556 

.8889 

.9506 

.9722 

F(t)  is  unimodal  and 
continuous;  26.1.40 

0 

.8182 

.9697 

.9912 

F(t)  is  such  that 
p4=3;  26.1.41 

♦See  page  n. 
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It  is  of  interest  to  note  that  the  standard  normal 
distribution  is  unimodal,  has  mean  zero,  unit 
variance  #4=3,  is  continuous,  and  such  that 

A(f)=P(t)-P(-t) 

= .6827,  .9545,  .9973,  and  .9999 

for  f=l,  2,  3 and  4 respectively. 

Interpolation  for  P(x)  in  Table  26.1 

Example  2.  Compute  P(x)  for  x— 2.576  to 
fifteen  decimal  places  using  a Taylor  expansion. 
Writing  x=x0 +0  we  have 

P(x)=P(x0)+Z(x0)6+Za)  (xo)  |y 

+Z<»(x o)  J+Z<3>(* o)  . . . 

Taking  x0=2.58  and  0=  — 4X10-3  we  calculate 
the  successive  terms  to  16D 

+ .99505  99842  42230 

- 5 72204  35976  6 

- 2952  57449  6 

- 8 63097  8 

- 1439  4 

- 9 

.99500  24676  84265  7 


values  we  can  write  £=£0+-01  and  a two-term 
Taylor  series  is  P(x)  =P(x0)  +Z(x0)  10“2.  Thus  one 
need  only  multiply  Z(x0)  by  10"2  and  add  the 
result  to  P(x0). 

Calculation  of  P(x)  for  x Approximate 

Example  4.  Using  Table  26.1,  find  P(x)  for 
£=1.96,  when  there  is  a possible  error  in  x of 
±5X10"3. 

This  is  an  example  where  the  argument  is  only 
known  approximately.  The  question  arises  as  to 
how  many  decimal  places  one  should  retain  in 
P(x).  If  Ax  and  A P(x)  denote  the  error  in  x and 
the  resulting  error  in  P(x ),  respectively,  then 

A P(x)  ~Z(x)Ax 

Hence  AP(1.960)=3X10-4  which  indicates  tnai 
P(1.960)  need  only  be  calculated  to  4D.  There- 
fore P(l. 960)  = .9750. 

Inverse  Interpolation  for  P(x) 

Example  5.  Find  the  value  of  x for  which 
P(x)  = .97500  00000  00000  using  Table  26.1  and 
determining  as  many  decimal  places  as  is  consistent 
with  the  tabulated  function. 

For  inverse  interpolation  the  tabulated  function 
P(x)  may  be  regarded  as  having  a possible  error 
of  .5X10-15.  Hence 


The  result  correct  to  17D  is 

P(2.576)  = .99500  24676  84264  98 

Calculation  for  Arbitrary  Mean  and  Variance 

Example  3.  Find  the  value  to  5D  of 


AP(z)_.5X10-15 
Z(x)  ~ Z(x) 

Let  P(x0)  correspond  to  the  closest  tabulated 
value  of  P(x).  Then  a convenient  formula  for 
inverse  interpolation  is 


P{X<.5  0} 


using  26.2.8  and  Table  26.1. 

This  represents  the  probability  of  the  random 
variable  being  less  than  or  equal  to  .5  for  a normal 
distribution  with  mean  m=  1 and  variance  <r2=4. 
Using  26.2.8  we  have 

P { X<  .5 } =P  (^-)=P(-  .25) 


Since  P(— x)  = l—  P(x),  we  have 
P(- .25)  = 1 — P(. 25)  = 1 - .59871  = .40129 


where  a two-term  Taylor  series  was  used  for  inter- 
polation. Note  that  when  interpolating  for  P(x) 
for  a value  of  x midway  between  the  tabulated 


£=£0  +*+^4 


x0t2  ,2^+1 


6 


where 


t= 


P(x)—P(x  o) 
Z(x0) 


If  only  the  first  two  terms  (i.e.,  x=x0-\-t)  are  used, 

the  error  in  x will  be  bounded  by  ^ X10-4  and  the 

true  value  will  always  be  greater  than  the  value 
thus  calculated. 

With  respect  to  this  example,  Aa:«10-14  and 
thus  the  interpolated  value  of  x may  be  in  error 
by  one  unit  in  the  fourteenth  place.  The  closest 
value  to  P(x)  = .97500  00000  00000  is  P(x0)  = .97500 
21048  51780  with  £0=l-96.  Hence  using  the 
preceding  inverse  interpolation  formulas  with 
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£=-—.00003  60167  31129 

and  carrying  fifteen  decimals  we  have  the  succes- 
sive terms 

+ 1.96000  00000  00000 

- .00003  60167  31129 

+ 12  71261 

- 68 

0 


+ 1.95996  39845  40064 

Edgeworth  Asymptotic  Expansion 

Example  6.  Find  the  Edgeworth  asymptotic 
expansion  26.2.49  for  the  c.d.f.  of  chi-square. 
Method  1.  Expansion  for  x2 

Let 

where 

, X2— */ 

(2*0* 

Since  the  values  of  yx  and  y2  26.4.33  are 

71=2'v/2/?'* 

Y2=12/j/, 

we  obtain,  by  using  the  first  two  bracketed  terms 

of  26.2.49 

F(£)~P(£)~r^Z(2)(£) 

+i[iz(3>(£)+iz<«(£)  1 

The  Edgeworth  expansion  is  an  asymptotic 
expansion  in  terms  of  derivatives  of  the  normal 
distribution  function.  It  is  often  possible  to 
transform  a random  variable  so  that  the  distribu- 
tion of  the  transformed  random  variable  more 
closely  approximates  the  normal  distribution 
function  than  does  the  distribution  of  the  original 
random  variable.  Hence  for  the  same  number  of 
terms,  greater  accuracy  may  be  achieved  by  using 
the  transformed  variable  in  the  expansion.  Since 
the  distribution  of  V^X2  is  more  closely  approxi- 
mated by  a normal  distribution  than  X2  itself 
(as  judged  by  a comparison  of  the  values  of  71 
and  72),  we  would  expect  that  the  Edgeworth 
asymptotic  expansion  of  V^X2  would  be  superior 
to  that  of  X2. 

Method  2.  Expansion  for  V^x2.  Let 


Q(X2|*/)  = 1-F(*)  = 1-F 


1 


where  (2v—  1)*  and  1— ^ are  the  mean  and  vari- 


ance to  terms  of  order  v 2 of  V2X2  (see  26.4.34). 
The  values  of  yx  and  72  for  V2x2  are 


t[2v 

Thus  we  obtain 


72 


+ 


;[®z“<o+niO+0^<o] 


For  numerical  examples  using  these  expansions 
see  Example  12. 

Calculation  of  L(h,  k,  p) 

Example  7.  Find  £(.5,  .4,  .8).  Using  26.3.20 


■y/h2~2phk+k2=  V-09=.3 


£(.5,  .4,  .8)  =£(.5, 0, 0)+£(.4, 0,  - .6) 
Reference  to  Figure  26.2  yields 

£(. 5, 0, 0) +£(.4,  0,  - .6) = . 16 + .08 = .24 
The  answer  to  3D  is  £(. 5,  .4,  .8) =.250. 

Calculation  of  the  Bivariate  Normal  Probability 

Function 

Example  8.  Let  X and  Y follow  a bivariate 
normal  distribution  with  parameters  mx= 3, 
mv= 2,  ax= 4,  ay=2f  and  p=  — .125.  Find  the 
value  of  Pr{X>2,  Y> 4}  using  26.3.20  and 
Figures  26.2,  26.3. 

Sine ePT{X>h,Y>k}=L(^^,^^-v,  p)  we 

have  P{X> 2,  F>4}  =£(-.25, 1,  -.125).  Using 
26.3.20 

£(-.25, 1,  — .125)=£(— .25, 0,  .969) 

+£(1,0,  .125) -i 

Figure  26.2  only  gives  values  for  h^> 0,  however, 
using  the  relationship  26.3.8  with  k =0,  L(—h,  0,  p) 
=§— L(h,  0,  — p)  and  thus  Z(— .25, 0,  .969) 

=5— L(. 25, 0,  —.969).  Therefore  L(—  .25, 1,  —.125) 
=— Z(. 25, 0,— .969)+Z(l,0,.125)=— .01+.09=.08. 
The  answer  to  3D  is  L(— -.25,  1.,.  — . 125)  =.080. 
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Integral  of  a Bivariate  Normal  Distribution  Over  a 

Polygon 

Example  9.  Let  the  random  variables  X and  Y 
have  a bivariate  normal  distribution  with  param- 
eters mx= 5,  <xx— 2,  my— 9,  o*1,=4,  and  p=. 5. 
Find  the  probability  that  the  point  {X,  Y)  be 
inside  the  triangle  whose  vertices  are  A =(7,8), 
2?=(9, 13),  and  <7=(2, 9). 

When  obtaining  the  integral  of  a bivariate 
normal  distribution  over  a polygon,  it  is  first 
necessary  to  use  26*3.22  in  order  to  transform  the 
variates  so  that  one  deals  with  a circular  normal 
distribution.  The  polygon  in  the  region  of  the 
transformed  variables  is  then  divided'  into  con- 
figurations such  that  the  integral  over  any  selected 
configuration  can  be  easily  obtained.  Below  are 
listed  some  of  the  most  useful  configurations. 
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For  the  following  two  configurations  we  define 


y 

A 


(o  2 »&2  ) 


(Ofc  I ) 


* * 


Figure  26.5 


nbt 

g(x,  y,  0 )dxdy=[P(a2)—P(a1)]  [P(b2)—P(bi)] 

>1 


Figure  26.6 


f* 00  rax 

\ g(x,  y,  0 )dxdy= 

Jo  Jo 


arctan  a 


7 |^2^1  

[(S2-Sl)2+«2-*l)2]* 

b — JSl  (g2~~Sl)“Hl(£2— £l)| 
1 [(«*—«!)*+  « i)*l* 

t ^i)  ^i)  | 

[(^2 — (^2 — ^l)2]^ 


f f g(x,  V 1 0 )dxdy=V(h,  k2)  — V(h , kx) 

JJaaob 


f f 9(x,  V , 0 )dxdy=V(h,  k2)  +V  (h,  kx) 

J Jaaob 

Using  the  circularizing  transformation  26.3.22 
for  our  example  results  in 


-h( 


x—5  y — 9 

T 


) 


V3V  2 1 4 

1 /x—5  y- 9\ 
1 V 2 4 ) 


11  See  26.3.23  for  definition  of  V(h,  k ) . 
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The  vertices  of  the  triangle  in  the  (s,  t)  coordinates 
become  A=(J 3/4,  —5/4),  J3=(V3,  —1)  and 

<7=^— ^>0-  These  points  are  plotted  below. 

From  the  figure  it  is  seen  that  the  desired  prob- 
ability is  the  sum  of  the  probabilities  that  the 
point  having  the  transformed  variables  as  coor- 
dinates is  inside  the  triangles  AOB , AOC,  and 

boo. 


Figure  26.10 

For  these  three  triangles  we  have 
h k\  A/2 


A AOB 

|V2l 

V7/14 

|V7 

l 

AAOC 

|V3? 

ABOC 

ICO 

ICO 

1 t~H 

®I2 

g(s,  t,  0)dsdt=vQyT2h^f\~v(j^, 

AAOB 

=[±+Z(1.31,  0 -.76)— L(0,  0 .76)  — | Q(1.31)l 

-[±+£(1.31,  0,-.14)-£(0,  0 ,-.14)-±£(1.31)] 

=£(1.31,  0 ,-.76)-£(0,  0-.76) 

—£(1.31,  0,-.14)+£(0,  0,— .14) 

— .00— . 1 1 — .04+ .23= .08 

A AOC 

=[±+£(.14,  0,-.99)-£(0,  0,— .99)— i £(.14)1 

+J^|+£(.14,  0,— 1)— £(0,  0,— 1)— ± £(.14)1 

=.01 +.02=  .03 

A BOC 

=[±+£(.48,  0,— .97)— £(0,  0,-.97)-±  £(.48)1 

+[±+£(.48,  0,— .96)— £(0,  0,-.96)-±  £(.48)1 

= .05+.04=.09 

Thus  adding  all  parts,  the  probability  that  X 
and  Y are  in  triangle  ABC  is  =.08 +.03 +.09 =.20. 
The  answer  to  3D  is  .211. 


From  the  graph  it  is  seen  that  the  probability 
over  AOB  may  be  found  in  the  same  manner  as 
that  over  Figure  26.8,  and  over  AOC  and  BOC 
the  probabilities  may  be  found  as  that  over 

Figure  26.9. 

Hence 


Jj  g ( x , y,  .5)dxdy={{ g(s,  t,  0 )dsdt 


A ABC 


= JJ g(s , ty  0)dsdt+ JJ g(Sy  ty  0 )dsdt 

A AOB  AAOC 


g(Sy  ty  0 )dsdt 


A BOC 


Calculation  of  a Circular  Normal  Distribution  Over  an 

Offset  Circle 


Example  10.  Let  X and  Y have  a circular 
normal  distribution  with  o-=1000.  Find  the 
probability  that  the  point  (X,  Y)  falls  within  a 
circle  having  a radius  equ$l  to  540  whose  center 
is  displaced  1210  from  the  mean  of  the  circular 
normal  distribution. 

In  units  of  a,  the  radius  and  displacement  from 


the  center  are,  respectively,  R= 


540 

1000 


= .54  and  r 


=1000=1.2].  The  problem  is  thus  reduced  to 

finding  the  probability  of  X and  Y falling  in  a 
circle  of  radius  R—.b 4 displaced  r=1.21  from  the 
center  of  the  distribution  where  <r=l. 


and  consequently  using  26.3.23  and  Figure  26.2 
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Since  1,  the  approximation  26.3.25  is  used. 
This  results  in 


For  this  example  AX2=  ± 5 X 10-4  and  Xo=25.  This 
results  in 


P(B*|2,r®)= 


2(.54)2 
4+ (.54) 


2 exp 


— 2(1.21)2 

4+(.54)2 

= (.  1359)  <r-6823=  .06869 


The  answer  to  5D  is  .06870. 

Interpolation  for  Q(x2 1 v) 

Example  11.  Find  (2(25.298 120)  using  the 
interpolation  formula  given  with  Table  26.7. 

Taking  x2=25,  0=.298  and  applying  the  inter- 
polation formula  results  in 

<2(25.298|2O)=^{<2(25|16)02+<2(25|18)(40— 202) 

+<2(25|2O)(8-40+02)} 

=g{(.06982)(.088804) 

+ (.12492)  (1.014392) 

+ (.20143)  (6.896804)} 

= .19027 

A less  accurate  interpolate  may  be  obtained  by 
setting  02  equal  to  zero  in  the  above  formula. 
This  results  in  the  value  .19003.  The  correct 
value  to  6D  is  Q(25.298|20)  =.190259. 

On  the  other  hand  if  x2= 25.298  is  assumed  to 
have  an  error  of  ±5X10“4,  then  how  large  an 
error  arises  in  Q(x2\v)?  Denoting  the  error  in 
X2  by  Ax2  and  the  resulting  error  in  Q(x2 \v)  by 
A<2(x2|p),  we  then  have  the  approximate  relation- 
ship 

A<2(X2W  AX2 

Using  26.4.8  we  can  write 

^1^=4  [^>-2)-<2(x»] 

and 

AQ(X»  [Q(X>-2)  — Q(X2|»0]AX2 

For  practical  purposes  it  is  sufficient  to  evaluate 
the  derivative  to  one  or  two  significant  figures. 
Consequently  we  can  write 

ZQ(x2\v)  _ dQ(x%\v) 

dx2  ~ dx2 

where  xj  is  the  closest  value  to  X2  for  which  Q is 
tabulated.  Hence 

AQ(X»  [Q(xg|v-2)-Q(X?|j«)]AX2 


A0(X»  =|  (-  .076)  (±5)  10~4= +2X  KT6 
as  the  possible  error  in  Q(x2\v). 

Calculation  of  Q(x2\v)  Outside  the  Range  of  Table  26.7 

Example  12.  Find  the  value  of  (2(84 172). 
Since  this  value  is  outside  the  range  of  Table 
26.7  we  can  approximate  Q(84|72)  by  (1)  using  the 
Edgeworth  expansion  for  Q(x2\v)  given  in  Example 
6,  (2)  the  cube  root  approximation  26.4.14,  (3) 
the  improved  cube  root  approximation  26.4.15  or 
(4)  the  square  root  approximation  26.4.13.  The 
results  of  using  all  four  methods  are  presented 
below: 

1.  Edgeworth  expansion 

The  successive  terms  of  the  Edgeworth  expan- 
sion for  the  distribution  of  chi-square  result  in 

1 — Q(84|72)  = .841345 

.000000 

.001120 

.842465 

Hence  Q(84|72) =.15754. 

The  successive  terms  of  the  Edgeworth  expan- 
sion for  the  distribution  of  V 2x2  result  in 

1-Q(84|72)  = . 842544 
- .000034 
-.000138 

.842372 

Hence  Q(84|72) =.15764. 

2.  Cube  root  approximation  26.4.14 

Using  the  cube  root  approximation  we  have 

Q(84|72)  = Q(x) 

where 


This  results  in  Q(84|72)  = (2(1.0046)  = 1 — 

P(1.0046)  = .15754. 

3.  Improved  cube  root  approximation  26.4.13 

The  improved  cube  root  approximation  in- 
volves calculating  a correction  factor  hv  to  x. 
Linearly  interpolating  for  /t60  (which  appears 
below  26.4.15)  with  x— 1.0046  results  in 
— .0006  and  hence 
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A72  = ^|(-. 0006)  = — .00049 

Thus 

Q(84|72)  = Q(1 .0046-  .0005)  = Q( 1 .0041 ) 

= 1-P(1.0041)  = . 15766 

4.  Square  root  approximation  26.4.13 


2.  Cube  approximation  26.4.17 

Taking  x.0i =2.32635  we  have 


X2=144 


2 

9(144) 


+<2-32635>VtKn4>} 


3 

= 186.405 


Using  the  square  root  approximation  we  have 
$(84|72)  = $(;r)  where 

s= V2(84)  — V2(72) — 1 = 1 .0032. 

This  results  in 

Q(84|72)  = $(1.0032)  = l-P(1.0032)  = . 15788 

The  value  correct  to  6D  is  $(84 1 72)  = .157653. 
Generally  the  improved  cube  root  approximation 
will  be  correct  with  a maximum  error  of  a few 
units  in  the  fifth  decimal  and  is  recommended  for 
calculations  which  are  outside  the  range  of 
Table  26.7. 

Calculation  of  X2  for  Q(x2\v)  Outside  the  Range  of 

Table  26.8 


3.  Improved  cube  approximation  26,4.18 

From  the  table  for  A60  we  obtain  using  linear 

interpolation  with  x—2.33  (approximately) 

no 

A6o  = -0012  and  thus  A144=^-^^  (.0012)  = .00049 
Hence 


X2=144  1 


i 

! 


9(144) 

+ (2.32635-. 00049) 


/ 2 7 

V 9(144) _ 


186.394 


4.  Square  approximation  26.4.16 


X2=i  [2.32635+V2(144)-l]2=185.616 


Example  13.  Find  the  value  of  X2  for  which 
$(X2|144)  = .01. 

Since  i>=144  is  outside  the  range  of  Table  26.8, 
we  can  compute  it  by  using  (1)  the  Cornish-Fisher 
asymptotic  expansion  26.2.50,  for  X2,  (2)  the  cube 
approximation  26.4.17,  (3)  the  improved  cube 
approximation  26.4.18,  or  (4)  the  square  approxi- 
mation 26.4.16.  We  shall  compute  the  value  by 
all  four  methods. 

1.  Cornish-Fisher  asymptotic  expansion  26.2.50 

The  Cornish-Fisher  asymptotic  expansion  for 
X2  with  v=144  can  be  written  as 

x2~  144+12V2x+4A,(z)+^  [&,(*)  +2  *,,(*)] 

+j§s  [6A3(x)+3Mx)+2Alu(x)]+^  [30A4(z) 

+9h22{x)  + l2hi3(x)+6hn2(x)+4:hnii(x)] 

Hence  using  the  auxiliary  table  following  26.2.51 
with  p = .01  we  have 

144.  0000 
39.  4794 
2.  9413 
-.  0242 
-.  0019 
+ .0002 


x2=186.  395 


The  correct  answer  to  3D  is  X2=  186.394. 
Generally  the  improved  cube  approximation  will 
give  results  correct  in  the  second  or  third  decimal 
for  *C>30. 

Calculation  of  the  Incomplete  Gamma  Function 

Example  14.  Find  the  value  of 

7(2.5, .9)=  f t'-5e-‘dt 

making  use  of  26.4.19  and  Table  26.7. 

Using  26.4.19  we  have 

7(2.5,. 9)  = r(2.5)P(1.8|5)  = r(2.5)[l-Q(1.8|5)] 

7(2.5,  .9)=|V41— .87607]=.  16475 


Poisson  Distribution 

Example  15.  Find  the  value  of  m for  which 


3 

t=0 


— m 


i\ 


= .99 


using  26.4.21  and  Table  26.8. 

From  Table  26.8  with  v=2 c=8  and  $=.99 
we  have  X2=  1.646482.  Hence  m=x2/2  = . 823241. 


Inverse  of  the  Incomplete  Beta  Function 

Example  16.  Find  the  value  of  x for  which 
Ix(  10,  6)  = .10  using  Table  26.9  and  26.5.28. 
Using  26.5.28  we  have 


♦See  page  II. 
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/«(10,6)  = Q(F|12,20)=.10  where  *=20+12j?’ 

From  Table  26.9  the  upper  10  percent  point  of  F 
with  12  and  20  degrees  of  freedom  is  ^=1.89. 
Hence 

x= — 40Q 

20+12(1.89) 

The  correct  value  to  4D  is  #=.4683. 

Calculation  of  /x(a,  b)  for  a or  & Small  Integers 

Example  17.  Calculate  7.i0(3,  20). 

Values  of  Ix(a , b)  for  small  integral  a or  b can 
conveniently  be  calculated  using  26.5.6  or  26.5.7. 
Using  26.5.6  we  have 


w1  = [(10.5)(.60)]1/3=1.8469,w2=[16(.4)]1/3=1.8566 

_3[  (1 .8469)  (.98942)  - (1 .8566)  (.99306)  ] 
y (“(1.8469) 2 (1.8566)  ,UbbS 

L 10.5  + 16  J 

and  interpolating  in  Table  26.1  gives 

P(-  .0668)  = 1 -P(.0668)  = .47336 
The  answer  correct  to  5D  is  / «o(16,  10.5)  = .47332. 


Interpolation  for  F in  Table  26.9 
Example  20.  Find  the  value  of  F for  which 

Q(F\7,  20) =.05  using  Table  26.9. 


1-7m(20,3)  = 


(.9) 20 
5(3,20) 


.121576 

.216450X10-3 


(.1 10390X 10"2)  = .620040 


Binomial  Distribution 

Example  18.  Find  the  value  of  p which  satisfies 
20  /f;n\ 

Z)(  _ Wg“-*=.95,  q=l-p 

8=0  \S  / 


using  26.5.24  and  Table  26.9. 

Combining  26.5.24  and  26.5.28  we  have 

±QP^=Q(F\Vup2) 

where 


vi—2(n— a+1),  v2=2(a),  and p= 


a 


a+(n—a+l)F 


Hence 


= 1 — Q(F| 60, 42)  = .95 


Interpolation  in  Table  26.9  is  approximately 
linear  when  the  reciprocals  of  the  degrees  of 
freedom  (yu  v2)  are  used  as  the  interpolating 
variable.  For  this  example  it  is  only  necessary  to 
interpolate  with  respect  to  1/vi.  Thus  linear 
interpolation  on  l/vi  results  in  F=  2.51  which  is 
the  correct  interpolate. 

Calculation  of  F for  0(F|vi,y2)>.5O 

Example  21.  Find  the  value  of  F for  which 
Q(F|4, 8)  = .90  using  26.6.9  and  Table  26.9. 

Table  26.9  only  tabulates  values  of  F for  which 
Q(F\vi,v2)=p  where  p=.5 00,  .250,  .100,  .050, 
.025,  .010,  .005,  .001.  However  making,  use  of 
Table  26.9  we  can  find  the  values  of  Fp  for  which 
p=. 75,  .9,  .95,  .975,  .99,  .995,  .999.  For  this  ex- 
ample we  have 

F*(4’8)=idtJ) 

and  referring  to  the  table  for  which  Q{F\vu  v2)  = .10 
gives  F.io(8,4)=3.95  and  thus  F.9o(4, 8)=^^ 
=.253. 


Harmonic  interpolation  on  v2  in  the  table  for 
which  Q(F\ vu  v2)  = .05  results  in  F = 1.624  for 

42 

„1  = 60,  1*2=42,  and  thus  624)==,3QL 

The  correct  answer  to  4D  is  p=.3003. 

Approximating  the  Incomplete  Beta  Function 

Example  19.  Find  / 60(16, 10.5)  using  26.5.21. 
Values  of  Ix(a , b)  can  conveniently  be  calculated 
with  good  accuracy  using  the  approximation 
given  by  26.5.20  or  26.5.21.  For  this  example 
(a+6— 1)(1— x)  = 10.20  which  is  greater  than  .8 
and  hence  26.5.21  will  be  used.  Thus 


Calculation  of  <?(F |vi,  t^)  for  Small  Integral  v\  or  V2 

Example  22.  Compute  Q(2.5|4, 15)  using 
26.6.4. 

Values  of  Q(F\vu  v2)  can  be  readily  computed  for 
small  vi  or  v2  using  the  expansions  26.6.4  to  26.6.8 
inclusive.  We  have  using  26.6.4 

15 

15+4(2.50)  -6° 

and 

Q(2.50|4,15)=(.6)7-5fl+”  (,4)J=.086  735 


*See  page  II. 
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Approximating  Q(F |vi,  V2) 

Example  23.  Calculate  (2(1.714|10, 40)  using 
26.6.15. 

The  approximation  given  by  26.6.15  will  result 
in  a maximum  error  of  .0005.  For  this  example 
we  have 


X‘ 


9(10) 


I 


9(10) 


2 Hi 

4- fl  714)2« 

^ ' 9(40)J 


L, 


2222 


Interpolating  in  Table  26.1  results  in 
Q(1.714|10,40)«Q(1.2222)  = 1-P(1.2222)=.1108 


y=3.7190  (i.e.,  Q(3.7190)=.0001).  Hence  sub- 
stituting in  26.5.22  gives 


A= 2 


rMr. 

L19T9j 


12.2143 


«>=3.7190 


X=3-T19°2  3= 1.8052 
6 

(12.2143+1.8052)1 

12.2143 

-(hll)[1'8053+-8333-3(I5li43)] 

w=.9889 


The  correct  value  to  5D  is  Q(1.714|  10, 40)  = .11108. 

On  the  other  hand  the  approximation  given  by 
26.6.14  which  is  usually  less  accurate  results  in 

J[2(40)-l](jjj)  (1.714)— 72(10)— 1 
*=- = =1.2210 

V1+i6  (L714) 

and  interpolating  in  Table  26.1  gives 
Q(1.714|10,  40)«Q(1.2210)  = 1-P(1.2210)=.1112 

Calculation  of  F Outside  the  Range  of  Table  26.9 

Example  24.  Find  the  value  of  F for  which 
Q(F|10, 20) «. 0001  using  26.6.16  and  26.5.22. 

For  this  problem  we  have  a=~=10,  b=~—b1 

p=.0001.  The  value  of  the  normal  deviate  which 
cuts  off  .0001  in  the  tail  of  the  distribution  is 


and  thus  F^e2w— 7.23.  The  correct  answer  is 
F=7.180. 


Approximating  the  Non-Central  F-Distribution 

Example  25.  Compute  P(3.71|3, 10, 4)  using 
the  approximation  26.6.27  to  the  non-central  F- 
distribution. 

Using  26.6.27  with  *>i=3,  *>2=10,  X=4,  F'=3.71 
we  have 


x= 


“/  Q \ “11/3  r 

L(^)  (3-71)J  L1 


r 2(3+8)~] 
9(10)  J L 9 (3+4)2_ 


2 .1 


^1 


2 3+8 


[(s+i)  (3'71)]  ] 


.9  (3+4)2n9(10)  L\3+4. 

and  interpolating,  in  Table  26.1  gives 

P(3.71|3,10,4)  «P(.675)  = .750 
The  exact  answer  is  P(3.71|3, 10, 4) =.745. 


= .675 
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i 

[26.8]  J.  Arthur  Greenwood  and  H.  O.  Hartley,  Guide  to 

tables  in  mathematical  statistics  (Princeton 
Univ.  Press,  Princeton,  N.J.,  1962).  (Catalogues 
a large  selection  of  tables  used  in  mathematical 
statistics) . 

[26.9]  A.  Hald,  Statistical  tables  and  formulas  (John 

Wiley  & Sons,  Inc.,  New  York,  N.Y.,  1952). 

[26.10]  D.  B.  Owen,  Handbook  of  statistical  tables  (Addi- 

son-Wesley  Publishing  Co.,  Inc.,  Reading, 
Mass.,  1962). 

[26.11]  E.  S.  Pearson  and  H.  O.  Hartley  (Editors).  Bio- 

metrika  tables  for  statisticians,  vol.  I (Cambridge 
Univ.  Press,  Cambridge,  England,  1954). 
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[26.12]  K.  Pearson  (Editor),  Tables  for  statisticians  and 

biometricians,  parts  I and  II  (Cambridge  Univ. 
Press,  Cambridge,  England,  1914,  1931). 

Normal  Probability  Integral  and  Derivatives 

[26.13]  J.  R%  Airey,  Table  of  Hh  functions,  British  Associa- 

tion for  the  Advancement  of  Science,  Mathe- 
matical Tables  I (Cambridge  Univ.  Press, 
Cambridge,  England,  1931). 

[26.14]  Harvard  University,  Tables  of  the  error  function 

and  of  its  first  twenty  derivatives  (Harvard 
Univ.  Press,  Cambridge,  Mass.,  1952). 
P(x)  — %,  Z(x),  Z(n)(z),  n=  1(1)4  for  z=0(.004) 
6.468,  6D;  Z<">(z),  w=5(l)10  for  z=0(.004) 
8.236,  6D;  Z™(x),  n=  11(1)  15  for  z=0(.002) 
9.61,  7S;  Z<">(3),  w=  16(1)20  for  z=0(.002) 
10.902,  7S  or  6D. 

[26.15]  T.  L.  Kelley,  The  Kelley  Statistical  Tables  (Har- 

vard Univ.  Press,  Cambridge,  Mass.,  1948). 
x for  P(x)  = .5(. 0001)  .9999  and  corresponding 
values  of  Z(x),  8D. 

[26.16]  National  Bureau  of  Standards,  A guide  to  tables  of 

the  normal  probability  integral,  Applied  Math. 
Series  21  (U.S.  Government  Printing  Office, 
Washington,  D.C.,  1951). 

[26.17]  National  Bureau  of  Standards,  Tables  of  normal 

probability  functions,  Applied  Math.  Series  23 
(U.S.  Government  Printing  Office,  Washington, 
D.C.,  1953).  Z(x)  and  A(x)  for  z=0(.0001) 
1 (.001)  7.8,  15D;  Z(x)  and  2[1  — P(x)]  for 

* = 6(.01)10,  7S. 

[26.18]  W.  F.  Sheppard,  The  probability  integral,  British 

Association  for  the  Advancement  of  Science, 
Mathematical  Tables  VII  (Cambridge  Univ. 
Press,  Cambridge,  England,  1939).  A(x)/Z(x) 

for  £=0(.01)10,  12D;z=0(.l)10,  24D. 

Bivariate  Normal  Probability  Integral 

[26.19]  Bell  Aircraft  Corporation,  Table  of  circular  normal 

probabilities,  Report  No.  02-949-106  (1956). 
Tabulates  the  integral  of  the  circular  normal 
distribution  over  an  off-set  circle  having  its 
center  a distance  r from  the  origin  with  radius 
R;  #=0(.01)4.59,  r=0(.01)3,  5D. 

[26.20]  National  Bureau  of  Standards,  Tables  of  the  bi- 

variate normal  distribution  function  and  related 
functions,  Applied  Math.  Series  50  (U.S.  Gov- 
ernment Printing  Office,  Washington,  D.C., 
1959).  L(h,  kt  p)  for  ht  fc=0(.l)4,  p=0(.05).95 
(.01)1,  6D;  L(h,  kt  — p)  for  ht  fc=0(.l)A, 
p=0(.05).95(.01)  1 where  A is  such  that  L<.5*  10-7, 
7D;  VQiy  ah)  for  /i=0(.01)4(.02)4.6(.l)5.6,  ®, 
7D;  V(ah,  h)  for  a = .l(.l)l,  fr=0(.01)4(.02)5.6, 
oo,  7D. 

[26.21]  C.  Nicholson,  The  probability  integral  for  two 

variables,  Biometrika  33,  59-72  (1943).  V(h,  ah) 
for  h=.  1 (.1)3,  o/i=.l(.l)3,  oo,  6D. 

[26.22]  D.  B.  Owen,  Tables  for  computing  bivariate  normal 

probabilities,  Ann.  Math.  Statist.  27,  1075-1090 

(1956).  T(ht  «)=“-  arctan  a—V(h,  ah)  for 

2ir 

a=. 25(.25)1,  fc=0(.01)2(.02)3;  a=0(.01)l,  oo, 
fc=0(.25)3;  a=.l,  .2(.05).5(.1).8,  1,  oo,  h= 
3(.05)3.5(. 1)4.7,  6D. 


[26.23]  D.  B.  Owen,  The  bivariate  normal  probability 

function,  Office  of  Technical  Services,  U.S. 
Department  of  Commerce  (1957).  T(h,  a)  = 

-^-arctan  a—  V(h,  ah)  for  a=0(.025)l,  oo;  h= 

2itt 

0(.01)3.5(. 05)4.75,  6D. 

[26.24]  Tables  VIII  and  IX,  Part  II  of  [26.12].  L(h,  kf  p) 

for  hy  fc=0(.l)2.6,  p=  — 1(.05)1,  6D  for  p>0 
and  7D  for  p<0. 

Chi-Square,  Non-Central  Chi-Square,  Probability  Integral, 
Incomplete  Gamma  Function,  Poisson  Distribution 

[26.25]  G.  A.  Campbell,  Probability  curves  showing 

Poisson’s  exponential  summation,  Bell  System 
Technical  Journal,  95-113  (1923).  Tabulates 

Y2 

values  of  ra=—  for  which  Q(x2k)  = .000001, 
2D;  .0001,  .01,  3D;  .1,  .25,  .5,  .75,  .9,  4D; 
.99,  .9999,  3D;  .999999,  2D  for  c=^=l(l)101. 

[26.26]  Table  IV  of  [26.7].  Tabulates  values  of  x2  lor 

Q(x2\v)  = .001,  .01,  .02,  .05,  .1,  .2,  .3,  .5,  .7,  .8, 
.9,  .95,  .98,  .99  and  1(1)30,  3D  or  3S. 

[26.27]  E.  Fix,  Tables  of  noncentral  x2,  Univ.  of  California 

Publications  in  Statistics  1,  15-19  (1949). 

Tabulates  X for  P(x'2K  X)  = .1  (.1) .9,  Q{x'2\v)  — 
.01,  .05;  ?=  1(1)20(2)40(5)60(10)  100,  3D  or  3S. 

[26.28]  H.  O.  Hartley  and  E.  S.  Pearson,  Tables  of  the  x 

integral  and  of  the  cumulative  Poisson  distribu- 
tion, Biometrika  37,  313-325  (1950).  Also  re- 
produced as  Table  7 in  [26.11].  P(x2W)  for 
p=  1(1)20(2)70,  x2=0(.001).01(.01).1(.1)2(.2)10 
(.5)20(1)40(2)134,  5D. 

[26.29]  T.  Kitagawa,  Tables  of  Poisson  distribution 

(Baifukan,  Tokyo,  Japan,  1951).  e~mm8/s\  for 
m—  .001  (.001)  1 (.01) 5,  8 D;  m=5(.01)10,  7D. 

[26.30]  E.  C.  Molina,  Poisson’s  exponential  binomial  limit 

(D.  Van  Nostrand  Co.,  Inc.,  New  York,  N.Y., 

CO 

1940).  e~mma/s\  and  P(x2M~^u  e-mm’/j\  for 

j=c 

m=x2/2=0(.l)  16(1)  100,  6D;  m=0(.001).01 

(.01)3,  7D. 

[26.31]  K.  Pearson  (Editor),  Tables  of  the  incomplete 

T-function,  Biometrika  Office,  University  College 
(Cambridge  Univ.  Press,  Cambridge,  England, 
1934)  I(ufp)  for  p—  — 1(.05)0(.1)5(.2)50, 
w=0(.l)  I{Uyp)  — 1 to  7D;  p=  — 1(.01)  — .75, 
w=0(.l)6,  5D;  \n[I(u,p)\uv+l]y  p—  — 1(.05)0 

(.1)10,  w=0(.l)  1.5,  8D;  [xp+1  r(p+  l)]_17(p,^), 

p=  — 1(.01)  — .9,  x=0(.01)3,  7D. 

[26.32]  E.  E.  Sluckii,  Tablitsy  dlya  vycioleniya  nepolnol 

T-funktsii  i funktsii  veroyatnosti  x2-  (Izdat. 

Akad.  NaukSSSR,  Moscow-Leningrad,  U.S.S.R., 

(1  \_"/2  ^ 

“ x2)  P (x2\v),  SP  (tyv)  = 

Q(x2\v),  Tl(ty  x)  = Q(x2\p)  where  t=  (2x2)^—  (20% 
x=(p/2)~K  r(xV),  x2=0(.05)2(.1)10,  y=0(.05) 
2(.1)6;  Q(x2W,  x2=0(.l)3.2,  ^=0(.05)2(.1)6; 

x2=3.2(.2)7(.5)  10(1)35,  */=0(.l).4(.2)6;  &(\ l,v ), 
t—  — 4(.1)4.8,  „=6(.5)  11(1)32;  U(t,x ):  t=- 4.5 
(.1)4.8,  x=0(.02).22(.01).25,  5D. 
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Incomplete  Beta  Function,  Binomial  Distribution 

[26.33J  Harvard  University,  Tables  of  the  cumulative 
binomial  probability  distribution  (Harvard  Univ. 
Press,  Cambridge,  Mass.,  1955). 


2 (?)pa(l  — p)n-a  for  p = .01(.01).5,  1/16,  1/12, 

s=c 

1/8,  1/6,  3/16,  5/16,  1/3,  3/8,  5/12,  7/16, 

n=  1(1)50(2)  100(10)200(20)500(50)  1000,  5D. 

[26.34]  National  Bureau  of  Standards,  Tables  of  the 

binomial  probability  distribution,  Applied  Math. 
Series  6 (U.S.  Government  Printing  Office, 
Washington,  D.C.,  1950).  (?)pa(l  — p)n_a  and 

n 

!2  (?)pa(l  — p)n-a  p=.01(.01).5,  71=2(1)49, 
s=c 

7D. 

[26.35]  K.  Pearson  (Editor),  Tables  of  the  incomplete 

beta  function,  Biometrika  Office,  University 
College  (Cambridge  Univ.  Press,  Cambridge, 
England,  1948).  7*(a,6)  for  x—.  01  (.01)1; 

a, 5=.5(. 5)11(1)50,  a>b,  7D. 

[26.36]  W.  H.  Robertson,  Tables  of  the  binomial  distribu- 

tion function  for  small  values  of  p,  Office  of 
Technical  Services,  U.S.  Department  of  Com- 
merce (1960). 
c 

(?)p*(l  — p)n-a  for  p=. 001  (.001) .02,  w=2(l) 

s=o 


100(2)200(10)500(20)1000;  p=.021(.001).05, 

n=2(l)50(2)  100(5)200(10)  300  (20)  600  (50)  1000, 
5D. 

[26.37]  H . G.  Romig,  50-100  Binomial  tables  (John 


Wiley  & Sons,  Inc.,  New  York,  N.Y.,  1953). 


p*(l  — p)n_<  and 


p*(l  — p) n_* 


for 


p=.01(.01).5  and  n=  50(5)  100,  6D. 

[26.38]  C.  M.  Thompson,  Tables  of  percentage  points  of 

the  incomplete  beta  function,  Biometrika  32, 
151-181  (1941).  Also  reproduced  as  Table  16 
in  [26.11].  Tabulates  values  of  x for  which 
* 4(0,  b)  =.005,  !01,  .025,  .05,  .1,  .25,  .5; 
2a=  1(1)30,  40,  60,  120,  oo  ; 2b=l(l)10,  12,  15, 
20,  24,  30,  40,  60,  120,  5D. 

[26.39]  U.S.  Ordnance  Corps,  Tables  of  the  cumulative 

binomial  .probabilities,  ORDP  20-1,  Office  of 
Technical  Services,  Washington,  D.C.  (1952). 


23  p*(l  — p)n“*  for  p=.01(.01).5 


and  n—  1 


(1)150,  7D. 


F (Variance-Ratio)  and  Non-Central  F Distribution 

[26.40]  Table  V of  [26.7].  Tabulates  values  of  F and 

Z=—  In  F for  Q(F\vif  ?2)  = .2,  .1,  .05,  .01,  .001; 

^=1(1)6,  8,  12,  24,  oo  ; p2=  1(1)30,  40,  60,  120, 
oo , 2D  for  F,  4D  for  Z. 

[26.41]  E.  Lehmer,  Inverse  tables  of  probabilities  of  errors 

of  the  second  kind,  Ann.  Math.  Statist.  15, 

388-398  (1944).  <*>=VV(>’i+ 1)  for  V1=  1(1)10, 

12,  15,  20,  24,  30,  40,  60,  120,  oo  ; „2=  2(2)20, 
24,  30,  40,  60,  80,  120,  240,  oo  and  P(F'  h,  x2,  <j>) 
= .2,  .3  where  Q{Ff \vif  p2)  = .01,  .05,  3D  or  3S. 


[26.42]  M.  Merrington  and  C.  M.  Thompson,  Tables  of 
percentage  points  of  the  inverted  beta  (F)  dis- 
tribution, Biometrika  33,  73-88  (1943).  Tabu- 
lates values  of  F for  which  Q(F\vh  p2)  = .5,  .25, 
.1,  .05,  .025,  .01,  .005;  *=  1(1)10,  12,  15,  20, 
24,  30,  40,  60,  120,  <»  ; „2=  1(1)30,  40,  60,  120,  oo  . 

[ 26.43]  P.  C.  Tang,  The  power  function  of  the  analysis  of 
variance  tests  with  tables  and  illustrations  of 
their  use,  Statistical  Research  Memoirs  II,  126- 
149  and  tables  (1938).  P(F'\vu  v2,  <f>)  for  v\  = 

1(1)8,  >>2=2(2)6(1)30,  60,  oo  apd  0=VV»,+ 1)  = 
1(.5)3(1}8  where  0(F'|i>i,  v2)  = .01,  .05,  3D. 

Student’s  t and  Non-Central  ^-Distributions 

[26.44]  E.  T.  Federighi,  Extended  tables  of  the  percentage 

points  of  Students  /-distribution,  J.  Amer. 
Statist.  Assoc.  54,  683-688  (1959.)  Values  of 

Z for  which  Q(t\v)=  ^ [l  — A(Z|»0]  = .25X  10~n, 

.1X10“”,  n=0(l)6,  .05X10-”,  n=0(l)5,  v= 
1(1)30(5)60(10)100,  200,  500,  1000,  2000,  10000, 
OO  ; 3D. 

[26.45]  Table  III  of  [26.7].  Values  of  Z for  which  A(t\v)  = 

. 1 (.  1) .9,  .95,  .98,  .99,  .999  and  *=  1(1)30,  40, 
60,  120,  oo  ; 3D. 

[26.46]  N.  L.  Johnson  and  B.  L.  Welch,  Applications  of 

the  noncentral  ^-distribution,  Biometrika  31, 
362-389  (1939).  Tabulates  an  auxiliary  func- 
tion which  enables  calculation  of  5 for  given 
V andp,  or/'  for  given  5 and  p where  P(t'\v,8)  = p= 
.005,  .01,  .025,  .05,  .1  (.  1)  .9,  .95,  .975,  .99,  .995. 

[26.47]  J.  Neyman  and  B.  Tokarska,  Errors  of  the  second 

kind  in  testing  Student's  hypothesis,  J.  Amer. 
Statist.  Assoc.  31,  318-326  (1936).  Tabulates  5 
for  P(*>,5)  = .01,  .05,  . 1 (.  1) .9;  v = 1(1)30,  ® ; 
Q(/»  = .01,  .05. 

[26.48]  Table  9 of  [26.11].P(«W=1  + for  f= 

z 

0(.1)4(.2)8;  *>=1(1)20,  5D;  *=0(.05)2(.1)4,  5; 
*>=20(1)24,  30,  40,  60,  120,  <*>,  5D. 

[26.49]  G.  S.  Resnikoff  and  G.  J.  Lieberman,  Tables  of  the 

noncentral  /-distribution  (Stanford  Univ.  Press, 
Stanford,  Calif.,  1957).  e)P(/'|*>,6)/d/'and P(/'l  *>,5) 

for  *>= 2(1)24(5)49,  5=  ^v-\- 1 xp  where  Q(xv)  = 
p=. 25,  .15,  .1,  .065,  .04,  .025,  .01,  .004,  .0025, 

.001  and  Z'/V^  covers  the  range  of  values  such 
that  throughout  most  of  the  table  the  entries  lie 
between  0 and  1,  4D. 

Random  Numbers  and  Normal  Deviates 

[26.50]  E.  C.  Fieller,  T.  Lewis  and  E.  S.  Pearson,  Cor- 

related random  normal  deviates,  Tracts  for 
Computers  26  (Cambridge  Univ.  Press,  Cam- 
bridge, England,  1955). 

[26.51]  T.  E.  Hull  and  A.  R.  Dobell,  Random  number 

generators,  Soc.  Ind.  App.  Math.  4,  230-254 
(1962). 

[26.52]  M.  G.  Kendall  and  B.  Babington  Smith,  Random 

sampling  numbers  (Cambridge  Univ.  Press, 
Cambridge,  England,  1939), 


*See  page  II. 
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[26.53]  G.  Marsaglia,  Random  variables  and  computers, 

Proc.  Third  Prague  Conference  in  Probability 
Theory  1962.  (Also  as  Math.  Note  No.  260, 
Boeing  Scientific  Research  Laboratories,  1962). 

[26.54]  M.  E.  Muller,  An  inverse  method  for  the  genera- 

tion of  random  normal  deviates  on  large  scale 
computers,  Math.  Tables  Aids  Comp.  63.  167- 
174  (1958). 


[26.55]  Rand  Corporation,  A million  random  digits  with 

100,000  normal  deviates  (The  Free  Press, 
Glencoe,  111.  1955). 

[26.56]  H.  Wold,  Random  normal  deviates,  Tracts  for 

Computers  25  (Cambridge  Univ.  Press,  Cam- 
bridge, England,  1948). 
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Table 

26.1  NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 

X 

P(x) 

Z(x) 

ZM(x) 

0.00 

0.50000 

00000 

00000 

0.39894 

22804 

01433 

0.00000 

00000 

00000 

0.02 

0.50797 

83137 

16902 

0.39886 

24999 

23666 

-0.00797 

72499 

98473 

0.04 

0.51595 

34368 

52831 

0.39862 

32542 

04605 

-0.01594 

49301 

68184 

0.06 

0.52392 

21826 

54107 

0.39822 

48301 

95607 

-0.02389 

34898 

11736 

0.08 

0.53188 

13720 

13988 

0.39766 

77055 

11609 

-0.03181 

34164 

40929 

0.10 

0.53982 

78372 

77029 

0.39695 

25474 

77012 

-0.03969 

52547 

47701 

0.12 

0.54775 

84260 

20584 

0.39608 

02117 

93656 

-0.04752 

96254 

15239 

0.14 

0.55567 

00048 

05907 

0.39505 

17408 

34611 

-0.05530 

72437 

16846 

0.16 

0.56355 

94628 

91433 

0.39386 

83615 

68541 

-0.06301 

89378 

50967 

0.18 

0.57142 

37159 

00901 

0.39253 

14831 

20429 

-0.07065 

56669 

61677 

0.20 

0.57925 

97094 

39103 

0.39104 

26939 

75456 

-0.07820 

85387 

95091 

0.22 

0.58706 

44226 

48215 

0.38940 

37588 

33790 

-0.08566 

88269 

43434 

0.24 

0.59483 

48716 

97796 

0.38761 

66151 

25014 

-0.09302 

79876 

30003 

0.26 

0.60256 

81132 

01761 

0.38568 

33691 

91816 

-0.10027 

76759 

89872 

0.28 

0.61026 

12475 

55797 

0.38360 

62921 

53479 

-0.10740 

97618 

02974 

0.30 

0.61791 

14221 

88953 

0.38138 

78154 

60524 

-0.11441 

63446 

38157 

0.32 

0.62551 

58347 

23320 

0.37903 

05261 

52702 

-0.12128 

97683 

68865 

0.34 

0.63307 

17360 

36028 

0.37653 

71618 

33254 

-0.12802 

26350 

23306 

0.36 

0.64057 

64332 

17991 

0.37391 

06053 

73128 

-0.13460 

78179 

34326 

0.38 

0.64802 

72924 

24163 

0.37115 

38793 

59466 

-0.14103 

84741 

56597 

0.40 

0.65542 

17416 

10324 

0.36827 

01403 

03323 

-0.14730 

80561 

21329 

0.42 

0.66275 

72731 

51751 

0.36526 

26726 

22154 

-0.15341 

03225 

01305 

0.44 

0.67003 

14463 

39407 

0.36213 

48824 

13092 

-0.15933 

93482 

61761 

0.46 

0.67724 

18897 

49653 

0.35889 

02910 

33545 

-0.16508 

95338 

75431 

0.48 

0.68438 

63034 

83778 

0.35553 

25285 

05997 

-0.17065 

56136 

82879 

0.50 

0.69146 

24612 

74013 

0.35206 

53267 

64299 

-0.17603 

26633 

82150 

0.52 

0.69846 

82124 

53034 

0.34849 

25127 

58974 

-0.18121 

61066 

34667 

0.54 

0.70540 

14837 

84302 

0.34481 

80014 

39333 

-0.18620 

17207 

77240 

0.56 

0.71226 

02811 

50973 

0.34104 

57886 

30353 

-0.19098 

56416 

32997 

0.58 

0.71904 

26911 

01436 

0.33717 

99438 

22381 

-0.19556 

43674 

16981 

0.60 

0.72574 

68822 

49927 

0.33322 

46028 

91800 

-0.19993 

47617 

35080 

0.62 

0.73237 

11065 

31017 

0.32918 

39607 

70765 

-0.20409 

40556 

77874 

0.64 

0.73891 

37003 

07139 

0.32506 

22640 

84082 

-0.20803 

98490 

13813 

0.66 

0.74537 

30853 

28664 

0.32086 

38037 

71172 

-0.21177 

01104 

88974 

0.68 

0.75174 

77695 

46430 

0.31659 

29077 

10893 

-0.21528 

31772 

43407 

0.70 

0.75803 

63477 

76927 

0.31225 

39333 

66761 

-0.21857 

77533 

56733 

0.72 

0.76423 

75022 

20749 

0.30785 

12604 

69853 

-0.22165 

29075 

38294 

0.74 

0.77035 

00028 

35210 

0.30338 

92837 

56300 

-0.22450 

80699 

79662 

0.76 

0.77637 

27075 

62401 

0.29887 

24057 

75953 

-0.22714 

30283 

89724 

0.78 

0.78230 

45624 

14267 

0.29430 

50297 

88325 

-0.22955 

79232 

34894 

0.80 

0.78814 

46014 

16604 

0.28969 

15527 

61483 

-0.23175 

32422 

09186 

0.82 

0.79389 

19464 

14187 

0.28503 

63584 

89007 

-0.23372 

98139 

60986 

0.84 

0.79954 

58067 

39551 

0.28034 

38108 

39621 

-0.23548 

88011 

05281 

0.86 

0.80510 

54787 

48192 

0.27561 

82471 

53457 

-0.23703 

16925 

51973 

0.88 

0.81057 

03452 

23288 

0.27086 

39717 

98338 

-0.23836 

02951 

82537 

0.90 

0.81593 

98746 

53241 

0.26608 

52498 

98755 

-0.23947 

67249 

08879 

0.92 

0.82121 

36203 

85629 

0.26128 

63012 

49553 

-0.24038 

33971 

49589 

0.94 

0.82639 

12196 

61376 

0.25647 

12944 

25620 

-0.24108 

30167 

60083 

0.96 

0.83147 

23925 

33162 

0.25164 

43410 

98117 

-0.24157 

85674 

54192 

0.98 

0.83645 

69406 

72308 

0.24680 

94905 

67043 

-0.24187 

33007 

55702 

1.00 

0.84134 

47460 

68543 

0.24197 

07245 

19143 

-0.24197 

07245 

19143 

L 10  J 

[■(-5)2-1 

L io  J 

[ 

(-5)3] 

10  J 

pw = r z{t),H 

J 00 


Hen{x)  = (-l)*^{x)IZ{x) 
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NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 


Table  26.1 


X 

Z<2)(*) 

Z(  3)(*) 

Z(4)(%) 

Z(5)(*) 

Z(6)(x) 

0.00 

-0.39894 

22804 

0.00000 

000 

1.19682 

684 

0.00000 

000 

-5.98413 

421 

0.02 

-0.39870 

29549 

0.02392 

856 

1.19563 

029 

-0.11962 

684 

-5.97575 

893 

0.04 

-0.39798 

54570 

0.04780 

928 

1.19204 

400 

-0.23891 

887 

-5.95066 

325 

0.06 

-0.39679 

12208 

0.07159 

445 

1.18607 

800 

-0.35754 

249 

-5.90893 

742 

0.08 

-0.39512 

26322 

0.09523 

664 

1.17774 

897 

-0.47516 

649 

-5.85073 

151 

0.10 

-0.39298 

30220 

0.11868 

881 

1.16708 

019 

-0.59146 

327 

-5.77625 

460 

0.12 

-0.39037 

66567 

0.14190 

445 

1.15410 

144 

-0.70610 

997 

-5.68577 

399 

0.14 

-0.38730 

87267 

0.16483 

771 

1.13884 

890 

-0.81878 

968 

-5.57961 

395 

0.16 

-0.38378 

53315 

0.18744 

353 

1.12136 

503 

-0.92919 

252 

-5.45815 

435 

0.18 

-0.37981 

34631 

0.20967 

776 

1.10169 

839 

-1.03701 

674 

-5.32182 

895 

0.20 

-0.37540 

09862 

0.23149 

727 

1.07990 

350 

-1.14196 

980 

-5.17112 

356 

0.22 

-0.37055 

66169 

0.25286 

Oil 

1.05604 

063 

-1.24376 

938 

-5.00657 

387 

0.24 

-0.36528 

98981 

0.27372 

555 

1.03017 

556 

-1.34214 

434 

-4.82876 

317 

0.26 

-0.35961 

11734 

0.29405 

426 

1.00237 

941 

-1.43683 

568 

-4.63831 

979 

0.28 

-0.35353 

15588 

0.31380 

836 

0.97272 

834 

-1.52759 

737 

-4.43591 

441 

0.30 

-0.34706 

29121 

0.33295 

156 

0.94130 

327 

-1.61419 

723 

-4.22225 

716 

0.32 

-0.34021 

78003 

0.35144 

923 

0.90818 

965 

-1.69641 

762 

-3.99809 

459 

0.34 

-0.33300 

94659 

0.36926 

849 

0.87347 

711 

-1.77405 

617 

-3.76420 

646 

0.36 

-0.32545 

17909 

0.38637 

828 

0.83725 

919 

-1.84692 

643 

-3.52140 

244 

0.38 

-0.31755 

92592 

0.40274 

947 

0.79963 

298 

-1.91485 

840 

-3.27051 

871 

0.40 

-0.30934 

69179 

0.41835 

488 

0.76069 

880 

-1.97769 

904 

-3.01241 

439 

0.42 

-0.30083 

03372 

0.43316 

939 

0.72055 

987 

-2.03531 

269 

-2.74796 

802 

0.44 

-0.29202 

55692 

0.44716 

995 

0.67932 

193 

-2.08758 

144 

-2.47807 

382 

0.46 

-0.28294 

91055 

0.46033 

566 

0.63709 

291 

-2.13440 

537 

-2.20363 

810 

0.48 

-0.27361 

78339 

0.47264 

779 

0.59398 

256 

-2.17570 

278 

-1.92557 

548 

0.50 

-0.26404 

89951 

0.48408 

982 

0.55010 

207 

-2.21141 

033 

-1.64480 

520 

0.52 

-0.25426 

01373 

0.49464 

748 

0.50556 

372 

-2.24148 

307 

-1.36224 

740 

0.54 

-0.24426 

90722 

0.50430 

874 

0.46048 

050 

-2.26589 

443 

-1.07881 

949 

0.56 

-0.23409 

38293 

0.51306 

383 

0.41496 

574 

-2.28463 

613 

-0.79543 

249 

0.58 

-0.22375 

26107 

0.52090 

525 

0.36913 

279 

-2.29771 

801 

-0.51298 

749 

0.60 

-0.21326 

37459 

0.52782 

111 

0.32309 

457 

-2.30516 

783 

-0.23237 

218 

0.62 

-0.20264 

56463 

0.53382 

841 

0.27696 

332 

-2.30703 

091 

+0.04554 

255 

0.64 

-0.19191 

67607 

0.53890 

643 

0.23085 

017 

-2.30336 

981 

0.31990 

583 

0.66 

-0.18109 

55308 

0.54306 

327 

0.18486 

483 

-2.29426 

388 

0.58988 

999 

0.68 

-0.17020 

03472 

0.54630 

259 

0.13911 

528 

-2.27980 

875 

0.85469 

355 

0.70 

-0.15924 

95060 

0.54863 

016 

0.09370 

741 

-2.26011 

583 

1.11354 

405 

0.72 

-0.14826 

11670 

0.55005 

386 

0.04874 

473 

-2.23531 

162 

1.36570 

074 

0.74 

-0.13725 

33120 

0.55058 

359 

+0.00432 

808 

-2.20553 

714 

1.61045 

709 

0.76 

-0.12624 

37042 

0.55023 

127 

-0.03944 

465 

-2.17094 

715 

1.84714 

311 

0.78 

-0.11524 

98497 

0.54901 

073 

-0.08247 

882 

-2.13170 

944 

2.07512 

746 

0.80 

-0.10428 

89590 

0.54693 

765 

-0.12468 

324 

-2.08800 

401 

2.29381 

943 

0.82 

-0.09337 

79110 

0.54402 

952 

-0.16597 

047 

-2.04002 

228 

2.50267 

061 

0.84 

-0.08253 

32179 

0.54030 

551 

-0.20625 

697 

-1.98796 

617 

2.70117 

643 

0.86 

-0.07177 

09916 

0.53578 

644 

-0.24546 

336 

-1.93204 

726 

2.88887 

745 

0.88 

-0.06110 

69120 

0.53049 

467 

-0.28351 

458 

-1.87248 

587 

3.06536 

044 

0.90 

-0.05055 

61975 

0.52445 

403 

-0.32034 

003 

-1.80951 

008 

3.23025 

923 

0.92 

-0.04013 

35759 

0.51768 

968 

-0.35587 

378 

-1.74335 

486 

3.38325 

538 

0.94 

-0.02985 

32587 

0.51022 

810 

-0.39005 

463 

-1.67426 

103 

3.52407 

854 

0.96 

-0.01972 

89163 

0.50209 

689 

-0.42282 

627 

-1.60247 

436 

3.65250 

673 

0.98 

-0.00977 

36558 

0.49332 

478 

-0.45413 

732 

-1.52824 

456 

3.76836 

628 

1.00 

0.00000 

00000 

0.48394 

145 

-0.48394 

145 

-1.45182 

435 

3.87153 

159 

P(-x)=l-P(x)  Z(-x)=Z(x) 


Z(«)(-i)=(-l)BZW(x) 
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Table  26.1  NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 


X 

1.00 

0.84134 

Pix) 

47460 

68543 

0.24197 

Z(x) 

07245 

19143 

-0.24197 

Z(D(x) 

07245 

19143 

1.02 

0.84613 

57696 

27265 

0.23713 

19520 

19380 

-0.24187 

45910 

59767 

1.04 

0.85083 

00496 

69019 

0.23229 

70047 

43366 

-0.24158 

88849 

33101 

1.06 

0.85542 

77003 

36091 

0.22746 

96324 

57386 

-0.24111 

78104 

04829 

1.08 

0.85992 

-89099 

11231 

0.22265 

34987 

51761 

-0.24046 

57786 

51902 

1.10 

0.86433 

39390 

53618 

0.21785 

21770 

32551 

-0.23963 

73947 

35806 

1.12 

0.86864 

31189 

57270 

0.21306 

91467 

75718 

-0.23863 

74443 

88804 

1.14 

0.87285 

68494 

37202 

0.20830 

77900 

47108 

-0.23747 

08806 

53704 

1.16 

0.87697 

55969 

48657 

0.20357 

13882 

90759 

-0.23614 

28104 

17281 

1.18 

0.88099 

98925 

44800 

0.19886 

31193 

87276 

-0.23465 

84808 

76986 

1.20 

0.88493 

03297 

78292 

0.19418 

60549 

83213 

-0.23302 

32659 

79856 

1.22 

0.88876 

75625 

52166 

0.18954 

31580 

91640 

-0.23124 

26528 

71801 

1.24 

0.89251 

23029 

25413 

0.18493 

72809 

63305 

-0.22932 

22283 

94499 

1.26 

0.89616 

53188 

78700 

0.18037 

11632 

27080 

-0.22726 

76656 

66121 

1.28 

0.89972 

74320 

45558 

0.17584 

74302 

97662 

-0.22508 

47107 

81008 

1.30 

0.90319 

95154 

14390 

0.17136 

85920 

47807 

-0.22277 

91696 

62150 

1.32 

0.90658 

24910 

06528 

0.16693 

70417 

41714 

-0.22035 

68950 

99062 

1.34 

0.90987 

73275 

35548 

0.16255 

50552 

25534 

-0.21782 

37740 

02216 

1.36 

0.91308 

50380 

52915 

0.15822 

47903 

70383 

-0.21518 

57149 

03721 

1.38 

0.91620 

66775 

84986 

0.15394 

82867 

62634 

-0.21244 

86357 

32434 

1.40 

0.91924 

33407 

66229 

0.14972 

74656 

35745 

-0.20961 

84518 

90043 

1.42 

0.92219 

61594 

73454 

0.14556 

41300 

37348 

-0.20670 

10646 

53034 

1.44 

0.92506 

63004 

65673 

0.14145 

99652 

24839 

-0.20370 

23499 

23768 

1.46 

0.92785 

49630 

34106 

0.13741 

65392 

82282 

-0.20062 

81473 

52131 

1.48 

0.93056 

33766 

66669 

0.13343 

53039 

51002 

-0.19748 

42498 

47483 

1.50 

0.93319 

27987 

31142 

0.12951 

75956 

65892 

-0.19427 

63934 

98838 

1.52 

0.93574 

45121 

81064 

0.12566 

46367 

89088 

-0.19101 

02479 

19414 

1.54 

0.93821 

98232 

88188 

0.12187 

75370 

32402 

-0.18769 

14070 

29899 

1.56 

0.94062 

00594 

05207 

0.11815 

72950 

59582 

-0.18432 

53802 

92948 

1.58 

0.94294 

65667 

62246 

0.11450 

48002 

59292 

-0.18091 

75844 

09682 

1.60 

0.94520 

07083 

00442 

0.11092 

08346 

79456 

-0.17747 

33354 

87129 

1.62 

0.94738 

38615 

45748 

0.10740 

60751 

13484 

-0.17399 

78416 

83844 

1.64 

0.94949 

74165 

25897 

0.10396 

10953 

28764 

-0.17049 

61963 

39173 

1.66 

0.95154 

27737 

33277 

0.10058 

63684 

27691 

-0.16697 

33715 

89966 

1.68 

0.95352 

13421 

36280 

0.09728 

22693 

31467 

-0.16343 

42124 

76865 

1.70 

0.95543 

45372 

41457 

0.09404 

90773 

76887 

-0.15988 

34315 

40708 

1.72 

0.95728 

37792 

08671 

0.09088 

69790 

16283 

-0.15632 

56039 

08007 

1.74 

0.95907 

04910 

21193 

0.08779 

60706 

10906 

-0.15276 

51628 

62976 

1.76 

0.96079 

60967 

12518 

0.08477 

63613 

08022 

-0.14920 

63959 

02119 

1.78 

0.96246 

20196 

51483 

0.08182 

77759 

92143 

-0.14565 

34412 

66014 

1.80 

0.96406 

96808 

87074 

0.07895 

01583 

00894 

-0.14211 

02849 

41609 

1.82 

0.96562 

04975 

54110 

0.07614 

32736 

96207 

-0.13858 

07581 

27097 

1.84 

0.96711 

58813 

40836 

0.07340 

68125 

81657 

-0.13506 

85351 

50249 

1.86 

0.96855 

72370 

19248 

0.07074 

03934 

56983 

-0.13157 

71318 

29989 

1.88 

0.96994 

59610 

38800 

0.06814 

35661 

01045 

-0.12810 

99042 

69964 

1.90 

0.97128 

34401 

83998 

0.06561 

58147 

74677 

-0.12467 

00480 

71886 

1.92 

0.-97257 

10502 

96163 

0.06315 

65614 

35199 

-0.12126 

05979 

55581 

1.94 

0.97381 

01550 

59548 

0.06076 

51689 

54565 

-0.11788 

44277 

71856 

1.96 

0.97500 

21048 

51780 

0.05844 

09443 

33451 

-0.11454 

42508 

93565 

1.98 

0.97614 

82356 

58492 

0.05618 

31419 

03868 

-0.11124 

26209 

69659 

2.00 

0.97724 

98680 

51821 

0,05399 

09665 

13188 

-0.10798 

19330 

26376 

t 

(-5)11 

. io  J 

t 

'(-6)91 

. io  J 

| 

"(-5)2- 

10 

i 

Z(x) 

— ^ p — \x2 

ys 

p(x)=r 

J 00 

Z(i)dt  Z(n)(x)=jx 

lnZ(x) 

Hen{x)  = (-l)nZ(n\x)/Z(x ) 
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NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES  Table  26.1 


Z®(x)  Z( 3)(x)  Z<“>(x)  Z<«(x)  Z(6)(x) 


1.00 

0.00000 

00000 

0.48394 

145 

-0.48394 

145 

-1.45182 

435 

3.87153 

159 

1.02 

0.00958 

01309 

0.47397 

745 

-0.51219 

739 

-1.37346 

846 

3.96192 

478 

1.04 

0.01895 

54356 

0.46346 

412 

-0.53886 

899 

-1.29343 

272 

4.03951 

497 

1.06 

0.02811 

52466 

0.45243 

346 

-0.56392 

521 

-1.21197 

312 

4.10431 

754 

1.08 

0.03704 

95422 

0.44091 

805 

-0.58734 

012 

-1.12934 

487 

4.15639 

308 

1.10 

0.04574 

89572 

0.42895 

094 

-0.60909 

290 

-1.04580 

155 

4.19584 

622 

1.12 

0.05420 

47909 

0.41656 

552 

-0.62916 

776 

-0.96159 

420 

4.22282 

430 

1.14 

0.06240 

90139 

0.40379 

549 

-0.64755 

390 

-0.87697 

050 

4.23751 

585 

1.16 

0.07035 

42718 

0.39067 

467 

-0.66424 

543 

-0.79217 

397 

4.24014 

894 

1.18 

0.07803 

38880 

0.37723 

697 

-0.67924 

129 

-0.70744 

317 

4.23098 

941 

1.20 

0.08544 

18642 

0.36351 

629 

-0.69254 

515 

-0.62301 

100 

4.21033 

894 

1.22 

0.09257 

28784 

0.34954 

639 

-0.70416 

524 

-0.53910 

399 

4.17853 

305 

1.24 

0.09942 

22822 

0.33536 

083 

-0.71411 

427 

-0.45594 

161 

4.13593 

896 

1.26 

0.10598 

60955 

0.32099 

285 

-0.72240 

928 

-0.37373 

571 

4.08295 

339 

1.28 

0.11226 

09995 

0.30647 

534 

-0.72907 

143 

-0.29268 

993 

4.02000 

029 

1.30 

0.11824 

43285 

0.29184 

071 

-0.73412 

591 

-0.21299 

916 

3.94752 

847 

1.32 

0.12393 

40598 

0.27712 

083 

-0.73760 

168 

-0.13484 

911 

3.86600 

921 

1.34 

0.12932 

88019 

0.26234 

695 

-0.73953 

132 

-0.05841 

584 

3.77593 

384 

1.36 

0.13442 

77819 

0.24754 

965 

-0.73995 

087 

+0.01613 

459 

3.67781 

128 

1.38 

0.13923 

08305 

0.23275 

873 

-0.73889 

953 

0.08864 

645 

3.57216 

556 

1.40 

0.14373 

83670 

0.21800 

319 

-0.73641 

957 

0,15897 

463 

3.45953 

335 

1.42 

0.14795 

13818 

0.20331 

117 

-0.73255 

600 

(£22698 

486 

3.34046 

152 

1.44 

0.15187 

14187 

0.18870 

986 

-0.72735 

645 

0.29255 

386 

3.21550 

469 

1.46 

0.15550 

05559 

0.17422 

548 

-0.72087 

087 

0.35556 

954 

3.08522 

283 

1.48 

0.15884 

13858 

0.15988 

325 

-0.71315 

137 

0.41593 

103 

2.95017 

891 

1.50 

0.16189 

69946 

0.14570 

730 

-0.70425 

193 

0,47354 

871 

2.81093 

657 

1.52 

0.16467 

09400 

0.13172 

067 

-0.69422 

823 

0.52834 

425 

2.66805 

791 

1.54 

0.16716 

72298 

0.11794 

528 

-0.68313 

742 

0.58025 

051 

2.52210 

132 

1.56 

0.16939 

02982 

0.10440 

190 

-0.67103 

785 

0.62921 

147 

2.37361 

937 

1.58 

0.17134 

49831 

0.09111 

010 

-0.65798 

890 

0.67518 

208 

2.22315 

681 

1.60 

0.17303 

65021 

0.07808 

827 

-0.64405 

073 

0.71812 

810 

2.07124 

871 

1.62 

0.17447 

04284 

0.06535 

359 

-0.62928 

410 

0.75802 

588 

1.91841 

857 

1.64 

0.17565 

26667 

0.05292 

202 

-0.61375 

Oil 

0.79486 

211 

1.76517 

671 

1.66 

0.17658 

94284 

0.04080 

829 

-0.59751 

005 

0.82863 

352 

1.61201 

862 

1.68 

0.17728 

72076 

0.02902 

592 

-0.58062 

516 

0.85934 

661 

1.45942 

351 

1.70 

0.17775 

27562 

0.01758 

718 

-0.56315 

647 

0.88701 

729 

1.30785 

296 

1.72 

0.17799 

30597 

+0.00650 

315 

-0.54516 

459 

0.91167 

051 

1.15774 

966 

1.74 

0.17801 

53128 

-0.00421 

632 

-0.52670 

954 

0.93333 

988 

1.00953 

633 

1.76 

0.17782 

68955 

-0.01456 

254 

-0.50785 

061 

0.95206 

725 

0.86361 

469 

1.78 

0.17743 

53495 

-0.02452 

804 

-0.48864 

614 

0.96790 

228 

0.72036 

463 

1.80 

0.17684 

83546 

-0.03410 

647 

-0.46915 

342 

0.98090 

203 

0.58014 

345 

1.82 

0.17607 

37061 

-0.04329 

263 

-0.44942 

853 

0.99113 

045 

0.44328 

526 

1.84 

0.17511 

92921 

-0.05208 

243 

-0.42952 

621 

0.99865 

794 

0.31010 

045 

1.86 

0.17399 

30717 

-0.06047 

285 

-0.40949 

971 

1.00356 

087 

0.18087 

536 

1.88 

0.17270 

30539 

-0.06846 

193 

-0.38940 

073 

1.00592 

110 

+0.05587 

197 

1.90 

0.17125 

72766 

-0.07604 

873 

-0.36927 

924 

1.00582 

548 

-0.06467 

219 

1.92 

0.16966 

37866 

-0.08323 

327 

-0.34918 

347 

1.00336 

537 

-0.18054 

414 

1.94 

0.16793 

06209 

-0.09001 

655 

-0.32915 

976 

0.99863 

613 

-0.29155 

530 

1.96 

0.16606 

57874 

-0.09640 

044 

-0.30925 

250 

0.99173 

666 

-0.39754 

137 

1.98 

0.16407 

72476 

-0.10238 

771 

-0.28950 

408 

0.98276 

891 

-0.49836 

204 

2.00 

0.16197 

28995 

-0.10798 

193 

-0.26995 

483 

0.97183 

740 

-0.59390 

063 
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PROBABILITY  FUNCTIONS 


Table  26.1  NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 


X 

P(x) 

•Z(x) 

Z(  D(aO 

2.00 

0.97724 

98680 

51821 

0.05399 

09665 

13188 

-0.10798 

19330 

26376 

2.02 

0.97830 

83062 

32353 

0.05186 

35766 

82821 

-0.10476 

44248 

99298 

2.04 

0.97932 

48371 

33930 

0.04980 

00877 

35071 

-0.10159 

21789 

79544 

2.06 

0.98030 

07295 

90623 

0.04779 

95748 

82077 

-0.09846 

71242 

57079 

2.08 

0.98123 

72335 

65062 

0.04586 

10762 

71055 

-0.09539 

10386 

43794 

2.10 

0.98213 

55794 

37184 

0.04398 

35959 

80427 

-0.09236 

55515 

58897 

2.12 

0.98299 

69773 

52367 

0.04216 

61069 

61770 

-0.08939 

21467 

58953 

2.14 

0.98382 

26166 

27834 

0.04040 

75539 

22860 

-0.08647 

21653 

94921 

2.16 

0.98461 

36652 

16075 

0.03870 

68561 

47456 

-0.08360 

68092 

78504 

2.18 

0.98537 

12692 

24011 

0.03706 

29102 

47806 

-0.08079 

71443 

40218 

2.20 

0.98609 

65524 

86502 

0.03547 

45928 

46231 

-0.07804 

41042 

61709 

2.22 

0.98679 

06161 

92744 

0.03394 

07631 

82449 

-0.07534 

84942 

65037 

2.24 

0.98745 

45385 

64054 

0.03246 

02656 

43697 

-0.07271 

09950 

41882 

2.26 

0.98808 

93745 

81453 

0.03103 

19322 

15008 

-0.07013 

21668 

05919 

2.28 

0.98869 

61557 

61447 

0.02965 

45848 

47341 

-0.06761 

24534 

51938 

2.30 

0.98927 

58899 

78324 

0.02832 

70377 

41601 

-0.06515 

21868 

05683 

2.32 

0.98982 

95613 

31281 

0.02704 

80995 

46882 

-0.06275 

15909 

48766 

2.34 

0.99035 

81300 

54642 

0.02581 

65754 

71588 

-0.06041 

07866 

03515 

2.36 

0.99086 

25324 

69428 

0.02463 

12693 

06382 

-0.05812 

97955 

63063 

2.38 

0.99134 

36809 

74484 

0.02349 

09853 

58201 

-0.05590 

85451 

52519 

2.40 

0.99180 

24640 

75404 

0.02239 

45302 

94843 

-0.05374 

68727 

07623 

2.42 

0.99223 

97464 

49447 

0.02134 

07148 

99923 

-0.05164 

45300 

57813 

2.44 

0.99265 

63690 

44652 

0.02032 

83557 

38226 

-0.04960 

11880 

01271 

2.46 

0.99305 

31492 

11376 

0.01935 

62767 

31737 

-0.04761 

64407 

60073 

2.48 

0.99343 

08808 

64453 

0.01842 

33106 

46862  ' 

-0.04568 

98104 

04218 

2.50 

0.99379 

03346 

74224 

0.01752 

83004 

93569 

-0.04382 

07512 

33921 

2.52 

0.99413 

22582 

84668 

0.01667 

01008 

37381 

-0.04200 

86541 

10200 

2.54 

0.99445 

73765 

56918 

0.01584 

75790 

25361 

-0.04025 

28507 

24416 

2.56 

0.99476 

63918 

36444 

0.01505 

96163 

27377 

-0.03855 

26177 

98086 

2.58 

0.99505 

99842 

42230 

0.01430 

51089 

94150 

-0.03690 

71812 

04906 

2.60 

0.99533 

88119 

76281 

0.01358 

29692 

33686 

-0.03531 

57200 

07583 

2.62 

0.99560 

35116 

51879 

0.01289 

21261 

07895 

-0.03377 

73704 

02686 

2.64 

0.99585 

46986 

38964 

0.01223 

15263 

51278 

-0.03229 

12295 

67374 

2.66 

0.99609 

29674 

25147 

0.01160 

01351 

13703 

-0.03085 

63594 

02449 

2.68 

0.99631 

88919 

90825 

0.01099 

69366 

29406 

-0.02947 

17901 

66807 

2.70 

0.99653 

30261 

96960 

0.01042 

09348 

14423 

-0.02813 

65239 

98941 

2.72 

0.99673 

59041 

84109 

0.00987 

11537 

94751 

-0.02684 

95383 

21723 

2.74 

0.99692 

80407 

81350 

0.00934 

66383 

67612 

-0.02560 

97891 

27258 

2.76 

0.99710 

99319 

23774 

0.00884 

64543 

98237 

-0.02441 

62141 

39135 

2.78 

0.99728 

20550 

77299 

0.00836 

96891 

54653 

-0.02326 

77358 

49935 

2.80 

0.99744 

48696 

69572 

0.00791 

54515 

82980 

-0.02216 

32644 

32344 

2.82 

0.99759 

88175 

25811 

0.00748 

28725 

25781 

-0.02110 

17005 

22701 

2.84 

0.99774 

43233 

08458 

0.00707 

11048 

86019 

-0.02008 

19378 

76295 

2.86 

0.99788 

17949 

59596 

0.00667 

93237 

39203 

-0.01910 

28658 

94119 

2.88 

0.99801 

16241 

45106 

0.00630 

67263 

96266 

-0.01816 

33720 

21246 

2.90 

0.99813 

41866 

99616 

0.00595 

25324 

19776 

-0.01726 

23440 

17350 

2.92 

0.99824 

98430 

71324 

0.00561 

59835 

95991 

-0.01639 

86721 

00294 

2.94 

0.99835 

89387 

65843 

0.00529 

63438 

65311 

-0.01557 

12509 

64014 

2.96 

0.99846 

18047 

88262 

0.00499 

28992 

13612 

-0.01477 

89816 

72293 

2.98 

0.99855 

87580 

82660 

0.00470 

49575 

26934 

-0.01402 

07734 

30263 

3.00 

0.99865 

01019 

68370 

0.00443 

18484 

11938 

-0.01329 

55452 

35814 
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PROBABILITY  FUNCTIONS 

NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES  Table  26.1 

x Z(  2)(x)  Z<3)(*)  Z<4>(x)  ZCS)(x)  Z<«)(aO 

2.00  0.16197  28995  -0.10798  193  -0.26995  483  0.97183  740  -0.59390  063 


2.02 

0.15976 

05616 

-0.11318 

748 

2.04 

0.15744 

79574 

-0.11800 

948 

2.06 

0.15504 

27011 

-0.12245 

372 

2.08 

0.15255 

22841 

-0.12652 

667 

2.10 

0.14998 

40623 

-0.13023 

543 

2.12 

0.14734 

52442 

-0.13358 

762 

2.14 

0.14464 

28800 

-0.13659 

143 

2.16 

0.14188 

38519 

-0.13925 

550 

2.18 

0.13907 

48644 

-0.14158 

892 

2.20 

0.13622 

24365 

-0.14360 

115 

2.22 

0.13333 

28941 

-0.14530 

204 

2.24 

0.13041 

23633 

-0.14670 

170 

2.26 

0.12746 

67648 

-0.14781 

055 

2.28 

0.12450 

18090 

-0.14863 

922 

2.30 

0.12152 

29919 

-0.14919 

851 

2.32 

0.11853 

55915 

-0.14949 

939 

2.34 

0.11554 

46652 

-0.14955 

294 

2.36 

0.11255 

50482 

-0.14937 

032 

2.38 

0.10957 

13521 

-0.14896 

273 

2.40 

0.10659 

79642 

-0.14834 

137 

2.42 

0.10363 

90478 

-0.14751 

744 

2.44 

0.10069 

85430 

-0.14650 

207 

2.46 

0.09778 

01675 

-0.14530 

633 

2.48 

0.09488 

74192 

-0.14394 

118 

2.50 

0.09202 

35776 

-0.14241 

744 

2.52 

0.08919 

17075 

-0.14074 

579 

2.54 

0.08639 

46618 

-0.13893 

674 

2.56 

0.08363 

50852 

-0.13700 

058 

2.58 

0.08091 

54185 

-0.13494 

742 

2.60 

0.07823 

79028 

-0.13278 

711 

2.62 

0.07560 

45843 

-0.13052 

927 

2.64 

0.07301 

73197 

-0.12818 

326 

2.66 

0.07047 

77809 

-0.12575 

818 

2.68 

0.06798 

74610 

-0.12326 

282 

2.70 

0.06554 

76800 

-0.12070 

569 

2.72 

0.06315 

95904 

-0.11809 

501 

2.74 

0.06082 

41838 

-0.11543 

869 

2.76 

0.05854 

22966 

-0.11274 

431 

2.78 

0.05631 

46165 

-0.11001 

916 

2.80 

0.05414 

16888 

-0.10727 

020 

2.82 

0.05202 

39229 

-0.10450 

406 

2.84 

0.04996 

15987 

-0.10172 

706 

2.86 

0.04795 

48727 

-0.09894 

520 

2.88 

0.04600 

37850 

-0.09616 

416 

2.90 

0.04410 

82652 

-0.09338 

928 

2.92 

0.04226 

81389 

-0.09062 

562 

2.94 

0.04048 

31340 

-0.08787 

791 

2.96 

0.03875 

28865 

-0.08515 

058 

2.98 

0.03707 

69473 

-0.08244 

776 

3.00 

0.03545 

47873 

-0.07977 

327 

P(-x)=l-P(x)  Z( 


-0.25064 

297 

0.95904  873 

-0.68406 

360 

-0.23160 

454 

0.94451  117 

-0.76878 

007 

-0.21287 

345 

0.92833  417 

-0.84800 

114 

-0.19448 

137 

0.91062  795 

-0.92169 

927 

-0.17645 

779 

0.89150  307 

-0.98986 

750 

-0.15882 

997 

0.87107  003 

-1.05251 

862 

-0.14162 

297 

0.84943  890 

-1.10968 

436 

-0.12485 

967 

0.82671  890 

-1.16141 

446 

-0.10856 

076 

0.80301  811 

-1.20777 

570 

-0.09274 

478 

0.77844  311 

-1.24885 

097 

-0.07742 

816 

0.75309  866 

-1.28473 

823 

-0.06262 

527 

0.72708  743 

-1.31554 

947 

-0.04834 

844 

0.70050  969 

-1.34140 

971 

-0.03460 

801 

0.67346  314 

-1.36245 

589 

-0.02141 

241 

0.64604  257 

-1.37883 

587 

-0.00876 

819 

0.61833  976 

-1.39070 

730 

+0.00331 

989 

0.59044  323 

-1.39823 

661 

0.01484 

882 

0.56243  808 

-1.40159 

796 

0.02581 

724 

0.53440  589 

-1.40097 

220 

0.03622 

539 

0.50642  453 

-1.39654 

584 

0.04607 

505 

0.47856  812 

-1.38851 

010 

0.05536 

942 

0.45090  689 

-1.37705 

991 

0.06411 

307 

0.42350  717 

-1.36239 

299 

0.07231 

187 

0.39643  129 

-1.34470 

892 

0.07997 

287 

0.36973  759 

-1.32420 

833 

0.08710 

428 

0.34348  039 

-1.30109 

199 

0.09371 

533 

0.31771  001 

-1.27556 

010 

0.09981 

624 

0.29247  277 

-1.24781 

146 

0.10541 

808 

0.26781  102 

-1.21804 

284 

0.11053 

277 

0.24376  323 

-1.18644 

824 

0.11517 

293 

0.22036  399 

-1.15321 

833 

0.11935 

186 

0.19764  415 

-1.11853 

985 

0.12308 

341 

0.17563  084 

-1.08259 

509 

0.12638 

196 

0.15434  760 

-1.04556 

139 

0.12926 

232 

0.13381  449 

-1.00761 

072 

0.13173 

965 

0.11404  817 

-0.96890 

932 

0.13382 

945 

0.09506  206 

-0.92961 

727 

0.13554 

741 

0.07686  640 

-0.88988 

829 

0.13690 

942 

0.05946  846 

-0.84986 

942 

0.13793 

149 

0.04287  262 

-0.80970 

080 

0.13862 

969 

0.02708  053 

-0.76951 

553 

0.13902 

007 

+0.01209  127 

-0.72943 

954 

0.13911 

867 

-0.00209  857 

-0.68959 

143 

0.13894 

142 

-0.01549  465 

-0.65008 

248 

0.13850 

412 

-0.02810  482 

-0.61101 

661 

0.13782 

240 

-0.03993  892 

-0.57249 

036 

0.13691 

166 

-0.05100  863 

-0.53459 

292 

0.13578 

706 

-0.06132  737 

-0.49740 

627 

0.13446 

347 

-0.07091  012 

-0.46100 

520 

0.13295 

545 

-0.07977  327 

-0.42545 

745 
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Table  26.1  NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES 


3.00 

3.05 

3.10 

3.15 

3.20 


P(x) 

0.99865  01020 
0.99885  57932 
0.99903  23968 
0.99918  36477 
0.99931  28621 


Z(x) 

(-3)4.43184  8412 
(-3)3.80976  2098 
(-3)3.26681  9056 
(-3)2.79425  8415 
(-3)2.38408  8201 


Z(\)(x) 

! -2) -1.32955  45 
-2) -1.16197  74 
-2) -1.01271  39 
-3) -8.80191  40 
-3) -7.62908  22 


3.25 

0.99942 

29750 

3.30 

0.99951 

65759 

3.35 

0.99959 

59422 

3.40 

0.99966 

30707 

3.45 

0.99971 

97067 

-3)2.02904  8057 
-3)1.72256  8939 
-3)1.45873  0805 
-3)1.23221  9168 
-3)1.03828  1296 


-3) -6.59440  62 
-3) -5.68447  75 
-3)  -4.88674  82 
-3) -4.18954  52 
-3) -3.58207  05 


3.50 

3.55 

3.60 

3.65 

3.70 


0.99976  73709 
0.99980  73844 
0.99984  08914 
0.999186  88798 
0.99989  22003 


-4)8.72682  6950 
-4)7.31664  4628 
-4)6.11901  9301 
-4)5.10464  9743 
-4)4.24780  2706 


-3) -3.05438  94 
-3) -2.59740  88 
-3) -2.20284  69 
-3) -1.86319  72 
-3) -1.57168  70 


3.75 

0.99991 

15827 

3.80 

0.99992 

76520 

3.85 

0.99994 

09411 

3.90 

0.99995 

19037 

3.95 

0.99996 

09244 

-4)3.52595  6824 
-4)2.91946  9258 
-4)2.41126  5802 
-4)1.98655  4714 
-4)1.63256  4088 


-3) -1.32223  38 
-3) -1.10939  83 
-4) -9.28337  33 
-4) -7.74756  34 
-4)  -6.44862  81 


4.00 

0.99996 

83288 

4.05 

0.99997 

43912 

4.10 

0.99997 

93425 

4.15 

0.99998 

33762 

4.20 

0.99998 

66543 

-4)1.33830  2258 
-4)1.09434  0434 
-5)8.92616  5718 
-5)7.26259  3030 
-5)5.89430  6776 


-4) -5.35320  90 
-4)  -4.43207  88 
-4) -3.65972  79 
-4) -3.01397  61 
-4)  -2.47560  88 


4.25 

0.99998 

93115 

4.30 

0.99999 

14601 

4.35 

0.99999 

31931 

4.40 

0.99999 

45875 

4.45 

0.99999 

57065 

-5)4.77186  3654 
-5)3.85351  9674 
-5)3.10414  0706 
-5)2.49424  7129 
-5)1.99917  9671 


-4) -2.02804  21 
-4) -1.65701  35 
-4) -1.35030  12 
-4) -1.09746  87 
-5) -8.89634  95 


4.50 

0.99999 

66023 

4.55 

0.99999 

73177 

4.60 

0.99999 

78875 

4.65 

0.99999 

83403 

4.70 

0.99999 

86992 

1-5)1.59837  4111 
-5)1.27473  3238 
-5)1.01408  5207 
-6)8.04718  2456 
-6)6.36982  5179 


-5) -7.19268  35 
-5) -5.80003  62 
-5) -4.66479  20 
-5) -3.74193  98 
-5) -2.99381  78 


4.75 

0.99999 

89829 

4.80 

0.99999 

92067 

4.85 

0.99999 

93827 

4.90 

0.99999 

95208 

4.95 

0.99999 

96289 

-6)5.02950  7289 
-6)3.96129  9091 
-6)3.11217  5579 
-6)2.43896  0746 
-6)1.90660  0903 


-5) -2.38901  60 
-5) -1.90142  36 
-5) -1.50940  52 
-5) -1.19509  08 
-6)  -9.43767  45 


5.00 


0.99999  97133 


(-6)1.48671  9515 


-6) -7.43359  76 


Table  26.2  NORMAL  PROBABILITY  FUNCTION  FOR  LARGE  ARGUMENTS 


.7;  -log  Q (x) 

5 6.54265 

6 9.00586 

7 11.89285 

8 15.20614 

9 18.94746 


x —log  Q(x) 

15  50.43522 

16  57.19458 

17  64.38658 

18  72.01140 

19  80.06Q19 


x -log  Q(x) 

25  137.51475 

26  148.60624 

27  160.13139 

28  172.09024 

29  184.48283 


10 

11 

12 

13 

14 


23.11805 

27.71882 

32.75044 

38.21345 

44.10827 

(n 


[ 


Lb  \ 

[' 


197.30921 

210.56940 

224.26344 

238.39135 

252.95315 


20  88.56010  30 

21  97.48422  31 

22  106.84167  32 

23  116.63253  33 

24  126.85686  34 

(1)5] 

From  E.  S.  Pearson  and  H.  O.  Hartley  (editors),  Biometrika  tables  for  statisticians, 
vol.  I.' Cambridge  Univ.  Press,  Cambridge,  England,  1954(with  permission).  Known 


m 


error  has  been  corrected. 


PROBABILITY  FUNCTIONS 


NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES  Table  26.1 


X Z(2)(a 

3.00  (-2)3.54547 

3.05  (-2)3.16305 

3.10  (-2)2.81273 

3.15  (-2)2.49317 

3.20  (-2)2.20289 

3.25  (-2)1.94027 

3.30  (-2)1.70362 

3.35  (-2)1.49118 

3.40  (-2)1.30122 

3.45  (-2)  1.13198 

3.50  (-3)9.81768 

3.55  (-3)8.48913 

3.60  (-3)7.31834 

3.65  (-3)6.29020 

3.70  (-3)5.39046 

3.75  (-3)4.60578 

3.80  (-3)3.92376 

3.85  (-3)3.33297 

3.90  (-3)2.82289 

3.95  (-3)2.38395 

4.00  (-3)2.00745 

4.05  (-3)1.68555 

4.10  (-3)1.41122 

4.15  (-3)1.17817 

4.20  (-4)9.80812 

4.25  (-4)8.14199 

4.30  (-4)6.73980 

4.35  (-4)5.56339 

4.40  (-4)4.57943 

4.45  (-4)3.75895 

4.50  (-4)3.07687 

4.55  (-4)2.51154 

4.60  (-4)2.04439 

4.65  (-4)1.65953 

4.70  (-4)1.34339 

4.75  (-4)1.08448 

4.80  (-5)8.73070 

4.85  (-5)7.00939 

4.90  (-5)5.61204 

4.95  (-5)4.48098 


) Z(®(* 

87  (-2) -7.97732 

50  (-2) -7.32336 

12  (-2) -6.69403 

71  (-2) -6.09312 

75  (-2) -5.52345 

72  (-2) -4.98701 

07  (-2) -4.48505 

76  (-2) -4.01812 

34  (-2) -3.58625 

62  (-2) -3.18893 

03  (-2) -2.82531 

69  (-2)  -2.49416 

71  (-2) -2.19403 

46  (-2) -1.92328 

16  (-2) -1.68013 

11  (-2) -1.46272 

67  (-2) -1.26915 

22  (-2) -1.09752 

42  (-3) -9.45977 

17  (-3)  -8.12688 

34  (-3) -6.95917 

79  (-3) -5.94009 

68  (-3)  -5.05408 

42  (-3)  -4.28662 

65  (-3) -3.62429 

24  (-3) -3.05473 

59  (-3) -2.56671 

62  (-3) -2.15001 

77  (-3) -1.79545 

76  (-3) -1.49480 

02  (-3) -1.24073 

32  (-3) -1.02675 

58  (-4)  -8.47126 

02  (-4) -6.96842 

61  (-4) -5.71519 

75  (-4) -4.67351 

32  (-4)  -3.81045 

74  (-4) -3.09767 

87  (-4) -2.51088 

88  (-4) -2.02933 


) ZW(*) 

71  (-1)1.32955  45 

28  (-1)1.28470  92 

89  (-1)1.23133  27 

50  (-1)1.17138  12 

55  (-1)1.10663  65 

97  (-1)1.03869  82 

27  (-2)9.68981  20 

87  (-2)8.98716  85 

07  (-2)8.28958  19 

82  (-2)7.60587  84 

02  (-2)6.94328  17 

18  (-2)6.30753  35 

56  (-2)5.70302  39 

53  (-2)5.13292  98 

34  (-2)4.59935  51 

12  (-2)4.10347  00 

17  (-2)3.64564  64 

68  (-2)3.22558  66 

49  (-2)2.84244  39 

36  (-2)2.49493  35 

17  (-2)2.18143  27 

36  (-2)1.90007  05 

43  (-2)1.64880  65 

75  (-2)1.42549  82 

14  (-2)1.22795  86 

83  (-2)1.05400  40 

38  (-3)9.01492  78 

71  (-3)7.68355  55 

89  (-3)6.52618  76 

91  (-3)  5.52421  34 

79  (-3)4.66025  95 

14  (-3)3.91825  60 

22  (-3)3.28346  19 

75  (-3)2.74245  97 

82  (-3)2.28312  43 

25  (-3)1.89457  22 

28  (-3)1.56709  63 

67  (-3)1.29209  13 

57  (-3)1.06197  25 

60  (-4)8.70091  63 


Z(«(*) 

(-2) -7.97732  71 
(-2) -9.89017  82 
(-1) -1.13951  58 
(-1) -1.25260  09 
(-1) -1.33185  47 

(-1) -1.38096  14 
(-1) -1.40361  69 
(_1) -1.40345  00 
-1) -1.38395  76 
-1) -1.34845  27 

i-1) -1.30002  45 
-1) -1.24150  96 
-1) -1.17547  44 
-1) -1.10420  53 
-1) -1.02970  80 

I -2) -9.53712  78 
-2) -8.77684  95 
-2) -8.02840  11 
-2) -7.30162  14 
-2) -6.60423  39 

i -2) -5.94206  20 
-2) -5.31924  82 
-2) -4.73847  30 
-2) -4.20116  64 
-2) -3.70770  95 

I -2) -3.25762  18 
-2) -2.84973  34 
-2) -2.48233  98 
-2) -2.15333  90 
-2) -1.86035  13 

I -2) -1.60082  16 
-2) -1.37210  59 
-2) -1.17154  20 
-3) -9.96506  67 
-3)  -8.44460  51 

I -3) -7.12981  28 
-3) -5.99788  09 
-3) -5.02757  21 
-3) -4.19931  11 
-3) -3.49521  92 


Z^)(x) 

1-1) -4.25457  45 
-1) -3.40704  15 
-1) -2.62416  45 
-1) -1.91121  33 
-1) -1.27124  77 

i -2) -7.05366  66 
-2) -2.12970  34 
-2)+2. 07973  11 
-2)  5.60664  85 
-2)  8.49222  78 

1-1)  1.07844  49 
-1)  1.25359  25 
-1)  1.38019  58 
-1)  1.46388  44 
-1)  1.51024  21 

!-l)  1.52468  79 
-1)  1.51237  96 
-1)  1.47814  11 
-1)  1.42641  04 
-1)  1.36120  56 

1-1)  1.28610  85 
-1)  1.20426  03 
-1)  1.11837  07 
-1)  1.03073  50 
-2)  9.43258  69 

(-2)  8.57487  24 
(-2)  7.74638  98 
(-2)  6.95640  04 
-2)  6.21159  79 
-2)  5.51645  66 

1-2)  4.87356  75 
-2)  4.28395  39 
-2)  3.74736  21 
-2)  3.26252  61 
-2)  2.82740  22 

1-2)  2.43937  50 
-2)  2.09543  47 
-2)  1.79232  68 
-2)  1.52667  62 
-2)  1.29508  77 


5.00  (-5)3.56812  68  (-4J-1.63539  15  (-4)7.10651  93  (-3) -2.89910  31  (-2)  1.09422  56/ 


NORMAL  PROBABILITY  FUNCTION  FOR  LARGE  ARGUMENTS  Table  26.2 


X 

-log  Q(x) 

X 

-log  Q(x) 

X 

-log  Q(x) 

35 

267.94888 

45 

441.77568 

100 

2173.87154 

36 

283.37855 

46 

461.54561 

150 

4888.38812 

37 

299.24218 

47 

481.74964 

200 

8688.58977 

38 

315.53979 

48 

502.38776 

250 

13574.49960 

39 

332.27139 

49 

523.45999 

300 

19546.12790 

40 

349.43701 

50 

544.96634 

350 

26603.48018 

41 

367.03664 

60 

783.90743 

400 

34746.55970 

42 

385.07032 

70 

1066.26576 

450 

43975.36860 

43 

403.53804 

80 

1392.04459 

500 

54289.90830 

44 

422.43983 

m 

90 

1761.24604 

m 

m 

«(*)- 1- 

-P(z)=4=T  e-it2dt 

z&=me'ixi  P(x)=S- 

Z(t)dt 

OO 

Z(n)(x)=£-nZ(x) 

Hen(x)= 

(-l)nZ(n)(r)/Z(x) 

P(-x)=l- 

ii 

i 

-Z(x) 

Z(n)(-x)  = (-l)nZW(x 

974 

Table  26.3 


PROBABILITY  FUNCTIONS 


HIGHER  DERIVATIVES  OF  THE  NORMAL  PROBABILITY  FUNCTION 


.r  Z(7)(.v) 

0.0  0.00000  00  ( 1)  4.18889  39 

0.1  ( 0)  4.12640  51  ( 1)  4.00211  42 

0.2  ( 0)  7.88604  35  ( 1)  3.46206  56 

0.3  ( 1)  1.09518  61  ( 1)  2.62702  42 

0.4  ( 1)  1.30711  60  ( 1)  1.58584  37 

0.5  ( 1)  1.40908  65  ( 0) +4.46820  41 

0.6  ( 1)  1.39704  30  ( 0) -6.75565  29 

0.7  ( 1)  1.27812  14  ( 1) -1.67416  58 

0.8  ( 1)  1.06929  69  ( 1) -2.46111  11 

0.9  ( 0)  7.94982  72  ( 1) -2.97666  59 

1.0  ( 0)  4.83941  45  ( 1) -3.19401  36 

1.1  ( 0) +1.65937  85  ( 1)  -3.11962  40 

1.2  ( 0) -1.31434  07  ( 1) -2.78951  64 

1.3  ( 0) -3.85379  20  ( 1) -2.26227  70 

1.4  ( 0) -5.79719  45  ( 1) -1.61006  61 

1.5  ( 0) -7.05769  71  ( 0) -9.09001  03 

1.6  ( 0) -7.62276  66  ( 0) -2.30231  44 

1.7  ( 0) -7.54545  38  ( 0) +3.67230  07 

1.8  ( 0) -6.92967  04  ( 0)  8.41240  26 

1.9  ( 0) -5.91207  57  ( 1)  1.16856  49 

2.0  ( 0) -4.64322  31  ( 1)  1.34437  51 

2.1  ( 0) -3.27029  67  ( 1)  1.37966  95 

2.2  ( 0) -1.92318  65  ( 1)  1.29729  67 

2.3  (-1)  -7.04932  91  ( 1)  1.12731  97 

2.4  (-1) +3.13162  82  ( 0)  9.02423  01 

2.5  ( 0)  1.09209  53  ( 0)  6.53922  01 

2.6  ( 0)  1.62218  61  ( 0)  4.08745  39 

2.7  ( 0)  1.91766  20  ( 0)  1.87558  77 

2.8  ( 0)  2.00992  65  (-2)+4.01113  24 

2.9  ( 0)  1.94057  71  ( 0) -1.35055  73 

3.0  ( 0)  1.75501  20  ( 0) -2.28683  38 

3.1  ( 0)  1.49720  05  ( 0) -2.80440  64 

3.2  ( 0)  1.20591  21  ( 0) -2.96904  52 

3.3  (-1)  9.12450  33  ( 0) -2.86200  69 

3.4  (-1)  6.39748  51  ( 0) -2.56761  03 

3.5  (-1)  4.02558  98  ( 0) -2.16386  79 

3.6  (-1)  2.08414  13  ( 0) -1.71642  80 

3.7  (-2) +5.90352  21  ( 0)  -1.27559  98 

3.8  (-2) -4.80932  87  (-1) -8.75911  24 

3.9  (-1) -1.18202  76  (-1)  -5.37496  49 


Z(V(.v)  zm(.r) 

0.00000  00  ( 2) -3.77000  46 

( 1) -3.70133  55  ( 2) -3.56488  94 

( 1) -7.00124  79  ( 2) -2.97583  41 

( 1) -9.54959  57  ( 2) -2.07783  39 

( 2) -1.10912  65  ( 1) -9.83608  69 

( 2) -1.14961  02  ( 1)+1. 72666  73 

2) -1.07710  05  ( 2)  1.25426  91 

1) -9.05305  52  ( 2)  2.14046  31 

( 1) -6.58548  60  ( 2)  2.74183  89 

( 1)  -3.68086  24  ( 2)  3.01027  69 

1 0) -6.77518  03  ( 2)  2.94236  40 

1) +2.10408  36  ( 2)  2.57621  24 

1)  4.39889  22  ( 2)  1.98269  77 

1)  6.02399  37  ( 2)  1.25293  01 

1)  6.89184  82  ( 1) +4.84200  76 

( 1)  7.00965  92  ( 1) -2.33347  96 

( 1)  6.46658  36  ( 1) -8.27445  07 

( 1)  5.41207  19  ( 2) -1.25055  93 

( 1)  4.02950  39  ( 2) -1.48242  69 

( 1)  2.50938  72  ( 2) -1.52849  20 

( 1)+1.02582  84  ( 2) -1.41510  32 

( 0) -2.81068  72  ( 2) -1.18267  82 

( 1) -1.31550  35  ( 1) -8.78156  27 

( 1) -2.02888  89  ( 1) -5.47943  26 

( 1) -2.41634  55  ( 1) -2.32257  79 

( 1) -2.50848  12  ( 0) +3.85905  05 

( 1) -2.36048  69  ( 1)  2.45855  73 

( 1) -2.04053  83  ( 1)  3.82142  44 

( 1) -1.61917  24  ( 1)  4.49758  25 

( 1) -1.16080  01  ( 1)  4.58182  18 

1 0) -7.17959  44  ( 1)  4.21202  87 

0) -3.28394  42  ( 1)  3.54198  84 

-1) -1.46351  84  ( 1)  2.71897  33 

0) +2.14502  00  ( 1)  1.86794  96 

0)  3.61188  70  ( 1)  1.08280  77 

( 0)  4.35306  57  ( 0) +4.23908  09 

( 0)  4.51182  76  (-1)  -7.94727  62 

( 0)  4.24743  76  ( 0) -4.23512  06 

0)  3.71320  90  ( 0) -6.22699  31 

0)  3.04185  84  ( 0) -7.02577  94 


Z(n)(x)  Z(  12)(,.) 

0.00000  00  (3)  4.14700  50 

(2)  4.05782  44  (3)  3.88080  01 

(2)  7.59641  48  (3)  3.12148  92 

(3)  1.01729  46  (3)  1.98042  89 

(3)  1.14847  09  (2) +6.22581  20 

13)  1.14097  69  (2) -7.60421  83 

3)  1.00184  44  (3) -1.98080  26 

2)  7.55473  11  (3) -2.88334  06 

2)  4.39201  49  (3) -3.36738  39 

1) +9.71613  18  (3) -3.39874  98 

I 2) -2.26484  60  (3) -3.01011  58 

2) -4.93791  72  (3) -2.29066  27 

2) -6.77812  94  (3) -1.36759  19 

2) -7.65280  28  (2) -3.83358  74 

2) -7.56972  92  (2) +5.27141  25 

12) -6.65963  73  (3)  1.25562  83 

2) -5.14267  14  (3)  1.73301  70 

2) -3.28612  11  (3)  1.93425  58 

2) -1.36113  54  (3)  1.87567  40 

1) +3.94747  58  (3)  1.60633  92 

12)  1.80437  81  (3)  1.19573  79 

2)  2.76469  29  (2)  7.20360  48 

2)  3.24744  73  (2) +2.51533  48 

2)  3.28915  84  (2) -1.53768  85 

2)  2.97376  42  (2) -4.58219  83 

12)  2.41200  50  (2) -6.45450  80 

2)  1.72126  20  (2) -7.17969  42 

2)  1.00875  37  (2) -6.92720  18 

1) +3.59849  29  (2) -5.95491  88 

1) -1.67928  25  (2)-4.55301  20 

11) -5.45649  18  (2) -2.99628  41 

1) -7.69621  99  (2) -1.51035  91 

1) -8.55436  26  (1) -2.53474  56 

1) -8.30925  36  (l)+6.87309  15 

1) -7.29343  32  (2)  1.28867  88 

(1) -5.83674  40  (2)  1.57656  15 

(1) -4.22572  56  (2)  1.60868  13 

(1) -2.68044  29  (2)  1.45762  72 

(1)  -1.34695  16  (2)  1.19681  09 

(0) -3.01804  44  (1)  8.90539  46 


4.0  (-1) -1.57919  67  (-1) -2.68597  26  ( 0)  2.33774  64 

4.1  (-1)  -1.74223  60  (-2) -6.85427  28  ( 0)  1.67481  40 

4.2  (-1) -1.73706  08  (-2) +6.92844  60  ( 0)  1.09865  39 

4.3  (-1) -1.62110  76  -1)  1.54828  96  (-1)  6.31121  50 

4.4  (-1) -1.44109  96  (-1)  1.99272  00  (-1)  2.76082  94 

4.5  ( -1) -1.23261  24  (-1)  2.13525  86  (-2U2.52235  61 

4.6  (-1) -1.02086  14  (-1)  2.07280  89  (-1) -1.36802  99 

4.7  (-2) -8.22202  74  (-1)  1.88517  13  (-1) -2.28268  33 

4.8  (-2) -6.45935  81  (-1)  1.63368  76  (-1) -2.67421  39 

4.9  (-2) -4.96112  66  (-1)  1.36227  87  (-1) -2.70626  44 


0) -6.93361  02  (0)+4.35697  68  (1)  5.88418  05 

0)  -6.24985  27  (0)  8.87625  64  (1)  3.23557  28 

0) -5.23790  66  (1)  1.10126  69  (1) +1.13637  65 

0) -4.10728  31  (1)  1.13501  02  (0)  -3.62532  62 

0) -3.00821  29  (1)  1.04753  07  (1) -1.30010  10 

1 0) -2.03523  88  (0)  8.90633  89  (1) -1.76908  98 

0) -1.23623  43  (0)  7.05470  76  (1)  -1.88530  78 

-1) -6.23793  04  (0)  5.21451  06  (1) -1.76464  76 

-1)  -1.86696  14  (0)  3.57035  54  (1)  -1.50840  48 

-1)  +1.00018  72  (0)  2.21617  27  (1) -1.19594  52 
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NORMAL  PROBABILITY  FUNCTION— VALUES  OF  Z(x)  IN  TERMS  OF  P(x)  AND  Q(x)  Table  26.4 


Q(r) 

0.000 

0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

0.00 

0.00000 

0.00337 

0.00634 

0.00915 

0.01185 

0.01446 

0.01700 

0.01949 

0.02192 

0.02431 

0.02665 

0.99 

0.01 

0.02665 

0.02896 

0.03123 

0.03348 

0.03569 

0.03787 

0.04003 

0.04216 

0.04427 

0.04635 

0.04842 

0.98 

0.02 

0.04842 

0.05046 

0.05249 

0.05449 

0.05648 

0.05845 

0.06040 

0.06233 

0.06425 

0.06615 

0.06804 

0.97 

0.03 

0.06804 

0.06992 

0.07177 

0.07362 

0.07545 

0.07727 

0.07908 

0.08087 

0.08265 

0.08442 

0.08617 

0.96 

0.04 

0.08617 

0.08792 

0.08965 

0.09137 

0.09309 

0.09479 

0.09648 

0.09816 

0.09983 

0.10149 

0.10314 

0.95 

0.05 

0.10314 

0.10478 

0.10641 

0.10803 

0.10964 

0.11124 

0.11284 

0.11442 

0.11600 

0.11756 

0.11912 

0.94 

0.06 

0.11912 

0.12067 

0.12222 

0.12375 

0.12528 

0.12679 

0.12830 

0.12981 

0.13130 

0.13279 

0.13427 

0.93 

0.07 

0.13427 

0.13574 

0.13720 

0.13866 

0.14011 

0.14156 

0.14299 

0.14442 

0.14584 

0.14726 

0.14867 

0.92 

0.08 

0.14867 

0.15007 

0.15146 

0.15285 

0.15423 

0.15561 

0.15698 

0.15834 

0.15970 

0.16105 

0.16239 

0.91 

0.09 

0.16239 

0.16373 

0.16506 

0.16639 

0.16770 

0.16902 

0.17033 

0.17163 

0.17292 

0.17421 

0.17550 

0.90 

0.10 

0.17550 

0.17678 

0.17805 

0.17932 

0.18057 

0.18184 

0.18309 

0.18433 

0.18557 

0.18681 

0.18804 

0.89 

0.11 

0.18804 

0.18926 

0.19048 

0.19169 

0.19290 

0.19410 

0.19530 

0.19649 

0.19768 

0.19886 

0.20004 

0.88 

0.12 

0.20004 

0.20121 

0.20238 

0.20354 

0.20470 

0.20585 

0.20700 

0.20814 

0.20928 

0.21042 

0.21155 

0.87 

0.13 

0.21155 

0.21267 

0.21379 

0.21490 

0.21601 

0.21712 

0.21822 

0.21932 

0.22041 

0.22149 

0.22258 

0.86 

0.14 

0.22258 

0.22365 

0.22473 

0.22580 

0.22686 

0.22792 

0.22898 

0.23003 

0.23108 

0.23212 

0.23316 

0.85 

0.15 

0.23316 

0.23419 

0.23522 

0.23625 

0.23727 

0.23829 

0.23930 

0.24031 

0.24131 

0.24232 

0.24331 

0.84 

0.16 

0.24331 

0.24430 

0.24529 

0.24628 

0.24726 

0.24823 

0.24921 

0.25017 

0.25114 

0.25210 

0.25305 

0.83 

0.17 

0.25305 

0.25401 

0.25495 

0.25590 

0.25684 

0.25778 

0.25871 

0.25964 

0.26056 

0.26148 

0.26240 

0.82 

0.18 

0.26240 

0.26331 

0.26422 

0.26513 

0.26603 

0.26693 

0.26782 

0.26871 

0.26960 

0.27049 

0.27137 

0.81 

0.19 

0.27137 

0.27224 

0.27311 

0.27398 

0.27485 

0.27571 

0.27657 

0.27742 

0.27827 

0.27912 

0.27996 

0.80 

0.20 

0.27996 

0.28080 

0.28164 

0.28247 

0.28330 

0.28413 

0.28495 

0.28577 

0.28658 

0.28739 

0.28820 

0.79 

0.21 

0.28820 

0.28901 

0.28981 

0.29060 

0.29140 

0.29219 

0.29298 

0.29376 

0.29454 

0.29532 

0.29609 

0.78 

0.22 

0.29609 

0.29686 

0.29763 

0.29840 

0.29916 

0.29991 

0.30067 

0.30142 

0.30216 

0.30291 

0.30365 

0.77 

0.23 

0.30365 

0.30439 

0.30512 

0.30585 

0.30658 

0.30730 

0.30802 

0.30874 

0.30945 

0.31016 

0.31087 

0.76 

0.24 

0.31087 

0.31158 

0.31228 

0.31298 

0.31367 

0.31436 

0.31505 

0.31574 

0.31642 

0.31710 

0.31778 

0.75 

0.25 

0.31778 

0.31845 

0.31912 

0.31979 

0.32045 

0.32111 

0.32177 

0.32242 

0.32307 

0.32372 

0.32437 

0.74 

0.26 

0.32437 

0.32501 

0.32565 

0.32628 

0.32691 

0.32754 

0.32817 

0.32879 

0.32941 

0.33003 

0.33065 

0.73 

0.27 

0.33065 

0.33126 

0.33187 

0.33247 

0.33307 

0.33367 

0.33427 

0.33486 

0.33545 

0.33604 

0.33662 

0.72 

0.28 

0.33662 

0.33720 

0.33778 

0.33836 

0.33893 

0.33950 

0.34007 

0.34063 

0.34119 

0.34175 

0.34230 

0.71 

0.29 

0.34230 

0.34286 

0.34341 

0.34395 

0.34449 

0.34503 

0.34557 

0.34611 

0.34664 

0.34717 

0.34769 

0.70 

0.30 

0.34769 

0.34822 

0.34874 

0.34925 

0.34977 

0.35028 

0.35079 

0.35129 

0.35180 

0.35230 

0.35279 

0.69 

0.31 

0.35279 

0.35329 

0.35378 

0.35427 

0.35475 

0.35524 

0.35572 

0.35620 

0.35667 

0.35714 

0.35761 

0.68 

0.32 

0.35761 

0.35808 

0.35854 

0.35900 

0.35946 

0.35991 

0.36037 

0.36082 

0.36126 

0.36171 

0.36215 

0.67 

0.33 

0.36215 

0.36259 

0.36302 

0.36346 

0.36389 

0.36431 

0.36474 

0.36516 

0.36558 

0.36600 

0.36641 

0.66 

0.34 

0.36641 

0.36682 

0.36723 

0.36764 

0.36804 

0.36844 

0.36884 

0.36923 

0.36962 

0.37001 

0.37040 

0.65 

0.35 

0.37040 

0.37078 

0.37116 

0.37154 

0.37192 

0.37229 

0.37266 

0.37303 

0.37340 

0.37376 

0.37412 

0.64 

0.36 

0.37412 

0.37447 

0.37483 

0.37518 

0.37553 

0.37588 

0.37622 

0.37656 

0.37690 

0.37724 

0.37757 

0.63 

0.37 

0.37757 

0.37790 

0.37823 

0.37855 

0.37888 

0.37920 

0.37951 

0.37983 

0.38014 

0.38045 

0.38076 

0.62 

0.38 

0.38076 

0.38106 

0.38136 

0.38166 

0.38196 

0.38225 

0.38254 

0.38283 

0.38312 

0.38340 

0.38368 

0.61 

0.39 

0.38368 

0.38396 

0.38423 

0.38451 

0.38478 

0.38504 

0.38531 

0.38557 

0.38583 

0.38609 

0.38634 

0.60 

0.40 

0.38634 

0.38659 

0.38684 

0.38709 

0.38734 

0.38758 

0.38782 

0.38805 

0.38829 

0.38852 

0.38875 

0.59 

0.41 

0.38875 

0.38897 

0.38920 

0.38942 

0.38964 

0.38985 

0.39007 

0.39028 

0.39049 

0.39069 

0.39089 

0.58 

0.42 

0.39089 

0.39109 

0.39129 

0.39149 

0.39168 

0.39187 

0.39206 

0.39224 

0.39243 

0.39261 

0.39279 

0.57 

0.43 

0.39279 

0.39296 

0.39313 

0.39330 

0.39347 

0.39364 

0.39380 

0.39396 

0.39411 

0.39427 

0.39442 

0.56 

0.44 

0.39442 

0.39457 

0.39472 

0.39486 

0.39501 

0.39514 

0.39528 

0.39542 

0.39555 

0.39568 

0.39580 

0.55 

0.45 

0.39580 

0.39593 

0.39605 

0.39617 

0.39629 

0.39640 

0.39651 

0.39662 

0.39673 

0.39683 

0.39694 

0.54 

0.46 

0.39694 

0.39703 

0.39713 

0.39723 

0.39732 

0.39741 

0.39749 

0.39758 

0.39766 

0.39774 

0.39781 

0.53 

0.47 

0.39781 

0.39789 

0.39796 

0.39803 

0.39809 

0.39816 

0.39822 

0.39828 

0.39834 

0.39839 

0.39844 

0.52 

0.48 

0.39844 

0.39849 

0.39854 

0.39858 

0.39862 

0.39866 

0.39870 

0.39873 

0.39876 

0.39879 

0.39882 

0.51 

0.49 

0.39882 

0.39884 

0.39886 

0.39888 

0.39890 

0.39891 

0.39892 

0.39893 

0.39894 

0.39894 

0.39894 

0.50 

0.010 

0.009 

0.008 

0.007 

0.006 

0.005 

0.004 

0.003 

0.002 

0.001 

0.000 

P(.r) 

Linear  interpolation  yields  an  error  no  greater  than  5 units  in  the  fifth  decimal  place. 


£(,)=  1 ^ 

V^7T  •'  — 00 


Compiled  from  T.  L.  Kelley,  The  Kelley  Statistical  Tables.  Harvard  Univ.  Press,  Cambridge,  Mass., 
1948  (with  permission). 
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Table  26.5 
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NORMAL  PROBABILITY  FUNCTION— VALUES  OF  * IN  TERMS  OF  P(x)  AND  Q{x ) 


Q(x) 

0.000 

0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

0.00 

oo 

3.09023 

2.87816 

2.74778 

2.65207 

2.57583 

2.51214 

2.45726 

2.40892 

2.36562 

2.32635 

0.99 

0.01 

2.32635 

2.29037 

2.25713 

2.22621 

2.19729 

2.17009 

2.14441 

2.12007 

2.09693 

2.07485 

2.05375 

0.98 

0.02 

2.05375 

2.03352 

2.01409 

1.99539 

1.97737 

1.95996 

1.94313 

1.92684 

1.91104 

1.89570 

1.88079 

0.97 

0.03 

1.88079 

1.86630 

1.85218 

1.83842 

1.82501 

1.81191 

1.79912 

1.78661 

1.77438 

1.76241 

1.75069 

0.96 

0.04 

1.75069 

1.73920 

1.72793 

1.71689 

1.70604 

1.69540 

1.68494 

1.67466 

1.66456 

1.65463 

1.64485 

0.95 

0.05 

1.64485 

1.63523 

1.62576 

1.61644 

1.60725 

1.59819 

1.58927 

1.58047 

1.57179 

1.56322 

1.55477 

0.94 

0.06 

1.55477 

1.54643 

1.53820 

1.53007 

1.52204 

1.51410 

1.50626 

1.49851 

1.49085 

1.48328 

1.47579 

0.93 

0.07 

1.47579 

1.46838 

1.46106 

1.45381 

1.44663 

1.43953 

1.43250 

1.42554 

1.41865 

1.41183 

1.40507 

0.92 

0.08 

1.40507 

1.39838 

1.39174 

1.38517 

1.37866 

1.37220 

1.36581 

1.35946 

1.35317 

1.34694 

1.34076 

0.91 

0.09 

1.34076 

1.33462 

1.32854 

1.32251 

1.31652 

1.31058 

1.30469 

1.29884 

1.29303 

1.28727 

1.28155 

0.90 

0.10 

1.28155 

1.27587 

1.27024 

1.26464 

1.25908 

1.25357 

1.24808 

1.24264 

1.23723 

1.23186 

1.22653 

0.89 

0.11 

1.22653 

1.22123 

1.21596 

1.21072 

1.20553 

1.20036 

1.19522 

1.19012 

1.18504 

1.18000 

1.17499 

0.88 

0.12 

1.17499 

1.17000 

1.16505 

1.16012 

1.15522 

1.15035 

1.14551 

1.14069 

1.13590 

1.13113 

1.12639 

0.87 

0.13 

1.12639 

1.12168 

1.11699 

1.11232 

1.10768 

1.10306 

1.09847 

1.09390 

1.08935 

1.08482 

1.08032 

0.86 

0.14 

1.08032 

1.07584 

1.07138 

1.06694 

1.06252 

1.05812 

1.05374 

1.04939 

1.04505 

1.04073 

1.03643 

0.85 

0.15 

1.03643 

1.03215 

1.02789 

1.02365 

1.01943 

1.01522 

1.01103 

1.00686 

1.00271 

0.99858 

0.99446 

0.84 

0.16 

0.99446 

0.99036 

0.98627 

0.98220 

0.97815 

0.97411 

0.97009 

0.96609 

0.96210 

0.95812 

0.95416 

0.83 

0.17 

0.95416 

0.95022 

0.94629 

0.94238 

0.93848 

0.93458 

0.93072 

0.92686 

0.92301 

0.91918 

0.91537 

0.82 

0.18 

0.91537 

0.91156 

0.90777 

0.90399 

0.90023 

0.89647 

0.89273 

0.88901 

0.88529 

0.88159 

0.87790 

0.81 

0.19 

0.87790 

0.87422 

0.87055 

0.86689 

0.86325 

0.85962 

0.85600 

0.85239 

0.84879 

0.84520 

0.84162 

0.80 

0.20 

0.84162 

0.83805 

0.83450 

0.83095 

0.82742 

0.82390 

0.82038 

0.81687 

0.81338 

0.80990 

0.80642 

0.79 

0.21 

0.80642 

0.80296 

0.79950 

0.79606 

0.79262 

0.78919 

0.78577 

0.78237 

0.77897 

0.77557 

0.77219 

0.78 

0.22 

0.77219 

0.76882 

0.76546 

0.76210 

0.75875 

0.75542 

0.75208 

0.74876 

0.74545 

0.74214 

0.73885 

0.77 

0.23 

0.73885 

0.73556 

0.73228 

0.72900 

0.72574 

0.72248 

0.71923 

0.71599 

0.71275 

0.70952 

0.70630 

0.76 

0.24 

0.70630 

0.70309 

0.69988 

0.69668 

0.69349 

0.69031 

0.68713 

0.68396 

0.68080 

0.67764 

0.67449 

0.75 

0.25 

0.67449 

0.67135 

0.66821 

0.66508 

0.66196 

0.65884 

0.65573 

0.65262 

0.64952 

0.64643 

0.64335 

0.74 

0.26 

0.64335 

0.64027 

0.63719 

0.63412 

0.63106 

0.62801 

0.62496 

0.62191 

0.61887 

0.61584 

0.61281 

0.73 

0.27 

0.61281 

0.60979 

0.60678 

0.60376 

0.60076 

0.59776 

0.59477 

0.59178 

0.58879 

0.58581 

0.58284 

0.72 

0.28 

0.58284 

0.57987 

0.57691 

0.57395 

0.57100 

0.56805 

0.56511 

0.56217 

0.55924 

0.55631 

0.55338 

0.71 

0.29 

0.55338 

0.55047 

0.54755 

0.54464 

0.54174 

0.53884 

0.53594 

0.53305 

0.53016 

0.52728 

0.52440 

0.70 

0.30 

0.52440 

0.52153 

0.51866 

0.51579 

0.51293 

0.51007 

0.50722 

0.50437 

0.50153 

0.49869 

0.49585 

0.69 

0.31 

0.49585 

0.49302 

0.49019 

0.48736 

0.48454 

0.48173 

0.47891 

0.47610 

0.47330 

0.47050 

0.46770 

0.68 

0.32 

0.46770 

0.46490 

0.46211 

0.45933 

0.45654 

0.45376 

0.45099 

0.44821 

0.44544 

0.44268 

0.43991 

0.67 

0.33 

0.43991 

0.43715 

0.43440 

0.43164 

0.42889 

0.42615 

0.42340 

0.42066 

0.41793 

0.41519 

0.41246 

0.66 

0.34 

0.41246 

0.40974 

0.40701 

0.40429 

0.40157 

0.39886 

0.39614 

0.39343 

0.39073 

0.38802 

0.38532 

0.65 

0.35 

0.38532 

0.38262 

0.37993 

0.37723 

0.37454 

0.37186 

0.36917 

0.36649 

0.36381 

0.36113 

0.35846 

0.64 

0.36 

0.35846 

0.35579 

0.35312 

0.35045 

0.34779 

0.34513 

0.34247 

0.33981 

0.33716 

0.33450 

0.33185 

0.63 

0.37 

0.33185 

0.32921 

0.32656 

0.32392 

0.32128 

0.31864 

0.31600 

0.31337 

0.31074 

0.30811 

0.30548 

0.62 

0.38 

0.30548 

0.30286 

0.30023 

0.29761 

0.29499 

0.29237 

0.28976 

0.28715 

0.28454 

0.28193 

0.27932 

0.61 

0.39 

0.27932 

0.27671 

0.27411 

0.27151 

0.26891 

0.26631 

0.26371 

0.26112 

0.25853 

0.25594 

0.25335 

0.60 

0.40 

0.25335 

0.25076 

0.24817 

0.24559 

0.24301 

0.24043 

0.23785 

0.23527 

0.23269 

0.23012 

0.22754 

0.59 

0.41 

0.22754 

0.22497 

0.22240 

0.21983 

0.21727 

0.21470 

0.21214 

0.20957 

0.20701 

0.20445 

0.20189 

0.58 

0.42 

0.20189 

0.19934 

0.19678 

0.19422 

0.19167 

0.18912 

0.18657 

0.18402 

0.18147 

0.17892 

0.17637 

0.57 

0.43 

0.17637 

0.17383 

0.17128 

0.16874 

0.16620 

0.16366 

0.16112 

0.15858 

0.15604 

0.15351 

0.15097 

0.56 

0.44 

0.15097 

0.14843 

0.14590 

0.14337 

0.14084 

0.13830 

0.13577 

0.13324 

0.13072 

0.12819 

0.12566 

0.55 

0.45 

0.12566 

0.12314 

0.12061 

0.11809 

0.11556 

0.11304 

0.11052 

0.10799 

0.10547 

0.10295 

0.10043 

0.54 

0.46 

0.10043 

0.09791 

0.09540 

0.09288 

0.09036 

0.08784 

0.08533 

0.08281 

0.08030 

0.07778 

0.07527 

0.53 

0.47 

0.07527 

0.07276 

0.07024 

0.06773 

0.06522 

0.06271 

0.06020 

0.05768 

0.05517 

0.05266 

0.05015 

0.52 

0.48 

0.05015 

0.04764 

0.04513 

0.04263 

0.04012 

0.03761 

0.03510 

0.03259 

0.03008 

0.02758 

0.02507 

0.51 

0.49 

0.02507 

0.02256 

0.02005 

0.01755 

0.01504 

0.01253 

0.01003 

0.00752 

0.00501 

0.00251 

0.00000 

0.50 

0.010 

0.009 

0.008 

0.007 

0.006 

0.005 

0.004 

0.003 

0.002 

0.001 

0.000 

P(x) 

For  Q(x) >0.007,  linear  interpolation  yields  an  error  of  one  unit  in  the  third  decimal  place;  five-point 
interpolation  is  necessary  to  obtain  full  accuracy. 


P(x)=l-Q(x)=f^Z(t)dt 


Compiled  from  T.  L.  Kelley,  The  Kelley  Statistical  Tables.  Harvard  Univ.  Press,  Cambridge,  Mass., 
1948  (with  permission). 
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NORMAL  PROBABILITY  FUNCTION— VALUES  OF  * FOR  EXTREME  VALUES  OF  P(x)  AND  Q(x)  Table  26.6 


CM 

0.0000 

0.0001 

0.0002 

0.0003 

0.0004 

0.0005 

0.0006 

0.0007 

0.0008 

0.0009 

0.0010 

0.000 

OO 

3.71902 

3.54008 

3.43161 

3.35279 

3.29053 

3.23888 

3.19465 

3.15591 

3.12139 

3.09023 

0.999 

0.001 

3.09023 

3.06181 

3.03567 

3.01145 

2.98888 

2.96774 

2.94784 

2.92905 

2.91124 

2.89430 

2.87816 

0.998 

0.002 

2.87816 

2.86274 

2.84796 

2.83379 

2.82016 

2.80703 

2.79438 

2.78215 

2.77033 

2.75888 

2.74778 

0.997 

0.003 

2.74778 

2.73701 

2.72655 

2.71638 

2.70648 

2.69684 

2.68745 

2.67829 

2.66934 

2.66061 

2.65207 

0.996 

0.004 

2.65207 

2.64372 

2.63555 

2.62756 

2.61973 

2.61205 

2.60453 

2.59715 

2.58991 

2.58281 

2.57583 

0.995 

0.005 

2.57583 

2.56897 

2.56224 

2.55562 

2.54910 

2.54270 

2.53640 

2.53019 

2.52408 

2.51807 

2.51214 

0.994 

0.006 

2.51214 

2.50631 

2.50055 

2.49488 

2.48929 

2.48377 

2.47833 

2.47296 

2.46765 

2.46243 

2.45726 

0.993 

0.007 

2.45726 

2.45216 

2.44713 

2.44215 

2.43724 

2.43238 

2.42758 

2.42283 

2.41814 

2.41350 

2.40891 

0.992 

0.008 

2.40891 

2.40437 

2,39989 

2.39545 

2.39106 

2.38671 

2.38240 

2.37814 

2.37392 

2.36975 

2.36562 

0.991 

0.009 

2.36562 

2.36152 

2.35747 

2.35345 

2.34947 

2.34553 

2.34162 

2.33775 

2.33392 

2.33012 

2.32635 

0.990 

0.010 

2.32635 

2.32261 

2.31891 

2.31524 

2.31160 

2.30798 

2.30440 

2.30085 

2.29733 

2.29383 

2.29037 

0.989 

0.011 

2.29037 

2.28693 

2.28352 

2.28013 

2.27677 

2.27343 

2.27013 

2.26684 

2.26358 

2.26034 

2.25713 

0.988 

0.012 

2.25713 

2.25394 

2.25077 

2.24763 

2.24450 

2.24140 

2.23832 

2.23526 

2.23223 

2.22921 

2.22621 

0.987 

0.013 

2.22621 

2.22323 

2.22028 

2.21734 

2.21442 

2.21152 

2.208.64 

2.20577 

2.20293 

2.20010 

2.19729 

0.986 

0.014 

2.19729 

2.19449 

2.19172 

2.18896 

2.18621 

2.18349 

2.18078 

2.17808 

2.17540 

2.17274 

2.17009 

0.985 

0.015 

2.17009 

2.16746 

2.16484 

2.16224 

2.15965 

2.15707 

2.15451 

2.15197 

2.14943 

2.14692 

2.14441 

0.984 

0.016 

2.14441 

2.14192 

2.13944 

2.13698 

2.13452 

2.13208 

2.12966 

2.12724 

2.12484 

2.12245 

2.12007 

0.983 

0.017 

2.12007 

2.11771 

2.11535 

2.11301 

2.11068 

2.10836 

2.10605 

2.10375 

2.10147 

2.09919 

2.09693 

0.982 

0.018 

2.09693 

2.09467 

2.09243 

2.09020 

2.08798 

2.08576 

2.08356 

2.08137 

2.07919 

2.07702 

2.07485 

0.981 

0.019 

2.07485 

2.07270 

2.07056 

2.06843 

2.06630 

2.06419 

2.06208 

2.05998 

2.05790 

2.05582 

2.05375 

0.980 

0.020 

2.05375 

2.05169 

2.04964 

2.04759 

2.04556 

2.04353 

2.04151 

2.03950 

2.03750 

2.03551 

2.03352 

0.979 

0.021 

2.03352 

2.03154 

2.02957 

2.02761 

2.02566 

2.02371 

2.02177 

2.01984 

2.01792 

2.01600 

2.01409 

0.978 

0.022 

2.01409 

2.01219 

2.01029 

2.00841 

2.00653 

2.00465 

2.00279 

2.00093 

1.99908 

1.99723 

1.99539 

0.977 

0.023 

1.99539 

1.99356 

1.99174 

1.98992 

1.98811 

1.98630 

1.98450 

1.98271 

1.98092 

1.97914 

1.97737 

0.976 

0.024 

1.97737 

1.97560 

1.97384 

1.97208 

1.97033 

1.96859 

1.96685 

1.96512 

1.96340 

1.96168 

1.95996 

0.975 

0.0010 

0.0009 

0.0008 

0.0007 

0.0006 

0.0005 

0.0004 

0.0003 

0.0002 

0.0001 

0.0000 

P(,) 

For  Q (.*•) >0.0007,  linear  interpolation  yields  an  error  of  one  unit  in  the  third  decimal  place;  five-point 


interpolation  is  necessary  to  obtain  full  accuracy. 


<?(*) 

.r 

?(-•) 

r 

VM 

.r 

<?,('■) 

r 

( -4)  1.  0 

3.71902 

(-  9)1.0 

5. 99781 

(-14)1.0 

7. 65063 

(-19)1.0 

9. 01327 

(-5)1.0 

4. 26489 

(-10)  1.0 

6.36134 

(-15)1.0 

7. 94135 

(-20)1.0 

9.  26234 

( -6) 1. 0 

4. 75342 

(-11)1.0 

6.  70602 

(-16)1.0 

8.22208 

(-21)1.0 

9. 50502 

( -7) 1. 0 

5.  19934 

(-12)1.0 

7.  03448 

(-17)1.0 

8. 49379 

(-22)  1.0 

9.  74179 

( -8)  1.  0 

5.  61200 

( -13)  1.  0 

7. 34880 

P(,*)  = l- 

(-18)1.0 

-GW -£.•&(')«« 

8. 75729 

(-23)1.0 

9. 97305 

Compiled  from  T.  L.  Kelley,  The  Kelley  Statistical  Tables.  Harvard  Univ.  Press,  Cambridge,  Mass., 
1948  (with  permission)  for  ?(•»*)>  (-9)1. 
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Table  26.7  PROBABILITY  INTEGRAL  OF  x2-DISTRIBUTION,  INCOMPLETE  GAMMA  FUNCTION 


CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


x2=0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

V 

m=0.0005 

0.0010 

0.0015 

0.0020 

0.0025 

0.0030 

0.0035 

0.0040 

0.0045 

0.0050 

1 

0. 97477 

0.96433 

0.95632 

0.94957 

0.94363 

0.93826 

0.93332 

0.  92873 

0.  92442 

0.92034 

2 

0.  99950 

0.99900 

0.99850 

0.99800 

0.99750 

0.  99700 

0.99651 

0.99601 

0.99551 

0.99501 

3 

0.99999 

0.99998 

0.  99996 

0.99993 

0.99991 

0.99988 

0.  99984 

0.99981 

0.99977 

0.99973 

4 

0.99999 

0.99999 

0.  99999 

0.  99999 

x2=0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.10 

V 

m=0.005 

0.010 

0.015 

0.020 

0.025 

0.030 

0.035 

0.040 

0.045 

0.050 

1 

0.  92034 

0.  88754 

0.  86249 

0.  84148 

0.  82306 

0.80650. 

0.79134 

0.  77730 

0. 76418 

0.  75183 

2 

0.99501 

0.99005 

0.98511 

0.98020 

0.97531 

0.97045 

0.96561 

0.96079 

0.95600 

0.95123 

3 

0.99973 

0.99925 

0.99863 

0.99790 

0.99707 

0.99616 

0.99518 

0.99412 

0.99301 

0.99184 

4 

0.99999 

0.99995 

0.  99989 

0.99980 

0.99969 

0.99956 

0.99940 

0.99922 

0.99902 

0.99879 

5 

0.99999 

0.99998 

0.99997 

0.99995 

0.99993 

0.99991 

0.99987 

0.99984 

6 

0. 99999 

0.  99999 

0.99999 

0.99998 

x2=0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

V 

m=0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

1 

0.75183 

0.65472 

0.58388 

0.52709 

0.47950 

0.43858 

0.40278 

0.37109 

0.34278 

0.31731 

2 

0.95123 

0.90484 

0.86071 

0.81873 

0.  77880 

0.  74082 

0.  70469 

0.67032 

0.63763 

0.60653 

3 

0. 99184 

0.  97759 

0.96003 

0.94024 

0.91889 

0.  89643 

0.  87320 

0.84947 

0.82543 

0.80125 

4 

0.99879 

0.99532 

0.98981 

0.98248 

0.97350 

0.96306 

0.95133 

0.93845 

0.92456 

0.90980 

5 

0.99984 

0.99911 

0.99764 

0. 99533 

0.99212 

0.98800 

0.98297 

0.97703 

0.97022 

0.96257 

6 

0.  99998 

0.99985 

0.99950 

0.99885 

0.99784 

0.99640 

0.99449 

0.99207 

0.98912 

0.98561 

7 

0.99997 

0.99990 

0.99974 

0.99945 

0.99899 

0.99834 

0.9974.4 

0.99628 

0.99483 

8 

0.99998 

0.  99994 

0.99987 

0.99973 

0.99953 

0.99922 

0.99880 

0.99825 

9 

0.99999 

0.99997 

0.99993 

0.99987 

0.99978 

0.99964 

0.  99944 

10 

0.  99999 

0.99998 

0.99997 

0.99994 

0.99989 

0.99983 

11 

0.99999 

0.99998 

0.99997 

0.99995 

12 

0.99999 

0.99999 

x2  = l.l 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

V 

m = 0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1 

0.29427 

0.27332 

0.  25421 

0.23672 

0.22067 

0.20590 

0.19229 

0.17971 

0.16808 

0.15730 

2 

0.  57695 

0.  54881 

0.52205 

0.49659 

0.47237 

0.44933 

0.42741 

0.40657 

0.38674 

0.36788 

3 

0.77707 

0.75300 

0.72913 

0.70553 

0. 68227 

0.65939 

0.63693 

0.61493 

0.59342 

0.57241 

4 

0.  89427 

0.  87810 

0.86138 

0.84420 

0. 82664 

0. 80879 

0.79072 

0.77248 

0.75414 

0.73576 

5 

0.95410 

0.94488 

0.93493 

0.92431 

0.91307 

0.90125 

0.88890 

0.87607 

0.86280 

0.84915 

6 

0.98154 

0.97689 

0.97166 

0.96586 

0.95949 

0.95258 

0.94512 

0.93714 

0.92866 

0.91970 

7 

0.99305 

0.99093 

0.98844 

0.98557 

0.98231 

0.97864 

0.97457 

0.97008 

0.96517 

0.95984 

8 

0.99753 

0.99664 

0.99555 

0.99425 

0.99271 

0.99092 

0.  98887 

0.98654 

0.98393 

0.98101 

9 

0.99917 

0.99882 

0.99838 

0.99782 

0.99715 

0.99633 

0.99537 

0.99425 

0.99295 

0.99147 

10 

0. 99973 

0.99961 

0.99944 

0.99921 

0.  99894 

0.  99859 

0.99817 

0.99766 

0.99705 

0.99634 

11 

0. 99992 

0.  99987 

0.99981 

0.99973 

0.99962 

0.99948 

0.99930 

0.99908 

0.99882 

0.99850 

12 

0.99998 

0.99996 

0.  99994 

0.  99991 

0.  99987 

0.99982 

0.99975 

0.99966 

0.99954 

0. 99941 

13 

0.  99999 

0.  99999 

0.99998 

0.99997 

0. 99996 

0.99994 

0.99991 

0.  99988 

0. 99983 

0.99977 

14 

0.  99999 

0.99999 

0.  99999 

0.  99998 

0.99997 

0.99996 

0.99994 

0.99992 

15 

0. 99999 

0. 99999 

0.  99999 

0. 99998 

0.99997 

16 


r-  V 


Q(«s|,)-l-i>(»s|,)- 


22 -'i. 


-1 


S 


oo 


x2 


1 V—1 
2*2  dt  = 


0. 99999  0. 99999 


r (i)  1f\26  ldt=C^e~mmi/jKv  even,  c=hv,  m=hx2) 


3=  0 


Compiled  from  E.  S.  Pearson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for  statisticians,  vol.  I. 
Cambridge  Univ.  Press,  Cambridge,  England,  1954  (with  permission). 
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PROBABILITY  INTEGRAL  OF  x2-DISTRIBUTION,  INCOMPLETE  GAMMA  FUNCTION  Table  26.7 

CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


x2=2.2 

2.4 

2.6 

2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

V 

m=l.l 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

1 

0.13801 

0.12134 

0. 10686 

0. 09426 

0. 08327 

0. 07364 

0. 06520 

0. 05778 

0.  05125 

0. 04550 

2 

0.33287 

0.30119 

0.27253 

0.24660 

0.22313 

0.20190 

0.18268 

0.16530 

0. 14957 

0.13534 

3 

0.  53195 

0.49363 

0. 45749 

0.42350 

0.39163 

0.36181 

0.33397 

0.30802 

0. 28389 

0.26146 

4 

0. 69903 

0.66263 

0.62682 

0.59183 

0. 55783 

0. 52493 

0.49325 

0. 46284 

0. 43375 

0.40601 

5 

0.82084 

0.  79147 

0.76137 

0. 73079 

0. 69999 

0. 66918 

0.63857 

0. 60831 

0. 57856 

0. 54942 

6 

0.90042 

0. 87949 

0.85711 

0.83350 

0.80885 

0.78336 

0.75722 

0. 73062 

0.  70372 

0. 67668 

7 

0. 94795 

0. 93444 

0.  91938 

0.90287 

0. 88500 

0.86590 

0.84570 

0.82452 

0.  80250 

0.77978 

8 

0.97426 

0.  96623 

0.95691 

0.  94628 

0.93436 

0. 92119 

0. 90681 

0.89129 

0.  87470 

0.  85712 

9 

0.98790 

0.98345 

0.97807 

0.97170 

0.96430 

0.95583 

0. 94631 

0. 93572 

0.92408 

0.91141 

10 

0.99457 

0.99225 

0.98934 

0.98575 

0.  98142 

0.97632 

0.97039 

0. 96359 

0.95592 

0. 94735 

11 

0.99766 

0.99652 

0.99503 

0.99311 

0.  99073 

0.98781 

0.98431 

0.98019 

0.  97541 

0. 96992 

12 

0.  99903 

0.99850 

0.99777 

0.99680 

0.99554 

0. 99396 

0.99200 

0.98962 

0.98678 

0.98344 

13 

0.99961 

0.99938 

0.99903 

0.99856 

0.99793 

0.99711 

0.99606 

0.99475 

0. 99314 

0.99119 

14 

0.99985 

0.99975 

0. 99960 

0.99938 

0.99907 

0.99866 

0.99813 

0. 99743 

0.  99655 

0.99547 

15 

0.99994 

0.99990 

0.99984 

0.  99974 

0.99960 

0.99940 

0.99913 

0.99878 

0. 99832 

0.99774 

16 

0.99998 

0.99996 

0. 99994 

0.  99989 

0.  99983 

0. 99974 

0.99961 

0. 99944 

0.  99921 

0. 99890 

17 

0. 99999 

0.99999 

0.99998 

0.99996 

0.99993 

0. 99989 

0. 99983 

0.99975 

0. 99964 

0.99948 

18 

0.99999 

0.  99998 

0. 99997 

0.  99995 

0. 99993 

0. 99989 

0. 99984 

0. 99976 

19 

0. 99999 

0.  99999 

0.  99998 

0.99997 

0.99995 

0. 99993 

0. 99989 

20 

0. 99999 

0. 99999 

0. 99998 

0. 99997 

0. 99995 

21 

0. 99999 

0.99999 

0.99998 

22 

0.99999 

x2  = 4-2 

4.4 

4.6 

4.8 

5.0 

5.2 

5.4 

5.6 

5.8 

6.0 

V 

m = 2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

1 

0.  04042 

0.  03594 

0.  03197 

0. 02846 

0.  02535 

0.  02259 

0.  02014 

0. 01796 

0. 01603 

0.01431 

2 

0.12246 

0.11080 

0.10026 

0.  09072 

0.  08209 

0.07427 

0. 06721 

0.06081 

0. 05502 

0. 04979 

3 

0.24066 

0.22139 

0.20354 

0.18704 

0.17180 

0.15772 

0. 14474 

0.13278 

0.12176 

0.11161 

4 

0.37962 

0.  35457 

0.33085 

0. 30844 

0.28730 

0.26739 

0. 24866 

0.23108 

0.21459 

0.19915 

5 

0.  52099 

0.49337 

0.46662 

0.44077 

0. 41588 

0.39196 

0.36904 

0.34711 

0.32617 

0.30622 

6 

0.  64963 

0.62271 

0.  59604 

0.  56971 

0.54381 

0.51843 

0.49363 

0.46945 

0. 44596 

0.42319 

7 

0.  75647 

0.  73272 

0.  70864 

0.68435 

0.  65996 

0.  63557 

0.61127 

0.58715 

0.56329 

0.53975 

8 

0.  83864 

0. 81935 

0.  79935 

0. 77872 

0.  75758 

0.73600 

0. 71409 

0.69194 

0. 66962 

0.64723 

9 

0.  89776 

0.88317 

0.  86769 

0.  85138 

0. 83431 

0.  81654, 

0. 79814 

0.77919 

0.75976 

0. 73992 

10 

0.93787 

0.92750 

0.91625 

0.90413 

0. 89118 

0.  87742 

0.  86291 

0. 84768 

0. 83178 

0.81526 

11 

0.96370 

0.95672 

0.  94898 

0.  94046 

0.93117 

0. 92109 

0.  91026 

0.89868 

0.88637 

0.87337 

12 

0.97955 

0.97509 

0.97002 

0.96433 

0.95798 

0.95096 

0.  94327 

0.93489 

0.92583 

0.91608 

13 

0.98887 

0.98614 

0.98298 

0.97934 

0. 97519 

0. 97052 

0.96530 

0.95951 

0.95313 

0.94615 

14 

0.99414 

0.  99254 

0.  99064 

0.  98841 

0. 98581 

0.  98283 

0.  97943 

0.97559 

0.97128 

0.96649 

15 

0.99701 

0.99610 

0.99501 

0.  99369 

0.99213 

0.  99029 

0.  98816 

0.98571 

0.98291 

0. 97975 

16 

0. 99851 

0. 99802 

0.99741 

0.  99666 

0. 99575 

0.  99467 

0.99338 

0. 99187 

0.99012 

0.98810 

17 

0.99928 

0.99902 

0.  99869 

0.  99828 

0.99777 

0. 99715 

0.  99639 

0.99550 

0.99443 

0.99319 

18 

0.  99966 

0.  99953 

0.  99936 

0.99914 

0.99886 

0.99851 

0.99809 

0.99757 

0. 99694 

0.99620 

19 

0.99985 

0.99978 

0.99969 

0.99958 

0. 99943 

0. 99924 

0.  99901 

0.99872 

0.99836 

0.99793 

20 

0.  99993 

0.99990 

0.  99986 

0.99980 

0. 99972 

0.99962 

0.  99950 

0.99934 

0. 99914 

0.99890 

21 

0. 99997 

0. 99995 

0. 99993 

0.99991 

0. 99987 

0. 99982 

0. 99975 

0. 99967 

0.99956 

0.99943 

22 

0.99999 

0.99998 

0.99997 

0.99996 

0.  99994 

0. 99991 

0. 99988 

0.99984 

0.99978 

0. 99971 

23 

0.  99999 

0.  99999 

0.  99999 

0.  99998 

0. 99997 

0. 99996 

0. 99994 

0. 99992 

0. 99989 

0.99986 

24 

0.99999 

0.99999 

0.99999 

0.99998 

0.99997 

0. 99996 

0. 99995 

0. 99993 

25 

0. 99999 

0. 99999 

0.  99999 

0.99998 

0.99998 

0.  99997 

26 

1 / 9 2> 
*=2VX  *0. 

| W = v- 

o 

A 

o 

& 

0.99999 

0. 99999 

0.99998 

27 

Interpolation  on  x2 

0. 99999 

0.99999 

Q (x2| ") = Q (x2 | "0  - 4)  [}  /]+<?  (4 1 .0-2)  [* - *2]+Q  (A  I 'o)  [1_*+S  *2] 


Double  Entry  Interpolation 

Q (x2 1 .)=§  (^o!  "0-4)  [-2  <t?]+Q  (^|  '0-2)  [*-^-w*]+Q  (*o|  "0-1)  B M;+w^] 

+Q  (xoj-'0)[l— w2— <#•+!  *2+W]+Q  (x2j-o+l) B w2+\  w~m~\ 
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Table  26.7  PROBABILITY  INTEGRAL  OF  X2- DISTRIBUTION,  INCOMPLETE  GAMMA  FUNCTION 

CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


- 6.2 

6.4 

6.6 

6.8 

7.0 

7.2 

7.4 

7.6 

7.8 

8.0 

V 

971  = 3.1 

8.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

1 

0. 01278 

0.01141 

0.  01020 

0. 00912 

0. 00815 

0.00729 

0.00652 

0.00584 

0.00522 

0.00468 

2 

0. 04505 

0. 04076 

0.  03688 

0. 03337 

0.03020 

0.  02732 

0. 02472 

0. 02237 

0. 02024 

0. 01832 

3 

0.10228 

0.  09369 

0.  08580 

0. 07855 

0. 07190 

0. 06579 

0.06018 

0. 05504 

0. 05033 

0. 04601 

4 

0.18470 

0.17120 

0.15860 

0. 14684 

0. 13589 

0.12569 

0.11620 

0.10738 

0. 09919 

0.09158 

5 

0.28724 

0.26922 

0.25213 

0.23595 

0. 22064 

0.20619 

0.19255 

0.17970 

0.16761 

0. 15624 

6 

0.40116 

0.  37990 

0.35943 

0.  33974 

0.32085 

0.  30275 

0.28543 

0. 26890 

0.25313 

0.23810 

7 

0.51660 

0.  49390 

0. 47168 

0.45000 

0.42888 

0.40836 

0. 38845 

0. 36918 

0.35056 

0.33259 

8 

0. 62484 

0.60252 

0.  58034 

0.  55836 

0.53663 

0. 51522 

0. 49415 

0. 47349 

0.45325 

0.43347 

9 

0.  71975 

0. 69931 

0. 67869 

0. 65793 

0.63712 

0.61631 

0.59555 

0.  57490 

0. 55442 

0. 53415 

10 

0. 79819 

0. 78061 

0. 76259 

0. 74418 

0. 72544 

0. 70644 

0. 68722 

0. 66784 

0. 64837 

0. 62884 

11 

0.  85969 

0.  84539 

0. 83049 

0. 81504 

0. 79908 

0. 78266 

0. 76583 

0. 74862 

0.73110 

0.71330 

12 

0.90567 

0.  89459 

0. 88288 

0. 87054 

0. 85761 

0. 84412 

0. 83009 

0. 81556 

0. 80056 

0.78513 

13 

0.93857 

0.93038 

0.  92157 

0.91216 

0.90215 

0.89155 

0. 88038 

0. 86865 

0. 85638 

0. 84360 

14 

0.96120 

0.95538 

0.  94903 

0. 94215 

0.93471 

0.92673 

0.91819 

0.90911 

0. 89948 

0. 88933 

15 

0.97619 

0.97222 

0. 96782 

0.96296 

0. 95765 

0.95186 

0. 94559 

0. 93882 

0. 93155 

0. 92378 

16 

0.  98579 

0.98317 

0.98022 

0. 97693 

0.97326 

0.  96921 

0. 96476 

0. 95989 

0.95460 

0.94887 

17 

0.99174 

0.99007 

0. 98816 

0.  98599 

0.  98355 

0.98081 

0.97775 

0.97437 

0. 97064 

0. 96655 

18 

0.99532 

0.  99429 

0.99309 

0.99171 

0. 99013 

0.98833 

0.98630 

0.98402 

0.98147 

0. 97864 

19 

0. 99741 

0.  99679 

0.99606 

0. 99521 

0.99421 

0.99307 

0.99176 

0.  99026 

0. 98857 

0.98667 

20 

0. 99860 

0. 99824 

0.  99781 

0. 99729 

0. 99669 

0.  99598 

0.  99515 

0.  99420 

0.99311 

0.99187 

21 

0.  99926 

0.99905 

0. 99880 

0.  99850 

0. 99814 

0.  99771 

0.  99721 

0.99662 

0.  99594 

0.99514 

22 

0. 99962 

0.  99950 

0. 99936 

0. 99919 

0. 99898 

0.  99873 

0. 99843 

0.99807 

0.99765 

0. 99716 

23 

0.99981 

0.  99974 

0.  99967 

0.99957 

0. 99945 

0.99931 

0.99913 

0. 99892 

0.  99867 

0.  99837 

24 

0.99990 

0.99987 

0.99983 

0.99978 

0.99971 

0. 99963 

0. 99953 

0.  99941 

0.  99926 

0.99908 

25 

0.99995 

0.99994 

0.  99991 

0. 99989 

0.99985 

0. 99981 

0.99975 

0.99968 

0.  99960 

0.  99949 

26 

0.  99998 

0.  99997 

0. 99996 

0.  99994 

0.  99992 

0. 99990 

0.99987 

0.  99983 

0.99978 

0.99973 

27 

0.  99999 

0. 99999 

0.99998 

0.  99997 

0.  99996 

0. 99995 

0.  99993 

0.  99991 

0.  99989 

0.  99985 

28 

0.  99999 

0.99999 

0.  99999 

0. 99998 

0. 99998 

0. 99997 

0.  99996 

0. 99994 

0.  99992 

29 

0.  99999 

0. 99999 

0. 99999 

0.  99998 

0. 99998 

0.  99997 

0.  99996 

30 

0. 99999 

0.  99999 

0.  99999 

0.99999 

0.  99998 

• 

X 

to 

II 

00 

bo 

8.4 

8.6 

8.8 

0.0 

9.2 

9.4 

9.6 

9.8 

10.0 

V 

m = 4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

5.0 

1 

0. 00419 

0.00375 

0. 00336 

0.00301 

0. 00270 

0.00242 

0.  00217 

0. 00195 

0. 00175 

0. 00157 

2 

0.  01657 

0.  01500 

0.01357 

0.01228 

0.  01111 

0. 01005 

0. 00910 

0. 00823 

0. 00745 

0. 00674 

3 

0. 04205 

0. 03843 

0.  03511 

0.  03207 

0. 02929 

0. 02675 

0. 02442 

0. 02229 

0. 02034 

0. 01857 

4 

0.  08452 

0.  07798 

0.07191 

0. 06630 

0. 06110 

0. 05629 

0. 05184 

0.  04773 

0.  04394 

0. 04043 

5 

0. 14555 

0. 13553 

0. 12612 

0.11731 

0. 10906 

0.  T0135 

0. 09413 

0. 08740 

0.  08110 

0. 07524 

6 

0.22381 

0.21024 

0. 19736 

0.18514 

0.17358 

0. 16264 

0.15230 

0.14254 

0.13333 

0.1^465 

7 

0.31529 

0.  29865 

0.  28266 

0.26734 

0.25266 

0.  23861 

0.  22520 

0.21240 

0.  20019 

0. 18857 

8 

0.  41418 

0.  39540 

0.37715 

0. 35945 

0.34230 

0. 32571 

0. 30968 

0.29423 

0.  27935 

0.26503 

9 

0.  51412 

0.  49439 

0. 47499 

0.45594 

0.  43727 

0.41902 

0.40120 

0. 38383 

0. 36692 

0. 35049 

10 

0.  60931 

0. 58983 

0.  57044 

0.55118 

0. 53210 

0.51323 

0. 49461 

0.47626 

0.  45821 

0. 44049 

11 

0. 69528 

0.  67709 

0. 65876 

0. 64035 

0. 62189 

0. 60344 

0. 58502 

0. 56669 

0. 54846 

0. 53039 

12 

0. 76931 

0. 75314 

0.  73666 

0.  71991 

0. 70293 

0.  68576 

0. 66844 

0.65101 

0. 63350 

0.61596 

13 

0. 83033 

0.  81660 

0. 80244 

0. 78788 

0. 77294 

0. 75768 

0. 74211 

0. 72627 

0.  71020 

0.69393 

14 

0.  87865 

0. 86746 

0.  85579 

0. 84365 

0. 83105 

0.81803 

0. 80461 

0. 79081 

0. 77666 

0. 76218 

15 

0. 91551 

0.90675 

0. 89749 

0. 88774 

0. 87752 

0. 86683 

0. 85569 

0. 84412 

0. 83213 

0. 81974 

16 

0. 94269 

0.93606 

0.  92897 

0.92142 

0. 91341 

0.  90495 

0. 89603 

0. 88667 

0. 87686 

0. 86663 

17 

0.  96208 

0.95723 

0. 95198 

0.94633 

0. 94026 

0.  93378 

0. 92687 

0.91954 

0. 91179 

0. 90361 

18 

0.97551 

0.97207 

0.96830 

0.96420 

0. 95974 

0.95493 

0.  94974* 

0. 94418 

0. 93824 

0. 93191 

19 

0. 98454 

0.98217 

0.97955 

0. 97666 

0.97348 

0.  97001 

0. 96623 

0.96213 

0.95771 

0. 95295 

20 

0. 99046 

0. 98887 

0. 98709 

0.98511 

0.98291 

0. 98047 

0. 97779 

0. 97486 

0.97166 

0.96817 

21 

0.  99424 

0.  99320 

0.99203 

0.  99070 

0. 98921 

0.98755 

0.98570 

0. 98365 

0. 98139 

0. 97891 

22 

0.  99659 

0. 99593 

0.  99518 

0.99431 

0.99333 

0. 99222 

0. 99098 

0.98958 

0. 98803 

0.98630 

23 

0.  99802 

0.99761 

0. 99714 

0. 99659 

0. 99596 

0. 99524 

0. 99442 

0.99349 

0.99245 

0. 99128 

24 

0. 99888 

0.99863 

0. 99833 

0.  99799 

0.  99760 

0.99714 

0. 99661 

0.99601 

0.99532 

0. 99455 

25 

0.  99937 

0.  99922 

0.  99905 

0. 99884 

0. 99860 

0.  99831 

0. 99798 

0.99760 

0.99716 

0. 99665 

26 

0.  99966 

0.  99957 

0.99947 

0. 99934 

0. 99919 

0.  99902 

0. 99882 

0. 99858 

0.99830 

0. 99798 

27 

0. 99981 

0.  99977 

0.99971 

0. 99963 

0. 99955 

0. 99944 

0. 99932 

0.  99917 

0. 99900 

0.99880 

28 

0.99990 

0. 99987 

0. 99984 

0. 99980 

0.99975 

0. 99969 

0.  99962 

0. 99953 

0. 99942 

0. 99930 

29 

0.  99995 

0.99993 

0.  99991 

0.  99989 

0. 99986 

0. 99983 

0. 99979 

0.99973 

0. 99967 

0.99960 

30 

0. 99997 

0. 99997 

0.  99996 

0.  99994 

0.  99993 

0. 99991 

0. 99988 

0. 99985 

0.99982 

0. 99977 

-t 
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Table  26.7 

PROBABILITY  INTEGRAL  OF  x2-DISTRIBUTION,  INCOMPLETE  GAMMA  FUNCTION 

CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


x =10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

V 

m = 5.25 

5.5 

5.75 

6.0 

6.25 

6.5 

6.75 

7.0 

7.25 

7.5 

1 

0.00119 

0.00091 

0.  00070 

0.  00053 

0.  00041 

0. 00031 

0.  00024 

0.  00018 

0.00014 

0.  00011 

2 

0.  00525 

0. 00409 

0.  00318 

0.00248 

0. 00193 

0.00150 

0.00117 

0. 00091 

0.00071 

0.00055 

3 

0.  01476 

0.01173 

0.00931 

0.  00738 

0. 00585 

0.  00464 

0.  00367 

0.  00291 

0.00230 

0.00182 

4 

0.  03280 

0.02656 

0.  02148 

0.  01735 

0.  01400 

0. 01128 

0.00907 

0.  00730 

0.  00586 

0.00470 

5 

0.06225 

0.05138 

0.  04232 

0.  03479 

0.  02854 

0.  02338 

0. 01912 

0.01561 

0.01273 

0.01036 

6 

0.10511 

0.  08838 

0.  07410 

0.  06197 

0.  05170 

0. 04304 

0. 03575 

0.  02964 

0.  02452 

0.  02026 

7 

0.16196 

0. 13862 

0.11825 

0.10056 

0.  08527 

0.  07211 

0.06082 

0.  05118 

0.  04297 

0.03600 

8 

0.23167 

0.20170 

0. 17495 

0.15120 

0.13025 

0.11185 

0.  09577 

0.08177 

0.  06963 

0.  05915 

9 

0.  31154 

0.  27571 

0.  24299 

0.21331 

0. 18657 

0. 16261 

0. 14126 

0. 12233 

0. 10562 

0.  09094 

10 

0.39777 

0.  35752 

0.  31991 

0.28506 

0.  25299 

0. 22367 

0.19704 

0. 17299 

0.15138 

0.13206 

11 

0.  48605 

0. 44326 

0.40237 

0.36364 

0.  32726 

0. 29333 

0.  26190 

0.23299 

0.20655 

0. 18250 

12 

0.57218 

0.  52892 

0.48662 

0.  44568 

0. 40640 

0.  36904 

0.  33377 

0.30071 

0.  26992 

0.  24144 

13 

0.  65263 

0.61082 

0.  56901 

0.  52764 

0. 48713 

0. 44781 

0.40997 

0.  37384 

0.33960 

0.  30735 

14 

0.  72479 

0.  68604 

0. 64639 

0.  60630 

0.56622 

0.  52652 

0. 48759 

0. 44971 

0.41316 

0.  37815 

15 

0.  78717 

0.  75259 

0.  71641 

0.  67903 

0.  64086 

0.  60230 

0.  56374 

0.  52553 

0. 48800 

0.45142 

16 

0.  83925 

0.  80949 

0.  77762 

0.  74398 

0.  70890 

0.  67276 

0.  63591 

0.  59871 

0.  56152 

0.  52464 

17 

0.  88135 

0.  85656 

0.  82942 

0.  80014 

0.  76896 

0.  73619 

0.  70212 

0.  66710 

0.  63145 

0.  59548 

18 

0.  91436 

0.  89436 

0.  87195 

0.  84724 

0.  82038 

0.  79157 

0.76106 

0.  72909 

0.  69596 

0. 66197 

19 

0.  93952 

0. 92384 

0.90587 

0.  88562 

0.  86316 

0.  83857 

0.  81202 

0.  78369 

0.  75380 

0.72260 

20 

0.95817 

0.  94622 

0.93221 

0.91608 

0.  89779 

0. 87738 

0. 85492 

0.83050 

0.  80427 

0.  77641 

21 

0.97166 

0.96279 

0.95214 

0.  93962 

0.92513 

0.90862 

0.  89010 

0. 86960 

0.  84718 

0.82295 

22 

0.98118 

0.97475 

0.96686 

0.  95738 

0. 94618 

0. 93316 

0. 91827 

0. 90148 

0.  88279 

0. 86224 

23 

0.98773 

0.98319 

0.97748 

0.  97047 

0.96201 

0.  95199 

0. 94030 

0.92687 

0.  91165 

0.  89463 

24 

0.99216 

0.  98901 

0.  98498 

0.97991 

0. 97367 

0.  96612 

0. 95715 

0. 94665 

0. 93454 

0.92076 

25 

0.99507 

0.99295 

0.99015 

0.  98657 

0.98206 

0.97650 

0.  96976 

0. 96173 

0.  95230 

0.94138 

26 

0.  99696 

0.99555 

0.  99366 

0.  99117 

0. 98798 

0. 98397 

0.97902 

0.97300 

0.  96581 

0. 95733 

27 

0.99815 

0.99724 

0.  99598 

0.  99429 

0.  99208 

0.98925 

0. 98567 

0.98125 

0. 97588 

0. 96943 

28 

0.99890 

0.99831 

0.99749 

0. 99637 

0.  99487 

0.  99290 

0.99037 

0.98719 

0.98324 

0. 97844 

29 

0.  99935 

0.  99899 

0.  99846 

0.99773 

0. 99672 

0.99538 

0.99363 

0.99138 

0. 98854 

0.  98502 

30 

0.99963 

0.  99940 

0.99907 

0.  99860 

0. 99794 

0.  99704 

0.  99585 

0.99428 

0.99227 

0. 98974 

x2=15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 

V 

m=  7.75 

8.0 

8.25 

8.5 

8.75 

9.0 

9.25 

9.5 

9.75 

10.0 

1 

0.  00008 

0.  00006 

0. 00005 

0.  00004 

0.  00003 

0.00002 

0.00002 

0.  00001 

0.  00001 

0.  00001 

2 

0.  00043 

0.00034 

0.00026 

0.  00020 

0. 00016 

0.00012 

0.00010 

0.  00008 

0.  00006 

0.  00005 

3 

0.00144 

0.00113 

0. 00090 

0.  00071 

0.  00056 

0.  00044 

0.  00035 

0.00027 

0. 00022 

0.  00017 

4 

0.  00377 

0.  00302 

0.  00242 

0.  00193 

0.  00154 

0.  00123 

0.  00*099 

0.  00079 

0.00063 

0.  00050 

5 

0.  00843 

0.  00684 

0.00555 

0. 00450 

0.  00364 

0.  00295 

0.00238 

0. 00192 

0.  00155 

0.  00125 

6 

0.01670 

0.  01375 

i 

01.  01131 

0.00928 

0.  00761 

0.  00623 

0.  00510 

0.00416 

0.  00340 

0. 00277 

7 

0.03010 

0.02512 

0. 02092 

0.  01740 

0. 01444 

0.  01197 

0.  00991 

0.  00819 

0.  00676 

0.00557 

8 

0.  05012 

0.  04238 

0.  03576 

0.  03011 

0.02530 

0.  02123 

0.  01777 

0.  01486 

0.  01240 

0.01034 

9 

0.  07809 

0.  06688 

0.05715 

0.  04872 

0.  04144 

0.  03517 

0.  02980 

0.02519 

0.  02126 

0. 01791 

10 

0.11487 

0.  09963 

0.  08619 

0. 07436 

0. 06401 

0.  05496 

0.  04709 

0. 04026 

0.  03435 

0. 02925 

11 

0.16073 

0.14113 

0.12356 

0.10788 

0.  09393 

0.  08158 

0.  07068 

0.06109 

0. 05269 

0.  04534 

12 

0.  21522 

0.19124 

0.16939 

0.14960 

0.13174 

0.11569 

0.10133 

0.  08853 

0.  07716 

0.  06709 

13 

0.  27719 

0.24913 

0.22318 

0.19930 

0. 17744 

0.15752 

0. 13944 

0.12310 

0.10840 

0. 09521 

14 

0.  34485 

0.  31337 

0.28380 

0.25618 

0.23051 

0.  20678 

0.18495 

0.16495 

0. 14671 

0.13014 

15 

0.41604 

0.  38205 

0.34962 

0.  31886 

0.  28986 

0.26267 

0.23729 

0.21373 

0.19196 

0. 17193 

16 

0.  48837 

0.45296 

0.41864 

0.  38560 

0.35398 

0.32390 

0.29544 

0.26866 

0.24359 

0.22022 

17 

0.55951 

0.  52383 

’0.48871 

0.  45437 

0.  42102 

0.38884 

0.  35797 

0.32853 

0.30060 

0. 27423 

18 

0.  62740 

0.59255 

0.55770 

0.52311 

0.  48902 

0.45565 

0.42320 

0.39182 

0. 36166 

0.33282 

19 

0.  69033 

0.65728 

0.62370 

0.  58987 

0.55603 

0.52244 

0. 48931 

0.  45684 

0.42521 

0.  39458 

20 

0.  74712 

0.  71662 

0.  68516 

0.  65297 

0. 62031 

0.  58741 

0. 55451 

0.52183 

0.48957 

0.  45793 

21 

0.  79705 

0. 76965 

0.  74093 

0. 71111 

0. 68039 

0.  64900 

0.61718 

0.58514 

0.  55310 

0.52126 

22 

0.  83990 

0. 81589 

0.  79032 

0.  76336 

0.  73519 

0.  70599 

0. 67597 

0.  64533 

0.  61428 

0.58304 

23 

0.  87582 

0.  85527 

0. 83304 

0.80925 

0.  78402 

0.  75749 

0.  72983 

0.70122 

0.  67185 

0.  64191 

24 

0.90527 

0.  88808 

0.  86919 

0.  84866 

0.  82657 

0.  80301 

0.77810 

0.75199 

0.  72483 

0.  69678 

25 

0.  92891 

0.91483 

0.  89912 

0.  88179 

0.  86287 

0. 84239 

0.  82044 

0.79712 

0. 77254 

0.  74683 

26 

0.  94749 

0.93620 

0.92341 

0.90908 

0.  89320 

0.  87577 

0. 85683 

0.  83643 

0.  81464 

0. 79156 

27 

0.96182 

0.95295 

0.  94274 

0.93112 

0.91806 

0.  90352 

0.  88750 

0.87000 

0.85107 

0.  83076 

28 

0.97266 

0.  96582 

0.95782 

0.  94859 

0.93805 

0.92615 

0.91285 

0.  89814 

0.88200 

0.  86446 

29 

0.98071 

0.97554 

0.  96939 

0.96218 

0.  95383 

0.  94427 

0.  93344 

0. 92129 

0.90779 

0.89293 

30 

0.  98659 

0.  98274 

0.97810 

0.97258 

0. 96608 

0.95853 

0. 94986 

0.  94001 

0. 92891 

0.91654 

0=|(x2-^)  W=V~VQ>  0 

Interpolation  on  x2 

Q (x2  i ")=<?  (xg  I V4)Q  *2]+<?  (*o  !»o-2)  [*-^Q  (*o  i T>)  [l-^+j/| 


Double  Entry  Interpolation 

Q (*2  !*)“(?  (*o  hr4)  [^2]+<?  (xg  |»-()-2)  [4>-^>2-w<a]+<3  (x^ ! ,0-l)[;  w2-\  w+w<i\ 

+Q(xl  |vo)  [l-w2-<t>+l<t>2+w<i^+Q  (x2  j >-0+l)  [i  w2+i  w-w<^ 
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Table  26.7  PROBABILITY  INTEGRAL  OF  x2-DISTRIBUTION,  INCOMPLETE  GAMMA  FUNCTION 

CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


x2  = 21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

V 

m = 10.5 

11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

1 

0.00001 

2 

0.00003 

0.00002 

0.  00001 

0.00001 

3 

0. 00011 

0. 00007 

0. 00004 

0.  00003 

0. 00002 

0. 00001 

0. 00001 

4 

0.00032 

0.00020 

0. 00013 

0.  00008 

0.00005 

0.  00003 

0.00002 

0.00001 

0.00001 

0. 00001 

5 

0.00081 

0. 00052 

0.  00034 

0. 00022 

0. 00014 

0. 00009 

0.00006 

0.00004 

0. 00002 

0.00002 

6 

0.  00184 

0.00121 

0.00080 

0.00052 

0. 00034 

0. 00022 

0.00015 

0.00009 

0. 00006 

0.00004 

7 

0. 00377 

0.  00254 

0.  00171 

0. 00114 

0.00076 

0.  00050 

0.00033 

0.00022 

0.00015 

0.00010 

8 

0.00715 

0. 00492 

0.  00336 

0. 00229 

0. 00155 

0.00105 

0. 00071 

0. 00047 

0. 00032 

0.00021 

9 

0.  01265 

0. 00888 

0.  00620 

0.00430 

0. 00297 

0.00204 

0.00140 

0.00095 

0. 00065 

0. 00044 

10 

0.  02109 

0.01511 

0. 01075 

0.00760 

0.00535 

0. 00374 

0. 00260 

0.  00181 

0.00125 

0.00086 

11 

0.03337 

0. 02437 

0.  01768 

0. 01273 

0.  00912 

0. 00649 

0. 00460 

0.  00324 

0. 00227 

0.00159 

12 

0.  05038 

0.03752 

0.  02773 

0. 02034 

0. 01482 

0. 01073 

0. 00773 

0.  00553 

0. 00394 

0.00279 

13 

0.  07293 

0.  05536 

0.  04168 

0. 03113 

0. 02308 

0.  01700 

0. 01244 

0.00905 

0. 00655 

0.  00471 

14 

0. 10163 

0. 07861 

0.  06027 

0.  04582 

0. 03457 

0.  02589 

0.  01925 

0.  01423 

0.01045 

0. 00763 

15 

0.13683 

0.10780 

0.  08414 

0.  06509 

0. 04994 

0.  03802 

0.  02874 

0.  02157 

0.  01609 

0.  01192 

16 

0. 17851 

0.14319 

0. 11374 

0.  08950 

0. 06982 

0.  05403 

0.  04148 

0.  03162 

0.  02394 

0.  01800 

17 

0.22629 

0. 18472 

0.14925 

0.11944 

0. 09471 

0.  07446 

0.  05807 

0.  04494 

0.  03453 

0.  02635 

18 

0.27941 

0.23199 

0.19059 

0.15503 

0. 12492 

0. 09976 

0.  07900 

0.  06206 

0.  04838 

0.  03745 

19 

0.  33680 

0.28426 

0.23734 

0.19615 

0.16054 

0.13019 

0.10465 

0.  08343 

0.  06599 

0.  05180 

20 

0.39713 

0.  34051 

0.  28880 

0.  24239 

0.20143 

0. 16581 

0. 13526 

0.10940 

0.  08776 

0.  06985 

21 

0.  45894 

0.39951 

0. 34398 

0.29306 

0.  24716 

0.  20645 

0.17085 

0. 14015 

0. 11400 

0.  09199 

22 

0.  52074 

0.  45989 

0.40173 

0. 34723 

0.  29707 

0.25168 

0.21123 

0.17568 

0. 14486 

0.11846 

23 

0.  58109 

0.  52025 

0. 46077 

0.40381 

0.35029 

0.30087 

0.  25597 

0.21578 

0. 18031 

0. 14940 

24 

0.  63873 

0.57927 

0. 51980 

0.46160 

0.40576 

0.35317 

0.  30445 

0.  26004 

0.  22013 

0. 18475 

25 

0. 69261 

0.  63574 

0. 57756 

0.  51937 

0.46237 

0.  40760 

0.35588 

0.  30785 

0. 26392 

0. 22429 

26 

0. 74196 

0.  68870 

0. 63295 

0.57597 

0. 51898 

0.  46311 

0.40933 

0.  35846 

0.  31108 

0.26761 

27 

0.  78629 

0.  73738 

0. 68501 

0. 63032 

0.  57446 

0.  51860 

0. 46379 

0.41097 

0.  36090 

0. 31415 

28 

0. 82535 

0.78129 

0. 73304 

0. 68154 

0. 62784 

0.  57305 

0.  51825 

0. 46445 

0.  41253 

0. 36322 

29 

0.  85915 

0. 82019 

0. 77654 

0.  72893 

0. 67825 

0. 62549 

0. 57171 

0. 51791 

0. 46507 

0. 41400 

30 

0. 88789 

0.  85404 

0.81526 

0.77203 

0. 72503 

0.  67513 

0.  62327 

0.57044 

0.  51760 

0. 46565 

X 

to 

II 

CO 

I—1 

32 

33 

34 

35 

36 

37 

38 

39 

40 

V 

m = 15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 

20.0 

5 

0. 00001 

0.00001 

6 

0. 00003 

0.00002 

0.00001 

0.00001 

7 

0.00006 

0.  00004 

0. 00003 

0. 00002 

0.00001 

0. 00001 

8 

0.  00014 

0.00009 

0.00006 

0. 00004 

0. 00003 

0. 00002 

0. 00001 

0. 00001 

9 

0.  00030 

0.00020 

0. 00013 

0. 00009 

0.00006 

0.  00004 

0. 00003 

0. 00002 

0. 00001 

0. 00001 

10 

0. 00059 

0.  00040 

0.00027 

0.00019 

0. 00012 

0.00008 

0.00006 

0. 00004 

0.  00003 

0. 00002 

11 

0.00110 

0.00076 

0. 00053 

0.00036 

0. 00025 

0.00017 

0. 00012 

0. 00008 

0.  00005 

0. 00004 

12 

0.  00197 

0.00138 

0.00097 

0.00068 

0.00047 

0.00032 

0. 00022 

0. 00015 

0. 00011 

0. 00007 

13 

0.  00337 

0.00240 

0.00170 

0.00120 

0. 00085 

0. 00059 

0. 00041 

0.00029 

0.  00020 

0.00014 

14 

0.  00554 

0. 00401 

0. 00288 

0.00206 

0.00147 

0.00104 

0. 00074 

0.00052 

0. 00036 

0. 00026 

15 

0. 00878 

0. 00644 

0. 00469 

0.00341 

0. 00246 

0.00177 

0.00127 

0.00090 

0. 00064 

0. 00045 

16 

0.  01346 

0.  01000 

0. 00739 

0. 00543 

0. 00397 

0. 00289 

0.00210 

0.00151 

0. 00109 

0. 00078 

17 

0.  01997 

0.01505 

0.  01127 

0. 00840 

0.00622 

0.00459 

0.00337 

0fc  00246 

0. 00179 

0.00129 

18 

0.  02879 

0. 02199 

0. 01669 

0.01260 

0. 00945 

0. 00706 

0. 00524 

0. 00387 

0. 00285 

0. 00209 

19 

0.  04037 

0.  03125 

0.  02404 

0.01838 

0.  01397 

0. 01056 

0. 00793 

0.00593 

0. 00442 

0. 00327 

20 

0.05519 

0. 04330 

0. 03374 

0.  02613 

0.  02010 

0. 01538 

0.01170 

0.00886 

0. 00667 

0.00500 

21 

0.  07366 

0.  05855 

0.  04622 

0. 03624 

0. 02824 

0.  02187 

0. 01683 

0. 01289 

0. 00981 

0. 00744 

22 

0.  09612 

0.  07740 

0. 06187 

0. 04912 

0. 03875 

0. 03037 

0. 02366 

0.01832 

0.01411 

0.01081 

23 

0.12279 

0.10014 

0.08107 

0. 06516 

0. 05202 

0. 04125 

0. 03251 

0. 02547 

0. 01984 

0. 01537 

24 

0. 15378 

0. 12699 

0.10407 

0. 08467 

0. 06840 

0. 05489 

0.  04376 

0. 03467 

0. 02731 

0. 02139 

25 

0.18902 

0.15801 

0.13107 

0.10791 

0. 08820 

0. 07160 

0. 05774 

0. 04626 

0. 03684 

0. 02916 

26 

0.22827 

0.19312 

0.16210 

0.13502 

0.11165 

0.  09167 

0. 07475 

0. 06056 

0.  04875 

0. 03901 

27 

0.27114 

0.23208 

0.19707 

0.16605 

0. 13887 

0.11530 

0. 09507 

0. 07786 

0. 06336 

0. 05124 

28 

0.31708 

0.27451 

,0.23574 

0.  20087 

0. 16987 

0. 14260 

0. 11886 

0. 09840 

0. 08092 

0. 06613 

29 

0.  36542 

0.31987 

0.27774 

0.23926 

0.20454 

0. 17356 

0. 14622 

0.12234 

0.10166 

0. 08394 

30 

0.41541 

0.  36753 

0.32254 

0.28083 

0. 24264 

0.  20808 

0.17714 

0.14975 

0.12573 

0.10486 
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PROBABILITY  INTEGRAL  OF  x2-DISTRIBUTION,  INCOMPLETE  GAMMA  FUNCTION  Table  26.7 

CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


x2=42 

44 

46 

48 

50 

52 

54 

56 

58 

60 

V 

m= 21 

22 

23 

24 

25 

26 

27 

28 

29 

80 

10 

0. 00001 

11 

0.00002 

0.  00001 

12 

0.  00003 

0.00002 

0.00001 

13 

0.00006 

0.  00003 

0.00001 

0.00001 

14 

0.  00012 

0.  00006 

0.  00003 

0.  00001 

0.  00001 

15 

0.  00023 

0.  00011 

0.  00005 

0.00003 

0.  00001 

0.  00001 

16 

0.  00040 

0.  00020 

0.00010 

0.00005 

0.  00002 

0.  00001 

0.  00001 

17 

0.  00067 

0.  00034 

0.  00017 

0.00009 

0.  00004 

0.  00002 

0.  00001 

0.  00001 

18 

0.  00111 

0.  00058 

0.00030 

0.  00015 

0.00008 

0.00004 

0.00002 

0.  00001 

19 

0.  00177 

0.  00094 

0.  00050 

0.  00026 

0.  00013 

0.  00007 

0.00003 

0.00002 

0.00001 

20 

0.  00277 

0.00151 

0.  00081 

0.00043 

0.  00022 

0.  00011 

0.  00006 

0.  00003 

0.  00001 

0.00001 

21 

0.  00421 

0.  00234 

0.00128 

0.  00069 

0. 00036 

0.00019 

0.  00010 

0.  00005 

0.00003 

0.00001 

22 

0.00625 

0.  00355 

0.00198 

0.00109 

0.  00059 

0.00031 

0.  00016 

0.00009 

0.  00004- 

0.00002 

23 

0.  00908 

0.  00526 

0.  00299 

0.00167 

0.  00092 

0.  00050 

0.  00027 

0.00014 

0.  00007 

0.  00004 

24 

0.  01291 

0.  00763 

0.  00443 

0.00252 

0.  00142 

0.  00078 

0.  00043 

0.  00023 

0.  00012 

0.00006 

25 

0.  01797 

0.  01085 

0.00642 

0.  00373 

0.  00213 

0.00120 

0.00066 

0.  00036 

0.  00020 

0.  00011 

26 

0.  02455 

0.  01512 

0.  00912 

0.  00540 

0.  00314 

0.  00180 

0.00102 

0.00056 

0.  00031 

0.  00017 

27 

0.  03292 

0.  02068 

0. 01272 

0.  00768 

0.  00455 

0.  00265 

0.00152 

0.  00086 

0.00048 

0.  00026 

28 

0.  04336 

0.  02779 

0.01743 

0.  01072 

0.  00647 

0.  00384 

0.  00224 

0.00129 

0.00073 

0.00041 

29 

0.  05616 

0.  03670 

0.  02346 

0.  01470 

0.  00903 

0.  00545 

0.  00324 

0.  00189 

0.00109 

0.00062 

30 

0.  07157 

0.  04769 

0.  03107 

0.  01983 

0.  01240 

0.00762 

0.  00460 

0.  00273 

0.  00160 

0.00092 

x2  = 62 

64 

66 

68 

70 

72 

74 

76 

V 

m = 31 

32 

33 

34 

35 

36 

37 

38 

21 

0.  00001 

22 

0.  00001 

0.  00001 

23 

0.  00002 

0.  00001 

0.00001 

24 

0.  00003 

0.00002 

0.  00001 

25 

0.00006 

0.  00003 

0.00002 

0.00001 

26 

0.  00009 

0.  00005 

0.00003 

0.  00001 

0.  00001 

27 

0.00014 

0.00008 

0.  00004 

0.00002 

0. 00001 

0. 00001 

28 

0.  00023 

0.  00012 

0.00007 

0.  00004 

0.00002 

0.  00001 

0.  00001 

29 

0.00035 

0.  00019 

0.  00011 

0.  00006 

0.  00003 

0.  00002 

0.00001 

30 

0.  00052 

0.00029 

0.  00016 

0.  00009 

0.00005 

0.  00003 

0.  00001 

0.00001 

c—  1 

e t2  dt=  2 e~mmi/j\(v  even,  m=\x 2) 

i=  o 

Xq)  W=v  po>0 

Interpolation  on  x2 

(t>(x2|>')=Q  (x2|*o-4)[~*2]+Q  (x^o-2)[<#>-«2]+Q  (xq|*°)  [l— ^2] 

Double  Entry  Interpolation 

Q (x2|.)=Q  (xo|"o-4) [l <p2]+Q  (x2|»0-2) [*-*2-w*]+Q  (x2j  "0-l) [}  w2~\  w+w<*’] 

+Q  (xo|vo)[l-w2-^+|  *2+m#]+Q  (x^o+^Q^+fW-^] 


Q(x2|,)=l-P(x2|,)=r2^rft)l 


i 
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Table  26.8  PERCENTAGE  POINTS  OF  THE  x2-DI STRIBUTION — VA LUES  OF 

x2  IN  TERMS  OF  Q AND  v 


v \ H 

\ 

0.995 

0.99 

0.975 

0.95 

0.9 

0.75 

0.5 

0.25 

1 ( 

-5)3.92704 

(-4)1.57088 

(-4)9.82069 

(-3)  3.93214 

0.0157908 

0.101533 

. 0.454937  1.32330 

2 ( 

-2)1.00251 

(-2)2.01007 

(-2)5.06356 

0.102587 

0.210720 

0.575364 

^ 1.38629 

2.77259 

3 ( 

-2)7.17212 

0.114832 

0.215795 

0.351846 

0.584375 

1.212534 

f 2.36597 

4.10835 

4 

0.206990 

0.297110 

0.484419 

0.710721 

1.063623 

1.92255 

3.35670 

5.38527 

5 

0.411740 

0.554300 

0.831211 

1.145476 

1.61031 

2.67460 

4.35146 

6.62568 

6 

0.675727 

0.872085 

1.237347 

1.63539 

2.20413 

3.45460 

5.34812 

7.84080 

7 

0.989265 

1.239043 

1.68987 

2.16735 

2.83311 

4.25485 

6.34581 

9.03715 

8 

1.344419 

1.646482 

2.17973 

2.73264 

3.48954 

5.07064 

7.34412 

10.2188 

9 

1.734926 

2.087912 

2.70039 

3.32511 

4.16816 

5.89883 

8.34283 

11.3887 

10 

2.15585 

2.55821 

3.2469? 

3.94030 

4.86518 

6.73720 

9.34182 

12.5489 

11 

2.60321 

3.05347 

3.81575 

4.57481 

5.57779 

7.58412 

10.3410 

13.7007 

12 

3.07382 

3.57056 

4.40379 

5.22603 

6.30380 

8.43842 

11.3403 

14.8454 

13 

3.56503 

4.10691 

5.00874 

5.89186 

7.04150 

9.29906 

12.3398 

15.9839 

14 

4.07468 

4.66043 

5.62872 

6.57063 

7.78953 

10.1653 

13.3393 

17.1170 

15 

4.60094 

5.22935 

6.26214 

7.26094 

8.54675 

11.0365 

14.3389 

18.2451 

16 

5.14224 

5.81221 

6.90766 

7.96164 

9.31223 

11.9122 

15.3385 

19.3688 

17 

5.69724 

6.40776 

7.56418 

8.67176 

10.0852 

12.7919 

16.3381 

20.4887 

18 

6.26481 

7.01491 

8.23075 

9.39046 

10.8649 

13.6753 

17.3379 

21.6049 

19 

6.84398 

7.63273 

8.90655 

10.1170 

11.6509 

14.5620 

18.3376 

22.7178 

20 

7.43386 

8.26040 

9.59083 

10.8508 

12.4426 

15.4518 

19.3374 

23.8277 

21 

8.03366 

8.89720 

10.28293 

11.5913 

13.2396 

16.3444 

20.3372 

24.9348 

22 

8.64272 

9.54249 

10.9823 

12.3380 

14.0415 

17.2396 

21.3370 

26.0393 

23 

9.26042 

10.19567 

11.6885 

13.0905 

14.8479 

18.1373 

22.3369 

27.1413 

24 

9.88623 

10.8564 

12.4011 

13.8484 

15.6587 

19.0372 

23.3367 

28.2412 

25 

10.5197 

11.5240 

13.1197 

14.6114 

16.4734 

19.9393 

24.3366 

29.3389 

26 

11.1603 

12.1981 

13.8439 

15.3791 

17.2919 

20.8434 

25.3364 

30.4345 

27 

11.8076 

12.8786 

14.5733 

16.1513 

18.1138 

21.7494 

26.3363 

31.5284 

28 

12.4613 

13.5648 

15.3079 

16.9279 

18.9392 

22.6572 

27.3363 

32.6205 

29 

13.1211 

14.2565 

16.0471 

17.7083 

19.7677 

23.5666 

28.3362 

33.7109 

30 

13.7867 

14.9535 

16.7908 

18.4926 

20.5992 

24.4776 

29.3360 

34.7998 

40 

20.7065 

22.1643 

24.4331 

26.5093 

29.0505 

33.6603 

39.3354 

45.6160 

50 

27.9907 

29.7067 

32.3574 

34.7642 

37.6886 

42.9421 

49.3349 

56.3336 

60 

35.5346 

37.4848 

40.4817 

43.1879 

46.4589 

52.2938 

59.3347 

66.9814 

70 

43.2752 

45.4418 

48.7576 

51.7393 

55.3290 

61.6983 

69.3344 

77.5766 

80 

51.1720 

53.5400 

57.1532 

60.3915 

64.2778 

71.1445 

79.334? 

88.1303 

90 

59.1963 

61.7541 

65.6466 

69.1260 

73.2912 

80.6247 

89.3342 

98.6499 

100 

67.3276 

70.0648 

74.2219 

77.9295 

82.3581 

90.1332 

99.3341  109.141 

X 

-2.5758 

-2.3263 

-1.9600 

-1.6449 

-1.2816 

-0.6745 

0.0000 

0.6745 

Q(xa|*)=pr(0j  1 j°  e l<£  ldt 

From  E.  S.  Pearson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for  statisticians,  vol.  I.  Cambridge 
Univ.  Press,  Cambridge,  England,  1954  (with  permission)  for  Q > 0.0005 . 
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PERCENTAGE  POINTS  OF  THE  X2-DISTRIBUTION— VALUES  OF  Table  26.8 


v\Q 

0.1 

0.05 

1 

2.70554 

3.84146 

2 

4.60517 

5.99147 

3 

6.25139 

7.81473 

4 

7.77944 

9.48773 

5 

9.23635 

11.0705 

6 

10.6446 

12.5916 

7 

12.0170 

14.0671 

8 

13.3616 

15.5073 

9 

14.6837 

16.9190 

10 

15.9871 

18.3070 

11 

17.2750 

19.6751 

12 

18.5494 

21.0261 

13 

19.8119 

22.3621 

14 

21.0642 

23.6848 

15 

22.3072 

24.9958 

16 

23.5418 

26.2962 

17 

24.7690 

27.5871 

18 

25.9894 

28.8693 

19 

27.2036 

30.1435 

20 

28.4120 

31.4104 

21 

29.6151 

32.6705 

22 

30.8133 

33.9244 

23 

32.0069 

35.1725 

24 

33.1963 

36.4151 

25 

34.3816 

37.6525 

26 

35.5631 

38.8852 

27 

36.7412 

40.1133 

28 

37.9159 

41.3372 

29 

39.0875 

42.5569 

30 

40.2560 

43.7729 

40 

51.8050 

55.7585 

50 

63.1671 

67.5048 

60 

74.3970 

79.0819 

70 

85.5271 

90.5312 

80 

96.5782 

101.879 

90 

107.565 

113.145 

100 

118.498 

124.342 

X 

1.2816 

1.6449 

x2  IN  TERMS  OF  Q AND  v 


0.025 

0.01 

0.005 

5.02389 

6.63490 

7.87944 

7.37776 

9.21034 

10.5966 

9.34840 

11.3449 

12.8381 

11.1433 

13.2767 

14.8602 

12.8325 

15.0863 

16.7496 

14.4494 

16.8119 

18.5476 

16.0128 

18.4753 

20.2777 

17.5346 

20.0902 

21.9550 

19.0228 

21.6660 

23.5893 

20.4831 

23.2093 

25.1882 

21.9200 

24.7250 

26.7569 

23.3367 

26.2170 

28.2995 

24.7356 

27.6883 

29.8194 

26.1190 

29.1413 

31.3193 

27.4884 

30.5779 

32.8013 

28.8454 

31.9999 

34.2672 

30.1910 

33.4087 

35.7185 

31.5264 

34.8053 

37.1564 

32.8523 

36.1908 

38.5822 

34.1696 

37.5662 

39.9968 

35.4789 

38.9321 

41.4010 

36.7807 

40.2894 

42.7956 

38.0757 

41.6384 

44.1813 

39.3641 

42.9798 

45.5585 

40.6465 

44.3141 

46.9278 

41.9232 

45.6417 

48.2899 

43.1944 

46.9630 

49.6449 

44.4607 

48.2782 

50.9933 

45.7222 

49.5879 

52.3356 

46.9792 

50.8922 

53.6720 

59.3417 

63.6907 

66.7659 

71.4202 

76.1539 

79.4900 

83.2976 

88.3794 

91.9517 

95.0231 

100.425 

104.215 

106.629 

112.329 

116.321 

118.136 

124.116 

128.299 

129.561 

135.807 

140.169 

1.9600 

2.3263 

NDT'j 

2.5758 

r*  co  tv 

e 2 t2  'dt 

Q(x2W  = 

0.001 

0.0005 

0.0001 

10.828 

12.116 

15.137 

13.816 

15.202 

18.421 

16.266 

17.730 

21.108 

18.467 

19.997 

23.513 

20.515 

22.105 

25.745 

22.458 

24.103 

27.856 

24.322 

26.018 

29.877 

26.125 

27.868 

31.828 

27.877 

29.666 

33.720 

29.588 

31.420 

35.564 

31.264 

33.137 

37.367 

32.909 

34.821 

39.134 

34.528 

36.478 

40.871 

36.123 

38.109 

42.579 

37.697 

39.719 

44.263 

39.252 

41.308 

45.925 

40.790 

42.879 

47.566 

42.312 

44.434 

49.189 

43.820 

45.973 

50.796 

45.315 

47.498 

52.386 

46.797 

49.011 

53.962 

48.268 

50.511 

55.525 

49.728 

52.000 

57.075 

51.179 

53.479 

58.613 

52.620 

54.947 

60.140 

54.052 

56.407 

61.657 

55.476 

57.858 

63.164 

56.892 

59.300 

64.662 

58.302 

60.735 

66.152 

59.703 

62.162 

67.633 

73.402 

76.095 

82.062 

86.661 

89.560 

95.969 

99.607 

102.695 

109.503 

112.317 

115.578 

122.755 

124.839 

128.261 

135.783 

137.208 

140.782 

148.627 

149.449 

153.167 

161.319 

3.0902 

3.2905 

3.7190 

986 
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Table  26.9  PERCENTAGE  POINTS  OF  THE  F-DISTRIBUTION  —VALUES 


1 

2 

3 

OF  F IN  TERMS  OF  Q, 
Q(F\Viv2)=0.5 
4 5 6 8 12 

15 

20 

30 

60 

CD 

i 

1.00 

1.50 

1.71 

1.82 

1.89 

1.94 

2.00 

2.07 

2.09 

2.12 

2.15 

2.17 

2.20 

2 

0.667 

1.00 

1.13 

1.21 

1.25 

1.28 

1.32 

1.36 

1.38 

1.39 

1.41 

1.43 

1.44 

3 

0.585 

0.881 

1.00 

1.06 

1.10 

1.13 

1.16 

1.20 

1.21 

1.23 

1.24 

1.25 

1.27 

4 

0.549 

0.828 

0.941 

1.00 

1.04 

1.06 

1.09 

1.13 

1.14 

1.15 

1.16 

1.18 

1.19 

5 

0.528 

0.799 

0.907 

0.965 

1.00 

1.02 

1.05 

1.09 

1.10 

1.11 

1.12 

1.14 

1.15 

6 

0.515 

0.780 

0.886 

0.942 

0.977 

1.00 

1.03 

1.06 

1.07 

1.08 

1.10 

1.11 

1.12 

7 

0.506 

0.767 

0.871 

0.926 

0.960 

0.983 

1.01 

1.04 

1.05 

1.07 

1.08 

1.09 

1.10 

8 

0.499 

0.757 

0.860 

0.915 

0.948 

0.971 

1.00 

1.03 

1.04 

1.05 

1.07 

1.08 

1.09 

9 

0.494 

0.749 

0.852 

0.906 

0.939 

0.962 

0.990 

1.02 

1.03 

1.04 

1.05 

1.07 

1.08 

10 

0.490 

0.743 

0.845 

0.899 

0.932 

0.954 

0.983 

1.01 

1.02 

1.03 

1.05 

1.06 

1.07 

11 

0.486 

0.739 

0.840 

0.893 

0.926 

0.948 

0.977 

1.01 

1.02 

1.03 

1.04 

1.05 

1.06 

12 

0.484 

0.735 

0.835 

0.888 

0.921 

0.943 

0.972 

1.00 

1.01 

1.02 

1.03 

1.05 

1.06 

13 

0.481 

0.731 

0.832 

0.885 

0.917 

0.939 

0.967 

0.996 

1.01 

1.02 

1.03 

1.04 

1.05 

14 

0.479 

0.729 

0.828 

0.881 

0.914 

0.936 

0.964 

0.992 

1.00 

1.01 

1.03 

1.04 

1.05 

15 

0.478 

0.726 

0.826 

0.878 

0.911 

0.933 

0.960 

0.989 

1.00 

1.01 

1.02 

1.03 

1.05 

16 

0.476 

0.724 

0.823 

0.876 

0.908 

0.930 

0.958 

0.986 

0.997 

1.01 

1.02 

1.03 

1.04 

17 

0.475 

0.722 

0.821 

0.874 

0.906 

0.928 

0.955 

0.983 

0.995 

1.01 

1.02 

1.03 

1.04 

18 

0.474 

0.721 

0.819 

0.872 

0.904 

0.926 

0.953 

0.981 

0.992 

1.00 

1.02 

1.03 

1.04 

19 

0.473 

0.719 

0.818 

0.870 

0.902 

0.924 

0.951 

0.979 

0.990 

1.00 

1.01 

1.02 

1.04 

20 

0.472 

0.718 

0.816 

0.868 

0.900 

0.922 

0.950 

0.977 

0.989 

1.00 

1.01 

1.02 

1.03 

21 

0.471 

0.716 

0.815 

0.867 

0.899 

0.921 

0.948 

0.976 

0.987 

0.998 

1.01 

1.02 

1.03 

22 

0.470 

0.715 

0.814 

0.866 

0.898 

0.919 

0.947 

0.974 

0.986 

0.997 

1.01 

1.02 

1.03 

23 

0.470 

0.714 

0.813 

0.864 

0.896 

0.918 

0.945 

0.973 

0.984 

0.996 

1.01 

1.02 

1.03 

24 

0.469 

0.714 

0.812 

0.863 

0.895 

0.917 

0.944 

0.972 

0.983 

0.994 

1.01 

1.02 

1.03 

25 

0.468 

0.713 

0.811 

0.862 

0.894 

0.916 

0.943 

0.971 

0.982 

0.993 

1.00 

1.02 

1.03 

26 

0.468 

0.712 

0.810 

0.861 

0.893 

0.915 

0.942 

0.970 

0.981 

0.992 

1.00 

1.01 

1.03 

27 

0.467 

0.711 

0.809 

0.861 

0.892 

0.914 

0.941 

0.969 

0.980 

0.991 

1.00 

1.01 

1.03 

28 

0.467 

0.711 

0.808 

0.860 

0.892 

0.913 

0.940 

0.968 

0.979 

0.990 

1.00 

1.01 

1.02 

29 

0.466 

0.710 

0.808 

0.859 

0.891 

0.912 

0.940 

0.967 

0.978 

0.990 

1.00 

1.01 

1.02 

30 

0.466 

0.709 

0.807 

0.858 

0.890 

0.912 

0.939 

0.966 

0.978 

0.989 

1.00 

1.01 

1.02 

40 

0.463 

0.705 

0.802 

0.854 

0.885 

0.907 

0.934 

0.961 

0.972 

0.983 

0.994 

1.01 

1.02 

60 

0.461 

0.701 

0.798 

0.849 

0.880 

0.901 

0.928 

0.956 

0.967 

0.978 

0.989 

1.00 

1.01 

120 

0.458 

0.697 

0.793 

0.844 

0.875 

0.896 

0.923 

0.950 

0.961 

0.972 

0.983 

0.994 

1.01 

00 

0.455 

0.693 

0.789 

0.839 

0.870 

0.891 

0.918 

0.945 

0.956 

0.967 

0.978 

0.989 

1.00 

m 

1 

2 

3 

4 

COF’Khj) 

5 6 

1=0.25 

8 

12 

15 

20 

30 

60 

00 

i 

5.83 

7.50 

8.20 

8.58 

8.82 

8.98 

9.19 

9.41 

9.49 

9.58 

9.67 

9.76 

9.85 

2 

2.57 

3.00 

3.15 

3.23 

3.28 

3.31 

3.35 

3.39 

3.41 

3.43 

3.44 

3.46 

3.48 

3 

2.02 

2.28 

2.36 

2.39 

2.41 

2.42 

2.44 

2.45 

2.46 

2.46 

2.47 

2.47 

2.47 

4 

1.81 

2.00 

2.05 

2.06 

2.07 

2.08 

2.08 

2.08 

2.08 

2.08 

2.08 

2.08 

2.08 

5 

1.69 

1.85 

1.88 

1.89 

1.89 

1.89 

1.89 

1.89 

1.89 

1.88 

1.88 

1.87 

1.87 

6 

1.62 

1.76 

1.78 

1.79 

1.79 

1.78 

1.78 

1.77 

1.76 

1.76 

1.75 

1.74 

1.74 

7 

1.57 

1.70 

1.72 

1.72 

1.71 

1.71 

1.70 

1.68 

1.68 

1.67 

1.66 

1.65 

1.65 

8 

1.54 

1.66 

1.67 

1.66 

1.66 

1.65 

1.64 

1.62 

1.62 

1.61 

1.60 

1.59 

1.58 

9 

1.51 

1.62 

1.63 

1.63 

1.62 

1.61 

1.60 

1.58 

1.57 

1.56 

1.55 

1.54 

1.53 

10 

1.49 

1.60 

1.60 

1.59 

1.59 

1.58 

1.56 

1.54 

1.53 

1.52 

1.51 

1.50 

1.48 

11 

1.47 

1.58 

1.58 

1.57 

1.56 

1.55 

1.53 

1.51 

1.50 

1.49 

1.48 

1.47 

1.45 

12 

1.46 

1.56 

1.56 

1.55 

1.54 

1.53 

1.51 

1.49 

1.48 

1.47 

1.45 

1.44 

1.42 

13 

1.45 

1.55 

1.55 

1.53 

1.52 

1.51 

1.49 

1.47 

1.46 

1.45 

1.43 

1.42 

1.40 

14 

1.44 

1.53 

1.53 

1.52 

1.51 

1.50 

1.48 

1.45 

1.44 

1.43 

1.41 

1.40 

1.38 

15 

1.43 

1.52 

1.52 

1.51 

1.49 

1.48 

1.46 

1.44 

1.43 

1.41 

1.40 

1.38 

1.36 

16 

1.42 

1.51 

1.51 

1.50 

1.48 

1.47 

1.45 

1.43 

1.41 

1.40 

1.38 

1.36 

1.34 

17 

1.42 

1.51 

1.50 

1.49 

1.47 

1.46 

1.44 

1.41 

1.40 

1.39 

1.37 

1.35 

1.33 

18 

1.41 

1.50 

1.49 

1.48 

1.46 

1.45 

1.43 

1.40 

1.39 

1.38 

1.36 

1.34 

1.32 

19 

1.41 

1.49 

1.49 

1.47 

1.46 

1.44 

1.42 

1.40 

1.38 

1.37 

1.35 

1.33 

1.30 

20 

1.40 

1.49 

1.48 

1.47 

1.45 

1.44 

1.42 

1.39 

1.37 

1.36 

1.34 

1.32 

1.29 

21 

1.40 

1.48 

1.48 

1.46 

1.44 

1.43 

1.41 

1.38 

1.37 

1.35 

1.33 

1.31 

1.28 

22 

1.40 

1.48 

1.47 

1.45 

1.44 

1.42 

1.40 

1.37 

1.36 

1.34 

1.32 

1.30 

1.28 

23 

1.39 

1.47 

1.47 

1.45 

1.43 

1.42 

1.40 

1.37 

1.35 

1.34 

1.32 

1.30 

1.27 

24 

1.39 

1.47 

1.46 

1.44 

1.43 

1.41 

1.39 

1.36 

1.35 

1.33 

1.31 

1.29 

1.26 

25 

1.39 

1.47 

1.46 

1.44 

1.42 

1.41 

1.39 

1.36 

1.34 

1.33 

1.31 

1.28 

1.25 

26 

1.38 

1.46 

1.45 

1.44 

1.42 

1.41 

1.38 

1.35 

1.34 

1.32 

1.30 

1.28 

1.25 

27 

1.38 

1.46 

1.45 

1.43 

1.42 

1.40 

1.38 

1.35 

1.33 

1.32 

1.30 

1.27 

1.24 

28 

1.38 

1.46 

1.45 

1.43 

1.41 

1.40 

1.38 

1.34 

1.33 

1.31 

1.29 

1.27 

1.24 

29 

1.38 

1.45 

1.45 

1.43 

1.41 

1.40 

1.37 

1.34 

1.32 

1.31 

1.29 

1.26 

1.23 

30 

1.38 

1.45 

1.44 

1.42 

1.41 

1.39 

1.37 

1.34 

1.32 

1.30 

1.28 

1.26 

1.23 

40 

1.36 

1.44 

1.42 

1.40 

1.39 

1.37 

1.35 

1.31 

1.30 

1.28 

1.25 

1.22 

1.19 

60 

1.35 

1.42 

1.41 

1.38 

1.37 

1.35 

1.32 

1.29 

1.27 

1.25 

1.22 

1.19 

1.15 

120 

1.34 

1.40 

1.39 

1.37 

1.35 

1.33 

1.30 

1.26 

1.24 

1.22 

1.19 

1.16 

1.10 

00 

1.32 

1.39 

1.37 

1.35 

1.33 

1.31 

1.28 

1.24 

1.22 

1.19 

1.16 

1.12 

1.00 

Compiled  from  E.  S.  Pearson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for 
statisticians,  vol.  I.  Cambridge  Univ.  Press,  Cambridge,  England,  1954  (with 
permission). 
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PERCENTAGE  POINTS  OF  THE  F-DISTRIBUTION —VALUES  Table  26.9 
OF  F IN  TERMS  OF  Q , ^ v2 


<3(F|v,^2)=0.i 


w 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

00 

1 

39.86 

49.50 

53.59 

55.83 

57.24 

58.20 

59.44 

60.71 

61.22 

61.74 

62.26 

62.79 

63.33 

2 

8.53 

9.00 

9.16 

9.24 

9.29 

9.33 

9.37 

9.41 

9.42 

9.44 

9.46 

9.47 

9.49 

3 

5.54 

5.46 

5.39 

5.34 

5.31 

5.28 

5.25 

5.22 

5.20 

5.18 

5.17 

5.15 

5.13 

4 

4.54 

4.32 

4.19 

4.11 

4.05 

4.01 

3.95 

3.90 

3.87 

3.84 

3.82 

3.79 

3.76 

5 

4.06 

3.78 

3.62 

3.52 

3.45 

3.40 

3.34 

3.27 

3.24 

3.21 

3.17 

3.14 

3.10 

6 

3.78 

3.46 

3.29 

3.18 

3.11 

3.05 

2.98 

2.90 

2.87 

2.84 

2.80 

2.76 

2.72 

7 

3.59 

3.26 

3.07 

2.96 

2.88 

2.83 

2.75 

2.67 

2.63 

2.59 

2.56 

2.51 

2.47 

8 

3.46 

3.11 

2.92 

2.81 

2.73 

2.67 

2.59 

2.50 

2.46 

2.42 

2.38 

2.34 

2.29 

9 

3.36 

3.01 

2.81 

2.69 

2.61 

2.55 

2.47 

2.38 

2.34 

2.30 

2.25 

2.21 

2.16 

10 

3.29 

2.92 

2.73 

2.61 

2.52 

2.46 

2.38 

2.28 

2.24 

2.20 

2.16 

2.11 

2.06 

11 

3.23 

2.86 

2.66 

2.54 

2.45 

2.39 

2.30 

2.21 

2.17 

2.12 

2.08 

2.03 

1.97 

12 

3.18 

2.81 

2.61 

2.48 

2.39 

2.33 

2.24 

2.15 

2.10 

2.06 

2.01 

1.96 

1.90 

13 

3.14 

2.76 

2.56 

2.43 

2.35 

2.28 

2.20 

2.10 

2.05 

2.01 

1.96 

1.90 

1.85 

14 

3.10 

2.73 

2.52 

2.39 

2.31 

2.24 

2.15 

2.05 

2.01 

1.96 

1.91 

1.86 

1.80 

15 

3.07 

2.70 

2.49 

2.36 

2.27 

2.21 

2.12 

2.02 

1.97 

1.92 

1.87 

1.82 

1.76 

16 

3.05 

2.67 

2.46 

2.33 

2.24 

2.18 

2.09 

1.99 

1.94 

1.89 

1.84 

1.78 

1.72 

17 

3.03 

2.64 

2.44 

2.31 

2.22 

2.15 

2.06 

1.96 

1.91 

1.86 

1.81 

1.75 

1.69 

18 

3.01 

2.62 

2.42 

2.29 

2.20 

2.13 

2.04 

1.93 

1.89 

1.84 

1.78 

1.72 

1.66 

19 

2.99 

2.61 

2.40 

2.27 

2.18 

2.11 

2.02 

1.91 

1.86 

1.81 

1.76 

1.70 

1.63 

20 

2.97 

2.59 

2.38 

2.25 

2.16 

2.09 

2.00 

1.89 

1.84 

1.79 

1.74 

1.68 

1.61 

21 

2.96 

2.57 

2.36 

2.23 

2.14 

2.08 

1.98 

1.87 

1.83 

1.78 

1.72 

1.66 

1.59 

22 

2.95 

2.56 

2.35 

2.22 

2.13 

2.06 

1.97 

1.86 

1.81 

1.76 

1.70 

1.64 

1.57 

23 

2.94 

2.55 

2.34 

2.21 

2.11 

2.05 

1.95 

1.84 

1.80 

1.74 

1.69 

1.62 

1.55 

24 

2.93 

2.54 

2.33 

2.19 

2.10 

2.04 

1.94 

1.83 

1.78 

1.73 

1.67 

1.61 

1.53 

25 

2.92 

2.53 

2.32 

2.18 

2.09 

2.02 

1.93 

1.82 

1.77 

1.72 

1.66 

1.59 

1.52 

26 

2.91 

2.52 

2.31 

2.17 

2.08 

2.01 

1.92 

1.81 

1.76 

1.71 

1.65 

1.58 

1.50 

27 

2.90 

2.51 

2.30 

2.17 

2.07 

2.00 

1.91 

1.80 

1.75 

1.70 

1.64 

1.57 

1.49 

28 

2.89 

2.50 

2.29 

2.16 

2.06 

2.00 

1.90 

1.79 

1.74 

1.69 

1.63 

1.56 

1.48 

29 

2.89 

2.50 

2.28 

2.15 

2.06 

1.99 

1.89 

1.78 

1.73 

1.68 

1.62 

1.55 

1.47 

30 

2.88 

2.49 

2.28 

2.14 

2.05 

1.98 

1.88 

1.77 

1.72 

1.67 

1.61 

1.54 

1.46 

40 

2.84 

2.44 

2.23 

2.09 

2.00 

1.93 

1.83 

L71 

1.66 

1.61 

1.54 

1.47 

1.38 

60 

2.79 

2.39 

2.18 

2.04 

1.95 

1.87 

1.77 

1.66 

1.60 

1.54 

1.48 

1.40 

1.29 

120 

2.75 

2.35 

2.13 

1.99 

1.90 

1.82 

1.72 

1.60 

1.55 

1.48 

1.41 

1.32 

1.19 

00 

2.71 

2.30 

2.08 

1.94 

1.85 

1.77 

1.67 

1.55 

1.49 

1.42 

1.34 

1.24 

1.00 

^(jF|v,  v2)=0.05 

»Wi 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

CD 

1 161.4 

199.5 

215.7 

224.6 

230.2 

234.0 

238.9 

243.9 

245.9 

248.0 

250.1 

252.2 

254.3 

2 

18.51 

19.00 

19.16 

19.25 

19.30 

19.33 

19.37 

19.41 

19.43 

19.45 

19.46 

19.48 

19.50 

3 

10.13 

9.55 

9.28 

9.12 

9.01 

8.94 

8.85 

8.74 

8.70 

8.66 

8.62 

8.57 

8.53 

4 

7.71 

6.94 

6.59 

6.39 

6.26 

6.16 

6.04 

5.91 

5.86 

5.80 

5.75 

5.69 

5.63 

5 

6.61 

5.79 

5.41 

5.19 

5.05 

4.95 

4.82 

4.68 

4.62 

4.56 

4.50 

4.43 

4.36 

6 

5.99 

5.14 

4.76 

4.53 

4.39 

4.28 

4.15 

4.00 

3.94 

3.87 

3.81 

3.74 

3.67 

7 

5.59 

4.74 

4.35 

4.12 

3.97 

3.87 

3.73 

3.57 

3.51 

3.44 

3.38 

3.30 

3.23 

8 

5.32 

4.46 

4.07 

3.84 

3.69 

3.58 

3.44 

3.28 

3.22 

3.15 

3.08 

3.01 

2.93 

9 

5.12 

4.26 

3.86 

3.63 

3.48 

3.37 

3.23 

3.07 

3.01 

2.94 

2.86 

2.79 

2.71 

10 

4.96 

4vl  o 

3. 71 

3.48 

3.33 

3.22 

3.07 

2.91 

2.85 

2.77 

2.70 

2.62 

2.54 

11 

4.84 

3.98 

3.59 

3.36 

3.20 

3.09 

2.95 

2.79 

2.72 

2.65 

2.57 

2.49 

2.40 

12 

4.75 

3.89 

3.49 

3.26 

3.11 

3.00 

2.85 

2.69 

2.62 

2.54 

2.47 

2.38 

2.30 

13 

4.67 

3.81 

3.41 

3.18 

3.03 

2.92 

2.77 

2.60 

2.53 

2.46 

2.38 

2.30 

2.21 

14 

4.60 

3.74 

3.34 

3.11 

2.96 

2.85 

2.70 

2.53 

2.46 

2.39 

2.31 

2.22 

2.13 

15 

4.54 

3.68 

3.29 

3.06 

2.90 

2.79 

2.64 

2.48 

2.40 

2.33 

2.25 

2.16 

2.07 

16 

4.49 

3.63 

3.24 

3.01 

2.85 

2.74 

2.59 

2.42 

2.35 

2.28 

2.19 

2.11 

2.01 

17 

4.45 

3.59 

3.20 

2.96 

2.81 

2.70 

2.55 

2.38 

2.31 

2.23 

2.15 

2.06 

1.96 

18 

4.41 

3.55 

3.16 

2.93 

2.77 

2.66 

2.51 

2.34 

2.27 

2.19 

2.11 

2.02 

1.92 

19 

4.38 

3.52 

3.13 

2.90 

2.74 

2.63 

2.48 

2.31 

2.23 

2.16 

2.07 

1.98 

1.88 

20 

4.35 

3.49 

3.10 

2.87 

2.71 

2.60 

2.45 

2.28 

2.20 

2.12 

2.04 

1.95 

1.84 

21 

4.32 

3.47 

3.07 

2.84 

2.68 

2.57 

2.42 

2.25 

2.18 

2.10 

2.01 

1.92 

1.81 

22 

4.30 

3.44 

3.05 

2.82 

2.66 

2.55 

2.40 

2.23 

2.15 

2.07 

1.98 

1.89 

1.78 

23 

4.28 

3.42 

3.03 

2.80 

2.64 

2.53 

2.37 

2.20 

2.13 

2.05 

1.96 

1.86 

1.76 

24 

4.26 

3.40 

3.01 

2.78 

2.62 

2.51 

2.36 

2.18 

2.11 

2.03 

1.94 

1.84 

1.73 

25 

4.24 

3.39 

2.99 

2.76 

2.60 

2.49 

2.34 

2.16 

2.09 

2.01 

1.92 

1.82 

1.71 

26 

4.23 

3.37 

2.98 

2.74 

2.59 

2.47 

2.32 

2.15 

2.07 

1.99 

1.90 

1.80 

1.69 

27 

4.21 

3.35 

2.96 

2.73 

2.57 

2.46 

2.31 

2.13 

2.06 

1.97 

1.88 

1.79 

1.67 

28 

4.20 

3.34 

2.95 

2.71 

2.56 

2.45 

2.29 

2.12 

2.04 

1.96 

1.87 

1.77 

1.65 

29 

4.18 

3.33 

2.93 

2.70 

2.55 

2.43 

2.28 

2.10 

2.03 

1.94 

1.85 

1.75 

1.64 

30 

4.17 

3.32 

2.92 

2.69 

2.53 

2.42 

2.27 

2.09 

2.01 

1.93 

1.84 

1.74 

1.62 

40 

4.08 

3.23 

2.84 

2.61 

2.45 

2.34 

2.18 

2.00 

1.92 

1.84 

1.74 

1.64 

1.51 

60 

4.00 

3.15 

2.76 

2.53 

2.37 

2.25 

2.10 

1.92 

1.84 

1.75 

1.65 

1.53 

1.39 

120 

3.92 

3.07 

2.68 

2.45 

2.29 

2.17 

2.02 

1.83 

1.75 

1.66 

1.55 

1.43 

1.25 

00 

3.84 

3.00 

2.60 

2.37 

2.21 

2.10 

1.94 

1.75 

1.67 

1.57 

1.46 

1.32 

1.00 
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Table  26.9  PERCENTAGE  POINTS  OF  THE  F-DISTRIBUTION —VALUES 


OF  F IN  TERMS  OF  Q,  v„  v-2 

Q(F |V2)=0.025 


w 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

00 

1 

647.8 

799.5 

864.2 

899.6 

921.8 

937.1 

956.7 

976.7 

984.9 

993.1 

1001 

1010 

1018 

2 

38.51 

39.00 

39.17 

39.25 

39.30 

39.33 

39.37 

39.41 

39.43 

39.45 

39.46 

39.48 

39.50 

3 

17.44 

16.04 

15.44 

15.10 

14.88 

14.73 

14.54 

14.34 

14.25 

14.17 

14.08 

13.99 

13.90 

4 

12.22 

10.65 

9.98 

9.60 

9.36 

9.20 

8.98 

8.75 

8.66 

8.56 

8.46 

8.36 

8.26 

5 

10.01 

8.43 

7.76 

7.39 

7.15 

6.98 

6.76 

6.52 

6.43 

6.33 

6.23 

6.12 

6.02 

6 

8.81 

7.26 

6.60 

6.23 

5.99 

5.82 

5.60 

5.37 

5.27 

5.17 

5.07 

4.96 

4.85 

7 

8.07 

6.54 

5.89 

5.52 

5.29 

5.12 

4.90 

4.67 

4.57 

4.47 

4.36 

4.25 

4.14 

8 

7.57 

6.06 

5.42 

5.05 

4.82 

4.65 

4.43 

4.20 

4.10 

4.00 

3.89 

3.78 

3.67 

9 

7.21 

5.71 

5.08 

4.72 

4.48 

4.32 

4.10 

3.87 

3.77 

3.67 

3.56 

3.45 

3.33 

10 

6.94 

5.46 

4.83 

4.47 

4.24 

4.07 

3.85 

3.62 

3.52 

3.42 

3.31 

3.20 

3.08 

11 

6.72 

5.26 

4.63 

4.28 

4.04 

3.88 

3.66 

3.43 

3.33 

3.23 

3.12 

3.00 

2.88 

12 

6.55 

5.10 

4.47 

4.12 

3.89 

3.73 

3.51 

3.28 

3.18 

3.07 

2.96 

2.85 

2.72 

13 

6.41 

4.97 

4.35 

4.00 

3.77 

3.60 

3.39 

3.15 

3.05 

2.95 

2.84 

2.72 

2.60 

14 

6.30 

4.86 

4.24 

3.89 

3.66 

3.50 

3.29 

3.05 

2.95 

2.84 

2.73 

2.61 

2.49 

15 

6.20 

4.77 

4.15 

3.80 

3.58 

3.41 

3.20 

2.96 

2.86 

2.76 

2.64 

2.52 

2.40 

16 

6.12 

4.69 

4.08 

3.73 

3.50 

3.34 

3.12 

2.89 

2.79 

2.68 

2.57 

2.45 

2.32 

17 

6.04 

4.62 

4.01 

3.66 

3.44 

3.28 

3.06 

2.82 

2.72 

2.62 

2.50 

2.38 

2.25 

18 

5.98 

4.56 

3.95 

3.61 

3.38 

3.22 

3.01 

2.77 

2.67 

2.56 

2.44 

2.32 

2.19 

19 

5.92 

4.51 

3.90 

3.56 

3.33 

3.17 

2.96 

2.72 

2.62 

2.51 

2.39 

2.27 

2.13 

20 

5.87 

4.46 

3.86 

3.51 

3.29 

3.13 

2.91 

2.68 

2.57 

2.46 

2.35 

2.22 

2.09 

21 

5.83 

4.42 

3.82 

3.48 

3.25 

3.09 

2.87 

2.64 

2.53 

2.42 

2.31 

2.18 

2.04 

22 

5.79 

4.38 

3.78 

3.44 

3.22 

3.05 

2.84 

2.60 

2.50 

2.39 

2.27 

2.14 

2.00 

23 

5.75 

4.35 

3.75 

3.41 

3.18 

3.02 

2.81 

2.57 

2.47 

2.36 

2.24 

2.11 

1.97 

24 

5.72 

4.32 

3.72 

3.38 

3.15 

2.99 

2.78 

2.54 

2.44 

2.33 

2.21 

2.08 

1.94 

25 

5.69 

4.29 

3.69 

3.35 

3.13 

2.97 

2.75 

2.51 

2.41 

2.30 

2.18 

2.05 

1.91 

26 

5.66 

4.27 

3.67 

3.33 

3.10 

2.94 

2.73 

2.49 

2.39 

2.28 

2.16 

2.03 

1.88 

27 

5.63 

4.24 

3.65 

3.31 

3.08 

2.92 

2.71 

2.47 

2.36 

2.25 

2.13 

2.00 

1.85 

28 

5.61 

4.22 

3.63 

3.29 

3.06 

2.90 

2.69 

2.45 

2.34 

2.23 

2.11 

1.98 

1.83 

29 

5.59 

4.20 

3.61 

3.27 

3.04 

2.88 

2.67 

2.43 

2.32 

2.21 

2.09 

1.96 

1.81 

30 

5.57 

4.18 

3.59 

3.25 

3.03 

2.87 

2.65 

2.41 

2.31 

2.20 

2.07 

1.94 

1.79 

40 

5.42 

4.05 

3.46 

3.13 

2.90 

2.74 

2.53 

2.29 

2.18 

2.07 

1.94 

1.80 

1.64 

60 

5.29 

3.93 

3.34 

3.01 

2.79 

2.63 

2.41 

2.17 

2.06 

1.94 

1.82 

1.67 

1.48 

120 

5.15 

3.80 

3.23 

2.89 

2.67 

2.52 

2.30 

2.05 

1.94 

1.82 

1.69 

1.53 

1.31 

oo 

5.02 

3.69 

3.12 

2.79 

2.57 

2.41 

2.19 

1.94 

1.83 

1.71 

1.57 

1.39 

1.00 

<Hfh,»y-o.oi 

W 

1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

CO 

1 4052 

4999.5 

5403 

5625 

5764 

5859 

5982 

6106 

6157 

6209 

6261 

6313 

6366 

2 

98.50 

99.00 

99.17 

99.25 

99.30 

99.33 

99.37 

99.42 

99.43 

99.45 

99.47 

99.48 

99.50 

3 

34.12 

30.82 

29.46 

28.71 

28.24 

27.91 

27.49 

27.05 

26.87 

26.69 

26.50 

26.32 

26.13 

4 

21.20 

18.00 

16.69 

15.98 

15.52 

15.21 

14.80 

14.37 

14.20 

14.02 

13.84 

13.65 

13.46 

5 

16.26 

13.27 

12.06 

11.39 

10.97 

10.67 

10.29 

9.89 

9.72 

9.55 

9.38 

9.20 

9.02 

6 

13.75 

10.92 

9.78 

9.15 

8.75 

8.47 

8.10 

7.72 

7.56 

7.40 

7.23 

7.06 

6.88 

7 

12.25 

9.55 

8.45 

7.85 

7.46 

7.19 

6.84 

6.47 

6.31 

6.16 

5.99 

5.82 

5.65 

8 

11.26 

8.65 

7.59 

7.01 

6.63 

6.37 

6.03 

5.67 

5.52 

5.36 

5.20 

5.03 

4.86 

9 

10.56 

8.02 

6.99 

6.42 

6.06 

5.80 

5.47 

5.11 

4.96 

4.81 

4.65 

4.48 

4.31 

10 

10.04 

7.56 

6.55 

5.99 

5.64 

5.39 

5.06 

4.71 

4.56 

4.41 

4.25 

4.08 

3.91 

11 

9.65 

7.21 

6.22 

5.67 

5.32 

5.07 

4.74 

4.40 

4.25 

4.10 

3.94 

3.78 

3.60 

12 

9.33 

6.93 

5.95 

5.41 

5.06 

4.82 

4.50 

4.16 

4.01 

3.86 

3.70 

3.54 

3.36 

13 

9.07 

6.70 

5.74 

5.21 

4.86 

4.62 

4.30 

3.96 

3.82 

3.66 

3.51 

3.34 

3.17 

14 

8.86 

6.51 

5.56 

5.04 

4.69 

4.46 

4.14 

3.80 

3.66 

3.51 

3.35 

3.18 

3.00 

15 

8.68 

6.36 

5.42 

4.89 

4.56 

4.32 

4.00 

3.67 

3.52 

3.37 

3.21 

3.05 

2.87 

16 

8.53 

6.23 

5.29 

4.77 

4.44 

4.20 

3.89 

3.55 

3.41 

3.26 

3.10 

2.93 

2.75 

17 

8.4Q 

6.11 

5.18 

4.67 

4.34 

4.10 

3.79 

3.46 

3.31 

3.16 

3.00 

2.83 

2.65 

18 

6.29 

6.01 

5.09 

4.58 

4.25 

4.01 

3.71 

3.37 

3.23 

3.08 

2.92 

2.75 

2.57 

19 

8.18 

5.93 

5.01 

4.50 

4.17 

3.94 

3.63 

3.30 

3.15 

3.00 

2.84 

2.67 

2.49 

20 

8.10 

5.85 

4.94 

4.43 

4.10 

3.87 

3.56 

3.23 

3.09 

2.94 

2.78 

2.61 

2.42 

21 

8.02 

5.78 

4.87 

4.37 

4.04 

3.81 

3.51 

3.17 

3.03 

2.88 

2.72 

2.55 

2.36 

22 

7.95 

5.72 

4.82 

4.31 

3.99 

3.76 

3.45 

3.12 

2.98 

2.83 

2.67 

2.50 

2.31 

23 

7.88 

5.66 

4.76 

4.26 

3.94 

3.71 

3.41 

3.07 

2.93 

2.78 

2.62 

2.45 

2.26 

24 

7.82 

5.61 

4.72 

4.22 

3.90 

3.67 

3.36 

3.03 

2.89 

2.74 

2.58 

2.40 

2.21 

25 

7.77 

5.57 

4.68 

4.18 

3.85 

3.63 

3.32 

2.99 

2.85 

2.70 

2.54 

2.36 

2.17 

26 

7.72 

5.53 

4.64 

4.14 

3.82 

3.59 

3.29 

2.96 

2.81 

2.66 

2.50 

2.33 

2.13 

27 

7.68 

5.49 

4.60 

4.11 

3.78 

3.56 

3.26 

2.93 

2.78 

2.63 

2.47 

2.29 

2.10 

28 

7.64 

5.45 

4.57 

4.07 

3.75 

3.53 

3.23 

2.90 

2.75 

2.60 

2.44 

2.26 

2.06 

29 

7.60 

5.42 

4.54 

4.04 

3.73 

3.50 

3.20 

2.87 

2.73 

2.57 

2.41 

2.23 

2.03 

30 

7.56 

5.39 

4.51 

4.02 

3.70 

3.47 

3.17 

2.84 

2.70 

2.55 

2.39 

2.21 

2.01 

40 

7.31 

5.18 

4.31 

3.83 

3.51 

3.29 

2.99 

2.66 

2.52 

2.37 

2.20 

2.02 

1.80 

60 

7.08 

4.98 

4.13 

3.65 

3.34 

3.12 

2.82 

2.50 

2.35 

2.20 

2.03 

1.84 

1.60 

120 

6.85 

4.79 

3.95 

3.48 

3.17 

2.96 

2.66 

2.34 

2.19 

2.03 

1.86 

1.66 

1.38 

OO 

6.63 

4.61 

3.78 

3.32 

3.02 

2.80 

2.51 

2.18 

2.04 

1.88 

1.70 

1.47 

1.00 

PROBABILITY  FUNCTIONS 


PERCENTAGE  POINTS  OF  THE  F-DISTRIBUTION  — VALUES  Table  26.9 


OF  F IN  TERMS  OF  Q , j/„  v, 

Q(F\Vi  v2)=0.005 


*2 

V1  1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

00 

1 

16211 

20000 

21615 

22500 

23056 

23437  23925 

24426 

24630 

24836 

25044 

25253 

25465 

2 

198.5 

199.0 

199.2 

199.2 

199.3 

199.3 

199.4 

199.4 

199.4 

199.4 

199.5 

199.5 

199.5 

3 

55.55 

49.80 

47.47 

46.19 

45.39 

44.84 

44.13 

43.39 

43.08 

42.78 

42.47 

42.15 

41.83 

4 

31.33 

26.28 

24.26 

23.15 

22.46 

21.97 

21.35 

20.70 

20.44 

20.17 

19.89 

19.61 

19.32 

5 

22.78 

18.31 

16.53 

15.56 

14.94 

14.51 

13.96 

13.38 

13.15 

12.90 

12.66 

12.40 

12.14 

6 

18.63 

14.54 

12.92 

12.03 

11.46 

11.07 

10.57 

10.03 

9.81 

9.59 

9.36 

9.12 

8.88 

7 

16.24 

12.40 

10.88 

10.05 

9.52 

9.16 

8.68 

8.18 

7.97 

7.75 

7.53 

7.31 

7.08 

8 

14.69 

11.04 

9.60 

8.81 

8.30 

7.95 

7.50 

7.01 

6.81 

6.61 

6.40 

6.18 

5.95 

9 

13.61 

10.11 

8.72 

7.96 

7.47 

7.13 

6.69 

6.23 

6.03 

5.83 

5.62 

5.41 

5.19 

10 

12.83 

9.43 

8.08 

7.34 

6.87 

6.54 

6.12 

5.66 

5.47 

5.27 

5.07 

4.86 

4.64 

11 

12.23 

8.91 

7.60 

6.88 

6.42 

6.10 

5.68 

5.24 

5.05 

4.86 

4.65 

4.44 

4.23 

12 

11.75 

8.51 

7.23 

6.52 

6.07 

5.76 

5.35 

4.91 

4.72 

4.53 

4.33 

4.12 

3.90 

13 

11.37 

8.19 

6.93 

6.23 

5.79 

5.48 

5.08 

4.64 

4.46 

4.27 

4.07 

3.87 

3.65 

14 

11.06 

7.92 

6.68 

6.00 

5.56 

5.26 

4.86 

4.43 

4.25 

4.06 

3.86 

3.66 

3.44 

15 

10.80 

7.70 

6.48 

5.80 

5.37 

5.07 

4.67 

4.25 

4.07 

3.88 

3.69 

3.48 

3.26 

16 

10.58 

7.51 

6.30 

5.64 

5.21 

4.91 

4.52 

4.10 

3.92 

3.73 

3.54 

3.33 

3.11 

17 

10.38 

7.35 

6.16 

5.5C 

5.07 

4.78 

4.39 

3.97 

3.79 

3.61 

3.41 

3.21 

2.98 

18 

10.22 

7.21 

6.03 

5.37 

4.96 

4.66 

4.28 

3.86 

3.68 

3.50 

3.30 

3.10 

2.87 

19 

10.07 

7.09 

5.92 

5.27 

4.85 

4.56 

4.18 

3.76 

3.59 

3.40 

3.21 

3.00 

2.78 

20 

9.94 

6.99 

5.82 

5.17 

4.76 

4.47 

4.09 

3.68 

3.50 

3.32 

3.12 

2.92 

2.69 

21 

9.83 

6.89 

5.73 

5.09 

4.68 

4.39 

4.01 

3.60 

3.43 

3.24 

3.05 

2.84 

2.61 

22 

9.73 

6.81 

5.65 

5.02 

4.61 

4.32 

3.94 

3.54 

3.36 

3.18 

2.98 

2.77 

2.55 

23 

9.63 

6.73 

5.58 

4.95 

4.54 

4.26 

3.88 

3.47 

3.30 

3.12 

2.92 

2.71 

2.48 

24 

9.55 

6.66 

5.52 

4.89 

4.49 

4.21 

3.83 

3.42 

3.25 

3.06 

2.87 

2.66 

2.43 

25 

9.48 

6.60 

5.46 

4.84 

4.43 

4.15 

3.78 

3.37 

3.20 

3.01 

2.82 

2.61 

2.38 

26 

9.41 

6.54 

5.41 

4.79 

4.38 

4.10 

3.73 

3.33 

3.15 

2.97 

2.77 

2.56 

2.33 

27 

9.34 

6.49 

5.36 

4.74 

4.34 

4.06 

3.69 

3.28 

3.11 

2.93 

2.73 

2.52 

2.29 

28 

9.28 

6.44 

5.32 

4.70 

4.30 

4.02 

3.65 

3.25 

3.07 

2.89 

2.69 

2.48 

2.25 

29 

9.23 

6.40 

5.28 

4.66 

4.26 

3.98 

3.61 

3.21 

3.04 

2.86 

2.66 

2.45 

2.21 

30 

9.18 

6.35 

5.24 

4.62 

4.23 

3.95 

3.58 

3.18 

3.01 

2.82 

2.63 

2.42 

2.18 

40 

• 8.83 

6.07 

4.98 

4.37 

3.99 

3.71 

3.35 

2.95 

2.78 

2.60 

2.40 

2.18 

1.93 

60 

8.49 

5.79 

4.73 

4.14 

3.76 

3.49 

3.13 

2.74 

2.57 

2.39 

2.19 

1.96 

1.69 

120 

8.18 

5.54 

4.50 

3.92 

3.55 

3.28 

2.93 

2.54 

2.37 

2.19 

1.98 

1.75 

1.43 

00 

7.88 

5.30 

4.28 

3.72 

3.35 

3.09 

2.74 

2.36 

2.19 

2.00 

1.79 

1.55 

1.00 

, V2)  =0.001 

'V1  1 

2 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

CO 

1 

(5)4.053 

(5)5.000 

(5)5.404 

(5)5.625 

(5)5.764 

(5)5.859 

(5)5.981 

(5)6.107 

(5)6.158 

(5)6.209 

(5)6.261 

(5)6.313 

(5)6.366 

2 

998.5 

999.0 

999.2 

999.2 

999.3 

999.3 

999.4 

999.4 

999.4 

999.4 

999.5 

999.5 

999.5 

3 

167.0 

148.5 

141.1 

137.1 

134.6 

132.8 

130.6 

128.3 

127.4 

126.4 

125.4 

124.5 

123.5 

4 

74.14 

61.25 

56.18 

53.44 

51.71 

50.53 

49.00 

47.41 

46.76 

46.10 

45.43 

44.75 

44.05 

5 

47.18 

37.12 

33.20 

31.09 

29.75 

28.84 

27.64 

26.42 

25.91 

25.39 

24.87 

24.33 

23.79 

6 

35.51 

27.00 

23.70 

21.92 

20.81 

20.03 

19.03 

17.99 

17.56 

17.12 

16.67 

16.21 

15.75 

7 

29.25 

21.69 

18.77 

17.19 

16.21 

15.52 

14.63 

13.71 

13.32 

12.93 

12.53 

12.12 

11.70 

8 

25.42 

18.49 

15.83 

14.39 

13.49 

12.86 

12.04 

11.19 

10.84 

10.48 

10.11 

9.73 

9.33 

9 

22.86 

16.39 

13.90 

12.56 

11.71 

11.13 

10.37 

9.57 

9.24 

8.90 

8.55 

8.19 

7.81 

10 

21.04 

14.91 

12.55 

11.28 

10.48 

9.92 

9.20 

8.45 

8.13 

7.80 

7.47 

7.12 

6.76 

11 

19.69 

13.81 

11.56 

10.35 

9.58 

9.05 

8.35 

7.63 

7.32 

7.01 

6.68 

6.35 

6.00 

12. 

18.64 

12.97 

10.80 

9.63 

8.89 

8.38 

7.71 

7.00 

6.71 

6.40 

6.09 

5.76 

5.42 

13 

17.81 

12.31 

10.21 

9.07 

8.35 

7.86 

7.21 

6.52 

6.23 

5.93 

5.63 

5.30 

4.97 

14 

17.14 

11.78 

9.73 

8.62 

7.92 

7.43 

6.80 

6.13 

5.85 

5.56 

5.25 

4.94 

4.60 

15 

16.59 

11.34 

9.34 

8.25 

7.57 

7.09 

6.47 

5.81 

5.54 

5.25 

4.95 

4.64 

4.31 

16 

16.12 

10.97 

9.00 

7.94 

7.27 

6.81 

6.19 

5.55 

5.27 

4.99 

4.70 

4.39 

4.06 

17 

15.72 

10.66 

8.73 

7.68 

7.02 

6.56 

5.96 

5.32 

5.05 

4.78 

4.48 

4.18 

3.85 

18 

15.38 

10.39 

8.49 

7.46 

6.81 

6.35 

5.76 

5.13 

4.87 

4.59 

4.30 

4.00 

3.67 

19 

15.08 

10.16 

8.28 

7.26 

6.62 

6.18 

5.59 

4.97 

4.70 

4.43 

4.14 

3.84 

3.51 

20 

14.82 

9.95 

8.10 

7.10 

6.46 

6.02 

5.44 

4.82 

4.56 

4.29 

4.00 

3.70 

3.38 

21 

14.59 

9.77 

7.94 

6.95 

6.32 

5.88 

5.31 

4.70 

4.44 

4.17 

3.88 

3.58 

3.26 

22 

14.38 

9.61 

•7.80 

6.81 

6.19 

5.76 

5.19 

4.58 

4.33 

4.06 

3.78 

3.48 

3.15 

23 

14.19 

9.47 

7.67 

6.69 

6.08 

5.65 

5.09 

4.48 

4.23 

3.96 

3.68 

3.38 

3.05 

24 

14.03 

9.34 

7.55 

6.59 

5.98 

5.55 

4.99 

4.39 

4.14 

3.87 

3.59 

3.29 

2.97 

25 

13.88 

9.22 

7.45 

6.49 

5.88 

5.46 

4.91 

4.31 

4.06 

3.79 

3.52 

3.22 

2.89 

26 

13.74 

9.12 

7.36 

6.41 

5.80 

5.38 

4.83 

4.24 

3.99 

3.72 

3.44 

3.15 

2.82 

27 

13.61 

9.02 

7.27 

6.33 

5.73 

5.31 

4.76 

4.17 

3.92 

3.66 

3.38 

3.08 

2.75 

28 

13.50 

8.93 

7.19 

6.25 

5.66 

5.24 

4.69 

4.11 

3.86 

3.60 

3.32 

3.02 

2.69 

29 

13.39 

8.85 

7.12 

6.19 

5.59 

5.18 

4.64 

4.05 

3.80 

3.54 

3.27 

2.97 

2.64 

30 

13.29 

8.77 

7.05 

6.12 

5.53 

5.12 

4.58 

4.00 

3.75 

3.49 

3.22 

2.92 

2.59 

40 

12.61 

8.25 

6.60 

5.70 

5.13 

4.73 

4.21 

3.64 

3.40 

3.15 

2.87 

2.57 

2.23 

60 

11.97 

7.76 

6.17 

5.31 

4.76 

4.37 

3.87 

3.31 

3.08 

2.83 

2.55 

2.25 

1.89 

120 

11.38 

7.32 

5.79 

4.95 

4.42 

4.04 

3.55 

3.02 

2.78 

2.53 

2.26 

1.95 

1.54 

00 

10.83 

6.91 

5.42 

4.62 

4.10 

3.74 

3.27 

2.74 

2.51 

2.27 

1.99 

1.66 

1.00 

*See  page  n. 
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PROBABILITY  FUNCTIONS 


TaWe  26.10 


PERCENTAGE  POINTS  OF  THE  {-DISTRIBUTION— 


V ALUES  OF  t IN  TERMS  OF  A AND  v 


v\ 

A 0.2 

0.5 

0.8 

0.9 

0.95 

0.98 

0.99 

0.995 

0.998 

0.999 

0.9999 

0.99999 

0.999999 

1 

0.325 

1.000 

3.078 

6.314 

12.706 

31.821 

63.657 

127.321 

318.309 

636.619 

6366.198 

63661.977 

636619.772 

2 

0.289 

0.816 

1.886 

2.920 

4.303 

6.965 

9.925 

14.089 

22.327 

31.598 

99.992 

316.225 

999.999 

3 

0.277 

0.765 

1.638 

2.353 

3.182 

4.541 

5.841 

7.453 

10.214 

12.924 

28.000 

60.397 

130.155 

4 

0.271 

0.741 

1.533 

2.132 

2.776 

3.747 

4.604 

5.598 

7.173 

8.610 

15.544 

27.771 

49.459 

5 

0.267 

0.727 

1.476 

2.015 

2.571 

3.365 

4.032 

4.773 

5.893 

6.869 

11.178 

17.897 

28.477 

6 

0.265 

0.718 

1.440 

1.943* 

2.447 

3.143 

3.707 

4.317 

5.208 

5.959 

9.082 

13.555 

20.047 

7 

0.263 

0.711 

1.415 

1.895 

2.365 

2.998 

3.499 

4.029 

4.785 

5.408 

7.885 

11.215 

15.764 

8 

0.262 

0.706 

1.397 

1.860 

2.306 

2.896 

3.355 

3.833 

4.501 

5.041 

7.120 

9.782 

13.257 

9 

0.261 

0.703 

1.383 

1.833 

2.262 

2.821 

3.250 

3.690 

4.297 

4.781 

6.594 

8.827 

11.637 

10 

0.260 

0.700 

1.372 

1.812 

2.228 

2.764 

3.169 

3.581 

4.144 

4.587 

6.211 

8.150 

10.516 

11 

0.260 

0.697 

1.363 

1.796 

2.201 

2.718 

3.106 

3.497 

4.025 

4.437 

5.921 

7.648 

9.702 

12 

0.259 

0.695 

1.356 

1.782 

2.179 

2.681 

3.055 

3.428 

3.930 

4.318 

5.694 

7.261 

9.085 

13 

0.259 

0.694 

1.350 

1.771 

2.160 

2.650 

3.012 

3.372 

3.852 

4.221 

5.513 

6.955 

8.604 

14 

0.258 

0.692 

1.345 

1.761 

2.145 

2.624 

2.977 

3.326 

3.787 

4.140 

5.363 

6.706 

8.218 

15 

0.258 

0.691 

1.341 

1.753 

2.131 

2.602 

2.947 

3.286 

3.733 

4.073 

5.239 

6.502 

7.903 

16 

0.258 

0.690 

1.337 

1.746 

2.120 

2.583 

2.921 

3.252 

3.686 

4.015 

5.134 

6.330 

7.642 

17 

0.257 

0.689 

1.333 

1.740 

2.110 

2.567 

2.898 

3.223 

3.646 

3.965 

5.044 

6.184 

7.421 

18 

0.257 

0.688 

1.330 

1.734 

2.101 

2.552 

2.878 

3.197 

3.610 

3.922 

4.966 

6.059 

7.232 

19 

0.257 

0.688 

1.328 

1.729 

2.093 

2.539 

2.861 

3.174 

3.579 

3.883 

4.897 

5.949 

7.069 

20 

0.257 

0.687 

1.325 

1.725 

2.086 

2.528 

2.845 

3.153 

3.552 

3.850 

4.837 

5.854 

6.927 

21 

0.257 

0.686 

1.323 

1.721 

2.080 

2.518 

2.831 

3.135 

3.527 

3.819 

4.784 

5.769 

6.802 

22 

0.256 

0.686 

1.321 

1.717 

2.074 

2.508 

2.819 

3.119 

3.505 

3.792 

4.736 

5.694 

6.692 

23 

0.256 

0.685 

1.319 

1.714 

2.069 

2.500 

2.807 

3.104 

3.485 

3.768 

4.693 

5.627 

6.593 

24 

0.256 

0.685 

1.318 

1.711 

2.064 

2.492 

2.797 

3.090 

3.467 

3.745 

4.654 

5.566 

6.504 

25 

0.256 

0.684 

1.316 

1.708 

2.060 

2.485 

2.787 

3.078 

3.450 

3.725 

4.619 

5.511 

6.424 

26 

0.256 

0.684 

1.315 

1.706 

2.056 

2.479 

2.779 

3.067 

3.435 

3.707 

4.587 

5.461 

6.352 

27 

0.256 

0.684 

1.314 

1.703 

2.052 

2.473 

2.771 

3.057 

3.421 

3.690 

4.558 

5.415 

6.286 

28 

0.256 

0.683 

1.313 

1.701 

2.048 

2.467 

2.763 

3.047 

3.408 

3.674 

4.530 

5.373 

6.225 

29 

0.256 

0.683 

1.311 

1.699 

2.045 

2.462 

2.756 

3.038 

3.396 

3.659 

4.506 

5.335 

6.170 

30 

0.256 

0.683 

1.310 

1.697 

2.042 

2.457 

2.750 

3.030 

3.385 

3.646 

4.482 

5.299 

6.119 

40 

0.255 

0.681 

1.303 

1.684 

2.021 

2.423 

2.704 

2.971 

3.307 

3.551 

4.321 

5.053 

5.768 

60 

0.254 

0.679 

1.296 

1.671 

2.000 

2.390 

2.660 

2.915 

3.232 

3.460 

4.169 

4.825 

5.449 

120 

0.254 

0.677 

1.289 

1.658 

1.980 

2.358 

2.617 

2.860 

3.160 

3.373 

* 4.025 

* 4.613 

* 5.158 

oo 

0.253 

0.674 

1.282 

1.645 

1.960 

2.326 

2.576 

2.807 

3.090 

3.291 

3.891 

4.417 

4.892 

A=A(t'v)  = 


From  E.  S.  Pearson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for  statisti- 
cians, vol.  I.  Cambridge  Univ.  Press,  Cambridge,  England,  1954  for  A 0.999, 
from  E.  T.  Federighi,  Extended  tables  of  the  percentage  points  of  Student’s 
t-distribution,  J.  Amer.  Statist.  Assoc.  54,  683-688  (1959)  for  A 0.999  (with 
permission) . 


•See  page  n. 
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2500  FIVE  DIGIT  RANDOM  NUMBERS  Table  26.11 


53479 

81115 

98036 

12217 

59526 

40238 

40577 

39351 

43211 

69255 

97344 

70328 

58116 

91964 

26240 

44643 

83287 

97391 

92823 

77578 

66023 

38277 

74523 

71118 

84892 

13956 

98899 

92315 

65783 

59640 

99776 

75723 

03172 

43112 

83086 

81982 

14538 

26162 

24899 

20551 

30176 

48979 

92153 

38416 

42436 

26636 

83903 

44722 

69210 

69117 

81874 

83339 

14988 

99937 

13213 

30177 

47967 

93793 

86693 

98854 

19839 

90630 

71863 

95053 

55532 

60908 

84108 

55342 

48479 

63799 

09337 

33435 

53869 

52769 

18801 

25820 

96198 

66518 

78314 

97013 

31151 

58295 

40823 

41330 

21093 

93882 

49192 

44876 

47185 

81425 

67619 

52515 

03037 

81699 

17106 

64982 

60834 

85319 

47814 

08075 

61946 

48790 

11602 

83043 

22257 

11832 

04344 

95541 

20366 

55937 

04811 

64892 

96346 

79065 

26999 

43967 

63485 

93572 

80753 

96582 

05763 

39601 

56140 

25513 

86151 

78657 

02184 

29715 

04334 

15678 

73260 

56877 

40794 

13948 

96289 

90185 

47111 

66807 

61849 

44686 

54909 

09976 

76580 

02645 

35795 

44537 

64428 

35441 

28318 

99001 

42583 

36335 

60068 

04044 

29678 

16342 

48592 

25547 

63177 

75225 

27266 

27403 

97520 

23334 

36453 

33699 

23672 

45884 

41515 

04756 

49843 

11442 

66682 

36055 

32002 

78600 

36924 

59962 

68191 

62580 

29316 

40460 

27076 

69232 

51423 

58515 

49920 

03901 

26597 

33068 

30463 

27856 

67798 

16837 

74273 

05793 

02900 

63498 

00782 

35097 

28708 

84088 

65535 

44258 

33869 

82530 

98399 

26387 

02836 

36838 

13183 

50652 

94872 

28257 

78547 

55286 

33591 

61965 

51723 

14211 

60796 

76639 

30157 

40295 

99476 

28334 

15368 

42481 

60312 

42770 

13486 

46918 

64683 

07411 

77842 

01908 

47796 

65796 

44230 

77230 

34914 

94502 

39374 

34185 

57500 

22514 

04060 

94511 

44612 

10485 

28105 

04814 

85170 

86490 

35695 

03483 

57315 

63174 

71902 

71182 

59231 

45028 

01173 

08848 

81925 

71494 

95401 

34049 

04851 

65914 

87437 

82758 

71093 

36833 

53582 

25986 

46005 

42840 

81683 

21459 

29046 

01301 

55343 

65732 

78714 

43644 

46248 

53205 

94868 

48711 

62035 

71886 

94506 

15263 

61435 

10369 

42054 

68257 

14385 

79436 

38856 

80048 

59973 

73368 

52876 

47673 

41020 

82295 

26430 

87377 

40666 

43328 

87379 

86418 

95841 

25590 

54137 

94182 

42308 

07361 

40588 

90087 

37729 

08667 

37256 

20317 

53316 

50982 

32900 

32097 

78237 

86556 

50276 

20431 

00243 

02303 

71029 

49932 

23245 

00862 

98247 

67474 

71455 

69540 

01169 

03320 

67017 

92543 

97977 

52728 

69977 

78558 

65430 

32627 

28312 

61815 

14598 

79728 

55699 

91348 

39843 

23074 

40814 

03713 

21891 

96353 

96806 

24595 

26203 

26009 

62880 

87277 

99895 

99965 

34374 

42556 

11679 

99605 

98011 

48867 

56138 

64927 

29454 

52967 

86624 

62422 

30163 

76181 

95317 

39264 

90804 

56026 

48994 

64569 

67465 

60180 

12972 

03848 

62582 

93855 

09665 

44672 

74762 

33357 

67301 

80546 

97659 

11348 

78771 

45011 

34756 

50403 

76634 

12767 

32220 

34545 

18100 

53513 

14521 

72120 

12157 

73327 

74196 

26668 

78087 

53636 

52304 

00007 

05708 

63538 

69384 

07734 

94451 

76428 

16121 

09300 

67417 

68587 

87932 

38840 

93358 

64565 

43766 

45041 

44930 

69970 

16964 

08277 

67752 

60292 

38879 

3554* 

99563 

85404 

04913 

62547 

78406 

01017 

86187 

22072 

58314 

60298 

72394 

69668 

12474 

93059 

02053 

29807 

63645 

12792 

83568 

10227 

99471 

74729 

22075 

10233 

21575 

20325 

21317 

57124 

28067 

91152 

40568 

33705 

64510 

07067 

64374 

26336 

79652 

31140 

05730 

75557 

93161 

80921 

55873 

54103 

34801 

83157 

04534 

81368 

Compiled  from  Rand  Corporation,  A million  random  digits  with  100,000  normal  deviates.  The  Free  Press,  Glencoe,  111., 
1955  (with  permission). 
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PROBABILITY  FUNCTIONS 


Table  26.11  2500  FIVE  DIGIT  RANDOM  NUMBERS 


26687 

74223 

43546 

45699 

94469 

82125 

37370 

23966 

68926 

37664 

60675 

75169 

24510 

15100 

02011 

14375 

65187 

10630 

64421 

66745 

45418 

98635 

83123 

98558 

09953 

60255 

42071 

40930 

97992 

93085 

69872 

48026 

89755 

28470 

44130 

59979 

91063 

28766 

85962 

77173 

03765 

86366 

99539 

44183 

23886 

89977 

11964 

51581 

18033 

56239 

84686 

57636 

32326 

19867 

71345 

42002 

96997 

84379 

27991 

21459 

91512 

49670 

32556 

85189 

28023 

88151 

62896 

95498 

29423 

38138 

10737 

49307 

18307 

22246 

22461 

10003 

93157 

66984 

44919 

30467 

54870 

19676 

58367 

20905 

38324 

00026 

98440 

37427 

22896 

37637 

48967 

49579 

65369 

74305 

62085 

39297 

10309 

23173 

74212 

32272 

91430 

79112 

03685 

05411 

23027 

54735 

91550 

06250 

18705 

18909 

92564 

29567 

47476 

62804 

73428 

04535 

86395 

12162 

59647 

97726 

41734 

12199 

77441 

92415 

63542 

42115 

84972 

12454 

33133 

48467 

25251 

78110 

54178 

78241 

09226 

87529 

35376 

90690 

54178 

08561 

91657 

11563 

66036 

28523 

83705 

09956 

76610 

88116 

78351 

50877 

00149 

84745 

63222 

50533 

50159 

60433 

04822 

49577 

89049 

16162 

53250 

73200 

84066 

59620 

61009 

38542 

05758 

06178 

80193 

26466 

25587 

17481 

56716 

49749 

70733 

32733 

60365 

14108 

52573 

39391 

01176 

12182 

06882 

27562 

75456 

54261 

38564 

89054 

96911 

88906 

83531 

15544 

40834 

20296 

88576 

47815 

96540 

79462 

78666 

25353 

19902 

98866 

32805 

61091 

91587 

30340 

84909 

64047 

67750 

87638 

96516 

78705 

25556 

35181 

29064 

49005 

29843 

68949 

50506 

45862 

99417 

56171 

19848 

24352 

51844 

03791 

72127 

57958 

08366 

43190 

77699 

57853 

93213 

27342 

28906 

31052 

65815 

21637 

49385 

75406 

32245 

83794 

99528 

05150 

27246 

48263 

62156 

62469 

97048 

16511 

12874 

72753 

66469 

13782 

64330 

00056 

73324 

03920 

13193 

19466 

63899 

41910 

45484 

55461 

66518 

82486 

74694 

07865 

09724 

76490 

16255 

43271 

26540 

41298 

35095 

32170 

70625 

66407 

01050 

44225 

75553 

30207 

41814 

74985 

40223 

91223 

64238 

73012 

83100 

92041 

41772 

18441 

34685 

13892 

38843 

69007 

10362 

84125 

08814 

66785 

09270 

01245 

81765 

06809 

10561 

10080 

17482 

05471 

82273 

06902 

85058 

17815 

71551 

36356 

97519 

54144 

51132 

83169 

27373 

68609 

80222 

87572 

62758 

14858 

36350 

23304 

70453 

21065 

63812 

29860 

83901 

88028 

56743 

25598 

79349 

47880 

77912 

52020 

84305 

02897 

36303 

57833 

77622 

02238 

53285 

77316 

40106 

38456 

92214 

54278 

91543 

63886 

60539 

96334 

20804 

72692 

08944 

02870 

74892 

22598 

14415 

33816 

78231 

87674 

96473 

44451 

25098 

29296 

50679 

07798 

82465 

07781 

09938 

66874 

72128 

99685 

84329 

14530 

08410 

45953 

27306 

39843 

05634 

96368 

72022 

01278 

92830 

40094 

31776 

41822 

91960 

82766 

02331 

08797 

33858 

21847 

17391 

53755 

58079 

48498 

59284 

96108 

91610 

07483 

37943 

96832 

15444 

12091 

36690 

58317 

10428 

96003 

71223 

21352 

78685 

55964 

35510 

94805 

23422 

04492 

65527 

41039 

79574 

05105 

59588 

02115 

33446 

56780 

18402 

36279 

59688 

43078 

93275 

31978 

08768 

84805 

50661 

18523 

83235 

50602 

44452 

10188 

43565 

46531 

93023 

07618 

12910 

60934 

53403 

18401 

87275 

82013 

59804 

78595 

60553 

14038 

12096 

95472 

42736 

08573 

94155 

93110 

49964 

27753 

85090 

77677 

69303 

66323 

77811 

22791 

26488 

76394 

91282 

03419 

68758 

89575 

66469 

97835 

66681 

03171 

37073 

34547 

88296 

68638 

12976 

50896 

10023 

27220 

05785 

77538 

83835 

89575 

55956 

93957 

30361 

47679 

83001 

35056 

07103 

63072 
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55034 

81217 

90564 

81943 

11241 

84512 

12288 

89862 

00760 

76159 

25521 

99536 

43233 

48786 

49221 

06960 

31564 

21458 

88199 

06312 

85421 

72744 

97242 

66383 

00132 

05661 

96442 

37388 

57671 

27916 

61219 

48390 

47344 

30413 

39392 

91365 

56203 

79204 

053*30 

31196 

20230 

03147 

58854 

11650 

28415 

12821 

58931 

30508 

65989 

26675 

95776 

83206 

56144 

55953 

89787 

64426 

08448 

45707 

80364 

60262 

07603 

17344 

01148 

83300 

96955 

65027 

31713 

89013 

79557 

49755 

00645 

17459 

78742 

39005 

36027 

98807 

72666 

54484 

68262 

38827 

62950 

83162 

61504 

31557 

80590 

47893 

72360 

72720 

08396 

33674 

79350 

10276 

81933 

26347 

08068 

67816 

06659 

87917 

74166 

85519 

48339 

69834 

59047 

82175 

92010 

58446 

69591 

56205 

95700 

86211 

05842 

08439 

79836 

50957 

32059 

32910 

15842 

13918 

41365 

80115 

25855 

02209 

07307 

59942 

71389 

76159 

11263 

38787 

61541 

22606 

25272 

16152 

82323 

70718 

98081 

38631 

91956 

49909 

76253 

33970 

73003 

29058 

17605 

49298 

47675 

90445 

68919 

05676 

23823 

84892 

81310 

94430 

22663 

06584 

38142 

00146 

17496 

51115 

61458 

65790 

10024 

44713 

59832 

80721 

63711 

67882 

25100 

45345 

55743 

67618 

84671 

52806 

89124 

37691 

20897 

82339 

22627 

06142 

05773 

03547 

29296 

58162 

21858 

33732 

94056 

88806 

54603 

00384 

66340 

69232 

51771 

94074 

70630 

41286 

90583 

87680 

13961 

55627 

23670 

35109 

42166 

56251 

60770 

51672 

36031 

77273 

85218 

14812 

90758 

23677 

78355 

67041 

22492 

51522 

31164 

30450 

27600 

44428 

96380 

26772 

09552 

51347 

33864 

89018 

73418 

81538 

77399 

30448 

97740 

18158 

15771 

63127 

34847 

05660 

06156 

48970 

55699 

61818 

91763 

20821 

13231 

99058 

93754 

36730 

44286 

44326 

15729 

37500 

47269 

13333 

50583 

03570 

38472 

73236 

67613 

72780 

78174 

18718 

99092 

64114 

99485 

57330 

10634 

74905 

90671 

19643 

69903 

60950 

17968 

37217 

54676 

39524 

73785 

48864 

69835 

62798 

65205 

69187 

05572 

74741 

99343 

71549 

10248 

76036 

31702 

76868 

88909 

69574 

27642 

00336 

35492 

40231 

34868 

55356 

12847 

68093 

52643 

32732 

67016 

46784 

98170 

25384 

03841 

23920 

47954 

10359 

70114 

11177 

63298 

99903 

02670 

86155 

56860 

02592 

01646 

42200 

79950 

37764 

82341 

71952 

36934 

42879 

81637 

79952 

07066 

41625 

96804 

92388 

88860 

68580 

56851 

12778 

24309 

73660 

84264 

24668 

16686 

02239 

66022 

64133 

05464 

28892 

14271 

23778 

88599 

17081 

33884 

88783 

39015 

57118 

15025 

20237 

63386 

71122 

06620 

07415 

94982 

32324 

79427 

70387 

95610 

08030 

81469 

91066 

88857 

56583 

01224 

28097 

19726 

71465 

09026 

40378 

05731 

55128 

74298 

49196 

31669 

42605 

30368 

96424 

81431 

99955 

52462 

67667 

97322 

69808 

21240 

65921 

12629 

92896 

21431 

59335 

58627 

94822 

65484 

09641 

41018 

85100 

16110 

32077 

95832 

76145 

11636 

80284 

17787 

97934 

12822 

73890 

66009 

27521 

99813 

44631 

43746 

99790 

86823 

12114 

31706 

05024 

28156 

04202 

77210 

31148 

50543 

11603 

50934 

02498 

09184 

95875 

85840 

71954 

13268 

02609 

79833 

66058 

80277 

08533 

28676 

37532 

70535 

82356 

44285 

71735 

26620 

54691 

14909 

52132 

81110 

74548 

78853 

31996 

70526 

45953 

79637 

57374 

05053 

31965 

33376 

13232 

85666 

86615 

88386 

11222 

25080 

71462 

09818 

46001 

19065 

68981 

18310 

74178 

83161 

73994 

17209 

79441 

64091 

49790 

11936 

44864 

86978 

34538 

50214 

71721 

33851 

45144 

05696 

29935 

12823 

01594 

08453 

52825 

97689 

29341 

67747 

80643 

13620 

23943 

49396 

83686 

37302 

95350 

994 
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12367 

23891 

31506 

90721 

18710 

89140 

58595 

99425 

22840 

08267 

38890 

30239 

34237 

22578 

74420 

22734 

26930 

40604 

10782 

80128 

80788 

55410 

39770 

93317 

18270 

21141 

52085 

78093 

85638 

81140 

02395 

77585 

08854 

23562 

33544 

45796 

10976 

44721 

24781 

09690 

73720 

70184 

69112 

71887 

80140 

72876 

38984 

23409 

63957 

44751 

61383 

17222 

55234 

18963 

39006 

93504 

18273 

49815 

52802 

69675 

39161 

44282 

14975 

97498 

25973 

33605 

60141 

30030 

77677 

49294 

80907 

74484 

. 39884 

19885 

37311 

04209 

49675 

39596 

01052 

43999 

09052 

65670 

63660 

34035 

06578 

87837 

28125 

48883 

50482 

55735 

33425 

24226 

32043 

60082 

20418 

85047 

53570 

32554 

64099 

52326 

72651 

69474 

73648 

71530 

55454 

19576 

15552 

20577 

12124 

50038 

04142 

32092 

83586 

61825 

35482 

32736 

63403 

91499 

37196 

02762 

85226 

14193 

52213 

60746 

24414 

57858 

31884 

51266 

82293 

73553 

54888 

03579 

91674 

59502 

08619 

33790 

29011 

85193 

62262 

28684 

33258 

51516 

82032 

45233 

39351 

33229 

59464 

65545 

76809 

16982 

75973 

15957 

32405 

82081 

02214 

57143 

33526 

47194 

94526 

73253 

90638 

75314 

35381 

34451 

49246 

11465 

25102 

71489 

89883 

99708 

65061 

15498 

93348 

33566 

19427 

66826 

03044 

97361 

08159 

47485 

64420 

07427 

82233 

97812 

39572 

07766 

65844 

29980 

15533 

90114 

27175 

17389 

76963 

75117 

45580 

99904 

47160 

55364 

25666 

25405 

32215 

30094 

87276 

56896 

15625 

32594 

80663 

08082 

19422 

80717 

54209 

58043 

72350 

89828 

02706 

16815 

89985 

37380 

44032 

59366 

59286 

66964 

84843 

71549 

67553 

33867 

83011 

66213 

69372 

23903 

83872 

58167 

01221 

95558 

22196 

65905 

38785 

01355 

47489 

28170 

83310 

57080 

03366 

80017 

39601 

40698 

56434 

64055 

02495 

50880 

64545 

29500 

13351 

78647 

92628 

19354 

60479 

57338 

52133 

07114 

39269 

00076 

55489 

01524 

76568 

22571 

20328 

84623 

30188 

43904 

29763 

05675 

28193 

65514 

11954 

78599 

63902 

21346 

19219 

90286 

06310 

02998 

01463 

27738 

90288 

17697 

64511 

39552 

34694 

03211 

97541 

47607 

57655 

59102 

21851 

44446 

07976 

54295 

84671 

78755 

82968 

85717 

11619 

97721 

53513 

53781 

98941 

38401 

70939 

11319 

76878 

34727 

12524 

90642 

16921 

13669 

17420 

84483 

68309 

85241 

87394 

78884 

87237 

92086 

95633 

66841 

22906 

64989 

86952 

54700 

74040 

12731 

59616 

33697 

12592 

44891 

67982 

72972 

89795 

10587 

47896 

41413 

66431 

70046 

50793 

45920 

96564 

67958 

56369 

44725 

87778 

71697 

64148 

54363 

92114 

34037 

59061 

62051 

62049 

33526 

96977 

63143 

72219 

80040 

11990 

47698 

95621 

72990 

29047 

85893 

43820 

13285 

77811 

81697 

29937 

70750 

02029 

32377 

00556 

86687 

57203 

83960 

40096 

39234 

65953 

59911 

91411 

55573 

88427 

45573 

49065 

72171 

80939 

06017 

90323 

63687 

07932 

99587 

49014 

26452 

94250 

84270 

95798 

13477 

80139 

26335 

55169 

73417 

40766 

45170 

68148 

81382 

82383 

18674 

40453 

92828 

30042 

37412 

43423 

45138 

12208 

97809 

33619 

28868 

41646 

16734 

88860 

32636 

41985 

84615 

88317 

89705 

26119 

12416 

19438 

65665 

60989 

59766 

11418 

18250 

56728 

80359 

29613 

63052 

15251 

44684 

64681 

42354 

51029 

77680 

07138 

12320 

01073 

19304 

87042 

58920 

28454 

81069 

93978 

66659 

21188 

64554 

55618 

36088 

24331 

84390 

16022 

12200 

77559 

75661 

02154 

12250 

88738 

43917 

03655 

21099 

60805 

63246 

26842 

35816 

90953 

85238 

32771 

07305 

36181 

47420 

19681 

33184 

41386 

03249 

80103 

91308 

12858 

41293 

00325 

15013 

19579 

91132 

12720 

92603 
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92630 

78240 

19267 

95457 

53497 

79445 

78735 

71549 

44843 

26104 

59654 

71966 

27386 

50004 

05358 

31524 

49587 

76612 

39789 

13537 

06348 

76938 

90379 

51392 

55887 

28703 

51709 

94456 

48396 

73780 

68108 

89266 

94730 

95761 

75023 

99938 

90704 

93621 

66330 

33393 

91543 

73196 

34449 

63513 

83834 

42103 

02781 

73920 

56297 

72678 

17138 

27584 

25296 

28387 

51350 

28297 

14280 

54524 

21618 

95320 

09331 

56712 

51333 

06289 

75345 

31295 

04204 

93712 

51287 

05754 

36146 

15560 

27592 

42089 

99281 

29553 

18432 

13630 

05529 

02791 

23501 

22642 

63081 

08191 

89420 

57888 

85846 

67967 

07835 

11314 

55336 

71264 

88472 

04334 

63919 

10087 

10072 

55980 

64688 

68239 

34101 

81277 

66090 

88872 

37818 

53362 

44940 

60430 

22834 

14130 

82975 

66158 

84731 

19436 

55790 

54827 

84673 

22898 

08094 

14326 

25464 

59098 

27436 

89421 

80754 

67609 

60214 

41475 

84950 

40133 

44921 

70924 

61295 

51137 

47596 

33170 

30972 

98130 

95828 

49786 

84687 

85445 

06208 

17654 

51333 

71886 

56450 

36567 

09395 

96951 

00475 

02224 

74722 

14721 

40215 

25993 

38881 

68361 

59560 

41274 

92882 

53178 

99195 

93803 

56985 

25138 

26810 

07093 

15677 

60688 

84631 

71882 

12991 

83028 

82484 

34003 

92326 

12793 

61453 

48121 

53775 

45749 

05734 

86169 

42762 

59316 

97885 

72807 

54966 

60859 

20479 

66557 

50705 

26999 

09854 

86180 

84931 

25455 

26044 

02227 

21451 

68001 

72710 

40261 

61281 

98062 

68375 

80089 

24135 

72355 

01788 

64429 

14430 

94575 

75153 

62465 

04841 

43272 

68702 

01274 

94324 

31089 

84159 

92933 

99989 

05797 

43984 

21575 

09908 

70221 

10395 

14289 

52185 

09721 

25789 

35177 

56986 

25549 

59730 

64718 

25633 

89619 

75882 

98256 

02126 

16464 

48280 

94254 

45777 

45150 

23894 

37708 

79862 

76471 

66418 

67318 

00701 

34986 

66751 

99723 

94031 

29281 

18544 

52429 

06080 

48086 

59483 

60680 

84675 

53014 

71015 

09209 

79157 

24440 

30244 

06436 

86641 

69239 

57662 

80181 

48464 

65544 

96583 

18911 

16391 

95261 

95349 

51769 

91616 

33238 

99411 

58826 

40456 

69268 

48562 

12249 

25270 

36678 

21313 

75767 

61664 

37893 

05363 

44143 

42677 

38174 

60579 

08089 

94999 

78460 

08811 

82711 

57392 

25252 

30333 

79396 

87399 

51773 

33075 

97061 

59640 

15221 

96079 

09961 

05371 

81017 

49027 

79031 

50912 

09399 

67800 

55137 

54707 

32945 

64522 

01545 

48535 

17142 

08552 

67457 

36394 

11196 

92470 

70543 

29776 

20461 

89381 

93809 

00796 

95945 

72142 

67140 

50785 

21380 

16703 

96593 

23298 

56203 

92671 

15925 

69229 

28661 

13675 

99318 

76873 

87038 

42892 

21127 

30712 

48489 

89924 

19097 

67737 

80368 

08795 

02546 

09570 

45682 

50165 

15609 

86735 

35561 

76649 

18217 

63446 

13301 

36081 

80761 

33985 

68621 

02878 

35010 

67578 

61574 

20749 

35507 

17555 

35212 

69106 

01679 

21351 

08596 

45625 

83981 

63748 

69742 

40703 

37993 

03435 

18873 

53089 

15305 

50522 

55900 

43026 

04410 

24505 

37890 

67186 

62829 

90339 

91950 

74579 

03539 

90122 

74271  - 

28363 

66561 

75220 

35908 

70175 

97310 

73894 

88606 

19994 

11932 

35265 

71601 

55577 

67715 

52591 

14063 

30214 

19890 

19292 

52015 

21820 

50599 

51671 

65411 

13172 

63819 

48970 

51732 

54113 

95428 

11808 

29740 

81644 

86610 

94576 

61393 

96192 

03227 

32258 

05437 

22953 

18946 

99053 

41690 

89500 

91586 

02802 

69471 

68274 

19791 

51578 

36432 

33494 

79888 

38562 

54794 

04897 

59012 

89251 

52630 

31100 

62384 

49483 

11409 

72099 

57183 

55887 

09320 

73463 

68865 

11382 

11782 

22695 

41988 
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27.  Miscellaneous  Functions 


27.1.1 


27.1.  Debye  Functions 
Series  Representations 


Relation  to  Riemann  Zeta  Function  (see  chapter  23) 


27.1.3 


J0  ^i=ninn+ 1). 


P —xnl^ X I 1 

Jo  e‘—l  * ln  2(n+iyf=i  (21c+n){2k)V 

(|a;|<2ir,n>l) 

(For  Bernoulli  numbers  B2k,  see  chapter  23.) 
27.1.2 

f"  tndt  te,*"  . nx”-1  , (n)(n— l)xn~2 

J,  e‘—l  tA  l£+  F i_  F 
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Table  27.1 


+ • . . +pri](«>o,^>i) 


20  r*  Mt  4x 
a^Jo  e%— 1 ex— l’ 


a?=0(.l)13(.2)  18(1)20(2)52(4)80,  4S. 


Debye  Functions 


1_  Cx  tdt  2 C*  t2dt  S p tUt  _4  C*J*dt_ 

xjo  e*—  1 x2Jo  e*— 1 a;3Jo  e^— 1 a:4Jo  e*— 1 


0.0 
0.  1 
0.  2 
0.  3 
0.  4 

0.5 
0.  6 
0.  7 
0.  8 

0.  9 

1.0 

1.  1 
1.  2 
1.  3 

1.  4 

1.  6 
1.8 
2.0 

2.  2 

2.  4 

2.  6 
2.  8 

3.0 

3.  2 
3.  4 

3.  6 

3.  8 

4.0 

4.  2 
4.  4 

4.6 

4.  8 

5.0 

5.  5 

6.0 

6.  5 

7.0 

7.  5 

8.0 

8.  5 

9.0 

9.  5 
10.0 


1.  000000 
0.  975278 
0.  951111 
0.  927498 
0.  904437 

0.  881927 
0.  859964 
0.  838545 
0.  817665 
0.  797320 

0.  777505 
0.  758213 
0.  739438 
0.  721173 
0.  703412 

0.  669366 
0.  637235 
0.  606947 
0.  578427 
0.  551596 

0.  526375 
0.  502682 
0.  480435 
0.  459555 
0.  439962 

0.  421580 
0.  404332 
0.  388148 
0.  372958 
0.  358696 

0.  345301 
0.  332713 
0.  320876 
0.  294240 
0.  271260 

0.  251331 
0.  233948 
0.  218698 
0.  205239 
0.  193294 

0.  182633 
0.  173068 
0.  164443 


1.  000000 
0.  967083 
0.  934999 
0.  903746 
0.  873322 

0.  843721 
0.  814940 
0.  786973 
0.  759813 
0.  733451 

0.  707878 
0.  683086 
0.  659064 
0.  635800 
0.  613281 

0.  570431 
0.  530404 
0.  493083 
0.  458343 
0.  426057 

0.  396095 
0.  368324 
0.  342614 
0.  318834 
0.  296859 

0.  276565 
0.  257835 
0.  240554 
0.  224615 
0.  209916 

0.  196361 
0.  183860 
0.  172329 
0.  147243 
0.  126669 

0.  109727 
0.  095707 
0.  084039 
0.  074269 
0.  066036 

0.  059053 
0.  053092 
0.  047971 


1.  000000 
0.  963000 
0.  926999 
0.  891995 
0.  857985 

0.  824963 
0.  792924 
0.  761859 
0.  731759 
0.  702615 

0.  674416 
0.  647148 
0.  620798 
0.  595351 
0.  570793 

0.  524275 
0.  481103 
0.  441129 
0.  404194 
0.  370137 

0.  338793 
0.  309995 
0.  283580 
0.  259385 
0.  237252 

0.  217030 
0.  198571 
0.  181737 
0.  166396 
0.  152424 

0.  13970i 
0.  128129 
0.  117597 
0.  095241 
0.  077581 

0.  063604 
0.  052506 
0.  043655 
0.  036560 
0.  030840 

0.  026200 
0.  022411 
0.  019296 


1.  000000 
0.  960555 
0.  922221 
0.  884994 
0.  848871 

0.  813846 
0.  779911 
0.  747057 
0.  715275 
0.  684551 

0.  654874 
0.  626228 
0.  598598 
0.  571967 
0.  546317 

0.  497882 
0.  453131 
0.  411893 
0.  373984 
0.  339218 

0.  307405 
0.  278355 
0.  251879 
0.  227792 
0.  205915 

0.  186075 
0.  168107 
0.  151855 
0.  137169 
0.  123913 

0.  111957 
0.  101180 
0.  091471 
0.  071228 
0.  055677 

0.  043730 
0.  034541 
0.  027453 
0.  021968 
0.  017702 

0.  014368 
0.  011747 
0.  009674 


P415] 


[(-64,e] 


[(-54)6l 


4)6' 
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Planck’s  Radiation  Function 

f(x)  =x~5(e1/x—l)~1 


999 

Table  27.2 


X 

fix) 

X 

fix) 

X 

fix) 

X 

fix) 

X 

fix) 

0.050 

0.  007 

4.  540 

21.  199 

8.  733 

0.9 

0.  831 

0.055 

0.025 

0.  11 

6.  998 

20.  819 

Bln 

6.  586 

1.0 

0.  582 

0.060 

0.  074 

0.  12 

9.  662 

19.  777 

5.  009 

1.  1 

0.  419 

0.065 

0.  179 

0.  13 

12.  296 

0.  26 

18.  372 

0.  55 

3.  850 

1.2 

0.070 

0.372 

0.  14 

14.  710 

0.  28 

16.  809 

0.60 

2.  995 

1.3 

0.233 

0.  075 

0.  682 

0.  15 

16.  780 

0.  30 

15.  224 

0.  65 

2.  356 

1.4 

0.  178 

0.080 

1.  137 

0.  16 

18.  446 

0.  32 

13.  696 

0.70 

1.  875 

1.5 

0.  139 

0.085 

1.  752 

0.  17 

19.  692 

0.34 

12.  270 

0.75 

1.  508 

2.0 

0.090 

2.  531 

0.  18 

20.  539 

0.36 

10.  965 

0.  80 

1.  225 

2.  5 

0.095 

3.  466 

0.  19 

21.  025 

0.  38 

9.  787 

0.85 

1.  005 

3.0 

0.010 

0.  100 

4.  540 

21.  199 

0.  40 

8.  733 

0.90 

0.831 

3.  5 

0.006 

[<-2)2]  [<-*•]  [<-W]  [<-«•»]  [(-«**] 

Xmax=  .20140  52353  /(aw)  = 21.20143  58. 


[27.3]  Miscellaneous  Physical  Tables,  Planck's  radiation 
functions  and  electronic  functions,  MT  17  (U.S. 
Government  Printing  Office,  Washington,  D.C., 
1941). 

R\=Ci\-s(ec*'kT— l)"1,  Rxd\, 

N\ = 2xcX-4  (eci/Xr  — 1 ) iVo-x=J^X  N*d\ 


Table  I: 


Rx 


Ro-x 


Nx 


Rx 


max 


Rq—co  N x 


max 


Nt 

Nt 


o-x 


O—oo 


XT=  [.05 (.001)  .1  (.005)  .4(.01)  .6 (.02)  1 (.05)2]cm 


for 

K°. 


Table  II:  Rx,  Ro-x,  Nx,  No-x  (T=1000°  K) 
for  X=[.5(.01)l(.05)4(.l)6(.2)10(.5)20]  microns. 


Table  III:  Nx  for  X=[.25(.05)J.6(.2)3(1)I0] 
microns,  T=  [1000°  (500°) 3500°  K and  6000°  K], 


Einstein  Functions 


Table  27.3 


X 

xH * 

X 

• 

In  (1— e~») 

X 

ex—  1 

—In  (1— e-*) 

(«»- 1)* 

a 

1 

H-i 

0.00 

1.  00000 

1.  00000 

00 

00 

0.  05 

0.  99979 

0.  97521 

-3.  02063 

3.  99584 

0.  10 

0.  99917 

0.  95083 

-2.  35217 

3.  30300 

0.  15 

0.  99813 

0.  92687 

-1.  97118 

2.  89806 

0.20 

0.  99667 

0.  90333 

- 1.  70777 

2.  61110 

0.  25 

0.  99481 

0.  88020 

- 1.  50869 

2.  38888 

0.  30 

0.  99253 

0.  85749 

- 1.  35023 

2.  20771 

0.  35 

0.  98985 

0.  83519 

- 1.  21972 

2.  05491 

0.  40 

0.  98677 

0.  81330 

- 1.  10963 

1.  92293 

0.  45 

0.  98329 

0.  79182 

-1.  01508 

1.  80690 

0.  50 

0.  97942 

0.  77075 

-0.  93275 

1.  70350 

0.  55 

0.  97517 

0.  75008 

-0.  86026 

1.  61035 

0.  60 

0.  97053 

0.  72982 

-0.  79587 

1.  52569 

0.  65 

0.  96552 

0.  70996 

-0.  73824 

1.  44820 

0.  70 

0.  96015 

0.  69050 

-0.  68634 

1.  37684 

0.  75 

0.  95441 

0.  67144 

-0.  63935 

1.  31079 

0.80 

0.  94833 

0.  65277 

-0.  59662 

1.  24939 

0.  85 

0.  94191 

0.  63450 

-0.  55759 

1.  19209 

0.90 

0.  93515 

0.  61661 

-0.  52184 

1.  13844 

0.95 

0.  92807 

0.  59910 

-0.  48897 

1.  08809 

1.00 

0.  92067 

0.  58198 

-0.  45868 

1.  04065 

1.  05 

0.  91298 

0.  56523 

-0.  43069 

0.  99592 

1.  10 

0.  90499 

0.  54886 

-0.  40477 

0.  95363 

1.  15 

0.  89671 

0.  53285 

-0.  38073 

0.  91358 

1.  20 

0.  88817 

0.  51722 

-0.  35838 

0.  87560 

1.  25 

0.  87937 

0.  50194 

-0.  33758 

0.  83952 

1.30 

0.  87031 

0.  48702 

-0.  31818 

0.  80520 

1.  35 

0.  86102 

0.  47245 

-0.  30008 

0.  77253 

1.  40 

0.  85151 

0.  45824 

-0.  28315 

0.  74139 

1.  45 

0.  84178 

0.  44436 

-0.  26732 

0.  71168 

1.50 

0.  83185 

0.  43083 

-0.  25248 

0.  68331 
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Table  27.3 


Einstein  Functions 


X 

x2e* 

X 

In  (1— e~x) 

X 

ex—l 

—In  (1— e~x) 

(ex— l)2 

e9—l 

1.  6 

0.  81143 

0.  40475 

-0.  22552 

0.  63027 

1.  7 

0.  79035 

0.  37998 

-0.  20173 

0.  58171 

1.  8 

0.  76869 

0.  35646 

-0.  18068 

0.  53714 

1.  9 

0.  74657 

0.  33416 

-0.  16201 

0.  49617 

2.0 

0.  72406 

0.  31304 

-0.  14541 

0.  45845 

2.  1 

0.  70127 

0.  29304 

-0.  13063 

0.  42367 

2.  2 

0.  67827 

0.  27414 

-0.  11744 

0.  39158 

2.  3 

0.  65515 

0.  25629 

-0.  10565 

0.  36194 

2.  4 

0.  63200 

0.  23945 

-0.  09510 

0.  33455 

2.  5 

0.  60889 

0.  22356 

-0.  08565 

0.  30921 

2.  6 

0.  58589 

0.  20861 

-0.  07718 

0.  28578 

2.  7 

0.  56307 

0.  19453 

-0.  06957 

0.  26410 

2.  8 

0.  54049 

0.  18129 

-0.  06274 

0.  24403 

2.  9 

0.  51820 

0.  16886 

-0.  05659 

0.  22545 

3.  0 

0.  49627 

0.  15719 

-0.  05107 

0.  20826 

3.  2 

0.  45363 

0.  13598 

-0.  04162 

0.  17760 

3.  4 

0.  41289 

0.  11739 

-0.  03394 

0.  15133 

3.  6 

0.  37429 

0.  10113 

-0.  02770 

0.  12883 

3.  8 

0.  33799 

0.  08695 

-0.  02262 

0.  10958 

4.0 

0.  30409 

0.  07463 

-0.  01849 

0.  09311 

4.  2 

0.  27264 

0.  06394 

-0.  01511 

0.  07905 

4 4 

0.  24363 

0.  05469 

-0.  01235 

0.  06705 

4.  6 

0.  21704 

0.  04671 

-0.  01010 

0.  05681 

4.  8 

0.  19277 

0.  03983 

-0.  00826 

0.  04809 

6.0 

0.  17074 

0.  03392 

-0.  00676 

0.  04068 

6.  2 

0.  15083 

0.  02885 

-0.  00553 

0.  03438 

5.  4 

0.  13290 

0.  02450 

-0.  00453 

0.  02903 

5.  6 

0.  11683 

0.  02078 

-0.  00370 

0.  02449 

5.  8 

0.  10247 

0.  01761 

-0.  00303 

0.  02065 

6.0 

0.  08968 

0.  01491 

-0.  00248 

0.  01739 

[ 


(-4>3] 


[ 


(-.>e] 


[27.4]  H.  L.  Johnston,  L.  Savedoff  and  J.  Belzer,  Contri- 
butions to  the  thermodynamic  functions  by  a 
Planck-Einstein  oscillator  in  one  degree  of  free- 
dom, NAVEXOS  p.  646,  Office  of  Naval  Re- 
search, Department  of  the  Navy,  Washington, 
D.C.  (1949).  Values  of  x2ex(ex— l)-2,  x(ex— l)-1, 
—In  (1— e~x)  and  x(ex— 1)_1— In  (1— e~x)  for 
a; =0 (.001)  3 (.01)  14.99,  5D  with  first  differences. 


27.4.  Sievert  Integral 


Relation  to  the  Error  Function 


27.4.1 


(For  erf,  see  chapter  7.) 


Representation  in  Terms  of  Exponential  Integrals 


27.4.2 


(*>0,0<k|) 


, 1-3- 5...  (2*—  1) 

2.4-6...  (2*) 

(For  E2k+2(x),  see  chapter  5.) 

Relation  to  the  Integral  of  the  Bessel  Function  Ko(x) 

27.4.3 


f e-x  sec  Kij  (x)  = f K0(t)dt  where 
Jo  Jx 

2655  301035 

1024ar  32768a;4 
(For  Ki,  (x) , see  chapter  11.) 
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[27.5]  National  Bureau  of  Standards,  Table  of  the  Sievert 
integral,  Applied  Math.  Series — (U.S.  Government 
Printing  Office,  Washington,  D.C.  In  press). 

a?=0(.01)2(.02)5(.05)10, 0=OO(1°)9O°,  9D. 


[27.6]  R.  M.  Sievert,  Die  v-Strahlungsintensitat  an  der 
Oberflache  und  in  der  nachsten  Umgebung  von 
Radiumnadeln,  Acta  Radiologica  11,  239-301 
(1930). 


e-A  see  <£=  30° (1°) 90°,  ^4  = 0(.01).5, 


3D. 


Sievert  Integral  J* 


x sec  ^ 


d(j> 


Table  27.4 


x\0 

10° 

to 

© 

o 

o 

O 

CO 

o 

O 

o 

O 

LQ 

60° 

75° 

90° 

■Q 

0.  174533 

0.  349066 

0.  523599 

0.  698132 

0.  872665 

1.  047198 

1.  308997 

1.  570796 

0.  157843 

0.  315187 

0.  471456 

0.  625886 

0.  777323 

0.  923778 

1.  123611 

1.  228632 

0.  142749 

0.  284598 

0.  424515 

0.  561159 

0.  692565 

0.  815477 

0.  968414 

1.  023680 

BKI 

0.  129099 

0.  256978 

0.  382255 

0.  503165 

0.  617194 

0.  720366 

0.  837712 

0.  868832 

0.4 

0.  116754 

0.  232040 

0.  344209 

0.  451198 

0.  550154 

0.  636769 

0.  727031 

0.  745203 

0.  5 

0.  105589 

0.  209522 

0.  309957 

0.  404629 

0.  490508 

0.  563236 

0.  632830 

0.  643694 

0.  6 

0.  095492 

0.  189191 

0.  279118 

0.  362893 

0.  437428 

0.  498504 

0.  552287 

0.  558890 

0.  7 

0.  086361 

0.  170833 

0.  251353 

0.  325486 

0.  390178 

0.  441478 

0.  483134 

0.  487198 

0.8 

0.  078103 

0.  154256 

0.  226354 

0.  291957 

0.  348109 

0.  391204 

0.  423535 

0.  426062 

0.  9 

0.  070634 

0.  139289 

0.  203845 

0.  261901 

0.  310642 

0.  346851 

0.  371996 

0.  373579 

1.  0 

0.  063880 

0.  125775 

0.  183579 

0.  234956 

0.  277267 

0.  307694 

0.  327288 

0.  328286 

1.  2 

0.  052247 

0.  102553 

0.  148899 

0.  189138 

0.  221027 

0.  242523 

0.  254485 

0.  254889 

1.  4 

0.  042733 

0.  083620 

0.  120780 

0.  152298 

0.  176336 

0.  191533 

0.  198885 

0.  199051 

1.  6 

0.  034951 

0.  068183 

0.  097979 

0.  122667 

0.  140792 

0.  151541 

0.  156087 

0.  156156 

1.8 

0.  028587 

0.  055597 

0.  079488 

0.  098829 

0.  112497 

0.  120105 

0.  122932 

0.  122961 

2.0 

0.  023381 

0.  045335 

0.  064492 

0.  079644 

0.  089954 

0.  095342 

0.  097108 

0.  097121 

2.  2 

0.  019123 

0.  036967 

0.  052329 

0.  064201 

0.  071979 

0.  075797 

0.  076905 

0.  076911 

2.4 

0.  015641 

0.  030145 

0.  042463 

0.  051766 

0.  057635 

0.  060342 

0.  061040 

0.  061043 

2.  6 

0.  012793 

0.  024582 

0.  034460 

0.  041750 

0.  046179 

0.  048100 

0.  048541 

0.  048542 

2.8 

0.  010463 

0.  020045 

0.  027968 

0.  033680 

0.  037024 

0.  038387 

0.  038667 

0.  038668 

3.0 

0.  008558 

0.  016347 

0.  022700 

0.  027177 

0.  029702 

0.  030670 

0.  030848 

0.  030848 

3.  5 

0.  005178 

0.  009817 

0.  013477 

0.  015912 

0.  017164 

0.  017576 

0.  017634 

0.  017634 

4.  0 

0.  003132 

0.  005896 

0.  008005 

0.  009330 

0.  009951 

0.  010128 

0.  010147 

0.  010147 

4.5 

0.  001895 

0.  003542 

0.  004756 

0.  005478 

0.  005787 

0.  005862 

0.  005869 

0.  005869 

5.  0 

0.  001147 

0.  002127 

0.  002828 

0.  003221 

0.  003374 

0.  003407 

0.  003409 

0.  003409 

5.  5 

0.  000694 

0.  001278 

0.  001682 

0.  001896 

0.  001972 

0.  001986 

0.  001987 

0.  001987 

6.  0 

0.  000420 

0.  000768 

0.  001001 

0.  001117 

0.  001155 

0.  001162 

0.  001162 

0.  001162 

6.  5 

0.  000254 

0.  000461 

0.  000596 

0.  000659 

0.  000678 

0.  000681 

0.  000681 

0.  000681 

7.0 

0.  000154 

0.  000277 

0.  000355 

0.  000389 

0.  000399 

0.  000400 

0.  000400 

0.  000400 

7.  5 

0.  000093 

0.  000167 

0.  000211 

0.  000230 

0.  000235 

0.  000235 

0.  000235 

0.  000235 

8.0 

0.  000056 

0.  000100 

0.  000126 

0.  000136 

0.  000139 

0.  000139 

0.  000139 

0.  000139 

8.  5 

0.  000034 

0.  000060 

0.  000075 

0.  000081 

0.  000082 

0.  000082 

0.  000082 

0.  000082 

9.0 

0.  000021 

0.  000036 

0.  000045 

0.  000048 

0.  000048 

0.  000048 

0.  000048 

0.  000048 

9.  5 

0.  000012 

0.  000022 

0.  000027 

0.  000028 

0.  000029 

0.  000029 

0.  000029 

0.  000029 

10.0 

0.  000008 

0.  000013 

0.  000016 

0.  000017 

0.  000017 

0.  000017 

0.  000017 

0.  000017 

[(-3)21 


6 J 


^(-4)5l 


6 J 


r ( — 4)  8~i 


6 J 


[<-,3)I]  ['-73>1] 


[<-3)2] 


[(-3)4]  [c-f] 


27.5.  /.(*)“(" 


00 


tme  <2  f dt  and 


Related  Integrals 

m= 0, 1,2... 

Differential  Equations 

27.5.1  xfm—  +2/m=0 

27.5.2  jm—  jm-\  (^  — 1 ) 2,  . . .) 

Recurrence  Relation 

27.5.3  2/m=(rn— l)/m-2+x/m_3  (m>  3) 


Power  Series  Representations 


GO 


27.5.4 


2/i(z)=S  (a*  In 

k=0 


ak 


k(k—l)(k—2) 

a0—ai.=0 


&o — 1 

(For  t,  see  chapter  6.) 


h- 

&2: 

by 


—2bk-2— (3k2—6k+2)ak 


k(k—l)(k—2) 


-bo 
— V* 


&*=§  (1— t) 


1002 


MISCELLANEOUS  FUNCTIONS 


27.5.5 

2/,  (a:) = 1 -V«:+  .6342a?+  .5908a?-  .1431a:4 
-.01968a?+.00324a?+ .000188a;7  . . . 

-a:2  In  a:(l-.08333a;2+. 001389a?- .0000083a?+ . . .) 


27.5.6 

2/2(a:)  =^-x+^  x2-  .3225a?— ,1477a?+ .03195a:6 

+. 00328a:6- .000491 a:7- .0000235a?  . . . 
+a?  In  a:(|—.01667a?+. 000198a:4—  . . .) 


27.5.7 

2/3(3;) =1  - ^ .2954a?+ .1014a?+  .02954a:6 

-. 00578a:6- .00047a:7+.000064x8 . . . 

-a?  In  a;(.0833-.00278a?+ .000025a?-  . . .) 


Asymptotic  Representation 


27.5.8 


__m  m 

3 2 v2  e~v 


(a0+^+-2+  • • . 

\ V vi 


+?+• 


■) 


-or 


(a:— >00) 


a0—l,  ®i=7o  (3m2+3m— 1) 


12(&+2)aJN.2=— (12F+36&— 3m2— 3m+25)a*+i 
+?(m—2k)(2k+Z—m)(2k+Z+2m)ak 


(k=0, 1,2  . . .) 


27.5.9  9i(x)+ig2(x)=j  tse  ‘+i,dt 


27.5.10 


Asymptotic  Representation 

27.5.11 

01  (a;) =(0  | exp  [~— 1(0  J (A  sin  e+B  cos  8) 

27.5.12 


(A  cos  0—B  sin  0) 


(a;— >oo) 


(sc— >oo) 


Oo=l  di  = .972222  a2=. 148534 

a3= -.017879  a4=. 004594  a5= -.000762 

[27.7]  M.  Abramowitz,  Evaluation  of  the  integral 

f e-J-t'Mu,  J.  Math.  Phys.  32, 188-192  (1953). 

[27.8]  H.  Fax6n,  Expansion  in  series  of  the  integral 
exp  [— x(t±t~n)]t2dtf  Ark.  Mat.,  Astr.,  Fys. 
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y"e~v~x^ ^ dy  for  re= 0,  1;  z=0(.01).l(.l)l. 
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Table  27.5 


X 

/l(z) 

fiix) 

/3(a) 

X 

fl(x) 

/2(a) 

/3(a) 

X 

/i(a) 

/2(a) 

/3(a) 

0.  00 

0.  5000 

0.  4431 

0.  5000 

BH 

0.  4263 

0.  3970 

0.4580 

0.  6 

0.  2255 

0.  2415 

0.  3025 

wxiia 

0.  4914 

0.  4382 

0.  4956 

■ml 

0.  3697 

0.  3573 

0.  4204 

0.  7 

0.  2015 

0.  2202 

0.  2793 

0.  4832 

0.  4333 

0.  4912 

■El 

0.  3238 

0.  3227 

0.  3864 

0.  8 

0.  1807 

0.  2011 

0.  2584 

■oral 

0.  4753 

0.  4285 

0.  4869 

0. 4 

0.  2855 

0.  2923 

0.  3557 

0.  9 

0.  1626 

0.  1839 

0.  2392 

0.  04 

0.  4676 

0.  4238 

0.  4826 

0. 5 

0.  2531 

0.  2654 

0.  3278 

1.0 

0.  1466 

0.  1685 

0.  2215 

0.  05 

0.  4602 

0.  4191 

0.  4784 

1 

[(-»>5]  [(-»>.]  [<-»>»]  [C-fl]  [<-4)7]  [(-4,5]  [(-4,6]  [(-4,4]  [,-.,4] 


X 

(ix) 

X 

&Mix) 

*x 

&fz(ix) 

0.0 

0.  50000 

0.  00000 

4.0 

-0.  2626 

0.  0430 

8.0 

0.  06078 

-0.  09808 

0.  2 

0.  49019 

0.  08754 

4.  2 

-0.  2552 

+0.  0094 

8.  5 

0.  07562 

-0.  07131 

0.  4 

0.  46229 

0.  16933 

4.  4 

-0.  2441 

-0.  0214 

9.  0 

0.  08221 

-0.  04496 

0.  6 

0.  41950 

0.  24139 

4.  6 

-0.  2299 

-0.  0490 

9.  5 

0.  08191 

-0.  02082 

0.  8 

0.  36543 

0.  30136 

4.  8 

-0.  2132 

-0.  0734 

10.0 

0.  07626 

-0. 00010 

1.0 

0.  30366 

0.  34805 

5.0 

-0.  1945 

-0.  0944 

10.  5 

0.  06684 

+0.  01654 

1.  2 

0.  23746 

0.  38122 

5.  2 

-0.  1745 

-0.  1120 

11.0 

0.  05507 

0.  02889 

1.  4 

0.  16972 

0.  40127 

5.  4 

-0.  1536 

-0.  1263 

11.  5 

0.  04224 

0.  03707 

1.  6 

0.  10288 

0.  40910 

5.  6 

-0.  1322 

-0.  1374 

12.0 

0.  02937 

0.  04146 

1.  8 

+0.  03892 

0.  40592 

5.  8 

-0.  1108 

-0.  1455 

12.  5 

0.  01727 

0.  04259 

2.0 

-0.  02062 

0.  39314 

6.  0 

-0.  0896 

-0.  1507 

13.0 

+0.  00650 

0.  04109 

2.  2 

-0.  0746 

0.  3722 

6.  2 

-0.  0691 

-0.  1533 

13.  5 

-0.  00259 

0.  03758 

2.  4 

-0.  1221 

0.  3448 

6.  4 

-0.  0493 

-0.  1535 

14.  0 

-0.  00982 

0.  03268 

2.  6 

-0.  1629 

0.  3122 

6.  6 

-0.  0307 

-0.  1515 

14.  5 

-0.  01517 

0.  02696 

2.  8 

-0.  1966 

0.  2759 

6.  8 

-0.  0132 

-0.  1476 

15.0 

-0.  01872 

0.  02089 

3.  0 

-0.  2233 

0.  2371 

7.0 

+0.  00286 

-0.  14211 

16.  0 

-0.  02118 

+0.  00921 

3.  2 

-0.  2432 

0.  1971 

7.  2 

0.  01749 

-0.  13518 

17.0 

-0.  01906 

-0.  00022 

3.  4 

-0.  2565 

0.  1569 

7.  4 

0.  03061 

-0.  12709 

18.0 

-0.  01435 

-0.  00650 

3.  6 

-0.  2639 

0.  1173 

7.  6 

0.  04220 

-0.  11805 

19.0 

-0.  00879 

-0.  00965 

3.  8 

-0.  2657 

0.  0792 

7.  8 

0.  05224 

-0.  10830 

20.0 

-0.  00360 

-0.  01021 

[,-3,2]  [(-3,2]  [(-4,5]  [(-4, 4]  [<-|,4]  [,-4,7] 

Compiled  from  U.  E.  Erase  and  N.  F.  Ramsey,  The  integral  f V3  exp  (—yt+i  iy,  J.  Math.  Phys.  30, 40  (1951)  (with  permission). 


27.6.1 


27.6. /(*)=_£  il* 

Power  Series  Representation 


/(*)  =— e-*2  In  S 


X 


2Jk+l 


k=i  k\(2k+l) 


oo  s*,Zk 


-S 


X‘ 


27.6.2 


=— e~l2ln  x+i  2 

^ fc=0 


k^ik\2k  2 

(— l)V(&+l)z2* 


] 


k\ 

oo  / 0\  fc/v,2fc+ 1 

1.3.5..  (21+1) 

(For  7 and  the  digamma  function  ${x),  see  chap- 
ter 6.) 

Relation  to  the  Exponential  Integral 

27.6.3  /(z)  = — i e~x2  Ei  J*  e*2d£ 

(For  Ei  (z)  see  chapter  5;  e~%2  j et2  dti  see  chapter 
7. 


Asymptotic  Representation 


27.6.4 

M^[~ 

J 2 x 


1 1-3  . 1-3-5  . , 

2x3+4a:6+  8x7  + ’ - ,J 


_I  rl.  1+21-1.314.  1 

o IjT^tjtjT  • * *J 


2 x2  x ar  x 


(x— >co) 


[27.14]  A.  ErdSlyi,  Note  on  the  paper  “On  a definite  inte- 

gral” by  R.  H.  Ritchie,  Math.  Tables  Aids 
Comp.  4,  31,  179  (1950). 

2 

[27.15]  E.  T.  Goodwin  and  J.  Staton,  Table  of  du , 

Quart.  J.  Mech.  Appl.  Math.  1,  319  (1948). 
a;=0(.02)2(.05)3(.l)10.  Auxiliary  function  for 
$=0(.01)1. 

[27.16]  R.  H.  Ritchie,  On  a definite  integral,  Math.  Tables 

Aids  Comp.  4,  30,  75  (1950). 
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Table  27.6 


t+x 


dt 


X 

f(x) + In  x 

X 

/(aO  + lns 

X 

fix) 

X 

fix) 

X 

fix) 

-0.  2886 

MR| 

0.  2704 

■El 

0.  6051 

2.0 

0.  3543 

3.0 

0.  2519 

-0.  2081 

0.  3100 

0.  5644 

2.  1 

0.  3404 

3.5 

0.  2203 

BSufl 

-0.  1375 

KoEiifl 

0.  3479 

0.  5291 

2.  2 

0.  3276 

4.  0 

0.  1958 

0.  15 

-0.  0735 

0.  65 

0.  3842 

0.  4980 

2.3 

0.  3157 

4.  5 

0.  1762 

-0.  0146 

0.  70 

0.  4192 

0.  4705 

2.4 

0.  3046 

5.0 

0.  1602 

0.  25 

+0.  0402 

0,75 

0.  4529 

■n 

0.  4460 

2.  5 

0.  2944 

5.  5 

0.  1468 

0.30 

0.  0915 

0.80 

0.  4854 

1.6 

0.  4239 

2.  6 

0.  2848 

6.0 

0.  1356 

0.35 

0.  1398 

0.  85 

0.  5168 

1.7 

0.  4040 

2.7 

0.  2758 

6.  5 

0.  1259 

0.  40 

0.  1856 

0.  90 

0.  5472 

1.8 

0.  3860 

2.8 

0.  2673 

7.0 

0.  1175 

0.45 

0.  2290 

0.95 

0.5766 

1.9 

0.  3695 

2.9 

0.  2594 

7.  5 

0.  1102 

0.  50 

0.  2704 

1.  00 

0.  6051 

2.0 

0.  3543 

3.0 

0.  2519 

8.0 

0.  1037 

[(-r]  [<-?’]  [<-?7]  [<-r]  [(-r] 

f 00  «-«** 

Compiled  from  E.  T.  Goodwin  and  J.  Staton,  Table  of  I dw,  Quart.  J.  Mech.  Appl.  Math.  1, 319  (1948)  (with  permission). 


27.7.  Dilogarithm 

(Spence’s  Integral  for  n~ 2) 

27.7.1  f(x) J*  ^ dt 

Series  Expansion 

27.7.2  /(s) =S  (-1)*  fe-a--*  (2>a:>0) 

fc=l  # 

Functional  Relationships 

27.7.3 

/(*)  +/(1 — x) =■ -In  a:  In  (1  — x)  +^r  (1  > x>  0) 

27.7.4 

f(l—x)+f(l+x)=lf(l—x2)  (1  > *>0) 


Relation  to  Debye  Functions 


27.7.T 

[27.17]  L.  Lewin,  Dilogarithms  and  associated  functions 
(Macdonald,  London,  England,  1958). 


[27.18]  K.  Mitchell,  Tables  of  the  function 


ionJo 


* —log  11  — y| 
0 y 


dy, 


with  an  account  of  some  properties  of  this  and 
related  functions,  Phil.  Mag.  40,  351-368  (1949). 
a;=  — 1 (.01)  1 ; x=0(.001).5,  9D. 

[27.19]  E.  0.  Powell,  An  integral  related  to  the  radiation 
integrals,  Phil.  Mag.  7,  34,  600-607  (1943). 
•x  log  y 


J, 


i y— 1 


dy,  z=0(.01)2(.02)6,  7D. 


27.7.5  /(*) +/©=■“!  an  x)2 

27.7.6 

f(x+l)— f(x)=— In  x In  (x+1)— Y2 —\f(x*) 

(2>*>0) 


[27.20]  A.  van  Wijngaarden,  Polylogarithms,  by  the  Staff 

of  the  Computation  Department,  Report  R24, 

Mathematisch  Centrum,  Amsterdam,  Holland 

00 

(1954).  Fn(z)=y2  h~nzh  for  z—x=  — 1 (.01)1; 

h=i 

z—ixf  for  x= 0(.01)  1 ; z=eiva/2  for  a=0(.01)2, 
10D. 
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Dilogarithm  Table  27.7 

/W—  f'rH* 


X 

fix) 

X 

fix) 

X 

fix) 

X 

fix) 

X 

fix) 

0.  00 

1.  64493  4067 

Ml 

1.  29971  4723 

Ml 

1.  07479  4600 

Ml 

0.  88937  7624 

Ml 

0.  72758  6308 

BMun 

1.  58862  5448 

lijlil 

1.  27452  9160 

tiyil 

1.  05485  9830 

■ijlitl 

0.  87229  1733 

■ijCil 

0.  71239  5042 

KixiVl 

1.  54579  9712 

1.  25008  7584 

llwU 

1.  03527  7934 

wmxm 

0.  85542  7404 

■IBwl 

0.  69736  1058 

■»m>k1 

1.  50789  9041 

BjCkI 

1.  22632  0101 

1.  01603  0062 

0.  83877  6261 

0.  68247  9725 

0.04 

1.  47312  5860 

0.  14 

1.  20316  7961 

0.  24 

0.  99709  9088 

0.34 

0.  82233  0471 

0.44 

0.  66774  6644 

0.  05 

1.  44063  3797 

1.  18058  1124 

0.  25 

0.  97846  9393 

0.35 

0.  80608  2689 

0.45 

0.  65315  7631 

0.06 

1.  40992  8300 

utm  a 

1.  15851  6487 

0.  26 

0.  96012  6675 

0.  36 

0.  79002  6024 

0.  46 

0.  63870  8705 

0.07 

1.  38068  5041 

KC  ■ 

1.  13693  6560 

0.27 

0.  94205  7798 

0.37 

0.  77415  3992 

0.  47 

0.  62439  6071 

0.  08 

1.  35267  5161 

■iV  9 

1.  11580  8451 

0.  28 

0.  92425  0654 

0.  38 

0.  75846  0483 

0.48 

0.  61021  6108 

0.  09 

1.  32572  8728 

M J 

1.  09510  3088 

0.29 

0.  90669  4053 

0.39 

0.  74293  9737 

0.49 

0.  59616  5361 

0.  10 

1.  29971  4723 

0.  20 

1.  07479  4600 

0.30 

0.  88937  7624 

0.40 

0.  72758  6308 

0.  50 

0.  58224  0526 

[(-3,2] 


From  K.  Mitchell,  Tables  of  the  function 
(with  permission). 


X 


[(-r] 


[<-?*] 


[<-f] 


log  |1 — if| 


dy,  with  an  account  of  some  properties  of  this  and  related  functions,  Phil.  Mag.  40, 351-368  (1949) 


27.8.  Clausen’s  Integral  and  Related 

Summations 


27.8.6 


Summable  Series 


27.8.1 


j(6) = — f In  ^2  sin  0 


sin  kd 

~W 


(O<0<ir) 


Series  Representation 


27.8.2 


/(0)  = — 0 In  |0|+0+2  “"TSiA'i  B2* 


(-1)*-1 

(2  *)! 


Q2IC+1 


2k(2k+l) 


27.8.3 


“ cos  nd 
ra  n 


-in  (2  sin  |) 


(O<0<2jr) 


cos  n$  ir*  irO  . 

2j  0 O I 


n‘ 


6 2 ' 4 


(O<0<2tt) 


^ COS  7l0_  7T4  T2#2  . 7T03  O4 

n*  “90  12  '12  48 


(O<0<2tr) 


S !HL^=4  (tt-0) 

JT=i  n 2 

^ sin  rc0_ir20  tt02  0s 
Si  »»  6 4 +12 


(O<0<2ir) 


(O<0<2tr) 


/(.-«  =.  in  2-g 

(7r/2<0<7r) 

Functional  Relationship 
27.8.4  /(7r-0)=/(0>-iy(20)  («<0<|) 


27.8.5 


Relation  to  Spence’s  Integral 


X/(0)=0(«*O+|-  where  ?(*)=  f j ln|l+f| 


^ sin  nd  7r40  it2#3  ir04  0s 
^i  n5  — 90  36+48  240 


(O<0<2ir) 


[27.21]  A.  Ashourand  A.  Sabri,  Tabulation  of  the  function 

00  * 

Sm 2 ’’  Math.  Tables  Aids  Comp.  10, 

n=l  n 

54,  57-65  (1956). 

[27.22]  T.  Clausen,  tlber  die  Zerlegung  reeller  gebrochener 

Funktionen,  J.  Reine  Angew.  Math.  8,  298-300 
(1832).  s=0°(lo)180o,  16D. 

[27.23]  L.  B.  W.  Jolley,  Summation  of  series  (Chapman 

Publishing  Co.,  London,  England,  1925). 

[27.24]  A.  D.  Wheelon,  A short  table  of  summable  series, 

Report  No.  SM-14642,  Douglas  Aircraft  Co., 
Inc.,  Santa  Monica,  Calif.  (1953). 
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Table  27.8 
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Clausen’s  Integral 

f(0)  — — I In  (2  sin  -)  dt 
Jo  2 


0° 

1 

f(0)+e  In  0 

0° 

m 

0° 

m 

0° 

m 

0° 

m 

0 

0.  000000 

15 

0.  612906 

30 

0.  864379 

60 

1.  014942 

90 

0.  915966 

1 

0.  017453 

16 

0.  635781 

32 

0.  886253 

62 

1.  014421 

95 

0.  883872 

2 

0.  034908 

17 

0.  657571 

34 

0.  906001 

64 

1.  012886 

100 

0.  848287 

3 

0.  052362 

18 

0.  678341 

36 

0.  923755 

66 

1.  010376 

105 

0.  809505 

4 

0.  069818 

19 

0.  698149 

38 

0.  939633 

68 

1.  006928 

110 

0.  767800 

5 

0.  087276 

20 

0.  717047 

40 

0.  953741 

70 

1.  002576 

115 

0.  723427 

6 

0.  104735 

21 

0.  735080 

42 

0.  966174 

72 

0.  997355 

120 

0.  676628 

7 

0.  122199 

22 

0.  752292 

44 

0.  977020 

74 

0.  991294 

125 

0.  627629 

8 

0.  139664 

23 

0.  768719 

46 

0.  986357 

76 

0.  984425 

130 

0.  576647 

9 

0.  157133 

24 

0.  784398 

48 

0.  994258 

78 

0.  976776 

135 

0.  523889 

10 

0.  174607 

25 

0.  799360 

50 

1.  000791 

80 

0.  968375 

140 

0.  469554 

11 

0.  192084 

26 

0.  813635 

52 

1.  006016 

82 

0.  959247 

145 

0.  413831 

12 

0.  209567 

27 

0.  827249 

54 

1.  009992 

84 

0.  949419 

150 

0.  356908 

13 

0.  227055 

28 

0.  840230 

56 

1.  012773 

86 

0.  938914 

,160 

0.  240176 

14 

0.  244549 

29 

0.  852599 

58 

1.  014407 

88 

0.  927755 

170 

0.  120755 

15 

0.  262049 

30 

0.  864379 

60 

1.  014942 

90 

0.  915966 

1 180 

0.  000000 

[<-?8]  [<-«:]  [<-*,*]  [<-r]  [(-r] 

GO 

Compiled  from  A.  Ashour  and  A.  Sabri,  Tabulation  of  the  function  ^(0)=  'y  ) Math.  Tables  Aids  Comp.  10. 54. 57-65  (1956)  (with  permission). 

n=l 

27.9.  Vector-Addition  Coefficients 


(Wigner  coefficients  or  Clebsch-Gordan  coefficients) 

Definition 


27.9.1 

(jij2m1m2\j1j2jm)=8(m,  mt+m2) 


(i+ii+ia+i)! 

(— l)*V0'i+ m1)\(j1—ml)\(j2+  m2) ! (j2— m2) ! (j+  m) ! (j—  m) ! 
t &!  (h+ji—j—k) ! 0'i — mx—k) ! (j2+ m2—k) ! (j—jn+m^k) ! (j— jx— m2+&)! 


£ 


S(i,k) 


-{ 


1,  i=k 
0,  i^k 


Conditions 


n 


27.9.2  ii,  j2,  j=+n  or+^j.  (n=integer) 


27.9.3 

27.9.4 

27.9.5 

27.9.6 


ji+j2+j=n 

ii+i.-il 

3i~ 72+i 

-ii+i2+i  J 


27.9.7 


mu  m2,  m=±n  or  ±| 


27.9.8  |m2|<i2,  |m|<i 

27.9.9  (jijimi  m2\jij2jTn) = 0 ml+m2^m 

Special  Values 

27.9.10  (jfimfi \jfijin) =8(jx,  j)8(mu  m) 

27.9.11  O^OOljtfjOHO  jt  +j2  +j— 2n+ 1 

27.9.12  (jtjimitni\jtjijm)=0  2jx+j=2n+l 


MISCELLANEOUS  FUNCTIONS 


1007 


Symmetry  Relations 

27.9.13 

(ftjamiTOsliiizjm) 

= (— i)fc+*-'(  jJj— mi— mtljxjtj—  m) 

27.9.14  m) 

27.9.15  = (— 1)  hk  3™) 

I 

27.9.16  

\iiiji— mi) 


27.9.17 


27.9.18 


27.9.19 


27.9.20 


V^i+i  (— »»3 

I jia  ji»h) 

VUS  (-l)'_"+,1_mi(jajma-m 

liaiii-mO 
liiiia-ms) 
I iii  Jam*) 


0*1  H 7n2  til  H i 77i)  Table  27.9.1 


• 

1 

II 

m2=  — ^ 

i.'+H 

/ii—m+H 

V 2j,+  l 

V 2ii+l 

i.-H 

/ii—w+K 

/il  + 77l+H 

V 2j,+  l 

V 2ji+l 

(ji  1 mi  m2 1 ji  1 j m)  Table  27.9.2 


s' 

i= 

7712=1 

1 

II 

o 

J 

II 

1 

t— * 

ii+i 

/0*i  + 777)  0*1+777+1) 

/0*1  — 771+  1)  0*1  + 771+  1) 

/0l  — 777)0*1  — 771+1) 

V (2j,+ 1)  (2ji+2) 

V (2i,+  l)0'l+l) 
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Table  27.9.5  [By  use  of  symmetry  relations, 
coefficients  may  be  put  in  standard  form  ji<j2<j 
and  m> 0] 
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(jij2rn1m2\jij2jrn) 
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—X 

j 

0 

X 

1 

W2 

0.  70711 

X 

0 

X 

1 

VK 

0.  70711 

X 

1 

X 

1 

1.  00000 

32= 

1 

-1 

0 

1 

1 

0.  70711 

0 

0 

1 

1 

0.  00000 

1 

0 

1 

1 

-vx 

-0.  70711 

0 

1 

1 

1 

W2 

0.  70711 

1 

1 

1 

1 

W2 

-0.  70711 

0 

X 

X 

X 

v% 

0.  81650 

1 

X 

X 

X 

vx 

0.  57735 

1 

X 

X 

X 

1. 00000  * 

-1 

0 

1 

2 

VH 

0.  40825 

0 

0 

1 

2 

vx 

0.  81650 

1 

0 

1 

2 

vy* 

0.  40825 

0 

1 

1 

2 

vx 

0.  70711 

1 

1 

1 

2 

W2 

0.  70711 

1 

2 

1 

2 

1 

1.  00000 

II 

-x 

X 

1 

X 

V*/l5 

0.  73030 

X 

X 

1 

X 

— VHs 

-0.  25820 

» 

X 

1 

X 

-vx 

-0.  63246 

X 

X 

1 

X 

vx 

0.  63246 

*/2 

X 

1 

X 

-vx 

-0.  77460 

-X 

0 

X 

2 

VH 

0.  70711 

X 

0 

X 

2 

VH 

0.  70711 

% 

1 

X 

2 

XV3 

0.  86603 

% 

1 

X 

2 

0.  50000 

x 

2 

X 

2 

1.  00000 

-X 

0 

X 

2 

0.  50000 

-H 

0 

X 

2 

0.  50000 

X 

0 

X 

2 

-0.  50000 

X 

0 

X 

2 

-0.  50000 

-x 

1 

X 

2 

VH 

0.  70711 

Vi 

1 

X 

2 

0.  00000 

X 

1 

X 

2 

— W2 

-0.  70711 

X 

2 

X 

2 

0.  70711 

X 

3 

X 

2 

-vx 

-0.  70711 

-X 

X 

1 

X 

W10 

0.  54772 

% 

X 

1 

X 

vx 

0.  77460 

% 

X 

1 

X 

W10 

0.  31623 

X 

X 

1 

X 

vx 

0.  77460 

X 

X 

1 

X 

vx 

0.  63246 

X 

X 

1 

X 

1.  00000 

Compiled  from  A.  Simon,  Numerical  tables  of  the  Clebsch-Oordan  coeffi- 
cients, Oak  Ridge  National  Laboratory  Report  1718,  Oak  Ridge,  Tenn. 
(1954)  (with  permission). 
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28.  Scales  of  Notation 

Representation  of  Numbers 


Any  positive  real  number  x can  be  uniquely 
represented  in  the  scale  of  some  integer  6>1  as 

•C  ...  l®— 2 • • »)(J) j 

where  every  At  and  a,-j  is  one  of  the  integers  0, 
1,  . . 6—1,  not  all  Aif  a-j  are  zero,  and 

Am^> 0 if  x>l.  There  is  a one-to-one  correspond- 
ence between  the  number  and  the  sequence 

x=Ambm-jr  • • • "I “At b -\-AnA- ct,-jb~* 

i 

where  the  infinite  series  converges.  The  integer  6 
is  called  the  base  or  radix  of  the  scale. 

The  sequence  for  x in  the  scale  of  6 may  ter- 
minate, i.e.,  a_n_i=a_n_2=  • • • =0  for  some 
n > 1 so  that 

X ” ...  * CL—  jfl _ 2 ...  CL—fi ) , 

then  x is  said  to  be  a finite  6-adic  number. 

A sequence  which  does  not  terminate  may  have 
the  property  that  the  infinite  sequence  a_i,  a_2, 
. . . becomes  periodic  from  a certain  digit 
a-n(n>\)  on;  according  as  n—  1 or  ^>1  the 
sequence  is  then  said  to  be  pure  or  mixed  recurring. 

A sequence  which  neither  terminates  nor  recurs 
represents  an  irrational  number. 

Names  of  Scales 


Base 

Scale 

Base 

Scale 

2 

Binary 

8 

Octal 

3 

Ternary 

9 

Nonary 

4 

Quaternary 

10 

Decimal 

5 

Quinary 

11 

Undenary 

6 

Senary 

12 

Duodenary 

7 

Septenary 

16 

Hexadecimal 

General  Conversion  Methods 

Any  number  can  be  converted  from  the  scale 
of  6 to  the  scale  of  some  integer  65^6,  6>1,  by 
using  arithmetic  operations  in  either  the  6-scale 
or  the  6-scale.  Accordingly,  there  are  four 
methods  of  conversion,  depending  on  whether  the 
number  to  be  converted  is  an  integer  or  a proper 
fraction. 


Integers  X=(Am  . . . Ai^4o)(6) 

(I)  6-scale  arithmetic.  Convert  6 to  the  6-scale 
and  define 


X/b=Xt+Aifb9 

Xfb^Xt+A'Jb, 


-X'm/^=0+-A^/6, 

where  A 5,  A[ , . . .,  A-%  are  the  remainders  and 
Xu  X2 , . . .,  X„  the  quotients  (in  the  6-scale) 
where  X , Xu  . . .,  X^-i,  respectively  are  divided 
by  6 in_the  6-scale.  Then  convert  the  remainders 
to  the  6-scale, 

C^o)(6)  ^0}  C^-l)(6)  ==^4-1j  • • •)  C^m)(&)=*Am 

and  obtain 


^ ... 

(II)  6-scale  arithmetic.  Convert  6 and  A0, 
Au  . . .,  Am  to  the  6-scale  and  define,  using 
arithmetic  operations  in  the  6-scale, 

X'm—\ =Amb  “f-  Am—ij 

Xm— 2==  Xm-1b+ Am—2j 


X1  = X2b+A1y 

then 

X=Xib+A0. 


Proper  fractions  x = (O.a-ia-2  . . . )(&> 

To  convert  a proper  fraction  x , given  to  n digits 
in  the  6-scale,  to  the  scale  of  6 ^ 6 such  that  inverse 
conversion  from  the  6-scale  may  yield  the  same  n 
rounded  digits  in  the  6-scale,  the  representation 
of  x in  the  6-scale  must  be  obtained  to  n rounded 
digits  where  n satisfies  6n>6n. 

(Ill)  6-scale  arithmetic.  Convert  6 to  the 
6-scale  and  define 


xb=Xi+a'-i 

xib=x2+al2 

•£»— 1-6 — %n  “1”  % 
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where  5_i,  5L2,  • • S-n  are  the  integral  parts  and 
Xiy  x2,  . . xz  the  fractional  parts  (in  the  6-scale) 
of  the  products  xb,  xib,  . . .,  a^_i6,  respectively. 
Then  convert  the  integral  parts  to  the  6-scale, 

G^-l)(&) = 0/—i,  (^-2) (6)  =0—2,  • • •}  (&- n) {b)  ==: Of—  n> 


(IV)  6-scale  arithmetic.  Convert  6 and  a_l9 
o>- 2,  . . .,  a_n  to  the  6-scale  and  define,  using 
arithmetic  operations  in  the  6-scale, 

•E— n+l  ~ n/6  + d—  n-j-l  > 

X—  ji+2  ==  n+l/6  + n+2j 

= ^2/6 + ; 
x=x-i/b. 


and  obtain 


X — (O.d—iCt— 2 • • • Of — n)(6)* 


then 


Numerical  Methods 


The  examples  are  restricted  to  the  scales  of  2, 
8,  10  because  of  their  importance  to  electronic 
computers. 

Note  that  the  octal  scale  is  a power  of  the  binary 
scale.  In  fact,  an  octal  digit  corresponds  to  a 
triplet  of  binary  digits.  Then,  binary  arithmetic 
may  be  used  whenever  a number  either  is  to  be 
converted  to  the  octal  scale  or  is  given  in  the  octal 
scale  and  is  to  be  converted  to  some  other  scale. 

Decimal  1234567  8 9 10 

Octal  1 2 3 4 5 6 7 10  11  12 

Binary  1 10  11  100  101  110  111  1 000  1 001  1 010 

Example  1.  Convert  X=  (1369)  ao)  to  the  octal 

scale.  By  (I)  we  have  6=10,  6=8a0)  and  so, 
using  decimal  arithmetic, 

1369/8=171  + 1/8, 

171/8=21+3/8, 

21/8=2+5/8, 

2/8=0+2/8; 

then 

X=  (2531)  (8). 

By  (II)  we  have  6=  (12)(S)  and  +3=1(8),  A2 
=3(8),  -4i=6(8),  A0=  (H)(8).  Hence,  using  octal 
arithmetic, 

X2=l  • 12+3=  (15) (8>, 
Z1=15-12+6=(210)(8), 

X=210-12  + ll  = (2531)(8). 

Using  binary  arithmetic  we  have,  by  (II), 

6=  (1010) (2)  and  A2=  1(2>,  -42=  (11) (2),  A\=  (110)(2), 

^40(1001)(2).  Thus 
Z2=M010+11  = (1101)(2), 

Zx=  1101 -1010+ 110=  (10  001  000) (2), 

Z=10  001  000 • 1010+ 1001  = (10  101  Oil  00 1 ) (2) , 
whence,  on  converting  to  the  octal  scale, 

Z=(2531)(8). 


Example  2.  Convert  Z=(2531)(8)  to  the 
decimal  scale.  By  (I)  we  have  6=10=(12)(8)  and 
hence,  using  octal  arithmetic, 

2531/12=210+11/12 

210/12=15+6/12 

15/12=1+3/12 

1/12=0+1/12 

Thus,  converting  to  the  decimal  scale, 

Aq=  (1 1)  (s>=9,  +1=6  (8) =6,  +2= 3 (8) =3,  +3=1, 
and  so 

Z=(1369)(10). 

By  (II)  we  have  6= 10,  and  the  octal  digits  of  X 
are  unchanged  in  the  decimal  scale.  Hence, 
using  decimal  arithmetic, 

Z2=2.8+5=(21)(10), 

Z1=21.8+3=(171)(10), 

Z=171  •8+l=(1369)do). 

Using  binary  arithmetic  we  have,  by  (II), 
6=8=(1000)(2)  and  A$=  1 , +i=(ll)(2>,  +2==(101)(2)7 
+3=  (10)  (2).  Then, 

Z2=  10*1000+ 101  = (10  101)  (2), 

Zi= 10  101*1000+11=  (10  101  0 1 1 ) (2) , 

Z=10  101  011*1000+1  = (10  101  Oil  001)(2), 
whence,  on  converting  to  the  decimal  scale, 

Z=  (1369)  do). 

Observe  that  in  both  examples  above,  octal 
arithmetic  is  used  as  an  intermediate  step  to 
convert,  according  to  (II),  the  given  number  to 
the  binary  scale.  If,  instead,  the  given  number  is 
first  converted  to  the  binary  scale,  then  binary 
arithmetic  may  be  applied  directly  to  convert, 
according  to  (I),  the  given  number  from  the 
binary  scale  to  the  scale  desired. 
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For  example,  in  converting  X—  (2531)  (8)  to  the 
decimal  scale,  we  find  first  X==(10101011001)(2) 

and  then  obtain,  using  (I)  with  6=  10=  (1010) (2), 

10  101  011  001/1010=10  001  000+1001/1010, 

10  001  000/1010=1101  + 110/1010, 
1101/1010=1  + 11/1010, 
1/1010=0+1/1010. 

Thus,  on  converting  to  the  decimal  scale, 

-4o=(1001)»=9,  -41=(110)(2)=6, 

Ai—  (11)  (2)  = 3,  +-3=1, 

whence 

X=(1369)do). 

Example  3.  Convert  x=  (0.355)  (i0)  to  the  bi- 
nary scale. 

We  first  convert  to  the  octal  scale,  using  decimal 
arithmetic.  By  (III),  we  find  with  6=8 

(0.355)  -8=2+0.840,  (0.080)  -8=0+0.640 

(0.840)  -8=6+0.720,  (0.640)  -8=5+0.120 

(0.720)  -8=5+0.760,  (0.120)  -8=0+0.960 

(0.760)  -8=6+0.080,  (0.960)  -8=7+0.680 

whence  £=  (0.26560507  . . .)(8).  Thus,  on  con- 
verting to  the  binary  scale, 

£=  (0.010  110  101  110  000  101  000  111  . . .) (2). 

In  order  that  inverse  conversion  of  x from  the 
binary  to  the  decimal  scale  yield  again  x to  the 
given  number  n of  decimal  digits,  we  must  round  x 
in  the  binary  scale  to  at  least  n digits  where  n is 
chosen  such  that  2n>10n.  As  a working  rule,  we 

may  take  n n.  Hence,  to  obtain  £=  (0.355)  a0) 

o 

by  inverse  conversion,  x must  be  rounded  in  the 

binary  scale  to  3=10  digits. 

Thus, 

£=  (0.010  110  110  0)(2). 


Alternatively,  we  can  apply  (III)  with  6=  (1010)  (2>, 
using  binary  arithmetic: 

(0.010  110  11)-1010=11  + (0.100  011  1), 
(0.100  011  1)-1010=101  + (0.100  011), 
(0.100  011)-1010=101  + (0.011  11), 

(0.011  11). 1010=  100+ (0.101  1). 

Converting  the  integral  parts  to  the  decimal  scale, 
we  find 

3_i=  (11)(2)=3,  a_2=a_3=  (101)(2)=5, 

a_4=  (100)  (2) =4, 

and  thus 

£=  (0.3554)  do) 

Note  that  the  fractional  part  in  any  step  is  the 
unconverted  remainder.  Thus,  to  round  at  any 
step,  it  is  only  necessary  to  ascertain  whether  the 
unconverted  portion  to  be  neglected  is  greater  or 
less  than  £;  i.e.,  whether,  in  the  binary  scale,  the 
first  neglected  digit  is  1 or  0. 

Example  4.  Convert  £=  (3. 14 1593) aor  10 “9  to 
the  binary  scale. 

The  desired  representation  is 

X=  (l.a_id_2  . . . <&_n)(2)-2“* 


where  n and  k are  such  that  inverse  conversion 
from  the  binary  scale  to  the  decimal  scale  will 
produce  x to  the  same  given  15  decimal  digits. 
Accordingly,  by  the  rule  stated  in  Example  3,  n 


and  k are  to  be  chosen  so  as  to  satisfy  n+k> 


10 

3 


-15 


=50. 

From  Table  28.1  we  find 


2~29<  (3.141593)  do)  • 10”9<2""28 

Thus,  we  must  take  k= 29  and,  consequently, 
choose  21.  The  conversion  on  a desk  calcu- 
lator thus  proceeds  as  follows.  First,  we  obtain 
by  use  of  Table  28.1 


229£=  (1.686  629  899)(10) 


To  carry  out  the  inverse  conversion  we  can  first 
convert  to  the  octal  scale, 

x=  (0.266)  (8), 

and  then  apply  (IV)  with  6=8,  using  decimal 
arithmetic: 

z_2=6/8+6=6.75, 

£_i= 6.75/8+2=2.84375, 
#=2.84375/8=0.355  46875. 


Then,  for  convenience’s  sake,  we  convert  this 
number  to  the  octal  scale,  using  the  method  of 
Example  3 and  rounding  as  required,  to  at  least 
7 octal  (=21  binary)  digits.  We  find 

229£=  (1.537  4337)  (8). 

Hence 

£=(1.537  433  7)  (8)  • 2~29 
and,  consequently, 

£=  (1 . 101  Oil  111  100  Oil  Oil  111)(2)  • 2~29. 
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To  convert  x back  to  the  decimal  scale  we  only 
need  to  obtain  from  Table  28.1  the  various  powers 
of  2 which  appear  in  the  above  representation  and 
sum  them.  However,  since  2~m=2~m+1—2~m  for 
any  real  constant  m,  it  is  more  convenient  to 
reduce  first  the  binary  representation  of  x to  the 
form 

2~28 2“31 2~33 2~39+2“42 2“46 2" 60 

and  then  sum  these  powers  of  2.  (Note  that  the 
number  of  summands  is  thereby  decreased  from 
16  to  7.)  From  Table  28.1  we  have 


+2"28= 

+3.725 

290 

298 

•10~9 

II 

CO 

1 

<N 

1 

- .465 

661 

287 

• lO-9 

II 

CO 

CO 

1 

<N 

1 

- .116 

415 

322 

• 10”9 

— 2~39= 

- .001 

818 

989 

• 10"9 

+2~42= 

+ .000 

227 

374 

•10"9 

_ 2-«_ 

- .000 

028 

422 

• 

h-i 

O 

1 

«0 

— 2~m= 

- .000 

000 

888 

• 10"9 

£ = 

3.141 

592 

764 

• 10"9 

Nine  decimal  digits  are  used  for  sufficient  accuracy 
reserve.  Hence,  rounding  to  seven  significant 
figures,  we  find 

x—  (3.141593)(io)*10"‘9. 

To  convert  a number  such  as 


*=(£)<10)  • 10* 

to  the  binary  scale,  where  k is  a positive  integer 
so  large  that  Table  28.1  cannot  be  used,  apply  the 
following  device:  Compute 


log2  x 


logio  x 

logio  2 


where  k is  the  quotient  and  xx  the  remainder,  the 
division  being  carried  out  in  the  decimal  scale. 
Then  find  77=  10*1,  i.e.,  £i=logi0  97,  so  that  * 


log2  X=k+l^l^k+log2  q 

whence 

x=  (v)  (io)2*. 


Now  convert  (77X10)  to  the  binary  scale  by  any  of 
the  methods  described  above. 

A similar  device  may  be  used  to  convert  to  the 
decimal  scale  a binary  number  that  is  outside  the 
range  of  Table  28.1. 

Example  5.  Convert  £=(2.773)(i0)-1083  to  the 
binary  scale. 


We  first  compute,  using  4.1.19  and  Table  4.1, 

lnr.  T logio  x 83.44295  .05764 

l0g2  X=iogi72=_!30103_— 277  ^0103’ 

and  find  from  Table  4.1,  .O5764=logi0  1.1419. 
Hence 

iog2  x=277 +X;T=277 +l0g2 1-1419 

and  so 

x=(1.1419)(io)*2277. 

Now  we  apply  the  methods  of  Example  3 to  ob- 
tain (1.14 19) do)  = (1.110516)^8)  where  octal  nota- 
tion is  used  for  the  sake  of  convenience. 

To  round  such  that  inverse  conversion  will  yield 
the  same  decimal  digits  of  x , observe  that  the  last 
non-zero  decimal  digit  of  x is  3-1080.  Table  28.4 
shows  that  2265<T080<C2266.  Hence,  in  the  binary 
scale,  x must  be  a binary  integer  times  2265;  i.e., 
(1.110516){8)  must  be  rounded  to  4 octal  (=12 
binary)  digits.  As  a result, 

£=(1.1 105)  (8)  • 2277=  (11105)  (8)  • 2265 

= (1  001  001  000  101)  (2)  2265 

Conversion  back  to  the  decimal  scale  proceeds 
as  follows,  we  write 

log10  £=logio  2 log2  X 

=log102{265+log2  (11105)  (8)} 

_logll  2 {265+1^',<“f^} 

=265  logio  2+ log10  (11105)(8). 

Hence,  converting  (11105)(8)  to  the  decimal 
scale  by  any  of  the  methods  of  Example  2,  we 
obtain 

logic  £=265  logio  2+logio  4677 
which  yields,  using  Table  4.1 

logio  £=83.44292 

Thus,  by  Table  4.1,  we  find,  rounded  to  four 
significant  figures, 

£=  (2.773)(io)  • 1083. 
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Table  28.1 


2 J n IN  DECIMAL 


2n  n 2~n 

1 0 1. 0 

2 1 0.5 

4 2 0.25 

8 3 0.  125 

16  4 0.  0625 

32  5 0. 03125 


64 

6 

0.  01562 

5 

128 

7 

0.  00781 

25 

256 

8 

0.  00390 

625 

512 

9 

0. 00195 

3125 

1024 

10 

0.  00097 

65625 

2048 

11 

0.  00048 

82812 

5 

4096 

12 

0.  00024 

41406 

25 

8192 

13 

0.  00012 

20703 

125 

16384 

14 

0.  00006 

10351 

5625 

32768 

15 

0.  00003 

05175 

78125 

65536 

16 

0.  00001 

52587 

89062 

5 

1 

31072 

17 

0.  00000 

76293 

94531 

25 

2 

62144 

18 

0.  00000 

38146 

97265 

625 

5 

24288 

19 

0.  00000 

19073 

48632 

8125 

10 

48576 

20 

0.  00000 

09536 

74316 

40625 

20 

97152 

21 

0.  00000 

04768 

37158 

20312 

5 

41 

94304 

22 

0.  00000 

02384 

18579 

10156 

25 

83 

88608 

23 

0.  00000 

01192 

09289 

55078 

125 

167 

77216 

24 

0.  00000 

00596 

04644 

77539 

0625 

335 

54432 

25 

0.00000 

00298 

02322 

38769 

53125 

671 

08864 

26 

0.  00000 

00149 

01161 

19384 

76562 

5 

1342 

17728 

27 

0.  00000 

00074 

50580 

59692 

38281 

25 

2684 

35456 

28 

0.  00000 

00037 

25290 

29846 

19140 

625 

5368 

70912 

29 

0.  00000 

00018 

62645 

14923 

09570 

3125 

10737 

41824 

30 

0.  00000 

00009 

31322 

57461 

54785 

15625 

21474 

83648 

31 

0.  00000 

00004 

65661 

28730 

77392 

57812 

5 

42949 

67296 

32 

0.  00000 

00002 

32830 

64365 

38696 

28906 

25 

85899 

34592 

33 

0.  00000 

00001 

16415 

32182 

69348 

14453 

125 

1 

71798 

69184 

34 

0.  00000 

00000 

58207 

66091 

34674 

07226 

5625 

3 

43597 

38368 

35 

0.  00000 

00000 

29103 

83045 

67337 

03613 

28125 

6 

87194 

76736 

36 

0.  00000 

00000 

14551 

91522 

83668 

51806 

64062 

5 

13 

74389 

53472 

37 

0.  00000 

00000 

07275 

95761 

41834 

25903 

32031 

25 

27 

48779 

06944 

38 

0.  00000 

00000 

03637 

97880 

70917 

12951 

66015 

625 

54 

97558 

13888 

39 

0.  00000 

00000 

01818 

98940 

35458 

56475 

83007 

8125 

109 

95116 

27776 

40 

0.  00000 

00000 

00909 

49470 

17729 

28237 

91503 

90625 

219 

90232 

55552 

41 

0.  00000 

00000 

00454 

74735 

08864 

64118 

95751 

95312 

5 

439 

80465 

11104 

42 

0.  00000 

00000 

00227 

37367 

54432 

32059 

47875 

97656 

25 

879 

60930 

22208 

43 

0.  00000 

00000 

00113 

68683 

77216 

16029 

73937 

98828 

125 

1759 

21860 

44416 

44 

0.  00000 

00000 

00056 

84341 

88608 

08014 

86968 

99414 

0625 

3518 

43720 

88832 

45 

0.  00000 

00000 

00028 

42170 

94304 

04007 

43484 

49707 

03125 

7036 

87441 

77664 

46 

0.  00000 

00000 

00014 

21085 

47152 

02003 

71742 

24853 

51562 

5 

14073 

74883 

55328 

47 

0.  00000 

00000 

00007 

10542 

73576 

01001 

85871 

12426 

75781 

25 

28147 

49767 

10656 

48 

0.  00000 

00000 

00003 

55271 

36788 

00500 

92935 

56213 

37890 

625 

56294 

99534 

21312 

49 

0.00000 

00000 

00001 

77635 

68394 

00250 

46467 

78106 

68945 

3125 

112589 

99068 

42624 

50 

0.  00000 

00000 

00000 

88817 

84197 

00125 

23233 

89053 

34472 

65625 
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2X  IN  DECIMAL  Table  28.2 


X 

2X 

X 

2X 

X 

2X 

0.  001 

1.  00069 

33874 

62581 

0.  01 

1.00695 

55500 

56719 

0.1 

1.07177 

34625 

36293 

0.  002 

1.  00138 

72557 

11335 

0.  02 

1.  01395 

94797 

90029 

0.2 

1. 14869 

83549 

97035 

0.  003 

1.  00208 

16050 

79633 

0.03 

1. 02101 

21257 

07193 

0.3 

1.23114 

44133 

44916 

0.004 

1.  00277 

64359 

01078 

0.04 

1.02811 

38266 

56067 

0.4 

1.  31950 

79107 

72894 

0.  005 

1.00347 

17485 

09503 

0.  05 

1. 03526 

49238 

41377 

0.5 

1.  41421 

35623 

73095 

0.  006 

1.  00416 

75432 

38973 

0.  06 

1.  04246 

57608 

41121 

0.  6 

1.51571 

65665 

10398 

0.007 

1.  00486 

38204 

23785 

0.  07 

1. 04971 

66836 

23067 

0.7 

1.  62450 

47927 

12471 

0.008 

1.  00556 

05803 

98468 

0.  08 

1.  05701 

80405 

61380 

0.8 

1.74110 

11265 

92248 

0.009 

1.00625 

78234 

97782 

0.  09 

1. 06437 

01824 

53360 

0.9 

1.  86606 

59830 

73615 

1()±"  IN  OCTAL 


Table  28.3 


10n  n 10- 

1 0 1.  000  000  000  000 

12  1 0.063  146  314  631 

144  2 0.  005  075  341  217 

1 750  3 0.000  406  111  564 

23  420  4 0.000  032  155  613 

303  240  5 0.  000  002  476  132 

3 641  100  6 0.000  000  206  157 

46  113  200  7 0.000  000  015  327 

575  360  400  8 0.  000  000  001  257 

7 346  545  000  9 0.000  000  000  104 


10" 


000 

000 

00 

112 

402 

762 

463 

146 

31 

1 

351 

035 

564 

270 

243 

66 

16 

432 

451 

210 

570 

651 

77 

221 

411 

634 

520 

530 

704 

15 

2 

657 

142 

036 

440 

610 

706 

64 

34 

327 

724 

461 

500 

364 

055 

37 

434 

157 

115 

760 

200 

745 

152 

75 

5 

432 

127 

413 

542 

400 

143 

561 

06 

67 

405 

553 

164 

731 

000 

560 

276 

41 

n 

10-" 

000 

10 

0.  000 

000 

000 

006 

676 

337 

66 

000 

11 

0.000 

000 

000 

000 

537 

657 

77 

000 

12 

0.000 

000 

000 

000 

043 

136 

32 

000 

13 

0.  000 

000 

000 

000 

003 

411 

35 

000 

14 

0.000 

000 

000 

000 

000 

264 

11 

000 

15 

0.000 

000 

000 

000 

000 

022 

01 

000 

16 

0.  000 

000 

000 

000 

000 

001 

63 

000 

17 

0.000 

000 

000 

000 

000 

000 

14 

000 

18 

0.  000 

000 

000 

000 

000 

000 

01 

n logio  2,  n log2  10  IN  DECIMAL  Table  28.4 

n n logio  2 n log2  10  n n login  2 n log-2  10 

1 0.30102  99957  3.32192  80949  6 1.80617  99740  19.93156  85693 

2 0.60205  99913  6.64385  61898  7 2.10720  99696  23.25349  66642 

3 0.90308  99870  9.96578  42847  8 2.40823  99653  26.57542  47591 

4 1.20411  99827  13.28771  23795  9 2.70926  99610  29.89735  28540 

5 1.50514  99783  16.60964  04744  10  3.01029  99566  33.21928  09489 


MATHEMATICAL  CONSTANTS  IN  OCTAL  SCALE  Table  28.6 


* = (3.  11037  552421)  ^ 
ff_1  = (0.  24276  301556)  ^ 
(1.61337  611067)  ^ 
In  *=  (1.H206  404435)  ^ 
l0g2  (1.51544  163223)  (8) 
V10=  (3.12305  407267)  (8) 


(2.55760  521305) (8) 
e-i  = (0.27426  530661)  (8) 
Ve=  (1.51411  230704)  ^ 
logio  e=  (0.33626  754251)  (8) 
l0g2  C-  (1.  34252  166245)  (g) 
l0g2  10=  (3.24464  741136) 


y=  (0.44742  147707) 

In  7=  -(0.43127  233602)  (8) 
l0g2  7=  -(0.62573  030645)  (g) 
V2=  (1.32404  746320)  (8) 
In  2=  (0.54271  027760)  (8) 
In  10=  (2.23273  067355) 
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29.  Laplace  Transforms 


29 


29.1.  Definition  of  the  Laplace  Transform 
One-dimensional  Laplace  Transform 

.1.1  e-'F(t)dt 


F(t)  is  a function  of  the  real  variable  t and  s is  a 
complex  variable.  F(t)  is  called  the  original  func- 
tion and  f(s)  is  called  the  image  function.  If  the 
integral  in  29.1.1  converges  for  a real  s=s0}  i.e., 


lim  f£ 

J A 


e-**F{t)dt 


exists,  then  it  converges  for  all  s with  &s^>s0,  and 
the  image  function  is  a single  valued  analytic 


function  of  s in  the  half-plane  ^s>$0. 


Two-dimensional  Laplace  Transform 


29.1.2 


f(u,v)=JF{F(x,y)}  — f f e ux~tvF(x,y)dxdy 

Jo  Jo 

Definition  of  the  Unit  Step  Function 


29.1.3 


«<0) 

«=0) 

(t>0) 


In  the  following  tables  the  factor  u(t)  is  to  be 
understood  as  multiplying  the  original  function 
F{t). 


29.2.  Operations  for  the  Laplace  Transform 1 


29.2.1 


29.2.2 


29.2.3 


29.2.4 

29.2.5 


Original  Function  F (t) 

F(t) 

Inversion  Formula 

s?L.  e"mis 

Linearity  Property 

AF{t)+BQit) 

Differentiation 

F'(t) 

FM(t) 

Integration 


f e~,‘F(t)dt 


Image  Function  f(s) 


/(«) 


Af(s)+Bg(s) 


sf(s)-F(+ 0) 

snf{s)—sn~1F(+0)—sn~iF'i+0) 


29.2.6 


29.2.7 


/; 


F(r)dr 


F(\)d\dr 


jM 

j/M 


29.2.8 


j; 


Convolution  (Faltung)  Theorem 

Fiit—T)Fi{r)dT—Fi*F2  /i(s)/2(s) 


29.2.9 

29.2.10 


- tF(t ) 
(-1  )*t*F(t) 


f'is ) 

f*(s) 


Differentiation 


1 Adapted  by  permission  from  R.  V.  Churchill,  Operational  mathematics,  2d  ed.,  McGraw-Hill  Book  Co.,  Inc.,  New 
York,  N.Y.,  1958. 
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Original  Function  F(t) 

29.2.11 

\F(t) 

29.2.12 

eatF\t ) 

29.2.13 

1 F0)  (a>0) 

29.2.14 

(c>0) 

Translation 

29.2.15 

F(t  — b)u(t—b)  (b  >0) 

Periodic  Functions 

29.2.16 

F(t-\-a)=F(t) 

29.2.17 

F(t+a)  = -F(t) 

Half-Wave  Rectification  of  F(t)  in  29.2.17  ^ 

29.2.18 

F(t)  2 (—l)nu(t—  na) 

71=0 

Full- Wave  Rectification  of  F(t)  in  29.2.17 

29.2.19 

Image  Function  f(s) 

Integration 


Linear  Transformation 


/(«— o) 
/(cs) 


J(cs—b) 


J(s)  coth 


as 


29.2.20 


29.2.21 


s «a’,< 

5=1  2 («n) 


Heaviside  Expansion  Theorem 

p(s) 


,a* 


^P<r-n)(a)  r_1 


5=i  (r— n)!  (n— 1)! 


2(s) 


» q(s)  = (s—a])(s—a2)  . . . ( s—am ) 


p(s)  a polynomial  of  degree<m 

P(s) 


(s—a)r 

p(s)  a polynomial  of  degree<r 


29.3.  Table  of  Laplace  Transforms2  3 

For  a comprehensive  table  of  Laplace  and  other  integral  transforms  see  [29.9].  For  a table  of  two- 
dimensional  Laplace  transforms  see  [29.11]. 

/(«)  F(t) 

29.3.1  - 1 

S 

29.3.2  4 t 

S 2 

2 The  numbers  in  bold  type  in  the/(s)  and  F(t ) columns  indicate  the  chapters  in  which  the  properties  of  the  respective 
higher  mathematical  functions  are  given. 

3 Adapted  by  permission  from  R.  V.  Churchill,  Operational  mathematics,  2d.  ed.,  McGraw-Hill  Book  Co.,  Inc.,  New 
York,  N.  Y.,  1958. 
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m 

F(t) 

29.3.3 

^ (»=1, 2, 3, . . .) 

tn-\ 

(n- 1)! 

29.3.4 

1 

V5 

1 

29.3.5 

s~ 3/2 

2-Jtjir 

29.3.6 

«-<»+!>  {n—l,2, 3, . . .) 

2 ntn~* 

1 • 3 • 5 . . . (2 n — 1)  -\[t 

29.3.7 

^ (*X>) 

6 tk~ 1 

29.3.8 

1 

s+a 

e~at 

29.3.9 

1 

(s+®)2 

te~at 

29.3.10 

(s+a)“  («■  1, 2, 3, ...) 

tn~  le~at 
(n-1)! 

29.3.11 

(k~>0) 

(s+a)* 

6 tk~le~at 

29.3.12 

(s+a)(s+b)  {a*b) 

e~at — e~bt 
b—a 

29.3.13 

(s+a)(s+b)  (a*b) 

ae~at—be~bt 

a—b 

29.3.14 

1 

(s+a)  (s+b)  (s+c) 

(b— c)e~~atJr(c— a)  e~bt+(a—  b)e~ct 
(a—b)(b—c)(c—a) 

(a,  byc  distinct  constants) 

29.3.15 

1 

s2+a2 

- sin  at 
a 

29.3.16 

s 

s2+a2 

cos  at 

29.3.17 

1 

s2—a2 

/ ' 

- sinh  at 
a 

29.3.18 

1 

s 

s2—a 2 

cosh  at 

29.3.19 

1 

s(s2+«2) 

\ (1— cos  at) 
a2 

29.3.20 

1 

s2(s2+a2) 

\ (at— sin  at) 
a 3 

29.3.21 

1 

(s2+a2)2 

2^3  (sin  at— at  cos  at) 
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29.3.22 

s 

(s2+a2)2 

< . . 
— sin  at 
2 a 

29.3.23 

s2 

(s2+a2)2 

(sin  cos  at) 

29.3.24 

s2—a2 

(s2+a2)2 

t cos 

29.3.25 

(s2+a2)(s2+62)  {a  } 

cos  at— cos 
b2—a2 

29.3.26 

1 

(s+a)2+62 

t e~at  sin 
0 

29.3.27 

s+a 

(s+a)2+62 

e~at  cos 

29.3.28 

3a2 

$3  + fl3 

e"ai— 6^  (cos  V3  sin 

29.3.29 

4a3 

s4+ 4a4 

sin  cosh  cos  sinh  at 

\ 

29.3.30 

s 

s4+4a4 

2^  sin  sinh  at 

29.3.31 

1 

s4— a4 

(sinh  sin  a0 

29.3.32 

$ 

$4— a4 

2^§  (cosh  cos  a£) 

29.3.33 

8a3s2 

(s2+a2)3 

(l+a2£2)  sin  at— at  cos  at 

29.3.34 

X*t)' 

L„(t ) 

22 

29.3.35 

s 

(s+a)* 

-L  <r«(l-2a0 

yirt 

29.3.36 

^s+a—^/s+b 

*(«-"  e~at ) 
2Vtt«3 

29.3.37 

1 

Vs+a 

*4=— a6a2<  erfc  aV* 
Vtt* 

7 

29.3.38 

Vs 

s— a2 

“=+aea2*  erf  aV^ 
yirt 

7 

29.3.39 

Vs 

s+a2 

1 2ar  «-<*  faVi  ex2dX 
V71*  Jo 

7 

29.3.40 

1 

V«(s— a2) 

I ga2*  erf 
a 

7 
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F(0 

29.3.41 

1 

Vs(s+a2) 

2 r«V7  2 

— - e-a2<  I e x rfX 

ayi  Jo 

7 

29.3.42 

b2—a2 

(s—a2)  (6+Vs) 

ea2*[6— a erf  aV^]  — beh%t  erfc  b^/t 

7 

29.3.43 

1 

e°2t  erfc  a^t 

7 

29.3.44 

1 

(s  *1“  cl)  -^s  b 

— e~at  erf  i^b-a^t) 
‘yjb—a 

7 

29.3.45 

b2—a2 

t/s(s— a2)(V«+6) 

e°2/  ^ erf  (aV*)~  lj+£ft2*  erfc  bfi 

7 

29.3.46 

(l-s)» 

Sn+i 

QMS  H 

22 

29.3.47 

(1 — s)n 

sn+i 

22 

29.3.48 

V s+2a 

Ss 

ae~ot[Ii(at)+I0(at)] 

9 

29.3.49 

i 

-\/  S-f-Ct-y/ S -f-  b 

e-i(a+mio  ^ 

9 

29.3.50 

(k'yO)  6 

(s+a)*(s+6)*  } 

10 

29.3.51 

1 

(s+a)*($+6)* 

6 <)+/,(“  2' 6 ()] 

9 

29.3.52 

^$-{-2(1 — V s 

-yj S-\-2tCb-\- 

j e~a‘Ii(at ) 

9 

29.3.53 

(a—b)k 

(V^+vs+6)a  { ^ ’ 

\ e-^‘Ik  «) 

9 

29.3.54 

(V^+^+a/s)  2v  / ^ 

V«V«+« 

i «-*•*/,(*  a<) 

d 

9 

29.3.55 

1 

V$2+a2 

J o(dt) 

9 

29.3.56 

(Vs2+a2— «)'  , ^ n 

V?+i>  (’>  ” 

avJv(at ) 

9 

29.3.57 

(s2+a2)*  (*>0) 

mO 

6,10 
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29.3.58 


29.3.59 


29.3.60 


29.3.61 


29.3.62 


29.3.63 


29.3.64 


29.3.65 


29.3.66 


29.3.67 


29.3.68 


29.3.69 


29.3.70 


29.3.71 


m 

(Vs2+®2— «)*  (&>0) 


F(t) 


ka* 


Jk(at) 


(s— Vs2— a?) 
Vs2— a2 


a’l.iat) 


1 

(s2-o2)' 


(*>0) 


•v^  / < V 1 

r(*) 


(£> ' 


6, 10 


1 

- e 
s 


—ks 


u(t—k) 


1 

2 ^ 
s2 


— *8 


(<— k)u(t— k) 


i e-**  (m>0) 


1—e 


—ks 


S 


1 l+coth  iks 

s(l  — e~ks)~~  2s 


1 


s(ek'-~  a) 


- tanh  is 
s 


1 


4 tanh  ks 
s 2 


1 


s sinh  is 


1 


s cosh  ks 


(t-i)*-1 

T(m) 


u{t—k) 


u(t)—u(t—k) 


00 


2D  u(t—nk ) 

n**0 


2D  an~lu(t—nk) 

7l«=l 


u(<)+2  S (—  l)nw(£— 2ni) 

n—1 


2D  (—1)  *«(<—«&) 

tt**0 


0 k 2k  3k 


1 

0 

2k 

4k 

6k 

0 k 2k  3k 


00 


£tt(£)+2]T}  (—l)n(£— 2fti)w(£— 2?ii) 


2 2D  «[<— (2fi+l)&] 

n*0 


i i 

i i 

J L 


Ok  3k  5k 


2 2D  ( — 1)"«[8 — (2»H-l)Ar] 
«»0 


Ok  3k  5k  7k 
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29.3.72 

29.3.73 

29.3.74 

29.3.75 

29.3.76 

29.3.77 

29.3.78 

29.3.79 

29.3.80 

29.3.81 

29.3.82 

29.3.83 

29.3.84 

29.3.85 

29.3.86 

29.3.87 

29.3.88 


/(•) 


- coth  ks 
s 


m 


00 


u(t)+2  2 u(t—2nk) 

n- 1 


2k  4k 


k ,,  TS 

coth  2 k 


l 


(s2+l)(l  — e rs) 


1 -* 
- e • 
s 


1 -* 
Te  ‘ 


00 


T!  (— l)n^(f— ?i7r)  sin  2 

n=0 


«/ 0(2^fki) 


1 


v m 


cos 


2^Jkt 


e~k^  (k> 0) 

4 1) 

(i>0) 

2V?exp( 

k2\  J n k 
— . . ) fcerfc 

. 4 1)  2 V< 

(m=0, 1,2,  . 

. .;  k>0 ) 

(4^)Jn  Jn  erfc  _Jl_ 

2 V< 

71—1 

8~  e~k^‘  {n=0,l,2,.. 

.;  k>  0) 

eXH  4t> 

-GtO 

2 RV^B+1 

0 7T  27T  3tt 


1 £ 

Te‘ 

V« 

-i=  cosh  2^kt 

VS 

1 -£ 
s3/*e 

-ji=  sin  2f/ki 

■\7rk 

1 £ 
s3/2  6 * 

-p=  sinh  2-v/H 

-y/irk 

^e~-  (m>0) 

(0!^Jm_1(2VH) 

9 

i « r (m>0) 

(|)e^/„_1(2VR) 

9 

e-tV*  (A:>0) 

& / 42\ 

2^expv  w 

ie_tV*  (ifc>0) 

- & 
erfc — = 

2-yJt 

7 

ifc 


2V< 


22 


o+Vs 


(*>0) 


1 


VS 


exp 


B)- 


aeakea2t  erfc 


♦See  page  n. 
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/(•) 

F(t) 

29.3.89 

ae~kyT‘ 

s(a+V®) 

(*>0) 

—eakea2t  erfc  + er^c 

7 

29.3.90 

e-*VT 
V$(a+  -yfs) 

(*>0) 

A-  > erfc  («V*+2Vf) 

7 

29.3.91 

e-k^s(s+a) 

Vs(s+a) 

(i>0) 

e~&tI0(?a\t2--k2)u(t---k) 

9 

29.3.92 

_ — fc-\/  52-]_q2 
€/ 

Vs2+a2 

(i>0) 

9 

29.3.93 

a2 

^s2—a2 

(*>0) 

lQ(a^t2—kF)u(t—k) 

9 

29.3.94 

g— fc(V«2+a2—  «) 

. Vs2+a2 

(k>0) 

J0(a^t2+2kt) 

9 

29.3.95 

^ — fc* g — «2+a2 

(*>  0) 

j^Ma^{iF=¥)u{t-k) 

9 

29.3.96 

(*>0) 

j^I%{aJW=V)u(t-k) 

9 

29.3.97 

(»>— i,*>o; 

Qxf)  J»(«'^t2—k2)u(t—k) 

9 

29.3.98 

- In  s 
s 

— 7 — In  £(7=  .57721  56649  . . . Eulers  constant) 

29.3.99 

Kin  s 

s* 

(*») 

{(«<*<*>  b(i 

6 

29.3.100 

In  s ^ 

s—a 

;«>o) 

e°‘[ln  a+Ei(at)] 

5 

29.3.101 

In  $ 
$2+l 

cos  t Si  (£)— sin  t Ci  ( t ) 

5 

29.3.102 

$ ln  s 
$2+l 

—sin  t Si  (<)— cos  t Ci  ( t ) 

5 

29.3.103 

^ln  (l+is) 

(*>0) 

E'(i) 

5 

29.3.104 

ln  s+6 

j («“*— «-•*) 

29.3.105 

iln(l+&2s2)  (&>0) 

-2  01  (I) 

5 

29.3.106 

i ln  (s2+a2) 

(o>0) 

2 ln  a— 2 Ci  (at) 

5 
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/(*) 

F(<) 

29.3.107 

“2  In  (s2+®2)  («>0) 

o 

2 

- [a<  In  a+sin  at— at  Ci  (a<)] 

5 

29.3.108 

lns2+a2 

s2 

2 

y (1 — cos  aO 

29.3.109 

. s2—a2 
In — a— 
8 2 

2 

j (1— cosh  a£) 

29.3.110 

arctan  - 
$ 

j sin  Atf 

29.3.111 

1 k 

- arctan  - 
s s 

‘ 

Si  (to) 

5 

29.3.112 

ew  erfc  ks  (Ar> 0) 

7 

Wi  “p  (-«•) 

V 

29.3.113 

i eft2*2  erfc  ks  (&> 0) 

7 

7 

29.3.114 

erfc  V&s  (A:>0) 

7 

fi 

irV<(£-M0 

29.3.115 

-^=erfcV&s  (Ar>0) 

7 

4=  u{t—k) 
■fit 

29.3.116 

eks  erfc  V&s  (t>0) 

V$ 

7 

1 

V?r(£+A:) 

29.3.117 

erf  -~ 

vs 

7 

— sin  2A:V^ 
wt 

29.3.118 

1 - ft 

^ «•  erfc  £ 

V® 

7 

i e-2fcvr 

v^ 

29.3.119 

^(fe)  (fc>oy 

9 

U(t—k) 

fi-k2 

29.3.120 

Ko(A:Vs)  (ft>0) 

9 

1 / **\ 
2*e3n  «; 

29.3.121 

J «*£,(*»)  (ifc>0) 

9 

^t(t+2k) 

29.3.122 

jlK^kjs)  (k>0) 

9 

1 / **\ 
fcexpV  4<j 

29.3.123 

(*>  0) 

9 

4=  K0(2fiki) 

^irt 

9 

29.3.124 

we~kllI0(ks)  (k^>  0) 

9 

V<(2  2*)] 

29.3.125 

e~k3Ii(ks)  (&>  0) 

9 

, ,575V — r WO  «(*  2fc)] 
vky/t(2k—t) 
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m F(t) 


29.3.126 

easEi(a$) 

(®>0) 

5 

1 

2 ~\~Cb 

29.3.127 

—se^E^as)  (a>  0) 

Cv 

5 

1 

(2+a) 

29.3.128 

a1~neasEn  (as) 

(<C>0;n=0, 1,2, . . .) 

5 

1 

(2+ a) 

29.3.129 

Ij-Si(s)]  cos  $+Ci(s)  sin  s 

5 

1 

*2+i 

29.4.  Table  of  Laplace-Stieltjes  Transforms  4 

<t>(s)  Q(t) 


29.4.1 

/»  00 

Jo  e' 

29.4.2 

e-ks 

(k>  0) 

29.4.3 

1 

(fr>0) 

1— e-*5 

29.4.4 

1 

(*>0) 

l+e"*s 

29.4.5 

1 

(k>0) 

sinh  ks 

29.4.6 

1 

(£>0) 

cosh  ks 

m 

u(t—k) 

00 

V,  u{t—nk) 

n— 0 

X)  (— 1 )nu(t—nk) 

71=0 

2 2 — (2ri+l)Ar] 

71=0 

2 2 (—  \)nu[t— (2n+l)&] 

71=0 


29.4.7  tanh  ks  (&> 0) 


00 


w(2)+2  — 2^Ar) 

71  = 1 


29'4'8  iHhi+Sj  ®>°> 

29-4'9  si^fa+a)  <*>°'  ‘>°> 

29-4-10  saHErf 

29.4.11  X)  o,ne~knS  (0<&0<&i< . . .) 


2S  e-(2n+I)aM[<  — (2w+l)Ar] 

71=0 

2 S e-<2n+1M<-^-(2w+l)*] 

71  = 0 

XJ  e~{2n+1)a{ebu[t+h—(2n  + l)k] 

— e~bu[t—h—[2nJr\)k]} 

00 

^ i &n) 


For  the  definition  of  the  Laplace-Stieltjes 
transform  see  [29.7].  In  practice,  Laplace-Stieltjes 
transforms  are  often  written  as  ordinary  Laplace 
transforms  involving  Dirac's  delta  function  5(2). 
This  “f unction"  may  formally  be  considered  as 


the  derivative  of  the  unit  step  function,  du(t)  = 8(t) 

, so  that  J*  du{t)=^  5(2)</2=^j  (r>0) 

The  correspondence  29.4.2,  for  instance,  then 


dt 


assumes  the  form  e ks 


■■-I 


00 

e~stb(t—k)dt. 


4 Adapted  by  permission  from  P.  M.  Morse  and  II.  Feshbach,  Methods  of  theoretical  physics,  vols.  1,  2,  McGraw- 

Hill  Book  Co.,  Inc.,  New  York,  N.Y.,  1953. 
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P(x*M  probability  of  the  x2— ; distribution 262,  940 

PU(z)  associated  Legendre  function  of  the  first 

kind 332 

P(x)  normal  probability  function 931 

Pn(z)  Legendre  function  (spherical  polynomials)  .333,774 

Pn(ar)  shifted  Legendre  polynomial 774 

PnM)(x)  Jacobi  polynomial- 774 

Pr{X<x\  probability  of  the  event  X<x 927 

q nome 591 

Q(x)  = l — P(x)  normal  probability  function  (tail 

area)  r 931 
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q(n)  number  of  partitions  into  distinct  integer 

summands £25 

(?U(z)  associated  Legendre  function  of  the  second 


kind 332 

Qn(x)  Legendre  function  of  the  second  kind 334 

3%z  real  part  of  z(=x) 16 

R%l(c,  $)  radial  spheroidal  wave  function 753 

Snim)  Stirling  number  of  the  first  kind - 824 

3»(w)  Stirling  number  of  the  second  kind 824 

ser(z,  q)  Mathieu  function 725 

sn  Jacobian  elliptic  function 569 

S(z)  Fresnel  integral 300 

Si(z),  S2(z)  Fresnel  integrals 300 

Ser(z,  q)  modified  Mathieu  function 733 

S(x,  a)  generalized  Fresnel  integral 262 

Shi(z)  hyperbolic  sine  integral 231 

Si  (2)  sine  integral 231 

<Sn(s)  Chebyshev  polynomial  of  the  first  kind.-..  774 

Sih(z)  hyperbolic  sine  integral 231 

<Sm»(c,  v)  angular  spheroidal  wave  function 753 

si  (2)  sine  integral 232 

sin  2,  cos  z,  tan  2 circular  functions 71 

cot  2,  sec  z,  esc  2 72 

sinh  2,  cosh  2,  tanh  2 hyperbolic  functions 83 

coth  2,  sech  2,  csch  2 83 

T(m,n,r)  Toronto  function 509 

Tn(x)  Chebyshev  polynomial  of  the  first  kind 774 

T*(x)  shifted  Chebyshev  polynomial  of  the  first 

kind 774 

U (a,  b , 2)  Kummer’s  confluent  hypergeometric 

function 504 

Un(x)  Chebyshev  polynomial  of  the  second  kind.  774 
Ul(x)  shifted  Chebyshev  polynomial  of  the  second 

kind 774 

C7(o,  x)  Weber  parabolic  cylinder  function 687 

vers  Af  versine  A ^ 78 

F(a,  x)  Weber  parabolic  cylinder  functipn 687 

w(z)  error  function 297 

TF(o,  x)  Weber  parabolic  cylinder  function 692 

Wk%h(z)  Whittaker  function 505 

W\ f(x),  g(x)](=f(x)g'(x)—f'(x)g(x))  Wronskianre- 

lation 505 

[zo,  Xit  . . . , x*]  divided  difference 877 

y»(z)  spherical  Bessel  function  of  the  second  kind.  437 

Yp(z)  Bessel  function  of  the  second  kind 358 

Y?(0,<p)  surface  harmonic  of  the  first  kind 332 

Z(x)  normal  probability  density  function 931 


Notation  — Greek  Letters 

i 


a modular  angle  (elliptic  function) 
an (z)  =Jj  tne~stdt /_ 

0n(z)  = Vv'e~’tdt / T--. 


m = S(-l)*(2fc-)/l)-» 

k= 0 

Bx(afb)  incomplete^  beta  function 

B(z,  w)  beta  function 

7 Euler’s  constant 

7 (a,  x)  incomplete  gamma  function  (normalized)  _ 
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590 

228 

228 

807 

*263 

258 

255 

260 


Nq 

7i=—  coefficient  of  skewness 

<73 


928 


72=^7— 3 coefficient  of  excess 

a* 

T(z)  gamma  function 

T(a,  x ) incomplete  gamma  function 

da  Kronecker  delta  t = 0 if  i?*k\  = 1 if  i=k) 

5j(/n)  central  difference 

A difference  operator 

A discriminant  of  Weierstrass’  canonical  form 

A(/n)  forward  difference 

Ax  absolute  error _ . _ _ - 

f(x)  Riemann  zeta  function 

t(z)  Weierstrass  zeta  function 

Z(u\m)  Jacobi’s  zeta  function 

l(»)  

Zr= 1 

Va  = $*(«<*)  Weierstrass  elliptic  function 

H(w),  Hi(w)  Jacobi’s  eta  function 

&n(z)  theta  function 

&e(e\a),&d(e\a),  Neville’s  notation 

for 

#„(« \a),d8(e\a)  theta  functions 


928 

255 

260 

822 

877 

822 

629 

877 

14 

807 

629 

578 

807 

631 

577 
576 

578 
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®(u\m)  Jacobi’s  theta  function 577 

*c»  nth  cuplulant. 928 

joining  factor  for  spheroidal  wave  functions  __  757 

X(»)=2<2fc+1>"n---^- — ----- i- - 807 

k=0  ^ 

\mn  characteristic  value  of  the  spheroidal  wave 

equation , 753 

Ao(^\«)  Heuman’s  lambda  function . 595 

M(/»)  mean  difference 877 

fjt(n)  Mobius  function 826 

fin  nth  central  moment.. 928 

fx'n  nth  moment  about  the  origin 928 

7r(x)  number  of  primes  <x 231 

7rn(x)  = (x— x 0)(x— Xi)  . . . (x— x„) 878 

n(n;^\«)  elliptic  integral  of  the  third  kind 590 

n(z)  factorial  function. ... 255 

p correlation  coefficient 936 

pn(x0,Xi,  . . .,x„)  reciprocal  difference 878 

pn(v , x)  Poisson-Charlier  function 509 

a standard  deviation 298 

a2  variance 928 

<r(z)  Weierstrass  sigma  function 629 

a k(n)  divisor  function 827 

Tn(x)  tetrachoric  function 934 

ip— am  u,  amplitude 569 

<p(n)  Euler-Totient  function 826 

<p(f)  = E(eitX)  characteristic  function  of  X 928 

$(a;  b;  z)  confluent  hypergeometric  function 504 

\j/(z)  logarithmic  derivative  of  the  gamma 

function 258 

>k(a;  c;  z)'  confluent  hypergeome trie  function 504 

co  a period  of  Weierstrass  elliptic  functions 629 

a>«,M(x)  Cunningham  function 510 


Miscellaneous  Notations 


[a,  *]  determinant l. 

[o<]  column  matrix * 

V"  Laplacian  operator 

A*  forward  difference  operator 

~ partial  derivative 

i (=  1/-1) 7 

(2)  # binomial  coefficient 

- 7^!  factorial  function 

(27i)l!  =2-4-6  . . . (2n)=2*»! 

(m,ri)  greatest  common  divisor 

<">  k)  =fcl(rS+n-fc)  (Hanke,’s  symbol) 

(ti;  Tii,  n?,  . . Tim)  multinomial  coefficient 

[x]  largest  integer  <x 
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19 

19 

752 

877 


883 


70 

10 

255 

258 

822 


437 


823 

66 


<x>  nearest  integer  tox 

z complex  conjugate  of  z (=x—iy) 

z=x-\-iy  complex  number  (Cartesian  form) 

= rvi9  (polar  form) ! 

|z|  absolute  value  or  modulus  of  z 

2 overall  summation 

2'  restricted  summation 

2 II  sum  or  product  taken  over  all  prime  numbers  p_ 

V V 


2 II  sum  or  product  overall  positive  divisors  d of  n 

d|n  djn 


c 

f 


Cauchy’s  principal  value  of  the  integral 


« approximately  equal 

^ asymptotically  equal 

<,  >,  < > inequality,  inclusion, 


5^  unequal 
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222 

16 

16 

16 

16 

822 

755 

807 

826 

228 

14 

15 
10 
12 
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